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Preface

The aim of the thesis is to provide a mathematical framework for studying mechanical prob-
lems arising in biology, and related to two human diseases widespread in western countries:
glaucoma and liver fibrosis. The late stage glaucoma is the first cause of blindness and liver fi-
brosis progressively leads to the cirrhosis, which, among the severe pathologies, still represents
the fifth cause of death worldwide. These pathologies are both characterized by considerable
deformations of vascularized biological tissue, due to a change in its external environment or a
triggering of inflammatory processes, together with the remodeling of its internal microstruc-
ture, which reflect in abnormal perfusion and vice versa. The progress of such pathologies,
though could be clinically slowed down, is in fact irreversible to date.

In the first chapter I provide the mechanical background for the stance of problems in con-
tinuum mechanics by using the fundamental principles of matter and force balances, together
with the dissipation inequality, set in the non conventional framework of virtual power expen-
diture. The biological problems previously mentioned are associated with the fluid perfusion
through a solid matrix, made up of deformable tissue. In particular, the interplay between hemo-
dynamics and mechanics appears to be a crucial feature. The spatial and temporal scales of the
problems would suggest to state the models in the frame of poroelasticity. This is in fact what
we did, though not adopting the classical theory of poroelasticity developed by Biot since for-
ties. Alternatively we derived a poroelastic model in the general case of multiple interconnected
porosity networks, starting from a model of species diffusion in an elastic medium as a proto-
type. Species diffusion models aim to describe the intercalation processes of an atomic species
inside a crystal lattice. They stand out for adopting the kinematical decomposition, typical of
models for growth and remodeling materials, which in turns were borrowed from plasticity the-
ories. It will be shown in the next chapters that by this way the resulting poroelastic models are
able to account for some biological aspects, which the classical theory disregards.

In the second chapter I focus on the problem of glaucoma onset and progression. It is
strongly related to the failure in carrying out normal biological functions of a special region
of the optic nerve, the lamina cribrosa (LC), which is a part of the optic nerve head (ONH).
It consists of a network of thin collagen beams surrounding the capillaries, and in bundles
of retinal ganglion cell axons crossing the collagen beams transversely. The collagen beams
network acts as a scaffold for collecting the retinal ganglion cell axons. The lamina cribrosa is
also the region crucial for blood supply to the whole optic nerve. An increased pressure inside
the vitreous chamber, the intraocular pressure (IOP), can generate a deformation of the lamina
cribrosa pinching the retinal ganglion cells and progressively leading to cell death. I set the
mechanical problem by using the poroelastic model, derived in Chp. 1. In this case the saturated
porosity stands for the vascular network, made up of the capillaries running inside the collagen
beams. I assumed an hyperelastic solid matrix material and tested the response behaviour of
the model for two different elastic energies. The coupling between deformation and porosity is
strongly related not only to the permeability, being dependent on the porosity, but it take place
fist in the way of writing the elastic energy. In this regard a comparison between a standard and

5



a non-standard energy is performed. I carried out several finite element simulations, where the
lamina cribrosa was in the shape of a spherical cap enclosed in the peripapillary sclera, made up
of a stiffer incompressible tissue. The numerical results show that an increasing IOP leads to the
so-called cupping of the lamina cribrosa, characterized by a strong shear deformation in a region
close to the boundary shared with the sclera, which is the origin of the blood flowing through the
capillaries. This result turns to be consistent with the conjecture that ischemia is a major cause
of unrecoverable damage of the optic nerve head, in presence of glaucoma, and with the loss of
peripheral vision first during the progression of glaucoma. The set poroelastic model intends to
provide a mechanical framework able to explain some relevant qualitative behaviours the lamina
perfused tissue shows, as the non monotonic increasing of the blood porosity field for rising IOP,
which was recently suggested by in-vivo measurements on anesthetized rhesus monkeys eyes
via cannulation of the eye and lateral ventricle in the brain, and by using spectral-domain optical
coherence tomography. A closer validation of the model through quantitative comparison with
experimental results is beyond the purpose of the authors and, to date, it appears to be an hard
task because of the lack of a full in-vivo measurement literature.

In the third chapter I focus on the problem of liver fibrosis. It is characterized by an ex-
cessive accumulation of extracellular matrix proteins, including collagen fibres, in a process
known as fibrosis. I build on the modelling approaches based on the poroelastic formulations
developed in the previous chapter, and considered the onset of fibrotic regions that lead to ab-
normal deformation of the liver tissue, resulting in impaired blood flow. In modeling studies the
liver tissue is frequently approximated as a tessellation of hexagonal prismatic lobules, which
are the basic functional units of the organ. The lobule contains a dense network of capillary-like
vessels, termed sinusoids, surrounded by the hepatic cells. Within the space between the cells
and the sinusoids, termed interstitial space, lymphatic vessels maintain the normal state of pres-
sure by draining the excess of fluid. I modeled the deformable solid matrix as an hyperelastic
tissue, crossed by two porosity networks communicating via an interchange flux. Moreover, a
term accounting for the uptake of the interstitial fluid by the lymphatic vessels was considered.
To represent the fiber invasion in the tissue we assumed growing fiber bundles along assigned
directions of transversal anisotropy, and defined regions inside the lobule. The chosen regions
affected by the onset of fibrosis are in accordance with clinical observations. I performed several
finite elements simulations, where the system of three lobules, each in the shape of hexagonal
prisms, was considered. The numerical results show that regions of hypo-perfusion arise around
the fibrotic regions, and that the elastic response of the fiber reinforced tissue changes both the
compliance and the physiological flows. The simulations can be used to predict which fibrotic
geometries affect perfusion most adversely. Also in this case, as happened for the problem of
lamina cribrosa, the lack of a full in-vivo measurements literature renders the validation of the
model a difficult task. Moreover, to the best of our knowledge, all the experimental results
at disposal to date concern measurements on macroscopic samples, where the abnormal tissue
behaviour emerges from a microstructural remodeling. For this reason such data in principle
appear as not enough reliable on the lobular scale, where the microstructure must be accounted
for separately.

In the fourth chapter, aimed to build a model able also to account for the fiber recruitment
in the liver tissue, I focus on fiber pattern aggregation, which were instead a priori assigned by
locating the fiber bundles inside the lobule in accordance to clinical observations, as in Chap. 3.
In fact, fibrosis consists in a progressive pattern formation of fiber bundles, which develop along
the perisinusoidal regions during a process lasting even decades. According to the conjecture
that identifies the portal mesenchymal cells as the precursors of myofibroblasts (the cells pro-
ducing fibers), for certain types of liver fibrosis which depend on the aetiology of the injury, we
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propose a model of fiber growth and recruitment based on myofibroblast diffusion and aggre-
gation. Starting from the seminal paper by Oster-Murray-Harris of 1984, about the mechanical
aspects of the theory of mesenchymal morphogenesis for generating patterns in biology, I ex-
plored the effect of the adhesion to the extra cellular matrix (ECM) over cell motility, termed
haptotaxis, in cell aggregation. Moreover, the effect of elastic deformations of the ECM in guid-
ing the direction of the cells diffusion was investigated. Having stated a modified Cahn-Hilliard
type free energy, able to account for active cell behaviour and the distortion of the underlying
elastic ECM, I derived a thermodynamically consistent model of cell diffusion and tissue growth
by using the principle of virtual powers. I carried out preliminary finite element numerical sim-
ulations to test the effectiveness of the model in predicting the cell pattern formation, which in
principle could be used to study myofibroblasts motility and fiber recruitment inside the liver
lobule.
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Chapter 1

From Species Diffusion To Poroelasticity

1.1 Species diffusion in an elastic solid

In this section a mechanical model for n-species diffusion in an elastic solid is carried out by
using the basic chemo-mechanical formulation for the diffusion of two species as a prototype
for the most general framework.

1.1.1 Kinematics and kinetics

Let us denote by
χ : Ro → R , (1.1)

a time dependent deformation of a crystal lattice from the reference shape to the current shape.
Describing the combined species A and B intercalation distortion of a crystal lattice [1] by a
spherical tensor field

G = β
1
3 I , (1.2)

with det G = β , the accompanying elastic distortion F is defined by the deformation gradient
decomposition

Fo ≡ ∇χ = F G . (1.3)

χ

FG

Ro R

reference
shape

current
shape

intercalation
distortion

elastic
distortion

Figure 1.1: Decomposition of the deformation gradient ∇χ .
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It is convenient to describe the amount of intercalated species A and B by their concentrations

ca =
ρa
ρo

=
<molar density of species A per unit reference volume>
<molar density of lattice sites per unit reference volume>

, (1.4)

cb =
ρb
ρo

=
<molar density of species B per unit reference volume>
<molar density of lattice sites per unit reference volume>

, (1.5)

and make the assumption that they are related to the lattice volume change through

β = 1 + αa(ca − coa) + αb(cb − cob) , (1.6)

where αa and αb are stoichiometric constant coefficients and coa, cob are the reference concen-
trations. By differentiating with respect to time we get the corresponding rate of change relation

β̇ = αa ċa + αb ċb . (1.7)

1.1.2 Balance laws
If we denote by ρ the molar density of lattice sites per unit current volume, then for any

regular subset P ⊂ R which is convected from a reference subset Po ⊂ Ro by the same defor-
mation (1.1)

χ : Po → P , (1.8)

the molar conservation law of lattice sites reads

d
dt

∫
P

ρ dV =
d
dt

∫
Po

ρ det Fo dV =

∫
Po

(ρ̇+ρ tr∇v) det Fo dV =

∫
P

(ρ̇+ρ div v) dV = 0 , (1.9)

localizing to
ρ̇ + ρ div v = 0 . (1.10)

Since by definitions (1.4) and (1.5) the products ca ρ and cb ρ are the molar densities of
species A and B per unit current volume, the rate of change of the amount of the two species
will be respectively

d
dt

∫
P

ca ρ dV =
d
dt

∫
Po

ca ρo dV =

∫
Po

ċa ρo dV =

∫
P

ċa ρ dV , (1.11)

d
dt

∫
P

cb ρ dV =
d
dt

∫
Po

cb ρo dV =

∫
Po

ċb ρo dV =

∫
P

ċb ρ dV . (1.12)

Denoting by ha the species A molar flux per unit current area, and by ha the species A
molar supply per unit current volume, we state the species A molar balance law∫

P

ċa ρ dV = −

∫
∂P

ha · n dA +

∫
P

ha dV , ∀P ⊂ R , (1.13)

which localizes to
ċa ρ = − div ha + ha . (1.14)

Correspondingly, we state as the species B molar balance law∫
P

ċb ρ dV = −

∫
∂P

hb · n dA +

∫
P

hb dV , ∀P ⊂ R , (1.15)
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whose local form is
ċb ρ = − div hb + hb . (1.16)

Further let us introduce the net molar balance law∫
P

ċ ρ dV = −

∫
∂P

h · n dA +

∫
P

h dV , (1.17)

whose local form is
ċ ρ = − div h + h , (1.18)

with, consistently with (1.4) and (1.5),

ċ = ċa + ċb , (1.19)
h = ha + hb , (1.20)
h = ha + hb . (1.21)

Now, in view of our goal of deriving a poroelastic model with two interconnected porosity
networks, we allow a very simple interaction between the two species A and B by assuming the
net supply h to be zero. Hence

hb = −ha . (1.22)

Let us consider now two scalar fields µa and µb transforming the molar balance laws (1.13)
and (1.15) respectively into the power balance laws∫

P

µa ċa ρ dV = −

∫
P

µa div ha dV +

∫
P

µa ha dV , ∀µa , (1.23)∫
P

µb ċb ρ dV = −

∫
P

µb div hb dV +

∫
P

µb hb dV , ∀µb . (1.24)

Using the identity
div(µh) = µ div h + h · ∇µ , (1.25)

we finally get the new form of the species balance laws (1.13) and (1.15)∫
P

µa ċa ρ dV = −

∫
∂P

µa ha · n dA +

∫
P

ha · ∇µa dV +

∫
P

µa ha dV , ∀µa , (1.26)∫
P

µb ċb ρ dV = −

∫
∂P

µb hb · n dA +

∫
P

hb · ∇µb dV +

∫
P

µb hb dV , ∀µb . (1.27)

Notice that both µa and µb , power conjugates of the kinetic descriptors ċa and ċb , play the role
of chemical potentials, even though they are acting here just as scalar test fields.1

We can move the species power balances (1.26) and (1.27) back to the reference shape, and
get ∀Po ⊂ Ro , ∀µa , ∀µb ,∫

Po

µa ċa ρo dV = −

∫
∂Po

µa hoa · no dA +

∫
Po

hoa · ∇o µa dV +

∫
Po

µa hoa dV , (1.28)∫
Po

µb ċb ρo dV = −

∫
∂Po

µb hob · no dA +

∫
Po

hob · ∇o µb dV +

∫
Po

µb hob dV , (1.29)

1We will denote by an underlined symbol the corresponding test field.
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after relating referential and current quantities by

∇o µ = FT
o ∇µ , (1.30)

ho = (det Fo) F−1
o h , (1.31)

ho = (det Fo) h . (1.32)

Since we are interested in the coupling of species diffusion with deformation and stress we
state now the force power balance law, ∀Po ⊂ Ro∫

Po

bo · v dV +

∫
∂Po

to · v dA =

∫
Po

So · ∇o v dV , ∀v , (1.33)

where bo and to stand for a bulk force density and a boundary traction, respectively. The
reference Piola stress So , the intermediate Piola stress S and the Cauchy stress T are related
one another by

So = (det G) S G−T = β
2
3 S = β

2
3 (det F) T F−T = (det Fo) T F−T

o . (1.34)

according to the following volume integral transform∫
P

T · ∇v dV =

∫
Po

(det Fo)T F−T
o · ∇o v dV =

∫
Po

So · ∇o v dV , (1.35)

where the current gradient of the vector field v is related to the reference one by the identity
we get from

∀e (∇o v) e = (∇v) Fo e ⇒ ∇o v = (∇v) Fo . (1.36)

The standard frame-invariance argument, stating that T · ∇v = 0 for any rigid test velocity
field, leads to the symmetry property of tensor T.

1.1.3 Free energy imbalance

Let us consider now any evolution of the model we are defining, i.e. any constitutive process,
and the corresponding force power balance law∫

Po

bo · v dV +

∫
∂Po

to · v dA︸                               ︷︷                               ︸
(exchanged) external power

=

∫
Po

So · Ḟo dV , (1.37)

together with the species power balance laws∫
Po

µa ċa ρo dV = −

∫
∂Po

µa hoa · no dA︸                    ︷︷                    ︸
(exchanged) external power

+

∫
Po

hoa · ∇o µa dV +

∫
Po

µa hoa dV , (1.38)

∫
Po

µb ċb ρo dV = −

∫
∂Po

µb hob · no dA︸                   ︷︷                   ︸
(exchanged) external power

+

∫
Po

hob · ∇o µb dV +

∫
Po

µb hob dV . (1.39)
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Comparing for any Po the power exchanged between the matter inside Po and the outside
with the rate of change of a free energy density per unit reference volume ψ , we state the energy
imbalance or dissipation inequality [2, 3]

So · Ḟo + µa ċa ρo − hoa · ∇o µa − µa hoa

+ µb ċb ρo − hob · ∇o µb − µb hob −
d
dt
ψ ≥ 0 .

(1.40)

Because the condition (1.22) holds true also for the supply density per unit reference volume
(1.32), the inequality above can be rearranged as

So · Ḟo + (µa ċa + µb ċb) ρo − hoa (µa − µb)

−hoa · ∇o µa − hob · ∇o µb −
d
dt
ψ ≥ 0 .

(1.41)

By using the relations (1.34) together with (1.6) and (1.7), we find for the stress power term in
(1.41) the expression

So · Ḟo = β S · Ḟ +
1
3

S · F (αa ċa + αb ċb) , (1.42)

which, since
S · F = (det F) T F−T · F = (det F) T · I = (det F) tr T , (1.43)

simplifies to

So · Ḟo = β S · Ḟ − J p (αa ċa + αb ċb) , (1.44)

with
J := det F , p := −

1
3

tr T . (1.45)

Therefore the inequality (1.41) can be rewritten as

β S · Ḟ +
(
µa ρo − J pαa

)
ċa +

(
µb ρo − J pαb

)
ċb

− hoa (µa − µb) − hoa · ∇o µa − hob · ∇o µb −
d
dt
ψ ≥ 0 .

(1.46)

1.1.4 Chemical potential constitutive characterization
Looking at the inequality (1.46) let us choose a free energy expression like the one given in

[4, 5, 6]

ψ = ψ̂(F, ca, cb) = ϕch(ca, cb) + β ϕe(F) , (1.47)

which is the sum of a chemical energy density per unit reference volume, and a strain energy
density per unit intermediate volume. Further let us assume that there exist response functions
Ŝ, µ̂cha and µ̂chb such that

Ŝ(F) · Ḟ =
d
dt
ϕe(F) , (1.48)

ρo µ̂cha(ca) ċa + ρo µ̂chb(cb) ċb =
d
dt
ϕch(ca, cb) . (1.49)
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The resulting rate of change of the free energy, because of the decomposition (1.3) and the
assumption (1.6), turns out to be

d
dt
ψ̂(F, ca, cb) = β Ŝ(F) · Ḟ +

(
αa ϕe(F) + ρo µ̂cha(ca)

)
ċa +

(
αb ϕe(F) + ρo µ̂chb(cb)

)
ċb . (1.50)

If we finally substitute (1.50) into (1.46) we get

β
(

S − Ŝ(F︸   ︷︷   ︸
S+

)
)
· Ḟ +

( (
µa − µ̂cha(ca)

)
ρo − αa

(
J p + ϕe(F)

)︸                                         ︷︷                                         ︸
ρo µ

+
a

)
ċa

+
( (
µb − µ̂chb(cb)

)
ρo − αb

(
J p + ϕe(F)

)︸                                        ︷︷                                        ︸
ρo µ

+
b

)
ċb

− hoa (µa − µb)

− hoa · ∇o µa − hob · ∇o µb ≥ 0 .

(1.51)

In order for the inequality (1.51) to hold for any constitutive process the following conditions
must be fulfilled

S = Ŝ(F, ca, cb) + S+ , S+ · Ḟ ≥ 0 , (1.52)

µa = µ̂cha(ca) +
αa
ρo

(J p + ϕe(F)) + µ+
a , µa · ċa ≥ 0 , (1.53)

µb = µ̂chb(cb) +
αb
ρo

(J p + ϕe(F)) + µ+
b , µb · ċb ≥ 0 , (1.54)

−hoa (µa − µb) ≥ 0 , (1.55)

−hoa · ∇o µa ≥ 0 , (1.56)

−hob · ∇o µb ≥ 0 . (1.57)

with S+ and µ+
a/b possibly describing dissipative mechanisms.

Notice how the coupling between diffusion and stress is described by the expression (1.53)
and (1.54) characterizing the chemical potential through the spherical part of the Eshelby tensor
[7, 6]

E = −FT S + ϕe(F) I . (1.58)

1.1.5 Fick’s law
In turn, let us note that the last conditions (1.56) and (1.57) hold true if

hoa = −Moa ∇o µa ,

hob = −Mob ∇o µb ,
(1.59)

with Moa and Mob positive semidefinite tensors. By (1.30) and (1.31) the reference flux and
the reference chemical potential gradient can be transformed into the corresponding current
quantities, leading to the new expression of Fick’s law for the species A and B

ha = −Ma ∇µa ,

hb = −Mb ∇µb ,
(1.60)
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where the reference and the current mobility tensors are related by

Mo = (det Fo) F−1
o M F−T

o . (1.61)

In a similar way, condition (1.55) can be fulfilled by choosing

hoa = −σo (µa − µb) , (1.62)

with σo a non negative scalar, related to the corresponding current field by

σo = (det Fo)σ . (1.63)

1.2 Porosity networks in a soft medium
We will show how modeling the diffusion of two species in an elastic solid can be turned

into modeling two different incompressible fluids flowing along porosity networks in a soft
material. Our aim is just to lay down a self-contained, neat and consistent framework, suitable
for our modeling purposes and numerical simulations. This way we recover a poroelasticity
theory as a special case of a diffusion theory where the species concentration has been replaced
by the saturated porosity. We cared about consistency of our setting with the relevant scientific
literature, from the classical work [8] to the historical description [9] or the comprehensive book
[10], as well as works on the many variants of poroelasticity [11, 12, 13], including polymeric
gels [14, 15, 16] and blood perfusion [17]. Nevertheless no explicit detailed references will in
general be made neither to basic relations nor to main results therein.

1.2.1 Deformation and porosity
Let us denote again by χ : Ro → R a time dependent deformation of a body made up of a

porous material whose porosity describes two networks filled at any time with incompressible
fluids which we will denote again by A and B . Let us assume further that the solid material is
incompressible.

χ

FιFφ

Ro R

reference
shape

current
shape

porosity
distortion

isochoric
elastic distortion

Figure 1.2: Decomposition of the deformation gradient ∇χ .

According to the incompressibility condition for both the fluids and the solid material it is
convenient to consider the deformation gradient decomposition

Fo ≡ ∇χ = Fι Fφ , (1.64)
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illustrated by the schematic diagram in Fig. 1.2, where the total porosity distortion

Fφ = β
1
3 I (1.65)

describes a spherical porosity growth, while the elastic distortion Fι is assumed to be isochoric.
Hence the volume change is

β = det Fφ = det Fo . (1.66)

In this setting it is customary to measure the amount of matter by its mass, instead of the
number of moles. Nevertheless we can still define the fluid A content and fluid B content

ca =
ρa
ρo

=
<fluid A mass density per unit reference volume>
<solid mass density per unit reference volume>

, (1.67)

cb =
ρb
ρo

=
<fluid B mass density per unit reference volume>
<solid mass density per unit reference volume>

, (1.68)

Denoting by νa and νb the volume per unit mass of each fluid, the current volume per unit
reference volume of either fluid A or fluid B turn out to be, respectively,

νa ρa = νa ρo ca , (1.69)
νb ρb = νb ρo cb . (1.70)

Let us call total porosity the non-negative scalar field

φ := (β − 1) + φo ≥ 0 , (1.71)

that is the volume increment per unit reference volume (β − 1) , consisting just of the pore vol-
ume change because of the solid matrix incompressibility, up to a reference value 0 ≤ φo < 1 .
With reference to each porosity network we set

φ = φa + φb , (1.72)
φo = φoa + φob . (1.73)

The saturation condition (the pores are filled with fluid) can then be stated as

φa = νa ρa = αa ca , (1.74)
φb = νb ρb = αb cb , (1.75)

where, according to (1.69) and (1.70),

αa = νa ρo , (1.76)
αb = νb ρo , (1.77)

are positive coefficients independent of time because of the incompressibility condition. We
make the assumption that the saturation condition holds at any time. Rearranging terms in
(1.71) the other way round we get

β = 1 + (φ − φo) = 1 + (φa − φoa) + (φb − φob) , (1.78)

with φoa = αa coa and φob = αb cob , matching relation (1.6). It will prove useful also to compute
the expression for the velocity gradient

Ḟo F−1
o = (Ḟι Fφ + Fι Ḟφ) F−1

φ F−1
ι = Ḟι F−1

ι +
1
3
β̇ β−1 I . (1.79)

It is worth noting that
β̇ = φ̇ = φ̇a + φ̇b = αaċa + αbċb . (1.80)
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1.2.2 Network fluid pressure and balance laws
In order to state a suitable form of the mass balance law for the network fluids, let us first

go back to the species balance laws (1.28) and (1.29) and define the scalar fields p̌a and p̌b ,
power conjugate to the volume rate of change, such that ∀Po ⊂ Ro∫

Po

µa ρo ċa dV =

∫
Po

p̌a φ̇a dV , ∀φ̇a = αaċa , (1.81)∫
Po

µb ρo ċb dV =

∫
Po

p̌b φ̇b dV , ∀φ̇b = αbċb , (1.82)

according to (1.7) and (1.74), (1.75). Localizing we get

µa =
αa
ρo

p̌a , µb =
αb
ρo

p̌b . (1.83)

Now we can consistently transform the species power balance laws (1.28) and (1.29) by replac-
ing

µa = νa p̌a , µb = νb p̌b , (1.84)

thus arriving at∫
Po

p̌a φ̇a dV = −

∫
∂Po

p̌a (νa hoa) · no dA +

∫
Po

(νa hoa) · ∇o p̌a dV +

∫
Po

p̌a (νa hoa) dV , (1.85)∫
Po

p̌b φ̇b dV = −

∫
∂Po

p̌b (νb hob) · no dA +

∫
Po

(νb hob) · ∇o p̌b dV +

∫
Po

p̌b (νb hob) dV , (1.86)

for any test field p̌a and p̌b . If we further define

qoa = νa hoa , qob = νb hob , (1.87)
qoa = νa hoa , qob = νb hob , (1.88)

we finally get the network power balance laws∫
Po

p̌a φ̇a dV = −

∫
∂Po

p̌a qoa · no dA +

∫
Po

qoa · ∇o p̌a dV +

∫
Po

p̌a qoa dV , (1.89)∫
Po

p̌b φ̇b dV = −

∫
∂Po

p̌b qob · no dA +

∫
Po

qob · ∇o p̌b dV +

∫
Po

p̌b qob dV , (1.90)

for ∀ p̌a and ∀ p̌b . Let us call p̌a and p̌b the network fluid pressure, qoa and qob the network
discharge, qoa and qob the network supply.

It is worth emphasizing that equations (1.89) and (1.90) still retain their original meaning as
the balance laws between the amount of fluid exchanged and the rate of change of fluid content
for each network. Consistently with (1.72), let us state the net balance law for both networks as∫

Po

p̌ φ̇ dV = −

∫
∂Po

p̌ qo · no dA +

∫
Po

qo · ∇ p̌ dV +

∫
Po

p̌ qo dV , (1.91)

for ∀p̌ . Because of (1.80), and balance laws (1.89) and (1.90), from (1.91) we get

qo = qoa + qob , (1.92)
qo = qoa + qob . (1.93)
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We model the two porosity networks A and B as interconnected networks by assuming the net
supply qo to be zero. Hence

qob = −qoa . (1.94)

Since we are interested in describing a poroelastic material, we should again supplement the
balance laws (1.89) and (1.90) with the force power balance law (1.33). The reference Piola
stress So , the intermediate Piola stress S and the Cauchy stress T are now related one another
by

So = (det Fφ) S F−T
φ = β

2
3 S = β

2
3 T F−T

ι = βT F−T
o . (1.95)

1.2.3 Free energy imbalance

Let us consider for any constitutive process the corresponding force power balance law∫
Po

bo · v dV +

∫
∂Po

to · v dA︸                               ︷︷                               ︸
(exchanged) external power

=

∫
Po

So · Ḟo dV , (1.96)

together with the network power balance laws∫
Po

p̌a φ̇a dV = −

∫
∂Po

p̌a qoa · no dA︸                    ︷︷                    ︸
(exchanged) external power

+

∫
Po

qoa · ∇o p̌a dV +

∫
Po

p̌a qoa dV , (1.97)

∫
Po

p̌b φ̇b dV = −

∫
∂Po

p̌b qob · no dA︸                    ︷︷                    ︸
(exchanged) external power

+

∫
Po

qob · ∇o p̌b dV +

∫
Po

p̌b qob dV . (1.98)

Comparing for any Po the power exchanged between the matter inside Po and the outside with
the rate of change of a free energy density per unit reference volume ψ , we state the appropriate
form of the energy imbalance

So · Ḟo + p̌a φ̇a − qoa · ∇o p̌a − p̌a qoa

+ p̌b φ̇b − qob · ∇o p̌b − p̌b qob −
d
dt
ψ ≥ 0 .

(1.99)

Further, by using the relations (1.95) together with (1.64) and (1.65), we find for the stress
power in (1.99) the expression

So · Ḟo = β S · Ḟι − p (φ̇a + φ̇b) . (1.100)

where, as in (1.45),

p = −
1
3

tr T = −
1
3

tr FT
ι S = −

1
3

S · Fι . (1.101)

Replacing (1.100) into (1.99) we get the new expression for the energy imbalance

β S · Ḟι + ( p̌a − p) φ̇a − qoa · ∇o p̌a − p̌a qoa

+ ( p̌b − p) φ̇b − qob · ∇o p̌b − p̌b qob −
d
dt
ψ ≥ 0 .

(1.102)
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1.2.4 Network fluid pressure constitutive characterization
Looking at the inequality (1.102) we assume that the free energy is a function

ψ = ψ̂(Fι, φa, φb) = ϕφ(φa, φb) + β ϕe(Fι) , (1.103)

and that its rate of change can be written as

d
dt
ψ̂(Fι, φa, φb) = β Ŝ(Fι) · Ḟι +

(
p̂a(φa) + ϕe(Fι)

)
φ̇a +

(
p̂b(φb) + ϕe(Fι)

)
φ̇b . (1.104)

If we finally substitute (1.104) and (1.100) into (1.99) we get, according to (1.94),

β
(
S − Ŝ(Fι)

)
· Ḟι +

(
p̌a − p −

(
p̂a(φa) + ϕe(Fι)

))
φ̇a

+
(
p̌b − p −

(
p̂b(φb) + ϕe(Fι)

))
φ̇b

− qoa (p̌a − p̌b)

− qoa · ∇o p̌a − qob · ∇o p̌b ≥ 0 .

(1.105)

Because the distortion Fι is isochoric, the expression above can be written in the equivalent
form

β
(

dev T − T̂(Fι)︸           ︷︷           ︸
dev T+

)
· Ḟι F−1

ι +
(

p̌a − p −
(
p̂a(φa) + ϕe(Fι)

)︸                            ︷︷                            ︸
p̌+
a

)
φ̇a

+
(

p̌b − p −
(
p̂b(φb) + ϕe(Fι)

)︸                           ︷︷                           ︸
p̌+
b

)
φ̇b

− qoa ( p̌a − p̌b)

− qoa · ∇o p̌a − qob · ∇o p̌b ≥ 0 .

(1.106)

In order for the inequality (1.106) to hold for any constitutive process, each term must be
non negative. We fulfill this requirement by assuming

dev T = T̂(Fι) + dev T+ , dev T+ ≥ 0 . (1.107)

Let assume further

p̌a = p + p̂a(φa) + ϕe(Fι) + p̌+
a , p̌a ≥ 0 , (1.108)

p̌b = p + p̂b(φb) + ϕe(Fι) + p̌+
b , p̌b ≥ 0 , (1.109)

together with

−qoa ( p̌a − p̌b) ≥ 0 , (1.110)

−qoa · ∇o p̌a ≥ 0 , (1.111)

−qob · ∇o p̌b ≥ 0 . (1.112)

Summarizing, from the energy imbalance (1.94) we get, through (1.106), the following
constitutive characterization of the spherical and deviatoric part of the Cauchy stress

sph T = −( p̌a/b − p̂a/b(φa/b) − ϕι(Fι)) I + sph T+ , (1.113)

dev T = T̂(Fι) + dev T+ , (1.114)
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with sph T = −p I . We can add them up and get

T = T̂(Fι) −
(
p̌a/b − p̂a/b(φa/b) − ϕι(Fι)

)
I + T+ , (1.115)

or, equivalently,
T =

(
T̂(Fι) +

(
p̂a/b(φa/b) + ϕι(Fι)

)
I
)︸                                  ︷︷                                  ︸

effective stress

−p̌a/b I + T+ . (1.116)

By effective stress we mean the hyperelastic part of the stress. The dissipative stress T+ can
be given any constitutive prescription complying with the inequalities above. The last three
dissipative contributions are due to diffusion and interchange between components processes.
The dissipation inequality can be fulfilled by the constitutive relations (Darcy’s laws)

qoa = −Koa ∇o p̌a , qob = −Kob ∇o p̌b , (1.117)

with Koa and Kob positive semidefinite tensors, together with (Starling’s law)

qoa = −σo ( p̌a − p̌b) , (1.118)

with σo a non negative scalar.
As a final remark notice how (1.108) or (1.109) describes the coupling between the intersti-

tial pressures p̌a/b and the reactive pressure p, characterizing indeed their difference (p̌a/b − p).
It is worth noting that p̂a/b are called the pressure function in [8], where it is also likened to the
chemical potential.

1.2.5 Darcy’s law and permeability
By transforming the reference discharge and the reference network pressure gradient into

the corresponding current quantities,

∇o p̌a = FT
o ∇p̌a , ∇o p̌b = FT

o ∇ p̌b , (1.119)

qoa = βF−1
o qa , qob = βF−1

o qb , (1.120)

the expressions (1.117) of Darcy’s law turn into

qa = −Ka ∇ p̌a , qb = −Kb ∇ p̌b , (1.121)

where the reference and the current permeability tensors are related by

Koa = βF−1
o Ka F−T

o , Kob = βF−1
o Kb F−T

o . (1.122)

1.3 Classical Poromechanics
The porous media theories owe to consolidation mechanics, from which they originated at

the beginning of the XX century with the pioneering work by K. von Terzaghi. Despite the fact
that civil and geotechnical engineering problems promoted the development of poromechanics
theories, they are now widely employed in many mechanical fields, ranging from the classic
consolidation problems of soil mechanics, to new material manufacturing, and to the mechanics
of life matter, since most biological tissues are, in fact, poroelastic. The common feature is the
capability to provide a macroscopic material response of solid media filled with fluids, when the
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fluid velocity flux is assumed to be small in comparison with the spatial macroscopic scale (what
is called, in the classic jargon, the statistical representative volume) over time characteristic
scale, in order that every microscopic fluctuation is canceled out by an averaging process on
sufficiently large space and time scales. The global mechanical behaviour should anyway keep
trace of every single constituents and of the mutual interactions.

There are now many approaches to face poroelastic problems, and the aim of this paragraph
is far from providing a complete overview of the variety at disposal to date. For a thorough
reviews of the topic we refer to [9], [10] and to chap. 6 of [18]. Outlines of the averaging
approaches and the theory of mixtures, findable in the references mentioned above, are not pro-
vided here, preferring to move from the classical theory of poroelasticity as stated in a series of
papers by M. Biot since 1930’s. In particular, we used his later works, dating the early 1970’s,
to present the thermodynamical derivation of the governing equations in the case of finite de-
formation and nonlinear or semilinear rheology. Moreover the effective stress notion, firstly
introduced by Terzaghi (so that it is usually refered as terzaghi effective stress) is discussed.

M. Biot generalized the theory in a framework consistent with the basic principles of contin-
uum mechanics and in the context of thermodynamic irreversible processes. His work originally
dealt with small strains of the soil skeleton [19], and later was extended to finite deformations
through a non-linear superposition of states of initial stress and a continuous sequence of in-
cremental deformations. In particular, the concept of pressure function for a porous medium
provides a fundamental tool of the incremental theory by which this extension can be accom-
plished. The mechanics of porous media was thus brought by Biot to the same level of devel-
opment as the classical theory of finite deformations in elasticity. The theory was exposed by
the author in the context of quasi-static and isothermal deformations.

The nonlinear stress-strain relations were formulated in a way that brings out its physical
significance and that is closely related to measurements procedures. As stated in [20], the stress-
strain relations containing all linear and quadratic terms require, in the general case, eleven
constants. The volume of the solid constituting the porous matrix should depend linearly on the
fluid pressures and stresses within a wide range of values. On the other hand, the strain due to
the effective stress involves modifications of local geometries in the pores caused by change in
contact areas, crack closures, etc. These modifications are essentially nonlinear within a range
of average strain, which remains small.

In the following I will briefly give a survey of the main outcomes of the finite poroelastic
Biot’s theory, as can be found in two successive papers [8] and [20], in order to compare, in light
of what presented in the previous sections, our derivation of the porelastic theory to classical
poroelastic Biot’s theory. I will use notations as close as possible to the original papers, but
trying to harmonise them, where possible, to notations used in the rest of the manuscript. Before
proceeding it is worthwhile to point out, directly quoting from the author, that: “...in order to
develop a realistic theory of porous solids, it is essential to use a material description of the
deformation because we are dealing with solid matter, whose properties such as the porous
structure are transported and rotated with the material.”

The virtual work principle provides the equilibrium condition:∫
Po

δ [ W + (m + m0)U ] dV = 0 , (1.123)

where δ indicates the functional variation, W(Fo,m,X) is an isothermal free energy which de-
pends on the total deformation gradient Fo, the total fluid mass m and, in principle, may also
depends on the initial position X. m0 is the initial mass of solid and fluid in a unit volume before
deformation and U is an external body force potential per unit mass. For the sake of simplicity
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the following analysis is performed assuming adiabatic deformations (i.e no thermal exchange
between fluid and solid) though it may be difficult in practice to realize it for many problems.
Let us consider a variation of the free energy functional (i.e. the expression inside the square
brackets) with respect to the fluid flow ho, such that m = − div ho, and integrate by parts. We
get:

∇o(ψ + U) = 0 , or equivalently ψ + U = const. , (1.124)

where
ψ :=

∂W
∂m

, (1.125)

and ∇o is the reference gradient, which is related to the current one by the relation (1.36). Now
let us focus on the physical meaning of ψ. We consider a unique thermodynamic system made
up of a large reservoir of fluid at pressure p, in contact with a sample of porous medium. Its
free energy per unit mass of injected fluid is

ψ =
p
ρ
−

p0

ρ0
−

∫ p

p0

p d
(
1
ρ

)
. (1.126)

where ρ is the fluid proper density. The function ψ is termed “pressure function” and it is defined
regardless of the presence of actual pores inside the sample material volume, so that in a broader
context, where the fluid could be in solution inside the solid, or, for example, be adsorbed, it
plays the role of chemical potential. Such phenomena for mixed fluid-solid systems are usually
associated with the concept of capillary or osmotic pressures. It is of interest to examine the
special case where the fluid content m depends only on the pore volume and fluid density. The
free energy increment reads:

dW = So · dFo + ψ dm , (1.127)

where So is the reference Piola tensor. Let us consider the increment of the “wetted solid free
energy”W, termed in this way for a reason which will be clear in the following, as

dW := So · dFo + p dv . (1.128)

By recalling the pressure function definition (1.126), and rewriting the small volume increment
dv as

dv = d
(
m0 + m
ρ

)
, (1.129)

the free energy can be decomposed into two contributions:

W =W−

[∫ p

p0

p d
(
1
ρ

)
+

p0

ρ0

]
(m0 + m) . (1.130)

This result should be interpreted, directly quoting from [8], as follows: “Consider the system
composed of the solid matrix and a thin layer of fluid attached to the internal walls of the pores.
We may call it the wetted solid. As required for the validity of equation (1.129) we must assume
that the mass of fluid in this layer is constant. The pressure p is then the pressure acting on the
solid across the wetting fluid layer. The term p dv represents the work done by this pressure on
the wetted solid.” Hence:

So =
∂W

∂Fo
, (1.131)

p =
∂W

∂v
. (1.132)
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The free energy (1.130) can be interpreted as the sum of the free energy of two non-interacting
phases. The first term represents the energy of the wetted solid, while the second one is the
opposite of the work done to bring a mass m0 + m inside the unit sample at pressure p, from the
reservoir at pressure p0.

Following [20] let us consider the thought experiment consisting of adding/removing an
amount of fluid to/from a unit bulk element of porous material, saturated with a viscous com-
pressible fluid. This unit element is wrapped in a soft jacket so that pores fluid can be added
or removed by means of a tube that penetrates through the jacket. Forces on the faces of unit
sample are superposed to those due to the atmospheric pressure p0 which the unit sample is sub-
ject to. To the same time fluid is injected in the pores at the pressure p. Actually the physical
properties involved are better described by using another free energy function having (Fo, ψ) as
independent variables. This may be achieved using the following “contact transformation”

F = W − ψm . (1.133)

From (1.129) we can write the increment as

dF = So · Fo − m dψ . (1.134)

If F is a known function of the stretch and pressure function we can write:

So =
∂F

∂Fo
, (1.135)

m = −
∂F

∂ψ
. (1.136)

The fluid mass increment m(Fo, ψ) must be a function of the stretch and of the pressure function
ψ, which in turns is a known function of the pressure. As a consequence of (1.135) and (1.136)
we note that

∂So

∂ψ
= −

∂m
∂Fo

(1.137)

Since (1.134) is an exact differential, the actual value of the free energy F is achievable simply
by integrating along an arbitrary path. Accordingly to the thought experiment we would like to
perform, we first apply a tension on the sample faces, while maintaining the initial pressure p0

(i.e. ψ = 0). In this case the free energy increment reduces to

dFo = S̄o · dFo , (1.138)

where S̄o is the Piola stress under constant pore pressure p0:

S̄o = S̄o(Fo) =
∂Fo

∂Fo
. (1.139)

Thus, the function Fo turns to be the classical strain energy of the theory of elasticity. Then
we inject the fluid while maintaining constant deformations (dFo = 0), so that the actual free
energy can be written as

F = Fo −

∫ ψ

0
m dψ . (1.140)

We can derive from (1.137), (1.139), (1.140), the complete stress-stretch relation for the fluid-
saturated porous medium in terms od stretch and pressure:

So = S̄o −

∫ ψ

0

∂m
∂Fo

dψ . (1.141)
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It is therefore evident that the total stress is given by the sum of a purely mechanical stress
exerted at a constant fluid pressure, such that it may be figured out as applied to the sole solid
skeleton of the unit sample, and of a stress exerted by the fluid on the unit sample due to
an increase in fluid pressure, or in fluid mass (as stated in the following relation). Following
this thought picture S̄o is termed “effective stress” (or terzaghi effective stress) according to a
classical terminology. This fundamental result shows that all the information is obtained by
performing two experiments, first measuring m, then measuring the stress-strain relation S̄o at
atmospheric fluid pressure.

The procedure leading to the previous equation is quite general and can be used to ex-
press the stress-stretch relations, choosing as independent variables anyone of the group (Fo, ψ),
(Fo,m), (So,m), (So, ψ). For example using the stretch and the fluid mass increment (Fo,m) we
find

So = So
(m) −

∫ m

0

∂ψ

∂Fo
dm , (1.142)

where So
(m) are the stresses for the closed jacket (m = 0). The effective stress (1.139) is experi-

mentally achievable slowly imposing the macroscopic deformation on the unit sample material,
while maintaining the pores “opened”, meaning that they are in communication with a pressure
bath at constant atmospheric pressure and they undergo a quasi static isobaric evolution.

When the equilibrium condition (1.124) of the fluid is not satisfied, the motion of the fluid
relative to the solid is expressed by Darcy’s law which for isotropic permeability is written as

ẇ = −K
ρ

η
∇φ , (1.143)

where ẇ is the rate of volume flow per unit area of bulk material, Ko is the permeability matrix,
η is the fluid viscosity, and

φ := ψ + U . (1.144)

When inertia forces are neglected, the Cauchy stress in the fluid satisfies the following force
balance equation

div T − ρ∇U = 0 (1.145)

The Cauchy stress tensor T is the sum of a deviatoric viscous stress and of a spherical one due
to the idrostatic pressure:

T = T+ − pI . (1.146)

The viscous stress T+ is expressed by

T+ = 2 ηD −
2
3
η tr D I , (1.147)

where η is the viscosity coefficient and D is strain-rate tensor:

D =
1
2

(
∇v + ∇vT

)
. (1.148)

By substituting (1.146) into (1.145) the equilibrium equation reads

div T+ − ρ∇φ = 0 . (1.149)

Multipling (1.149) by an arbitrary variation of the velocity field δv which vanishs at the bound-
aries of the domain and integrating by parts, we get∫

P

(
T+ · δD + ρ∇φ · δv

)
dV = 0 . (1.150)
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After defining the Rayleigh dissipation function potential ϕ, such that the viscous stress tensor
is its gradient with respect the strain-rate tensor:

ϕ = ηD · D −
1
3
η tr2 D , (1.151)

T+ =
∂ϕ

∂D
, (1.152)

the (1.150) becomes a variational principle:∫
P

( δϕ + ρ∇φ · δv ) dV = 0 . (1.153)

We shall apply this result to derive the generalized form of Darcy’s law. Let now consider a
Poiseuille’s type flow in a rigid sample volume R which is large enough than the characteristic
pore size, so that the fluctuations cancel out, and the kinematic fields are therefore averaged on
such scale. Moreover the inertia force is neglected. These assumption allow to approximate the
solid matrix velocity as a linear function of the average rate of volume flow ẇ:

v = V(x) ẇ , (1.154)

where the tensor V may, in principle, depends on the actual position. Holding true such approx-
imation and neglecting terms like ∇ẇ, consistently with the assumption that ẇ is sufficiently
uniform inside the representative volume R, due to its larger size with respect the pore size, the
local strain-rate tensor reads

D = Sym [∇V(x)ẇ ] . (1.155)

Evaluating the dissipation potential using (1.155) and inserting it into (1.153) we get the varia-
tional principle in terms of variation of the average rate of volume flow:∫

R

( ηBẇ + ρ∇φ ) · δẇ dV = 0 , (1.156)

where B is a symmetric tensor coming from the averaging process over the representative vol-
ume:

1
Vol(R)

∫
R

ϕ dV =
1
2
ηB · (ẇ ⊗ ẇ) . (1.157)

We point out that the representative volume contains both the fluid part volume and the solid
one. A rigorous argument from (1.153) to (1.156) should need to extend the velocity variation
defined in (1.153) to a field defined on all R, such that δv = 0 on the solid part domain. This, in
fact, is true because of non-slip condition at the fluid-solid interfaces, due to the fluid viscosity.
Since δẇ is arbitrary, we are left with

ηBẇ + ρ∇φ = 0 , (1.158)

which, solving for ẇ, leads to Darcy’s law:

ẇ = −K
ρ

η
∇φ , (1.159)

where K is the permeability tensor.
As stated before, this derivation of Darcy’s law is valid for a rigid porous medium. In the

case of elastic porous media the fluid-structure interaction should be constitutively prescribed
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for the permeability tensor. It is convenient in the Lagrangian description to express Darcy’s law
in terms of referential coordinates. The referential and current quantities are related likewise
(1.30), (1.31) and (1.61), where µ is substituted by φ, q by ẇ and M by K. Thus the referential
Darcy’s laws reads

ẇo = −Ko
ρo

η
∇o φ . (1.160)

A complete set of equations for the six unknown variables (x,w) is achievable from the
virtual work principle, by varying the free energy density with respect δx, getting the force
balance equation:

divo So − (m0 − divo wo) F−T
o ∇o U = 0 , (1.161)

where So is given by (1.141) or (1.142), together with the Darcy’s law (1.159). An other set
of independent four unknown variables is given by (x, ψ). In this case the by varying the free
energy (1.150) with respect δx we get a force balance equation of the form

divo So − (m0 + m) F−T
o ∇o U = 0 , (1.162)

which, together with the fluid mass balance

ṁ = − divo ẇ or ṁ = divo

(
Ko

ρo

η
∇o φ

)
, (1.163)

represents a complete set for the four unknown variables (x, ψ).
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Chapter 2

Glaucoma

2.1 Introduction

This chapter mainly owe to the mechanical model developed in [21] for investigating the
problem of lamina cribrosa, and presented in the previous chapter in the more general frame-
work of multiple porosities. We moved from a new approach to poroelasticty, alternative to
Biot’s classical one and widely mutuated from the species diffusion problems.

Poromechanics models have been fruitfully used to investigate the biomechanics–hemo-
dynamics relationships in many tissues and pathologies affecting them. For example let me
recall its application in the context of heart, bones, brain and retina tissues. Nevertheless, to
date, there are no models available in the literature for the lamina cribrosa, other than the men-
tioned one, and the model presented in the next section of this chapter.

The large deformations, together with the impairment of blood flow, the lamina cribrosa
undergoes, represent the aethiology of the Glaucoma disease. It is commonly recognized that
an increased pressure inside the vitreous chamber (intraocular pressure, IOP) is a major risk
factor for optic nerve damage. The optic nerve carries, through the axons, signals generated
by the retina to the brain. A damaged optic nerve results in vision impairment and blindness
(glaucoma) [22].

The Lamina Cribrosa (LC) is a laminar region, part of the optic nerve head (ONH), made up
of a fenestrated meshwork of thin collagen beams acting as a scaffold for collecting the retinal
ganglion cell (RGC) axons, grouped in bundles [23]. It is also the region crucial to blood supply
and drainage. Ganglion cell axons and surrounding glial elements are dependent on the local
blood supply for their energy requirements [24]. Other biological functions of the LC are in
sustaining the central retinal vein (CRV) and central retinal artery (CRA), passing through the
optic nerve towards the retina, and in stabilizing the pressure difference between IOP and the
retrolaminar tissue pressure (RLTp).

The main blood supply to the optic nerve head is from the posterior ciliary artery via the
peripapillary choroid and short posterior ciliary arteries (the circle of Zinn-Haller). Raised IOP
may result in an alteration of the blood supply to the optic nerve head to induce ischemia [24].

Even though the pathogenesis of glaucoma is far from being understood, we know that
mechanics plays a key role in its onset and development [25, 26, 27, 28]. A comprehensive
overview of the many factors which can be related to glaucoma is summarized in a diagram
in [29, Fig. 2], where we can find: tissue deformation, stress and strain, altered blood flow
and nutrient supply. Hemodynamic alterations in the lamina cribrosa have also been identified
in [30] as strongly related to glaucoma. In [31] it is emphasized how a deformation of the
structurally weak LC due to large IOP values can lead to an impairment of axonal transport and
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blood flow.
In the computational modeling in [32] the LC is described as a framework made up of

connected thin hollow cylinders. Hemodynamics and oxygen diffusion are then statistically
characterized by morphologic factors through a large number of simulations.

In our work, we aim at combining the mechanical and hemodynamic viewpoints and study
the interaction between deformation and blood perfusion in a continuum. We model the lamina
cribrosa as a poroelastic soft material where a saturated porosity network stands for the capillary
network running inside the collagen beams [33].

To this end we first focus on the derivation of a poroelastic model in a rather general case,
using as a prototype the model of species diffusion in an elastic material. This task is carried out
by transforming, in a natural way, quantities appropriate to a diffusing species, like concentra-
tion, chemical potential and molar flux into the corresponding quantities which are appropriate
to a saturated porous material, like porosity, interstitial pressure and discharge, while retaining
the usual description for a nonlinear elastic solid, based on deformation and stress. We get a
couple of power balance laws, for both the forces and the amount of fluid filling the porosity
network, in such a way that it is natural to state an energy imbalance principle from which we
draw a constitutive characterization coupling deformation and stress with porosity, and leading
to Darcy’s law as well. We emphasize how this characterization relies on the expression for the
free energy, in particular on the way it depends on porosity.

The power balance laws allows us to state clearly the basic boundary conditions and to
illustrate their meaning. In particular, by permeable boundary we mean a condition where the
interstitial pressure in a thin boundary layer equals the external pressure.

Further we show how to derive a suitable description of a porosity dependent permeability
in the LC, based on a simple microscopic model of the capillary network. Then we describe
some numerical simulations we conducted on a thick small spherical cap, approximately the
same shape and size as the Lamina Cribrosa, cast in the peripapillary sclera, which show how
an increased IOP results in a deformation leading to a non uniform porosity and a reduced blood
flow.

2.1.1 A model for Lamina Cribrosa

In the following I briefly summarize the main features of the mechanical model set in [33],
which represents the first attempt to study the mechanical-hemodynamical interactions due to
an anomalous increasing of the IOP, during the Glaucoma progression.

The authors developed a mechanical model based on the classical theory of poroelasticity,
owed to M. Biot, holding true in the case of irreversible deformation and isothermal conditions,
as stated in the previous chapter, sect. 1.3. The main goal of that paper is to test the feasibility
of a minimal model able to describe the interplay between the elastic deformation of the lamina
cribrosa and the blood perfusion inside a dense network of collagen fibers. Thus the modelling
process the authors carried out embodies many simplifications. Firstly the elastic medium is
considered homogeneous on the scale of study, neglecting the micro-architecture of the colla-
gen fibrils within the lamina (a finer study of the solid matrix elastic response is findable in
[34]) and the elastic response is assumed to be linear, whereas the shear modulus accounts for
the nonlinearity through a dependence on the local effective stress as in [35]. Moreover the
blood flow inside the vessels is supposed to follow Poiseuille’s law, so that the permeability
depends on the square root of the porosity, and the capillary’s volume changes only through its
transversal section, at constant length.

The model simulations are compared to experimental measures [36] in order to show its
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reliability in providing physiologically reasonable deformations of the lamina for different lev-
els of IOP (see Fig. 4 of the original paper). Moreover the effective stress field, the vascular
porosity field and the blood velocity field as predicted by numerical simulations are reported in
the following in case of two different insertion conditions of the sclera (i.e. boundary conditions
at the lamina-sclera interface). These conditions are possibly connected to individual–specific
anatomical characteristics and to the progress of the pathology itself. I omit in this brief sum-
mary every detail concerning the numerical scheme used in performing the simulations which
can be found in the original paper.

The vascular porosity is defined as the volumetric fraction of the blood phase:

N(x, t) =
V f (x, t)
V(x, t)

, (2.1)

where V(x, t) and V f (x, t) respectively are the total volume of the bulk phase and the volume
occupied by the blood. The blood porosity is assumed to be always saturated

Vs(x, t)
V(x, t)

= 1 − N(x, t) , (2.2)

where Vs(x, t) is the volume occupied by the solid matrix.
The governing equations read

div T = 0 , (2.3)

∂ρ

∂t
= − div v , (2.4)

where ρ = N(x, t) V(x, t) is the fluid content, and v is the blood velocity flux, or Darcy’s velocity.
The constitutive equations for T, v and ρ are:

T = T̂
eff
− αp̌ I , (2.5)

T̂
eff

= µ
(
∇u + ∇uT

)
+ λ div u I , (2.6)

v = −K∇ p̌ , (2.7)

ρ =
1
M

p̌ + α div u , (2.8)

where u is the displacement, and p̌ is the interstitial pressure, while µ and λ in (2.6) are the Lamé
parameters, and α and M in (2.8) respectively are the Biot coefficient and the Biot modulus.
Solid and fluid components are assumed to be incompressible, as it happens in the majority of
biological tissues, leading to α = 1 and M = +∞, so that (2.8) reduces to

ρ = div u . (2.9)

Following [35] the authors assume a dependence of the shear modulus µ on a measure of the
effective stress:

Te =

√
(Teff11 − Teff22)2 + (Teff22 − Teff33)2 + (Teff11 − Teff33)2 + (6Teff12)2

2
(2.10)

Another assumption which simplify the model is related to the choice of a 2D geometry,
which is reasonable if assuming a lamina of approximately cylindrical shape and axially sym-
metric solutions. The numerical simulations are performed on a rectangular half slice, passing
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Figure 2.1: Numerically predicted deformed configuration of the lamina cribrosa for IOP =

15, 25 and 35 mmHg, in the case of clamped boundary (Case 1) and in the case of imposed
scleral tension and allowed rotations (Case 2). The undeformed and deformed configurations
are indicated in green and red, respectively.

trough the axis of the cylinder. The left boundary corresponds to the sclera-lamina insertion,
while the right one corresponds to the lamina-central vein interface. At the boundary with the
sclera the authors considered and compared two sets of boundary conditions.

• Case 1: the lamina is clamped, resulting in an homogeneous Dirichlet condition for the
displacement.

• Case 2: the lamina is subject to normal tension, due to the inflation of the sclera, but it
can not displace vertically, resulting in a mixed condition on stress and displacement.

Cases 1 and 2 correspond to the two extreme situations in which the scleral insertion of the
lamina is at its highest and lowest degree of fixity, respectively. At the left boundary the sclera
can not displace normally and the tangential component of the traction is assumed to be zero.
Moreover, at the boundary with the vitreous chamber (upper boundary) the lamina is subject
to IOP, while at the boundary with the retrolaminar region (lower boundary) it is subject to
RLTp. The fluid pressure is assigned at the left and right boundaries, while the upper and lower
boundaries are assumed to be impermeable.

The mechanical model presented in that paper was used by the authors to estimate the effect
of IOP increasing, starting from 15 mmHg (the normal case) to 25 mmHg, up to 35 mmHg, on
the mechanical deformation and on blood porosity and flow for different boundary conditions,
as expressed by Case 1 and Case 2. The retrolaminar tissue pressure (RLTp) is maintained at
constant baseline value 7–10 mmHg. The left boundary in the following pictures corresponds to
the sclera-lamina insertion, while the right one corresponds to the lamina-central vein interface.

In Fig. 2.1 the lamina displacement is shown (the underling green domain represents the
reference unloaded state) for Case 1 boundary conditions (left column) and for Case 2 boundary
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Figure 2.2: Numerically predicted distribution of vascular porosity in the lamina cribrosa for
IOP = 15, 25 and 35 mmHg, in the case of clamped boundary (Case 1) and in the case of
imposed scleral tension and allowed rotations (Case 2). Results are plotted on the undeformed
rectangular configuration.

condition (right column). Numerical predictions indicate that the IOP increasing leads lamina
central deflections, which is more evident in Case 2 than in Case 1.

The model predicts that the same IOP elevation has remarkably different biomechanical and
hemodynamical consequences in the lamina. In Fig. 2.2 the vascular porosity field N(x, t) is
represented on the undeformed reference configuration. We clearly see for the Case 2 that for
high values of IOP, a region of low porosity appears close to the right boundary (at the lamina-
central vein interface) along the upper surface. Conversely, a region of high porosity, which is
thicker close to the central vein interface and gets thinner moving towards the sclera interface,
appears along the lower surface. For the more fixed lamina (Case 1), two small regions of
high/low porosity appear at the upper/lower corner of the lamina-sclera interface, which seem
to have negligible effects on the vascular porosity field of the whole lamina. We notice that this
time, contrary to the Case 2, the high porosity region appears close to the upper surface, while
the lower porosity one is close to lower surface. A similar situation is predicted for the Darcy’s
velocity of blood, as represented in Fig. 2.3, and for the effective stress, as depicted in Fig. 2.4.
Thus, as suggested by Case 2, the most vulnerable region is located at the upper surface, close
to the central axis of the lamina, where a discharge region emerges and the tissue experiences
higher stress. The lower surface is instead charactarized by an increasing of Darcy’s blood
velocity, together with high values of stress.

As observed above, this model represents the minimal one able to describe some qualitative
behaviours of the lamina as clinically observed, even though the many simplifications assumed
may affect in not negligible way the results. The most delicate question probably concerns the
assignment of adequate boundary conditions at the lamina-sclera interface. The numerical sim-
ulations show an high sensitiveness with respect boundary conditions, so that the Case 1 and
Case 2 look like completely different. Moreover, many factors influence the properties of the
scleral insertion of the lamina cribrosa, such as ethnicity and age, and it may also change within
the same individual as glaucoma progresses [37]. The Case 2 anyway should be more reliable
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Figure 2.3: Numerically predicted distribution of blood velocity in the lamina cribrosa for IOP
= 15, 25 and 35 mmHg, in the case of clamped boundary (Case 1) and in the case of imposed
scleral tension and allowed rotations (Case 2). Results are plotted on the undeformed rectangu-
lar configuration.

Figure 2.4: Numerically predicted distribution of effective stress re in the lamina cribrosa for
IOP = 15, 25 and 35 mmHg, in the case of clamped boundary (Case 1) and in the case of
imposed scleral tension and allowed rotations (Case 2). Results are plotted on the undeformed
rectangular configuration.
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since the insertion condition here is less restrictive. Many clinical and experimental observa-
tions would suggest that the response to IOP increasing involves also tissue remodeling and
growth/loss of collagen fibers in specific regions related to their state of stress and impairment
of blood flow. For example, loss of collagen fibers was reported in the top-centre of the lamina
and recruitment of new collagen was detected at the lower surface, producing the progressive
migration of the lamina towards the retrolaminar region in animals suffering from prolonged
IOP elevation [38]

2.2 Mechanical Model
From the flow of a single fluid inside a single porosity network which is surrounded by an

elastic medium, as described in the previous chapter (sect. 1.2), we now derive a mechanical
model for the perfusion of blood inside lamina cribrosa. We assume that the fluid is incom-
pressible and flows through a porosity network which it keeps saturated.

Before proceeding to present the peculiar features of the mechanical-hemodynamical prob-
lem for the lamina cribrosa, and the related costitutive assumptions, let us briefly specialize the
kinematics and the balance equations to the posed problem.

2.2.1 Balance laws and free energy imbalance
Let us denote again by χ : Ro → R , as in (1.1), a time dependent deformation of a body

made up of a porous material whose pores are filled at any time with an incompressible inter-
stitial fluid. Let us assume further that the solid matrix material is incompressible. Because of
the incompressibility condition for both the fluid and the solid matrix the deformation gradient
decompose likewise (1.64):

Fo ≡ ∇χ = Fι Fφ , (2.11)

where Fφ is given by (1.65), (1.66) and

J := det Fι = 1 . (2.12)

Accordingly to (1.67), (we consider a singole component, let say A for example) we define
the interstitial fluid content as the ratio

c =
ρ f

ρo
=
<fluid mass density per unit reference volume>
<solid mass density per unit reference volume>

. (2.13)

Denoting by ν f the volume per unit mass of the (incompressible) fluid, the current volume of
fluid per unit reference volume likewise (1.69) turns out to be

ν f ρ f = ν f ρo c . (2.14)

Let us call porosity the scalar field likewise (1.71) and the saturation condition likewise (1.74)
can then be stated as

φ = ν f ρ f = α c , (2.15)

where, according to (2.14),
α = ν f ρo (2.16)

is a positive coefficient independent of time because of fluid incompressibility. We make the
assumption that the saturation condition holds at any time. Rearranging terms in (1.71) the
other way round we get

β = 1 + (φ − φo) = 1 + α (c − co) , (2.17)
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with φo = α co , matching definition (1.78). It is worth noting that, by (2.17),

β̇ = φ̇ = α ċ . (2.18)

Let us define a scalar field p̌ , power conjugate to the interstitial volume rate of change, such
that the network blood pressure power balance ∀Po ⊂ Ro reads likewise (1.81):∫

Po

µ ρo ċ dV =

∫
Po

p̌ β̇ dV , ∀β̇ . (2.19)

Localizing we get
µ =

α

ρo
p̌ = ν f p̌ . (2.20)

Substituting the expression (2.20) for the chemical potential, we can now consistently trans-
form the species power balance law likewise (1.85) into∫

Po

p̌ β̇ dV = −

∫
∂Po

p̌ (ν f ho) · no dA +

∫
Po

(ν f ho) · ∇o p̌ dV ∀p̌ , (2.21)

where we neglect the volumetric source term (i.e. the third term in the r.h.s. of (1.85)).
If we further define the vector field

qo = ν f ho , (2.22)

we finally get the interstitial power balance law∫
Po

p̌ β̇ dV = −

∫
∂Po

p̌ qo · no dA +

∫
Po

qo · ∇o p̌ dV ∀ p̌ . (2.23)

Let us call p̌ the interstitial pressure and qo the discharge.
Since we are interested in describing a perfusion in an elastic solid we should again supple-

ment the previous matter balance law (2.23) with the force power balance law (1.96) subject
this time to the incompressibility constraint (2.12) and holding true for any constitutive process.

Comparing the power exchanged between the matter inside any Po and the outside, with
the rate of change of a free energy density per unit reference volume ψ , we get the appropriate
form of the energy imbalance or dissipation inequality

So · Ḟo + p̌ β̇ − qo · ∇o p̌ −
d
dt
ψ ≥ 0 . (2.24)

Because of the decomposition (1.64) and the relations (1.78) and (1.95), the stress power
term in (2.24) takes the expression

So · Ḟo = β dev T · Ḟι F−1
ι − p β̇ (2.25)

where
− p I = sph T . (2.26)

It should be emphasized that p is here a purely reactive pressure because the elastic distortion
is isochoric. A clear picture about this point is given by the species diffusion description of
the energy imbalance (1.46), where the incompressibility condition would leave the constitutive
characterization of p void, thus qualifying p as reactive.

Replacing (2.25) into (2.24) we get the new expression for the energy imbalance

β dev T · Ḟι F−1
ι +

(
p̌ − p

)
β̇ − qo · ∇o p̌ −

d
dt
ψ ≥ 0 . (2.27)

Guided by (2.27), we will consider two different choices for the free energy and characterize
them by comparing the different evolutions they give rise in a sample problem in sect. 2.3.
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2.2.2 Type g free energy and constitutive characterization
Let us consider first a free energy inspired by expression (1.47)

ψ̂g(Fι, β) = ϕφ(β) + β ϕι(Fι) , (2.28)

which is the sum of a bulk energy density per unit reference volume, dependent on the porosity
distortion, and a strain energy density per unit intermediate volume, dependent on the isochoric
distortion.

By defining the response functions p̂φ and Ŝg such that

p̂φ(β) β̇ =
d
dt
ϕφ(β) , (2.29)

Ŝg(Fι) · Ḟι =
d
dt
ϕι(Fι) , (2.30)

the rate of change of the free energy turns out to be

d
dt
ψ̂g(Fι, β) =

(
p̂φ(β) + ϕι(Fι)

)
β̇ + β T̂g(Fι) · Ḟι F−1

ι , (2.31)

where by T̂g(Fι) = Ŝg(Fι) FT
ι we mean a deviatoric tensor since tr (Ḟι F−1

ι ) = 0 .
If we substitute (2.31), into the inequality (2.27) we finally get

β
(

dev T − T̂g(Fι)︸            ︷︷            ︸
dev T+

)
· Ḟι F−1

ι +
(

p̌ − p −
(
p̂φ(β) + ϕι(Fι)

)︸                         ︷︷                         ︸
p̌+

)
β̇ − qo · ∇o p̌ ≥ 0 , (2.32)

In order for the inequality above to hold for any constitutive process the following conditions
must be fulfilled

p̌ = p̂φ(β) + p + ϕι(Fι) + p̌+ , p̌+ β̇ ≥ 0 , (2.33)

dev T = T̂g(Fι) + dev T+ , dev T+ · Ḟι F−1
ι ≥ 0 , (2.34)

together with
− qo · ∇o p̌ ≥ 0 . (2.35)

Summarizing, from the energy imbalance (2.27) we get, through (2.32), the following constitu-
tive characterization of the spherical and deviatoric part of the Cauchy stress

sph T = −( p̌ − p̂φ(β) − ϕι(Fι)) I + sph T+ , (2.36)

dev T = T̂g(Fι) + dev T+ , (2.37)

with sph T = −p I . We can add them up and get

T = T̂g(Fι) −
(
p̌ − p̂φ(β) − ϕι(Fι)

)
I + T+ , (2.38)

or, equivalently,
T =

(
T̂g(Fι) +

(
p̂φ(β) + ϕι(Fι)

)
I
)︸                              ︷︷                              ︸

effective stress

−p̌ I + T+ . (2.39)

By effective stress we mean the hyperelastic part of the stress. The dissipative stress T+ can be
given any constitutive prescription complying with the inequalities above.

As a final remark notice how (2.33) describes the coupling between the interstitial pressure
p̌ and the reactive pressure p, characterizing indeed their difference (p̌ − p). It is worth noting
that p̂φ(β) is called the pressure function in [8], where it is also likened to the chemical potential.
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2.2.3 Type s free energy and constitutive characterization

As an alternative, let us consider the simple splitting of the strain energy density per unit
reference volume into the sum of a volumetric part and an isochoric part

ψ̂s(Fι, β) = ϕφ(β) + ϕι(Fι) , (2.40)

where ϕφ(β) and ϕι(Fι) are both densities per unit reference volume.
By defining the new response function Ŝs such that

β
(
Ŝs(Fι, β) · Ḟι

)
=

d
dt
ϕι(Fι) , (2.41)

we get the corresponding expression for the rate of change of the free energy

d
dt
ψ̂s(Fι, β) = p̂φ(β) β̇ + β T̂s(Fι, β) · Ḟι F−1

ι , (2.42)

where again by T̂s(Fι, β) we mean just the deviatoric part of Ŝs(Fι, β) FT
ι .

If we substitute (2.42) into the inequality (1.99) we get

β
(

dev T − T̂s(Fι, β)︸               ︷︷               ︸
dev T+

)
· Ḟι F−1

ι +
(

p̌ − p − p̂φ(β)︸           ︷︷           ︸
p̌+

)
β̇ − qo · ∇o p̌ ≥ 0 , (2.43)

In order for the inequality above to hold for any constitutive process the following conditions
must be fulfilled

p̌ = p̂φ(β) + p + p̌+ , p̌+ β̇ ≥ 0 , (2.44)

dev T = T̂s(Fι, β) + dev T+ , dev T+ · Ḟι F−1
ι ≥ 0 , (2.45)

as well as (2.35). Summarizing, from the energy imbalance (1.99) we get, through (2.43), the
following constitutive characterization of the spherical and deviatoric part of the Cauchy stress

sph T = −( p̌ − p̂φ(β)) I + sph T+ , (2.46)

dev T = T̂s(Fι, β) + dev T+ , (2.47)

from which we get
T = T̂s(Fι, β) −

(
p̌ − p̂φ(β)

)
I + T+ , (2.48)

or, equivalently,
T =

(
T̂s(Fι, β) + p̂φ(β) I

)︸                   ︷︷                   ︸
effective stress

− p̌ I + T+ . (2.49)

The expression for the effective stress is consistent with the definition given in [10]. A historical
account of this notion development dating back to Terzaghi can be found in [9].

It is worth noting that the two energy terms in (2.40), differently from (2.28), turn out not
to be coupled anymore by the porosity through β. We will show in sect. 2.3 the implications of
using either ψ̂g or ψ̂s through numerical simulations of uniaxial tests.
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2.2.4 Darcy’s law
Whatever the free energy expression, condition (2.35) holds true if

qo = −Ko ∇o p̌ . (2.50)

with Ko a positive semi-definite tensor. Since, as in (1.30) and (1.31),

∇o p̌ = FT
o ∇ p̌ , (2.51)

qo = βF−1
o q , (2.52)

the expression (2.50) of Darcy’s law turns into

q = −K ∇ p̌ , (2.53)

where the reference and the current permeability tensors are related by

Ko = βF−1
o K F−T

o . (2.54)

2.2.5 Boundary conditions
In order to set up boundary conditions in a consistent way, let us consider a subset So ⊂

∂Ro and the corresponding boundary terms in the force power balance law (1.33) and in the
interstitial power balance law (1.89)∫

So

to · v dA ,
∫
So

p̌ qo · no dA , (2.55)

where v is a test velocity field and p̌ is a test interstitial pressure. We should also recall that
qo is constitutively described by Darcy’s law (2.50).

Let us refer to the usual boundary conditions according to the following table:

Bunc unconstrained boundary deformation
Bcon constrained boundary deformation
Bperm permeable boundary
Bimp impermeable boundary

(2.56)

The boundary terms (2.55) in the balance laws allow us to characterize explicitly each boundary
condition:

Bunc the test velocity field v can take any value; thus to should be assigned the
value to

ext (the external traction), possibly zero;
Bcon the constraints make the test velocity field v vanish; thus to is just a reactive

traction to
r = So no;

Bperm we mean that there is no pressure jump across the boundary, i.e. p̌ = pext

(the external pressure); hence the test interstitial pressure field p̌ vanishes
and qo · no is left free;

Bimp we mean that qo · no = 0 whatever the pressure jump ( p̌ − pext) across the
boundary; hence there is no condition on p̌ .

(2.57)

The boundary conditions (2.57) can also be described on a subset S ⊂ ∂R in terms of the
current fields.
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Let us examine differently paired boundary conditions on the same subset So or S . To
this end it will prove expedient to split the stress constitutive expressions (2.38) or (2.48) into a
hyperelastic part, the effective stress, and the interstitial pressure

T = T̂
eff

(Fι, β) − p̌ I . (2.58)

Let us consider first the paired conditions (Bunc , Bperm) . Since p̌ = pext the expression for
the stress (2.58) becomes

T = T̂
eff

(Fι, β) − pext I . (2.59)

Denoting by text the current traction field on S and by n the current unit normal, then

T n = text ⇒ T̂
eff

(Fι, β) n − pext n = text . (2.60)

Since pext is a known quantity, we can define teff such that

text = teff − pext n . (2.61)

Hence with boundary conditions (Bunc , Bperm) from (2.60) we get

T̂
eff

(Fι, β) n = teff . (2.62)

With paired boundary conditions (Bunc , Bimp) , p̌ and pext are not related to each other
anymore. Thus by (2.58)

T n = text ⇒ T̂
eff

(Fι, β) n − p̌ n = teff − pext n , (2.63)

from which we get
T̂
eff

(Fι, β) n = teff − (pext − p̌) n . (2.64)

Let us now consider the paired boundary conditions (Bcon , Bperm) . Since p̌ = pext the
expression (2.58) will be replaced by (2.59) and we arrive again at (2.62) where teff is a reactive
traction. The paired boundary conditions (Bcon , Bimp) lead again to (2.64) with teff a reactive
traction.

2.3 Uniaxial deformation of a poroelastic cylinder
Let us consider a body in the shape of a cylinder undergoing homogeneous uniaxial defor-

mations described by the deformation gradient matrix

[Fo] = β
1
3 [Fι] = β

1
3


λ 0 0

0
1
√
λ

0

0 0
1
√
λ

 , (2.65)

defined in an orthonormal basis {e1, e2, e3} with the first basis vector in the axis direction. Let
the cylinder be stretched by a couple of opposite axial forces on opposite faces defined by
a traction t = τ e1, after being submerged in a fluid reservoir at pressure pext . The cylinder
boundary is assumed to be permeable. Hence

p̌ = pext . (2.66)

38



From the force balance law we get

T = t ⊗ e1 = τ e1 ⊗ e1 . (2.67)

Let the energy depending on the porosity distortion be assigned the expression

ϕφ(β) = kφ

(
β2 +

2
β
− 3

)
(2.68)

which is defined for β > (1 − φo) , or equivalently for φ > 0 , that is in the β range where the
material is in the porous wet phase, according to (1.78). Otherwise, when φ = 0 we say that
the material is in the incompressible dry phase.

Let us consider a neo-Hookean strain energy

ϕι(Fι) = kι (Ī1 − 3) , (2.69)

with Ī1 = tr (FT
ι Fι), to be substituted into both the free energy expressions (2.28) and (2.40).

The corresponding response functions for the Cauchy stress turn out to be

T̂g(Fι) = 2 kι dev(Fι FT
ι ) , (2.70)

β T̂s(Fι, β) = 2 kι dev(Fι FT
ι ) . (2.71)

Further, from (2.29) and (2.68) we derive the response function

p̂φ(β) = 2 kφ

(
β −

1
β2

)
, β > (1 − φo) . (2.72)

All of the expressions above can be specialized to the uniaxial deformation gradient (2.65) by
replacing

Ī1 = λ2 +
2
λ
, (2.73)

[dev(Fι FT
ι )] =

2
3

(
λ2 −

1
λ

) 
1 0 0

0 −
1
2

0

0 0 −
1
2

 . (2.74)

2.3.1 Type g free energy
Substituting the response function (2.70) into (2.38) and replacing the stress in the balance

equation (2.67), while neglecting any dissipative term, we get the scalar equations

τ = 2 kι

(
λ2 −

1
λ

)
, (2.75)

p = −
1
3
τ , (2.76)

p̌ = p̂φ(β) + p + ϕι(Fι) , (φ > 0) . (2.77)

In the incompressible dry phase (φ = 0) it happens that β̇ vanishes making the second
term in the dissipation inequality (2.32) disappear. Hence (2.77) does not make sense and the
resulting relation between λ and β is not defined any more.
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(pext = 0) (pext = 0.8 kι) (pext = 1.2 kι)

Figure 2.5: Uniaxial deformation (ψg free energy) with kφ = 0.10 kι .

Graphs of the solutions to this problem for different values of pext are arranged in columns
in Fig. 2.5, with pext = 0 on the first column, pext = 0.8 kι on the second column, pext = 1.2 kι
on the third column. Only solutions for kφ = 0.1 kι have been shown. For increasing values
of kφ those solutions get closer to the solution for the incompressible dry material, as shown
by the graphs in Fig. 2.6. A thin horizontal line marks in every graph in Fig. 2.5 the unit
value of the quantity being plotted against the traction τ , which takes positive values (pulling)
or negative values (pushing). The reference porosity has been assigned the value φo = 0.4 .
Correspondingly, a lower thin horizontal line in the graphs on the first row marks β = (1 − φo) ,
or equivalently φ = 0 , the incompressible dry phase. Notice the couple of thin vertical lines in
each column marking the porous wet phase (φ , 0) of the material which is otherwise squeezed
to the incompressible dry phase (φ = 0) for τ beyond those limits.

The value of β at τ = 0 is the solution to the equation

p̌ = p̂φ(β) , (2.78)

according to (2.77). Looking at the first row in Fig. 2.5 we can notice how, as the traction τ
increases, the porosity grows until it reaches a maximum value and then shrinks to zero (marked
by the right vertical thin line). That means that after a fluid inflow there is an outflow leading
to a dry phase. On the contrary when pushing, the porosity shrinks monotonically until the dry
phase is reached (marked by the left thin vertical line). A bit surprising is the way the length
and the thickness change when in the porous wet phase, as shown in Fig. 2.6, where the lower
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(kφ = 0.10 kι) (kφ = 0.25 kι) (kφ = 0.50 kι)

Figure 2.6: Uniaxial deformation (ψg free energy) with p̌ = 0.8 kι (lower solid thin line: φ = 0 ,
upper solid thin line: φ = φo) .

solid thin line is the radial vs axial stretch graph for (φ = 0), while the upper solid thin line is
the same graph for (φ = φo).

2.3.2 Type s free energy

Substituting first the response function (2.71) into (2.48) and then replacing the stress in the
balance equation (2.67), we get the scalar equations

τ = 2 kι

(
λ2 −

1
λ

)
1
β
, (2.79)

p = −
1
3
τ , (2.80)

p̌ = p̂φ(β) + p , (φ > 0) . (2.81)

The graphs in Fig. 2.7, describing the corresponding solutions, are arranged the same way
as the graphs in Fig. 2.5. We can notice first how supple this material is when compared to the
previous one, and that there is only a thin vertical line separating the porous wet phase (right
side) from the incompressible dry phase (left side). That means that when pulling, the porosity
grows while the length increases and the thickness decreases. When pushing instead there is
a fluid outflow leading soon to a dry phase exhibiting the usual shortening and thickening, as
shown also in Fig. 2.8, where the thin lines are the same graphs as in Fig. 2.6.
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(pext = 0) (pext = 0.8 kι) (pext = 1.2 kι)

Figure 2.7: Uniaxial deformation (ψs free energy) with kφ = 0.10 kι .

2.4 Permeability characterization of lamina cribrosa
In the following sections we apply the poroelastic model defined in sect. 2.2 to study the

interplay of blood flow and deformation within the tissue of the LC. However we first need
to introduce a constitutive relation linking porosity and permeability, which we do in the next
section.

We derive a microscopic constitutive characterization of the permeability tensor which
should be appropriate to the capillary network described by the porosity field. To this end
let us consider the capillary network inside a microscopic reference region Pm and look at the
porosity (1.72) as approximated by the volume ratio

φ =
π r2

c Lc

Vm
, (2.82)

where Vm is the Pm volume, Lc is the total length of the capillary network inside Pm and rc is
the current value of the capillary radius. Denoting by Lm = V1/3

m a characteristic microscopic
length, after defining the capillary tortuosity as the constant coefficient

tc :=
Lc

Lm
, (2.83)

we get from (2.82)

r2
c =

Vm

π Lc
φ =

L2
m

π tc
φ . (2.84)
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(kφ = 0.10 kι) (kφ = 0.25 kι) (kφ = 0.50 kι)

Figure 2.8: Uniaxial deformation (ψs free energy) with p̌ = 0.8 kι (lower solid thin line: φ = 0 ,
upper solid thin line: φ = φo) .

If we assume that the blood flow in the capillary network is laminar, the volumetric flow rate
for a pressure drop ∆pm is given by the Hagen–Poiseuille law

Qm =
π r4

c

8 µb Lc
∆pm , (2.85)

where µb is the blood viscosity. By (2.83) and (2.84) this formula turns into

Qm =
L4

m

8 π µb tc
3 φ

2 ∆pm

Lm
, (2.86)

from which we get, dividing by a characteristic microscopic area L2
m , the discharge

qm =

(
L2

m

8 π µb tc
3

)
φ2 ∆pm

Lm
. (2.87)

If we let a single constant cg carry the microscopic constitutive description outlined above, then
Darcy’s law (2.50) takes the special form [33]

q = −
cg

µb
φ2 ∇ p̌ , (2.88)

showing that the permeability tensor

K = −
cg

µb
φ2 I (2.89)

is proportional to the square of the porosity.
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(kφ = 0.10 kι) (kφ = 0.25 kι) (kφ = 0.50 kι)

Figure 2.9: Uniaxial reference permeability with p̌ = 0.8 kι (ψg solid line, ψs dashed line).

As a special case, for the uniaxial deformation in sect. 2.3 we get through (2.54) the refer-
ence permeability in (2.50) defined by the scalar expression

ko =
cg

µb

(
φ2

λ2 β
1/3

)
. (2.90)

Values for the expression between brackets are shown by plots in Fig. 2.9, consistent with plots
in Figs. 2.5, 2.7 .

2.5 Numerical simulations

2.5.1 Numerical simulation setup
Although most works neglect the role played by the surrounding peripapillary sclera when

computing the LC deformation, numerical simulations as well as medical imaging [39, 40] show
that IOP alterations affect both the LC and the sclera deformations. That is why we considered
a fully 3D model of the LC embedded in a sclera spherical cap, pictured in Fig. 2.10, with
physical parameters listed in Table 2.1.

We used COMSOL Multiphysics® software [41] to carry out our simulations, implementing
in their original form:

i) the force power balance law (1.33),
ii) the interstitial power balance law (1.89),

iii) Darcy’s law (2.50).

We modeled the LC as a poroelastic material with blood as the interstitial fluid, and assumed
the material to be characterized, as in sect. 2.3, by the neo-Hookean strain energy function
(2.69) leading to the response functions (2.70) and (2.71), to be substituted in turn into (2.38)
and (2.48), according to either free energy (2.28) or (2.40).

Differently from sect. 2.3, where condition β > (1 − φo) was enforced explicitly, the energy
depending on the porosity distortion has been given the expression

ϕφ(β) = kφ (β − 1)2 (β − 1 + 3 φo)/(β − 1 + φo) , (2.91)

whose value increases to infinity as β → (1 − φo), thus preventing the porosity φ from reach-
ing a zero value, according to (1.71). Correspondingly, by (2.29) we get

p̂φ(β) = 2 kφ (β − 1)
(β − 1)2 − 3 (β − 1) φo + 3 φo

2

(β − 1 + φo)2 . (2.92)
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Figure 2.10: Model LC embedded in the peripapillary sclera.

lamina thickness 200 µm

lamina radius 950 µm

central retinal vessel passage radius (Rv) 100 µm
1
2 shear modulus (lamina cribrosa) (kι) 4 kPa , 6 kPa
1
2 bulk modulus (lamina cribrosa) (kφ) 0.3 MPa , 0.5 MPa
1
2 shear modulus (sclera) (kι) 0.55 MPa

reference porosity (φo) 0.010

Intra Ocular Pressure (IOP) 15 − 37 mmHg (2.0 − 4.9 kPa)

Retro Laminar Tissue pressure (RLTp) 9.75 mmHg (1.3 kPa)

ciliary pressure (Pa) 15 mmHg (2.0 kPa)

central vein pressure (Pv) 7.5 mmHg (1.0 kPa)

Table 2.1: Parameter values used in the simulations.

The peripapillary sclera has been modeled as a neo-Hookean incompressible non porous solid
material.

As boundary conditions we assumed the anterior (facing the vitreous chamber) and the
posterior (facing the retrolaminar region) faces of the LC to be impermeable. This means that
there is no blood flux through such boundary where we imposed a traction −pext n , with pext =

IOP on the anterior side and pext = RLTp on the posterior side. We assumed instead the sclera-
LC interface, which is the site of the main blood supply to the ONH, to be permeable with
external pressure pext = Pa . The central retinal vessel passage, with a fixed radius Rv, has been
characterized by a permeable boundary with external pressure pext = Pv . Thus the blood flows
through the LC porosity network from the sclera-LC interface to the central retinal vein. The
peripapillary sclera outermost boundary was subject to a normal traction corresponding to the
mean hoop stress in a spherical vitreous chamber depending on IOP.

2.5.2 Results
Since we are interested in the interplay between hemodynamics and deformations we mainly

focus on porosity and blood flux fields. The LC and peripapillary sclera deformation is shown
in the radial cross sections in Figs. 2.12, 2.13, 2.14, with the reference shape in the background,
where the porosity field is described by a color map. The sclera supports the thinner LC mem-
brane which bends in the anterior-posterior direction under the action of an increasing IOP
(from Fig. 2.12 to Fig. 2.14), while the RLTp keeps its ground value. The left side and the right
side pictures refer respectively to the underlying free energy ψg or ψs.

In addition to the maps shown in Figs. 2.12, 2.13, 2.14 we also report in Figs. 2.15, 2.16,
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2.17 how some relevant quantities depend on IOP. In particular, in Fig. 2.15 we plot the anterior-
posterior Lamina Cribrosa Displacement (LCD), which is the simplest way of describing the LC
cupping, in medical imaging as well as numerical simulations. In the figure LCD is scaled by
the lamina thickness and we report its value both for the anterior (thin lines) and the posterior
face (thick lines) of the lamina (negative values mean outward displacement). In Fig. 2.16 we
report the mean porosity values scaled by the reference porosity and finally, in Fig. 2.17, the
blood flux through the sclera-LC interface scaled by a typical value. A second set of graphs is
shown in Figs. 2.18, 2.19, 2.20 to allow a comparison between the previous results and those
obtained with a higher value of the modulus kι.

While the deformed shapes exhibited by our LC model in Figs. 2.12, 2.13, 2.14 are close to
similar shapes shown in [39, 40], the displayed porosity field carries a more significant informa-
tion about changes in hemodynamics related to an IOP increase. In this respect a comparison
between ψg and ψs free energies is in order. By using the free energy ψs we get some awk-
ward results about porosity and blood flux: looking at the right side pictures in Figs. 2.12, 2.13,
2.14 (ψs free energy), we notice that the porosity increases as the LC cupping proceeds and the
thickness becomes smaller and smaller. This is shown clearly by the mean porosity evolution as
described by the dashed lines (ψs free energy) in the graphs in Fig. 2.16. Correspondingly, from
the dashed lines in Fig. 2.17 we notice that the blood flux increases as well, for large enough val-
ues of IOP. On the contrary, looking at the solid lines (ψg free energy) in the graphs in Fig. 2.16,
we notice that the mean porosity, after reaching a maximum value, eventually decreases while
the corresponding blood flux in Fig. 2.17 decreases even faster.

This leads us to the conclusion that the g-type free energy (2.28) is more suitable to describe
the coupling between deformation and porosity than the s-type free energy (2.40). The reason
for that should be found in the different ways they depend on porosity. It is also interesting to
compare the solid line graph in Fig. 2.16 (g-type free energy) with the graph 2.11 in [42, Fig. 5-
B], where experimental in-vivo measurements of collagen beam thickness are reported against
IOP values. The comparison is meaningful since in our model the porosity network stands for
the capillary network running inside the collagen beams, as stated in sect. 2.1. Both graphs
exhibit a maximum value for increasing IOP. This highlights a feature of the g-type free energy
which makes the poroelastic material behave rather differently than the s-type free energy, as
illustrated in sect. 2.3.

By a closer look at the left side cross sections in Figs. 2.12, 2.13, 2.14 (ψg free energy), we
notice the porosity getting lower and lower across the thickness in a region close to the sclera-
LC interface. This is reflected in the decreasing blood flux shown by the solid lines in Fig. 2.17,
as opposed to what is shown by the dashed lines. The behavior exhibited by the g-type free
energy could be related to the strong shear deformation localized at the peripheral region of the
LC, as shown on the left side of Figs. 2.21, 2.22, 2.23 where, in parallel to the strain energy
field on the right side, a color map describes the evolution of the shear strain field defined by

γ =
ar · aa

‖ar‖ ‖aa‖
, with ar = Fo er , aa = Fo ea , (2.93)

denoting by ea and er an axial (parallel to the eye axis) and a radial (toward the center of the LC)
reference orthonormal vectors. This turns out to be consistent with the onset and progression of
the loss of vision related to glaucoma: the peripheral vision deteriorates, and eventually is lost
altogether, as the visual field shrinks to a small region in the center of the eye [24], [40].

We look at the above description of the mechanism leading to a blood flow reduction as the
main result from our numerical simulations.
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Figure 2.11: Change in lamina cribrosa (LC) beam thickness with intraocular (IOP) and in-
tracranial pressure (ICP). (A) Contour plot showing change in beam thickness as a function of
IOP and ICP. Black lines indicate the contour line at the same beam thickness. Blue dots indi-
cate actual measurements acquired in the experiments. A sample of the contour plot at a set of
(B) fixed ICP (ICP = 10 mmHg, brown line; ICP = 35 mmHg, dark green) and (C) fixed IOP
(IOP = 10 mmHg, purple; IOP = 45 mmHg, light blue) conditions demonstrate the complex
interaction between IOP and ICP on beam thickness.
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(ψg free energy) (ψs free energy)

Figure 2.12: Porosity field φ/φo on a deformed shape cross section for IOP = 15 mmHg
(with kφ = 0.3 MPa and kι = 4 kPa).

(ψg free energy) (ψs free energy)

Figure 2.13: Porosity field φ/φo on a deformed shape cross section for IOP = 25 mmHg
(with kφ = 0.3 MPa and kι = 4 kPa).

(ψg free energy) (ψs free energy)

Figure 2.14: Porosity φ/φo on a deformed shape cross section for IOP = 35 mmHg
(with kφ = 0.3 MPa and kι = 4 kPa).
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Figure 2.15: Scaled anterior-posterior LCD vs IOP (ψg solid line, ψs dashed line; thin lines refer
to the inner face) with kι = 4 kPa.
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Figure 2.16: Scaled mean porosity vs IOP (ψg solid line, ψs dashed line) with kι = 4 kPa.
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Figure 2.17: Scaled boundary flux vs IOP (ψg solid line, ψs dashed line) with kι = 4 kPa.
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Figure 2.18: Scaled anterior-posterior LCD vs IOP (ψg solid line, ψs dashed line)
with kι = 4 kPa and kι = 6 kPa (thick line).
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Figure 2.19: Scaled mean porosity vs IOP (ψg solid line, ψs dashed line)
with kι = 4 kPa and kι = 6 kPa (thick line).
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Figure 2.20: Scaled boundary flux vs IOP (ψg free energy) with kι = 4 kPa and kι = 6 kPa (thick
line).
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Figure 2.21: Shear strain (left) and strain energy density (right) for IOP = 15 mmHg
(ψg free energy with kφ = 0.3 MPa and kι = 4 kPa).

Figure 2.22: Shear strain (left) and strain energy density (right) for IOP = 25 mmHg
(ψg free energy with kφ = 0.3 MPa and kι = 4 kPa).

Figure 2.23: Shear strain (left) and strain energy density (right) for IOP = 35 mmHg
(ψg free energy with kφ = 0.3 MPa and kι = 4 kPa).
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2.6 Conclusions
An increased IOP can lead to a significant blood flow reduction in the LC.
The g-type free energy describes much better than the s-type free energy the coupling be-

tween deformation and porosity. That coupling, endowed in the free energy expression, is
carried separately by a porosity dependent permeability. Modeling in parallel species diffusion
and fluid perfusion emphasizes how the two mechanical models can be cast in the same frame-
work (balance laws and dissipation inequality). The common framework helps also to better
grasp the relation between chemical potential and interstitial pressure and the origin of their
constitutive characterization.

The structurally weak LC deforms under a raising IOP, showing a noticeable shear deforma-
tion on the boundary, together with a deep cupping. Our simulation outcome strongly correlates
the shear deformation to porosity and blood flux decrease. Because the main blood supply to
the optic nerve head is from the posterior ciliary artery via the peripapillary choroid and the
circle of Zinn-Haller, the blood flux reduction on the LC boundary results in an alteration of the
blood supply to the optic nerve head.

As a concluding remark we observe that the LC model could be enriched by anisotropic
properties of the intricate framework of collagen beams carrying the capillary network while
supporting the axons [32], and even by a remodeling mechanism triggered by the high shear
strain on the boundary [43, 34]. Further, the axons themselves could enter the model as an
additional network allowing to couple both axonal transport and blood perfusion with LC de-
formation and stress [23]. Nevertheless our essential description of a poroelastic model has
proven useful to account for the interplay between LC deformation and hemodynamics in the
glaucoma pathophysiology.

52



Chapter 3

Liver Fibrosis

3.1 Introduction

The liver is the largest gland of the human body and it is involved in many methabolic
processes: from the digestion to the detoxification. In the next section the physiology of the
liver will be briefly surveyed. The liver is characterized by a very peculiar circulatory system:
the oxygenated blood supplied is only the v 20% of the total amount and it enters from the
hepatic artery. The remaining v 80% deoxygenated blood enters from the portal vein, which
connects the intestine to the liver, and it is rich of nutrients and byproducts of the digestion. The
deoxygenated blood leaves the liver through the hepatic veins which drain it into the vena cava.
All these vessels branch in successive generations of smaller vessels up to the microcirculatory
system. In particular the portal vein divides into successive generations down to the interlobular
veins, which in turns divides into portal venules, and the hepatic vein divides into successive
generations down to hepatic venules.

The methabolic processes previously mentioned take place inside the lobules: basic func-
tional structures approximately in the shape of hexagonal prisms which constitute the liver
tissue. Along every edge parallel to the lobule axis, termed portal tract, pass a diramation of
the hepatic artery, a portal venule and a bile duct (usually termed as portal triad). The axis
of every lobule is occupied by a terminal branch of the hepatic vein (also called centrilobular
vein). The lobules in turn contain the hepatocytes, the cells carrying out the chemical reac-
tions. The microcirculation inside the lobule turns to be crucial for the normal functioning of
the liver’s biological activities, and it is the focus of the present study. It consists in one network
of irregularly dilated capillaries, termed sinusoids, perfused from both the terminals of hepatic
artery and the portal venules, which tansport blood toward the centrilobular vein. The sinusoids
tend to be orientated radially outward from the centrilobular vein. This capillary network is
named sinusoidal space and it is surrounded by another small interconnected vessel network,
termed Disse space or interstitial space, which is filled by the lymph. These two spaces are
communicating through the fenestrations of the endothelial tissue which surrounds the sinu-
soids, allowing lymph filtration and passage of oxygen, nutrients and byproducts of digestion
towards the hepatocytes and vice versa. The fenestrations have a diameter of approximately
100 nm and constitute the (2–3)% of endothelial tissue. Finally, the bile circulation also exists,
but we do not consider it in the model proposed in the following.

Following [44, 45], where the authors described the interior of the lobule as made of a poroe-
lastic material, we consider the liver tissue as a lattice of hexagonal lobules, each comprising of
numerous sinusoidal and lymphatic vessels surrounded by hepatic cells and interstitial space,
which are small in size compared to the lobule. This allows us to treat the flow of blood and
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interstitial fluid in the sinusoids and interstitial space, respectively, likewise the flow in a porous
medium with two interconnected porosity networks, as described in sect. 1.2, and extending
what has been done in [21] with a single diffusing species. Our goal is just to lay down a con-
sistent description of a model for a soft material with two porosity networks, together with the
relevant material characterization. Because the liver tissue is highly deformable the coupling
between porosity and deformation is an essential feature of our mechanical model. Moreover,
the present study is oriented to the pathogenesis and pathophysiology of the hepatic fibrosis.
This pathology is characterized by an excessive accumulation of extracellular matrix proteins,
including collagen fibres, in a process known as fibrosis. Fiber bundles are observed to grow in
the perisinusoidal space and, starting from the portal tracts, they progressively invade the inner
portions of the lobules in a very peculiar way. This process leads to abnormal perfusions and
decrease the compliance of the the liver tissue, as it will be explained more in detail in the next
section.

Despite the theory of poroelasticity is widely used for modeling the perfusion in several
organs and soft tissues, the liver microcirculation seems to have received less efforts than
other physiological problems during the last years. Nevertheless, apart the previosly mentioned
works, some studies in this sense, both computational and theoretical, are carried out in [46, 47]
and in [48], where after the obstruction of a centrilobular vein the remodeling in the sinusoids
direction, driven by the local pressure gradient, is considered. More recently, in [49] was set
a two-scale (sinusoidal level and cell level) continuum multicomponent model for blood per-
fusion and cell metabolism. The perfusion on the macroscale is described by mixture theory,
while the hepatic metabolism on the microscale leads to a system of reaction equations. [50] fo-
cused on interplay between the blood flow in the sinusoids and the local cytokine concentration,
secreted by specific antigenes located in hepatocytes during autoimmune hepatitis (AIH). It is
shown that the specific microcirculation of the liver has a relevant effect on establishing inflam-
matory cytokine levels within the portal fields and the vascular septa, promoting the occurrence
of interface hepatitis. [51] provided a 3D computational model for a single porous lobule. This
study focus on flow dynamics features and the differences among normal, fibrotic, and cirrhotic
lobules, with a modified high resistance in portal tracts and collateral vessels to account for
cirrhosis. Beside porous models there are computational fluid dynamics analysis. For exem-
ple, in [52] an image-based 3D reconstruction of human liver sinusoids and computational fluid
dynamics techniques were employed to simulate flow along the central vein and in the radial
and circumferential directions of the lobule, providing data on pressure differences, preferential
flow pathways and wall shear stresses. Moreover, electrical analog models, or 0D models, are
used to provide a whole description of the blood circulation on all the scales inside the liver: in
[53] simplified Navier-Stokes equations describing flow through a cylindrical tube, analogous to
electrical equations describing current and voltage through a π-filter, are used for representing
human liver blood circulation. In [54] a multi-level modeling framework, from the macro-scale
down to the terminal micro-scale level, was developed to simulate hepatic perfusion in support
of liver transplantation strategies.

Before exposing in the next sections the characteristics of the mechanical model, I briefly
revise the main results obtained in previous studies which used poroelastic approach. Let us
start by considering [44], where the authors developed first a new mathematical model of the
circulation in the liver and they computed the blood pressure and flux fields within the liver
lobule. The motivation stimulating the authors to achieve a better understanding of liver mi-
crocirculation and mechanical tissue response is to be found in the surgical treatment of many
liver diseases. Partial liver resection leads to an increase in blood flow resistance and results in
high blood pressure inside the sinusoids, with the tissue undergoing higher mechanical stresses
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Figure 3.1

and possible damages [55]. To prevent excessively high pressures, a shunt between the portal
vein and the hepatic vein is created. In this case the problem of the suppression of the tissue re-
generation arises, since liver regeneration is triggered by hypertension and large values of shear
stress at the level of sinusoids. An improved understanding of the microcirculation will inform
both the maximum proportion of the liver that may be safely resected and, for smaller livers,
the size of shunt that should be used [44].

In that article the authors first developed and solved an idealized mathematical model, hav-
ing treated the tissue as rigid and isotropic porous medium and blood as a Newtonian fluid.
Then they considered the preferential alignment of the sinusoids in the radial direction (with re-
spect the lobule center) and described more accurately the true rheological behaviour of blood
by using a shear-thinning model. They found that both these modifications have a small im-
pact on the quantitative behaviour but no qualitative effects. Finally they considered a linear
elastic liver tissue response to changes in pressure, accounting for the compliance of the tissue,
particularly relevant in patients with a small liver who suffer from portal hypertension. They
assumed the thickness of the lobules is sufficiently long compared with the length of its sides,
L , such that end effects may be neglected and defined Dp , Dv the diameters of the portal tracts
and centrilobular vein respectively, as depicted in Fig. 3.1 . Thus the problem results to be 2D.
This is valid as long as the pressure gradient along the portal tracts and the centrilobular vein is
much less than the pressure gradient in the sinusoidal space. Moreover they assumed the tissue
deformation to be small, such that the linear elastic regime must hold, and they used the Biot
formulation of the constitutive equations.

Let us summarize the mechanical derivation and the main results directly in the case of a
deformable lobule. Assuming that the blood can be described as an incompressible Newtonian
fluid, the flow in the sinusoidal space is governed by Darcy’s law and continuity equation,

v = −K∇pphys , div v = 0 , (3.1)

where vphys is the Darcy’s velocity and pphys is the fluid pressure. Combining these, we obtain
Laplace’s equation for the pressure,

∆ pphys = 0 . (3.2)

The bounary conditions used are:

pext = pphys
PT at the portal tracts , (3.3)

pext = pphys
CV at the centrilobular vein , (3.4)

∇pphys · n = 0 at the straight edges (symmetry) . (3.5)
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Since to the authors’ knowledge, data on the difference pphys
PT − pphys

CV between the terminal portal
pressure and the centrilobular pressure in human are not available, they use measurements taken
on rats and scale them according to the following expression:

pphys
PT − pphys

CV =
(
pR

PT − pR
CV

) ∆H
p

∆R
p
, (3.6)

where the superscripts H and R stand for humans and rats respectively, and ∆p is the differ-
ence between the portal vein and hepatic vein pressures. The pressure difference in physiologi-
cal condition, as expressed in (3.6), turns out to be pphys

PT − pphys
CV = 2.95 mmHg .

In the case of a deformable liver authors assumed small strain, so that the linear elastic
regime must hold and the Biot formulation of constitutive equations for poroelasticity leads to

T = T̂
eff

(ε) − p̌ I , (3.7)

where

T̂
eff

(ε) =
E ν

(1 + ν)(1 − 2 ν)
(div u) I +

E
1 + ν

ε , (3.8)

p̌ = p − pphys . (3.9)

The strain tensor ε is:

ε =
1
2

(
(∇u) + (∇u)T

)
, (3.10)

and E , ν are respectively the Young modulus and the Poisson ratio. Thus the governing equa-
tions read

div v = 0 , (3.11)

div T = 0 , (3.12)

v = −K ∇p , (3.13)

where K depends on the local pressure. Notice that they neglected inertial term and external
force term in (3.12). In fact, nondimesionalizing the governing equations, if a characteristic time
corresponding to one cardiac period was considered, the inertial term would be multiplied by a
resulting factor of order 10−6 . Boundary conditions require the normal stress in the poroelastic
medium to be equal to the normal stress at the portal tracts, due to the difference between the
blood pressure in the actual and physiological conditions and the tangential stress to vanish.
Moreover, they assumed that the pore pressure equals the pressure in the portal tract. Thus they
imposed at the portal tracts

n · T n = −
(
p PT − pphys

PT

)
, (3.14)

t · T n = 0 , (3.15)

pext = p PT , (3.16)

where n and t are unit vectors normal and tangential to the boundaries, respectively. At the
straight edges of the hexagon, symmetry requires that the normal component of displacement is
constant along the edge and that the tangential component of the stress is zero. Moreover, the
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no flux condition imposes that the normal derivative of pressure is zero. Thus they imposed on
the straight edges

( t · ∇) (u · n) = 0 , (3.17)

t · (T n) = 0 , (3.18)

( n · ∇)p = 0 . (3.19)

At the centrilobular vein they imposed that normal and tangential components of the stress
vanish, and the pore pressure equal pphys

CV :

n · ( T n) = 0 , (3.20)

t · ( T n) = 0 , (3.21)

pext = pphys
CV . (3.22)

In deriving a formula for the permeability, K , they considered a bulk volume V of material that
is small compared with the macroscopic changes of average quantities but large compared with
the size of a single pore and used the Carman-Kozeny formula to find the hydraulic conductivity
of the material,

K =
ε3

c µ S 2 , (3.23)

where c is the Kozeny constant, S is the specific surface defined as the ratio of the wet surface
area, W , in the volume, V , to the volume itself,

S =
W
V
, (3.24)

and ε is the porosity defined as

ε =
V −VS

V
, (3.25)

where VS is the volume of the solid phase within V . They used the estimate ε phys = 0.12 .
For small deformations, the volume V is related to the undeformed volume Vphys by

V = det (I + ∇u)Vphys ≈ (1 + (div u))Vphys . (3.26)

They assumed that during the deformation the wet surface area remains constant, so that W =

W phys , where W phys is the undeformed wet surface area. By using (3.25) and (3.26) they could
show

ε =
Vphys (1 + ( div u )) −VS

Vphys (1 + ( div u ))
=
ε phys + div u

1 + div u
, (3.27)

which, together with (3.23) leads to

K
K phys =

( ε + div u) )3

( ε phys )3 ( 1 + div u )
. (3.28)

Since they assumed no expansion in the longitudinal direction, div u is computed in two di-
mensions.

To close the problem, they estimated the elastic parameters E and ν that characterize the
liver parenchyma. In [56] it was performed a systematic study of the elastic properties of the
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Figure 3.2: (a) Pressure field, (b) velocity field (arrows), and contour lines of the velocity
magnitude

porcine liver using in vitro experiments and cycles of compression/elongation on liver sam-
ple. Authors fitted the experimental data by choosing different elastic energy, from which the
polynomial-logarithmic one:

Ψ =
c1

2
log [1 − c2( I1 − 3 )] + c3( I1 − 3 ) , (3.29)

where c1 , c2 and c3 are estimated experimentally in [56]. To estimate Young’s modulus of
the drained elastic solid for our model, the authors considered a state corresponding to uniform
stress throughout the solid in which the solid was uniformly elongated in one direction and
uniformly contracted in the other two directions, and in which its volume was conserved. They
computed the stress determined by the strain energy function (3.29), linearizing it under the
assumption of small deformations, and they equated it to the stress predicted by (3.8). Young’s
modulus turns to be

E = −3 c1 c2 + 6 c3 , (3.30)

By using the parameters estimation in [56] they found E ≈ 1230 Pa. Chui et al. measured
Poisson coefficients ranging between 0.43 and 0.47 . Authors assumed the lowest value, ν =

0.43 , which is the value suggested in [56] for the liver subjected to elongation.
The results are summarized in the following: in Fig. 3.2 the pressure field and the velocity

field for a rigid lobule are pictured, respectively on the left and on the right. The pressure and
velocity magnitude are normalized. The results clearly show a remarkable pressure falls around
the portal tracts and the centrilobular vein, where the flux points radially. The contour lines
accumulate around the boundary of the vessels, and it looks like circumferential close to them.
Looking at Fig. 3.3, we see the pressure field and the velocity magnitude along two cuts: the
diameter and the side, corresponding to the the line connecting a portal tract to the centilobular
vein (a), and the line corresponding to a septum (b), respectively. The pressure results almost
constant along the septum (slightly decreasing towards the center), while the velocity decreases
towards the center, up to zero value. Along the diameter the velocity magnitude, from the
maximum values in correspondence to portal tracts and centrilobular vein, decreases more dra-
matically close to the ends, ranging around 1 for the most of the inner part of the lobule. The
pressure looks to be much more regular, showing an almost linear decreasing up to near the
centrilobular vein. Moreover the authors performed a study of the flow sensitivity with respect
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(a) (b)

Figure 3.3: Pressure (dashed curve) and velocity (solid curve) along two cuts through the do-
main: (a) along the line connecting the center of the portal tract to the center of the centrilobular
vein and (b) along a vascular septum (straight edge of the hexagon)

the degree of anisotropy of the sinusoids, and compared the results obtained by using the shear-
thinning model with those previously exposed for Newtonian fluid. The degree of anisotropy
is defined as Kφ/Kr , where Kφ represents the azimuthal direction, whereas Kr is the radial
one, for a system of coordinates placed at the center of the lobule. For a sake of brevity the
graphics and pictures of the results are not reported here, but the qualitative behaviour result to
be unaffected in both the cases. The pressure field is smaller from 8% to 14% in the case of
high anisotropy, only close to the septa, where the value of blood flux is small, and it is almost
the same along the diagonals. Using shear-thinning model the pressure differs by less than 4% .
Finally they increased the pressure at the portal tracts of 15% showing that the lobule expands
(the largest displacement occurs close to the boundary), still remaining of hexagonal shape due
to the symmetry. The permeability, following the pressure raising at the portal tracts, increases
everywhere except close to the centrilobular vein. The rate of permeability increasing results
slightly non linear with the pressure due to the constitutive relation (3.23).

Now let us consider the role of the lymph in the liver microcirculation. A mathematical
model is presented in [45], where two interconnected porosity networks (the sinusoidal space
and the interstitial space) are accounted for a rigid continuum. In particular they modeled
plasma filtration from sinusoids to interstitium, lymph uptake by lymphatic ducts, and lymph
outflow from the liver surface.

The filtration flux is governed by the difference between the hydrostatic pressure and the
oncotic pressure, whose normal value is regulated by the concentration of a protein inside the
plasma. Such protein, termed albumin, is produced by the hepatocytes and an increasing in its
concentration favours the filtration of water, electrolytes and products of methabolism from the
interstitia towards the sinusoids. The rate of the lymph uptake by the lymphatic ducts towards
the lymphatic vessels, located at the portal tracts, is not known [57]. It is instead known that
valves prevent the backward flow from the lympathic vessels. Moreover, the lymph can leave
the liver not only via the lymphatic vessels, but also via the liver surface itself. Conditions of
high intrahepatic pressure lead to a pressure imbalance across the surface, which drives more
fluid across. The lymph passing outside the liver accumulates in two regions: the peritoneal
cavity, located between the the Glisson’s capsule and the peritoneal membrane, at the lower
surface of the liver, and in a space between the upper liver surface and the diaphragm. Likewise
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blood pressure and flow result abnormal for a small size liver, the same happens for lymph
pressure and flow, and for filtration flux and lymph uptake. Since the estimate of the rate of
lymph uptake and the flux of lymph across the surface of the liver, which takes a large part in
[45], is beyond the purposes of the present study, let us briefly summarize the derivation of the
mechanical model, as set in the mentioned article, and the results in terms of the only pressure
and flux fields for both lymph and sinusoids. Thus, we only focus on a lobule slightly away
from the liver surface tissue, so that any lymph surface flux towards the external turns to be
negligible. In fact they showed that the effect of the liver surface penetrates a depth of few
lobules thickness into the tissue.

In the case of two porosity networks the Darcy’s laws (3.1) read

vS = −
KS

µS
∇pS , (3.31)

vL = −
KL

µL
∇pL , (3.32)

where pS and pL are the mechanical pressures of the blood and interstitial fluid, respectively,
kS and kL are the hydraulic conductivities of the sinusoids and interstitial space, respectively,
µS is the viscosity of blood, and µL is the viscosity of interstitial fluid.

To give an extimate of interstitial conductivity the authors applied Carman–Kozeny formula
(3.23) and assumed that the sinusoids are cylinder of diameter Dsin = 10 µm, surrounded by a
ring of width DS D = 0.5 µm [58], where the subscript stands for the space of Disse. Then the
ratio between the lymph and blood porosities approximately reads

φL

φS
≈
πDsin DS D

πDsin/4
=

4 DS D

Dsin
. (3.33)

The wet surface of the space of Disse S L is approximately twice that of the sinusoids S S , such
that the interstitial conductivity with respect the sinusoidal one turns to be

KL =

(
S S

S L

)2 (
φL

φS

)3

KS ≈
1
4

(
4 DS D

Dsin

)3

KS =
16 D3

S D

D3
sin

KS = 0.002 KS . (3.34)

The filtration flux should be driven by the difference between the hydrostatic and oncotic
pressures. In [59] it is shown that both the osmotic reflection coefficient and the typical oncotic
pressure differences are small. Thus the filtration flux of plasma from sinusoids to interstitium
per unit volume of liver tissue only depends on the mechanical pressure difference, so it was
assumed as

qS = σ ( pS − pL ) , (3.35)

where σ is the hepatic filtration coefficient, equal to the volume flux from the microcirculatory
system to the interstitium per unit pressure difference between the sinusoids and the interstitium,
per unit volume of tissue. To estimate the filtration coefficient the authors followed [60]. In that
article measures of the arterial and portal pressure, of the liver volume and of the blood flow
were performed on anesthetized cats, while controlling the hepatic vein pressure. The flow rate
obtained per 100 g of liver tissue was q f = 0.30±0.03 ml/min per mmHg. Assuming the density
of the liver tissue to be ρt = 1060 Kg/m3 [61], they finally obtained

σ = ρt q f = 1060
(
0.30 ×

1
10 6 × 60

× 10
)

= 5.3 × 10−5/mmHg s . (3.36)
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Within the interstitium they assumed that lymph uptake follows a linear relationship [57]

Sl = −Clmax (pl − p0 , 0 ) , (3.37)

where Cl is the conductance of the lymphatic vessels and p0 is the pressure within the flow-
ing lymph, and we recall that negative uptake is not possible, due to the presence of valves.
To estimate the conductance of the lymphatic ducts authors followed the results contained in
[57], where the measured volumetric flow of lymph outside the liver was given by max (pL −

p0 , 0 )/RL, and RL = 2.5 109 mmmmHg s/m 3 is the resistance of the ducts. the experiments
were performed on anesthetized dogs weighing 20–30 Kg. By following [62], the typical mass
of dog’s liver results 2.91% of their body weight. Then, for dogs of 25 Kg mean weight the
conductance of lymphatic ducts turs to be

CL =
1

RL

ρt

0.0291 × 25
=

1
2.5 × 10 9

1060
0.0291 × 25

= 5.9 × 10−7/mmHg s . (3.38)

The governing equations are the mass balances for both the sinusoids and interstitium. They
wrote

div vS + qS = 0 , (3.39)

div vL − qS + Sl = 0 . (3.40)

Finally, by inserting the constitutive relations (3.31), (3.32), together with (3.35) and (3.37) into
the system (3.39) – (3.40), they were left with two governing equations only expressed in terms
of pressure fields pS and pL :

−
KS

µS
∆pS + σ ( pS − pL ) = 0 , (3.41)

−
KL

µL
∆ pL − σ (pS − pL) + Clmax (pl − p0 , 0 ) = 0 , (3.42)

In addition to the same boundary conditions (3.14) – (3.22) for the blood, authors added for the
lymph

( n · ∇)pL = 0 , (3.43)

on portal tracts and centrilobular vein boundaries. This boundary condition represents a zero
lymph flux condition across the blood vessels. On the contrary instead, the lymph can freely
cross the internal septa (the straight sides of the hexagon), since it is not still clear if the lobules
were compartment more or less separated with respect the lymph flow [63].

The results are summarized in the following Fig. 3.4 and Fig. 3.5. The sinusoidal pressure
field (on the left) looks like very similar to that represented in Fig. 3.2, differing from that by
only 0.008% . The contour lines for pressure field of the interstitial space have approximately
the same shape of the sinusoidal ones, but ranging about 20% of them. Nevertheless a slower
drop of pressure close to the centrilobular vein result to be qualitatively evident. This behaviour
is also clear looking at Fig. 3.5. I remark the fact that the ends of the range interval in this picture
result to be inverted with respect the corresponding ones in Fig. 3.3. The left end parametrizes
here the centrilobular vein boundary, whereas the right one parametrizes the middle point of the
side (cut 1: the black line in the left picture of Fig. 3.4), or the boundary of the portal tract (cut
2: the white line in the left picture of Fig. 3.4). The sinusoidal Darcy’s velocity field results
qualitatively similar to that in [44]. The interstitial Darcy’s velocity field, which is not reported
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(a) (b)

Figure 3.4: (a) Sinusoidal and (b) interstitial pressures in the model hexagonal lobule (values in
mmHg). Contours are spaced by 0.2 mmHg in (a) and by 0.05 mmHg in (b). Cuts 1 (black) and
2 (white) are shown in (a). Axes in units of µm.

here, reaches the maximum value inside the lobule (approximately in the middle of the cut lines)
and it is zero at the boundary, as it is prescribed by (3.43).

Let us define the total volume flux of blood into the liver as

Q S =
Vliv

3
√

3 L2
lob/2

∫
−n · vS dl (3.44)

where Vliv is the total liver volume and Llob is the lobule side. The integral was performed
over the total boundary of the lobule with the usual convention of the normal pointing outward,
except on the centrilobular vein boundary where, conversely, the normal was pointing inward.
The authors computed Q S by using first the blood conductivity as given in [64]: they obtained
a value of approximately 0.66 l/min, which is around the 39% of that found in [65] in physio-
logical conditions. Then they computed Q S by using KS = 3.3 × 10−13 m as in [44], and the
corresponding value for KL (3.34). In this case they found approximately Q S = 14.0 l/min,
about eight times the physiological value, which is almost exactly in proportion to the increase
in KS . At the same way they computed the total lymph uptake:

Q L =
Vliv

3
√

3 L2
lob/2

∫
Clmax (pl − p0 , 0 ) , (3.45)

where this time the integral was performed on cross sectional area (i.e. the lobule surface). They
found a value of the total uptake approximately 0.17 ml/min, corresponding to about 0.026%
of the total blood volume flux. The authors provided an estimate of the physiological total
lymph outflow Q L: by multiplying the measure of 3.5 ± 1.19 ml/h, performed on anesthetized
dogs in [59], with the ratio between the mean liver weight of a human ( the 2.42% of 62.8 Kg
body weight), and the mean liver weight of a dog (the 2.91% of 17 Kg).

Q L = 3.5 ×
62.8 × 0.0242
17 × 0.0291

= 10.75 ml/h = 3.0 × 10−9 m2/s . (3.46)
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Figure 3.5: Sinusoidal and interstial pressures on the cuts shown in Fig. 3.4

Then, following [65], where the flux of blood through the liver is 1717 ml/min, the percentage
of the lymph uptake with respect the total blood volume flux, in physiological condition, turns
to be slightly lower:

γ :=
Q L

Q S
= 1.0 × 10−4 . (3.47)

3.2 Liver physiology
The human adult liver weighs about 1.4 kg and locates in the right upper abdomen, below

the diaphragm. It takes up most of the space under the ribs and some space in the left upper
abdomen. It is made up of larger right lobe and smaller left lobe. The two lobes are separated
by a band of connective tissue that anchors the liver to the abdominal cavity. The gallbladder,
where bile is stored, is found in a small hollow on the underside of the liver [66].

The liver performs more than 500 vital functions:

1. storage of glycogen,

2. protein and plasma synthesis,

3. bile production and secretion,

4. lt is involved in lipid metabolism,

5. synthesis of triglycerides,

6. metabolic detoxification of endogenous (produced by our metabolism) and exogenous
(absorbed from the environment) substances.

Liver tissue is composed by many small lobules, representing the fundamental units. They
fulfill numerous metabolic processes involving substances carried by blood from the intestine.
The blood enters the liver from the portal vein, carrying nutrients, medication and also toxic
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substances. The detoxified substances pass back into the blood, or they are released in the
bowel to be eliminated. In fact, blood that comes from the intestine contains large amounts
of cellular debris, bacteria, mushrooms and many toxic substances called endotoxins. If these
substances are absorbed can cause several liver problems such as cirrhosis and hepatitis. This
does not happen if the liver is well functioning, able to eliminate 99% of bacteria and toxins
during the passage of blood. In this way the liver can, for example, remove alcohol from blood
and get rid of byproducts from the breakdown of medications.

The liver plays a central role in all metabolic processes in the body. In metabolism of
carbohydrates it maintains constant the level of glucose in blood, removing the surplus supplied
by the portal vein, and storing it in the form of glycogen. When the concentration of sugar
drops, glycogen is broken and again released into the blood. In fat metabolism the liver cells
break down fats and produce energy. In the metabolism of proteins liver cells change amino
acids in foods so that they can be used to produce energy. Ammonia, a toxic substance by-
product of this process is turned into urea, a much less toxic substance, which is released into
the blood. Urea is then transported to the kidneys and passes out of the body in urine. The
liver also stores vitamins and minerals (iron and copper), and releases them into the blood when
needed [66].

With the help of vitamin K the liver produces proteins that are important in blood clotting.
It is also one of the organs that break down old or damaged blood cells. Moreover, liver cells
produce about 800 to 1000 ml of bile per day, collected in small ducts towards the main bile
duct which carries it to duodenum, in the intestine. Bile is important for the breakdown and
absorption of fats [66].

3.2.1 Liver Fibrosis

Liver fibrosis consists in an excessive accumulation of extracellular matrix proteins, in-
cluding collagen, during a dynamic process known as fibrosis. The fiber bundles produced
by myofibroblasts alter the composition of extracellular matrix (ECM), while the formation of
nodules, starting to appear in the late stages of disease, characterizes chirrotic liver tissue. The
disruption of the physiological architecture leads to death of hepatocytes which are unable to
fulfill their synthetic and mehabolic functions. The fibrogenic evolution progresses to cirrhosis,
liver failure, and hepatocellular cancer [67]. “Liver fibrosis results from continuous injury to
the liver, including viral hepatitis, alcohol abuse, metabolic diseases, autoimmune diseases, and
cholestatic liver diseases. In other words, fibrosis is a consequence of the excessive healing
response triggered by chronic liver injury.” [68]. Though advanced liver fibrosis, previously
considered only a passive and irreversible process, from the 1970’s was suggested to be re-
versible in principle, it was only during the 1980’s that the study of this pathology received a
greater inducement, since hepatic stellate cells (HSCs), formerly known as lipocytes, Ito cells,
or perisinusoidal cells, were identified as the main collagen-producing cells in the liver [69].
But it was only during the 1990’s that the disease reversibility, even in the late stages, was
shown to be possible [70]. Quoting [68]: “There is increasing evidence that the hepatic fibro-
sis is reversible if the stimuli are successfully removed [71]. However, only subsets of liver
diseases are treated effectively, and there are no specific treatments for liver fibrosis. An ideal
anti-fibrogenic therapy would be liver-specific and effective in attenuating excessive ECM de-
position [72].”. Though the newest therapy are addressed to inhibit the fibrogenic activators and
to prevent the ECM deposition, and experiments both in vitro and in vivo, performed on rats
and transgenic mice, succesfully were able to show that fibrosis regression is achievable, their
efficacy and safety in humans is not well known. “A number of drugs are able to reduce the
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accumulation of scar tissue in experimental models of chronic liver injury. Renin-angiotensin
system blockers and antioxidants are the most promising drugs, although their efficacy has not
been tested in humans. Lack of clinical trials is due to the requirement of long follow-up stud-
ies and to the fact that liver biopsy, an invasive procedure, is still the gold-standard method for
detecting changes in liver fibrosis.” [73]. Thus, the most effective treatment consists to date in
removing the causative agents.

The onset of fibrosis is insidious and the patients can live without great complications for
several years (compensated cirrhosis). In such cases the progression to cirrhosis leasts on aver-
age from 15 to 20 years. During its progression the disease can be monitored by liver biopsy,
which is an invasive technique, and pain occurs in 40 % of patients, while 0.5 % of them under-
goes complications [74]. Moreover it can be subject to the high intra-patients and inter-patients
variability, such that the predictive capability of this technique result to be compromised. “Spe-
cific staining of ECM proteins (e.g., with Sirius red) can be used to quantify the degree of
fibrosis, using computer-guided morphometric analysis.” [73].

The presence of myofibroblasts (MFs) inside the liver tissue which would be found by his-
tological observations, is recognized as the main symptom of fibrogenesis under way, since they
are absent in the normal liver. “Thus, the activated myofibroblast is a pivotal player in develop-
ment of liver cirrhosis, and has recently attracted interest as a therapeutic target. However, the
origin of the hepatic myofibroblast is still unclear.” [68]. The are multiple recognized origins of
myofibroblasts in principle, and perhaps the fibrosis induced by different types of liver injury
results from different fibrogenic cells. In [68, Fig. 1], which is reported here in Fig. 3.7, the
schematic representation leading to active myofibroblasts are pictured, together with the enu-
meration of all molecules activating the phenotype. A more detailed discussion on activation
mechanisms will be provided in next sections. The possible “sources” of myofibroblast turn to
be:

1. the bone marrow-derived (BM) mesenchymal cells and fibrocytes ,

2. the epithelial-to-mesenchymal transition (EMT) ,

3. the endogenous liver mesenchymal cells ,

4. the hepatic stellate cells .

Experiments have confirmed that the percentage of the the bone marrow-derived (BM) mes-
enchymal cells and fibrocytes over the total amount of myofibroblasts is small, moreover recent
cell fate mapping studies have failed to detect any hepatic myofibroblasts originating from hep-
atocytes, cholangiocytes, or epithelial progenitor cells. EMT, in which epithelial cells acquire
the features of mesenchymal cells leading to myofibroblasts or undergoing a similar phenotypic
change to myofibroblasts, despite theoretically possible, are not well experimentally confirmed
yet. “The paradigm of hepatic stellate cells activation giving rise to myofibroblasts has since
dominated the focus of research on liver fibrosis. HSC was the first major cell type in the liver
to be identified as a prominent source of collagen production in the injured liver, and to be
shown to acquire a myofibroblastic phenotype in culture.” [75]. There is now in vitro and in
vivo evidence for the existence of more than one origin of liver myofibroblasts. “In situ ultra-
structural studies have shown that fibroblasts reside in the portal mesenchyme and accumulate,
with fibrosis, around bile ducts in bile duct-ligated rats...” [75]. Anyway, although the origin of
myofibroblasts is still a matter of debate, the major sources of myofibroblasts in liver fibrosis
appear to be the endogenous liver mesenchymal cells, the hepatic stellate cells and the portal
fibroblasts [68].
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Figure 3.6: The proposed sources of hepatic myofibroblasts: resident cells (hepatic stellate cells
and portal fibroblasts); bone marrow (BM)-derived mesenchymal cells, and cells originated by
epithelial-to-mesenchymal transition. Modified from Bataller et al. [73]

In the following we will briefly survey some aspects of fibrogenetic process, starting from
its aetiology, for which chronic inflammations play a crucial role. Then, we will focus on the
activation mechanisms, leading to myofibroblasts appearance, and on their migration inside the
liver tissue (i.e. hepatic lobule). Particular attention will be refer to the mechanical aspects of
such migration and to the interaction with the extracellular matrix. Others aspects, which will
be discussed, concern the contractile properties of myofibroblasts over sinusoids and the vas-
cular angiogenesis, leading to growth and remodeling of the vasculature inside the lobule. The
vascular angiogenesis seems to be closely related to the fibrogenetic process, as several works
indicate. These latter aspects suggest a complex interplay between the fibrogenetic dynamics
and the hemodynamics at the microscale which would need an accurate mechanical model, al-
though to date they were not still investigated, even in their most fundamental aspects. The
following statements summarize the reviews [68], [75] and [76] which, in particular, addresses
the problem of fibrogenesis-angiogenesis interplay.

3.2.2 Aetiology of the liver fibrosis

Chronic liver inflammation, and in general chronic liver diseases (CLDs), are recognized
as key factor for the development and progression of liver fibrosis. The inflammatory response
leads to a repair of the tissue damage by replacing the parenchymal1 necrotic or apoptotic cells
with new ones. “If the hepatic injury persists, then eventually the liver regeneration fails, and
hepatocytes are substituted with abundant ECM, including fibrillar collagen. The distribution

1parenchyma: lamina featured by complex tridimensional structure made of a single layer of cells (hepatocytes)
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Figure 3.7: Changes in the hepatic architecture (A) associated with advanced hepatic fi-
brosis (B). Following chronic liver injury, inflammatory lymphocytes infiltrate the hepatic
parenchyma. Some hepatocytes undergo apoptosis, and Kupffer cells activate, releasing fibro-
genic mediators. HSCs proliferate and undergo a dramatic phenotypical activation, secreting
large amounts of extracellular matrix proteins. Sinusoidal endothelial cells lose their fenestra-
tions, and the tonic contraction of HSCs causes increased resistance to blood flow in the hepatic
sinusoid. Figure modified with permission from Science & Medicine (S28).

of this fibrous material depends on the origin of the liver injury. In chronic viral hepatitis
and chronic cholestatic disorders, the fibrotic tissue is initially located around portal tracts,
while in alcohol-induced liver disease, it locates in pericentral and perisinusoidal areas.” [73].
“While HSCs are the main fibrogenic cell type in pericentral areas, portal myofibroblasts may
predominate when liver injury occurs around portal tracts.” [73].

A non-physiological low oxygen supply (hypoxia) in the liver tissue causes the onset of
angiogenesis process, but it play a major role also during the fibrotic process. In fact, this
phenomena turn to be strictly related. “Hypoxia and HIFs (hypoxia-inducible factors) are crit-
ical in sustaining the fibrogenic progression of CLDs, representing a persistent driving forces
able to directly affect the behaviour of hepatic cell populations, including proangiogenic and
profibrogenic MFs.” [76]. On the other hand CLD progression itself is a major contribution to
hypoxia because of the formation of regenerative nodules of parenchyma, surrounded by evolv-
ing fibrotic septa and vascular remodeling with a progressive capillarization of the sinusoids.
However, to date there is still little known about their role in promoting fibrosis-associated
angiogenesis “A vicious circle between fibrosis and pathologic angiogenesis is likely to oc-
cur...Pathologic angiogenesis and hypoxia may act sinergistically in disrupting normal tissue
repair , thereby promoting the development of liver fibrosis” [76].

3.2.3 Cellular interplay inside the lobule
LSECs (liver sinusoidal endothelial cells) represent the majority of liver endothelial cells.

They have a morphologic and functional phenotype strikingly different from that of other vas-
cular units: fenestration and lack of basement membrane. Moreover, they interact through a
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complex signaling with hepatocites and hepatic stellate cells (HSCs), which reside in the space
of Disse. Quiescent HSCs deposit and remodel ECM (extracellular matrix) in the space of
Disse and act as liver-specific perycites2. “Activated” HSCs are called myofibroblasts (MFs).
The factors triggering MFs differentiation can be biological (e.g. lipopolysaccaharide), physico-
chemical (e.g. hypoxia) and mechanical stimuli (e.g. substrate stiffness) [75]. MFs combine
the collagen fiber production, proper of fibroblasts, with the contractility typical of smooth
muscle. “MFs are critical target cells, able to integrate signals from microenvironment (includ-
ing from hypoxia, contact with altered ECM, and plasma proteins) and from surrounding liver
cells, acting as a both profibrogenic and proangiogenic effort cells.” [76]. I remark the fact that
myofibroblasts are absent from normal liver and their detection is achieved through chemical
markers, from which the most widely used and accessible is α-smooth muscle actin (α-SMA).
But it is to date difficult to distinguish between the two main subpopulations of myofibroblast
(i.e. what stemmed from hepatic stellate cells and what stemmed from portal mesenchymal
cells). “Myofibroblasts derived from small portal vessels proliferate around biliary tracts in
cholestasis-induced liver fibrosis to initiate collagen deposition.” [73]. Since fibrosis has been
observed to develop predominantly in the portal area and to progress from this area, even if
the primary targets of injury are intralobular hepatocytes, it was conjectured, in recent works,
that the contribution of portal myofibroblasts (PMFs) to liver fibrosis may be more important
than generally assumed [75]. However, as already said, no reliable markers are available for
distinguish between different originating myofibroblasts, thus, in [75] the authors distinguished
PMFs from (hepatic stellate cell originating myofibroblasts) HSC-MFs, in a culture model for
PMFs obtained by outgrowth from rat bile duct preparation, on the basis of morphological cri-
teria and growth behaviour: their myofibroblastic differentiation requires TGF-β (transforming
growth factor β) and mechanical tension. “Following isolation from normal rat liver and culture
in the same condition, HSC-MFs are round, with an enlarged cytoplasm and poor survival after
three or four passages. PMFs tend to be more elongated, with more stress fibers, and proliferate
more strongly during multiple passages.” [75].

In Fig. 3.7, taken from [73], the main cells inside the lobule playing a role during the fibro-
genic and angiogenic processes are pictured.

PDGF (platelet-derived growth factor) is the most potent mitogen for HSCs and is upreg-
ulated in the fibrotic liver. HSCs contract mainly in response to vasoconstrictors endothelin-1
(ET-1), a powerful vasoconstrictor stimulating fibrogenesis through its type A receptor, throm-
bin and angiotesin-II, which is a major regulator of arterial pressure homeostasis in humans.
They relax in response to vasodilator substances as nitric oxide (NO) and NO donors, prosta-
glandin E2, somatostatin and adrenomedullin, also exerting antifibrotic effects.

Quoting [76]: “Thus there is considerable support for the paradigm that under CLDs two
features predominates:

1. overproduction of ET-1 by activated HSCs;

2. a significant reduction in NO release by LSECs. ”

In the following it will be briefly schematized the complex chemical signaling leading to
MFs differentiation, and to fiber deposition, first from HSCs and then from portal mesenchy-
mal cells, as findable in [76] and [75]. Regulation of the phenotype of LSECs is the net result
of the action of different signals, mainly VEGF (vascular endothelial growth factor) and me-
chanical forces (shear stress). LSECs produce the cellular isoform of fibronectin in response

2pericytes: a kind of mesenchimal indifferentiated cells with contractile properties, partially surrounding the
endothelial cells of the capillaries and venules.
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to CLDs. Fibronectin stimulates HSC synthesis of ET-1. HSCs are major source of ET-1 and
at the same time represent target for this vasoactive molecule and likely contribute to portal
hypertension, due to prominent contractile effect. ET-1, in turn, may differentially affect pro-
liferation of HSCs: it promotes proliferation in transiently activated HSCs and inhibits it in
fully activated HSCs. During CLD progression LSECs phenotype changes dramatically, dur-
ing the capillarization of the sinusoids, with a reduction of eNOS3 activity and NO synthesis
[76]. “The reduction in NO release by LSECs is believed to have a more direct role in sustain-
ing fibrogenesis because NO contributes to the maintainance of quiescence of HSCs and may
induce apoptosis or reversal of phenotype of activated HSC-MFs.” [76]. Fibrogenesis is also
associated with the occurrence of a ductural reaction4 in which duct-like cells with progenitor
features proliferate, expanding outward from the portal area. “Ductural progenitor cells may
act on MFs by releasing profibrogenic, chemotactic or antiapoptotic factors. Hepatic progeni-
tor cells have been shown to increase hepatic fibrogenesis, in an experimental model in which
rat liver fibrosis is induced by chronic treatment...” [75]. They contribute to accumulation of
α-SMA positive myofibroblasts in the ductural reaction, through their production of TGF-β,
and, for the mentioned experiment model, they lead to a fibrotic pattern similar to what can be
observed in humans. [75].

The phatologic angiogenesis causing vascular disorganization starts quite early after the on-
set of the disease. After a first phase when the angiogenesis is guided and modulated by MFs,
which are triggered by vascular endothelial growth factor (VEGF), follows a later one, when
the wound healing mechanism is less important, and occurring in large and more mature fibrotic
septa. “After exposure to hypoxia and proangiogenic mediators, released by hepatic cells, (in-
cluding hepatocytes) MFs migrate and align with the leading edge of developing fibrotic septa
to drive, at the same time, fibrogenesis and pathologic angiogenesis” [76]. It seems that HSC-
MFs take a more important role in fibrotic-induced angiogenesis than PMs. “Interestingly, in
a proteomic comparison of the two cells populations we found that genes encoding proteins
involved in the response to hypoxia, such as cytoglobin, were more strongly expressed in HSC-
MFs than in PMFs” [75]. HSCs establish paracrine interactions5 with endothelial cells. Once
their diffeentiation in myofibroblasts has been activated, they secrete proangiogenic cytoskines:
VEGF and angiopoietin-1. Moreover, during more advanced stages of the liver fibrosis MFs
promote angiogenesis through generation of hypoxia because of their production and deposi-
tion of ECM.

3eNOS: endothelial nitric oxide synthase
4proliferation of reactive bile ducts induced by liver injuries
5form of cell-to-cell communication in which a cell produces a signal to induce changes in nearby cells
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3.3 Mechanical Model
Before proceeding to present the distinctive features of the mechanical-hemodynamical

problem for the fibrotic liver, and the related costitutive assumptions, let us briefly specialize
the kinematics and the balance equations to the posed problem.

Let us denote again by χ : Ro → R , as in (1.1), a time dependent deformation of a body
made up of a porous material whose pores are filled at any time with two incompressible inter-
stitial fluids (blood and lymph). Let us assume further that the solid matrix material is incom-
pressible. Because of the incompressibility condition for both the fluid and the solid matrix the
deformation gradient decompose likewise (1.64):

Fo ≡ ∇χ = Fι Fφ , (3.48)

where Fφ is given by (1.65), (1.66) and

J := det Fι = 1 . (3.49)

Now the mechanical framework directly follows the general case of two porosity networks,
as in sect. 1.2. Henceforth the subscript A and B are replaced by S and L, standing respectively
for the sinusoidal space and interstitial space which is filled by lymph. Likewise (1.67) and
(1.68) we define the sinusoidal and interstitial space fluid content as respectively the ratio

cs =
ρs
ρo

=
<fluid S mass density per unit reference volume>
<solid mass density per unit reference volume>

, (3.50)

cl =
ρl
ρo

=
<fluid L mass density per unit reference volume>
<solid mass density per unit reference volume>

. (3.51)

All the next relations follow from the general case. In particular let us recall the main ones.
The saturated sinusoidal porosity and the interstitial porosity respectively read:

φs = νs ρs = αs cs , (3.52)
φl = νl ρl = αl cl , (3.53)

where νs/l are their specific volumes. We make the assumption that the saturation condition
holds at any time. Likewise (1.78) we set

β = 1 + (φ − φo) = 1 + (φs − φos) + (φl − φol) , (3.54)

with φos = αs cos and φol = αl col .
Defining p̌s , p̌l , power conjugate respectively to sinusoidal and interstitial volume rate of

changes, likewise (1.81), (1.82), and the discharges qos , qol likewise (1.87) and (1.88), the
sinusoidal and interstitial pressure power balances, ∀Po ⊂ Ro , now read:

∫
Po

p̌s φ̇s dV = −

∫
∂Po

p̌s qos · no dA +

∫
Po

qos · ∇o p̌s dV +

∫
Po

p̌s qos dV , (3.55)∫
Po

p̌l φ̇l dV = −

∫
∂Po

p̌l qol · no dA +

∫
Po

qol · ∇o p̌l dV +

∫
Po

p̌l qol dV , (3.56)

for ∀p̌s and ∀ p̌s . where qos and qol are volumetric supplies.
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We assume the lymph supply of the form:

qol = − qos + Sol (3.57)

where − qos is a mutual sinusoidal-interstitial filtration flux and Sol is a lymph volumetric up-
take.

Since we are interested in describing a perfusion in an elastic solid we should again sup-
plement the previous matter balance laws (3.55) and (3.56) with the force power balance law
(1.96) subject again to the incompressibility constraint (3.49) and holding true for any constitu-
tive process.

Localizing and comparing the power exchanged between the matter inside any Po and the
outside, with the rate of change of a free energy density per unit reference volume ψ , we get
the appropriate form of the energy imbalance or dissipation inequality, likewise (1.102)

β S · Ḟι + ( p̌s − p) φ̇s − qos · ∇o p̌s − p̌s qos

+ ( p̌l − p) φ̇l − qol · ∇o p̌l − p̌l qol −
d
dt
ψ ≥ 0 .

(3.58)

3.3.1 Fiber reinforced tissue

In this section we describe the mechanical behaviour of a non homogeneous tissue rein-
forced with fibers. A fibrotic tissue will be modeled as a three dimensional continuum with a
microstructure defined by a piecewise smooth vector field a .

We look at the flow of the vector field a as the shape of an embedded bundle of fibers.
Viceversa we think of a bundle of fibers embedded in a tissue as a dense set of non intersecting
curves whose tangent vectors are described by the vector field a on Ro .

We consider bundles of fibers localized in some regions which we call fibrotic. Denoting
by Fo ⊂ Ro a fibrotic region of the reference shape, we assume that it is convected to the
corresponding fibrotic region of the current shape by a restriction of the deformation (1.1)

χ : Fo → F . (3.59)

By fiber stretch we mean the positive square root of

λ2
f := Fo a · Fo a . (3.60)

The scalar field ιo4 := λ2
f is called the forth invariant when characterizing the material by trans-

verse isotropy instead of using a continuum model with a microstructure. We can give different
forms to the expression above

λ2
f = Fo a · Fo a = tr(Fo a ⊗ Fo a) = tr(Fo (a ⊗ a)FT

o) = tr(Fo A FT
o) , (3.61)

where
A = a ⊗ a (3.62)

is the structural tensor. By (3.61) the stretch λ f turns out to be a frame indifferent quantity. This
allows us to characterize the microstructure by an additional term in the free energy expression
(1.103)
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3.3.2 Free Energy and constitutive characterization
Let us consider a free energy of the form:

ψ̂(Fι, φs, φl) = ϕφ(φs, φl) + β
(
ϕe(Fι) + ϕ f

e (λ f )
)
, (3.63)

which is the sum of a bulk energy density per unit reference volume , depending on the porosity
distortions φs and φl, and a strain energy density per unit intermediate volume, depending on
isochoric distortion, which is, in turn, the sum of an energy accounting for the response of
the “healthy” solid matrix tissue as it would be in physiological condition, and another one
accounting for the response of the fibers.

Let us choose an Almost incompressible bulk energy for both the sinusoidal and interstitial
spaces

ϕφ(φs , φl) =
kφs
2

(
φs − φos

)2
+

kφl
2

(
φl − φol

)2 , (3.64)

where kφs and kφs are the bulk elastic moduli for the sinusoidal and interstitial porosity net-
works. This choice is standard for biological tissues and it seems to be the appropriate one,
since for the posed problem the amount of volume expansion is far from being negligible such
that the incompressibility constraint does not need to be further penalized.

For the solid matrix tissue response in physiological condition let us assume a modified Gent
strain energy

ϕe(Fι) = −
ke1

2
log

(
1 − η

(
Ī1 − 3

))
+ ke2

(
Ī1 − 3

)
, (3.65)

where ke1 and ke2 are two shear elastic moduli. This choice is in accordance to [56, 77]
and represents a standard Gent energy, plus a Neo-Hookean energy which stiffens the global
behaviour for small deformations.

Let us choose a Fung strain energy for the fibers response

ϕ f
e (λ f ) = k f 1

2 ν

(
eν (λ2

f−1)2
− 1

)
, (3.66)

where k f and ν are two elastic moduli. This choice is standard for fiber reinforced materials. It
is worthwhile to notice that the fiber response, despite the fact it is defined on the intermediate
configuration of the kinematical decomposition, as shown in Fig. 1.2, it depends on the total
gradient deformation through λ2

f . It means that the fibers do not grow in their natural (i.e.
stress free) state inside the tissue, but they appear endowed with a prestress depending on λ2

f ,
as it will be clearer next in this section.

Let us define the response functions

p̂s(φs) φ̇s =
d
dt
ϕφ( φs , · ) , (3.67)

p̂l(φl) φ̇l =
d
dt
ϕφ( · , φl ) , (3.68)

Ŝ(Fι) · Ḟι =
d
dt
ϕe(Fι) , (3.69)

and
Ŝ

f
(λ f ) λ̇ f =

d
dt
ϕ f

e (λ f ) . (3.70)
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By using the kinematical decomposition (3.48) we get

d
dt
ϕ f

e (λ f ) = g f d
dt

(λ2
f ) = 2 g f

(
1
3
λ2

f
β̇

β
+

(
Fo A FT

o −
1
3
λ2

f I
)
· Ḟι F−1

ι

)
, (3.71)

with
g f := k f (λ2

f − 1) eν (λ2
f−1)2

. (3.72)

Thus, according to (1.104), after setting

p̂ f (λ f ) =
2
3

g f λ2
f , (3.73)

Ŝ
f
(Fo) = 2 g f

(
Fo A FT

o −
1
3
λ2

f I
)

F−T
ι , (3.74)

we get

β
d
dt
ϕ f

e (λ f ) = p̂ f (λ f ) β̇ + β Ŝ
f
(Fo) · Ḟι . (3.75)

Finally the rate of change of the free energy (3.63) turns out to be

d
dt
ψ̂(Fι, φs, φl) = β

(
Ŝ(Fι) + Ŝ

f
(Fo)

)
· Ḟι

+
(
p̂s(φs) + p̂ f (λ f ) + ϕe(Fι) + ϕ f

e (λ f )
)
φ̇s

+
(
p̂l(φl) + p̂ f (λ f ) + ϕe(Fι) + ϕ f

e (λ f )
)
φ̇l .

(3.76)

It could be useful also to write explicitly the response function for both the reference Piola stress
and the Cauchy stress. The bulk and isochoric elastic behaviours of the solid matrix tissue in
physiological conditions read

p̂s = kφs φs , (3.77)

p̂l = kφl φl , (3.78)

Ŝ(Fι) =
ke1 η

2
(
1 − η ( Ī1 − 3 )

) Fι + ke2Fι , (3.79)

T̂(Fι) =
ke1 η

2
(
1 − η ( Ī1 − 3 )

) Bι + ke2Bι , (3.80)

where Bι = Fι FT
ι is the left Cauchy-Green tensor of the elastic isochoric distortion. Looking at

(3.73) and (3.74) we can write the spherical and deviatorical responses functions of the fibers

p̂ f (λ f ) =
2
3

g f λ2
f , (3.81)

Ŝo
f
(Fo) = 2 g f

(
Fo A FT

o −
1
3
λ2

f I
)
βF−T

o , (3.82)

T̂
f
(Fo) = 2 g f

(
Fo A FT

o −
1
3
λ2

f I
)
. (3.83)

If we substitute (3.76), into the inequality (3.58) we finally get
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β
(

dev T − T̂(Fι) − T̂
f
(Fo)︸                        ︷︷                        ︸

dev T+

)
· ḞιF−1

ι −
[

p −
(
p̌s −

(
p̂s(φs) + p̂ f (λ f )

))
+

(
ϕe(Fι) + ϕ f

e (λ f )
)︸                                                         ︷︷                                                         ︸

p̌+
s

]
φ̇s

−
[

p −
(
p̌l −

(
p̂l(φl) + p̂ f (λ f )

))
+

(
ϕe(Fι) + ϕ f

e (λ f )
)︸                                                          ︷︷                                                          ︸

p̌+
l

]
φ̇l

− qos ( p̌s − p̌l)

− qos · ∇o p̌s − qol · ∇o p̌l ≥ 0 .
(3.84)

In order for the inequality above to hold true for any constitutive process, some constitutive
restrictions follow. We fulfill these requirements by assuming

dev T = T̂(Fι) − T̂
f
(Fo) , (3.85)

p̌s − p = +p̂s(φs) + p̂ f (λ f ) + ϕe(Fι) + ϕ f
e (λ f ) , (3.86)

p̌l − p = +p̂l(φl) + p̂ f (λ f ) + ϕe(Fι) + ϕ f
e (λ f ) , (3.87)

together with

− qos ( p̌s − p̌l) ≥ 0 , (3.88)

−qos · ∇o p̌s ≥ 0 , (3.89)

−qol · ∇o p̌l ≥ 0 . (3.90)

These latter represent the dissipative contribution, respectively due to blood flux, lymph flux
and sinusoidal-interstitial space filtration.

By adding all term together into the Cauchy stress tensor, and by recollecting them, we can
isolate the hyperelastic part of the stress corresponding to the effective stress

T = T̂(Fι) + T̂
f
(Fo) + p̂s/l(φs/l) + p̂ f (λ f ) + ϕe(Fι) + ϕ f

e (λ f )︸                                                                  ︷︷                                                                  ︸
effective stress Teff

−( p̌s + p̌l) I . (3.91)

3.3.3 Starling’s law and Darcy’s law

Constitutive assumptions for the discharges able to fulfill the inequalities (3.88), (3.89) and
(3.90) are that leading to Starling’s law and Darcy’s laws respectively for the blood and lymph.

qos = −σo ( p̌s − p̌l) , (3.92)

qos = −Kos ∇p̌s , (3.93)

qol = −Kol ∇ p̌l , (3.94)

with σo , Kos and Kol positive semi-definite tensors. By using the transformation laws (1.63),
(2.51) and (2.52) the expressions (3.92), (3.93) and (3.94) turns into the current Starling’s law
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and Darcy’s laws

qs = −σ (p̌s − p̌l) (3.95)

qs = −Ks ∇ p̌s , (3.96)

ql = −Kl ∇ p̌l , (3.97)

where the reference and the current sinusoidal permeability Ks and interstitial permeability
Kl tensors are related likewise (2.54).

The constitutive characterization for both the sinusoidal and interstitial permeabilities is
given likewise sect. 2.4, in particular, looking at (2.89) they read

Ks = −
cgs

µs
φ2
s , (3.98)

Kl = −
cgl

µl
φ2
l , (3.99)

with cgs , cgl the respective “geometric factors” and µs, µl the blood and lymph viscosities.
The lymph volumetric supply qol is determined by (3.57), where the lymph volumetric

uptake is assumed to be
Sol = −Clmax

(
p̌l − p̌0 , 0

)
, (3.100)

with the lymphatic conductance Cl a positive value, and for a certain threshold value p̌0 of the
lymph mechanical pressure.

3.4 Geometry of the progressing disease (Ishak stage scale)
Fibrosis stage is assessed by using scales such as Metavir (stages I–IV) and Ishak score

(stages I–V) [78].

Figure 3.8: Ishak scale [78]

In Fig. 3.8 the left column shows a portion of 3-4 lobules, where fiber bundles (purple areas)
appear first around portal areas (second and third line), then along lobule septa, P-P, (fourth line)
and along the radial direction, P-C, (fifth and sixth line).
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Ishak staging scale
Fibrotic Pattern Categorical Description Categorical Assignment

No fibrosis (Normal)

Ishak 0

Fibrous espansion of most portal areas
(+/-) short fibrous septa

Ishak 2

Fibrous espansion of most portal areas
with occasional portal to portal (P-P)
bridging

Ishak 3

Fibrous espansion of portal areas with
marked bridging (P-P) as well as por-
tal to central (P-C)

Ishak 4

Marked bridging (P-P and/or P-C)
with occasional nodules (incomplete
cirrhosis)

Ishak 4b

Table 3.1: Geometry of the fibrotic patterns used in numerical simulations, as categorized in
[78]
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3.5 Numerical simulations

3.5.1 Numerical simulation setup

Figure 3.9: Model of three lobule system centred around PT.

We consider a fully 3D model consisting in three adjoining lobules in the shape of regular
hexagonal prisms, as pictured in Fig. 3.9, differently from [44, 45], where a tassellation of 2D
lobules was considered, or from [79], where a single 3D lobule was considered. The mechanical
system of three adjoining lobules is frequently used in literature, and widely employed as the
minimal structure for staging the evolution of the fibrosis. It allows us to focus on the central
portal tract (common to each lobule) resulting free to any mechanical boundary condition.

The geometry used in performing numerical simulations is schematized in Tab. 3.1, where
the fibrotic domains for every Ishak stage are depicted in blue. The fibers inside every domain
are all aligned in the same direction: circumferential, when they run around the portal areas,
or the centrilobular vein; radial with respect the middle portal tract, when they run along the
septa (P-P), or along the lobule diagonals (P-C). I remark that the last stage, Ishak 4b, does not
represent an intermediate category between Ishak 4 and Ishak 5, as described in Fig. 3.8. We
used this label to indicate an alternative, with respect to Ishak 4, fiber anchoring to the central
vein. In fact, it is difficult to get from histological images, even a qualitative feeling about the
fiber orientation dispersal and anchoring, especially for the late stages of the disease when fiber
invasion is always accompanied to vasculature disruption (see sect. 3.2.3), and, to the best of
our knowledge, there are no available measurements in this regard to date. Thus, Ishak 4 and
Ishak 4b represent the two extreme anchoring possibility: respectively orthogonal and parallel
to the central vein.

Let me briefly recall the general features of the three lobule system:

1. the liver tissue is modeled as poroelastic medium whose solid matrix is made of soft
elastic tissue;

2. the blood and lymphatic vessels are modeled as two interconnected porosity networks;

3. the blood and interstitial fluids are both assumed to be Newtonian and incompressible
fluids;

4. the blood enters the lobules through the PTs and exits via the CV;

5. the pressure gradient along the PTs and CVs is assumed to be negligible with respect the
pressure drop in the sinusoidal space.
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We perform some numerical simulations carrying out finite element algorithm implemented
by using COMSOL Multiphysics® software [41]. We implement the balance laws in their orig-
inal form:

i) the force power balance law (1.33),
ii) the interstitial power balance law for the sinusoids (3.55),

iii) the interstitial power balance law for the interstitia (3.56),

together with the week forms for the constitutive prescriptions:

iv) the sinusoidal pressure (3.86),
v) the interstitial pressure (3.87),

vi) the Starling’s law (3.92),
vii) the Darcy’s law for the sinusoids (3.93),

viii) the Darcy’s law for the interstitia (3.94).

As we mentioned in sect. 3.1 a blood pressure increase commonly occurs when the function-
ing liver mass is too small relative to the patients’ body weight (it is a common complication
after a partial resection liver surgery) or after the hepatic fibrosis onset and progression. In
the latter case the fibers accumulating in the perisinusoidal region increase the mechanical re-
sistance to tissue deformation and to both blood and lymph flows. The consequence is the
activation of autoregulation mechanisms tending to re-establish the normal values of the fluxes.
Since the goal of the numerics performed is to test the effective ability of the model to predict
the decrease of blood flux, we assume that the fiber onset inside the fibrotic regions takes place
only after stationary solution for the system (i-viii) is achieved as a result of the PTs pressure
raising over its physiological value. The fiber growth is simulated through a time evolution of
the elastic response of the solid matrix tissue (3.63). In paricular we set

ψ̂(Fι, φs, φl; t) = ϕφ(φs, φl) + β
(
ϕe(Fι) + G(t)ϕ f

e (λ f )
)
. (3.101)

To the best of our knowledge there is no dynamical measure able to provide the time evolution
of the elastic response during the fiber bundles formation. Therefore, the growth function G(t)
is arbitrarily chosen as the step function

G(t) =
1

1 + e−a (t−b) , (3.102)

with a determining the growth rate and b the center of the growth time interval. We check for
the stationary solution of the system (i-viii) for different values of a and b .

As boundary conditions we assume upper and lower faces, as well as lateral boundaries
corresponding to the external vascular septa to be impermeable for both the blood and the
lymph. Moreover, all the lateral boundaries, PTs regions included, are impermeable to lymph.
This means that lymph has not surface exchange with the external. The only change in the
lymph porosity is due to the filtration flux and volumetric uptake. On portal tracts surfaces
we impose the blood pressure pext = pPT , which rises over its physiological value pphys

PT . On
centrilobular vein surfaces we impose the blood pressure pext = pphys

CV , which mantains its
physiological value. Differently from [44, 45] we do not assume any condition on the inner
vascular septa. Anyway such a condition results irrelevant since, as it will be shown in the next
section, the velocity fields appear to be parallel to the vascular septa also in the presence of fiber
bundles around them, as was already noticed in [44, 45] in the case of rigid lobule, and reported
in Fig. 3.2 of sect. 3.1.
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characteristic lobule length (Llob) 500 µm [58, 63]

height of the lobule (Hlob) 50 µm

diameter of portal tracts (DPT) 50 µm [44]

diameter of central veins (DCV) 75 µm [44]

diameter of fibrotic regions (D f ) 3 DPT

thickness of fibrotic regions (T f ) DPT

bulk modulus for the sinusoids (kφs) 7.3 kPa

bulk modulus for the interstitia (kφl) 73.2 kPa

elastic modulus (ke1) 342.44 Pa [56, 77]

shear modulus (ke2) −136.08 Pa [56, 77]

(η) 1.99 [56, 77]

shear modulus for the fibers (k f ) 101.8 kPa

(ν) 2.6933

reference porosity for the sinusoids (φos) 0.12 [44]

reference porosity for the interstitia (φol) 0.025

Portal tracts physiological pressure (pphys
PT ) 4.4 mmHg (586.62 Pa) [45]

Central vein physiological pressure (pphys
CV ) 1.5 mmHg (199.98 Pa) [45]

Portal tracts pressure (pPT) 1.15 pphys
PT (674.61 Pa)

hepatic filtration coefficient (σ) 1
2 5.3 E-5 (mmHg s)−1 [45]

physiological permeability for the sinusoids (Ks) 3.76 E-10 m3s/Kg

physiological permeability for the interstitia (Kl) 4.41 E-10 m3s/Kg

lymphatic conductance (Cl) 5.9 E-7 (mmHg s)−1 [45]

pressure threshold (p̌0) 0 mmHg [45]

Table 3.2: Parameter values used in the simulations.

In Table 3.2 we list the main parameters used to run numerical simulations. Most of the pa-
rameters are taken from [44, 45] and from [56, 77], as far as the mechanical response of the tis-
sue is concerned. The dynamical viscosity of the sinusoidal blood and interstitial fluid are taken
from [44, 45] thought not reported in Table 3.2. The shear modulus of the fibers, k f , is chosen to
be of approximately three order magnitude higher than the corrisponding value findable in [56]:
k f = 670, 65 Pa, where the estimation was done with respect to a sample of homogeneous tissue
(i.e. comprising tissue without fiber bundles). The physiological sinusoidal permeability, Ks, is
estimated by using the relation (2.89), instead of Carman-Kozeny formula. It is computed by
inserting the value of reference porosity for the sinusoids, φos , and a blood conductivity, KS ,
approximately 2×10 2 higher than the corresponding one findable in [44], and three order mag-
nitude higher than the physiological value in [64], where KS = 1.56 × 10−14 m. The reason of
such a choice is in order to qualitatively account for the preferential orientation of the sinusoids
in the radial direction, by decreasing the value of tortuosity parameter tc as defined in (2.83).
The degree of anisotropy is difficult to estimate from histological images, anyway a sensitivity
study is performed in [44]. The physiological interstitial permeability is assumed to be in the
same ratio with respect the sinusoidal one: kL = 0.002 kS as in [45].
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3.5.2 Results
In this section we present the results obtained by performing numerical simulations under

the setup described in the previous section. We point out that the qualitative behaviour of the
results does not seem to be affected by the thickness of the fibrotic regions. In particular, we
increased the thickness, T f , up to the value of the diameter of the fibrotic region around portal
tracts, D f , without seeing any appreciable difference in terms of pressure and flux fields. The
results are reported in a series of 2D images. The colour maps are given on the intermediate
transverse cross section, with respect the axis of the 3 lobule system, as depicted in the left
column of Tab. 3.1. Fig. 3.10, Fig. 3.12, Fig. 3.14, Fig. 3.16 and Fig. 3.18 represent the pres-
sure field in sinusoidal space (left), and in interstitial space (right), for increasing stages of the
Ishak scale (respectively: Ishak 0, or the normal case, Ishak 2, Ishak 3, Ishak 4, and Ishak 4b).
The colour map is computed on the expanded 3 lobule system, due to the rising of the portal
pressure, from the physiological to the pathological value, while the referential unloaded shape
is viewable in the background, delimited by the white contour line. The black lines are the level
curves for the respective pressure fields. Fig. 3.11, Fig. 3.13, Fig. 3.15, Fig. 3.17 and Fig. 3.19
represent the magnitude of the velocity flux in sinusoidal space (left), and in interstitial space
(right), for increasing stages of the Ishak scale (respectively: Ishak 0, or the normal case, Ishak
2, Ishak 3, Ishak 4, and Ishak 4). Likewise the previous set of pictures, the colour map is
computed on expanded 3 lobule system, while the referential shape is delimited by the white
contour line. The respective velocity fields are pictured by the arrow distributions, and, in the
case of sinusoids, some streamlines are also pictured by way of example. Due to the hexagonal
symmetry, the streamlines starting from each portal tract follow the same path.

In the normal case, pext = pphys
PT (see Fig. 3.10, left), we see that the sinusoidal pressure

rapidly falls around the portal areas and the central veins, where the level curves are more
dense, while in the middle of the lobule the field turns to be less steep, in accordance to [44]
and [45] (see Fig. 3.5). The magnitude of the velocity flux in the sinusoidal space, close to
portal areas and central veins (see Fig. 3.11, left), where the vector field points radially outward
and inward, respectively, is much higher than in the rest of the lobule, according to [44] and [45]
(see Fig. 3.2) as well. For increasing values of portal pressure, pext = pPT, the pressure drop
dramatically localizes around the middle portal area, leaving an ever widening region where
the pressure is flattening (see Fig. 3.12, left). This produces a relevant effect on the magnitude
of the velocity flux which steeply decreases around the middle portal area in Ishak 2 stage
(see Fig. 3.13, left). Conversely, Ishak 3 stage, while further enlarging the “flat region” for
the pressure, seems to have a less important effect in decreasing the flux, especially in the P-C
direction (see Fig. 3.14 and Fig.3.15, left). The fiber domains lined to P-C direction (Ishak 4 and
4b) produce a much more relevant decrease of flux, particularly inside the same fiber domains,
where the velocity flux magnitude is significantly lower than in the surrounding areas (see
Fig. 3.17 and Fig. 3.19, left). This decrease probably would be even more relevant if any kind of
anisotropy in the sinusoidal orientation, favouring radial flux, was accounted for. The porosity
fields, whose pictures are not reported in the following, look very similar to the respective
pressure fields. Most of the 3 lobule system deformation is due to volumetric expansion, while
shear distortion results to be less significant. The volumetric expansion decreases with the
progression of the fibrosis stages, ranging from ∼ 18% (Ishak 0) to ∼ 17% (Ishak 4b) of the
original volume, after pressure raising.

The role of the lymph in the phatophysiology of fibrosis is still a matter of debate between
clinicians. Anyway, the present results confirm the qualitative behaviour presented in [45],
indicating that the interstitial pressure field looks like very similar to the sinusoidal one (this is
probably due to the fact that the only lymph source present in the model is the filtration flux,

80



eq. (3.95)), and that lymph flux in the middle of the lobule follows a radial path pointing toward
the central vein, though decreasing up to zero close to portal and central vein areas, due to
impermeability boundary condition has been imposed.

Fig. 3.20 and Fig. 3.21 show the velocity flux along the line connecting the middle portal
tract with one of the central veins (P-C path), in the sinusoidal and interstitial space, respec-
tively. The profile is very similar to that is reported in Fig. 3.3 (a), showing an high value of the
velocity flux around the middle portal tract (left end in the graphic), and around the central vein
(right end in the graphic). The red line corresponds to a normal pressure value, while the blue
and green ones correspond to Ishak 2 and Ishak 3 stages, respectively. Finally, the orange line
and the purple one correspond to Ishak 4 and Ishak 4b stages, respectively. We clearly notice a
relevant flux decrease after Ishak 2 onset ∼ 20%, while Ishak 3, as already notice commenting
on cross section plots, has a minor effect on the radial flux. However, it is worthwile to remark
that the value of the flux slightly overcomes that of Ishak 2 case up to almost the middle of the
interval, after which they reverse (see Fig. 3.20). This fact produces an awkward estimate of
the global flow resistivity, when computed around the middle portal area, in Fig. 3.23. Most of
flux decrease ∼ 50% happens after the onset of Ishak 4 or Ishak 4b stage. The same qualitative
behaviour, with the same relative amount of decrease, is viewable for the lymph flux, except for
the flux drop to zero at the ends, due to impermeability condition.

Fig. 3.22, Fig. 3.23 and Fig. 3.24 represent global estimates, over 3 lobule system, of the
tissue compliance and blood flow resistivity, computed around the middle portal area and the
central veins, respectively. Tissue compliance CT , is computed as

CT =
1
Vo

∫
Vo

(β − 1) dV

(pPT − pCV)
, (3.103)

where Vo is the referential volume of the 3 lobule systemVo. Thus, tissue compliance so defined
is the inverse of the mean bulk modulus. We notice that in Fig. 3.22 the tissue compliance
decreases for increasing Ishak stages. Most of the decrease is between Ishak 2 and Ishak 3
stages, after the onset of fibrotic bundles along the septa (P-P direction). The compliance, while
decreasing, seems to be less reduced by fibers running around the middle portal area, or lining
in P-C direction, Ishak 2 and Ishak 4 respectively. It may be interesting to compare Ishak 4
with Ishak 4b stages. In the latter, where fibers run also around the three central veins, the
compliance turns out to be completely unaffected, being even slightly higher than in Ishak 3
case. This fact shows that the fiber anchoring around central vein is a crucial feature, deserving
a deeper study of the microstructure geometry in order to more accurately estimate the whole
mechanical properties of the fibrotic tissue.

Blood flow resistivity is computed as

RPT
s =

(pPT − pCV)∫
∂SPT

o
qos · no dA

, RCV
s =

(pPT − pCV)
1
3

∫
∂SCV

o
qos · no dA

, (3.104)

where RPT
s , RCV

s are the blood flow resistivities, computed on the central portal tract boundary,
∂SPT

o , and on the central vein boundary, ∂SCV
o , respectively. The major increase in blood re-

sistivity happens after the onset of Ishak 2 and Ishak 4b stages (see Fig. 3.23 and Fig. 3.23),
where the fibers running around the middle portal area and the central veins block blood flux
the most. A relevant increase of the blood flow resistivity is viewable also between Ishak 2 and
Ishak 3 stages, in Fig. 3.24, but this finding is biased by the fact that three portal tracts more
are blocked, after the onset of Ishak 3 (see Tab. 3.1). Counter intuitive decrease of resistivity is
viewable in Fig. 3.23, which is difficult to explain, except for the fact that in Ishak 3 case blood

81



flux around the middle portal area turns out to be slightly higher than the corresponding flux in
Ishak 2 case, as already noticed above.

3.6 Conclusions
The poroelastic model, formulated in Chp. 1 thanks to species diffusion parallelism, and

proved to be effective in predicting the hemodynamics-mechanics coupling when tested on the
problem of lamina cribrosa, Chp. 2, is used here for describing tissue remodeling, and the
related effect on biological flows, during the progression of fibrosis. The g -type free energy is
modified accounting for fibers onset. I remark that the way permeability depends on porosity
does not change in the presence of fibers, so that the mechanical-fluidodynamical coupling is
not directly assigned, while constitutively emerging from the remodeling of the tissue.

The results indicate that the overall tissue stiffens during the progression of fibrosis, with
most significant rising between Ishak 2 and Ishak 3 stages, after the onset of fiber bundles lined
to lobule septa. The Ishak 2 stage seems to have a minor effect on the drop of tissue compliance,
as well as Ishak 4 stage, unlike what intuition might suggest. Conversely, blood flow resistivity
considerably increases in Ishak 2 and Ishak 4b stages, where the fibers wrap the blood supply
and discharge areas: the middle portal tract and the centrilobula veins, respectively.

These results has to be intended as the preliminary outcomes of a model which could be, in
principle, enriched by several ingredients for studying some specific aspects. For example, the
system (i-viii) in sect. 3.5.1 could be supplemented by an advection-diffusion-reaction equa-
tion for the oxygen concentration, which possibly might predict which regions of the lobule
suffer lack of oxygen the most. Moreover, an evolution equation for the orientation of the sinu-
soids, tending to line to oxygen concentration gradient, could account for the remodeling of the
vasculature, which always accompany the progression of the fibrosis, etc.

There are still many opened questions might be answered by a further more accurate model,
once the clinical observations would provide a deeper insight in the fibrotic microstructure. In
fact, the present results enlighten as the fiber orientation and anchoring to lobule tissue signif-
icantly modify the mechanical response of the whole tissue, as much as the hemodynamics.
Most intriguing question in pathogenesis understanding is that of fiber aggregation, which is
now out of the model since we locate the fiber bundles a priori on assigned domains, in accor-
dance to Ishak categorization. This problem is strictly linked to fiber deposition and to diffusion
of “fiber growth precursors” (i.e. myofibroblasts), which are triggered by a complex chemical
signaling summarized in sect. 3.2.3. As noticed there, the mechanical contribution in guiding
the fibrotic paths (both in terms of stretch and stress the extracellular matrix undergoes) received
an increasingly attention in several recent reviews on this topic. Everyone agrees that there is a
feedback between fibrogenesis and angiogenesis, so that hemodynamic coupling appears as an
even harder aspect to be studied.

There are already models in the literature investigating the mechanical traction in active
diffusion process during morphogenesis. In particular I would mention the seminal work [80].
Moreover, Phase Field Models are recently be employed in modelling ecological and biolog-
ical systems characterized by diffusion and aggregation phenomena in population dynamics.
However, a complete model accounting for motility and fiber deposition for a cell population
responding to chemo-mechanical stimuli in an elastic environment seems to be still far to be
realized, even in its most fundamental theoretical aspects.

The next section will be devoted to present a thermodynamically consistent mechanical
model endowed with some of these fundamental aspects for an elementary problem.
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Figure 3.10: Ishak 0, or normal, pressure field in sinusoidal (left) and interstitial (right) spaces
for non-physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61 Pa).

Figure 3.11: Ishak 0 velocity flux magnitude, and the relative vector field, in sinusoidal (left) and
interstitial (right) spaces for non-physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61
Pa).
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Figure 3.12: Ishak 2 pressure field in sinusoidal (left) and interstitial (right) spaces for non-
physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61 Pa).

Figure 3.13: Ishak 2 velocity flux magnitude, and the relative vector field, in sinusoidal (left) and
interstitial (right) spaces for non-physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61
Pa).
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Figure 3.14: Ishak 3 pressure field in sinusoidal (left) and interstitial (right) spaces for non-
physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61 Pa).

Figure 3.15: Ishak 3 velocity flux magnitude, and the relative vector field, in sinusoidal (left) and
interstitial (right) spaces for non-physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61
Pa).
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Figure 3.16: Ishak 4 pressure field in sinusoidal (left) and interstitial (right) spaces for non-
physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61 Pa).

Figure 3.17: Ishak 4 velocity flux magnitude, and the relative vector field, in sinusoidal (left) and
interstitial (right) spaces for non-physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61
Pa).

86



Figure 3.18: Ishak 4b pressure field in sinusoidal (left) and interstitial (right) spaces for non-
physiological raised PT-pressure, pPT = 6.6 mmHg (674, 61 Pa).

Figure 3.19: Ishak 4b velocity flux magnitude, and the relative vector field, in sinusoidal
(left) and interstitial (right) spaces for non-physiological raised PT-pressure, pPT = 6.6 mmHg
(674, 61 Pa).
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Figure 3.20: Blood velocity flux 10−3[m/s] along P-C path for non-physiological raised PT-
pressure, pPT = 6.6 mmHg (674, 61 Pa). From Ishak 0, or normal, (red) to Ishak 2 (blue), Ishak
3 (green), Ishak 4 (orange) and Ishak 4b (Purple).

Figure 3.21: Lymph velocity flux 10−3[m/s] along P-C path for non-physiological raised PT-
pressure, pPT = 6.6 mmHg (674, 61 Pa). From Ishak 0, or normal, (red) to Ishak 2 (blue), Ishak
3 (green), Ishak 4 (orange) and Ishak 4b (Purple).
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Figure 3.22: Tissue mean compliance, CT , 10−4 [1/Pa], for increasing Ishak stages.
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Figure 3.23: Blood flow resistivity computed on the middle PT, RPT
s , 10−3 [Kg/s], for increasing

Ishak stages.
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Figure 3.24: Mean blood flow resistivity computed on CVs, RCV
s , 10−3 [Kg/s], for increasing

Ishak stages.
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Chapter 4

Fibroblast collective migration and
aggregation

4.1 Introduction
The pattern formation for biological and echological systems is a widely investigated topic.

There are many experimental and theoretical evidence in population dynamics for cells and
animals that collective behaviour produces regular shape aggregation of conspecific and co-
operative effects in determining the velocity and direction of collective motion. A number of
physical and chemical processes in many dynamical systems conspire to produce some cues
guiding the evolution of the population. Beyond developmental biology and embryogenesis,
this happens for tumor spread and wound healing mechanism, during which fibroblast migrate
towards wounded region, stimulated by oxygen lack signaling therein. This is precisely also
what happens during fibrogenesis inside the liver as a consequence of chronic inflammations,
as discussed in the previous chapter, sect. 3.2.3. Certainly the patterning in reality is an emerg-
ing phenomenon, triggered and guided by complex chemo-physical cues that interact in highly
nonlinear way. This great complexity is overcome by each of several mathematical models
at disposal to date, through simplifying assumptions that allows to investigate some specific
aspects among the many characterizing collective behaviours.

To date the mathematical models able to account for such collective behaviour branch in
two main groups which stem from different principles. The historical origin of this topic can
be ascribed to the seminal paper by A. Turing, [81] and by J. W. Cahn and J. E. Hilliard, [82].
Probably due to the target application Turing’s model became very popular in developmental
biology, especially in morphogenesis, though some recent reviews, [83, 84], aimed to bring in
such biological context the literature coming from the Cahn–Hilliard model, which was origi-
nally developed in studying binary alloy formation after cooling processes.

4.1.1 Turing’s Model

Turing’s model is based on interaction of at least two chemicals (the activator and the in-
hibitor) which diffuse at different rates. The inhibitor diffuses faster than the activator while
decreasing the activator growth rate, whereas the activator stimulates the inhibitor growth. It
turns out a confinement of activator chemical, which can not spread beyond a certain distance.
Thus, the general mathematical principle stands out for the interaction between a self amplyfing
activation process, at small spatial scales, and an inhibiting process, at larger spatial scales. This
emerging feature is known as diffusion driven instability since a spatially uniform linearly sta-

91



ble steady state, in absence of diffusion, becomes linearly unstable due to difference in diffusion
rates. Turing’s reaction–diffusion model reads

∂u
∂t

= D1 ∆u + f (u, v) ,

∂v
∂t

= D2 ∆v + g(u, v) ,

(4.1)

where u and v are the concentrations of the chemicals, while f (u, v) and g(u, v) are the reaction
kinetics. In the archetypical Turing’s model the reaction kinetics were assumed to be linear in
the chemicals concentration, resulting in exponentially growing instabilities. This behaviour on
large time scale is very unrealistic, and many nonlinear reaction kinetics have been proposed
during the years, depending on the specific features of the problems, in order to achieve steady
patterns. Among that I mention the Gierer–Meinhardt model, [85], which first introduces the
concept of local inhibition and long range diffusion independently from, but very similarly to
what was done twenty years before by Turing. They proposed as reaction kinetics the following

f (u, v) = α − β u +
γ u2

v
, (4.2)

g(u, v) = δ u2 − η v , (4.3)

where α, β, γ, δ and η are positive constants. Generally the steady states reached by the evolution
of the system are anything but unique. Directly quoting from [86]: “In many cases, particularly
in one dimension, the results of the linear analysis carry over to the weakly nonlinear case, but
the fully nonlinear system can only be analysed by numerical simulation. It can be shown that
the model exhibits, in one dimension, multiple stable steady states, while in two dimensions
there is further degeneracy. For example, the ability to exhibit stripes or spots depends crucially
on the type of nonlinearities present.” By performing a linear stability analysis it is quite easy
to find that, in order the system (4.1) to develop diffusion driven instabilities, the following
conditions must hold true, [87], Chp. 2,

∂ f
∂u

+
∂g
∂u

< 0 , (4.4)

∂ f
∂u

∂g
∂v
−
∂ f
∂v

∂g
∂u

> 0 , (4.5)

D1
∂g
∂v

+ D2
∂ f
∂u

> 2

√
D1 D2

(
∂ f
∂u

∂g
∂v
−
∂ f
∂v

∂g
∂u

)
, (4.6)

where the reaction kinetics are evaluated at the spatially uniform steady state. If u self-activates
and activates also v, such that both ∂ f /∂u and ∂g/∂u are positive, while v self-activates, but it
inhibits u, such that both ∂g/∂v and ∂ f /∂v are negative, it follows from (4.4) that∣∣∣∣∂ f

∂u

∣∣∣∣ < ∣∣∣∣∂g
∂v

∣∣∣∣ , (4.7)

and from (4.6) that
D1 < D2 , (4.8)

accounting for faster diffusion of the inhibitor than the activator chemical, in producing diffusion-
driven instabilities.
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4.1.2 Cahn–Hilliard’s Model
Cahn–Hilliard’s model is based on a single species which evolves to spatial inhomogeneities

through spinodal decomposition, which is produced by a non-convex free energy potential f (c),
usually approximated by a double well potential. The successively coarsening of the phases
characterize the metastable dynamics, which is guided by a first gradient term in phase con-
centration, supplementing the free energy potential. The uphill diffusion, characterizing firstly
the spinodal decomposition, and then the following coarsening dynamics, is an example of
nonlinear diffusion leading to phase separation driven by density dependent movement. Thus,
Cahn–Hilliard diffusion equation directly follow from the definition of a free energy of the kind

F =

∫ [
f (c) + k (∇c)2

]
dV , (4.9)

where f (c) is the free energy density of homogeneous material of composition c, and it is
assumed in the form of double well potential, while k (∇c)2 is an additional free energy which
penalizes, through a first gradient term, the interfaces of inhomogeneous phase composition
[88, 89]. Directly following the original paper by J. W. Cahn and J. E. Hilliard, the diffusion
equation comes from the matter balance equation

∂c
∂t

= − div
[
M ∇µ

]
, (4.10)

and the definition of the chemical potential µ as

µ =
δF
δc

=
∂ f
∂c
− 2 k ∆c . (4.11)

By substituting (4.11) in (4.10), we get, in the case of constant mobility M, the Cahn–Hilliard
diffusion equation

∂c
∂t

= M
[
∂2 f
∂c2 ∆c − 2 k ∆ ∆c

]
. (4.12)

Now, let us perform a linear stability analysis in order to get a feeling with the form of solution
evolved after a small time step from an homogeneous stationary state. By linearizing (4.12)
around a uniform stationary solution c0, with a single harmonic perturbation

w(x, t) = c − c0 = exp [i k · x + σ t] , (4.13)

we get the dispersion relation

σ = −M |k|2
[
∂2 f
∂c2 (c0) + 2 k |k|2

]
. (4.14)

Thus, the growing unstable modes are possibly only if
(
∂2 f /∂c2

)
(c0) < 0, defining the spinodal

interval. The growing modes have a characteristic length λ > λ f ast, which states the length scale
of the growing faster one:

λ f ast =

√
8 k/

∣∣∣∣∂2 f
∂c2

∣∣∣∣ π . (4.15)

Even if we neglect all modes but the faster growing ones, the pattern which emerges is by no
means unique, nor is it expected to be regular. This is because the spatial orientation of these
modes, as well as their phase, can be quite arbitrary [90]. Cahn already presented a descrip-
tion of what can be expected from this decomposition by superposing different wave numbers
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and phases [91]. If the problem is 1D and the domain is finite, the situation is much simpler,
since we expect that only a finite number of modes can be amplified by the instability: such
corresponding to wavelength submultiple of the domain size and satisfying σ > 0. The mode
corresponding to (4.15) is expected to prevail on a large enough time scale: given any neigh-
bourhood of c0 + w(x, t), with a wavelength corresponding to (4.15), the solution of (4.12), with
random initial data close enough to c0, will enter that neighbourhood at some later time [90, 92].
However, this state characterized by rapid spatial variation of the concentration, which attracts
solutions started close to the uniform solution c0 in the spinodal interval, is itself unstable over
longer time scales.

The longer time dynamics, referred as metastable dynamics, produces a coarsening of the
length scales, during which the single phase domains progressively join together. The length
scales slowly increase in time, following a power law t1/3 as predicted by Lifshitz–Slyozov–
Wagner theory (LSW) [93]. In order to give a qualitative argument providing an intuitive deriva-
tion of the growth law for domain of order L(t), we refer to [93], which follows the approach
present in [94]. We anticipate that Gibbs–Thomson boundary condition, as expressed in second
line of system (4.54) determines the chemical potential µ across the interfaces in terms of cur-
vature during the late stages of growth, when the bulk phases assume their equilibrium values,
as determined by (4.29) and (4.30), (4.31). From Gibbs–Thomson condition, the chemical po-
tential has a typical value µ v S/L on interfaces and varies over a length scale of order L. The
current, and therefore the interface velocity V , as expressed in (4.55), scale as | ∇µ | v S/L2,
giving dL/dt v S/L2, and then L(t) v (S t)1/3. The coarsening seems to follow the conjecture
according to which coarser states are also less unstable [95]. In [96] authors proved that “less
unstable” states are associated with smaller growth rate and smaller dimension of the unstable
manifold. The later evolution of the solutions is characterized by thin layers with width O(k),
separating regions in which the function is approximately monotone flat wave, slowly moving
up to reach a steady state [97].

Cahn–Hilliard equation was further generalized to include extensions accounting for source
terms and the coupling with an underlying elastic medium [98, 99].

4.1.3 Motion of the Interfaces

A systematic formal asymptotic description of the solution of Cahn–Hilliard equation in a
regime corresponding to the later stages of phase separation is performed in [97]. The author
assumed an interfacial thickness, ε, small compared with the radii of curvature and separation
of interfaces, while the shape of the boundary interfaces is completely arbitrary. The solution is
analyzed at three timescales, starting with an initial datum c(x, 0) arbitrary smooth, and out of
the spinodal interval [cs

−, c
s
+] at any point whose distance from a specified front Γ0 (independent

of ε) is greater than O(ε). At distances greather than O(ε), the derivatives are supposed to be
bounded independently of ε, as ε → 0.

In the following I will report some excerpts from the original paper [97], in order to present
the essential features of the solutions resulting from asymptotic expansion on each of the three
previously mentioned time scales.

Considering initial data as specified above, let us develop an expansion for the solution,
starting with the amplified timescale T2 = t/ε2. It is assumed that in the domain Ω ∈ RN ,
there is a smooth N − 1 dimensional front Γ, evolving in time, which divides Ω into regions Ω+

and Ω−, so that c > cs
+ in Ω+ and c < cs

− in Ω− at all points whose distance from the front is
greater than O(ε), and the transition layer for all x of O(ε). For convenience the front Γ does not
intersect the boundary of the domain Ω.
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Let us perform a formal outer expansion valid for the regions far away from the the transition
layer:

c (x, t) = c0 + ε c1 + ε2 c2 + ... , (4.16)

µ (x, t) = µ0 + ε µ1 + ε2 µ2 + ... . (4.17)

The Cahn-Hilliard equation up to O(ε2) reads:

∂c0

∂T2
= 0 , (4.18)

∂c1

∂T2
= 0 , (4.19)

∂c2

∂T2
= ∆ µ0 , where µ0 =

∂ f
∂c

(c0) . (4.20)

Thus, nothing happens up to the second order, which is an O(1) term on the amplified time
scale. The concentration field for the outer domains Ω± turns out to be the solution of the
standard diffusion equation for a certain value at infinity, and at the border of transition layer.
Now, let us consider the inner expansion near the front, performed with respect to stretched
normal distance to the front

z := ψ(x,T2, ε)/ε , (4.21)

where ψ(x,T2, ε) is the signed distance from a point x in Ω to the front Γ = Γ (T2), such that
ψ > 0 in Ω+, ψ < 0 in Ω−:

c (x, t) = c̃0 + ε c̃1 + ε2 c̃2 + ... , (4.22)

µ (x, t) = µ̃0 + ε µ̃1 + ε2 µ̃2 + ... . (4.23)

Let us define the unit normal, the mean curvature and the normal velocity of the front, respec-
tively as

m = ∇ψ(x,T2) , (4.24)

k = ∆ψ(x,T2, ε) = div m , (4.25)

V =
∂ψ

∂T2
(x,T2) . (4.26)

The Cahn-Hilliard equation at O(ε−3) and at O(ε−2), respectively read:

V
∂c̃0

∂z
= 0 , (4.27)

∂c̃0

∂T2
=
∂2

∂z2

(
∂ f
∂c

(c̃0) −
∂2c̃0

∂z2

)
. (4.28)

Boundary conditions for c̃0 require a matching with the outer solution bit away from the transi-
tion layer, (i.e. for z → ±∞ with εz → 0). The lowest-order term implies that V = 0, because
c̃0 has to vary inside the transition layer in order to fit the boundary values of the outer prob-
lem. For the O(ε−2) term, a bounded stationary solution is expected to uniformly converge to a
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standing monotone wave C(z), which represents the unique solution of the problem

∂ f
∂c

(c) −
∂2c
∂z2 = µm

c (−∞) = cm
− , c (+∞) =cm

+ , c(0) =
1
2

(cm
− + cm

+) ,

(4.29)

where µm is the chemical potential at the equilibrium, satisfying

µm =
∂ f
∂c

(cm
−) =

∂ f
∂c

(cm
+) , (4.30)∫ cm

+

cm
−

(
∂ f
∂c

(c) − µm

)
dc = 0 . (4.31)

Condition (4.30) corresponds to having a common chemical potential in the bulk phases, while
(4.31) corresponds to having continuity of the thermodynamical pressure p := µm c− f (c) at the
interface. These conditions define the popular common tangent construction in determining the
equilibrium solution.

Once the internal structure layer is equilibrated and the diffusive propagation largely com-
plete, let us consider a slow timescale T0 = t. The leading order outer expansion this time
reads:

∂c0

∂t
= ∆ µ0 , where µ0 = f (c0) . (4.32)

Thus c0(x, t) is also the solution of a standard diffusion equation at the slow time scale. The
initial datum is the stationary solution of the problem at the previous faster time scale. On the
outer boundary ∂Ω, boundary conditions may be no flux (Neumann type)

n · ∇µ0 = 0 , (4.33)

or fixed potential (Dirichlet type)

c0 = cb
0 , µ0 = µb

0 = f (cb
0) . (4.34)

Boundary condition on the front Γ will be imposed from the inner expansion.
The inner expansion at leading O(ε−2) and at O(ε−1) respectively now reads:

0 =
∂2µ̃0

∂z2 =
∂2

∂z2

(
∂ f
∂c

(c̃0) −
∂2c̃0

∂z2

)
, (4.35)

V
∂ũ0

∂z
=
∂2µ̃1

∂z2 + k
∂µ̃0

∂z
, where µ̃1 =

∂ f
∂c

(c̃0) c̃1 −
∂2ũ1

∂z2 − k
∂ũ0

∂z
. (4.36)

The solution of the leading inner problem admits bounded solution if and only if

∂ f
∂c

(c̃0) −
∂2c̃0

∂z2 = µm . (4.37)

Thus the solution should be the equilibrium standing wave solution, as given by steady solution
of (4.28). Matching the inner and outer expansion at boundary layer we determine the value of
the solution on the front to be like the classical equilibrium boundary conditions:

c+
0 (x, t) = c (+∞) = cm

+ and u−0 (x, t) = c (−∞) = cm
− (4.38)
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In order to determine the solution at higher order ε we have to specify the inner fields depen-
dence on the microscopic length scale z. Thus let us assume

(µ0 + ε µ1 + ...)(x + ε z m, t) ≈ (µ̃0 + ε µ1 + ...) (z, x, t) , (4.39)

where εz is between O(ε) and o(1). Expanding the left-hand side of (4.39) in powers of ε as
εz→ 0±, we get

µ±0 + ε
(
µ±1 + z Dm µ

±
0
)

+ ε2
(
µ±2 + z Dm µ

±
1 +

1
2

z2 D2
m µ

±
0

)
+ ... , (4.40)

where Dm denotes the directional derivative along m.
By integrating (4.36) in z, and using the O(ε2) matching condition

(µ±1 + z m · ∇µ±0 )(x, t) = µ̃1(z, x, t) + o(1) , (4.41)

it follows that
V(x, t) =

[m · ∇µ0]+
−

[c]+
−

, (4.42)

where [c]+
− := cm

+ − cm
− and [m · ∇µ0]+

− := m · ∇µ+
0 −m · ∇µ−0 .

The previous equation together with (4.32), (4.38) and the zero flux condition for the outer
boundary ∂Ω (for example) determine the concentration field and the position of the interface,
provided an initial datum for the interface position. Once such state, wherever the front Γ could
be located, is approached for large time, the front should continue to evolve on a slower time
scale t1 = εt.

Supposing the solution is equilibrated on the O(1) timescale, let us consider the evolution
on the slower time scale t1 = ε t. The outer expansion of (4.12) up to terms of O(ε2) this time
reads:

0 = ∆ µ0 = ∆ µ1 = ∆
∂ f
∂c

(c0) , (4.43)

∂c0

∂t1
= ∆ µ1 = ∆

∂2 f
∂c2 (c0) c1 , (4.44)

∂c1

∂t1
= ∆ µ2 = ∆

(
∂2 f
∂c2 (c0) c2 +

1
2
∂3 f
∂c3 (c0) c2

1 − ∆ c0

)
. (4.45)

We expect
(
∂2 f /∂c2

)
(c0) > 0 away from the front, so these equations will be well-posed elliptic

equations to solve for c0, c1, etc., in turn, in each component of Ω+ and Ω− separately. The inner
expansion of (4.12) up to terms of O(ε2), still for the time scale t1, instead reads:

0 =
∂2µ̃0

∂z2 , (4.46)

0 =
∂2µ̃1

∂z2 + k
∂µ̃0

∂z
, (4.47)

V
∂ũ0

∂z
=
∂2µ̃2

∂z2 + k
∂µ̃1

∂z
+ ∆x µ̃0 . (4.48)

where V is the velocity with respect to t1 time scale. The leading term in the inner expansion is
determined exactly as in the previous section, leading to:

c̃0(z, x, t1) = C(z) , µ̃0(z, x, t1) = µm . (4.49)
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Matching this to the leading order outer expansion, provided Neumann-type boundary condition
for the outer boundary (the same result hold if we consider Dirichlet-type boundary conditions)
gives the phase equilibrium solution:

µ0 = µm in Ω , c0(x, t1) = cm
− in Ω+ , c0(x, t1) = cm

− in Ω− . (4.50)

Integrating (4.47) we are left with:

∂2 f
∂c2 (C) ũ1 −

∂2ũ1

∂z2 = k
∂C
∂z

(z) + a1 z + b1 , (4.51)

for some a1(x, t), b1(x, t). It holds true that a1 = 0, because it is equal to (∂µ̃1/∂z) (z, x, t1),
and because of matching condition (4.41). Let us multiply (4.51) by the first derivative (with
respect to z) of the equilibrium standing wave solution C(z) and integrate it from −∞ to +∞.
By observing that (∂C/∂z) (z) = 0 and µ̃1(z, x, t1)|+∞−∞ = 0, because of matching condition (4.41),
the left-hand side must vanish, and we find that

µ̃1(z, x, t1) = −k (x, t1) S [C]−1 where S =

∫ +∞

−∞

∂C
∂z

(z)2 dz .

Then ũ1 = k(x, t1)C1(z), where C1(z) is the unique bounded solution of

∂ f
∂c

(C) C1 −
∂2C1

∂z2 =
∂C
∂z

(z) − S [C]−1 , (4.52)

which satisfies ∫ +∞

−∞

∂C
∂z

(z) C1(z) dz = 0 . (4.53)

The unique solution of the first order outer problem is determined by
∆ µ1 = 0 in Ω+ and Ω− ,

µ1 = −k(x, t1) S [C]−1 on Γ ,

n · ∇µ1 = 0 on ∂Γ .

(4.54)

Physically, at first order one has steady state diffusion in the outer expansion, and the Gibbs-
Thompson equilibrium condition holds on the interface. If Γ is smooth and known, the system
(4.54) forms a well-posed problem which may be solved separately in each component of Ω+

and Ω−. To determine front location inside the domain let integrate in z from −∞ to +∞ the
(4.48) and use the O(ε3) matching condition (4.39). For x on Γ:

V(x, t1) = [m · ∇µ1(x, t1)]+
− [C]−1 . (4.55)

Physically the front motion is due to the mismatch of mass flux induced by the solution of
(4.54). The system (4.54)-(4.55) should constitute a well-posed problem to determine the mo-
tion of the front, given smooth initial condition. In all likelihood, this regime is the one which
is relevant during the late stages of phase separation by spinodal decomposition.
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4.1.4 Comparison between Cahn–Hilliard’s and Turing’s Model
There are crucial differences between Turing’s activator–inhibitor principle and Cahn –

Hilliard’s principle. First, the latter is based on matter balance principle, and it is usually
applied to mass conserving problems, though there are further extensions to non conservative
ones [100], while the reactions terms in the former account for growth and death of chem-
icals. Second, Cahn–Hilliard’s model does not develop stable patterning, due to coarsening
dynamics. The clusters tend to successively aggregate in order to minimize the interface area,
following a time power law t1/3, in accordance to Lifshitz–Slyozov–Wagner theory [93]. More-
over, although both models are characterized by an alternation of growing unstable regions with
decreasing ones, in Turing’s model this alternation occurs in response to increased scale, while
in the Cahn–Hilliard model this alternation occurs in response to density. As a consequence
Turing’s type systems adhere to specific scales, while no characteristic scales are observed in
phase separation [83].

Though, as already noticed, much less used than its counterpart for modelling pattern in
biology, Cahn–Hilliard diffusion equation has been already applied over last decade in biome-
chanics and ecology. I would mention, for example, the problem of tumour invasion inside
tissues, [101], or the self-organizing mussel beds [102]. In the first case authors use the dif-
ferential adhesion hypothesis (DAH) to justify the setting of the problem in the framework of
Cahn–Hilliard diffusion. The differential adhesion hypothesis owes to Steimberg, [103, 104]
which advanced during 1960s. He conjectured that the liquid-like tissue spreading and cell
segregation phenomena arise from tissue surface tensions, and then from the adhesion energies
between motile cells. Originally controversial, there is now evidence both from experiments and
numerical simulations that differential cell adhesion can be the driving force for morphogenetic
movement in a number of morphodynamic events, such as epithelial-mesenchymal transitions
in embryos, and malignant invasion. In [101], the authors used diffuse interface approach in a
mixture continuum model for describing tumour aggregation and spread. The model consists
of a fourth-order advection–reaction–diffusion equation of Cahn–Hilliard type for cell species,
coupled with reaction–diffusion equations for the substrate components. They interpreted the
enthalpic and entropic energies of the Regular Solution Model, respectively as the adhesion
energy and the repulsive energy among like components. The repulsive energy is tuned by
temperature which, in accordance to Regular Solution Model, acts as the activation parameter:
under a certain temperature threshold like cells tend to maximize their mutual binding in de-
creasing the adhesive free energy. The ascription to temperature as activity parameter is, in our
opinion, very unrealistic, considering the complex physico–chemical signaling cells share while
changing their phenotype from host to malignant. Nevertheless, the use of a scalar activity pa-
rameter, which in principle should be able to integrate all the signals which cells are subject to,
could represent a minimal way to set a model accounting for transition towards malignancy via
differential adhesion hypothesis. Thus, directly quoting from [105]: “...while the non convex
free energy function underlying this class of methods has a clear physical meaning for phase
segregation of solid and fluids, its use to represent patterns in tissues rests on more abstract
foundation.”.

Both in Turing’s and in Cahn–Hilliard’s classical models any sort of activity is not con-
templated, except for the spontaneous tendency of the system to develop instabilities, which
is itself interpreted as sign of active behaviours. The active matter characterizes for contin-
uously dissipating energy at the microscale in the bulk material, such that the system turns
out to undergoes irreversible dynamics which breaks the detailed balance (DB) for the steady
states at the microscale, giving rise to the establishment of steady current, likewise the boundary
driven systems [106]. This defining property holds for many self-propelled biological systems,
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ranging from flocks, schools, swarms and crowds, to bacteria, colloids, liquid crystals, actin
filaments, microtubules, etc. The cellular “taxis” is to be intended as part of an active behaviour
which is subject to stimuli from the external environment, and eventually leading to cell mo-
tion. Cellular motility, in the broad sense and for cell aggregates, is described in the literature
as haptotaxis flow, or via reciprocal density dependent speed. The first concept owes to S. B.
Carter [107, 108], while the second one is at the basis of the study of bacteria population spread
and aggregation.

4.1.5 Oster–Murray–Harris Model
Besides activity, the mechanical interaction with an external environment is another ingre-

dient not included in classical Turing’s reaction–diffusion model, as well as in Cahn–Hilliard
diffusion equation. The first attempt to account for interaction of mesenchymal cells with an
external elastic environment (i.e. extracellular matrix) is the core of the seminal article [80],
where the patterning, due to cell movements, can be just produced by cellular contractions ex-
erted on the extracellular matrix, without the presence of any reaction term, and assuming an
extra–flux contribution (haptotaxis) which leads to an uphill flow towards the region of high
extracellular matrix density (i.e. the adhesion site density). Essentially, what result after per-
forming linear stability analysis on initial homogeneous stationary state is that, when cellular
traction overcomes a certain threshold, the inhomogeneities start to grow, because of passive
convection arising as the result of cell-traction induced deformation of the extracellular matrix
on which cell move, and/or because of “active” cell movement up adhesion site gradient. These
models, characterized by up gradient movements either of a chemical reactant (chemotaxis) or
of adhesion (haptotaxis), are also referred as cell movement models. The Oster–Murry–Harris
model reads

∂n
∂t

= − div
{

[−D1 ∇n + D2 ∇(∆ n)] −
[
α n∇ρ

]
−

[
n
∂u
∂t

]}
+ r n(N − n) , (4.56)

∂ρ

∂t
= − div

(
ρ
∂u
∂t

)
, (4.57)

where n(x, t) is the cell density, ρ(u, t) is the extra cellular matrix density, while u(x, t) is the
displacement of extra cellular matrix. D1 and D2 are diffusivity matrices, which are assumed to
be positive definite, as well as positive are the coefficients α, r and N representing, respectively,
the haptotactic parameter, the mitotic rate and a threshold value for the mitosis. I would point
out that, despite the first right hand side term inside square brackets in (4.56) leads to the same
form of Cahn–Hilliard diffusion equation (4.12), its effect on the diffusion dynamics is com-
pletely different. The diffusion here plays only a stabilizing effect, since the positive definite
D1 accounts for random dispersal movement, which is, in fact, quite different from Brownian
diffusion, because the cells interact with their first neighbours due to bi-laplacian term.

The authors model the extra cellular matrix as viscoelastic medium. The force balance
equation reads

div T + s ρu = 0 , (4.58)

where the second term in the left hand side accounts for linear adhesion forces, and T is the
Cauchy stress tensor for linear viscoelastic media. The cellular activity is accounted for through
a supplementary contribution in T:

Tcell =
τ n ρ

1 + λ n2 I , (4.59)
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where τ is the positive singular cell traction, while λ is a positive constant regulating the de-
creasing of cell traction with increasing cell density, an effect referred as contact inhibition.
The basic idea is that the cellular activity modifies the surrounding environment, creating re-
gions where the higher density adhesion sites keeps longer the cells. This effect mimic in the
model an uphill flux towards higher adhesion site density. This way to represent the cellular
motility, owed to haptotaxis paradigm, is a bit confusing in our opinion, since the increasing of
adhesion sites is a consequence of cell aggregation in regions where cells accumulate, and not
the stimulus guiding a passive cellular motion. Anyway, a very similar idea is at the basis of
active brownian particles motion.

4.1.6 Motility Induced Phase Separation
Henceforth in this section, the activity is intended as the particle capability in regulating

it own velocity, following the surrounding environment. It is assumed that the particles slow
down in a dense environment, while accelerate in sparse one, such that a vicious circle between
accumulation-induced slowing and slowing-induced accumulation is established [106, 109].
Another defining feature of the active particles is the violation of the detailed balance at a
certain microscale, as declared in subsect. 4.1.4. This is related to an energy supply which is
continuously dissipated at cellular level, in consequence of their motion. These two special
features of self-propelled particle systems can be accounted for via density dependent motility
parameters, or via supplementary non integrable terms in the chemical potential [110, 111]. The
latter way to describe the activity is the closest one to phase separation, since it does not require
direct constitutive assumptions on the form of the mobility tensor.

The class of motile particles comprises many different examples, both in living and inert
matter, ranging from cells and bacteria to colloids, liquid crystals, actin filaments, microtubules,
etc. All such special examples can be collected in the class of motile particles, which other-
wise interact via standard equilibrium forces (attraction, repulsion, alignment). The simplest
class which is already non-trivial is represented by active dilute suspensions of spherical active
particles, where the interaction between particles is neglected, such that the system can be con-
sidered as an active analog of ideal gas. A first class of interacting particles is given by active
simple fluid, consisting of colloidal spheres interacting via isotropic attraction or repulsion po-
tentials, but also allowing for isotropic emission and detection of chemicals by the same motile
particles. In the passive case it is impossible that colloidal particles, only interacting via repul-
sive forces, develop liquid-gas phase separation, unless a certain form of activity was accounted
for. It stems from an intrinsically non-equilibrium mechanism, termed Motility-Induced Phase
Separation (MIPS) [106]. The second crucial ingredient of MIPS arises in an assembly of ac-
tive particles exhibiting a propulsion speed that depends on the local particle density ρ. Let us
assume a reciprocal dependence of the velocity magnitude v from particle concentration ρ, such
that

v (ρ(x, t)) =
c

ρ (x, t)
, (4.60)

where c is a positive constant. Let us assume a small perturbation of the concentration, δρ′(x, t),
around a uniform profile ρ0 = c/v (ρ0) . Perturbing the steady state density ρ0 we get

ρ0 + δρ′ =
c

v(ρ0) + v′(ρ0)
δρ ≈

c
v(ρ0)

(
1 −

v′(ρ0)
v(ρ0)

δρ

)
= ρ0 − ρ0

v′(ρ0)
v(ρ0)

δρ . (4.61)

If δρ′ > δρ the system is linearly unstable. It happens whenever

v′(ρ0)
v(ρ0)

≤ −
1
ρ0
. (4.62)
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This inequality defines a velocity range for every concentration value able to develop linear
instability, in a similar way σ > 0 in (4.12) defines the spinodal interval. More complex in-
teracting systems account for alignment, this is what happens in the case of birds flock, for
exemple. In this regard I would mention the seminal paper by Vicsek et al. [112].

The activity characterizes, as we said above, also for breaking the principle of detailed
balance, such that the system results to undergoes irreversible dynamics (i.e. time reversal
symmetry breaking). This principle states that the probability flux in the phase space through
every contact surface of two adjoining regions is zero in equilibrium condition, as a direct con-
sequence of Liouville theorem. Thus, this principle forbids the establishment of circultating
fluxes in closed regions of the phase space at equilibrium, and it is at the basis of microorgan-
ism and cellular motility, where self-propulsion is achieved via periodic shape changes. The
violation of the detailed balance, whereas always present at the microscopic (cellular) level, can
disappear on wider spatial scales, however possibly re-emerging on even wider scales. This is
precisely what happens in [110], where the time reversal symmetry breaking is intimately linked
to the physics of interfaces. Nevertheless, at the scales where the detailed balance is restored,
in large measure the coarse-grained dynamics of active simple fluids can be mapped onto the
equilibrium dynamics of passive simple fluids with attractive interactions [106].

A first link between active particle systems and passive ones is achievable just by consider-
ing the motion of a single particle in the two extreme cases of run and tumble particles (RTP)
and active brownian particles (ABP). The former characterizes the motion of some species of
bacteria like Escherichia coli, which run at fixed speed and istantaneously tumble, following
an angle distribution completely decorrelated with the velocity direction. The free-path time
is defined as the reciprocal of the tumble rate α. The latter characterizes instead for changing
the speed direction via rotational diffusion, which spreads the velocity on the solid angle. Both
lead to brownian diffusion on a macroscopic length scale, with a diffusivity D, in d dimension,
respectively D = v2/(α d) and D = v2/d(d − 1)Dr, where Dr is the angular diffusivity. “The
above results establish a prima-facie connection between a broad generic class of active particle
dynamics (with RTP and ABP as limiting cases) and the physics of isothermal passive Brownian
particles (PBPs).” [106].

A further more complex connection to PBPs is stated when τ and v are assumed to be
functions of the particle’s position, r. In this case, following [109], the time evolution of the
probability density of a single particle, ϕ(r), is subject to

ϕ̇ = −∇ · j , j = −∇
[
D(r)ϕ

]
. (4.63)

Then, the probability flux reads
j = −D(r)∇ϕ + Vϕ , (4.64)

where D(r) can be assumed as in the case of RTPs, for example, and V is a drift velocity:

D(r) =
v(r)2 τ(r)

d
, (4.65)

V(r)
D(r)

= −∇ ln v(r) . (4.66)

The drift velocity turns out to be the inverse of the gradient of an effective potential U(r) =

kBT ln v(r). In this way, the active particle behaves as an isothermal PBP in the presence of this
effective potential. Thus its steady-state probability follows Boltzmann distribution:

ϕstat = e−β(H+U) =
1

v(r)
e−βH . (4.67)
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It is worthwhile to notice that the activity emerges through a deviation from standard Boltzmann
distribution, which can not be absorbed by any global rescaling of the temperature [106].

Since the deterministic diffusion–drift equation (4.63), governing the probability density of
a non interacting particle, equivalently describes the motion of a PBP in an external potential
U(r), following a standard derivation and exploting this parallellelism, it is possible to derive a
stochastic equation of motion for a coarse-grained density, ρ(r), representing many non inter-
acting particles [106]:

ρ̇ = −∇ · j j = −D∇ρ + Vρ +
√

2DρΛ , (4.68)

where Λ is a vector–valued unit white noise. It is natural to enforce the activity via a direct
functional dependence of the motility parameters in (4.69), (4.70) on the density field ρ(x):

D(ρ(r), r) =
v(ρ(r), r)2 τ(ρ(r), r)

d
, (4.69)

V(ρ(r), r)
D(ρ(r), r)

= −∇ ln v(ρ(r), r) . (4.70)

In order to achieve an equilibrium solution fulfilling the detailed balance, the following
condition must hold true [106]:

V(ρ(r), r)
D(ρ(r), r)

= −β∇
δFex

δρ
, (4.71)

which can be rewritten as

kB T ln v(ρ(r), r) =
δFex

δρ
=: µex(ρ(r), r) , (4.72)

where the subscript ex stands for excess contribution, and µex is, by definition, the functional
derivative of the excess free energy Fex, which is in addition to free energy:

F (ρ) = kB T
∫

ρ (ln ρ − 1) dr + Fex(ρ) . (4.73)

The first term in the right-hand side of (4.73) is an ideal configurational entropy, while the
excess part could account for enthalpy mixing. The integrability condition (4.72) for the excess
chemical potential decides the existence of a steady-state “map” onto a thermal equilibrium
system. If it does not hold true, the free energy in (4.73) cannot govern an equilibrium solution.
“This restates the fact that coarse-graining cannot create a general equivalence between active
systems, which rely on microscopically irreversible dynamics, and passive systems, which obey
detailed balance at all scales.” [106].

When the motility parameters only depend on ρ(x) (i.e. local approximation), the excess
chemical potential µex = kB T ln v, always satisfy the integrability condition (4.72), and the
equilibrium state of the system of active particles, equivalent to a system of PBPs, is governed
by the following free energy:

F (ρ) =

∫
f (ρ) dr , (4.74)

β f (ρ) = ρ (ln ρ − 1) +

∫ ρ

0
ln v(s) ds . (4.75)
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Thus, the dynamics of motility-induced phase separation is only determined by non local (i.e.
interfacial) terms. Beyond locality, there is no reason to expect that correction terms satisfy
integrability condition (4.72), and the mapping between MIPS and passive systems, endowed
with phase separation mechanism (Cahn-Hilliard Model, or Model B) fails. Neglecting a non
local dependence of the motility parameters on the density field, ρ, the only non local correction
is accounted for excessive chemical potential [110]:

µex(r) := ln v(ρ̂(r)) , (4.76)

where ρ̂(r) is a smeared density, found by convolution of ρ with an isotropic local kernel whose
range is comparable to the persistence length l := v(ρ) τ [106]. Performing a series expansion
in the case of slowly isotropically varying density, ρ̂ ≈ ρ + γ2 ∇2ρ + o(γ4), with γ = γ0 v(ρ) τ
and γ0 of order unity, the chemical potential reads

µ = ln ρ + ln v(ρ) − k(ρ)∇2ρ , (4.77)

where k(ρ) = −γ2
0 τ

2 v(ρ) v′(ρ) is density dependent.
The fact that k is not constant has a crucial consequence on stating the active particles–

PBPs mapping at thermal equilibrium, because the last term in the right-hand side of (4.77) is
no longer integrable, unless the chemical potential was supplemented by the missing term to
render it integrable:

µDB = ln ρ + ln v(ρ) − k(ρ)∇2ρ −
k′(ρ)

2
(∇ρ)2 , (4.78)

where the subscript DB stands for detailed balance, and the last term in the right-hand side
renders the chemical potential µ as the derivative of the following free enrgy

F =

∫ [
f (ρ) +

k(ρ)
2

(∇ρ)2
]

d r . (4.79)

This model, given by (4.68), together with (4.78) and (4.79), is termed “nearest integrable
model” [106, 110].

Numerical solutions of the problem (4.68), together with (4.77), show that the characteris-
tic length, L(t), during the coarsening dynamics evolution in the 2D case, scales with a power
law slightly lower than t1/3, proper of passive systems, as predicted by LSW theory (see sub-
sec. 4.1.2). This finding, however, is equally observed for direct ABPs simulations, as well as
for active continuum models which respect the detailed balance (i.e. nearest integrable model),
enlightening that local fluctuations which violate time reversal symmetry are somehow under
represented in the continuum model proposed in [110]. “The fact that this prohibition has little
effect on L(t) shows these DB-violating fluctuations to be subdominant, at least in determining
the rate of domain growth.” [106].

4.1.7 Active Model B
Active colloidal particles represent a paradigm system for isotropic bulk phase separation,

where the crucial feature is the density dependent self-propulsion velocity v(ρ). If the condition

d (log v)
d (log ρ)

< −1 , (4.80)

corresponding to (4.62), holds true, the growing instabilities lead to steady state phase separa-
tion.

104



The phase separation kinetics for passive colloidals was effectively studied by adopting
Model B theory. It is a phase-field model standing out for considering the kinetics of a con-
served parameter φ linearly related to matter density. The evolution dynamics follows a min-
imum principle of a non-convex free energy which is described by a quartic polinomial in φ,
supplemented with the square of a first gradient term in φ. When noise terms are neglected,
creating a mean field model which describe the deterministic dynamics of sharp interfaces, the
Model B represents the simplest form of Cahn–Hilliard diffusion equation (4.12).

In the following I will summarize the results presented in [111], to which I refer for the
details.

In this paper authors modify the standard Model B by supplementing the chemical potential
with a non-integrable term, which represents the leading order term breaking detailed balance,
and then violating time reversal symmetry. Thus, the additional term can not be derived from
any free energy functional. The Active Model B reads

∂φ

∂t
= − div j ,

j = −∇µ + Λ ,

µ = −φ + φ3 − ∆φ + λ (∇φ)2 .

(4.81)

The quantities are normalized with respect to “natural units”, which are v(0) τ for the space,
where τ is the relaxation time and v(0) is the speed of an isolated particle. The order parameter
φ is linearly related to particle density ρ via φ = (2 ρ − ρH − ρL)/(ρH − ρL), where ρH and ρL

respectively are the high and low density of coexisting phases, such that the equilibrium values
of the order parameter are φ = ±1. The magnitude of the parameter λ measures the “distance”
to the nearest integrable model and it depends on v(ρ) for ABPs and RTPs.

The main result concerns the failure of the common tangent construction in determining the
stationary bulk concentrations for the coexisting phases whenever λ , 0. It is shown that (4.29),
together with (4.30) and (4.31), produce a spatially periodic (lamellar) microphase separation,
rather than coarse phases, as stationary solution of the problem (4.81). Nevertheless, numerical
simulations showed that a solution with a planar interface between two static coexisting bulk
phases exists, and it is stable. The authors set the “uncommon tangent construction”, where the
two static phases have a common chemical potential, but differ for the value of the thermody-
namical pressure pλ := φ µ − f0, where f0 is the homogeneous part of the free energy in the
shape of the standard double well potential. Thus, the tangents to f0 are parallel, but displaced
from each other by an amount ∆pλ, which represents the thermodynamical pressure jump at the
interface (see Fig. 3 in [111]). “This is a very interesting, and somewhat unexpected, conse-
quence of activity and the resulting breakdown of the detailed balance in the interfacial region.”
[111]. This result might appear odd, since the common tangent construction only involves the
homogeneous free energy density, f0, and not the interfacial tension, which is related to gradi-
ents terms. Moreover, the active contribution, λ (∇φ)2, to the chemical potential, µ, vanishes in
both bulk phases. “This view, however, is mistaken because the construction implicitly assumes
integrability, that is, the existence of a free-energy structure everywhere, including any gradient
terms.” [111].

The activity emerges via pressure jump ∆pλ which does not have a direct counterpart in
passive systems. For passive systems the thermodynamcal pressure pλ is equal to mechanical
pressure. The equivalence stems from the fact that the inter-particle forces determine both the
mechanics and thermodynamics. “In contrast, for active particles, even the integrable part of the
free energy has no simple link to inter-particle forces: instead it encodes the effects of density
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on self-propulsion through the mapping (4.72). This means that the quantity pλ, found via that
mapping, cannot generally be viewed as an actual mechanical pressure.” [111].

The authors provide an analytical result for the bulk chemical potential of the static coexist-
ing phases, µb, as an implicit function of the “activity strength” λ. The maximum possible value
for µb is achieved in the limit λ→ ∞, and corresponds to the tangent passing through one of the
extremal points of the spinodal interval. The function µb(λ) is zero for λ = 0 and monotonically
increases for λ > 0, asymptotically approaching its limiting value (see Fig. 4 in [111]).

The Active Model B shows an evolution dynamics power law slightly lower than t1/3. More-
over, it does not show a saturation of the characteristic grain scale over scales which are smaller
than the system size, thus not allowing a stop of the coarsening process which would explain the
formation of small stable clusters in bacteria colonies and artificial colloidal particles. Never-
theless, the authors proved the existence of a static solution in the shape of a droplet of a specific
radius, for µ = 0, which is determined by imposing the balance between the active pressure pλ
and the Laplace pressure. In this case the construction of the common tangent would be re-
stored. However, they does not find such a result in performing numerical solutions, in fact
proving that even the single-droplet solution is unstable: it is an unstable fixed point separating
shrinking droplets to growing ones. “This result shows that the activity-induced pressure jump,
∆pλ, has, within our mapping from active onto passive phase separation, the same “thermody-
namic” status as the Laplace pressure.” [111].

The question concerning the nature of the “active” pressure is further investigated by the
authors in another work, [113], addressing the problem of the coupling of an active scalar field
diffusion equation to a Navier-Stokes equation for the solvent flow, and resulting in an active
analog to Model H. The question of coupling with an elastic medium, or, more generally, to an
absorbing-momentum medium seems to lack of a specific literature to date.
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4.2 Mechanical Model

Our ultimate goal is to construct the simplest possible biomechanical model accounting for
the fibrosis pattern formation in the liver. These fibers turn out to be arranged in regular patterns
evolving with the disease progression, as described in Chp. 3, sect. 3.4 and sect. 3.5.

Our plan is to extend the species diffusion model, formulated in [114] and generalized in
Chp. 1 to multiple species, for describing an active cell diffusion, i.e. an uphill diffusion driven
by cell motility, and cast such a description into a Cahn–Hilliard equation framework. Pat-
tern formations in the framework of biological systems and materials science, as enlighten in
sect. 4.1, is a wide research area, comprising both the general framework setting and the evolu-
tion analysis, where both analytical methods and numerical simulations are used for character-
izing time evolutions and pattern instabilities in a wide range of microstructural evolutions. A
mechano-chemical theory of pattern formation was developed first by J.D. Murray and G. Oster,
based on cell adhesion with a substrate, or the extra cellular matrix, as a mechanism for pattern
formation in biological systems [80, 115, 116, 117]. Recently, a growing interest in motility
induced phase separation has been motivated by studies on active matter, such as bacterial
biofilm formation or tumor cell migration, or more generally on the dynamics of self-propelled
particles, [101, 106, 110, 111, 118, 119, 120].

The main feature of the framework outlined here is the derivation of the constitutive ex-
pression for the chemical potential. It turns out to be split in a natural way into a term derived
from the homogeneous convex part of the free energy and an active external chemical potential
giving rise to the spinodal decomposition. The active part of the chemical potential is given an
expression depending on the cell density, and resembling the one defined in [80], where it is
meant to characterize an upward cell diffusion induced by cell active traction on the surrounding
elastic environment. Moreover, a mechanism possibly accounting for collective cell motility is
presented in subsec. 4.2.5, where a further term in the interfacial power balance, which is power
conjugate to the concentration gradient, leads to supplementary contributions in the expression
of the chemical potential comparable with those discussed in [106, 110, 111].

In perspective, a model of fiber growth and recruitment, based on myofibroblast diffusion
and aggregation might stem from the combination of the present model for cell collective be-
haviour, with the mechanical formulation presented in sect. 3.3 for the liver fibrosis. The main
open issue is to conjecture an effective mechano-chemical guide for the myofibroblast diffusion,
following the clinical literature.

4.2.1 Cahn-Hilliard equation

The following derivation of the Cahn-Hilliard equation is based on [98]. Similar derivations
can be found in [121], [122], [123] and [124]).

According to [82], let us consider the diffusion of a single species with the free energy (1.47)
modified by an additional term

ψ = ψ̂g(F, c,∇o c) = ϕch(c) + β ϕe(F) + ϕg(∇o c) , (4.82)

with

ϕg(∇o c) =
1
2

kg ‖ ∇o c‖2 . (4.83)

This term is called the gradient energy or the interfacial free energy [82].
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Interfacial balance law

The rate of change of the free energy turns out to be

d
dt
ψ̂g(F, c,∇o c) = β Ŝ(F) · Ḟ +

(
ρo µ̂ch(c) + α ϕe(F)

)
ċ + kg ∇o c · ∇o ċ , (4.84)

where again the decomposition (1.3) together with the assumption (1.6) have been used.
Since the expression above differs from (1.50) by the last term, we wonder what additional

term could possibly complement the power expenditure in (1.46). Looking at the last term of
(4.84), we guess that additional term taking the expression

ρo š ċ + ǧo · ∇o ċ . (4.85)

Recalling that (1.46) is based on the balance laws (1.37) and (1.38), in the same spirit we should
consider balancing (4.85) by some external power and introduce the interfacial balance law

∀Po ⊂ Ro

∫
Po

ρo š ċ dV +

∫
Po

ǧo · ∇o ċ dV =

∫
∂Po

τo ċ dA +

∫
Po

ρo s ċ dV ∀ċ . (4.86)

By using the identity
divo(ċ ǧo) = ċ divo ǧo + ǧo · ∇o ċ (4.87)

we get (4.86) transformed into∫
Po

ρo š ċ dV +

∫
∂Po

ċ ǧo · no dA =

∫
∂Po

τo ċ dA +

∫
Po

(divo ǧo + ρo s) ċ dV , (4.88)

from which we derive the local form

divo ǧo + ρo (s − š) = 0 on ∀Po , (4.89)

ǧo · no = τo on ∂Po . (4.90)

Dissipation inequality

The dissipation inequality (1.46) with the additional expression (4.85) will change to

So · Ḟo + µ ρo ċ − ho · ∇o µ + ǧo · ∇o ċ + ρo š ċ −
d
dt
ψ ≥ 0 . (4.91)

Correspondingly, the inequality (1.40) will be replaced by

β S · Ḟ +
(
ρo (µ + š) − J pα

)
ċ − ho · ∇o µ + ǧo · ∇o ċ −

d
dt
ψ ≥ 0 . (4.92)

If we finally substitute (4.84) into (4.92) we get

β
(

S − Ŝ(F)︸    ︷︷    ︸
S+

)
· Ḟ +

(
ρo

(
µ + š − µ̂ch(c)

)
− α

(
J p + ϕe(F)

)︸                                         ︷︷                                         ︸
ρo s+

)
ċ

+
(
ǧo − kg ∇o c

)
· ∇o ċ − ho · ∇o µ ≥ 0 .

(4.93)

In order to get this inequality fulfilled for any constitutive process, we update (1.53), or (1.54),
to

µ = µ̂ch(c) +
α

ρo

(
J p + ϕe(F)

)
− š + s+ , s+ ċ ≥ 0 , (4.94)
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keep conditions (1.52) and (1.57) unchanged, and make the additional constitutive assumption

ǧo = kg ∇o c . (4.95)

We can define also ǧ by ∫
P

ǧ · ∇ċ dV =

∫
Po

ǧo · ∇o ċ dV , (4.96)

and get, as in (1.31),
ǧo = (det Fo) F−1

o ǧ . (4.97)

Balance law summary

Summarizing, the current framework is characterized by the force balance law (1.33)∫
Po

bo · v dV +

∫
∂Po

to · v dA =

∫
Po

So · ∇o v dV ∀v , (4.98)

the species power balance law (1.28)∫
Po

µ ċ ρo dV = −

∫
∂Po

µho · no dA +

∫
Po

ho · ∇o µ dV +

∫
Po

µ ho dV ∀µ , (4.99)

and the interfacial balance law (4.86)∫
Po

ρo š ċ dV +

∫
Po

ǧo · ∇o ċ dV =

∫
∂Po

τo ċ dA +

∫
Po

ρo s ċ dV ∀ċ , (4.100)

supplemented by constitutive prescriptions about S , ho , µ , ǧo , consistent with the assump-
tions (1.57) and (1.52), possibly through Fick’s law (1.59), as well as (4.94) and (4.95).

It is interesting to look at the local form of the balance laws above. Let us note first that the
local form (4.89) of the interfacial balance law, after substituting the constitutive expression
(4.95), can be written as

ρo š = kg ∆o c + ρo s . (4.101)

Then let us derive the local form of the species power balance law (1.28)

ċ ρo = − divo ho + ho , (4.102)

and get, by replacing Fick’s law (1.59),

ċ ρo = divo(Mo ∇o µ) + ho . (4.103)

It is worth noting that equations (4.101) and (4.103) turn out to be coupled through š by the
chemical potential constitutive expression (4.94).

In order to make this coupling explicit we could replace š from (4.101) into (4.94) and get

µ = µ̂ch(c) +
α

ρo

(
J p + ϕe(F)

)
−

kg

ρo
∆o c − s + s+ , s+ ċ ≥ 0 , (4.104)

to be eventually replaced in (4.103).
Here we make the assumptions, as in [98],

s = 0 , (4.105)
s+ = 0 , (4.106)

on the whole shape Ro .
We further assume τo = 0 on the outermost boundary ∂Ro , which is equivalent, by (4.95)

and (4.90), to the condition ∇o c · no = 0 on ∂Ro (as in [82], where because of a small strain
assumption there is no difference between ∇o c · no and ∇c · n ).
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4.2.2 Allen-Cahn (Ginzburg-Landau) equation
The following derivation of the Allen-Cahn equation is based again on [98], where it is

referred to also as the Ginzburg-Landau equation.
Let us keep the energy expression (4.82), (4.83) and the interfacial balance law (4.86) un-

changed. Let us remove instead the species power balance law (1.28) completely.

Dissipation inequality

As a consequence of removing the species power balance law, we should remove the cor-
responding power expenditure from the dissipation inequality (1.46). Hence we get (4.91)
changed to

So · Ḟo + ǧo · ∇o ċ + ρo š ċ −
d
dt
ψ ≥ 0 . (4.107)

Correspondingly, the inequality (4.92) will be replaced by

β S · Ḟ +
(
ρo š − J pα

)
ċ + ǧo · ∇o ċ −

d
dt
ψ ≥ 0 . (4.108)

If we finally substitute (4.84) into (4.108) we get

β
(

S − Ŝ(F)︸    ︷︷    ︸
S+

)
· Ḟ +

(
ρo

(
š − µ̂ch(c)

)
− α

(
J p + ϕe(F)

)︸                                   ︷︷                                   ︸
ρo s+

)
ċ

+
(
ǧo − kg ∇o c

)
· ∇o ċ ≥ 0 .

(4.109)

In order to get this inequality fulfilled for any constitutive process, we replace (4.94) with

ρo s+ = −ρo µ̂ch(c) − α
(
J p + ϕe(F)

)
+ ρo š , s+ ċ ≥ 0 , (4.110)

and leave conditions (1.52) and (4.95) unchanged, while removing (1.57).

Balance law summary

Summarizing, the current framework is characterized by the force balance law (1.33)∫
Po

bo · v dV +

∫
∂Po

to · v dA =

∫
Po

So · ∇o v dV ∀v ,

and the interfacial balance law (4.86)∫
Po

ρo š ċ dV +

∫
Po

ǧo · ∇o ċ dV =

∫
∂Po

τo ċ dA +

∫
Po

ρo s ċ dV ∀ċ ,

supplemented by constitutive prescriptions about S , ǧo , š , consistent with the assumption
(1.57), as well as (4.95) and (4.110).

Let us consider again the local form (4.89) of the interfacial balance law, changed into
(4.101) by substituting the constitutive expression (4.95), and get from it the expression for š
to be replaced into (4.110) leading to

ρo s+ = −ρo µ̂ch(c) − α
(
J p + ϕe(F)

)
+ kg ∆o c + ρo s , s+ ċ ≥ 0 . (4.111)

If we make again the assumption (4.105) on the whole shape Ro , while characterizing instead
the dissipative term by

s+ = η ċ , η ≥ 0 (4.112)

we finally get

η ċ =
kg

ρo
∆o c − µ̂ch(c) −

α

ρo

(
J p + ϕe(F)

)
. (4.113)
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4.2.3 Uphill diffusion and aggregation
Fick’s law

ho = −Mo ∇o µ (4.114)

can be transformed into

ho = −Mo ∇o µ = −
∂µ

∂c
Mo ∇o c = −Do ∇o c , (4.115)

where the mobility Mo , by (1.52), is a positive semi-definite tensor, while the diffusivity Do is
a positive or negative semi-definite tensor, depending on whether ∂µ/∂c is positive or negative.

The expression uphill diffusion [125] refers to the latter case where

ho · ∇o c = −Do ∇o c · ∇o c ≥ 0 . (4.116)

In [80] an uphill diffusion model relies on a motility mechanism based on haptotaxis,
whereby cells tend to move up a gradient of “increasing substrate adhesion” [107, 108].

A different point of view relates an uphill diffusion to a motility mechanism based on the
differential adhesion hypothesis [104, 103], whereby cell-cell adhesion is stronger for same type
cells and weaker for dissimilar cells.

We rely on the differential adhesion mechanism in making the assumption that the uphill
diffusion is driven by the gradient of an active chemical potential depending on cell density. In
doing so the expression we found convenient turns out to be very similar to expression (7) in
[117] describing a cell traction due to the interaction with the extracellular matrix.

4.2.4 Active chemical potential constitutive characterization
Let us consider the derivation of the Cahn-Hilliard equation in sect. 4.2.1 and look at the

constitutive expression for the chemical potential (4.104). Besides the assumptions (4.105) and
(4.106), we should use, as in [82], the regular solution model for the free energy term ϕch and
get an expression for µ̂ch from (1.49).

Quoting from [82]: “Several different meanings are associated with the term regular solu-
tion. We will use it to denote a solution having an ideal configurational entropy and an enthalpy
of mixing which varies parabolically with composition.”

We will assume instead that the free energy ϕch is given by

ϕch(c) =
1
2
ρo kch cmax

(
c̄ log(c̄) + (1 − c̄) log(1 − c̄)

)
, (4.117)

with c̄ = c/cmax, which is just the (convex) entropic energy in the regular solution model, leading
through (1.49), to the chemical potential term

µ̂ch(c) =
1
ρo

d
dc

ϕch(c) = −kch arctanh(1 − 2 c̄) . (4.118)

Further, we replace the assumption (4.105) with

s = ŝ(c, γ) = ks
γ (c − cs)

exp
(
λ (c − cs)2) , (4.119)

characterizing an active chemical potential, with γ an activity control parameter.
Fig.4.1 and Fig.4.2 show how the composition of (4.118) and (4.119) generates a spinodal

interval for the cell density. Some properties of (4.119) are worth noting. Namely: the deriva-
tive at cs is ks γ ; the spinodal interval is defined by cs ± 1/

√
2 λ .
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−ϕs(c, γ)

ϕch(c) µ̂ch(c)

−ŝ(c, γ)

ϕch(c) − ϕs(c, γ) µ̂ch(c) − ŝ(c, γ)

Figure 4.1: Active chemical potential and double well free energy.

−ϕs(c, γ)

ϕch(c) µ̂ch(c)

−ŝ(c, γ)

ϕch(c) − ϕs(c, γ) µ̂ch(c) − ŝ(c, γ)

Figure 4.2: Active chemical potential with shifted spinodal and double well free energy.
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4.2.5 Interfacial balance law extended
In order to better characterize active diffusion, let us complement the external power in the

interfacial balance law (4.86) with an additional term∫
Po

ρo š ċ dV +

∫
Po

ǧo · ∇o ċ dV =

∫
∂Po

τo ċ dA +

∫
Po

ρo s ċ +

∫
Po

go · ∇o ċ dV ∀ċ , (4.120)

where the new vector field go is power conjugate to the concentration gradient rate of change.
This form of a balance law can be traced back to [126], where a general theory of a micromor-
phic continuum is outlined.

Just as we let s characterize the spinodal decomposition, we wonder if go can drive the
diffusion in the coarsening process.

Because the additional term modifies solely the external power, the dissipation inequality
(4.91) does not change, still leading to the constitutive expressions (4.94) and (4.95) for µ and
ǧ . By using again the identity (4.87) we can localize (4.120) to

divo (ǧo − go) + ρo (s − š) = 0 on ∀Po , (4.121)

(ǧo − go) · no = τo on ∂Po . (4.122)

To show explicitly the expression for µ coupling the balance laws, we derive from (4.121) and
(4.95) the new expression for š

ρo š = kg ∆o c − divo go + ρo s , (4.123)

and replace it into (4.94)

µ = µ̂ch(c) +
α

ρo

(
J p + ϕe(F)

)
−

kg

ρo
∆o c +

1
ρo

divo go − s + s+ , s+ ċ ≥ 0 , (4.124)

to be eventually replaced in (4.103).
Choosing a constitutive expression for go is a matter of modeling. Let us consider first the

simplest case where go is a uniform vector field. Because its divergence is zero the expression
for the chemical potential will not be affected. To show how the diffusion is affected never-
theless, let us look at the localized balance equations (4.121) and (4.122) as if facing, just for
convenience, a single step within an iterative solution algorithm, with fixed values for all fields
but ǧo . This step will consist in finding, through (4.95), a solution for the vector field ∇o c ,
obeying the boundary condition (4.122) on ∂Ro , which does depend on go . As a consequence,
the flux ho will be affected through (4.115), as well as the chemical potential through ∆o c .

A very different choice could be

go = k̂(c) ∇o c , (4.125)

from which we get

divo go = tr∇o
(
k̂(c) ∇o c

)
= tr (∇o c ⊗ ∇o k̂(c) + k̂(c)∇o (∇o c))

= tr (∇o c ⊗ (k̂′(c)∇o c) + k̂(c)∇o (∇o c))

= k̂′(c) ∇o c · ∇o c + k̂(c) divo ∇o c = k̂′(c) ∇o c · ∇o c + k̂(c) ∆o c .

(4.126)

Hence the vector field (4.125) results in a chemical potential expression with a correction of the
term ∆o c , derived from the gradient energy, and the addition of a new one. Such an expression
corresponds to the last two terms in the right-hand side of (4.78) for the nearest integrable
model in [106, 110] (see subsec. 4.1.6).

113



4.3 Numerical simulations
We conducted some numerical simulations on a toy model in the shape of a hollow cylin-

der in a rigid container, leaving the end faces and the interior cylindrical boundary free to
deform, with no applied forces other than the reaction from the container. We used COMSOL
Multiphysics® software [41] to get a finite element solution by implementing directly in their
original form the expressions for:

i) the force power balance law (4.98),
ii) the species power balance law (4.99),

iii) the interfacial balance law (4.100).

The strain energy ϕe in (1.47) has been chosen to characterize the tissue as an almost incom-
pressible neo-Hookean material.

We did not bother to choose any value for the material parameters as appropriate to the
bio-physical problem we would like to address. Nevertheless our aim was to get some insights
about the behavior of the mechanical model arising from the framework outlined above, and
devised to describe cell diffusion and aggregation in a biological tissue.

The simulation consists in starting from an initial uniform cell density, corresponding to
cm = 6 , and let the cells migrate inside the tissue according to the Cahn-Hilliard equation. The
concentration value cs = cm marks the onset of the spinodal decomposition, characterized by
the parameters γ and λ in (4.119), besides the constants kch and ks, as well as by ρo in (1.4)
and α in (1.6), while the coarsening evolution will depend on kg in (4.83). During the phase
separation and aggregation process the concentration cannot exceed cmax = 12 .

The following pictures and graphs show two kinds of evolutions, corresponding to two quite
similar data sets, denoted by case (A) and case (B), which differ only by an axial or circumfer-
ential modulation for γ (see Fig. 4.10 and Fig. 4.13 ) and kg, and by the initial perturbation of c
(see Fig. 4.9 and Fig. 4.12) triggering the spinodal decomposition.

The time-frames in Figs. 4.3–4.4, and in Figs. 4.5–4.6, are ordered from top-left to bottom-
right, and describe by colors the density on cross section surfaces and on surfaces parallel to
the cylinder axis, respectively. These two evolutions are exemplary since they lead to quite
different stationary patterns, as the pictures show. In case (A) the stationary solution displays
the interfacial region around the middle cross section, while, in case (B), the interfacial region
locates around a plane passing through the axis of the cylinder. This difference is determined
by the initial perturbation and the modulation of γ which, in case (B), is not uniform along the
axis of the cylinder as well (see Fig. 4.13, right).

The graphs in Figs. 4.7–4.8 describe, with the same time ordering, the evolution of the
interface along a line parallel to the axis and passing on the outer lateral surface of the cylinder,
or along the boundary of the middle cross section, respectively.

The graphs in Fig. 4.11 and Fig. 4.14 show the strain energy (left), and the displacement
normalized with the external radius of the hollow cylinder (right). It is interesting to notice
that the strain energy is essentially increasing in both case (A) and (B), with an higher rate
in correspondence to the merging of two like phase domains, which quench the metastability
during the coarsening dynamics. It is more evident in case (A), where the two faster raise of
the strain energy in Fig. 4.11 (left), correspond to the coarsening evolution, i.e. from 2nd to
3rd frame, and from 4th to 5th one in Figs. 4.3–4.4. Moreover, the coupling with the elastic
environment is enlighten in Fig. 4.11 (right) where, after a symmetric displacement of the left
and right faces, the right face contracts, while the left one further expands, due to the axial
direction of coarsening, leading to cross sectional interfacial region, as shown in Figs. 4.3–4.4.
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Figure 4.3: Cell density on cross sections (A).

Figure 4.4: Cell density on longitudinal sections (A).
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Figure 4.5: Cell density on cross sections (B).

Figure 4.6: Cell density on longitudinal sections (B).
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Figure 4.7: Cell density on a longitudinal line (A).

Figure 4.8: Cell density on the middle cross section boundary (B).
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COMSOL 5.3.0.316 COMSOL 5.3.0.316

Figure 4.9: Cell density initial perturbation (left: circumferential, right: axial) within the spin-
odal interval (marked by red lines) (A).

COMSOL 5.3.0.316 COMSOL 5.3.0.316

Figure 4.10: Activity parameter γ modulation (left: circumferential, right: axial) (A).

COMSOL 5.3.0.316 COMSOL 5.3.0.316

Figure 4.11: Strain energy on the left, and average displacement normalized with external radius
of the cylinder (solid line: right face, dashed line: left face) (A). Logarithmic time scale is used
for horizontal axis.
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COMSOL 5.3.0.316 COMSOL 5.3.0.316

Figure 4.12: Cell density initial perturbation (left: circumferential, right: axial) within the
spinodal interval (marked by red lines) (B).

COMSOL 5.3.0.316 COMSOL 5.3.0.316

Figure 4.13: Activity parameter γ modulation (left: circumferential, right: axial) (B).

COMSOL 5.3.0.316 COMSOL 5.3.0.316

Figure 4.14: Strain energy on the left, and average displacement normalized with external radius
of the cylinder (solid line: right face, dashed line: left face) (B). Logarithmic time scale is used
for horizontal axis.
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