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Abstract

There is no explanation in the Standard Model for the replication of fermion
families, neither for the mass hierarchy between them nor for the structure of
the Yukawa coupling matrices, which remain arbitrary. The key towards under-
standing the fermion masses and mixing pattern can be in symmetry principles.
Masses of fermions can actually have a dynamical origin, following the spon-
taneous symmetry breaking of gauge “horizontal" symmetries unifying families,
differently acting on left and right species. U(3) or SU(3) “horizontal" fam-
ily symmetries seem an intuitive hypothesis to be considered. Fermion masses
should be induced by higher order operators containing flavon scalars emerging
from renormalizable interactions via ‘universal seesaw’ mechanism after integrat-
ing out some heavy fields, scalars or verctor-like fermions. Then in this case the
fermion mass hierarchy and mixing among families can be related to the pat-
tern of spontaneous breaking of the gauge SU(3) symmetry. The corresponding
gauge bosons have flavor-nondiagonal couplings to fermions which in principle
can induce flavour changing phenomena. In this case strong lower limits on the
flavor symmetry breaking scales are expected. However, for special choices of
horizontal symmetries there is a natural suppression of flavour changing effects
due to a custodial symmetry. So gauge bosons can have mass in the TeV range,
without contradicting the existing experimental limits.

However an unexpected anomaly shows up in quark mixing. After the recent
high precision determinations of Vus and Vud, the first row of the CKM matrix is
about 4σ deviated from unitarity.

The existence of the gauge symmetry SU(3)` acting between lepton families
can recover unitarity if the symmetry is broken at a scale of about 6 TeV. In
fact the gauge bosons of this symmetry contribute to muon decay in interference
with the Standard Model, so that the Fermi constant is slightly smaller than the
muon decay constant and unitarity is restored.

Alternatively, extra vector-like quarks can be thought as a solution to the
CKM unitarity problem. The extra species should exhibit a large mixing with
the first family in order to recover unitarity, then their mass should be no more
than 6 TeV or so. The implications of the existence of so large mixing must
be examined, in order to understand if it can actually exist without contradic-
tion with experimental results on flavour changing neutral current processes and
Standard Model observables. In principle an extra weak isodoublet can solve all
the discrepancies between independent determinations of the CKM elements in
the first row. However not all the discrepancies can be entirely recovered with-
out contradicting experimental constraints. Then the existence of two or more



vector-like doublets or a vector-like isodoublet with a down-type or up-type isos-
inglet can be considered. In these scenarios unitarity can be resettled and flavour
changing can be avoided by setting to zero some couplings of extra species with
Standard Model families.

If the anomalies in the determination of CKM mixing angles are confirmed
by future experiments with greater precision, there might be strong indication
towards the existence of physics beyond the Standard Model at the TeV scale,
such as flavour changing gauge bosons and vector-like fermions with masses of
few TeV. This new physics can be testable at next runs of high luminosity LHC
or, more effectively, in future accelerators.
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Chapter 1

Introduction

1.1 The Standard Model and Flavour Physics

Particles and interactions can be described by quantum field theory. A field
theory can be derived, through a variational principle, from an action integral in-
volving a Lagrangian density L. The Lagrangian density holds symmetry proper-
ties. Symmetries are mathematically described by the group theory. Symmetries
play a fundamental role, since conserved quantities and conserved currents follow
from the invariance of L under symmetry transformations (Noether’s theorem).
Furthermore, a global symmetry can be turned into a space-time dependent sym-
metry, called local or gauge symmetry, through the insertion of massless gauge
fields (one for each group generator, transforming as members of the adjoint
representation) inside the gauge-covariant derivative Dµ (that is ”to gauge the
symmetry”) and their lagrangian kinetic term thus generating interactions.

The Standard Model (SM) is a theory describing the fundamental interac-
tions among elementary particles as gauge interactions. The Lagrangian of the
Standard Model is invariant under a transformation of the gauge symmetry
group SU(3)C × SU(2)L × U(1)Y . Strong interactions arise from the gauging
of SU(3)C . Electroweak interactions arise from the gauging of SU(2)L × U(1)Y
and its spontaneous symmetry breakdown to U(1)em, caused by one SU(2)L
doublet of Higgs scalar fields, with non-zero vacuum expectation value (VEV)
[81, 2, 3]. Fermions are represented as Weyl spinors and the electroweak (EW)
part SU(2)L × U(1)Y is chiral with respect to fermion multiplets. The fermion
content of the SM with corresponding transformation properties of the fields
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under SU(3)C × SU(2)L × U(1)Y is:

q
(f)
L =

(
uL
dL

)(f)

∼ (3, 2)1/6 u
(f)
R ∼ (3, 1)2/3 d

(f)
R ∼ (3, 1)−1/3

l
(f)
L =

(
νL
eL

)(f)

∼ (1, 2)−1/2 e
(f)
R ∼ (1, 1)−1 (1.1)

where f is a family index. There is no explanation in the SM for the replication
of the representations in (1.1), a simplified theory containing only one family
is completely self-contained. However, there is strong experimental evidence
that there are three fermion families in identical representations of the gauge
symmetry SU(3)C×SU(2)L×U(1)Y . Antifermions have opposite gauge charges
and opposite chiralities with repect to what we call fermions. They are described
by the field operators ψcR,L = CψL,R

T . Then the SU(3)C × SU(2)L × U(1)Y
transformation properties of the antiquark and antileptons fields are:

qcR ∼ (3̄, 2̄)−1/6 ucL ∼ (3̄, 1)−2/3 dcL ∼ (3̄, 1)1/3

lcR ∼ (1, 2̄)1/2 ecL ∼ (1, 1)1 (1.2)

where the index of family has been omitted. The scalar content of the theory is
made by a single Higgs doublet:

φ ∼ (1, 2)1/2 , 〈φ0〉 =

(
0
vw

)
(1.3)

The required gauge bosons in the SM are the octet of gluonsGa
µ, the three SU(2)L

bosons W a
µν and the U(1)Y boson Bµ. The gauge-invariant renormalizable La-

grangian of the SM can be written:

L = Lb + LF + Lφ + LYuk (1.4)

Here Lb and LF contain the derivative terms and interactions of fermions and
gauge bosons, Lφ describes the Higgs boson, LYuk contains Yukawa interactions.
Lb contains the strengths of the gauge boson fields: Lb = −1

4
W µν
a W a

µν −
1
4
F µνFµν− 1

4
Gµν
a G

a
µν where Fµν = ∂µBν−∂νBµ,W a

µν = ∂µW
a
ν −∂νW a

µ+gεabcW b
µW

c
ν

and Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν . LF describes free propagation and

gauge interactions of fermions. The QCD Lagrangian containing interactions of
fermions with gluons in LF is:

qLiγ
µ(gs

λa
2
Ga
µ)qLi + uRiγ

µ(gs
λa
2
Ga
µ)uRi + dRiγ

µ(gs
λa
2
Ga
µ)dRi (1.5)
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where λa are the SU(3) generators (the Gell-Mann matrices). With the assign-
ments (1.1), the electroweak piece is:

Lew =qLiiγ
µ(∂µ − igs

λa
2
Ga
µ − ig

τa
2
·W a

µ − ig′
1

6
Bµ)qLi+

lLiiγ
µ(∂µ − ig

τa
2
·W a

µ + ig′
1

2
Bµ)lLi+

uRiiγ
µ(∂µ − igs

λa
2
Ga
µ − ig′

2

3
Bµ)uRi + dRiiγ

µ(∂µ − igs
λa
2
Ga
µ + ig′

1

3
Bµ)dRi+

eRiiγ
µ(∂µ + ig′Bµ)eRi (1.6)

where i here is simply a family index and τa are the SU(2) generators (the Pauli
matrices). However the electroweak symmetry is spontaneously broken, three
gauge bosons acquire masses from the interaction with the Higgs and U(1)em
survives SSB. Since Jemµ = J3

µ + JYµ :

Q = t3 + Y (1.7)

where t3 is the eigenvalue of the third generator of SU(2)L. Defining the Weinberg
angle by tan θW = g′

g
, the photon is the massless gauge boson:

Aµ = sin θWW
3
µ + cos θWBµ (1.8)

and the electromagnetic coupling constant is e = g sin θW and the QED interac-
tions are described by the Lagrangian density:

− eQfiγµfiAµ (1.9)

The copies of the same representation of the unbroken SU(3)C×U(1)em are called
flavours. At this point the first remarks are in order:

• the Lagrangians in (1.5) and (1.9) are vector-like and C, P and CP invari-
ant;

• it is clear from (1.5) and (1.9) thet both the electromagnetic and strong
interactions are not only flavour diagonal but also flavour universal.

Lφ contains the Higgs potential:

Lφ = (∂µφ)†(∂µφ)− V (ϕ) (1.10)
V (φ) = −µ2φ†φ+ λ(φ†φ)2 (1.11)
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where the covariant derivative is Dµφ = (∂µ − ig τa2 − i1
2
g′Bµ)φ. The SU(2)L ×

U(1)Y symmetric Yukawa couplings are:

LYuk = Y ij
u φ̃qLiuRj + Y ij

d φqLidRj + Y ij
e φ`LieRj + h.c. (1.12)

where i, j = 1, 2, 3, Yu,d,e are the matrices of the Yukawa couplings and φ̃ = iτ2φ
∗.

It is worth noting that in the absence of Yukawa matrices Yu,d,e = 0 the SM
Lagrangian in (1.4) acquires a maximal global chiral “horizontal symmetry"

U(3)q × U(3)u × U(3)d × U(3)` × U(3)e (1.13)

under which fermion species qL, uR, dR, `L, eR transform as triplets of indepen-
dent U(3) groups. The Yukawa interactions break the global symmetry to U(1)5

(baryon number, family lepton number, hypercharge), that is Yukawa couplings
break the SU(3)5 symmetry, so they are flavour violating parameters.

The nonzero VEV of the Higgs gives mass to three gauge bosons and to
fermions too. In fact, without spontaneous symmetry breaking, the chiral fermion
content of the SM has the remarkable feature that the fermion masses emerge
only after spontaneous breaking of SU(2)×U(1) since there are no SU(2)×U(1)
invariant bilinear in the fermion fields. Then both fermion masses and gauge bo-
son masses are proportional to the same VEV 〈φ0〉 = vw = 174 GeV, since
without spontaneous symmetry breaking masses are forbidden by the chiral na-
ture of fermions and gauge symmetry. After electroweak SSB fermions acquire
masses through the Yukawa couplings:

m(u,d,e)ij = Y ij
u,d,evw (1.14)

Since gauge invariance does not constrain the flavour structure of the Yukawa
interactions, there is no reason for which the mass matrices m(u,d,e) must be
diagonal. The Yukawa coupling matrices and the fermion mass matrices are not
necessarily hermitian and they can be diagonalized with positive eigenvalues by
biunitary tranformations:

mu,d,e = V
(u,d,e)†
L m(u,d,e)V

(u,d,e)
R (1.15)

where V (u,d,e)
L,R = V

(u,d,e)†
L,R are unitary matrices and mu,d,e is the diagonal matrix

of the eigenvalues, which are the masses of leptons and quarks, e.g. md =
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diag(md,ms,mb) with md,s,b = yd,s,bvw. The mass spectrum of fermions is [111]:

me = 0.5109989461(31)MeV mµ = 105.6583745(24)MeV
mτ = 1.77686(12)GeV (1.16)
md(2GeV) = 4.67+0.48

−0.17 MeV ms(2GeV) = 93.12(69)MeV [107]

mb(mb) = 4.18(3)GeV (1.17)
mu(2GeV) = 2.16+0.49

−0.26 MeV mc(mc) = 1.27(2)GeV
mt = 172.9(4)GeV (1.18)

It should be noted that since there is only one Higgs doublet, the Yukawa coupling
matrices Yf are proportional to the mass matrices mf and the same transforma-
tion diagonalizes both mass matrices and Yukawa couplings, so:

• Yukawa couplings are not flavour universal, but they are flavour-diagonal
in the mass basis and thus flavour-conserving.

This means that, unless higher order loop diagrams are used, there is no flavour
changing process mediated by Higgses. It is useful focusing now on quarks.
Gauge eigenstates of Eq. (1.6) in terms of mass eigenstates are from (1.15): d1

d2

d3


L

= V
(d)
L

 d
s
b


L

 u1

u2

u3


L

= V
(u)
L

 u
c
t


L

(1.19)

From (1.6), the charged current weak interactions of quarks are described by the
Lagrangian density:

g√
2
uLiγ

µdLiW
+
µ + h.c. = (1.20)

=
g√
2

(
u c t

)
L
V

(u)†
L γµV

(d)
L

 d
s
b

W †
µ + h.c. = (1.21)

=
g√
2

(
u c t

)
L
γµVCKM

 d
s
b

W †
µ + h.c. (1.22)

where VCKM = V
(u)†
L V

(d)
L is the Cabibbo-Kobayashi-Maskawa (CKM) matrix.

Since V (u)
L and V (d)

L are generally different, the CKM matrix is non-trivial:

VCKM =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 (1.23)
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which in the two families approximation becomes the Cabibbo rotation. Then
the “left" matrices V (f)

L determine the mixing matrices in charged currents, while
the “right" matrices V (f)

R have no physical meaning in the SM context since up-
right quarks do not couple with down-right quarks. In the context of the SM,
VCKM is unitary. Then it is worth underline that:

• charged current interactions are not flavour diagonal, the universality of
the coupling (the couplings are equal for all the families) is hidden in the
unitarity of VCKM.

The weak neutral current which couples with the massive boson Z = cos θWW
3−

sin θWB is:

Lnc =
g

cos θW

(
gfLfLγ

µfL + gfRfRγ
µfR

)
Zµ (1.24)

with

gfL = t3(f)−Q(f) sin2 θW (1.25)

gfR = −Q(f) sin2 θW (1.26)

So Z couplings are proportional to the unit matrix in the flavor space and when
the quark gauge eigenstates are transformed through (1.19) into quark mass
eigenstates, the unitarity of V (u)

L and V (d)
L implies that the couplings with Z have

the same form in the new fields. So, unlike (1.22):

• the weak neutral currents are flavour-conserving and flavour universal.

this is a consequence of the fact that all fermions of a given charge and helicity
have the same value of T3, the third component of weak isospin.

Therefore the SM exhibits a remarkable feature: since no flavor mixing emerges
in neutral currents coupled to Z boson and Higgs boson, there are no flavor-
changing neutral currents (FCNC) at tree level. FCNC phenomena only emerge
from radiative corrections [5, 6]. FCNC should also be proportional to (and then
suppressed by) the off-diagonal elements of the mixing matrix. Moreover flavour
changing phenomena are subjected to the Glashow-Iliopoulos-Maiani (GIM) sup-
pression, which makes FCNC proportional to mass-squared differences between
quarks. This is actually the mechanism who led to the prediction of c-quark from
the suppression of the observed branching ratio of the decay Br(KL → µ+µ−).
In fact, the expected branching ratio from the box diagram as in Fig. 1.1 with
u-quark alone is still too high with respect to the observed one. However, by
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q

W

νµ

W

d

s

µ−

µ+

Figure 1.1: A box diagram for the decay KL → µ+µ−, q = u, c, t.

adding the c-quark, the two amplitudes from the two box diagram with u and
c-quark running in the loop sum together. The amplitudes are proportional re-
spectively to VudV ∗us and VcdV ∗cs. Then, if the masses of up-type quarks were equal,
it would be that the total amplitude would be proportional to VudV ∗us + VcdV

∗
cs

which vanishes in the two generation limit.
As regards leptons, in the context of the SM neutrinos are massless, then mass

eigentstates and gauge eigenstates are not distinguishable. However we know
from oscillations that neutrinos are massive and that there exist the Pontecorvo-
Maki-Nakagawa-Sakata mixing matrix UPMNS.

It is also clear from the Lagrangian in (1.22) that theW interactions are parity
violating, since only left-handed particles participates in charged weak currents,
as well the Z interactions are chiral and parity violating, as it emerges from (1.24)
and (1.26). However it is necessary to investigate under which conditions CP
symmetry can be violated in the SM. Under CP transformation, gauge bosons
behave as:

CPW∓
µ (xµ)CP† = −W±µ(xµ)e∓iφw (1.27)

CPZµ(xµ)CP† = −Zµ(xµ) (1.28)

with φw an arbitrary phase. Then, for neutral current weak interactions:

CP(fL/Rγ
µfL/RZµ)CP† = fL/RγµfL/RZ

µ (1.29)

Then Z boson mediated interactions seem CP invariant. However, as regards
charged currents interactions:

CPuLαγµ[VCKM]αβdLβW
+
µ CP† = dLβγµ[VCKM]αβuLαW

−µei(φw+φα−φβ) (1.30)
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where φα, φβ are two arbitrary phases, to be compared with the hermitian con-
jugated term:

dLβγ
µ[VCKM]∗αβuLαW

−µ (1.31)

Then CP invariance would hold only if (ϕW , ϕi, ϕj) exist such that:

(VCKM)αβ = e−i(ϕW+ϕα−ϕβ)(VCKM)∗αβ (1.32)

The Higgs field transforms as:

CPφ±(xµ)CP† = φ∓(xµ)e±iφw (1.33)

then as regards Yukawa interactions in LY :

CPyuφ+uRα[VCKM]αβdLβCP† = ei(φw+φα−φβ)yuφ
−dLβ[VCKM]αβuRα (1.34)

then the same result is obtained. Therefore CP violation is strictly related to
flavour changing: the CKM matrix is the only possible source of CP violation in
the Standard Model.

Indeed, one has the freedom to rephase the quark fields, and thus arbitrarly
change, and eliminate, the phases of 2Nf−1 matrix elements of VCKM (which thus
are meaningless phases) where Nf is the number of families. Also if two quarks
with same charge were degenarate, one angle and one phase could be removed.
Then CP violation can occur only if one rephasing-invariant of the CKM matrix
cannot be made real by any choice of the arbitrary phases. A unitary matrices of
dimension Nf can be parametrized by N2

f −(2Nf−1) parameters, where Nf (Nf−1)

2

can be identified with Euler angles, and so (Nf−1)(Nf−2)

2
are physical phases. Thus

it can be noted that, in case of two generations, the mixing matrix is a 2 × 2
unitary matrix and all phases can be absorbed by rephasing of the fields, then
there is no physical phase and so no CP violation. If instead Nf = 3 then there
is one physically meaningful phase in the 3 × 3 VCKM matrix which then can
generate CP violation. In particular it is usually defined the Jarlskog invariant:

J = Im(VusVcbV
∗
ubV

∗
cs) (1.35)

From unitarity, for every i, j, k, l the imginary part of the quartets VijVklV ∗ilV ∗kj
is equal to J up to their sign. Then in order to have CP violation it is needed
that:

J 6= 0 (1.36)
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qα

W

qβ

W

d

s

s

d

Figure 1.2: A box diagram for K0 ↔ K̄0 mixing, qα = u, c, t.

The CKM matrix is usually parameterized as:

VCKM =

 1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

 =

=

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.37)

cij and sij stand for cos θij and sin θij, respectively. The Wolfenstein paramer-
ization instead expands the matrix elements in the parameter λ:

VCKM =

 1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) (1.38)

The SM fit gives λ = 0.22453(44).
As said before, though in the SM there are no flavour-changing neutral cur-

rents at tree level, they can still be induced by higher order loop diagrams al-
though they are further suppressed by the magnitude of CKM elements and by
GIM suppression. Moreover, with three generations of fermions, there can be
a CP-violating phase in the mixing matrix, which would imply the existence of
CP-violating measurable quantities. All these effects are testable for example
in neutral meson systems: K0-K̄0, B0-B̄0, B0

s -B̄0
s , D0-D̄0, (see for example Fig.

1.2). At present, the majority of experimental data on flavor changing and CP
violating processes are in good agreement with the SM predictions. In exten-
sions of the SM, FCNC are likely to appear at tree level. Then very stringent
constraints may arise on the energy scale of new physics (NP).
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1.2 Beyond the Standard Model
There are many reasons to think that the SM is not the complete theory.

The SM contains no renormalizable couplings that could generate the neutrino
masses. There is no explanation for dark matter, dark energy. CP violation
predicted by the SM is not enough to explain baryogenesis, only mentioning
some of the open problems. However the SM has been extremely successfull in
describing experimental data. Then it should be considered a correct theory at
presently available energies which is although an effective field theory of a more
fundamental theroy showing up at higher energy scale. For example, the SM
cannot be valid at energies above MPlanck ∼ 1019 GeV. Also neutrino masses
in the seesaw scenario would require some new physics at about ∼ 1015 GeV.
As speaking of new physics at some energy scale, the value of the Higgs mass
turns out to require a huge fine tuning of the Higgs potential, which is called the
hierarchy problem.

The Higgs potential has the form:

V (φ) = −µ2φ†φ+ λφ(φ†φ)2 (1.39)

Suppose the bare mass of the Higgs is µ0. The loop contributions to µ2
0 quadrat-

ically depend on the cutoff of the theory Λ:

δµ2
0 ∼ fΛ2 (1.40)

where f stands for dimensionless couplings. The EW breaking scale is v2
w =

µ2/(2λφ) and we know from W, Z masses that vw = 174 GeV, while the Higgs
mass is µ = 2

√
λφvw = 125 GeV, that is λφ = 0.13. These values are the physical

measured quantities which include the quadratically divergent loop corrections
to the bare mass: µ2 = µ2

0 + δµ2
0. Λ is the energy scale at which the low energy

effective field theory is cut-off. Then Λ is expected to be the mass scale of the new
physics showing up at that energy. It is believed that such higher energy scale
exists. For example Λ could be the Planck scale MPl ∼ 1019 GeV, or the Grand
Unification scale MGUT ∼ 1015 GeV, but a huge ratio Λ/vw gives rise to the so
called hierarchy problem. In fact, if Λ� TeV, then from (1.40) δµ2

0 � µ2
0. That

is, in order to obtain the physical mass squared µ2 ∼ vw, an extreme fine-tuning
is needed for the bare parameters of the potential to obtain the cancellation
between µ2

0 and δµ2
0 which seems highly unnatural. Then new physics should be

around the TeV scale in order to avoid the huge fine-tuning.
The hierarchy problem regards specifically elementary scalars. As regards

fermions and gauge bosons, their masses are protected by symmetries. In fact,
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in the limit of the masses set to zero, the Lagrangian acquires new symmetries
which protect the masses from unsuppressed loop corrections, chiral symmetry
and unbroken gauge symmetry respectively for fermions and gauge bosons. The
effect is that quantum corrections are proportional to the mass itself and only
logarithmically dependent on the cutoff: ∆mf ∝ mf log(Λ/mf ) and ∆M2

W ∝
M2

W log(Λ/MW ). In fact, the hierarchy problem is a naturalness problem. It is
natural to expect that dimensionless ratios between parameters of the theory are
all of order unity. A quantity can be expected to be small only if the underlying
theory becomes more symmetric as that quantity tends to zero, which is ’t Hooft’s
principle of naturalness [8].

Then it would be helpful to find a more fundamental theory at some lower
scale, in particular the hierarchy problem and dark matter point towards new
physics at a scale of few TeV.

However, as already stated, experimental data on flavor changing and CP
violating processes are in good agreement with the SM predictions, and in the
SM FCNC are strongly suppressed. Then if new physics shows no suppression
for FCNC, its scale must be above ∼ 10 PeV. As an example, if the effective
operator of the neutral K-mesons system is written as:

1

Λ2
(sLγ

µdL)2 (1.41)

then the scale of the CP violating operator contribution in the SM is Λ = 1.5 ·104

TeV, and for the CP conserving part about 1.4 · 103 TeV. Nevertheless flavour
physics can be the door showing new physics. It already happened in the past,
as described in the previous section for the prediction of the c-quark, as well
as for the prediction of the third generation after the measurement of the CP
violating parameter εK , or for neutrino flavour oscillations implying neutrino
masses. Moreover mixing between families is the only source of CP violation in
the SM, but the CKM phase alone cannot account for baryogenesis. Besides, it
clearly emerges that flavour physics shows many mysterious features.

• Family replication is totally unexplained, neither a deep reason is known
for having three families.

• Even neglecting neutrino masses, the mass spectrum of fermions (and so
eigenvalues of Yukawa matrices) spreads for more than five orders of mag-
nitude.

• The CKM matrix shows a hierarchical pattern with rather small mixing
angles between the different families and with the largest mixing between
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adjacent generations. Yukawa matrices remain arbitrary in the SM. In
a sense, the SM is technically natural since it can tolerate any Yukawa
matrices Y ij

f , but it tells nothing about their structures.

• As regards the lepton sector, the origin of neutrino masses is not included
in the SM. Moreover the there is no hierarchy in neutrino mixings and
mixing angles are quite large.

For all these reasons it seems reasonable to investigate the origin of families and
flavour changing phenomena.

If SM is an effective theory, then other operators of dimension higher than four
may emerge in the theory. The first evident example is that the SM contains
no renormalizable couplings which could generate neutrino masses. The lowest
order couplings relevant for the neutrino masses are dimension-5:

Y ij
ν

M φφ`TLiC`Lj + h.c. (1.42)

where C is the charge conjugation matrix. Operator (1.42) can be induced by
exchange of some heavy right-handed neutrinos, which is a heavy neutral fermion
with mass related toM� vw (seesaw mechanism).

Then there can be dimension-6 operators such as:

cij
Λ2

(qLiγµqLj)
2 +

kijαβ
Λ2

qLiγµqLj`Lαγ
µ`Lβ + ... (1.43)

which for example affect neutral mesons decays and mixing, as in (1.41), strictly
constrained by experimental data. Then coefficients such as c, k cannot be all
generic O(1) parameters. If there is new physics at the TeV scale, then its flavour
structure must be highly non-generic.

Also fermion masses can be induced by higher order operators. In the con-
text of a UV-complete picture higher order operators can be induced through
renormalizable interactions, as a result of integrating out heavy fermion. One
can introduce also a vector-like set of charged heavy fermions, having the same
quantum numbers as the usual quark and lepton species. Vector-like fermions can
exist in string theories and they also emerge in GUT theories larger than SU(5).
In analogy to the mechanism for neutrinos, this mechanism is also known as
“universal seesaw”.

As remarked before, Yukawa interactions break the global symmetry SU(3)5.
The Yukawa couplings can does be regarded as spurions, transforming in the
mixed representation of Yu ∼ (3, 3̄, 1), Yd ∼ (3, 1, 3̄) in the case of the quark
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symmetry SU(3)q×SU(3)u×SU(3)d. This means that Yukawa matrices are con-
sidered as fields with these transformation properties in order to construct terms
of the Lagrangian, both effective operators and new renormalizable terms, for-
mally invariant under the global symmetry. In this way the principle of minimal
flavour violation (MFV) can be realized [9, 10, 11], which provide a suppression
for flavour changing processes at low energies.

A useful tool which can be used in order to build a model for fermion masses
and mixings can be mass matrices textures. Relations between the fermion
masses and CKM angles can be obtained by considering mass matrices with re-
duced number of free parameters. In particular, certain elements in the Yukawa
constant matrices can be set to zero (so called “zero textures”). A predictive and
useful texture was suggested by Fritzsch [12, 13, 14]:

Yf =

 0 Af 0
A′f 0 Bf

0 B′f Cf

 (1.44)

It implies that the fermion mass generation starts from the third family (Cf is
assumed to be the largest entry) and proceeds to lighter families through the
mixing terms.

1.2.1 SUSY + GUT

One attractive beyond the SM (BSM) scenario is related to the concepts of
supersymmetry (SUSY) and grand unification theories (GUT). Supersymmetry
is a symmetry relating bosons and fermions, which has to be broken at some mass
scale. Then also the Higgs boson is related to its fermionic partner. The chiral
symmetry of the fermionic partner also protect the Higgs mass from unsuppressed
quantum corrections. Present data exclude the non-supersymmetric SU(5) [15,
16], in supersymmetric SU(5) instead the running gauge constants given at the
energy scale µ = MZ in the evolution to higher scales join at the scale M ∼ 1016

GeV [17]. Hence, at this scale the SU(3) × SU(2) × U(1) symmetry can be
consistently embedded into SU(5) while softly broken (at the scale mS ∼ 1TeV )
supersymmetry can solve the hierarchy problem in the context of GUT. SU(5)
grand unified theory unifies `L and dcL fragments of each family in 5̄-plets and
ecL, ucL and QL fragments in 10-plets:

5̄L = (`, dc)L 10L = (ec, uc, Q)L (1.45)
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The relevant terms for fermion masses are:

λiju 10iH10j + λijd 10iH̄ 5̄j (1.46)

The SU(5) model brings to bτ Yukawa unification, which after accounting for the
RG running leads to the right ratio for masses of bottom and tau and to a large
value for the top mass. However the other predictions on the Yukawas λs = λµ,
λd = λe are wrong. Moreover there is no explanation neither for the fermion
mass hierarchy nor for the CKM mixing pattern. Then SUSY GUT alone cannot
account for the structure of Yukawa matrices. For example, as described below,
a symmetry between families can be added.
SU(5) is only technically natural in solving the hierarchy problem, due to

non-renormalization theorem. However, there are extensions of SU(5) which can
give more natural solutions and also can shed some more light on the origin of
fermion masses. These are related to extension of gauge symmetry SU(5) to
SO(10) [18] or SU(6) [19].

In particular, in SO(10) all fermions of one family are unified in a spinorial
representation 16 = (q, l, uc, dc, ec, N c)L, where N c is the singlet part associated
with the “right-handed” neutrino involved in seesaw mechanism. It can be broken
down to the SM also via a Pati-Salam symmetry SU(4)× SU(2)× SU(2) [20].

Alternatively the SUSY SU(6) model can be considered. A special feature of
the SU(6) theory is that the Higgs sector does not contain a specific set for elec-
troweak symmetry breaking only. The scalar content is the minimal Higgs content
needed for the local SU(6) symmetry breaking down to SU(3)× SU(2)× U(1).
Higgs doublets emerge as Goldstone modes of the accidental global symmetry.
The couplings relevant for fermion masses have to explicitly violate the global
symmetry, otherwise fermions remain massless after the GUT symmetry break-
ing. This constraint leads to possibilities to explain fermion mass hierarchies and
mixing pattern even in completely ‘democratic’ approach, without the horizon-
tal symmetry. In particular, except top quark, fermion masses can emerge only
through higher order operators [23]. Some symmetry reason is needed in order
to avoid terms breaking the global symmetry in the Higgs potential. In this case
discrete symmetry turns to be useful [24, 25].

In generic SUSY or SUSY GUT context, there emerges new flavor-changing
problem associated to the fact that supersymmetry in itself does not require any
relation between the fermion Yukawa terms and soft supersymmetry breaking
terms. For example, contributions in neutral Kaon mixing K0 − K̄0 emerge via
gluino boxes. In general case, the flavor changing effects can be too strong with
respect to experimental limits unless the soft supersymmetry breaking scale is
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larger that 100 TeV or so, which makes supersymmetry unnatural in the sense
of flavor conservation in neutral transitions. However, there are possibilities of
realizing minimal flavor violation (MFV) which align the SSB terms with the
Yukawa terms [21] by making use of inter-family SU(3) symmetries discussed in
the last part of this introduction.

1.2.2 Other models Beyond the Standard Model

Some different mechanisms which were proposed in order to address SM prob-
lems are listed here.

Radiative mechanism Masses of the light fermions could arise as a radia-
tive effect from the tree-level mass of the heavy family. Namely, if due to some
reasons only fermions of the third family have tree-level masses, masses of the
2nd family can emerge at the 1-loop level and the 1st family can become massive
only at 2-loops. Then the inter-family hierarchy is generated. Radiative models
however provide a rather qualitative explanation to the fermion mass hierarchy
and generally fail in predictivity. In particular, they cannot reproduce zero tex-
tures for mass matrices. Moreover, it is very difficult to obtain a quantitatively
correct picture and also to avoid dangerous flavour changing phenomena. A
consistent and predictive readiative approach was suggested in Ref. [22], where
fermion mass hierarchy is first radiatively generated in the ‘hidden’ sector of the
heavy vectorlike fermions and the transferred in an inverted way to the usual
quarks and leptons by means of the “universal seesaw” mechanism. However,
these models cannot be valid in the SUSY GUT context: at scales much larger
than mS the loop corrections will be suppressed by supersymmetry. Neverthe-
less, the message lasts that the lighter fermion masses could be due to higher
order operators. In gauge theories the vanishing of certain mass terms at the
tree-level can occur as a consequence of the representation content of the fields
in the theory, or due to some inter-family symmetry. In radiative scenario these
mass terms then can emerge in the effective action as operators of dimension
d > 4 (i.e. involving more than one scalar leg). Within SUSY frames one could
think of some tree level mechanism that could generate the relevant effective
operators with successively increasing dimension, and thus explain the observed
mass hierarchy.

Composite Higgs In composite Higgs models the scalar fields are no more
elementary particles, rather the Higgs boson is a bound state of more fundamental
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fermions strongly interacting at the weak scale because of a dynamics which is
confining at a certain scale. In particular, the strongly coupled sector can exhibit
an approximate global symmetry and the Higgs boson can be identified as a
pseudo-Nambu-Goldstone boson arising from the breaking of that approximate
global symmetry. In this way the strong dynamics can naturally produce a
composite Higgs doublet which is lighter than the the generic scale of composites
[26, 27]. Then partial compositeness is a way to address the generation of Yukawa
couplings in this scenario [28]. Elementary fermions couple to the strong sector
by linearly mixing with composite fermionic states. The lighter mass eigenstates
are the SM fermions, which are then partially composite, a linear combination of
elementary and composite fields. The Yukawa couplings of the composites can be
generic O(1) numbers without any structure (anarchic flavor) while the mixings
between the elementary and the composite states acquire hierarchical structure
due to large anomalous dimensions of the composite states. Flavor violations in
this anarchic scenario are protected by the RS-GIM mechanism [29], however the
RS-GIM mechanism with completely anarchic Yukawa couplings is not sufficient
to avoid the flavor constraints [30]. Alternatively a flavor symmetry can be
imposed on the composite sector in order to obtain a minimal flavor violation
(MFV) scenario [31, 32].

Extra dimensions In this scenario the variation of the fundamental energy
scale along the extra dimension leads to a solution of the hierarchy problem (for
a review see for example [33]). In particular, warped extra dimensions were pro-
posed by Randall and Sundrum (RS) [34]. This model is dual to the composite
Higgs scenario (AdS/CFT correspondance). The scalar is an extra dimensional
component of the gauge field, which correspnds to the identification of the Higgs
with a Goldstone boson of a spontaneously broken global symmetry. The Higgs
field is localized at the infrared (IR) boundary. The weak scale is small because
the warp factor in the IR provides a huge suppression, while the graviton is ultra-
violet (UV) localized and the Planck scale is not suppressed. Also SM fermions
can propagate in the five-dimensional spacetime [35]. Then exponentially sup-
pressed Yukawa couplings can be obtained by localizing the fermion zero-modes
towards the UV boundary, except for the topo quarks, which should be localized
towards the IR-boundary.
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1.2.3 Horizontal symmetries

However the key for understanding the fermion mass and mixing pattern may
lie in symmetry principles. It is natural to explain small couplings by looking
for symmetries arising when those couplings are set equal to zero. Then it seems
appealing to link the hierarchy in fermion mass ratios to some symmetry. The
fermion masses should be kept to be zero if the exact symmetry holds. Mass
terms can be generated only at higher order, in symmetry breaking interactions.
Then, in order to forbid mass terms, left and right-handed components should
transform differently under the unbroken symmetry, that means, the symmetry
cannot be a vector-like symmetry.

In Ref. [36] an abelian symmetry was considered in order to explain the
quark mass matrix. Different values of the charge R of the U(1) symmetry are
assigned to each quark species. All SM fermions are massless in the limit of exact
symmetry, since left and right-handed species have different charges.

The existence of several heavy vector-like fermions is assumed, which acquire
masses from the non-zero VEV 〈φ0〉 of a scalar field neutral under the new U(1)
symmetry. The symmetry breaking which allows (together with EW breaking)
non-zero masses for SM fermions is due to a U(1) charged scalar instead, whose
VEV 〈φ1〉 is lower than the mass scale of heavy fermions. The usual Higgs boson
breaks weak SU(2) but cannot generate fermion masses if the abelian symmetry
is unbroken since, for example, it can be neutral under U(1) symmetry. Masses
arise from higher order operators induced via the exchange of heavy fermions
having different values of the new charge R interacting through the insertion of
the charged scalar field:

mij = gij

(〈φ1〉
M

)nij
vw (1.47)

where gij are order O(1) numbers, M is the mass scale of heavy fermions, vw is
the electroweak scale, nij is the difference in R quantum numbers between the
corresponding left and right-handed components. Then all Yukawa couplings
can be of order O(1), and the hierarchical structure of fermion masses is due
to the number of insertions of scalars needed to compensate the difference in R
quantum numbers between right and left-handed fermions. In fact, in this way
large quark mass ratios are obtained and then the order of magnitude of the weak
mixing angles can be related to these mass ratios.

Alternatively, a non-abelian gauge horizontal flavor symmetry GH between the
fermion families can be considered [37, 38, 39, 40, 41, 42, 43]. Fermion masses
cannot emerge if GH symmetry is unbroken. Thus, GH cannot be a vector-like
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symmetry but it should have a chiral character transforming the LH and RH par-
ticle species in different representations. Then the form of the Yukawa matrices
Yu,d,e in (1.12) can be determined by the GH symmetry breaking pattern, i.e. by
the VEV structure of the horizontal scalar fields (known as flavons) which spon-
taneously break GH . In this picture the fermion masses emerge from higher order
operators involving, besides the Higgs doublet φ, also flavon scalars which trans-
fer their VEV structure to the Yukawa matrices Yu,d,e. Since the fermion mass
generation is possible only after the spontaneous breaking, then the fermion mass
hierarchy can directly reflect the hierarchy between the scales of this breaking
(hypothesis of horizontal hierarchies [39, 40]). These effective higher order oper-
ators (“projective" operators ) in the UV-complete renormalizable theory can be
obtained via integrating out some extra heavy fields, scalars [37, 38] or verctor-
like fermions [39, 40, 41, 42, 43]. The symmetry SU(3)H seems an attractive
choice, unifying all the families. Then the family symmetry can be considered in
the context of Grand Unified theories, for example SU(5) × SU(3)H [40], with
the LH fermions of the three families transforming as triplets and the RH ones
as anti-triplets. In this case the VEV pattern can lead directly to the Fritzsch
texture.

In the context of supersymmetry, such horizontal symmetries can lead to in-
teresting relations between the mass spectra of fermions and their superpartners
and naturally realize the minimal flavor violation scenarios [9, 10, 11, 21].

Within the same lines one can consider the models with a reduced horizontal
symmetry SU(2)H acting bewteen first two families and the third family getting
mass from the direct Yukawa couplings.

1.3 Outline

In chapter 2 of this thesis SU(3)q × SU(3)u × SU(3)d × SU(3)` × SU(3)e
symmetry between families is considered as gauge symmetry extending the SM. It
is shown how the mass spectrum and mixing patterns can be naturally generated.
Then it is argued that the energy scale of the symmetry breaking, and so of the
masses of new gauge bosons, can be as light as few TeV, thanks to a custodial
symmetry [45]. FCNC and other experimental constraints are analyzed for this
purpose. It is also shown that family symmetry between left-handed leptons can
be low enough (few TeV) to be a solution to the 4σ discrepancy from unitarity
of the first row of CKM matrix [46].

This CKM unitarity problem is analyzed in details in chapter 3, together
with the possibility to cure the anomaly by allowing the Fermi constant to be



1.3 Outline 19

different from the muon decay constant. This scenario can be realized considering
a new effective operator interfering with the SM muon decay as the one generated
by flavour changing gauge bosons. Also the neutron lifetime problem, that is
about 4σ discrepancy between the neutron lifetimes measured in beam and trap
experiments, is analyzed in the light of the new determinations of the CKM
matrix elements.

In chapter 4 mixing of ordinary quarks with vector-like quarks is tested as one
possible solution to the CKM unitarity problem. Again the mass scale of these
particles should be of few TeV, since a quite large mixing with SM fermions is
needed in order to recover unitarity. Then the feasibility of this scenario is ana-
lyzed by imposing the experimental constraints from flavour changing processes
and electroweak observables. Vector-like fermions exist in several scenarios be-
yond the SM, as GUT theories or string theories, but also in the context of flavour
physics as UV content of effective operators generating the fermion masses, e.g.
vectorlike fermions emerge in the scenario of family symmetries, as also shown
in this thesis.
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Chapter 2

Family symmetries

The inter-family hierarchy between quark species exhibits an approximate
scaling low which can be parametrized by a small parameter ε ∼ 1/20:

md : ms : mb ∼ ε2 : ε : 1

mu : mc : mt ∼ ε4 : ε2 : 1 (2.1)

Furthermore, one can observe that the CKM angles of quark mixing in VCKM can
be parametrized with the same parameter ε too:

sin θ12 ∼
√
ε ∼ 4ε; sin θ23 ∼ ε; sin θ13 ∼ ε2 (2.2)

In fact, there are intriguing relations between masses and mixing angles, such
as the phenomenologically successful relation for the Cabibbo angle sin θ12 =√
md/ms [12]. Also the hierarchy among charged leptons can be parametrized

with ε, with some factor k of order O(1):

me : mµ : mτ ∼ k−1ε2 : kε : k (2.3)

with k ' 3, or alternatively with two scaling parameters ε and ε̃:

me : mµ : mτ ∼ ε̃ε : ε : 1 (2.4)

The neutrino mixing angles are much larger than mixing angles of quarks and
presumably there is no significant hierarchy between the neutrino masses.

The correlations between the fermion mass spectrum and mixing pattern may
suggest an intrinsic connection with the features of the new physics. Since, as
already stated, it is natural to explain small couplings by symmetry principles,
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the hierarchy in fermion mass ratios may be associated to the additional sym-
metry showing up when Yukawa couplings are set to zero, remembering that left
and right-handed components should transform differently under the unbroken
symmetry in order to forbid mass terms.

In the limit of vanishing Yukawa couplings, Yf → 0, the SM acquires a maxi-
mal global chiral symmetry

U(3)` × U(3)e × U(3)q × U(3)u × U(3)d (2.5)

under which fermion species transform as triplets of independent U(3) groups
respectively as `L ∼ 3`, eR ∼ 3e, qL ∼ 3q, uR ∼ 3u, dR ∼ 3d. The Yukawa
couplings (1.12) can be induced by the VEVs of flavons in mixed representations
of these symmetry groups. One can consider the higher order operators such as
for leptons

Xe

M
φ`LeR + h.c. (2.6)

where Xe ∼ (3`, 3̄e) is a flavon in mixed representation of U(3)` × U(3)e which
can be also viewed as composite tensor product 3`× 3̄e of scalars in fundamental
representations of U(3)` and U(3)e.

In the SM extensions the maximal flavor symmetry (2.5) reduces to a smaller
symmetry. E.g. in the context of SU(5) grand unified theory (GUT) which unifies
`L and dcL fragments of each family in 5̄-plets and ecL, ucL and QL fragments in
10-plets the maximal symmetry reduces to two factors U(3)` × U(3)e:

5̄L = (`, dc)L ∼ (3`, 1), 10L = (ec, uc, Q)L ∼ (1, 3̄e) (2.7)

In the context of SO(10) GUT all fermions of one family including the RH
neutrino NR reside in the spinor multiplet 16L = (5̄ + 10 + 1)L. Hence, there
can be only one chiral symmetry U(3) between three families of 16-plets, with
all LH fermions `L, QL transforming as triplets and the RH ones NR, eR, uR, dR
as anti-triplets [47, 48, 49, 50].

It is interesting to consider the non-abelian SU(3) factors of this maximal
flavor symmetry (2.5), or its GUT-restricted versions, as a gauge symmetry GH

(gauging of chiral U(1) factors is problematic because of anomalies, although
there are models in which anomalous gauge symmetry U(1)A is used as a flavor
symmetry [51, 52, 53, 54, 55, 56]. The abelian U(1) factors remain as global
symmetries. Discovery of the flavor gauge bosons and/or related FCNC effects
would point towards new BSM physics of flavor. However, a direct discovery at
future accelerators can be realistic only if the scale of GH symmetry breaking is
rather low, in the range of few TeV.
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Therefore, the following questions arise: (i) for which choice of symmetry
group GH one can relate the fermion mass hierarchy to its breaking pattern, and
(ii) which is the minimal scale of GH symmetry allowed by present experimental
limits – namely, can this scale be low enough to have GH flavor bosons potentially
within the experimental reach?

In the context of GUT theories new gauge interactions require the mass scale
of gauge bosons to be much higher than few TeV. Also in SU(5) scenario, gauge
bosons associated to SU(3)` × SU(3)e, with fermion fields in the representa-
tions indicated in (2.7), would give rise to unsuppressed contributions to flavour
changing interactions between quarks and leptons like leptonic and semileptonic
mesons decays. For example, there would be a tree level contribution to K mesons
decays K− → π−µ−e+, K0

L → e±µ∓. Experimental limits on these decays are
Br(K− → π−µ−e+) < 1.3 · 10−11, Br(K0

L → e±µ∓) < 4.7 · 10−12 both at 90%
C.L. [111]. These branching ratios can be roughly estimated e.g. by exploiting
the measured Br(K+ → π0µ+νµ) = 3.352 ± 0.033% and Br(K+ → µ+νµ) =
63.56 ± 0.11% respectively [111], then assuming the gauge coupling constant of
O(1), the limits constraint the mass scales of gauge bosons to be higher than 100
TeV and 300 TeV respectively.

In this thesis horizontal symmetries are analyzed in the context of the SM
gauge group. This chapter focuses in particular on the horizontal symmetry
involving the lepton sector U(3)`×U(3)e whose non-abelian part SU(3)`×SU(3)e
is gauged. The lepton mass hierarchy mτ � mµ � me can be directly related
to the hierarchy of U(3)e symmetry breaking scales, as well as large mixing of
neutrinos reflect U(3)` breaking pattern.

In order to understand the mechanisms working in these symmetries, in the
first section a model with only SU(3)e as a gauge symmetry is analyzed. Then it
emerges clearly that lepton flavor violating (LFV) phenomena induced by gauge
bosons can be strongly suppressed because of custodial symmetry. In fact, the
mass scale of SU(3)e gauge bosons is allowed to be as low as 2 TeV thanks to
the custodial property of SU(2)e subgroup, without contradicting the present
experimental limits on the LFV processes 1. Then also the gauge symmetry
SU(3)` is considered. It comes out that SU(3)` gauge bosons can be a solution
to the CKM unitarity problem, if their mass scale is about 6 - 7 TeV, which again
can be reached thanks to custodial properties.

1One could consider also the case of vector-like horizontal symmetry SU(3)V under which
both `L and eR (and RH neutrinos NR) all transform as a triplet, or its SU(2) subgroup.
Such a symmetry is anomaly-free and it also has a custodial property for suppression of flavor-
changing [57] discussed in this section. However, it allows a degenerate spectrum between the
fermion families in the exact symmetry limit, and thus does not meet the paradigm of HHH.
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2.1 SU(3)e

2.1.1 Lepton masses

In this section a simple model is discussed with a gauge symmetry GH =
SU(3)e transforming the RH leptons as a triplet eRα = (e1, e2, e3)TR, while re-
garding LH leptons `Li = `1,2,3 i = 1, 2, 3 is just a family number, assuming for
simplicity that SU(3)` is not a gauge symmetry, or broken at some higher scale
without having substantial hierarchy between its breaking scales. The LH and
RH lepton fields are in the following representations:

`Li =

(
νi
ei

)
L

∼ (2,−1, 1), eRα ∼ (1,−2, 3e) (2.8)

where the multiplet content with respect to the EW SU(2)×U(1) and horizontal
SU(3)e is indicated. This set of fermions is not anomaly free. The ways of the
anomaly cancellation will be discussed in section 2.1.4.

There is only one Higgs doublet φ with the standard Higgs potential V (φ) =
λ(|φ|2−v2

w)2. However, the Yukawa couplings of φ with the fermions `Li and eRα
are forbidden by SU(3)e symmetry. So, for generating the lepton masses this
symmetry should be broken.

For breaking SU(3)e three flavon fields are introduced ξαn , n = 1, 2, 3, each
transforming as SU(3)e (anti)triplet. Then, as regards charged leptons, masses
emerge from the gauge invariant dimension 5 operators∑

n

ginξ
α
n

M
φ`LieRα + h.c. (2.9)

where gin are order one constants (see upper diagram of Fig. 2.1). For having
an UV-complete theory, one can consider these operators as induced form renor-
malizable terms via seesaw-like mechanism [39, 40]. E.g. one can integrate out
from the following Yukawa Lagrangian

hφLαeRα +MRαLα +
∑
n

ginξ
α
n`LiRα + h.c. (2.10)

the extra heavy vector-like lepton doublets

Lα, Rα =

(
Nα

Eα

)
L,R

∼ (2,−1, 3e) (2.11)

with a large Dirac mass M (see Fig. 2.1, lower diagram).
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eRα `Li

ϕ ξαn

eRα Lα Rα `Li

M

ϕ ξαn

Figure 2.1: Upper diagram represents operator (2.9) and lower diagram shows how it
can be obtained via seesaw exchange of heavy vector-like fermions (2.11).

The scales of symmetry breaking can be defined as:

SU(3)e
v3−→ SU(2)e

v2−→ nothing (2.12)

with v3 > v2, so that SU(3)e is broken into its subgroup SU(2)e at a scale u3

and completely broken at a scale u2. Operator (2.9) has a global symmetry
U(3)e = SU(3)e × U(1)e, where the abelian part U(1)e is related to the phase
change of fermions eRα and flavons ξαn . In order to generate non-zero masses of all
three leptons e, µ, τ , this global symmetry must be fully broken. This means that
all three flavons ξn should have the non-zero VEVs with disoriented directions.
In other words, the VEVs 〈ξαn〉 should form a rank-3 matrix, which is generically
non-diagonal. Then, without loss of generality, one can choose superpositions of
these fields ξn → Unmξm so that their VEVs are orthogonal and hence the matrix
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〈ξαn〉 becomes diagonal, 〈ξαn〉 = vnδ
α
n , or in explicit form

〈ξ1〉 =

 v1

0
0

 , 〈ξ2〉 =

 0
v2

0

 , 〈ξ3〉 =

 0
0
v3

 (2.13)

ordered as v3 > v2 > v1 reflecting the steps of the global symmetry breaking
U(3)e → U(2)e → U(1)e → nothing. By substituting these VEVs in operator
(2.9), it reduces to the SM Yukawa couplings

Y iα
e φ `LieRα + h.c., Y iα

e =
∑
n

gin〈ξαn〉
M

= giα
vα
M

(2.14)

Without loss of generality, `Li states can be turned to the basis in which matrix
gin has a triangular form and the diagonal elements g33, g22, g11 are real. Then:

Ye =
1

M

 g11v1 0 0
g21v1 g22v2 0
g31v1 g32v2 g33v3


=

v3

M

 g11ε̃ε 0 0
g21ε̃ε g22ε 0
g31ε̃ε g32ε g33

 (2.15)

where v2/v3 = ε and v1/v2 = ε̃. The Yukawa matrix Ye (and the mass matrix
Me = Yevw) can be diagonalized via a bi-unitary transformation

Ye → V †LYeVR = diag
(
ye, yµ, yτ

)
(2.16)

Hence, modulo ∼ 1 ratios of the Yukawa constants, the mass hierarchy mτ :
mµ : me corresponds to the hierarchy between the scales v3 : v2 : v1. Namely,
neglecting the small ∼ ε2 corrections, for the charges lepton masses it is obtained:

mτ =
g33vw

M
v3 , mµ =

g22vw

M
v2 , me =

g11vw

M
v1 (2.17)

It is worth discuss whether such a hierarchy of the VEVs can be natural. Since
three flavons have identical quantum numbers, their scalar potential has a generic
form:

V(ξ) = λn

(∣∣ξn∣∣2 − µ2
n

2λn

)2

+ λklnmξ
†
kξlξ

†
nξm + (µξ1ξ2ξ3 + h.c.) (2.18)
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All constants λ can be assumed of order 1, fluctuating say in the range λ ∼ 0.1-1,
and the mass terms µ2

n, positive or negative, are of the same order, fluctuating
say in the range of several TeV. The last (trilinear) coupling µεαβγξα1 ξ

β
2 ξ

γ
3 has

a dimensional constant µ which is however allowed (by ’t Hooft’s naturalness
principle) to be arbitrarily small since in the limit µ→ 0 the Lagrangian acquires
global U(1)e symmetry respected also by the Yukawa terms (2.9). In fact, this
latter coupling softly breaks U(1)e and thus reduces the global symmetry U(3)e
to SU(3)e.

For full breaking of gauge SU(3)e symmetry, just two flavons with non-aligned
VEVs are sufficient. An order of magnitude hierarchy between the scales v2 and
v3, v2/v3 ∼ mµ/mτ , can emerge due to some moderate conspiracy of parameters
admitting a natural “spread", say within an order of magnitude, between the
mass terms and coupling constants of ξ2 and ξ3 in (2.18). But large hierarchy
v1/v3 ∼ me/mτ at first sight requires a strong fine tuning. However, small v1 can
be obtained naturally considering the case in which the VEV matrix 〈ξαn〉 has rank
2 in the limit µ→ 0. This means that only two flavons, ξ2 and ξ3, get the VEVs
oriented as in (2.13), because of their negative mass squared terms in (2.18), while
the third flavon ξ1 has a positive mass squared term, i.e. µ2

1 < 0, and in the limit
µ = 0 it remains VEVless. The ratio of VEVs v3/v2 = (µ3/µ2)

√
λ2/λ3 can be

of one order of magnitude due to natural fluctuation of the involved parameters.
Then for µ 6= 0 the last term in (2.18) explicitly breaks global U(1)e symmetry
and induces non-zero VEV 〈ξ1〉:

v1 =
µv2v3

µ2
1

(2.19)

Thus, taking µ small enough, say µ < v2, one can naturally get v1 � v2.
The unitary matrix VR in (2.16) connecting the initial flavor basis of the RH

leptons to the mass basis, e1

e2

e3


R

= VR

 e
µ
τ


R

=

 V1e V1µ V1τ

V2e V2µ V2τ

V3e V3µ V3τ

 e
µ
τ


R

(2.20)

has no physical meaning for the EW interactions, but it is meaningful for the
LFV interactions mediated by the gauge bosons of SU(3)e. For the mass matrix
Me = Yevw in (2.15), modulo ε2 corrections, it is obtained V1e, V2µ, V3τ = 1 and
for non-diagonal elements:

V3µ = −g32

g33

ε, V2e = −g21

g22

ε̃, V3e = −g31

g33

ε̃ε (2.21)
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The other elements in matrix VR can be obtained from its unitarity.
As for the mixing matrix VL of the LH charged leptons in (2.16), it is very

close to unit matrix, with non-diagonal elements ∼ ε2. Therefore, the neutrino
mixing angles are determined by the form of the neutrino mass matrix. The
neutrino masses are induced by the higher order operator [2]:

Y ij
ν

M φφ `TLiC`Lj + h.c. . (2.22)

whereM is a new scale which in the context of seesaw mechanism can be related
to the Majorana masses of RH neutrinos. In this first scenario the states `Li
are not distinguished by any symmetry and the matrix Y ij

ν is a generic non-
diagonal matrix, supposedly with all elements of the same order. Thus, the
unitary matrix Vν which diagonalizes it, V T

ν YνVν = Y diag
ν , contains large rotations

and the neutrino mixing angles are expected to be large.

2.1.2 SU(3)e gauge bosons

With the gauging of SU(3)e, new horizontal interactions are set:

gFµa Jaµ (2.23)

where g is the SU(3)e gauge coupling, λa are the Gell-Mann matrices and Fµa
are the gauge bosons of SU(3)e, associated with the currents

Jaµ =
1

2
eRλaγµeR (2.24)

where eR = (e1, e2, e3)TR denotes the triplet of the RH leptons. The gauge bosons
can be visualized in matrix form:

λa
2
Fa =

1

2

 F3 + 1√
3
F8 F1 − iF2 F4 − iF5

F1 + iF2 −F3 + 1√
3
F8 F6 − iF7

F4 + iF5 F6 + iF7 − 2√
3
F8

 (2.25)

Clearly, the horizontal currents, in particular those related to non-diagonal gen-
erators λ1,2,4,5,6,7, are generically FCNC. Nevertheless, as we shall see below, the
processes mediated by flavor bosons exhibit no LFV in the initial eigenstates
basis eR1, eR2, eR3 of the flavor diagonal generators λ3 and λ8.

At low energies the flavor bosons induce four-fermion (current × current)
interactions:

Leff = −g
2

2
Jµa (M2)−1

ab Jbµ (2.26)
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where M2
ab is the (symmetric) mass matrix of gauge bosons Fµa . In the flavon

VEV basis (2.13) this matrix is essentially diagonal apart of a non-diagonal 2×2
block related to F3 - F8 mixing. Namely, for the masses of gauge bosons Fµ4,5,
Fµ6,7 and Fµ1,2 respectively:

M2
4,5 =

g2

2
(v2

3 + v2
1), M2

6,7 =
g2

2
(v2

3 + v2
2),

M2
1,2 =

g2

2
(v2

2 + v2
1) (2.27)

while for the mass matrix of Fµ3 - Fµ8 system it is obtained that:

M2
38 =

g2

2

(
v2

2 + v2
1

1√
3
(v2

1 − v2
2)

1√
3
(v2

1 − v2
2) 1

3
(4v2

3 + v2
1 + v2

2)

)
(2.28)

Obviously, the factor g2 in operators (2.26) cancels and their strength is deter-
mined solely by SU(3)e symmetry breaking scales v2 and v3. In the following we
neglect a small contribution v2

1/v
2
2 = ε̃2 � 1 in the gauge boson mass terms and

in respective effective operators. Then

g2

2
(M2

38)−1 =
1

v2
2

(
1 0
0 0

)
+

1

4v2
3

(
1
√

3√
3 3

)
(2.29)

Hence, from all operators (2.26) one can single out the operator L2 which is cut
off by the smaller scale v2:

L2 = − 1

v2
2

3∑
a=1

(Jµa )2 = − 1

4v2
2

3∑
a=1

(eR λaγ
µeR)2 (2.30)

which involves only eR1 and eR2 states. Using Fierz identities for λ1,2,3 which in
fact are the Pauli matrices, this operator can be rewritten as

L2 = − 1

v2
2

(Jµ0 )2 = − 1

4v2
2

(eR λ0γ
µeR)2 (2.31)

where λ0 = diag(1, 1, 0). The remaining operators in (2.26) are related to the
scale v3:

L3 =− 1

v2
3

[
(J̃µ3 )2 + (Jµ4 )2 + (Jµ5 )2

]
− 1

v2
3 + v2

2

[
(Jµ6 )2 + (Jµ7 )2

]
(2.32)
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where the current J̃µ3 = 1
2
Jµ3 +

√
3

2
Jµ8 has a form 1

2
eRλ̃3γ

µeR with λ̃3 = diag(1, 0,−1).
Hence, λ̃3, λ4 and λ5 form a SU(2) subalgebra of SU(3)e, and using the Fierz
identities for these matrices the low energy Lagrangian in (2.32) can be rewritten
as:

L3 = − 1

v2
3

[
(J̃µ0 )2 + (Jµ6 + iJµ7 )(J6µ − iJ7µ)

]
=

− ε2

4v2
2

[
(eR λ̃0γ

µeR)2 + 4(eR2γµeR2)(eR3γ
µeR3)

]
(2.33)

where λ̃0 = diag(1, 0, 1). So, operators L2 and L3 do not induce any LFV tran-
sition between eR1, eR2, eR3 states.

In the basis of the mass eigenstates (e, µ, τ) all currents involved in operators
(2.31) and (2.33), including those related to λ0 and λ̃0, should be rotated with
the matrix VR (2.20), or in explicit form

Jaµ =
(
e, µ, τ

)
R
γµ
V †RλaVR

2

 e
µ
τ


R

(2.34)

In particular, in (e, µ, τ) basis λ0 in operator (2.31) is deformed to λV = V †Rλ0VR,
or explicitly

λV =

 1− |V3e|2 −V ∗3eV3µ −V ∗3eV3τ

−V3eV
∗

3µ 1− |V3µ|2 −V ∗3µV3τ

−V3eV
∗

3τ −V3µV
∗

3τ |V1τ |2 + |V2τ |2


=

 1 ∼ ε̃ε2 ∼ ε̃ε
∼ ε̃ε2 1 ∼ ε
∼ ε̃ε ∼ ε ∼ ε2

 (2.35)

and λ̃V = V †Rλ̃0VR:

λ̃V =

 1− |V2e|2 −V ∗2eV2µ −V ∗2eV2τ

−V2eV
∗

2µ |V1µ|2 + |V3µ|2 −V ∗2µV2τ

−V2eV
∗

2τ −V2µV
∗

2τ 1− |V2τ |2


=

 1 ∼ ε̃ ∼ ε̃ε
∼ ε̃ ∼ ε2 ∼ ε
∼ ε̃ε ∼ ε 1

 (2.36)

where the order of magnitude for the LFV entries is indicated in terms of the
small parameters ε and ε̃.
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2.1.3 How light can SU(3)e gauge bosons be

The interesting question now is about how small the scale v2 can be without
contradicting to existing experimental limits. The leading terms in (2.31) give
rise to flavor conserving operators

− 1

4v2
2

(
eRγ

νeR
)2 − 1

2v2
2

(
eRγ

νeR
)(
µRγνµR

)
(2.37)

constrained by the compositeness limits Λ−RR(eeee) > 10.2 TeV and Λ−RR(eeµµ) >
9.1 TeV (95 % C.L.) as reported respectively in Refs. [59] and [60], where the
compositeness scale is defined by the effective operators:

± g2

(1 + δef )(Λ
±
RR)2

eRγµeRfRγ
µfR

g2

4π
= 1 (2.38)

Translating the formal definitions of compositeness scales to the scale v2, it is
obtained:

v2 = (8π)−1/2Λ−RR(eeee) > 2.0 TeV

v2 = (8π)−1/2Λ−RR(eeµµ) > 1.8 TeV (2.39)

Hence, these limits allow the scale of SU(2)e symmetry to be as small as v2 =
2 TeV. Using Eqs. (2.17), then one can evaluate also the scale of SU(3)3 →
SU(2)e breaking v3 = v2/ε and the cutoff scale M as

v3 ' (g22/g33)× 34 TeV, M ' g22 × 3.3 PeV (2.40)

As for the flavor-changing phenomena induced by operators (2.31) and (2.33),
they are suppressed by small parameters ε and ε̃ and agree with severe exper-
imental limits on the LFV even for such a low scale of flavor symmetry. E.g.
both L2 and L3 terms contribute to the following operator which induces the
LFV decay µ→ eeē:

4Gµeee√
2

(eRγνµR) (eRγ
νeR)

4Gµeee√
2

=
1

2v2
2

V ∗3eV3µ +
1

2v2
3

V ∗2eV2µ ∼
ε2ε̃

2v2
2

(2.41)
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Its amplitude can be normalized to the amplitude of the muon standard decay
due to the weak interactions

− 4GF√
2

(eLγρνe) (νµγ
ρµL) (2.42)

where 4GF/
√

2 = 1/v2
w, vw = 174 GeV. Then for the decay rate it can be

obtained:
Γ(µ→ eeē)

Γ(µ→ eν̄eνµ)
=

1

2

∣∣∣∣Gµeee

GF

∣∣∣∣2 ∼ ε̃2ε4

8

(
vw

v2

)4

(2.43)

Hence, for v2 > 2 TeV and ε, ε̃ ≤ 1/20 or so, this branching ratio is compatible
with the existing experimental limit Br(µ→ 3e)exp < 10−12 [111].

For τ lepton decay modes as τ → µeē and τ → 3µ leading contributions
arise from operator (2.31). From (2.35) the relevant constants are 4Gτµee

√
2 =

4Gτµµµ/
√

2 = V ∗3µV3τ/2v
2
2. Hence, the widths of these decays are suppressed by

a factor ∼ ε2/v4
2, and are compatible with the experimental limits [111]. The

summary of predicted branching ratios of relevant LFV processes compared with
experimental limits is given in Table 4.2, with the parameters ε, ε̃ normalized to
a benchmark value 1/20.

Yet another LFV effect to be considered is muonium-antimuonium conversion
M(µ̄e)→M(µē) [61]. The relevant operator emerges from (2.33) and it reads

− 4GMM√
2

(
µRγ

νeR
)2
, GMM =

ε2(V2eV
∗

2µ)2

8
√

2v2
2

(2.44)

Thus the amplitude of M −M transition is doubly suppressed, by a factor ∼
ε̃2ε2 < 10−5 or so, and is much below the experimental limit |GMM/GF | <
3× 10−3 [62].

One loop interactions of flavor bosons also contribute to the magnetic moment
of the particles, with no suppression by mixing angles in VR. The contribution to
the parameter for the magnetic moment anomaly of the electron ae = 1

2
(ge − 2)

can be computed using formulas in Ref. [63]:

ae = − m2
e

8π2v2
2

= −8.3× 10−16

(
2 TeV

v2

)2

(2.45)

which is about 3 orders of magnitude smaller than the present difference be-
tween the experimental [111] and theoretical [64] determinations of the elec-
tron anomalous magnetic moment, aexp

e − aSM
e = (−7.0 ± 3.5) × 10−13. Sim-

ilarly, the contribution to the anomalous magnetic moment can be estimated
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from Ref. [63] aµ = − m2
µ

8π2v2
2

= −3.5 × 10−11(2 TeV/v2)2, which is two orders
of magnitude below the existing discrepancy between theory and experiment
aexp
µ − aSM

µ = (2.7 ± 0.8) × 10−9 [111]. So, these contributions are irrelevant for
both electron and muon. As regards the electron dipole moment, the experimen-
tal limit [111] gives a constraint at least 3 orders of magnitude more stringent
with respect to new contributions to magnetic moment. However the electric
dipole gets no contribution at one loop from the new horizontal interactions.

It should be remarked that potentially also flavons can mediate the LFV pro-
cesses. From the effective operators (2.9), after substituting the VEV 〈φ〉 = vw

the lepton Yukawa couplings with the flavon fields ξn become:

hin ξ
α
n`LieRα (2.46)

with

hin =
ginvw

M
(2.47)

which are generically flavor-changing. For example, in the basis (2.15) the Higgs
mode of the flavon ξ2 which is presumably the lightest, with the mass µ2 ∼ v2,
induces the following effective operator:

− h32h22

µ2
2

(τµ) (µµ) ,
h32h22

µ2
2

' m2
µ

v4
2

(2.48)

where we have taken into account the relations (2.17). Thus, for v2 > 2 TeV,
the width of τ → 3µ decay induced by this operator is more than 12 orders of
magnitude below the experimental limit. The width of µ → 3e decay induced
by analogous operator mediated by flavon ξ1 is also suppressed by orders of
magnitude.

2.1.4 Anomaly cancellation

For promoting the chiral non-abelian factors in (2.5) as SU(3)e, etc. as gauge
symmetries, one has to take care of anomaly cancellations. For more generality,
the maximal symmetry

SU(3)` × SU(3)e × SU(3)q × SU(3)u × SU(3)d (2.49)

can be considered as gauge symmetry under which the different fermion species
form the triplets of independent SU(3) horizontal groups respectively as

`L ∼ 3`, eR ∼ 3e, QL ∼ 3q, uR ∼ 3u, dR ∼ 3d (2.50)
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Mode Exp. Br. Predicted Br.

µ→ eeē < 1.0× 10−12 1
8

(
vw
v2

)4 ∣∣V ∗3eV3µ + ε2V ∗2eV2µ

∣∣2 ≤ 1.1× 10−13

(∣∣ g∗31g32
g233

∣∣+
∣∣ g∗21
g22

∣∣)2

ε̃220ε
4
20

(
2 TeV
v2

)4

τ → µeē < 1.8× 10−8 1
4

( vw
v2

)4 ∣∣∣V ∗3µV3τ

∣∣∣2 Brτ→µντ ν̄µ = 6.2× 10−9
∣∣ g32
g33

∣∣2ε220

(
2 TeV
v2

)4

τ → µµµ̄ < 2.1× 10−8 1
8

( vw
v2

)4∣∣V ∗3µV3τ

∣∣2 Brτ→µντ ν̄µ = 3.1× 10−9
∣∣ g32
g33

∣∣2ε220

(
2 TeV
v2

)4

µ→ eγ < 4.2× 10−13 3α
2π

( vw
v2

)4|V ∗3eV3µ|2 = 3.1× 10−15
∣∣ g∗31g32
g233

∣∣2ε̃220ε
4
20

(
2 TeV
v2

)4

τ → µγ < 4.4× 10−8 3α
2π

( vw
v2

)4 ∣∣∣V ∗3µV3τ

∣∣∣2 Brτ→µντ ν̄µ = 8.7× 10−11
∣∣ g32
g33

∣∣2ε220

(
2 TeV
v2

)4

Table 2.1: Experimental limits on the branching fractions for the LFV decays [111]
vs. those predicted in our model. For the LFV decays of τ lepton the branching
ratio Br(τ → µντ ν̄µ) = 0.174 is taken into account. In last column Eqs. (2.21) is
used for the elements of mixing matrix VR and the scale v2 = 2 TeV is set from the
compositeness limits. Both parameters ε and ε̃ are normalized to 1/20 ' mµ/mτ ;
ε20 = 20ε, ε̃20 = 20ε̃. The latter choice is a clear overestimation and it would be more
consistent to take ε̃ ' me/mµ ' 1/200. However, all of the LFV limits are obeyed even
with strongly overestimated ε̃.

Then each of these gauge factors would have triangle SU(3)3 anomalies. For
their cancellation, for each triplet in (2.50) one must additionally introduce ad
hoc fermions of the opposite chiralities which are singlets of the SM and are
triplets under the respective horizontal symmetry.

An interesting possibility is to introduce a mirror sector [65, 66, 67, 68, 69]
as a mirror copy of the SM gauge symmetry SU(3)× SU(2)× U(1), so that for
every (LH or RH) fermion species of the SM, there exists its mirror twin with
the opposite chirality in the identical representation of the mirror SM’ gauge
group SU(3)′ × SU(2)′ × U(1)′ (for a review see e.g. Ref. [70, 71]), and assume
that the gauge horizontal symmetries (2.49) are common symmetries between
ordinary and mirror particles as it was suggested in Ref. [72]. In other words, for
ordinary quark and lepton species in (2.50), their mirror twins (‘primed’ quarks
and leptons) should be respectively in representations:

`′R ∼ 3` , e′L ∼ 3e , Q′R ∼ 3q , u′L ∼ 3u , d′L ∼ 3d (2.51)

In this picture, the parity can be understood as a discrete symmetry of exchange
between ordinary and mirror species, `L ↔ `′R etc. with respective exchange of
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ordinary and mirror gauge bosons and Higgses φ and φ′. As for the horizon-
tal gauge factors (2.49), they in fact all become vector-like, with their triangle
anomalies reciprocally cancelled between the ordinary (2.50) and mirror (2.51)
particle species of the opposite chiralities.

In particular, in our model “reduced" to leptons in which only SU(3)e is consid-
ered as a gauge symmetry, triangle SU(3)3

e anomaly is cancelled between the ordi-
nary RH leptons eRα ∼ (1,−2, 3e) and their LH mirror partners e′Lα ∼ (1,−2′, 3e),
where −2′ denotes U(1)′ hypercharge of mirror leptons.

Operators (2.9) must be complemented by similar couplings of flavons ξn with
mirror leptons. Hence, we have∑

n

ginξ
α
n

M

(
φ `LieRα + φ′ `′Rie

′
Lα

)
+ h.c. (2.52)

Then, if mirror symmetry is exact, i.e. 〈φ′〉 = 〈φ〉 = vw, the ordinary and mirror
leptons should have identical mass spectra. As for neutrinos, now besides the
operator (2.22) generating the neutrino Majorana masses, we should have its
mirror copy generating Majorana masses of mirror neutrinos, and also a mixed
operator between ordinary ` and mirror `′ leptons [73, 74, 75, 76]:

Y ij
ν

M
(
φφ `TLiC`Lj + φ′φ′ `′TRiC`

′
Rj

)
+
Ỹ ij
ν

M φφ′ `Li`
′
Rj + h.c. . (2.53)

The last operator mixes ordinary (active) and mirror (sterile) neutrinos, and
also can play a key role in co-leptogenesis scenario which can generate baryon
asymmetries in both ordinary and mirror sectors [77, 78]. Interestingly, if lep-
ton numbers (or better B − L and B′ − L′) are conserved in each sector, then
these operators are forbidden and all neutrinos remain massless. However, if the
combination (B−L) + (B′−L′) is conserved, then the last operator is allowed.
In this case the neutrinos will be Dirac particles having masses ∼ v2

w/M, with
their LH components living in ordinary world and the RH components living in
mirror world.

However, introduction of the mirror fermions does not fully solve the anomaly
problem: there remains a mixed triangle anomaly of hypercharge–flavor U(1)×
SU(3)2

e. For its cancellation, new fermion species should be introduced in the
proper representations of the SM and SU(3)e. There are several ways of doing
this. Let us consider one of the possibilities by introducing in our sector, in
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addition to the regular leptons (2.8), the new lepton species in representations

ELα ∼ (1,−2, 3e;X), ERi ∼ (1,−2, 1;X), (2.54)

and, for mirror parity, analogous species in mirror sector:

E ′Rα ∼ (1,−2′, 3e;X), E ′Li ∼ (1,−2′, 1;X), (2.55)

where α = 1, 2, 3 is a gauge SU(3)e index and i = 1, 2, 3 is just for numbering
three species. We assign to these fermions a new charge X of additional gauge
symmetry U(1)X while ordinary leptons have no X-charges. This additional
charge is introduced in order to forbid the mixing of new fermions (2.54) with
ordinary leptons (2.8) due to the mass term MELαeRα and the Yukawa terms
`LiERjφ which would ruin the flavor structure induced by the operator (2.9). It
is easy to check that by introducing extra fermions (2.54) and (2.55) the mixed
triangle anomalies including U(1)×SU(3)2

e, U(1)X ×SU(3)2
e, U(1)×U(1)2

X and
U(1)X × U(1)2 are all cancelled.

The new fermions get masses from couplings with flavons ξn:

yinξ
α
nERiELα + yinξ

α
nE ′LiE ′Rα + h.c. (2.56)

where yin are order 1 Yukawa constants. Therefore, their mass spectrum should
reflect the hierarchy v3 : v2 : v1 ∼ 1 : ε : εε̃. In particular, if v2 is in the TeV range,
then v1 should be in the range of 100 GeV and thus the lightest of new leptons
will have a mass of this order. In addition, if U(1)X symmetry is unbroken, then
the lightest of these states should be stable (the heavier ones will decay into
the lighter one via SU(3)e flavor boson mediated operators). Interestingly, the
LEP direct experimental lower limit on the mass of new charged leptons is 102.6
GeV [79]. Such heavy leptons can be within the reach of new e+e− machines as
ILC/CLIC or CEPC/FCC-ee. If U(1)X symmetry is spontaneously broken, then
the mixing of e, µ, τ with new leptons can be allowed and thus the latter will be
rendered unstable.

Let us turn to flavor gauge bosons of SU(3)e which now interact with both
normal leptons and mirror leptons. Now their exchange should create mixed
effective operators involving both ordinary and mirror leptons. In particular, the
bosons Fµ1,2,3 mediate the following LFV operators involving first two families of
both sectors:

1

v2
2

3∑
a=1

Jµa J
′
aµ =

1

4v2
2

3∑
a=1

(eR λaγ
µeR)(e′L λaγµe

′
L) (2.57)
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Thus, this operator induces muonium - mirror muonium conversion M(µ̄e) →
M ′(µ′ē′) with GMM ′/GF = (vw/v2)2 = 7.6 × 10−3(2 TeV/v2)2. Differently from
the muonium-antimuonium conversion (2.44), here is no suppression by small
mixing angles. The present limit on the muonium disappearance reads Br(M →
invisible) < 5.7 × 10−6 [80] which is clearly respected for v2 = 2 TeV. However,
this limit can be improved by several orders of magnitude as discussed in Ref.
[80]. Analogously, this operator should induce positronium conversion into mirror
positronium [81, 82], but for v2 = 2 TeV the positronium disappearance rate is
much below the present experimental limit Br(o-Ps→invisible) < 6× 10−4 [83].

As far as the presence of mirror sector is concerned, mirror matters is a vi-
able candidate for light dark matter dominantly consisting of mirror helium and
hydrogen atoms [84, 85, 86, 87]. The flavor gauge bosons interacting with both
ordinary and mirror fermions appear as messengers between the two sectors and
can give an interesting portal for mirror matter direct detection, complementary
to the dark photon portal related to the photon-mirror photon kinetic mixing
[88, 89]. However, they will also give rise to the mixing between the neutral
ordinary and mirror mesons. Namely, the lighter flavor bosons induce mixings
as π0− π0′, K0−K0′, etc. [65, 66, 67, 68, 69], with implications for the invisible
decay channels of neutral mesons (for a recent discussion, see also Ref. [90]).
In the supersymmetric version, the respective flavor gauginos complemented by
R-parity breaking can induce the mixing between the ordinary and mirror neu-
tral baryons. Interestingly, neutron-mirror neutron oscillation n − n′ related to
physics at the scale of few TeV can be rather fast, in fact much faster than the
neutron decay itself [91, 92, 93]. Recent summary of experimental bounds on
the n− n′ oscillation time can be found in Ref. [94]). There are some anomalies
in existing experiments on n − n′ oscillation search [95] which can be tested in
planned experiments on the neutron disappearance and regeneration [96, 97].

Oscillation phenomena between ordinary and mirror neutral particles are ef-
fective if they are degenerate in mass, i.e. mirror parity is unbroken and the
weak scales 〈φ〉 = vw and 〈φ′〉 = v′w are exactly equal in two sectors, v′w = vw.
However, the cancellation of horizontal anomalies between two sectors does not
require that mirror parity is unbroken, and in fact one can consider models where
it is spontaneously broken, e.g. v′w > vw, with interesting implications for mirror
dark matter properties and sterile mirror neutrinos [98] and axion physics [99].
In particular, in the context of the mirror twin Higgs mechanism for solving the
little hierarchy problem, in supersymmetric [170, 101] or non-supersymmetric
[102] versions, one expects v′w in the TeV range.

The following remark is in order. The viability of mirror sector is subject of
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strong cosmological restrictions. Namely, the Big Bang nucleosynthesis (BBN)
constraints require that at the BBN epoch its temperature should be smaller
than the temperature of the ordinary sector, T ′/T < 0.6 [84]. The constraints
from the CMB and large scale structure are at least twice stronger, T ′/T <
0.2–0.3 [86, 87]. On the other hand, the interactions (2.57) induce the process
eē → e′ē′ which in the early universe would bring two sectors into equilibrium.
The freeze-out temperature Td of this process can be easily estimated, just by
rescaling by a factor (2v2/vw)4/3 the neutrino decoupling temperature Tν ' 2
MeV. Thus, for respecting the cosmological bounds, the reheating temperature
of the universe should not exceed Td ' (v2/2 TeV)4/3 × 130 MeV. (Analogous
problem of low reheating temperature is typical also for the TeV scale gravity
models with large extra dimensions, as discussed in Ref. [103], and for twin
Higgs models [170, 101, 102].) Alternatively, one has to assume the possibility
of additional entropy production in ordinary sector below the temperatures Td
which in turn implies the necessity of mirror symmetry breaking. In asymmetric
mirror model, with v′w � vw, Td becomes significantly larger. In particular, for
v′w larger than few PeV, as e.g. in heavy axion (axidragon) model [99], one can
have Td > 1 TeV or so.

2.2 SU(3)`

A bigger symmetry concerning lepton sector can be considered, that is SU(3)`×
SU(3)e. The LH and RH lepton fields are in the following representations:

`Lα =

(
να
eα

)
L

∼ (2,−1, 3`, 1), eRγ ∼ (1,−2, 1, 3e) (2.58)

where the multiplet content with respect to the EW SU(2)×U(1) and horizontal
SU(3)`×SU(3)e is indicated. α = 1, 2, 3 and γ = 1, 2, 3 are the indices of SU(3)`
and SU(3)e respectively. This set of fermions is not anomaly free. Anomaly
cancellation can be addressed following the discussion in section 2.1.4.

2.2.1 Lepton masses and mixing

Yukawa couplings of φ with fermions `Li and eRα are forbidden by SU(3)` ×
SU(3)e symmetry. For breaking SU(3)` × SU(3)e three triplets ηiα of SU(3)`
and three triplets ξiγ of SU(3)e, i = 1, 2, 3 are introduced. Then, as regards
charged leptons, masses emerge from the gauge invariant dimension–6 operator
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`Lα eRγgij
Λ2

η(j)
α
ξ(i)
γ ϕ

Figure 2.2: Effective operator (2.59) for charged lepton masses.

(see Fig. 2.2):
yij
M2

ηiαξ
γ

jφ `LαeRγ + h.c. (2.59)

where yij are order one constants, φ is the Higgs doublet andM is a cutoff scale.
As already stated, in an UV-complete theory such operators can be induced

via seesaw-like mechanism by integrating out some heavy scalar or fermion states
[39, 40].

As regards neutrinos, their Majorana masses are induced by the higher order
operator (shown in Fig. 2.3):

hij
M3

ν

ηαi η
β
j φφ `

T
LαC`β + h.c. (2.60)

where hij = hji. The cutoff scaleMν of this operator is not necessarily the same
as the scaleM of operator (2.59).

Operator (2.59) has a global symmetry U(3)`×U(3)e, U(3)e = SU(3)e×U(1)e,
U(3)` = SU(3)` × U(1)`, and in order to generate non-zero masses of all three
leptons e, µ, τ , that global symmetry must be fully broken. This means that all
three SU(3)` flavons ηi as well as SU(3)e ξi should have non-zero VEVs with
disoriented directions. Thus VEVs 〈ηiα〉 should form a rank-3 matrix. With-
out losing generality, the flavon basis can be chosen so that the matrix 〈ηiα〉 is
diagonal, 〈ηiα〉 = wiδiα, i.e. the flavon VEVs are orthogonal:

〈η1〉 =

 w1

0
0

 , 〈η2〉 =

 0
w2

0

 , 〈η3〉 =

 0
0
w3

 (2.61)
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`Lα `Lβhij
Λ3

ϕ η(i)
α η

(j)
β ϕ

Figure 2.3: Effective operator (2.60) for neutrinos Majorana masses.

Analogously, for ξ–flavons:

〈ξ1〉 =

 v1

0
0

 , 〈ξ2〉 =

 0
v2

0

 , 〈ξ3〉 =

 0
0
v3

 (2.62)

as in (2.13). By substituting these VEVs in operator (2.59), the leptonic Yukawa
matrices in the SM Lagrangian are obtained:

Y ij
e = yij

wivj
M2

(2.63)

Operator (2.60) should give instead the observed neutrino mass pattern:

mij
ν = hijwiwjv

2
w/M3

ν (2.64)

and in particular the large neutrino mixing. This implies that SU(3)` breaking
flavons η should have comparable VEVs, w3 ∼ w2 ∼ w1. Then the big ratios of
lepton masses are due to the VEVs of the triplets ξn: v3 � v2 � v1 in SU(3)e
symmetry breaking, i.e. v3 : v2 : v1 ∼ mτ : mµ : me. and small ratios between the
VEVs breaking SU(3)` are negligible for obtaining the hierarchical mass spectrum
of leptons. In fact, a change in the basis of the triplets η is simply connected with
large mixings between neutrinos after spontaneous symmetry breaking, then `Li
states can also be turned to the basis in which matrix Y ij

e has a triangular form
as in (2.15) with gαj/M = yij〈ηiα〉/M2.
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2.2.2 SU(3)` gauge bosons

Gauge bosons Fµ`a of SU(3)` associated to the Gell-Mann matrices λa, a =
1, 2, ...8, interact as

gFµ`aJ `aµ (2.65)

with the respective currents

J `aµ = J (e)
aµ + J (ν)

aµ =
1

2
eLγµλaeL +

1

2
νLγµλaνL (2.66)

where g is the gauge coupling constant (an index ` is omitted here), eL =
(e1, e2, e3)TL and νL = (ν1, ν2, ν3)TL respectively denote the family triplets of the
LH charged leptons and neutrinos.

At low energies these couplings induce four-fermion (current × current) inter-
actions:

Leff = −g
2

2
J `µa

(
M2

`

)−1

ab
J `bµ (2.67)

where M2
`ab is the squared mass matrix of gauge bosons Fµ`a which in the flavon

VEV basis (2.61) is essentially diagonal apart of a non-diagonal 2×2 block related
to Fµ`3 - Fµ`8 mixing. Namely, the masses of Fµ`1,2, Fµ`4,5 and Fµ`6,7 are

M2
`1,2 =

g2

2
(w2

2 + w2
1) =

g2

2
v2
F , (2.68)

M2
`4,5 =

g2

2
(w2

3 + w2
1), M2

`6,7 =
g2

2
(w2

3 + w2
2)

As for Fµ`3 and Fµ`8 they have a mass mixing and their mass matrix reads

M2
`38 =

g2

2

(
w2

2 + w2
1

1√
3
(w2

1 − w2
2)

1√
3
(w2

1 − w2
2) 1

3
(4w2

3 + w2
1 + w2

2)

)
. (2.69)

Notice that if w1 = w2 = vF/
√

2, this matrix becomes diagonal. In the following,
in order to simplify the demonstration, this case is analyzed, although a similar
analysis can be done also for a general case w1 6= w2, along the lines of section
2.1. Then for the gauge boson masses we have M2

`a = (g2/2)(xavF)2, where

x2
1,2,3 = 1, x2

4,5,6,7 =
r + 1

2
, x2

8 =
2r + 1

3
(2.70)
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and r = 2w2
3/v

2
F . Then operators (2.67) can be rewritten as

Leff = Leνeff + Leeeff + Lννeff (2.71)

where

Leνeff = −2GF√
2

8∑
a=1

(
eL γ

µλa
xa
eL
)(
νL γµ

λa
xa
νL
)

Leeeff = −GF√
2

8∑
a=1

(
eL γµ

λa
xa
eL
)2 (2.72)

Lννeff = −GF√
2

8∑
a=1

(
νL γµ

λa
xa
νL
)2

with 4GF/
√

2 = 1/v2
F . Obviously, the factor g2/2 in operators cancels out and

the strength of these operators is determined solely by the VEVs (2.61).

2.2.3 SU(3)` gauge bosons mediated intaractions

The first term Leνeff contains the operator

− 4GF√
2

(eLγµµL)(νµγ
µνe) (2.73)

which contributes to the muon decay µ→ eνµν̄e as

Gµ = GF +GF (2.74)

that is, in this case the muon decay constant is not equal to the Fermi constant
measured in beta decays anymore. The operator (3.30) is induced by exchange of
gauge bosons Fµ`1 and Fµ`2, or more precisely by the combination (Fµ`1± iFµ`2)/

√
2,

as in second diagram of Fig. 2.4. As it will be discussed in details in the next
chapter, since the relation GF = Gµ is used for determining CKM elements, Eq.
(2.74) is a possible solution to the discrepancy of the first row of the CKM matrix
from unitarity. As it will be shown, for restoring the CKM unitarity it is needed
that:

δµ = GF/GF = (vw/vF)2 ≈ 7× 10−4 (2.75)

which corresponds to the flavor scale

vF = 6–7TeV (2.76)
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W

νe e L

µ L νµ

F

νe νµ

µ L e L

Figure 2.4: The SM contribution to the muon decay mediated by W -boson (left), and
the BSM contribution mediated by the flavor-changing F–boson (right).

The similar operators in Leνeff mediated by the gauge bosons Fµ`4,5 and Fµ`6,7 con-
tribute to the taon leptonic decays τ → eντ ν̄e and τ → µντ ν̄µ whose rates are
well consistent with the SM predictions [104]. Then, in the case w1,2,3 ∼ vF
but w1 6= w2, the branching ratio Γ(τ → µντ ν̄µ)/Γ(τ → eντ ν̄e) can have or-
der GF/GF ∼ δµ deviation from the SM prediction which can be experimen-
tally testable. For a comparison, the present experimental value of this ratio
is 0.9762(28) [111], which is 1.3σ larger than the SM predicted value 0.9726. In
addition, the terms in Leνeff with the diagonal generators λ3 and λ8 give rise to non-
standard neutrino interactions with leptons. But respective coupling constants
are of order GF = δµGF , and hence well below the experimental constraints.

The last term Lννeff in (2.72) contains the non-standard interactions between
neutrinos, but present experimental limits on the neutrino self-interactions are
very weak. However, second term Leeeff in (2.72) containing charged leptons in
principle is testable for the scale vF of few TeV.

Interestingly, if the flavor eigenstates e1, e2, e3 are the mass eigenstates e, µ, τ ,
the terms (2.72) do not contain any LFV operators inducing processes like
µ → 3e, τ → 3µ etc. However, the lepton flavor-conserving contact operators
− 4π

Λ2
L

(eLγµeL)2, − 2π
Λ2
L

(eLγ
µeL)(µLγµµL), etc. are restricted by the ‘compositeness’

limits Λ−L(eeee) > 10.3 TeV and Λ−L(eeµµ) > 9.5 TeV. Comparing these opera-
tors with the corresponding terms in (2.72) and taking into account the relations
(2.70), the ‘compositeness’ scales can be expressed in terms of the scale vF .
Hence, we obtain the limit

vF >

(
r + 1

r + 0.5

)1/2

× 2.1 TeV . (2.77)
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Here the r–dependent pre-factor approaches 1 when r � 1 and it becomes
√

2
in the opposite limit r � 1. Thus, the strongest limit emerges in the latter
case, vF > 3 TeV or so, which is anyway fulfilled for the benchmark range
vF ' (6–7) TeV needed to solve the CKM unitarity problem.

The flavor eigenstates e1, e2, e3 coincide with the mass eigenstates e, µ, τ , if
the Yukawa matrix Y ij

e in (2.63) is diagonal. This can be achieved by imposing
some additional discrete symmetries between the flavons ηi and ξi of SU(3)` and
SU(3)e sectors which would forbid the non-diagonal terms yij in operator (2.59).
However, in general case the initial flavor basis of the LH leptons is related to
the mass basis by the unitary transformation e1

e2

e3


L

= UL

 e
µ
τ


L

=

 U1e U1µ U1τ

U2e U2µ U2τ

U3e U3µ U3τ

 e
µ
τ


L

(2.78)

Then, in the basis of mass eigenstates, the operators Leeeff read as in (2.72) but
with the substitution λa/xa → U †L(λa/xa)UL. Interestingly, in the limit r = 1, i.e.
when the VEVs w1,2,3 are equal and so xa = 1, all flavor bosons Fµ`a have equal
masses, and the substitution λa → U †LλaUL is simply a basis redetermination of
the Gell-Mann matrices. Therefore, no LFV effects will emerge in this case since
the global SO(8)` symmetry acts as a custodial symmetry. Namely, by Fierz
transformations, using also the Fierz identities for the Gell-Mann matrices, it is
obtained the result:

− GF√
2

8∑
a=1

(
eLγµλaeL

)2
= −4

3

GF√
2

(
eLγµeL

)2 (2.79)

Obviously, the latter expression is invariant under the unitary transformation
(2.78).

In general case r 6= 1, the mixing (2.78) gives rise to the LFV operators as
e.g. the one inducing µ→ 3e decay:

−4Gµeee√
2

(
eLγ

µµL
)(
eLγ

µeL
)

+ h.c. ,

4Gµeee√
2

=
C(r)

2v2
F

[
1 +

1− r
r
|U3e|2

]
U∗3eU3µ (2.80)

where

C(r) =
r(r − 1)

(r + 1)(r + 0.5)
(2.81)



2.2 SU(3)` 45

The function C(r) is limited as |C(r)| < 1, reaching the maximal value at r � 1,
and it vanishes at r = 1. Then, taking |U3e| � 1, we obtain for the branching
ratio of µ→ 3e decay

Γ(µ→ eeē)

Γ(µ→ eνµν̄e)
=

1

2

∣∣∣∣Gµeee

GF

∣∣∣∣2 =
1

8
(C(r)δµ|U∗3eU3µ|)2 (2.82)

The experimental upper bound on this branching ratio is 10−12 [111]. Taking
δµ = (vw/vF)2 = 7× 10−4, the limit δµ|CU∗3eU3µ|/

√
8 < 10−6 translates into

|C(r)U∗3eU3µ| < 0.4× 10−2 (2.83)

which is nicely satisfied if the lepton mixing angles in (2.78) are comparable with
the CKM mixing angles in (??) or even larger. E.g. if the VEV ratio is in
between r = 0.5–1.5, then |C(r)| < 1/7 so that |U∗3eU3µ| < (1/6)2 or so would
suffice for properly suppressing the µ → 3e decay rate. This means that in this
case the matrix elements |U3µ| and |U3e| can be almost as large as the Cabibbo
angle sin θC = Vus. The experimental limits on other LFV effects as e.g. τ → 3µ
are weaker, and following the lines of the previous section it can be shown that
with vF ∼ 6 TeV they are fulfilled even for whatever large mixings in (2.78).
Once again, for r = 1 all LFV effects are vanishing owing to custodial symmetry,
see Eq. (2.79).

2.2.4 GF 6= Gµ vs. Standard Model precision tests

Here it is briefly discussed how the hypothesis Gµ 6= GF could affect the
SM precision tests. In the SM, at tree level, the weak gauge boson masses are
MW = gvw/

√
2 = evw/

√
2 sin θW and MZ = MW/ cos θW where θW is the weak

angle. Radiative corrections, which depend also on the top quark and Higgs
mass, are important for precision tests.

The world averages of experimentally measured masses of Z and W reported
by PDG 2018 are [111]:

M exp
Z = 91.1876(21) GeV,

M exp
W = 80.379(12) GeV, (2.84)

while the SM global fit yields to the following values:

MSM
Z = 91.1884(20) GeV,

MSM
W = 80.358(4) GeV. (2.85)
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Hence, the theoretical and experimental values of Z-mass are in perfect agree-
ment while for W -boson the two values have about 1.6σ discrepancy:

M exp
W −MSM

W = (21± 13) MeV (2.86)

In the SM the mass ofW -boson, including radiative corrections, is determined
as

MW =
A0

ŝZ(1−∆r̂W )1/2
(2.87)

where A0 = (πα/
√

2GF )1/2 = 37.28039(1) GeV taking GF = Gµ, the fac-
tor 1 − ∆r̂W = 0.93084(8) includes the main radiative corrections and ŝ2

Z =
1.0348(2)s2

W is the corrected value of sin2 θW (MZ) by including the top and Higgs
mass dependent corrections. The theoretical massMW = 80.358(4) GeV (2.85) is
then obtained by substituting in (2.87) the value ŝ2

Z = 0.23122(3) obtained from
the SM global fit [111]. In our scenario, however, GF 6= Gµ. Should we just set in
A0 instead of GF = Gµ the “corrected" value GF = (1 + δµ)−1Gµ, then A0 should
be rescaled by a factor (1 + δµ)1/2, and correspondingly the “theoretical" value of
MW (2.87) too. In particular, for δµ = 7×10−4 we would getMW = 80.386 GeV,
right in the ball-park of the experimental values (2.85). However, this is not the
right thing to do.

In the global fit of SM MZ is one of the input parameters with smallest exper-
imental errors, along with the fine structure constant α and the “muon" Fermi
constant Gµ. Essentially, this is the main reason of the good coincidence between
M exp

Z and MSM
Z . In fact, the SM implies the relation

MZ =
MW

ĉZ ρ̂1/2
=

A0

ŝZ ĉZ(1−∆r̂W )1/2ρ̂1/2
(2.88)

where ρ̂ = 1 + ρt + δρ = 1.01013(5) includes the weak isospin breaking effects,
dominantly from the quadratic mt dependent corrections ρt = 3GFm

2
t/8
√

2π2.
Therefore, taking the experimental value of Z-mass (2.84), Eq. (2.88) can be
used for determination of ŝ2

Z parameter, ŝ2
Z = 0.23123(3). This, in turn, from

MW = MZ ρ̂
1/2ĉZ gives MW = 80.357(4)SM GeV, i.e. practically the same as the

global fit result (2.85). This is because the determination of the parameter ŝ2
Z in

the SM global fit is dominated by the results of Z-pole measurements.
However, in our scenario rescaling A0 → A0(1 + δµ)1/2 changes the value of

ŝ2
Z . In particular, taking δµ = (7.6± 1.6)× 10−4, we get ŝ2

Z = 0.23148(3)SM(5)δµ .
Then, again from MW = MZ ρ̂

1/2ĉZ , we get MW = 80.344(4)SM(3)δµ GeV. Thus,
unfortunately, while the effect is there, in reality it goes right to the opposite
direction. So, our determination of MW differs from MSM

W , MSM
W −Mour

W = (13±



2.3 Quarks and Horizontal Symmetries SU(3)q × SU(3)u × SU(3)d 47

3) MeV. Thus, with MSM
W already being in tension with the experimental value

(2.84), our result has more tension: M exp
W −Mour

W = (35 ± 13) MeV (2.7σ).2 If
the tension will increase with future precision, this would mean that one has to
admit at least some minimal step beyond the SM. The relation between W and
Z masses can be improved by increasing of ρ-parameter via e.g. the VEV ∼ 1
GeV of a scalar triplet of the electroweak SU(2) × U(1), or by diminishing Z
mass by few MeV e.g. via its mixing with some extra gauge bosons like Z ′ at the
TeV scale or perhaps also with the flavor gauge bosons considered in the previous
section.

2.3 Quarks and Horizontal Symmetries SU(3)q ×
SU(3)u × SU(3)d

Masses in the range of few TeV are allowed also for the gauge bosons related
to horizontal symmetries in the quark sector. In order to show that this is
indeed possible a brief description about quarks is given in this section. The
maximal family symmetry of the quark sector is U(3)q × U(3)d × U(3)u with
gauge factors SU(3)q × SU(3)d × SU(3)u. Flavon triplets are introduced for
breking the symmetry and masses emerge from effective dimension–6 operators:

ydij
M2

ηqiαξ
dγ

j φ qLαdRγ +
yuij
M2

ηqiαξ
uγ

j φ̃ qLαuRγ + h.c. (2.89)

As shown for leptons, the quark mass hierarchy can be related with hierarchies
in breaking of SU(3)q × SU(3)d × SU(3)u gauge symmetry, i.e. with the ratios
εd = vd2/vd3 and ε̃d = vd1/vd2 between the VEVs of SU(3)d triplet flavons, and
the same for SU(3)u and SU(3)q. In this way, the hierarchy of down quark
masses will go parametrically as

mb : ms : md = 1 : εdεq : εdε̃dεqε̃q (2.90)
mt : mc : mu = 1 : εuεq : εuε̃uεqε̃q (2.91)

It can be noticed that if in SU(3)u breaking there is stronger hierarchy between
the VEVs of flavons ξu (parameter εu) than in SU(3)d breaking (parameter εd),
then the larger splitting of the up-sector mass scales is generated.

It can be shown that the quark flavor violating processes mediated by gauge
bosons of SU(3)d and SU(3)u will be suppressed due to custodial symmetry in

2 Let us remark that the tension with the latest results of ATLAS MATL
W = 80.370(19) is

much weaker (1.3σ), MATL
W −Mour

W = (26± 20) MeV.
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Figure 2.5: Tree level contribution to K0 ↔ K̄0 mixing.

the same way as the LFV processes mediated by SU(3)e bosons. For example,
some features of SU(3)d can be described. As for charged leptons, at low energies
the flavor bosons induce four-fermion (current × current) interactions:

Leff = −g
2

2
Jdµa (M2

d )−1
ab J

d
bµ (2.92)

where g is the SU(3)d gauge coupling, M2
d ab is the mass matrix of gauge bosons

Fµd a, associated with the currents

Jdaµ = dR
λa
2
γµdR (2.93)

where λa are the Gell-Mann matrices and dR = (d1, d2, d3)TR is the triplet of
the RH down-type quarks. In the basis of the mass eigenstates (d, s, b) the four
fermion operators in (2.92) can be written:

− 1

4v2
d2

( dR sR bR
)
γµ

 1− |V3d|2 −V ∗3dV3s −V ∗3dV3b

−V3dV
∗

3s 1− |V3s|2 −V ∗3sV3b

−V3dV
∗

3b −V3sV
∗

3b |V1b|2 + |V2b|2

 dR
sR
bR

2

− ε2d
4v2
d2

( dR sR bR
)
γµ

 1− |V2d|2 −V ∗2dV2s −V ∗2dV2b

−V2dV
∗

2s |V1s|2 + |V3s|2 −V ∗2sV2b

−V2dV
∗

2b −V2sV
∗

2b 1− |V2b|2

 dR
sR
bR

2

− ε2d
v2
d2

(dR2γµdR2)(dR3γµdR3) (2.94)

From (2.94) both flavour changing and flavour conserving new contributions
arise. As regards flavour changing processes, operators in (2.94) contribute to



2.3 Quarks and Horizontal Symmetries SU(3)q × SU(3)u × SU(3)d 49

neutral mesons mixing at tree level, as in Fig. 2.5. For example K0 − K̄0

oscillation is induced by:

− 1

4v2
d2

[
(V3dV

∗
3s)

2 + ε2d(V2dV
∗

2s)
2
]

(sRγ
µdR)2 (2.95)

Then it is clear that flavour changing phenomena are suppressed. In particular,
taking into account that |V2dV

∗
2s| ∼ ε̃d, |V3dV

∗
3s| ∼ ε2dε̃d,K0 mixing is suppressed by

a factor ∼ ε2dε̃
2
d � 1. Defining the scale of the effective operator as 1

Λ2 (sRγ
µdR)2,

the scales of the CP conserving and CP violating contribution can be computed to
be Λ = 1.4 ·103 TeV and Λ = 1.5 ·104 TeV respectively. The new contribution can
be constrained to be less than the SM contribution. By taking εdε̃d ∼ 10−2, the
mass scale vd2 ∼ 7TeV is compatible with the contraint from the neutral kaons
mass difference. As regards the imaginary part contributing to the CP violating
parameter εK , with the same choice for the benchmark value of εdε̃d ∼ 10−2,
vd2 ∼ 7TeV is still allowed if the phase of V2dV

∗
2s is of order 0.1.

Limits on flavour conserving operators comes from quark compositeness bounds.
From Ref. [105], the limit on the energy scale of the contact interaction operator:

± 2π

Λ±2
RR

(qRγ
µqR)(qRγµqR) (2.96)

is Λ−RR > 17.5 TeV. Then vd2 = Λ−RR/(2
√

2π) > 3.5 TeV.
Analogously to SU(3)`, also the flavor bosons of SU(3)q can give also anoma-

lous contributions imitating the charged current × current operators of the SM.
SU(3)q bosons should induce e.g. operator (uLγρcL)(sLγ

ρdL) which also inter-
feres with the charged current operators in the SM.
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Chapter 3

CKM unitarity

As already mentioned, the charged current weak interactions are described by
the Lagrangian density:

g√
2

(
u c t

)
L
V

(u)†
L γµV

(d)
L

 d
s
b

W †
µ + h.c. = (3.1)

=
g√
2

(
u c t

)
L
γµVCKM

 d
s
b

W †
µ + h.c. (3.2)

where VCKM = V
(u)†
L V

(d)
L is the Cabibbo-Kobayashi-Maskawa (CKM) matrix:

VCKM =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 (3.3)

In the context of the SM, VCKM is unitary. Deviation from the CKM unitarity can
be a signal of new physics beyond the Standard Model. The unitarity condition
for the first row is:

|Vud|2 + |Vus|2 + |Vub|2 = 1 (3.4)

After the experimental precision and control of theoretical uncertainties in the de-
termination of |Vus| and |Vud|, unitarity of the first row of the Cabibbo Kobayashi
Maskawa matrix can be tested. In fact, since |Vub| ' 0.004 is very small, its con-
tribution is negligible and (3.4) reduces essentially to the check of the Cabibbo
mixing: |Vus| = sin θC , |Vud| = cos θC and |Vus/Vud| = tan θC . In essence, this is
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the universality test for theW -boson coupling (g/
√

2)W+
µ J

µ
L+h.c. to the relevant

part of the charged left-handed current:

JµL = VuduLγ
µdL + VusuLγ

µsL + νeγ
µeL + νµγ

µµL (3.5)

For energies smaller than W -boson mass this coupling gives rise to the effective
current × current interactions:

− 4GF√
2
uL
(
VudγµdL + VusγµsL

)(
eLγ

µνe + µLγ
µνµ
)

(3.6)

which are responsible for leptonic decays of the neutron, pions, kaons etc., as
well as to the interaction:

− 4GF√
2

(
eLγµνe

)(
νµγ

µµL
)

(3.7)

responsible for the muon decay. All these couplings contain the Fermi constant
GF/
√

2 = g2/8M2
W .

In Ref. [46] we found about 4σ deviation from unitarity of the first row of
CKM matrix (3.4) after comparing indipendent determinations of Vus obtained
from the results in Refs. [106], [107] and [108]. Two possible scenarios restoring
unitarity were investigated.

One of the proposed solutions was about extending the unitarity condition by
introducing a fourth state of down-type vectorlike SU(2) isosinglet also involved
in the mixing with the SM three families. This scenario is discussed in detail in
Section 4.1.

The second scenario considered the existence of a new effective four-lepton
interaction contributing to muon decay in interference with SM. In fact, the
muon decay constant is used as a determination of GF in order to determine the
CKM elements. However in this case, the Fermi constant GF is slightly smaller
than the muon decay constant Gµ so that unitarity is recovered. As shown in
section 2.2, this kind of effective operator can be induced by the flavor changing
gauge bosons of the horizontal gauge symmetry between lepton families, which
should be spontaneously broken at the scale of few TeV. Also the neutron lifetime
problem, that is about 4σ discrepancy between the neutron lifetimes measured
in beam and trap experiments, should be analyzed in the light of the these
determinations of the CKM matrix elements.

The analysis in Ref. [46] focused on the gap generated by the determination
of Vud from super-allowed beta decays and the determination of Vus from kaon
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physics. Then other determinations exaggerated the tension among the determi-
nations of Vus obtained from leptonic and semileptonic kaon decays themselves.
In this chapter the present situation of the determinations of Vus and Vud is
shown.

Then two approaches to the problem can be considered. The incompatibility
inside kaon physics may be attributed to some uncertainties which can disappear
maybe soon with more precise determinations. Then this inner discrepancy can
be considered almost neglected in the analysis, helping in the cure but focusing
more on the average of determinations from kaons. The two just mentioned
scenarios are on this line, they are analyzed in sections 3.32, 4.1, 4.2. Otherwise
the discrepancy inside kaon physics can be considered seriously by looking for
a solution addressing the whole situation. For example, as it will be shown in
section 4.4, in principle a weak isodoublet can recover all the gaps.

3.1 The present situation of CKM unitarity

As already stated, the precision of recent determinations of |Vus| and |Vud|
allows to test the unitarity in the first row of the Cabibbo Kobayashi Maskawa
matrix (3.4). Since |Vub| ' 0.004 is very small, its contribution is negligible in the
unitarity test. Precision experimental data on kaon decays, in combination with
the lattice QCD calculations of the decay constants and form-factors, provide
accurate information about |Vus|. Regarding |Vud|, recent calculations of short-
distance radiative corrections in the neutron decay allow a remarkable precision
in its determination. Then the relation in Eq. (3.4) can be used to compare dif-
ferent values of Vus obtained from different determinations of the CKM elements
assuming unitarity.

First, |Vus| can be directly determined from semileptonic K`3 decays (KLµ3,
KLe3, K±e3, etc.) [110]:

f+(0)|Vus| = 0.21654± 0.00041 (3.8)

where f+(0) is the K → π`ν vector form factor at zero momentum transfer. We
call the value of |Vus| resulting from (3.8) determination “A".

A second determination (which we call determination “B") can be obtained
from the ratio of kaon and pion inclusive radiative decay rates K → µν(γ) and
π → µν(γ) [111]:

|Vus/Vud| × (fK±/fπ±) = 0.27599± 0.00038 (3.9)
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By assuming unitarity, the value of |Vus| can be obtained. Both the values of the
form factor f+(0) and the decay constant ratio fK/fπ can be taken from lattice
QCD results.

Another determination of Vus (labeled as A′) has been obtained recently in
Ref. [109] directly from leptonic kaon decay:

Vus = 0.22567(42) (3.10)

Last, the value of |Vud| is obtained from beta decay. The most precise determi-
nation comes from superallowed 0+– 0+ nuclear β-decays, which are pure Fermi
transitions sensitive only to the vector coupling constant GV = GF |Vud| [112]:

|Vud|2 =
K

2G2
FFt (1 + ∆V

R)
=

0.97147(20)

1 + ∆V
R

(3.11)

where K = 2π3 ln 2/m5
e = 8120.2776(9) × 10−10 s/GeV4, Ft is a “corrected

ft-value", that is the nucleus independent value obtained from the combina-
tion of the individual ft-values of different 0+– 0+ nuclear transitions with all
nucleus-dependent corrections, (where f is the statistical rate function, while
the half-life and branching ratio combine to yield the partial half-life t) and
∆V
R accounts for short-distance (transition independent) radiative corrections.
Ft = 3072.07(72) s [113] is obtained by averaging the individual Ft-values of
the fourteen best determined superallowed 0+– 0+ transitions and GF = Gµ =
1.1663787(6) × 10−5 GeV−2 determined from the muon decay [114]. The major
uncertainty is related to the so called inner radiative correction ∆V

R. Again, by
imposing unitarity, a determination of |Vus| (determination “C") can be obtained
from (3.11).

The present scenario of different values of Vus obtained from independent
determinations is shown in Table 4.2 and in Fig. 3.1. As regards determination
A, FLAG 2019 4-flavor average is f+(0) = 0.9706(27) [107]. By including the
result from 4–flavor lattice QCD f+(0) = 0.9696(19) quoted by Ref. [106] the
average yields f+(0) = 0.9699(15), which from Eq. (3.8) gives:

A : |Vus| = 0.22326(55) (3.12)

Determination B is obtained from Eq. (3.9) by employing the result the FLAG
2019 Nf = 2 + 1 + 1 average fK±/fπ± = 1.1932(19) [107] [107] which gives:

|Vus|/|Vud| = 0.23130(49) (3.13)
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Figure 3.1: Values of Vus obtained from different methods, by assuming unitarity.
Values from Bazavov et al [106], Aoki et al. [107], Di Carlo et al. [109], Czarnecki et al.
[117], Seng et al. [108] are used. The grey region shows the 1σ interval of the average
A+B +A′ + C2.

and with unitarity:

B : |Vus| = 0.22535(45) (3.14)

which is represented by the blue continuous line in Fig. 3.1. The dashed lines refer
to the values obtained from Eqs. (3.8) and (3.9) using FLAG 2019 Nf = 2 + 1
average fK±/fπ± = 1.1917(37) [107] and three flavor lattice QCD average of
f+(0) = 0.9677(27) from Ref. [107] (which is the same as in Ref. [115]). Also the
computation of Vus from leptonic kaon decay given in Ref. [109] is shown and
labeled as A′:

A′ : |Vus| = 0.22567(42) (3.15)

The upper red line (determination C1) comes after the significant redetermina-
tion of inner radiative corrections with reduced hadronic uncertainties, ∆V

R =
0.02467(22) (which comes after the result in Ref. [116]) reported by Ref. [108],
which gives from Eq. (3.11):

|Vud| = 0.97370(14) (3.16)

then using unitarity:

C1 : |Vus| = 0.22780(60) (3.17)
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Figure 3.2: The red, purple, magenta and blue bands correspond to the values of |Vud|
(Ref. [108]), |Vus| (Refs. [106], [107]), |Vus| (Ref. [109]) and |Vus/Vud| (Ref. [107]).
The best fit point (green cross) and 1, 2 and 3σ contours are shown. The black line
corresponds to the three family unitarity condition.

The second red line (determination C2) refers to the determination of Ref. [117]
∆V
R = 0.02426(32) which gives

|Vud| = 0.97389(18) (3.18)

from which

C2 : |Vus| = 0.22699(77) (3.19)

It is clear from Fig. 3.1 that these determinations are not compatible, which
means that unitarity is not holding anymore.

Namely, there is a 5.6σ discrepancy between determinations A and C1. Deter-
minations A, B, A′ are all from kaons physics, then, more conservatively, one can
take their average A+B + A′. The discrepancy of the latter with determination
C1 is 4.3σ.

However, since the values A, B, A′ are not compatible, a very conservative
treatment can be thought. One can take a conservative average between determi-
nations A and A′ (respectively from semileptonic and leptonic kaon decays, ob-
tained without using unitarity) |Vus| = 0.22478(69), where the errors are quadrat-
ically combined because of their poor compatibility. This average is well compat-
ible with determination B |Vus| = 0.22535(45) deduced from |Vus/Vud| in leptonic
kaon decays, so that for the averageA+B + A′ it is obtained |Vus| = 0.22518(38).
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Figure 3.3: The red, purple, magenta and blue bands correspond to the values of |Vud|
(Ref. [117]), |Vus| (Refs. [106], [107]), |Vus| (Ref. [109]) and |Vus/Vud| (Ref. [107]).
The best fit point (green cross) and 1, 2 and 3σ contours are shown. The black line
corresponds to the three family unitarity condition.

Regarding the determination of |Vud|, as already stated, determination C1 is
obtained from ∆V

R = 0.02467(22) of Ref. [108], while the value ∆V
R = 0.02426(32)

is deduced in Ref. [117]. For being more conservative, we can average these two
results as ∆V

R = 0.02454(32), without reducing the largest uncertainty. In doing
so, from Eq. (3.11) it is obtained that |Vud| = 0.97376(10)Ft(15)∆V

R
= 0.97376(18)

which in turn gives determination C as |Vus| = 0.22756(78). Therefore, between
this determination C and A + B remains 2.8σ tension even with this very con-
servative treatment.

By performing a fit of the four determinations of Vus A, A′, B, C1 the minimum
is obtained in:

|Vus| = 0.22545(25) (3.20)

and consequently |Vud| = 0.974248(57), but the χ2 in the minimum is χ2
dof = 10.5,

which is very high. In fact, unitarity is not verified at 3.9σ level (99.9916%
C.L.), as can be seen by fitting the four determinations 3.12, 3.13, 3.15, 3.16,
3.18, without imposing unitarity, with Vus and Vud as independent parameters as
shown in Fig. 3.2. The best fit point is:

|Vus| = 0.22492(27) |Vud| = 0.97369(14) (3.21)
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The χ2 per degree of freedom is χ2
dof = 6.4, which is still high since there is

strong incompatibility among the determinations themselves besides the lack of
unitarity.

The discrepancy is softened if the value obtained with the result in [117] is
used in order to obtain determination C2. By imposing unitarity, the minimum
is obtained in:

|Vus| = 0.22520(25) (3.22)

and consequently |Vud| = 0.974306(59), with χ2 in the minimum χ2
dof = 6.4.

Unitarity is not verified at 2σ level (95.75% C.L.), as can be understood after
the fit shown in Fig. 3.3 with Vus and Vud as independent parameters, without
imposing unitarity, which gives as best fit point (green cross in Fig. 3.3):

|Vus| = 0.22494(27) |Vud| = 0.97388(18) (3.23)

with χ2
dof = 6.4.

As a brief digression, it is worth noticing that in this case it seems that the
most important issue is with the vector coupling of semileptonic kaon decays.

××

0.222 0.223 0.224 0.225 0.226 0.227 0.228
0.9730

0.9735

0.9740

0.9745

0.9750
0.222 0.223 0.224 0.225 0.226 0.227 0.228

0.9730

0.9735

0.9740

0.9745

0.9750

Vus

V
u
d

Figure 3.4: The red, purple, magenta and blue bands correspond to the values of |Vud|
(Ref. [117]), |Vus| (Refs. [106], [107]), |Vus| (Ref. [109]) and |Vus/Vud| (Ref. [107]).
The fit is performed without determination A (purple band). The best fit point (green
cross) and 1, 2 and 3σ contours are shown. The black line corresponds to the three
family unitarity condition.
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Figure 3.5: The red, magenta and blue bands correspond to the values of |Vud| (Ref.
[117]), |Vus| (Ref. [109]) and |Vus/Vud| (Ref. [107]). The purple band corresponds to
the value of |Vus| from Refs. [106], [107], shifted with vus = −0.00224. The best fit
point (green cross) and 1, 2 and 3σ contours are shown related to the two parameter
fit of the four determinations after adding vus = −0.00224. The black line corresponds
to the three family unitarity condition.

In fact, by performing a fit of the three determinations A′, B, C2 with Vus as a
parameter, by imposing unitarity, it is obtained the minimum χ2

dof = 1.7 in:

Vus = 0.22572(29) (3.24)

This agreement among axial couplings and unitarity is also evident in the two
parameters fit shown in Fig. 3.4. Unitarity is satisfied at 1.2σ level (77.1% C.L.).
Then the discrepancy could be fixed in this case by adding a vector current to
the SM current involving Vus:

−GF√
2

(Vus uγ
µ(1− γ5)s + vus uγ

µs) · (`γµ(1− γ5)ν`) + h.c. (3.25)

The two parameters fit of the determinations A′, B, C2 (all except the determi-
nation from the vector coupling) returns χ2

dof = 0.4, with the best fit point in
Vus = 0.22549, Vud = 0.973898 (green cross in Fig. 3.4). In order to receive the
same values also from the vector coupling, the needed value of vus in (3.25) is
vus = −0.00224 as shown in Fig. 3.5. This additional vector coupling corresponds
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to the additional operator:

1

Λ2
us

(uγµs) (`γµ(1− γ5)ν`) (3.26)

where

1

Λ2
us

= −GF√
2
vus (3.27)

with

Λus = 7.3TeV (3.28)

corresponding to vus = −0.00224.

3.2 GF 6= Gµ

3.2.1 New effective operator

Here one possible solution to the CKM unitarity problem is discussed: by
making Gµ different from GF , instead of moving the unitarity line in Fig. 3.5,
the probability distribution is moved towards the unitarity line, which instead
does not move.

In this scenario the inner incompatibility of the determinations of Vus from
kaon physics cannot be address completely. For this reason, the same data set
used in Ref. [46] can be indicative enough and the same analysis of Ref. [46] is
reported here, in order to estimate the scale of the new operator. The determi-
nation |Vud| in (4.38) obtained from Ref. [108] is used, together with the result
f+(0) = 0.9696(18) from new 4–flavor (Nf = 2+1+1) lattice QCD simulations
[106] and the FLAG 2019 four-flavor average fK±/fπ± = 1.1932(19) [107]. Then
the chosen dataset is:

|Vus| = 0.22333(60)

|Vus/Vud| = 0.23130(50) (3.29)
|Vud| = 0.97370(14)

which reduces by imposing the CKM unitarity to independent |Vus| which here
can be called A, B, C respectively (numerical values are given in Table 4.2).
There is a 5.3σ discrepancy between A and C, and 3.2σ between B and C. The
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Figure 3.6: Lower panel: Three independent |Vus| determinations A, B, C obtained
from the dataset (3.29). The grey shaded band corresponds to the average A+B+C
(with formal error not rescaled by a factor

√
χ2

dof). Pulls of C, B, A and A+B are
shown. Upper panel: For comparison, three independent |Vus| determinations A, B, C
obtained from the PDG 2018 data |Vus| = 0.2238(8), |Vus/Vud| = 0.2315(10), |Vud| =
0.97420(21) obtained from FLAG 2017 averages of 3–flavor lattice QCD simulations
f+(0) = 0.9677(27) and fK±/fπ± = 1.192(5) [115] and by taking ∆V

R = 0.02361(38) as
calculated in Ref. [116] respectively.
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CKM [PDG] CKM [post 2018] CKM+ b′ CKM+F
C 0.2257(9) 0.22780(60) 0.22443(61) 0.22460(61)
B 0.2256(10) 0.22535(45) 0.22518(45) 0.22535(45)
A 0.2238(8) 0.22333(60) 0.22333(60) 0.22350(60)
A+B 0.2245(6) 0.22463(36) 0.22452(36) 0.22469(36)

A+B+C 0.2248(5) 0.22546(31) 0.22449(31) 0.22467(31)
χ2 = 3.4 χ2 = 27.7 † χ2 = 6.1 χ2 = 6.1

|Vus| 0.2248(7) 0.2255(12) † 0.2245(5) 0.2247(5)
|Vud| 0.97440(16) 0.97424(27) † 0.97369(12) 0.97443(12)

Table 3.1: The second column shows independent |Vus| determinations A, B, C
obtained from dataset (3.29) by assuming 3-family CKM unitarity (??). For com-
parison, it is shown in the first column the dataset obtained from the PDG 2018
data |Vus| = 0.2238(8), |Vus/Vud| = 0.2315(10), |Vud| = 0.97420(21) obtained from
FLAG 2017 averages of 3–flavor lattice QCD simulations f+(0) = 0.9677(27) and
fK±/fπ± = 1.192(5) [115] and by taking ∆V

R = 0.02361(38) as calculated in Ref. [116]
respectively. The last column shows the same dataset but assuming 3-family CKM
with Gµ/GF = 1 + δµ with δµ = 7.6× 10−4. For comparison it is shown in the second
coulumn the dataset obtained by extending unitarity to 4th quark b′ with |Vub′ | = 0.04.
The mark † in the first column indicates that for that large χ2 the error-rescaling by√
χ2

dof = 3.7 does not make much sense since the data are incompatible. The last two

rows show the conservative estimation of |Vus| with error-bar rescaled by
√
χ2

dof and
the corresponding value of |Vud|.
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Figure 3.7: The horizontal, vertical and slightly bended bands correspond to |Vud|,
|Vus| and |Vus/Vud| from (3.29). The best fit point (red cross) and 1, 2 and 3σ contours
are shown. The red solid line corresponds to the three family unitarity condition (??),
and the dashed red line corresponds to the "extended" unitarity (??) with |Vub′ | = 0.04.

tension between the determinations A and B from kaon physics is 2.7σ. More
conservatively, one can take their average A+B. The discrepancy of the latter
with C is 4.5σ. Fitting these values, it is obtained A+B+C = 0.22546(31) but
the fit is bad, χ2

dof = 13.9. The two parameter fit of the three independent values
(3.29) is shown in Fig. 3.7, the best fit point is (|Vus| = 0.22449, |Vud| = 0.97369),
with χ2

min = 6.1. The red solid line corresponding to the three family unitarity
condition is about 4.3σ away from this hill top (∆χ2 = 21.6) which means that
the dataset (3.29) disfavors the CKM unitarity at 99.998% C.L.

Now it is considered the scenario in which the Fermi constant GF in the
effective interaction (3.6) which is responsible for leptonic decays of hadrons is
different from the effective constant Gµ determined from the muon lifetime. In
order to obtain this result, we assume that besides the SM interaction (3.7)
mediated by charged W–boson, there is also a new operator

− 4GF√
2

(eLγµµL)(νµγ
µνe) (3.30)

which, as already shown in section 2.2, can be mediated by a hypothetical lepton
flavor changing neutral gauge boson. The respective diagrams, shown in Fig. 2.4,
have positive interference for the muon decay. Namely, by Fierz transformation
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this new operator can be brought to the form (3.7), so that the sum of these two
diagrams effectively gives the operator

− 4Gµ√
2

(
eLγµνe

)(
νµγ

µµL
)

(3.31)

the same as (3.7) but with the coupling constant

Gµ = GF +GF = GF (1 + δµ),
GF
GF

≡ δµ > 0 . (3.32)

Constant Gµ = 1.1663787(6) × 10−5 GeV−2 is determined with great precision
from the muon decay [114] and it is used as a determination of GF in order to
determine the CKM elements. In this case instead the Fermi constant GF would
be slightly smaller than the muon decay constant Gµ.

Now Eqs. (3.11) and (3.8), instead of |Vud| and |Vus|, are determining respec-
tively the values |Vud|×GF/Gµ and |Vus|×GF/Gµ. Instead the value of |Vus/Vud|
determined from (3.9) remains unchanged since the Fermi constant cancels out.
Thus, under our hypothesis, the dataset (3.29) in Table 4.2 should be modified
to the following:

|Vus| = 0.22326(55)× (1 + δµ)

|Vus/Vud| = 0.23130(50) (3.33)
|Vud| = 0.97370(14)× (1 + δµ)

Now, involving the extra parameter δµ but assuming the 3-family unitarity (3.4),
the fit of the above dataset has acceptable quality, χ2 = 6.1, and the best fit point
corresponds to δµ = 0.00076. This situation is shown in Fig. 3.8 in which the
values of |Vud| and |Vus| are determined by taking δµ = 0.00076. By this choice
of the extra parameter the fit becomes perfectly compatible with the unitarity
(3.4). The probability distribution is moved up so that its top now lies on the
unitarity line.

By imposing the unitarity condition |Vud|2 + |Vus|2 = 1− |Vub|2, the list (3.33)
can be transformed in δµ dependent determinations A, B, C of |Vus|. Fig. 3.9
shows these determinations for δµ = 0.00076. Taking into account that GF/

√
2 =

g2/8M2
W = 1/4v2

w, where vw = 174 GeV is the weak scale, and parameterizing
similarly GF/

√
2 = 1/4v2

F , we see that δµ = GF/GF = 0.00076 corresponds to
vF/vw = 36.3, or to the flavor symmetry breaking scale

vF = 6.3TeV (3.34)

More widely, the 1σ interval of the parameter δµ consistent with unitarity at the
68% C.L. is δµ = (7.6 ± 1.6) × 10−4 which corresponds to the new scale in the
interval vF = 5.7-7.1 TeV.
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Figure 3.8: The same as on Fig. 3.7 but with the bands of |Vud|, |Vus| and |Vud/Vus|
taken as in (3.33) with 1+δµ = 1.00076. The red line corresponds to 3-family unitarity
(3.4) as in Fig. 3.7.

3.2.2 Determination of CKM elements and neutron life-
time problem

The value |Vud| can be extracted also from free neutron decay by combining
the results on the measurements of the neutron lifetime τn with those of the
axial current coupling constant gA. The master formula reads (see e.g. in a
recent review [118]):

|Vud|2 =
K/ ln 2

G2
FFnτn (1 + 3g2

A)(1 + ∆V
R)

=
5024.46(30) s

τn(1 + 3g2
A)(1 + ∆V

R)
(3.35)

where Fn = fn(1 + δ′R) is the neutron f -value fn = 1.6887(1) corrected by the
long-distance QED correction δ′R = 0.01402(2) [119]. This equation, taking the
values τn = 880.2± 1.0 s, gA = 1.2724± 0.0023 adopted in PDG 2018 [111], and
∆V
R = 0.02361(38) [116], would give the value

|Vud|=0.97577(55)τn(146)gA(18)∆V
R

=0.97577(157) (3.36)

which has an order of magnitude larger error than |Vud| = 0.97420(10)Ft(18)∆V
R

=

0.97420(21) obtained from (3.11) and used in section 3.1, due to large uncertain-
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Figure 3.9: Determinations of |Vus| obtained from (3.33).

ties in τn and gA.
However, rather than for determination of |Vud|, Eq. (3.35) can be used for

a consistency check. Namely, by comparing it with Eq. (3.11) we get a relation
between τn and gA [120]:

τn =
2Ft

ln 2Fn(1 + 3g2
A)

=
5172.0(1.1) s

1 + 3g2
A

(3.37)

In Fig. 3.10 this relation is shown by the red band. This formula is very accurate
since the common factors in Eqs. (3.11) and (3.35) including the Fermi constant
and radiative corrections ∆V

R cancel out.
For the axial current coupling gA, the PDG 2018 quotes the value gA =

1.2724 ± 0.0023. However, the results of the latest and most accurate exper-
iments [121, 122, 123] which measured β-asymmetry parameter using different
techniques (the cold neutrons in PERKEO II and PERKEO III experiments
[121, 123] and ultra-cold neutrons in the UCNA experiment [122]), are in per-
fect agreement among each other, and their average determines the axial current
coupling gA with impressive (better than one per mille) precision:

gA = 1.27625± 0.00050 . (3.38)

Fig. 3.10 shows the results of Refs. [121, 122, 123] and their average (vertical
grey band). For gA in this range Eq. (3.37) gives the Standard Model prediction
for the neutron lifetime

τSM
n = 878.7± 0.6 s (3.39)
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Figure 3.10: The red band shows the precision relation (3.37 between gA and τn. Black
triangles with horizontal error bars show values of gA reported in Refs. [121, 122, 123]
and vertical grey band corresponds to their average (3.38). Green circles show values of
τn reported by trap experiments [125, 126, 127, 128, 129, 130, 131, 132] with respective
error bars and horizontal green band shows their average (3.40). Blue squares and blue
horizontal band show the the same for beam experiments [133, 134].
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From the experimental side, the neutron lifetime is measured in two types
of experiments. The trap experiments measure the disappearance rate of the
ultra-cold neutrons (UCN) by counting the survived neutrons after storing them
for different times in the UCN traps and determine the neutron decay width
Γn = τ−1

n . The beam experiments are the appearance experiments, measuring
the width of β-decay n → peν̄e, Γβ = τ−1

β , by counting the produced protons in
the monitored beam of cold neutrons. In the Standard Model the neutron decay
should always produce a proton, and so both methods should measure the same
value Γn = Γβ.

However, there is a tension between the results obtained using these two meth-
ods, which was pointed out in Refs. [124]. Fig. 3.10 clearly demonstrates the
discrepancy. Namely, by averaging the presently available results of eight trap
experiments [125, 126, 127, 128, 129, 130, 131, 132] one obtains1:

τtrap = 879.4± 0.6 s , (3.40)

which is compatible with τSM
n (3.39). In particular, this value of τn together with

new gA (3.38) and new value ∆V
R = 0.02467(22) [108], determines |Vud| with the

precision more than 3 times better than in (3.36):

|Vud|=0.97327(33)τn(32)gA(10)∆V
R

=0.97327(47). (3.41)

This is compatible with |Vud| = 0.97370(10)Ft(10)∆V
R

= 0.97370(14) from super-
allowed 0+−0+ decays used in (3.29) but has 3 times larger error. For making it
competitive, the neutron lifetime should be measured with precision of 0.1 s and
gA with precision 3 times better than in (3.38), which can be realistic in future
experiments.

On the other hand, the beam experiments [133, 134] yield the value

τbeam = 888.0± 2.0 s (3.42)

which is 4.4σ away from the SM prediction (3.39). Therefore, it is more likely that
the true value of the neutron lifetime is the one measured by trap experiments
(3.40) which is consistent with the SM prediction (3.37).

About 1 per cent deficit of produced protons in the beam experiments [133,
134] might be due to some unfixed systematic errors. Alternatively, barring the

1 The PDG 2018 average τn = 880.2 ± 1.0 s includes the results of five trap experiments
[125, 126, 127, 128, 129] and two beam experiments [133, 134]. The error is enlarged by a
factor

√
χ2
dof ≈ 2, essentially for a loose compatibility between the data obtained from the

trap and the beam experiments. This average does not include the results of three recent trap
experiments [130, 131, 132] published in 2018.
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possibility of uncontrolled systematics and considering the problem as real, a
new physics must be invoked which could explain about one per cent deficit of
protons produced in the beam experiments. One interesting possibility can be
related to the neutron–mirror neutron (n − n′) oscillation [91, 92, 93], provided
that ordinary and mirror neutrons have a tiny mass difference 300 neV or so
[135]. Then in large magnetic fields (5 Tesla) used in beam experiments n − n′
conversion probability can be resonantly enhanced to about ∼ 0.01, and cor-
responding fraction of neutrons converted in mirror neutrons will decay in an
invisible (mirror) channel without producing ordinary protons.

Concluding this section, let us remark that the recent accurate calculations of
the short-range radiative corrections ∆V

R [108, 117] and respective redetermina-
tion of Vud has no influence on the determination of τn (3.39) obtained from Eq.
(3.37). In fact, the latter equation directly relates the neutron lifetime to the
value Ft accurately measured in superallowed 0+ − 0+ nuclear transitions and
to the value gA obtained from accurate measurements of β-asymmetry. Notice
that the relation (3.37) remains valid also in the presence of non-standard vector
GV or axial GA coupling constants (which can be the case if some non-standard
interactions mediated by new vector bosons also contribute to the neutron decay)
since the value GV (independently whether it is equal to GF |Vud| or not) anyway
cancels out [136]. Hence, only the ratio gA = GA/GV remains relevant which
is accurately determined from the measurements of β-asymmetry. In particu-
lar, Eq. (3.37) remains valid in our model with GF 6= Gµ discussed in previous
section.
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Chapter 4

Vector-like quarks

Quantity Value

|Vus| 0.22545(25)
|Vcd| 0.218(4)
|Vcb| 0.0422(8)
|Vts| 0.0394(23)
|Vtd| 0.0081(5)
|Vub| 0.00394(36)
λ 0.22453(44)
ρ̄ 0.122(18)
A 0.836(15)
η̄ 0.355(12)
αs(MZ) 0.1187(16)
α(MZ)−1 127.955(10)
sin2 θW (MZ) 0.23122(3)
GF [GeV−2] 1.1663787(6) · 10−5

Quantity Value

mW [GeV] 80.379(12)
mc(mc)[GeV] 1.27(2)
ms(2GeV)[MeV] 93.12(69) [107]
Mt[GeV] 172.9(4)
MK0 [MeV] 497.611(13)
τKL [s] 5.116(21) · 10−8

MK+ [MeV] 493.677(16)
τK+ [s] 1.2380(20) · 10−8

mµ[MeV] 105.6583745(24)
τD+ [s] 1.040(7) · 10−12

MD+ [MeV] 1869.65(5)
τD0 [s] 4.101(15) · 10−13

MD0 [MeV] 1864.83(5)

Table 4.1: The central values are employed in the computations. All values are taken
from Ref. [111], except |Vus| = 0.22545(25) from Table 4.2 and ms(2GeV) = 93.12(69)
MeV from Ref. [107].

In Ref. [46] we analyzed the determinations of the CKM elements of the first
row and the problem of of the tensions among them leading to CKM unitarity
violation was raised. One of the suggested solutions was the introduction of a
down-type vector-like couple of SU(2) singlets b′L, b′R. Vector-like fermions exist
in several scenarios beyond the SM, as GUT theories or string theories, but also
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in the context of flavour physics as UV content of effective operators generating
the fermion masses, e.g. vectorlike fermions emerge in the scenario of family
symmetries, as also shown in this thesis. The existence of a fourth sequential
family is excluded by the limits from electroweak precision data combined with
the LHC data. However the existence of vector-like quarks, singlets or doublets,
is still allowed. Since this isosinglet fourth species participates in the mixing,
then the first row unitarity condition is modified to:

|Vud|2 + |Vus|2 + |Vub|2 + |Vub′|2 = 1 (4.1)

In Ref. [46] we showed that |Vub′| = 0.04 was needed in order to restore unitarity.
Then in order to obtain this large mixing the extra vector-like quark should be
no more than 6 TeV. In fact, the value of the mixing element |Vub′| = 0.04 is
rather large, being comparable to |Vcb| and ten times larger than |Vub|. Then the
consequences of so large mixing need to be investigated. Namely, the mixing of
ordinary quarks with extra quarks changes Z-boson couplings, inducing quark
flavour changing (FC) couplings at tree level and affecting SM observables [137].
In this chapter possiblities and conditions are analyzed in which the needed large
mixing of the first family with the 4th species, |Vub′| ≈ 0.04, can be realized.

Considering the dataset A, A′, B, C1 in Table 4.2, the best fit point is obtained
for the value |Vub′| = 0.036 in (4.1), with χ2

dof = 6.4, mainly due to the discrepancy
of A from B and A′.
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Figure 4.1: Determinations of |Vus| obtained using Eq. (4.1) with |Vub′ | = 0.036, to
be compared with Fig. 3.1.
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In Fig. 4.1 it is shown how the present situation would look like if the relation
(4.1) holds, with |Vub′ | = 0.036. The data are listed in Table 4.2. The best fit
point is:

|Vus| = 0.22492(25) (4.2)

which gives |Vud| = 0.973694(57). Determinations B and C are shifted with re-
spect to the ones in Fig. 3.1, while A and A′ remain unchanged. The compatibil-
ity increases but some tension between determination A and the values B and A′
is still there. At 95% C.L. the needed additional mixing is |Vub′ | = 0.036± 0.009.

However, the analysis carried out in Ref. [46] with the addition of the ex-
tra weak isosinglet was motivated by the gap between the determination of Vus
extracted from the determination of Vud by using unitarity and the average of
the other determinations obtained from kaon physics, which seemed the most
important issue. In the meantime other determinations exaggerated the tension
among the determinations of Vus arising from leptonic and semileptonic kaon de-
cays themselves, mostly after the determination of |Vus| from Kµ2 decays in Ref.
[109]. Hence in this chapter scenarios which can address the whole situation are
also considered. As it will be shown, in principle a weak isodoublet can recover
all the gaps.

Then two approaches to the problem are considered. The incompatibility
inside kaon physics may be attributed to some uncertainties which can disappear
maybe soon with more precise determinations, focusing instead on the average
of determinations from kaons. The scenarios considering new isosinglet quarks
analyzed in sections 4.1, 4.2 are on this line. Otherwise the discrepancy inside
kaon physics can be considered seriously by looking for a solution addressing the
whole situation, as described in sections 4.4, 4.5, considering additional weak
isodoublet species.

4.1 Extra down-type quark
First, the case of the addition of a fourth down-type vector-like isosinglet

couple of quarks (d4L, d4R) is examined. New Yukawa terms and Dirac mass
terms should be added to the Lagrangian density apart from the standard Yukawa
terms:

4∑
i=1

3∑
j=1

h′d jϕqLjd
′
iR +

4∑
i=1

mid4Ld
′
iR + h.c. (4.3)
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Determination |Vus| value |Vub′| = 0.036

A+B+A′+C2 0.22545(25) 0.22492(25)
A+B+A′+C1 0.22520(25)
A 0.22326(55) 0.22326(55)
A′ 0.22567(42) 0.22567(42)
B 0.22535(45) 0.22520(45)
C1 0.22780(60) 0.22490(61)
C2 0.22699(77)
A+A′ 0.22478(33) 0.22478(33)
A+A′+B 0.22498(27) 0.22491(27)

A 2 + 1 0.22377(75)
B 2 + 1 0.22562(73)

Table 4.2: Values of Vus obtained from different methods, by assuming unitarity.
Determination A is obtained using Eq. (3.8) after including the result for f+(0) in
Ref. [106] in FLAG 2019 average [107]. Determination A′ is taken from Ref. [109].
Determination B is obtained inserting the result in Ref. [107] in Eq. (3.9), making use
of CKM unitarity. Determination C from the result in Ref. [108] after using unitarity.
Determinations A and B in the last two rows are obtained using 3-flavours averages of
lattice QCD simulations from Ref. [107]. After 2018 data are not compatible, then the
fitting gives back high χ2, more precisely χ2

dof = 10.5. In the last column the values of
Vus from different determinations assuming the extended unitarity (4.1) are shown.



4.1 Extra down-type quark 75

Since the four species of right-handed singlets d′iR have identical quantum num-
bers, a unitary transformation can be applied on the four components d′iR so
that mj = 0 for j = 1, 2, 3 and d4R is identified with the combination making
the Dirac mass term with the left handed singlet d4L. Thus the new Yukawa
couplings can be written as:

3∑
j=1

hd jϕqLjd4R +M4d4Ld4R + h.c. (4.4)

Then the down-type quarks mass matrix looks like:

dLim
(d)
ij dRj + h.c. = (4.5)

=(q1L, q2L, q3L, d4L)


hd1vw

m
(d)
3×3 hd2vw

hd3vw
0 0 0 M4




d1

d2

d3

d4


R

+ h.c. (4.6)

where vw = 174 GeV is the SM Higgs vacuum expectation value (VEV) (for a
convenience, we use this normalization of the Higgs VEV instead of the “stan-
dard" normalization 〈φ〉 = v/

√
2, i.e. v =

√
2vw) and m

(d)
3×3 is a 3 × 3 mass

matrix. The mass matrix m(d) can be diagonalized with positive eigenvalues by
a biunitary transformation:

V
(d)†
L m(d)V

(d)
R = m

(d)
diag = diag(yd1vw, y

d
2vw, y

d
3vw,Md) (4.7)

where V (d)
L,R are two unitary 4× 4 matrices. m(d)

diag is the diagonal matrix of mass
eigenvalues md,s,b = yd1,2,3vw and Md ≈ M4. Since no new weak interaction has
been added in the right-handed sector, the only observable mixing remains inside
the left-handed sector:

V
(d)
L =


V1d V1s V1b V1b′

V2d V2s V2b V2b′

V3d V3s V3b V3b′

V4d V4s V4b V4b′


L

(4.8)

Flavour eigenstates in terms of mass eigenstates are:
d1

d2

d3

d4


L

= V
(d)
L


d
s
b
b′


L

(4.9)
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while the three down-type quarks involved in charged weak interactions expressed
in terms of mass eigenstates are: d1

d2

d3

 =

 V1d V1s V1b V1b′

V2d V2s V2b V2b′

V3d V3s V3b V3b′




d
s
b
b′


L

= Ṽ
(d)
L


d
s
b
b′


L

(4.10)

where Ṽ (d)
L is the 3 × 4 submatrix of V (d)

L obtained by cutting the last row.
Although it still holds that Ṽ (d)

L Ṽ
(d)†
L = 13×3, Ṽ

(d)
L is not unitary anymore.

The Lagrangian for the charged current interaction is:

Lcc =
g√
2

(
uL cL tL

)
γµṼCKM


d
s
b
b′


L

W+
µ + h.c. (4.11)

where

ṼCKM = V
(u)†
L Ṽ

(d)
L =

 Vub′
VCKM Vcb′

Vtb′

 (4.12)

is a 3× 4 matrix. Again ṼCKMṼ
†
CKM = 13×3, but ṼCKM is not unitary. V (u)

L is the
unitary 3× 3 matrix diagonalizing the up-type quark mass matrix from the left:

V
(u)
L =

 V1u V1c V1t

V2u V2c V2t

V3u V3c V3t


L

(4.13)

The elements of the fourth column of ṼCKM determine the strength of the viola-
tion of CKM unitarity.

The weak neutral current lagrangian for down quarks reads:

Lnc =
g

cos θW

−1

2

(
dL sL bL b′L

)
γµV (d)

nc


d
s
b
b′


+

1

3
sin2 θW

(
dLγ

µdL + dRγ
µdR

)]
Zµ (4.14)

V (d)
nc = V

(d)†
L diag(1, 1, 1, 0)V

(d)
L (4.15)
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where d is the column vector of d, s, b. As comes out from Eqs. (4.14) and (4.15),
the non-unitarity of Ṽ (d)

L is at the origin of non-diagonal couplings with Z boson,
which means flavor changing neutral currents (FCNC) at tree level. The strength
of the coupling of flavor changing interactions is determined by the elements of
the matrix:

V (d)
nc = V

(d)†
L diag(1, 1, 1, 0)V

(d)
L =

=


1− |V4d|2 −V ∗4dV4s −V ∗4dV4b −V ∗4dV4b′

−V ∗4sV4d 1− |V4s|2 −V ∗4sV4b −V ∗4sV4b′

−V ∗4bV4d −V ∗4bV4s 1− |V4b|2 −V ∗4bV4b′

−V ∗4b′V4d −V ∗4b′V4s −V ∗4b′V4b |V1b′|2 + |V2b′|2 + |V3b′ |2


L

(4.16)

If the second and third families are not mixed with the fourth, that is VL4s =
VL4b = 0, then there is not any FCNC at tree level between the first three families.
V

(d)
L can be parameterized by 6 angles and 10 phases:

V
(d)
L =


V1d V1s V1b V1b′

V2d V2s V2b V2b′

V3d V3s V3b V3b′

V4d V4s V4b V4b′


L

'

' Dd
φL


0

V
(d)

3×3 0
0

0 0 0 1

 ·


1 0 0 0
0 1 0 0
0 0 cdL3 −s̃dL3

0 0 s̃d∗L3 cdL3

 ·


1 0 0 0
0 cdL2 0 −s̃dL2

0 0 1 0
0 s̃d∗L2 0 cdL2

 ·


cdL1 0 0 −s̃dL1

0 1 0 0
0 0 1 0
s̃d∗L1 0 0 cdL1

 =

= Dd
φL


0

V
(d)

3×3 0
0

0 0 0 1

 ·


cdL1 0 0 −s̃dL1

−s̃dL2s̃
d∗
L1 cdL2 0 −s̃dL2c

d
L1

−s̃dL3s̃
d∗
L1c

d
L2 −s̃d∗L2s̃

d
L3 cdL3 −s̃dL3c

d
L2c

d
L1

s̃d∗L1c
d
L2c

d
L3 s̃d∗L2c

d
L3 s̃d∗L3 cdL1c

d
L2c

d
L3

 (4.17)

where Dd
φL = diag(eiφ

d
L1 , eiφ

d
L2 , eiφ

d
L3 , eiφ

d
L4). V (d)

3×3 contains 3 angles and 3 phases.
s̃dLi, c

d
Li are complex sines and cosines of angles in the 1 4, 2 4, 3 4 family planes

parameterizing the mixing of the first three families with the fourth family:

s̃dLi = sin θdLi4e
−iδdLi = sdLie

−iδdLi (4.18)

Equation (4.323) is true at order O(|hd3|(yd3)2 v
3
w

M3
d

+ sd2
i s

d
j ), with

sdLi '
|hdi|vw
Md

+O(|hdi|(ydi )2 v
3
w

M3
d

) (4.19)

tan δdLi ' −
Im(hdi)

Re(hdi)
(4.20)
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In natural models with mixing of down quarks of the same order of VCKM, that
is small angles and no big cancellation between mixing of up and down quarks,
V

(d)
3×3 is practically equal to the 3× 3 submatrix of V (d)

L in (4.315), with the main
corrections regarding the elements:

VL3d ' V3×3 3d − s̃dL1s̃
d
L3 (4.21)

VL2d ' V3×3 2d − s̃dL1s̃
d
L2

VL3s ' V3×3 3s − s̃dL2s̃
d
L3

and so V
(d)

3×3 basically diagonalizes the 3 × 3 submatrix m
(d)
3×3. In fact, it will

be shown in this work that sdL2 and sdL3 should be at least a factor λ less than
sdL1 ≈ |Vub′| ≈ 0.04 ∼ λ2, then

[V
(d)
L ]iβ ' [V

(d)
3×3]iβ (4.22)

with corrections less than O(λ4) for all the elements, maybe only affecting V (d)
3d

in (4.21). As regards the last column:

VL1b′ ' −s̃dL1VL1d (4.23)
VL2b′ ' −s̃dL1V3×3 2d − s̃dL2VL2s − s̃dL3VL2b

VL3b′ ' −s̃dL3VL3b

with corrections at most of O(λ5).
As regards charged currents, ṼCKM in (4.12) can be described by 6 moduli and

9 phases, 6 of which can be absorbed into the quark fields. For the submatrix
VCKM in (4.12), it holds that:

[VCKM]αβ =
3∑
i=1

V
(u)∗
L iα V

(d)
L iβ '

3∑
i=1

V
(u)∗
L iα V

(d)
3×3 iβ (4.24)

Then, after rephasing quark fields, VCKM can be in the usual parameterization
with 3 angles and one phase. Also another phase can be absorbed, we can choose
to absorb the phase of s̃dL2. The elements of the fourth column of ṼCKM in (4.12)
can be parameterized as:

Vub′ ' −s̃dL1V
∗
L1uVL1d ' −s̃dL1 (4.25)

Vcb′ ' −sdL2V
∗
L2cVL2s − s̃dL1(V ∗L1cVL1d + V ∗L2cVL2d) ' −sdL2 − s̃dL1Vcd

Vtb′ ' −s̃dL3V
∗
L3tVL3b ' −s̃dL3
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with corrections at most of order O(λ4).
Finally the couplings of neutral currents can be related to the elements of the

new fourth column of ṼCKM. Remembering from (4.323) that:

VL4d ≈ s̃d∗L1 , VL4s ≈ s̃d∗L2 , VL4b = s̃d∗L3 (4.26)

and that the elements of V (d)
L and V (u)

L can be naturally chosen with small mix-
ings, that is VCKM is not obtained after large cancellations in their product, then,
comparing (4.26) with (4.25):

|V ∗L4dVL4s| ≈ sdL1s
d
L2 ≈ |Vub′ ||Vcb′ + s̃d1Vcd| (4.27)

|V ∗L4dVL4b| ≈ sdL1s
d
L3 ≈ |Vub′V ∗tb′ | (4.28)

|V ∗L4sVL4b| ≈ sdL2s
d
L3 ≈ |V ∗tb′(Vcb′ + s̃d1Vcd)| (4.29)

4.1.1 K decays

K+ → π+νν̄

In the Standard Model the decay K+ → π+νν̄ is one of the golden modes,
since it is dominated by one-loop contributions, while long-distance contributions
are negligible. The effective Lagrangian in the SM relevant for K+ → π+νν̄ is
given by [138]:

Leff = −GF√
2

α(MZ)

2π sin2 θW

∑
`=e,µ,τ

[V ∗csVcdX
`(xc) + V ∗tsVtdX(xt)](sγ

µd)(ν`γµ(1− γ5)ν`)

(4.30)

where X(xt) is the Inami-Lim function with QCD and electroweak corrections
for the top quark short-distance contribution and X`(xc) accounts for the charm
contribution (xi = m2

i /M
2
W ), the index ` denotes the lepton flavor. In order to

compute the short distance SM contribution to the amplitude of this process, the
effective Lagrangian is also written as [140]:

Leff =− GF√
2

α(MZ)

2π sin2 θW

(
V ∗tsVtdX(xt) + Re(V ∗csVcd)λ

4Pc(X)
)∑
e,µ,τ

(sγµd)(ν`γµ(1− γ5)ν`) =

= −GF√
2
F+

∑
e,µ,τ

(sγµd)(ν`γµ(1− γ5)ν`) (4.31)



80 Vector-like quarks

where [141]:

Pc(X) =
1

λ4

(
2

3
Xe(xc) +

1

3
Xτ (xc)

)
(4.32)

and we defined F+ for later convenience. From [141] using the central values of
mc(mc) and αs(MZ) in Table 4.1:

Pc(X) = 0.3645± 0.0091 (4.33)

λ4Pc(X) = (0.92± 0.02) · 10−3 (4.34)

The real and imaginary part of the elements of VCKM can be expressed by using
the Wolfenstein parameterization:

Re(V ∗csVcd) = −λ(1− λ2

2
) (4.35)

Re(V ∗tsVtd) = −A2λ5(1− ρ)

Im(V ∗tsVtd) = A2λ5η

where ρ̄ = ρ(1 − λ2

2
), η̄ = η(1 − λ2

2
). X(xt) was computed in [142], we use the

central value X(xt) = 1.469.
The new contribution arising from the non-unitarity of the mixing matrix after

adding a vector-like b′ is described by the effective Lagrangian:

Lnew =− g2

M2
Z cos2 θW

(
1

2
V ∗L4sVL4d

)
(sLγ

µdL)
1

2

∑
e,µ,τ

(ν`Lγµν`L) =

− GF

2
√

2
V ∗L4sVL4d(sγ

µd)
∑
e,µ,τ

(ν`γµ(1− γ5)ν`) (4.36)

A limit on the new mixing elements can be set by requiring for the amplitude
squared of the new contribution to be less than the SM one:

|V ∗L4sVL4d|2 < |2F+|2 (4.37)
|V ∗L4sVL4d| . 8 · 10−6 (4.38)

where:

|F+|2 =

(
α(MZ)

2π sin2 θW

)2 [(
Re(V ∗tsVtd)X(xt) + Re(V ∗csVcd)λ

4Pc(X)
)2

+ (Im(V ∗tsVtd)X(xt))
2
]

(4.39)
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Since |VL4d| ≈ |Vub′|, setting |Vub′| = 0.04, the constraint implies that |VL4s| ≈
sdL2 . 0.0002. Then the mixing angle of the fourth species of quarks (which is
the heaviest) with the second family should be two orders of magnitude less than
the mixing with the first family (the lightest). Regarding charged currents, if for
example the mixing in charged currents is almost coming by down-type quarks,
that is VCKM ' V

(d)
3×3, then from (4.25) |Vcb′ | ' s̃dL1V

∗
L2cVL2d, about 4 times less

than |Vub′|.
A different estimation may in principle come from the comparison with the

experimental value of the branching ratio of this decay. The experimental branch-
ing ratio of this decay is Br(K+ → π+νν̄)exp = (1.7±1.1)·10−10 [143], compatible
with the predicted SM contribution is Br(K+ → π+νν̄)SM = (8.5 ± 0.5) · 10−11

[111]. Following [140], the expression of the SM contribution to the branching
ratio is:

Br(K+ → π+νν̄)SM =

(
4GF α(MZ)√
2 2π sin2 θW

)2

·

·
((

Re(V ∗tsVtd)X(xt) + Re(V ∗csVcd)λ
4(Pc(X) + δPc,u)

)2
+ (Im(V ∗tsVtd)X(xt))

2
)
·

· τ(K+)M5
K+fK

+π+

+ (0)2I+
ν (1 + ∆EM)

512π3
(4.40)

where I+
ν is the phase space integral [140] and ∆EM = −0.003 [140] are the long-

distance QED corrections, δPc,u = 0.04 ± 0.02 is the contribution of dimension-
eight operators and long-distance contributions computed in [144].

The new contribution to the decay can be constrained to be less than the
experimental error:

Br(K+ → π+νν̄)new ' Br(K+ → π+νν̄)SM
|V ∗L4sVL4d|2

4|F+|2 < 1.1 · 10−10 (4.41)

|V ∗L4sVL4d| . 10−5 (4.42)

If the assumption |Vub′| = 0.04 is made, it is obtained that |VL4s| ≈ sdL2 . 0.0002.
Alternatively, the limits obtained from the NA62 experiment combining 2016
and 2017 data can be used, Br(K+ → π+νν̄) < 1.85 · 10−10 at 90% C.L., or
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Br(K+ → π+νν̄) < 2.44 · 10−10 at 95% C.L. [145]:

Br(K+ → π+νν̄)new ' Br(K+ → π+νν̄)SM
|V ∗L4sVL4d|2

16|F+|2 < 1.85 · 10−10 (4.43)

|V ∗L4sVL4d| . 1.2 · 10−5 (4.44)
|VL4s| ≈ sdL2 . 0.0003 (4.45)

Br(K+ → π+νν̄)new ' Br(K+ → π+νν̄)SM
|V ∗L4sVL4d|2

16|F+|2 < 2.44 · 10−10 (4.46)

|V ∗L4sVL4d| . 1.4 · 10−5 (4.47)
|VL4s| ≈ sdL2 . 3.5 · 10−4 (4.48)

The limits on |VL4s| are set under the assumption |VL4d| ≈ |Vub′ | = 0.04.

KL → π0νν̄

The second golden mode is the decay KL → π0νν̄. In the Standard Model the
effective Lagrangian related to KL → π0νν̄ is [138]:

Leff = −GF√
2

α(MZ)

2π sin2 θW
V ∗tsVtdX(xt)(sγ

µd)
∑

`=e,µ,τ

(ν`γµ(1− γ5)ν`) + h.c. = (4.49)

= −GF√
2

(
F0(sγµd)

∑
`=e,µ,τ

(ν`γµ(1− γ5)ν`) + F0∗(dγµs)
∑

`=e,µ,τ

(ν`γµ(1− γ5)ν`)

)
(4.50)

where

F0 =
α(MZ)

2π sin2 θW
V ∗tsVtdX(xt) (4.51)

Following [139], taking into account that:

KL =
1√
2

[(1 + ε̄)K0 − (1− ε̄)K̄0] (4.52)

with

P |K0〉 = −|K0〉 C|K0〉 = −|K̄0〉 CP |K0〉 = |K̄0〉 (4.53)

then:

〈π0|(d̄s)V−A|K̄0〉 = 〈π0|(s̄d)V−A|K0〉 (4.54)
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so:

〈π0|Leff|K0〉 = −4GF√
2

2ImF0

√
2
〈π0|(sLγµdL)|K0〉

∑
`=e,µ,τ

(ν`Lγµν`L) (4.55)

The new contribution arising from the non-unitarity of the mixing matrix after
adding a vector-like b′ is described by the effective Lagrangian:

Lnew =− 2GF√
2
VL4sV

∗
L4d(dLγ

µsL)
∑

`=e,µ,τ

(ν`Lγµν`L) + h.c. =

− GF

2
√

2
VL4sV

∗
L4d(dγ

µs)
∑

`=e,µ,τ

(ν`γµ(1− γ5)ν`) + h.c. (4.56)

Then

|Im(V ∗L4sVL4d)| < |2ImF0| (4.57)
|Im(V ∗L4sVL4d)| . 2.3 · 10−6 (4.58)

However the experimental limit on this decay is Br(KL → π0νν̄) < 3·10−9 at 90%
CL while the predicted SM contribution is Br(KL → π0νν̄) = (3.0± 0.2) · 10−11

[111]. Then since:

Br(KL → π0νν̄)new = Br(KL → π0νν̄)SM
(Im(V ∗L4sVL4d))

2

(2ImF0)2
(4.59)

by imposing the experimental limit on the new contribution to the branching
ratio of the decay it is obtained:

|Im(V ∗L4sVL4d)| < 2.3 · 10−5 (4.60)

In the given parameterization then:

|V ∗L4sVL4d|| sin
(
δdL1 − δdL2

)
| < 2.3 · 10−5 (4.61)

|VL4s| ≈ sdL2 <
0.0006

| sin
(
δdL1 − δdL2

)
| (4.62)

where the second relation follows with |VL4d| ≈ sdL1 ≈ |Vub′| = 0.04.
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KL → π0e+e−

The decay KL → π0e+e− contains a direct CP violating contribution, indirect
CP violating contribution, interference between them, and also a very small
CP conserving contribution) [111]. The direct CP-violating amplitude is short
distance dominated. The effective Lagrangian for KL → π0e+e− can be written
as [138]:

Leff =
GF√

2
V ∗tsVtd

6,7V∑
i=1

{(z̃i(µ) + yi(µ))Qi(µ) + sγµ(1− γ5)d
[
yV (eγµe) + yA(eγµγ5e)

]
}+ h.c.

(4.63)

where Q1,2 are ∆S = 1 current-current operators and Q3,...,6 the QCD penguin
operators. The SM directly CP violating contribution to this decay basically
comes from [146]:

LDCPV =
GFα(MZ)√

2
V ∗tsVtd(sγµd)

(
ȳV (eγµe) + ȳA(eγµγ5e)

)
+ h.c. (4.64)

where yV,A = α(MZ)ȳV,A. The direct CP-violating branching ratio in the SM is
given by [140]:

Br(KL → π0e+e−)DCPV =

(
GFα(MZ)√

2

)2(
2ImV ∗tsVtd√

2

)2
1

2

M5
K0τ(KL)f+(0)2Ie

192π3
(ȳ2
A + ȳ2

V )

(4.65)

where Ie is the phase space integral.
The new effective Lagrangian contributing to this decay is:

Lnew =− 2GF√
2
VL4sV

∗
L4ddγ

µs

[
(−1

4
+ sin2 θW)eγµe+

1

4
eγµγ5e

]
+ h.c. (4.66)

Then

Br(KL → π0e+e−)new = (4.67)

= 4G2
F [Im(VL4sV

∗
L4d)]

2

[
(−1

4
+ sin2 θW)2 +

1

16

]
M5

K0τ(KL)f+(0)2Ie
384π3

The experimental limit on this decay is Br(KL → π0e+e−) < 2.8·10−10 at 90% CL
while the SM prediction for the direct CP violating decay is Br(KL → π0e+e−) =
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0.45 · 10−11 [111]. By imposing the experimental limit on the new contribution
to the branching ratio of the decay we obtain:

|Im(VL4sV
∗
L4d)| < 1.7 · 10−5 (4.68)

where the central values of Ie = 0.16043±0.00031 [140], f+(0) = 0.9699(15) have
been used. In the given parameterization then:

|VL4sV
∗
L4d|| sin

(
δdL1 − δdL2

)
| < 1.7 · 10−5 (4.69)

|VL4s| .
0.0004

| sin
(
δdL1 − δdL2

)
| (4.70)

where the second relation follows with |VL4d| ≈ |Vub′ | = 0.04. A more stringent
constraint can be imposed by constraining the new contribution to be at most
the same as the SM contribution to the direct CP violating decay:

Br(KL → π0e+e−)new < 4.5 · 10−12 (4.71)
|VL4sV

∗
L4d|| sin

(
δdL1 − δdL2

)
| < 2 · 10−6 (4.72)

|VL4s| .
5 · 10−5

| sin
(
δdL1 − δdL2

)
| (4.73)

Again the second relation follows with |VL4d| = 0.04.

KL → µ+µ−

The existence of the additional vector-like singlet leads to the following addi-
tional contribution to the effective Lagrangian for the decay KL → µ+µ−:

Lnew = −4GF√
2
VL4sV

∗
L4d(sLγµdL)[gL(µLγ

µµL) + gR(µRγ
µµR)] + h.c. = (4.74)

=
GF√

2
VL4sV

∗
L4d(sγµγ5d)[gV (µγµµ)− gA(µγµγ5µ)] + h.c. (4.75)

where

gL = −1

2
+ sin2 θW gR = sin2 θW (4.76)

gA = gL − gR = −1

2
gV = gL + gR = 2 sin2 θw −

1

2
(4.77)

By using the phase convention:

C|K0〉 = −|K̄0〉 P |K0〉 = −|K0〉 CP |K0〉 = |K̄0〉 (4.78)
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and

KL ≈ K2 =
1√
2

(K0 − K̄0) CP |K2〉 = −|K2〉 (4.79)

then:

〈0|(d̄s)V-A|K̄0〉 = −〈0|(s̄d)V-A|K0〉 (4.80)

then the amplitude of this process can be written:

−iM =
GF√

2

2Re(VL4sV
∗
L4d)√

2
fKmµ2(gR − gL)[ū(p(µ))γ5v(p(µ̄))] (4.81)

Then

|M|2 = G2
Ff

2
Km

2
µ[Re(VL4sV

∗
L4d)]

2(2gA)22M2
K0 (4.82)

which gives for the rate:

Γnew =
1

8π
G2
Ff

2
Km

2
µMK0

(
1− 4m2

µ

M2
K0

) 1
2

(Re(VL4sV
∗
L4d))

2 (4.83)

The experimental branching ratio Br(KL → µ+µ−)exp = (6.84 ± 0.11) · 10−9

but it is dominated by the imaginary part of the long-distance contribution
Brabs(KL → µ+µ−) = (6.64 ± 0.07) · 10−9 [111]. The SM prediction for the
short distance contribution is Br(KL → µ+µ−)SD ≈ 10−9 (from [111], [146],
Br(KL → µ+µ−)SD ≈ 2.7 · 10−4|Vcb|4(1.2− ρ̄)2). In order to evaluate the branch-
ing ratio of the decay KL → µ+µ− it is useful to consider the decay K+ → µ+νµ:

L =
GF√

2
V ∗us(s̄γαγ5u)(ν̄µγ

α(1− γ5)µ) (4.84)

Γ =
1

8π
G2
F |Vus|2f 2

Km
2
µMK+

(
1− m2

µ

M2
K+

)2

(4.85)

which gives:

Br(KL → µ+µ−)new
Br(K+ → µ+νµ)

=

τ(KL)MK0

√
1− 4

m2
µ

M2
K0

τ(K+)MK+

(
1− m2

µ

M2
K+

)2

[Re(VL4sV
∗
L4d)]

2

|Vus|2
(4.86)
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(with 〈0|(s̄d)V−A|K0〉 = 〈0|(s̄u)V−A|K+〉). The new contribution can be con-
strained to be at most the same as the SM short distance contribution

Br(KL → µ+µ−)new < 10−9 (4.87)

Using Br(K+ → µ+νµ) = 0.6356 [111], |Vus| = 0.22567(42) [109], it is obtained
that:

|Re(VL4sV
∗
L4d)| = |VL4sV

∗
L4d|| cos

(
δdL2 − δdL1

)
| < 4.4 · 10−6 (4.88)

|VL4s| . 10−4/| cos
(
δdL2 − δdL1

)
| (4.89)

where the last inequality is obtained using |VL4d| ≈ |Vub′ | = 0.04.
A more stringent condition can be found by constraining the new contribution

to be less than the experimental error:

Br(KL → µ+µ−)new < 1.1 · 10−10 (4.90)
|VL4sV

∗
L4d|| cos

(
δdL2 − δdL1

)
| < 1.5 · 10−6 (4.91)

|VL4s| . 4 · 10−5/| cos
(
δdL2 − δdL1

)
| (4.92)

In the last expression |VL4d| = 0.04 has been used.

KS → µ+µ−

The LHCb collaboration found an upper limit on the decay KS → µ+µ−

with data collected with the LHCb experiment during 2016, 2017 and 2018:
Br(KS → µ+µ−) < 2.4 · 10−10 at 95% CL [147]. A constraint on the imaginary
part of the mixing elements follow:

Br(KS → µ+µ−)new < 2.4 · 10−10 (4.93)
|Im(V ∗L4dVL4s)| = |VL4sV

∗
L4d|| sin

(
δdL2 − δdL1

)
| < 2.2 · 10−6 (4.94)

|VL4s| < 5.4 · 10−5/| sin
(
δdL2 − δdL1

)
| (4.95)

In the last expression |VL4d| = 0.04 has been used.

4.1.2 Neutral mesons systems

K0-K̄0 mixing

In the SM the short-distance contribution to the transition K̄0(d̄s)↔ K0(ds̄)
arises from weak box diagrams. The effective lagrangian describing this weak
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contribution is given by:

L = −G
2
Fm

2
W

4π2

[
λ2
cS0(xc) + λ2

tS0(xt) + 2λcλtS0(xc, xt)
]

(sLγ
µdL)(sLγ

µdL) + h.c.

(4.96)

where λa = V ∗asVad and xa = m2
a

m2
W
, S0(xa) are the Inami-Lim functions [149]:

S0(xc) ' xc (4.97)

S0(xt) =
4xt − 11x2

t + x3
t

4(1− xt)2
− 3x3

t lnxt
2(1− xt)3

S0(xc, xt) ' xc

[
ln
xt
xc
− 3xt

4(1− xt)
− 3x2

t lnxt
4(1− xt)2

]
keeping only linear terms in xc [138]. When QCD corrections are included, the
effective interaction becomes [138]:

L = −G
2
Fm

2
W

4π2

(
η1λ

2
cS0(xc) + η2λ

2
tS0(xt) + 2η3λcλtS0(xc, xt)

)
(sLγ

µdL)(sLγ
µdL)·

· [α(3)
s (µ)]−2/9

[
1 +

α
(3)
s (µ)

4π
J(3)

]
+ h.c. (4.98)

where:

η1 = 1.87± 0.76 (4.99)
η2 = 0.574 (4.100)
η3 = 0.496± 0.047 (4.101)

from [150], [138], [151] respectively. µ is a renormalization scale, J(3) a renor-
malization scheme dependent quantity. The weak short-distance contribution to
the mass difference ∆mK = MKL −MKS and the CP-violating parameter εK re-
spectively originate from the off-diagonal termM12 of the mass matrix of neutral
kaons, which therefore should be computed. M12 corresponds to the transition
K̄0 → K0 [138]:

2mKM
∗
12 = −〈K̄0|L|K0〉 (4.102)

with

〈K̄0|(sLγµdL)2|K0〉 =
2

3
BK(µ)f 2

Km
2
K (4.103)

BK = BK(µ)[α(3)
s (µ)]−2/9

[
1 +

α
(3)
s (µ)

4π
J(3)

]
(4.104)
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(2
3
f 2
KM

2
K is computed after the (VIA) vacuum insertion approximation [152]),

that is

M12 =
G2
Fm

2
W

12π2
(η1λ

∗2
c S0(xc) + η2λ

∗2
t S0(xt) + 2η3λ

∗
cλ
∗
tS0(xc, xt))f

2
KmKBK

(4.105)

with BK = 0.7625(97) (three flavours FLAG 2019 average [107]). The mass
difference between mass eigenstates is [138]:

∆mK ≈ 2|M12|+ (∆m)LD (4.106)

where (∆m)LD corresponds to the long-distance contributions. The CP violation
is parameterized by εK , which can be written as:

εK ≈
ImM12√
2∆mK

e−i
π
4 (4.107)

The imaginary part of M12 is dominated by short distance physics.
The short distance contribution to ∆mK is dominated by the charm contribu-

tion, while for the imaginary part the top quark plays a central role. Then, using
the central values [111] mc = 1.27 ± 0.02, |Vcd| = 0.218 [111], fK = 155.7(0.7)
MeV (three flavours FLAG 2019 average) [107] the short distance contribution
to ∆mK is

|M12| ≈
G2
F

12π2
η1|λ∗2c |m2

cf
2
KmKBK (4.108)

∆mK ≈ 2|M12| ' 3 · 10−15 GeV (4.109)

which almost saturates the measured value [111]:

∆MK = (3.484± 0.006) · 10−15 GeV (4.110)

The imaginary part of M12 is dominated by:

ImM12 =
G2
Fm

2
W

6π2
f 2
KmKBK [η2Re(VtsV ∗td)S0(xt) + η3Re(VcsV ∗cd)S0(xc, xt)] Im(VtsV

∗
td)

(4.111)

from which |εK | ≈ 2.83 · 10−3. The SM prediction for the parameter εK has been
computed in Ref. [153]:

|εSMK | = (2.16± 0.18) · 10−3 (4.112)
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which is compatible (0.4σ) with the value of εK obtained by fitting the data of
the decay K → ππ [111]:

|εK | = (2.228± 0.011) · 10−3 (4.113)

The new contribution translates into the effective lagrangian:

Lnew =− GF√
2

(V ∗L4dVL4s)
2(dLγ

µsL)2 + h.c. (4.114)

In order to set a constraint for the mixing with b′, it can be imposed that the
new contribution to the mass difference should be less than the short-distance
SM contribution. An estimate can be carried out comparing the coefficients of
the effective operators in Eqs. (4.96) and (4.114):

GF√
2

∣∣(V ∗L4dVL4s)
2
∣∣ < G2

Fm
2
c

4π2
|λ2
c | (4.115)

|V ∗L4dVL4s| < 2 · 10−4 (4.116)
|VL4s| < 0.0045 (4.117)

where in the last equation |VL4d| = 0.04 has been used. Regarding the contri-
bution to the CP-violating parameter εK , the imaginary part of operators (4.96)
and (4.114), can be compared:

GF√
2

2|Im(V ∗L4dVL4s) · Re(V ∗L4dVL4s)| <

G2
Fm

2
W

4π2
2 |(Re(V ∗tsVtd)S0(xt) + Re(V ∗csVcd)S0(xc, xt)) Im(V ∗tsVtd)|

(4.118)

which means:

|V ∗L4dVL4s|2| sin
(
δdL1 − δdL2

)
cos
(
δdL1 − δdL2

)
| < 5.1 · 10−10 (4.119)

|V ∗L4dVL4s|
√
| sin[2(δdL1 − δdL2)]| < 3 · 10−5 (4.120)

|VL4s| < 0.0008/
√

sin[2(δdL1 − δdL2)] (4.121)

Alternatively, one can consider the theoretical estimation with its uncertainty
and require to stay within 1.96∆εSMK , ∆εSMK = 0.18 · 10−3, from the experimental
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central value after adding the new contribution (positively interfering):

1

3
√

2∆MK

BKf
2
KMK0

GF√
2
|[Im(V ∗L4dVL4s)]

2| < εK − (εSMK − 1.96∆εSMK ) (4.122)

2|V ∗L4dVL4s|2| sin
(
δdL1 − δdL2

)
cos
(
δdL1 − δdL2

)
| < 8.2 · 10−11 (4.123)

|V ∗L4dVL4s|
√
| sin[2(δdL1 − δdL2)]| < 9.1 · 10−6 (4.124)

|VL4s| < 0.00023/
√

sin[2(δdL1 − δdL2)] (4.125)

B0
d,s-B̄

0
d,s mixing

The effective lagrangian for B0
d,s-B̄0

d,s mixing is (for B0
d as an example) [138]:

L = −G
2
F

4π2
m2
W (V ∗tbVtd)

2ηBS(xt)[α
(5)
s (µb)]

−6/23

[
1 +

α
(5)
s (µb)

4π
J5

]
(bLγµdL)2 + h.c.

(4.126)

where the QCD factor ηB = 0.551 [138]. Then, analogously to the kaons system:

〈B̄0
d,s|(bLγµqL)2|B0

d,s〉 =
2

3
BBd,s(µb)f

2
Bd,s

m2
Bd,s

(4.127)

and

∆Md,s = 2|M (d,s)
12 | (4.128)

2mBd,sM
∗
12 = 〈B̄0

d,s| − L|B0
d,s〉 (4.129)

Putting together (4.127), (4.128), (4.129), in the SM:

∆Md,s =
G2
Fm

2
W

6π2
f 2
Bd,s

mBd,sBBd,s |(VtbV ∗td/s)2|ηBS(xt) (4.130)

where fBd
√
BBd = 225(9) MeV, fBs

√
BBs = 274(8) MeV [107]. The experimental

results are [111]:

∆Md exp = (3.334± 0.013) · 10−13 GeV (4.131)
∆Ms exp = (1.1688± 0.0014) · 10−11 GeV (4.132)

The long range interactions are negligible for the neutral B meson systems.
Therefore B0

d,s-B̄0
d,s oscillations contribute to the determination of the CKM el-

ements |Vtd| and |Vts|. The largest uncertainty comes from the hadronic matrix
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elements fBd
√
BBd and fBs

√
BBswhich carry a relative error of 8% and 6% re-

spectively. The new piece of Lagrangian generating B-mesons mixing is:

L(d)
new =− GF√

2
(V ∗L4dVL4b)

2(dLγ
µbL)2 + h.c. (4.133)

L(s)
new =− GF√

2
(V ∗4sV4b)

2(sLγ
µbL)2 + h.c. (4.134)

It can be imposed on the new operator to give a contribution less important than
the uncertainty generated by the hadronic matrix elements:

GF√
2
|V ∗L4dVL4b|2 <

G2
F

4π2
m2
W |Vtd|2S(xt) ·∆Bd (4.135)

GF√
2
|V ∗L4sVL4b|2 <

G2
F

4π2
m2
W |Vts|2S(xt) ·∆Bs (4.136)

where ∆Bd = 0.08 and ∆Bs = 0.06, which gives (with mt(mt) = 163 GeV):

|V ∗L4dVL4b| ≈ |Vub′V ∗tb′ | < 1.8 · 10−4 (4.137)
|VL4b| ≈ sd3 ≈ |Vtb′ | < 0.0045 (4.138)
|V ∗L4sVL4b| ≈ sd2s

d
3 < 7.6 · 10−4 (4.139)

or, at 90% C.L. 1.64∆Bd and 1.64∆Bs giving:

|V ∗L4dVL4b| ≈ |Vub′V ∗tb′ | < 2.3 · 10−4 (4.140)
|VL4b| ≈ sd3 ≈ |Vtb′ | < 0.006 (4.141)
|V ∗L4sVL4b| ≈ sd2s

d
3 < 0.00096 (4.142)

or using as comparison 1.96 times the above considered uncertainties:

|V ∗L4dVL4b| ≈ |Vub′V ∗tb′ | < 2.5 · 10−4 (4.143)
|VL4b| ≈ sd3 ≈ |Vtb′ | < 0.0063 (4.144)
|V ∗L4sVL4b| ≈ sd2s

d
3 < 0.001 (4.145)

where |VL4d| = 0.04 has been used in the second equation. If, as in the kaon case,
in order to have an estimate we compare the coefficient of the effective operators
in (4.126) and (4.133):

GF√
2
|V ∗L4dVL4b|2 <

G2
F

4π2
m2
W |Vtd|2S(xt) (4.146)

GF√
2
|V ∗L4sVL4b|2 <

G2
F

4π2
m2
W |Vts|2S(xt) (4.147)
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we have:

|V ∗L4dVL4b| ≈ |Vub′V ∗tb′ | < 6.4 · 10−4 (4.148)
|VL4b| ≈ sd3 ≈ |Vtb′ | < 0.02 (4.149)

(4.150)

D0-D̄0 mixing

The effective Lagrangian for D0-D̄0 mixing due to the s-quark running in the
box diagram is:

L ≈ −G
2
Fm

2
W

4π2
V ∗usVcsS0(xs)(uLγ

µcL)2 + h.c. (4.151)

where xs = m2
s

m2
W
, S0(xs) is the Inami-Lim function. The matrix element can be

defined as:

〈D̄0|(uLγµcL)2|D0〉 =
2

3
BDf

2
Dm

2
D (4.152)

where BD is the correction to the VIA approximation and should be of order
unity. Similarly to the case of neutral kaons mixing, the following relations hold:

2mDM
∗
D12 = −〈D̄0|L|D0〉 (4.153)

∆mD ≈ 2|MD12|+ (∆mD)LD (4.154)

where (∆mD)LD corresponds to the long-distance contributions. The experimen-
tal value of the mass difference in the D0 mesons system is

∆mD exp = (6.25± 2.6) · 10−15GeV (4.155)

However the mass difference in the D0 system is likely to be dominated by long-
distance contributions. The SM short-distance contribution due to the s-quark
running in the box diagram is of order

∆mD SM ≈ 2|M12| ≈
G2
Fm

2
W

6π2
|(VusV ∗cs)2|S0(xs)f

2
DmDBD ∼ O(10−16GeV) (4.156)

where xs = m2
s

m2
W
, S0(xs) is the Inami-Lim function, and fD = 212.0 ± 0.7 MeV

[107].
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Figure 4.2: New contribution to D0 − D̄0 mixing, q = d, s, b, b′.

The new down-quark contributes to the box diagram originating D mesons
mixing, as shown in Fig. (4.2):

Lnew = −G
2
Fm

2
W

4π2

(
(Vub′V

∗
cb′)

2S0(xb′) + 2(Vub′V
∗
cb′)(V

∗
csVus)S0(xs, xb′)+ (4.157)

+2(Vub′V
∗
cb′)(V

∗
cbVub)S0(xb, xb′)) · (uLγµcL)(uLγ

µcL) + h.c.

It is worth underlying that in this case the CKM matrix is concerned since this
contribution involves charged currents. Then the limit can be set directly for the
elements of VCKM.

Since for the presumably lower estimate |Vub′V ∗cb′| = 0.00002 (with Md = 1530
GeV) the contribution from b′ is ∆mD new ' 5 · 10−17 GeV, while the mixed one
from s, b′ is ∆mD new ' 2 ·10−19 GeV and also from b, b′ ∆mD new ' 2 ·10−19 GeV,
then the contribution to ∆mD coming from (4.157) is about:

∆mD new '
G2
Fm

2
W

6π2
(Vub′V

∗
cb′)

2S0(xb′)f
2
DmD (4.158)

In order to make the new contribution less than the SM short-distance contribu-
tion, it should be that:∣∣(Vub′V ∗cb′)2S0(xb′)

∣∣ < ∣∣(VusV ∗cs)2S0(xs)
∣∣ (4.159)

Choosing Md = 1530 GeV:

|Vub′V ∗cb′| < 3 · 10−5 (4.160)
|Vcb′ | < 7 · 10−4 (4.161)

where the second relation is obtained with |Vub′ | = 0.04. In a more conservative
way, by using ∆mD new from (4.158) withMd = 1 TeV, ∆mD new < ∆mD exp gives:

|Vub′V ∗cb′| < 2 · 10−4 (4.162)
|Vcb′ | < 0.006 (4.163)
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4.1.3 B decays

Rare semileptonic B decays

Results on rare B-decays can constrain new mixings, due to the new contri-
butions to FCNC processes b→ s(d) originated at tree level by mixing with the
extra singlet.

The new effective lagrangian contributing to b→ s(d)`+`− is:

Lnew =− 4GF√
2
VL4dV

∗
L4b(bLγ

µdL)

[
(−1

2
+ sin2 θW )(`Lγµ`L) + sin2 θW (`Rγµ`R)

]
(4.164)

Lnew =− 4GF√
2
V ∗L4bVL4s(bLγ

µsL)

[
(−1

2
+ sin2 θW )(`Lγµ`L) + sin2 θW (`Rγµ`R)

]
(4.165)

accounting for both inclusive decays B → Xd,s`
+`−, and exclusive decays such

as B → π`+`− and B → K`+`−.
As regards exclusive decays, experimental branching fractions are below SM

predictions [111]. Recently also other observables were exctracted, in order to
consider quantities less affected by hadronic uncertainties [111]. The decays
B0 → K0∗`+`− and B+ → K+`+`− are the best studied ([111] and references
therein). Tensions with SM were found related to the quantity P ′5 and to lepton
universality test ([111] and references therein).

In order to avoid hadronic form factors, inclusive decays are studied. As re-
gards B → Xs`

+`−, branching fractions can be analyzed both from a theoretical
and experimental point of view in low and high dilepton invariant mass regions,
that is q2 (1GeV2 < q2 < 6GeV2) and q2 (q2 > 14.2GeV2) regions (the interme-
diate region is dominated by charmonia resonances). Experimental results were
obtained by both Belle [154] and BaBar [155]. In Ref. [156] the SM expecta-
tions in these q2-regions were computed and compared with experimental results,
showing an agreement at the 95% C.L. between SM and experiments.

The total branching fraction averaged between electrons and muons is: (5.8±
1.3) · 10−6 [111], [154], [155]. Then a rough estimate for the constraint on the
mixings can be found out by limiting the new contribution to be less than the
experimental error on the total inclusive branching fraction:

Br(B → Xs`
+`−)new ' Br(B → Xc`

+ν`)
|V ∗L4bVL4s|2[(−1

2
+ sin2 θW )2 + sin4 θW ]

|Vcb|2
< σexp

(4.166)
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with σexp = 1.3 · 10−6 resulting in the limit |V ∗L4bVL4s| < 4.2 · 10−4. Or we can
make an estimate by imposing on the new contribution to the branching ratio to
be less than 1.96σexp resulting in the limit:

|V ∗L4bVL4s| ≈ sdL3s
d
L2 < 5.8 · 10−4 (4.167)

where we take advantage of the experimental branching ratio Br(B → Xc`
+ν`) =

0.1065± 0.0016 [111].
As regards b → d`+`− transitions, branching ratios were measured for the

decays Br(B+ → π+µ+µ−) = (1.76± 0.23) · 10−8 [157], Br(B0 → π+π−µ+µ−) =
(2.1± 0.5) · 10−8 [158]. Limits at 90% C.L. on exclusive decays include Br(B0 →
π0`+`−) < 5.3 · 10−8, Br(B0 → π0e+e−) < 8.4 · 10−8, Br(B0 → π0µ+µ−) <
6.9·10−8 and the lepton flavor and isospin averaged branching fraction upper limit
Br(B → π`+`−) < 5.9 ·10−8 [159], and Br(B+ → π+`+`−) < 4.9 ·10−8, Br(B+ →
π+e+e−) < 8.0 · 10−8 [160]. Constraints on the mixing elements |VL4dV

∗
L4b| can

be estimated using the lepton-flavor combined limits:

Br(B0 → π0`+`−)new ' (4.168)

' Br(B0 → π−`+ν`)
1

2

|VL4dV
∗
L4b|2[(−1

2
+ sin2 θW )2 + sin4 θW ]

|Vub|2
< 5.3 · 10−8

Br(B± → π±`+`−)new ' (4.169)

' Br(B± → π0`+ν`)2
|VL4dV

∗
L4b|2[(−1

2
+ sin2 θW )2 + sin4 θW ]

|Vub|2
< 4.9 · 10−8

The factors 2 take into account the isospin symmetry relation. For convenience
we took advantage of the results in [111] Br(B0 → π−`+ν`) = (1.50± 0.06) · 10−4

Br(B± → π0`+ν`) = (7.80 ± 0.27) · 10−5, ` = e or µ. The effective Lagrangian
originating this decays is:

Leff = −4GF√
2
V ∗ub(bLγ

µuL)(ν`γµ`L) (4.170)

From (4.169):

|VL4dV
∗
L4b| ≈ sdL1s

d
L3 ≈ |Vub′V ∗tb′| < 2 · 10−4 (4.171)

|VL4b| ≈ |Vtb′| < 0.005 (4.172)

where the last result is obtained using |VL4d| = 0.04.
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B0
d,s → µ+µ−

The main effective weak Lagrangian for B0
d,s → µ+µ− is [161]:

LSM =
G2
Fm

2
W

π2
V ∗tbVtqCA(µb)(bγ

µγ5q)(¯̀γµγ5`) (4.173)

with q = d, s and CA(µb) = 0.4681 the same as in [161] using the values in Table
4.1. The new contribution is:

Lnew =
GF√

2

1

2
V ∗L4bVL4q(bγ

µγ5q)(¯̀γµγ5`) (4.174)

for q = d, s. The branching ratio for the decay B0
s → µ+µ− was measured,

Br(B0
s → µ+µ−)exp = (3.0 ± 0.4) · 10−9 [111], the 95% C.L. limit for the decay

B0
d → µ+µ− is Br(B0

d → µ+µ−)exp < 2.1 · 10−10 [162]. The branching ratios
predicted by the SM are respectively: Br(B0

s → µ+µ−)SM = (3.35± 0.06) · 10−9,
Br(B0

d → µ+µ−)SM = (0.89 ± 0.02) · 10−10, obtained from [161] using fBs =
230.3(1.3) MeV, fBd = 190.0(1.3) MeV (from [107]), and for the lifetimes τB0

sH
=

1.619 ps, τB0
d

= 1.519 ps from [111]. In order to have a first estimate of the limit
on the mixings, the new contribution to the effective operator can be constrained
to be less than the SM contribution:

|V ∗L4bVL4s| <
2
√

2GFm
2
W

π2
CA(µb)|V ∗tbVts| (4.175)

|V ∗L4bVL4s| < 4 · 10−4 (4.176)

|V ∗L4bVL4d| ≈ |V ∗ub′Vtb′| <
2
√

2GFm
2
W

π2
CA(µb)|V ∗tbVtd| (4.177)

|V ∗L4bVL4d| < 8 · 10−5 (4.178)
|VL4b| < 0.002 (4.179)

where the last relation is obtained with |VL4d| = 0.04. Alternatively, the 95%
C.L. experimental limit on the B0

d decay can be considered:

|V ∗L4bVL4d| <
2
√

2GFm
2
W

π2
CA(µb)|V ∗tbVtd|

√
2.1 · 10−10

Br(B0
d → µ+µ−)SM

(4.180)

|V ∗L4bVL4d| < 1.3 · 10−4 (4.181)
|VL4b| < 0.003 (4.182)

Regarding B0
s decaying into two muons, it can be required that the combination

of the central value of the SM prediction and the new contribution stay within
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1.96σexp, σexp = 0.4 · 10−9, from the experimental determination. Considering
negative interference:

|V ∗L4bVL4s]| <
2
√

2GFm
2
W

π2
CA(µb)|V ∗tbVts|

(
1−

√
3.0 · 10−9 − 1.96σexp
Br(B0

s → µ+µ−)SM

)
(4.183)

|V ∗L4bVL4s| < 7.4 · 10−5 (4.184)

4.1.4 Z-boson physics

Quantity Experimental value SM prediction

ΓZ 2.4952± 0.0023 GeV 2.4942± 0.0008 GeV
Γ(had) 1.17444± 0.0020 GeV 1.7411± 0.0008 GeV
Rb 0.21629± 0.00066 0.21582± 0.00002
Rc 0.1721± 0.0030 0.17221± 0.00003
σhad 41.541± 0.037 nb 41.481± 0.008 nb
Γ(Z → bb̄) 375.76∓ 0.16 MeV
Γ(Z → uū) 299.91± 0.18 MeV
Γ(Z → bb̄)/ΓZ 0.1512± 0.0005
Γ(Z → cc̄)/ΓZ 0.1203± 0.0021
Γ(Z → (uū+ cc̄)/2)/ΓZ 0.116± 0.006
Γ(Z → had)/ΓZ 0.69911± 0.00056

QW (p) 0.0719± 0.0045 0.0711± 0.0002
QW (Cs) −72.58± 0.43 −73.23± 0.01
QW (T`) −116.4± 3.6 −116.87± 0.02

A
(0,b)
FB 0.0992± 0.0016 0.1030± 0.0002

A
(0,c)
FB 0.0707± 0.0035 0.0735± 0.0001

A
(0,s)
FB 0.0976± 0.0114 0.1031± 0.0002

Ab 0.923± 0.020 0.9347
Ac 0.670± 0.027 0.6677± 0.0001
As 0.895± 0.091 0.9356
geuAV + 2gedAV 0.4914± 0.0031 0.4950
2geuAV − gedAV −0.7148± 0.0068 −0.7194

Table 4.3: Values of interest from Particle Data Group [111].

The presence of an additional quark affects the diagonal couplings of Z-boson
with quarks, changing the prediction of many observables related to the Z boson
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physics e.g. the partial decay widths Γ(Z → qq̄) with q = u, d, s, c, b, the variables
Rc = Γ(cc̄)/Γ(Z → had), Rb = Γ(bb̄)/Γ(Z → had), σhad, Z-pole asymmetries.
Both off-diagonal couplings and diagonal couplings also modify the prediction of
the Z total width ΓZ and the partial width into hadrons Γ(Z → had).

The variation of the diagonal couplings of weak neutral-current interaction
also modifies interactions of quarks with leptons, then low energy (Q2 << M2

Z)
electroweak precision observables are affected.

Experimental values and SM predictions for Z pole quantities are given in
averages and global fit results of Particle Data Group [111], as reported in Table
4.3.

Z → bb̄

As regards the diagonal coupling of b-quark, the predicted partial decay width
for Z-boson decaying into bb̄ is [111] Γ(Z → bb̄)SM ' 375.76∓0.16 MeV, which can
be compared to the experimental value Γ(Z → bb̄)exp ' 377.3 ∓ 1.3 MeV where
the values from [111] Br(Z → bb̄)exp ' 0.1512 ± 0.0005 MeV and Γ(Z)exp =
2.4952± 0.0023 GeV have been used.

The SM decay rate Γ(Z → bb̄) at tree level is given by:

Γ(Z → bb̄)0,SM =
GFM

3
Z√

2π

[(
−1

2
+

1

3
sin2 θW

)2

+

(
1

3
sin2 θW

)2
]

(4.185)

By inserting a fourth down-quark, the decay rate changes in:

Γ(Z → bb̄)0,new =
GFM

3
Z√

2π

[(
−1

2
(1− |VL4b|2) +

1

3
sin2 θW

)2

+

(
1

3
sin2 θW

)2
]

(4.186)

so the prediction for the decay rate is lowered. Then a limit can be set on |VL4b|
by constraining the difference between the SM contribution (4.185) and the new
contribution (4.186) to be less than the experimental error:

|Γ(Z → bb̄)new − Γ(Z → bb̄)SM| =
GFM

3
Z√

2π

∣∣∣∣−1

2
+

1

3
sin2 θW

∣∣∣∣ |VL4b|2 < 0.0013GeV

(4.187)

and it is obtained that:

|VL4b| = sdL3 ≈ |Vtb′ | < 0.04 (4.188)

or at 95% C.L.

|VL4b| < 0.055 (4.189)
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Γ(Z → hadr), Γ(Z)

The SM predictions for the Z decay rate and partial decay rate into hadrons
are Γ(Z)SM = 2.4942 ± 0.0008 GeV, Γ(Z → hadr)SM = 1.7411 ± 0.0008 GeV,
to be compared with the experimental results Γ(Z)exp = 2.4952 ± 0.0023 GeV,
Γ(Z → hadr)exp = 1.7444 ± 0.0020 GeV, showing a 0.4σ pull of the predicted
width with respect to the experimental value and agreement as regards the partial
decay rate into hadrons [111].

In this model the deviation of the Z decay rate from the SM prediction is (see
also Ref. [137]):

|Γ(Z)new − Γ(Z)SM| = |Γ(Z → had)new − Γ(Z → had)SM| =

=
GFM

3
Z√

2π

∣∣∣∣∣∣
∑

i,j=d,s,b

∣∣∣∣∣−1

2

3∑
k=1

V
(d)∗
Lki V

(d)
Lkj +

1

3
sin2 θW δij

∣∣∣∣∣
2

− 3

(
−1

2
+

1

3
sin2 θW

)2

∣∣∣∣∣∣ =

=
GFM

3
Z√

2π

∣∣∣∣∣ ∑
q=d,s,b

(
−1

2
(1− |V (d)

L4q|2) +
1

3
sin2 θW

)2

+
1

2

(
|V ∗L4dVL4s|2 + |V ∗L4dVL4b|2 + |V ∗L4sVL4b|2

)
− 3

(
−1

2
+

1

3
sin2 θW

)2
∣∣∣∣∣ (4.190)

We can impose that this deviation is less than the experimental error:

|Γ(Z → had)new − Γ(Z → had)SM| < 0.0020GeV (4.191)

The constraints in Table 4.4 imply that non-diagonal terms in (4.190) do not
give any noticeable contribution. Then:

GFM
3
Z√

2π

(
1

2
− 1

3
sin2 θW

)(
|VL4d|2 + |VL4s|2 + |VL4b|2

)
< 0.0020GeV (4.192)

that is

|VL4d|2 + |VL4s|2 + |VL4b|2 < 0.0024 (4.193)

or

|VL4d|2 + |VL4s|2 + |VL4b|2 < 0.0047 (4.194)

to remain within 1.96 times experimental error. For |VL4d| = 0.04 the constraint
means |VL4s|2 + |VL4b|2 < 0.0008 (or |VL4s|2 + |VL4b|2 < 0.003 within 1.96σexp),
which is satisfied for example if both |VL4s|, |VL4b| < 0.02. If VL4s = VL4b = 0 this
constraint implies |VL4d| < 0.05 or |VL4d| < 0.07 at 95% C.L..
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Z-pole asymmetries

Z-pole asymmetries from e+e− → ff processes around Z resonance can also
be studied in the light of the presence of an extra isosinglet. In particular,
left-right asymmetries ALR, forward-backward asymmetries AFB, and left-right
forward-backward asymmetries ALRFB are measured [111], [163]:

ALR =
σL − σR
σL + σR

(4.195)

AFB =
σF − σB
σF + σB

(4.196)

ALRFB =
(σF − σB)L − (σF − σB)R
(σF + σB)L + (σF + σB)R

(4.197)

where L,R are the incident electron helicities.
The diagonal Lagrangian can be written as:

g

cos θW
Zµ (gqLqLγµqL + gqRqRγµqR) (4.198)

where q = d, s, b, but also q = u, c, t under the hypothesis of the existence of en
extra up-type sinlglet. Then:

gqL = tq3(1− |VL4q|2)−Qq sin2 θW (4.199)
gqR = −Qq sin2 θW (4.200)

SM couplings are obtained when |VL4q| = 0.
Cross sections for Z-boson exchange are usually written in terms of the asym-

metry parameters Af , f = e, µ, τ, b, c, s, q, containing final-state couplings:

Af =
ḡf2
L − ḡf2

R

ḡf2
L + ḡf2

R

=
2ḡfV ḡ

f
A

ḡf2
V + ḡf2

A

=
1− 4|Qf |s̄2

f

1− 4|Qf |s̄2
f + 8(|Qf |s̄2

f )
2

(4.201)

where in the SM at tree level gfL = tf3L − Qf sin2 θW , gfR = −Qf sin2 θW . where
gfV = gfL + gfR, g

f
A = gfL − gfR. The bar in the couplings in (4.201) indicates

that EW radiative corrections must be taken into account, so effective couplings
are defined and for convenience the effective angles s̄2

f are used [111], [164] [165],
[166]. The parameters Af can also be exctracted from the measured asymmetries.
For example, they are related as ALR = AePe where Pe is the initial electron
polarization, A(0,f)

FB = 3
4
AeAf for Pe = 0, ALRFB = 3

4
Af for Pe = 1.
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As regards b-quark final state, the measured value A(0,b)
FB = 0.0992 ± 0.0016

exhibits a −2.3σ pull with respect the SM prediction A
(0,b)
FB = 0.1030 ± 0.0002.

On the other hand, the value Ab = 0.923 ± 0.020 is obtained from ALRFB(b)
at SLD, basically in agreement with the SM prediction Ab = 0.9347 (−0.6σ

pull). However it can also be inferred from A
(0,b)
FB using Ae = 0.1501± 0.0016 (as

suggested by PDG [111]) obtaining Ab = 0.881 ± 0.017. The average between
the two can be considered: Ab = 0.899 ± 0.013, which is 2.8σ below the SM
prediction.

0.1 0.2 0.3 0.4 0.5 0.6 0.7
|VL4b|

0.85

0.90

0.95

1.00

Ab

Figure 4.3: Determination of Ab obtained from Eq. (4.202) as a function of VL4b

(black curve). The 1σ intervals of the experimental values Ab = 0.923 ± 0.020 (red
band) and Ab = 0.881± 0.017 obtained from A

(0,b)
FB (green band) are shown. The blue

lines correspond to the average of the two Ab = 0.899± 0.013. The black straight line
is the SM prediction Ab = 0.9347.

The presence of an additional isosinglet changes the couplings as in (4.199),
and consequently the predictions for the asymmetries are also changed:

Aq =
(1− |VL4q|2)2 − 4|Qq|s̄2

q(1− |VL4q|2)

(1− |VL4q|2)2 − 4|Qq|s̄2
q(1− |VL4q|2) + 8Q2

q s̄
4
q

(4.202)

Regarding the asymmetry for b-quark, as shown in Fig. 4.3, the presence of the
mixing element VL4b can heal the discrepancy, whatever is the chosen value for
Ab. In fact, for VL4b < 0.52 still gives a predicted value within one errorbar if Ab
is inferred from A

(0,b)
FB using Ae = 0.1501± 0.0016.
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4.1.5 Low energy electroweak observables

As a consequence of the insertion of the isosinglet quark, also the standard
interactions of quarks with leptons are modified.

The low-energy four fermion interactions with Z-boson exchange related to
parity violating e-hadron neutral current processes are contained in the La-
grangian [111]:

L =
GF√

2

∑
q

[
geqAV ēγµγ

5eq̄γµq + geqV Aēγµeq̄γ
µγ5q

]
(4.203)

where in the SM:

geuAV = −1

2
+

4

3
sin2 θW gedAV =

1

2
− 2

3
sin2 θW (4.204)

geuV A = −1

2
+ 2 sin2 θW gedV A =

1

2
− 2 sin2 θW (4.205)

Weak isosinglets change the couplings into:

geuAV = −1

2
(1− |VL4u|2) +

4

3
sin2 θW gedAV =

1

2
(1− |VL4d|2)− 2

3
sin2 θW (4.206)

geuV A = (−1

2
+ 2 sin2 θW )(1− |VL4u|2) gedV A = −(−1

2
+ 2 sin2 θW )(1− |VL4d|2)

(4.207)

The weak charge of the proton and of nuclei are measurable quantities which
can be expressed in terms of the couplings in (4.206). The weak charge of the
proton is proportional to 2geuAV + gedAV and it is an observable quantity, measured
by Qweak at Jefferson Lab, from which it is obtained [111], [167]:

2geuAV + gedAV = 0.0356± 0.0023 (4.208)

corresponding to the weak chargeQW (p) = 0.0719±0.0045, in agreement with the
SM expectationQW (p) = 0.0711±0.0002 [111]. After considering the mixing with
an extra singlet, the expected weak charge changes. The additional contribution
to 2geuAV + gedAV is |VL4u|2 − 1

2
|VL4d|2. With VL4u = 0, |VL4d| < 0.068 gives a

contribution to the weak charge of the proton less than the experimental error,
or |VL4d| < 0.095 contribute for less than 1.96σexp.

Also atomic parity violation is measured, and it is linked to the nuclear weak
charge QZ,N

W [111]:

QZ,N
W = −2[Z(gepAV + 0.00005) +N(genAV + 0.00006)](1− α

2π
) (4.209)
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where Z and N are the numbers of protons and neutrons in the nucleus, gepAV =
2geuAV + gedAV , genAV = geuAV + 2gedAV . The most precise measurement of atomic parity
violation is in Cesium, QW (Cs) = −72.58± 0.43 [168], while the SM prediction
is QW (Cs) = −73.23 ± 0.01, so with 1.5σ discrepancy. The contribution of the
new quark to the weak charge of Cesium is:

∆Q55,78
W (Cs) = Q55,78

W (Cs)new −Q55,78
W (Cs)SM = −2[94|VL4u|2 − 105.5|VL4d|2](1− α

2π
)

(4.210)

In this first scenario VL4u = 0 and the fourth down-type quark is helping in filling
the gap with the experimental result. With |VL4d| = 0.04, ∆Q55,78

W (Cs) = 0.34,
comparable to the experimental error and the gap. In order to completely fill the
gap it should be that |VL4d| = 0.056. Also the discrepancy in the weak charge
of cesium would be less than 1σexp with |VL4d| < 0.072 or within 1.96σexp with
|VL4d| < 0.084.

4.1.6 Discussion

Figure 4.4: Upper limit on the product |V ∗L4sVL4d| as a function of the relative phase
δdL21. The limit is set by the constraints from KL → µ+µ−, KS → µ+µ−. The green
area is excluded by setting Br(KL → µ+µ−) < 10−9, as described in the text. The
orange area is excluded by the constraint from the result Br(KS → µ+µ−) < 1.0 · 10−9

at 95% CL [148] adopted by PDG [111], the red line represents the boundary if the
result Br(KS → µ+µ−) < 2.4 · 10−10 at 95% CL [147] is used.
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Process Constraint |VL4d| ≈ |Vub′ | = 0.04

K+ → π+νν̄ |V ∗L4sVL4d| < 1.4 · 10−5 |VL4s| < 3.5 · 10−4 |Vcb′ | ∼ 0.01
KS → µ+µ− |V ∗L4sVL4d|| sin δdL21| < 2.2 · 10−6 |VL4s| < 0.000054

| sin δdL21|

KL → µ+µ− |V ∗L4sVL4d|| cos δdL21| < 4.4 · 10−6 |VL4s| < 0.0001
| cos δdL21|

K0 − K̄0 |VL4sV
∗
L4d|

√
| sin(2δL12)| < 9.1 · 10−6 |VL4s| < 0.00023√

| sin(2δdL12)|

B± → π±`+`− |V ∗L4bVL4d| < 2 · 10−4 |VL4b| < 0.005 |Vtb′ | < 0.005
B0 → µ+µ− |V ∗L4bVL4d| < 1.3 · 10−4 |VL4b| < 0.003 |Vtb′ | < 0.003

B → Xs`
+`− |V ∗L4bVL4s| < 5.8 · 10−4

B0
s → µ+µ− |V ∗L4bVL4s| < 7.4 · 10−5

D0 − D̄0 th |Vub′V ∗cb′ | < 3 · 10−5 |Vcb′ | . 0.0007
D0 − D̄0 exp |Vub′V ∗cb′ | < 2 · 10−4 |Vcb′ | . 0.006

Z → bb̄ |VL4b| < 0.055 |Vtb′ | < 0.055
Z decay

∑
q=d,s,b |VL4q|2 < 0.0047 |VL4s,b|2 < 0.003

EW obs. |VL4d| < 0.084 |Vub′ | < 0.084

Table 4.4: Limits on the mixing of the first three families with a fourth down-type
vectorial family. Here (δdLi − δdLj) = δdLij .
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Figure 4.5: Constraints on |Vcb′ | and |VL4s|. |VL4d| = 0.035 is set as a benchmark
value. The red area is excluded by the constraints on |Vcb′ | from D0 systems by taking
a conservative limit, that is the new contribution to D0 mass difference stay within
1.96σexp of the experimental value ∆mD exp = (6.25 ± 2.6) · 10−15GeV. The dashed
red line shows where the boundary would be if the SM short distance expectation is
taken as the limit. The continuous red line stands where the boundary is shifted if
the mass of the extra quark is taken as Md = 6 TeV. The blue area is excluded by K
decays, using the result Br(KS → µ+µ−) < 1.0 · 10−9 at 95% CL [148]. If the result
Br(KS → µ+µ−) < 2.4 · 10−10 at 95% CL [147] is used instead, then the boundary is
shifted to the blue line. The green region is excluded by the relation in Eq. (4.215),
for any value of the phase δdL1.

It should be discussed in which range of couplings and masses the large mixing
can be obtained. The LHC limit on extra b′ mass M > 1530 GeV [111] implies
that |Vub′| ' 0.04 can be obtained if |hd1| > 0.35, much larger than the Yukawa
constant of the bottom quark yd3 . In turn, by taking |Vub′ | > 0.03 in Md =
|hd1|vw/|Vub′|, and assuming (for the perturbativity) |hd 1| < 1, an upper limit on
the extra quark mass is obtained, Md < 6TeV or so.

In Table 4.4 the relevant constraints extracted in this section are listed.
Limits from flavour changing kaon decays are summarized in Fig. 4.4.
If the limit on KS → µ+µ− from Ref. [147] is used, the result is that the

product |VL4dV
∗
L4s| cannot exceed the limit:

|VL4dV
∗
L4s| . 4.9 · 10−6 (4.211)



4.2 Extra up-type quark 107

which is obtained for a relative phase sin δdL21 ≈ 0.45. This means

|VL4s| ≈ sdL2 < 1.4 · 10−4 (4.212)

with |VL4d| = 0.035.
By using the result Br(KS → µ+µ−) < 1.0 · 10−9 at 95% CL [148] adopted by

PDG [111],

|VL4dV
∗
L4s| . 6.2 · 10−6 (4.213)

which is obtained for a relative phase δdL21 = π/4, which leads

|VL4s| ≈ sdL2 < 1.8 · 10−4 (4.214)

with |VL4d| = 0.035.
From (4.25):

Vcb′ ' −sdL2 − s̃dL1Vcd (4.215)

There is no much room to accommodate this relation without contradicting ex-
perimental constraints, since this model barely account for |VL4d| = 0.035 without
contradicting the constraint obtained on D0 mixing and flavour changing kaon
decays. In Fig. 4.5, |VL4d| = 0.035 is set. The green region is excluded by the
relation in Eq. (4.215), for any value of the phase δdL1. A narrow allowed region
(including VL4s = 0) can be found by allowing the new contribution to the mass
difference in D0 mesons system to be higher than the SM one, but less than the
experimental value of ∆mD+1.96σexp. In this way the extra singlet quark can be
thought as a way to account for the mass difference in neutral D-mesons system.
Moreover, as can be inferred from Fig. 4.5, the mass of the extra quark cannot
exceed few TeV.

It is worth underline that the mixing of b′ with both c-quark and t-quark should
be at least four times smaller than the mixing with the u-quark |Vub′ | ∼ 0.04.
Moreover |Vub′| ∼ 0.04 is comparable to |Vcb| and ten times larger than |Vub|.
Although it may seem unnatural to expect a larger mixing of the 4th state with
the lighter family than with the heavier, still it cannot be excluded.

4.2 Extra up-type quark
The case of the addition of a fourth up-type vector-like isosinglet couple of

quarks (u4L, u4R) is now examined. Anagolously to the just examined case, the
additional piece of the Yukawa Lagrangian is:

hui ϕ̃qLiu4R +Muu4Lu4R + h.c. (4.216)
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with i = 1, 2, 3 and ϕ̃ = iτ2ϕ
∗. Then the up-type quarks mass matrix looks like:

uLim
(u)
ij uRj + h.c. = (4.217)

=(q1L, q2L, q3L, u4L)


hu1vw

m
(u)
3×3 hu2vw

hu3vv
0 0 0 M4u




u1

u2

u3

u4


R

+ h.c. (4.218)

The mass matrix m(u) can be diagonalized with positive eigenvalues by a biuni-
tary transformation:

V
(u)†
L m(u)V

(u)
R = m

(u)
diag = diag(yu1vw, y

u
2vw, y

u
3vw,Mu) (4.219)

where V (u)
L,R are two unitary 4× 4 matrices. m(u)

diag is the diagonal matrix of mass
eigenvalues mu,c,t = yu1,2,3vw and Mu ≈ M4u. For the mixing in the left-handed
sector we have:

V
(u)
L =


V1u V1c V1t V1t′

V2u V2c V2t V2t′

V3u V3c V3t V3t′

V4u V4c V4t V4t′


L

(4.220)

The mass eigenstates are: 
u
c
t
t′


L

= V
(u)†
L


u1

u2

u3

u4


L

(4.221)

while the three up-type quarks involved in charged weak interactions expressed
in terms of mass eigenstates are:

 u1

u2

u3

 = Ṽ
(u)
L


u
c
t
t′


L

(4.222)
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where Ṽ (u)
L is the 3× 4 submatrix of V (u)

L without the last row. The Lagrangian
for the charged current interaction is:

Lcc =
g√
2

(
uL cL tL t′L

)
γµ

 VCKM

Vt′d Vt′s Vt′b


 d

s
b


L

W+
µ + h.c. =

(4.223)

=
g√
2
uLγ

µṼCKMdLW
+
µ + h.c. (4.224)

where

ṼCKM = Ṽ
(u)†
L V

(d)
L (4.225)

is a 4 × 3 matrix, V (d)†
L being the unitary 3 × 3 matrix diagonalizing the down-

type quark mass matrix from the left. Again ṼCKM is not unitary, thus going
towards agreement with the violation of unitarity pointed out in Ref. [46]. In
fact Ṽ (u)

L Ṽ
(u)†
L = 1 but

ṼCKMṼ
†
CKM = Ṽ

(u)†
L Ṽ

(u)
L 6= 1 (4.226)

In particular, for the first row it holds that

|Vud|2 + |Vus|2 + |Vub|2 = [ṼCKMṼ
†
CKM]11 = [Ṽ

(u)†
L Ṽ

(u)
L ]11 = 1− |VL4u|2 (4.227)

Then with |VL4u| ' 0.04 the same effect on unitarity as |Vub′| = 0.04 in Ref. [46]
is obtained. Then the elements of the fourth row of ṼCKM determine the strenght
of the violation of CKM unitarity.

The weak neutral current for up quarks lagrangian reads:

Lnc =
g

cos θW

1

2

(
uL cL tL t′L

)
γµṼ

(u)†
L Ṽ

(u)
L


u
c
t
t′


L

−2

3
sin2 θW (uLγ

µuL + uRγ
µuR)

]
Zµ (4.228)

where u is the column vector of u, c, t. So the non-unitarity of Ṽ (u)
L is at the origin

of non-digonal couplings with Z boson, which means flavor changing neutral
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currents (FCNC) at tree level. The strenght of the coupling of flavor changing
interactions is determined by the elements of the matrix:

V (u)
nc = Ṽ

(u)†
L Ṽ

(u)
L (4.229)

=


1− |V4u|2 −V ∗4uV4c −V ∗4uV4t −V ∗4uV4t′

−V ∗4cV4u 1− |V4c|2 −V ∗4cV4t −V ∗4cV4t′

−V ∗4tV4u −V ∗4tV4c 1− |V4t|2 −V ∗4tV4t′

−V ∗4t′V4u −V ∗4t′V4c −V ∗4t′V4t 1− |V4t′ |2


L

The elements of V (d)
L and V (u)

L can be naturally chosen with small mixings, that
is VCKM is not obtained after large cancellations in their product. Then ṼCKM

can be parameterized as:

ṼCKM '


cuL1 0 0

−s̃u∗L2s̃
u
L1 cuL2 0

−s̃uL1s̃
u∗
L3 −s̃uL2s̃

u∗
L3 cuL3

s̃uL1 s̃uL2 s̃uL3

 ·
 Vud Vus Vub

Vcd Vcs Vcb
Vtd Vts Vtb

 ' (4.230)

'


Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
s̃uL1 s̃uL2Vcs + s̃uL1Vus s̃uL3

 (4.231)

with:

VL4u ≈ −s̃u∗L1 , VL4c ≈ −s̃u∗L2 , VL4t = −s̃u∗L3 (4.232)

s̃uLi, c
u
Li are complex sines and cosines (one of which can be made real) of angles in

the 1 4, 2 4, 3 4 family planes parameterizing the mixing of the first three families
with the fourth family:

s̃uLi = sin θuLi4e
−iδuLi = suLie

−iδuLi (4.233)

where suL1 ∼ |hu1|vw/Mu, suL2 ∼ |hu2|vw/Mu, suL3 ∼ |hu3|vw/Mu. In this param-
eterization the 3 × 3 submatrix of ṼCKM contains 3 angles and one phase. The
elements of the fourth row of ṼCKM in (4.12) are then parameterized as:

Vt′d ' s̃uL1 (4.234)
Vt′s ' suL2Vcs + s̃uL1Vus

Vt′b ' s̃uL3
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where the phase of s̃L2 has been absorbed.
The LHC limit on extra t′ massM > 1160 GeV [111] implies that |Vt′d| ' 0.04

can be obtained if |hu1 | & 0.25, much larger than the Yukawa constant of the
bottom quark. In turn, by taking |VL4u| > 0.03 in Mu = |hu1|vw/|Vt′d|, and
assuming (for the perturbativity) hu1 . 1, there is an upper limit on the extra
quark mass, Mu < 6 TeV or so.

4.2.1 D decays

Mixings of the standard quarks with the additional vector-like singlet up-quark
t′ can be constrained by D-mesons rare decays. The additional contribution to
the effective lagrangian is:

Lnew = 4
GF√

2
V ∗4uV4c(uLγ

µcL)

[
(−1

2
+ sin2 θW )(`Lγµ`L) + sin2 θW (`Rγµ`R)

]
+ h.c.

(4.235)

which contributes to semileptonic decays of both neutral and charged D-mesons.
The most stringent constraint from experimental limits on semileptonic neutral
mesons decays may come from the limit Br(D0 → π0e+e−) < 4 · 10−6 at 90%
C.L. [111]:

Br(D0 → π0e+e−)new ' Br(D0 → π−e+νe)
1

2

|V ∗L4uVL4c|2[(−1
2

+ sin2 θW )2 + sin4 θW ]

|Vcd|2
< 4 · 10−6 (4.236)

from which

|V ∗L4uVL4c| < 0.03 (4.237)

where |Vcd| = 0.218±0.004 and we take advantage of the experimental branching
ratio Br(D0 → π−e+νe) = (2.91± 0.04) · 10−3 [111].

As regards charged mesons decays, we can consider the limit Br(D+ → π+µ+µ−) <
7.3 · 10−8 at 90% C.L. [111]:

Br(D+ → π+µ+µ−)new ' Br(D+ → π0µ+νµ)
2|V ∗L4uVL4c|2[(−1

2
+ sin2 θW )2 + sin4 θW ]

|Vcd|2
< 7.3 · 10−8 (4.238)

from which

|V ∗L4uVL4c| < 0.002 (4.239)
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where we take advantage of the experimental branching ratio Br(D+ → π0µ+νµ) =
(3.50± 0.15) · 10−3 [111].

The effective Lagrangian (4.235) also contributes to the decay D0 → µ+µ−.
The decay rate generated by this porcess alone (without considering interference)
would be:

Γnew =
1

16π
G2
Ff

2
Dm

2
µMD0

(
1− 4m2

µ

M2
D0

) 1
2

|V ∗L4uVL4c|2 (4.240)

We can impose on this contribution the experimental limit Br(D0 → µ+µ−) <
6.2 · 10−9 [111]. Making use of the decay D+ → µ+νµ:

L = −4GF√
2
V ∗cd(d̄LγαcL)(ν̄µγ

αµL) (4.241)

Γ =
1

8π
G2
F |Vcd|2f 2

Dm
2
µMD+

(
1− m2

µ

M2
D+

)2

(4.242)

it is obtained that:

Br(D0 → µ+µ−)new
Br(D+ → µ+νµ)

=
1

2

τ(D0)MD0

√
1− 4

m2
µ

M2
D0

τ(D+)MD+

(
1− m2

µ

M2
D+

)2

|V ∗L4uVL4c|2
|Vcd|2

(4.243)

It is obtained that:

|V ∗L4uVL4c| ≈ suL2s
u
L1 < 0.0020 (4.244)

|VL4c| < 0.05 (4.245)

using the values in Table 4.1.

4.2.2 Ds decays

The effective Lagrangian (4.235) also contributes to the decay D±s → K±`+`−.
The most stringent limit comes from the experimental limit Br(D+ → K+e+e−)exp <
3.7 · 10−6 [111] 90% C.L.. By using Br(D+ → K0e+νe) = (3.9± 0.9) · 10−3 [111]:

Br(D+ → K+e+e−)new ' (4.246)

' Br(D+ → K0e+νe)
|V ∗4uV4c|2[(−1

2
+ sin2 θW )2 + sin4 θW ]

|Vcd|2
< 3.7 · 10−6

from which

|V ∗L4uVL4c| < 0.02 (4.247)
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4.2.3 Neutral mesons systems

D0-D̄0 mixing

The experimental value of the mass difference in the D0 mesons system is

∆mD exp = (6.25± 2.6) · 10−15GeV (4.248)

which however seems to be dominated by long-distance contributions. The SM
short-distance contribution due to the s-quark running in the box diagram is of
order

∆mD SD ≈ 2|M12| ≈
G2
Fm

2
W

6π2
|(VusV ∗cs)2|S0(xs)f

2
DmDBD ∼ 10−16GeV (4.249)

where xs = m2
s

m2
W
, S0(xs) is the Inami-Lim function, with fD = 212.0 ± 0.7 MeV

[107]. The effective Lagrangian responsible for the new contribution to the mixing
of neutral mesons is:

Lnew =− GF√
2

(V ∗L4uVL4c)
2(uLγ

µcL)2 + h.c. (4.250)

The matrix element can be defined:

〈D̄0|(uLγµcL)2|D0〉 =
2

3
BDf

2
Dm

2
D (4.251)

where BD is the correction to the VIA approximation and should be of order
unity. Similarly to the case of neutral kaons mixing, we have:

2mDM
∗
12 = −〈D̄0|L|D0〉 (4.252)

that is

∆mD new ≈ 2|M12new| '
2

3

GF√
2
|(V ∗L4uVL4c)

2|f 2
DmD (4.253)

In order to make the new contribution less than the SM short-distance contribu-
tion, it should be that:

|(V ∗L4uVL4c)
2| <

√
2GFm

2
WS0(xs)

4π2

∣∣(VusV ∗cs)2
∣∣ (4.254)

which gives:

|V ∗L4uVL4c| < 1.4 · 10−5 (4.255)
|VL4c| < 3.4 · 10−4 (4.256)
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with |VL4u| = 0.04. In a more conservative way we can set

∆mD new < ∆mD exp (4.257)

leading to:

|V ∗L4uVL4c| ≈ suL1s
u
L2 < 1.2 · 10−4 (4.258)

|VL4c| ≈ suL2 < 0.003 (4.259)

then |Vt′s| ' suL2Vcs + s̃uL1Vus ∼ 0.01.

K0-K̄0 mixing

q

W W

t′

s

d

d

s

Figure 4.6: New contribution to K0 − K̄0 mixing, q = u, c, t, t′.

The new up-quark contributes to the box diagram originating neutral kaons
mixing:

Lnew =− G2
Fm

2
W

4π2

(
(V ∗t′sVt′d)

2S(xt′) + 2(V ∗t′sVt′d)(V
∗
csVcd)S(xc, xt′) + 2(V ∗t′sVt′d)(V

∗
tsVtd)S(xt, xt′)

)
(4.260)

· (sLγµdL)(sLγ
µdL) + h.c.

where S0(xa) are the Inami-Lim functions [149], with:

S0(xj, xk) = xjxk

[(
1

4
− 3

2(xj − 1)
− 3

4(xj − 1)2

)
log xj
xj − xk

+ (4.261)(
1

4
− 3

2(xk − 1)
− 3

4(xk − 1)2

)
log xk
xk − xj

− 3

4(xj − 1)(xk − 1)

]



4.2 Extra up-type quark 115

Remembering that

∆mK ≈ 2|M12| (4.262)

M∗
12 = − 1

2mK

〈K̄0|L|K0〉 (4.263)

if |V ∗t′sVt′d| = 0.0004, making the hypothesis that the QCD correction for the three
terms in (4.261) is ηt′ = 0.5 ∼ η2, with Mu = 1160 GeV, the three contributions
to ∆mK coming from the Lagrangian in (4.261) are (in the same order) respec-
tively 5.9 · 10−16, 2.9 · 10−17, 1.0 · 10−16 GeV, which is already less than the SM
contribution. In fact, choosing Mu = 1160 GeV, in order to make an estimation
of the constraint on new mixings, the following inequality can be considered:

|V ∗t′sVt′d| <
√
η1S(xc)|(V ∗csVcd)2|

η2S(xt′)
= 0.00082 (4.264)

|Vt′s| < 0.02 (4.265)

with Vt′d| = 0.04, under the hypothesis that the value of η2 is similar to the
magnitude of QCD corrections in the case with t running in the loop.

In the Standard Model the CP violation is parameterized by εK :

εK ≈
ImM12√
2∆mK

e−i
π
4 (4.266)

Mixing with t′ also gives a CP-violating contribution:

ImM12 '
G2
Fm

2
W

6π2
f 2
KmKBK ·

· [Re(Vt′sV ∗t′d)S0(xt′) + Re(VcsV ∗cd)S0(xc, xt′) + Re(VtsV ∗td)S0(xt, xt′)] Im(Vt′sV
∗
t′d)+

+ Re(Vt′sV ∗t′d)S0(xt, xt′)Im(VtsV
∗
td) (4.267)

Since the sign of each contribution is unknown, in order to obtain constraints on
the elements in the fourth column of VCKM, each term of (4.267) can be required
to be smaller than the SM short-distance contribution. Defining:

CSM = [Re(V ∗tsVtd)S0(xt) + Re(V ∗csVcd)S0(xc, xt)] Im(V ∗tsVtd) (4.268)

then

|Im(Vt′sV
∗
t′d) · Re(VtsV ∗td)S0(xt, xt′)| < |CSM| (4.269)

|Im(Vt′sV
∗
t′d) · Re(VcsV ∗cd)S0(xc, xt′)| < |CSM| (4.270)

|Re(Vt′sV ∗t′d) · Im(VtsV
∗
td)S0(xt, xt′)| < |CSM| (4.271)

|Im(Vt′sV
∗
t′d) · Re(Vt′sV ∗t′d)S0(xt′)| < |CSM| (4.272)
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from which:

|Im(Vt′sV
∗
t′d)| < 2.3 · 10−5 (4.273)

|Im(Vt′sV
∗
t′d)| < 8.4 · 10−5 (4.274)

|Re(Vt′sV ∗t′d)| < 5.4 · 10−5 (4.275)
|Im(Vt′sV

∗
t′d)Re(Vt′sV

∗
t′d)| < 1.1 · 10−9 (4.276)

with Mu = 1 TeV.

B0
s,d-B̄

0
s,d mixing

The introduction of t′ also affects neutral B-mesons systems:

− G2
Fm

2
W

4π2

(
(V ∗t′bVt′d)

2S(xt′) + 2(V ∗t′bVt′d)(V
∗
cbVcd)S(xc, xt′) + 2(V ∗t′bVt′d)(V

∗
tbVtd)S(xt, xt′)

)
·

(4.277)

· (bLγµdL)(bLγ
µdL) + h.c.

where S(xa) are the complete Inami-Lim functions [149] and for Bs it’s the same
with the substitution d → s. The c-quark contribution is negligible, the other
two contributions in principle can be of the same order of magnitude. Choosing
Mu = 1160 GeV and comparing with the SM short-distance contribution in order
to make an estimation, the following inequalities can be considered:

|V ∗t′bVt′d| <
√
S(xt)|(V ∗tbVtd)2|

S(xt′)
∼ 0.002 (4.278)

|V ∗t′bVt′s| <
√
S(xt)|(V ∗tbVts)2|

S(xt′)
∼ 0.009 (4.279)

4.2.4 Z-boson physics

Analogously to the case of the down-type isosinglet, the presence of the addi-
tional up-isosinglet quark affects both off-diagonal couplings and diagonal cou-
plings of Z-boson with quarks, changing the prediction of many observables re-
lated to the Z boson physics.

The variation of the diagonal couplings of weak neutral-current interaction
also modifies interactions of quarks with leptons, modifying the expectation of
low energy (Q2 << M2

Z) electroweak precision observables.
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Experimental values and SM predictions for Z pole quantities are given in
averages and global fit results of Particle Data Group [111], as reported in Table
4.3.

Z → cc̄

By using the values in [111] it is obtained that:

Γ(Z → cc̄)SM = Rc, SM Γ(had)SM = 0.29984± 0.00015GeV (4.280)
Γ(Z → cc̄)exp = Br(Z → cc̄)expΓ(Z)exp = 0.3002± 0.0052GeV (4.281)

The SM decay rate Γ(Z → cc̄) at tree level is given by:

Γ(Z → cc̄)0,SM =
GFM

3
Z√

2π

[(
1

2
− 2

3
sin2 θW

)2

+

(
2

3
sin2 θW

)2
]

(4.282)

By inserting a fourth up-quark, the decay rate changes in:

Γ(Z → cc̄)0,new =
GFM

3
Z√

2π

[(
1

2
(1− |VL4c|2)− 2

3
sin2 θW

)2

+

(
2

3
sin2 θW

)2
]

(4.283)

so the prediction for the decay rate is lowered. Then a limit can be set on |VL4c|
by constraining the difference between the SM contribution (4.282) and the new
contribution (4.283) to be less than the experimental error:

|Γ(Z → cc̄)new − Γ(Z → cc̄)SM| =
GFM

3
Z√

2π

(
1

2
− 2

3
sin2 θW

)
|VL4c|2 < 0.0052GeV

(4.284)

It is obtained that:

|VL4c| ≈ suL2 < 0.09 (4.285)

or at 95% C.L. |VL4c| < 0.12.



118 Vector-like quarks

Z decay rate

In this model the Z decay rate would be changed with respect to the SM
expectation by:

|Γ(Z)new − Γ(Z)SM| = |Γ(had)new − Γ(had)SM| =

=
GFM

3
Z√

2π

∣∣∣∣∣∣
∑

q,q′=u,c

∣∣∣∣∣12
3∑

k=1

V
(u)∗
Lkq V

(u)
Lkq′ −

2

3
sin2 θW δqq′

∣∣∣∣∣
2

− 2

(
1

2
− 2

3
sin2 θW

)2

∣∣∣∣∣∣ =

=
GFM

3
Z√

2π

∣∣∣∣∣∑
q=u,c

(
1

2
(1− |V (u)

L4q|2)− 2

3
sin2 θW

)2

+
1

2
|V ∗L4uVL4c|2 − 2

(
1

2
− 2

3
sin2 θW

)2
∣∣∣∣∣ '

'GFM
3
Z√

2π

((
1

2
− 2

3
sin2 θW

)(
|VL4u|2 + |VL4c|2

)
+

1

2
|V ∗L4uVL4c|2

)
(4.286)

As done in the previous case, using the data in Table 4.3, We can impose that
this deviation is less than the experimental error, then:

GFM
3
Z√

2π

((
1

2
− 2

3
sin2 θW

)(
|VL4u|2 + |VL4c|2

)
+

1

2
|V ∗L4uVL4c|2

)
< 0.0020GeV

(4.287)

The constraints in Table 4.5 imply that |V ∗L4uVL4c| is not giving the relevant
contribution, that is

|VL4u|2 + |VL4c|2 < 0.003 (4.288)

or

|VL4u|2 + |VL4c|2 < 0.006 (4.289)

to stay within 1.96σexp. which is satisfied if both |VL4u,c| . 0.04. With VL4c = 0,
the constraint (4.287) implies |VL4u| < 0.054, or it should be that |VL4u| < 0.075
at 95% C.L..

Similarly a limit can be exctracted by the results on the decays of Z into
up-quarks:

Γ(Z → (uū+ cc̄)/2)SM = 0.29987± 0.00019GeV (4.290)
Γ(Z → (uū+ cc̄)/2)exp = 0.289± 0.015GeV (4.291)

where Γ(Z → uū)SM = 0.29991 ± 0.00018 GeV and Br(Z → (uū + cc̄)/2)exp =
0.116±0.006 [111] have been used. Then also in this case the experimental error
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may be used to set the limit on the discrepancy between the SM prediction and
the expected width after the new contribution is included:

1

2

GFM
3
Z√

2π

(
1

2
− 2

3
sin2 θW

)(
|VL4u|2 + |VL4c|2

)
< 0.015GeV

|VL4u|2 + |VL4c|2 < 0.02 (4.292)

Z-pole asymmetries

The insertion of the extra isosinglet also changes the diagonal couplings of
weak neutral-current interaction, as follows from Eqs. (4.228) and (4.229). In
terms of the axial-vector and vector couplings, as already stated in the previous
section, the expectation for Z-pole asymmetries are hence affected.

Regarding Ac, the experimental value Ac = 0.670±0.027 is in agreement with
the SM prediction Ac = 0.6677±0.0001. By extracting Ac from A

(0,c)
FB = 0.0707±

0.0035 using Ae = 0.1501± 0.0016, it is obtained the result Ac = 0.628± 0.032.
The average between the two values is Ac = 0.653± 0.021.

0.1 0.2 0.3 0.4 0.5
|VL4c|

0.55

0.60

0.65

0.70

0.75

Ac

Figure 4.7: Determination of Ac obtained from Eq. (4.202) as a function of VL4c

(black curve). Ther red band is the experimental value Ac = 0.670 ± 0.027, the green
band shows the value obtained from the experimental determination Ac = 0.628±0.032

A
(0,c)
FB = 0.0707 ± 0.0035. The blue lines correspond to the average of the two Ac =

0.653± 0.021. The black straight line is the SM prediction Ac = 0.6677.

The presence of an additional up-type isosinglet changes the couplings as in
Eq. (4.199), and consequently the predictions for the asymmetries according to
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Eq. (4.202).
The SM prediction Ac = 0.6677± 0.0001 reported by PDG [111] corresponds

to an effective angle s̄2
c = 0.231465. This value can be used in Eq. (4.202) fro

q = c. As can be seen in Fig. 4.7, the expected value of Ac remains in the 1σ
interval of the average Ac = 0.653± 0.021 when VR4c < 0.20, or at 95% C.L.

VR4c < 0.25 (4.293)

and still in one errorbar of the Ac value extracted from A
(0,c)
FB for VR4c < 0.28.

4.2.5 Low energy electroweak observables

As already shown, the dependence of the weak charge of the proton and of
nuclei in terms of the couplings is changed with Eq. (4.206) by the weak isosin-
glets. The values of the weak charge of the proton and the nuclear weak charges
are shown in Table 4.3. Again, the contribution of the new quark species to the
weak charge of cesium is:

∆Q55,78
W (Cs) = −2[94|VL4u|2 − 105.5|VL4d|2](1− α

2π
) (4.294)

In this second scenario VL4d = 0 and the fourth up-type quark is not help-
ing in filling the 1.5σ gap with the experimental result. With |VL4u| = 0.04,
∆Q55,78

W (Cs) = 0.3, which is less than the experimental error. ∆Q55,78
W (Cs) is less

than the experimental error with |VL4u| < 0.05. The additional contribution to
2geuAV + gedAV is |VL4u|2 − 1

2
|VL4d|2.

|VL4u|2 −
1

2
|VL4d|2 < σexp (4.295)

where σexp = 0.0023. With VL4d = 0, |VL4u| < 0.05 gives a contribution less than
the experimental error. In both cases if |VL4u| < 0.067 the new mixings give a
contribution less than 1.96 times experimental error.

4.2.6 Discussion

In Table 4.5 the relevant constraints on the mixing of the new up-type vector-
like quark with the SM families are summarized.

Constraints from CP violation in K-mesons systems are summarized in Fig.
4.8. The result is that the product |V ∗t′dVt′s| cannot exceed the limit:

|V ∗t′dVt′s| < 5.8 · 10−5 (4.296)
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Constraint Process |VL4u| = 0.04

|V ∗L4uVL4c| < 1.4 · 10−5 (th) D0 − D̄0 |VL4c| < 3.4 · 10−4 |Vt′s| ∼ 0.01
< 1.2 · 10−4 (exp) |VL4c| < 0.003 |Vt′s| ∼ 0.01

|VL4c| < 0.12 Z → cc̄
|VL4u|2 + |VL4c|2 < 0.006 Z decay |VL4c| < 0.036

|VL4u| < 0.067 EW obs.

|V ∗t′dVt′s| < 8.2 · 10−4 ∆mK

|V ∗t′dVt′s|| sin δds| < 2.3 · 10−5 εK |Vt′s| < 0.0014

|V ∗t′dVt′s|| cos δds| < 5.4 · 10−5 εK

|V ∗t′dVt′s|| sin(2δds)|1/2 < 4.6 · 10−5 εK

|V ∗t′bVt′d| < 0.002 B0 − B̄0 |VL4t| < 0.05 |Vt′b| < 0.05
|V ∗t′bVt′s| < 0.009 B0

s − B̄0
s

Table 4.5: Limits on the mixing of the first three families with a fourth vectorial
up-type family. Here δds is the phase of the complex number V ∗t′dVt′s.

which is obtained for a relative phase sin δdds ≈ 0.34. This means:

|Vt′s| < 1.6 · 10−3 (4.297)

with |Vt′d| = 0.035. However, remembering that in the given parameterization:

Vt′s = suL2Vcs + s̃uL1Vus (4.298)

then:

|Vt′s| > −suL2 + |s̃uL1|Vus (4.299)

A less stringent limit can be adopted for the new contribution to the neutral
D-mesons mass difference, requiring to be less than ∆mD + 1.96σexp, which leads
to |VL4c| < 0.0045. Remembering that Vt′d ≈ s̃u1 and |VL4c| ≈ suL2

|Vt′s| > 3.4 · 10−3 (4.300)

which in principle can account for the experimental value of D0 mass difference,
but which is twice the upper value found in (4.297) from K-mesons system, which
then can be accommodated only allowing big cancellations in K-mesons systems.
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Figure 4.8: Upper limit on the product |V ∗t′dVt′s| as a function of the relative phase
δds. Limits come from the new contributions to the CP violating parameter εK , from
the imaginary part of Vt′sV ∗t′d (blue area), the real part (red area) and their product
(green area), taken as described in the text.

Besides, it should be underlined that the mixing of t′ with the s-quark should
be at least four times smaller than the mixing with the d-quark |Vt′d| ∼ 0.04,
and the mixing with the third family should be of the same order of the mixing
with the first. Moreover |Vt′d| ∼ 0.04 is comparable to |Vcb| and ten times larger
than |Vub|. Again, the scenario with the 4th state having a larger mixing with
the lighter family than with the heavier may seem unnatural, but it cannot be
excluded.

4.3 Extra isosinglets

Extra down-type and up-type quarks can also exist together, assembling a
kind of fourth “family" made of isosinglets vector-like quarks. Then the Yukawa
couplings in both (4.4) and (4.216) would be present. The mass matrices of
up and down quarks would be the same as in (4.5) and (4.217). The mixing
matrices which diagonalize mass matrices arranging left handed particles, are
shown in (4.315) and (4.220). Flavour changing neutral currents arise in both
sectors, exactly in the same way described in the previous two sections. Charged
currents instead in this case would involve four flavours of both up and down
type quarks. In fact the Lagrangian for the charged current interaction in this
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case is:

Lcc =
g√
2

(
uL cL tL t′L

)
γµV

(u)†
L V

(d)
L


d
s
b
b′


L

W+
µ + h.c. (4.301)

and

ṼCKM = V
(u)†
L V

(d)
L (4.302)

is a 4× 4 matrix, which can be described by 6 angles and 10 phases, 7 of which
can be absorbed into the quark fields. In the same parameterization as in (4.323)
and (4.231):

ṼCKM =


Vud Vus Vub Vub′
Vcd Vcs Vcb Vcb′
Vtd Vts Vtb Vtb′
Vt′d Vt′s Vt′b Vt′b′

 ' (4.303)


−s̃d1Vud − s̃u∗1

VCKM −s̃d1Vcd − s̃d2Vcs − s̃u∗2
−s̃d3Vtb − s̃u∗3

s̃u1Vud + s̃d∗1 s̃u1Vus + s̃u2Vcs + s̃d∗2 s̃u3Vtb + s̃d∗3 1


(4.304)

Then

|Vud|2 + |Vus|2 + |Vub|2 = 1− |Vub′|2 (4.305)
|Vub′ | ≈ |s̃d1 + s̃u∗1 | ≈ 0.04 (4.306)
Vt′d ≈ −V ∗ub′ (4.307)
Vt′b ≈ −V ∗tb′ (4.308)

In Table 4.6 the relevant constraints are summarized. In this scenario there is
a little more room to arrange mixing elements. Then also with |Vub′ | = 0.04 in
principle both the constraints from kaon physics and at least the soft constraints
from D-mesons can be managed to be satisfied. However in this case Vt′s would
be one order of magnitude less than |Vub′ | = 0.04 and the mixing of b′ with c-
quark should be more than four times smaller than the mixing with the u-quark,
which again seems unnatural but not forbidden.
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Process Constraint |Vub′ | = 0.04

K decays |V ∗L4sVL4d| < 4.8 · 10−6

B0 → µ+µ− |V ∗L4bVL4d| < 1.3 · 10−4

B0
s → µ+µ− |V ∗L4bVL4s| < 7.4 · 10−5

D0 − D̄0 |V ∗L4uVL4c| < 1.4 · 10−5 (th)
D0 − D̄0 |V ∗L4uVL4c| < 1.2 · 10−4 (exp)

D0 − D̄0 |Vub′V ∗cb′ | < 3 · 10−5 |Vcb′| < 0.0007 (theo)
|Vub′V ∗cb′ | < 2 · 10−4 |Vcb′| < 0.006 (exp)

K0 − K̄0 |V ∗t′dVt′s| < 5.8 · 10−5 |Vt′s| < 1.44 · 10−3

B0 − B̄0 |V ∗t′bVt′d| < 0.002 |Vtb′ | ≈ |Vt′b| < 0.05

B0
s − B̄0

s |V ∗t′bVt′s| < 0.009

Z → bb̄ |VL4b| < 0.055
Z → cc̄ |VL4c| < 0.12

Z decay
∑

q=d,s,b,u,c |VL4q|2 . 0.006

|VL4d,s,b| < 0.07

|VL4u,c| < 0.075

QW (Cs) −(0.07)2 < 1.12|VL4d|2 − |VL4u|2 < (0.09)2

QW (p) ||VL4u|2 − 1
2
|VL4d|2| < (0.07)2

Table 4.6: Limits on the mixing of the SM three families in presence of both down-
type and up-type vector-like isosinglets. In the lowest part, limits are taken at 95%
C.L.
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4.4 Extra vector-like doublet
Let us suppose the existence of a fourth vectorial SU(2)-doublet family:

q4L,R =

(
u4

d4

)
L,R

(4.309)

Then new Yukawa couplings and mass terms should appear in the Lagrangian.

yu′ij ϕ̃qLi
′uRj + yd′ijϕqLi

′dRj +miqLi
′qR4 + h.c. (4.310)

with i = 1, 2, 3, 4, j = 1, 2, 3. As regards the mass termsmiq′LiqR4+h.c., a unitary
transformation can be applied on the four components q′Li so that mi = 0 for
i = 1, 2, 3. Then the Yukawa couplings and the mass term of the fourth doublet
are:

4∑
i=1

3∑
j=1

[
yuijϕ̃qLiuRj + ydijϕqLidRj

]
+M4qL4qR4 + h.c. (4.311)

The down quark mass matrix looks like:

dLim
(d)
ij dRj + h.c. =

=
(
q1L q2L q3L q4L

)
0

y
(d)
3×3vw 0

0
yd41vw yd42vw yd43vw M4




dR1

dR2

dR3

qR4

 (4.312)

whith vw = 174 GeV and y
(d)
3×3 being a 3 × 3 mass matrix, and similarly for the

up-type quarks. The mass matrices can be diagonalized with positive eigenvalues
by biunitary transformations:

V
(d)†
L m(d)V

(d)
R = m

(d)
diag = diag(yd1vw , y

d
2vw , y

d
3vw ,Mq) (4.313)

V
(u)†
L m(u)V

(u)
R = m

(u)
diag = diag(yu1vw , y

u
2vw , y

u
3vw ,Mq) (4.314)

V
(d,u)
L,R are unitary 4× 4 matrices:

V
(d)
L =


VL 1d VL 1s VL 1b VL 1b′

VL 2d VL 2s VL 2b VL 2b′

VL 3d VL 3s VL 3b VL 3b′

VL 4d VL 4s VL 4b VL 4b′

 , V
(u)
L =


VL 1u VL 1c VL 1t VL 1t′

VL 2u VL 2c VL 2t VL 2t′

VL 3u VL 3c VL 3t VL 3t′

VL 4u VL 4c VL 4t VL 4t′


(4.315)
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and analogously for the matrices diagonalizing from the right. Flavour eigen-
states in terms of mass eigenstates are:


d1

d2

d3

d4


L,R

= V
(d)
L,R


d
s
b
b′


L,R

,


u1

u2

u3

u4


L,R

= V
(u)
L,R


u
c
t
t′


L,R

(4.316)

The charged-current lagrangian is changed in:

Lcc =
g√
2

4∑
i=1

(uLiγ
µdLi)W

+
µ +

g√
2
u4Rγ

µd4RWµ + h.c. = (4.317)

=
g√
2

(
uL cL tL t′L

)
γµVCKM,L


dL
sL
bL
b′L

W+
µ + (4.318)

+
g√
2

(
uR cR tR t′R

)
γµVCKM,R


dR
sR
bR
b′R

W+
µ + h.c. (4.319)

where VCKM,L = V
(u)†
L V

(d)
L is a 4×4 unitary matrix V †CKM,LVCKM,L = VCKM,LV

†
CKM,L =

1:

VCKM,L = V
(u)†
L V

(d)
L =


VLud VLus VLub VLub′
VLcd VLcs VLcb VLcb′
VL td VL ts VL tb VL tb′
VL t′d VL t′s VL t′b VL t′b′

 (4.320)

with:

VLαβ =
4∑
i=1

V
(u)∗
L iα V

(d)
L iβ (4.321)
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But in this case, as shown in (4.402), Lcc involves also right weak charged currents
and the mixing matrix VCKM,R is not unitary:

VCKM,R = V
(u)†
R diag(0, 0, 0, 1)V

(d)
R =

=


V ∗R 4uVR 4d V ∗R 4uVR 4s V ∗R 4uVR 4b V ∗R 4uVR 4b′

V ∗R 4cVR 4d V ∗R 4cVR 4s V ∗R 4cVR 4b V ∗R 4cVR 4b′

V ∗R 4tVR 4d V ∗R 4tVR 4s V ∗R 4tVR 4b V ∗R 4tVR 4b′

V ∗R 4t′VR 4d V ∗R 4t′VR 4s V ∗R 4t′VR 4b V ∗R 4t′VR 4b′

 =

=


VRud VRus VRub VRub′
VRcd VRcs VRcb VRcb′
VR td VR ts VR tb VR tb′
VR t′d VR t′s VR t′b VR t′b′

 (4.322)

Regarding left handed sector, V (d)
L , V (u)

L can be parameterized with the same
parameterization as in (4.323):

V
(d)
L =


VL 1d VL 1s VL 1b VL 1b′

VL 2d VL 2s VL 2b VL 2b′

VL 3d VL 3s VL 3b VL 3b′

VL 4d VL 4s VL 4b VL 4b′

 ' Dd
φLV

(d)
L 3 L

(d) =

= Dd
φL


0

V
(d)
L 3×3 0

0
0 0 0 1

 ·


cdL1 0 0 −s̃dL1

−s̃dL2s̃
d∗
L1 cdL2 0 −s̃dL2c

d
L1

−s̃dL3s̃
d∗
L1c

d
L2 −s̃d∗L2s̃

d
L3 cdL3 −s̃dL3c

d
L2c

d
L1

s̃d∗L1c
d
L2c

d
L3 s̃d∗L2c

d
L3 s̃∗dL3 cdL1c

d
L2c

d
L3


(4.323)

where Dd
φL = diag(eiφ

d
L1 , eiφ

d
L2 , eiφ

d
L3 , eiφ

d
L4). V (d)

L 3×3 contains 3 angles and 3 phases.
s̃dLi, c

d
Li are complex sines and cosines of angles in the 1 4, 2 4, 3 4 family planes

parameterizing the mixing of the first three families with the fourth family:

s̃dLi = sin θdLi4e
−iδdLi = sdLie

−iδdLi (4.324)

and similarly for V (u)
L . However in this scenario rotations in the left-handed

sector are much smaller and indeed negligible:

su,dLi ≈ −
yu,di yu,d4i v

2
w

M2
q

(4.325)
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As regards the right-handed sector, without loss of generality, the basis can be
chosen in which first the mixing between the SM three families is diagonalized:

V
(d)
R =


VR 1d VR 1s VR 1b VR 1b′

VR 2d VR 2s VR 2b VR 2b′

VR 3d VR 3s VR 3b VR 3b′

VR 4d VR 4s VR 4b VR 4b′

 =

= Dd
φR ·


1 0 0 0
0 1 0 0
0 0 cdR3 −s̃dR3

0 0 s̃d∗R3 cdR3

 ·


1 0 0 0
0 cdR2 0 −s̃dR2

0 0 1 0
0 s̃d∗R2 0 cdR2

 ·


cdR1 0 0 −s̃dR1

0 1 0 0
0 0 1 0
s̃d∗R1 0 0 cdR1

 =

= Dd
φR ·


cdR1 0 0 −s̃dR1

−s̃dR2s̃
d∗
R1 cdR2 0 −s̃dR2c

d
R1

−s̃dR3s̃
d∗
R1c

d
R2 −s̃d∗R2s̃

d
R3 cdR3 −s̃dR3c

d
R2c

d
R1

s̃d∗R1c
d
R2c

d
R3 s̃d∗R2c

d
R3 s̃∗dR3 cdR1c

d
R2c

d
R3

 (4.326)

where Dd
φR = diag(eiφ

d
R1 , eiφ

d
R2 , eiφ

d
R3 , eiφ

d
R4). s̃dRi, cdRi are complex sines and cosines

of angles in the 1 4, 2 4, 3 4 family planes parameterizing the mixing of the first
three families with the fourth family:

s̃dRi = sin θdRi4e
−iδdRi = sdRie

−iδdRi (4.327)

and similarly for V (u)
R . Because of the mass matrices as in (4.312), in this case the

angles parameterizing the mixing of the first three families with the fourth family
in the right-handed sector would be equal in magnitude to the ones concerning
left-handed sector in the previous sections:

su,dRi ' −
yu,d4i vw
Mq

+O(|yu,d4i |(yu,di )2 v
3
w

M3
q

) (4.328)

tan δu,dRi '
Im(yu,d4i )

Re(yu,d4i )
(4.329)

The piece of Lcc determining the couplings of u-quark with down type quarks
(which in the SM would correspond with the determination of the first row of
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SM CKM matrix) becomes:
g√
2

(uLγ
µVLuddL + uRVRudγ

µdR)Wµ+

+
g√
2

(uLγ
µVLussL + uRVRusγ

µsR)Wµ + h.c. = (4.330)

=
1

2

g√
2
V̂ud uγ

µ
(
1− γ5kudA

)
d Wµ +

1

2

g√
2
V̂us uγ

µ
(
1− γ5kusA

)
s Wµ (4.331)

and similarly for the mixing with the bottom quark, where the vector and axial
coupling are respectively:

V̂uα = VLuα + VRuα , kuαA V̂uα = VLuα − VRuα (4.332)

The most precise determination of the SM Vud comes from superallowed beta
decays. Superallowed 0+ - 0+ beta decays are Fermi transitions, that is they
uniquely depend on the vector part of the hadronic weak interactionGV = GFVud.
This means that the determination of the weak coupling in superallowed beta
decays gives |V̂ud| appearing in (4.331). Regarding |Vus|, it is determined both
from semileptonic kaon decays K`3 and from leptonic kaon decay Kµ2. It is
assumed that only the vector current contributes to semileptonic kaon decays
K`3 (V̂us in (4.331)). Leptonic decays instead depend on the axial coupling
(kusA V̂us in (4.331)). The SM ratio |Vus/Vud| from kaon and pion leptonic decays
corresponds to the ratio of axial couplings in (4.331). Then, in this scenario, the
observables are:

A : |V̂us| = |VLus + VRus| = 0.22326(55)

A′ : |V̂uskusA | = |VLus − VRus| = 0.22567(42)

B :
|V̂uskusA |
|V̂udkudA |

=
|VLus − VRus|
|VLud − VRud|

= 0.23130(50)

C : |V̂ud| = |VLud + VRud| = 0.97370(14) (4.333)

VCKM,L can be parameterized as:

VCKM,L ≈ L(u)† ·


0

VCKM 3×3 0
0

0 0 0 1

 · L(d) (4.334)

with L(d) (and similarly L(u)) defined in Eq. (4.323). In this parameterization
the 3×3 submatrix VCKM 3×3 contains 3 angles and one phase. Also the phases in
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s̃u,dL1 and s̃u,dL2 can be absorbed in quark fields. In principle three real parameters
can be enough to fit the dataset (4.333). In fact, for the first row of VCKM,L it
holds that:

|VLud|2 + |VLus|2 + |VLub|2 = 1− |VLub′|2 (4.335)
VLub′ = V ∗L 1uVL 1b′ + V ∗L 2uVL 2b′ + V ∗L 3uVL 3b′ + V ∗L 4uVL 4b′ (4.336)

|VLud| and |VLus| can be made real. |VLub| has little influence and the value for
the SM |Vub| can be used. |VLub′ | ∼ O(yu,d1 yu,d4 v2

w/M
2
q ) is totally negligible. So

|VLud| can be determined from |VLus| using (4.335). As shown in Fig. 3.1, deter-

A

A'

B

C

●●

●●

●●

●●

0.223 0.224 0.225 0.226 0.227 0.228

VLus

Pull (σ)
C :
B :
A':
A :

0.0
-0.1
+0.1
0.0

Figure 4.9: Values of VLus obtained from the different determinations under the
hypothesis of the existence of weak right-handed currents, with VRus = −0.0012
andVRud = −0.0008. Values from Bazavov et al [106], Aoki et al. [107], Di Carlo
et al. [109], Seng et al. [108] are used.

minations A′ and B are basically in agreement, and the shift of determination
B will be dominated by VRus rather than VRud. Then a fit with real VRus and
VRud can be performed. The following solution is found for the dataset (4.333)
(χ2

tot = 0.02):

VLus = 0.22444 VLud = 0.97370

VRus = −0.0012 VRud = −0.0008 (4.337)

or, if the determination C is exctracted from the result in Ref. [117] (χ2
tot = 0.04):

VLus = 0.22443 VLud = 0.97389

VRus = −0.0012 VRud = −0.0006 (4.338)
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By assuming the values of VRus andVRud in (4.337), then the values of VLus
obtained from the different determinations (4.333) are shown in Fig. 4.9.

However also in this scenario flavour changing neutral currents appear at tree
level.

The neutral current interactions are described by the Lagrangian

Lnc =
g

cos θW
Zµ

[(
1

2
− 2

3
sin2 θW

)
uLγµuL +

(
−1

2
+

1

3
sin2 θW

)
dLγµdL+

−2

3
sin2 θWuRγµuR +

1

3
sin2 θWdRγµdR +

1

2
uR4γµuR4 −

1

2
dR4γµdR4

]
(4.339)

where u and d are the vectors whose components are uL/R i, dL/R i with i = 1, ..., 4.
Then, in term of the mass eigenstates, the neutral currents are:

Lnc =
g

cos θW
Zµ
(
gαLqαLγµqαL + gαβR qαRγµqβR

)
(4.340)

with qα = u, c, t, t′ or qα = d, s, b, b′ and:

gαL = ta3 −Qα sin2 θW (4.341)

gαβR = tα3V
∗
R4αVR4β −Qα sin2 θW δαβ

where T3 refers to the isospin. Clearly, FCNC arise from:

Lfcnc =
g

cos θW
Zµtα3V

∗
R4αVR4βqαRγµqβR = (4.342)

=
1

2

g

cos θW
Zµ(uR4γµuR4 − dR4γµdR4) (4.343)

or, explicitly:

Lfcnc =
1

2

g

cos θW
Zµ
(
uR cR tR t′R

)
γµV

(u)†
R diag(0, 0, 0, 1)V

(u)
R


uR
cR
tR
t′R

+

− 1

2

g

cos θW
Zµ
(
dR sR bR b′R

)
γµV

(d)†
R diag(0, 0, 0, 1)V

(d)
R


dR
sR
bR
b′R


(4.344)
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Process Constraint

K decays |V ∗R4sVR4d| < 4.8 · 10−6

B0 → µ+µ− |V ∗R4bVR4d| < 1.3 · 10−4

B0
s → µ+µ− |V ∗R4bVR4s| < 7.4 · 10−5

D0 − D̄0 |V ∗R4uVR4c| < 1.4 · 10−5 (th)
D0 − D̄0 |V ∗R4uVR4c| < 1.2 · 10−4 (exp)

Table 4.7: Limits on the mixing of the first three families with an extra vector-like
isodoublet from FCNC.

where

V
(u)†
R diag(0, 0, 0, 1)V

(u)
R =


|VR 4u|2 V ∗R 4uVR 4c V ∗R 4uVR 4t V ∗R 4uVR 4t′

V ∗R 4cVR 4u |VR 4c|2 V ∗R 4cVR 4t V ∗R 4cVR 4t′

V ∗R 4tVR 4u V ∗R 4tVR 4c |VR 4t|2 V ∗R 4tVR 4t′

V ∗R 4t′VR 4u V ∗R 4t′VR 4c V ∗R 4t′VR 4t |VR 4t′|2


(4.345)

V
(d)†
R diag(0, 0, 0, 1)V

(d)
R =


|VR 4d|2 V ∗R 4dVR 4s V ∗R 4dVR 4b V ∗R 4dVR 4b′

V ∗R 4sVR 4d |VR 4s|2 V ∗R 4sVR 4b V ∗R 4sVR 4b′

V ∗R 4bVR 4d V ∗R 4bVR 4s |VR 4b|2 V ∗R 4bVR 4b′

V ∗R 4b′VR 4d V ∗R 4b′VR 4s V ∗R 4b′VR 4b |VR 4b′ |2


(4.346)

4.4.1 FCNC

In the previous sections constraints on mixing matrices of the left-handed
sector were found from contributions to FCNC. Now the Lagrangian in (4.344)
and the matrices in (4.345), (4.346) can be compared with Lagrangians in (4.14),
(4.228) and matrices in (4.16), (4.229). It follows that the constraints from
FCNC listed in Tables 4.4, 4.5 can be directly translated for this case with the
substitution L → R. The relevant constraints from FCNC are listed in Table
4.7.

4.4.2 Low energy electroweak observables

The insertion of the extra isodoublet also changes the diagonal couplings of
weak neutral-current interaction, as follows from Eqs. (4.340) and (4.341). In
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Process Constraint

Z → bb̄ |VR4b| < 0.13
Z → cc̄ |VR4c| < 0.18

Z decay |VR4u|2 + |VR4c|2 + 1
2

(|VR4d|2 + |VR4s|2 + |VR4b|2) < 0.013

QW (Cs) −0.0045 < |VR4u|2 − 1.12|VR4d|2 < 0.0077

QW (p) −0.0048 < |VR4u|2 − 1
2
|VR4d|2 < 0.0040

geuAV + 2gedAV −0.0025 < 1
2
|VR4u|2 − |VR4d|2 < 0.0097

2geuAV − gedAV |VR4u|2 + 1
2
|VR4d|2 < 0.0087

Ac |VR4c| < 0.12
Ab |VR4b| < 0.2

Table 4.8: Limits on the mixing of the first three families with an extra vector-like
isodoublet from low energy electroweak observables and Z physics. Limits are taken at
95% C.L.

terms of the axial-vector and vector couplings, the diagonal Lagrangian is written
as:

g

2 cos θW
Zµ (gqV qγµq − gqAqγµγ5q) (4.347)

where q = u, d, c, s, t, b and:

gqV = tq3(1 + |VR4q|2)− 2Qq sin2 θW (4.348)
gqA = tq3(1− |VR4q|2)

SM couplings are obtained when |VR4q| = 0. As a consequence, also interactions
of quarks with leptons are affected. Then constraints can arise from low energy
(Q2 << M2

Z) electroweak precision observables. The low-energy four-fermion
Lagrangian corresponding to ν-hadron and e-hadron processes with Z-boson ex-
change is written as [111]:

L = −GF√
2
ν̄γµ(1− γ5)ν

∑
q

[
gνqLLq̄γ

µ(1− γ5)q + gνqLRq̄γ
µ(1 + γ5)q

]
+

+
GF√

2

∑
q

[
geqAV ēγµγ

5eq̄γµq + geqV Aēγµeq̄γ
µγ5q

]
(4.349)

From the relations (4.341) we obtain:

gνqLR = −Qq sin2 θW + tq3|VR4q|2 (4.350)
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and from the relations (4.348):

geuAV = −1

2
(1 + |VR4u|2) +

4

3
sin2 θW gedAV =

1

2
(1 + |VR4d|2)− 2

3
sin2 θW

(4.351)

geuV A = (−1

2
+ 2 sin2 θW )(1− |VR4u|2) gedV A = −(−1

2
+ 2 sin2 θW )(1− |VR4d|2)

(4.352)

The weak charge of the proton and of nuclei are measurable quantities which can
be expressed in terms of the couplings in (4.351).

The weak charge of the proton is proportional to 2geuAV +gedAV , it was measured
by Qweak at Jefferson Lab, from which it is obtained [111], [167]:

2geuAV + gedAV = 0.0356± 0.0023 (4.353)

After considering the existence of an extra doublet, the expected weak charge
changes. The additional contribution to 2geuAV + gedAV is −|V4u|2 + 1

2
|V4d|2. By

imposing to stay within the experimental error it is obtained that:

− (0.052)2 < |VR4u|2 −
1

2
|VR4d|2 < (0.043)2 (4.354)

or at 95% C.L. :

− (0.069)2 < |VR4u|2 −
1

2
|VR4d|2 < (0.063)2 (4.355)

Nuclear weak charges QZ,N
W can be exctracted from measurements of parity vio-

lating amplitude. From PDG [111]:

QZ,N
W = −2[Z(gepAV + 0.00005) +N(genAV + 0.00006)](1− α

2π
) (4.356)

where Z and N are the numbers of protons and neutrons in the nucleus, gepAV =
2geuAV + gedAV , genAV = geuAV + 2gedAV . The most precise measurement of atomic parity
violation is in Cesium, QW (Cs) = −72.62 ± 0.43, while the SM prediction is
QW (Cs) = −73.23±0.01, so with 1.5σ discrepancy. The contribution of the new
quark to the weak charge of Cesium is:

∆Q55,78
W (Cs) = Q55,78

W (Cs)new −Q55,78
W (Cs)SM = −2[−94|VR4u|2 + 105.5|VR4d|2](1− α

2π
)

(4.357)
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When the SM prediction is increased, then the new contribution is helping in
filling the discrepancy with the experimental result, and the additional charge
can be used to fill the gap and constrained to stay within 1σexp (or 1.96σexp) from
the experimental result. When the expected value is decreased with respect to
the SM prediction, than the new contribution is not helping in filling the gap with
the experimental result. Then the additional contribution can be constrained to
be less than the experimental error (or 1.96σexp):

− (0.048)2 < |VR4u|2 − 1.12|VR4d|2 < (0.074)2 (4.358)

or at 95% C.L.:

− (0.067)2 < |VR4u|2 − 1.12|VR4d|2 < (0.088)2 (4.359)

The following results are also reported in PDG [111]:

(geuAV + 2gedAV )exp = 0.4914± 0.0031 (4.360)
(2geuAV − gedAV )exp = −0.7148± 0.0068 (4.361)

to be compared with the SM expectations:

geuAV + 2gedAV = 0.4950 (4.362)
2geuAV − gedAV = −0.7194± 0.0068 (4.363)

Regarding the quantity geuAV + 2gedAV , the mixing with the extra doublet bring an
extra contriubution −1

2
|VR4u|2 + |VR4d|2. The experimental value is 1.16σ below

the SM prediction, then it is obtained that for −0.0067 < −1
2
|VR4u|2 + |VR4d|2 < 0

the expectation is within the experimental error, or at 95% C.L.

−0.0097 < −1

2
|VR4u|2 + |VR4d|2 < 0.0025 (4.364)

which means |VR4u| < 0.098 if |VR4d| � |VR4u|. As regards the quantity 2geuAV −
gedAV , the prediction is lowered with the extra doublet. In order to remain within
the experimental errorbar we have:

|VR4u|2 +
1

2
|VR4d|2 < (0.047)2 (4.365)

or within 1.96σ:

|VR4u|2 +
1

2
|VR4d|2 < (0.093)2 (4.366)
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In PDG 2016 [169] results on ν-hadron scattering are also discussed. In particular
it is reported the experimental value gνuLR = −0.179± 0.013. The SM prediction
is gνµuLR = −0.1552 [111]. In our case this coupling is changed at tree level in
gνuLR = −2

3
sin2 θW + 1

2
|VR4u|2. Then |VR4u| = 0.22 would recover the gap, then

every lower value would still be acceptable.
Constraints from low energy electroweak observables are summarized in Table

4.8.

4.4.3 Z-boson physics

The SM predictions for the Z decay rate and partial decay rate into hadrons
are Γ(Z)SM = 2.4942 ± 0.0008 GeV, Γ(Z → hadr)SM = 1.7411 ± 0.0008 GeV,
to be compared with the experimental results Γ(Z)exp = 2.4952 ± 0.0023 GeV,
Γ(Z → hadr)exp = 1.7444 ± 0.0020 GeV, showing a 0.4σ pull of the predicted
width with respect to the experimental value and agreement as regards the partial
decay rate into hadrons [111].

In this model the deviation of the Z decay rate from the SM prediction is:

|Γ(Z)new − Γ(Z)SM| = |Γ(Z → had)new − Γ(Z → had)SM| =

=
GFM

3
Z√

2π

∣∣∣∣∣∑
q=u,c

(
−2

3
sin2 θW +

1

2
|VR4q|2

)2

− 2

(
−2

3
sin2 θW

)2

+

+
∑
q=d,s,b

(
1

3
sin2 θW −

1

2
|VR4q|2

)2

− 3

(
1

3
sin2 θW

)2

+

+
1

2

(
|V ∗R4uVR4c|2 + |V ∗R4dVR4s|2 + |V ∗R4dVR4b|2 + |V ∗R4sVR4b|2

)∣∣∣∣ (4.367)

We can impose that this deviation is less than the experimental error:

|Γ(Z → had)new − Γ(Z → had)SM| < 0.0020GeV (4.368)

The constraints in Table 4.4 imply that non-diagonal terms in (4.190) do not
give any noticeable contribution. Then:

GFM
3
Z√

2π

∣∣∣∣−2

3
sin2 θW

(
|VR4u|2 + |VR4c|2

)
− 1

3
sin2 θW

(
|VR4d|2 + |VR4s|2 + |VR4b|2

)∣∣∣∣
< 0.0020GeV (4.369)

that is

|VR4u|2 + |VR4c|2 +
1

2

(
|VR4d|2 + |VR4s|2 + |VR4b|2

)
< 0.0065 (4.370)
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which implies for |VR4q| = 0, with q = c, d, s, b, that |VR4u| < 0.08. In the case
|VR4q| = 0 for q = u, c, s, b, then |VR4d| < 0.114. Or, in order to be within
1.96σexp:

|VR4u|2 + |VR4c|2 +
1

2

(
|VR4d|2 + |VR4s|2 + |VR4b|2

)
< 0.013 (4.371)

If |VR4q| = 0 for q = c, d, s, b, then |VR4u| < 0.11, or, with |VR4q| = 0 for q =
u, c, s, b, |VR4d| < 0.16.

Similarly, for the decays Z → bb̄ and Z → cc̄, the additional contribution is:

|Γ(Z → bb̄)new − Γ(Z → bb̄)SM| =
1

3
sin2 θW

GFM
3
Z√

2π
|VR4b|2 (4.372)

|Γ(Z → cc̄)new − Γ(Z → cc̄)SM| =
2

3
sin2 θW

GFM
3
Z√

2π
|VR4c|2 (4.373)

which, as in previous sections, can be required to be less than the experimental
error (or 1.96 times experimental error), so it is obtained:

|VR4b| < 0.09 (4.374)
|VR4c| < 0.13 (4.375)

or at 95% C.L.:

|VR4b| < 0.13 (4.376)
|VR4c| < 0.18 (4.377)

Constraints are expected also from Z-pole asymmetry analyses, from e+e− →
ff processes around Z resonance. In particular, left-right asymmetries ALR,
forward-backward asymmetries AFB, and left-right forward-backward asymme-
tries ALRFB are measured [111], [163]:

ALR =
σL − σR
σL + σR

(4.378)

AFB =
σF − σB
σF + σB

(4.379)

ALRFB =
(σF − σB)L − (σF − σB)R
(σF + σB)L + (σF + σB)R

(4.380)

where L,R are the incident electron helicities. Cross sections for Z-boson ex-
change are usually written in terms of the asymmetry parameters Af , f =
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e, µ, τ, b, c, s, q, containing final-state couplings:

Af =
ḡf2
L − ḡf2

R

ḡf2
L + ḡf2

R

=
2ḡfV ḡ

f
A

ḡf2
V + ḡf2

A

=
1− 4|Qf |s̄2

f

1− 4|Qf |s̄2
f + 8(|Qf |s̄2

f )
2

(4.381)

where in the SM at tree level gfL = tf3L − Qf sin2 θW , gfR = −Qf sin2 θW . The
bar in the couplings in (4.381) indicates that EW radiative corrections must be
taken into account, so effective couplings are defined and for convenience the
effective angles s̄2

f are used [111], [164] [165], [166]. The parameters Af can also
be exctracted from the measured asymmetries. For example, they are related
as ALR = AePe where Pe is the initial electron polarization, A(0,f)

FB = 3
4
AeAf for

Pe = 0, ALRFB = 3
4
Af for Pe = 1.

As regards b-quark final state, the measured value A(0,b)
FB = 0.0992 ± 0.0016

exhibits a −2.3σ pull with respect the SM prediction A
(0,b)
FB = 0.1030 ± 0.0002.

On the other hand, the value Ab = 0.923 ± 0.020 is obtained from ALRFB(b)
at SLD, basically in agreement with the SM prediction Ab = 0.9347 (−0.6σ

pull). However it can also be inferred from A
(0,b)
FB using Ae = 0.1501± 0.0016 (as

suggested by PDG [111]) obtaining Ab = 0.881 ± 0.017. The average between
the two can be considered: Ab = 0.899 ± 0.013, which is 2.8σ below the SM
prediction.

Regarding Ac, the experimental value Ac = 0.670±0.027 is in agreement with
the SM prediction Ac = 0.6677±0.0001. By extracting Ac from A

(0,c)
FB = 0.0707±

0.0035 using Ae = 0.1501± 0.0016, it is obtained the result Ac = 0.628± 0.032.
The average between the two values is Ac = 0.653± 0.021.

The presence of an additional doublet changes the couplings as in (4.348), and
consequently the predictions for the asymmetries are also changed:

Ab =
1− 4

3
s̄2
b(1− |VR4b|2)− |VR4b|4

1− 4
3
s̄2
b(1 + |VR4b|2) + 8

9
s̄4
b + |VR4b|4

(4.382)

Ac =
1− 8

3
s̄2
c(1− |VR4c|2)− |VR4c|4

1− 8
3
s̄2
c(1 + |VR4c|2) + 32

9
s̄4
c + |VR4c|4

(4.383)

The SM prediction Ac = 0.6677 ± 0.0001 reported by PDG [111] corresponds
to an effective angle s̄2

c = 0.231465. By using this value in Eq. (4.383), it is
obtained that the expected value of Ac remains in the 1σ interval of the average
Ac = 0.653± 0.021 when VR4c < 0.057, or at 95% C.L.

VR4c < 0.12 (4.384)
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Figure 4.10: Determination of Ac obtained from Eq. (4.383) as a function of VR4c

(black curve). Ther red band is the experimental value Ac = 0.670 ± 0.027, the green
band shows the value obtained from the experimental determination Ac = 0.628±0.032

A
(0,c)
FB = 0.0707 ± 0.0035. The blue lines correspond to the average of the two Ac =

0.653± 0.021. The black straight line is the SM prediction Ac = 0.6677.

as can be seen in Fig. 4.10. Regarding the asymmetry for b-quark, if the dis-
crepancy of the measured asymmetry A

(0,b)
FB with respect to the SM prediction

belonged to Ab, then the presence of the extra-doublet would not help the pre-
diction to approach the experimental value, at least for VR4b < 0.55, so the
discrepancy would be still there. Considering the value of Ab obtained from
ALRFB(b) at SLD, it can be noticed that the expected value of Ab remains in the
1σ interval when VR4b < 0.10, or in 1.96σ interval when

VR4b < 0.20 (4.385)

as can be seen in Fig. 4.11.
Constraints from Z-boson physics are summarized in Table 4.8.

4.4.4 Discussion

Although the extra weak isodoublet can address the whole problem of CKM
unitarity, it seems not possible to obtain an acceptable solution satisfying both
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Figure 4.11: Determination of Ab obtained from Eq. (4.382) as a function of VR4b

(black curve). The 1σ intervals of the experimental values Ab = 0.923 ± 0.020 (red
band) and Ab = 0.881± 0.017 obtained from A

(0,b)
FB (green band) are shown. The blue

lines correspond to the average of the two Ab = 0.899± 0.013. The black straight line
is the SM prediction Ab = 0.9347.

Eqs. (4.337) and the experimental constraints in Tables 4.7, 4.8 by adding one
vector-like isodublet of quarks.

In fact, since the case of interest is described by the mixings in (4.337), we
should focus on the elements VR4u, VR4d, VR4s (for our concern the other mixing
elements can also be zero). Then we should consider the strong restrictions com-
ing from flavor changing kaon decays. In particular the limits on the branching
ratios of K+ → π+νν̄, KL → µ+µ− and KL → µ+µ− are summarized in Fig. 4.4
(with the exchange L ↔ R). The result is that the product |VR4dV

∗
R4s| cannot

exceed the limit |VR4dV
∗
R4s| . 5 · 10−6, which is obtained if for the relative phase

it is chosen the value sin δdR21 ≈ 0.4, with δdR21 = δdR2 − δdR1.
Constraints on the moduli of VR4u, VR4d from Z-pole physics and low energy

electroweak observables are summarized in Fig. 4.12. The solution in (4.337) is
also shown as the blue curve. As an example, we can use the maximum allowed
value of VR4u on the blue curve (|VR4d|, |VR4u|) = (0.013, 0.064). The red curve in
Fig. 4.13 shows the constraint on VR4d, VR4s from flavor changing kaon decays.
The black cross stands for the values of VR4d and VR4s needed to obtain the
solution (4.337) corresponding to the value of VR4u marked in Fig. 4.12. It is
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Figure 4.12: Excluded values of |VR4d| and |VR4u| from low energy electroweak quan-
tities and Z physics: QW (Cs) (cyan), QW (p) (magenta), the couplings geuAV + 2gedAV
(green) and 2geuAV − gedAV (red), Z hadronic decay rate with |VR4d|, |VR4u| 6= 0 (or-
ange). The blue curve stands fro the relation |V ∗R4uVR4d| = 0.0008. The black cross
stands for the minimum value of |VR4d| satisfying all the constraints and relations:
(|VR4d|, |VR4u|) = (0.0125, 0.064).

clear that the values needed as solutions are unachievable without contradiction
with flavor changing experimental limits.

Namely, by performing a fit of the values in (4.333) with real parameters VLus,
VR4d, VR4s, VR4u, but constraining them with experimental results, the best fit
point is obtained with χ2

dof = 6.5:

VR4u = −0.064 (4.386)
VR4s = 0.0005 (4.387)
VR4d = 0.001 (4.388)

and consequently

VRus = V ∗R4uVR4s = −0.000032 VRud = V ∗R4uVR4d = −0.00062 (4.389)

and

VLus = 0.22503± 0.00026 (4.390)
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Figure 4.13: The red area is the region of values allowed by flavor changing K decays
|VR4dV

∗
R4s| < 5 · 10−6. The black cross corresponds to the value of |VR4s| needed in

order to obtain the products in (4.337) with (|VR4d|, |VR4u|) = (0.013, 0.064), that is
(|VR4d|, |VR4s|) = (0.013, 0.019), |VR4sV

∗
R4u| = 0.0012.

Fig. 4.14 shows the result of the fit for VLus. Clearly the determinations are still
not compatible.

Moreover, the LHC limit on extra b′ mass M > 1530 GeV [111] implies that
|VR4u| ' 0.06 can be obtained if yu41 ∼ 0.5, much larger than the Yukawa constant
of the bottom quark.

The problem is not much softened if determination C is inferred from the
result in [117]. It is obtained that in the minimum χ2

dof = 6.3 with:

VLus = 0.22477 VR4s = 0.0124 (4.391)
VR4u = −0.07 VR4d = 0.0011 (4.392)

from which

VRus = V ∗R4uVR4s = −0.00087 VRud = V ∗R4uVR4d = −0.000079 (4.393)

In any case, only one of the two discrepancies between the determinations of the
elements of CKM from vector couplings can be filled.
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Figure 4.14: Values of VLus obtained from the fit of different determinations under
the hypothesis of the existence of an extra vector-like doublet mixing with SM families,
with VR4u = −0.0636, VR4s = 0.00051, VR4d = 0.0098. Values from Bazavov et al [106],
Aoki et al. [107], Di Carlo et al. [109], Seng et al. [108] are used. The grey region
shows the 1σ interval of the average.

4.5 Possible solutions

Then a different hypothesis should be made. For example there can be two or
more vector-like doublets

q4L,R =

(
u4

d4

)
L,R

q5L,R =

(
u5

d5

)
L,R

(4.394)

Then the Yukawa couplings and the mass term of the fourth doublet are:

5∑
i=1

3∑
j=1

[
yuijϕ̃qLiuRj + ydijϕqLidRj

]
+M4qL4qR4 +M5qL5qR5 + h.c. (4.395)

Then in order to avoid flavour changing effects, not all the couplings yu,dij should
be non-zero. In particular, let us suppose that the basis can be chosen in which
the first doublet has couplings yd41 6= 0, yd42 = 0, yu41 6= 0, while for the second
doublet yd52 6= 0, yd51, yu51 6= 0. For simplicity, let us set also yd43, y

d
53 = 0. The
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mass matrices for down and up quarks are then:

4∑
i=1

3∑
j=1

qLim
(d)
ij dRj + qL4qR4M4 + qL5qR5M5 + h.c. =

=
(
q1L q2L q3L q4L q5L

)


0 0

y
(d)
3×3vw 0 0

0 0
yd41vw 0 0 M4 0

0 yd52vw 0 0 M5




dR1

dR2

dR3

qR4

qR5


(4.396)

4∑
i=1

3∑
j=1

qLim
(u)
ij uRj + qL4qR4M4 + qL5qR5M5 + h.c. =

=
(
q1L q2L q3L q4L q5L

)


0 0

y
(u)
3×3vw 0 0

0 0
yu41vw yu42vw yu43vw M4 0
yu51vw yu52vw yu53vw 0 M5




uR1

uR2

uR3

qR4

qR5


(4.397)

Then V (d,u)
L,R diagonalizing the mass matrices are unitary 5× 5 matrices. Flavour

eigenstates in terms of mass eigenstates are:


d1

d2

d3

d4

d5


L,R

= V
(d)
L,R


d
s
b
b′

b′′


L,R

,


u1

u2

u3

u4

u5


L,R

= V
(u)
L,R


u
c
t
t′

t′′


L,R

(4.398)
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However in this case V (d)
R can be parameterized as:

V
(d)
R =


VR1d VR1s VR1b VR1b′

VR2d VR2s VR2b VR2b′

VR3d VR3s VR3b VR3b′

VR4d VR4s VR4b VR4b′

 =

= Dd
φR ·


cdR14 0 0 −s̃dR14 0

0 cdR25 0 0 −s̃dR25

0 0 1 0 0
s̃d∗R14 0 0 cdR14 0

0 s̃d∗R25 0 0 cdR25

 (4.399)

where Dd
φR = diag(eiφ

d
R1 , eiφ

d
R2 , eiφ

d
R3 , eiφ

d
R4). s̃dRi, cdRi are complex sines and cosines

as in (4.327) and (4.328).
The charged-current lagrangian is changed in:

Lcc =
g√
2

5∑
i=1

(uLiγ
µdLi)W

+
µ +

g√
2
u4Rγ

µd4RWµ +
g√
2
u5Rγ

µd5RWµ + h.c. =

(4.400)

=
g√
2

(
uL cL tL t′L t′′L

)
γµVCKM,L


dL
sL
bL
b′L
b′′L

W+
µ + (4.401)

+
g√
2

(
uR cR tR t′R t′′R

)
γµVCKM,R


dR
sR
bR
b′R
b′′R

W+
µ + h.c. (4.402)

where in this case VCKM,R is:

VCKM,R = V
(u)†
R diag(0, 0, 0, 1, 0)V

(d)
R + V

(u)†
R diag(0, 0, 0, 0, 1)V

(d)
R =

=


V ∗R 4uVR 4d V ∗R 5uVR 5s 0 V ∗R 4uVR 4b′ V ∗R 5uVR 5b′

V ∗R 4cVR 4d V ∗R 5cVR 5s 0 V ∗R 4cVR 4b′ V ∗R 5cVR 5b′

V ∗R 4tVR 4d V ∗R 5tVR 5s 0 V ∗R 4tVR 4b′ V ∗R 5tVR 5b′

V ∗R 4t′VR 4d V ∗R 5t′VR 5s 0 V ∗R 4t′VR 4b′ V ∗R 5t′VR 5b′

 =

(4.403)
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Then (4.337) is requiring:

V ∗R 5uVR 5s = −0.0012 V ∗R 4uVR 4d = −0.0008 (4.404)

However in this scenario the additional terms in the neutral current lagrangian
are:

Lfcnc =
1

2

g

cos θW
Zµ(uR4γµuR4 − dR4γµdR4 + uR5γµuR5 − dR5γµdR5) = (4.405)

=
1

2

g

cos θW
Zµ
(
uR cR tR t′R t′′R

)
γµV (u)

nc


uR
cR
tR
t′R
t′′R

+

− 1

2

g

cos θW
Zµ
(
dR sR bR b′R b′′R

)
γµV (d)

nc


dR
sR
bR
b′R
b′′R


where in this case the matrix V (d)

nc is:

V (d)
nc = V

(d)†
R diag(0, 0, 0, 1, 1)V

(d)
R =


|VR 4d|2 0 0 V ∗R 4dVR 4b′ 0

0 |VR 4s|2 0 0 V ∗R 5dVR 5b′′

0 0 0 0 0
V ∗R 4b′VR 4d 0 0 |VR 4b′|2 0

0 V ∗R 5b′′VR 5s 0 0 |VR 5b′′|2


(4.406)

so there are no FCNC at tree level between the three SM families. Then the solu-
tion in Eq. (4.337), and equivalently in (4.404), can be obtained. Again, the LHC
limit on extra b′ mass M > 1530 GeV [111] implies that |VR 4d|, |VR 5s|, |VR 4,5u| '
0.035 can be obtained if Re(yu,dij ) ' 0.3 cos δij, or, in order to have (for the pertur-
bativity) |yu,dij | < 1, the mass of the extra quarks should be M4,5 . 5/ cos δij TeV
or so.

Alternatively it can be imagined that there exist a vector-like isodoublet and
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a down-type or up-type isosinglet, with some zero-couplings:

qLim
(d)
ij dRj + h.c. =

=
(
q1L q2L q3L q4L d5L

)


0 yd15

y
(d)
3×3vw 0 0

0 0
0 yd42vw 0 M4 0
0 0 0 0 Md

5




dR1

dR2

dR3

qR4

dR5

 (4.407)

qLim
(u)
ij uRj + h.c. =

=
(
q1L q2L q3L q4L

)
0

y
(u)
3×3vw 0

0
yu41vw 0 0 M4




uR1

uR2

uR3

qR4

 (4.408)

or:

qLim
(u)
ij uRj + h.c. =

=
(
q1L q2L q3L q4L u5L

)


0 yu15

y
(u)
3×3vw 0 0

0 0
yu41vw 0 0 M4 0

0 0 0 0 Mu
5




dR1

dR2

dR3

qR4

dR5


(4.409)

In this way the non-zero couplings yd42, yu41 can cancel the discrepancy among
the determinations obtained from leptonic and semileptonic kaon decays without
introducing flavor changing. Then a down-type or up-type singlet can fix the
discrepancy between the determination obtained from superallowed beta decays
with the average of the other determinations from kaon decays with (χ2

tot = 0.5):

VLus = 0.22436 |VL4d| = 0.039 (4.410)
VR4s = −0.0011 (4.411)

or VL4u = 0.039 in the case of up-type singlet, where the value of Vud from [108]
has been used. Using instead the value from [117] (χ2

tot = 0.4):

VLus = 0.22437 |VL4d| = 0.034 (4.412)
VR4s = −0.0011 (4.413)

or VL4u = 0.034 in the case of up-type singlet.
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Chapter 5

Conclusions

This thesis is based on Refs. [44], [45], [46].
Chapter 2 is based on our works [44], [45]. SU(3)q × SU(3)u × SU(3)d ×

SU(3)`× SU(3)e symmetry between families was considered as gauge symmetry
extending the SM.

It was shown that the inter-family symmetry SU(3)` × SU(3)e acting on left-
handed and right-handed leptons can give a natural explanation to the origin
of mass hierarchy among charged leptons and large mixing of neutrinos as a
consequence of spontaneous breaking pattern of this symmetry. In fact, the
lepton mass hierarchy mτ � mµ � me can be related to the hierarchy of the
scales v3 � v2 � v1 of SU(3)e breaking.

First horizontal gauge symmetry SU(3)e acting between three families of right-
handed leptons was analyzed. It was obtained the remarkable result that masses
of flavour gauge bosons can be as light as TeV [45]. In fact it was shown that LFV
effects induced by flavor changing gauge bosons are strongly suppressed due to
custodial properties of SU(2)e ⊂ SU(3)e symmetry and the respective scale can
be as small as v2 = 2 TeV, which is in fact a limit set by the compositeness limits
on the flavor-conserving operators. Taken into account that the gauge coupling
constant g of horizontal SU(3)e can be less than 1, then masses of the SU(2)e
gauge bosons M1,2,3 ' (g/

√
2)v2 can be as small as 1 TeV or even smaller.

Then the symmetry of the lepton sector SU(3)` × SU(3)e acting on right-
handed and left-handed leptons was discussed. It was shown that also the break-
ing scale of SU(3)` family symmetry between left-handed leptons can be low (few
TeV) [46]. An important consequence is that flavour gauge bosons mediated in-
teractions can then be a solution for the 4σ discrepancy from unitarity of the
first row of CKM matrix illustrated in the third chapter (and Ref. [46]).

As far as quark sector is regarded, the origin of quark mass hierarchy can be
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related to the pattern of gauge SU(3)q × SU(3)u × SU(3)d symmetry breaking,
and the respective flavor gauge bosons also can be at few TeV scale, without
contradicting the limits from flavor changing processes [44].

Then gauge bosons acting in the quark sector can be in the reach of LHC for
direct detection. Lepton gauge bosons cannot be easily ruled out by LHC but
they could be accessible at new electron positron machines for direct detection
in the TeV range. Nevertheless, some of these LFV processes, as e.g. τ → 3µ,
can have widths close to present experimental limits and can be within the reach
of future high precision experiments.

In supersymmetric extension of the SM, the chiral gauge symmetries SU(3)`×
SU(3)e for leptons and SU(3)Q × SU(3)u × SU(3)d for quarks can be also
motivated as a natural tool for realizing the minimal flavor violation scenario
[9, 10, 21].

There is an interesting possibility for anomaly cancellation between the ordi-
nary and mirror fermions [21]. Then flavor gauge symmetries can be common
symmetries between the particles of ordinary and mirror sectors and flavor gauge
bosons would be messengers between the two sectors and mediate new flavor vi-
olating phenomena such as muonium–mirror muonium, kaon–mirror kaon oscil-
lations, etc. with implications for the invisible decay channels of neutral mesons.
Moreover, as far as the presence of mirror sector is concerned, mirror matters is
a viable candidate for light dark matter (see e.g. reviews [170, 171, 172]). The
flavor gauge bosons interacting with both ordinary and mirror fermions appear
as messengers between two sectors and can give an interesting portal for mirror
matter direct detection.

Chapter 3 of this thesis is based on our work Ref. [46], in which we raised
the question that there may be a signal for a violation of CKM unitarity, after
analyzing the tension between independent determinations of the elements in
the first row of CKM matrix. In fact, the present experimental and theoretical
accuracy in the determination of Vus and Vud allows to test unitarity of the first
row of the CKM matrix. A deviation of about 4σ from SM unitarity is found
[46].

As a possibility for restoring unitarity we considered a new effective operator
in positive interference with the SM muon decay as the one generated by flavour
changing gauge bosons. Then the Fermi constant would be different from the
muon decay constant, GF = Gµ/(1 + δµ), where δµ ' 7 × 10−4 would suffice
for unitarizing the CKM matrix. Since the values of Vus and Vud are normally
extracted by assuming GF = Gµ, in this scenario they are shifted by a factor
1 + δµ while their ratio is not affected. The gauge horizontal symmetry SU(3)`
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should be broken at the scale of few TeV in order to obtain the needed effec-
tive operator mediated by a SU(3)` flavor changing boson, which was previously
(second chapter) shown to be possible without contradicting experimental con-
straints. Then new flavour changing phenomena at the experimental sensitivity
border are predicted.

Hence we showed that beyond any prejudice the muon decay constant Gµ

can be different from the Fermi constant GF without contradicting experimental
data, rather providing a testable and falsifiable solution for the CKM unitarity
problem.

Also the neutron lifetime problem, that is about 4σ discrepancy between the
neutron lifetimes measured in beam and trap experiments, was analyzed in the
light of the these determinations of the CKM matrix elements. It is shown in Ref.
[46] that the present redetermination of Vud has no influence on the determination
of the neutron lifetime.

Alternative, and perhaps more immediate, possibility to solve the CKM uni-
tarity problem can be the mixing of ordinary quarks with vector-like quarks. This
scenario is analyzed in chapter 4, based on our works [46], [173]. A quite large
mixing with SM fermions is needed in order to recover unitarity. For example,
the mixing of an extra down-type vectorlike quark with the first family should
be |Vub′| ≈ 0.04, which is comparable to |Vcb| and ten times larger than |Vub|.

The consequences of so large mixing need to be investigated. In fact, the pres-
ence of an extra weak doublet or isosinglet quark species in the mixing generates
FCNC at tree level. Also predictions of many observables related to Z-boson
physics are affected.

The presence of weak isosinglets (up-type or down-type) is aimed at recovering
the gap between the determination of Vud from super-allowed beta decays and the
average of the determinations of Vus obtained from kaon physics. However the
tension among the results from leptonic and semileptonic kaon decays themselves
is significant too. An extra vector-like weak isodoublet coupling with the SM
families can in principle address the whole problem.

The existence of two or more vector-like doublets or a vector-like isodoublet
with down-type or up-type isosinglet can yield an acceptable solution solving the
problem of CKM unitarity without contradicting experimental constraints [173].
Assuming the existence of more vectorlike quarks in fact flavour changing can be
avoided by setting to zero some couplings of extra species with SM families.

In order to obtain a large mixing of vectorlike quarks with ordinary quarks,
the mass scale of these particles should be of few TeV. Anyway, with such large
mixing, these new particles cannot be heavier than few TeV without contradicting
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experimental data on neutral mesons systems. Then further search at LHC can
falsify or discover the vectorlike quarks. Moreover, data on flavour changing
processes set very stringent constraints, then new predicted flavour changing
phenomena would be at the experimental sensitivity border.

Concluding, in order to explain fermion masses and mixing, as motivated in
this thesis in different scenarios, in the TeV range there may exist a new physics
related to the fermion flavour which can be revealed in future experiments at the
energy and precision frontiers.
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