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Abstract

We consider a one dimensional infinite acoustic chain of harmonic oscillators
whose dynamics are perturbed by a random exchange of velocities, such
that the energy and momentum of the chain are conserved. Consequently,
the evolution of the system has only three conserved quantities: volume,
momentum and energy. We show the existence of two space—time scales on
which the energy of the system evolves. On the hyperbolic scale (te !, xe 1)
the limits of the conserved quantities satisfy a Euler system of equations, while
the thermal part of the macroscopic energy profile remains stationary. Thermal
energy starts evolving at a longer time scale, corresponding to superdiffusive
scaling (te—3'2,xe™"), and follows a fractional heat equation. We also prove
the diffusive scaling limit of the Riemann invariants—the so-called normal
modes, corresponding to linear hyperbolic propagation.

Keywords: hydrodynamic limits, Euler equations, superdiffusion, fractional
heat equation
Mathematics Subject Classification numbers: 60K35, 74A25, 82C22, 82C70

1. Introduction

Consider a chain of coupled anharmonic oscillators in one dimension. Denote by q, and p, the
position and momentum of the particle labeled by x € Z. The interaction between particles
x and x — 1 is described by the potential energy V(t,) of an anharmonic spring, where the

uantit
a Y Gi=dy — A5 (1.1)
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is called the inter-particle distance or volume strain. The (formal) Hamiltonian of the chain is
given by

H(q,p) = Zex(cb P, (1.2)

where the energy of the oscillator x is defined by
p?

e, p) == =+ V(). (1.3)
The respective Hamiltonian dynamics are given by the solution of the equations:

. OH

1) =—(@,p) =p,, )
q,(0) o, (@.p)=p (1.4)

. OH
p() = ———(q,p), x€Z
dq

X

There are three formally conserved quantities (also called balanced) for these dynamics
th’ pr, Zex (1.5)

that correspond to the total volume, momentum and energy of the chain. The corresponding
equilibrium Gibbs measures vy are parametrized by A = [[3, p, 7], with the respective comp-
onents equal to the inverse temperature, velocity and tension. They are product measures
given explicitly by formulas

dvy = H eXP{—ﬁ(ex —pp, — Tty — G(A) }dr, dpx9 (1.6)
where
2
GA) = B% + log [,/mﬂ—lzw, 5)] (1.7)
and
Z(r. B) = j; exp{—B(V(r) — 7r)}dr. (1.8)

The length and internal energy in the equilibrium can be expressed as functions of A by
r(1,08) = (t), = 67'9,GN),  p=057"9,G(N) (1.9)
P 1
u(, ) = (), — PIRET] + (V()),, = —93G(X) + 7.

Therefore the tension 7(r,u) and inverse temperature G(r,u) can be determined from the
relations:

6= 0,5u,r), 8= —-0,Su,r), (1.10)
where S(u, r) is the thermodynamic entropy defined by the Legendre transform

S(u,r) = ing [—Brr + Bu+ G(B,0,7)]. (1.11)
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It is expected that after the hyperbolic rescaling of space and time (te !, xe ™), the empirical
distribution of the balanced quantities

! (1) 1= [1,(0), b, (1), D)), (1.12)

defined for a smooth function J with compact support by the formula:
t
ey J (oc)mx(—)
. €

converges, as € — 0, to the solution w” (¢, y) = [r(t,y), p(t, y), e(t, y)] of the compressible Euler
system of equations:

O = Oyp,
Op = 0y7(r,u), (1.13)
Oe = 0y [ pr(r,u)],

where u (1, y): = e (t, y) — p*(t, y)/2 is the local internal energy. For a finite macroscopic vol-
ume, this limit has been proven using the relative entropy method, provided the microscopic
dynamics are perturbed by a random exchange of velocities between particles, see [8] and
[2], in the regime when the system of Euler equations admits a smooth solution. After a suf-
ficiently long time, the solution of (1.13) should converge, in an appropriately weak sense, to
some mechanical equilibrium described by:

p(x) = Py, T(r(x), u(x)) = 7o, (1.14)

where po and 7 are some constants.

Characterizing all possible stationary solutions of (1.14) could be a daunting task. Most
likely, they are generically very irregular, but it is quite obvious that if we start with smooth
initial conditions that satisfy (1.14), the respective solutions of (1.13) remain stationary. Also,
by the same relative entropy method as used in [8] and [2], it follows that starting with such
initial profiles, the corresponding empirical distributions of the balanced quantities converge,
in the hyperbolic time scale, to the same initial stationary solution, i.e. they do not evolve in
time. On the other hand, we do know that the system will eventually converge to a global equi-
librium, so this implies that there exists a longer time scale, on which these profiles (stationary
at the hyperbolic scale) will evolve.

There is a strong argument, stemming from both numerical evidence and quite convincing
heuristics, suggesting the divergence of the Green—Kubo formula, defining the thermal dif-
fusivity for a generic unpinned one-dimensional system, see [6, 7]. Therefore, we expect the
aforementioned larger time scale (at which the evolution of these profiles is observed) to be
superdiffusive. Furthermore, an argument by Spohn [9], based on fluctuating hydrodynamics
and mode coupling, also suggests a superdiffusive evolution of the heat mode fluctuation field,
when the system is in equilibrium. Consequently, one can conjecture the following scenario:
after the space-time rescaling (¢ ~%¢, e~ 'x), the temperature 7'(¢,y) = 3¢, y) evolves follow-
ing some fractional (possibly non-linear) heat equation. The choice of the exponent o may
depend on the particular values of the tension and of the interaction potential V(7).

In the present work we prove rigorously that this picture of two-time-scale evolution holds
for the harmonic chain with a momentum exchange noise that conserves the total momentum
and energy. We consider the quadratic Hamiltonian:

1 |
H(gp) = 5”’2‘ -2 S ou_w(q, — qy) (1.15)
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where the harmonic coupling coefficients oy _,, between atoms labeled by x and x’, are
assumed to decay sufficiently quickly. Detailed hypotheses made about the potential are con-
tained in section 2.1. Furthermore, we perturb the Hamiltonian dynamics, given by (1.4), with
a random exchange of momentum between the nearest neighbor atoms, in such a way that
the total energy and momentum of the chain are conserved, see the formula (2.7) below. We
assume that the initial configuration is distributed according to a probability measure 1, such
that its total energy grows like ¢ ~! (i.e. macroscopically: it is of order 1). Additionally, we sup-
pose that the family of measures (u,). ., possesses a macroscopic profile wl(y) = [r(y), p(»),
e(y)], with r, p, e belonging to C;’(R)—the space of all smooth and compactly supported
functions. The above means that

Jlim f%}mx)mJ(a): fR wl(3)J(y)dy, (1.16)

for any test function J € Cy(R).
We decompose the initial configuration into phononic (low frequency) and thermal (high
frequency) terms, i.e. the initial configuration (t, p) is assumed to be of the form

=t +t) and p =p +pl, xecZ, (1.17)

where the variance of (t%, p”/) around the macroscopic profile (r(ex), p(ex)),ez vanishes, with
e— 0+ (see (2.28) and (2.29) below). This obviously implies that the macroscopic profiles
corresponding to (t’, p; ) equal 0. Concerning the distribution of this configuration we suppose
that its energy spectrum, defined in (2.23) below, is square integrable in the sense of condition
(2.26). We call the respective energy profiles corresponding to (t’, p; ) and (v%, p) the thermal
and phononic (or mechanical) ones, see definitions 2.2 and 2.3 below. In section 9 we give several
examples of families of initial configurations satisfying the above hypotheses. Among them are
inhomogeneous Gibbs measures with the temperature, momentum and tension profiles changing
on the macroscopic scale, see section 9.2.3. These examples also include the families of measures
corresponding to the local equilibrium states for the dynamics described by (1.2), see section 9.2.5.

In our first result, see the theorem 3.1 and corollary 3.2 below, we show that the empirical
distribution of tu,(#) converges, at the hyperbolic time-space scale, to a solution satisfying the
linear version of (1.13) with 7(r, u) := 7r, where the parameter 7, called the speed of sound,
is given by the formula (2.5).

Notice that since we are working in infinite volume, relative entropy methods cannot be
applied to obtain such hydrodynamic limits, as done in [2] and [8]. Instead, we obtain the limit
result, using only the techniques based on the L? bounds on the initial configurations. After a
direct computation it becomes clear that the function

T(y) :=e(t,y) — eplt,y), (1.18)

is stationary in time. The macroscopic phononic energy is given by

2
z,
eon(tsy) = % + 2, y), (1.19)

Also, the entropy in this case equals
S(u,r) = Clog(u — 7ir?)

for some constant C > 0 depending on the coefficients (ay). In fact, as it turns out, see theorem
3.1 below, 7(y) and epy(t,y), given by (1.18) and (1.19) above, are the respective limits of the
thermal and phononic energy profiles.
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Concerning the behavior of the thermal energy profile at the longer, superdiffusive time
scale it has been shown in [4] that after space-time rescaling (e ~3/¢, € ~'x), the thermal energy
profile converges to the solution 7(¢, y) of a fractional heat equation

T (t,y) = —¢|AP*T(t,y), with T(0,y) = T(y) (1.20)

and the coefficient ¢ given by the formula (5.50) below. This result is generalized in the pres-
ent paper to configurations of the form (1.17).

Finally, in the theorem 3.4 we consider the empirical distributions of the microscopic esti-
mators of the Riemann invariants of the linear wave equation system that describe the evolution
of the macroscopic profiles of (t (?), p,(#))—the so-called normal modes. We show that they
evolve at the diffusive space-time scale (te ~2, ye~!). Similar behavior is conjectured for some
anharmonic chains, e.g. those corresponding to the 5-FPU potential at zero tension (see [9]).

Concerning the organization of the paper, in section 2 we rigorously introduce the basic
notions that appear throughout the article. The main results are formulated in section 3. In
sections 4-8 we present their respective proofs. Finally, in section 9 we show examples of the
distributions of the initial data that are both of phononic and thermal types.

2. The stochastic dynamics

2.1. Hamiltonian dynamics with a noise

Concerning the interaction appearing in (1.15) we consider only the unpinned case; therefore,
we let

a == @0

x=0

Define the Fourier transform of (ay)ycz by

ak) := Y apexp{—2mikx}, keT, 2.2)

where T is the unit torus that is the interval [—1/2, 1/2] with the identified endpoints. Then,
from (2.1), we have &(0) = 0.
Furthermore, we assume that:

(al) coefficients (ay) ez are real-valued and symmetric and there exists a constant C > 0
such that

loy| < Ce M€ forall x € Z.

(a2) stability: &(k) >0, k=0,
(a3) the chain is acoustic: &”(0) > 0,

The above conditions imply that &(k) = &(—k), k € T. In addition, & € C*°(T) and it can
be written as

(k) = 4ns*(k)p*(s* (k). (2.3)

The function ¢ : [0, +00) — (0, +00) is smooth and ¢(0) = 1. For the sake of abbreviation, we
shall use the notation

s(k) ;= sin(mk) and c¢(k) := cos(wk), keT. 2.4)
The parameter 7 appearing in (2.3), called the sound speed, is defined by
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40)

ni= 2.5)
Let also

@ :=infp and ¢ =supe. (2.6)

Since the Hamiltonian is invariant under the translations of the positions g, of the atoms, the
latter are not well defined, and the configuration space of our system is given by ((ty, p,))xez,
where t, should be thought of as the distance between particle x and x — 1. The evolution is
given by a system of stochastic differential equations

de () = V', (¢) dt, 2.7

dp, (1) = { —axq, (1) — %(5 * P(0))x }dt

+972 37 (Yepop,(0))awyi (1), xEZ.
z=-—1,0,1

with the parameter v > 0 determining the strength of the noise in the system. The vector fields
(Yy)ez are given by

YX = (px - px-i,—l)aprl—"_ (px+] - px—])apx—i_(px—l - px)apﬁl- (2.8)

Here, (wy(), t > 0),c7 are i.i.d. one-dimensional, real-valued, standard Brownian motions, that
are non-anticipative over some filtered probability space (£2, F, (F;), P). The symbol * denotes
the convolution, but in particular, since &(0) = 0, we can make sense of (remember that q, are
not really defined)

(g, 1= E (O
’
X

where
Z v, ifx' <ux,
x'<x"<x
qyy =10, ifx' =x, (2.9)
Yo v, ifx<xl
x<x"<x!

Furthermore, 3, = ABY and 3" := V*3, where

—4, x=0,
AP =1-1, x==1, (2.10)
0, if otherwise.

The lattice Laplacian of a given (g,).cz is defined as Ag, =g, +g,_, — 2g,. Let also
Vg, = g41— & and Vg, := g, — g. A simple calculation shows that

B(k) = 8s2(k)(1 + 2¢3(k)) = 852(k) + 452(2K), 2.11)

and

8P = die 2™ s(k)(1 + 262(k)). (2.12)
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The evolution equations are formulated on the Hilbert space ¢ made of all real-valued
sequences ((tx, p,)), ., that satisfy

S+ p?) < +o0. (2.13)

Concerning the initial data, we assume that it is distributed according to a probability meas-
ure £, that satisfies

sup 62<t}2r+p)2€> < +00. (214)
ce0,1] He
The above means that the total macroscopic energy of the system is finite. Here, (-)ﬂf denotes
the average with respect to f,.

Denote by [, the expectation with respect to the product measure F. = p, ® P. The exist-
ence and uniqueness of a solution to (2.7) in &, with the aforementioned initial condition, can
be easily concluded from the standard Hilbert space theory of stochastic differential equa-
tions, see e.g. chapter 6 of [3].

2.2. Energy density functional

For a configuration that satisfies (2.13), the energy per atom functional can be defined by:

ol
Qe p) = o= 2 (2.15)
X

Notice that 3~ e, = H(q, p). Here, we highlight the fact that although the total energy is non-
negative, in light of the assumptions (al)—(a3) made about the interaction potential, the energy
per atom e, does not have a definite sign. However, we can prove the following fact (see
appendix below).

Proposition 2.1. We have

C- Z(ti + pi) < Z ex(t,p) < ey Z(ti + pi)s (tv.p) € &, (2.16)

with c_ := min{1/2, ¢} and ¢, := max{1/2, 7] }. In addition,

Cx Z| ex(t, p)| < Z ex(t, p) < Z| ex(t, p)| (2.17)

and ¢, ‘= c,(max{ 12,5, 2% e })71.

Thanks to (2.14) and (2.16), the distribution of the initial data is such that the macroscopic
energy of the chain at time ¢ = 0 is finite, i.e. that

Ko:= sup €) (&), <-+oo.
€€(0,1] ; e (2.18)

We shall also assume that there exists a macroscopic profile for the family of measures (y,), -,
i.e. functions r(y), p(y) and e(y) belonging to C{°(R) such that the respective w’(y) = [r(y),

p(y), e(y)] satisfies (1.16).
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2.3. Macroscopic profiles of temperature and phononic energy

The macroscopic temperature profile corresponding to the family of laws (1, ). (0,17 is defined
as a function 7 : R — [0, +00) such that

. 1
J Ty = tim 3 J(a){((&pxﬂm -3z ax_x/<(6qu,x/>2>ﬂé} (2.19)

for any J € C3’(R), where &.p, := p, — p(ex) and

Z betyr, ifx' < x,

x'<x"<x
8y, =1 0, ifx' = x, (2.20)
> by, ifx<x,
x<x"<x’!

with &.t, := t, — r(ex). After a simple calculation one gets the following identity:
T(y) = e(y) — epn(y), (2.21)
with
1
epn(y) == 5(p2(y) +7r¥(y), YeER, (2.22)

the phononic (or mechanical) macroscopic energy profile.

2.4. Energy spectrum
The energy spectrum of the configuration distributed according to 1, is defined as
a(k)
45%(k)

w.(k) == ([pKIF) + (18P ) (2.23)

m k]
where p(k) and £(k) are the Fourier transforms of (p,) and (t,), respectively. Using (2.3) we get

w.(k) = ([pEP ), +npSE)([RRP) . keT. (2.24)

He
Assumption (2.18) is equivalent with

Ko= sup € | ro.(k)dk < +o0. (2.25)
ec0,1] YT

Definition 2.2.  The family of distributions (y,),.  is said to be of a thermal type if its energy
spectrum tv, (k) satisfies

Ki:= sup Ezf mz(k)dk<+00. (2.26)
€€(0,1] T

Remark. In section 5.1 we show that (2.26) implies that the respective macroscopic profiles
(r(y), p(y)) vanish. Therefore, we conclude that the macroscopic phononic energy epy(y) =0
(see (2.22)) and, as a result,

Jlim S J@(e), = Jrorow. sec®. 227)
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We stress that although (y) = 0 and p(y) =0, in case condition (2.26) holds, configuration
(v, p) need not necessarily be centered (in the measure 1.). Condition (2.26) is related to the
issue of variability of the initial data on the microscopic scale, as can be seen in the examples
presented in section 9.

Definition 2.3. The family (1) is said to be of a phononic (or mechanical) type if

lim e;th —r(e))), =0 (2.28)
and
lim > (Ip, —p(e)f) =0, (2.29)

X

where r(x) and p(x) are the macroscopic profiles of the strain and momentum, see (1.16).

Remark. Using (2.19) and (2.28) together with (2.29) it is straightforward to see that the
temperature profile corresponding to phononic types of initial data vanishes, i.e. T(y) = 0.

3. Statement of the main results

3.1. Hyperbolic scaling

Assume that the configuration (t, p) can be decomposed into two parts whose laws are of ther-
mal and phononic types respectively. More precisely, we assume that

tx:t;"i'tz’ Py :p;'i_pz’ xelZ, (3.1
where
K|:= sup € f (r))?(k)dk < +oo0, (3.2)
€€(0,1] T

and 1ol (k) is the energy spectrum of (t/, p’), i.e.

w.(k) = ([p'®OP) + 1’ ON[FOP) . keT. (3.3)

b
He

with (p/(k), t/(k)) the respective Fourier transforms of (p’, t/). In addition, we assume that the
configuration (v”, ") is of the phononic type in the sense of definition 2.3.
Suppose that (¢/(¢), p’(¢)) and (v”(¢), p”(¢)) describe the evolution of the respective initial

configurations (t;, p; ) and (t%, p”) under the dynamics (2.7). Define the microscopic temper-
ature and phononic energy density profiles by

e, (1) 1= ex(T'(0), p'(1))  and  epn (1) 1= ex("(1), p" (1)) (3.4)
Let

Vit y) = (r(t,),p(t. ) 3.5)

be the solution of the linear wave equation

Or(t,y) = O,p(t,y),
atp(tsy) = Tlayr(t’y)s (36)
r0,y) = r(y), p(,y)=p(y).
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The macroscopic phononic energy at time ¢, see (2.22), is given by

1
epn(ty) = —(p*(t,y) + 7r(t, ). 3.7)
The components of

wl(t,y) := [r(t, ), p(t, ), epn(t, y)]
evolve according to the system of linear Euler equations:
3r"(f,y) = 8yp(ta y),
Op(t,y) = moyr(t,y),

Orepn(t,y) = Ti0\(r(t, y)p(t,y)),
w(0,y) = w(y).

(3.8)

The following result is proven in section 6.

Theorem 3.1. Suppose that the initial configuration (xt,p) satisfies the assumptions form-
ulated in the foregoing. Then, (t'(te™ "), p/(te™")) is of the thermal type for all t > 0 and

+00 +o0
tim e3> [, ec)[Efem,x(é)dt: Joa [ ey (3.9)

=0+

for any J € Cy([0, +00) x R). Configurations (t"(te~"), p" (te™")) are of the phononic type for
allt> 0 and

lim 62

=0+ X

t
[Ereph,x(;) - eph(t’ QC)‘ =0. (3.10)

In addition,

+00 +00
lim €3 fo 7, oc)[Efex( )dtz fo f[R lepn(t.y) + T(N1J (1, y)drdy, 3.11)

r
€
Sor any J € C3X([0, +00) X R).

Concerning the macroscopic evolution of the vector 1, (¢), see (1.12), the above result
implies the following.

Corollary 3.2. Assume that

Jim €30, = Jrom) v, seci®. (3.12)

Then, for any J € C3([0, +00) X R) we have

+00 +00
lim €y fo J(, ac)[Efmx(E)dtz L f[R J(@, y)w(t, y)drdy, (3.13)

e—=0+

with the components of w(t, y) being the solutions of the linear Euler system (3.8).
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3.2. Superdiffusive scaling

It follows from theorem 3.1 that the phononic energy evolution takes place on the hyperbolic
scale that is described by the linear Euler equation. In consequence, it gets dispersed to infin-
ity at time scales longer than te~!. On the other hand, it has been shown (see theorem 3.1 of
[4]) that the respective temperature profile 7(y), see (2.19), evolves on a superdiffusive scale
(te 32, xe ). Therefore, we have the following result.

Theorem 3.3. Suppose that the distribution of the initial configuration (t,p) satisfies the
condition (3.1). Then, for any test function J € C3’([0, +00) X R) we have:

. +o00 t +o00
lim 62](; J(, sc)[Efex(?)dt :j; f[R T(t,y)J (¢, y)dtdy. (3.14)

=0+

Here T(t, y) satisfies the fractional heat equation (5.49) with the initial condition T(0, y) =
T(y), given by (2.19).

The proof of the above result is presented in section 7.

3.8. The evolution of normal modes at the diffusive time scale

Finally, we consider the Riemann invariants of the linear wave equation system (3.6). They
are given by

FE,y) = pt,y) £ JAFE,y). (3.15)

The quantities defined in (3.15) are constant along the characteristics of (3.6), which are given
by the straight lines y £ /7 t = const. Therefore,

fECy) =rF(y+ yan), (3.16)

with f&)(y) determined by the initial datum. This motivates the introduction of the micro-
scopic normal modes given by

L 1 3y y
FO@ = p, )+ v [1 - E(E - 1]v ]ry(t),

(3.17)

_ 1{ 3y
gy o— _ _ - _ *
1) = () — g7 [1 Z(ﬁ + 1)v ]ry(r),
that are the second order approximations (up to a diffusive scale) of f™(z,y). The part-
icular form of f*)(¢) is determined by the fact that we are looking for quantities of the form
p(t) £ J7 (1 £ V*)e(r) that, at the hyperbolic scale, approximate the Riemann invariants

(3.15) and possess limits at the diffusive time scale. The latter requirement determines that
cx = (112)Gy/ym £ 1).

Remark. The normal modes §*)(¢) capture the fluctuations around the Riemann invariants of
the linear hyperbolic system (1.13). Their analogs, called normal modes ¢, (¢), are considered
in appendix 1 (b) of [9], in the context of anharmonic chains with FPU-potential, see (8.18)
of [9].

To state our result rigorously, assume that (y, ) —the initial laws of configurations (t, p)
satisfy (1.16). Denote also the heat kernel
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1 y2
P = —— 0, .
» JaDr exp{ 4Dt} (3.18)
where D := 3. Let ffd)(t,y) =P xfW(y),t=+and
FEW) = p(y) £ ymr(y). (3.19)

With the above notation we can formulate the following result.

Theorem 3.4. Suppose that condition (1.16) is in force. Then, the phonon modes f(yi)(t)

satisfy

I J(en)E, <i>(5) = [ 1S, y)dy.
tlim eSS JIor© @ (3.20)
Sor any J € C(R). In addition, for any v € {—, +}

lim 62](06 - Lﬁé)[&fﬁ?(é) = »/n; LI (y)dy, (3.21)

=0+ T

The proof of this theorem is contained in section 8.
Remark. The results of the present paper are also valid for other stochastic dynamics obtained
by a stochastic perturbation of the harmonic chain that conserves volume, energy and momen-
tum. For example we can take a harmonic chain perturbed by a noise of the ‘jump’ type. More
precisely, let (Ny .+ 1(t))xez bei.i.d. Poisson processes with an intensity of 3y/2. The dynamics
of the strain component (v,(f)).cz are the same as in (2.7), while the momentum (p,()), . is
a cadlag process given by

dp (1) = —(o* q(1))xdr
+ [Vp,(t=)dN; 1) + V', (1=)dNe— 1 ()], x€Z (3.22)

where (« * ¢),(¢) is defined as in (2.9). With essentially the same arguments as the ones used in
the present paper, one can show that theorems 3.1-3.4 also hold for these dynamics.

4. Asymptotics of the phononic ensemble

In this section we assume that the laws (14, ). of the initial configuration (t, p) are of the pho-
nonic type, i.e. they satisfy (2.28) and (2.29).

4.1. Approximation of the macroscopic phononic energy

The solution of (3.6) is given by

Fty) = r(y + ) + r(y — D) + % Lp(y + VA1) — ply — 1]
1
p(t,y) = p(y+ Jit) +ply — 7t + 7 [r(y + ymt) — r(y — Jaol, “.D

where r(y), p(y) are the initial data in (3.6). Using the above formulas and (3.7) we can write
epn(t,y) in terms of the profiles r(y) and p(y). We can easily infer the following.
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Lemma 4.1. Suppose that r,p € C3°(R). Then,

lim sup| e - epn(t, ex) — f epn(t,y)dy| = 0. 4.2)
-0+ 20 N R
4.2. Evolution of the mean ensemble
Define the mean configuration
E0), (1) = (Fex(®), B, ((D)xez,
where
ff,x(t) = Eeri(), ﬁ&x([) = [Efpx(t)- “4.3)
The respective energy density is then defined as
=2
(¢ . P _
0 = @0 R0 = == = T a0, 4.4)

where §, , /(¢) is the respective mean of q, ,(7) defined by (2.9).
Let 67 (¢, k) := [(, k), p(t, k)], k € T, where £(z, k), p(z, k) are the Fourier transforms of the
respective components of the configuration (t,(¢), p,(¢))). Suppose that § > 1. Define

(1. k) = E[Eff(%, ek) and (k) == e[Efﬁ(i&, fk). 45)
€ €
Conservation of energy and condition (2.18) imply that

Ecm sup [ (R OP B 0Pk < +oo. (4.6)
20,ec0,11Y¢ T

From (2.7) we obtain

L8000 = A MR, @
where
6. (1K) = [8.(, ), B (1, )] .8)
and
A :[ 0 “ ] 4.9)
—F(ek)a* —b

with a*—the complex conjugate of a and

7k) = 7'1<p2(sin2(7rk)), a:= l(1 — exp{—2miek}),
€ (4.10)
b= 1|1 — exp{—2miek} P[2 + cos(2mek)].
€

Observe that for a given M > 0 we have
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lim sup |A (k) — Ap(k)|=0

=0+ k<M 4.11)
and
Ao) ::[ 0 2mk].
2mitik 0
Since both eigenvalues of Ag(k) are imaginary, we have
D, := (,,il)lgnezllexp{AO(k)t}” < +00. (4.12)
Here, ||-|| is the matrix norm defined as the norm of the corresponding linear operator on a

euclidean space. In fact, an analog of (4.12) holds in the case of the linear dynamics governed
by (4.7).

Lemma 4.2. We have

C,:= sup  |lexp{A (k)t}|| < 4o0.

(t,k)ER2,¢€(0,1] (4.13)

Proof. The eigenvalues of A, (k) equal

_ -1 2 A~ 2
A== {biw/b 47(ck)|a| }

Since both b and 7(ek) (see (4.10)) are real and non-negative, it is clear that ReA+ < 0 and the
conclusion of the lemma follows. O

4.3. Asymptotics of the mean ensemble

Let ﬁio)(t, k) be the solution of the following equation
d -0 1 2(0) 2(0) 2
Enf (t,k) = ——Ao(k)o, (t,k), b, (0,k) = 0.(0,k). (4.14)
€

Also, let ¥(¢, £) be the Fourier transform of v(z, y) the solution of the linear wave equation sys-
tem given in (3.5). It satisfies

V(1 €) = exp{Ao(D)t}V(0, £). (4.15)
Conditions (2.28) and (2.29) imply

lim 5.0, 2) — 9(0, f)fdf =0. (4.16)

e—0+ Je T

Lemma 4.3. Suppose that 6 € [1,2) and M > 0. Then,

. M 2(0) 2
lim 0. (t.k) — b, (t,k)[Pdk =0, 1>0. 4.17)
M

e—>0+J—

Proof. Note that A, (k) = Ag(k) + eB.(k) (see (4.9)), where

b.M) := sup sup [|B.(k)]| < +o0.

€€(0,1] [k| <M (4.18)
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From (4.7) we can write

Ao (k)b (t, k) 4 €2 °B.(k)b, (1, k), (4.19)

da
—o.(t,k) =
dt @5 b1

Therefore, by Duhamel’s formula, we conclude

N N t _ N
6.1 k) — ﬁi())(t’ k) = 62—6](; exP{ %Ao(k) }Bf(k)t_)((s, k)dk. (4.20)
€
The lemma then follows from (4.6), (4.18) and lemma 4.2. O
Lemma 4.4. Foranyt>0and 6 € [1,2)we have
N t 2
=0+ Je T €

and, in consequence,

lim €

e—=0+ x

2
= 0. (4.22)

x el e

Proof. Formula (4.22) follows from (4.21) so we only focus on the proof of the latter. We
have

§.(¢,0) = exp {AF O— } 6.(0, 0).
€

Therefore, from the above and (4.15) we can write

2

. N N t
hzr_l}gl:p j;—w o.(t,0) — v(—f(&l , f) de
; A 2
< 21lim sup exp{AE(f)ﬁ } [0.(0,7) — v(0,%)]| d¢
=0+ T €
t t >
+ 2 lim sup f exp{AG(f)—(Sl }0(0, ) — exp{Ao(f)—61 }\3(0, £)| de. (4.23)
=0+ YT € €

Using lemma 4.2 and (4.16) we conclude that the first term on the right-hand side vanishes.
To estimate the second term, divide the domain of integration into the regions |¢| < M and
its complement. On the first region we use lemma 4.3 to conclude that the respective limit
vanishes. Therefore, we can write that with modulo multiplication by a factor of 2, the second
term on the right- hand side of (4.23) is equal to

2

lim sup [ exp{AE O—— }\3(0, 0 exp{Ao(Z) - }17(0, 0| ar
es0+ YM<K|UL1/Q2e) € €
t 2 t >
<21im sup f { exp{AE(ﬂ)? }19(0, 0| + exp{Ao(é)T }\9(0, 0) }d£
=0+ YML|L1/Q2e) [ €
<4(C, + D,)lim sup [9(0, O)[de, (4.24)

em0+  IM<|O<1/Qe)
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the last estimate following from lemma 4.2 and estimate (4.12). We can adjust M > 0 to be-
come sufficiently large so that the utmost right-hand side of (4.24) can be arbitrarily small.
The conclusion of the lemma therefore follows. O

Also, suppose that (r(¢, ), p(t, y)) is the solution of the linear wave equation (3.6) and
2pn(t,y) is the corresponding macroscopic phononic energy density profile, defined by (3.7).
As a direct corollary from lemma 4.4 we conclude the following.

Corollary 4.5. For anyt > 0 we have

2
lim 52[& x( ) r(t, ac)] =0

=0+ x

2
lim EZ[pE x( ) p(t, sc)] =0. (4.25)

=0+ X

Concerning the behavior of the energy functional ng)(t) corresponding to the average pho-
nonic ensemble (see (4.4)) we get the following.

Corollary 4.6. Foranyt>0and 6 € [1,2) we have
. t
lim €) |¢ g )( ) — ePh(F’ ac)‘— 0, (4.26)

e—0+
where epy(t,y) is given by (3.7). In addition, for any 6 € (1,2) we have

lim 62](676)2(6)( )_ 0, JeCX(R). (4.27)
E

e—>0+

Proof. In light of lemma 4.4 only equality (4.27) requires a proof. Assume that 6 € (1, 2).
Note that the left-hand side of (4.27) equals lim,_, o [7{(t) + J5(t)], where

T = 52;63,{%)1@)

1/2¢) e . (¢ o
_1 LA Ty 428
fu(ze) jil/(ze)pf(f‘s’l )p(e‘S*l ) (4.28)
and
O . € o (1 )_ a; (e
ty:=——>J e —|=- — J(&)d?
T = =3 (e qf,x(eé 23 [ o MO
1/(2¢) A t
x f h(— e(k—&—z,”))hz(ek)t(( ,—f—k)ff( . 1,k)dk, (4.29)
1/26) - et
where
—2mikz} — 1
hoey = SPUZmRE 2L g ey
exp{—2mik} — 1
and
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J) = Zf(z + ﬂ).
m €

Recall that b, (¢, k) and ﬁio)(t, k) are given by (4.7) and (4.14) respectively. Using lemma 4.4,
we conclude that

lim [7170) ~ 7701 =0 and  lim [75(0) ~ 75 (0] = 0,
=0+

=0+

where
(€) N
Tw = [Jeae [ p ( L 1,—f—k)p(F,k)dk (4.30)
and
€ L Z az A t
T = -3 fJ(z,”)f ( L k)r(w,k)dfdk. @31
Recall that

N ! N
p(F, k) = <exp {AO(k)F }V(k), €2 >C2

where eg = [0, 1] and (> )2 is the scalar product on C2. Therefore,
GO PN R N T, . 4
Jw= [ Jear | <v( k—1), exp{AO( k=) }e2>

<\9(k), exp {Ag (— }e2> dk.
€ Cc?

By an elementary application of the Riemann—Lebesgue theorem we get

CZ

lim 70 =0, j=1,2
e—0+

This ends the proof of (4.27). [l

4.4. The evolution of conserved quantities at a hyperbolic scale

Our goal in this section is to prove the following result.
Theorem 4.7. Suppose that (2.28) and (2.29) are in force. Then,

2
(1_1)1’51+ ey E [tx( ) —r(t, a)] =0

X

2
i el o]

X

(4.32)
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and

lim 62

-0+ x

E ex( )— epn(t, ex)‘ =0, >0 (4.33)

Proof. Equality (4.33) is a consequence of (4.32), and we need only substantiate the latter.
Let (6t(1), 69.(2)) := (6t (1), OB, ,(1))xez, Where

0t (1) ==t x(t) — T x(1),  Op (1) :==p (1) — . (), (4.34)

with T, () and . . (¢) given by (4.3). We have (see (4.4))
Ecex(t (), p.(1) = Ecer(6t.2), p,.(1) + &) (4.35)

By conservation of the total energy we obtain

egxxex(r,p))ﬂf = 62 m(‘(i)’ i (f))

- E ex(érf( ) 6pf( )) N fzxzég)( : )

ey [Efex(étf(—), 6p5(£)) + €Y Epn(t, ex) — €y
P € € X X

a§f>(5) — e, sc)‘ (4.36)
€

Letting ¢ —» 0+ and using assumptions (2.28) and (2.29) we conclude that the limit of the en-
ergy functional appearing on the utmost left-hand side equals

Jem@)ay= [ emttiay. rer. 437)
with epy(t, y) given by (3.7). Using the above, together with (4.26), we conclude that

f epn(0, y)dy > lim sup ez [Efex(étf( ) 6pf( )) L epn(t,y)dy.

e—0+ x

From (4.37) we infer, therefore, that

lim sup € [Efex(éte( ) (5pf( )) =0. (4.38)

=0+ x

From (2.16) applied to the configuration (6t (te '), & 1, (te 1)) we conclude that there exists

¢, > 0 such that
) (o) ]
<e [Efex(étf( ) 6p€( )) (4.39)

Equalities (4.32) then follow in a straightforward way from (4.39) and corollary 4.5. O
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4.5. The evolution of energy density at the superdiffusive scale

In this section, we show that the energy density disperses to infinity at the time scale #/¢°,
where 6 € (1, 2).

Theorem 4.8. Suppose that (2.28) and (2.29) are in force, and 6 € (1,2). Then,

lim €)Y J(ex)E, ex( ) =0, (4.40)

e—=0+ x

Sforany Je€ C(R), t 2 0.

Proof. In analogy to (4.36) we write

szxex(t,p)),JE =€y, Efex(t(ﬁ),n(ﬁ))

el o(2)
+ eZeph( — )— g%: Eﬁf)( Zﬁ) _ eph(#,ec)‘. (4.41)

Therefore, taking the limit as e — 0+, in (4.41) we obtain (using (4.2) and (4.26))

feph(O y)dy=limsupey E, ex(étf( ) 6pF( ))

=0+ x

+ lim supfeph( . 1,y)dy

=0+

(4.42)

By (4.37) we conclude

limsupe) [E(ex(étf( ) 5p6( )) =0. (4.43)

=0+ x

Since for any J € C(R) we have

E;J(oc)ﬂex(t(ﬁ)’P(%))

= fZJ(OC)[E ex(étf( ) 5136( )) i EZJ(QC)—&)( )

(4.44)

The conclusion of the theorem follows directly from (4.43) and (4.27). O

5. The evolution of a thermal ensemble

In this section we investigate the limit of the dynamics of ensemble families whose initial
laws (1, )e>0 satisfy condition (2.26). Then, as it turns out, the respective macroscopic profile
of (v, p) is trivial, i.e. 7(y) = 0 and p(y) = 0. In fact, we show that condition (2.26) persists in
time and the temperature profile remains stationary at the hyperbolic time scale.
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5.1. Wave function

Define the wave function of a given configuration as

= (@* Q) +ip, =} G vl +ip, XEZ, (5.1)

where o’ is given by (2.9) and (&,) are the Fourier coefficients of the dispersion relation
defined as, see (2.2),

wik) = AM2(k) = 27 |s(k) | (s> (K)). (5.2)

Using (5.2) we can rewrite (5.1) in the form
= (@Wx*rv), +ip, x€Z,

with ((D)EI)) being the Fourier coefficients of

wD(k) = —ie™ksign(k) 7 o(s*(k)), keT. (5.3)
The Fourier transform 1ﬁ(k) of the wave function (¢,) can be written as
P(k) = wOE)EK) + iP(K). (5.4)

Therefore,

([PP), = (JoDERREP+pK)P), + 2ImEEWOEBK)), . (5.5)
On the other hand, since #(—k) = #%(k) and p(—k) = p*(k) we obtain

([P(=0)P), = (|wDERRE)P + [pE)P), — 2(ImEE*w V@R K)), . (5.6)
From (5.5) and (5.6) we obtain

Jw2todk = [ (dwP), ok (5.7)

Condition (2.26) is therefore equivalent to

2 n 2\2
sup ¢ {k)|F Y, dk < 4-00.
€(0.1] f“ e 58

Remark. Note that the macroscopic profile (#(y), p(y)) corresponding to a given configura-
tion (¢, p) satisfying (2.26) necessarily vanishes, i.e.

lim e;(tx)ufj(ex) =0 and Fl_i)rg:_ eg(px)%](a) =0 (5.9)

e—0+

for any J € Cg°(R). To show (5.9) it suffices to prove that
Jim, 6%31/’”"/(“) =0 (5.10)
Indeed, from conditions (2.28) and (2.29), we obtain

Jlim ezxij)#](a): L P(¥)J(y)dy, (5.11)
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where
P(y) = Y HE)(y) +ip(y)
and
HU(y) == —pov. M
T R y—y

is the Hilbert transform of a given function f& Ci°(R). The integral on the right-hand side
is understood in the sense of the principal value. In particular, 1(y) =0 implies that both

p(y)=0andr(y)=0.
To show (5.10), observe that by the Plancherel identity we can write that the absolute value

of the expression under the limit in (5.10) equals

€

I <zz3(k>>ujf(k)dk], 5.12)

where

J(k) == S J(ex) exp{ —2mikx} ~ lj(ﬁ)
N € \¢€

and J (k) is the Fourier transform of J(x). The expression in (5.12) is therefore estimated as

follows:
A A k ) . a R E 4/3 3/4
‘ L (d)(k)),,,rl(f)dk s[ ﬁ ([ )N(dk] ﬁ J(f) de|

where the estimate follows by the Holder inequality. Using the change of variables k' := k/¢

in the second integral on the right-hand side we conclude that it is bounded by eK 1/ 1 AR
for e € (0, 1], which proves (5.10).

5.2. The evolution of the energy functional at the hyperbolic time scale

Define by tv,(z, k) the energy spectrum (2.23) corresponding to the configuration (x(¢), p(¢)).
The following result asserts that there is no evolution of the macroscopic temperature profile
at the hyperbolic scale. Moreover, if the initial energy distribution is of the thermal type, it
remains so at this time scale.

Theorem 5.1. For any J € Cg([0, +00) X R) we have

+00 +oo
lim €3 fo Ja, a)[fex(é)dt: fo f[R J(t,y)T(y)drdy. (5.13)

>0+
Moreover, at any time t > 0 the energy spectrum satisfies

Ki(t) :== sup €2f

mz(i,k)dk < 400 (5.14)
e€(0,1] T €
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and

lim 3 Lt(t )J(cx) —0 and lim €Y [Efp(i)J(ex) —0 (5.15)
X €

e—>0+ . ; e—>0+
Sor any J € Ci°(R).

The proof of this result is given in section 5.5.

5.3. Wigner transform
Define 1)\“(t) := h(te~") and 1/3(6)(1‘, k) its Fourier transform (belonging to L*(T)). By W.(t)
we denote the (averaged) Wigner transform of (€)(z), see (5.9) of [4], given by

(Wi(t), Ty = fR _Wa.p. 0 (pbdpak, (5.16)

where Wz, p, k) the Fourier—Wigner transform of 1/3(6)(1‘) given by

Wf(t,p, k) := %[EF [(1/3(6))*(“]( — %)d}(e)(t,kJr %)] (5.17)

and J belongs to S—the set of functions on R x T that are of C* class and such that for any
integers /, m, n we have

sup (1 4+?)"0\07 7 (y,k)| < +oc.
yER, keT

Let A be the completion of S under the norm
IIJIIA:=ﬁsup|f(p,k)ldp- (5.18)
k

In what follows, we shall also consider the Fourier—Wigner anti-transform of 1/3(6)(0 given by

P, p.k) = %Ef [ﬁ”(f» —k+ %)ﬁ(f)(t’k + %)] (5.19)

From the Cauchy—Schwartz inequality we get
€ ~(€) 2
(W), T)| < E”J”A Ecllv™ Oz -

Thanks to the energy conservation property of the dynamics and the Cauchy-Schwartz
inequality, we get

sup sup(|| Ye()la + [IWe(®)lla) < 2Ko,

€€(0,1] 120 (5.20)

where Kj is the constant appearing in condition (2.25). As a direct consequence of the above
estimate, we infer that the family (W.(-)).c(0,171s *-weakly sequentially compact as ¢ —» 0 + in
any dual to L([0, T1; A), where T > 0, i.e. for any ¢, — 0+ one can choose a subsequence €,y
such that (W, (-)),, that is *-weakly converging. In fact, using hypothesis (2.26) one can prove
that the following estimate holds (see proposition 9.1 of [4]).
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Proposition 5.2. For any M > 0 there exists C; > 0 such that

W2, p. iz + 1Yt p )
< UIW0. p, )lizzery + 1700, p, )iz e,V e€ (0,11, | p| <M, 1>0. (5.21)
The right-hand side of (5.21) remains bounded for ¢ € (0, 1] thanks to (5.8).

In fact, asymptotically as ¢ - 0+, the function |w)§‘)(t)|2 coincides with the energy density
e,(te 1), which can be concluded from the following result, see proposition 5.3 of [4].

Proposition 5.3. Suppose that condition (5.8) holds. Then,

e—=0+

lim €3 J(e0)E, [ex(i) _ % W%)r] =0, 120,JeCR. (5.22)
X € *

From the above result we conclude that for a real-valued function J(y, k) =J(y) we can
write

: — m £ ()42
im (W0).9) = i £ 5101440
— lim 6ZJ(QC)[E6ex(£). (5.23)
€

=0+ .

5.4. Homogenization of the Wigner transform in the mode frequency domain

It turns out that in the limit, as ¢ - 04, the Wigner transform W.(¢, x, k) becomes independent
of the k variable for any ¢ > 0. To avoid boundary layer considerations at the initial time ¢t = 0
we formulate this property for the Laplace—Fourier transform of the respective Wigner func-
tion. More precisely, let

+0o0 -
s pok) o= fo e MW(1,p, Lh)dt, (5.24)

—+00 ~
e (A p.k) = fo e N4 (t, p.k)dt,

where

0. (t,p,k) = = [V.(t,p, k) + Y. (t, —p, k)],

|>—~N|'—‘

U.-(t,p.k) = — [L(t,p. k) — ¥ (t, —p,K)].

&

1

Thanks to proposition 5.2 the Laplace transform is defined for any A > 0 and for any M > 0,
compact interval I C (0, +00). In addition, we have

CG:= sup sup |IW.Aplem+ Y Nde A p)lie | < +oo. (5.25)

ec (0,11 \eL,| p|<M E{—t)
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Let
WO\, p) = (0. (V), e) 2y = (Fe—(N), e) 12y
where
e (k) := %54(](), e (k) := 25%(2k). (5.26)

The following result holds, see theorem 10.2 of [4].

Theorem 5.4. Suppose that the initial laws satisfy (2.26). Then, for any M >0 and a
compact interval I C (Ao, +00) we have

lim  sup We (A p. k) — WO, p)|dk = 0,

=0+ MeL| plsM T * ‘ (527)
and

lim  sup fv i <O\ p, K)|dk = 0. (5.28)

=0+ el | p|lsM

5.5. Proof of theorem 5.1

Applying (5.21) at p = 0 we conclude that

2 26 242
sup € f (B (1, k) P) dk < +-o0. (5.29)
€€(0,1] T
Condition (5.14) then follows directly from (5.7). In addition, equalities (5.15) can be inferred
from (5.29) and (5.9).

Concerning the proof of the convergence of the energy functional in (5.13), recall that we
already know that (W,(-)) is +-weakly sequentially compact in (L'([0, +o0),.A))". Therefore,
for any ¢, — 0, as n - 400, we can choose a subsequence, denoted in the same way, such that
x-weakly converging to some W € (L!([0, 4+00), A))*.

In light of (5.20) we have

sup|[Wa(0)lL.y < Ko,

20

(5.30)

with K the same as in (2.25). Therefore, the respective Laplace—Fourier transform w.(\, p, k)
can be defined for any A > 0. To identify W, it suffices to identify the *-weak limit in A’ of the
Laplace transforms w,, (), as n — +00. Thanks to theorem 5.4, any limit w(, p, k) = w(A, p)
obtained in this way will be constant in k. In fact

whp) = lim wp).
In fact, we claim that for any J € Cy(R)

WD) = [ IOy, (5.31)
which implies that W € L>°([0, +00), A) and

W(t,y,k)=T(y), 120.
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In light of proposition 5.3, this allows us to claim (5.13). The only thing yet to be shown,
therefore, is (5.31).

5.5.1. Proof of (5.31). Letting Wf(ol = W:,i(O) and l/j:?) = I/J;,i(O) we obtain that for any A >0
(see (10.5) of [4])

M.y — VAVEO)+ = 16t — MRl + 1L — ) + 7D,
€
_ ~0) 20 _ YA 1 _ e
Niey — U, = —idc—+ =Lt — =W + W) |+ €77,
’ € € 2
N 0 2 iR’
i — O = _2—wﬁ6,+ CRa P i)+ er®
€ €
M. — VAVEO), = 1600 + IRpia,— + 1L — i)+ 7P, (5.32)
€
where
S, p) =+ w(kJr 2) - w(k - 2)],
€ 2 2
)= 7 [ofi+ 5]+ of - 2)
wtk,p) = —|wlk+ =+ wlk—=1],
kp)i=7 [ ( 2 2
Lwk) =2 [ Rk kWK = 2R w(k), we LI(D), (5.33)
T
and

RUK) =2 T ke (k).

ve{—,+}

R(k) := L Rk, k')dk', (5.34)

with e (k) given by (5.26). The remainder terms satisfy
4 o
sup  sup YOIFY Pl < 400 (5.35)
ec(0,11 Ael| p|<M j=1

for any M > 0, compact interval I C (0, +00).
From the first equation of the system (5.32) we get

_ —~©0 3 _
DO =W, +27 3 ew+q, (5.36)
2 ve{—,+}
where
D' := e\ + 29R + iebw, (5.37)
andg, :==Y7 , q:i), with
q(fl) = 2D, q(z) = —vLi, 4, qf) = —ieyYR'pi, _. (5.38)

Computing W, from (5.36) and then multiplying both sides of the resulting equation scalarly
by ve,, ¢ € {—, +} we get the following system:
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3ve_e 3v2 ¢’
() _ + e N C)) L
o 1I(1 = ) k= = ﬁ Sk

2,,W6 €.q,
= e [ Gl [ Sk e -t

Adding the above equations corresponding to both values of ¢ sideways and then dividing both
sides of the resulting equation by £ we obtain

4'y Rq
dOWD _ O — W) = 5 5.39
2wy ) = f D(f) f sk, (5.39)
where
. 4 A+ 16
a9\ p) = il f (f)fw
A+ 16w
(6) et
Y\ p) = j;r DO ¢, dk. (5.40)

Equality (5.31) is then a consequence of the following.
Proposition 5.5. For any J € S such that J(y, k) =J(y) and A > Ao we have

2R
lim( f 5P apdk — f TJdpdk)—O (5.41)
=0+ RxT D(E)

In addition, for any M > 0 and a compact interval I C (0, +00)

lim sup a0, PP p) = WO p))| =0, (5.42)
=0+ el | p|lsM

. ‘ 2\
lim sup |a(\.p)— ==|=0, (5.43)
=0+ el | p|<m 3
and
. 4~ Rq ‘
lim su — “dk| = 0.
e—0+ /\GI,|pI|)<M 3e JT D(E> (544)

Proof. Equality (5.41) follows from (2.27) and (5.23). Formulas (5.42) and (5.43) can be
easily substantiated using the Lebesgue-dominated convergence theorem. To argue (5.44) it
suffices only to prove that

4 R(j)
Vf e gk

lim  sup 3 J po

=0, j=2,3. (5.45)
=0+ \er | plsM

Note that

< IPlIR N Rl |
3 T |DY)

4 o R
lf 41| < ak<C [ |a. |ak
3e D T
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and (5.45) for j = 3 follows from (5.28).

In the case j = 2, note that f q(z)dk = 0, therefore

4y 2 O igwg®
3e D<f> _f D

Since k — b.w(k, p) is odd for each p we obtain a latter integral equaling

I - il MEX + 29R) + €(6w)?
3y |D(‘)|2

_ _5 f |D<f>\2 [A(EX + 29R,) + e(6.w)*) dk
Le{—

Ca, ,dk

4y Ru5,+ 5
= Do MO+ 2R+ bk (5.46)

with
u)OLp) = (AN e py, GV € {— )

We therefore conclude that there exists a constant C > 0 such that

eb((sfw) R‘M( +‘ (5((,0)
IIGISCVEG{ e | f pap kT f —pop % (5.47)

/@

Denote the terms appearing on the right-hand side by If(” and I)”, respectively. Since

|DO]> > 2e YR we conclude that there exists C > 0 such that

1 2 /]
IP<C 3 ugy| and 2L Cllic .
ve{—,+}

Therefore, (5.45) for j = 2 follows directly from (5.28). O

5.6. The limit of the energy functional at the superdiffusive time scale

We have shown in theorem 5.1 that the evolution of the temperature profile takes place on a
scale longer than a hyperbolic one. In fact the right time-space scaling is given by (te =32, xe 1)
as it has been shown in theorem 3.1 of [4].

Theorem 5.6. Suppose that the distribution of the initial configuration (t,p) satisfies
condition (2.26). Then, for any test function J € C3’([0, +00) X R) we have:

. +00 t +o00
lim GZI) J(t, ac)[Efex(ﬁ)dt:j(; j[;T(t,y)J(t,y)dtdy. (5.48)

=0+

Here, T(t, y) satisfies the fractional heat equation:

OT(1,y) = —¢| AT, y) (5.49)

with the initial condition T(0, y) = T(y), given by (2.27) and
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[a//(o)]3/4

= G2 (5.50)

6. Proof of theorem 3.1 and corollary 3.2

Since the dynamics are linear, the solutions of (2.7) are of the form
t() = () + i) and (1) = pl () +p(0), 120,x€Z,

where (¢/(¢), p’(¢)) and (v(¢), p” (¢)) are the solutions corresponding to the initial configurations
(!, p;) and (v, p) under the dynamics (2.7), see section 3.1. The convergence of the t and p
components of the vector tv(¢) from corollary 3.2 are therefore a direct consequence of the
conclusions of theorems 5.1 and 4.7.

The statements concerning the asymptotics of the thermal and phononic components of the
energy functional contained in (3.9) and (3.10) also follow from the aforementioned theorems.
To prove (3.11), also finishing the proof of corollary 3.2 in this way, note that

)l eonl) P

where eq, (f) and epn (¢) are defined in (3.4). Given two configurations (¢!, p?), j = 1, 2 the
‘mixed’ energy functional is defined as

e (e, pV; 1@ p@) ; (D@ _ Zax o2, ©62)

Here, qijl, are computed from (2.9) for the respective configurations ), j =1, 2. Formula
(3.11) is a simple consequence of the following.

Lemma 6.1. Under the assumptions of theorem 3.1 we have

! /L ./ L " L —
O O G O

forany J€ Cy(R) and t = 0.
Proof. Let (see (2.20))

5517;/(1) = tz(i) - I"(l, 6‘)7 66p”(£) = p”(i) _P(t» GC)
€ € € €

Using the Cauchy—Schwartz inequality we can estimate
[P Epofe ()
. € € ’ € » Ve € » Ve €
; ; 172
< {GZ [Efex(t’(—), p’(—))} {62 [Efex(é t”( ) 5, p”( ))}
T € €

The first factor on the right-hand side stays bounded, due to the conservation of energy proper-
ties of the dynamics, while the second one vanishes thanks to (4.38).

1/2
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‘We can therefore conclude that

SRR OROTRGIT

for any > 0, equality (6.3) would follow, provided we can show that

lim ¢
e—0+

lim €Y J(ex)E, ex( (t), p’(z); rg(l‘),Pf(l‘)) =0, (6.5)
=0+ € €

X

for any J € Ci°(R) and ¢ > 0, where

(rs(t)’P((t)) = (r(t» GC)’P(L a))xEZ’

The latter, however, is a direct consequence of (5.15). O

7. Proof of theorem 3.3

Using the notation from section 6 we can write the analog of (6.1) at the time scale ¢/¢%/2.

Thanks to (4.40) for any J € C§(R) we have

im 32 J(e)E. X( — ,2) —o. (7.1)

e—=0+

The respective time—space weak limit of eth,x(t/63/ 2y can be evaluated using theorem 3.3.
Finally, to finish the proof of theorem 3.3 we need the following analog of lemma 6.1.

Lemma 7.1. Under the assumptions of theorem 3.3 we have

1 t 1 1
lim ezx:J(ac)[E ex( ( 3,2) P’(ﬁ);t”(ﬁ),la”(ﬁ)) =0 (7.2)

forany J € CI(R)

Proof. Using the Cauchy—Schwartz inequality we can estimate

() (e ()
{eanooZ[E ex( (=) p'(#))}m
ETNSRTERES S

The first factor on the right-hand side stays bounded, due to the conservation of energy proper-
ties of the dynamics, while the second one vanishes thanks to (7.1). This ends the proof of the
lemma. Ll
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8. Proof of theorem 3.4

From the definition of the normal modes, see (3.17), we conclude that

() 2(H)

di e = { =0 = e 2 7 k)
+ Da(1 — 2™ k) + 0(53(k)) }dt + dM(k), 8.1)
where
AM(k) := 202 | (k. KDp( K — KB, dk), (8.2)

with B(d¢, dk) Gaussian white noise in (¢, k), satisfying

B(dr, dk) = B(dt, —dk),
E[B(dt, dk)B*(dt, dk")] = 6(t — t)8(k — k')

and D are given by

3v+
p.:= DT (8.3)
2
Let
a(%) A
Pk = eLf(i)(i, ek), keeT.
€
It satisfies
d 2() 1 . a($)
Eff (t,k) = +—(1 — e 27 ™)f_(0,k) + O(e). (8.4)
€

An elementary stability theory for solutions of ordinary differential equations guarantees that
for any T, M > 0 we have

a(%) . a(%)
f_ (t.k) =™+ 0(e)f, k), |k|<M, |t|<T. (8.5)

After a straightforward calculation we obtain that the left-hand side of (3.20) equals
. IEIONES) . R -
lim [ J(p)f, (. —p)dp = lim [ J(p)eT (0, —p)ap,
=0+ JR e=0+ JR

which tends to the expression on the right-hand side of (3.20), as e — 0+ for any J € C3°(R).
Let

a(t) . t
8t k) =1, (i, k) exp{ —u(1 — e*zlﬂfk)—\/?; } LE{—,+}
€ €
fork€ e 'T. Forany T, M > 0 and . € {—, +} we have
do!”
dr

Using the elementary stability theory of ordinary differential equations again, we conclude
that

(t,k) = %(1 — 22501 k) + O(e), |k| <M, t€[0,T]. (8.6)
€
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2(t)
lim  sup |8t k) — f, (0,k)e TP =0, e {—,+).

€=0+4¢[0,T],|k|<M

For any J € Cj°(R) we can write that the expression under the limit on the left-hand side of
(3.21) equals

N a()
lim | J(p) exp{ —L27rip\/?1£ }f( (L, —p)dp
=0+ JR € €
= lim f J(p) exp{ LTl — e 2 — 27ricp)L2 }ﬁg")(t, —p)dp
=0+ JR €
= lim f J(p) exp{2Lﬁﬂ2pzl + O(e)}ﬁg)(t, —p)dp
=0+ JR
and the latest limit equals

jl;j ()" (—pye—tlrap,

with f (1/)( p) the Fourier transform of £ (), given by (3.19), which ends the proof of (3.21).
Ol

9. Examples

In the final section we give examples of the initial data that are either the thermal or phononic
types introduced in definitions 2.2 and 2.3. The examples are formulated in terms of the wave
function.

9.1. Non-random initial data

Suppose that ¢(x) is a function that belongs to Co°(R). Let a > 0 and let y, be 6-type measures
on /4 concentrated at

P = (@ D2 (et), x€Z. 9.1)
We have
(k) = el fR d(p) [Z exp{2mix(e‘p — k)}] dp.
xezZ
Using the Poisson summation formula (see e.g. page 566 of [5])

. 2r 27
S enplitae) = 20 5 tofs - ). er ©2)
xezZ |b| xezZ b

(understood in the distribution sense) that holds for any b == 0, and the fact that (;g(k) is rapidly
decaying, we conclude

~ 1 Ak
Ye(k) = W¢(_)

60
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9.1.1. Case a = 1—macroscopic initial data. Note that then

timsup [ dic [e(|d@P ) 1= [ 18P dp < +oo, ©9.3)
oy YT He R
where ¢( p) is the Fourier transform of ¢( y). The data is of the phononic type, in the sense of
definition 2.3, with the macroscopic profile given by ¢( y). On the other hand, condition (2.26)
fails, as can be seen from the following computation:

~ k

1)

€

N 2 N 1 pl2
[acte{|dwp) 7=¢ [ 1hwpas~— [
T He T e J-112
9.1.2. Case a € (0, 1—oscillating (but not too fast) data. In this case, one can easily verify
that condition (2.25) holds, but again condition (2.26) fails. However, the rate of the blow-up
is slower than in the case of the macroscopic data. Indeed,

4
1 R

dk ~ — 4dp.
Eﬁ|¢<p>| p

Jante(léwr) 1= ¢ [ 1haora

1 rlieey 1 n
~ — |*dk~ — *dp.
Eaj: | (k)| 6afﬁ|¢(1?)l p

1/(2e")

On the other hand, it is easy to verify that the macroscopic profile for the initial data vanishes
but

Ko=lim e3>(J0P) = [ |d0Pdk.
0T St Ex:<|¢" | >#f [R|¢( !
Hence the family (4, ). is neither of phononic nor thermal type.

9.1.3. Case a = 0—microscopically oscillatory data. We have

Bk = €123 p(x) exp{—2mixk} = e 2B (k),

xeZ

where, the periodized Fourier transform of ¢(y) is given by

$k) = 3 Sx + k). ©.4)

xeZ

In this case condition (2.26) holds, since

Jax [e{h&(k)ﬁ >M]2: I 18t a.

The data is of thermal type.

9.2. Random initial data

9.2.1. Modified stationary field. Assume that (7, )xcz is a zero mean, random stationary field
such that E|ny* < +o00. We suppose that its covariance can be written as

ro=Ep) = [ expl2miks) Ridk,  xe 2. ©.5)
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where R € C(T) is non-negative. Given a > 0 and ¢(x) € Cg°(R) define the wave function as
P = @ D2y,  x€Z. 9.6)

One can easily check that condition (2.25) holds. We show that both micro- and macroscopi-
cally varying initial data satisfy condition (2.26).
For a € (0, 1] (the oscillatory case) we have

NO) 1 k—7\.
w<m~wmnﬁﬁtj)wm ©9.7)
where 7)(d{) is the stochastic spectral measure corresponding to (1, )xcz. Then, thanks to (9.7)
we get
f MO N2 A —2a k—¢
dk (E[P 0P P ~ e fdk f & R(z,”)df
T T T €
—2a k l’w p( 4! !
- f dk f 2 ¢ R(f)R(f)dfdf . 9.8)
T T

Changing variables 7' := ¢//e® and k := k/e“ we get the last expression equaling
. 1/Q2e%)  pl/(2¢%)
f R(&)de f f
T —1/2e") J-1/2¢%
which, as e —» 0 +, tends to

£0) L Ié(f)df{ fk \é(k)fdk}z.

Thus, condition (2.26) is clearly satisfied by this family of fields. In the case a = 0 (micro-
scopically varying the initial data) the condition is also valid, as then

2\ - 2
(k - —a) ‘¢(k - ﬂ)‘ R(eo¢)dkde' S,
€

3 = 12 [ Gtk - rie),
T

with <;§(k) given by (9.4). As a result

2
ﬁdk {EE|1£(E)(k)|2}2=Ldk{ L‘(E(k—f)‘zl?(f)df} < +o0.

9.2.2. Locally stationary initial data. Assume that (v, , PeIxez €€(0,1] is a family of locally
stationary random fields over a probability space (€2, F, P). By the above, we mean the fields
that satisfy the following:

(1) they are square integrable for each ¢ and there exist Cy° functions r,p : R — R, called the
mean profiles satisfying

the = Ery . = r(ex), P = [Epf) = p(ex),
(2) the covariance matrix of the field

/ R " / o n
Cre = e~ the px,; E px,f - px,f’
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is given by

Elt, v = Cuex,x),  Elp, ¥, ] = Colex,x"),

Bl o J = Galer,x”),  EIp v ] = Cule,x), xx'€Z,

where Cjj : R x Z = R, i,j =1, 2 are functions that satisfy

2
< +oo0. 9.9)

Cim 3y

. ’
i=1 x

j; Cix, x)dx

The energy spectrum of the field (), P, ez, see (3.3), equals

/ k)
ro (k) = ; Cooex, k) + 152(0) (; G l(f&k))

where

(:’ij(ac,k) = ZCU(@c,x’) exp{—2mikx'}, (,k)eZxT,i,j=1,2.
x!
We can write

2
e [[wira<ce Y [ GenhCifen ik, c€ .1,

J=1x.%

for some constant C > 0. By an application of the Plancherel identity we conclude that the
right-hand side approximates CC,, as ¢ < 1. Thus, condition (3.1) holds in this case.

9.2.3. Local Gibbs measures. Another important example of random initial data is furnished
by the local Gibbs measure. Given the profiles of temperature 3(ex)”!, momentum p(ex), and
tension 7(ex), where 37!, p, 7€ CJ(R) and 3! > 0 we define a product measure analogous to
(1.6), in which the constant profiles are replaced by slowly varying functions. These measures
are formally written as

dun := [ expl—B(ex)(ex — plev)p, — T(€0)t) — G(A(ex)) }dr, dp,, (9.10)

where A(x) = (B(x), p(x), T(x)) and G(-) are appropriate Gibbs potentials that normalize the
respective measure. In order to make the above ‘definition’ rigorous, one would have to con-
sider the Gibbs measures in question as solutions of the respective DLR equations. We shall
omit that issue by dealing with local Gibbs measures only, i.e. the case when S(y)~!is com-
pactly supported so the relevant measure is defined on a finite dimensional space. On the sites
where B(ex)”! = 0, we let the corresponding exponential factor in (9.10) be a delta distribu-
tion concentrated at the point (0, 0). The corresponding profile of the volume stretch r(ex)
and temperature 3(ex)” ! is given by the analogs of relations (1.9) with r and u replaced by the
respective slowly varying functions.
The natural decomposition in thermal and mechanical initial conditions is now given by

vw=r(ex)+¢,  p,=plex)+p.

where (), p’ ), are distributed by
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dvj, . := [ exp{—B(en)e; — G(B(ex), 0,0)}dv, dp, ©.11)

and ¢ is the energy at site x of the configuration (t/, p’ )xcz. In this case we have

Colex,x') = 8u (), = 608~ (e0). (9.12)

9.2.4. Nearest neighbor interactions. Consider first the nearest neighbor case, i.e. when
¢, = V(t)). Then,

e eV,

/ f— ! ! 2 ! = ! _[R
Giilex,x") = 6 o((€)7),,, = w0 [emavodgr
R

Let us assume that there exists ¢, > 0, for which ¢, < V(r). Then,

| Ve eV Odr
< N —68y
0< Gu(ex,x") < . 0,0 J[;e*ﬂ(“)v(’)dr

- iéxf,o(awc) - %fr‘(a)).

Cx

Here, ii(ex) := u(0, B(ex)) and u(r, §) are the internal energy functions defined in (1.9), see
e.g. (2.1.9) of [1]. Condition (9.9) is satisfied, once we assume that

fﬂ*l(y)dy< +oo and f i(y)dy < +oo.
R R

9.2.5. Gaussian, local Gibbs measures. We assume that supp B8 '=[-K,K] and that
B7(y) >0 for | y| < K. In addition, we suppose that the sequence (o), besides satisfying
conditions al)-a3) and (2.1), is compactly supported—i.e. there exists a positive integer £ such
that o, = 0 for|x| > ¢ and o, < 0 for 0 < |x| < ¢ (obviously in light of (2.1) we have g > 0). In
this case, the formal expression (9.11) is a probability measure on #(Z) that equals (we omit
writing primes)

Ure = /I,F,K@(S[(C, (9.13)

where ¢k« is the Borel probability measure on the space of sequences (ty) |5 .- 1x. concentrated
on the sequence t, =0, |x| > K/e. Measure y, x is Gaussian on the Euclidean space corresp-
onding to finite sequences (p,) ;| -1x Whose characteristic functional equals

1
eXpy — 5 Z Ox,x'PxPy' (>
|x|,|x'|< e 'K

where X := [0y ,] is the inverse of the symmetric matrix § := [S,, ,] corresponding to the qua-
dratic form

1
Z Sx,x’txtx’ = - Z ﬁ(a)axfx’qi’x/,

[x|,|x"|<e 'K [x|,|x"|< e 'K
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where g,/ is defined in (2.9). We claim that there exists ¢, > 0 independent of ¢ and such that

2
Z Sx,x’txtx/ = Cy Z T v (tx)‘x\<f’ K- (9 14)

x|, |« |<e 'K [x|<e K

According to our assumptions, there exists G, > 0 such that G(y) > G, for all y € R. We can
therefore write

inf{ S St > = 1}

[x|,|x"|< e 'K [x|<e 'K

[x|,|x"|< e 'K [x|<e 'K

i* inf{ > ax,x/qix, > u= 1}

inf{ Zax o Zt —1} (9.15)

One can easily verify the following identity (see (2.3))
- Z O N KGO

therefore the utmost left-hand side (9.15) can be estimated from below by

Cy 1= Tlﬁ* inf .

Hence (9.14) holds with ¢, as defined above.
We can write

<|E(k)|2 >V)\.e = Z Ux,x’ex(k)e;/(k)’

[x|,|x"|< e 'K
with e, (k) := exp{—2mixk}. Thanks to (9.14) we obtain
N 1 2AK+1
(B0, <— > lel)P= 2D vker (9.16)
* |X‘<671K Cx€

Thanks to (9.12) we conclude that there exists C > 0 such that
N C
(pUOP ), =D, =D B e < — VesO1l. (9.17)
X X

Combining (9.16) with (9.17) we conclude condition (2.26).
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Appendix. Proof of proposition 2.1
A simple calculation, using the fact that 3, o, = 0, shows that
1
> (e q)e, = -3 Yoy, —q,)° (A.1)
X X,y

for any (q,) such that v := V*qis square summable.
Using (A.1.), the Plancherel identity and (2.3) we can write

.
qumzjlm?'+amwmﬂ%

A2
BOP | 5 e "
:ﬁ—7—+wwwww|%

Here t(k), p(k), §(k) are the Fourier transforms of t,, p,. 4, respectively. In light of the assump-
tions made about ¢(+) it is clear that the utmost right-hand side is equivalent to Zx(ti + pi),

so (2.16) follows.
Obviously only the lower bound in (2.17) requires a proof. Note that

X

1
Yled < EZpi + Y logowldr - (A.3)
Here q, ./ is given by (2.9). By the Cauchy—Schwartz inequality for x > x’ we have
Co<x—x) Y
x'<x"<x
and an analogous inequality also holds for x < x’. Therefore,

Z‘O‘X—X’Mi,x/ < Y Jx =X ||ew—y [t
x,x'

x=x">x'

+ Z |x_x,|‘ax7x’|t)2c//.

x'zx">x

Substituting z := x — x’ in the first summation and z := x’ — x in the second we get a right-
hand side equaling

dozad Do D e] Y
z>0 x2x">x—z z>0 x+z2x">x
Denote the first and the second term by I and /I respectively. We have

= ZZ|O¢Z|Z”'C§// Z 1

z>0 X" fz>x2x"

< (Z zzlazl]thw-

>0 X’

On the other hand

=73 zlaly 3 1<[212|az|]2r§,,

7>0 x+z2x">x 7>0 x”

998



Nonlinearity 29 (2016) 962 T Komorowski and S Olla

and, as a result, we get

e <O + 1), (A.4)

X

where C := max{ 172, ZZ>0z2|aZ| } This, combined with the estimate already shown (2.16),
ends the proof of the lower bound in (2.17).

References

[1] Bernardin C and Olla S Thermodynamics and non-equilibrium macroscopic dynamics of chains of
anharmonic oscillators notes www.ceremade.dauphine.ft/ olla/springs13.pdf

[2] Braxmeier-Even N and Olla S 2014 Hydrodynamic limit for a Hamiltonian system with boundary
conditions and conservative noise Arch. Ration. Mech. Anal. 213 561-85

[3] Da Prato G and Zabczyk J 1992 Stochastic Equations in Infinite Dimensions (Cambridge:
Cambridge University Press)

[4] Jara M, Komorowski T and Olla S 2015 Superdiffusion of energy in a chain of harmonic oscillators
with noise Commun. Math. Phys. 339 407-53

[5] Lax P 2002 Functional Analysis (New York: Wiley)

[6] Lepri S, Livi R and Politi A 2003 Thermal conduction in classical low-dimensional lattices Phys.
Rep. 377 1-80

[7] Lepri S, Livi R and Politi A 1997 Heat conduction in chains of nonlinear oscillators Phys. Rev. Lett.
78 1896

[8] Olla S, Varadhan S R S and Yau H T 1993 Hydrodynamic limit for a Hamiltonian system with weak
noise Commun. Math. Phys. 155 523-60

[9] Spohn H 2014 Nonlinear fluctuating hydrodynamics for anharmonic chains J. Stat. Phys.
154 1191-227

999


www.ceremade.dauphine.fr/ olla/springs13.pdf
http://dx.doi.org/10.1007/s00205-014-0741-1
http://dx.doi.org/10.1007/s00205-014-0741-1
http://dx.doi.org/10.1007/s00205-014-0741-1
http://dx.doi.org/10.1007/s00220-015-2417-6
http://dx.doi.org/10.1007/s00220-015-2417-6
http://dx.doi.org/10.1007/s00220-015-2417-6
http://dx.doi.org/10.1016/S0370-1573(02)00558-6
http://dx.doi.org/10.1016/S0370-1573(02)00558-6
http://dx.doi.org/10.1016/S0370-1573(02)00558-6
http://dx.doi.org/10.1103/PhysRevLett.78.1896
http://dx.doi.org/10.1103/PhysRevLett.78.1896
http://dx.doi.org/10.1007/BF02096727
http://dx.doi.org/10.1007/BF02096727
http://dx.doi.org/10.1007/BF02096727
http://dx.doi.org/10.1007/s10955-014-0933-y
http://dx.doi.org/10.1007/s10955-014-0933-y
http://dx.doi.org/10.1007/s10955-014-0933-y

