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Notations
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β Isobaric thermal expansion coefficient of the fluid
δν Viscous length scale

(
ν
√

ρ
τw

)
∆ Temperature difference between thermal plates
ε Viscous dissipation rate
η Radius ratio (dimensionless measure of curvature)

(
ri
ro

)
ηK Kolmogorov length scale

(
ν3/4ε−1/4

)
Γ Aspect ratio

(
Lz
d

)
κ Thermal conductivity
λz Wavelength of large scale structures
ν Kinematic viscosity
ρ Density of the fluid
σ Pseudo–Prandtl number

(
(1+η)/2√

η

)4

τw Wall shear stress
ωi,o Azimuthal angular velocity of the inner, outer cylinder
Ωrf Angular velocity of the rotating frame
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Chapter 1 - Introduction

1.1 Turbulence: what is and how to describe it.

There are many possibilities to observe turbulent flows in our daily life, usually
identified by unsteady, irregular, seemingly random and chaotic motion of a
fluid. The vortices of water in a river or waterfall, the mixing of milk and
coffee inside a cup or the terrifying bumps felt in an aeroplane during a flight
are just a few examples from an innumerable amount. This phenomenon is
embedded in everyday life.
But how is turbulence defined? Etymologically, the word turbulence comes
from the latin word turba (“stir, tumult”) plus the suffix –ulentus (“full of,
abounding in”) and describes something commonly perceived as agitated and
disturbed. If we look in the dictionary we will find the following definition:
“In fluid dynamics, turbulence is the irregular (or “chaotic”) movement of the
particles of a liquid or gas characterized by strong fluctuations in speed and
by whirling motions, which occurs when the fluid flow, with respect to fixed
surfaces with which it is in contact, exceeds a certain critical speed. The speed
field varies at every point from instant to instant so that the trajectories of the
fluid particles cannot be determined a priori” [169]. Even with this definition,
it is difficult to figure out clearly what a turbulent flow is. Indeed, the great
Richard Phillips Feynman (1918–1988) refers to this problem as one of the
most important still unsolved in classical physics, and it is due to the fact that
it deals with the study of fluid motion of which patterns are characterized by
being far from deterministic. Chaos is often the main ingredient which makes
physical predictions hard to come by. For this reason, even giving a definition
is a highly non–trivial challenge in itself.
We can start to deal with the topic by looking at figure 1.1, which shows two of
the examples mentioned above. In both of them, we see that there are areas in
the flow characterized by the presence of vortices of different sizes. If we look
even more closely at the pictures, we can see two different states: (i) when the
flow moves slowly, its structure is well–organized, usually in parallel layers. In
the context of fluid science, this flow is said to be laminar. (ii) However, due
to the presence of different velocities or densities, the flow pattern becomes
non–regular, chaotic, complicated, and thus its trajectory cannot be described
easily; this is what we call a turbulent state.
Osborne Reynolds (1842–1912) was the first who systematically studied tur-
bulence. He conducts laboratory experiments on the flow inside circular pipes
in 1883 [126]. By combining the average flow velocity U , the pipe diameter
d and the kinematic viscosity of the fluid ν in the factor Re = Ud/ν (the so
called Reynolds number), he observed that the dynamics of the flow could be
divided into 3 different regimes: laminar (low Re), transitional (medium Re)
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1.1 Turbulence: what is and how to describe it.

Figure 1.1: Left: Sketch of turbulent vortices forming on the wake of
an airfoil (Credits: https://commons.wikimedia.org/w/index.php?curid=
61072555). Right: turbulent vortices arising when we pour milk into a cup
of coffee (Credits: https://theculturetrip.com/asia/japan/articles/
where-to-find-the-best-coffee-in-osaka).

and turbulent (high Re).
The phenomenology of turbulence was better described in the seminal work
by Lewis Fry Richardson (1881–1953), who presented turbulent flows as a set
of vortices [128]. The bigger ones, through mechanisms of instability, produce
smaller vortices which in turn generate smaller vortices and so on until the
dimensions are so small that the viscosity dissipates structures preventing any
further transfer of energy. By using his own words: “Big whorls have little
whorls, which feed on their velocity and little whorls have lesser whorls and
so on to viscosity”.
This concept of cascading energy was rigorously quantified in 1941 by Andrej
Nikolaevič Kolmogorov (1903–1987), in his theory on homogeneous isotropic
turbulence [67]. He postulated that the kinetic energy cascades from the
largest, energy–containing scales to the viscous scales through a range of “in-
ertial” scales. Small vortices in the inertial and viscous range of scales are
universal, they “forget” where they come from, and do not feel the presence of
the external flow. In particular, this energy distribution throughout all length
scales within the inertial regime has the simple relation E(K) ≈ k−

5
3 , with

wavenumbers k within the inertial range of turbulence 2π/(15ηK) > k > 2π/L.
Here, ηK is the Kolmogorov length scale and L is the so–called integral length
scale. Although this theory is not exactly correct and corrections exist, it is
still the most important model we have for understanding turbulence far away
from walls.
In real life, however, a flow is most commonly confined by solid walls, as in
our example of mixing milk in a cup of coffee (but many more exist). The
presence of a wall complicates the description of turbulence. The first result in
the effects of wall boundaries on the flow owe to Ludwig Prandtl (1875–1953)
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Chapter 1 - Introduction

who at the beginning of the last century introduces the concept of a bound-
ary layer (BL) [121]. This seminal, but fundamental idea, allowed Prandtl
himself [123, 124] and Theodore von Kármán (1881–1963) [174] to develop
what would become the classical theory of wall bounded flows. Using a very
similar line of argumentation as in slightly later Kolmogorov’s theory, they
supposed the existence of a region in a turbulent boundary layer dominated
by eddies which are too large to be damped by viscosity, and too small to
feel the additional constraints imposed by the wall. They postulated that the
statistics of these eddies would only depend on the shear which is transported
from the bulk to the wall, in a way which is analogous to the inertial ed-
dies of Kolmogorov, which only depend on the energy cascade. As a result,
turbulent boundary layers would a have universal mean velocity profile, with
a logarithmic–region, regardless of the specific flow. Prandtl’s and von Kár-
mán’s model was extended with the purpose of understanding the cascades
happening in the near–wall region.
In order to study wall–bounded turbulence for high–Reynolds number flows,
i.e. Re � 1, one could design ad hoc experimental facilities to control pre-
cisely and monitor selected physical variables. Examples of these facilities
are the Boundary Layer Wind Tunnel [24] to study turbulent boundary layer
flow, the Princeton Superpipe [178] to study pipe flow, the High Pressure
Convective Facility [3] to study Rayleigh–Bénard convection, the Turbulent
Twente–Taylor Couette facility (T 3C) [168] to study wall–bounded turbulence
in the Taylor–Couette geometry, whose schematics are represented in figure 1.2
and figure 1.3.
Turbulence can also be studied numerically through direct numerical simu-
lations (DNS). They have the advantage of having access to the complete
three–dimensional velocity and pressure field data at every time instant, that
is impossible to achieve in experiments. DNS attempts to resolve all scales in
the flow, from the largest scales which are of the same size as the big geometri-
cal scales of the problem to the smallest, viscosity–dominated scales. Even for
the case of homogeneous isotropic turbulence, the computational load required
can be very high, as the scale separation between the largest and the small-
est scale grows as Re3/4 [120]. As a consequence, the amount of grid points
required to spatially discretize a three–dimensional system grows as Re9/4.
Furthermore, not only the dynamic range of length scales grows with increas-
ing Reynolds number, but also the dynamic range of time scales (i.e. the scale
difference between the fastest and the slowest time scales) grows. When we
include in the expenses the time–step required to integrate the equations, a
computational cost of Re11/4 for simulating a characteristic time unit O (L/U)
is obtained. When we consider the real life case of wall–bounded flows, we get
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1.1 Turbulence: what is and how to describe it.

Figure 1.2: Schematic of the Princeton Superpipe facility (Top left,
credits: https://www.princeton.edu/~gasdyn/Facilities/Facilities.
html#SuperPipe), diagram of the High Pressure Convective Facility with de-
tailed diagram of the top and bottom corners described in [5] (top right);
schematic of the LMFL Boundary Layer Wind Tunnel (bottom, credits:
https://www.euhit.org/infras/lml/facilities#!).

even more complications compared with homogeneous turbulence, due to the
presence of near–wall motions. In these kind of systems we have the generation
of vortices at a smaller length scale, called viscous length scale and defined as
δν = ν

√
ρ
τw
, where ν is the viscosity of the fluid, τw is the wall shear stress and

ρ is the density of the fluid. This smaller length scale impose an additional
resolution requirement, since DNS have to solve structures up to the scale δν
close to the wall and following the computation of Pope [120], or Reynolds
[127], we find that the amount of grid points required to spatially discretize a
three–dimensional channel flow or boundary layers grows as Re27/10, instead
of the Re9/4 found before.
Despite these complications, thanks to the growth of the last decades in com-
putational power and to the presence of amazingly powerful supercomputer
spread in many countries, nowadays many typical systems simulations have
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Figure 1.3: Left: schematic of the Taylor–Couette system. The system con-
sists of two coaxial cylinders, with inner cylinder radius ri and outer cylinder
radius ro. The inner cylinder rotates with an angular velocity ωi and the
outer cylinder rotates with an angular velocity of ωi. Right: Twente Turbu-
lent Taylor–Couette (T 3C) experimental facility (Picture from [168] ).

become feasible, even at high level of turbulence, with a computational time
consumed that ranges from 15 min CPU time on the most powerful super-
computers for “applications”, up to 250 hours, again on the most powerful
supercomputers, of the channel–flow DNS of Kim et al. [65]. DNS remains a
very versatile tool for the study of turbulence, and it has led to many deep
insights on its nature in the last years.

1.2 Taylor–Couette: the Drosophila of the field

As we have mentioned in the previous section, there exist canonical systems
that are fundamental to study wall–bounded turbulence for high–Reynolds
number flows, i.e. Re� 1.
In this thesis we will mainly analyze through direct numerical simulations
features of one of them, namely Taylor–Couette (TC) flows to understand
some of its unexplored features and link them to other canonical flows. This
system describes the motion of a viscous fluid confined in the gap between
two coaxial, independently rotating cylinders (see figure 1.3).
TC flow is an idealized, canonical flow that is among the most investigated
systems in fluid mechanics, not only thanks to its simplicity as an experi-
mental model for shear flows, but also due to its applications in process tech-
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1.2 Taylor–Couette: the Drosophila of the field

nology. It is, next to Rayleigh–Bénard (RB) flow (the flow in a box heated
from below and cooled from above), the so–called Drosophila of the field, and
various new concepts in fluid dynamics have been tested with these systems,
such as instabilities [151, 30, 20, 25, 38, 40, 39, 49, 32, 94, 56, 97, 92, 158],
nonlinear dynamics and chaos [84, 2, 117, 139, 11, 102, 147], pattern forma-
tion [6, 34, 68, 19, 13], and turbulence [137, 75, 63, 4, 83]. This system is
very popular because of the simplicity of its geometry and the high number
of symmetries, which makes it experimentally accessible with high precision.
And since it is a closed systems, directly from the Navier–Stokes equations one
can extract exact global balance relations between the respective driving and
the dissipation. Moreover, thanks to the presence of both convex and concave
surfaces, and to the fact that these boundaries are free to move, the resulting
boundary layers (BLs) are ideal to study the interaction between BLs and the
bulk in non planar and rotating conditions.

The simplicity of the system is reflected in the few number of parameters we
need to describe the geometry and the driving of the flow.
The geometry of TC system is completely characterized by two parameters.
The first one is the radius ratio η = ri/ro, where ri and ro are the inner
and the outer cylinder radii, respectively. The second one is the aspect ratio
Γ = Lz/d, where d = ro − ri correspond to the gap width between the two
cylinders, and Lz is the height of the sample. The system is driven by rotation
of the inner and outer cylinders. This is quantified in dimensional form by
the angular velocities ωi and ωo and in dimensionless form by the respective
Reynolds numbers Rei and Reo, namely

Rei,o = ri,oωi,od

ν
, (1.2.1)

where ν is the kinematic viscosity of the fluid between the cylinders. The con-
vention is that Rei is always positive, whereas Reo > 0 stands for a corotating
outer cylinder and Reo < 0 for a counter–rotating outer cylinder.
Instead of using Rei and Reo , one can alternatively characterize the driving
of TC flow by the Taylor number

Ta = (1 + η)4

64η2
d2(ro + ri)2(ωi − ωo)2

ν2 , (1.2.2)

which can be seen as the nondimensional differential rotation of the system,
and the rotation ratio a = −ωo/ωi, with a > 0 for counter–rotation and a < 0
for corotation.
As an alternative, one could also describe the parameter space characterizing
the driving by the shear Reynolds number ReS = 2rirod|ωi − ωo|/((ri + ro)ν)

9



Chapter 1 - Introduction

(ReS ∝
√
Ta) and the rotation of the cylinders by the rotation number RΩ =

(1− η)(riωi + roωo)/(riωi − riωo).
The advantages of choosing one or an other parameter representation will be
described in detail in chapter 4.

The Taylor–Couette problem has a quite long history and the interest of the
subject dates back to more than three hundred years ago, when Newton, inves-
tigating on rotating circular motion of fluids, firstly imagined and described
the system in his Philosophiae Naturalis Principia Mathematica [104] back
in 1687. However, the subject was forgotten for more than 100 years to be
re–examined by the writings of Stokes [145] and Margules [93] in the second
half on XIX century, who proposed also to construct a rotating cylinder vis-
cometer. Basing on these ideas, in France, Maurice Couette [31] at the end
of the 1800s developed in his experimental work an apparatus which he could
use to measure the viscosity of fluids. This was essentially a Taylor–Couette
system in which only the outer cylinder rotated. At around the same time in
the United Kingdom, Mallock [90, 91] also built a device to measure torque
between two coaxial cylinders, but he was able to rotate both cylinders. When
only the inner cylinder was rotating, he firstly observed the turbulent regime
of TC flow reflected on the torque–versus–velocity curve, which no longer fol-
lowed a purely linear functional dependence. He concluded (incorrectly) that
such a flow is always unstable. The first intensive studies on TC problem have
been performed by Taylor [150, 152], that greatly expanded the knowledge of
TC flow. Taylor’s 1923 paper contains an examination of linear stability the-
ory for the general cases of viscous flow with both cylinders rotating in the
same direction and in opposite directions. He was the first to mathematically
describe the cells that form if the flow is linearly unstable. Taylor’s paper
became a cornerstone in the development of hydrodynamic stability theory.
He was also pioneering, since he convincingly demonstrated that the Navier–
Stokes equations are the correct equations for describing fluid flow, and the
no–slip condition, i.e. zero relative velocity between fluid and wall, was the
correct boundary condition for viscous flows at a solid boundary. This was a
great step forward, since this argument was in a great dispute by the scientific
community at the time.
In the 1960s, TC flow was extensively discussed in Chandrasekhar’s “Hy-
drodynamic and Hydromagnetic Stability” [25]. He addressed a number of
generalizations of Taylor–Couette flow and brought our experimental and
theoretical understanding of Taylor–Couette flow up to date. Experimen-
tal and numerical work on TC flow also continued over the years, cf. Refs.
[30, 139, 6, 74, 75, 81, 168, 115, 57, 32, 49]. For a broader historical overview
on the field, which we have barely summarized here, we refer the reader to

10



1.2 Taylor–Couette: the Drosophila of the field
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Figure 1.4: Phase diagram of patterns observed in Taylor–Couette flow as a
function of Rei and Reo. (Picture from Cross and Greenside [35].)

Donnely’s review [39].

Coming back to modern days, when we look at the results achieved, we can
see (figure 1.4) that the phase diagram of TC flow is complex and rich, and
strongly dependent on the rate of rotation of the two cylinders. In brief,
TC flow is linearly stable for outer cylinder rotation and for a fixed or only
slowly rotating inner cylinder. The onset of instabilities at increasing Reynolds
number of the inner cylinder is caused by the driving centrifugal force and
can be estimated by force balance arguments, as done by Taylor [151] and
Esser and Grossmann [44], who generalized Rayleigh’s [125] famous stability
criterion. In the unstable regime, one can observe Taylor rolls, modulated
waves, spirals, and many other rich spatial and temporal flow features. For
more details on this regime, we refer the reader to the book by Chossat and
Iooss [28] and the review by Fardin et al. [47].
However, only during the last few years researchers started to complete the
exploration for independently rotating cylinders and at the same time strongly
driven turbulence, but still several questions remain.
The first point that need an answer is the presence of large structures at high
Re. Large scale structures have been observed in many system, like Couette
flow, [8, 79, 118] and square ducts [119] for large computational boxes. In
this context, substantial effort has been made in order to characterize the
origin, the pinning and the mathematical modeling of such structures. Large
structures in TC flow are known as Taylor rolls or Taylor vortices, after the
seminal works of Taylor [150]. It is well known that they develop just beyond
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Chapter 1 - Introduction

the onset of linear instability and they have been observed both in exper-
iments and simulations, and dominate the flow topology up to the highest
values of Reynolds number [74, 59, 107]. These structures have been tradi-
tionally attributed to the effects of centrifugal instabilities. However, for pure
inner cylinder rotation, they appear to be stronger for narrow–gaps (i.e. small
curvature [107], while for high curvature (η = 0.5), they survive only at mild
counter–rotations [165]. This is against the centrifugal effects thesis, since
otherwise they would be always the strongest for the largest centrifugal driv-
ing, i.e. for pure inner cylinder rotation. On the other side, the works of Faisst
and Eckhardt [46] and Brauckmann et al. [17] have analysed the transition
from TC flow to rotating plane Couette in the limit of vanishing curvature,
i.e. for η → 1. Their results suggest that for small gaps η it is rotation rate,
and not curvature, that causes the origin and the pinning of such structures;
moreover, the large scales reported for Plane Couette flow [8, 155] show simi-
lar patterns to the ones of TC flow. However in a shear-driven flow, like plane
Couette flow, with linear instabilities absent, turbulence is regenerated by the
self–sustaining process (SSP) first characterized by Waleffe [176]. A rigorous
theoretical understanding of the link between TC flow and PC flow is missing,
therefore we will focus on the different mechanisms that may be at play on
large scales for η → 1.
Once the causes of these structures are understood, an other missing step is
to find methods to isolate them, in order to describe accurately their dynam-
ics. Commonly used methods to extract structures include moving ensemble
averages [8, 85], two-point correlations [138] or Fourier analysis [112]. How-
ever, these methods have their limitations, such as arbitrariness in parameter
choice or specificity to certain setups, so they can completely fail to track
structures across certain dimensions of parameter space. For this reason an
other important point is the development of a low-order model for the analysis
of the evolution of large–scale structures in shear–driven flows that are able
to remove arbitrariness as far as possible, and robustly capture the structures
everywhere in parameter space.
The second question we will focus on in this thesis is the better understanding
of the phenomenon of optimal transport in TC flow. Recent experiments [168,
115, 53] revealed that for a fixed geometry η and constant driving strength
Ta, a maximum in the torque–versus–rotation ratio curve was found for a
certain non–zero rotation ratio. On the other side, as we have already said,
Brauckmann et al. [17] numerically studied the transition from TC flow to
rotating plane Couette flow (RPCF), namely the limit η → 1 in a small–
aspect ratio domain. In this limit they found that for η > 0.9 (low curvature),
not one maximum of angular momentum transport is present, but two. By
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combining experiments and simulations of TC flow we can look in a more
detailed way at the flow. Thus, in this thesis, we will use them to further
isolate and analyze the mechanisms behind optimal transport.
The last question we will try to answer is about the universality of turbulence
in TC flow. Turbulence is supposed to be universal. However, since the
experiments by Lewis and Swinney [81], it is known that there is a mismatch
between the classical von Kármán logarithmic law and TC velocity profile,
even at experiments conducted at very large Reynolds numbers Re ≈ O (106).
The effects of both geometry and rotation ratio of the cylinders have a role on
the large scale circulation, i.e. the turbulent Taylor rolls, that seems to play a
crucial role in determining the bulk dynamics. So it is crucial to disentangle
those two effects, in order to recollect the universality of the logarithmic law.
Once again, we can use DNS, to look in more detail and explore in depth the
turbulent bulk and the turbulent boundary layers of TC flow.

1.3 Outline of the thesis

The thesis is structured so that each chapter is self–consistent, basing on
papers that have been already published, submitted or that are still in prepa-
ration. It attempts to answer the questions presented in the previous section,
mainly by performing direct numerical simulations.
In details it is organized as follows:
In chapter 2, we first detail the development of the numerical solver initially
designed to simulate high Reynolds number wall–bounded flows, which can
be directly applied to TC flow, and has been later modified for rotating plane
Couette flow, the shear–driven flow between two parallel plates.
In chapter 3, we investigate on the nature of Taylor rolls at high Reynolds
number, showing how they are driven by the combination of shear and mild
anti–cyclonic rotation, and analyzing the effects of computational domain size
on the pinning of the structure.
In chapter 4, we probe both experimentally and numerically the phase space
of TC flow, for both co– and counter–rotation, analyzing the effects of driving
and rotation on the torque and showing that this reveals two local maxima in
a certain range of parameter space: a narrow one, linked to shear instabilities,
and a broad one, caused by the centrifugal instabilities. Further changes in
the flow structure for increasing driving cause the broad peak to disappear
completely and only the narrow peak to survive. During this transition we
also explore an unusual state, where the expected structure of counter–rotating
Taylor vortex pairs breaks down and stable unpaired rolls appear locally and
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we attribute it to changes in the underlying roll characteristics during the
transition to the ultimate regime.
In chapter 5, we inquire about the origin of shear–driven large structures by
performing Dynamic Mode Decomposition on (rotating) Plane Couette flow.
We first verify that the method is adequate to capture the coherent structures
and to extract correctly the different properties that arise for different control
parameters, in particular the effect of rotation on the large scale structures.
In chapter 6, we develop a correction to the von Kármán logarithmic law of
the velocity profile for the turbulent TC flow when the curvature of the system
is small, by accounting the deviation from the law to the conserved transverse
current of azimuthal motion. We show that, when the correction is applied,
the logarithmic law is restored even when varying the curvature, and that the
parameters found for TC flow converge to the ones of plane Couette flow, in
the limit of vanishing curvature η → 1.
In chapter 7, we conclude our dissertation with a summary of the results
contributions achieved and an overview on future perspectives.
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Chapter 2

A pencil distributed code for strongly
turbulent wall–bounded flows
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Chapter 2 - A pencil distributed code for strongly turbulent wall–bounded
flows

2.1 Introduction

Turbulence is known as the “last unsolved problem of classical physics”. Direct
numerical simulations (DNS) provide a valuable tool for studying in detail the
underlying, and currently not fully understood, physical mechanisms behind
it. Turbulence is a dynamic and high dimensional process, in which energy is
transferred (cascades) from large vortices into progressively smaller ones, until
the scales of the energy are so small that they are dissipated by viscosity. DNS
requires solving all of the flow scales, and to adequately simulate a system with
very large size separation between the largest and the smallest scale, immense
computational power is required.
The seminal works on homogeneous isotropic turbulence by Orszag & Patter-
son [105] and on pressure–driven flow between two parallel plates (also known
as turbulent channel flow) by Kim and Moin [100], while difficult back then,
could nowadays be performed easily on contemporary smartphones. Compu-
tational resources grow exponentially, and the scale of DNS has also grown,
both in memory and floating point operations (FLOPS). In approximately
2005, the clock speed of processors stopped increasing, and the focus shifted to
increasing the number of processors used in parallel, as reported in figure 2.1.
This presents new challenges for DNS, and efficient code parallelization is now
essential to obtaining (scientific) results.

Figure 2.1: 40 Years of Microprocessor Trend Data [131]

Efficient parallelization is deeply tied to the underlying numerical scheme. A
wide variety of these schemes exist; for trivial geometries, i.e. domains periodic
in all dimensions, spectral methods are the most commonly used [64]. How-
ever, for the recent DNS of wall–bounded flows, a larger variation of schemes
is used. For example, in 2014, two channel flow DNSs at similar Reynolds
numbers were performed using both a finite–difference schemes (FDS) in the
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case of Ref. [12] or a more complex spectral method in the case of Ref. [86].
FDS also present several advantages, they are very flexible, allowing for com-
plex boundary conditions and/or structures interacting through the immersed
boundary method with relative ease [45]. A commonly asserted disadvan-
tage of low–order FDS is the higher truncation error relative to higher order
schemes and spectral methods. However, this is only true in the asymptotic
limit where the grid spacing ∆x → 0 that is commonly not reached. Addi-
tionally, by a comparison between different order FDS and pseudo– spectral
methods in [50, 69], it was found that aliasing errors are smaller for lower order
schemes. Lower–order schemes have been shown to produce adequate first–
and second–order statistics, but require higher resolution when compared to
spectral methods for high order statistics [99, 42, 175]. Because lower–order
schemes are computationally inexpensive the grid resolution can in general
be larger for the same computational cost compared to higher order schemes,
although one has to consider the higher memory bandwidth over FLOPS ratio.
In this chapter, we will describe the parallelization of a second–order FDS
based on Verzicco & Orlandi [172] and extended to two wall bounded systems,
such as Rayleigh–Bénard (RB) convection (the flow in a fluid layer between
two parallel plates; heated from below and cooled from above) and Taylor–
Couette (TC) flow (the flow between two coaxial independently rotating cylin-
ders) although our code can easily extended to any other flow that is wall–
bounded in one dimension. This FDS scheme has already been used in the evo-
lution of a free vortex ring and its collision with a wall, the formation of a tripo-
lar vortex and the motion of a Lamb dipole crossing the origin [172], in con-
fined thermal convection in a cylindrical cell with immersed boundary methods
[146], for Rayleigh–Bénard convection [171, 173, 70, 143, 161, 162, 144] and
for Taylor–Couette flow [106, 108]. The numerical results have been validated
against experimental data numerous times. We will exploit several advan-
tages of the large Re regime and the boundary conditions to heavily reduce
communication cost; opening the possibility to achieve much higher driving.
The chapter is organized as follows: Section 2 describes TC and RB in more
detail. Section 3 details the numerical scheme used to advance the equations
in time. Section 4 shows that in thermal convection, the Courant–Friedrichs–
Lewy (CFL) [33] stability constraints on the timestep due to the viscous terms
become less strict than those due to the non–linear terms at high Rayleigh
(Reynolds) numbers. Section 5 details a pencil decomposition to take advan-
tage of the new time integration scheme and the choice of data arrangement
in the pencil decomposition. Finally, section 6 compares the computational
cost of existing and the new approach and presents an outlook of what further
work can be done to combine this approach with other techniques.
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2.2 Rayleigh–Bénard convection and Taylor–Couette flow

RB and TC are paradigmatic models for convective and shear flows, respec-
tively. They are very popular systems because they are mathematically well
defined, experimentally accessible and reproduce many of the interesting phe-
nomena observed in applications. A volume rendering of these flows can be
seen in Fig. 2.2. The Reynolds numbers Re in the common astro– and geo–
physical applications are much higher than what can be reached currently in
a laboratory. Therefore it is necessary to extrapolate available experimen-
tal results to the large driving present in stars and galaxies. In RB and TC
the driving of the system is quantified by the Rayleigh number (Ra), i.e. the
non–dimensional temperature difference, and the Taylor number (Ta), i.e. the
non–dimensional cylinders differential rotation, respectively. The extrapola-
tion becomes meaningless when transitions in scaling behaviour are present,
and it is expected that once Ta (or Ra) become large enough, the boundary
layers transition to turbulence. This transition would most likely affect the
scaling of interesting quantities. However, experiments disagree on exactly
where this transition takes place [129, 55]. DNS can be used to understand
the discrepancies among experiments. However, to reach the high Ta (or Ra)
of experiments new strategies are required. DNS must resolve all scales in
the flow, and the scale separation between the smallest scale and the largest
scale grows with Reynolds number, and so with the driving of the system,
since Re ∝

√
Ta. This means larger grids are needed, and the amount of

computational work W scales approximately as W ∼ Re4 [120].
Simulations of RB commonly imitate the cylindrical geometry most used in
experiments. Recently, a DNS with aspect ratio Γ = d/Lz = 1/3, where d is
the diameter of the plates and Lz the height of the cell reached Ra = 1012

using 1.6 Billion points with a total cost of 2 Million CPU hours [164]. DNS
in other geometries have been proposed, such as homogeneous RB, where the
flow is fully periodic and a background temperature gradient is imposed. This
geometry is easy to simulate [82], but presents exponentially growing solutions
and does not have a boundary layer, thus not showing any transition [23]. Ax-
ially homogeneous RB, where the two plates of the cylinder are removed, and
the sidewalls kept and a background temperature gradient is imposed to drive
the flow has also been simulated [134]. This system does not have boundary
layers on the plates and does not show the transition. Therefore, it seems
necessary to keep both horizontal plates, having at least one wall–bounded
direction. The simplest geometry is a parallelepiped box, periodic in both
wall–parallel directions, which we will call “rectangular” RB for simplicity.
Rectangular RB is receiving more attention recently [22, 116, 136, 48], due to
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2.2 Rayleigh–Bénard convection and Taylor–Couette flow

Figure 2.2: Left: RB flow for Ra = 108, Pr = 1 and Γ = 2 in Cartesian
coordinates. The horizontal directions are periodic and the plates are sub-
jected to a no–slip and isothermal boundary condition. Red/yellow indicates
hot fluid, while (light)blue indicates cold fluid. The small heat carrying struc-
tures known as thermal plumes as well as a large scale circulation can be seen
in the visualization, highlighting the scale separation in the flow. Right: TC
flow with an inner cylinder Reynolds number Re = 105, a stationary outer
cylinder, and a radius ratio η = ri/ro = 0.714. Green fluid has a high angu-
lar velocity while blue fluid has a low angular velocity. The smallness of the
structures responsible for torque transport, and thus the need for fine meshes,
can be appreciated clearly.

possibility to reach higher Ra as compared to more complex geometries. It is
additionally the geometry that is closest to natural applications, where there
are commonly no sidewalls.
For TC, we have one naturally periodic dimension, the azimuthal extent.
The axial extent can be chosen to be either bounded by end–plates, like in
experiments, or to be periodic. Axial end–plates have been shown to cause
undesired transitions to turbulence if TC is in the linearly stable regime [7],
or to not considerably affect the flow if TC is in the unstable regime [167].
Large Re DNS of TC focus on axially periodic TC, bounding the flow only in
the radial direction [14, 108]. Therefore, the choice of having a single wall–
bounded direction for DNS of both TC and RB seems justified.
It is important to note that RB convection and TC flow have many properties
in common. Despite the differences in the driving forces, there are many
similarities between the two systems. So many that Busse [21] has characterize
them as the twins of turbulence research. Indeed a formal analogy between
RB and TC flow was developed and described in Eckhardt et al. [43]. For this
reason during the chapter many of the results will be shown just for one of
the two systems, since they can be straightforwardly transposed to the other
one.

19



Chapter 2 - A pencil distributed code for strongly turbulent wall–bounded
flows

2.3 Numerical scheme

The code, developed and described by van der Poel et al. [163], solves the
Navier–Stokes equations with an additional equation for temperature (or in
general an additional scalar) in three–dimensional coordinates, either Carte-
sian or cylindrical. The original parallel code, as we said, was firstly developed
and described for RB in [163]. In this chapter all concepts will be translated
to TC in cylindrical coordinates system by substituting the vertical direction
for the radial direction, and the two horizontal directions by the axial and
azimuthal ones. The wall-normal direction will be indicated both with with
x and r, the streamwise direction with y or θ and the axial direction with z.
The non–dimensional Navier–Stokes equations with the Boussinesq approxi-
mation for RB read:

∇ · u = 0, (2.3.1)

∂u
∂t

+ u · ∇u = −∇p+
√

Pr
Ra∇

2u + Θex, (2.3.2)

∂Θ
∂t

+ u · ∇Θ =
√

1
PrRa∇

2Θ, (2.3.3)

where u is the non–dimensional velocity, p the non–dimensional pressure,
Θ the non–dimensional temperature and t the non–dimensional time. For
non–dimensionalization, the temperature scale is the temperature difference
between both plates ∆, the length scale is the height of the cell Lz and the
velocity scale is the free–fall velocity Uf =

√
gβ∆Lz, where g is gravity and β

is the isobaric expansion coefficient of the fluid. Pr = ν/κ is the fluid Prandtl
number, where ν is the kinematic viscosity and κ is the thermal conductivity.
The Rayleigh number is defined in this case as Ra = Gβ∆L3

z/νκ. Finally, ex is
the unity vector in parallel direction to gravity, which is also the plate–normal
direction.
Equation (2.3.2) for TC becomes:

∂u
∂t

+ u · ∇u× u = −∇p+ f(η)
Ta1/2∇

2u−RΩez, (2.3.4)

where RΩ is a Rossby number that takes into account the effects of rota-
tional forces, f(η) is a proportional constant that depends on the radius ratio
η = ri/ro, where ri and ro are the inner and outer radii, respectively and ez
is the unit vector in the axial direction. The Rossby and the proportional
constant have not been written explicitly here since they depends on the ref-
erence frame and the non–dimensionalization of the system.
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Figure 2.3: Location of pressure and velocities of a 2D simulation cell. The
third dimension (z) is omitted for clarity. As on an ordinary staggered scheme,
the velocity vectors are placed on the borders of the cell and pressure is placed
in the cell center.

As mentioned previously, in TC the axial and azimuthal directions are pe-
riodic and the radial direction is wall–bounded. The spatial discretization
used is a conservative second–order centered finite difference with velocities
on a staggered grid. The pressure is calculated at the center of the cell. The
scheme is energy conserving in the limit ∆t → 0. A two–dimensional (for
clarity) schematic of the discretization is shown in Fig. 2.3.
Time marching is performed with a fractional–step third–order Runge–Kutta
(RK3) scheme, in combination with a Crank–Nicholson scheme [99] for the
implicit terms. A second–order Adams–Bashforth (AB2) method is addition-
ally implemented. However, in all production runs the RK3 method takes
precedence over AB2 even though the total RK3 time step includes three sub-
steps as compared to one for AB2. The theoretical stability limit of AB2
and RK3 are CFL numbers lower than 1 and

√
3, respectively. In practice,

the maximum CFL numbers of AB2 and RK3 are approximately 0.3 and 1.3,
respectively. Because of three times higher amount of substeps in RK3, the
computational cost is proportionally higher compared to AB2. Nevertheless,
RK3 is more efficient as the progression in physical time per computational
cost is better. In addition, even though it is used in combination with the
Crank–Nicholson integration, of which error is O([∆t]2), the O([∆t]3) error of
RK3 decreases the total error significantly compared to the O([∆t]2) error of
AB2. In addition, RK3 is self–starting at each time step without decreasing
the accuracy and without needing additional information in the restart file.
AB2 would require two continuation files per quantity.
The pressure gradient is introduced through the “delta” form of the pressure
[80]: an intermediate, non–solenoidal velocity field u∗ is calculated using the
non–linear, the viscous and the buoyancy terms in the Navier–Stokes equation,
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as well as the pressure at the current time sub–step:

u∗ − uj

∆t =
[
γlH

j + ρlH
j−1 − αlGpj + αl(Ajx +Ajy +Ajz)

(u∗ + uj)
2

]
, (2.3.5)

where the superscript j denotes the substep, Ai is the discrete differential
relationship for the viscous terms in the ith–direction, G the discrete gradient
operator and Hj all explicit terms. The coefficients γl, ρl and αl depend on the
time marching method used. The pressure required to enforce the continuity
equation at every cell is then calculated by solving a Poisson equation for the
pressure correction φ:

∇2φ = 1
αl∆t

(∇ · u∗), (2.3.6)

or in discrete form:

Lφ = 1
αl∆t

(Du∗), (2.3.7)

where D the discrete divergence operator, and L is the discrete Laplacian
operator, L = DG. The velocity and pressure fields are then updated using:

uj+1 = u∗ − αl∆t(Gφ), (2.3.8)

and

pj+1 = pj + φ− αl∆t
2Re (Lφ), (2.3.9)

making uj+1 divergence free.
The original numerical scheme treats all viscous terms implicitly. This would
result in the solution of a large sparse matrix, but this is avoided by an
approximate factorization of the sparse matrix into three tridiagonal matrices;
one for each direction [172]. The tridiagonal matrices are then solved using
Thomas’ algorithm, (with a Sherman–Morrison perturbation if the dimension
is periodic), in O(N) time. The calculation is thus simplified at the expense
of introducing an error O(∆t3). This method was originally developed and
used for small Reynolds number problems, and without having in mind that
data communication between different processes could be a bottleneck. The
first parallelization scheme with MPI was a 1D–domain “slab” decomposition,
visualized in the left panel of Fig. 2.4. The main bottlenecks were found
in the all–to–all communications present in the pressure–correction step and
the tridiagonal solver in the direction in which the domain is decomposed
(cf. Table 2.1 for more details). Slab decompositions are easy to implement,
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Figure 2.4: Left panel: Slab–type domain decomposition using four MPI pro-
cesses. Right panel: Pencil–type domain decomposition using twelve MPI
processes.

but are limited in two ways: First, the number of MPI processes cannot be
larger than N, the amount of grid points in one dimension. A hybrid MPI–
OpenMP decomposition can take this limit further, but scaling usually does
not go further than 104 cores. Second, the size of the “halo” (or ghost) cells
becomes very significant with increasing number of cores. Halo cells are cells
which overlap the neighbor’s domain, and whose values are needed to compute
derivatives. In the limit of one grid point per processor, halo cells are of the
size of the domain in a second–order scheme, and even larger for higher order
schemes.

2D–domain decompositions, also known as “pencil” decompositions mitigate
these problems. A schematic of this decomposition is shown in Fig. 2.4. To
implement this decomposition, the 2DECOMP [1] library has been used, and
extended upon to suit the specifics of our scheme. The limit on the amount
of processes is now raised to N2, and the size of the halo cells on every core
decreases with increasing amount of cores, so the amount of communication
per core decreases. However, for a pencil decomposition solving all the tridi-
agonal matrices requires all–to–all communications for two directions, instead
of one direction in the case of slab decomposition. As mentioned previously,
solving the tridiagonal matrices involves large data communication, especially
in the context of pencil decompositions. In this chapter we attempt to elim-
inate them as far as possible and at the same time implement an efficient
pencil domain decomposition by arranging the data to gain advantage of the
inherent anisotropy with respect to the grid point distributions.
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2.4 Constraints on the timestep

In the new scheme, solving the tridiagonal matrices in the horizontal directions
is avoided by integrating not only the advection terms but also some of the
viscous terms explicitly. A major concern is that this can cause the temporal
stability issues that the implicit integration used to negate. In this section
we argue that for high driving, Ta for TC or Ra for RB, using the Courant–
Frederich–Lewy (CFL) [33] time step size constraint is sufficient. The CFL
condition ensures the stability of the integration of the advection terms, and
for high Ra, or Ta, it additionally ensures stability of the viscous terms. The
grid point distribution in the wall–normal direction is different compared to
the periodic directions. Namely, it is non–uniform in the wall–normal di-
rection, with clustering of points near the boundaries in order to adequately
resolve the boundary layers. As the periodic directions are homogeneous, no
such clustering is required and the grid point distribution can be uniform.
As a consequence, the minimum grid spacing in the wall–normal direction is
much smaller than in the wall–parallel directions. Because of the scaling of
both the time–step constraints, the viscous terms in the wall–normal direction
do require implicit integration for all Ra, or Ta.
In this semi–implicit method, both viscous and non–linear terms are integrated
explicitly. This requires two stability constraints on the time–step: one due
to the non–linear terms, and one due to the horizontal viscous terms. For the
non–linear terms, the definition of the CFL condition is given by:

∆tu·∇u ≤ C1 min
∀x∈X

1
|ur|(x)
∆r(x) + |uθ|(x)

r(x)∆θ(x) + |uz |(x)
∆z(x)

, (2.4.1)

where C1 is the integration scheme dependent Courant number, x is the posi-
tion vector, X is the complete domain and | · | gives the absolute value. Here
∆r gives the (non–dimensional) grid spacing in the r direction at position
x. The wall–normal direction is r, the azimuthal direction is θ and the axial
direction is z (cf. Fig. 2.3).
The additional constraint originates from the viscous terms, and is given by:

∆tν∇2u ≤ Re C2 min
∀x∈X

(r(x)∆θ(x) + ∆z(x))2, (2.4.2)

where Re =
√
Ta

f(η) , is the Reynolds number, and C2 a number which depends on
the integration scheme and the number of dimensions treated explicitly. This
condition only needs to be satisfied in the azimuthal and axial directions,
and not in the radial direction, as the time integration of the radial second
derivatives is kept implicit. Thus ∆r(x)2 can be very small, and the resulting
time–step would make the simulation infeasible.
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2.4 Constraints on the timestep

We can now compare the two CFL constraints, and show that the non–linear
constraint is more restrictive than the viscous constraint in the homogeneous
directions. As |uz| and ∆z are strictly positive, we have:

Re C2
|ur|(x)
∆r(x) + |uθ|(x)

r(x)∆θ(x) + |uz |(x)
∆z(x)

<
Re C2

|uθ|(x)
r(x)∆θ(x) + |uz |(x)

∆z(x)

. (2.4.3)

Including the wall–normal grid spacing in the CFL condition gives a smaller
time–step than only using azimuthal and axial spacing, and thus the expres-
sion on the right is an upper bound on the time–step. If we then use that the
grid is uniformly and equally spaced in both azimuthal and axial directions, we
can simplify the expression as r(x)∆θ(x) = ∆z(x) = ∆θ, since r(x) ∼ O(1).
We also know that the dimensionless velocity is |u| ∼ O(1) by normalization.
Using all of this, we obtain:

∆tu·∇u ∼ O
(
∆θ
)
, (2.4.4)

for the non–linear CFL condition and

∆tν∇2u ∼ O
(
Re ∆θ2

)
, (2.4.5)

from the CFL criterion for the viscous terms. We can then get a bound on
the viscous time–step as a function of Ta, ∆tν∇2u ∼ O

(
Ta 1

2 ∆θ2
)
.

To compare both bounds, we need an estimation for ∆θ. For a resolved DNS,
∆θ should be similar to the smallest physical length scale in the system. Sev-
eral length scales can be chosen for TC. The first choice stems from homoge-
neous turbulence, where the most commonly used length scale that determines
the numerical resolution is the Kolmogorov length scale, ηK = ν3/4ε−1/4, where
ε is the viscous dissipation rate. For TC, if we define a pseudo–Prandtl number
σ =

(
(1+η)/2√

η

)4
, we can obtain an estimate for the Kolmogorov scale by using

that the volume and time averaged viscous dissipation rate can be expressed
directly as a function of Nuω, Ta and σ [43]:

〈ε〉V,t = ν3

L4Ta σ
−2(Nuω − 1). (2.4.6)

For high Ta simulations, Nuω � 1. Since σ ∼ O(1), we can obtain an estimate
for ηK , and thus the grid spacing as ∆θ = ηK/L ≈ (TaNuω)1/4. If we consider
the scaling law Nuω ∼ Taγ, we can now compare both CFL constraints on
the time step, obtaining γ ≤ 1 as a requirement for the non–linear CFL to be
more restrictive on the time step than the viscous CFL constraint.
For high driving, however, the boundary layers in TC becomes turbulent, and
small scale structures are generated and detached close to the wall. This was
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Figure 2.5: Domain decomposition of a 16× 12× 10 grid using 12 distributed
memory processes on a 4× 3 process grid. Only data that is exclusive to one
process is shown; i.e. a 1 gridpoint–sized halo is transparent in this figure.
The pencils are a) x, b) y or c) z oriented.

firstly detected for thermal convection in RB, and so this structures are con-
ventionally referred to as “plumes”. This naturally impose a more restrictive
length scale than the Kolmogorov length scale ηK . In the case of RB, the
thickness of a thermal boundary layer can be approximated by λ ≈ 1/(2Nu).
In the case of TC flows, the definition of the thickness λ is more complicated,
due to the presence of a convex an a concave wall, and the effects of rota-
tion, but we can use the definition given in [14] of weighted average thickness
λ(a) = σ d

2Nuω , where d = ro − ri is the gap between the two cylinders. Using
this as an estimate for ∆θ in Eq. 2.4.1 and Eq. 2.4.2 gives as bound γ ≤ 1/2.
For this high Ta regime, in which both boundary layers and bulk are turbu-
lent, a theoretical prediction of Nuω ∝ Ta1/2/ logTa was given by Grossmann
and Lohse [52], indicating that for the mild assumptions made, the criteria
γ ≤ 1/2 is always satisfied. This signifies that the scaling of ∆tu·∇u is more
restrictive than ∆tν∇2u, which results in that using only the non–linear CFL
constraint in the time–marching algorithm, inherently satisfies the stability
constraints imposed by the explicit integration of the horizontal components
of the viscous terms. Including the radial non–uniform grid in this derivation
makes this statement even more valid, as the used CFL time step is based
on this grid (Eq. 2.4.1). Inherent to the big–O–notation is the absorption of
the coefficients and offsets. This makes this derivation only valid for high Ta
flows. For low Ta, the solver will be unstable the viscous constraint is not
satisfied in this regime.
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2.5 Code Parallelization

In the previous section, we reasoned that for large Ta the implicit integration
of the viscous terms in the wall–parallel directions becomes unnecessary. The
calculation becomes local in space as the azimuthal and axial directions no
longer require implicit solvers to calculate the intermediate velocity field u∗.
In this case it is worth decomposing the domain such that the pencils are
aligned in the wall–normal (x) direction, i.e. that every processor possesses
data from x1 to xN (cf. Fig. 2.5). Halo updates must still be performed during
the computation of u∗, but this memory distribution completely eliminates
all the all–to–all communications associated to the viscous implicit solvers,
as for every pair (y,z), a single processor has the full x information, and is
able to solve the implicit equation in x for the pair (y,z) without further
communication.
All–to–all communications are unavoidable during the pressure correction
step, as a Poisson equation must be solved. As the two wall–parallel directions
are homogeneous and periodic, it is natural to solve the Poisson equation using
a Fourier decomposition in two dimensions. Fourier transforming variables φ
and the right side in Eq. 2.3.6 reduces the pressure correction equation to the
Helmholtz equation:

(
∂2

∂x2 − ω
2
y,j − ω2

z,k

)
F(φ) = F

[ 1
αl∆t

(Du∗)
]

(2.5.1)

where F(·) denotes the 2D Fourier transform operator, and ωy,j and ωz,k de-
note the j–th and k–th modified wavenumbers in y and z direction respectively,
defined as:

ωy,j =



(
1− cos

[
2π(j − 1)

Ny

])
∆−2
y : for j ≤ 1

2Ny + 1(
1− cos

[
2π(Ny − j + 1))

Ny

])
∆−2
y : otherwise

and ωz,k is defined in an analogous way. A modified wavenumber is used,
instead of the real wavenumber, to prevent that the Laplacian has higher
accuracy in some dimensions. In the limit ∆y → 0, the modified wavenumbers
converge to the real wavenumbers.
By using a second order approximation for ∂2

x, the left hand side of the equa-
tion is reduced to a tridiagonal matrix, and thus the Poisson equation is
reduced to a 2D FFT followed by a tridiagonal (Thomas) solver. This al-
lows for the exact solution of the Poisson equation in a single iteration with
O(NxNyNz log[Ny] log[Nz]) time complexity. Due to the domain decomposi-
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tion, several data transposes must be performed during the computation of
the equation. The algorithm for solving the Poisson equation is as follows:

1. Calculate (Du∗)/(αl∆t) from the x–decomposed velocities.

2. Transpose the result of (1) from a x–decomposition to a y–decomposition.

3. Perform a real–to–complex Fourier transform on (2) in the y direction.

4. Transpose (3) from a y–decomposition to z–decomposition.

5. Perform a complex–to–complex Fourier transform on (4) in the z direc-
tion.

6. Transpose (5) from a z–decomposition to a x–decomposition.

7. Solve the linear system of Eq. 2.5.1 with a tridiagonal solver in the
x–direction.

8. Transpose the result of (7) from a x–decomposition to a z–decomposition.

9. Perform a complex–to–complex inverse Fourier transform on (8) in z

direction.

10. Transpose (9) from a z–decomposition to a y–decomposition.

11. Perform a complex–to–real inverse Fourier transform on (10) in a y di-
rection.

12. Transpose (11) from a y–decomposition to a x–decomposition.

The last step outputs φ in real space, decomposed in x–oriented pencils, ready
for applying in Eqs 2.3.8–2.3.9. Once the Poisson equation is solved, the cor-
rected velocities and pressures are computed using Eqs. 2.3.8–2.3.9. The
temperature and other scalars are advected and the time sub–step is com-
pleted. The algorithm outlined above only transposes one 3D array, instead
of three velocity fields, making it very efficient. Figure 2.5 shows a schematic of
the data arrangement and the transposes needed to implement the algorithm.
We wish to highlight that this algorithm also uses all possible combinations
of data transposes. It can be seen from Fig. 2.5 that the x to z transposes
and the z to x transposes need a more complex structure, as a process may
need to transfer data to other processes which are not immediate neighbors.
The non–overlapping of data before and after transposes is most striking for
e.g. process 10 in figure 2.5 with no overlap at all between x and z oriented
pencils. These transposes are absent in the 2DECOMP library on which we
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Slab Pencil
Halo A2A Halo A2A

u∗ computation 2 6 2 0
Pressure correction 8 2 10 6

Scalar equation 3 2 2 0
Total 13 10 14 6

Table 2.1: Number of communications necessary for the computation of all
the terms per timestep of the different codes. Here, A2A is short for all–
to–all communications. Halo updates involve updating all halo cells, which
requires more, but smaller, communications in the case of the pencil code.
The difference between the details of the halo and all–to–all for the slab and
pencil codes have not been taken into account. It can be seen that the pencil
code contains the majority of the communications in the pressure (Poisson)
solver.

build. These transposes have been implemented using the more flexible all–
to–all calls of the type ALLTOALLW, instead of the all–to–all MPI calls of
the type ALLTOALLV used for the other four transposes. A complete list of
the used libraries can be found in Table 2.2.

2.6 Computational performance

For optimal scaling conditions, each processor should have an equal amount of
work, and the communication to computation ratio should be minimal. In our
case, as we do not have iterative solvers, each grid point has the same amount
of work, and there is perfect load balancing. We also reduce the communi-
cation as far as possible. Not only the number of all–to–all communications
are reduced, but also the halo communications as the halo is only one grid
point wide. Table 2.1 presents the reduction in the number of communications
when going from the slab decomposition with fully implicit viscous terms to
the pencil decomposition with semi–implicit viscous terms. It is worth noting
that the communications are not exactly the same: halo updates involve com-
munications to four neighbors in the pencil decomposition, while only two
neighbors are involved in the slab decomposition. However, the size of the
halos is relatively smaller, so less data is transferred. Conversely, for the all–
to–all communications, not all processes are involved in the pencil code, while
all processes take part in the slab code. The memory consumption of the code,
for double precision arithmetic, is approximately M ≈ 15×8×Nx×Ny×Nz.
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Here M is the total used memory in bytes of all processes without MPI over-
head. The number of allocated 3D arrays is 14, with additional 1D and 2D
arrays of which the memory consumption will not exceed that of one 3D array
in the intended cases with large grids.
The left panel of figure 2.6 shows the strong scaling of the code for 20483 and
40963 grids on Curie Thin Nodes system. Linear scaling can be seen up to
32K cores for the 40963 grid, with some scaling loss for 64K cores. The right
panel of figure 2.6 shows the weak scaling of the code for 223 points from 2 to
16K cores. The data in these plots is obtained by using only MPI parallelism,
but hybrid OpenMP/MPI schemes are also available in the code. The choice
between pure MPI or hybrid OpenMP/MPI depends heavily on the system
on which the code is running. In addition, the presence of OpenMP will allow
for a faster porting of the codes to a GPU architecture, in case it becomes
viable for our application.
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Figure 2.6: a) Strong scaling of the code for 20483 (red diamonds) and 40963

(blue squares) degrees of freedom ndof . Here nc is the number of cores used.
The dashed lines indicate linear behaviour. The walltime per timestep tw is
accounted for a full timestep, i.e. three subtimesteps when using the RK3
integrator. b) Weak scaling of the code for 8.3 Million (223) points per core.
The dashed is a linear fit to the corresponding data points.

2.7 Summary and prospects

In this chapter, we have presented a parallelization scheme of a second–order
centred finite difference method with minimal communication. Only six trans-
poses are needed for every fractional timestep, and for large enough grids, the
code’s strong scaling is linear up to 32K cores, with slight performance loss
from 64K cores. We emphasize that 64K cores is almost half the total number

30



2.7 Summary and prospects

0 5 10
θ

0

1

2

3

4

z/
d

Figure 2.7: Left: Compensated Nusselt number as a function of the driving
strength Ta for the case of pure inner cylinder rotation a = 0 at η = 0.91. The
gray data points correspond to DNS from [106, 107]. In addition, each colored
marker at fixed Ta corresponds to the experiments of chapter 4. The open
circle in light blue corresponds to the DNS data of the current study for Γ =
2.33. The black solid lines serve as a reference to indicate the corresponding
scaling. Right: Instantaneous azimuthal velocity at a distance r = 0.0006
from the wall for Ta = 1010, for a pure inner cylinder rotation case. Red and
blue colors indicates positive and negative velocity respectively.

of cores of the Curie Thin nodes system. The code will probably scale well
for even larger grids (80963) on systems with larger amount of cores, as do
similar codes based on the 2DECOMP library [1].
The performance of this code allows simulation of flows at high driving. For
the application to Taylor–Couette flows, we refer to figure 2.7, where on the
left panel we show the angular momentum flux Nuω as a function of the driving
Ta, also reported in chapter 4. In this way it has been possible to analyze
the scaling laws of the Nuω(Ta) curve for pure inner cylinder rotation with
an excellent agreement between the numerics and the experiments, revealing
clear changes in the scaling exponent. As a quantification of the computational
demand of the code: the highest Ta = 1010 data point has a cost of 500000
CPU–hours, on 1.5 billion grid points. The prospected analysis of TC is not
limited to global quantities such as the momentum flux. The highly parallel
I/O and high resolution facilitates the study of local quantities. An unfiltered
snapshot of the temperature field close to the inner cylinder wall for Ta =
1010 is shown in the right panel of figure 2.7, where the small scale velocity
fluctuations that are required to be properly resolved, can be seen. These
small scales can straightforwardly be studied using using spectral analysis, or
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Purpose Library
I/O HDF5
FFT FFTW (Guru interface)

Linear algebra BLAS, LAPACK/MKL/ESSL/LibSci/ACML
Distributed memory parallelism MPI + 2DECOMP
Shared memory parallelism OpenMP

Table 2.2: The used libraries for the specified purposes are indicated in this
table.

other techniques.
As we can see, the use of this code in Refs. [107, 112] but also in the present
manuscript has already allowed us to push the limits in Taylor–Couette simu-
lations to Re ∼ O(105), never simulated previously. Its use in future TC and
RB simulations is expected to allow us to achieve the large driving required
for entering the “ultimate” regime. The scheme, in combination to a multi-
ple resolution strategy for the scalar field [110], has been used for simulating
double diffusive convection [177], achieving the driving parameters relevant
for oceanic convection. Due to the flexibility of finite difference schemes, we
expect to be able to build further additions on to this code. The possibility
of adding a Lagrangian phase, which can be either tracers, one–way or even
two–way coupled particles is detailed in Ref. [142]. Other possibilities include
adding rough walls using immersed boundary methods [179], or adding mixed
Neumann–Dirchelet boundary conditions.
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Chapter 3

Dynamics and evolution of Turbulent
Taylor rolls

Based on: Francesco Sacco, Rodolfo Ostilla–Mónico & Roberto Verzicco, ‘Dynamics and evolution
of Turbulent Taylor rolls’, Journal of Fluid Mechanics, 870, 970-987, 2019.
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3.1 Introduction

Taylor–Couette (TC) flow, the fluid flow between two coaxial, independently
rotating cylinders, is one of the paradigmatic systems of fluid dynamics, and
a model system for studying the influence of rotation and curvature on tur-
bulence [53]. Historically, this system has been heavily researched from the
1890s up to the present day, uncovering interesting phenomena for a system
that even at the lowest Reynolds numbers is extremely rich. Taylor–Couette
flow is linearly unstable when angular momentum decreases with radius, and
different configurations of inner and outer cylinder rotation lead to diverse
dynamics [6]. Large–scale structures arise because of instabilities and can fill
the entire gap between the cylinders remaining relatively stationary in time.
These structures, known as Taylor rolls or Taylor vortices [150], have been ob-
served both in experiments and simulations, and dominate the flow topology
up to the highest values of Reynolds number [74, 59, 107]; here the Reynolds
number Re is defined as Re = Ud/ν, with U a characteristic shear velocity of
the cylinders which will be defined, d the distance between the cylinders and
ν the kinematic viscosity.
The phase diagram of Taylor rolls is quite complex, and strongly dependent
on the kind of rotation of the two cylinders. In the case of outer cylinder
rotation and for a fixed or only slowly rotating inner cylinder, Taylor–Couette
flow is linearly stable. On the other hand for pure inner cylinder rotation the
centrifugal driving forces make the system unstable as the Reynolds number
of the inner cylinder increases. At Reynolds numbers just beyond the onset
of linear instability (Re ∼ 102), Taylor rolls appear and are stationary and
axisymmetric [6]. For increasing Reynolds number, secondary instabilities
arise, and the Taylor rolls develop azimuthal oscillations, entering the wavy
Taylor Vortex flow regime [62]. Further increasing the Reynolds number causes
the onset of time–dependence, and this is known as the modulated wavy Taylor
Vortex regime. When increasing the driving even more, even if the large
coherent rolls are still present, the flow becomes chaotic as turbulence starts
to develop, first in the bulk, and eventually also in the boundary layers as they
undergo a shear transition [107]. This is the so–called turbulent Taylor vortex
regime. For Reynolds numbers exceeding Re ∼ 103, the small–scale vortices
begin to be strong enough to weaken the large–time–scale circulation. For pure
inner cylinder rotation, [74] found experimentally that the rolls disappear for
η = 0.714 and Re > 105, where η = ri/ro is the radius ratio of the two
cylinders, with ri (ro) the inner (outer) cylinder radius. When the Reynolds
number becomes sufficiently large, the flow recovers a statistical symmetry in
the axial direction. The vanishing of the rolls at η = 0.714 was also found
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numerically in [107], albeit for smaller aspect ratios Γ = Lz/d, where Lz is
the axial length of the domain, d is the gap between the two cylinders.
When both cylinders rotate, the dynamic of the rolls becomes more compli-
cated. By adding a slight counter–rotation to a η = 0.714 TC system, [59]
found that the turbulent Taylor rolls survive at least up to Re ∼ 106. Numer-
ically, [108] observed rolls in the corresponding counter–rotation parameter
regimes in DNS simulations for η = 0.714 and Γ = 2.07, from the forma-
tion of the axisymmetric rolls at low Reynolds number, up to the turbulent
Taylor rolls. [108] also explored the phase space for the rolls in the high
Reynolds number regime, showing that they can either fill the entire gap,
partially survive close to the inner cylinder or completely disappear from the
bulk depending on rotation and curvature of the system. Even if a smaller
aspect ratio was used, wide agreement was found between the experimental
and numerical probes of the counter–rotating regime.
The transition between two stages of the phase diagram in our previous anal-
ysis is far from smooth, and the continuity we have assumed between the
steady, axisymmetric vortices near the onset of centrifugal instability to the
large–Re turbulent Taylor rolls is not totally clear. Several questions remain:
first, Taylor rolls have been traditionally attributed to the effects of centrifu-
gal instabilities. However, for pure inner cylinder rotation, they appear to be
strongest for narrow–gap (i.e. small curvature) instances of Taylor–Couette
flow [107]. For high curvature (η = 0.5), they survive only at mild counter–
rotation [165]. If they were caused solely by centrifugal effects, one could
expect them to be always the strongest for the largest centrifugal driving,
i.e. pure inner cylinder rotation, and this is not the case.
In this chapter we first intend to clarify the reason for this discrepancy by
simulating small–gap Taylor–Couette flow at moderate Reynolds numbers and
varying the curvature. By approaching TC flow with zero curvature, and ana-
lyzing its transition to rotating plane Couette flow (RPCF), the flow between
two infinite and parallel plates moving at different velocities, we will study
how the linear instabilities of TC flow relate to those of processes only driven
by shear. This idea has already been used in the literature to study solutions
of plane Couette flow: by the use of homotopy, [103] was able to continuously
deform a low Reynolds number Taylor vortex from a TC solution for counter–
rotating cylinders into a narrow gap onto a RPCF solution; [46] studied the
narrow gap limit of TC flow, showing how the linear instability that leads
to the formation of Taylor vortices is superseded by the planar shear flow
transition as the curvature vanishes.
In a shear–driven flow, e.g. plane Couette flow, with linear instabilities absent,
turbulence is regenerated by the self–sustaining process (SSP) first character-
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ized by [176]. The cycle, detailed in section 3.3.2, consists of three steps, and
each of these is necessary to maintain turbulence [61, 54]. Recently, a rela-
tionship between Taylor vortices at low curvature and the SSPs of shear flows
was found by [37], who showed that at low Reynolds numbers the transition
from Taylor vortex flow to wavy–vortex flow is caused by the activation of one
of the phases of the SSP: the formation of the streak instability. And once the
azimuthal waves arise on the rolls, their non–linear interaction feeds the rolls,
closing the SSP. In this chapter, we intend to show how the flow behaves as
the Reynolds number increases and to check if imprints of this behaviour can
still be seen.

A second question that calls for explanation is about the axial pinning of
the rolls. While this comes about naturally in experiments due to the pres-
ence of end–plates, in direct numerical simulations it is still not clear why
structures should be fixed in a homogeneous direction, and the broken sym-
metry is not recovered in a statistical sense. Several numerical studies have
been conducted to check that the axial pinning of the rolls is not an effect of
small computational boxes due to aliasing of long–wavelength modes onto the
streamwise–invariant mode [109, 111], finding no apparent effect of box–size
on the rolls up to box sizes of 20πh× 2h× 9πh, with h the half–gap. However
on one side it has been found that for what would be considered large boxes,
i.e. the DNS simulations in a domain of size 20πh × 2h × 6πh, with h the
half–plate distance by [8], or the 18πh × 2h × 8π domain of [118], no pinned
structures appeared. On the other side a recent numerical work by [79] has
shown that in plane Couette flow structures become pinned in a comparable
large computational box of 20πh× 2h× 5πh for high Reynolds number.

It thus seems that it is impossible to neglect the effect of computational do-
main size, and in this chapter we set out to show in a more rigorous manner
than simply showing visualizations as done previously [109, 111], how effects of
finite domain sizes on structures can be quantified by increasing the azimuthal
extent of the simulation domain.

The chapter is organized as follows: in section 3.2 we describe the numerical
method used and the parameter setup used in the simulations. All the prop-
erties and the characterization of Taylor rolls are reported in section 3.3. In
section 3.4 we briefly summarize and give some remarks and an outlook for
future works.
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3.2 Numerical details

We perform direct numerical simulations of Taylor–Couette flow by solving
the incompressible Navier–Stokes equations in a rotating reference frame:

∂u
∂t

+ u · ∇u + 2Ω× u = −∇p+ ν∇2u, (3.2.1)

∇ · u = 0, (3.2.2)

in cylindrical coordinates, where p is the pressure, t is the time, u is the
velocity, Ω = Ωrfez is the angular velocity of the rotating frame around the
central axis. Here, Ωrf is the mean angular velocity and ez is the unit vector in
the axial direction. Spatial discretization is performed using a second–order
energy–conserving centered finite difference scheme, while time is advanced
using a low–storage third–order Runge–Kutta for the explicit terms and a
second–order Adams–Bashworth scheme for the implicit treatment of the wall–
normal viscous terms. Further details of the algorithm can be found in [172,
163]. The code has been extensively validated for Taylor–Couette flow [107]
and is parallelized using MPI directives.
Axially periodic boundary conditions are taken with a periodicity length Lz,
expressed non–dimensionally as an aspect ratio Γ = Lz/d, where d = ro − ri
is the gap between both cylinders, and ri (ro) the radius of the inner (outer)
cylinder. For this study, we fix Γ = 2.33, which is enough to fit a single roll
pair, so that their wavelength λz will be λz = Γ = 2.33. The non–dimensional
radius ratio η = ri/ro provides a measure of the curvature of the system, and is
the second geometrical control parameter. In the azimuthal direction, Taylor–
Couette is naturally periodic. However, a rotational symmetry of order N is
imposed on the system with a double purpose: to reduce computational costs
and to explore the effect of the the streamwise periodic length on turbulent
structures. In this study, we mainly consider rotational symmetries between
5 and 20. For η = 0.909, a rotational symmetry of N = 20 results in a
streamwise periodicity length of around 2π half–gaps, the usual value consid-
ered for the turbulent channel flow. We note that while [6] found azimuthal
waves of wavenumber m = 2 near the transition to wavy Taylor vortex flow at
similar radius ratio, the moderate Reynolds number simulations of [109] show
very rapid drops in the streamwise decorrelation length. Indeed, N = 20 was
found to be enough for pure inner cylinder rotating Taylor–Couette in [109]
and [111] to obtain asymptotic torque and mean statistics, compared to the
largest extents of N = 5.
We perform the simulations in a convective reference frame [41] such that
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the cylinders rotate with opposite velocities ±U/2, and any combination of
differential rotations of the cylinders are reflected as a Coriolis force. In this
frame the two control parameters become a shear Reynolds number Res =
Ud/ν and a non–dimensional Coriolis parameterRΩ = 2dΩrf/U ; if we consider
the traditional Reynolds numbers that measure the dimensionless velocity
of the inner and outer cylinders in the laboratory frame of reference Rei =
riωid/ν and Reo = roωod/ν, where ωi and ωo are the angular velocities of
the inner and outer cylinders, we can express the new control parameters as
follows:

Res = 2
1 + η

(Rei + ηReo), (3.2.3)

RΩ = (1− η) Rei +Reo
Rei − ηReo

. (3.2.4)

In order to compare Taylor–Couette system in the limit of a vanishing curva-
ture, also a few simulations of Plane–Couette flow have been performed, since
it is the limit of Taylor–Couette flow when η → 1. For this case we have used
a Cartesian version of the previously mentioned code [163]. In the convec-
tive frame, the control parameters Res and RΩ naturally reduce to those of
rotating Plane–Couette flow when that limit is taken.

Temporal convergence is assessed by measuring the difference in torque be-
tween both cylinders. The flow is started from a white noise configuration, and
run for approximately tU/d = 1000 time units to overcome the transient. The
simulations are then advanced until the time average of the respective values
are equal within 1%, which roughly corresponds to an additional tU/d = 200
time units. The torque is then taken as the average value of the inner and
outer cylinder torques. Therefore, the error due to finite time statistics can be
estimated to be around 1%. A complete discussion of temporal time–scales is
available in [112]. The spatial resolution of lower Res simulations is based on
[111]. For Res = 3.61 · 104, we take the criteria ∆z+ ≈ 5, ∆x+ = r∆θ+ ≈ 9
and ∆r+ ∈ (0.5, 5), resulting in resolutions of nθ × nr × nz = 384× 512× 768
in the azimuthal, radial and axial directions respectively for N = 20. For
simulations in which we halve N , we double the resolution in the azimuthal
direction.
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3.3 Results

3.3.1 Changes in the rolls with Reynolds number

In order to analyze the properties of the large scale structures, we have per-
formed several simulations fixing the cylinder radius ratio to η = 0.909, and
increasing the driving by rotating the inner cylinder only and varying the
Reynolds number Res between 102 and 3.6 · 104, thus covering the full range
between linear instability and turbulent rolls. Indeed, for all the cases, the
axially pinned structures exist and fill up the entire domain. These Taylor
rolls are known to redistribute angular momentum and have a visible large
scale pattern [74, 112], as shown in the first two rows of Figure 3.1: if we look
at the temporally and azimuthally averaged azimuthal velocity and azimuthal
vorticity, indeed, we can see that the signature of the rolls is preserved for
all cases. Following [21], Taylor rolls were analyzed with the terminology of
thermal convection by [108], where it was shown that at both cylinder walls,
there existed three types of areas: plume ejection regions, where the velocity
was largely in the positive wall–normal direction, and turbulent plume–like
structures would leave the cylinder, plume impact regions, where the velocity
was largely in the negative wall–normal direction, and plume–like structures
from the other cylinder would impact the wall, and wind–shear regions where
the velocity was largely parallel to the wall, and plumes would be generated.
In [106, 108], the plumes were related to herringbone–structures, or hairpin
vortices, which can also be seen in the left panel of Figure 3.2.
In Figure 3.1, the two quantities show different behaviours: the mean az-
imuthal velocity preserves a similar pattern during all the transition, reveal-
ing the Taylor rolls and the two zones where the fluid detaches from the
inner/outer boundary layer and impacts the opposite wall. Alternatively, the
intensity of the azimuthal (streamwise) vorticity concentrates near the wall.
While we could expect the axial (spanwise) vorticity to concentrate near the
walls with increasing Reynolds number due to boundary layer thinning, the
behaviour of the azimuthal vorticity is more complicated. If there were no sec-
ondary flow, one could expect the mean azimuthal vorticity to average out to
zero. In contrast, if secondary flows were present, as for example in the case of
square–duct flow [119], azimuthal vorticity would be largely concentrated not
only in the boundary layers but also in the core of the secondary structures.
For Taylor–Couette flow with inner cylinder rotation, the azimuthal vorticity
in the boundary layer becomes much higher than that of the core of the sec-
ondary flow, i.e. the Taylor roll. For this to happen, the mean flow velocity
of the secondary motion must be relatively constant with Reynolds number,
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Figure 3.1: Temporally– and azimuthally averaged azimuthal velocity ûθ (top
row) and normalized averaged azimuthal vorticity ω̂θ/max |ω̂θ| (middle row)
for inner cylinder rotation and several shear Reynolds numbers (from left to
right, Res = 1.96 · 102, 1.37 · 103, 4.97 · 103, 3.61 · 104) at η = 0.909 and
Γ = 2.33. Contours levels for vorticity are shown for values between -0.001
and 0.001, to highlight the roll structures. The panels on the bottom row
show two quantities, azimuthal velocity (left) and azimuthal vorticity (right)
at the mid–gap r = d/2 for Reynolds numbers Res = 1.96·102 (blue), 1.37·103

(orange), 4.97 · 103 (green), 3.61 · 104 (red) and 1 · 105 (purple).

and the boundary layer of the secondary motion must become thinner. This
results in a relative “emptying” process of the bulk of the rolls. It is possible to
see this process in the last row of figure 3.1, where in the right panel we have
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checked the magnitude of the mean streamwise vorticity in the core of the
rolls, i.e. at the mid–gap, along the spanwise coordinate. We can clearly see
that, while at low Reynolds number of Res = 1.96 · 102 the peak is located in
the very core of the roll, already during the transition to ultimate regime the
center of the structure is “deflating”, and vorticity starts to concentrate at the
borders of the structure. This condition is enhanced at the highest Reynolds
numbers Res = 3.61 ·104 and Res = 1 ·105, where the relatively constant value
of azimuthal vorticity drops. This fact shows that other processes are taking
place. As a consequence rolls become relatively more quiescent and inactive
even if some circulation remains in the secondary flow cores.
This matches previous intuition that as the Reynolds number increases and the
flow reaches the ultimate regime, the rolls undergo a series of transitions. In
[108], when the ultimate–regime was reached for pure inner cylinder rotation
at η = 0.714, the rolls simply vanished. For η = 0.909, even if they persist,
between the right–most upper panels at Res = 3.61 ·104, corresponding to the
so–called ultimate regime, and the panels at Res = 4.97 · 103, the azimuthal
velocity in the bulk can be seen to increase even if strong axial signatures
are still present. The left panel of the last row of figure 3.1, representing the
magnitude of the mean streamwise velocity in the core of the rolls, i.e. at the
mid–gap, along the spanwise coordinate, is a confirmation of this fact: even if,
as we have already said, the profile of each velocity preserves the concentrated
shape due to fluid detaching/impacting pattern, there is a velocity value jump
in correspondence with the transition to the ultimate regime, between Res =
4.97 · 103 and Res = 3.61 · 104, that somehow matches the drop of azimuthal
vorticity in the core seen in the right panel.
This calls into question the assumption that turbulent Taylor rolls before the
ultimate regime such as those in [6], and those in the ultimate regime such as
those in [59] are generated by the same mechanisms. The continuity between
the left and right upper panels becomes less apparent upon close examination,
and it appears that fundamental changes happen as the rolls are becoming
relatively empty of vorticity.

3.3.2 The Taylor roll in the context of the self sustained process

It thus seems useful to analyze the turbulent Taylor rolls in the ultimate regime
not in the context of centrifugal instabilities, but instead in the framework of
shear flows. For this aim we introduce the self–sustained process of shear
flows. Following the argument of [176], we know that a self sustained process
is composed of three main phases:
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Figure 3.2: Left: Instantaneous visualization of the azimuthal (streamwise)
velocity at r+ ≈ 13, for Res = 3.4 · 104, η = 0.909 and Γ = 2.33. Right:
Same velocity field as on the left under a low–pass filter. The characteristic
undulatatory streamwise instability of the streaks of the self–sustained process
can be clearly seen.

i) the redistribution of mean shear stress by streamwise rolls to create
streaks;

ii) the wake–like instability of the streaks;

iii) the regeneration of the streamwise rolls from the nonlinear development
of the streak instability.

In the previous section, we saw that Taylor rolls are essentially large–scale
streamwise rolls which redistribute mean shear–stress. [37] showed that al-
ready at low Reynolds numbers, the axisymmetric Taylor roll was part i)
of the self–sustained process, and once the transition to wavy Taylor vortices
took place, all three parts of the process were active. With increasing Reynolds
numbers, we expect the centrifugal (linear) instabilities to become bypassed
by the shear instabilities [46, 16]. Thus for high Reynolds numbers we can
expect aspects of the Taylor rolls to be related to parts i) and iii) of the SSP.
We expect large–scale streaky structures to also exist for Taylor–Couette flow
even in the turbulent regime. These structures would then feed the Taylor
rolls and axially pinned Taylor rolls would simply be a fixed instance of the
above self–sustained process.
A streaky flow would contain strong spanwise inflections. In the near–wall
region of turbulent flows this will lead to two possible patterns, a typical
staggered row of vortices and a less frequent horseshoe structure. To detect
the existence of these spanwise variations, we have checked the instantaneous
azimuthal velocity near the wall for pure inner cylinder rotation, and the
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Figure 3.3: Left: Temporal evolution of the kinetic energy associated to
streaks Es (blue) and rolls Er (orange) normalized by their mean value. Right:
Temporal evolution of the normalized modal RMS velocity in the Fourier
space associated to the M(0, β) mode (blue) and the M(0, 0) mode (orange).
Both plots shown are for pure inner cylinder rotation with η = 0.909 and
Res = 3.4 · 104.

results are illustrated in figure 3.2. After applying a low–pass filter to the
fields, the streaks–row structure clearly comes up. This provides an initial
indication that a Taylor roll in the ultimate regime is an axially pinned process
reminiscent of the self–sustained process of shear flows.
A further assessment of the similarity between the two processes can be made
by studying the temporal evolution of streaks and rolls. There are several
definitions used in the literature to quantify the energy of streaks and rolls.
First, we following the definition given by [37] of streaks and rolls in Taylor–
Couette flow where their energy is calculated from the energy in axisymmetric
modes.
For this, first of all we separate the field u from its mean U , averaged with
respect to the streamwise coordinate θ:

u(t, θ, r, z) = U(t, r, z) + u
′(t, θ, r, z), (3.3.1)

and we take a further step by analyzing two derived quantities, the energy in
the rolls:

Er(t, θ, r, z) = 1
2

ˆ
r,z

[U2
r (t, r, z) + U2

z (t, r, z)]rdrdz, (3.3.2)

and the energy in the streaks as defined by [37], which are defined through
the axial anomaly, computed taking out the θ and z average of the field from
U ,
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Es(t) = 1
2

ˆ
r,z

[Uθ(t, r, z)− 〈Uθ(t, r, z)〉z]
2rdrdz. (3.3.3)

This is shown in the left panel of figure 3.3, where the energy of both structures
can be seen to oscillate at time–scales of O(uτ/d). The energy in the rolls
can be seen to consistently lag behind the energy in the streaks by a small
time, and this is probably due to the fact that they are regenerated through
something analogous to step (iii) of the SSP cycle.
A second method to quantify the energy of streaks and rolls, and the link
between the rolls and the SSP process is done following [54]. Here, the study
of streaks and rolls is done through the modal r.m.s. velocity (or the square
root of the ‘kinetic energy’), in the Fourier space, given by:

M (kθ = αm, kz = βn) =
[ ˆ ro

ri

(
û2
θ(mα, r, nβ)+

+ û2
r(mα, r, nβ) + û2

z(mα, r, nβ)
)
rdr

] 1
2

, (3.3.4)

where α = 2π/Lx and β = 2π/λz are the fundamental streamwise and span-
wise wavenubers, Lx corresponding to the streamwise domain extent, and λz
as defined in section 3.2.
In particular we focus on the two principal modes:

• M(0, 0), the axially and streamwise invariant mode, which represents
the mean flow.

• M(0, β) the streamwise independent, fundamental in z mode, corre-
sponding to both streaks and rolls, as both uθ and ur/uz add to the
total energy in M .

In the right panel of figure 3.3 we see that the two energies oscillate at
time–scales of O(uτ/d), and the period of the two quantities are almost anti–
correlated, instead of the time–lag of the left panel. This is consistent with
a breakdown–regeneration structure that resembles the one described in [54].
Energy is constantly being redistributed to the mean flow into streaks and
rolls.
We note that [54] analyzed M(α, 0), which is invariant in the axial direction,
and fundamental in θ. [54] states that this mode is responsible for rolls re-
generation ([54], § 6), but in our simulations it evolves at faster time–scales
and we do not see any positive or negative correlation between this mode and
the two shown in figure 3.3(b). This indicates that we are not exactly seeing
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the SSP as studied by [54], but instead observe a cycle which has properties
reminiscent of it. As a final remark, both the plots of figure 3.3 are realized
at Res = 3.4 · 104, corresponding, as we already said, to the so called “ulti-
mate regime”, but we have observed almost identical behavior of the energies
and modal velocities at smaller Reynolds number (Res = 5× 103, during the
transition to this regime).
Additional evidence for a general similarity between the rolls and the SSP
is given by a previous study performed by [113] on decaying Taylor–Couette
turbulence. In channel flow, the self–sustaining process regenerates itself with
slow time–scales (100tU/d). Once forcing is removed, the vortices would re-
generate themselves slower and slower but with the same intensity, until the
turbulence died out [61, 54]. In the decaying Taylor–Couette simulations of
[113], similar phenomena could be observed. The cylinders were made stress–
free at tU/d = 0, thus removing the forcing from the rolls. The first life–stage
of decay, attributed in the manuscript to the decay of the rolls lasted for a
time–scale of tU/d ≈ 15−40. The energy of the azimuthal (streamwise) veloc-
ity first decayed up to tU/d ≈ 10, while the energy of the radial (wall–normal)
and axial (span–wise) components did not start decaying up to tU/d ≈ 10 and
had a monotonic decay. This matches the findings of [61, 54]: the streamwise
rolls are regenerated in full force in the first life–stage of decay until they
completely die down and the flow enters the second life–stage of decay.

3.3.3 The pinning of Taylor rolls

If the Taylor roll is reminiscent of the self–sustained process, which is axially
pinned, what is causing the pinning? Is it the instabilities caused by curvature,
or can rotation alone cause the pinning of the rolls? To answer this question
we have simulated several narrow–gap radius ratios up to the limit of η → 1,
i.e. the Plane Couette limit. By varying the curvature and keeping the other
control parameters constant we can control for its effect. We set Res = 3.4·104,
in the ultimate regime [107]. The non–dimensional rotation parameter RΩ is
set to RΩ = 0.1, so we are considering weak anti–cyclonic rotation very close to
the value for pure inner cylinder rotation at η = 0.909, which is RΩ = 0.0909.
Analyzing the instantaneous and averaged azimuthal or streamwise velocity
fields we find that large–scale structure analogous to Taylor rolls are present
for all cases. The average and instantaneous flow–fields look very similar, so
we expect them to be sustained by the same pattern of streaks that we have
described previously. These facts are illustrated in the left and center panels
of figure 3.4.
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Moreover we have checked the magnitude of the rolls as curvature vanishes
by looking at the magnitude of the Fourier component associated to them in
the ur–uθ mean at the mid–gap: the axisymmetric mode in the streamwise
direction (kx = 0) and the axially/spanwise mode associated to the roll wave-
length (kz = 2π/λz). This is shown in the right panel of figure 3.4, where
we can clearly see that the variations of this quantity are around 6% between
η = 0.909 and η = 1. This matches the intuition coming from the Navier–
Stokes equations that the strength of forces due to curvature is measured
by the Rc = d/

√
riro parameter [17], which corresponds to Rc ≈ 0.095 for

η = 0.909. This is further evidence that the nature of the rolls are similar
in all the systems, and that their pinning is caused by rotation, and not cur-
vature. Indeed, the Coriolis forces arising from solid body rotation, reflected
non–dimensionally as RΩ, seem crucial in controlling the regions of parameter
space in which rolls form.
We note that while we use the word “pinning”, this is a simplification. Coriolis
forces do not break the vertical translation symmetry of the problem. Instead,
their presence modifies the rolls and adds a feature that makes them more
resistant to spanwise translation when compared to the RΩ = 0 case. Large–
scale structures are known to exist in non–rotating Plane Couette flow from
the work of [156]. These were isolated in the simulations of [8], and found to
consist of counter–rotating pairs of rolls with high vorticity in their boundaries.
This pattern is similar to the structure of the Taylor rolls seen in figure 3.1.
It is not curvature, but the addition of a mild anti–cyclonic rotation RΩ = 0.1
which breaks the spanwise wandering of these structures, resulting in the fixed
rolls. Proof of this is seen not only in our simulations, where the rolls are barely
modified as the curvature vanishes, and correspond to the structures of [8],
but also in the large–box rotating Plane Couette simulations of [155] which
show identical signatures for RPCF.
While in principle any rotating reference frame could be chosen to express
a Coriolis force, obtaining a different expression for RΩ, the choice of this
particular one in which the velocities at the cylinders are equal and opposite
is the correct way to reproduce the transition between TC flow and RPCF
[17]. As the curvature increases, TC flow driven by pure inner cylinder ro-
tation can be seen as TC flow driven by counter–rotating cylinders with an
increasing solid–body rotation. The corresponding Coriolis force increases
with increasing η, i.e. RΩ(Reo) = 1 − η. With this Coriolis parameter RΩ,
we can revisit older data to show that mild anticyclonic rotation, and not
centrifugal instabilities, play a defining role for moderate values of curvature.
By recalculating the parameters in terms of RΩ, we see that the η = 0.714
(Rc ≈ 0.33) experiments of [59] show the signature of rolls between RΩ ≈ 0.1
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Figure 3.4: Left: Mean azimuthal velocity for Taylor–Couette at η = 0.85
and RΩ = 0.1, Res = 3.4 · 104. Center: Mean streamwise velocity for plane
Couette flow (η → 1) at RΩ = 0.1, Res = 3.4 · 104. Spanwise–pinned large–
scale structures analogous to the turbulent Taylor rolls can be seen. Right:
strength of the Fourier component associated to the turbulent Taylor roll at
the mid–gap as a function of curvature for RΩ = 0.1, Res = 3.4 · 104.

and RΩ ≈ 0.2 when the cylinder counter–rotation is expressed as a Coriolis
force, corresponding to the values discussed above. In the η = 0.5 (Rc ≈ 0.71)
experiments of [165], a fixed roll structure for counter–rotating cylinders was
seen at ωo/ωi = −0.2, which corresponds to RΩ = 0.25, but not for pure inner
cylinder rotation corresponding to RΩ = 0.5. This also serves to rationalize
why the rolls vanish for pure inner cylinder rotation at η = 0.5 (RΩ = 0.5)
and 0.714 (RΩ = 0.286), but not for 0.909 (RΩ = 0.091) as seen in [107]. Mild
anti–cyclonic Coriolis forces and not centrifugal forces are the primary cause
of the pinning of structures in the ultimate regime.

3.3.4 The effect of the domain size

From the previous sections, it seems apparent that mild anticyclonic rotation
causes some self–organization in shear–flows by pinning the self–sustained
process in the span–wise (axial) direction. However, while the pinning seemed
natural for experiments, due to the presence of end–plates, it is still unclear
what the effect of box–size is on simulations. As mentioned in the introduction,
it has been found by numerical simulation of [79] that for plane Couette flow,
a large computational box of 20πh × 2h × 5πh, where h is half the distance
between the walls, cause the pinning of flow structures. We note that this
pinning was not observed either in the DNS simulations in a domain of size
20πh× 2h× 6πh by [8], nor the 18πh× 2h× 8πh domain of [118].
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To probe the pinning of rolls, we decompose the velocity in a similar manner
as in section 3.2 into mean flow and fluctuations. We return to the definition
of streamwise averaged velocities U(t, r, z) from Equation 3.3.1, and we take
a further step, as in [101] by analyzing two derived quantities. First, we
look at the axisymmetric azimuthal vorticity, which provides a measure of the
circulation of the rolls:

Ωθ = ∂Ur
∂z
− ∂Uz

∂r
. (3.3.5)

and second, we look at the axisymmetric axial anomaly, computed taking out
the θ and z average of the field from U , that was used by [37] (Eq. 3.3.3) to
identify streaks:

Us(t, r, z) = U(t, r, z)− 〈U(t, r, z)〉z , (3.3.6)

We first compare two TC systems, with RΩ = 0.0909, corresponding to pure
inner cylinder rotation, with strong turbulent rolls, the other with RΩ = −0.1,
corresponding to pure outer cylinder rotation, with fixed Res = 3.4 · 104 and
η = 0.909. As we previously discussed when analyzing Ωθ field, large scale
axially pinned rolls are present only with a mild anticyclonic rotation, and so
are a characteristic of the first system only, while the second does not present
this feature at all. This is also reflected on the streak fields Us, as we have
found also there large–scale axially pinned structure, only for inner cylinder
rotation, while they are completely missing in the other case. This is displayed
in the left and central panels of figure 3.5.
Moreover if we look closer at the central panel, we can see that the axial
signature of the rolls has a well defined shape and an influence also in the
bulk, analogous to what was seen for the azimuthal velocity in subsection
3.3.1. This is further proof that different mechanisms are taking place, and
that Taylor rolls are part of an axially pinned process reminiscent of the SSP:
the Coriolis forces are also pinning the streak fields, which in turn reinforces
the rolls, keeping them fixed.
We now compare the effect of the azimuthal domain size on the two cases, to
further prove that the rolls are not simply a product of aliasing, i.e. of large
wavelengths mapped onto the streamwise invariant modes, caused by small
domain extents. Even if recent studies have found that the computational
domain (or box) size does affect the outline of the rolls [109, 111], since the
axial extent of the box plays a crucial role on the correlations and spectra of
the velocity field, no size of box was able to unpin the rolls. Moreover larger
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behaviour for a structure–less flow where the energy comes from aliasing.

boxes in the azimuthal extent allow for azimuthal wave–like patterns in the
Taylor rolls to develop, which affects the statistics in the bulk region, but does
not unpin them anyway. The question remains of how large is “large enough”?
Here, we attempt to rigorously quantify the effect of box–size to understand
whether the presence of Taylor rolls is a product of numerics, since we are
also imposing artificial rotational symmetry in the azimuthal direction. We
can do this by systematically varying the azimuthal (streamwise) extent of
the computational box. If the rolls are a product of aliasing, then, the energy
of the rolls and streaks should decrease with box–size as ∼ 1/N , as they are
essentially a mean (kx = 0). On the other hand, if they are physical, the
energy should plateau to a constant with box–size.
We again use the comparison between pure inner rotating cylinder system and
pure outer rotating one, as the last one, as we pointed out before, has a lack of
roll structures. The simulations are performed with the same parameters, and
varying the imposed rotational symmetry of the system between the values
N = 5, 10, 20. In the right panel of figure 3.5 we show the streak and roll
energies for both systems: for inner cylinder rotation we can see that even if
the azimuthal extent of the domain change, the amplitude of rolls and streaks
is almost constant; on the other hand for pure outer cylinder rotation the
amplitude goes down with box–size as predicted for a mean mode.
As the last point we still want to understand if Taylor rolls are effectively fixed
in the axial direction for all times or if they move about their position as a
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random process. For this reason, we decompose the flow in low–wavenumber
roll modes and high–wavenumber fluctuations, in the spirit of the generalized
quasi–linear approximation [155]. We have already mentioned that the energy
of the rolls is mainly contained in the axisymmetric (kx = 0) mode, and the
axial mode associated to the base wavelength of the roll (kz = 2π/λz). By
looking at the phase of the Fourier transform of the streamwise velocity uθ
at the mid–gap we can probe the extent of pinning. For the roll to move the
phase of this mode, which we will denote from here as α, has to shift with
time.
In the top left panel of figure 3.6 we show a visualization of the roll movement,
with the predicted peak from the phase of the Fourier component superim-
posed. The method tracks relatively well the position of the minimum and
maximum velocity. We note that an implicit assumption we make when using
the Fourier mode, is that each of the two rolls behaves in a symmetric manner,
which might not be strictly the case.
On the top right panel we show the time evolution of the phase for pure inner
cylinder rotation cases at Res = 3.4·104 and η = 0.909, with a varying imposed
rotational symmetry between the values of N = 5, 10, 20. The +movement
of the rolls can be seen to become smaller for increasing box–size. We also
show the temporal autocorrelation of the roll phase in the middle left panel
of 3.6, where it can be seen that the spatial changes decorrelate in time,
with the decorrelation time increasing as the streamwise extent of the domain
increases. Thus the drifts become both longer in time and shorter in space
with increasing domain size.
Furthermore, we can measure the amplitude of the phase change (i.e. the
speed of the drift of the roll) dα/dt, and calculate the probability distribution
function (p.d.f.) of this quantity. This is shown in the middle right panel. The
drifts are approximately symmetric, as could be expected by the symmetries in
the system. In the bottom right panel, we show the three curves normalized by
their standard deviation and compared to a standard Gaussian distribution.
The three curves can be seen to approximate the Gaussian distribution with
their standard deviation, i.e. the size of the spatial drifts, decreasing with
increasing domain size.
It thus seems that the spatial drifts not only become shorter, but they also
become more correlated with increasing domain size. This can be reasoned
as follows: all non–linear interactions are triadic interactions of low or high
wavenumber modes. A force that could shift the phase has to come from
the interaction of two high–wavenumber fluctuations, that is, from a triadic
interaction of the form û′(k1), û′(k2) → Û(k1 + k2). If we now assume that
fluctuations are random, and centered at zero, using the central limit theorem
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we expect that the mean of all triadic interactions affecting the roll behaves
like a Gaussian. We also expect that an increase in the computational box,
which adds more modes to the averaging, makes the expected value of the
fluctuations approach zero. In the bottom left panel of figure 3.6 we show
the standard deviation of the drift, which approaches zero even faster than
1/
√
Lx, that is what would be expected from a simple random process. This

is an indication that the phenomenon is more complicated than what could
be predicted from this simple analysis, but anyway the pinning process holds
and works stronger than our expectation.
Overall, the results verify reasonably well our expectations. We have shown
that rolls are moving, but this movement depends on the box–size: the larger
the domain the smaller the spatial variations. Computational effects cannot be
completely avoided. Indeed, boxes which are very large might pin structures
by the averaging out fluctuations over long spatial extents.

3.4 Summary and conclusions

Several DNS simulations have been performed in a large parameter range of
Taylor–Couette system in order to better understand the high–Reynolds num-
ber behaviour of the large–scale structures known as Taylor rolls. We have
shown that, at a fixed radius ratio η = 0.909, these structures become more
and more empty of vorticity in the bulk as the Reynolds number increases,
while the behaviour of the streamwise velocity remains somewhat similar,
leaving behind the characteristic imprint in the axial direction on both in-
stantaneous and mean fields. In a way similar to the rolls, large–scale streaky
structures arise in the azimuthal (streamwise) direction. At high Reynolds
numbers the roll/streak pairs can be understood in the context of a spatially
localized instance of a process reminiscent of the self–sustained process of
shear flows: the primary mechanism for the generation is not the centrifugal
instabilities caused by rotation and curvature, as previously thought [111].
Instead, streaks are generated by the redistribution of shear stress by the
rolls, and their instability sustains the evolution of the same rolls. For a
narrow gap system, the self–sustained process is pinned under the presence
of moderate anti–cyclonic rotation. The pinning is not due to destabilizing
centrifugal effects, as the process remains pinned in the plane Couette limit
value η → 1, i.e. for no curvature. The RΩ parameter range where the rolls
are pinned matches previous experimental results from large–gaps between
η = 0.5 − 0.714. Finally, we have shown that the rolls are not a product of
aliasing due to small computational domains, and their position appears to
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Figure 3.6: Top left: Space–time (Hovmöller) diagram showing the
streamwise–averaged azimuthal velocity at mid–gap for N = 20 at Res =
3.4 · 104, Γ = 2.33 and η = 0.909. The position of the maximum and mini-
mum velocities of the Taylor–roll Fourier mode is shown with a dashed line.
Top right: Phase (α) of the Fourier mode associated to the Taylor roll for
three different azimuthal (streamwise) domain lengths . Middle left: Tem-
poral auto–correlation of the phases for the three domains. Middle right:
Probability distribution function for the phase velocity (dα/dt) for the three
simulations. Bottom left: Standard deviation of the phase velocity as a func-
tion of streamwise domain extent Lx = 20π/N . The dashed line shows the
proposed 1/

√
Lx behaviour. Bottom right: The three probability distributions

of (d) normalized by their standard deviation with a Gaussian distribution
overlaid.
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change, governed by a random process with long time–scales. The smaller the
domain, the larger the change in position of the rolls, because the average of
the triadic interactions between fluctuations deviates more from zero. Further
investigation should look at the role of the rotation parameter RΩ on other
important parameters, as torque, and on the velocity field, in order to under-
stand when Taylor rolls have an optimal flow, and the effects that rotation
and curvature have on large scales, whether alone or coupled.
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Chapter 4

Double maxima of angular momentum
transport in small gap η = 0.91 Taylor-
Couette turbulence

Based on: Rodrigo Ezeta, Francesco Sacco, Dennis Bakhuis, Sander G. Huisman, Rodolfo Ostilla-
Mónico, Roberto Verzicco, Chao Sun, & Detlef Lohse, ‘Double maxima of angular momentum transport
in small gap η = 0.91 Taylor-Couette turbulence’, in preparation.

55



Chapter 4 - Double maxima of angular momentum transport in small gap
η = 0.91 Taylor-Couette turbulence

4.1 Introduction

Taylor–Couette (TC) flow, the flow in between two coaxial, independently-
rotating cylinders, has successfully been used as a model for shear flows to
study instabilities, flow patterns, nonlinear dynamics and transitions and tur-
bulence [149, 25, 6, 81, 115, 168, 107, 47, 53]. The basic TC geometry is
characterized by two parameters: the first is the radius ratio η = ri/ro, where
ri and ro are the inner and outer radii, respectively. The second is the aspect
ratio Γ = L/d, where L is the height of the cylinders and d = ro − ri is the
width of the gap. The shear driving of the flow is produced by the cylinders
differential rotation and, in dimensionless form, is expressed by the Taylor
number [43]

Ta = (1 + η)4

64η2
d2(ro + ri)2(ωi − ωo)2

ν2 , (4.1.1)

where ωi,o are the inner and outer angular velocities, respectively and ν is the
kinematic viscosity of the fluid. The second control parameter is the rotation
ratio

a = −ωo/ωi, (4.1.2)

where a < 0 denotes corotation of the cylinders while a > 0 indicates counter-
rotating cylinders. The value of a = 0 corresponds to the case of pure inner
cylinder rotation.
We note that instead of describing the control parameters of TC flow with Ta,
η, and a, one could alternatively describe the parameter space in a convective
reference frame as proposed by [41] such that the cylinders rotate with opposite
velocities ±U/2 and the entire system then rotates with angular velocity ~Ω =
Ωrf ~ez around the central axis. Here, Ωrf = (riωi + roωo)/(ri + ro) is the
mean angular velocity and ~ez is the unit vector in the axial direction. This
way any combination of differential rotations of the cylinders is parametrized
as a Coriolis force. In this frame the two control parameters are the shear
Reynolds number ReS for the driving strength, the curvature number RC ,
and the rotation number RΩ:

ReS = Ud

ν
= 2riro

d|ωi − ωo|
(ri + ro)ν

, (4.1.3)

RC = (1− η)
√
η,

(4.1.4)

RΩ = 2Ωrfd

U
= (1− η)riωi + roωo

riωi − riωo
. (4.1.5)
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We remark that ReS ∝
√
Ta, and that the rotation number RΩ is connected

with the negative rotation ratio a by:

RΩ = (1− η)1− a/η
1 + a

. (4.1.6)

While the choice of one set of parameters might seem arbitrary at first, we
note that RΩ is the quantity that controls the magnitude of the Coriolis force
when the equations are written in the rotating reference frame, and it becomes
in particular relevant to elucidate certain effects, especially in the limit of low
curvature [17].
In statistically stationary TC flow, the flux of angular momentum Jω =
r3(〈urω〉A,t−ν∂r〈ω〉A,t) is exactly conserved [43]; here ur is the radial velocity,
ω the angular velocity of the fluid, r is the radial coordinate and the symbol
〈·〉A,t denotes a time average on a cylindrical surface coaxial with the cylinder
axis. This transport quantity is independent of r; any flux going through an
imaginary cylinder of radius r also goes through any other imaginary cylin-
der, or mathematically dJω/dr = 0. The response of the system can then
be characterized by normalizing Jω with its value for non-vortical laminar
flow Jωlam = 2νr2

i r
2
o(ωi − ωo)/(r2

o − r2
i ), which gives rise to the pseudo-Nusselt

number in TC flow [43],

Nuω = Jω

Jωlam
. (4.1.7)

The key scientific question is to accurately describe the transport throughout
the parameter space, i.e. Nuω = Nuω(Ta, η, a,Γ). For low Ta, the boundary
layers remain laminar and as a consequence Nuω effectively scales roughly
as Nuω ∝ Ta1/3 [53]. In the ultimate regime of turbulence, in which both
boundary layers and bulk are turbulent, we have Nuω ∝ Ta1/2/ logTa [52].
The transition to the ultimate regime happens when the boundary layers
undergo a shear instability and has been observed at Ta ≈ Tac = 3.0 ×
108 for small and medium gaps (η ≥ 0.714) [57, 107, 53]. For large gaps,
where curvature dominates, the transition is postponed to large values of
Ta, i.e. Ta ≈ 1010 for η = 0.5. If one estimates the logarithmic correction, a
theoretical estimate for the effective scaling Nuω ∝ Ta0.4 is obtained at around
O(Ta) ≈ 1010, which has been confirmed experimentally and numerically. We
note that even if the value of Ta for which the transition to the ultimate
regime depends on the radius ratio η and the rotation ratio a, the Nuω(Ta)
effective scaling is not affected by these parameters after the transition [115,
168, 96, 107].
While the rotation ratio does not affect the effective scaling Nuω ∝ Ta0.4,
it has a strong effect on the proportionality constant. The rotation ratio

57



Chapter 4 - Double maxima of angular momentum transport in small gap
η = 0.91 Taylor-Couette turbulence

influences the organization of the flow and increases or decreases the angular
momentum transport Nuω. For a fixed geometry (η), and constant driving
strength (Ta), a maximum in angular momentum transport (Nuω) can be
found for a certain rotation ratio denoted aopt [168, 115, 53]. For the case
η < 0.9, the maximum has been associated to the strengthening of the large-
scale wind [167, 15, 59] and the presence of turbulent intermittent bursts
originated from the BLs [167]. Beyond the point of optimal transport a > aopt,
when the counter-rotation is strong, the stabilizing effect of the outer cylinder
leads to the detachment of mean vortices from the outer layer which leads
to intermittent structures in the radial directions, and decreases the overall
angular momentum transport [15].
The value of aopt depends on the curvature of the flow, ranging from aopt ≈ 0.2
at η = 0.5 [96] to aopt ≈ 0.4 at η = 0.714 [59]. Ostilla-Mónico et al. [106]
showed that as η increases starting from 0.5, aopt becomes larger, correspond-
ing to a system with stronger counter-rotation. However, as η increases, the
peak becomes broader. To disentangle the effect of the rotation ratio a from
the curvature of the flow, Brauckmann et al. [17] numerically studied the tran-
sition from TC flow to rotating plane Couette flow (RPCF), namely the limit
η → 1 in a small-aspect ratio domain. In this limit it is more informative to
look at the rotation of the cylinders as expressed by RΩ. When expressed in
terms of RΩ, the asymptotic value (for η → 1) of RΩ,opt remains approximately
constant. On the other hand in the limit η → 1, a(η) converges to a = 1 in
a rotationless system, and to a = −1 for all the other cases, showing that for
this parameter the transition between TC flow and RPCF is singular (see [17]
for further details). Strikingly, Brauckmann et al. [17] find that for η > 0.9
(low curvature), not one maximum of angular momentum transport is present,
but two. The first peak, located in the corotating regime, was described as the
broad peak. It is associated with strong vortical motions, as evidenced by the
radial velocity fluctuations which show a maximum at optimal transport [17].
he second peak, denoted as the narrow peak, was found for counter-rotating
cylinders. It appeared only when the driving is sufficiently large, and it was
speculated that it supersedes the broad peak for sufficiently large driving.
The appearance of two peaks for small gaps means that several competing
mechanisms for the formation of the optimum momentum transport must
exist, and that these become blurred for large gaps as the stabilizing effects
due to curvature add a third factor. By analyzing the Nuω(a) relationship
using RΩ as a control parameter, Brauckmann et al. [17] were able to show that
the peaks appearing in the counter-rotating regime at η = 0.5 and η = 0.714,
and the broad peak for corotating cylinders for η > 0.8 basically were the
same phenomena, as they both contained strong ordered motions and fell in
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the same RΩ range. As this peak survives the limit of vanishing curvature,
it becomes clear that intermittency originated from the stabilizing effect of
the OC does not explain its origin. Instead, Brauckmann and Eckhardt [16]
divided the TC system into three sub-systems in the spirit of Malkus [89]:
the bulk, and the two boundary layers representing marginally stable TC
systems. With this simple model, they were able to predict the location of
the broad peak in RΩ space, finding good agreement for the prediction at
moderate Ta. Using the same argument, Brauckmann and Eckhardt [16] also
predicted that the shear in the boundary layers, and hence their transition
to turbulence, depends not only on the absolute shear driving, but also on
the rotation ratio, which was corroborated by experiments. In this way, they
explained the appearance of the narrow peak as an enhancement of angular
momentum transport in certain regions of parameter space caused by the
“early” transition of the BLs to turbulence. Brauckmann and Eckhardt [16]
also argued that the narrow peak will dominate the broad peak once the
centrifugal instabilities are superseded by shear instabilities, and only one
peak would be visible as in [106]. This was postulated to happen once the
BLs become turbulent for the value of a in the broad peak. [16] predicted this
to happen at Ta > 4.95 × 109, close to the transition to the ultimate regime
for that η.
In this study we set out to globally and locally probe the angular momentum
transport in a wide range of driving strength 107 ≤ Ta ≤ 1011 for the case of
low curvature η = 0.91, focusing in particular in the Ta range 108 ≤ Ta ≤ 1010,
where the transition to the ultimate regime happens, and where Brauckmann
and Eckhardt [16] observed the appearance of two peaks for angular momen-
tum transport using numerical simulations. The main motivation of this study
is to elucidate the link between the change in behaviour of the Nuω(Γ) depen-
dence [95], the vanishing of the broad peak, and the changing role of vortical
motions [132] which all happen around this transition. We will use an ex-
perimental setup with very large aspect ratios Γ, which allows for the flow to
switch between states, i.e. different roll wavelengths. By doing this, not only
can we experimentally confirm the appearance of multiple angular momentum
optima in TC flow, which has not been reported yet, but we can also study
the transition between regimes dominated by narrow and broad peaks. We
will also rule out that they are an effect of artificially constraining the flow to
small periodic aspect ratios: switching between two and three-roll states for
varying driving was already reported in [106], and this could have an effect on
the two peaks.
Secondly, we will test the predictions of Brauckmann et al. [17] and Brauck-
mann and Eckhardt [16] regarding the mechanism underlying the occurence of
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both peaks. Is the broad peak related to vortical motions, which are strength-
ened by centrifugal forces? Is the narrow peak a consequence of shear? And
if so, will it overtake the broad peak and if so, at what turbulence level? By
carefully examining the regime where the boundary layers transition, we can
better explore the mixed dynamics arising when centrifugal effects and shear
are competing side-by-side and further understand what is happening at the
transition to the ultimate regime. To address these questions we conducted
both experiments (torque and local velocity measurements) and Direct Nu-
merical Simulations (DNS).
The structure of the chapter is as follows. In section 4.2, we explain the ex-
perimental methods. In section 4.3, we introduce the numerical details of the
simulations. In section 4.4, we experimentally study the global response of
the flow throughout a large parameter space of Ta and a. In particular, we
reveal transitions and local maxima of the angular momentum transport. In
section 4.5, we complement the experimental findings with numerical simula-
tions and discuss in detail how the size and shape of the Taylor rolls changes
with varying the rotation parameter RΩ. The final section 4.6 contains the
conclusions and an outlook for future works.

4.2 Experimental setup and measurement procedure

4.2.1 Setup

The experiments were carried out in the Twente Turbulent Taylor-Couette
facility (T3C) [168]. In this apparatus, the ratio η and aspect ratio Γ can be
adjusted by installing outer cylinders of different dimensions. In this study,
the radius of the inner cylinder (IC) is ri = 200 mm and the radius of the
outer radius (OC) is set to ro = 220 mm. As a consequence, the radius ratio
is η = ri/ro ≈ 0.91 and the aspect ratio results in Γ = L/d = 46.35, with
d = ro − ri = 20 mm and L = 927 mm. Two acrylic windows located at the
bottom cylinder, which cover the entire gap, allow for the capture of Particle
Image Velocimetry (PIV) fields in the r − θ plane.

4.2.2 Global measurements: Torque

We measure the torque T required to drive the cylinders at constant speed.
This is done via a hollow flanged reaction torque transducer which connects
the driving shaft and the inner cylinder. From the torque measurements, the
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Working Fluid (%) Glycerol ν/νw ρ/ρw
Mixture 1 58.72 18.20 1.18
Mixture 2 55.60 13.11 1.17
Mixture 3 45.39 5.67 1.13
Mixture 4 40.18 4.09 1.11
Water 0 1.0 1.0

Table 4.1: Properties of the different mixtures used in the experiments. The
percentage of glycerol is based on volume. Both the density and kinematic
viscosity ratios are calculated with respect to the density ρw and the kinematic
viscosity νw of water at 21 ◦C. Data taken from Cheng [27].

Nusselt number can be calculated as follows

Nuω =
(

r2
o − r2

i

2νr2
i r

2
o∆ω

)(
T

2π`effρ

)
, (4.2.1)

where `eff = 536 mm is the effective length along the cylinder where the torque
is measured, the difference of angular frequencies is ∆ω = 2π∆f = 2π(fi−fo)
with fi,o the driving frequency of the inner and outer cylinder, respectively, and
ρ the fluid density. Typically, the T3C facility operates in the ultimate regime
of turbulence, where both boundary layers (inner and outer) are turbulent; in
our case, where η = 0.91, this corresponds to a driving of Ta > O(108). Thus,
in order to capture the transitional regime (O(107) < Ta < O(108)), we use
working fluids with different values of the kinematic viscosity ν. The working
fluid—depending on the desired range of Ta to be resolved—is a mixture of
water and pure glycerol. The percentage of glycerol in the mixtures, along with
its corresponding kinematic viscosity and density can be found in table 4.1.
The liquid temperature is kept constant at 21 ◦C during all the experiments.

We probe the phase space of Nuω in two different ways. The first one is what
we call an a-sweep, where the angular velocity difference ∆ω and thus the
driving strength Ta is kept constant and the angular velocity ratio a = −ωo/ωi
is varied. In this way, we can measure different states in the co- and counter-
rotation regime while the driving (Ta) is fixed. The second type of experiments
is the opposite i.e. a Ta-sweep, where a is fixed and ∆ω, and thus the driving
strength Ta, is increased.
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4.2.3 Local measurements: PIV

We seed the flow with polyamide fluorescent particles with diameters up to
≈ 20 µm with a seeding density of ≈ 0.01 particles/pixel. The emission peak of
these particles is centered at≈ 565 nm. We image the particles in the flow with
an Imager SCMOS (2560 × 2160 pixel) 16 bit camera using a Carl Zeiss
Milvus 2.0/100 objective. The illumination of the particles is provided by
a Quantel Evergreen 145, 532 nm dual cavity pulsed laser. A cylindrical
lens is positioned at the laser output to create a thin light sheet of ≈ 1 mm
thickness. A set of mirrors and a traverse system are installed which allows
the laser sheet to move with the frame of the T3C (see figure 4.1). The laser
beam (at the laser output) hits a first mirror which is tilted 45◦. Light will
then be redirect upwards towards a second mirror (also tilted at 45◦) which
redirects it finally towards the T3C, perpendicular to both cylinders. The
second mirror is attached to the traverse system which can move freely in the
axial direction. Since the traverse is fixed to the frame of the T3C, the result
of this arrangement is no relative motion between the camera and the laser
sheet due to mechanical vibrations.
The experiments require the OC to move freely; thus, a special trigger for
the camera is used for the acquisition of the images. This triggering is done
magnetically by magnets located on top of the OC and a Hall switch mounted
onto the frame of the T3C which outputs a voltage signal every time the
magnets pass by. Using this signal as a trigger, we are able to capture two fields
(each one corresponding to one window in the bottom plate) per revolution of
the OC. The camera is operated in double frame mode with a framerate f that
depends on the rotation rates of the outer cylinder fo. In all cases however
∆t ≤ 1/f , where ∆t is the interframe time. In order to increase the contrast
between the emission of the light from the particles and the background, we
use an Edmund High-Performance Longpass filter 550 nm in front of the
camera lens.
A total of 7 different flow states have been investigated using particle image
velocimetry. These 7 flow states have different a and Ta, as reported in ta-
ble 4.2 and—as will be shown later—correspond to the local maxima of the
angular momentum transport as function of a for a variety of Ta. In total, 10
different heights were explored for each state, and 500 fields were recorded for
each height. The normalized axial span ∆z for all experiments is ∆z/L ≈ 0.1,
which lies in the range 0.402 < z/L < 0.5 (see figure 4.1). The movement
of the laser sheet in the axial direction results in defocusing of the images,
therefore the focus is adjusted accordingly for all the explored heights.
The velocity fields are measured in the r − θ plane and are computed by a
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Experiments
Ta Res a RΩ Γ

6.35× 107 7.93× 103 −0.58 – 0.80 0.351 – 0.006 46.35
1.33× 108 1.15× 104 −0.60 – 1.50 0.373 – −0.023 46.35
1.63× 108 1.27× 104 −0.26 – 0.80 0.156 – 0.006 46.35
3.29× 108 1.81× 104 −0.30 – 0.80 0.171 – 0.006 46.35
5.10× 108 2.25× 104 −0.49 – 0.80 0.362 – 0.006 46.35
2.23× 109 4.70× 104 −0.33 – 0.80 0.183 – 0.006 46.35
3.31× 109 5.78× 104 −0.29 – 0.79 0.167 – 0.007 46.35
1.40× 1010 1.18× 105 −0.60 – 1.50 0.373 – −0.230 46.35
4.30× 1010 2.06× 105 −0.30 – 1.00 0.171 – −0.004 46.35

DNS
Ta Res a RΩ Γ

5.10× 108 2.25× 104 −0.761 – 0.909 0.7 – 0 12.56
1.17× 109 3.4× 104 −0.761 – 0.909 0.7 – 0 2.33

Table 4.2: Experimental and numerical flow parameters used in this study.
The first two columns show the driving, expressed as either Ta or ReS. The
third and fourth columns show the rotation parameters expressed as either a
or RΩ. The last column shows the aspect ratio Γ.

multi-pass algorithm using commercial software (Davis 8.0). The first pass
is set to 64 × 64 pixels and the last one is set to 24 × 24 pixels with 50%
overlap of the windows. The fields obtained are then expressed in cylindrical
coordinates of the form ~u = ur(r, θ, t)~er + uθ(r, θ, t)~eθ, where ur and uθ are
the radial and azimuthal velocities, respectively, which depend on the radius
r, the angular (streamwise) direction θ and time t. Here, ~er and ~eθ are the
unit vectors in the radial and azimuthal direction, respectively.

4.3 Setup of the direct numerical simulations

In addition to experiments, we perform direct numerical simulation (DNS)
using an energy-conserving second-order centered finite-difference code for the
spatial discretization, while a fractional time-step advancement is adopted
in combination with a low-storage third-order Runge-Kutta method. The
complete description of the algorithm can be found in [172] and [163]. This
code has been extensively used and validated for TC flows [107].
As mentioned in the introduction, we perform the simulations in a convective
reference frame [41], determined by the parameters Res and RΩ defined in
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Figure 4.1: Sketch of the experimental setup. An arrange of mirrors is set
such that the light sheet and camera are mounted on the frame of the T3C.

equations (4.1.3) and (4.1.5). According to this scaling the nondimensional
incompressible Navier-Stokes equations read:

∇ · u = 0, (4.3.1)

∂u
∂t

+ u · ∇u +RΩez × u = −∇p+Re−1
S ∇2u. (4.3.2)

We chose the same radius ratio η = 0.91 as in experiments, which is also the
same as in the numerical simulations of Ostilla-Mónico et al. [106, 107]. We
perform two sets of simulations with fixed Reynolds numbers, ReS = 2.25×104

and ReS = 3.4× 104 (or Ta = 5.10× 108 and Ta = 1.17× 109) while varying
RΩ (or equivalently a). Axially periodic boundary conditions are taken with
a periodicity length corresponding to the height of the cylinder L, and are
expressed by the aspect ratio Γ. In the azimuthal direction, the system is
naturally periodic; however, an imposed artificial rotational symmetry of order
nsym is chosen in order to reduce the computational costs.
We take two computational box-sizes. A small box similar to the one used
by [14] with Γ = 2.33 and nsym = 20. This small box is used for both values
of ReS, and is large enough to not affect the first-order statistics of the flow
[109]. For the case of ReS = 2.25× 104, we also run a medium-sized box with
an aspect ratio of Γ = 12.56, and a rotational symmetry of nsym = 3. This
allows the flow some freedom to switch between different roll states, as in
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[111]. A uniform discretization is used in the azimuthal and axial directions,
while a Chebychev-type clustering near the cylinders is used in the radial
direction. The spatial resolution for the small boxes at ReS = 2.25× 104 and
ReS = 3.4×104 was chosen as nθ×nr×nz = 384×512×768 in the azimuthal,
radial and axial directions, which in wall units for the more restrictive case
of ReS = 3.4 × 104 is a resolution of ∆z+ ≈ 5, ∆x+ = r∆θ+ ≈ 9 and
0.5 ≤ ∆r+ ≤ 5. For the medium-size box at ReS = 2.25 × 104, a grid of
nθ × nr × nz = 1728 × 384 × 1728 was chosen, which yields a resolution of
∆z+ ≈ 5, ∆x+ = r∆θ+ ≈ 9 and 0.4 ≤ ∆r+ ≤ 2.5. In order to achieve
temporal convergence, the simulations are run until the difference between
the time-averaged torque of the inner and the outer cylinders is less than
1%. The torque is then taken as the average between these two values. The
simulations are then run for at least 40 large eddy turnover times tU/d.

4.4 Transitions and local maxima in Nuω(Ta, a)

4.4.1 Transitions in the Nuω(Ta) scaling

First, we analyze the scaling laws of the Nuω(Ta) curve for pure inner cylinder
rotation in figure 4.2. The Nusselt number is compensated by the scaling of
the classical regime, i.e. NuωTa−1/3 and plotted as a function of the driving
strength Ta for pure inner cylinder rotation only (a = 0). We also include
the DNS of Ostilla-Mónico et al. [107], and observe an excellent agreement
between the numerics and the experiments. For values of the driving Ta < 107,
the flow is still in the classical regime, where both BLs are still laminar, and an
effective scaling of Nuω ∝ Ta0.3 can be observed. When the driving strength is
increased beyond Ta = O(107), the flow enters a transitional regime, with an
effective scaling exponent α in Nuω ∝ Taα of α ≈ 0.2. If the driving is further
increased, a minimum value of the compensated Nusselt number is reached
at a critical Taylor number Tac ≈ 3.0 × 108, after which a clear change in
the scaling exponent to α = 0.4 can be seen. This indicates the onset of the
ultimate regime, which coincides for experiments and numerics.
Figure 4.2 reveals also a second phenomenon, which was not previously re-
ported in experiments. In [106], the local scaling-law was found to be Nuω ∼
Ta0.4 for Ta > 1010. Indeed, provided Ta > Tac, the local effective scaling-
law appears to be the same, with one caveat: a “jump” in the curve around
Ta ≈ 1010 can be seen, where the Nusselt number suddenly increases, even if
the effective scaling is the same on both sides of the jump. The region where
this occurs is highlighted in green in figure 4.2. [107] observed the jump in
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Figure 4.2: Compensated Nusselt number as a function of the driving strength
Ta for the case of pure inner cylinder rotation a = 0 at η = 0.91. The gray
data points (Ta < 108) correspond to DNS from [106]. The gray data points
for Ta > 108 are also DNS simulations but from a different study [107]. In
addition, each colored marker at fixed Ta corresponds to the driving variation
as shown in the legend of figure 4.3c. The open circle in light blue corresponds
to the DNS data of the current study for Γ = 2.33. The transition to the
ultimate regime is observed at Ta = Tac ≈ 3× 108 (vertical dashed line). The
green shaded area corresponds to the region where a jump can be seen due to
the disappearance of quiescent wind shearing regions. The black solid lines
serve as a reference to indicate the corresponding scaling.

DNS simulations at a = 0, and attributed it to the sudden disappearance of
quiescent wind shearing regions in the boundary layer. After this jump, the
dependence of Nuω on the roll wavelength was completely lost [109]. Here,
we find evidence that experiments see a similar, sharp jump as observed in
figure 4.2. This will be further investigated in section 4.5.1, where we will
explore how this behaviour is seen across the a-range, and its effect on the
local maxima of angular momentum transport.

4.4.2 Appearance and shifting of the local maxima

Once we allow the outer cylinder to rotate, we have a more complicated three-
dimensional parameter space. In figure 4.3a, we show the Nusselt number as
a function of the rotation ratio a for different Ta. This figure reveals—just
as the DNS from Ostilla-Mónico et al. [106] and Brauckmann et al. [17]—
that a very pronounced maximum of angular momentum can be found in
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the corotating regime when the driving results Ta < 1.33 × 108. However,
as the driving exceeds the critical value Tac, we clearly identify two local
angular momentum maxima: the first is located in the corotating regime
at a ≈ −0.27 and the second in the counter-rotating regime at a ≈ 0.46.
These turbulent states correspond to RΩ = 0.16 and RΩ = 0.03, which are
similar to the values found by Brauckmann et al. [17] for η = 0.91. This
measurement reveals that the two local angular velocity transport maxima
for the same driving are not an artifact of the initial conditions or the finite
extent of the domain of the numerics. As we further increase the driving
beyond Ta > 3.31× 109, the maximum in the corotating regime (broad peak)
vanishes, while the maximum in the counter-rotating regime (narrow peak)
increases its magnitude. For the largest driving we explore (Ta = 4.30×1010),
only one peak can be detected in the counter-rotating regime, although it is
now less sharp. In order to highlight this trend, we show in figure 4.3b the
compensated Nusselt number for four selected values of Ta. Again, note how
the value of the driving dictates the occurrence of the maximum of angular
momentum transport: if Ta is too small, only one peak can be found in
the corotating regime. Conversely, if Ta is too large, only one peak can be
observed albeit for counter-rotation. There is, however, a range of Ta which
lies in between these two extremes, for which two maxima can be detected. In
figure 4.3c, we show a 3D representation of the compensated Nusselt number
as a function of a and Ta. In this figure, we included the experiments for fixed
a, i.e. Ta-sweeps. Note how these experiments agree remarkably well with
both the a-sweeps (shown in color) and the numerics, mutually validating each
other. An animated version of figure 4.3c can be found in the Supplementary
Material, where one can appreciate also the extent of the parameter space we
explore. We finally note that for Ta = 2.23×109 and Ta = 3.31×109, discrete
jumps in the Nuω(a) can be observed for a < 0. This observation can better
be seen in figure 4.3a and will be revisited in §4.5.2 with the results from the
numerical simulations.

In figure 4.4a, we show the location of the observed local maxima throughout
the parameter space (a, Ta). Here, we also include the DNS data of Ostilla-
Mónico et al. [106] for the same radius ratio η = 0.91 albeit for much lower
values of Ta. We note that as the driving increases from Ta = O(104) towards
the critical Taylor number Tac, the peak for corotation moves towards a = 0.
Past the transition, the location of this peak remains relatively stable at a ≈
−0.2 until it vanishes. Regarding the peak for counter-rotation, we see that it
only appears when Ta > 108 and moves as the driving increases. When 1.33×
108 ≤ Ta ≤ 1.17 × 109, the peak moves towards higher a values of counter-
rotation. However, for Ta > O(1010), when only one peak is detectable, it
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Figure 4.3: (a) Nusselt number Nuω as a function of rotation ratio a for differ-
ent values of the driving Ta. (b) Compensated Nusselt number as a function
of a for four selected Ta. Here, the solid red circles represent local maxima of
angular momentum, where we perform PIV measurements as described in sec-
tion 4.4.3. The vertical dashed line (a = 0) in both (a) and (b) separates the
co and counter-rotating regimes. (c) A 3D representation of the compensated
Nusselt number as a function of Ta and a. The black solid lines represent
the experiments performed for fixed a, i.e. Ta-sweeps. In all figures, the solid
lines represent experiments while the dashed lines represent numerics. The
colors represent the variation in Ta as illustrated by the legend.

seems to move back towards a = 0. This side-effect of the disappearance of
the broad peak means that the explanation by Brauckmann and Eckhardt [16]
can be extended. We note, however, that at this driving, NuωTa−1/3 becomes
less a-dependent which could over- or underestimate the precise location of
the maximum. However, the shifting of the narrow peak is consistent with
the asymptotic value of aopt at large Ta from Ostilla-Mónico et al. [106] and
happens around the same Ta for which the jumps in the Nuω(Ta) relation
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Figure 4.4: (a) Location in the phase space of the local maxima of angular
momentum transport. The blue open circles for Ta ≤ 2.5× 107 are the DNS
of Ostilla-Mónico et al. [106]. The blue open circles located at Ta = 1.17×109

are from DNS of the current study. The solid circles represent experimental
data for the local maxima of angular momentum. The solid orange circles
represent turbulent states where we perform PIV experiments as described in
section 4.4.3 and shown in figure 4.3. (b) Ratios of the magnitude of the an-
gular momentum transport peaks as defined in eq. 4.4.1. The colored points
represent the experimental data. The open circle represents the DNS simula-
tion shown in (a) for Ta ≈ 109. The blue shaded areas represent turbulence
levels wherein only one peak in angular momentum can be observed. The
transition to the ultimate regime is observed at Ta = Tac ≈ 3 × 108. The
vertical red dashed line represents the prediction of [16] for the disappearance
of the (broad) peak found in corotation, namely at Ta > 4.95× 109.

appeared. The reasons for this behaviour will be revisited in §4.5.1.
Interestingly, the value of the driving (Ta = 5.1×108) for which we detect two
local maxima is close to the expected value of the transition to the ultimate
regime, i.e. Tac = 3× 108, and that at this Ta, the relative magnitude of the
peaks is very similar. In order to quantify this observation, we define the ratio
of the magnitude of the peaks as

ζ ≡ Nuω(a = acounter)
Nuω(a = aco)

, (4.4.1)

where aco and acounter denote the a-value that corresponds to the peak for co-
and counter-rotation, respectively. In figure 4.4b, we report ζ as a function
of Ta showing that for Ta < Tac we have ζ < 1, whereas for Ta > Tac it
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holds ζ > 1. This yields an alternative representation of what was originally
shown in figure 4.3: with sufficient driving the peak for counter-rotation will
surpass the peak for corotation. As mentioned previously, the magnitude
of both peaks seems to be nearly the same (ζ ≈ 1) close to the transition
to the ultimate regime. This indicates the link between the appearance of
the second peak, and the transitions of the boundary layer as postulated by
Brauckmann and Eckhardt [16]. Furthermore, around the same values of Ta,
the dependence of Nuω on the roll wavelength, and thus on Γ changes. This
was seen as a crossing of the Nuω(Ta) curves for different values of Γ around
the transition to the ultimate regime [95, 107]. That these phenomena occur
all at the same time indicates the complex character of the transition to the
ultimate regime.
Finally, we note that for sufficiently large driving (Ta = 4.95 × 109), the
narrow peak completely dominates and the broad peak can not be detected,
as was also postulated by Brauckmann and Eckhardt [16]. At these values of
Ta, [107] showed that the torque would no longer depend on roll wavelength,
indicating again that the changes in the peak behavior are intimately linked
to changes in the Nuω(Γ) relationships.

4.4.3 Local flow structure and its relation to the local Nuω maxima

In the previous section, we showed that the narrow peak (counter-rotation)
will surpass the broad peak (corotation) for a given value of the driving. To
further elucidate the mechanisms behind this phenomenon, we investigate the
flow locally with PIV measurements. We explore a range of Ta which spans
values before, close to and beyond the transition to the ultimate regime. For
every driving, we investigate two flow states, namely where both the narrow
and broad peaks are located as is shown in figure 4.3b and table 4.2.
We first investigate the strength of the radial flow by looking at ur in the
(r− z) plane. In figure 4.5, we show ur(r, z) for both peaks, which are located
in the corotating and counter-rotating regime, respectively, and as function
of Ta. Here, we can clearly identify regions of negative and positive radial
velocity along the axial direction which indicates the presence of Taylor rolls.
Strikingly, we find that for all Ta explored, |ur| is much larger for corotation
than for counter-rotation. This confirms what was shown numerically by
Brauckmann et al. [17]: the broad peak (located for corotation) is accompanied
by strong and coherent rolls.
In order to give a more quantitative picture of the strength of the rolls as a
function of the driving, we look at the quantity

70



4.4 Transitions and local maxima in Nuω(Ta, a)

Figure 4.5: Azimuthally and time averaged normalized radial velocity ob-
tained from PIV experiments as described in figure 4.3. The legend on top
of each figure represents the value of (a,RΩ). The upper row represents mea-
surements of the peak in the corotating regime while the bottom row shows
measurements of the peak for counter-rotation. Along a single column, the Ta
is fixed for both co- and counter rotating states. The dashed lines are added
to emphasize the difference between the Ta values.

RMS(ũr) ≡
√
〈(〈ur/uS, 〉t,θ,rbulk)2〉z, (4.4.2)

which is the root mean square (RMS) of the normalized radial velocity profile
along the z-direction. Here, rbulk denotes an average over the radial domain
that defines the bulk region of the flow, namely 0.3 ≤ (r−ri)/d ≤ 0.7. Due to
the presence of the vortical structures in the flow, the axial average has to be
carefully carried out. For the cases at a = −0.27 and a = −0.15, and for their
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corresponding counter-rotation counterparts at the same Ta (a = 0.46, 0.44),
the axial average is performed in the region between the maximum values of
ur, in order to sample a roll couple. In contrast, averages for the cases at
a = −0.21, 0.49, and 0.125 are done throughout the entire axial domain. The
reason is that no coherent structures are detected for a = 0.49, 0.125, and
for the case at a = −0.21, two symmetric rolls are contained within the full
axial domain. In figure 4.6a, we show RMS(ũr) as a function of the driving,
where we observe that the RMS(ũr) of the co-rotating peak decreases with
driving while the opposite occurs for the counter-rotating peak. However, for
the highest Ta we observe that the RMS of the radial velocity decreases for
increasing driving.
In addition to the strength of the rolls, we look now at the so-called “wind”
by looking at the radial velocity fluctuations defined by

σbulk(ur) ≡ 〈σt,θ(ur)〉rbulk,z, (4.4.3)

where σt,θ(ur) is the standard deviation of the radial velocity averaged in the
azimuthal direction and over time. Here, the averages are performed in the
same way as for RMS(ũr). From this characteristic velocity we construct the
wind Reynolds number, i.e. Rew = (dσbulk(ur))/ν. In the classical regime of
turbulence, the unifying theory of Grossmann and Lohse [52] predicts a scaling
of the Reynolds wind Rew ∝ Ta3/7. When the driving is increased, towards
the ultimate regime, the logarithmic corrections remarkably cancel out and
an effective scaling of Rew ∝ Ta1/2 is observed [52, 57]. In figure 4.6b, we
plot the compensated Reynolds wind with the scaling of the ultimate regime
RewTa−1/2 as a function of Ta. Here we see that, indeed, beyond the transition
to the ultimate regime, Rew slowly asymptotes to a Ta−1/2 scaling for both
peaks, which is consistent with the observation of [57] for η = 0.716 at a = 0.
We now draw the attention to the case of Ta = 5.10×108, which is close to Tac,
and where both angular momentum peaks have roughly the same magnitude
(see figure 4.4b). As shown in figure 4.5, for corotation at a = −0.21 (second
panel of first row in figure 4.5), a peculiar pattern of the radial velocity can
be appreciated along the axial direction. If we compare this panel with the
first and the third panel of the same row, we immediately note an anomalous
pattern: the presence of a roll pair requires that at the interface their velocities
point at the same direction. As a consequence, we expect a succession of
positive and negative radial velocities as can be seen in the first and third
panels. Rather peculiarly, in the second panel (a = −0.21), we encounter two
consecutive regions of negative velocity, located in between 0.42 ≤ z/L ≤ 0.48.
As a consequence, we observe an unexpected pattern of two counterclockwise
Taylor rolls coexisting next to each other, although slightly disconnected. This
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Figure 4.6: (a) RMS along the axial direction of the azimuthally-time-bulk
averaged radial velocity, normalized with the shear velocity uS, as a function
of the driving strength Ta. (b) Wind Reynolds number (based on the radial
velocity) as a function of Ta. In both figures, the blue stars represent states
that correspond to the peak in the corotating regime, while the red open
circles represent measurements for the peak for counter-rotation.

rather interesting observation will be revisited in section 4.5.3, as we unveil
more data from the numerical simulations.

4.5 Boundary layer transitions and state switching

In the previous sections, we highlighted various observations which cannot be
fully explained by the limited information we can retain from the experiments.
In this section, we therefore turn to direct numerical simulations instead, such
as to provide a more quantitative description of the observations. Namely, the
mechanism responsible for the disappearance of the broad peak with sufficient
shear (see figure 4.4a), the observation of discrete jumps in the corotating
regime (a < 0) for Ta = 2.23 × 109 and Ta = 3.31 × 109 (see figure 4.3a)
and the “peculiar” pattern of Taylor rolls which was presented in the previous
section (see figure 4.5). We closely examine the velocities, especially in the
boundary layers, and inspect the changes in roll states.
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Figure 4.7: Compensated Nusselt number as a function of Ta for three rota-
tion ratios. A reordering of the curves around Ta ≈ 1010 can be seen. The
green shaded area corresponds to the region where a jump can be seen due
to the disappearance of quiescent wind shearing regions. The black solid line
represents the scaling of Nuω ∝ Ta0.4.

4.5.1 Disappearance of the broad peak

We first focus on the shift of the counter-rotating peak that leads to the
Nuω(a) measurement for Ta ≈ 1010 shown in figure 4.3a. In section 4.2.2,
we mentioned how, for a = 0, jumps in the Nuω(Ta) relationship appeared
at Ta ≈ 1010 (see figure 4.2). These coincided with the disappearance of the
torque on the roll-wavelength, and cannot be associated to the transition to
the ultimate regime, as it happened at a much higher value of Ta. In figure
4.7, we show the behaviour of the Nuω(Ta) curves for three selected values of
a. We see how at Ta ≈ 1010, a reordering of the curves occurs, distinct from
the one seen at Ta = Tac. For a = 0 and a = 0.25, a discrete jump in the
relationship increases the torque, while for a = 0.5 the opposite process seems
to occur.
By relating this to the transition observed in Ostilla-Mónico et al. [107], where
the quiescent regions of the boundary layer disappeared, we can explain why
the counter-rotating maximum shifts. In figure 4.8, we show the structure of
the near-wall region for several values of RΩ (and a). As RΩ is increased (i.e.
from counter-rotation towards pure inner cylinder rotation), the flow structure
self-organizes: the near-wall turbulent streaks occur in a stratified manner and
the turbulent Taylor-roll is stabilized. The appearance of quiescent regions is
not inconsistent with the idea that the creation of the narrow peak is due to
shear instabilities that arise from the BLs. Both before and after the transition
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Figure 4.8: Instantaneous normalized azimuthal velocity at r+ = 15 for Ta =
5× 108 for (a) a = 0.6 (RΩ = 0.02), (b) a = 0.47 (RΩ = 0.03), and (c) a = 0
(RΩ = 0.09). The DNS corresponds to the case of Γ = 2.33.

to the ultimate regime, only parts of the boundary layer are active in producing
plumes or streaks. During the transition to the ultimate regime, the plume–
emitting part of the laminar boundary layer transitions to turbulence, while
the quiescent part remains quiescent. For larger Ta, beyond Ta = 1010, the
quiescent regions disappear, and the entire boundary layer becomes active
and turbulent. As this happens, the a = 0 curve surpasses the a = 0.5 curve.
Because there is no quiescent area to eliminate for a > 0.5, these branches of
the Nuω(Ta) curve do not jump and remain at a lower value.

4.5.2 Roll state switches

We now focus on the discrete jumps in the Nuω(a) curve at Ta = 2.23 × 109

and Ta = 3.31 × 109 for a < 0 from the experiments (see figure 4.3). We
note that in previous simulations, both by [16] and [106], a small Γ domain is
used, which essentially fixes the roll size. The fact that no discrete jumps are
detected in the numerics with small boxes, indicates that roll state switching
might be responsible for this. Thus, in order to explain these jumps, we
need to use both a small computational box which accommodates a single
roll pair, as well as medium-sized boxes which can sustain changes in roll
number. In this way, we can capture how the rolls manifest as the system
goes from pure counter-rotation to corotation, and whether state switching
takes place or not. We note that the number of rolls does not significantly
affect the value of Nuω and that the only dependence comes from the roll
wavelength [14, 111]. However, by enforcing a periodicity length, both effects
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Figure 4.9: Compensated Nusselt number as a function of a obtained from
the DNS of the current study. The green solid line is the experimental data
performed at Ta = 5.10× 108.

will manifest simultaneously. The roll number N and the (non-dimensional)
roll wavelength λz are related by λz = Γ/N .
In figure 4.9, we show the compensated Nusselt number for both the small and
the medium boxes for two Ta, and the experiments for Ta = 5.10× 108. The
numerical simulations at Ta = 5.10 × 108 reveal that for a < −0.5 the value
of Nuω is at most weakly dependent on Γ. However, for a ≥ −0.5 the two
numerical studies and the experimental measurements result in different values
of Nuω. To further explore this, in figure 4.10 we show the azimuthally and
temporally averaged radial velocity for the medium-sized domain (Γ = 12.56),
as we vary a from the corotating to the counter-rotating regime. In terms of
RΩ this is equivalent to varying the Coriolis force from anti-cyclonic to zero.
Here, we can see that the flow self-organizes in Taylor rolls as the Coriolis force
starts to become dominant, i.e., when RΩ 6= 0 [132]. As RΩ increases, we first
observe that the rolls become sharper and more prominent, as evidenced by
an increment in |ur|, which is also observed in the experiments (see figure 4.5).
As we approach the “broad peak”, the number of roll pairs switch, first from
four to five, then from five to six, which sharply reduces the roll wavelength.
This reduction in wavelength clearly has an effect on the torque as can be
seen in figure 4.9 for a > −0.5 The change in the roll wavelength changes the
proportion between quiescent and active regions inside the boundary layers
[159, 160]. As Ta increases, these sharp changes in the Nuω(a) curve disappear,
because roll state switching does not modify the fraction of boundary layer
regions which emit plumes.
The influence of the large structures on the torque can also be appreciated
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Figure 4.10: Azimuthally-time averaged radial velocity normalized with the
shear velocity uS obtained from DNS for Ta = 5.10×108 and Γ = 12.56. Each
plot represents a different rotation state, quantified by either a or RΩ. The
legend on top of each figure represents the value of (a,RΩ). The flow state
that corresponds to either the “broad” or “narrow” peak are highlighted in
red. The arrows indicate the direction of the increment of either a or RΩ.

when we compare the Γ = 12.56 simulation with the experimental data
(Γ = 46.35) shown in figure 4.9. Here, we see that both the experimental
and numerical data coincide within the region 0.3 < a < 1, where the Cori-
olis force is small and the rolls only start to become organized. However, in
the region between −0.5 < a < 0.3 there are significant discrepancies be-
tween experiments and numerics. These are probably a consequence of state
switching. In the medium size box (Γ = 12.56), a switch in the number of
roll pairs can take place, but the values that the roll wavelength can take are
more restricted due to the size domain and thus, leading to large variation in
roll wavelength across different states. In the experiment Γ is much larger, so
state switches will generally have a very small effect on the roll wavelength,
and as a consequence a small effect on the torque. This can explain both the
jumps in the Nuω(a) curve, and why they are much smaller than for numerics.

77



Chapter 4 - Double maxima of angular momentum transport in small gap
η = 0.91 Taylor-Couette turbulence

4.5.3 Transient roll dynamics

During the transition to the ultimate regime, the homogeneous distribution of
the roll breaks down (see figure 4.10). They acquire different sizes and different
shapes: the distance between the maximum absolute value of ur, and hence,
the size of the rolls is not always the same. In order to explain the pattern
depicted at the end of section 4.4.3, represented in the second panel of figure
4.5, i.e., the presence of two adjacent counterclockwise Taylor rolls, we must
explore the instantaneous velocity fields that DNS provides. Experimental
results examine consecutive meridional planes (r − θ) and assume that the
flow is azimuthally homogeneous. However, if the structures change only
locally, this could be wiped out by an averaging operation.

As RΩ increases (see figure 4.10), the rolls become sharper, until at a certain
point, one of them can start to split up locally, such that transiently, outflow,
or inflow regions with the same sign coexist next to each other at certain values
of the azimuth. As RΩ is further increased, the roll splits up completely to
form a new roll pair. However, the speed at which this roll “dislocation” exists
and propagates to “fracture” the roll is a priori unknown.

In order to closely inspect the change in the morphology of the rolls as a
function of the Coriolis force, we perform DNS by slowly changing the value
of RΩ over a certain number of large eddy turnover times τ = tU/d, where
U is the characteristic velocity as defined in section 4.3. The simulations are
performed for Ta = 5.10 × 108 and for the medium-sized box (Γ = 12.56).
The idea is to capture the evolution of the radial velocity and its effect on
Nuω as we slowly increase RΩ in discrete steps. We initiate the simulation at
τ = 0 with a statistical stationary TC flow and RΩ = 0. Next, at τ = 25, we
increase the value of the Coriolis force to RΩ = 0.02. When τ = 50 is reached,
we set finally RΩ to 0.03. In figure 4.11a, we show the instantaneous Nuω
and in figure 4.11b, we show the space-time evolution of the instantaneous
radial velocity ur at mid-gap. We note that, globally, a correlation between
transient regions of Nuω and the change in RΩ can be observed. This is
caused by the increasing acceleration of the flow, in which the number of rolls
changes as well. Locally, we clearly see two instants in which two consecutive
rolls begin to approach each other until they merge. Right before the merging,
we observe a long-time transient, of ≈ 10τ , in which two consecutive outflow
regions can coexist next to each other. This indicates—just as it was observed
in the experiments shown in figure 4.5—that close to the transition to the
ultimate regime, a change in the roll dynamics can occasionally lead to long-
time transient effects.
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Figure 4.11: DNS results of varying RΩ for Ta = 5.10 × 108 and Γ = 12.56.
(a) Temporal evolution of the dissipation Nuω. (b) Time-space diagram of the
instantaneous ur at mid-gap. Here, two regions of merging rolls can clearly
be seen, which are generated from two consecutive outflow regions. These
mergers are highlighted with the dashed circles The vertical dashed lines in
(a) represent a stage during the simulation for a fixed value of RΩ.

4.6 Summary and conclusions

We probe the angular momentum transport with both experiments and direct
numerical simulations for η = 0.91 as a function of the driving which we quan-
tify with Ta and the magnitude of the Coriolis force which we quantify with
either the rotation ratio a or the rotation number RΩ. The range of shear
driving we explore spans several decades of Ta, namely O(107) − O(1010),
which includes the transition to the ultimate regime at Ta ≈ Tac = 3 × 108.
In the vicinity of Tac, our experiments reveal the presence of two local angular
momentum transport maxima for fixed Ta, as it was firstly reported by the nu-
merical works of Brauckmann et al. [17] and Brauckmann and Eckhardt [16].
Thus we have demonstrated that this occurrence is not an artifact of the axial
domain used in the numerics. We showed that the broad peak is associated to

79



Chapter 4 - Double maxima of angular momentum transport in small gap
η = 0.91 Taylor-Couette turbulence

the strengthening of the large-scale structures (Taylor-rolls) due to an incre-
ment in centrifugal forcing RΩ, as it is evidenced by both PIV and DNS. In
addition, the numerical simulations reveal that the appearance of the narrow
peak is a consequence of shear instabilities that arise from the BLs. More-
over, we show that as the driving increases, the broad peak remains roughly
at the same RΩ while decreasing its magnitude. Conversely, the narrow peak
increases its magnitude while experiencing a shift in RΩ. We attribute this to
the different way in which the near-wall structures self-organizes at Ta ≈ 1010.
Explicitly, the disappearance of quiescent wind sheared regions at the cylin-
der walls, which suddenly transition to a state where the whole BLs can emit
plumes, as evidenced by a sharp “jump” in the Nuω(Ta) curve. With sufficient
driving, both the experiments and numerics confirm that the shear instabili-
ties dominate over centrifugal instabilities and the broad peak disappears at
around Ta = 4.95 × 109. Beyond this value, only the narrow peak can be
detected.
In the experiments, a peculiar state of the Taylor rolls is observed at a =
−0.210 (RΩ = 0.141) and Ta = 5.10× 108, which is close to Tac, where both
the narrow and broad peaks are present and have roughly the same magni-
tude. Here, we observe two neighboring Taylor rolls which rotate opposite to
each other. We explore the possibility that this unusual state is produced by
roll splitting, which occurs when the axial extent is sufficiently large and for
sufficient RΩ. The numerics at Ta = 5.10×108 reveal that as the magnitude of
the Coriolis force increases via RΩ, the Taylor rolls undergo a reorganization
and a change in both their number and wavelength. This effect translates
into a change in the global torque, i.e. Nuω, which is evidenced by different
Nuω(a) curves for different values of Γ. We explore the reorganization of the
rolls in detail by performing a last numerical simulation where we slowly vary
RΩ several times. Here, we observe that for the same driving Ta and curva-
ture η as in the experiments (different Γ), the merging of two adjacent rolls is
possible. This suggests that the “peculiar” pattern of roll formation discussed
previously can be a consequence of such long-time transient effects. Further
work in this direction is encouraged in order to thoroughly explore this new
feature of secondary flows in TC flow.
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Chapter 5

Dynamic mode decomposition analysis
of coherent structures rotating plane
Couette flow

Based on: Francesco Sacco, Rodolfo Ostilla-Mónico & Roberto Verzicco, ‘Dynamic mode decom-
position analysis of coherent structures rotating plane Couette flow’, to appear on Journal of Physics:
Conference Series.
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5.1 Introduction

Turbulent flows are generally characterized by chaotic motion and abundant
mixing. But within certain canonical systems, experiments and simulations
have detected coherent large scale structures [66, 10]. The prime example
of a turbulent system where such coherent flows are present is plane Couette
(PC) flow, the shear-driven flow between two parallel plates. Direct numerical
simulations (DNS) of PC flow have found extremely long structures that are
far larger than the inter-plate distance [156, 8, 118, 79]. To accurately capture
these structures, we require computational boxes that are large enough to fit
them. Large-scale structures have some important practical impact, having
the general role of redistributing friction and heat flux along the walls and
across the flow [10]. Small computational boxes that fail to capture these
large-scale structures can considerably alter the flow behaviour and statistics
[156].
In the last decades, improvements in computation have made possible the use
of numerical simulations as a tool for observing and exploring phenomena in
many different systems. In this context, substantial effort has been made to
characterize the origin, pinning and mathematical modelling of the coherent
structures in turbulent flows. Methods for isolating these structures are still
under development. Commonly used methods to extract structures include
moving ensemble averages [8, 85], two-point correlations [138] or Fourier anal-
ysis [112]. The main disadvantage of these methods is that they often include
the relatively arbitrary choice of a cut-off to isolate the structures, be it in
the shape of a cut-off frequency in Fourier space [112], or in the shape of a
threshold value for a certain attribute [8, 138]. Furthermore, these methods
are usually tuned for one particular setup of the system; but as the control
parameters of the flow changes, so do the shape of the coherent structure.
Because of this, conventional methods can completely fail to track structures
across certain dimensions of parameter space.
Our main aim is the development of a low-order model for the analysis of the
evolution of large-scale structures in PC flow across parameter space. But
to do this, we must be able to robustly capture the structures everywhere in
parameter space, and separate them from the background turbulence. This
filter must remove arbitrariness as far as possible. In this manuscript, we will
assess the merits of Dynamic Mode Decomposition [135] (DMD) in fulfilling
this tasks. The DMD method is fully detailed below, but for now we highlight
that this method is a data–driven technique that algorithmically is a regression
of data onto locally linear dynamics. This makes it a promising candidate to
extract the large-scale structures in wall-bounded turbulent flow, as it is known
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that these structures behave in a quasi-inviscid, quasi-linear manner [60].

We will focus on rotating plane Couette (RPC) system, i.e. PC flow with
an added solid-body rotation in the spanwise direction. A spanwise rotation
coincides with the direction of the underlying streamwise vorticity, and it is
known to significantly alter the shape and dynamics of the large-scale struc-
tures. Anti-cyclonic rotation induces a strong secondary flow perpendicular
to the main flow direction, and pins the structures in the spanwise direction
[132]. By comparing how DMD perform for both PC flow with no rotation
and RPC flow with anti-cyclonic rotation, we can assess the merits of DMD
in capturing our quantities of interest.

This article is organized as follows. In section 5.2 we briefly recall the general
idea of the standard DMD method and of the variants we have used for our
analysis. In section 5.3 we introduce the numerical details of the simulations.
In section 5.4 we report the analysis of the method applied on both PC and
RPC, with a particular care on the obtained large scale structures. The final
section 5.5 contains a summary of the work done and the conclusions.

5.2 Dynamic mode decomposition

Dynamic mode decomposition (DMD) is a method that provides a spatio-
temporal decomposition of data into a set of relevant dynamical modes from
a sequence of snapshots of an evolving system. The method was firstly de-
veloped by Schmidt [135] to provide a linear approximation of non-linear dy-
namics, and soon after it was closely linked to Koopman operator analysis
[130, 71, 72]. The Koopman operator is an infinite dimensional linear opera-
tor that represents the non-linear dynamic of a physical system. Because the
underlying system is non-linear, and the Koopman operator does not linearize
the system, the operator becomes infinite-dimensional. The DMD method can
be interpreted as a way of calculating a finite approximation of the Koopman
operator.

5.2.1 Standard DMD

In what follows, we briefly outline the key steps of DMD. The method is
applied to spatio-temporal data organized in N -equispaced, M -dimensional
realizations of the system:
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xi ≡ x(ti) ∈ RM where ti = t1 + (i− 1)∆t for i = 1, . . . , N.

The data are arranged in an M ×N matrix:

X = [x1, . . . , xN ].

The DMD method relies on the following Koopman assumption:

xi+1 = Axi for i = 1, . . . , N − 1, (5.2.1)

which can be written in matrix form as:

XN
2 = AXN−1

1 , (5.2.2)

where the snapshot matrices are generally defined as:

Xk
j = [xj, xj+1 . . . , xk].

In practice, when the dimension M is large, the matrix A may be intractable
to analyze directly. DMD circumvents the eigendecomposition of A by con-
sidering the projection on its proper orthogonal decomposition (POD) modes,
resulting in a rank-reduced matrix Ã.
The DMD algorithm proceeds as follows [157]:

1) Compute the truncated singular value decomposition (SVD) of the snap-
shot matrix XN−1

1 :
XN−1

1 = UΣV H (5.2.3)

where ·H denotes the conjugate transpose of a matrix, Σ ∈ CK×K is
the diagonal matrix containing the retained SVD singular values sorted
in decreasing order, and the (orthonormal) columns of the matrix U ∈
CM×K and the matrix V ∈ CN−1×K are the spatial and temporal SVD-
modes, respectively. We remark also that the left singular vectors of U
correspond to POD modes.

2) Compute Ã, the projection of the full matrix A onto U :

Ã = UHAU = UHY V Σ−1 (5.2.4)

3) Compute the eigenvalues λk and eigenvectors wk of Ã, arranged in the
matrices Λ and W :

ÃW = WΛ (5.2.5)
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4) Reconstruct the eigendecomposition of A from W and Λ:

AΦ = ΦΛ, Φ = XN
2 V Σ−1W (5.2.6)

Note that the eigenvalues for A are equivalent to those of Ã, and that
the eigenvectors of A are given by the columns of Φ, and correspond to
the DMD modes.

In this way, with the columns of the A and Φ matrices, we arrive at the DMD
representation of the snapshots:

xDMD(t) =
K∑
k=1

akφke
(δk+iωk)t (5.2.7)

where, for convenience, we have written the eigenvalues as:

δk + iωk = log(λk)
∆t , (5.2.8)

in order to distinguish in (5.2.7) the growth rates δk, and frequencies ωk of the
Fourier-like modes. The amplitudes ak are computed via least squares fitting
(as in optimized DMD [26]) of the snapshots in expansion (5.2.7).
Standard DMD has several known limitations. The DMD method is based
on an underlying SVD, whose well known weaknesses are the inability to effi-
ciently handle invariances in the data, such as translational and/or rotational
invariances of low-rank objects; and as other SVD–based methods, DMD is
also unable to handle transient time phenomena (cf. chapter 1.5 in [72], or
[153] for examples). To address these problems, several modifications to the
basic DMD method have been proposed. For this manuscript we will consider
two of these methods.

5.2.2 Multi-resolution DMD (mrDMD)

The first method we will use is multi-resolution DMD (mrDMD). The method
mrDMD is derived by the idea of separating slow and fast modes with tech-
niques from foreground/background subtraction in video feeds [51]. It essen-
tially combines features of the DMD decomposition with key concepts from
wavelet theory and multi-resolution analysis [71, 73].
As we can see from (5.2.8), the characteristic time of a mode is inversely
proportional to | log(λk)|. It depends on the magnitude of both frequency and
growth/decay rate. A mode can be considered “slow” if |δk + iωk| ≈ 0. This
simply means that the mode changes somewhat slowly as the system evolves
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in time. To have an immediate representation of this behavior, when we plot
a mode in a Re(| log(λk)|)–Im(| log(λk)|) space, a DMD mode with temporal
frequencies near the origin in this space has both small ωk and δk and therefore
represents a slow mode. Such modes are interpreted as background (low-rank)
portions of the given dynamics, while the terms with temporal frequencies far
from the origin are their foreground (sparse) counterparts.
The mrDMD recursively removes low-frequency slowly-varying content from
a given collection of snapshots. In this way at each step the slow-modes
are removed first and the data is filtered for analysis of its higher frequency
content. This recursive sampling structure is demonstrated to be effective
in allowing for a reconstruction of a greater number of datasets with respect
to classical DMD, since it overcomes the transitional and transient problems
described above [51, 72, 154].
The mrDMD method is an iterative algorithm that can be briefly summarized
as follow:

1) Compute DMD for available data.

2) Determine fast and slow modes.

3) Find the best DMD approximation to the available data constructed
from the slow modes only.

4) Subtract off the slow-mode approximation from the available data.

5) Split the available data in half.

6) Repeat the procedure for the first half of data (including this step).

7) Repeat the procedure for the second half of data (including this step).

Mathematically, the mrDMD separates the DMD approximate solution (5.2.7)
in the first pass as:

xmrDMD(t) =
K∑
k=1

akφ
(1)
k e(δk+iωk)t =

m1∑
k=1

akφ
(1)
k e(δk+iωk)t

︸ ︷︷ ︸
slow modes

+
K∑

k=m1+1
akφ

(1)
k e(δk+iωk)t

︸ ︷︷ ︸
fast modes

,

(5.2.9)
where we have ordered the modes from the slowest to the fastest. Note that
the modes computed at this level are indicated with φ

(1)
k , and that we are

separating the first m1 background slowest modes from the other ones. Since
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we have already removed the slowest modes in the first sum, in the second
step we use the second sum to yield the fast scale data matrix:

XK/2 =
K∑

k=m1+1
akφ

(1)
k e(δk+iωk)t. (5.2.10)

The matrix XK/2 is now separated into two matrices:

XK/2 = X
(1)
K/2 +X

(2)
K/2, (5.2.11)

where each of the two matrices contain K/2 of the total K snapshots. We
then recompute DMD separately on both of the two matrices but we retain
the slowest m2 DMD modes, indicated as φ(2)

k , obtained from both the decom-
position at this level.
The iterative process works by recursively removing slow frequency compo-
nents until a desired multi-resolution decomposition has been achieved. The
final DMD approximation reads as:

xmrDMD(t) =
m1∑
k=1

a
(1)
k φ

(1)
k e(δ(1)

k
+iω(1)

k
)t+

m2∑
k=1

a
(2)
k φ

(2)
k e(δ(2)

k
+iω(2)

k
)t+

m3∑
k=1

a
(3)
k φ

(3)
k e(δ(3)

k
+iω(3)

k
)t+. . .

(5.2.12)
To be precise, φ(i)

k are the DMD modes obtained at i-th level of decomposition,
and the mk are the number of slow modes retained at each level. In this
way each successive level contains modes that are faster and faster, thereby
providing a way to identify long-, medium-, and short-term trends in data.
There is not a single set of modes that dominates the SVD and potentially
obscures features at other time scales, but instead different DMD modes are
used to represent key features at different time scales. We refer the reader to
[73] for more detailed information on the method and its applications.

5.2.3 High order DMD

High order DMD (HODMD) is an extension of the classic DMD method which
is appropriate to treat general periodic and quasi-periodic dynamics, and tran-
sients decaying to periodic and quasi-periodic attractors. This includes cases,
not accessible to standard DMD, that show limited spatial complexity but a
very large number of involved frequencies.
Instead of using the Koopman assumption (5.2.1), HODMD relies on the
higher order Koopman assumption:

xi+d = A1xi + A2xi+1 + · · ·+ Adxi+d−1 for i = 1, . . . , N − d, (5.2.13)

87



Chapter 5 - Dynamic mode decomposition analysis of coherent structures
rotating plane Couette flow

for a tunable d ≥ 1. Equation (5.2.13) can also be written as:

x̂k+1 = Âx̂k, (5.2.14)

where x̂k and Â are defined as:

x̂k =


xk
xk+1

. . .

xk+d−1

 , Â =



0 I 0 . . . 0 0
0 0 I . . . 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . I 0
A1 A2 A3 . . . Ad−1 Ad

 . (5.2.15)

After applying a first dimension reduction on the general snapshot matrix
XN

1 , the HODMD algorithm proceeds the same way as the standard DMD
described in section 5.2.1, and is applied on the reduced snaphots reorganized
as in equation (5.2.14) (see [77] for more details).
Note that the main difference between equations (5.2.1) and (5.2.13) is that
the latter relates each snapshot with not only the last but also the preceding
d − 1 snapshots. In fact, HODMD reduces to standard DMD if d = 1. For
d > 1, instead, HODMD can be seen as a result of applying standard DMD
to a set of enlarged snapshots (time-lagged snapshots) which also contains the
delayed snapshots (sliding window).
The idea of using delayed snapshots to characterize chaotic dynamics comes
from the time-delay embedding theory, and in particular from the delayed em-
bedding theorem by Takens [148], who followed and formalized former seminal
ideas by Packard et al. [114]. This theory states that in some cases, it may
be possible to reconstruct the entire attractor of a turbulent flow from a time
series of a single point measurement, by enriching a single observable x(t) with
time–shifted copies of itself, known as delay coordinates or delay reconstruc-
tion, x(t) = {x(t), x(t− τ), . . . , x(t− (d−2)τ), x(t− (d−1)τ)}, where τ is the
lag or delay time, and d is the embedding dimension. Takens’ theory has been
related not only to fluid attractors, but in general to nonlinear dynamics and
data–driven methods [157, 18], as it can demarcate large coherent regions of
phase space where the dynamics are approximately linear from those that are
strongly nonlinear.
We note that in HODMD method two tunable tolerances ε1 and ε2 are defined;
the first is linked to the first SVD truncation on XN

1 :

EE(M) = σ2
K+1 + · · ·+ σ2

R

σ2
1 + · · ·+ σ2

R

≤ ε1, (5.2.16)
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with R = min{N,M} the rank of the full snapshot matrix. The second
tolerance is selected to get rid of small amplitudes, i.e. a smaller number of L
modes is retained such that

aL+1

a1
< ε2. (5.2.17)

The possibility of tuning the parameters d, ε1 and ε2 makes the method more
robust than standard DMD methods, since in this way it can get rid of noise or
discretization/truncation errors and hence avoids capturing unphysical modes
[77, 78].

5.3 Numerical setup

The flow data used for the analysis will be taken from direct numerical simu-
lations (DNS) of rotating plane Couette flow (RPCF) in a three dimensional
domain bounded by no-slip conditions at the walls in the wall normal (y) di-
rection at y = 0 and y = 2h, and periodic in the streamwise (x) and spanwise
(z) directions with periodicity lengths Lx and Lz, respectively.
We have used an energy–conserving second–order centered finite–difference
code for the spatial discretization, while the discretized system is integrated
using a fractional–step method and advanced in time by a low–storage third
order Runge–Kutta scheme. The simulation code used is based on the highly
parallel FORTRAN-based AFiD (www.afid.eu) which has been used mainly
for simulations of turbulent Rayleigh-Bénard convection and Taylor-Couette
flow [163]. This code has been comprehensively validated. Detailed informa-
tion regarding the code algorithms can be found in [163, 172].
All the simulations are performed in a reference frame such that the walls
have opposite streamwise velocities ±U/2, and the entire system rotates with
angular velocity ΩΩΩ = Ωrfeeez around the spanwise axis. In this frame the two
control parameters are a shear Reynolds number Res = Uh/ν and a Coriolis
parameter RΩ = 2hΩrf/U .
The incompressible Navier-Stokes equations then become:

∇ · u = 0, (5.3.1)

∂u
∂t

+ u · ∇u +RΩez × u = −∇p+Re−1
S ∇2u. (5.3.2)

A uniform grid is used in the streamwise and spanwise directions, while a
Chebychev-type clustering near the walls is used in the wall-normal direction.
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Figure 5.1: From top to bottom: instantaneous flow near the wall at y+ ≈ 15,
instantaneous flow at the centerline y = h, mean flow near the wall at y+ ≈ 15,
mean flow at the centerline y = h. From left to right, the panel represent the
vx (streamwise), vy (wall-normal) and vz (spanwise) velocity components, in
the rotationless case RΩ = 0.

For this study we have fixedRes = 3×104 and varied the Coriolis forcing, RΩ =
0 and 0.1. The computational box used is of 4πh × 2h × 2πh in streamwise,
wall-normal and spanwise directions respectively, the same size as in [133].
This has led to a numerical resolution of nx × ny × nz = 512 × 384 × 512 in
the wall-normal, streamwise and spanwise directions, respectively. In order
to achieve temporal convergence, the simulations are run until the difference
between the time-averaged shear at both walls is less than 1%.
To perform the DMD analysis, we have used open source algorithms. For
mrDMD we have used the python package described in [36]; while for HODMD
we have used the MATLAB solver described in [77], that can be found in [76].

5.4 Results

Before introducing the results obtained with DMD methods, we report here
a visualization of the velocity flow fields of 2D slices in the x− z plane taken
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Figure 5.2: From top to bottom: instantaneous flow near the wall at y+ ≈ 15,
instantaneous flow at the centerline y = h, mean flow near the wall at y+ ≈ 15,
mean flow at the centerline y = h. From left to right, the panel represent the
vx (streamwise), vy (wall-normal) and vz (spanwise) velocity components, in
the case with anti-cyclonic rotation RΩ = 0.1.

at fixed wall-normal distance: at the centerline y = h and close to the wall at
y+ ≈ 15. We have reported both the instantaneous and the temporal average
of the flow, for both the rotationless case RΩ = 0 (figure 5.1) and the anti–
cyclonic case RΩ = 0.1 (figure 5.2). We can see the complexity of the flow,
composed by fast-evolving small structures, especially close to the wall, and
large structures, whose shape is not perfectly defined in the RΩ = 0 case, and
are approximately streamwise invariant, and pinned in the RΩ = 0.1 case.

5.4.1 mrDMD

We first applied the mrDMD method to a collection of 1000 snapshots of 2D
slices in the x− z plane taken at fixed wall-normal distance: at the centerline
y = h and close to the wall at y+ ≈ 15. The temporal spacing between each
snapshot was fixed as ∆tU/h = 4× 10−2.
In what follows we analyze the components in the DMD decomposition (equa-
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tion (5.2.12)), and the effect of the Coriolis force term RΩ on this decomposi-
tion. We will particularly focus on the slowest modes, which should capture
the dynamics of the large, coherent structures. As an additional test, we per-
form the analysis on a snapshot matrix built by considering the three velocity
components simultaneously or separately, in order to capture the dominant
modes of either the entire flow or of a single component.

No rotation

We first analyze the results obtained in the case with no rotation, RΩ = 0.
We begin by reporting in figure 5.3 the stability of the modes. This is done
through the eigenvalues as written in equation (5.2.8), in order to check both
growth/decay rate and frequency of the modes. In particular we have high-
lighted the first level of the decomposition. As we have explained in subsection
5.2.2, mrDMD method recursively separates slow modes from fast modes; thus
the first level of this decomposition is the first step in the recursive procedure,
and corresponds to modes with both the lowest frequency and growth/decay
rate. Moreover this level corresponds to the first summation addend of the
decomposition written as in equation (5.2.12). If we look then at the first level
of the decomposition performed on the single velocity components in figure
5.3 we can see that non-oscillatory modes –with zero imaginary component,
are only present when analyzing the streamwise velocity. We also note that
at the centerline the non-oscillatory mode is slightly decaying, while close to
the wall, this mode is perfectly stable.
When we perform the analysis on the velocity fields simultaneously, we observe
that the first level of the decomposition at the centerline has an imaginary
component, probably meaning that the non-oscillatory, streamwise velocity is
not strong enough to dominate the whole flow. We will return to this later.
To better understand the flow decomposition, we look at the mode amplitudes
αi, reported in figure 5.4. Here we can clearly see that for the streamwise ve-
locity, the first (slowest) mode has a large influence in the dynamics of the flow
both close to the wall and in the centerline, as its amplitude is significantly
larger than that of other modes. This does not happen for the other two ve-
locity components, where fast and slow modes contribute with similar weight
to the dynamics. When we perform the method on the velocity fields simul-
taneously, we can again see that the first (slowest) mode has a large influence
in the dynamics of the flow both close to the wall and in the centerline.
Both these results hint at the fact that mrDMD is only capturing a large-scale
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Figure 5.3: Growth/decay and frequency of the modes δk + iωk = | log(λk)|
∆t

in the rotationless case RΩ = 0, near the wall at y+ ≈ 15 (top row) and
at the centerline y = h (central row). The panels correspond to the modes
derived, from left to right, from the vx (streamwise), vy (wall-normal) and vz
(spanwise) velocity component singularly. The last row corresponds to the the
modes derived from all the velocities simultaneously, close to the wall (left)
and at the centerline (right). In the panels the first three levels of iteration of
equation (5.2.12) are highlighted with red (level 1), blue (level 2) and magenta
(level 3) markers.

mode in the streamwise velocity. Indeed, these behaviours are reflected when
visualizing the modes themselves. In figure 5.5, we show the first (slowest)
mode obtained with the mrDMD method applied to the three velocity compo-
nents simultaneously. We observe the clear presence of a large-scale structure
only for the streamwise velocity. In particular we have an evident large scale
motion at the centerline, and close to the wall there is a structure pattern
that is clearly related to the mid–gap one. Meanwhile, for the other velocity
components, large-scale structures are completely absent.
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Figure 5.4: Amplitude αi of the modes in the rotationless case RΩ = 0, near
the wall at y+ ≈ 15 (top) and at the centerline y = h (center). The panels
correspond to the mode derived, from left to right, from the vx (streamwise), vy
(wall-normal) and vz (spanwise) velocity components singularly. The last row
corresponds to the the modes derived from all the velocities simultaneously,
close to the wall (left) and at the centerline (right).

Anti-cyclonic rotation

The situation is different when we inspect the results obtained in the case
where anti-cyclonic rotation, RΩ = 0.1, is imposed to the flow. Again we start
by analyzing the stability of the slowest modes in figure 5.3, written as in
equation (5.2.8). We have then analyzed the first level of the decomposition,
that is, as we have stated in the previous subsection, the first summation
addends of the decomposition written as in (5.2.12), which correspond to the
the slowest modes of the flow. When we analyse the modes on the single com-
ponents, we find that the first level of the decomposition of every component
is composed by a single mode, whose frequency is exactly zero. This happens
both at y+ ≈ 15 and at the centerline for all the velocity fields, except for the
wall-normal velocity close to the wall, whose first level of decomposition has
no modes. Moreover all the non oscillating modes have eigenvalues close to
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Figure 5.5: Real part of the slowest structure in the rotationless case RΩ = 0,
near the wall at y+ ≈ 15 (left) and at the centerline y = h (right). The panels
correspond to the mode derived, from top to bottom, from the vx (streamwise),
vy (wall-normal) and vz (spanwise) velocity components.

the origin of the axis, which means that they are all either slightly decaying
or perfectly stable modes.
If we now perform the method on the velocity fields simultaneously, we observe
that, in contrast to the RΩ = 0 case, the first level of the decomposition both
close to the wall and at the centerline has no imaginary component.
This more complex scenario is confirmed if we look at the amplitudes in figure
5.7. Again we have that for the streamwise velocity, the first mode is the
one that has the largest influence in determining the evolution of the flow.
However, this mode is now marked at the centerline for the wall-normal ve-
locity and at the near-wall in the spanwise component. This configuration is
confirmed when we perform the method on the velocity fields simultaneously,
since both close to the wall and in the centerline the first mode is dominating
the dynamics of the flow. These properties are also reflected when visualizing
the slowest mode obtained with the analysis applied to the three velocity fields
simultaneously in figure 5.8. In this case there is clear presence of the large
structures in both streamwise and wall normal components at the centerline,
and streamwise and spanwise direction close to the wall.
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Figure 5.6: Growth/decay and frequency of the modes δk + iωk = | log(λk)|
∆t in

the case with anti-cyclonic rotation RΩ = 0.1, near the wall at y+ ≈ 15 (top
row) and at the centerline y = h (central row). The panels correspond to the
mode derived, from left to right, from the vx (streamwise), vy (wall-normal)
and vz (spanwise) velocity components singularly. The last row corresponds
to the the modes derived from all the velocities simultaneously, close to the
wall (left) and at the centerline (right). In the panels the first three levels of
iteration of equation (5.2.12) are highlighted with colors as in figure 5.3.

With mrDMD we have confirmed nothing more than a clear detection of
the organized, pinned structures of RPC flow as described in [155, 132]: at
the centerline there is a strong correlation between the vx and vy velocity
component due to the Coriolis force. On the other hand, close to the wall the
vy velocity component has to be very close to zero, and owing to the existence
of the roll large structure, there has to be a strong vz component. With this
analysis we can say that without rotation, i.e., with RΩ = 0, we do not see
a clear coupling coupling between the structures across velocity directions,
while for the anti-cyclonic case, RΩ = 0.1, the three components of velocity
are strongly coupled.
This could be a first step to explain why the rolls are fixed when we add
rotation, and they are not if this is missing: for RΩ = 0 these large structures
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Figure 5.7: Amplitude αi of the modes in the case with anti-cyclonic rota-
tion RΩ = 0.1, near the wall at y+ ≈ 15 (top) and at the centerline y = h

(center). The panels correspond to the mode derived, from left to right, from
the vx (streamwise), vy (wall-normal) and vz (spanwise) velocity components
singularly. The last row correspond to the the modes derived from all the
velocities simultaneously, close to the wall (left) and at the centerline (right).

are just “eigenmodes” of the streamwise velocity, while for RΩ = 0.1 the
Coriolis term is modifying the eigenmodes by forcing the coupling between
the velocity components, in particular of vx and vy in the centerline.

5.4.2 HODMD

In this section we want to test the reliability of the results obtained in the
previous section by applying HODMD: a different variant of standard DMD
which is appropriate to study periodic and quasi–periodic dynamics, as we
have already pointed out in section 5.2, or in general to that dynamics that
show limited spatial complexity but a very large number of involved frequen-
cies. Moreover HODMD has the possibility of fine-tuning the order parameters
d, and the tolerances ε1 and ε2. In this way we gain both the ability of getting
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Figure 5.8: Real part of the slowest structure in the case with anti-cyclonic
rotation RΩ = 0.1, near the wall at y+ ≈ 15 (left) and at the centerline y = h

(right). The panels correspond to the mode derived, from top to bottom, from
the vx (streamwise), vy (wall-normal) and vz (spanwise) velocity components.

rid of noise or discretization/truncation errors and thus avoid capturing un-
physical modes, and also the possibility get rid of irrelevant or spurious modes
by eliminating small amplitude modes.
Due to these reasons, we applied HODMD on a collection of 100 2D snap-
shots on the three velocity fields simultaneously, but however focusing on the
streamwise velocity at the centerline. For this method, we use a larger tem-
poral step between snapshots of ∆tU/h = 4 × 10−1, in order to focus more
on slower evolving structures, and compare the output obtained when vary-
ing ε1 = ε2 = 10−2, 10−4, 10−6, and changing d = 2, 5, 10, 50 for RΩ = 0 and
d = 2, 10, 20, 50 for RΩ = 0.1.
As we can see from figure 5.9, fixing the order and reducing the tolerance
value increases the number of retained modes. On one side these modes are
located at higher values of frequencies, indicating that they are related with
high frequency, small scale structures; on the other side there is an increasing
number of spurious modes, which are high frequency modes with high ampli-
tudes. This happens for all the values of order d considered, and for both the
rotation and the rotationless cases. Because of this, in figure 5.10 we fix the
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tolerances to ε1 = ε2 = 10−2 and vary the order of the method d in both rota-
tion and rotationless cases. As we can see, we have that the order that better
captures the complexity of the flow in its large scales without introducing spu-
rious effects is d = 10 for both RΩ = 0 and RΩ = 0.1, both highlighted with
the black markers. Moreover these two figures emphasize the greater number
of eigenvalues/eigenmodes when anti-cyclonic rotation is present with respect
to the rotationless case, and the less clear pattern in the influence of them in
the evolution of the flow.

It is worth noting that, in contrast with mrDMD, the dominant mode captured
by HODMD has zero frequency, while with mrDMD the rotationless case
was exhibiting an oscillating behaviour. This could be a consequence to the
fact that HODMD is more appropriate to detect periodic or quasi-periodic
dynamics, thus it is isolating the streamwise, quasi–steady large scale mode;
on the other side seems that mrDMD is keeping also the dynamics of the other
two velocity fields, which are faster and oscillatory.

There is another interesting behavior that can be studied if we look now at
the frequencies ωk of the eigenvalues. If we look at figure 5.11, we can see a
spectral decay of frequencies of the modes, indicating a period cascade in the
periodicity lengthscale of the eigenmodes. In a better way, we can say that
the largest scales of the streamwise velocity can be decomposed in a mean flow
(zero frequency) and a single periodic wave that repeats itself in the higher
modes doubling its frequency in space with the mode number.

This behavior is clearly visible if we plot the slowest in frequency modes,
as we have done in figure 5.12. In both, rotation and rotationless, cases we
capture the largest, zero-frequency structures that are almost identical to the
ones found with mrDMD in figure 5.5 and 5.8. We also capture oscillating
structures, whose frequency is faster with the increasing mode order. This
behavior recalls a result found for Rayleigh-Bénard flow during the transition
to turbulence in [170]. During the transition it was found a fundamental
harmonic with all the subharmonics of that fundamental oscillation frequency
that during the transition was also indicating a route to chaos following a
period-doubling scenario, until the transition to turbulence is complete, and
the frequency spectrum appears as a continuous curve. It is possible than that
a similar behavior could be present also for PC and RPFC flow, and that even
at a completely turbulent flow, the largest scales still preserve the fundamental
frequency with all the subharmonics, as a footprints of the transition.
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Figure 5.9: Amplitude on frequency plot of the eigenvalues of the streamwise
component of the velocity for a fixed order d of HODMD and varying the
tolerances between values ε1 = ε2 = 10−2 (stars), 10−4 (pluses) and 10−6

(crosses). Left: RΩ = 0 case; right: RΩ = 0.1

5.5 Summary and conclusion

In this manuscript, we applied two variants of standard DMD on PC flow and
RPC flow. The aim of the work was to find a filter for large-scale structures
that was robust across the parameter space and that was able to correctly
detect the coherent structures arising in the turbulent flow.
We first used mrDMD on a large amount of 2D snapshots, and this method
was able to capture the different behaviors of the structures in the flow. In par-
ticular, we showed that when there is no added rotation, the large structures
develop predominantly in the streamwise component, and are decoupled from
the other velocity components, that show no evident structures; this means
that the wavyness in the streamwise structures has no effect on both wall-
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Figure 5.10: Amplitude on frequency plot of the eigenvalues of the streamwise
component of the velocity for a fixed tolerance ε1 = ε2 = 10−2 and varying
the order of the method d between values d = 2 (pluses), d = 5 (crosses),
d = 10 (circles) and d = 50 (pentagons) for the RΩ = 0 case (left panel),
d = 2 (pentagons), d = 10 (circles),d = 20 (pluses) and d = 50 (crosses) for
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Figure 5.11: Frequency of the eigenvalues (stars) and linear fit (solid line), for
RΩ = 0 (left) and RΩ = 0.1 (right).

normal and spanwise directions. On the other side, when rotation is added on
the system, large structures are detected both in streamwise and wall-normal
components; this means that the Coriolis force is forcing the coupling among
the different components of the flow.
We also applied HODMD on a smaller selection of snapshots with a greater
spacing in time, as in this way the method is able to eliminate small scale
components and spurious elements that arise elsewhere. This serves as a check
on mrDMD’s accuracy. We found the same coherent structures for the two
methods. Moreover, we detected an extra feature: large scales of both both
PC and RPC systems can be decomposed in mean flow (the zero frequency
stable elongated structures) and a single periodic wave, or harmonic, that
repeat itself in the smaller structures with a doubling period cascade. This
feature can be linked to the period cascade in the route to turbulence in
Rayleigh-Bénard flow.
With this work, we have demonstrated that DMD methods can be a robust
and reliable way to capture the large scale motion and try to understand their
origin and their pinning. However there are known issues due to the large
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Figure 5.12: Real part of the largest structure in the rotationless case RΩ = 0
(left panels) and anti-cyclonic rotation RΩ = 0.1 (right panels) at the center-
line y = h, for the vx (streamwise) velocity components. The panels represent,
from top to bottom, the zero-frequency mode, the first, second and third har-
monics.

amount of snapshots that DMD methods need to properly capture the motion.
For this reason this analysis was limited to a small size domain and to 2D
collection of snapshots instead of full 3D fields. Thus to develop a full three-
dimensional model for the structures we need to reduce the computational load
of the methods used in this manuscript, using for example a further reduction
of the dimension of the snapshot matrix, or a parallel distributed version of
the codes on multiple CPUs or GPUs.
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Chapter 6

Linear correction of the turbulent ve-
locity profile for a small gap Taylor–
Couette flow

Based on: Francesco Sacco, Paolo Luchini & Roberto Verzicco, ‘Linear correction of the turbulent
velocity profile for a small gap Taylor–Couette flow’, in preparation.
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Chapter 6 - Linear correction of the turbulent velocity profile for a small
gap Taylor–Couette flow

6.1 Introduction and background

Most of the turbulent flows are bounded, at least in part, by one or more solid
surfaces. The classical theory of these flows states that the distribution of the
streamwise velocity in the wall–normal direction of a turbulent fluid flow near
a boundary with a no–slip condition has a common behavior. This theory
comes after the works of von Kármán [174] and Prandtl [123]: starting from
the experiments and from the mixing–length argument of Prandtl [122], they
recognize a layer in the wall–normal direction, called “overlap” region, where
the viscous contribution due to the wall is small but also where the turbulent
shear stress has a constant intensity. From this assumptions they derived the
logarithmic law of the wall – or simply the log law:

u+ ' A0 log(y+) +B, (6.1.1)

where the reciprocal of the A0 coefficient is known as von Kármán constant
k = 1

A0
. Here u+ = u

uτ
, y+ = yuτ

ν
, uτ =

√
τw
ρ
, where τw is the wall shear

stress, ν the kinematic viscosity and ρ the fluid density. Quantities with the
superscript + are also commonly denoted as measured in “wall units”.

The theory in its present form is based on dimensional analysis by Millikan
[98], and it is based on an asymptotic expansion in the limit of Reτ → ∞,
where the shear–based friction Reynolds number Reτ = huτ

ν
is a typical param-

eter that identifies how turbulent is the flow. Since this law was formulated
for a flow between parallel walls and in absence of pressure gradient, a basic
ansatz of this theory is the uniformity of the shear stress in the wall layer.
Moreover an other assumption comes from the link between the externally
imposed pressure gradient px and the wall mean shear stress τw, derived from
force balance: if A is the area of the duct cross section and LP its lateral area,
product of length L and perimeter P , static equilibrium requires that:

− ApxL = LPτw, (6.1.2)

or
px = −4τw

Dh

, (6.1.3)

where the quantity Dh = 4A/P goes by the name of hydraulic diameter, be-
cause in a circular pipe it coincides with its diameter, and in other cases, it
has the role of diameter of an equivalent pipe with the same volume to area
ratio.
From the uniformity of the shear stress and equation (6.1.2) (or (6.1.3)) one
can conclude that, for a given geometry, only one of τw or px must be specified;
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however, one has not to forget that these relations have been developed for
specific systems with particular hypotheses, and so these two quantities could
be differently related in different geometries.
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Figure 6.1: Left panel: classical setup of a TC system; the fluid fills the
gap d = ro − ri between coaxial cylinders with radii ri and ro, which rotate
independently with the angular velocities ωi and ωo, respectively. Central
panel: temporally– and azimuthally averaged azimuthal velocity ūθ. Right
panel: temporally– and azimuthally averaged radial velocity ūr.

Taylor–Couette (TC) flow, the flow between two coaxial, independently–rotating
cylinders (see figure 6.1), has successfully been used as a model system to study
turbulence, and the influence of curvature and rotation on the flow [150, 53].
This system has a complex phase diagram, due to the effects of linear instabil-
ities [6], and in the unstable regime one can observe Taylor rolls, modulated
waves, spirals, and many other rich spatial and temporal flow features.
Since the classical asymptotic theory developed by Prandtl and von Kármán
requires that Reτ → ∞, we are interested in the TC flow with highly turbu-
lent state, i.e. with extremely high Reynolds number, in which the bulk flow
as well as the boundary layers are turbulent [58, 111, 53]). For this case the
profile was believed to be described by the law of the wall in equation (6.1.1).
Evidences for such a universal behaviour were provided by both experiments
and numerics [58, 111], obtaining a von Kármán constant k ≈ 0.4, similar to
the one found for other wall–bounded turbulent flows [141, 140, 9].
This agreement is quite surprising, since, unlike pipe or channel flows, the
effects of the streamwise curvature and the shear forces due to rotation give
rise to additional instabilities, which manifest themselves as Taylor rolls [150].
It has been seen that these coherent structure develop along the whole gap,
and their interaction with the main flow alters the overall large–scale features
and transfer properties. Moreover, under certain condition they can survive

105



Chapter 6 - Linear correction of the turbulent velocity profile for a small
gap Taylor–Couette flow

up to extremely high Reynolds numbers [111, 59, 132].

A less surprising agreement comes from the comparison between TC flow and
plane Couette (PC) flow, the shear–driven flow between two parallel plates, or
rotating plane Couette flow (RPCF), i.e. PC flow with an added solid–body
rotation in the spanwise direction. Indeed it has been found in [17] that in
the limit of low curvature there is a collapse between various radius ratios
TC flows and RPCF, even varying the angular velocity (and so the rotation
intensity) of the walls of the two systems, indicating a turbulent behaviour
common to both systems. This agreement has been observed in the torque,
mean momentum transport, mean profiles, and turbulent fluctuations.
Moreover, both systems are characterized by an absence of pressure gradient
effects, both flows are driven only by wall shear effects and also PC flow and
RPFC are characterized by the presence of large coherent structures consisting
of rollers and/or streaks that occupy the whole channel [118, 8].
Also for this kind of system a logarithmic law has been numerically detected
in [118], suggesting a best–fitting data parameters of k = 0.41 and B = 5,
while in [88] the two parameters have been found as k = 0.392 and B = 4.48.
However, one of the big differences between results obtained for TC flow and
the ones of PC flow is that most of studies in TC flow have been carried out for
the pure inner cylinder rotation only, while in PC flow both walls were kept
with same velocity magnitude, and opposite directions. It has been shown
[17] that different rotation ratios cause different responses of the systems;
in particular even when the flow is driven at constant driving strength, a
maximum in angular momentum transport can be found for a certain values
on rotation ratio [115, 167, 53].
Therefore, in order to avoid all of these effects on TC flow, in this chapter
we have setup the system so to have counter–rotating cylinders with angular
velocity equal in magnitude. In this way we intend to provide a better match
with existent studies on PC flow and, at the same time, to focus only on the
effects on the log law due to curvature, and not to the ones caused by the
differential rotation of the two walls.
The chapter is organized as follows: in section 6.2 we briefly recall the pressure
gradient correction found in [87, 88] for straight geometries and then we derive
the analogous equation for TC flow, based on the relation between the wall
shear stress and the conserved transverse current of azimuthal motion found
by Eckhardt et al. [43]. In section 6.3 we describe the numerical method used
and the parameter setup used in the simulations. The log law parameter
estimation and the comparison between the corrected mean velocity field and
the log law are reported in section 6.4. In section 6.5 we summarize all the
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findings and give some remarks and an outlook for future works.

6.2 The linear correction

6.2.1 Pressure–gradient correction to the overlap layer

In [87, 88], an asymptotic expansion of the mean streamwise velocity u+ has
been proposed, after the observation that in the overlap layer, the dimension-
less quantity y ∂u

∂y

uτ
is almost independent of h and ν, but is acted upon by px

as by a small perturbation.

The analysis starts from the link between the externally imposed pressure
gradient px and the wall mean shear stress τw stated in equations (6.1.2) and
(6.1.3).
The effect of the pressure gradient is now no more interpreted as producing
a variation of the value of von Kármán’s constant, rather is included in Mil-
likan’s ansatz; this means that y ∂u

∂y

uτ
is no longer a constant k−1, but depends

linearly on px (since we are imposing it as a small perturbation).
Simply from dimensional analysis, this extends the log law of von Kármán as:

∂u
∂y

uτ
= 1
ky
− A1

px
τw
,

that integrates to:

u+ = k−1 log(y+) + A1gRe
−1
τ y+ +B, (6.2.1)

where A1 is a new universal constant and the geometric factor g = −hpx/τw =
4h/Dh appears due to nondimensionalization.
After applying the method that we are going to describe in section 6.4, it
was found a best approximation of the log law holding for three geometries,
a channel flow, a pipe flow and PC flow, with the parameters values of:

k = 0.392 or A0 = 1
k

= 2.55, B = 4.48;

moreover a common value of A1 = 1 was found for the three geometries, and
simply from the definition, the geometric factor is g = 1 for channel flow,
g = 2 for pipe flow, g = 0 for PC flow, bringing to the different values for the
linear correction parameter A1g.
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6.2.2 Correction to the overlap layer in Taylor–Couette flow

We now want to apply the idea of section 6.2.1 to TC flow. Hereafter we
denote with r the wall–normal direction, and uθ is our streamwise velocity.
Using inner cylinder wall coordinate, the mean azimuthal profile is defined as
u+
θ = uθi−<uθ>t,θ,z

uτ i
, while the distance to the inner cylinder is r+ = (r−ri)uτ i

ν
;

using outer cylinder wall coordinate, the mean azimuthal profile is defined as
u+
θ = <uθ>t,θ,z−uθo

uτ o
, while the distance to the outer cylinder is r+ = (ro−r)uτ o

ν
.

As in PC flow, pressure gradient in TC is absent, px = 0, and the flow is
driven only by the wall shear. However for TC flow we have that if the
angular velocities of the cylinders are different, ωi 6= ωo, with ω = uθ

r
, there

is an r–dependent profile of the azimuthal velocity uθ. The consequence is a
viscous as well as a convective transport of azimuthal momentum.
Following [43], we have that this uθ–current is quantified by the constant value:

Jw = r3 [< urω >A,t −ν∂r < ω >A,t] , (6.2.2)

where we average the uθ–equation in time and over a cylindrical surface of
axial height Lz and area A(r) = 2πrLz, chosen to be co–axial to the rotating
TC cylinders and lying between them, ri ≤ r ≤ ro.
The quantity Jw, indeed, corresponds to the conserved transverse current of
azimuthal motion (possibly up to a constant factor), transporting the angular
velocity ω(x, t) in the radial direction.
It is important to note two things:

• Jw

r2
i,o

is the r, θ component of the wall stress tensor:

r−2
i,o J

w = −νri,o
(
∂ω

∂r

)
ri,o

= −ν
(
∂uθ
∂r
− uθ

r

)
ri,o

= τwi,o . (6.2.3)

• There is an explicit link between the azimuthal current and the torque
T :

T = 2πLzJw. (6.2.4)

If we look closer at equation (6.2.3), we see that there is an analogy between
the role of the pressure gradient px in straight geometries and the conserved
transverse current of azimuthal motion Jw: indeed equation (6.2.3) can be
derived in a similar way to equation (6.1.3), coming again from force balance.
To highlight more the analogy, we can note from equation (6.1.3) that the
ratio between the pressure gradient and the wall shear stress has the dimension
of the inverse of a length, and it is proportional to the hydraulic diameter:
px
τw

= 4
Dh

.
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In TC we have that the role of the hydraulic diameter is covered by the wall
radius rw: Jw

r3
wτw

= 1
rw
.

For this reason the quantity Jw

r3
wτw

can act as a small pertutrbation parameter
in the asymptotic expansion of the mean streamwise velocity, that take in
account the effects of the curvature on the flow, as the quantity px

τw
, used as

a perturbation parameter in section 6.2.1, takes into account for the pressure
effects on the flow.
Thus we have that:

∂uθ
∂r

uτ
= 1
kr
− A1

Jw

r3
wτw

;

due to integration we get the first order correction, equivalent to equation
(6.2.1):

u+
θ = 1

k
log(r+)− ν

uτ
r+A1

Jw

r3
wτw

+B =

= 1
k

log(r+)− A1gRe
−1
τ r+ +B. (6.2.5)

As in the previous case, we have a constant parameter A1 and the geometric
factor is now g = h

r3
w

Jw

τw
= d

2r3
w

Jw

τw
, with d = 2h = ro − ri the gap between the

cylinders.

6.3 Numerical framework

All the simulations are performed in a convective reference frame [41] such
that the cylinders have opposite tangential velocities ±U/2, and the entire
system then rotates with angular velocity ΩΩΩ = Ωrfeeez around the spanwise
axis. In this way any combination of differential rotations of the cylinders is
reflected as a Coriolis force. In this frame the two control parameters chosen
are a shear Reynolds number Res = Ud/ν and a non–dimensional Coriolis
parameter RΩ = 2dΩrf/U .
The incompressible Navier–Stokes equations then become:

∇ · u = 0, (6.3.1)

∂u
∂t

+ u · ∇u +RΩez × u = −∇p+Re−1
S ∇2u. (6.3.2)

This reference frame has been chosen since in the limit of a vanishing curva-
ture, i.e. when η = ri

ro
→ 1, TC flow reduces to PC flow (or RPCF) case [17].

Moreover we have decided to eliminate the effects of Coriolis forces, setting
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the rotation parameter RΩ = 0. In this way, as we have said also in the in-
troduction, we have been able to compare our results with what has already
been done for channel flow, cylindrical pipe and, in particular, with PC flow
in [87], [88].
Axially periodic boundary conditions are taken with a periodicity length Lz,
expressed non–dimensionally as an aspect ratio Γ = Lz/d. In the azimuthal
direction, TC is naturally periodic. However, a rotational symmetry of order
N can be imposed on the system with a twofold purpose: to reduce compu-
tational costs and to explore the effects of the the streamwise periodic length
on turbulent structures. In this study we have started setting for almost all
values of Res and η the values of Γ = 2.33, which is enough to fit a single
roll pair, so that their wavelength λz will be λz = Γ = 2.33, and an imposed
symmetry of N = 20, which leads to a small computational box with stream-
wise periodicity length of around 2π half–gaps, the usual value considered for
turbulent channel flow. Moreover this computational box is similar to the
one used in [14, 109], where it was found that this domain does not affect
asymptotic torque and mean statistics of the flow.
However even if the mean statistic does not change significantly, it was pointed
out in [132] that computational domain can influence the behaviour of Taylor
rolls around the transition to the ultimate regime for RΩ = 0.1, i.e. for pure
inner cylinder rotation. In particular it was shown that rolls wander in the
domain depending on the box–size: the larger the domain the smaller the
spatial variations.
In our case, where RΩ = 0, such structures have a reduced order of magnitude
with respect to the RΩ = 0.1 case; however, in order to avoid their effects on
the log law, due to their motion in the domain, we are going to show the results
obtained for the various η with an axial ratio of Γ = 4.66, that corresponds
to two couple of roll pairs, and a large streamwise periodicity length of 8π
half–gaps, that corresponds to an imposed symmetry of N = 5 for η = 0.91,
N = 10 for η = 0.95 and N = 25 for η = 0.98. See appendix A for a brief
discussion on the results obtained in the small domain.
A uniform grid is used in the azimuthal and axial directions, while a Chebychev–
type clustering near the cylinders is used in the radial direction. For all the η
cases Res = 3.61×104 and Res = 8.96×104 is set, leading to friction Reynolds
numbers Reτ ≈ 500 and Reτ ≈ 1000 respectively; in order to get spatially
resolved simulations, we take the criteria ∆z+ ≈ 5, ∆x+ = r∆θ+ ≈ 9 and
∆r+ ∈ (0.5, 5), resulting in resolutions of nθ × nr × nz = 1536 × 512 × 1024
in the azimuthal, radial and axial directions respectively for Reτ = 500 and
of nθ × nr × nz = 3072 × 800 × 2048 for Reτ = 1000. In order to achieve
temporal convergence, the simulations are run until the difference between
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the time–averaged torque of the inner and the outer cylinders is less than
1%. The torque is then taken as the average between these two values. The
simulations are then run for at least 40 large eddy turnover times tU/d. In
this way the error due to finite time statistics can be estimated to be around
1%. A complete discussion of temporal time–scales is available in [111].

6.4 Results

In order to check the validity of equation (6.2.5), we have extracted the mean
azimuthal velocity profiles from various TC cases.
The first thing to do is to obtain a reliable value for the von Kármán param-
eter k, or better, of its inverse A0 = 1

k
.

We want to remark that all the following analysis has been performed on the
inner cylinder wall velocity profiles, in order to compare with existing litera-
ture. However, since TC flow is not axisymmetric, the same method has been
applied also to the outer cylinder wall profiles, and the results are shown at
the end of this section.

We first note that equation (6.2.5) is consistent with a pair of matched asymp-
totic expansions à la van Dyke [166] of the wall and defect layers, in which an
asymptotic expansion in powers of (h+)−1 = Re−1

τ of the former is matched
to a Taylor series in powers of r̃ = r−ri

h
of the latter. If we assume that

the layered structure of the turbulent velocity profile can also be recast as a
uniformly valid approximation, we can write the velocity profile as:

u+ =f0(r+) +Re−1
τ f1(r+) +Re−2

τ f2(r+) + · · ·
+G0(r̃) +Re−1

τ G1(r̃) +Re−2
τ G2(r̃) + · · · , (6.4.1)

where the function G(r̃) represents the deviation of velocity in the defect layer
from the logarithmic law, and it is also known as “the law of the wake”, from
the work of Coles [29]. In this way, if we look at the first order approxima-
tion, that in our case is nothing but equation (6.2.5), we have associated its
logarithmic and constant terms to f0 and its linear term to G0.

In order to get a good evaluation of the parameter A0, we want to eliminate
the effects of the wake function on the logarithmic law. We rewrite equation
(6.2.5) in terms of outer coordinate r̃:

u+
θ = A0 log(r̃)− A1gr̃ + A0 log(Reτ ) +B. (6.4.2)
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Figure 6.2: (a) Wake elimination procedure. The solid line is the difference
of two curves at Reτ = 1000 and Reτ = 500 at η = 0.91. The dashed line
is expected value of A0 = 2.55. (b) A1g coefficient evaluation from ûθ =
u+
θ −A0log(r̃) curves (solid lines) at Reτ = 1000 (green) and Reτ = 500 (red).

The dashed lines correspond to the best linear fit with coefficient A1g = −1.00,
B = 4.26 for Reτ = 500 (dashed red), A1g = −0.94, B = 4.26 for Reτ = 1000
(dashed green) and a collective fitting of A1 = −1.00, B = 4.28 (dashed
black).

If we subtract two different velocity profiles u+
1 and u+

2 at two different Reynolds
numbers Reτ1 and Reτ2 , at the same values of r̃, the result would be (at least
in the overlap layer) to eliminate the wake function, and since the logarithmic
law is assumed to be valid for both the profiles, the result of the subtraction
would be a constant value

u+
θ2(r̃)− u+

θ1(r̃) = ∆f21(r̃) =

= A0 log
(
Reτ2

Reτ1

)
.

If we then divide this value by log
(
Reτ2
Reτ1

)
, the result is expected to be a

horizontal line of value value of A0, as it is confirmed in figure 6.2: in panel (a)
we have plotted the profile taken from the difference between two Reynolds
number, Reτ = 500 and Reτ = 1000, in case of a small gap η = 0.91, an
aspect ratio Γ = 4.66 and azimuthal symmetry of N = 5. In appendix A we
have reported also the results obtained with this procedure to many more Res
at Γ = 2.33 and N = 20.
What we can see from this picture is very similar to what has been found in
figure 9 in [88]: once inside the defect layer, the curve tends to align along a
horizontal line of value A0 = 2.55.

Once we have evaluated A0, to get A1g and B it is enough to consider the
quantity ûθ = u+

θ − A0log(r+) and look at the linear part of each function.
This is done in the left panel of figure 6.2: we can see that both profiles have
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a common rectilinear path between r+ ∼ 200 and h/2, whose slope is very
close to −1, and that have their origin at 4.28.
As practical purpose, since the values obtained for the two Reynolds number
were slightly different, in order to get uniquely valid values for both the pro-
files, we have performed a linear fit between all points of the two curves in
the region where the log law would hold, approximately 200ν/uτ ≤ r ≤ d,
and consider the coefficients obtained as the best value for the parameters in
equation (6.2.5).
In this way, at the end of the procedure, we have as von Kármán constants
the values of

k = 0.392, B = 4.28,
and the linear correction parameter

−A1 g = −1.

We note that the coefficient B is slightly different from the value B = 4.48
found in [87], probably due to some η dependence, as we will show later.
In panels (a), (b) of figure 6.3 we show the velocity profiles u+

θ compared with
the profile u+

θ + A1gRe
−1
τ r+ = u+

θ − Re−1
τ r+ in order to check the validity of

the log law in its original form of equation (6.1.1). As a further test, on panels
(c), (d) we have checked also the logarithmic derivatives r+ ∂u+

θ

∂r+ of both the
profiles. All the plots are done, as we have already said, for a small gap value
of η = 0.91, that means a gap d = 0.1 and radii ri = 1 and ro = 1.1. In this
way we have that the geometric parameter becomes g ∼ 0.05 and so A1 = 20.
What we can clearly see is a substantial improvement in the matching of the
profile to the log law, both for velocity profile and its logarithmic derivative.
In order to better show this, we have highlighted with vertical lines the zone
where the log law holds, that is 200ν/uτ ≤ r ≤ d; in this zone we can im-
mediately observe that when the correction is applied, not only the velocity
profile behaves linearly as (6.1.1), but also the logarithmic derivative becomes
almost horizontal.

We want to remark here that for a fixed geometry, i.e. for a fixed curva-
ture η, the parameters obtained with this procedure are independent on the
particular Reτ used, as reported in figure 6.3 and as we will see in a mo-
ment for different η. Indeed the prediction given on the logarithmic profile
of the corrected velocity has to be independent of the particular Reτ , as it
is expected from equation (6.2.5), and the difference between the raw veloc-
ity profile and the corrected one becomes smaller for increasing Reτ , since the
classical asymptotic theory of the turbulent velocity profile is valid in the limit
of Reτ →∞.
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Figure 6.3: (a,b) Semi–logarithmic plot of temporally–azimuthally and axially
averaged azimuthal velocity in wall coordinate u+

θ (blue), of the law of the wall
u+ = 2.55 log(r+) + 4.28 (dashed back), and of the wall velocity profile from
which we have taken off the linear correction of equation (6.2.5) (red), for
opposite rotation cylinders (RΩ = 0) at Reynolds number Reτ = 500 (a) and
Reτ = 1000 (b) for radius ratio η = 0.91, at Γ = 4.66. (c,d) Logarithmic
derivatives r+ ∂u+

∂r+ of the quantities in the top panels at Reynolds number
Reτ = 500 (c) and Reτ = 1000 (d). The vertical magenta dot–dashed lines
delineate the validity zone of the log law, approximately between 200ν/uτ ≤
r ≤ d.

In order to get better comparison with PC flow, we have repeated the same
analysis for smaller curvatures η = 0.95 and 0.98, as reported in figure 6.4.
This has brought to values of B = 4.36, −A1 g = −0.59 for η = 0.95 and
B = 4.44, −A1 g = −0.26 for η = 0.98, that are in agreement with the fact
that we are reaching the values of B = 4.48 and A1 g = 0 found in [88] for PC
flow.
In figures 6.5 and 6.6 we show the velocity profiles u+

θ +A1gRe
−1
τ r+ and their

logarithmic derivatives r+ ∂u+

∂r+ as we have done for η = 0.91 in figure 6.3.
Again we can see an improvement in the matching of the profiles to the log
law, both for velocity profile and its logarithmic derivative, highlighting with
vertical lines the zone 200ν/uτ ≤ r ≤ d, where the log law holds.

Now that we have computed the parameters for different geometries, we can
quantify the dependency of both the parameters A1 g and B on the different
geometries. In figure 6.7 we have reported these parameters as a function of
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Figure 6.4: (a, c) Wake elimination procedure from the difference of two
curves at Reτ = 1000 and Reτ = 500 (solid lines) for η = 0.95 (a) and
η = 0.98 (b). The dashed line is expected value of A0 = 2.55. (b, d) A1g

and B coefficient evaluation; for η = 0.95 (c) the best linear fit brings to the
coefficients A1g = −0.66, B = 4.46 for Reτ = 500 (dashed red), A1g = −0.79,
B = 4.41 for Reτ = 1000 (dashed green) and a collective fitting of A1 = −0.59,
B = 4.36 (dashed black); for η = 0.98 (d) the best linear fit brings to the
coefficients A1g = −0.68, B = 4.66 for Reτ = 500 (dashed red), A1g = −0.36,
B = 4.47 for Reτ = 1000 (dashed green) and a collective fitting of A1 = −0.26,
B = 4.44 (dashed black).

η adding also the values of B = 4.48 and A1 g = 0 found in [88] for PC flow.
As we have already observed, our parameters approach the values of PC flow
as η → 1 and they do it linearly with η.
We want to remark here that this collapse of our parameters to PC flow case is
not only numerical, but comes theoretically from the method: indeed, in the
limit of vanishing curvature, i.e. when d → 0 or η → 1, the linear correction
for TC system naturally reduces to the PC flow correction, where, as shown
in [88], g = 0.
To do so, we write explicitly the geometric parameter:

g = d

2r3
w

Jw

τw
= ro − ri

2r3
w

Jw

τw
.

If we write it for the inner wall (but we can do the same for the outer wall),
and we rewrite everything in terms of η:

g = ro − ri
2r3

i

Jwi

τwi
=
(

1
2ηr2

i

− 1
2r2

i

)
Jwi

τwi
.
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Figure 6.5: Semi–logarithmic plot of velocity profiles (a, b) and logarithmic
derivatives (c, d) as in figure 6.3 for η = 0.95.
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Figure 6.6: Semi–logarithmic plot of velocity profiles (a, b) and logarithmic
derivatives (c, d) as in figure 6.3 for η = 0.98.
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Figure 6.7: A1 g parameters (a) and B parameters (b) founded with the wake
elimination procedure as a function of η (solid blue lines). The red dashed
lines indicate the expected behaviour in the limit to PC flow (η = 1), while
the black dot–dashed lines is the best linear fit to the data.

We then recall equation (6.2.3) and we get:

g =1
2

(
1
η
− 1

)
r−2
i Jwi

τwi
=

1
2

(
1
η
− 1

)
−→ 0,

as η → 1.

In order to complete our analysis, as we have introduced at the beginning of
this section, we have applied the method also on the outer cylinder wall veloc-
ity profiles. We report in figures 6.8 and 6.9 the wake elimination procedure
and the profiles obtained for η = 0.91. We have immediately to note that, due
to the stabilizing effects of the concave surface and to the bigger extent of the
outer cylinder surface, the frictional Reynolds number obtained at the outer
wall is slightly lower than its internal counterpart, and the minimal value ob-
tained is Reτ ≈ 430; for this Reynolds number the logarithmic layer has just
begun to develop. We have to ascribe to this feature the greater difference in
the linear part of the two profiles in panel (b) of figure 6.8.
However there is again a good agreement with the value k = 0.392 of the von
Kármán constant. With the obtained parameters of B = 4.71, −A1 g = 1.29,
we get again an improvement in the matching of the profiles to the log law,
both for velocity profile and its logarithmic derivative, in the zone 200ν/uτ ≤
r ≤ d, where the log law holds.
As a final remark we just report here, without showing, that we expect this
method to produce good results also for larger curvatures, since we have data
up to η = 0.714. However for those smaller η we have performed simulations
only for the small box case with Γ = 2.33 and a streamwise periodicity length
of 2π half–gaps, and for this reason we prefer to postpone the complete analysis
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Figure 6.8: (a) Wake elimination procedure obtained from outer cylinder pro-
files at η = 0.91 obtained from the difference of two curves at Reτ = 970 and
Reτ = 430 (solid line). The dashed line is expected value of A0 = 2.55. (b)
A1g and B coefficient evaluation at Reτ = 970 (solid green) and Reτ = 430
(solid red). The dashed lines correspond to the best linear fit with coefficient
A1g = 0.37, B = 5.17 for Reτ = 430 (dashed red), A1g = 1.23, B = 4.73 for
Reτ = 970 (dashed green) and a collective fitting of A1g = 1.29, B = 4.71
(dashed black).
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Figure 6.9: Semi–logarithmic plot of velocity profiles (a, b) and logarithmic
derivatives (c, d) as in figure 6.3 for the outer cylinder profiles at η = 0.91.
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of those cases until we have the data sets also of the bigger domains.

6.5 Summary and conclusion

In the spirit of an asymptotic expansion of the mean velocity profile, whose
first order effects can be ascribed to pressure gradient for many classical flow
([87, 88]), we have derived a first order correction for TC flow based on the
link between the wall mean shear stress τw and the transverse current of az-
imuthal motion Jw ([14]). Several direct numerical simulations have been
performed in order to test the validity of the correction on small gap geome-
tries η = 0.91, 0.95, 0.98 and with RΩ = 0, that means, in absence of Coriolis
forces.
We have first eliminated the effect of the wake on the wall function in order
to get the best parameters of the log law u+

θ = 1
k

log(r+) − A1gRe
−1
τ r+ + B.

We have found a common value k = 0.392 of the von Kármán constant for
the three geometries. This value is the same found in [88] for channel flow,
pipe flow and PC flow, and it is also close to the value found experimentally
by [58] and numerically by [111].
For the other two constants we have found a geometry dependence. The A1g

parameter reaches the zero value as η → 0, consistent to the fact that PC flow
does not exhibit neither pressure gradient nor curvature effects. Similarly also
the B collapse to the value B = 4.48 found for PC flow. We have also found
that this collapse is almost linear, and we believe that this effect is due to
some high order curvature effects.
For all the three geometries and for both inner and outer cylinder walls we
have then found for different Reynolds numbers Reτ a good agreement with
the log law of both the corrected mean velocity profile and its logarithmic
derivative. Moreover this concordance is improved with respect to the un-
corrected profile, whose behavior is much less logarithmic, especially when
looking at the derivative slope, far from being horizontal.
Even if this is a first attempt to recollect the universality of the logarithmic
law in the presence of curvature, however, much work has to be done. The
first issue to be solved, as suggested also in [88], is the numerical influence on
the statistics of the flow; indeed in TC flow the artificial symmetry and the
small dimension imposed on the domain have non negligible effects on the flow
in the bulk (Taylor rolls), and this affects our estimations. Once numerical
issues will be solved, we will be able to see if there are some yet undiscovered
physical features.
And of course a more deep study on the effects of geometry is needed, both on
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curvature, i.e. η dependency, and on shear influence, i.e. due to RΩ, since it
is known that they affect both boundary layers and bulk velocity profiles, but
the picture is not complete yet, especially for high values of Reynolds number.
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Chapter 7 - Conclusions and outlook

Turbulence is the last big question mark in classical field, and even a simple
set up as Taylor-Couette, the flow in between two coaxial and independently
rotating cylinders, is far from being totally understood. However, the im-
provements of the last decades in computation have made possible the use of
numerical simulations as a tool for better understanding phenomena in many
different systems, and in this thesis we took advantage of all the improvements
in this field to conduct direct numerical simulations and analyze the effects of
high turbulence on Taylor–Couette flow.
In particular, with this work we tried to understand the role of both curva-
ture and rotation on turbulence, with a particular care for their impact on
secondary flows, since large scale structures have been observed in many wall
bounded systems, and it is well known that their appearance can considerably
alter the flow.
The thesis starts with the description of the numerical code used for the sim-
ulations. In chapter 2 the high Reynolds number code for simulations of
wall–bounded turbulence developed by van der Poel et al. [163] is detailed.
The second-order finite-difference scheme by Verzicco and Orlandi [172] was
modified by integrating explicitly the viscous terms in the wall-parallel di-
rections. A pencil-type decomposition, with the pencils aligned in the wall-
normal direction, was developed. This synergy between algorithm and data
parallelization allowed for the total amount of communication to be minimal,
and this made the code scale up to sixty-four thousand processors, allowing
the largest simulations in the thesis to be performed.
In chapter 3 we performed DNS to investigate on the origin and the pinning
of Taylor rolls at high Reynolds number. By using the convective reference
frame of Dubrulle et al. [41] we linked this vortices to the large scale struc-
tures found for high turbulent PC flow, and we also discovered that large-scale
streaky structures arise in the azimuthal (streamwise) direction. Thus the
roll/streak pairs can be understood in the context of shear forces and not of
centrifugal ones, as previously thought. In particular, this process can be seen
as a spatially localized instance of a process reminiscent of the self-sustained
process of shear flows described by Waleffe [176]: streaks are generated by the
redistribution of shear stress by the rolls, and their instability sustains the
evolution of the same rolls. However, rotation is also needed: for a narrow
gap system, the self-sustained process is pinned under the presence of mod-
erate anti-cyclonic rotation, described by the RΩ parameter, and this pinning
persists in the plane Couette limit value η → 1, i.e. for no curvature.
In chapter 4 we explored TC flow with both experiments and direct numer-
ical simulations to probe the flow globally and locally in the phase space of
(Ta − a) at high Reynolds number parameter space and with the radius ra-
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tio fixed at η = 0.91. We showed that two maxima for angular momentum
transport can be detected at two different rotation ratios of the cylinder and
for the same Ta. As it was found in Brauckmann et al. [17], a broad peak
is detected for corotating cylinders, while narrow peak is found when the
cylinders are counter-rotating. We showed firstly that the narrow peak only
appears with sufficient driving, leading to the detection of both peaks within
the range of Ta ∈ [1.33 × 108, 3.31 × 109]. In addition, we showed that the
broad peak disappears when Ta > 4.95 × 109, leaving only the narrow peak
in the counter–rotating regime. We showed that the original prediction of
Brauckmann et al. [17] is correct: the broad peak is created due to centrifugal
instabilities, and that the narrow peak is created due to shear instabilities that
are originated from transitions of the boundary layers. The reason why the
broad peak disappears is that with sufficient driving, these shear instabilities
become more dominant as compared to the centrifugal ones. We also showed
that the narrow peak moves non-monotonically with respect to the rotation
ratio as the driving increases. We attributed this to a second transition in the
scaling around Ta ≈ 1010, in which a sharp jump in the Nuω − Ta curve is
observed. The reason behind this transition is that wind-sheared regions in
the boundary walls disappear, allowing for the ejecting of plumes throughout
the whole boundary layers. Furthermore, at Ta = 5.10 × 108 the velocime-
try revealed two neighboring rolls which rotate opposite to each other. By
describing the magnitude of the Coriolis force with the rotation number RΩ,
we found firstly that the rolls increase their strength with increasing RΩ; and
secondly, that the existence of the unusual state of the rolls mentioned previ-
ously could be due to roll-splitting, which seems to occur when the value of
RΩ is large enough so as to dislocate a roll and divide it in two new ones.
In chapter 5 we moved our attention on rotating PC flow, in order to prove
that Dynamic Mode Decomposition is a reliable filter for large-scale structures
that is robust across parameter space and that is able to correctly detect the
coherent structures that arise when the flow is turbulent. In particular, we
showed that the method is able to detect the role of rotation on the different
behaviour of large structures. When there is no added rotation on the flow,
the large structures develop predominantly in the streamwise component, and
no evident connection structures between velocity components are found. On
the other hand, the different components of the flow are coupled through
the Coriolis force when rotation is added on the system, and large structures
are detected both in streamwise and wall-normal components. Moreover, we
discovered that PC flow both with and without rotation can be decomposed
in mean flow and a single harmonic, that repeats itself in smaller structures
whose frequency double in space with increasing wavenumber. A similar pat-
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Chapter 7 - Conclusions and outlook

tern was found for RB flow in its route to turbulence.
Finally, in the last chapter of this thesis we derived a first order correction
for TC flow based on the link between the wall mean shear stress τw and the
transverse current of azimuthal motion Jw [14]. We tested the validity of the
model on small gap geometries η = 0.91, 0.95, 0.98 and with RΩ = 0, that
means, in absence of Coriolis forces. Then we found a logarithmic law of the
form u+

θ = 1
k

log(r+)−A1gRe
−1
τ r+ +B, with a common value k = 0.392 of the

von Kármán constant for the three values of η, and for the other two parame-
ters we have found values that depend linearly on the geometry, but however
collapse onto the values already found for PC flow. For all the three geome-
tries and for both inner and outer cylinder walls we found a good agreement
with the log law of both the corrected mean velocity profile and its logarithmic
derivative for different Reynolds numbers Reτ .

Along this thesis we tried to clarify the underlying mechanisms that rise at
high turbulence in TC flow, for different curvatures η and rotations RΩ, with
a particular care on large scale structures. However, several open questions
are raised and still remain unanswered. Even if it is clear that turbulent Tay-
lor rolls are caused and pinned by the combined action of shear and Coriolis
forces, still it is not clear how these forces are combined together, and how
they impose to the different velocity components to interact with each other.
This is a crucial step if we want to analyze the formation and dynamics of
large scale structures formed by shear and rotation, not only in TC flow,
but also in other wall–bounded flows. Thus it is still impossible to give the
mathematical prediction of the evolution of these structures, as instead was
already proposed for square ducts in [119]. The following step would be the
complete decoupling of curvature, shear and rotation, and their separate ef-
fects on other quantities of the flow, in the spirit of what we have started
in chapter 4. Also, all simulations in this thesis have been performed with
axially periodic boundary conditions. For this reason, we need to answer to
another essential question: what are the effects of the computational box size
on the statistics of the Taylor-Couette flow? We have already shown in chap-
ter 3 that the azimuthal extent influence the meandering of the rolls in the
axial direction, and in chapter 5 that different dynamics in the BLs and in
the number of the rolls can occur when the axial extent varies. Thus it would
be important to characterize the box-size dependency on the dynamics of the
flow, on large coherent structures (Taylor rolls) and on the velocity profiles in
the near wall region.
Once we have found the answer to all of these question, we could try un-
derstand how (or even, if) overlap layers form in TC flow, and so to put an
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other piece in the puzzle of universality for Prandtl logarithmic law of the
mean velocity profile. This is a fundamental piece of the puzzle, since most
of the practical applications involve high Reynolds number flows that cannot
be tackled by direct numerical simulations, even with all the technological im-
provements of the last decades. Thus they require the use of wall functions to
alleviate the computational load. These wall functions, however, are derived
from the classical flat plate, zero-pressure gradient boundary layer flow and
they do not describe properly the realistic geometries with curvature. The
correction accounting for both mean rotation and wall curvature would be a
step forward the derivation of a more general law of the wall for high Reynolds
number turbulent modeling. Any upgrade in the fundamental theory of wall
turbulence would improve the understanding of many phenomena that are
crucial either for theoretical purposes but also for many engineering applica-
tions. If we could develop Prandtl theory, we would have the possibility of
extracting features to improve closure models of turbulence such as LES. It is
clear that physical insight and accurate prediction of flows via universal the-
ory is a matter of high interest in the engineering practice. There are many
different opinions on the topic and it would be necessary to collect them all
back in a unique theory.
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Appendix A

Domain dependency

In section 6.3 we have mentioned that a small computational domain could
affect the estimation of the log law due to the wandering of the remnants of
Taylor rolls. We can have a first sight on this effect looking at figure A.1, that
shows the estimation of the three parameters A0, A1g and B. When we apply
the wake elimination procedure to estimate the von Kármán constant, we can
see that the obtained lines are not exactly horizontal, probably because the
Reynolds number range is not wide enough to properly eliminate the wake
function, or to an averaging time not long enough. This effect was also seen
in [88], and indeed our picture is very similar to his figure 9. However seems
that once inside the defect layer, all curves tend to align along straight lines
that radiate from a common point located at A0 = 2.55.
The effect is even more evident in the estimation of the two others parameters,
since both the values varies with Reτ and only a collective fitting of all the
curves in the respective logarithmic layer seems to properly catch the property.
Another consequence of the wandering of the rolls is the effect on the velocity
profiles in the bulk, as reported in figure A.2. We have compared two profiles
at the same Reτ = 780 but with different averaging times: one statistic taken
after 20 large eddies turnover times, one after 40. The obtained profiles are
the same until they get in the bulk region; the difference is even more evident
from the logarithmic derivatives.
So even if it is capable to give good results on torque and mean statistic, the
small box with Γ = 2.33 and N = 20 has defects in reproducing velocities in
the bulk, and the question “how big is big enough” arise again.
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Chapter A - Domain dependency
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Figure A.1: (a) Wake elimination procedure for η = 0.91 with Γ = 2.33 and
N = 20 from the difference of two curves at Reτ = 1000 and Reτ = 500 (solid
blue), Reτ = 1200 and Reτ = 500 (solid red), Reτ = 1200 and Reτ = 780
(solid magenta); the black dashed line is the expected value of A0 = 2.55 . (b)
A1g and B coefficient evaluation; the best linear fit brings to the coefficients
A1g = −0.83, B = 4.22 for Reτ = 500 (dashed blue), A1g = −0.61, B = 4.23
for Reτ = 7800 (dashed red), A1g = −1.08, B = 4.23 for Reτ = 1000 (dashed
green), A1g = −0.57, B = 4.43 for Reτ = 1200 (dashed magenta) and a
collective fitting of A1 = −1.01, B = 4.38 (dashed black).
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Figure A.2: Semi-logarithmic plot of velocity profiles for two different aver-
aging times (a, b) and their logarithmic derivatives (c, d), for η = 0.91 and
Reτ = 780 with Γ = 2.33 and N = 20. Colours as in figure 6.3.
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