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Abstract

The fast development of high-throughput technologies such as microarray
or next-generation sequencing, and the consequent in-depth investigation of the
genome in several international large scale projects, have led to the generation of
large amounts of high-dimensional omics datasets. Scientists can use such data
to acquire a deep understanding of complex cellular mechanisms, the molecular
basis of diseases’ development, etc. Among other questions, relationships be-
tween different genes or other similar units can reveal regulatory mechanisms
whose disruption can be associated with diseases. Network inference methods
and, more specifically, graphical models estimation can be used to identify gene
relationships and direct interactions not mediated by other factors.

Simply speaking, a graphical model is a graph whose vertices correspond to
random variables and edges denote conditional dependence relationships between
them. There are plenty of methods for carrying out graphical model inference
from a given dataset, even in the high-dimensional setting where the number
of variables is much larger than the number of samples (a common situation in
omics studies for the enormous number of genes involved and a limited number of
samples collected). However, nowadays, it is common to collect and analyze more
than one dataset. Multiple datasets can be obtained in different laboratories or
with different technologies, arise from various studies, or be of different omics
types. Their joint analysis can lead to a more accurate characterization of the
underlying biological system, but it also requires specific techniques.

In this thesis, we propose jewel – a novel method for the joint analysis of
multiple datasets under the assumption that they are drawn from Gaussian dis-
tributions that share the same network dependency. In this context, the con-
ditional dependence relationships between variables (genes) are encoded by the
inverse covariance matrix. Although we assume that the conditional dependence
structure is the same between different conditions, we let the covariance matrices
be different to account for different sources of data origin. In this setting, com-
bining the individual datasets into a single one and estimating a sole graphical
model would mask the covariance matrices’ heterogeneity, while estimating sep-
arate models for each case would not take advantage of the common underlying
structure. Therefore, a joint analysis of the datasets is preferable, and to this aim
in this thesis we present a novel joint estimation method jewel. It extends the
Meinshausen and Bühlmann regression-based approach to the case of multiple
datasets by the mean of a group lasso penalty which guarantees the symmetry of
the solution. We design a fast algorithm for the method’s implementation, incor-
porating the smart active shooting approach for a fixed regularization parameter
and the warm start approach for an entire grid of regularization parameters. We
also state a theorem for jewel ’s consistency, providing upper and lower bounds
for regularization parameter. Moreover, we extend the Bayesian information
criterion and cross-validation procedures to the multiple datasets framework to
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provide a practical tool for real case applications. We explore the behavior of
jewel in different simulation settings, analyzing the influence of various input
parameters, and comparing the method to other available alternatives for joint
estimation, revealing good and competitive performances. Finally, we illustrate
the method’s performance in real data example regarding transcriptional reg-
ulatory networks based on gene expression data. We implement the proposed
method in the novel R package jewel.
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Chapter 1

Introduction

This thesis will present jewel, a novel joint estimation method for Gaussian graph-
ical models under multiple datasets setting. More specifically, this method wants
to answer the following question: given several datasets of observations of mostly
the same variables under different conditions, how can we infer the connections
between these variables? In this chapter, I will first provide a broad motivation
to this question. Then, I will give a brief overview of my solution and an outline
of the thesis.

1.1 Motivation and aims

This thesis’s broad motivation is the interest in developing statistical methods
for the analysis of omics data. To explain this, I will first give a simplified idea
of ”omics” data applications.

Every cell in an organism contains DNA (deoxyribonucleic acid) – a particular
long two-strand molecule in the form of a double helix. DNA consists of repeating
blocks called nucleotides. The difference between nucleotides is in nitrogenous
bases: adenine, thymine, cytosine, and guanine. These bases allow DNA to create
a code, a ”blueprint” for the growth, development, functioning, and reproduction
of cells and organisms. Some parts of DNA are transcribed into mRNA molecules
(messenger ribonucleic acid), usually known as transcripts or genes1. Then,
mRNAs are translated to build proteins (which are the base for all organisms)
and other molecules. Using high-throughput instruments such as microarrays
or next-generation sequencing, we can measure transcript abundance or gene
abundance at the genome-wide scale. We call such information gene expression.
Gene expression is the heart of transcriptomics, which is one of the so-called
omics sciences. It deals with analyzing gene expression data under different
conditions to elucidate cell regulatory mechanisms, understand disease onset and
progression, investigate response or resistance to drugs, and many others.

One of the ”omics” data applications is network inference. Genes can interact
with each other to create complex cellular regulatory mechanisms. Subgroups of
genes (pathways) work together to develop specific functions whose disruption

1Here, for ease of exposition, we use the terms ”genes” and ”transcripts” interchangeably.
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can be associated with diseases. Therefore, one of the questions is building a net-
work describing the gene-to-gene relationships from the gene expression values.
Moreover, we can build networks associated with specific conditions and inves-
tigate their differences (say, compare regulatory mechanisms in diseased versus
healthy tissue or during cell developmental stages). Gene regulatory networks
(GRN) have received lots of attention since they can describe different kinds
of relationships and provide insights into many biological processes [25]. For
example, given an estimated GRN, we can try to identify subgraphs and, there-
fore, gene pathways that can be used as biomarkers for disease diagnosis (see
[9, 14, 15]). This is particularly useful, for example, in cancer studies, where it
has been shown that the disease is ”activated” by groups of genes rather than
an individual one [3, 21]. We can also differentiate the mechanisms of different
diseases by comparing their estimated GRNs [43] or use networks in drug design
[28, 33]. For more detailed discussion we refer to ”Network Medicine: Complex
Systems in Human Disease and Therapeutics” [47].

As we can see, GRNs can be extremely useful, and thus they became the
initial motivation of my work. Therefore, I chose to focus on network inference
and, specifically, on how to infer a graph when several datasets are available.
Such a framework is of great interest since nowadays it is widespread to collect
several datasets from multiple laboratories and international research projects.
Hence, it places this work in the integrative multitask learning framework. While
we can face the problem of inferring a network with various mathematical tools
from partial differential equations to machine learning techniques, I decided to
deal with such a problem using the mean of graphical models, since, with this
choice, I can encode the conditional dependency structure among the variables
with the help of a graph.

Assume we have a dataset of gene expression of p genes measured on N sam-
ples. We want to identify the connections between any pair of genes, preferably
the direct connections, i.e., those not influenced by other elements or genes in the
system. How can we infer this regulatory mechanism? Then, what happens if
we have several datasets? And what statistical tools can we use for the inference
considering the problem is stated in the high-dimensional setting, and we have to
face the curse of dimensionality? In fact, in ”omics” data applications, the num-
ber of genes (i.e., the number of variables p) is of the order of tens of thousands,
while the number of samples N is about few hundreds at best, sometimes even
only a few dozens, due to the high experimental costs and the limited amount of
certain types of samples. Therefore, almost all the transcriptomics problems are
in the high-dimensional (p >> N) settings. Network inference is not different.

Specifically, I developed a new method for network estimation in multiple
dataset settings. As stated before, I chose to work using graphical models. So,
I dealt with graphs where vertices correspond to variables (genes), and edges
represent their relations, specifically, conditional dependence – there is an edge
between two variables if and only if they are dependent given the rest of the
variables. Conditional dependence allows to encode a direct link between two
variables, i.e., an influence not explained by the other genes. Moreover, suppose

2



Introduction

the variables follow Gaussian distribution (which does hold for many omics ap-
plications such as gene expression obtained using microarrays). In that case, it is
possible to infer these conditional correlation connections through the non-zero
entries of the covariance matrix’s inverse. Finally, if more than one dataset is
available, it is possible to infer a common network structure with joint estimation
techniques. These are the main ingredients of the method developed in this the-
sis, named jewel which is the acronym of joint node-wise estimation of multiple
Gaussian graphical models. jewel represents the main result of this work and my
answer to the initial question: given several datasets of observations of mostly the
same variables under different conditions, how can we infer connections between
these variables?

Concluding this section, I would like to stress that although my original moti-
vation was ”omics” data application, jewel can be applied to other types of data
as long as multiple observations of the same variables are collected under dif-
ferent conditions and Gaussian assumption is adequate. Possible examples from
the literature can be climate data (temperature, humidity etc.) for different re-
gions [48], share prices for different stocks worldwide, word count on webpages of
departments in different universities [36, 53], and many more. Therefore, I will
present my results in a very general mathematical environment and, only in the
last part, I will specify the application context by examples of gene regulatory
network inference.

1.2 Main contributions

The following points summarize the main contributions of this thesis to the
literature:

- Development of a novel estimation method, jewel : extension of the group
lasso penalty to the multiple datasets framework; solution of the corre-
sponding minimization problem; proposal of a smart numerical algorithm
that incorporates the active-shooting approach and warm start;

- Proof of the consistency property for jewel ;

- Extension of the Bayesian information criterion and cross-validation pro-
cedures for jewel ;

- Empirical proof of the advantages of the multiple datasets setting compared
to one dataset and of the advantage of joint estimation to naive approaches
like concatenation or voting;

- Analysis of the influence of various input parameters on the performance
and running time of jewel : number of variables, number of samples, net-
work’s sparsity, power of preferential attachment for scale-free graph, strength
of signal and algorithm’s stopping criteria;
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- Comparisons with other joint estimation methods, namely JGL [19], and
Guo et al. proposal [36], in terms of performance and running time;

- Application of jewel to real genomics data;

- Development of the R package jewel.

I carried out the work described in this thesis at the Gran Sasso Science
Institute, where I spent most of my training. Moreover, I collaborated with
Dr. Claudia Angelini and Dr. Daniela De Canditiis at the Institute for Applied
Calculus, which I visited several times before the COVID-19 pandemic. Due to
the pandemic lockdown limitations, the last year of my activities was from the
remote.

I presented part of the results of this thesis as a selected oral talk at the 13th
International Conference of the ERCIM WG on Computational and Method-
ological Statistics (CMStatistics 2020). I also presented the R package and the
real data applications as a ”poster”, i.e., a brief talk, at the Bioinformatics and
Computational Biology Conference (BBCC 2020). I am also finalizing a full
manuscript describing my work’s main results, and I plan to submit it in early
2021.

During my three years of Ph.D. studies, on top of more than six months of
interdisciplinary courses, I also attended the 40-hour workshop entitled ”Analysis
of single-cell RNA-seq data”, the 10-hour course ”Regularization, penalization
techniques and local modeling” and dozens of 4-hour courses on R programming
language.

1.3 Outline of the thesis

This thesis consists of seven chapters, including Introduction, Conclusions and
future work, and three appendices.

- This chapter 1 provides the motivations which inspired my work and sum-
marizes the main results I have obtained.

- Chapter 2 introduces the basic notions and concepts from graph theory
and provides the definitions and properties of conditional independence.
We combine the two ideas into the graphical model framework. Then, we
specifically focus on the properties of graphical models under the Gaussian
assumption.

- Chapter 3 illustrates the network inference in the context of Gaussian
graphical models. We start with the classical case of one given dataset
and focus on two main approaches: the maximum-likelihood based and
regression-based. We then move to the multitask learning framework and
give a brief overview of the methods for joint estimation.
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- Chapter 4 presents jewel – a novel method for joint estimation of Gaussian
graphical models from multiple datasets. We describe the minimization
problem and its solution and derive a theoretical property of the estima-
tor. Moreover, we propose empirical approaches for estimating the reg-
ularization parameter. This chapter constitutes the main methodological
achievement of my thesis.

- Chapter 5 investigates the behavior of jewel in different simulation settings.
We prove the advantages of the joint approach to other naive alternatives
and to the case of one dataset. Moreover, we explore the influence of
all input parameters on the method’s performance. Finally, we compare
jewel to its competitors. This chapter constitutes the main computational
achievement of my thesis.

- Chapter 6 describes an application of jewel to the ”toy” real data example.
Meanwhile, we are working on conducting more extensive experiments.

- Chapter 7 recapitulates my contribution to state of the art and discusses
potential improvements and future works.

- Appendix A summarizes the main features of existing joint estimation
methods in a condensed table form.

- Appendix B describes the implementation of the method into the R package
jewel and contains its documentation.

- Appendix C discusses the useful insights we discovered during the process
of jewel package development.
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Chapter 2

Graphical models

Graphical models are a useful theory for encoding the underlying relations be-
tween random variables via a graph. They are applied in many different frame-
works such as social networks analysis [27], speech recognition [10], modeling
brain connectivity [32], gene regulatory networks or protein-protein interactions,
and so on (see 8.3.3 in [59] for more references). Two main types of graphi-
cal models in the literature are directed graphs (i.e., Bayesian networks) and
undirected graphs (i.e., Markov random fields), the latter being the focus of my
thesis.

In this chapter, I will first introduce some basic definitions and concepts from
graph theory and the concept of conditional independence. Then, I will link
the two points and describe undirected graphical models and their properties.
Finally, I will focus on Gaussian graphical models.

For a detailed discussion on graphical models and their inference (presented
in Chapter 3), I refer the reader to ”Graphical Models” by S.L. Lauritzen [46],
chapter 7 of ”Introduction to High-Dimensional Statistics” by C. Giraud [34],
and chapter 8 of ”Sparse Modelling: Theory, Algorithms and Applications” by
I. Rish and G. Grabarnik [59].

2.1 Basic concepts of graph theory

A graph is a mathematical object used to describe connections between any
subjects. For example, it is possible to represent people and their social relation-
ships (e.g., family ties, school, work, or social networks), cities and roads between
them, web pages and links from one to another, atoms and their chemical bonds,
genes and transcription factors, and many others. Connections or relationships
can be physical or not. Moreover, they can be directly observed, such as cities
and roads that connect them, or derived from observed data using an inferential
procedure. Different types of relationships among the same set of subjects can
lead to different graphs.

One of the aims of graph theory is to describe the relations among entities
in terms of a graph or a network and incorporate some specific types of rela-
tions starting from the observed data. However, graph theory also provides a
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mathematical framework to study the topological structure of graphs and their
properties and a useful way of representing complex systems using networks.
From this point of view, graph theory constitutes a much broader framework
than graphical models.

I refer the reader to the seminal book ”Spectral Theory” by F. Chung [16] for
a mathematical treatment of graphs from the point of view of spectral theory. In
brief, the spectral theory allows studying the topological properties of a graph
as a function of eigenvalues-eigenvectors decomposition of suitable matrices, as-
sociated with the graph. It usually assumes that the graph is known, and the
main problem is to investigate if some mathematical properties hold or optimize
search or flows.

Another concept, associated with a graph, is the term ”network”. I suggest
the reader the ”Network Science” book by A.-L. Barabasi [5] for extensive dis-
cussion on networks and their applications. In the rest of the thesis, as suggested
in Barabasi’s book, I will use terms ”graph” and ”network” interchangeably, al-
though, as explained in [5], strictly saying there is a difference in the meaning:
”graph” refers to a mathematical object, while ”network” is used to describe a
real life system. However, since a graph is a visual representation of a network,
we have that structurally these objects are the same, thus the terms are used as
synonyms.

In the following, I will introduce some basic definitions from graph theory and
provide simple illustrative examples.

A graph G = (V,E) consists of a finite set of vertices (nodes) V and a set
of edges between some (or all) pairs of vertices E ⊆ V × V . The cardinality
(or order) of a graph G is p = |V |, i.e., the number of nodes in G. Figure 2.1
shows an example of a graph where the vertices are cities, and the edges are the
high-speed train connections. Note that I depicted the graph nodes according
to their geographical position, however, from the mathematical viewpoint, the
layout has no importance. When analyzing a graph, we consider only the nodes
and the edge lists. Therefore, different graphical visualizations might represent
the same graph G if they share the same vertex and edge lists (V,E).

Given a graph G, the edges can be directed – going from one node to another
but not the other way – or undirected, without any direction, simply connecting
the vertices. Formally speaking, an edge is undirected if (i, j) ∈ E ⇔ (j, i) ∈ E
or if there’s no distinction between edges (i, j) and (j, i). An undirected graph
is a graph with all edges undirected. The size |E| of an undirected graph is the
total number of its edges. An undirected graph G can be visually depicted by
representing the nodes (subjects) V as points or dots and the edges (relation-
ships) E as non-oriented lines joining the corresponding dots. For example, the
graph in Figure 2.1 is undirected.

From here on, we will always assume that graph of interest is simple, meaning
it is undirected, has no self-loops, i.e., edges (i, i) going from vertex to itself, and
no multiple edges – for any pair of vertices {i, j} edge (i, j) can be present in the
set E at most once (which is implied by the given definition of the graph).
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Figure 2.1: Map of some high-speed train routes in Italy as an example of a
graph. Vertices correspond to cities, and edges represent routes.

Two vertices are called adjacent if they are connected by an edge. The neigh-
bours of a node are all its adjacent vertices. Such set, neighbourhood, is denoted
by ne(i) = {j ∈ V : (i, j) ∈ E}. A closure is the neighbourhood and the vertex
itself, cl(i) = ne(i) ∪ {i}. The degree di of the vertex i is the number of its
neighbours, i.e., the number of its adjacent nodes.

A path in a graph is a sequence of distinct vertices where each pair of subse-
quent nodes is joined by an edge, i.e. {j1, . . . , jl} such that (jm, jm+1) ∈ E for
m = 1, . . . , l − 1. A connectivity component is a set Vcon ⊆ V such that there
exists a path between any two vertices of the set.

Figure 2.1 shows that the degree of {Milano} vertex is equal to dM = 3
and its neighborhood is ne(Milano) = {Torino, V erona,Bologna}. If we add
the node itself, we will get its closure. An example of a path could be the
set of edges {(Firenze,Bologna), (Bologna, Padova), (Padova, V enezia)}. The
largest connectivity component here is the graph itself because there are no cities
that we can not reach.

An important tool to represent a graph is the adjacency matrix : for a graph
G = (V,E) with p vertices, the adjacency matrix associated to G is the p × p
matrix A with Aij = 1 if vertices {i, j} are connected and Aij = 0 otherwise.
Since for undirected graphs there is no distinction between edges (i, j) and (j, i),
corresponding adjacency matrix is symmetric. In case of a simple graph, i.e.
the one with no self-loops, the matrix’s diagonal is zero, Aii = 0 ∀i. Since A is
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real and symmetric, it has a complete set of real eigenvalues and an orthogonal
eigenvector basis.

The size of the graph G is equivalent to the number of non-zero elements
of the adjacency matrix, divided by two (since otherwise we count each edge

twice): |E| =
(∑p

i,j Aij

)
/2. Also, the degree of any vertex i can be computed

as the sum over the corresponding row or column, di =
∑p

j=1Aij =
∑p

k=1Aki.
Moreover, we can prove that if G is a connected graph, then its adjacency matrix
is irreducible. More in general, the multiplicity of the largest eigenvalue of A
provides the number of connectivity components of G.

Figure 2.2: A graph and its adjacency matrix: entries of the matrix are equal to
1 if there is an edge between corresponding vertices of the graph and equal to 0
otherwise.

Any undirected graph can be encoded using its adjacency matrix. Vice versa,
it is possible to reconstruct the graph from the adjacency matrix. Figure 2.2
shows an example of the correspondence between a graph and its adjacency
matrix. In this case, nodes are labeled with vertex names, and the adjacency
matrix rows/columns follow the natural order. However, when vertex denotes
any entities, there is no natural order to give to the adjacency matrix. Therefore,
we can permute rows and columns of the adjacency matrix without altering the
graphs’ topological structure. More precisely, let G1 and G2 be two undirected
graphs and A1 and A2 – their adjacency matrices. We say that G1 and G2

are isomorphic if and only if there exists a permutation matrix P such that
A2 = PA1P

−1. Therefore, without loss of generality, we assume that we can
always find an isomorphism that reorders both rows and columns of the adjacency
matrix according to our needs.

As mentioned before, the properties of the adjacency matrix (and of other
matrices associated with a graph) are studied in a branch of graph theory called
spectral graph theory. See ”Spectral methods for graph clustering – A survey” by
M. Nascimento and A. de Carvalho [55] for a survey on this topic and ”Spectral
Theory” by F. Chung [16] for in-depth discussion.

A complete graph is a graph where each node is connected to any other node.
A subgraph Gsub of G is a graph over the subset of nodes Vsub ⊆ V and the
subset of edges Esub ⊆ E that connects nodes in Vsub. Subgraph can contain
only the edges that are present in the original graph but may lack some of them.
A clique C is a complete subgraph of G. A maximal clique is a clique that is not
a subgraph of any other larger (in the number of vertices) clique.
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Figure 2.3: A subgraph of the graph in figure 2.1.

Figure 2.3 shows an example of a subgraph of the graph in Figure 2.1. The
subgraph is not complete, since there are no edges connecting, for example,
the cities {Milano} and {Padova} or {Bolzano} and {Bologna}. Examples
of cliques here are {Bolzano, V erona}, or {Milano, V erona,Bologna}, or else
{V erona,Bologna, Padova}. An example of maximal clique here is the subgraph
connecting {Milano, V erona,Bologna}.

Given three sets of vertices A,B,C ⊆ V , we say that C separates A and
B and call set C a cut set, if any path from a node in the set A to a node
in the set B contains at least one node from the set C. In Fig. 2.3 the set
C = {Bolzano, V erona,Bologna} is an example of the cut set as it separates
sets A = {Milano} and B = {Padova}. Indeed, you can not get from city A to
city B without going through one of the cities in C.

In the next chapters of the thesis, we will focus our attention on sparse graphs.
They are ubiquitous in several real applications where the number of nodes is
usually huge, and the number of edges is far from the one of a complete graph.
However, there is no precise definition of sparse graphs. Suggestions vary from
calling a graph sparse if it has about as many edges as its number of vertices
– p – to calling it sparse as long as the number of edges is less than a half of
all possible ones – so ≤ p(p − 1)/4. In this thesis, we will assume that a sparse
graph has few edges, and hence its adjacency matrix is a sparse matrix. In the
simulation described in Chapter 5 the highest used sparsity is about 4% of all
possible edges.

2.2 Conditional dependence

In many situations, conditional dependence is a more suited concept to rep-
resent relationships between variables than marginal dependence. An example
from the [34] considers the following experiment: when it snows, it is common
to observe huge traffic jams and many snowmen in the parks. If we only ob-
serve the number of traffic jams and the number of snowmen, we could conclude
that there is a positive correlation between these two variables. However, if we
consider both events as a part of a system with more variables, we immediately
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realize that correlation occurs because the snowfall causes both events. Condi-
tionally on the snowfall, the traffic jams’ size and the number of snowmen are
likely to be independent. While correlation fails to represent the relationship in
this case accurately, conditional dependency better describes direct links between
variables.

I will provide a precise definition of conditional independence and some of
its essential properties in the following. The aim is to pave the route to graph
theory concepts together with that of conditional independence.

Suppose x = (X1, . . . , Xp) ∈ R1×p is a row random vector and its distribution
has a positive density f . Two random variables Xi, Xj are conditionally indepen-
dent given the rest of the variables X{l, l 6=i, j}, and we denote Xi ⊥⊥ Xj|X{l, l 6=i, j},
if and only if

f(Xi, Xj|X{l, l 6=i, j}) = f(Xi|X{l, l 6=i, j})f(Xj|X{l, l 6=i, j})

or, in other words, f(Xi|X{l, l 6=i, j}) does not depend on Xj, given the other vari-
ables X{l, l 6=i, j}. It means that variable Xj is irrelevant for prediction of Xi if
all other variables of the vector are known. The concept of conditional indepen-
dence allows to investigate not only whether variables are related (this can be
described by the marginal dependence) but also if there is a direct effect from
one to the other.

In the following, I will present some properties of conditional independence
that may be of use in this thesis. I will omit the proofs since they follow from
the definition of conditional independence.

Proposition 1. If X, Y, Z are jointly distributed random variables, X ⊥⊥ Y |Z,
and h(·) is a measurable function on the sample space of X, then the following
properties hold:

(P1) Y ⊥⊥ X|Z;

(P2) h(X) ⊥⊥ Y |Z;

(P3) X ⊥⊥ Y |(Z, h(X)).

Proposition 2 (P4). For jointly distributed random variables X, Y, Z and some
functions g(·), h(·) it holds

X ⊥⊥ Y |Z ⇐⇒ f(x, y, x) = g(x, z)h(y, z).

S.L. Lauritzen [46] suggests a nice view on the meaning behind Proposition 1.
Let us interpret the random variables as pieces of knowledge obtained from the
books and thus understand X ⊥⊥ Y |Z as ”Knowing Z, reading Y is irrelevant
for reading X”. Then we can rewrite the properties (P1)-(P3) as

(P1) if, knowing Z, reading Y is irrelevant for reading X, then so is reading X
for reading Y ;
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(P2) if, knowing Z, reading Y is irrelevant for reading X, then reading Y is
irrelevant for reading any chapter h(X) of the book X;

(P3) if, knowing Z, reading Y is irrelevant for reading X, it remains irrelevant
after reading any chapter h(X) of the book X.

2.3 Undirected graphical models

In this section, I will join the concepts of undirected graphs and conditional
independence through graphical models.

Assume that we are given a row random vector x = (X1, . . . , Xp) ∈ R1×p.
Then, we can associate each variable Xi with a vertex i of an undirected graph
G = (V,E) with V = {1, . . . , p}. There are two approaches to using the structure
of the graphG to describe conditional dependence relationships between variables
of the random vector x, namely Markov properties and factorization property.

2.3.1 Markov properties

We say that a graph G is an undirected graphical model or a Markov random
field with respect to the random vector x, if it satisfies one of the following
Markov properties:

(G) Global Markov property : separation of the sets of vertices implies condi-
tional independence of the sets of variables or

∀A,B,C ⊆ V : C separates A and B ⇒ XA ⊥⊥ XB|XC

Note that Markov chains are a particular illustration of this property.
Chain graph, corresponding to a Markov chain, has an edge set E =
{(1, 2), (2, 3), . . . , (p − 1, p)}. In such graph any single vertex j separates
the set {1, . . . , j − 1} (past) and the set {j + 1, . . . , p} (future). It directly
corresponds to a Markov chain’s definition: the future is conditionally in-
dependent of the past given the present.

(L) Local Markov property : any variable Xi is conditionally independent of the
rest of the variables given its neighbors or

∀i : Xi ⊥⊥ XV \(ne(i)∪{i})|Xne(i)

(P) Pairwise Markov property : lack of an edge between vertices i and j implies
conditional independence between variables Xi and Xj or

∀i, j : (i, j) /∈ E, i 6= j ⇒ Xi ⊥⊥ Xj|X{l, l 6=i, j}

In general, these three Markov properties defined above do not necessarily
coincide (see examples 3.5 and 3.6 in [46]). Nevertheless, they are related as
described in the following proposition:
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Proposition 3 (Lauritzen [46], p. 33). For any undirected graph G and any
probability distribution on x it holds that

(G)⇒ (L)⇒ (P ).

Proof. Assume that for graph G global Markov property (G) holds. Let’s de-
note A = {i}, B = V \(ne(i) ∪ {i}), C = ne(i) for any vertex i. Then C
separates A and B and according to (G), XA ⊥⊥ XB|XC which is exactly
Xi ⊥⊥ XV \(ne(i)∪{i})|Xne(i), so (L) holds.

Figure 2.4: Illustration for the proof of (G) ⇒ (L). If i = 3, then set
A = {i} = {3} (shown in red), set C = ne(i) = {1, 4, 9} (green) and set
B = V \(ne(i)∪{i}) = {2, 5, 6, 7, 8} (blue). Set C separates sets A and B.

Now assume that (L) holds, meaning Xi ⊥⊥ XV \(ne(i)∪{i})|Xne(i) = Xi ⊥⊥ Y |Z.
If there’s a vertex j from V \(ne(i)∪ {i}), i.e. such that there’s no edge between
i and j, then ((

V \(ne(i) ∪ {i})
)
\{j}

)
∪ ne(i) = V \{i, j}.

Let’s define function h(Y ) as removing the variable Xj from the set, i.e.

h(Y ) = h(XV \(ne(i)∪{i})) = X(
V \(ne(i)∪{i})

)
\{j}

.

Then W = (Z, h(Y )) would be the union of Z and h(Y ) sets, namely

(Z, h(Y )) = (Xne(i), X(
V \(ne(i)∪{i})

)
\{j}

) = XV \{i, j}.

From the property (P3) we get

Xi ⊥⊥ Y |Z ⇒ Xi ⊥⊥ Y |(Z, h(Y ))

Xi ⊥⊥ XV \(ne(i)∪{i})|Xne(i) ⇒ Xi ⊥⊥ XV \(ne(i)∪{i})|XV \{i, j}

Now if we define function g(Y ) as selecting the variable Xj from the set, i.e.

g(Y ) = g(XV \(ne(i)∪{i})) = Xj,

we can use property (P2) to get

Xi ⊥⊥ Y |W ⇒ Xi ⊥⊥ h(Y )|W ⇒
Xi ⊥⊥ XV \(ne(i)∪{i})|XV \{i, j} ⇒ Xi ⊥⊥ Xj|XV \{i, j}

So for two vertices i and j absence of an edge implied conditional independence
of corresponding variables given all the others, which is exactly pairwise Markov
property (P ).
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Note here that, under some mild conditions, the reverse implications also hold,
hence, all three Markov properties become equivalent. A well-known example is
when the probability measure is strictly positive (which is the case for Gaussian
distribution, for example). This result was originally stated in Pearl and Paz,
and the proof can be found in Lauritzen [46] (Theorem 3.7). In the following, I
will discuss a stronger result – involving the factorization property.

2.3.2 Factorization property

An alternative approach to connect the probabilistic and graphical structures
is based on factorization. If f(x) is the density function of vector’s x probability
measure P, we say that it factorizes or satisfies the factorization property (F)
with respect to graph G if

f(x) =
∏
C∈C

φC(XC),

where C is the set of all maximal cliques (complete subgraphs that are not a
part of a larger complete subgraph) and φC(XC) are the non-negative real-valued
potential or compatibility functions depending only on variables corresponding
to each clique.

According to the graph structure, factorization provides a way to compactly
represent a distribution over a large number of variables.

2.3.3 Equivalence between Markov properties and fac-
torization property

In general setting, factorization property implies Markov properties:

Proposition 4. For any undirected graph G and any probability distribution on
x it holds that

(F )⇒ (G)⇒ (L)⇒ (P ).

Proof. We only have to show that (F )⇒ (G) since other implications have been
proved in Proposition 3. So let’s assume that (F ) holds, meaning that density
function factorizes over maximum cliques f(x) =

∏
C∈C φC(XC).

Let A,B, S be any triple of disjoint subsets of V such that S separates A and
B. Consider GV \S and denote Ā the connectivity components in it which contain
A. We denote the rest of the vertices B̄ = V \(Ā ∪ S).

Since A and B are separated by S, their elements are in different connectivity
components of GV \S and any clique of G is either in Ā∪S or in B̄ ∪S. It means
that by factorization property

f(X) =
∏
C∈C

φC(XC) =
∏

C∈CĀ∪S

φC(XC)
∏

C∈CB̄∪S

φC(XC) =

=g(XĀ∪S)h(XB̄∪S) = g(XĀ, XS)h(XB̄, XS).
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By property (P4) we get that such factorization implies XĀ ⊥⊥ XB̄|XS. If we
now define function k(·) as getting the complement of the set, then by applying
it to both variables and using the (P2) property, we would get XA ⊥⊥ XB|XS

for sets A and B which are separated by set S – which is exactly global Markov
property.

In the case of a strictly positive probability measure, all these properties
become equivalent.

Theorem 1 (Hammersley and Clifford). A probability distribution of a random
vector x with positive and continuous density f satisfies the pairwise Markov
property for undirected graph G if and only if it factorizes according to G.

The proof can be found in Lauritzen [46] (Theorem 3.9).

2.4 Gaussian graphical models

A well-known graphical model is the Gaussian graphical model (GGM), i.e., a
graph encoding a multivariate Gaussian distribution. This distribution is often
used for modeling continuous variables in various applications as it is well-studied
and holds a lot of convenient properties.

Let x = (X1, . . . , Xp) ∈ R1×p follow a p-variate Gaussian distributionNp(µ,Σ)
with mean vector µ ∈ R1×p and non-singular covariance matrix Σ ∈ Rp×p:

P(x) =
1

(2π)p/2 det(Σ)
1
2

e−
1
2

(x−µ)Σ−1(x−µ)T ,

where det(·) is the determinant of the matrix. Without loss of generality
we can also assume x ∼ N (0,Σ), i.e., the mean µ = 0p or, equivalently, that
random variables are centered.

2.4.1 A useful property of Gaussian distribution

Let A = {1, . . . , k} and B = {1, . . . , p}\A be two subsets of variables con-
stituting a partition of the random vector x = (X1, . . . , Xp). Without loss
of generality we can reorder the variables and denote the random vector as
x = (X1, . . . , Xp) = (XA, XB) with the same N (0,Σ) distribution.

We assume that Σ is non-singular and with Ω denote its inverse, the p×p preci-

sion (or concentration) matrix. Therefore, we have Ω = Σ−1 =

(
ΩAA ΩAB

ΩBA ΩBB

)
.

Note that both Σ and Ω are symmetric, implying that, for example, ΩT
AA = ΩAA

or ΩT
AB = ΩBA. Note also that Ω−1

AA denotes the inverse of ΩAA, not the
(Ω−1)AA = ΣAA.

With these notations, we will now introduce a useful property of Gaussian
distribution.
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Proposition 5 (Giruad [34]). In the described setting, the conditional distribu-
tion of XA given XB is Gaussian N (−Ω−1

AAΩABX
T
B ,Ω

−1
AA). In other words, we

have the decomposition

XA = −XBΩ−1
AAΩAB + εA, where εA ∼ N (0,Ω−1

AA) is independent of XB.

Proof. Let us denote f(xA, xB) – density of the distribution of X, f(xB) – of
XB, and f(xA|xB) – of XA given XB. By definition

f(xA|xB) =
f(xA, xB)

f(xB)
=

=

1
(2π)p/2(det Σ)1/2 exp

(
−1

2

(
xA xB

)
Σ−1

(
xTA

xTB

))
1

(2π)
p−k

2 (det ΣBB)1/2
exp

(
−1

2
xBΣ−1

BBx
T
B

) =

=
1

(2π)k/2
(det ΣBB)1/2

(det Σ)1/2
exp

(
− 1

2

(
xA xB

)(ΩAA ΩAB

ΩBA ΩBB

)(
xTA

xTB

)
+

1

2
xBΣ−1

BBx
T
B

)
.

Let’s first consider the fraction with determinants. By properties of block ma-
trices, for Σ and Ω = Σ−1 it is true that

det Σ = det

(
ΣAA ΣAB

ΣBA ΣBB

)
= det ΣBB det

(
ΣAA −ΣABΣ−1

BBΣBA

)
Ω−1
AA = ΣAA −ΣABΣ−1

BBΣBA

Σ−1
BB = ΩBB −ΩBAΩ−1

AAΩAB

By first two equalities the fraction becomes

(det ΣBB)1/2

(det Σ)1/2
=

1(
det
(
ΣAA −ΣABΣ−1

BBΣBA

))1/2
=

1

(det Ω−1
AA)1/2

.

Now let’s move to the power of the exponent:

− 1

2

(
xA xB

)(ΩAA ΩAB

ΩBA ΩBB

)(
xTA

xTB

)
+

1

2
xBΣ−1

BBx
T
B =

− 1

2

(
xAΩAAx

T
A + xBΩBAx

T
A + xAΩABx

T
B + xBΩBBx

T
B

)
+

1

2
xBΣ−1

BBx
T
B =

− 1

2
(xAΩAAx

T
A + xBΩBAx

T
A + xAΩABx

T
B + xB(ΩBB −Σ−1

BB)xTB)
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From the third result for block matrices we obtain ΩBB −Σ−1
BB = ΩBAΩ−1

AAΩAB.
We can substitute this into the previous equality and then insert the term
ΩAAΩ−1

AA into some of the addends:

− 1

2
(xAΩAAx

T
A + xBΩBAx

T
A + xAΩABx

T
B + xBΩBAΩ−1

AAΩABx
T
B) =

− 1

2

(
xA︸︷︷︸
u

ΩAA︸︷︷︸
W

xTA + xBΩT
ABΩ−1

AA︸ ︷︷ ︸
v

ΩAAx
T
A + xAΩAAΩ−1

AAΩABx
T
B+

xBΩT
ABΩ−1

AAΩAAΩ−1
AAΩABx

T
B

)
=

− 1

2

(
uWuT + vWuT + uWvT + vWvT

)
= −1

2
(u+ v)W(u+ v)T =

− 1

2

(
xA + xBΩABΩ−1

AA

)
ΩAA

(
xA + xBΩABΩ−1

AA

)T
Combining results for the determinant and for the exponent, we see that

f(xA|xB) =
f(xA, xB)

f(xB)
=

=
1

(2π)k/2
1

(det Ω−1
AA)1/2

×

exp

(
−1

2

(
xA + xBΩABΩ−1

AA

)
ΩAA

(
xA + xBΩABΩ−1

AA

))
which is exactly the density of Gaussian distribution N (−XBΩ−1

AAΩAB,Ω
−1
AA).

From this theorem we can derive another useful property which will be strate-
gic for the next chapters of this thesis.

Proposition 6. If x = (X1, . . . , Xp) ∼ N (0,Σ), then distribution of any Xj,
j = 1, . . . , p, given the other variables is still Gaussian with mean and variance
given by

E(Xj|X{l, l 6=j}) = −
∑
i 6=j

Ωij

Ωjj

Xi and var(Xj|X{l, l 6= j}) = Ω−1
jj .

Proof. If we consider the set of one variable A = {j} and a set of all the other
variables B = {1, . . . , p}\A, then by the previous proposition the distribution
of XA = Xj given XB is N (−XBΩ−1

AAΩAB,Ω
−1
AA) = N (−XBΩ−1

jj ΩAB,Ω
−1
jj ). By

some algebra we have that −XBΩ−1
jj ΩAB is exactly −∑i 6=j Xi

Ωji

Ωjj

. Since Ω is

symmetric, we can equivalently write the decomposition in the following form:

Xj = −
∑
i:i 6=j

Ωij

Ωjj

Xi + εj where εj ∼ N (0,Ω−1
jj ) is independent of XB.
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Proposition 6 is of great importance for the development of this work since it
shows how any variable in a Gaussian vector can be interpreted as linear combi-
nation of the remaining variables plus some noise. The coefficients of the linear
combination −Ωij/Ωjj are proportional to the entries Ωij of the precision ma-
trix, and the variance of the noise is inversely proportional to the corresponding
diagonal element Ωjj.

2.4.2 Connection with the precision matrix

The great advantage of associating Gaussian distribution with the graphical
model G is the connection between the precision matrix Ω (which contains partial
covariances of the variables) and the adjacency matrix A of the graphG (a matrix
with entries equal to 1 if there is an edge between corresponding nodes of the
graph and equal to 0 otherwise, see Fig 2.5). Namely, we have supp Ω = A, i.e.,
the positions of the non-zero elements of the precision matrix Ω coincide with
those of A. This result, proved in Theorem 2, is essential since it will allow us
to move from the graph inference to the equivalent problem of estimating the
support of the precision matrix – we do not even need to estimate the precision
matrix entries, but it is sufficient to identify only the position of the non-zero
elements.

Figure 2.5: Correspondence between precision matrix Ω, adjacency matrix A and
graph G in the Gaussian graphical model.

Theorem 2 (GGM and precision matrix). If x = (X1, . . . , Xp) ∼ N (0,Σ) and G
is a graphical model with respect to x, then any pair of vertices {i, j} is adjacent
⇐⇒ Ωij 6= 0, being Ω = Σ−1.

Proof. For a pair of vertices i, j and corresponding variables Xi, Xj let’s denote
A = {i, j} and B = V \{i, j}. From Proposition 5 we get that the covariance
matrix of the conditional distribution of Xi, Xj given XV \{i, j} is

cov(XA|XB) = Ω−1
AA =

(
Ωii Ωij

Ωij Ωjj

)−1

=
1

ΩiiΩjj − Ω2
ij

(
Ωjj −Ωij

−Ωij Ωii

)
(2.1)

Also, by definition of conditional correlation

cor(Xi, Xj|XB) =
cov(Xi, Xj|XB)√

var(Xi|XB)var(Xj|XB)
(2.2)

If vertices i, j are not connected, then by local Markov property Xi ⊥⊥ Xj|XB.
Therefore cor(Xi, Xj|XB) = 0. Then by Eq.(2.2) we get cov(Xi, Xj|XB) = 0
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which by Eq.(2.1) implies Ωij = 0. The same holds for reverse since for Gaussian
variables no correlation is equivalent to independence.

While the spectral graph theory graph allows studying the mathematical prop-
erties of graphs and network analysis uses graphs for exploring complex systems,
graphical models allow inferring graph structures (i.e., the conditional depen-
dency) from observed data. In the next chapter, I will discuss the inference of
Gaussian graphical models – i.e., learning the graph of conditional dependencies
between p jointly distributed Gaussian variables from a set of data of such vari-
ables. I will specifically focus on the case of sparse graphs with a large number
of nodes and only a few edges. For these networks, I will consider the setting
where the sample size is smaller than the number of variables. This scenario is
typically encountered in several real data applications, such as analyzing omics
data and estimating a gene regulatory network from gene expression data. In
this case, the high throughput technology’s progress made it possible to measure
tens of thousands or millions of variables simultaneously (i.e, large p). However,
since each experiment’s cost is still high, only a limited number of experiments
(say some dozens or hundreds at best) are usually collected (i.e., small n).
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Chapter 3

Graphical models inference

In the previous chapter, I discussed graph theory and introduced graphical mod-
els, showing how a graph can encode the conditional dependency among vari-
ables. In this chapter, I will discuss how to infer such graph from observed
data.

More specifically, given a dataset X of N samples over p variables, the problem
is to find a graphical model that encodes the conditional dependence structure
among the variables. We have to face the following questions: How could we
use the data to estimate the underlying graph with a high probability of being
correct? How can we deal with the high-dimensionality of the data and the curse
of dimensionality? How can we have fast and accurate algorithms when the
dimensions of the data increase? How can we extend the methods when multiple
datasets are available?

In general, learning a graph from observed data is a very challenging prob-
lem. This thesis will focus on datasets under the Gaussian distribution with zero
means (without loss of generality since we can always center the data) and un-
known covariance matrices. In this case, as explained in Chapter 2, the precision
matrix encodes the conditional dependencies. Therefore, inferring the graphical
model is equivalent to estimating the non-zero entries of the precision matrix.

Due to the importance of the problem, several classes of methods have been
developed to estimate Gaussian graphical models, each with its pro and cons. Af-
ter a brief introduction, I will discuss two popular approaches widely used in the
literature to estimate a sparse graph in high-dimensional settings: the penalized
maximum likelihood approach and the approach based on penalized regression.
I will first deal with Gaussian graphical models inference in the classical context
with a single data matrix X. Then, I will expand the presentation to the case of
several data matrices X(1), . . . ,X(K).

3.1 The sparsity assumption

Consider a given data matrix X = (x1, . . . ,xN)T of N independent and iden-
tically distributed samples from a p-variate Gaussian distribution, i.e. each row
vector xi = (Xi1, . . . , Xip) ∼ Np(0,Σ). How can we now estimate the unknown
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underlying graph structure G? Especially in the high-dimensional case, when
number of variables p is much larger than number of samples N? Is there any
assumptions we can make to derive solvable mathematically but yet adequate
and not too simplified models?

Figure 3.1: How can we infer the underlying graph structure, given a data matrix
of N samples from the p-variate Gaussian distribution?

As explained in the book ”Statistical Learning with Sparsity: The Lasso and
Generalizations” by T. Hastie, R. Tibshirani and M. Wainwright [37], our best
”bet” is to assume that the correct model is sparse. If it is not, then the number
of samples is too small to estimate the parameters accurately. However, if the
correct underlying model is, in fact, sparse, it means that only m << p param-
eters are non-zero. Thus, the proportion of ”samples to variables” is decreased,
giving us a better chance for estimating the model.

Moreover, the sparsity assumption helps the overall interpretability of the
model. When the number of variables is of the order of hundreds or thousands,
inferring too many connections can only decrease the usefulness of the estimator
since it seems impossible to derive meaningful conclusions from it. Such consid-
erations are valid for different statistical models, from regression to classification,
and were continuously adopted in the high-dimensional statistics in the last few
decades. In the context of graphs and conditional dependence, the fewer edges
we have – the easier it is for us to analyze and interpret the conditional correla-
tion among variables. Of course, there is a balance of not destroying the possibly
important relations when enforcing the sparse estimate. However, as in many
statistics applications, it is a trade-off one has to make.

To exploit the sparsity assumption, we need to constrain or regularize the
estimation. In the following two sections focusing on two popular estimation
approaches, we will first describe the classical problem for estimating a Gaussian
graphical model and then introduce its regularization. Meanwhile, we recom-
mend ”Covariance selection” paper by A.P. Dempster [22] as a seminal work on
sparse estimation.

3.2 Penalized likelihood

This section will first derive the likelihood for the Gaussian graphical model
in a general case. It will then introduce the penalized minimization problem
under the sparsity assumption and describe the graphical lasso algorithm for its
solution.
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3.2.1 Likelihood for Gaussian graphical models

We consider a given data matrix X = (x1, . . . ,xN)T of N independent and
identically distributed samples from the p-variate Gaussian distribution, i.e. each
row vector xi = (Xi1, . . . , Xip) ∼ Np(0,Σ). For this data matrix, it is possible to
write the likelihood in terms of the precision matrix Ω = Σ−1. In order to do this,
we note that for any matrix A with det A 6= 0 it holds that det(A−1) = (det A)−1.
Then, for the Gaussian distribution, we have

P(xi) =
det(Ω)1/2

(2π)p/2
exp

(
−1

2
xiΩxTi

)
.

Therefore, by definition, the likelihood function for X is

L(Ω) =
N∏
i=1

det(Ω)1/2

(2π)p/2
exp

(
−1

2
xiΩxTi

)
=

det(Ω)N/2

(2π)pN/2
exp

(
−1

2

N∑
i=1

xiΩxTi

)
.

(3.1)

Denoting S =
1

N

∑N
i=1 xTi xi – the empirical covariance matrix, the expression

in the power of the exponent in Eq.(3.1) can be rewritten as −N
2

tr(SΩ). After
taking the logarithm of the likelihood function, dropping-off the 2π term (since
it does not depend on Ω) and rescaling the equation by N/2, we have

logL(Ω) =
N

2
log det Ω− pN

2
log 2π︸ ︷︷ ︸

no Ω

−1

2

N∑
i=1

xiΩxTi︸ ︷︷ ︸
tr(XΩXT )

⇒

N

2
log det Ω− 1

2
tr(XΩXT )︸ ︷︷ ︸

tr(XT XΩ)

⇒

N

2
log det Ω− N

2
tr

(
XTX

N
Ω

)
⇒

logL(Ω) = log det Ω− tr(SΩ) (3.2)

Note that log det Ω is defined on the space of symmetric matrices as

log det Ω =

{
−∑p

j=1 log ηj(Ω) if Ω � 0

+∞ otherwise

where ηj(Ω), j = 1 . . . p, are the eigenvalues of matrix Ω and we use � 0 to
denote a positive definite matrix.

The maximum likelihood (or log-likelihood) estimator therefore is defined as

Ω̂ = arg max
Ω�0

{log det Ω− tr(SΩ)} . (3.3)
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To evaluate the derivative of Eq.(3.2), we denote Mij – the minor associated with
ij-th matrix element, i.e., the determinant of the matrix obtained by removing
i-th row and j-th column, and Ω̃ = (Mij) – the p× p matrix of cofactors. Then
the derivative of the first term in Eq. (3.2) can be calculated as follows

(log det Ω)′ =
1

det Ω
(det Ω)′ =

1

det Ω

∂

∂Ωij

(
N∑
j=1

(−1)i+jΩijMij

)

=
1

det Ω

(
(−1)i+jMij

)
=

1

det Ω
Ω̃T =

by def
Ω−T

where Ω−T = (Ω−1)
T

.
In a similar fashion, we can find the derivative of the second term of the

log-likelihood function:

(tr(SΩ))′ =
by def

(∑
i, k

SikΩki

)′
=

∂

∂Ωij

(∑
i, k

SikΩki

)
= (Sji) = ST .

Thus, imposing the derivative of Eq.(3.2) equal to zero, we get the equation

Ω−T − ST = 0. (3.4)

Hence, we obtain the maximum likelihood estimate (MLE) Ω̂ = S−1.

Although the MLE is very effective since it converges to the true precision
matrix as sample size N tends to infinity, it loses its potency in high dimensions.
When the number of variables (i.e., nodes of the graph) p is comparable or even
greater than the number of samples N , the empirical covariance matrix S is or
is close to a rank deficient matrix. Therefore, MLE is either not numerically
stable (small changes in the covariance matrix introduce dramatic changes in
the precision matrix estimates) or does not exist at all. This fact means that it
is necessary to introduce some form of regularization.

Moreover, as explained above, to derive an interpretable estimator in the high-
dimensional setting, we usually assume that the true graph is sparse, i.e., it has
only a few significant edges, while all the others are zero. Therefore, the precision
matrix must be sparse. However, even when MLE exists, the estimated precision
matrix does not typically contain many zero elements. Thus, it is impossible
to identify the edge locations in an interpretable way. Such a problem occurs
because MLE estimates are close to the true elements of Ω with high probability,
but none of Ω̂ij is exactly zero – i.e., the estimators of the true zero elements of
the precision matrix can be very small, but most likely almost none of them will
be zeros.

Therefore, to learn the structure of a Gaussian graphical model in a high-
dimensional setting with a sparsity hypothesis, it is necessary to introduce a
sparsity constraint term into the likelihood function explicitly.
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3.2.2 Penalized likelihood

In high dimensions, sparsity assumption makes the problem mathematically
feasible. As said in the previous section, the sparsity requirement is motivated by
recovering the support of the precision matrix accurately, and it also enhances
the interpretability of a model – the fewer edges we have, the better we can
investigate the estimated connections and infer conclusions.

How can we control the sparsity, i.e., the number of edges or the number of
non-zero elements in the precision matrix? Let us consider the following l0-based
penalty

ρ0(Ω) =
∑
i 6=j

I[Ωij 6= 0] = 2|E|, (3.5)

which explicitly specifies how many edges are present in the graph G, with E
being its edge set. We could then modify the optimization problem in Eq.(3.3)
by pre-specifying the maximum allowed number of edges e:

Ω̂ = arg max
Ω�0,

ρ0(Ω)≤e

{log det Ω− tr(SΩ)} .

Unfortunately, such approach defines a non-convex constraint set formed as
the union over all possible subsets of e out of p edges whose numerical solution
can be challenging and for large p not practicable. For this reason, instead of
the penalty in Eq.(3.5), we can consider its convex relaxation by the following
l1-based penalty

ρ1(Ω) =
∑
i 6=j

|Ωij|. (3.6)

Note that Eq.(3.6) does not penalize the diagonal elements since they are not
expected to be zero. With such penalization term, we can write the minimization
problem in the Lagrangian form as

Ω̂GL = arg max
Ω�0

{
log det Ω− tr(SΩ)− λ

∑
i 6=j

|Ωij|
}
, (3.7)

where λ ≥ 0 is a regularization parameter controlling the sparsity – larger the λ,
less edges in the resulting graph. The graphical lasso is a well-know algorithm
for the solution of this problem and we will discuss it in the next section.

3.2.3 Graphical lasso

First, let us note that Eq.(3.7) is a convex problem. Hence, it is possible to
apply the block coordinate-descent algorithm to solve it. The block coordinate-
descent algorithm was introduced by Banerjee, El Ghaoui and d’Aspremont [4]
and was later refined by Friedman, Hastie and Tibshirani [29] who called such
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algorithm graphical lasso; other approaches are also suggested in [60, 72]. Here,
we present the algorithm described in [29]. We start by considering the pseudo-
gradient of the function to maximize, expressed by the following equation:

Ω−1 − S− λΨ = 0. (3.8)

The first two terms were derived in a similar fashion as in Eq.(3.4) for a non-
penalized maximum likelihood problem and are indeed classical gradient while
the third term, Ψ, is a p× p matrix with elements

Ψij =


0 if i = j

sgn(Ωij) if Ωij 6= 0

∈ [−1, 1] if Ωij = 0.

Denoting W ∈ Rp×p the current working version of Σ = Ω−1, we can parti-
tion all the matrices into one column versus the rest and rewrite Eq.(3.8). For
convenience, we pick the last column:(

W11 wT
12

w12 W22

)
−
(

S11 sT12

s12 S22

)
− λ

(
Ψ11 ψT

12

ψ12 Ψ22

)
= 0.

Here, W11, S11 and Ψ11 are (p− 1)× (p− 1) matrices, w12, s12 and ψ12 are row
vectors of dimension (p− 1) , and W22, S22 and Ψ22 are scalars.

If we now focus on the last row and last column and consider the definition
of Ψ, the upper right block of the equation can be written as

wT
12 − sT12 − λ sgn(ωT12) = 0. (3.9)

where ω12 is a row vector of dimension (p−1). We will return to this equality
later.

Now, since W is the inverse of Ω, the following is true:(
W11 wT

12

w12 W22

)(
Ω11 ωT12

ω12 Ω22

)
=

(
I 0

0 1

)
. (3.10)

Thus, we can derive wT
12 as

W11ω
T
12+wT

12Ω22 = 0

wT
12 =−W11ω

T
12/Ω22.

If we now define the vertical vector β12 = −ωT12/Ω22 of dimension (p − 1), the
previous equation becomes:

wT
12 = W11β12.

Now, considering that sgn(Ω22) = 1 since the matrix is symmetric positive def-
inite, we have that sgn(β12) = − sgn(ω12). Returning to Eq.(3.9), it can be
rewritten as

W11β12 − sT12 + λ sgn(β12) = 0. (3.11)
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Let us now consider the usual linear regression set up with the outcome vari-
ables y, predictor matrix Z and lasso penalty, i.e., the minimization problem

1

2N
(y − Zβ)(y − Zβ)T + λ‖|β||1 (see chapter 2 of [37]). Then its subgradient

equation is
1

N
ZZTβ − 1

N
Zy + λ sgn(β) = 0. (3.12)

When we compare the subgradient in Eq.(3.12) to the subgradient in Eq.(3.11)

we see the correspondence between
1

N
ZZT and W11, and

1

N
Zy and sT12. This fact

allows us to solve Eq.(3.11) by using the algorithm developed for lasso regression,
treating each variable as the response variable and the other p−1 variables as the
predictors. The graphical lasso algorithm consists of updating at each step the
matrix W by cyclically updating its columns with lasso regression algorithm. For
the sake of clarity, Algorithm 1 shows the pseudo-code of the entire procedure.

Algorithm 1 Graphical lasso

INITIALIZE W = S + λI

for j = 1 . . . p do
REPEAT UNTIL CONVERGENCE
1. Partition matrix W into part 1: all but the j-th row and column and
part 2: j-th row and column.
2. Solve W11β12 − sT12 + λ sgn(β12) = 0 by algorithm for lasso regression.
3. Update wT

12 = W11β̂12.
end for

In the final cycle (for each j) solve ω̂12 = −β̂T12Ω̂22, Ω̂22 = 1/(W22 −w12β̂12).

The last step of the algorithm comes from the definition of β12 = −ωT12/Ω22

and from the identity w12ω
T
12 +W22Ω22 = 1, obtained from the last row and last

column of Eq.(3.10). Note that the algorithm provides not only the estimate of
the support of precision matrix but also the estimate Ω̂ of Ω itself. This point
constitutes a relevant difference with the regression-based approach, introduced
in the next section.

For a more in-depth discussion of the graphical lasso estimator’s theoretical
properties, we suggest [34, 37]. In contrast, for more insights into the imple-
mentation of the graphical lasso, we refer to [76] and the documentation and
vignettes of the R packages glasso [31] and huge [39], the latter being an effi-
cient implementation in C++.

3.3 Regression-based approach

The graphical lasso is a global method since it estimates the full precision
matrix Ω and not only its support, which encodes the full graph structure. An
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alternative class of procedures, known as neighborhood or regression-based meth-
ods, are instead local. They are based on the observation that recovering a full
graph is equivalent to recovering each vertex’s neighborhood set. This kind of
methods concentrates only on recovering matrix support and not the full matrix.

The pairwise Markov property connects the conditional independence of vari-
ables and the adjacency matrix corresponding to the same graph G: there is no
edge between two nodes if and only if the corresponding variables are condition-
ally independent given the remaining ones. However, in the Gaussian setting,
the pairwise Markov property is equivalent to the local Markov property, which
states that any variable is conditionally independent of the rest given its neigh-
bors. This observation means that we can learn the entire graph if we learn the
neighborhood of each vertex, i.e., if we locate the non-zeros entries in the i-th
row/column of the precision matrix for all i. Hence, we can learn the connec-
tions of each vertex if we properly select the significant variables in the linear
regression model for Gaussian distributions as anticipated in Proposition 6.

3.3.1 Penalized regression estimation

Proposition 6 of Section 2.4 states that if x = (X1, . . . , Xp) ∼ Np(0,Σ) and
Σ−1 = Ω, V = {1, . . . , p}, then for each j = 1, . . . , p one has

Xj = −
∑
i:i 6=j

Ωij

Ωjj

Xi + εj where εj ∼ N (0,Ω−1
jj ) and εj ⊥ XV \{j}, (3.13)

where XV \{j} = (X1, . . . , Xi−1, Xi+1, . . . , Xp). Eq.(3.13) tells us that since the
conditional distribution of Xj given the remaining variables XV \{j} is still Gaus-
sian with known mean-covariance structure, we can regard −Ωij/Ωjj as the co-
efficients of a linear regression problem, where Xj is the response and XV \{j}
are the predictors. We can derive the regression-based estimation observing that
if we properly select variables into the linear regression model of Eq.(3.13), we
select the neighborhood of node j in the graph.

To this aim, let us define the matrix of regression coefficients Θ ∈ Rp×p such
that Θij = −Ωij/Ωjj for i 6= j and Θii = 0. We then rewrite Eq.(3.13) in the
following way:

Xj =
∑
i:i 6=j

ΘijXi + εj with εj ∼ N (0,Ω−1
jj ) and εj ⊥ XV \{j}. (3.14)

By construction, supp Θ = supp Ω. Thus, instead of estimating the support
of precision matrix, we move to the problem of regression coefficients matrix’s
support estimation.

If we introduce vector θj = (Θ1j, . . . ,Θi(j−1),Θi(j+1),Θpj) ∈ Rp−1, which rep-
resents the i-th row of Θ without the diagonal element, we can regard Eq.(3.14)
as a linear regression model in the unknown θj, where we regress each Xj over
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all the remaining variables XV \{j} and estimate the regression coefficients using
ordinary least squares

θ̂j = arg min
θ∈Rp−1

{
1

2n
||Xj −

∑
i 6=j

XV \{j}θi||2
}
.

We remember, however, our main sparsity assumption. Therefore, as in the
previous section, we introduce l1-penalty:

θ̂j = arg min
θ∈Rp−1

{
1

2n
||Xj −

∑
i 6=j

XV \{j}θi||2 + λ||θj||1
}

(3.15)

and again, achieve the lasso regression problem. If we solve problem in
Eq.(3.15) for j = 1 . . . p, we can obtain all columns of regression coefficient
matrix Θ̂. However, since the entries of Θ̂ are only proportional to the entries
of Ω, with this approach, we do not estimate the precision matrix, but only its
support by selecting the non-zero regression coefficients.

Now let us rewrite the problem in Eq.(3.15) for a data matrix X. To this
purpose, we denote X·j – the j-th column of data matrix and X·−j – data matrix
without the column j. Now, collecting the Eq. (3.15) over all p variables, we get
the following equation

Θ̂ = arg min
Θ∈Rp×p

diag=0

{
1

2n

p∑
j=1

||X.j −
∑
i 6=j

X.iΘij||2 + λ
∑
i 6=j

|Θij|
}

= arg min
Θ∈Rp×p

diag=0

{
1

2n
||X−XΘ||2F + λ

∑
i 6=j

|Θij|
}
, (3.16)

which was introduced by Meinshausen and Bühlmann in [51]. Since it is by con-
struction a sum of p independent regressions, we can split it into p minimization
subproblems on Rp−1 and solve them separately, as described in Algorithm 2.

Algorithm 2 Neighbourhood regression for graph estimation

for j = 1 . . . p do
1. Extract the column vector X.j and the submatrix X.−j.

2. Solve lasso problem θ̂j = arg min
θ∈Rp−1

{
1

2n
||X.j −

∑
i 6=j X.iθj||2 + λρ1(θj)

}
3. Return the neighbourhood estimate n̂e(j) = {i ∈ V \{j} : Θ̂ij 6= 0}

end for

To guarantee symmetry, construct the adjacency matrix: Âij = 1 if Θ̂ij 6= 0

AND/OR Θ̂ji 6= 0.

For the implementation of this algorithm, we suggest the R package huge [39].
For which concerns the theoretical properties we recommend [34] for a complete
overview.
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We observe that this method does not enforce any symmetry constraints on
Θ̂, i.e., Θ̂ij and Θ̂ji are not guaranteed to be zero or non-zero simultaneously.
Of course, this fact represents a drawback, since for an undirected graph G, if
node i is a neighbour of node j, then also the contrary must be true, i.e., node j
must be a neighbour of node i. Therefore, to construct the adjacency matrix of
the underlying graphical model G, one has to apply a post-processing rule on the
estimated Θ̂ matrix in order to restore symmetry. The most widely used ones
are those proposed by Meinshausen and Bühlmann in [51], namely AND or OR
rules which either put an edge between nodes i, j if both Θ̂ij 6= 0 and Θ̂ij 6= 0 or
if at least one of them is non-zero.

In the next section, we will discuss a proposal to avoid such post-processing,
which will incorporate the symmetry of matrix Θ̂ directly into the estimation
process.

3.3.2 Group penalization

For an undirected graph G, we do not distinguish between edges (i, j) and
(j, i), since we expect its adjacency matrix A to be symmetric. Since matrix
A is encoded by the support of the precision matrix Ω which we estimate by
the support of the regression coefficient matrix Θ, it is natural to assume that
latter has to be symmetric. However, as we have observed above, the solution
of penalized regression problem in Eq.(3.16) might not lead to estimates Θ̂ with
zero/non-zero elements located in symmetric positions to the diagonal, hence a
post-processing rule has to be applied to symmetrize the support. In order to
avoid such additional step and, above all, to exploit the symmetry information in
the learning process of the matrix itself, authors Friedman, Hastie and Tibshirani
proposed in [30] the following minimization problem:

Θ̂ = arg min
Θ∈Rp×p

diag=0

{
1

2n

p∑
j=1

||X.j −
∑
i 6=j

ΘijX.i||2 +

√
2λ
∑
i<j

√
Θ2
ij + Θ2

ji

}
= arg min

Θ∈Rp×p

diag=0

F (Θ).

(3.17)

In the minimization problem in Eq.(3.17) a group lasso penalty is used instead
of the simple lasso penalty of Eq.(3.16). By a ”group” here we mean the two
regression coefficients (Θij,Θji) referring to a couple of variables i, j. The pro-
posed group lasso penalty obtains selection at group level instead of coefficients
level, hence either a whole group is zero (meaning that both (Θij,Θji) = 0) or
all of it is not zero (meaning that both (Θij,Θji) 6= 0). Factor

√
2 in Eq.(3.17)

accounts for the size of the group as usually done in the setting of the group
lasso penalty.

Note that when the group of variables is not zero, its elements do not neces-
sarily coincide. Indeed, they are almost certainly different – the penalty imposes
the symmetry only on the support of Θ̂ and not on its elements.
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The minimization problem in Eq.(3.17) is convex, but it can not be split into
p independent subproblems as we have done for the minimization problem of
Eq.(3.16). Hence, we need a specific algorithm to solve it. In particular, we can
adopt the algorithm proposed in [20], which was inspired by the group descent
approach of Breheny and Huang [12]. This algorithm is iterative, and its main
idea is to update one group at a time considering the rest of the groups fixed to
their current values. Let us analyze in detail how one group is updated.

To this aim we compute the gradient of F (Θ), defined in Eq.(3.17), with

respect to the group (Θij,Θji). When
√

Θ2
ij + Θ2

ji 6= 0, the gradient is equal to

∇ijF = − 1

n

(
X.i

T (X.j −XΘ.j)

X.j
T (X.i −XΘ.i)

)
+

√
2λ√

Θ2
ij + Θ2

ji

(
Θij

Θji

)
,

and when
√

Θ2
ij + Θ2

ji = 0, the gradient is equal to

∇ijF = − 1

n

(
X.i

T (X.j −XΘ.j)

X.j
T (X.i −XΘ.i)

)
+
√

2λ

(
v1

v2

)
,

where (v1, v2)T is any vector with the norm less or equal to 1.
Now define vector z = (zij, zji)

T with entries

zij =− 1

n
XT
.i

(
X.j −

∑
m 6=i, j

X.mΘmj

)

zji =− 1

n
XT
.j

(
X.i −

∑
m 6=i, j

X.mΘmi

)
.

(3.18)

Then, following [12], we have that the multivariate soft thresholding operator
is the minimizer of function F (Θ) with respect to the variables (Θij,Θji), i.e.(

Θ̂ij

Θ̂ji

)
=

(
1−
√

2λ

||z||

)
+

z, (3.19)

where the soft-thresholding operator (·)+ is defined as

(
1−
√

2λ

||z||

)
+

z =


(

1−
√

2λ

||z||

)
· z if ||z|| >

√
2λ

0 · z if ||z|| ≤
√

2λ

(3.20)

Summarizing, we update group (Θij,Θji) first by evaluating vector z in Eq.(3.18)
with the current value of all the other groups, second by applying the soft-
thresholding operator to z in Eq.(3.19). We cycle over all groups i > j and
repeat these steps until we reach convergence. To establish convergence, we re-
quire that either the norm of the difference between the current matrix Θ̂ and the
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one calculated at the previous iteration step is smaller than some user-provided
threshold or that the maximum number of iterations is reached.

Minimization problem in Eq.(3.17) and algorithm described for its solution
are key ingredients of my future discussion. In fact, in the next section, I will
describe the problem of Gaussian graphical model estimation in the multiple
datasets framework, and after that, in Chapter 4, I will present a new method
for solving such a problem. That method represents the main result of my thesis
and can be seen as an extension of the method described in Eq.(3.17) to the case
of K datasets.

3.4 Multiple datasets framework

In the previous sections, we dealt with the problem of inferring a graph G
from a data matrix X. In this section, instead, we aim to infer that graph from
several data matrices. Our interest is motivated by the fact that nowadays it
is becoming widespread to collect several datasets X(1), . . . ,X(K) from different
sources or categories (groups) or experimental classes. If these datasets share
the same (or at least mostly the same) variables, it is then natural to assume
that they also share the same conditional dependency structure. For example,
we can collect gene expression data from several studies on a particular disease.
The studies might differ on the used high-throughput platforms or might be
carried out in different laboratories. Nevertheless, the underlying gene regulation
mechanism that we want to investigate is the same. Hence, we can analyze all
the data simultaneously. Therefore, we have to consider methods ad-hoc for such
a framework.

In this subsection, I will first describe the multiple datasets problem, and
explain the need to use ad hoc methods to deal with it. Then, I will provide
an overview of the joint estimation methods available in the literature (see also
Appendix A for a summary). The presentation of the novel joint estimation
method, jewel, developed in this thesis, is provided later in Chapter 4.

3.4.1 Problem settings

Suppose that we are given K ≥ 2 datasets X(1),X(2), . . . ,X(K). The k-th
dataset is a nk×pk matrix which contains nk observations (x

(k)
1 , . . . ,x

(k)
nk )T where

each x
(k)
i = (X

(k)
i1 , . . . , X

(k)
ipk

) is a pk-dimensional row vector.

X(k) =


x

(k)
1
...

x
(k)
nk

 =


X

(k)
11 . . . X

(k)
1pk

...
. . .

...

X
(k)
nk1 . . . X

(k)
nkpk

 , k = 1 . . . K.
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As in previous sections, we assume that the datasets come from centered mul-
tivariate Gaussian distributions. However, since we suppose that data comes
from different sources, we encode such a difference in terms of covariance matri-
ces. More specifically, we assume that observations in each class (x

(k)
1 , . . . ,x

(k)
nk )T

are independent and identically distributed samples from a pk-variate Gaussian
distribution with zero mean and covariance matrix Σ(k). We denote the true
precision matrix for the k-th class as Ω(k) =

(
Σ(k)

)−1
, k = 1 . . . K.

Our second assumption is that majority of the variables {X1, . . . , Xpk} are in
common in all or most of the datasets and that they share a common dependency
structure across the datasets. More specifically, we assume that each distribution
Np(0,Σ(k)) is associated with a graphical model G(k), encoded by the support of
its precision matrix, and that these G(k), k = 1 . . . K, share common characteris-
tic specified by the application context. Hence, the aim is to recover the shared
underlying graphical model G using all the available information sources.

The easiest and most natural way to deal with such a problem is concatenation.
This approach simply combines the data matrices X(1),X(2), . . . ,X(K) to form a
one long matrix Xlong of the size

∑
K nk × p. Then it applies any of the graph

estimation methods for one dataset, described in the previous sections. Figure
3.2 illustrates the concatenation approach.

However, the first drawback is that it is only applicable when pk = p ∀k,
i.e., when all the variables are the same. Moreover, under the assumption of
different covariance matrices for each set, this approach performs poorly since
it destroys the correlation heterogeneity when merging the datasets (as we will
also demonstrate in simulation in Chapter 5).

Figure 3.2: Concatenation approach for analysing several datasets: combine all
of them in a long matrix and apply method for one dataset.

Another naive approach is voting. With this approach, we would analyze
each dataset separately, get K graph estimates, and then combine the results
in a consensus graph. Figure 3.3 illustrates this idea. For example, we can
put an edge in the final graph if it is present in at least m out of K estimated
networks, where usually m = dK/2e. Unfortunately, this approach still does not
fully exploit the shared structure of the datasets’ underlying graph. Moreover,
individually estimated graphs might not be accurate when the sample size is
small, introducing an error to the final result.

By contrast, a third possible approach is to jointly estimate the underlying
graphs, taking advantage of multiple datasets, exploiting all available informa-
tion, and producing results that consider similarities and difference among the
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Figure 3.3: Voting approach for analyzing several datasets: estimate the graphs
from each dataset independently and then combine the individual estimates into
a consensus result.

classes. With the joint approach, all the datasets are analyzed simultaneously
requiring both goodness of fit and enforcing the graph structure. Figure 3.4 il-
lustrates this idea. Joint strategy requires the development of ad hoc methods.
We prove in Chapter 5 that the joint approach provides a significant advantage
in performance to naive approaches.

Figure 3.4: When datasets with (mostly) the same variables come from different
sources and/or are collected in distinct classes or groups, how can we infer the
underline conditional dependency graph?

Since this thesis aims to present a new joint estimation method for Gaussian
graphical models in the multiple datasets framework, it is worth to present what
has already been developed in the literature. Hence, in the following subsection,
we review some of the recent approaches in this framework.

3.4.2 Joint estimation methods in literature

In this subsection, we will review methods for joint estimation available in the
literature. Details for each method can be found in Appendix A while in this
subsection, we will focus on their main ideas.
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The first two methods can be considered an extension of the penalized likeli-
hood estimation for the case K = 1 presented in Eq.(3.7) to the case K ≥ 2. In
particular, if we consider the minimization of the negative log-likelihood instead
of the maximization of the log-likelihood (to achieve consistent notation with
articles in review) and then rewrite the problem in Eq.(3.7) for more than one
dataset, we get the following :

(Ω̂(1), . . . , Ω̂(K)) = arg min
Ω(1)�0

...
Ω(K)�0

{
K∑
k=1

(
tr(S(k)Ω(k))− log det Ω(k)

)
(3.21)

+ P
(
Ω(1), . . . ,Ω(K)

)}

where S(k), k = 1 . . . K, are the empirical covariance matrices of each class and
P
(
Ω(1), . . . ,Ω(K)

)
is the penalty. As we can see, the extension of the likelihood

term is relatively straightforward: in the multiple dataset framework, we add
a sum over K to account for all K classes. In this way, we require that all K
datasets contribute to the multitask learning. However, the penalty extension is
not straightforward since it should enforce sparsity and some similarity among
the structure classes. The penalty specification will make the difference between
the methods.

Guo et al. proposal
Guo et al. [36] proposed to reparametrize each off-diagonal element of the

precision matrix Ω(k) as Ω
(k)
ij = βijγ

(k)
ij , k = 1 . . . K. For a pair of variables i, j

such decomposition treats (Ω
(1)
ij ,Ω

(1)
ji , . . . ,Ω

(K)
ij ,Ω

(K)
ji ) as a group. The group’s

common factor βij ≥ 0 controls the presence of an edge between nodes i and j in

all of the classes and γ
(k)
ij reflects the differences among classes. This parametriza-

tion is useful if one aims to infer a common network while preserving some class
specific structure. With this decomposition, authors of [36] rewrote the problem

in Eq.(3.21) in terms of matrices B = (βij)p×p and Γ(k) = (γ
(k)
ij )p×p instead of

Ω(k). Specifically, they introduced the following minimization problem:

min
B,Γ(1), ...,Γ(K)

{
K∑
k=1

(
tr(S(k)Ω(k))− log det Ω(k)

)
+ λ1

∑
i 6=j

βij + λ2

∑
i 6=j

K∑
k=1

|γ(k)
ij |
}
. (3.22)

Here, the first regularization parameter λ1 controls the sparsity of the common
factors. If βij is shrunk to zero by the first penalty, there will be no link between
variables i, j in any of the K graphs. However, βij 6= 0 does not guarantee the
presence of the edge (i, j) in all of the graphs since the second penalty with

parameter λ2 can still force γ
(k)
ij = 0.
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Authors reformulated the problem in Eq.(3.22) in a more convenient form
for computational purposes, which resulted in a problem of the type given in
Eq.(3.21) with the following hierarchical penalty:

P
(
Ω(1), . . . ,Ω(K)

)
= λ

p∑
i 6=j

√√√√ K∑
k=1

|Ω(k)
ij |, with λ = 2

√
λ1λ2. (3.23)

Although this formulation does not allow direct control over the class specific
networks as in Eq.(3.22), the supports of resulting estimates Ω̂(1), . . . , Ω̂(K) still
might be different. Thus, this second formulation still allows to incorporate
the difference in the resulting estimates of the graphical models, just not as
straightforwardly as presented in Eq.(3.22). For this reason, in Chapter 5 when
applying Guo et al. proposal for comparison purposes, we will construct its
resulting adjacency matrix as ÂGuo = ∪k supp Ω̂(k).

Note that minimization problem in Eq.(3.23) is not convex. For its solution,
the authors used an iterative approach, based on local linear approximation [81].
They also proved the consistency and sparistency properties of the estimator.

Joint graphical lasso (JGL)
The proposal of Guo et al. was the precursor of the joint graphical lasso,

JGL, by Danaher, Wang and Witten [19], as the authors claimed themselves. In
fact, in [19] the authors proposed to solve the minimization problem given in Eq.
(3.21) with fused graphical lasso or group graphical lasso penalty, resembling the
proposal of Guo et al. Here, we concentrate on the group graphical lasso penalty
which has the following form:

P
(
Ω̂(1), . . . , Ω̂(K)

)
= λ1

K∑
k=1

∑
i 6=j

|Ω(k)
ij |+ λ2

∑
i 6=j

√√√√ K∑
k=1

Ω
(k)
ij

2
. (3.24)

The penalty comprises two terms with two independent regularization param-
eters (similarly to the idea of Guo et al.), forcing a common structure across
classes while still allowing for some differences between them. The first term
with parameter λ1 is an extension of lasso penalty to the case of K datasets. It
encourages sparsity within each Ω̂(k) independently of each other. The second
term with λ2 parameter encourages a similar sparsity pattern across all precision
matrices. In particular, when λ1 = 0 and λ2 > 0, pattern of non-zero elements
will be identical across all matrices. We will use such settings in methods’ com-
parison in Chapter 5.

The minimization problem given in Eq.(3.21) with penalty given in Eq.(3.24)
is convex and its implementation is given in the R package JGL [18]. The au-
thors claimed to use ADMM, the alternating directions method of multipliers
algorithm, described in [11] for its solution. Moreover, the authors adopted a
smart procedure that takes advantage of the separability in covariance matrices
with diagonal block structure. The authors stated two theorems on the empiri-
cal covariance matrices S(k), which determine whether it is possible to permute
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the variables to achieve disconnected blocks in matrices and then apply JGL to
each block separately. In practice, the algorithm first seeks to identify the inde-
pendent connected components of G and then, for each component, it estimates
the corresponding subgraph as a smaller dimension minimization problem. This
strategy leads to a great decrease in running time when such a diagonal block
structure is present in the input data matrices.

Joint structural estimation method (JSEM)
The joint structural estimation method (JSEM) proposed by J. Ma and G.

Michailidis in [48] is different from the previous approaches. First of all, it
assumes that there exists prior information on how the K networks are struc-
turally related; secondly, JSEM is a two-step procedure with each step being a
constrained minimization problem. In particular, in the first step, JSEM infers
the sparse network Ĝ(k) by incorporating the prior knowledge on these networks
through a group lasso regression-based approach. In the second step, JSEM max-
imizes the Gaussian log-likelihood subject to the edge set constraints obtained
from the previous step. Specifically, let the prior knowledge on the structural
similarity between networks be encoded by a group structure G = ∪pi<jGij. Each
Gij is a partition of the set {1, . . . , K} and consists of prior knowledge on the
structural similarity for the (i, j)-th pair across classes. For a group g ∈ Gij, we

denote vector θ
[g]
ij = (Θ

(k)
ij ,Θ

(k)
ji )k∈g – the restriction of vector (Θ

(k)
ij )k=1,..,K to the

group g. With such notations, the first step of JSEM consists of the following
group lasso regression-based approach

min

 1

n

K∑
k=1

||X(k)
.j −X

(k)
.−jΘ

(k)
j. ||2 + 2

∑
i 6=j

∑
g∈Gij

λ
[g]
ij ||θ[g]

ij ||

 . (3.25)

Authors in [48] proposed to solve problem in Eq.(3.25) by the coordinate descent

algorithm and to obtain Ê(k) =
{

(i, j) : Θ
(k)
ij 6= 0

}
. Then, in the second step,

the authors used these sets Ê(k), k = 1 . . . K, as a constraint for the maximum
likelihood problem for each k:

min
Ω(k)�0

Ω
(k)
ij = 0∀(i,j)/∈Ê(k)

{
tr(S(k)Ω(k))− log det Ω(k)

}
.

As it is, JSEM is a combination of the regression-based and maximum like-
lihood approaches, and when prior knowledge is available, it can be beneficial.
Authors in [48] also proved the JSEM method’s consistency results.

For those interested in another example of a joint estimation method that
allows incorporating prior information, we also refer to [80], with brief details
provided in Appendix A.

Other approaches
There are plenty of other literature proposals, some of them are summarized

in Appendix A. Here we will mention only some interesting points. We will start
by with method inspired by gene networks.

36



Graphical models inference

Let us assume that the datasets X(1), . . . , X(K) contain observations of mostly
the same genes coming from different experimental sources. These sources can be
of two types (mainly but not only) – same measurements of the same genes but
under different conditions or different measurements for the same genes under the
same conditions. An example of the first approach could be measuring the gene
expressions on different equipment, at different times, or for different disease
subtypes. An example of the second approach would be in the multi-omics
context when we measure, say, gene expression or methylation levels or genotype
for the same set of genes. What happens if we want to explore both possibilities?
For this purpose, authors of [74] developed JEGN – joint estimation of gene
networks – to infer gene networks across multiple subpopulations and data types.

Let us consider K data types and L subpopulations (different subtypes of
disease) with KL datasets X(1, 1), . . . ,X(1, L), . . . ,X(K, 1), . . . ,X(K,L). As before,
we assume that each dataset contains nkl = nl ∀k observations which are in-
dependent and identically distributed with zero mean and covariance matrix
Σ(k, l). Now, one would expect that different subpopulations share certain com-
mon edges, while some edges are unique to subpopulation, although consistent
throughout the data types. Therefore, authors proposed to decompose the pre-
cision matrices into common and subpopulation-unique components Ω(k, l) =
R(k) + M(k, l) and introduced the following minimization problem:

min
Ω(1)�0

...
Ω(K)�0

{
K∑
k=1

L∑
l=1

nl

(
tr(S(k, l)Ω(k, l))− log det Ω(k, l)

)

+ λ1λ2L
∑
i 6=j

√√√√ K∑
k=1

R
(k)
ij

2
+ λ1(1− λ2)

L∑
l=1

∑
i 6=j

√√√√ K∑
k=1

M
(k, l)
ij

2

}
.

Both penalty terms are group lasso, with the first one enforcing the same
sparsity pattern across subpopulations and the second one encouraging the same
subpopulation-unique structure for all data types. Regularization parameter λ1

controls the degree of sparsity, while λ2 reflects the difference between common
and subpopulation specific components. The problem is solved with the ADMM
method of [11]. We note here that authors also proposed the extension of JEGN
to fit nonparanormal data which could be interesting to explore. Method is
implemented in R package JEGN [73].

Among the other examples of joint estimation methods, explicitly developed
for gene networks, we suggest NETI2 [65], which reconstructs the underlying
graph for heterogeneous samples from different cancer subtypes and FSSEM
[79], which integrates gene expression and genetic perturbation data.

There is one more interesting point which can be mentioned. While in the
methods described above, we assumed that edges are (mostly) the same across
all the networks, one can instead make this assumption about the connectivity
patterns, i.e., search for a path between nodes through a specific vertex rather
than for direct links. For example, in [53] the authors propose two methods. The
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first method is co-hub node joint graphical lasso (CNJGL) and it is based on the
assumption that the same nodes serve as hubs in each of the K networks. The
second method, perturbed-node joint graphical lasso (PNJGL), assumes that the
differences in the networks are due to the particular nodes that are perturbed
across the classes. To define penalties for those methods, authors proposed a
novel row-column overlap norm, which can be of interest. As for JGL [19], the
problem is solved via the ADMM algorithm of [11], and conditions for the block-
diagonal partition of the solution are derived.

In the next chapter, I will discuss the main result of the thesis – jewel, a novel
method for the joint estimation of graphical models.
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Chapter 4

jewel : joint node-wise estimation
of multiple Gaussian graphical mod-
els

In this chapter, I will present jewel, a novel method for joint node-wise estima-
tion of multiple Gaussian graphical models. This chapter constitutes the main
contribution of my thesis.

The idea of jewel is inspired by the Meinshausen and Bühlmann method [51]
for estimating a Gaussian graphical model from one dataset X. To extend this
approach to the case of multiple datasets, X(1), . . . ,X(K), I combined the multi-
task learning framework with a suitable group lasso penalty. After defining the
problem settings, I will describe the minimization problem where the extension
of standard approach to the multiple datasets setting allows for a joint analy-
sis of the data by guaranteeing the goodness of fit. The group lasso penalty
is the other key ingredient for the proposed procedure. It will enable both the
resulting adjacency matrix’s symmetry and enforce the common structure across
datasets to emerge. In this chapter, I will also provide a numerical algorithm to
solve the minimization problem using the group descent algorithm and establish
the estimator’s consistency property. Finally, I will discuss how to estimate the
regularization parameter from the data using cross-validation and the Bayesian
information criterion.

4.1 Problem settings

Assume we have K ≥ 2 datasets, X(1),X(2), . . . ,X(K), each of them drawn
from different Gaussian distribution N (0,Σ(k)), and we want to estimate their
underlying Gaussian graphical model under the assumption that K distributions
share the same conditional dependency structure represented with the graph G
(Fig. 4.1 illustrates the main context). As mentioned in Chapter 3, the K
datasets might represent different classes, categories, or data collected under
slightly different conditions.

More specifically, for k = 1 . . . K, the k-th dataset X(k) is a nk × pk data



jewel: joint node-wise estimation of multiple Gaussian graphical models

Figure 4.1: Given K datasets, drawn from different Gaussian distribution
N (0,Σ(k)), but sharing the same conditional dependency structure G, how can
one estimate G?

matrix which contains nk observations (x
(k)
1 , . . . ,x

(k)
nk )T of pk variables, so that

each x
(k)
i = (x

(k)
i1 , . . . , x

(k)
ipk

) is a pk-dimensional row vector. We assume that

observations (x
(k)
1 , . . . ,x

(k)
nk )T are independent and identically distributed samples

from a pk-variate Gaussian distribution with zero mean and covariance matrix
Σ(k). We denote Ω(k) = (Σ(k))−1 the true precision matrix for k-th class.

Moreover, we also assume that majority of the variables {X1, . . . , Xpk}, k =
1 . . . K, are in common in all or most of the datasets. In other words, although
we allow some variables to be present only in some data classes, we assume that
we are mostly observing the same group of variables under different conditions
or groups. This assumption serves to model real situations where the variables
might not be exactly the same in the k conditions because some of them can
be missing variables in particular conditions due to equipment failures or other
technological reasons. For example, if we assume to measure genome-wide gene
expressions in a disease/condition of interest and collect datasets from different
studies, it is expected that few genes might not be observed in one study but
are available in others, since their quantification depends on the type of platform
used. Nevertheless, the cellular regulatory mechanisms are the same, and we
want to investigate them.

Under these assumptions, we have that every distribution N (0,Σ(k)) is as-
sociated with a graphical model Gk = (Vk, Ek), where Vk = {X1, . . . , Xpk} and

Ek ⊆ Vk × Vk, i.e. (i, j) /∈ Ek ⇔ X
(k)
i ⊥⊥ X

(k)
j |X(k)

{l, l 6=i, j}. Observe that, since we

are in the Gaussian case, Ek ≡ supp(Σ(k)−1
).

Our main assumption is that there exists a common graph G = (V,E) with
V = V1 ∪ · · · ∪ VK and E ⊆ V × V such that the following hypothesis is true:

Hypothesis. ∀ i < j ∈ V1 ∪ · · · ∪ VK it is true that (i, j) ∈ Ek ∀k : (i, j) ∈ Vk or
(i, j) /∈ Ek ∀k : (i, j) ∈ Vk, meaning that for any pair of vertices the edge between
them either exists in all graphs where these vertices occur or does not exist in
any graphs where they occur.

Going back to the gene expression example, what does this hypothesis mean?
That for a pair of variables {i, j} their connecting edge is either present or ab-
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sent in all distributions containing such pair. In other words, any two genes are
either conditionally independent or conditionally dependent in all of the con-
ditions where they have been measured. Nevertheless, the covariance matrices
Σ(k) might be different across the datasets since the gene regulation might be
slightly differently tuned in the different conditions. This situation can occur, for
example, when we are observing different stages of a given disease or its subtypes.

Since we showed that inferring a Gaussian graphical model is equivalent to es-
timating the support of the precision matrix (Theorem 2), estimating the graph
G translates into the problem of simultaneously inferring the support of all pre-
cision matrices Ω(k). Then the support of the precision matrix is equivalent to
the adjacency matrix associated with the graph G.

4.2 The jewel method

First, we recall the regression based method described in Chapter 3 for a single
data matrix. For any fixed k, k = 1 . . . K, we defined Θ(k) ∈ Rpk×pk , with entries
Θ

(k)
ij = −Ω

(k)
ij /Ω

(k)
ii and Θ

(k)
ii = 0. By construction supp Θ(k) = supp Ω(k). Thus,

we estimate the support of precision matrix for each individual matrix X(k) via
regression approach by solving the following minimization problem

Θ̂(k) = arg min
Θ∈Rpk×pk

diag=0

{
1

2nk
||X(k) −X(k)Θ||2F +

λ
√

2
∑
i 6=j

√
(Θij)

2 + (Θji)
2

}
,

(4.1)

where λ is a regularization (tuning) parameter. Eq.(4.1) results in a sparse
estimate of Θ̂(k) which leads us to a symmetric adjacency matrix (i.e., the support
of Ω(k)). Note that although the estimate Θ̂(k) is not a symmetric matrix, its

support is symmetric by construction since the group penalty
√

(Θij)
2 + (Θji)

2

guarantees that coefficients associated the group of variables (i, j) and (j, i) are
either both zero or different from zero.

We aim to construct a joint estimation method that fully exploits the informa-
tion of having K datasets. Therefore, we recast the regression-based approach in
the framework of multitask learning, and we propose to find the estimated graph
from the matrices Θ(k) that better fit the corresponding datasets, imposing a
group lasso penalty to achieve sparsity and symmetry of the common support
across the datasets. In practice,

- Each Θ(k) should optimize the regression problem associated to the corre-
sponding dataset X(k);

- The elements of Θ(k) associated with the pair of variables (i, j) should be
either zero or different from zero in all the Θ(k) containing such pair (i.e.

Θ̂
(k)
ij 6= 0 for all k : (i, j) ∈ Vk or Θ̂

(k)
ij = 0 for all k : (i, j) ∈ Vk);
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- If the elements associated with the pair (i, j) are equal to zero, then the
element associated with the pair (j, i) must be zero to guarantee symmetry.

With these constrains in mind, we propose the jewel method, defined by the
following joint minimization problem for estimating Θ̂(1), . . . , Θ̂(K):

(Θ̂(1), . . . , Θ̂(K)) = arg min
Θ(1)∈Rp1×p1

...
Θ(K)∈RpK×pK ,

diag=0

{
1

2

K∑
k=1

1

nk
||X(k) −X(k)Θ(k)||2F︸ ︷︷ ︸

multitask goodness of fit

+

λ

p∑
i<j=1

√
gij

√√√√ ∑
k:{Xi,Xj}⊆Vk

(
Θ

(k)
ij

)2

+
(

Θ
(k)
ji

)2

︸ ︷︷ ︸
joint penalty

} (4.2)

with gij being the cardinality of the group associated to the pair {(i, j}, i.e.,
gij = 2|{k : i, j ∈ Vk}|, and λ – the regularization parameter, controlling the
sparsity of the resulting graph.

The joint penalty in Eq.(4.2) enforces the same structure across all datasets,
i.e., ensures the fulfillment of the previously stated assumption that for any
pair of variables, the edge between them either exists in all graphs where these
vertices occur or does not exist in any. It also guarantees symmetry in each class
by penalizing simultaneously Θ

(k)
ij and Θ

(k)
ji elements. As was discussed before,

this request is natural considering the underlying graph’s structure, but it is
rarely met in the methods proposed in the literature, especially those for joint
estimation.

Although the minimization problem of Eq.(4.2) can be written and solved
when the number of variables pk is different in each data set (which can occur
in some applications), the notations and the formulas simplify a lot when we
assume that all variables in the K datasets coincide (i.e., there are no missing
variables) – pk = p, Vk = V . Hence, from now on, we assume the same number
of variables in each dataset, and we denote G = (V,E) the Gaussian graphical
model associated with each and all the datasets. In this case, by assumption,
all pairs of vertices are present in all graphs, and the cardinality of each group
associated with the pair {i, j} is equal to gij = 2K.

We use the following notations trough the rest of the chapter:

- λ stands for
√

2Kλ;

- θ =
(

Θ
(1)
21 , . . . ,Θ

(1)
p1 , . . . ,Θ

(K)
1p , . . . ,Θ

(K)
(p−1)p

)T
, dim(θ) = p(p − 1)K × 1, is

the vector of the unknown coefficients;

- θ[ij] = (Θ
(1)
ij ,Θ

(1)
ji , ...,Θ

(K)
ij ,Θ

(K)
ji ) is the restriction of vector θ to the vari-

ables belonging to the group associated to the pair {i, j}, hence it has
length gij = 2K;
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- X
(k)
.i is the i-th column of matrix X(k) and X

(k)
.−i is the submatrix of X(k)

without the i-th column;

- y =
(
X

(1)
.1

T
, . . . , X

(1)
.p

T
, . . . , X

(K)
.1

T
, . . . , X

(K)
.p

T
)T

, is the vector concatenat-

ing the columns of all data matrices, dim(y) = Np× 1, N =
∑K

k=1 nk;

-

X =




X

(1)
.−1 0 . . . 0

0 X
(1)
.−2 . . . 0

...
. . .

0 . . . X
(1)
.−p


. . . 

X
(K)
.−1 0 . . . 0

0 X
(K)
.−2 . . . 0

...
. . .

0 . . . X
(K)
.−p




is the block-diagonal matrix made up by the block diagonal matrices X

(k)
.−j,

k = 1 . . . K, j = 1 . . . p, dim(X) = Np× p(p− 1)K;

- D = blkdiag

(
1√
nk

Inkp

)
k=1...K

, dim(D) = Np×Np;

- ||u||2 = ||u|| for all vector u;

- ||u||2D2 = uTD2u = ||Du||22 for all u ∈ RNp.

With these notations, we can rewrite minimization problem of Eq.(4.2) as
follows

θ̂ = arg min
θ∈Rp(p−1)K

{
1

2
||y −Xθ||2D + λ

p∑
i<j=1

||θ[ij]||︸ ︷︷ ︸
F (θ)

}
. (4.3)

Finally, given the estimated vector θ̂, we can construct the set of edges Ê
setting an edge between variables i and j if θ̂[ij] 6= 0, i.e., if the entries in θ̂
corresponding to the group associated to the pair {i, j} are different from zero.
We stress here that the aim of jewel method is not to estimate the precision
matrices Ω(k) but to reconstruct their support. Indeed, matrices Θ(k) are only
a rescaled version of precision matrices with unknown rescaling factor but with
the same zero pattern.
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4.3 Numerical algorithm

The algorithm for fitting group lasso problems was originally proposed by
Yuan and Lin in [71]. The idea is the same as for coordinate descent algorithms
but instead of updating individual coordinates we modify the whole group of
variables – therefore, we refer to it as group descent algorithm. As does the
algorithm for the extension of group lasso models to the case of logistic regression
by Meier, van de Geer and Bühlmann [50], group descent algorithm requires the
orthonormality of the groups. This condition was further explored by Simon and
Tibshirani [61] and Breheny and Huang [12], on whose results we base our our
findings.

Let us start by noticing that function F (θ) in Eq.(4.3) is convex and separable
in terms of the groups. Moreover, we note that matrix X satisfies the orthogonal
group hypothesis. This fact means that the restriction of the matrix X to the
columns of each group is orthogonal – in fact, X·[ij] is orthogonal by construction.
Therefore, for a given tuning parameter λ, we can solve the minimization problem
by applying the above mentioned iterative group descent algorithm proposed in
[12]. The idea is to update each group (pair of variables {i, j} and {j, i} across
all the classes), maintaining the rest of the groups frozen to their current values,
then cycling for all {i, j} pairs, and repeat until convergence. Let us describe
the algorithm in detail.

Given a starting value for vector θ, the jewel algorithm updates the group of
variables {i, j} minimizing function F (θ) for that group and considering the rest
of the variables fixed to their current value. Let us fix the group, i.e., the pair
{i, j} (and {j, i}) and compute the gradient of F (θ) with respect to the variables
θ[ij]. The subgradient is a vector of gij = 2K components defined as follows

∂

∂θ[ij]

=

 −
[
XTD2(y −Xθ)

]
[ij]

+ λ
θ[ij]

||θ[ij]||
if ||θ[ij]|| 6= 0

−
[
XTD2(y −Xθ)

]
[ij]

+ λv if ||θ[ij]|| = 0

where v ∈ R2K is any vector with ||v|| ≤ 1.

From the subgradient we define vector z = (z
(1)
ij , z

(1)
ji , . . . , z

(K)
ij , z

(K)
ji )T ∈ R2K

with entries

z
(k)
ij =

1

nk
X

(k)
.i

T

(
X

(k)
.j −

∑
m 6=i, j

X(k)
.m Θ

(k)
mj

)

z
(k)
ji =

1

nk
X

(k)
.j

T

(
X

(k)
.i −

∑
m 6=i, j

X(k)
.m Θ

(k)
mi

) (4.4)

Vector z depends on the observed data and the current values of θ. We use it
to update regression coefficients by the multivariate soft thresholding operator
(see Eq.(3.20)), since it is known from [12] that it is the minimizer of function
F (θ) with respect to the variables θ[ij]:
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Θ̂
(1)
ij

Θ̂
(1)
ji
...

Θ̂
(K)
ij

Θ̂
(K)
ji


=

(
1− λ

||z||

)
+

z. (4.5)

The soft thresholding operator (·)+ acts on vector z by putting it to zero if
its norm is less than regularization parameter λ. In that case, all the regression
coefficients of the group associated with the pair {i, j} are zeroed too, θ[ij] = 0.
On the other hand, if ||z|| ≥ λ, then vector z is shrunk towards zero and θ[ij] is
updated (see also Algorithm 3).

The update procedure of Eq.(4.4)-(4.5) is repeated cyclically over all the
groups with i < j until convergence is achieved. When we proceed in the cycles,
we use the latest updated estimate of θ each time we move to the next group of
variables.

Convergence is achieved if either
∑

k

∣∣Θ(k, t+1) −Θ(k, t)
∣∣ /∑k

∣∣Θ(k, t)
∣∣ < tol,

where t represents iteration index and tol is some user-provided threshold, or
if the maximum number of iterations tmax is reached. In Chapter 5 we will
investigate the impact of the tol stopping criterion on the results. At the end of
the iterative procedure, for the pair {i, j} the final estimate θ̂[ij] can be either
zero – absence of edge – or different from zero – presence of the edge between
variables {i, j} in V .

The algorithm can be easily extended to minimize the general model of Eq.(4.2).
When the data matrices include different number of variables pk, vector z has
dimension gij which can be different for each group of variables {i, j}. Indeed,

z and θ̂[ij] incorporate only those datasets for which the variables {i, j} were
observed. Eq.(4.5) is still valid with λ

√
gij in place of λ.

Although the jewel method’s formal description involves large matrices and
vectors and several matrix-vector products at each step, its implementation re-
mains computationally feasible even for large datasets. In the following, we will
explain why and describe the numerical implementation that we adopted in the
R package jewel presented in this thesis.

Firstly, let us note that matrix X and vectors y and θ, that appear in the
minimization problem of Eq.(4.2), do not need to be explicitly built for the imple-
mentation of the algorithm. Secondly, the evaluation of vector z, which represents
the main computationally demanding part of the updating procedure, can be ob-
tained very efficiently. If we define the residual matrices R(k) = X(k)−X(k)Θ(k),
whose columns are residuals of the linear regressions of the corresponding column
j with respect to the others variables m 6= j:

R
(k)
.j = X

(k)
.j −

∑
m6=j

X(k)
.m Θ

(k)
mj, (4.6)
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and substitute Eq.(4.6) definition into Eq.(4.4), we get

z
(k)
ij =

1

nk
X

(k)
.i

T

(
X

(k)
.j −

∑
m 6=i, j

X(k)
.m Θ

(k)
mj

)

=
1

nk
X

(k)
.i

T

(
X

(k)
.j −

∑
m 6=j

X(k)
.m Θ

(k)
mj︸ ︷︷ ︸

R
(k)
.j

+X
(k)
.i Θ

(k)
ij

)

=
1

nk
X

(k)
.i

T
R

(k)
.j +

1

nk
X

(k)
.i

T
X

(k)
.i︸ ︷︷ ︸

1

Θ
(k)
ij =

1

nk
X

(k)
.i

T
R

(k)
.j + Θ

(k)
ij .

This reformulation significantly reduces the complexity of evaluating each el-
ement of vector z. Besides, updating the residual matrices R(k) is also very easy
(as described in Algorithm 3) and makes the computational cost affordable.

Moreover, in our implementation of the group descent algorithm, we adopted
the active shooting approach, as proposed in [29, 40]. It exploits the problem’s
sparse nature efficiently, providing an increase in computational speed. The
idea is the following: we divide all pairs of variables into ”active” – for which
corresponding θ[ij] 6= 0 at the current step – and ”non-active” – for which corre-
sponding θ[ij] = 0. If after the soft-thresholding evaluation θ[ij] is zeroed, then
”active” status of pair {i, j} changes. Once a pair reaches the ”non-active” sta-
tus, then it is never updated again. As we cycle only over the active variables,
this strategy reduces the number of groups updated in each iteration, saving
computational cost.

From a computational point of view, we define the upper triangular matrix
Active of dimension p×p, which tracks the current support of Θ(k), k = 1 . . . K
(which are the same for all k by hypothesis). Active can be initialized by setting
all extra diagonal elements equal to 1, meaning that at the beginning of the
procedure, all the groups {i, j} are ”active”. However, other choices can be used if
some prior knowledge of the network structure is available. During the iterations,
if the soft-thresholding operator zeroes group {i, j} coefficient θ[ij], then Activeij
is set to zero, indicating that that group is no more active. Therefore, its will
not be updated anymore. At the end of the algorithm, matrix Active contains
the estimate of the edge set E, since edge (i, j) ∈ Ê ⇐⇒ Activeij = 1.

In Algorithm 3 we provide the pseudo-code for the implementation of jewel
for a fixed parameter λ. The implementation of the jewel method into the R
package jewel is described in Appendices B and C, where one can also find a
discussion on speed-ups provided by the choice of R data structures and func-
tions. Subsection 5.3.3 of Chapter 5 discusses the influence (or, to be exact, its
absence) of the tol parameter on the estimate of the zero-elements of Active.
Thus, in the simulation we use tol = 0.01 to speed up the calculations. How-
ever, this parameter might influence the evaluation of the residual error used to
estimate λ as described in Section 4.4. In that case, the default is tol = 10−4.
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Algorithm 3 The jewel algorithm

INPUT: X(1), ...,X(K), λ, tol and tmax

INITIALIZE:
Θ(1, 0), ...,Θ(K, 0)

R(k) = X(k) −X(k)Θ(k, 0), k = 1...K

Active =


0 1 . . . 1

0 0 1
...

. . .
...

0 0 . . . 0


REPEAT UNTIL CONVERGENCE
for j = 1 . . . p do

for i : Activeij 6= 0 do

evaluate z =
(
z

(1)
ij , z

(1)
ji , . . . , z

(K)
ij , z

(K)
ji

)
by

z
(k)
ij =

1

nk
X

(k)
.i

T
R

(k)
.j + Θ

(k, t)
ij

z
(k)
ji =

1

nk
X

(k)
.j

T
R

(k)
.i + Θ

(k, t)
ji

evaluate thrshld = 1− λ/‖z‖
if thrshld < 0 then
Activeij ← 0 and z← 0

else
z← z · thrshld

end if
update residuals

R
(k)
.j = R

(k)
.j +X

(k)
.i

(
Θ

(k,t)
ij − z(k)

ij

)
R

(k)
.i = R

(k)
.i +X

(k)
.j

(
Θ

(k,t)
ji − z(k)

ji

)
update coefficients (Θ

(1, t)
ij ,Θ

(1, t)
ji , ...,Θ

(K, t)
ij ,Θ

(K, t)
ij )← z

end for
end for

Stop if

∑
k

∣∣Θ(k, t+1) −Θ(k, t)
∣∣∑

k |Θ(k, t)| < tol or t > tmax

OUTPUT: Active

In the next section we will discuss the choice of regularization parameter λ.
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4.4 Regularization parameter selection

Like any other penalty-based method, jewel requires selection of regularization
parameter λ which controls the resulting estimator’s sparsity. A high value of λ
can lead to a more sparse and, therefore, more interpretable estimator. However,
it can also result in many false negative edges. By contrast, a small value of λ
can lead to estimates with many false positive edges. How to find a balance
between these two extremes?

In Section 4.5 we provide both an upper and a lower bound on λ to assure the
estimator’s sparsistency property. However, such limits are mostly theoretical,
and are hard to be estimated in a real case. Many authors resort to using λ =√

log p/n or suggest empirical application-driven choice so that resulting model is
sufficiently complex to provide novel information and at the same time sufficiently
sparse to be interpretable. Others, as well as we did, suggest data-driven methods
for estimating the optimal λ. For this purpose we adapt the Bayesian information
criterion and the F -fold cross-validation1 for the case of K datasets. We refer to
the Chapter 5 for performance evaluation of both approaches.

4.4.1 Bayesian information criterion

We can adapt the Bayesian information criterion (BIC) to the case of K
datasets following the idea proposed in [40] for a single dataset. To define BIC
for k-th class, we need to evaluate the logarithm of the residual sum of squares
(RSS) and the degree of freedom. In our implementation of jewel these quantities
come almost for free because the RSSs are the columns of the residual matrices
R(k), and the degree of freedom is the number of non-zero pairs in the Active
matrix. Specifically, we have

BIC(k)(λ) = nk

p∑
i=1

log
∣∣∣∣∣∣R(k)

.i

∣∣∣∣∣∣2 + log nk#{Activeij(λ) 6= 0}

We then define BIC for jewel as the weighted sum of the BICs of the individual
classes:

BIC(λ) =
K∑
k=1

BIC(k)(λ) =
K∑
k=1

nk

p∑
i=1

log
∣∣∣∣∣∣R(k)

.i

∣∣∣∣∣∣2 +

#{Activeij(λ) 6= 0}
K∑
k=1

log nk.

For the grid of parameters λ1 < λ2 · · · < λL the optimal one is obtained
as λBIC = arg min

λl, l=1...L
BIC(λl). Algorithm 4 shows a sketch of the BIC criterion

pseudo-code.

1Although the standard term is ”k-fold cross-validation”, we change it in order to avoid
confusion with k = 1 . . .K being the index of k-th class of the given data.
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Algorithm 4 Choosing λBIC

Fix the grid λ1 < λ2 · · · < λL.
for l = 1 . . . L do

evaluate Θ̂(k)(λl) and R(k)(λl), k = 1 . . . K
evaluate BIC(λl)

end for
Estimate λBIC = arg min

λl, l=1...L
BIC(λl)

4.4.2 Cross-validation

The idea of cross-validation (CV) is to split the data into F folds and conse-
quentially use one fold as a testing set and all the others as a training set. In our
jewel procedure, we divide each data set X(k) into F folds (with dimension nfk×p
each, nfk ≈ nk/F ) and the f -th fold is the union of the f -th fold of each class. As
in standard CV procedure, for each parameter λl of the grid λ1 < · · · < λL and
for each fold (X

(k)
f )k= 1...K (training set) we estimate Θ̂

(k)
−f (λl) and then evaluate

its error on the testing set as

err(f, l) =
K∑
k=1

1

nfk

∣∣∣∣∣∣X(k)
f −X

(k)
f Θ̂

(k)
−f (λl)

∣∣∣∣∣∣2
F
.

Errors are then averaged over folds CV (λl) =
1

F

∑F
f=1 err(f, l) and the op-

timal parameter is chosen as the minimum λCV = arg min
λl, l=1...L

CV (λl). Algorithm 5

provides CV criterion pseudo-code.

Algorithm 5 Choosing λCV

Fix the grid λ1 < λ2 · · · < λL.
Split the data into F-folds: X

(k)
f , dim = nfk × p, f = 1 . . . F , k = 1 . . . K.

for f = 1 . . . F do
for l = 1 . . . L do

obtain Θ̂
(k)
−f (λl) with data X

(k)
−f , k = 1 . . . K, and given λl

evaluate err(f, l) =
∑K

k=1

1

nfk

∣∣∣∣∣∣X(k)
f −X

(k)
f Θ̂

(k)
−f (λl)

∣∣∣∣∣∣2
F

end for
end for
for l = 1 . . . L do

evaluate CV (λl) =
1

F

∑F
f=1 err(f, l)

end for
Estimate λCV = arg min

λl, l=1...L
CV (λl).

Note that although cross-validation is often considered a heavy computational
procedure since all evaluations have to be carried F times, in our implementation,
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the evaluation of err(f, l), l = 1 . . . L, f = 1 . . . F , can be parallelized over folds.
Thus, if the number of folds is smaller than/close to the number of available
cores, we can cope with the runtime disadvantage – see Chapter 5.

4.4.3 Warm start

When applying jewel over a grid of parameters λ1 < λ2 · · · < λL, one can use
a warm start procedure. The idea is to use the estimator Θ̂(k)(λl), k = 1 . . . K,
obtained with parameter λl, for the initialization of the algorithm for parameter
λl+1. Combined with active shooting approach, this allows us to start with matrix
Active = supp Θ̂(k) (for any k, since by jewel construction all the supports are
the same) with plenty of zeros and thus decrease the number of considered active
pairs and, therefore, the running time.

In the simulation, we implemented warm start for BIC and cross-validation
(inside each fold) – see Chapter 5. However, evaluation of the performance
and running time was carried without warm start procedure to eliminate any
possibilities of its influence on performance.

4.5 Variable selection consistency

In this section, we establish the variable selection consistency property for the
proposed estimator. Its main idea is to provide necessary conditions to ensure
that the probability of correctly identifying edges or absence of edges is large. In
other words, it derives an upper bound on the parameter λ such that with high
probability, we can correctly recover the true edges. At the same time, it derives
a lower bound on parameter λ such that with high probability, we can accurately
recover the absence of edges. However, since the conditions are given on the true
(unknown) parameters θ, it is not possible to use them to derive the optimal λ
explicitly – that is why we implemented BIC and CV procedures, described in
the previous section.

The findings of this section are largely based on [8].

Let’s start with formulation of the minimization problem given in Eq.(4.3) by

vector θ =
(

Θ
(1)
21 , . . . ,Θ

(1)
p1 , . . . ,Θ

(K)
1p , . . . ,Θ

(K)
(p−1)p

)T
. Before presenting the main

result in Theorem 3, let us introduce some auxiliary notations and Lemma 1,
which will be useful in the proof of the theorem.

Let us denote θ0 the true parameter vector of dimension Kp(p−1)×1. It is our
unknown, and its non-zero components describe the true edge set E of the graph.
θ0 is naturally divided into

(
p
2

)
groups, each consisting of the true parameters

θ0
[ij] whose row/column index refer to the same pair {i, j}. Let s denote the true
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number of edges in E and define the sets of ”active” and ”non-active” pairs as

S = {(i, j) : i < j,θ0
[ij] 6≡ 0} = {(i, j) : i < j, (i, j) ∈ E}, |S| = s

Sc = {(i, j) : i < j,θ0
[ij] ≡ 0} = {(i, j) : i < j, (i, j) /∈ E}, |Sc| = p(p− 1)

2
− s = q,

respectively. Therefore, S contains all pairs of nodes for which there is an edge
in E and Sc contains all pairs of nodes for which there is an absence of edge.

Now let us define analogs of regression problem elements in the case of equiv-
alent formulation of Eq.(4.3). We define matrices Λ(k) and vector ε (similar to
Proposition 5):

Λ(k) = diag

(
1

Ω
(k)
11

, . . . ,
1

Ω
(k)
pp

)
ε = ( ε

(1)
1

T
, . . . , ε(1)

p

T︸ ︷︷ ︸
∼Nn1p(0,Λ(1)⊗In1)

, . . . , ε
(K)
1

T
, . . . , ε(K)

p

T︸ ︷︷ ︸
∼NnKp(0,Λ(K)⊗InK )

)T , dim(ε) = Np× 1

ε ∼NNp
(
0, blkdiag

(
Λ(k) ⊗ Ink

)
k=1...K

)
.

We then define the analog of empirical covariance matrix C and some auxiliary
stochastic matrix and vectors

C = XTD2X, dim(C) = p(p− 1)K × p(p− 1)K

ζ = XTD2ε, dim(ζ) = p(p− 1)K × 1

w = ζSc −CScSC−1
SSζS, dim(w) = 2Kq × 1

v = C−1
SSζS, dim(v) = 2Ks× 1,

where ζA and CAA denote the restriction of the vector ζ and the matrix C to
the rows and columns to the set A.

Given those definitions and by properties of standard multivariate Gaussian
distribution, our data can be equivalently modeled as standard linear regression
problem y = Xθ0 + ε. Indeed, formulation of Eq. (4.3) is a standard linear
regression problem with a group lasso penalty, for which the following lemma
holds:

Lemma 1 (Group lasso estimate characterization, cfr. Lemma A.1 in [8]). A
vector θ̂ is a solution to convex optimization problem (4.3) if and only if there
exists τ ∈ Rp(p−1)K such that [XTD2(y −Xθ̂)] = λτ and

τ [ij] =

{
λdir

(
θ̂[ij]

)
, if θ̂[ij] 6≡ 0

λu,u ∈ R2K , ||u|| ≤ 1 if θ̂[ij] ≡ 0,

where dir(u) = u/||u|| is the directional vector of any non-zero vector u.
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We can now state the main result of this section, which has been inspired by
Theorem 4.1 of [8].

Theorem 3. Let θ̂ be the solution of problem in Eq.(4.3), with y = Xθ0 + ε.
Suppose that there exists δ > 0 such that, with probability at least 1− e−δ log(p)/N ,
one has

1. CSS is invertible.

2. (Irrepresentable condition): ∃ α ∈ (0, 1) : ∀(i, j) ∈ Sc

(a)
∣∣∣∣[CScSC−1

SSτ ]ij
∣∣∣∣ ≤ α ∀τ ∈ R2Ks : max

(i,j)∈S
||τ [ij]|| ≤ 1

(b) λ ≥ 2

1− α ||w[ij]||

3. (Signal strength): ∀ (i, j) ∈ S it holds

λ <
{
||θ0

[ij]||2 − ||v[ij]||
} ∣∣∣∣∣∣[C−1

SSτ
]

[ij]

∣∣∣∣∣∣−1

∀τ ∈ R2Ks : max
(i,j)∈S

||τ [ij]|| ≤ 1

then, P(Ê = E) ≥ 1− e−δ log(p)/N , where
E = {(i, j) : θ0

[ij] 6≡ 0} is the true edge set and

Ê = {(i, j) : θ̂[ij] 6≡ 0} is the estimated edge set.

Proof. To prove set equality Ê = E, we verify separately the two inclusions, Ê ⊆
E and Ê ⊇ E. Let us first prove inclusion Ê ⊆ E ⇐⇒ θ̂[ij] ≡ 0 ∀(i, j) ∈ Sc.

Define θ̂
S

be the solution of the following restricted problem

θ̂
S

:= arg min
θ∈R2Ks

{
1

2
||y −X.Sθ||2D2 + λ

∑
(i,j)∈S

||θ[ij]||
}
.

By Lemma 1, ∃ τ S ∈ R2Ks such that −XT
.SD2(y −X.Sθ̂

S
) + λτ S = 0 and

τ S[ij] =

{
θ̂
S

[ij]/||θ̂
S

[ij]||, if θ̂
S

[ij] 6≡ 0

u ∈ R2K , ||u|| ≤ 1, if θ̂
S

[ij] ≡ 0.

Define θ̂ ∈ Rp(p−1)K such that its restriction to the set of active groups coin-

cides with θ̂
S
, while its restriction to the set of non-active groups is zero, i.e.,

θ̂[ij] =

{
θ̂
S

[ij], if (i, j) ∈ S
0, if (i, j) ∈ Sc.

To get the first inclusion, we need to prove that θ̂ is a solution of the full
problem in Eq.(4.3). By Lemma 1 it is sufficient to prove that ∃ τ ∈ Rp(p−1)K :
−XTD2(Y −Xθ̂) + λτ = 0 and

τ [ij] =

{
θ̂[ij]/||θ̂[ij]||, if θ̂[ij] 6≡ 0

u ∈ R2K , ||u|| ≤ 1, if θ̂[ij] ≡ 0.
(4.7)
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When θ̂[ij] 6≡ 0, conditions in Eq.(4.7) are satisfied by construction of θ̂. When

θ̂[ij] ≡ 0, conditions in Eq.(4.7) need to be verified. To this aim, substitute

y = Xθ0 + ε into −XTD2(y −Xθ̂) + λτ = 0 and get

−XTD2(Xθ0 + ε−Xθ̂) + λτ = 0

XTD2X︸ ︷︷ ︸
C

(θ̂ − θ0)−XD2ε︸ ︷︷ ︸
ζ

+λτ = 0

C(θ̂ − θ0)− ζ + λτ = 0 (4.8)

After properly permuting the indexes of C, ζ and τ , i.e. placing all the
variables belonging to the active groups at the beginning and the non-active
ones at the end, Eq.(4.8) becomes(

CSS CSSc

CScS CScSc

)(
θ̂ − θ0

0

)
−
(
ζS

ζSc

)
+ λ

(
τ S

τ Sc

)
=

(
0

0

)
.

This is equivalent to {
CSS(θ̂ − θ0)− ζS + λτ S = 0

CScS(θ̂ − θ0)− ζSc + λτ Sc = 0

Solving the first equation for θ̂ − θ0, and substituting into the second, we
obtain

θ̂ − θ0 = C−1
SS(ζS − λτ S) (4.9)

and then

CScSC−1
SS(ζS − λτ S)− ζSc + λτ Sc = 0

τ Sc = −1

λ
CScSC−1

SS(ζS − λτ S) +
ζSc

λ

τ Sc =
1

λ
(ζSc −CScSC−1

SSζS)︸ ︷︷ ︸
w

+CScSC−1
SSτ S,

By using hypothesis 2) of the theorem, we get ∀(i, j) ∈ Sc

||τ Sc

[ij]|| ≤
1

λ
||w[ij]||+ ||

[
CScSC−1

SSτ S
]

[ij]
|| < α + 1

2
< 1.

The second inclusion requires Ê ⊇ E ⇐⇒ θ̂[ij] 6≡ 0 ∀(i, j) ∈ S.

We observe that the second inclusion is implied by ||θ̂[ij] − θ0
[ij]|| < ||θ0

[ij]||
∀ (i, j) ∈ S which is a stronger requirement called direction consistency in the
original paper [8]. Starting from Eq.(4.9), we get

θ̂ − θ0 = C−1
SS(ζS︸ ︷︷ ︸

v

−λτ S) = v − λC−1
SSτ S.

Then, by hypothesis 3) of the theorem, we have that ∀(i, j) ∈ S
||θ̂[ij] − θ0

[ij]|| ≤ ||v[ij]||+ λ||
[
C−1
SSτ S

]
[ij]
|| < ||θ0

[ij]||.
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Hypotheses of Theorem 3 are weaker than the assumptions of Theorem 4.1
in [8]. In fact, in our setting, the stochastic matrix C and vector ζ do not
inherit the Gaussian distribution from the data. Hence, our results are based on
a probabilistic assumption on these stochastic objects and not on the underlying
families of Gaussian distribution, i.e., on their covariance matrices Σ(k), k =
1 . . . K. However, if, from one hand, this could be a limitation, on the other side,
our result provides explicit conditions on the data that, in principle, could be
verified given an estimate of vector θ̂. The same would not be possible when
the assumptions involve the population matrices Σ(k) instead of the population
vector θ0.

4.6 jewel and other joint estimation methods

In this section, we will provide a brief discussion of jewel and other joint
estimation methods, described in the Section 3.4 of Chapter 3. We will refer to
Appendix A with methods’ review in a table form for ease of comparison.

While jewel is a regression-based method, all the other reviewed joint estima-
tion methods are maximum-likelihood based – even though JSEM is a combina-
tion of both approaches and PNJGL/CNJGL use node-based log-likelihood (see
the 2nd column of the table in Appendix A). Therefore, unlike other methods,
jewel does not estimate the entries of precision matrices, only matrices’ common
support. Some may consider this a disadvantage, however, since we are mostly
interested in estimating the graph, focus on its adjacency matrix seems adequate
and even more computationally efficient. Indeed, with the proper implementa-
tion (like the active-shooting approach that we adopted), jewel can be faster
than maximum-likelihood based methods (as we will see in the next Chapter 5).

Another noticeable difference between jewel and other joint estimation meth-
ods is the penalty, namely the fact that jewel ’s penalty does not yet accommodate
the differences between classes. From the 3rd column of the table, we can see
that almost all the methods’ penalties comprise of two terms: one enforcing the
similar structure of the underlying graphs across classes and one allowing for
class-specific edges (with exception of Guo et. al proposal that is, however, a
reformulation of the problem with two penalty terms). This is certainly some-
thing we would like to work on in the future since it can be useful in real data
applications. As we will see from the next chapter, under the assumption of
the same common graph, jewel demonstrated performance comparable to other
methods, therefore, we consider it promising and worth further modifications.

Despite the described drawback, jewel ’s penalty is also its biggest advantage,
since it is a group penalty that enforces symmetry in the resulting adjacency
matrix. This allows us to avoid any post-processing, proving the final result
by the end of the algorithm. As we mentioned before, in the undirected graph
setting symmetry of the adjacency matrix is very natural to assume, however,
as we can see from the 3rd column of the comparison table, no other methods’
penalties provide this property.
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Concerning the algorithms for the minimization problem solution (columns 4-5
of the table), many of the reviewed joint estimation methods use the alternating
directions method of multipliers (ADMM) and/or the coordinate descent algo-
rithm that has the same idea as the group descent algorithm, used in jewel. As
do authors of other methods, we prove the consistency of the resulting estimator.

Implementation of the method in an R package (as we did with jewel) is not
very common, as we can observe from table’s 6th column – in fact, only two joint
estimation methods have corresponding packages. Therefore, we consider this
an advantage of our work. Regarding simulation and real data applications, we
conducted the studies for bigger orders of p than most of the reviewed methods,
as we will see from Chapters 5 and 6.
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Chapter 5

Simulations

This chapter presents several simulation studies’ results to demonstrate the em-
pirical performance of jewel from different perspectives. Specifically, I conducted
four types of experiments. First, I explored the advantages of the joint approach:
why using several datasets is beneficial and why the joint approach is better than
fitting K independent problems and then using a voting strategy or fitting a sin-
gle model after concatenating datasets. Second, I explored the influence of dif-
ferent input parameters (like tolerance level) and data parameters (like sparsity
or number of variables or samples, i.e., dimensional regime) on the performance
of the method. Then, I compared jewel with other available methods for joint
estimation, such as JGL [19] and Guo et al. proposal [36] in terms of perfor-
mance (using ROC-curve) and running time. Finally, I evaluated the BIC and
CV procedures for selecting the regularization parameter λ for jewel.

Before presenting the results, I will describe the generation of the data and
the metrics I used in all simulation settings. All results were obtained using
the novel R package jewel, that I developed, and some auxiliary code (see ap-
pendix B for package description and documentation and appendix C for some
implementation discussion). The R code for other methods was either publicly
available or provided by authors upon request.

5.1 Simulation set-ups

In this work, we implemented a data simulation workflow similar to those used
in [19, 36, 48], which is described in the first part of this section. Then, we used
it to generate several simulated scenarios. The idea is the following: we first
generate a ”true” graph G and use it as a support to create K precision matrices
Ω(k). These matrices are used to construct K covariance matrices Σ(k) from
which we can generate K datasets (each of size nk) sampling from the p-variate
normal distribution.

In the second part of this section, we will present the performance evaluation
metrics, such as the true positive and false positive rate, the ROC-curve, etc.
In the last subsection, we underline minor differences between the algorithm,
described in Section 4.3, and the implementation.
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5.1.1 Data generation

We start with generating a scale-free graph G = (V,E), i.e., a network whose
degree distribution follows a power law. Scale-free networks are believed to
describe many natural processes such as protein interactions, social networks, or
internet web-graphs. We can generate scale-free graph using the Barabasi-Albert
algorithm [6]: new nodes are being connected to the existing ones at each step
with the probability proportional to their degree (pi = di/

∑
j dj , where i is one

of the existing nodes).
For this purpose we used function barabasi.game from the igraph package [17].

The input parameters here are the number of variables p, i.e., number of nodes
in G, the number of edges added at each step of the algorithm m (controls the
sparsity) and the power of the preferential attachment power. The resulting
graph G is sparse and has mp− (2m− 1) edges. If not stated otherwise, we used
m = 1 and power = 1.

Then, we generate K precision matrices Ω(k). To this purpose, for each k, we
create a p× p matrix with 0s for the elements not corresponding to the network
edges and symmetric values sampled from the uniform distribution with support
on [−b,−a] ∪ [a, b] for the elements corresponding to the existing edges. In our
work we used a = 0.2, b = 0.8, although we noticed that choice of this interval
(which we found to be quite diverse in other papers, see Appendix A) has little to
no influence on the performance of the method (see Subsection 5.3.2). To ensure
positive definiteness, diagonal elements of Ω(k) are set equal to |ηmin(Ω(k))|+0.1,
with ηmin(A) being the minimum eigenvalue of matrix A. Such requirement
can be easily verified using the is.positive.definite function from matrixcalc

package [56].
We invert Ω(k) with chol2inv function and construct Σ(k) with elements

Σ
(k)
ij =

(
Ω(k)

)−1

ij√
(Ω(k))

−1
ii (Ω(k))

−1
jj

.

Finally, for each k, we sample nk = n ∀k independent identically distributed
observations from N (0,Σ(k)) with mvrnorm function from MASS package [66] to
get K datasets X(k).

5.1.2 Performance measures

For each estimated edge set Ê of the true graph structure E, we evaluated

- the true positives (TP ) – the number of correctly identified edges;

- the true negatives (TN) – the number of the correctly identified absence
of edges;

- the false positives (FP ) – the number of estimated edges which were not
present in the true graph;
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- the false negatives (FN) – the number of not identified edges that were
present in the true graph.

We can formally define them as

TP = |{(i, j) : (i, j) ∈ E ∩ Ê}|, TN = |{(i, j) : (i, j) ∈ Ec ∩ Êc}|,
FP = |{(i, j) : (i, j) ∈ Ec ∩ Ê}|, FN = |{(i, j) : (i, j) ∈ E ∩ Êc}|,

where Ec and Êc denote sets complements. We then computed the true positive
rate (TPR) and the false positive rate (FPR), defined respectively as

TPR =
TP

TP + FN
and FPR =

FP

FP + TN
.

TPR shows the proportion of edges correctly identified (or probability of iden-
tifying the edge correctly), and FPR shows the proportion of edges incorrectly
identified (or probability to miss an absence of an edge).

To eliminate the influence of the specific random sample, we generated 20
graphs G for each fixed set of input parameters. Then, for each graph G we
generated K datasets X(1), . . . ,X(K) by the procedure described in the previous
subsection. Finally, we reported TPR and FPR as the average over 20 runs.
The other metrics, such as the running time, were also averaged over different
realizations.

Since different joint estimation methods of G use different types of normal-
ization of the regularization parameter λ, one can not merely compare their
performance for the same fixed value of the parameter. However, receiver oper-
ating characteristic (ROC) curve allows judging the performance of the method
without being influenced by choice of λ. We can obtain the ROC-curve by plot-
ting the average TPR versus the average FPR evaluated for different parameter
values. The larger is the area under the curve (AUC) – the better is performance.
Thus ”perfect” ROC-curve resembles the Γ letter – line going from 0 to 1 first
vertically and then horizontally, meaning that there is zero probability of false
positives and 100% probability to recover all the edges correctly. However, if the
curve is close to diagonal, it means that method is almost like random guessing
with a 50-50 chance of doing so right. If ROC-curve is below the diagonal, it
indicates that the method’s results need to be inverted – meaning, recovered
edges are actually absence of such and estimated ”blanks” are, in fact, edges.

In our experiments to construct the ROC curve, we used a uniform grid of
values for λ on the logarithmic scale. The grid consists of 50 values of λ ranging
from 0.01 to 1 unless specified otherwise.

Running time is reported as the elapsed time in seconds (unless specified
differently) measured by the system.time function on the 4-core 3.6GHz processor
and 16GB RAM computer.
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5.1.3 Implementation vs the algorithm

Implementation of the algorithm in the package jewel version 0.1.0 has two
minor differences from the pseudo-code of Section 4.3. The first one is that
matrix Active, encoding the current active pairs of variables, is initialized not
as an upper-diagonal matrix with all 1s, but rather as full p × p matrix. In the
update step of the algorithm, not only element Activeij is updated, but also
Activeji. The further optimization of this implementation to the pseudo-code
state will probably give a minimal additional advantage in running time.

The second difference is in the parameter λ – while in Chapter 4 λ was
reparametrized as

√
2Kλ, in the package implementation

√
2K is a separate

term. In this way, it is easier to extend the algorithm to a different number of
variables among datasets, i.e., when gij would not be equal 2K anymore. How-
ever, as described in the previous subsection, since we judge the performance by
the behavior of λ-independent ROC-curve, this difference does not influence any
conclusions made about the method.

5.2 Why joint estimation?

In this section, we aim to answer two questions:

1. Why should we use several datasets, when in many applications, data col-
lection is a hard, long, and expensive process? Does the use of K datasets
improve the estimates? And how much?

2. Assuming that we could get ourselves several datasets, why should we
use a joint estimation method when there are other more straightforward
approaches like concatenation or voting? Again, is it worth it? What are
the benefits?

To conduct the simulation to answer this questions, we use default parameters
described in Subsection 5.1.1: m = 1, power = 1 and tol = 0.01. The rest is
described below.

5.2.1 Advantage of using multiple datasets

The following experiment aims to show the gain of performance in estimating
the graph when the number of datasets K increases. We simulated 10 datasets
X(1), . . . ,X(10) as described in Subsection 5.1.1 for two different dimensional
cases: p = 100, nk = 50 ∀k (n/p = 1/2) and p = 500, nk = 100 ∀k (n/p = 1/5).
We repeated the datasets generation 20 times. For each case, we first applied
jewel to each of the 20 runs (containing K = 10 datasets at this step) and com-
puted the average TPR and FPR. Then, we sampled K = 5 matrices in each
run and repeated the procedure. We then sub-sampled K = 3 matrices out of
the previous 5, then K = 2 out of 3 and, finally, K = 1 out of 2. In other words,

59



Simulations

for each value of K, we applied jewel to 20 realizations and evaluated the average
TPR and FPR.

Figure 5.1: ROC-curve for jewel method applied to datasets of different K size
(denoted by different colors). On the left is the performance for p = 100, nk =
50 ∀k, on the right – for p = 500, nk = 100 ∀k.

The average ROC-curve in Fig.5.1 illustrates the performance of jewel as a
function of K. Results in Fig.5.1 not only answer our first question – yes, usage
of multiple datasets improves the estimate – but also demonstrate the trend
of improvement as K grows. Although it is expected since when K increases,
the overall amount of available data grows, we stress that we significantly gain
performance even with a limited increase in the number of datasets – see, for
example, the improvement going from one dataset to two or three.

Moreover, even though we observe an increase in running time when we in-
crease K, it is not so big, and one can sacrifice it for having a better estimate
of the underlying graph. Table 5.1 reports the average running time for the case
p = 500, nk = 100 for some chosen values of parameter λ and on the entire grid
of values. Although the increase going from K = 1 to K = 3 is almost double,
the overall time is still reasonable. Besides, note that to explore the performance
better, we used a λ grid uniform in log-scale, starting from quite a small value.
Therefore, half of the values is between 0.01 and 0.1. Table 5.1 shows that the
smaller values of λ constitute the heaviest part from the computational point of
view since the thresholding operator does not allow to put to zeros many edges.
Consequently, the Active matrix remains full, and the iterations cycle over al-
most the entire set of pairs i, j. When λ increases, the thresholding rule starts
setting the elements to zero and removing pairs of variables from the Active
matrix faster. Active matrix becomes sparser, the number of pairs to cycle at
each iteration reduces and the running time decreases.

This analysis shows that using more than one dataset, even a small number,
can improve the performance significantly. This observation is relevant for real
data applications since the number of collected datasets is usually small due to
the experimental costs.
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K = 1 K = 2 K = 3 K = 5 K = 10

λ = 0.01 ≈3 min ≈5 min ≈7 min ≈11.5 min ≈26 min

λ = 0.1 24.8 sec 32.38 sec 41.16 sec 61.5 sec ≈2 min

λ = 0.2 17.38 sec 21.15 sec 26.28 sec 38.67 sec 80.55 sec

λ = 0.52 15.97 sec 20.81 sec 26.32 sec 38.56 sec 80.75 sec

λ = 0.83 16 sec 20.85 sec 26.3 sec 38.76 sec 80.88 sec

λ = 1 14.02 sec 17.75 sec 22.65 sec 31.09 sec 69.35 sec

grid of 50 λ ≈41.5 min ≈1 hour ≈1.5 hours ≈2.4 hours ≈5.4 hours

Table 5.1: jewel running time when applied to a different number of datasets K
of size p = 500, nk = 100. λ is chosen over the uniform in log-scale grid from
0.01 to 1.

5.2.2 Advantage of the joint approach

This section aims to show that joint analysis is preferable to naive alterna-
tives such as concatenation or voting for the task of combining information from
multiple sources. In order to prove that, we apply all three approaches to the
same set of multiple datasets and compare the results.

Since we discussed concatenation and voting and their disadvantages in Sec-
tion 3.4 of Chapter 3, here we only state the idea (see also Fig.5.2 for a schematic
representation). Concatenation is the most straightforward way to analyze K
datasets: combine them into one long matrix and then apply any method for es-
timation in K = 1 case (in our case, jewel, which, although targeted to the joint
estimation, can also be applied just to one dataset). With voting each dataset is
first processed independently, obtaining K estimates of the adjacency matrices.
Then, we build a consensus matrix by setting an edge if it is present in at least
dK/2e of the estimated matrices.

The simulation setting for this experiment is the following. We generated
20 independent runs each with K = 3 datasets X(1),X(2),X(3) as described in
Subsection 5.1.1. We considered two dimensional scenarios, p = 100, nk =
50 ∀k and p = 500, nk = 100 ∀k. For the concatenation approach, as a first
step we constructed the long Knk × p matrix and then applied jewel. For the
voting approach, we applied the method separately to each data matrix X(k),
k = 1, . . . , 3, and then put an edge in the resulting adjacency matrix only if it
was present in 2 out of 3 estimated adjacency matrices. Performance for each
approach is represented Fig.5.3.

In Fig.5.3 we can observe a significant advantage in processing the datasets
jointly to the other two approaches. Indeed, with the same amount of data,
jewel correctly exploits the commonalities and the differences in K distributions
providing a more accurate estimate of E. Instead, the concatenation approach
ignores the distributional differences – it creates a single data matrix from not
identically distributed datasets, and so it does not respect the standard math-
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Figure 5.2: Different approaches that can be used for analysing the same set of
multiple datasets: concatenation, voting and the joint approach.

ematical hypotheses of any estimators. This results in a significant loss of per-
formance. The only advantage of the concatenation approach is the running
time which is ≈ 40 minutes over the λ grid versus ≈ 1.5 hours for the joint ap-
proach. However, the loss in performance is so drastic that runtime improvement
is hardly worth it.

On the other side, the voting approach does exploit the networks’ common
structure, but only during the post-processing of the estimator (voting). How-

62



Simulations

Figure 5.3: ROC-curve for different approaches of inferring the graph from K = 3
datasets: joint estimation, voting and concatenation (denoted in different colors).
On the left is the performance in case of p = 100, nk = 50, on the right –
p = 500, nk = 100.

ever, the inference for each dataset might be noisy due to the limited amount
of data available. Therefore, its performance is also not as good as that of the
joint approach. Moreover, since it requires K applications of the method, as a
consequence, it is slower: ≈ 2 hours vs ≈ 1.5 hours for joint approach (although
the individual estimates might be parallelized).

Overall, the simulation clearly shows that a joint estimation is the best prac-
tice in the multiple datasets framework compared to concatenation and voting
approaches.

5.3 Performance as a function of various pa-

rameters

In this section, we will explore the performance of jewel as a function of various
parameters of input data or the algorithm itself. We will start by exploring the
behavior of jewel under different dimensional regimes and for different structures
of the scale-free graph. We will then see how the simulated precision matrices’
entries impact the performance (in short – not significantly). In the end, we will
prove that the value of the parameter tol in the stopping criteria does not affect
the results whatsoever. Therefore, in practical applications we can choose tol
not too small to provide an additional runtime advantage.

5.3.1 Influence of dimension and graph structure

The simulation settings for this experiment are the following. We considered
six different scale-free network scenarios for different values of parameter m = 1, 2
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and parameter power = 0.5, 1, 1.5. The first one controls the sparsity, since the
number of edges in the resulting graph is equal to mp − (2m − 1). The second
parameter power controls the hub structure in the graph: bigger power implies
bigger hubs (and smaller amount of them). Fig. 5.4 shows a random realization
of the six graphs when p = 500.

Figure 5.4: Scale-free graphs with p = 500 nodes generated with different values
of parameters m (in rows) and power (in columns). The graphs correspond to
one of the 20 random realizations generated in this simulation set-up.

Then, we simulated different dimensional regimes. We generated 20 inde-
pendent runs as described in Subsection 5.1.1, each with K = 3 datasets X(k),
k = 1 . . . K. We considered three different values of number of variables p =
100, 500, 1000 and two different nk/p proportions 1/5 and 1/2. Therefore, we
got the following five dimensional scenarios: p = 100 with nk = 20 and nk = 50;
p = 500 with nk = 100 and nk = 250; p = 1000 with nk = 200 (in this case,
simulation for nk/p = 1/2 was not carried since nk = 500 is not typically met in
real applications).

Fig. 5.5 shows the resulting ROC-curves with power in columns, m in rows,
color denoting different values of p and the type of line indicating the nk/p
proportion.

Let us first focus on the dimensional regime (i.e., the nk/p ratio). We expected
that the nk/p proportion would influence the performance of the method, and
although this expectation was confirmed, it turns out that the number of samples
nk plays a much more critical role. In fact, from Fig.5.5, we note that blue
solid line, corresponding to p = 1000, nk = 200, far outperforms the red solid
one, corresponding to p = 500, nk = 100. Although the nk/p proportion is the
same for both cases, the increase in the sample size leads to better performance.
Indeed, the curve with the highest AUC value is the red dashed line, which
corresponds to the case p = 500, nk = 250 – case with highest sample size value.
Meanwhile, the worst performance is achieved in the p = 100, nk = 20 size setting
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Figure 5.5: ROC-curves for jewel evaluated under different dimensional regimes
and different structures of the graphs. power, controlling hubs, is in columns, m,
controlling sparsity, is in rows. Colors denote different values of p, and the type
of line stands for different nk/p proportions.

(solid green line) where the number of samples is the smallest. Increase in the
sample size (p = 100, nk = 50, dashed green line) immediately provides gain in
performance.

Now let us focus on the influence of m−power parameters. We notice a slight
decrease in performance while moving from m = 1 to m = 2, i.e., increasing the
number of edges. This is not surprising since the fewer edges we have, the larger
is our chance of identifying them correctly. However, the jewel performance is
still adequate and in general comparable to the behavior of other methods for
joint estimation (as we will see in the next Section 5.4).

Increase of power, on the other hand, causes quite drastic drop in performance.
In fact, although performance is quite good for power = 0.5 and 1, it drops down
significantly for power = 1.5. Again, in the next section, we will see that this
drawback is also present in other joint estimation methods. Moreover, our results
agree with the recent paper [62] for the case of one dataset that explores classical
methods performance in the application to networks with big hubs and comes to
the same discovery. Which is quite distressing since several authors estimate the
power of real-world networks, that could be described with scale-free graph, to be
in the interval 2 ≤ power ≤ 3 which is, of course, even greater than power = 1.5.
We will talk about the possible ways of overcoming this limitation in the last
Chapter 7 but the essential idea is to add degree-induced weights to the penalty
to account for hubs. Approach could be extended, for example, from the above
mentioned [62] or new procedure can be suggested.

Let us now discuss jewel running time under different dimensional settings. In
Table 5.2 we report the running time only for m = 1, power = 1 and nk/p = 1/5
since we noticed that these parameters have little influence on it.
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p = 100 p = 500 p = 1000

λ = 0.01 20.98 sec ≈7 min ≈28 min

λ = 0.1 2.94 sec 41.16 sec ≈2.6 min

λ = 0.2 1.44 sec 26.28 sec 135.82 sec

λ = 0.52 0.7 sec 26.32 sec 135.84 sec

λ = 0.83 0.6 sec 26.3 sec 136.67 sec

λ = 1 0.57 sec 22.65 sec 114.92 sec

grid of 50 λ ≈4.8 min ≈1.5 hours ≈5.8 hours

Table 5.2: jewel running time for different dimensional settings: p = 100, p = 500,
p = 1000. Other parameters are nk/p = 1/5, K = 3, m = 1, power = 1. Uniform
in log-scale grid of 50 parameters λ from 0.01 to 1 was used.

Although running time over the whole grid of parameters can become quite
expensive in high dimensions, as discussed in the previous section, we stress that
half of the λs are between 0.01 and 0.1 and running jewel with very small values
of λ constitute the most computationally demanding part. As soon as λ increases
(say about 0.1), the running time for fixed λ significantly reduces to just a couple
of minutes even for p = 1000, and few seconds for smaller dimensions, clearly
demonstrating the promising speed of jewel.

Moreover, we also note that the running time stabilizes after a certain value of
λ. This effect of saturation is due to our initialization strategy where the Active
matrix contains all 1s. Indeed, if we assume all the variables are ”active”, we
have to perform at least one full cycle iteration over all the nodes. This problem
can be ameliorated if we use warm-start (as we do, indeed, for BIC and CV)
or consider another Active initialization. For example, if there is some prior
knowledge on the underlying network structure, we could use such information
in the initialization of Active matrix, eliminating some edges from the analysis
and therefore providing more advantages in the running time.

Additionally, following [19, 53, 80], we can identify independent connectivity
component structure of the input datasets and, if present, split the problem of
estimating the graph G into several subproblems of smaller dimensions. Such re-
duction can provide great decrease in running time, not even mentioning possible
parallelization. We discuss this idea more in depth in Chapter 7.

In the next subsection, we will explore the indirect influence of precision matrix
entries on the methods performance.

5.3.2 Influence of precision matrices

In the data generation procedure, described in Subsection 5.1.1, we con-
structed K precision matrices Ω(k) with the same support as of adjacency matrix
of the simulated graph, and with symmetric values sampled from the uniform
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distribution with support on [−b,−a] ∪ [a, b]. Then, we used Ω(k) to construct
covariance matrices Σ(k) and subsequently, to generate datasets X(k). This data
generation scheme is quite common in the literature. In some papers [19] the
choice of the interval is [−0.4,−0.1] ∪ [0.1, 0.4], while in others [36, 48, 80] it is
[−1,−0.5]∪ [0.5, 1], and in some others [53] it is [−0.6,−0.3]∪ [0.3, 0.6] (see also
Appendix A). However, in none of the articles the influence of parameters a and
b has been studied, and we would like to fill this gap.

Therefore, in this subsection we will quantify the influence of the different
choices of a, b values, i.e., the influence of different uniform distribution supports
from which we sample entries of Ω(k) matrices. Since in the case of Gaussian
distributions, the entries of the precision matrix are proportional to conditional
correlation, we expect that bigger values of Ω

(k)
ij correspond to ”stronger” connec-

tion between corresponding variables. And since the entries of Θ
(k)
ij , estimated by

jewel, are proportional to Ω
(k)
ij we expect that bigger are values Ω

(k)
ij , easier it is

to identify the connections between variables, as stated in the ”signal strength”
hypothesis of Theorem 3.

The simulation setting for this experiment is the following. We generated a
true graph with m = 1, power = 1 for 20 independent runs. For each graph, we
constructed 3 sets of K = 3 precision matrices, sampling from different uniform
distributions: with support on [−0.4,−0.1] ∪ [0.1, 0.4], [−0.8,−0.2] ∪ [0.2, 0.8]
and [−0.9,−0.6] ∪ [0.6, 0.9]. Then for each set, we proceeded as described in
Subsection 5.1.1.

We consider one dimensional scenario p = 500, nk = 100 ∀k for two methods –
jewel and JGL [19]. Comparisons of these methods are set in the next section but
here, instead, we focus on their similar behavior in different simulation settings
to highlight that influence of a, b is not specific to jewel but is rather inherent to
the class of maximum-likelihood or regression-based joint estimation methods.
The performance of jewel and JGL is shown in Fig.5.6.

Figure 5.6: ROC-curve for jewel and JGL methods applied to simulation data
with values of the prevision matrices Ω(k), sampled from uniform distributions
with different supports [−b,−a] ∪ [a, b].
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As we can see, our prognosis about the influence of a, b values was correct since
the best performance for both methods is obtained for the case (a, b) = (0.6, 0.9)
(blue line in Fig.5.6), i.e. when connections are ”the strongest”. However, the red
and green lines, referring respectively to the case (a, b) = (0.1, 0.4) and (a, b) =
(0.2, 0.8) are not much worse compared to the blue one, showing that the strength
of the signal affects the performance in a subtle way, without changing the overall
tendency. The performance difference is certainly not as drastic as we have seen
for other data parameters like p, nk,m, power. Therefore, we do not focus on it
anymore in our simulations study and from now on we fix parameters (a, b) =
(0.2, 0.8) sampling from a uniform distribution over [−0.8,−0.2] ∪ [0.2, 0.8] in
order to test the performance of jewel and other joint estimation methods for
connections of any strength.

Now instead of exploring the indirect effect of different data generation pa-
rameters through data matrices X(1), . . . ,X(K), we will investigate the choice of
jewel algorithm parameter in the following subsection.

5.3.3 Influence of the stopping criteria

jewel algorithm is iterative, i.e., we repeat the procedure until the convergence
is achieved. Convergence is based on the following stopping criteria∑

k

∣∣Θ(k, t+1) −Θ(k, t)
∣∣ /∑

k

∣∣Θ(k, t)
∣∣ < tol,

where t denotes the iteration counter. In this section, we investigate the influence
of the choice of tol on the performance and running time of jewel.

To explore this point, we generated 20 independent runs as described in Sub-
section 5.1.1 with all parameters set to their default values studied up to now.
We considered two dimensional scenarios: p = 100, nk = 50 ∀k and p = 500,
nk = 100 ∀k. In both cases, we applied jewel to each of the 20 runs with different
values of threshold tol = 10−1, 10−2, 10−3, 10−4 and computed the average TPR
and FPR, as well as the running time.

As we can see from Fig.5.7, under both dimensional regimes, the resulting
ROC-curves, constructed for different values of tol parameter, are indistinguish-
able. We can conclude that tol does not influence the performance of jewel –
which is not surprising. This is due to the fact that we aim to reconstruct only
the support of matrices of regression coefficients Θ(k), k = 1 . . . K, (which is
equivalent to reconstructing the support of precision matrices Ω(k)) and there-
fore, the actual values of matrix entries, which are controlled by tol parameter,
are not crucial for the estimation.

The change in running time with the decrease of parameter tol, however, is
quite significant: it can be of several times for small values of the regularization
parameter λ and on average on the whole grid, as we can see from Table 5.3.
However, this observation is not valid for bigger values of λ because the number
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Figure 5.7: ROC-curve for jewel applied to data with different value of the thresh-
old of stopping criteria (denoted by different colors) in two different dimensional
settings: p = 100, nk = 50 (on the left) and p = 500, nk = 100 (on the right).

tol = 10−1 tol = 10−2 tol = 10−3 tol = 10−4

λ = 0.01 ≈3.2 min ≈7 min ≈12.5 min ≈20 min

λ = 0.1 34.52 sec 41.16 sec 47.06 sec 53.7 sec

λ = 0.2 26.03 sec 26.28 sec 26.05 sec 26.16 sec

λ = 0.52 26.27 sec 26.32 sec 26.04 sec 26.09 sec

λ = 0.83 26.25 sec 26.3 sec 25.08 sec 23.51 sec

λ = 1 22.96 sec 22.65 sec 20.41 sec 20.19 sec

50 λ ≈56 min ≈1.5 hours ≈2.4 hours ≈3.5 hours

Table 5.3: jewel running time for K = 3, p = 500, nk = 100 with different value
of the stopping criteria threshold. Uniform in log-scale grid of 50 parameters λ
from 0.01 to 1 was used.

of iterations naturally reduces. Hence, the parameter tol has much less influence
on the running time when λ is large.

All these considerations allow us to suggest a reasonably large value of tol in
practical applications which we set as tol = 0.01 by default. This choice ensures
great saving in terms of running time without sacrificing the effectiveness and
the performance of jewel.

Having clarified the influence of the different parameters involved in our
method, we can now move on to the next section where jewel will be compared
with its recent competitors.
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5.4 Comparison with other methods for joint

estimation

In this section, we compare the performance and runtime of jewel with two
other methods for joint estimation: joint graphical lasso (JGL) with group
penalty [19] and the proposal of Guo et. al [36] (see Section 3.4 of Chapter
3 for details). These two methods were chosen based on code availability (see
appendix C for discussion) and their simplicity of application in adapting data
structures and/or parameters. The comparison with other joint estimation meth-
ods is in progress.

5.4.1 Comparison set-ups

The joint graphical lasso method is implemented in the R package JGL [18].
Function JGL allows to choose between fused and group penalty, and specify two
tuning parameters λ1 and λ2. We choose the group lasso penalty being it of
our interest due to its similarity with jewel penalty. We also set parameter
λ1 = 0 since it is responsible for differences in the supports of Ω̂(k), k = 1 . . . K,
and under our hypothesis, the patterns of non-zero elements are identical across
classes. Therefore, we vary only λ2.

The code for the implementation of Guo et al. proposal [36] was provided by
authors upon my request and I would like to thank them for sharing their code.
The estimation function requires only one regularization parameter λ. Since the
output of Guo et al. proposal is the set of matrices Ω̂(k), k = 1 . . . K, we use
the OR rule and consider the union of their supports as adjacency matrix of the
graph of interest.

For the sake of brevity, in this section, we will discuss only the dimensional
setting K = 3, p = 500, nk = 100 ∀k (nk/p = 1/5). The other settings show
analogous results. For each method, we use their default parameters, in par-
ticular we fix tol = 0.01 for both jewel and Guo et al. method, while we fix
tol = 10−4 for JGL method.

5.4.2 Performance for different graphs structures

This section explores results for different values of parameters m and power,
which control the sparsity of the true graph and its hub structure. The data
generation workflow is the same as the one described in Subsection 5.1.1 and
the choice of the true network is the same as the ones considered in Subsection
5.3.1. Specifically, we again consider six different m − power scenarios, varying
parameter power = 0.5, 1, 1.5 and parameter m = 1, 2. The first one controls
the hub structure of the graph – bigger power implies bigger hubs and smaller
amount of them. The second parameter m controls the sparsity, since the number
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of edges in the resulting graph is mp− (2m− 1). Therefore, for p = 500 we get
499 edges in case m = 1 (about 0.4% of all possible edges) and 997 edges in
case m = 2 (sparsity of about 0.8%). See Fig.5.4 in Subsection 5.3.1 for the
illustration of the resulting networks.

In each m − power scenario we simulated 20 independent runs for K = 3,
p = 500 and nk = 100 and then applied jewel, JGL and Guo et al. methods to
each generated data set, evaluating the mean performance and running time.

Figure 5.8: ROC-curve for different joint estimation methods: jewel, JGL [19]
and Guo et. al proposal [36] for K = 3, p = 500, nk = 100 ∀k. Each panel
demonstrates performance in different m− power setting.

In Fig.5.8 we can observe that performance of jewel in all scenarios is com-
parable to JGL, and performance of both of these methods is superior to the
proposal of Guo et. al. This observation remains valid even in the worst-case
scenario, i.e., with power = 1.5. Overall, Fig.5.8 illustrates the good performance
of this class of methods in the sparse regime, despite an increase of m decreasing
the performance (although without destroying it). Let us stress that increasing
power, i.e., increasing hubs size, leads to a significant loss of performance for
all the methods. This behavior was already discussed in Subsection 5.3.1 for
jewel, and there it was anticipated that this is typical for other studied joint
estimation methods. This experiment further confirms our previous observation
and matches the results obtained in [62] which explain the inadequate capacity
of these methods in the case of large hubs size.

We now analyze the running time results. As before, in Table 5.4, we report
the results for some specific values of the parameter λ and for the entire grid of
λ. As we can see, jewel is approximately two times faster than JGL and several
times faster than Guo et al. for small values of parameter λ, while this does not
hold for the bigger value of parameter λ where jewel has to pay the price of the
full initialization matrix Active. However, as already observed in Subsection
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5.2.2, it is unlikely to use a large value of λ in real data applications since it
causes a larger number of false negatives. In practical situations, the values of λ
of interests are in the range for which jewel is faster than both its competitors.
This observation will be confirmed in Section 5.5 where the choice of the optimal
λ will be studied.

jewel JGL Guo et. al

λ = 0.01 ≈7 min ≈11.5 min ≈66 min

λ = 0.1 41.16 sec 80.16 sec ≈2.6 min

λ = 0.2 26.28 sec 73.76 sec 73.68 sec

λ = 0.52 26.32 sec 0.31 sec 22.91 sec

λ = 0.83 26.3 sec 0.099 sec 12.08 sec

λ = 1 22.65 sec 0.099 sec 10.88 sec

grid of 50 λ ≈1.5 hours ≈3.4 hours ≈8.4 hours

Table 5.4: Running time for different joint estimation methods: jewel, JGL [19]
and Guo et al. proposal [36] for K = 3, p = 500, nk = 100, m = 1 and power = 1
over the uniform in log-scale grid of 50 parameters λ from 0.01 to 1.

Finally, we stress that although Table 5.4 reports results only for the case
power = 1 and m = 1, our conclusions are valid for all combinations of parame-
ters power and m, which are omitted only for the sake of brevity, since they do
not influence the running time.

To summarize this subsection, we can assert that jewel demonstrated perfor-
mance comparable to JGL and superior to Guo et al. proposal while showing a
significant advantage in terms of running time in respect to both methods.

5.5 Regularization parameter selection

In this final section, we discuss results obtained using two procedures for choos-
ing the regularization parameter λ, i.e., Bayesian information criterion (BIC) and
cross-validation (CV). We gave the theoretical background of these two meth-
ods in Section 4.4 of Chapter 4. The experiment is carried out only for jewel
since Guo et al. [36] and JGL [19] do not provide the code for procedures of
λ estimation from the data. although authors propose the procedures in their
manuscripts. In some articles, however, the authors suggest using a user-specific
choice of the parameter λ, which is questionable. Our BIC and CV estimations
provide an automatic choice guided by the data.

Both BIC and CV procedures are implemented in the jewel package. Note
that for CV we use 5 folds by default and implement parallelization on an 4-core
machine, almost eliminating the running time disadvantage of CV to BIC.
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The simulation settings are the following. For p = 500, nk = 100, K = 3
we generated 20 independent runs as described in Subsection 5.1.1 with default
values of m = 1 and power = 1. We used the uniform in log-scale grid of
50 parameters λl, l = 1 . . . L, from 0.1 to 1. We note that in all the previous
simulations, we started from λ1 = 0.01 to obtain a left complete ROC-curve.
However, since it is unlikely that λ is chosen extremely small by BIC or CV,
here we fix λ1 = 0.1 to save running time – but verify that the minimum of the
target function was reached inside the chosen interval. We stress that this choice
would not be justified if we observed the minimum of BIC or CV at the end of
the interval and therefore suspected that the global one could be outside of the
observed range. In that case, we would change our choice of the grid, allowing
smaller values of λ.

On the other hand, we increase the running time by setting the stopping
criterion threshold tol = 10−4 instead of the default value tol = 10−2. This choice
provides higher accuracy for the estimation of regression coefficients Θ̂(k) and
hence of the residuals R(k), k = 1 . . . K, which are required both for evaluation
BIC and CV.

However, the most significant difference is made by using the warm start
as far as regards the running time. In the warm start approach, one uses{
Θ̂(k)(λl)

}
k=1...K

estimated with λl as initialization for solving the minimiza-
tion problem with λl+1. This trick leads to a decrease of the active pairs in
the Active matrix. and therefore saves computational cost. Hence, we first
investigated if the computational gain is payed in terms of criteria performance.
To this aim, we applied BIC and CV criteria with and without the warm start
approach and then compared the results. Specifically, in Fig.5.9 we plot values
of Bayesian information criterion and cross-validation error for each λl value for
one realization of data randomly chosen out of twenty independent runs. In Ta-
ble 5.5 instead, we report results averaged over all 20 runs. In the following, we
briefly describe how these average values were obtained. For each run, we first
estimated λBIC and λCV by the two criteria, then ran jewel with these values
and evaluated performance in terms of accuracy, precision, recall and running
time. These performance measures are defined as

accuracy =
TP + TN

TP + TN + FP + FN

precision =
TP

TP + FP

recall =
TP

TP + FN

with TP , TN , FP and FN given in Section 5.1.2.
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Figure 5.9: Values of BIC error (on the left) and CV error (on the right) obtained
with (cyan) and without (red) warm start for jewel. Results are obtained for one
randomly chosen realization with K = 3, p = 500, nk = 100, m = 1, power = 1
over the uniform in log-scale grid of 50 parameters of λ from 0.1 to 1. Red crosses
denote the estimated optimal λOPT .

As we can see from Fig.5.9, the warm start approach changes the curve for
both criteria (which is expected), but while for CV it has almost no influence
on the final result (with warm start λCV = 0.193 and without λCV = 0.2),
for BIC it makes an important difference since we obtain λBIC = 0.268 vs
λBIC = 0.355. Interestingly, with and without warm start approach, the rel-
ative difference BIC(λprev)−BIC(λBIC)/BIC(λBIC) is incredibly small, of the
order of 10−5.

λOPT accuracy precision recall runtime

BIC with w.s. 0.268 0.996 0.548 0.134 ≈3.6 min

BIC without w.s. 0.355 0.996 1 0.002 ≈3.75 hours

CV with w.s. 0.193 0.992 0.229 0.382 ≈3.5 min

CV witouht w.s. 0.2 0.994 0.275 0.348 ≈2.6 hours

Table 5.5: Results of Bayesian information criterion and cross-validation proce-
dures with and without warm start for jewel for K = 3, p = 500, nk = 100,
m = 1, power = 1 over the uniform in log-scale grid of 50 parameters of λ from
0.1 to 1. λOPT is reported on average over 20 runs, performance metrics and
runtime were evaluated with estimated λOPT for each run and then averaged.

Although this inconsistency may lead us to opt out of using the warm start,
Table 5.5 convinces us otherwise. Firstly, we note that BIC without the warm
start estimates regularization parameter λBIC too big, ”killing” almost all pos-
sible edges. Secondly, we note that BIC without the warm start requires signifi-
cantly larger running time, going from some minutes to several hours (same for
CV). These two reasons make the warm star approach very convenient for BIC
and CV criteria.
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Once we have established that both BIC and CV are preferred when applied
with the warm start, let us argue more on the results presented in Table 5.5. We
first note that on average, both estimates λBIC and λCV are quite close to each
other. Our second observation is that they are both very close to λ =

√
log p/n =√

log 500/100 = 0.249 which some authors suggest as an estimate of the optimal
regularization parameter. Moreover, we observe that jewel applied with both
λBIC and λCV achieves very high accuracy, but relatively low precision and recall.
This observation indicates that the chosen regularization parameter is too large,
and hence we eliminate too many correct edges during the estimation process.
Indeed, from Fig.5.8 the ROC-curve for this setting (m = 1 and power = 1)
shows the optimal λ probably between 0.1 and 0.2. Therefore, we conclude
that although the implementation of BIC and CV is fundamental for choosing
the regularization parameter λ in the absence of any other information, it must
be further explored, as well as with the development of alternative data-driven
selection criteria.

Since numerical experimentation of jewel has been an important part of my
thesis, I would like to list in the following the main results of this chapter:

- more datasets (bigger K) ⇒ better performance with adequate runtime;

- joint estimation is better that concatenation and voting;

- less sparse graph (bigger m) ⇒ slightly worse performance, but still satis-
factory;

- more hubs (bigger power) ⇒ worse performance, an adjustment of the
penalty is required;

- the performance is good for any value of p and any nk/p ratio as long as
nk is sufficiently large;

- ”stronger” connections between variables (bigger a, b) ⇒ slightly better
performance;

- tol has no significant influence on performance, but it has great influence
on the runnning time for small λ;

- jewel performs better than Guo et al. method [36] and as good as JGL
[19];

- jewel is faster than Guo et al. method and JGL for most of the range of λ
of interest;

- BIC and CV provide a ”good enough” estimate of λOPT to use on real data
but need further study.

Now we can move to Chapter 6, where we discuss the real data application of
jewel.
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Chapter 6

Application to real data

In this chapter, I will discuss the application of jewel to two case studies arising
in genomics applications. I will start with a simple ”toy” example of the dataset
containing gene expression microarray data for four breast cancer subtypes in
which I evaluate a subset of genes belonging to one given functional pathway.
Then, I will consider glioblastoma microarray gene expression data obtained in
three different studies and will limit my analysis to seven functional pathways.

6.1 TCGA breast cancer dataset

In this section, we considered the application of jewel to a small ”toy” real
data example consisting of a subset of genes taken from a much larger study on
breast cancer.

Breast cancer is the most common type of cancer among women. It is a
heterogeneous disease meaning that the clinical and genomic characterizations
of different subtypes vary. We will consider four different molecular subtypes:
luminal A, luminal B, basal-like, and HER2-enriched. Each subtype can have
specific regulatory mechanisms but some, however, are common to all subtypes.
We aim to reveal such common relationships among genes with this analysis.

We considered the breast cancer gene expression microarray dataset available
in The Cancer Genome Atlas and described in [44]. Gene expressions were mea-
sured using Agilent G450 microarrays. The original dataset contains 526 breast
cancer samples on 17327 genes among which there are n1 = 231 samples of lu-
minal A cancers, n2 = 127 luminal B cancers, n3 = 95 basal-like cancers and
n4 = 58 HER2-enriched cancers. These K = 4 subtypes were identified in the
original paper of [44]. For simplicity of use, we limit our analysis to the pre-
processed subset of the original dataset, which is present in the NETI2 R package
developed in [65] (i.e., the TCGA.BRCA$X object). In [65], the authors focused only
on p = 139 genes common to the gene expression datasets and the breast can-
cer pathway (hsa05224) from the Kyoto Encyclopedia of Genes and Genomes
database [42, 41]. Note that the same subset of genes (with some additional
information) is also present in the JEGN R package [73] by the same author,
developed in [74].
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Given this data, we estimated the regularization parameter with BIC and
cross-validation procedures, described in Chapters 4 and 5, used resulting pa-
rameters to infer a network, and then compared it with the one obtained from
STRING database (see below).

First, we used BIC (with the warm start) to estimate the optimal value of the
regularization parameter λ. To this aim, we used a uniform in the log-scale grid
of 50 λ from 0.01 to 11. The procedure revealed λBIC = 0.20236 (see Fig.6.1)
and we ran jewel with this value of the parameter. The resulting graph had 466
edges (about 4.9% of all possible edges). 137 out of 139 vertices were connected
to at least one other node.

We then carried the estimation with a cross-validation procedure and obtained
λCV = 0.07197 (see Fig.6.1). In the network, estimated by jewel with this value
of regularization parameter, all 139 nodes were connected to at least one other
node, and 3541 edges were present. For this dataset, we note that BIC and CV
procedures suggested values λBIC and λCV that are significantly different. Thus,
they lead to the different degrees of sparsity on the estimated graph. Since CV
estimated a small value of the regularization parameter, the number of resulting
edges is about 37% of all possible edges. This fact suggests that cross-validation
might underestimate the regularization parameter for this dataset.

Figure 6.1: Values of Bayesian information criterion (on the left) and cross-
validation error (on the right) obtained for breast cancer dataset with K = 4,
p = 139 and n1 = 231, n2 = 127, n3 = 95, n4 = 58 over the uniform in log-
scale grid of 50 parameters of λ from 0.01 to 1. Red circles denote the estimated
optimal λOPT .

Note that by construction of the jewel algorithm with the active-shooting
approach, estimators obtained with different values of regularization parameter
λ are supposed to be ”nested”. Meaning, that if we estimate a graph with
some λm, then using the value λl > λm, we will obtain more sparse solution,

1As we note in the Subsection 5.5, choice of the grid should be data-driven. Starting from
λ1 = 0.1 we were not able to observe a global minimum of CV error, therefore, we chose lower
starting point λ1 = 0.01 for both procedures.
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eliminating some edges from Ĝ(λm) but not adding any new ones. In fact, this
is exactly what we observe as Ĝ(λBIC) ⊂ Ĝ(λCV ) since λBIC > λCV .

The next step of the analysis was to process p = 139 genes of the dataset in
the STRING database [38]. It is a database of known and predicted protein-
protein interactions that can be physical and functional and can be derived from
lab experiments, known co-expression and genomic context predictions, as well
as knowledge in the databases and even text-mining. It currently contains infor-
mation on 24584628 proteins from 5090 organisms.

The database is relatively straightforward to use – we imported the list of 139
genes in the ”multiple proteins” form and immediately obtained the network.
However, we modified the default parameters to limit the retrieval to connections
only from ”experiments” and ”databases” as active interaction sources with the
minimum required interaction score set to the highest value of 0.9. The resulting
network had 130 out of 139 vertices connected to any other node and 1204 edges.
Note that, if we used only ”experiments”, then even with the medium required
interaction score of 0.4, the resulting network would be much more sparse with
119 connected nodes and 337 edges.

The next step was to construct an intersection of the estimated networks and
the one provided by STRING database (see Fig.6.2). For the network estimated
with λBIC it revealed 82 edges in common; while for the one obtained with λCV ,
there were 434 common edges (see all the results summarized in Table 6.1).

Figure 6.2: Intersection of networks estimated with jewel from breast cancer
dataset and the one obtained from the STRING database. Regularization pa-
rameter, used in the estimation, was obtained with BIC (on the left) and with
CV (on the right).

At first sight, such values could be considered relatively low and discouraging.
However, we should first note that jewel seeks to identify conditional corre-
lation among variables, or equivalently linear relationships between two genes
not mediated by other factors (i.e., other genes). Meanwhile, connections from
STRING database are not necessarily of such nature. Moreover, since we re-
stricted the analysis to a specific pathway, we eliminated the influence of many
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λOPT #conn. nodes #est. edges #edges in intersection

BIC 0.20236 137 466/9591 82/1204

CV 0.07197 139 3541/9591 434/1204

Table 6.1: Results of BIC and CV procedures obtained for K = 4 breast cancer
datasets over the uniform in log-scale grid of 50 parameters of λ from 0.01 to 1.

possible variables that otherwise could have been important in the conditional
dependence estimation. We are hoping to overcome this limitation by conduct-
ing another analysis in a higher dimension. Secondly, STRING contains general
protein-protein interactions, i.e., interactions that are not necessarily present in
the tissue/condition studied in [44]. Therefore, we would not be able to identify
them. We can use databases with tissue-specific information for further biological
validation, such as, for example, HumanBase [35].

Another reason could be that the four chosen subtypes of breast cancer are
more different than expected. Hence, the assumption that the underlying con-
ditional dependence network remains the same is violated. Consequently, since
jewel does not account for class-specific edges, we lose in performance. Indeed,
suppose we limit our analysis only to K = 2 breast cancer subtypes, i.e., lu-
minal A and luminal B, which are more similar to each other. In that case, we
observe in Table 6.2 that the estimated graph identifies many more edges in com-
mon to STRING database. Although the overlap with STRING database is not
necessarily a sign of goodness, this network might better capture the similarity
across the two cancer subtypes. However, again we observe that CV provides an
estimate of λ that does not lead to a sparse network.

λOPT #conn. nodes #est. edges #edges in intersection

BIC 0.13895 139 912/9591 141/1204

CV 0.05964 139 4272/9591 528/1204

Table 6.2: Results of BIC and CV procedures obtained for K = 2 breast cancer
datasets over the uniform in log-scale grid of 50 parameters of λ from 0.01 to 1.

Overall, our analysis shows that when comparing disease in different stages
or subtypes, it might be interesting to estimate both the common relationships
among the networks and the differences between cases. To this purpose, we can
modify the jewel method so that it would be able to identify the class-specific
edges as we will discuss among future work possibilities in the next chapter.

Finally, although we did not perform a specific analysis, from Fig.6.2 we can
observe that there are some heavy hubs present in the network and in Chapter
5 we already faced this limitation of jewel and other joint estimation methods.
Again, we will further discuss this direction of possible method improvement in
the next chapter.

Let us make some brief observations about estimated networks. In networks
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estimated both with λBIC and λCV many groups of genes are identified con-
sistently, like WNT family members, frizzled class receptors, fibroblast growth
factors and NOTCH receptors. In the λCV networks nodes with the highest
degrees corresponded to genes encoding GRB2, WNT5A, NRAS and HES1 pro-
teins. GRB2 is often overexpressed in breast cancer and NRAS is implicated
in the development of several types of cancers while WNT5A and HES1 are
considered by some authors as therapeutic target in breast cancer.

6.2 GEO glioblastoma datasets

This section shows the application of jewel to gene expression datasets of pa-
tients with glioblastoma, which is the most common type of malignant brain tu-
mor. We used three microarray datasets from Gene Expression Omnibus (GEO)
database [7]: GSE22866 [2] (obtained with Agilent Microarray), GSE4290 [63]
and GSE7696 [45, 54] (both obtained with Affymetrix Array). Since the data
comes from patients with the same type of disease, our assumption about the
same underlying graph should hold better than in the previous example and
therefore, the analysis should lead to more adequate results.

We annotated the probes (samples) in the gene expression matrices using
biomaRt R package [24]. To do so, we matched the probe name and the Ensembl
gene id from the biomaRt annotation. In case of multiple matches between probes
and Ensembl gene ids, we gave preference to genes which were in common among
all datasets or, in case of further uncertainty, to those present in selected path-
ways (see below). Afterwards, we converted Ensembl gene ids to gene symbols,
and then averaged gene expression over the probes, obtaining K = 3 matrices
with dimensions 40 × 20861, 77 × 16801, 80 × 16804, respectively. For the sake
of simplicity, we considered only the p = 13323 genes in common to all three
datasets.

For this illustrative analysis, we limited the attention to the genes belonging
to seven pathways from the Kyoto Encyclopedia of Genes and Genomes database
[42, 41] which were associated with cancer:

- p53 signaling pathway (hsa04115);

- glutamatergic synapse (hsa04724);

- chemokine signaling pathway (hsa04062);

- PI3K-Akt signaling pathway (hsa04151);

- glioma pathway (hsa05214);

- mTOR signaling pathway (hsa04150);

- cytokine-cytokine receptor interaction (hsa04060).
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These pathways involve 920 genes in total; out of them, p = 483 were present
in our datasets. Hence, we applied jewel to this subset of genes. As in the
previous section, we first selected the regularization parameter λ with both BIC
and CV, then estimated the networks with these parameters and compared them
with a network obtained from STRING database.

First, when we estimated optimal λ by BIC procedure (with warm start) and
obtained the value λBIC = 0.2223 (see Fig.6.3). The estimated graph GBIC ,
which is the solution of jewel corresponding to this parameter, has 3113 edges
(about 2.7% of all possible edges) and no isolated vertices.

Figure 6.3: Values of BIC (on the left) and CV (on the right) obtained for
glioblastoma datasets with K = 3, p = 483 and n1 = 40, n2 = 77, n3 = 80
over the uniform in log-scale grid of 50 parameters of λ from 0.01 to 1. Red
circles denote the estimated optimal λOPT .

When we used cross-validation (again, with the warm start) to estimate the
optimal value of λ, we obtained λCV = 0.1151 (see Fig.6.3). We ran jewel with
this value of the regularization parameter. Resulting graph GCV has 7272 edges
(about 6.2% of all possible edges) and no isolated vertices. Since in this example
λCV < λBIC , GCV has more connections than GBIC .

Then we analyzed the p = 483 genes in the STRING database [38]. As in the
previous section, we limited the query to connections from ”experiments” and
”databases” as active interaction sources setting the minimum required interac-
tion score to the highest value of 0.9. The resulting STRING network had 415
out of 483 vertices connected to any other node and 4134 edges.

We measured the number of connections common to our estimated network
and the network from STRING database. For each case, Fig.6.4 show the con-
nections identified by jewel that were present also in the STRING database. For
GBIC , we observed 170 edges in common; while for GCV , we had 297 common
edges (see all the results summarized in Table 6.3).
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Figure 6.4: Intersection of the networks estimated with jewel from glioblastoma
datasets and the one obtained from the STRING database. Regularization pa-
rameter, used in the estimation, was obtained with BIC (on the left) and with
CV (on the right).

λOPT # est. edges #edges in intersection p-value

BIC 0.2223 3113/116403 170/4134 3.29255e-08

CV 0.1151 7272/116403 297/4134 0.00697

Table 6.3: Results of BIC and CV procedures obtained for K = 3 glioblastoma
datasets with p = 483 over the uniform in log-scale grid of 50 parameters of λ
from 0.01 to 1. The p-values is the results of the hyper-geometric test to assess
the significance of the edge overlap.

Although the number of edges in the intersection is lower than in our previous
real data application example, it is significant according to the hypergeometric
test. Moreover, we notice many groups of genes identified consistently, such as
collagen alpha chains, ionotropic glutamate receptors, frizzled class receptors,
interleukin 1 receptors, and fibroblast growth factors, collagen, and others. The
biggest hubs in GBIC include PPP3CC (frequently underexpressed in gliomas),
RCHY1 (vice versa, typically highly expressed in this condition), and IL4R (is
associated with better survival rates). In GCV , the biggest hubs are TNN (that
is considered a therapeutic target since an increase in expression can suppress
brain tumor growth), CALML6, and BCL-2 (that can block apoptosis, i.e., cell
death, and therefore may influence tumor prognosis).

To conclude, jewel demonstrated its ability to identify connections from the
real data, providing more reliable results when applied to the data from a meta-
study. In the future we are planning to perform analysis in a higher dimensional
context.
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Chapter 7

Conclusions and future work

The book ”Statistical learning with sparsity” [37] cites Rutherford D. Rogers,
a librarian at Yale quoted in New York Times in 1985: ”We are drowning in
information and starving for knowledge.” Thirty-five years later, these words are
more true than ever. The work carried out with this thesis represents one of the
numerous attempts of modern science (and a successful one) of structuring the
immense amount of information using statistical methods to derive a meaningful
conclusion.

7.1 Thesis results

If we have a dataset consisting of N observations of p variables, how can we
describe the direct connections between any two variables, removing the other
variables’ influence? The graphical model theory tells us to encode these connec-
tions into a graph and then estimate the corresponding graphical model. More-
over, if we further assume that the variables follow a Gaussian distribution, then
we can estimate the inverse covariance matrix instead of estimating the graph. I
reviewed these well-known concepts and properties in Chapter 2.

Then, in the described setting, how exactly do we estimate the inverse co-
variance matrix? In particular, what are the challenges to face in the high-
dimensional regime? To this purpose, I first described the well-known sparsity
assumption, i.e., when we assume that the graph of interest has few significant
edges, making it more interpretable. After that, I reviewed a few of the meth-
ods applicable in high-dimensional sparse settings. In particular, in Chapter 3,
I focused on two popular classes of methods: minimization problems based on
maximum likelihood or regression approaches. I described the algorithms used
to estimate the solution of these minimization problems, mainly focusing on the
group descent algorithm.

To meet the novel challenges emerging from technological progress, we can
assume that instead of one dataset, we can collect several datasets with ob-
servations of mostly the same variables under different conditions. It is then
natural to consider an extension of the approaches mentioned above and move
from one dataset to the joint analysis of multiple datasets. I discussed the mul-
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titask learning framework in the last part of Chapter 3 and Appendix A, giving
a review of several available methods for joint estimation and their algorithms,
also underlining some specific details about them. Such material gave the pave
to formulate my proposal. So, in Chapter 4, I introduced jewel, a novel method
in this framework, where jewel stands for joint node-wise estimation of multiple
Gaussian graphical models, and constitutes the main achievement of my thesis.

In jewel, I proposed a regression-based minimization problem with a group
lasso penalty to analyze several datasets jointly. The penalty’s novelty is that
it simultaneously guarantees both the sparsity and the symmetry of the result-
ing estimator. Therefore, it eliminates the need to use post-processing rules as
”AND/OR” to obtain the symmetry. I obtained an algorithm to solve the min-
imization problem based on the iterative group descent method. I implemented
the proposed algorithm using the active-shooting approach, which significantly
decreased the algorithm’s running time without compromising the performance.
For the obtained estimator, I proved the variable selection consistency property.
Although this result provides theoretical bounds for the regularization parame-
ter, such conditions are defined through true (unknown) parameters and can not
be used in practical applications. Therefore, I introduced suitable modifications
of the Bayesian information criterion and cross-validation procedure to estimate
the regularization parameter from the observed data. I also described the warm-
start ”trick” that can be implemented with BIC and CV to decrease the running
time. I implemented the proposed method and several auxiliary functions in the
novel R package jewel.

In Chapter 5, I explored the behavior of jewel in different simulations settings.
I proved that using several datasets can significantly gain performance and that
the joint estimation is better than other naive alternatives. Then, I analyzed how
jewel performs under different dimensional regimes and with different structures
of scale-free graphs. With this study, I discovered the limit in the performance for
graphs that contain big hubs (I will discuss this drawback in the next section).
I also proved that the stopping criteria threshold does not influence how well
jewel performs. Therefore, it can be set to a relatively large value to decrease
the number of iterations and, hence, the running time. Additionally, I also
explored the influence of the simulated precision matrix entries’ values on the
performance of joint estimation methods in general. It was limited, however, it
was never explored before. Finally, I compared jewel to other available methods
for joint estimation, namely JGL [19] and Guo et al. proposal [36]. I showed that
jewel performs better than the latter and comparable to JGL in all simulation
settings. Moreover, jewel shows an advantage in running time to both methods.

In the last chapter, I described applications of jewel to the real data. Al-
though, at the moment, I have explored only a small example (consisting of about
a hundred variables), observing that the method demonstrates quite promising
results, much larger experiments are yet to be conducted in the upcoming weeks.
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7.2 Future work

Despite jewel demonstrated quite good performance in many contexts, several
modifications could be incorporated into the model or added to the implemen-
tation to face drawbacks and further improve the results.

The first drawback that I observed was the decrease in performance of all
analyzed methods (including jewel) when increasing the parameter power from
scale-free networks’ simulations. This parameter determines the preferential node
attachment for scale-free graphs and increases the hubs in the graph. Unfortu-
nately, this limitation is relevant since many real networks have a predominant
hub-structure. However, our findings agree with the recent paper [62], where the
same lack of performance was observed in the case of one data set (K = 1) for
the following methods: glasso [29] (described in Subsection 3.2.3), Meinshausen
and Bülhman method [51] (described in Subsection 3.3.1) and space [57]. This
fact motivated the authors to propose a novel degree-weighted lasso method
(DW-Lasso). In DW-Lasso, the authors incorporated into the lasso penalty nor-
malized degree-induced weights, which are updated them iteratively until the
algorithm reaches convergence. The simulation results of [62] showed that DW-
Lasso performs significantly better for networks with hubs. By contrast, for not
highly structured sparse networks with a few hubs, the graph can be better re-
constructed using the traditional methods. Since the degree-induced approach
is more computationally expensive compared to the classical approach, it should
be used when we expect that the network contains several hubs to justify the
increase in runtime with a significant performance gain.

Interestingly, regression-based method space [57], mentioned in the previous
paragraph, also incorporates weights into the minimization problem, although
only in the goodness-of-fit part. These weights are not necessarily degree-induced
(for example, the authors also suggest using the residual variance). Although
this approach demonstrated better performance than glasso and Meinshausen
and Bülhman method, it performs worse than DW-Lasso, where weights are
incorporated in the penalty.

In [64] the difficulty in inferring networks with hubs is addressed using differ-
ent approach. In their maximum likelihood minimization problem, the authors
proposed a hub penalty function, which is based on a specific decomposition
of the inverse covariance matrix into the sum of two sparse symmetric matrices.
The first one represents the edges between non-hub nodes, the second one, whose
columns are either entirely zero or almost entirely non-zero, represents the edges
of hubs (non-zero columns represent hubs’ edges). This approach also demon-
strated an advantage in performance compared to glasso and Meinshausen and
Bülhman method, mentioned above, and some other proposals. Similar decom-
position of the precision matrix can also be found in JRmGRN method [23].

To conclude this first discussion on my future work, I aim to extend the
approaches proposed in [62] or [64] to the case of multiple datasets or incorporate
suitable weights into jewel to enforce hub-structures to emerge.

85



Conclusions and future work

Another interesting direction of the future work is the modification of the
penalty to account for differences between underlying classes. I assumed that
the underlying graph G is the same across the K datasets. However, such an
assumption might not always hold. For example, imagine we measure gene ex-
pression and infer the conditional dependency network among the genes. If we
use datasets collected from different studies or laboratories but related to the
same experimental condition, we might assume that the underlying graph G re-
mains the same, despite the different high-throughput technologies. If we instead
collect gene expression from different disease subtypes, such as different cancer
stages, then the common mechanism G still would be present, and therefore, we
could still aim to estimate it, but case-specific differences G(k) might be present
as well.

To face this problem, many joint estimation methods, described in Section 3.4,
both derive the common underlying graph G from K datasets and simultaneously
identify the edges that are specific only to some categories G(k) (see [19, 48, 74]).
They usually achieve such a structure by combining two kinds of penalties –
one accounting for commonalities and another for differences. Hence, one way
to extend jewel from this point of view is to add such second penalty term
that accounts for differences between classes. However, it is worth noting that
most of the methods mentioned above are maximum-likelihood, not regression-
based. Therefore, this modification of jewel penalty and subsequent solution of
the resulting minimization problem is yet to be explored.

As pointed out in Section 3.4, there are already many methods in the liter-
ature that incorporate prior (biological) information into the learning process.
For example, in [75], the specific use of the graphical lasso incorporates some
cancer genetic information. I also refer to [77] for an interesting broad review
of knowledge-guided supervised and unsupervised statistical methods specific for
omics data. In the following, I will only provide an example about the type of
prior knowledge I would like to incorporate in jewel in my future work, namely
the gene pathways.

Nowadays it is well known that genes interact in functional pathways to form
gene regulatory networks. Each pathway consists of several genes or subnetworks.
Genes in a given pathway perform specific biological functions, are often deeply
connected and much less connected with those belonging to other pathways. This
knowledge is being derived from thousands of experiments and analyses with dif-
ferent levels of reliability. It is then structured and stored in specific databases,
such as the Kyoto Encyclopedia of Genes and Genomes (KEGG) [42], Gene On-
tology [1], Reactome etc. (see [58] for more). How can we use such information
to improve the performance or to speed-up the execution of a method? Imagine
we investigate K subtypes of diseases, but from previous studies and databases
we know that there is a given pathway of genes that is mostly active only in some
disease subtypes – or, in other words, that for some pair of variables i, j connec-
tion is present only in some specific classes M ⊂ {1, . . . , K}. Then, instead of

the group of variables (Θ
(1)
ij ,Θ

(1)
ji , . . . ,Θ

(K)
ij ,Θ

(K)
ji ), we would consider the groups(

Θ
(k)
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)
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. In principle, this group rearrangement

86



Conclusions and future work

could incorporate our prior (biological) knowledge into the learning process, ac-
counting for specific differences among classes. In the same spirit, if we knew
that some genes are highly connected, i.e., they represent hubs, we could initial-
ize their weights to enforce their importance during the learning process (in a
minimization problem with the degree-induced weights). Alternatively, if we as-
sume that we knew some genes are never present in the specific pathway and/or
have no confirmed interactions, we could set the corresponding entries of Active
to zero in our initialization step.

To summarize, incorporating prior biological knowledge is not yet very ”pop-
ular” in graphical model inference. However, it seems very promising since it can
provide advantages both in performance and running time. So, I think it will
undoubtedly be one of my future extensions.

Another direction for my future work is to face the computational burden of
jewel when the number of variables increases. One of my first attempts will be to
consider a screening pre-processing of the data to reduce the network’s complex-
ity and the number of variables to handle. At this step, some connections can
be set to zero before starting the estimation, reducing the number of ”active”
groups to process during the minimization procedure and therefore improving the
running time accordingly. More specifically, the idea of screening is to perform
a preliminary analysis of the input data before applying the inference method,
identifying somehow the connections that are not ”important” with high prob-
ability. Those connections that do not ”pass” the screening are eliminated by
zeroing the corresponding entry of Active. It is also possible to remove variables
that are screened as isolated and correspond to potential singletons in a graph.

We can implement a naive example of the screening process as following. As
a first step, we construct empirical covariance matrices S(1), . . . ,S(K) from the
input datasets. Then, we analyze the ”strength” of the connections between
pairs of variables through the entries of these matrices. If the entry i, j is below
a chosen threshold |S(k)

ij | < µ, we consider the connection between variables i, j

in k-th class ”weak” and put the element to zero S
(k)
ij = 0. Then, the active

variables can be initialized as Active = ∪k supp S(k) instead of being all 1s. One
can choose some other rule for the construction, like voting, always preserving the
symmetry of matrix Active. The screening threshold choice µ can be empirical
or obtained by a model selection procedure or other.

While it is evident that screening procedures can lead to a decrease in run-
ning time, its influence on efficiency is yet to be explored. Discussions on more
sophisticated screening, including those that preserve performance, can be found
in [26, 70].

Another way to face the computational burden of jewel could be to modify
its implementation. One idea is to adapt the block-diagonalization approach
suggested, for example, in [19, 53]. What if we have biological knowledge, as
discussed earlier in this section, and are aware that the genes are operating in
distinct pathways? Intuitively, we could apply jewel pathway-by-pathway to
move from the inference on a large graph to the inference of several subgraphs of
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smaller dimension. More in general, can we identify the unconnected components
in the underlined graph? In both cases, after a proper rearrangement of the
row/column indices, the underlying graph’s adjacency matrix results to be block-
diagonal. Hence, we can apply jewel to several independent subproblems of
smaller dimensions, i.e., to each block of the input data, and derive a block-
diagonal estimator. We can further benefit from this approach if we parallelize
the application to each block, especially for large matrices. Such improvement
will be crucial to face problems with tens of thousands of variables that can be
reduced to subproblems, each of them of dimensions of a few hundred.

The block-diagonalization approach is very appealing since it has no influ-
ence on performance. In JGL [19] the authors built and inspected the empirical
covariance matrices S(1), . . . ,S(K) to determine whether the underlying graph is
block-diagonal after some permutation of the features. They proved two theo-
rems – one for each of the proposed penalties, fused and group – which provided
necessary and sufficient conditions on the entries of empirical covariance matrices
and regularization parameters to establish if there is a block-diagonal structure.
If these conditions hold, they applied the JGL algorithm to each block separately,
obtaining exactly the same solution as they would by applying the JGL to the
whole p× p matrix (but much more efficiently). Note that JGL method requires
eigendecomposition of a p × p matrix, hence with the block-diagonalization ap-
proach authors were are able to achieve a great advantage in running time. There
are no similarly ”expensive” procedures in jewel, however, we can still achieve a
decrease of running time by reducing the dimensionality of the problem.

I am also considering extending the implementation of the method for a dif-
ferent number of variables pk across datasets. Although theoretically there are
no limitations, up to my knowledge, there are yet no implementations of joint
estimation methods that have already accounted for this fact and do not set
pk = p ∀k. Future version of jewel will fill this gap.

Lastly, it is fundamental to mention that estimating conditional dependency
relationships between variables is of interest without the Gaussian hypothesis.
This observation is particularly relevant for the recent development of single-cell
omics technologies that produce count data, which, of course, can not be modeled
by Gaussian variables. However, while I acknowledge the need for such methods,
this task would probably require not only to extend or modify jewel but to
completely redefine the whole framework and probably develop an entirely new
method compatible with discrete data. This future work is the more demanding,
and some attempts can be found in [49].

To conclude, this thesis aimed to develop a novel method for inferring a graph-
ical model from several datasets, overcoming the limitation of the absence of sym-
metry in previous proposals. To this aim, I proposed jewel, that demonstrated
good performance compared to its competitors. However, as I have underlined in
this section, there is still room for improvements, and there are many possibilities
for further developments of the proposed method.
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Appendix A

Joint estimation methods review

In this appendix I present a condensed table-form review of methods for joint
estimation of Gaussian graphical models in multiple datasets setting; some of
them were described in the last subsection of Chapter 3.

The 1st column of the table reports the reference paper. From 2nd to 5th
columns I give a brief description of the method: used approach, type of penalty,
algorithm and some other points of particular interest presented in the paper.

Then from column 6 to column 8, I describe the simulation setting: avail-
ability of the code, what types of graphs and what combinations of K, p and
nk parameters were used. Note that the notation like K = 2, p = 500/1000,
nk = 50/200/500 means that for K = 2 two simulations were conducted: with
p = 500 and p = 1000. For each p, again, three simulations were carried out
with nk = 50, nk = 200 and nk = 500 ∀k. In the 9th column, I give other notes
on simulation settings, for example the support of the uniform distribution from
which entries of the precision matrices were sampled or tolerance threshold for
the iterative algorithm.

Finally, in the last two columns, I summarize information about the real data
on which the methods were tested. Here the notation nk = 544, 374, 310 and 168
rather means that we had K = 4 datasets with sample sizes n1 = 544, n2 = 374,
n3 = 310 and n4 = 168.

Papers, included in the table, are

- Joint estimation of multiple graphical models by J. Guo, E. Levina, G.
Michailidis and Ji Zhu [36];

- The joint graphical lasso for inverse covariance estimation across multiple
classes by P. Danaher, P. Wang, D. M. Witten [19];

- Node-based learning of multiple Gaussian graphical models by K. Mohan,
P. London, M. Fazel, D. Witten and Su-In Lee [53];

- Joint structural estimation of multiple graphical models by J. Ma and
G. Michailidis [48];

- Structural pursuit over multiple undirected graphs by Yu. Zhu, X. Shen
and W. Pan [80];



Joint estimation methods review

- Joint graphical model for inferring gene networks across multiple subpopu-
lations and data types by X.F. Zhang, Le Ou-Yang, X.T. Hu and H. Yan
[74].
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Appendix B

jewel package

This appendix consists of three parts. In the first part, I provide motivations
for the development of jewel package, namely why I chose the R language and
why I arranged the code in a package. In the second part, I describe the package
structure. Finally, in the third part, I provide the package documentation.

The package jewel is open-source and freely available at https://github.

com/annaplaksienko/jewel.

B.1 Why R package?

As explained in the Chapter 1, our primary motivation was to develop a
method for estimating graphical models using data from data omics studies (al-
though, theoretically, there are no limitations for using jewel in any other ap-
plied field). For this reason, we chose the R language since it is among the more
popular languages in both bioinformatics and statistics. An illustration of this
statement is the fact that apart from the official CRAN repository1 of R pack-
ages, there exists a specific project – Bioconductor – which is a repository of R
packages devoted to biological applications. Currently, Bioconductor contains
almost 2000 packages, most of them very well documented (since in the last few
years, the standards for publishing Bioconductor packages are very rigorous).
Such a large number highlights the importance of Bioconductor among practi-
tioners in biological applications and contributs to the R language’s widespread
use.

R is a high-level language, meaning that it is relatively easy to write a code in
and interpret other colleagues’ code. Moreover, R is open source, and it makes
available many powerful statistical models and visualization tools. However, R
has a drawback: its speed. In ”Advanced R” H. Wickham [67] goes into de-
tails about how the R design language imposes fundamental constraints on its
speed and how its GNU-R implementation2 has not yet reached the theoretical
maximum performance speed. The main reason is that R was developed not to

1The Comprehensive R Archive Network (CRAN) – archive of the latest and previous
versions of the R distribution, documentation, and ≈17 000 contributed R packages.

2Implementation of R from r-project.org.

https://github.com/annaplaksienko/jewel
https://github.com/annaplaksienko/jewel
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make data analysis fast but instead to make it understandable and accessible,
especially for users who do not have special training in this area. The speed
drawback is usually overcome by implementing the core package functions in
C++ and using R only as an external interface. For example, the huge pack-
age that contains an efficient implementations of glasso and the Meinshausen
and Bülhman algorithm [51] is made in C++. Interfacing R with C++ can be
achieved with the help of Rcpp package. In this version of jewel we used only
R, therefore it can not be compared with C++ code in terms of speed but only
with other R codes. Future versions can face this limitation.

Another point we would like to emphasize in this section is why one should
consider building a package. First, we firmly believe that it is essential to ac-
company published research with the related code, as it allows for reproducibility
of results and simplifies the comparison process with competitors - comparison
and reproducibility are vital in science. On the other hand, organizing the code
as a package rather than as raw files increases accessibility for users who might
otherwise have difficulty, and in general, simplifies the usage for everyone. Un-
fortunately, although almost all authors nowadays conduct simulation studies for
their novel methods, developing a package or even providing code online is still
not a must, and we aimed to overcome this flaw.

Therefore, we highlight that implementation of jewel package is one of the
most important results of this thesis, as this is not always true for other com-
petitor methods for the joint graph estimation. One direction of our future work
will be devoted to the package’s upgrades.

B.2 Package structure

Package jewel and its documentation were built using devtools [69] and
roxygen2 [68] R packages. The 0.1.0 version of jewel contains six functions:

- jewel() – implementation of jewel method;

- estimateLambdaBIC() – Bayesian information criterion for choosing λ;

- estimateLambdaCV() – cross-validation for choosing λ;

- generateLambda() – generation of λ grid;

- evaluatePerformance() – comparison of the true and estimated graphs;

- generateData() – generation of data according to Subsection 5.1.1.

The main function is jewel() that implements the method proposed in Chapter
4. It requires a list structure of data matrices X(1), . . . ,X(K) and a regularization
parameter λ as input; instead as optional input parameters one can furnish
the list of starting values for the regression matrices Θ(1), . . . ,Θ(K), the value
of stopping criteria threshold and the maximum allowed number of iterations.
jewel() produces as main output the estimated adjacency matrix; however, it
also provides the list of estimated regression coefficient matrices Θ̂(1), . . . , Θ̂(K),
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the list of residual matrices R(1), . . . ,R(K) and BIC value for the given λ. Last
three outputs are mostly auxiliary for the evaluations of BIC and CV procedures.

Functions estimateLambdaBIC() and estimateLambdaCV() implement the two se-
lection criteria presented in Subsection 4.4. They both require as input a list of
data matrices X(1), . . . ,X(K) and a grid of parameters λl, l = 1 . . . L, over which
the selection procedures is performed. The grid of parameters λl can be user pro-
vided or generated with generateLambda() function. Both estimateLambdaBIC() and
estimateLambdaCV() functions are implemented with the warm start approach for
the reasons explained in Subsection 5.5. CV also takes advantage of paralleliza-
tion over folds which greatly speeds-up the computation, especially in the case
when the number of available cores is greater than the number of folds (which
is 5 by default but can be changed by the user). To this aim we use parallel

package.
Function evaluatePerformance() is an auxiliary function, and it evaluates the

method’s performance assuming that we know the truth. In particular, it takes
as input two adjacency matrices, the true one and the estimated one, and it
gives as outputs the TP, TN, FP, and FN values defined in Subsection 5.1.2.
Of course, the two input adjacency matrices need to have the same dimension.
Function evaluatePerformance() in principle can also be used in other contexts
to compare two graphs. However, it cannot be used in real applications because
the ground truth is not available.

Finally, function generateData() is also auxiliary because it gives no contribu-
tion to the inference, but allows generation of the synthetic data. However, it
permits to study the performance of jewel and other competitor methods, pos-
sibly reproducing results presented in Chapter 5 of this thesis. Specifically, it
generates a ”true” scale-free graph and a list of data matrices X(1), . . . ,X(K) as
described in details in Subsection 5.1.1 of Chapter 5. Function generateData()

requires as input the number of vertices p, the power of preferential attachment
and parameter m which controls the sparsity (default values are power = 1 and
m = 1, the resulting graph having mp− (2m−1) edges). These input choices de-
fine the ”true” scale-free graph generated by function generateData(). Moreover,
function generateData() requires as input the number of matrices K, the size of
each data matrix nk = n ∀k = 1 . . . K and parameters a and b which specify the
interval [−b,−a] ∪ [a, b] where the entries of the true precision matrices are uni-
formly sampled (default values are a = 0.2, b = 0.8). We recall from Subsection
5.1.1 that once we have the ”true” underlying graph it is possible to generate
K precision matrices with support of the given graph. Hence, by inverting the
precision matrices, the ”true” covariance matrices are obtained and finally by
each of them a data matrix is sampled from a p-variate Gaussian distribution.
Note that one can provide several sample sizes and therefore get several sets of
K datasets with the same underlying graph but different sample sizes.

Function generateData() outputs not only the data matrices, but also the
”true” underlying graph and the ”true” covariance matrices.

The documentation of the jewel packages follows.
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Version 0.1.0
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Depends R (¿= 3.6.0)
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License GPL-2

Encoding UTF-8

LazyData true

RoxygenNote 7.1.1

NeedsCompilation no
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2 estimateLambdaCV

estimateLambdaBIC Estimation of the optimal regularization parameter for jewel
method with Bayesian information criterion

Description

Given a grid of regularization parameters, function evaluates Baeysian information criterion
(BIC) for each element. Optimal lambda is chosen as the one for which BIC’s minimum is
obtained. Warm start is implemented.

Usage

estimateLambdaBIC(X, lambda, makePlot = TRUE)

Arguments

X list of K numeric data matrices of size n k by p (n k can be different for
each matrix)

lambda vector of parameters for which function evaluates BIC

makePlot If makePlot = FALSE, plotting of BIC is disabled. The default value is
TRUE.

Value

The following list is returned

� lambda opt - a number, optimal value of regularization parameter according to BIC
procedure;

� BIC - a vector of BICs for each element of input vector lambda.

estimateLambdaCV Estimation of the optimal regularization parameter for jewel
method based on cross-validation

Description

Given a grid of regulariation parameters, function performs cross-validation and estimates
the optimal parameter as the one for which the cross-validation error’s minimum is obtained.
Parallelization over folds and warm start are implemented.

Usage

estimateLambdaCV(X, lambda, k_folds = 5, verbose = TRUE, makePlot = TRUE)
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Arguments

X list of K numeric data matrices of size n k by p (n k can be different for
each matrix)

lambda vector of parameters over which cross-validation is performed

k folds number of folds in which data is divided. The default value is 5.

verbose If verbose = FALSE, tracing information printing is disabled. The default
value is TRUE.

makePlot If makePlot = FALSE, plotting of CV error is disabled. The default value
is TRUE.

Value

The following list is returned

� lambda opt - a number, optimal value of regularization parameter according to cross-
validation procedure;

� CV err - a vector of cross-validation errors for each element of input vector lambda

evaluatePerformance Evaluation of graph estimation methods perfomance if true graph
is known

Description

Function compares adjacency matrices of true and estimated simple graphs and calculates
the number of true positives (correctly estimated edges), true negatives (correctly estimated
absence of edges), false positives (edges present in the estimator but not in the true graph)
and false negatives (failure to identify an edge).

Usage

evaluatePerformance(G, G_hat)

Arguments

G True graph’s adjacency matrix

G hat Estimated graph’s adjacenct matrix. Must have the same dimensions as
G.

Value

performance - vector of length 4 with TP, TN, FP, FN
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generateData Generation of a scale-free graph and corresponding datasets using
the graph as their Gaussian graphical model

Description

Function generates a scale-free graph with p vertices and K corresponding precision and
covariance matrices, all of the size p by p. Then for each l-th element of vector n it
generates K data matrices, each of the size n l by p, i.e., for the same underlying graph we
can generate several sets of K datasets with different sample sizes.

Usage

generateData(
p,
K,
n,
power = 1,
m = 1,
a = 0.2,
b = 0.8,
makePlot = TRUE,
verbose = TRUE

)

Arguments

p Number of nodes in the true graph

K Number of data matrices

n Vector of the sample sizes for each desired set of K data matrices. Can
be a vector of one element if one wishes to obtain only one dataset of K
matrices.

power Power of preferential attachment for Barabasi-Albert algorithm for gen-
eration of the scale-free graph. The defaut value is 1.

m Number of edges to add at each time step of Barabasi-Albert algorithm
for generation of the scale-free graph. Resulting graph has mp -(2m -1)
edges. The default value is 1 and graph has p-1 edges.

a Entries of precision matrices are sampled from the uniform distribution
on the interval [-b,-a] + [a,b]. The default value is a = 0.2.

b Entries of precision matrices are sampled from the uniform distribution
on the interval [-b,-a] + [a,b]. The default value is b = 0.8.

makePlot If makePlot = FALSE, plotting of the generated true graph is disabled.
The default value is TRUE.

verbose If verbose = FALSE, tracing information printing is disabled. The default
value is TRUE.
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Value

The following list is returned

� trueGraph - sparse adjacency matrix of the true graph

� data - list of lists, for each sample size (l-th element of the input vector n) one obtains
K data matrices, each of the size n l by p

� Sigma - list of K covariance matrices of the size p by p

generateLambdaGrid Generation of the sequence of regularization parameters

Description

Function generates a uniform in logarithmic space grid of regularization parameters. Lambda max
is max({1 / (n -1)} max(XˆTX)), lambda min = lambda max * eps.

Usage

generateLambdaGrid(X, nlambda = 50, eps = 0.1, scale = TRUE)

Arguments

X list of K numeric data matrices of size n k by p (n k can be different for
each matrix)

nlambda desired number of parameters. The default value is 50.

eps lambda min = lambda max * eps. The default value is 0.1

scale if TRUE and hence data is scaled, then resulting grid is independent of X
and goes from eps to 1 uniformly in log-scale. The default value is TRUE.

Value

lambda - vector of regularization parameters of length n

jewel Joint node-wise estimation of Gaussian graphical model from
multiple datasets

Description

Implementation of the jewel method for estimation of the graph of conditional dependen-
cies between the variables given multiple datasets, i.e. when observations of variables are
collected under different conditions.

Usage

jewel(X, lambda, Theta = NULL, tol = 0.01, maxIter = 10000, verbose = TRUE)
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Arguments

X List of K numeric data matrices of size n k by p (n k can be different for
each matrix).

lambda Regularization parameter which controls the sparsity of the resulting
graph - bigger it is, less edges one gets.

Theta List of K starting regression coefficient matrices of size p by p. If not
provided, initialized as all zeros and adjacency matrix is initialized as all
ones.

tol Convergence threshold controlling the relative error between iterations.
The default value is 0.01.

maxIter Maximum allowed number of iterations. The default value is 10 000.

verbose If verbose = FALSE, tracing information printing is disabled. The default
value is TRUE.

Value

The following list is returned

� EstAdjMat - adjacency matrix of the estimated graph

� Theta - list of K estimated covariance matrices of size p by p

� residual - list of K matrices of residuals of size n k by p (n k can be different for each
matrix)

� BIC - value of Bayesian information criterion



Appendix C

Implementation discussion

This appendix contains a brief description of the computational improvements
I managed to do when developing jewel package. Although I suppose that my
discoveries are minor to anyone who is advanced in R programming, I hope this
discussion may be of use to someone who, like me at the beginning of my Ph.D.
studies, has little to no programming experience.

For more ”algorithmic” computational improvements refer to the description
of the active shooting and warm start techniques in Chapter 4.

C.1 How to make you code faster?

There are two key steps of improving the speed of the code, regardless of the
logical algorithm itself: profiling – identifying where exactly does the code slow
down and benchmarking – measuring the effectiveness of possible improvements
compared to the existing solutions. Although it is not guaranteed these would
help to achieve a great reduction in running time, it is nonetheless useful to be
aware of how your code performs.

A profiler is a tool that stops the execution of code every few milliseconds
and records the function that is currently ”active”. It manages to measure the
running time and the memory occupied for each individual line of code. Profiler
could be used through profvis package [13]) or directly through the menu at
Rstudio (select lines to profile, then click ”Profile” at the top menu bar and then
”Profiles selected line(s)” at the drop-down menu). After profiling, one gets a
flame graph with call stack (i.e. which function called what) and bar graphs of
memory and execution time. This allows to visually identify so-called bottlenecks
– lines of code occupying much more time compared to the rest of the code.

Once the weak point is found, one starts to think about possible improve-
ments. Benchmarking is the comparison of several functions applied to the same
data with execution time averaged over multiple runs. It allows to clearly see
if the solution is in fact useful or provides little to no improvements. Package
microbenchmark [52] can be used for benchmarking: simply pass functions to
compare to the main function, like microbenchmark(sum(1:100)/100, mean(100)).
The result would show the mean running time for each function. We advise the
reader to be careful to consider if it is displayed in nano-, milli- or standard
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seconds and if it is big enough to be relatable for their work.
For in-depth discussion on profiling and benchmarking we recommend chap-

ters 23 and 24 of ”Advanced R” By H. Wickham [67]. In the next section, we will
demonstrate the improvements we were able to achieve with these techniques.

C.2 Examples of improvements

Lists vs long
Since jewel is applied to multiple datasets X(1), . . . ,X(K), it felt natural to use

list structure in R: store datasets as a list of matrices and access each of them
simply by their index X[[k]], mimicking the mathematical notation. However,
we discovered that concatenating the matrices into one long matrix and accessing
X(k) by using a specifically constructed index vector is much more efficient.

1 #X is an input list of K matrices

2 n_k <- sapply(X, function(x) dim(x)[1])

3 nindex <- rep (1:K, n_k)

4 X_long <- do.call(rbind , X)

In fact, for p = 500 the difference in running time could be of three times. This
is due to the fact that elements of the matrix are stored consecutively in the
memory, while elements of the list are not. Therefore, it takes longer to access
them and perform any manipulations.

Embarrassingly parallel
Problem is called embarrassingly parallel if it requires little or no effort to

separate into parallel tasks, often because there is little or no dependency/-
communication between them. This was exactly the case of jewel simulation:
performance and running time were averaged over 20 independent runs, which
had no dependency at all. Therefore, we parallelized the simulation with the
help of the parallel package. Note that we used Windows OS with distributed
memory (individual memory for master and each worker), so we had to first ex-
port libraries and all the data to workers to run parallelization. OS X and Linux
systems, however, have shared memory, so these steps are redundant.

1 library("parallel")

2 nruns <- 20

3 ncores <- detectCores ();

4 cl <- makeCluster(ncores , type = "SOCK")

5

6 #export the library and the data to workers

7 clusterEvalQ(cl , library("jewel"))

8 #G_true_list 20 true graphs

9 #X_list 20 sets of K data matrices

10 clusterExport(cl, varlist = c("G_true_list", "X_list", "lambda"))

11

12 #parallel_runs_jewel () function with jewel method , measuring

running time , evaluating performance etc.

13 data <- clusterApply(cl , 1:nruns , parallel_runs_jewel)
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One has to be careful with parallelization, since the process of master-worker
communication does require some time itself, so in smaller dimensions or for
faster functions it can outweigh the benefits. This, however, was not the case for
jewel or any JGL and Guo et al proposal. With 4 physical cores, parallelization
reduced the total running time for simulation almost five times.

We have also implemented parallelization in cross-validation estimation of
regularization parameter λ (see Subsection 4.4.2) since evaluation of errors is
performed independently for each fold.

Matrix inversion
One of the steps of generating the data for simulation studies requires to

invert the ”true” precision matrices Ω(k), k = 1 . . . K, (see Subsection 5.1.1).
Although we could have used standard solve function, for symmetric positive
definite square matrices there is a faster option chol2inv that performs the inver-
sion from matrix’s Choleski decomposition. Since Ω(k) by construction satisfies
all the conditions, we chose chol2inv. For p = 500 it runs for about 15 millisec-
onds while solve takes around 105.

Matrix multiplication
Initialization of residual matrices R(k) = X(k) − X(k)Θ(k), k = 1 . . . K, (see

Section 4.3) at the beginning of the jewel algorithm requires matrix multipli-
cation. Although we perform this operation just once, it was still desirable to
speed it up. The fastest implementation we discovered was EigenMapMult function
from SMUT package [78]. It uses C++ via RcppEigen package and demonstrates
advantage both to %*% and crossprod functions.

Vector norm
Solution of minimization problem, described in Section 4.3, involves evaluation

of the l2-norm of vector z. First intuition could be to use norm(z, type = "2")

instead of sqrt(sum(z^2)) for the sole reason of it being the designated function
for purpose of evaluating the norm. However, norm() is designed for matrix norm
evaluation with "2" parameter specifying the spectral norm of a matrix. In norm

(z, type = "2") vector z is first converted into a matrix, then its singular value
decomposition is found and largest singular value identified. Instead, sqrt(sum(z
^2)) does the straightforward computation and gains the running time advantage.

The difference is extremely small, about ∼ 22× 103 nanoseconds but it accu-
mulates in the simulation. For the case of p = 500, we can gain at least 3 seconds
in one launch of jewel.
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