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GLOBAL EXISTENCE OF FINITE ENERGY WEAK SOLUTIONS
OF QUANTUM NAVIER-STOKES EQUATIONS

PAOLO ANTONELLI AND STEFANO SPIRITO

ABSTRACT. In this paper we consider the Quantum Navier-Stokes system both
in two and in three space dimensions and prove global existence of finite energy
weak solutions for large initial data. In particular, the notion of weak solutions
is the standard one. This means that the vacuum region are included in the
weak formulations. In particular, no extra term like damping or cold pressure
are added to the system in order to define the velocity field in the vacuum
region. The main contribution of this paper is the construction of a regu-
lar approximating system consistent with the effective velocity transformation
needed to get necessary a priori estimates.

1. INTRODUCTION
In this paper we study the Quantum-Navier-Stokes (QNS) system on (0,7T") x €2,
Orp + div(pu) =0
1.1 A
U auou) + div(ou o) + 97 — 20 div(oDu) - 2H2pV< \/\? ) —0,

with initial data

p(0,x) = p°(),
(pu)(0, ) = p°(x)u’ ().
The domain €2 we consider is the d-dimensional torus with d = 2, 3. The unknowns
p,u represent the mass density and the velocity field of the fluid, respectively, v
and k are positive constants and they are called the viscosity and the dispersive
coefficients.

The above system belongs to a wider class of fluid dynamical evolution equations,
called Navier-Stokes-Korteweg systems, which read
Op + div(pu) =0
O(pu) + div(pu @ u) + Vp = divS + div K,

(1.2)

(1.3)

where S = S(Vu) is the viscosity stress tensor
S=h(p)Du+ g(p)divul,
and K = K(p, Vp) the capillarity (dispersive) term, defined through

K= (pdiv<k<p>vm LK) - k<p>>|w|2) I k(p)Vp & V.
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The QNS system (1)) is given by choosing in (3] the capillarity coefficient to be
k(p) = =

Furthermore, similar systems arise also in the description of quantum fluids. For
example the inviscid system, i.e. (L) with v = 0, is the well known Quantum
Hydrodynamics (QHD) model for superfluids [29]. Global existence of finite energy
weak solutions for the QHD system has been studied in [I] and [2]. Inviscid systems
with a general capillarity tensor are also studied extensively, for example in [6]
the local well-posedness in high regularity spaces of the Euler-Korteweg system is
treated. Recently in [4] the global well-posedness of the same system for small
irrotational data was proved. The viscous correction term in ([I]) has been also
derived in [14], by closing the moments for a Wigner equation with a BGK term.
For more details about the derivation of the QNS system we refer the reader to
[24]).

The main result we are going to prove in our paper is the existence of global
in time finite energy weak solutions for the Cauchy problem (LI, (LZ). This
is the first result of global existence for finite energy weak solutions to a Navier-
Stokes-Korteweg system in several space dimensions. For the one dimensional case,
in [25] the global existence of weak solutions for the QNS system (L)) is proved.
Furthermore, in [19] the authors consider a large class of NSK systems in one
dimension, for which they prove the existence of global in time finite energy weak
solutions. We also mention [I6] where the authors show the existence of global
classical solutions around constant states in one space dimension. Concerning the
multidimensional setting, in [2I] the existence of global strong solutions to (L) is
shown, by choosing a linear pressure and x = v.

A global existence result for (L)), (L2]) with finite energy initial data was already
obtained by Jiingel in [23] in the case k > v and v > 3. However, the notion of weak
solutions in [23] requires test functions of the type pg, with ¢ smooth and compactly
supported. This particular choice of such test functions does not consider the nodal
region {p = 0} in the weak formulation, where there are the main difficulties in
dealing with the convective term and it was introduced in [I0] to prove a global
existence result for a Navier-Stokes-Korteweg system ([L3]) with a specific choice of
viscosity and capillarity coefficients. A similar analysis is also done in [22] for the
case k < V.

Furthermore, some global existence results by using the classical notion of weak
solutions have been shown by augmenting the system ([IJ) with some additional
terms: for example, [20] considers a cold pressure term, whereas in [35] damping
terms are added. Those augmented systems ensure that the velocity field is well
defined also in the vacuum region and it lies in some suitable Lebesgue or Sobolev
spaces. From such a priori estimates it is then possible to infer the sufficient com-
pactness properties for the weak solutions, in particular to deal with the convective
term in the vacuum region.

When « = 0 in ([[T), global existence results for finite energy weak solutions
have been recently obtained by [34] and [31]. One of the main tools to treat the
convective term is the Mellet-Vasseur inequality [33]. There the authors prove the
compactness of finite energy weak solutions for the Navier-Stokes equations with
degenerate viscosity by obtaining a logarithmic improvement to the usual energy
estimates, namely they show the quantity

plul®log (1 + |ul?)
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is uniformly bounded in L{°L!.

The presence of the dispersive term in (1), however, prevents to directly prove a
Mellet-Vasseur type inequality. This was indeed already remarked in [34], where the
authors can only prove an approximate estimate by exploiting the extra damping
terms and a truncation technique for the mass density.

In [3] we overcome this difficulty by using an alternative formulation for () in
terms of an effective velocity w = u + c¢Vlogp. In this way it is possible to tune
the viscosity and capillarity coefficients such that the dispersive term vanishes in
the new formulation. The Mellet-Vasseur inequality is proved then for the auxiliary
system and, by using the a priori bounds obtained from a BD [8], [9] type estimate,
we prove the compactness of solutions to (1), (L2). We refer to [3] for a more
detailed discussion on the stability properties of (I1I), (I2). We mention [12] and
[11], where a similar effective velocity was used to study fluid dynamical systems
with a two-velocity formulation. We also refer to [25] for a further introduction on
models where similar effective velocities are considered.

In this paper we continue our analysis of system ([LT]), (I2) by showing the global
existence of finite energy weak solutions. The main difficulty here is to construct
a sequence of approximating solutions which satisfy the a priori bounds in [3].
More precisely, we need to consider an approximating system with the following
properties: first of all, it must retain all the a priori estimates, such as the energy
and the BD entropy estimates. This further implies that the approximating system
must be consistent with the transformation performed in [3] in terms of the effective
velocity. Moreover, we need that the auxiliary system satisfies a Mellet-Vasseur
type estimate. Finally, the approximating solutions must be regular. We notice
that standard approximation procedures based on Faedo-Galerkin method can not
be used here since the a priori estimates in [3] heavily depend on the structure of
the system.

The approximating system we are going to study is the following one

Orpe + div(peues) =0,
O (petie) + div(peue @ ue) + V(p2 + pe(pe)) + Pe(pe)ue = divS, + divK,,

where p.(pe) is a cold pressure term, p.(p:)u. is a damping term, S, and K. are the
approximating viscosity and capillarity tensors, respectively. As we will see below,
the cold pressure term will give us the higher integrability a priori bounds crucial to
prove the global regularity of the approximating solutions. However, this introduces
some difficulties in the analysis, first of all that prevents to obtain a Mellet-Vasseur
type estimate. To overcome this problem we then add the damping term, with a
suitable choice of the coefficient p.(p.) such that in the auxiliary system written
in terms of the effective velocity the cold pressure cancels. In order to show the
convergence to zero of the cold pressure and damping terms we need additional
a priori estimates. We manage to get further integrability properties for those
singular terms by considering a regularized viscous stress tensor, similarly to [31].
On the other hand, this requires that also the capillarity tensor has to be regularized
accordingly; this is necessary so that the approximating system is consistent with
the transformation through the effective velocity, as already remarked above. We
will thus consider a regularization for the capillarity tensor such that it can be
transformed as a part of the effective viscous tensor. Moreover, this is the good
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approximation for the capillarity tensor since this yields the necessary a priori
bounds on the mass density.

We conclude this introduction by a comparison with the result in [3]. The

compactness holds for any v, k > 0 positive such that x < v. In the two dimensional
case we prove the existence result for the same range k£ < v, while in the three
dimensional case we consider v and p at the same scale, namely k < v < ak for
some « > 1. However, it is worth to point out that no smallness assumption on v
and k are assumed.
Our paper is structured as follows: in Section 2] we introduce the notations and
definitions, in Section [B] we study the approximating system and we show some
useful identities. Then, in Section [ we prove the a priori estimate we need. Finally,
in Section Bl we prove the Theorem 2.2l and 2.3l and in Section [Gl we prove the global
existence of smooth solutions for the approximating system.

2. NOTATIONS, DEFINITIONS AND MAIN RESULT

In this section we are going to fix the notations used in the paper, to give the
precise definition of weak solution for the system (IT]) and to state our main results.

2.1. Notations. Given 2 C R?, the space of compactly supported smooth func-
tions will be D((0,7T) x2). We will denote with L?(Q) the standard Lebesgue spaces
and with || - ||, their norm. The Sobolev space of LP functions with % distributional
derivatives in L? is WP (Q) and in the case p = 2 we will write H*(Q). The spaces
W=kP(Q) and H=¥(Q) denote the dual spaces of W*' (Q) and H*(Q) where p/
is the Holder conjugate of p. Given a Banach space X we use the the classical
Bochner space for time dependent functions with value in X, namely L?(0,T; X),
WkP(0,T; X) and W—FP(0,T; X). Finally, Du = (Vu + (Vu)")/2 is the symmet-
ric part of the gradient and Au = (Vu — (Vu)?)/2 the antisymmetric part. In
what follows, C will be any constant depending on the data of the problem but
independent on . Moreover, ¢ will be always less than a small €y depending only
on v, v and k, which will be chosen in the sequel.

2.2. Weak Solutions. We first recall two alternative ways to write the third order
tensor term, which will be very useful in the sequel:

(2.1) 2pV (%) = div(pV?log p) = VAp — 4div(V/p @ V /D).

Then, by using (21I), we can consider the following definition of weak solutions.

Definition 2.1. A pair (p,u) with p > 0 is said to be a weak solution of the Cauchy
problem (LI)-(T2) f

(1) Integrability conditions:
p € L*(0,T; L' N L7(T%)),
Jpu € L(0,T; TA(T4)),
Vp € L=(0,T; H (T?)).
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(2) Continuity equation:
[ o0+ [[ oon+ vovmuvo o,
for any ¢ € C°(]0,T); OOO(Td)).

(3) Momentum equation:
[ Pwuo)+ [ Vatvmw+ vous yauve + g aive
—o //(\/ﬁu © VBV — 20 //(v\/p ® \/pu)Vep
+y// \/ﬁ\/ﬁqu—l—V/ PV divey
— 4x? //(V\/ﬁ ® V/p)V + 2/@2/ VoV/pV divey =0,

for any ¥ € C2=([0,T); C>(T4)).
(4) Energy Inequality: if

1 pY
B = [ Soluf + L 4 267V P
v—1
then the following energy inequality is satisfied for a.e. t € (0,T)
E(t) < E(0).

2.3. Main result. Let us start by specifying the assumptions on the initial data.
Let v > k and let 1 be a small fixed positive number. We consider an initial density
pY such that

po > (0in 'H‘d,
(2.2) P’ € L' N LY(T?),
vyp® e L2 N L¥F(T?).
Concerning the initial velocity ug we assume that
up = 0 on {p° = 0},
Vpoul e L2 n L2+(T?).

The hypothesis of higher integrability on V1/p% and \/p%u’ imply that

(2.3)

0 |v°]? R : o 7 1emd
(2.4) p |1+ 5 log [ 1+ 5 is uniformly bounded in L"(T¢),

with v° = u%+¢Vlog p° and ¢ > 0. In order to simplify the presentation we assume
also that p° is bounded from above and below, namely there exists p® > 0 such
that

1 _
(2.5) 0< Fy <p’<p

Then, we state our main result in the two dimensional case.
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Theorem 2.2. Letd = 2. Let v,k and 7y positive such that k < v and v > 1. Then
for any 0 < T < oo there exists a finite energy weak solutions of the system (LTI

on (0,T) x T?, with initial data (L2) satisfying E2), @3) and Z3).
In the three dimensional case we need the a restriction on v, x and ~.

Theorem 2.3. Let d = 3. Let v,k and v positive such that k> < 1% < %KQ and
1 <~v < 3. Then for any 0 < T < oo there exists a finite energy weak solutions of
the system (L) on (0,T) x T3, with initial data (L2) satisfying Z2), E3) and
@.3).

Let us briefly comment on the extra assumption we have in Theorem 2.3 This
assumption is not required in the passage to the limit from the approximating
solutions (p,ue) to solutions of (II]) but only in the proof of global existence of
smooth solutions of the approximating system, see Theorem [6.2] As it will be clear
from our proof (see Proposition[6.3]), we need the viscosity and capillarity constants
to be comparable in order to prove regularity of solutions of the approximating
system. The constant 9/8 is not optimal there and can be improved. Furthermore
we stress that we do not need any smallness assumptions on v, k. Recently, after the
submission of our paper, it was shown in [30] that the above technical restriction
can indeed be removed. This was achieved by following some different arguments
than the ones used in our paper.

3. THE APPROXIMATING SYSTEM

In this Section we first introduce the approximating system we are going to study
and we then show how that can be transformed into an equivalent system in terms
of the effective velocity, analogously to what was done in [3].

3.1. Approximating System. The system in (0,7) x T¢ we consider is
(3.1)
Orpe + div(peues) = 0,
O(peue) + div(peue @ ue) — 2vdivS. + V(o2 + pe(pe)) + Pe(pe)ue = k* divKe.
The system (B3.1)) is coupled with initial data on {t = 0} x T<:
(52) p(0,2) = pl(2),
peue(0,2) = pl(z)ul(x).

Let us describe in what follows the various terms appearing in ([B1).
The viscosity coefficient h.(p.) is defined as follows

7
(3.3) he(pe) = pe +epe +ep]
and we define g-(p.) to be

(3.4) 9e(pe) = pehi(pe) — he(pe).
Then the stress tensors S; = S, (Vu,) is:

(3.5) Se(Vue) = he(pe)Duc + g:(pe) div u.LL
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The following inequalities follow from the definitions of h.(p.) and ge(p:)

ae w0 9:(p0)] < max(. (7 = D)helpo)
h.(pe)pe < vhe(p:), |h!(pe)lpe < (v — 1)L (pe).

In particular it follows from (B3] that

) 5
(3.7) he(pe)| Duc|? + g (pe )| div uc[* > gha(pa)|Dua|2-

The approximating dispersive term K. = K. (ps, Vpe) is defined as
he(pe) diV(h’a(ps)V\/p_s))
N

We notice that, for ¢ = 0, we recover the quantum term in (ZI). Next Lemma
clarifies how this approximation is consistent with the approximating viscous tensor

in (B.3).

Lemma 3.1. The following formulae hold for the capillarity term divK.:

29V (hé(ps) div(j%pa)vﬁs) ) — div(he (p) V262 (p2)) + V(g2 () A (0.))

— V(B (p) Ak (p2)) — Adiv((hL(p)Vy/72) @ (KL () ¥ /7))
where ¢-(pe) is such that p-¢'(p:) = hL(pe).
Proof. By direct computations we get
div(K.) = V(R (po) /P div(h.(p)V e/ \/72)) = ARL(p)V /o= div (L (p2)V /22
= V(hL(pe)Ahe(p2)) = 2V (|hL(pe)V/pe]?)
— 4div(hL(pe)V/pe @ hi(p)V/pe) + 4V (R (p<)V/pe) - (- (p)V/pe)
= V(I (pe) Ahe(pe)) — Adiv(hi(pe) V/pe @ hipe)V/pz)-
To prove the remaining identity, we use the fact that p.¢’(pe) = h.(p.) we have
V(hL(p)Ah (p.)) — Adiv(BL(p:)V 7z @ K(p:)V y/72)) =
V(hL(pe) div(peVde(pe))) — div(Vhe(pe) @ Ve (pe)) =
V(R (pe)peAde(pe)) + V(Vhe(pe) - Ve (pe))
= V2(he(p) Ve (pe)) + div(he(pe) V¢ (p:)) =
V(R (pe)p=Dde(pe)) = V(he(pe) Ade(pe)) + div(he(pe) VP ¢:(pe)) =
V(9= (pe) Ade (pz)) + div(he (pe) V2 b (pe)).-

div(Kc(pe, Vpe)) = 2p:V (

O

The previous Lemma explains how the regularization of the dispersive tensor is
consistent with (3.3]) and the transformation through the effective velocity. Indeed,
since the viscous tensor S;(Vue) = h-(p:)Duc + g-(pe) div u,, the effective velocity
is given by ve = ue + ¢V (p:), where as above ¢.(pe) is defined through h.(p.) =
pe®-(pe). Then, from the identities in Lemma Bl it is straightforward to see that
divK.(pe, Vp:) = divS.(V2¢-(p:)), so that in the effective system this can be
incorporated in the effective viscous tensor. A similar Lemma is also proven in [7],
where the authors use an equivalent formula for the capillarity term in order to
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construct a numerical scheme for the Euler-Korteweg system with entropy stability

property under a hyperbolic CFL condition.
The coefficient p.(pc) in the damping term is defined by

P=(pe) = Ae) (p;l“’ + p§52>

where A(e) = ¢~ 7T, The cold pressure p.(pc) is defined such that

p/s (pe) = ppe(pe) h/s (pe) )

€

where

(3.8) w=v—\v?—r2

In particular, by using the definition of h.(p.) and p.(p.) by direct computations
we get the following expression for p.(p:)

L Sutie) -1
pe(pe) = pe®Me)ps™ + 8_75(2)%2 ;

|~

Eurle)y  LH+v-1

&

R e A — u\ 2«
1+e2(h -1 HAE)e"pe

(3.9) B e3uT(e) pfﬁ—é B e3uyA(e) pr%Jr'y*l
248 F 1—e2(y—1)""

6 .
= pi(pe).
i=1
Let f-(pe) such that

pe(pe) = Psfs/(Pa) = fe(pe).

Then, again by direct calculation we have that

(310) 5
Tiven —55%?((15)152(7 = 2))p§2+7_1 + E;“i(i) P
T3 1 6
® figjég(?zaz) C (1—-e(v —555;?1(6—) (v - 2))[)5_:2ﬂ_1 B ; Fi(pe).

It is straightforward to check that there exists e = e¢(y) > 0 small enough such
that both fI(p.) and (fi(p.))" are positive for any i = 1,...,6, ¢ < .
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Finally we construct the initial data [32). Given (p°,u°) satisfying Z2), Z3)
and (23] it is easy to construct a sequence of smooth functions (p?,u2) such that

p? — pY strongly in L*(T%),

{p2}. is uniformly bounded in L* N L7 (T%),
{hL(p-)V+/p}. is uniformly bounded in L? N L**7(T4),
B (p)°V/p? — V/p0 strongly in L?(T?),

{/p2ul} is uniformly bounded in L? N L>7(T9),

plug — plug in L'(T7),

f=(p%) — 0 strongly in L'(T).

(3.11)

In particular the hypothesis on the boundedness of p° makes it easy to prove that
W (pe) and f-(p:) are uniformly bounded. Moreover, the higher integrability on
B (p2)V+/p? and +/p2u? implies that

0 o2 ] - o r1md
(3.12) pe |1+ 5 log | 1+ — ) i uniformly bounded in L*(T),

with 00 = u® + ¢V, (p?) and ¢ > 0.

3.2. The effective velocity formulation. We now consider the effective veloc-
ity ve = ue + ¢V (p:). The next Lemma shows that the system (Bl can be
equivalently written in terms of (p., v.). Furthermore, with a suitable choice of the
constant ¢, both the dispersive and the cold pressure terms will vanish.

Lemma 3.2. Let (pe,uc:) be a smooth solution of the system BIl). Then, (pe,ve),
with ve = ue + cVe(pe) and ¢ > 0 satisfies the following system,

Ope + div(pev:) = cAhc(p:)
(3.13)  Oi(peve) + div(peve ® ve) + VoI + S‘VPE(PE) — cA(he(pe)ve) + Blpe)ve
—2(v — ¢) div(he(pe)Dve) — (2v — ¢)V (g (pe) divwv.) — &2 divK, = 0,
where p > 0 is defined in BR), &2 = k2 — e+, A= (u—c)/p.

Proof. Let ¢ € R. From the first equation in ([B1) we have that

(3.14) c(pVoe(pe))e = —cV(div(he(pe)ue)) — cV(ge(pe) div ue).
Moreover, it is straightforward to prove that
(3.15)
Cdiv(paua ® Vor (pa) + pav¢€(pa) & ua) = CA(hs(pa)ua) - 2CdiV(ha (pa)Dua)
+ cV div(he(pe)ue)
and
(3.16)

c? div(p=V e (pe) ® Ve (pe)) = C2A(hs (pe)Ve(pe)) — ¢ div(hs(ps)VQQbs(ps)),
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see also [25]. Then, by using the definition of v. we have
Ot(peve) + div(peve @) + Vpl =
O (peue) + div(peus @ ue) + Vp?
+ c(pe Ve (pe))i + cdiv(peue © Voo (pe) + pe Ve (pe) © ue)
+ A A(he(p) Ve (pe)) — ¢ div(he(pe) V0e (=)
and by using (BI4)- (BI6) and the fact the (pg, u.) satisfies the momentum equation
in (B we get
Bu(peve) + div(pave ® v2) — A (he(pe)ve) + V2
(3.18) = 2(v = ) div(he(pe) Dve) — (2v = ) V(g2 (pe) div ve) + p(pe)ve
= cPe(pe)Ve(pe) — pe(p=)Vpe + (K* = 2ve + ) div Ke (pe).
By using that ve = ue + ¢V (pe), Lemma B and the definition on p.(p:) we get
Bu(pve) + div(pave ® v2) — A (he(pe)ve) + V2
+ cdiv(he(pe)Dve) — (2v — ¢) div Se (ve) + p(pe)ve

(3.17)

(3.19)
= (¢ — 2ve + Kk2) divK. (p.) — %Vps(ps).

Let us notice that, by taking ¢ = u, then the right hand side in ([I9) vanishes. O

4. A PRIORI ESTIMATES

In this Section we are going to show that the approximating system satisfies,
uniformly in € > 0, the a priori estimates used in [3] to prove the compactness
of weak solutions to ([LI)). First of all we prove the classical energy estimate for

system (B.1)).

Proposition 4.1. Let (p-,u.) be a smooth solution of BIl). Then, the following
estimate holds.

d ([ pelucl* | o2
([P 2 o)+ 22 o P
ey / he(p2)| Duc? + 20 / ge(pe) divuc]? + / Be(po)uel? =

Proof. Let us multiply the momentum equation in ([BI]) by u.. After integrating
by parts and using the first equation we get

d U i D
u / f’s';' + o / he(p)| D + 20 / 9e(pe)| divuc | + / pe(p2)ucl?

(4.1)

(4.2)

- HQ/diV Koue + /V(pz + pe(pe))ue = 0.
Then, we consider the pressure terms. By multiplying the first equation by 7’) ul
we get

By multiplying again the first equatlon by fL(pe)

(4-4) dt /fa pa /VPE Pa ue = 0.
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Finally, we deal with the dispersive term. By multiplying the first equation by
2621 (p.) div(hL(p)V /B2) /= we get

_252/atpsh;(ps)divi;ia)_(f’ﬁvx/p_s)_252/div(psus>hé(ps>d Y/L_( p)VVPE)

Then, by using Lemma [B.I] integrating by parts and using the chain rule we get

d
dt

(4.5) 22| (p )V /o] + /divKaug ~0.
By summing up [@2), (@3), @A) and @3] we get @TI). O

Next Lemma gives the energy estimate for the transformed system (BI3)).

Proposition 4.2. Let (p.,u:) be a smooth solution to BIl) and let us consider
(pe, ve), where ve is the effective velocity ve = ue + Ve (pe), with ¢ € (0, ). Then
we have

% (/ L;F + ,Yp—jl + Me(pe) + 2&2|h;(pa)vx/p_al2>

b [ helplAo? + @ =) [(helpo)|DucP + ge(po) div o)
+/ﬁs(ps)lvs|2+67/ L(p)IVpe?pl~ 2+cA/h;(ps)|Vps|2fé’(ps)
i [ (o T20up )P+ i [ gu(p] 860 =0,

(4.6)

where X = (u—c)/u, R? = & —2vc+ k2 and we recall that Av. = (Vv. — (Vo)T)/2
is the antisymmetric part of the gradient.

Proof. Since (pe,us) is a smooth solution of BI) we can use Lemma to de-
duce that (pe,v.) satisfies equations (3I3). Then, by multiplying the momentum
equation by v., integrating by parts and using the first equation we get

(4.7)

d ve|? .
& [ v [hpoian + o= o) [eooiDuP + gl div )

—I—/Vpg -v5—|—/~\/Vps(p5) -v5—|—/ﬁ5(p5)|vs|2—fq2/divavE =0,

where we used that |Vv.|? = | Dv.|?+|Av.|?. Then, by multiplying the first equation
-1
by V,f = and integrating by parts we get

d
(4.8) 7 p"' +cv/|Vpa|2h’ pe)p /Vpava =0.

By multiplying again the first equation by Af/(p.) we get

(4.9) jt/)‘fa (pe) — /VPE (pe)ve + h (pa)|Vp€| fZ(pe) =0.
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Then, we consider the dispersive term. By multiplying the first equation
by —2&2h,(pe) div(hi(ps)V\/pe)/+/pe we get

Py / Dp. he(pe) div(h (pe)Vv/pe) o / div (psvs)h’s(pg)div(h’s(ps)v\/p_s)

N N
+ c2R? /Ah pg)dlv%pa)v\/p_‘f) 0.

The first two terms are treated as in Proposition [£1] and we get

_27{2/8tp5hé(ps)diV(hé(ps)V\/p_s) _27{2/div(psvs)h;(ps)diV(hé(ps)V\/p_s)
d

VPe VPe
= 252 |hL(pe)V/pe|* — &Z /divavE.

We then consider the last term, by integrating by parts we get

h’ (pe) div(hz(pe)Vy/pe) hZ(pe) div(hz(p<)V/p<)
2 [ an V> ~2 [ Vou(pp.v < V> )

Sy
— / Ve (pe) div(he (pa)v2¢a (pe)
— / V. (pa)V(ga (p;._-)A@_- (pa)v

where Lemma B.1] has been used. By integrating by parts we get

2 [ Ao ”“‘)dw(j;_i””vﬁ) [ 10960020+ [ ge(o) 12020

Resuming, we have

22 1 (pe) VP + 2 [ div(po)o,

(4.10) dt
i [ hepo)[726-(00) + g2 p2)|Ade(po)F = 0
By suning up (7). (), (@) and @0 we get @ =

Let us now choose the constant in the effective velocity to be exactly the constant
defined in (B.8)), © = v —+/v? — k2. Throughout this paper we will denote by w® the
effective velocity with this particular choice of the constant, i.e. w. = u.+uVoe(p:).
As we already noticed, in this case both the dispersive term and the cold pressure
term vanish in I3)), so that the system reads

Oepe + div(pewe) = pAhe(pe),
(4.11) 9t (pew:) + div(pewe ® we) — pA(he(pe)we) + Vpl + pp:)we

= 2(v — p) div(he(pe) Dwe) — (2v — p)V(ge(pe) div we) = 0.
Analogously to what we did in [3], we now prove a Mellet-Vasseur type estimate

or ([@II)). We will first prove an auxiliary Lemma which will also be useful later in
section @] see Lemma
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Lemma 4.3. Let (pe,us) be a solution of the system B1).

CY(R) the pair (p-,w.) satisfies the following integral equation
(4.12)

d - 2 o { Jwe 2 w, 9

dt p5ﬁ<|w2| >+H/hs(ps)|Aws'ws|2ﬁ <%) +,U/ (p5)|Aw5| B <| 2| )
2 2

+v—) [ (o) iDu (%) +ev=p) [ gl div g <—'“’5' )

2
2 2
+ [ Bl <%> = p) [ helpo)Dw P (—'“’;' )

/ws w.p (' S-IQ) _QV/m(ps)(Dws.wE).(Aws,ws)ﬁ,, (M)

2
2
—(2v — p) /ga(Pa)div wewe - (Dwe - we)B" (_|w2€| ) .

Then, for any B €

Proof. Let 3 € C'(R). By a simple integration by parts we get
i [ Ahelp. ). ('w’f' )——M/Ah (oo e ('wE'Q)
+M/Aha(pa)6 (|w25|2>
+u/ e(pe)|Vw: *' (|w25|2)
+ﬂ/h€(p€) : Qﬁ” (|w2€|2)-

Then, by multiplying the second equation in (1)) by w.3’ (@) we get

(4.13)
v(55) (%)

| |

2

d 03 (|w€|2> —i—p,/ha(pa)
2(u—u)/ <(pe)| Dw. |28’ (' ;' )+(2u—u)/ga(pa)ldivwal2ﬁ' (M)

2
2 2
+/ﬁ€(p€)|w€|26/ (|w2€| > +2 V — /Dwgu}av'wgwgﬁ” (M)

2

2 2
_/szwsﬂ/ (%) - (2V—u)/gs(p5)divwswsv <%> g <M>

2

Let us consider the last term on the left-hand side of the equality, we have
O;wt + O;w! i we |2
O Y e
O;wt + O;w! 0wl + Gwd 2
419) 2= ) [ ooy (O Yt (2SO ) ot (1D

Lt and . 3 l_ 7 2
g(y_m/hs(,,s) <w>w (M)M (|w25| >
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Concerning the last term in the right-hand side of the inequality we have

: ia, .0, U an |w€|2
9= (pe) div wwldjwiw. B -

/%%MW% <@Li%i

2

i 2

+ [ gelpo)divueut (Qﬂ_§&>@m<WA)

2 2
/ga(pg) CllV’u}‘;5 (M) '

Finally, by using that

2 2
/ha(pa) \Y (%)
_ /hg(p€)|Aw€ . w€|2ﬁ” (|w;|2

+/h5(p5)|Dw5-ws|2ﬂ”< 5

+2 [ help)(Aue - wa) (D )" (@) |

Then, by using ([@I4)), (£I15) and (EIG), we get from [@I3)) exactly (@I12). O

Now, we are in position to prove the Mellet & Vasseur type inequality.

(4.15)

(4.16)

Proposition 4.4. Let (p-,u:) be a smooth solution of BIl). Then, there exists
and a generic constant C' > 0 independent on e such that (pe,w.) sastifies

2 2
sup/ <1+| E|) <1+| E|)<C// (pe)|Vw, |?
te(0,T)
2 2\ \ 3
(4.17) +/(/p§275/21)(z/(25))dx) (/pE <1+log( + [w 25| )) dw) dt
02 2
0 |we [w?]?
—i—/pE(l—i- 5 )1 (1—|— 5

for any ¢ € (0,2).

Proof. By choosing 3(t) = (1 + t)log(1 +¢) in Lemma and keeping only the
terms we need we get that there exists a generic constant C' > 0 independent on e
such that

2 2 2
[ (1 25 Yo (1122 o [ i (14 220
te(0,7)

2
Jvotus (B e [rporvut +c [laoliavva.

+ 1 |E|2 1 1 |E|2
ps + — 5 og|l+—— B .

<C
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Then, by using (3.0), integrating by parts the first term, using Holder and Young
inequality we get

2 2 2
sup /Ps <1+| w | >10g (1+ || ) //psIVwa|210g (1+ Jwe | )
te(0,T) 2 2
2
<C// 2= 1(1—|—10g( )) //p€|Vw€|210g(1+|w€| )
w?? Jw?|?
+C//h8(p€)|Vw€|2+/pg (1+#>1 (1+ 5 )

Finally, for 6 € (0,2) by using Holder inequality we get

2
//pg"*_l (1+10g (1+ |w25| ))
=2 2\ \ §
(4.18) < /(/ p§27_5/2_1)(2/(2_5))dx) (/ Pe (1 + log (1 + %)) dw) dt
(2—9)/2
<C / < / p2V=3/2-1)/(2-5) dx) i

Then, {17 is proved. O

5. PROOF OF THEOREM AND THEOREM

In this section prove we give the proofs of Theorem and Theorem Let
us start by collecting and deriving the main bounds which will be needed.

5.1. Uniform Bounds. Let ¢ < ey and let {(pe, ue)}e, with p. > 0, be a sequence
of smooth solutions of (B with initial data (p?,u?) satisfying @II]). The global
existence of (pe,u:) will be proved in the next section. By Proposition E1] there
exists a generic constant C' > 0 independent on ¢ such that

sw [ pelucl? <€ s [ v et <.

(5.1) SItlp/(ps +pl) <G, // he(pe)|Due|* < C,

sw [ 1) <c [[latr <c.

where ([B.G]) has been used. In particular, by using ([B.3]) we have that

(5.2) sw [[vvEE<c [[olpup<c
t
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Then, by BII) and Proposition we get that there exists a generic constants
C > 0 independent on ¢ such that

/ / he(p2)| Au.P? < C, / / W (p2)|Vpel2p2 2 < €
// ps |Vp5| < C, // ps |V Qbs ps)|2 <C,

where we have used B8] and the fact that Aw. = Au.. In particular combining

GI), B2), B3) and B3) we have

(5.4) [[narvur e [[ovup<c

Next we consider the pressure. From (G and (53]), after using (33)), we get

(5.5) [[woip<c

and then by interpolation with (5II) we have that

(5.3)

5
(5.6) //ps% < C for any v > 1if d = 2 and for any vy € (1,3) if d = 3.
Finally, we have the following uniform bounds

(5.7) [ w2var el <c.

The bounds (E7) are crucial to handle the passage to the limit in the dispersive
term and are not a straightforward consequence of the a priori estimates. Indeed
in order to obtain them we need a generalization of the inequality

/ / V2 + [Vpi[t < © / / PV log P

proved in [23], see also [35] for an alternative proof.

Lemma 5.1. Let p > 0 and h(p) be a smooth function such that

(5.8)  h(p) =20, K(p)>0, W(p)p<Ch(p), ["(p)lp<CH(p)
Then, the following inequality hold

(5.9) //h’ V(W (p)V/p) | + // (e |V\f|4<c// p)| V2o (p)

where pd'(p) = W' (p). Moreover, if in addition we assume that h'(p) > ¢ > 0 then

(5.10) [[w2vae+ [[1woir <c [[worvomr

Proof. By using (5.8)) we have that

(5.11)
T //ph/(p)|v2¢(p)|2 < C//h(p)IV%(p) :

[l (Z5)
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where h/(p) = p¢'(p) has been used. Then, by using the chain rule we have

(5.12) v <h/(f’>v\/ﬁ> _ VW (V) W) VVpeVyp

VP VP p
Taking the square we get
W (p)Vyo\|* IV (p)Vp))?
v ( NG ) B p
(5.13) _ QV(h’(p)V\/ﬁ)f\zf’g;)V\/ﬁ ®V.\/p
e

Then, by using (G.1TI)

J[woreo vmz L < o [[ oot

(5.14)

+2// 1 (p) YW DVVRIR (VP & VP
Now we focus on the last term of m)\/ﬁ]gy integrating by parts we get
//h/ ()Y D)V /58 V5 _
h/(P)t;/ﬁ\/_h’( V0P
[ e
0;\/P) (p)Di/Ph (9)0; /P
% I ”(pa VP
0 () )0,
Then,
2 [[ i) ML REIEVR S ST
(5.15) : // W)V pdiv (%) W (p)V/p =
| - [ VoI Y (M2 f) e
)?

c[fmols (25

/ / (p Vf I
Then, by (BI4) we get

o) [[wveovpr [[ w <c [[ oo

Now we prove the second part of the Lemma. Assuming that h'(p) > ¢ it is
straightforward to prove that

[[1vot1 < [[noisr
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By using the chian rule we have

(5.17)
// "(p)IV (R (p) // P) W (p)V2/p + 20" (p)\/DV /P © V/p|?

— [[ww v var

/ 2 "
+4//h,(p)h p)V2/ph (\i)ﬁpv\/ﬁ@)V\/ﬁ

Y OEON NN

By using the fact that [h”(p)p| < Ch/(p) we get
(5.18)

// PV (p)V2/p)? < C//h’ V(K (p)V/p)?
+4‘//// h’ (p)V2/ph" (p )pV\/_®V\/_‘
<O//h’ V(K (p) V\/_|2+O// (o |V\f|4
+5 [[ W@ v vEe.

Then, by using (5.16) we get

(5.19) [[romevver <c [[novamr

Then, since h'(p) > ¢ we have that

(5.20) [[v2ver <c [[rorvowr

Summing up (GI9) and G20) we get (GI0). O

5.2. Preliminary Lemma. In the following lemma we prove the main conver-
gences needed in the proof of the main Theorems.

Lemma 5.2. Let {(pe,uc)}e be a sequence of solutions of B). Then up to sub-
sequences there exists a function \/p such that

(5.21) De — /p strongly in L*(0,T; H(T?)).

Proof. Let us consider the first equation in (B]). Since, by Proposition [64] p. > 0
we have that

(5.22) Oi\/pe = — \/2p—€ divue — div(y/peue) + Vuey/pe,
and, by the uniform bounds we have in (£2) and (54, we have that
{04\/p= }e is uniformly bounded in L*(0,T; H~*(T%)).

Then, since {,/p }¢ is uniformly bounded in L?(0, T; H*(T%)) by using Aubin-Lions
Lemma we get (5.21)). O
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Lemma 5.3. Let {(pe, uc)}e be a sequence of solutions of BI)). Then

(5.23) hL(p)\/p= — +/p strongly in L*((0,T) x T%)),
(5.24) hL(po)V\/pz — V/p strongly in L*((0,T) x T%),
(5.25) R (p)p-V/pe — 0 strongly in L*((0,T) x T%).

Proof. Let us start by proving (523). By using ([B.3]) we get

[ wtoovm - var < [ [ 1 - v
+ & //ré
+ &2 //p?”il.

The first term goes to zero because of ([L.2I]). The second term, simply by using
Holder inequality and the uniform bound (EJI). Finally, for the last term we have
that when d = 2 there for any v > 1 fixed there exists 6 = §(y) small enough such
that 2y—1 < (2—6)~ and them the integral is bounded because p? € L"((0,T) x T9)
for any r < 2. When d = 3 since v € (1,3) it holds that 2y — 1 < 2~. Then, the
third term goes to zero by using Holder inequality and (G.6l).

To prove (524) we have

//Ih;(pa)V\/sz—V\/EPS/ IV/pe — Vol
+ O //pa‘i|v\/p—5|2
+Ce? //p§7_2lvx/p_a|2-

Then, the first term goes to 0 because of (B2I). Concerning the second term we

have
_1 1 1
@ [[otwvar <2 [[olivelp.

Then, by Hoélder inequality
1 3 1\ ?
= [[ortwymr < o2 (//ﬁ) (//wp;r*) <ce.
Now, we treat the last term. From (53) we have that
[[19oproan2<c
Then, by using B3] we get
8/ Vpel?p2~° = 45/ IVVpePp2 2 < C,

which implies the convergence of the last term. Finally concerning (5:25]), by using
again (3], we have

[ woanvvim-vvar <ce [[ ot vyme
vee [[ vy
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Then, it goes to zero arguing as above. O
Lemma 5.4. Let {(pe, uc)}e be a sequence of solutions of (B then

(5.26) he(p2) — pe — 0 in LY((0,T) x T,

(5.27) ge(pe) — 0 in in L*((0,T) x T%).

Proof. By B3) and ([B4) we have that

//Ihs(ps)—pslSOE//p§+Ca//pg,
[[oan<cs [[of e [[

Then, we conclude by using Holder inequality and (&.1).

Lemma 5.5. Let {(p,uc)}e be a sequence of solutions of (BII) then
o7 = 7 in LI((0,T) x T%),

(5.28) pe(pe) = 0 in L'((0,T) x T%),
Pe(pe) — 0 in LY((0,T) x TY).

Proof. The convergence of pY follows from (LZI) and the bound (&&). By the
definition of p. we have that there exists a generic constant C' independent on ¢
such that

(5.29) JIZEE ci [

Let us recall from (G.1I)

(5.30) supe®A(e) (/ p?Jﬂ_l + p;€2_8> <C.

t

We start by estimating pl(p:), by (33) and Hélder inequality we have

630 [[ e cene [[ o < e ( /] p*)

Then, by using that A(e) = e~ 1/ we get

2 (=1 ROV m
1 € (e 5 -1
/ps(ps) < Cme (52(1‘#52(7*1))) (5 )\(E) Sl;p/pgz )

and then by using (5.30) we get the convergence to 0 of pl(p:). The term p2(p.) is
treated at the same way. Now, we deal with convergence of the term p2(p.). First

of all, we have that
L 4~v—1
[[ o< cexe [[o

Then, we recall from (B3)) the following uniform bound

(5.32) / / V021 (p2) £ (pe) < C

which contains the following uniform bound

200e) [ [ IVap ™ <
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1 B 2
e [ ‘v(@” )\ <c

Then, by Sobolev embedding

FIPIAN
514/\(5)/ </p§2+6"Y 6> dt < C.

Now, by Holder inequality we get

which means that

14+e2(y—1)

1 fEEEIomy)
4 +67—6 ®
[ 1201 = 360 ( / ( [o ) dt)
. 1+s2((wfl))
3 _ = 14+2e2(y—1
g =y 14 i-l—ﬁv—ﬁ 3
< Crqamigye “0P0 <€ A(s)/ (/pﬁ dt .

£ 1+2e2(v—1)

Then, we have that p2(p.) vanishes as e goes to 0. Let us consider the term p?(p.).
We have

// P2 (pe)| < Ce*A(e) //pgfz < CAe) (//paﬁé)sfﬁ
3

8
£ _ 1 — 11 84e2
< C—p—e 2E+) (gS)\(g)sup/pE < 8) .
t

£8+e2

Then we get that pl(p:) goes to 0. Now, we consider the term p2(p:). By [B9) and
Hoélder inequality

(5.33) [ wtear < cene [[ o

In the bound (E32) is contained the following bound

10 —5-1 2 —z—§-1
e AE) [ [ pe® [Vpelpe <C

o [ ()

which by Sobolev embedding implies

(5.34) 514)\(5)/ (/p;%‘% d:z:>% dt < C.

which means that
2

<cC

Then,
(5.35)
3 2 i %;:f
: G Y )
P2(p2)] < e 13 (M (e) - ar)
£ 8+2e2

and then p2(p.) vanishes as ¢ goes to 0. Finally, the term pS(p.) is treated as the
term p2(p.). The same proof of the convergence of the term pl(p.) and p?(p.) show
the convergence of the damping coefficient p.(p:). O



22 P. ANTONELLI AND 8. SPIRITO

Lemma 5.6. Let {(p-,uc)}e be a sequence of solutions of Bl then up to subse-
quences there exists a vector my such that

(5.36) petie — my strongly in L*(0,T; LP(T9)) with p € [1,3/2).
Proof. To prove (5.36) we first notice that from the bounds (1)) and (&3]
(5.37) {V(p-uc)}. is uniformly bounded in L?(0,T; L*(T%)).

Then, we need to estimate the time derivative of p.u.. Precisely, we are going to
prove that

(5.38) / 18u(peue) w10 < C

By using the first equation in ([B1]) we get

O¢(peue) = — div(pete @ ue) — Vpl — Vpe (pe) — De(pe)ue
+ 2v div(he(pe) Due) + 20V (g-(pe ) div ue)

(5.39) + &2 div(he (p=) V(9 (pe)) + V(9:(pe) A (p:))

First of all we notice that

(5.40) Igs(ps)l' < C'hs(ps) .
he(pe) is uniformly bounded in L%ym.

Then, we estimates each term. From (BI) we have that

(5.41) {I5}. is uniformly bounded in L(0,T; W ~11(T%)).

By using Lemma [5.5] we get that for i = 2, 3,4

(5.42) {I£}. is uniformly bounded in L'(0,T; W ~11(T%)).
Regarding the stress tensor by using (5.40) and (54]) we have for i = 5,6
(5.43) {If}. is uniformly bounded in L(0,T; W ~11(T%)).
Then, by using the ([E3]) and (240) we have also that for i = 7,8

(5.44) {I£}. is uniformly bounded in L'(0,T; W~11(T?)).

In particular, this implies that {9;(p.u.)}e is uniformly bounded in L' (0, T; W ~11(T9)),
then by standard Aubin-Lions Lemma we get (B.30)). O

Lemma 5.7. Let (pe,u:) be a sequence of solutions of (1) and let w. = u. +
cVo-(pe). Then, up to subsequences we have that

(5.45) VPt — \/pu strongly in L*((0,T) x T%),
where u is defined m/p on {p >0} and 0 on {p = 0}.

Proof. Let us consider the Mallet-Vasseur type estimate (£I7) in Proposition 4l
By using (B.I)-(E.0) and by taking § > 0 sufficiently small in (EI7) we may infer

2 2
(546) sup /ps (1 + |w5| >10g (1 + |w5| > <C.
te(0,T) 2 2
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By Lemma and Lemma we can extract a further subsequence such that
Vpe = /p ae. in (0,T) x T¢,

V/p: — V/pae. in (0,T) x T%

h.(p:)V/p= — Vi/p a.e. in (0,T) x T,

M1 = pelle = my a.e. in (0,7) x <,

(5.47)

Then, it follows that

(5.48) Mo e :=m1.e + 2p/pehl(pe)V/pe = mi + 2u/pV/p =: ma,

a.e. in (0,7) x T?. Arguing as in [33] by using (5I)-(5.4) and Fatou Lemma we
have that

Comie mi .
(5.49) lim inf —= < liminf —= < 0.
€ Pe € Pe
This implies that m; = 0 a.e. on {p = 0}. Let us define the following limit velocity

% on {p >0},

0 on{p=0}

In this way we have that my = pu and my/\/p € L*(0,T; L*(T%)). Then from
(548) we have that my = m1+2p,/pV,/p and since V,/p is finite almost everywhere
we also have that mgo = 0 on the set {p = 0}. This in turn implies that after defining
the following limit velocity

\Y
m +2ﬂM on {p # 0}
w = P P

0 on {p =0},
we have that mo = pw and

ma 00 2 (rmd
— = /pu+2uV/p e L>=(0,T; L*(T%)).
N VP ( (T%))

Now we can prove (4H). First, by using (&47), (540) and Fatou Lemma we get
that

2 2
5.50 sup [ plw|?log 1—i—ﬁ <sup [ pe|lwe|*log 1—|—M <C.
2 2
t t

Then, we note that for any fixed M > 0

(5.51) VPWeXjw.|<M = V/PUX|w|<M
a.e. in (0,7) x Q. Indeed, in {p # 0} it holds
mi.e

(5.52) A =
While, in {p = 0} we have

(553) |\/p_5wsx‘w5‘<M| < ]\4\/1)_5 — 0 a.e.

m
> + hl(pe)V/pe — 7; + V/p a.e.
VvV FeE
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Then,
[ = o < [[ 1. - vaol + 4 [[ 10009 vE - v

S/ IV/PeWe X jw. | <M — V/PUX|w| <]
w2 [ Vamu oo+ 2 [ [ VAP
+ai [ [ o)V vz - VP
< // IV/PeWe X w. | <M — V/PUX|w|<rr]?
i [ [ 10 V7 - 9P

+L‘/‘/ |w |210 1+M

log(1 + ) J ) Pelel 708 2
c 2 |w|2

+w//p'w' 1°g(1+7 :

By keeping M fixed, we see that the first term on the right hand side goes to zero as
€ — 0 by the dominated convergence theorem. Furthermore also the second term
goes to 0 as e — 0 because of ([2I)). Hence we have

C
1 / — 2 R
g—%//' petie = /pul” < log(1+ M)’
for any M > 0. By letting M — oo we then get (.43]). O

5.3. Proof of Theorem and Theorem Let (p%,u%) be initial data
for () satisfying (Z2) and Z3) and let (p2,u?) be the sequence of initial data
constructed in Section [3 satistying (B.I11). For any ¢ < ey by using Theorem
in the two dimensional case and Theorem in the three dimensional one, there
exists a sequence of global smooth solutions {(p:, uc)}e, pe > 0, of BI)-B2) and
(p,u), with u defined zero on the set {p = 0}, such that the convergences stated
in Lemma hold. We still denote with (pe,u.) the subsequence chosen in
the convergence lemma. Let us prove that (p,u) is a finite energy weak solution of
(CI)-[@T2). Let us consider the first equation of B.I]).

Ope + div(peue) = 0.

The convergence to the weak formulation of (IT]) holds because of Lemma [5:2] and
Lemma [5.6] Next, let us consider the momentum equation

O(peue) + div(peue ® uz) — 2vdiv(p: Due) + Vpl — k2 divK,,
= 2vdiv((he(pe) — pe)Duc) + 20V (g (pe) div u,)
— Vpe(pe) = Pe(pe)ue.

Then,

[ nter-peliuc < c(/ Ihe(pe) —m)é (//|hs<ps>||Du5|2+|ps||Du5|2)%



QNS EQUATIONS 25

and this term converges to zero because of Lemma 54 (5)) and (&2). Then,

[[wonaize(ff '98“)8)')% (// Igg<pg>||ouvugf)é
<C </ |gs<ps>|>% </ |h5(,,€>||ws|z)%

and this term converges to zero because of Lemma [5.4] and (4). Note that (B.6])
has been used. Then, the pressure term p.(p:) goes to 0 because of Lemma
Concerning the damping term we have

J[ oot < ([ |ﬁ5<p5>|)% (/] |ﬁs<ps>||ua|2)% <c(ff |Z~,€(,,E>|)%

which goes to zero thanks to Lemma Now, we consider the terms in the left-
hand side. The only convergence to prove is the convergence in the dispersive term.
Indeed, since the strong convergence in Lf)m of \/pzu. holds the convergence of the
other terms is straightforward, see [3] for more details. Let us consider the following
term where ¢ € C*([0,T) x T¢)

//dwK = // ! (p2) Ahe (p) )6 — 4//d1v (p )V /7= @ B (9 )V /50)0
=4 [ [ W ppebp 9 P v
42 [ [ Welpo) Vb (o) T VB dive
+4// W)V /e ® W (0 )V PV

and by using Lemma 53] it easy to conclude that

[ Koot oIV Ve v =0,
2 [[ Htovameio vy dive 2 [ [ Vav v dive,
[ Hlodv vz 9 o)V mve 4 [ [T yBe v ve.

6. GLOBAL REGULARITY FOR THE APPROXIMATING SYSTEM

In this section we prove the global in time existence of smooth solutions for the
approximating system (B). In the two-dimensional case the following theorem
holds:

Theorem 6.1. Let v,k > 0 such that k < v and v > 1. Then for e < ey =
ef(v, k,v,7) there exists a global smooth solution of B.I)-B2).

Concerning the three dimensional case, we have the following result
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Theorem 6.2. Let v,k > 0 such that k? < v? < (9/8)k? and v € (1,3). Then, for
e <ef=c¢(v,k,v,7) there exists a global smooth solution of (B.I)-(B2).

To prove Theorems and we use the standard theory of quasi-linear par-
abolic equations, see for example [2§], in a similar spirit as it is also done in [31],
see Lemma 2.5 therein. We only sketch the main ideas for the proofs, which oth-
erwise would be quite long, and we focus only on proving the two main a priori
estimates used to extend globally in time the local strong solution, namely Lemma
and Proposition It is possible to show the existence of a local strong
solution to BI)-B2) by a fixed point argument by considering the transformed
system (£.I1]), expressed in terms of the mass density p. and the effective velocity
we = ue + uVe(p:). For this purpose we write the system (LIT]) in the following
way

Oipe — pAhe(pe) = F1

6.1
(6.1) Oywe — I/MAME — I/MV divw. — (2v — p)hL(pe)V divw, = Fy,
Pe Pe

where the right hand side of the system is given by
F = —div(pw.)

1 1 .
Fy=—w. -Vw: — — Vpe(p:) — ; D(pe)we + 2uVhe(pe)Dwe + 2(v — p)Vhe(pe)
I

€

+ (2v — ) Ve (pe) divw,.

It is important to note that the right hand side of (6.1]) is uniformly parabolic since,
by B3] we have h.(p.), % > 1. Moreover, the terms F; and F5 in the right-hand
side are a semilinear perturbation of the left hand of term with lower order. Hence, a
standard fixed point argument gives the existence of a time 7% = T™* (g, p2, w?) such
that, for any 7' < T* there exists a strong solution (pe,w.) € C([0,T); W2P(T3))
to (61)) with p > d such that and ¢. < p.(¢,z) < C. for some constants c., Cz > 0,
which depend on T™*.

The proof of the Theorems and then follows by a continuity argument,
provided we prove that some a priori estimates hold uniformly with respect to the
local existence time T*. More precisely, we need to show (6.8), namely that the
density is uniformly bounded from above and below. We are going to prove (6.8)
by exploiting the uniform parabolicity of the first equation in ([G]) hence, in order
to apply the classical regularity estimates, we will also need that p.w., w:/p. €
Lg°(LP) with p > d. From the energy estimates we already know that both p. and
1/pe are Lg°(L1) for some very large ¢ depending on €. Consequently it suffices
to infer that p.|w.|9T is in L{°(LL); this is proved in the Lemma and it is
exactly where we need the restriction on x and v in three dimensions. This is due
to the fact that in the second equation of ([AIT]) there is the symmetric part of the
gradient of w..

Once we obtain the uniform bounds (68) on the mass density, then an argu-
ment similar to Lemma 2.5 in [31] will yield the higher order estimates (p.,w.) €
C([0,T); W2P(T3)), where now T > 0 is any finite time.

Lemma 6.3. Let (p.,u:s) be a smooth solution of (31l Then, (ps, we) satisfies the
following estimates:
In the two dimensional case, for any v > 1 and v,k > 0 there exists a small

- Dw,
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5 =6(v,v, k) and a constant C, possibly depending on €, such that for any 6 < 0
(6.2) sup [ w2 < C.
t

In the three dimensional case, for any v € (1,3) and v,k > 0 such that k? < v? <

Zf{ there exists a constant C', possibly depending on €, such that

(6.3) sup [ w2 < C.
t

Proof. For convenience of the reader we write again the integral equality of Lemma
1.3

& [ (M) + i [nctoorawe wsr (M2E) o [hagoianes (1425)
+(2V—u)/ -(pe)| Dw. B’ (|w25|2) +(2u—u)/ga(05)|divwa|25/ <#>
+/1~)5(p5)|w5|25’ <#> + (2V—u)/hs(ps)|Dw5-w5|25” (#)

/Vp€ wef’ (' ;IQ) _QV/hs(ps)(Dws-ws) (Aw, - w.)8" (@)

— =) [ 0o dv - (Du )" <%> |

Let B(t) = t1*° and with § > 0. Then we have that /() = 5”§t)t. By integrating
by parts the pressure term and using Young inequality we get

& [ (ME) + 0 [ metooriw, i (228

b o= [ Bl D " (@) +v=p) [ help)|Duc P (|w§-|2>
+(2V—u)/ga(pa)ldivwal2ﬁ’(' ;' )+u/ e(pe )l Awe [*' (|w§| )

+/]5€(p€)|w5|25' (%) < %/p! div we we|* 8" (%)

+ [ e (Du - ws” (%) +v [ he(p) D e (%)

P 0D, [ i, (W) 4 B [ e (120)
+ 2 “s/p§|Dw5 cwe[2B" <%>

Then, by writing everything in term of 8” (M), using (B.6) and the fact that

|Aw, - we|? < |Aw,|*|we|* we have
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d |w8|2 H 2 oI |w8|2
E paﬁ ( ) + (/14+ 2_5) /ha(pa)lAwa 'wa| B T
2 I |’LU5|2 27/_,“ 2 2 ol |’LU5|2
+(2V_ﬂ)/h€(pa)|Dwa 'wal B ) + 2 5/pa|Dw£| |w£| B T
2v — wel? 512v — d we|?
+< 2 H)E/pg|Dw5|2|ws|2[3” <| 2€| >+ : 166 'u)g/p§|Dw5|2|w5|25” <%)

— _ 2
4 (2V ,LL)(’}/ 1)€/pg|din5|2|w5|2[3N <|U)5| >

26 2

C(r) 2v—1 o g [ Jwel? 37'/ 2 o g [ Jwel?
< —=— K € e YN € D € € e
<2 [ s (L) + 32 [ pwplucpsr (1
2 2
+O(O‘)\/‘pg'yil|ws|2ﬂ” <_|U)25| > +04/p5|Dw5 'ws|2ﬂ” <|w2€| >
2 _ , 2
+V/h5(p5)|Aw5 : w5|25” _|'LU5| + | v+ 7(21/ 2 a/p§|Dw5 . w5|2B” —|’LU5|
2 16 2
2v — -1 e 2 € §
4 <I/—|— ( v /142)(/7 )) 5/p§|Dw5 'ws|2ﬂn <|’U}2| > +V/pg|Dwg .w5|25/l <|’U}2| )

2v — —1 we |? 3(2v — T we|?
+( /1‘2)(/7 )E/pZ|divwg|2|wa|2B”<| 8| >+ ( M)E/pg|Dw€|2|w8|2B//(| 8|

2 16

2

)
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Finally, by absorbing terms from the right hand-side to the left hand-side we get

d R 2 . R 2
pe <|w | ) + (,U_V"' 26) /hs(ps)|Aws'ws|2B (%)
2
+ (v - M)/P6|Dwa ~we[* 8" (M)

2
+(V_M_@v—mw—1>

2
5 ) E/pz|Dwg cwe[*8” <—|w€| )

2
v 15 T we|?
(-2 o ()
2v — we|?
+ - H palDwa|2|wa|2ﬁH (%)

n (2V2;M> E/pg|Dw5|2|w5|2ﬁ” (@)
(6.4) 2
5(2v — 3(2v — 7 A
b (PGt SN i e (M50
(v —p)(y -

2

(1 T 2 2 o1 |wa|2
+ 5 <6 1)a/p8|d1vw5| |we|*8 5

C(r) 2v—1 2 a1 |w5|2

< 7 v

= 25 /pa |’LU5| ﬂ 2

3T lwe|?
sD 52 52 /! €

+_26 pe|Dw. | |we|* 8 < 5 )

2

2y—1 2 1 |w€|
—I—C’(oz)/pE |we|*8 < 5 )
2
+O‘/ps|Dws'ws|2ﬂH (|ws| >

2

By considering ¢ € (0, 1] and choosing 7 = (2v — p)/6 and o = v — p, after using
Young inequality we get

(6.5)
G [ (wmve B [ootau. wpar (25)
(a5 1) frm o ()
(18V— W) [ P ipu. s (%)
< C(v,k,0) (/pa /p5|wa|2+25)
with

)
= (27—1—m> (1+6) >0 for any ¢ € (0,1).
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Now we consider the two dimensional case. Given v,k > 0 with v > k and v > 1 it
is easy to find § small enough
" 1
— — >0 ——(y—1)>0.
pov oS 501
By Proposition 1] we have that

SUP/p? < C(e).
t

Then, by choosing if needed ¢ small enough such that for any ¢ < e¢ it holds
5 < 1/e% we arrive at

d

at ps|ws|2+25 < C(E, Ry [y V) + /ps|ws|2+25

and we get ([@2) by Gronwall Lemma. Then, we consider the three dimensional
case. Since it seems not possible to avoid a restriction on v, x we do not aim to
optimality, which can be obtained by optimizing the the Young inequalities and
minimizing in §. Going back to ([G.H) we argue as follows. First we note that for
any 0 € (0,1) it holds

(6.6) =+ —=>———V

and the left-hand side of (G.4]) is positive if the following restriction on v and &
holds:

(6.7) K<< %/{2

Then, by using that v € (1,3) we can choose 6 = min{1/(y — 1),1}. Notice that

6 €(1/2,1) and
2v—p (1
V— [+ B (g—(’y—l))>0

Then, since § = % + ¢', with an abuse of notation avoiding the prime, we have

d -
G [t <cwoms ([ o+ [ ootu)

Then, by choosing if needed ¢ small enough such that for any ¢ < e¢ it holds
¥ < 1/e* we get [63) by using Gronwall Lemma. We stress that £; depends only
on v, v and K. O

Now, we are in position to give the proof of Proposition [6.4l

Proposition 6.4. Let (pe,uc) be a smooth solution of the system BII). then, there
ezists a constant C' > 0 possibly dependent on € such that

1
(68) 6 < Pe < C
Proof. First we want to prove that
(6.9) pew. and 2= € L0, T; LP(T?) with p > d

€

When d = 2, by Holder and Young inequality we get

/|paw€|2+5 S/Pg+/P5|wa|2+25
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with & = 8(v,v,k) > 0. Then by choosing if needed & small enough such that
§ < 1/&? we get the desired estimate. Then,

2+48 1+ 242
|w€| i 2125
Pe Pe

|ps|22++7266 |ws|2+6'
Then, by Hélder and Young inequality
2495
<[>

w
/ | €| + /ps|ws|2+5v
Pe Pe

. 246\ [2+25\"
0=1+ + i
2420 2496
Then, again by choosing if necessary € small enough such that 6<1 /&2 we get
the desired estimate. Now we are in position to prove (6.8]). The proof is standard
and it is based on De Giorgi type estimate. We use the same approach as in [31],

Lemma 2.4. Let us start by proving that p. is bounded. Let m. = p.w.. Then the
first equation in ([@IT]) is the following

(6.10) Orpe — div(h.(p:)Vpe) = divme.

Let k > [|p?]|oc and Ak (t) = {pe > k}. Then by using Hélder inequality and the
fact that hl(ps) = 1 we get

& 1= 042+ 5 [ 1021900 —k>+|2s<[4k(t)|ms|2>
</|ms|P>% AR,

By using ([6.9) and denoting ry, = supe (o 1y |[Ak(t)| we get

©12) G [1e= 0P+ 5 [ RV - b <Cr,

Let o € (0,T') such that

[ [0 = s [0
[10e =02 @P + [ 1906 = W40 <7

where the fact that h.(p.) > 1 has been used. Let | > k > ||p?]|« and g > 6 to be
chosen later. Then it holds that

[A(8)]( = k) < [[(pe — B)+ ()13
< l(pe — k)+(0)]3
(6.13) < l(pe — B)4 (@)II2Ar(e)] '~
<V (pe = k) + ()3 Ar(o) 7%

2

27
<Cr, *

1 )

with

(6.11)

2
P

Then,

2
q
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If we show that
(6.14) r < (I —k)?r,t for some a > 0

by De Giorgi Lemma, see [36], Lemma 4.1.1], we get that p. is bounded. Then, in
the three dimensional case by Sobolev embedding we are forced to take ¢ = 6 in

(©13). Then since p > 3 we get (6.14) with
2 2

=-Z>o0.
(0% 3 p

Note that since p is depending only on v, x and v then « has the dependence as
well. In the two dimensional case by Sobolev embedding we can take any ¢ < oo.

Then, given p = p(v, k,7y) > 2, it always possible to find ¢ big enough such that
2 2
a=1---Z=>0.
p q

Now we prove that p. is bounded away from 0. By using ([G.I0) it follows that the
equation for ¢. := 1/p. is the following.

(pa)|vP€|2

(6.15) Ovqe — div(hL(pe)Vqe) + 2= —div wsq. + we - V..

8

Let k> ||1/p2|], me := qew. and Ak (t) := {q. > k}. Then we get

h' Ve |?
& [ =02+ [V~ hyp+ [22ITRL,
£

= _/QE divws(QE _k)Jr +/w5'VQE(QE —k)+

(6.16)
= 2/ wEVQE(QE - k)Jr +/ qeWe - V(QE - k)Jr
A (t) Ak (t)

sz/W@—MAmmw,

where it has been used that [(ge — k)+| < |¢c|. By using Holder inequality, Young
inequality and the fact that hL(p.) > 1 we have that

& [ -k t/H@mV(—%MF§<AMJm$>
</mmﬁ%mumbé

with p > d and the last term in the right-hand side of (G.I0]) has been dropped be-
cause it is positive. Then, by using (6.9) and defining as before 7, = sup;¢ g 1) [ Ak (?)]
we get

2
P

Lﬂ R /W@ﬂw — k)P <O

Arguing as in the proof of boundedness of p. we can conclude that ¢. is bounded
and then p. is bounded away from 0. O
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