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Prof. Raffaele D’Ambrosio (DISIM- Università dell’Aquila)
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Abstract

In the thesis a novel modelling approach to study the plant growth is pro-
posed. Motivated by the ability of plants to survive and develop in stressful
environments, the analysis here proposed focuses on the efficiency of plant’s
growing strategies. Many mathematical models have been proposed in the
literature to study plants. Here, most of them are critically reviewed. Among
them it still misses a quantitative definition of what the plant is optimising
during the growth. In the thesis the plant is thought as an active agent able
to adapt its growing strategy to optimise something.

Both the metabolism and the movements of a plant can be assumed as
functions to optimise. Firstly, a mechanistic model of the main signals driving
the growth has been developed and a novel definition of the plant efficiency
arises based on the metabolic needs of the plant. Then, the optimal control
theory has been applied to investigate the efficiency of plant motions.

This thesis is the first application of optimal control theory to investigate
plant motions while taking care of the quantitative and qualitative validation
of the model with biological evidences and laboratory experiments. Such an
approach is crucial to characterise the plant behaviour and to improve agricul-
tural and ecological studies in that conditions in which laboratory experiments
are difficult or expensive to perform.

Furthermore, engineers are developing a new technology of robots able
to grow and move like plants. Optimal control theory is a suitable tool to
translate the efficiency of plant behaviors in features to design plant-inspired
robots. In this thesis, the focus is on a specific movement performed by roots
during the soil penetration: the circumnutation. The results presented in the
thesis help to better study the root-soil interactions (where data lacks due to
the soil complexity) and to support the design of autonomous devices able to
explore the soil in the most efficient manner.

In particular, the soil-root dynamics leads to a new class of optimal con-
trol problems describing phenomena in which a mechanical constrained is
concerned. In this case, the investigation of the optimal trajectory does not
follow in the standard manner. Then, the thesis concerns the characterisation
of the optimal control for this new family of problems.
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Introduction

Plants have a complex behaviour that offers many challenges to applied math-
ematicians interested in modelling and simulations. In particular, plants have
developed, over generations, the ability to adapt their resource allocation, for-
aging strategies and growth according to the environmental conditions that
change over space and time [1]. Such ability of processing and computing in-
formation as a response to the environmental stimuli is called plant plasticity,
also referred to as plant behaviour [2, 3]. This notion of information processing
in plants is crucial in biology, agriculture and ecology.

Indeed, to survive, plants must be able to optimise and exploit at the
best all available resources, continuously adapting their growing strategies.
To investigate the mechanisms of this adaptation, it is becoming increasingly
important to understand the efficiency of plant plasticity. Here, by efficiency,
it is meant the ability to acquire resources and survive in both the presence of
competition and stressful environments [4].

Models and simulations are a useful tool in the study of plant plasticity
since they can help to unravel growing mechanisms and to discern causes
and effects [5]. Precise model descriptions can compress a lot of data and
knowledge into a few equations. Despite approximations and simplifications,
models are useful tools to synthesize data, to propose hypotheses and to make
predictions. Model predictions help to set new experiments, to validate the
hypothesis and to define concepts that cannot be measured in the laboratory.
For example, their utility in investigating belowground interactions, where
experiments are difficult to assess, and suggesting agricultural strategies to
provide affordable food is well known [6, 7, 8, 9].

This thesis proposes a novel modelling approach to unveil the plant grow-
ing strategies, by introducing a performance criterion of the plant behaviour.
In particular, the models here proposed estimate the efficiency of plant move-
ments and justify the use of optimal control tools to investigate the mecha-
nisms and signals driving the plant adaptability. In addition, the biological
reliability of the models has been treated very carefully by validating the
results with the experimental data in the literature.

This novel approach can be applied to investigate the behaviour of a whole
plant, as well as a specific motion. For example, the root circumnutation is
a widespread movement of roots that is still poorly understood [10]. The
complexity of the soil and the difficulties of setting laboratory experiments
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has limited the study of this peculiar movement [11]. More than biological
implications, circumnutation is investigated by robotic engineers, since recent
studies have proved that replacing this plant behaviour in autonomous robotic
devices could reduce the mechanical work during the soil exploration [12].

Indeed, new connections between plants and robots are emerging. A
novel technology of growing robots, capable of anchoring themselves, climbing,
growing and moving like plants [13, 14, 15], has been inspired by the ability
of plants to continuously grow to adapt their body and to survive also in the
most limiting environments [16]. Furthermore, engineers are interested in the
plant development mechanisms (rather than in the understanding of the plant
chemical features) to design efficient plant-inspired devices.

This thesis provides useful mathematical tools to fit the needs of robotic
engineers and to translate biological behaviours in robotic algorithms. This
manuscript is structured as follows.

Chapter 1 is a critical review of the state-of-the-art. To grow up, the plant
performs a complex series of biological and chemical processes that range
from photosynthesis to resource consumption, from nutrient uptake to water
transport, from internal signalling patterns to interactions with other plants
and with the environment. Each of these processes is directly or indirectly
involved in the growth of the plant. The variety of processes requires the
application of several mathematical theories to describe each process in the
most suitable manner. In the chapter, we will review some mathematical
approaches proposed in the literature stressing the advantages and drawbacks
of each modelling method.

In Chapter 2 of this thesis, the key processes involved in the plant growth
are coupled to measure the efficiency of a growing strategy. In the literature,
the efficiency of a growing strategy is defined only qualitative as the ability to
survive (or, for plants, the biomass produced in a given environment). Quan-
titative formulations for such a concept have been proposed when the focus is
on the efficiency of a specific process like the biomass produced concerning ei-
ther the day-length (photosynthesis) or the soil content of nutrients (uptake).
Here, we propose a mathematical expression to measure the plant efficiency
when looking at all physiological processes and not only to a specific one. To
this aim, the key signals driving the plant growth are coupled by a mechanis-
tic model that is later validated by comparing many independent tests. The
implications of the results in both agriculture and ecology are discussed.

In particular, the results of this Chapter represent a quantitative formula-
tion of observations of Trewavas, 2009:

Plant behaviour is active, purposeful and intentional [. . . ]. Plant behaviour
involves the acquisition and processing of information. Informational termi-
nology provides a suitable way of incorporating the concepts of learning, mem-
ory and intelligence into plant behaviour, capabilities that plants are rarely
credited with. Finally, trade-offs, cost–benefit assessments and decision mak-
ing are common plant behavioral attributes. It is suggested that intelligent
assessments that involve the whole plant are essential to optimize these adap-
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tive capabilities.
Motivated by such evidences, in Chapter 3 of this thesis, the previous

modelling approach is specialised in the framework of optimal control theory
to describe the dynamics of a parabolic root apex into an homogeneous soil.
Optimal control deals with dynamical systems that influence themselves by
adopting a strategy (or control) to optimise a given objective function over
some time [17]. In this chapter, a generic device is moving into the soil under
the action of a force (the control) that is relevant only at the tip and the
frictional forces experienced during the motion are modelled. The objective
is to minimise the dissipation of energy required by the control to oppose the
friction on the tip. The model can help to estimate soil frictional forces and to
address the setting of specific laboratory experiments. In particular, a direct
method solves the optimal problem numerically. The results agree with the
few experimental data available and strongly validate the hypothesis that the
circumnutation emerges as a mechanical reaction to the soil friction. More
than the biological implications, the results can be applied to robotics. The
numerical simulations show how to design autonomous devices to reduce the
friction during the soil penetration, further generalising the state-of-the-art
[12].

In Chapter 4, the previous framework is further generalised to investigate
the case of irregular shapes of the tip and heterogeneous soils. The aim is
still to minimise the soil friction when a device penetrates the soil to reach a
target under the action of a control. Due to the impulsive nature of frictional
forces, the dynamics in this chapter is proposed as a differential inclusion
with an averaged dynamic friction. The resulting dynamics is different from
the classic literature [18, 19, 20]. Therefore, the chapter is devoted to study
the well-posedness of the model and to characterise the optimal control that
minimises the friction experienced.

Finally, chapter 5 is devoted to summarise the main results of the thesis
and to discuss possible future research directions.

xii



Chapter 1

MODELLING APPROACH
FOR PLANT BEHAVIOUR
AND GROWTH

In this chapter, we will review the main mathematical approaches proposed
to investigate plant development and growth. Plants do not move like animals
but, to acquire resources and survive and reproduce, they grow and adapt their
morphology. The growth is performed adding new tissues and structures from
the meristem. Meristem is the tissue in plants containing undifferentiated cells
ant it is located in plant zones where the growth can take placed like the tip of
organs (leaves and roots) or between mature tissues (fruits and seeds). Also,
unlikely animals, plants do not have a central brain and each organ behaves
like an independent entity, with different purposes. For example, leaves are de-
voted to the photosynthesis, fruits to the production of seeds, roots to uptake
nutrients and anchorage. Therefore, a complex network of internal signals is
required to drive the plant development while coordinating so many indepen-
dent organs and, at the same time, exploiting the external resources. As a
result, the growth of a plant is the consequence of a delicate balance between
external stimuli (light, humidity, temperature, soil nutrients, herbivores, fungi
and microbes, water, etc. . . ), physiological processes (photosynthesis, uptake,
circadian rhythms, transpiration, seed germination, defenses, etc. . . ) and
behaviors (starch accumulation, resource allocation, branching, primary and
secondary growth, nutations, exploration, etc. . . ). Besides, plants are used
in many fields from agriculture to medicine up to manufacturing so that the
study of the mechanisms underlying the plant growth is an active research
field. Here we compare the mathematical approaches proposed to study the
plant development at different space (from cellular level to whole organisms
or entire species) and time scales (from instantaneous interactions in cells to
daily movements of nutrients up to yearly and secular environmental changes).
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1.1 FLUID DYNAMICS

To manage and sustain all the organs without a central brain, the plant has de-
veloped a complex and robust vascular system composed of xylem and phloem
tubes. The former transport water from roots to leaves, where most of the
water is lost by opening stomata to acquire CO2 from the air (transpiration).
Usually, the humidity in a leaf is around 100%, much higher than outside,
so that many and many water molecules are lost for every CO2 molecule
gained. The water moves through the xylem according to the cohesion-
adhesion-tension theory [21, 22]. Since molecules of water are polar, when
they approach each other, the slightly negatively charged oxygen atom of one
molecule forms a hydrogen bond with a slightly positively charged hydro-
gen atom in the other one (cohesion). The water goes up along the xylem
(from roots to leaves) under the action of this attractive force. This force is
made more effective by the natural adhesion of water molecules at the wall
cells of the xylem and by the tension. Indeed, transpiration in leaves creates
tension (differential pressure) in the leaves, that makes the water moving.
In opposite to the xylem, phloem is composed of living cells and it carries
sucrose from leaves (or sources) to non-photosynthetically organs (or sinks)
like young leaves, roots and fruits. The main transport mechanism into the
phloem, called the Munch mechanism [23, 24], is believed based on the passive
osmotic pressure differences due to the sucrose gradient between sources and
sinks. The diffusion of liquids from the xylem and the phloem to the organs
occurs through ion-selective membranes at the cell walls.

Modelling the vascular system of a plant, the xylem is approximated to a
one-dimensional porous medium, in which the water flow J obeys the Darcy’s
Law. Darcy’s Law is an equation that describes the flow of a fluid in a porous
medium and is derived as a simplification of the Navier-Stokes equation assum-
ing the flow is incompressible and laminar in stationary conditions (therefore
the medium is assumed to be saturated) [25]. Darcy’s Law can be written as

J = −K∂Ψ

∂x

where K is the hydraulic conductivity of the stem, Ψ is the water potential and
x the vertical position along the stem. Water potential quantifies the motion
of water due to osmosis, gravity, hydrostatic pressure (Φ) or matrix effects
such as capillary action (which is caused by surface tension). The storage
of water within the plant is approximated by the xylem moisture content
θ(t, x). Finally, a sink term S(t, x) describes the water lost by evaporation
and/or water uptaken by roots. To complete the description of the dynamics
of θ(t, x), one could couple the previous Darcy’s Law with a partial differential
equation to describe the conservation of the quantity A(t, x)θ(t, x) along the
stem (see figure 1.1(A)), being A(t, x) the cross-sectional area of the tree.
Examples of this approach can be found in [26, 27, 28, 29], where different
formulations of both S and Ψ are proposed.
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Figure 1.1: (A) Schematic representation of a stem as a porous
medium. (B) Framework for the Aldis flow. A cylindrical tube has
a semipermeable membrane of length L. Inside the tube the solute concen-
tration is c(r, x, t), while outside the tube there is only water (c = 0). The
membrane is assumed to be impermeable to the solute so that the osmotic
pressure makes the water flowing inside the tube (as indicated by arrows).

During this motion of the water into the xylem, the decrement of the
water pressure in the direction of the flow increases the difference between the
interior and exterior pressures of xylem tubes, creating a transmural pressure
across the tube wall. When the transmural pressure exceeds a critical value,
the tube collapses[30]. Therefore, the wall cells need to be strong enough to
oppose transmural pressure. Furthermore, if the pressure decreases under the
water vapour pressure, cavitation is expected [31]. Cavitation is the formation
of bubbles (called embolisms in plants) that can block the flow of water.
Besides the negative effects of cavitation, studies of tree water flows have
discovered the role of cavitation in storing water [32, 33]. Recently, [34] has
modified the formulation of conductivity K in the previous approach to take
into account the effects of cavitation on the xylem water flow.

On the other hand, the flow into the phloem can be described by the Aldis
flow [35], that models an aqueous sugar solution inside a cylindrical tube along
the x axis with radius R1. The liquid is characterised by pressure p = p(r, x, t),
velocity v = v(r, x, t) and concentration c = c(r, x, t), where r ∈ [0, R1].
The sidewall of the cylinder is, for a length L, a permeable membrane with
permeability Lp (see figure 1.1(B)). For plants, it is reasonable to assume low
Reynolds numbers for the fluid into the phloem and R1 << L (lubrication
assumption). Also, it is usually assumed that the water pressure around the
tube is constant and, as boundary conditions, tangential no slip of the water,
radial inflow of water and zero flux of the solute. Therefore, named c =< c >r

3



and u =< vx >r the radially averaged concentration and the axial flow speed,
respectively, the radial-averaged equations describing the flow in the tube are
similar to the following {

R1

2Lp
∂2u
∂x2 = RT ∂c

∂x
+ 8η

R2
1
u

∂c
∂t

+ ∂uc
∂x

= D ∂2c
∂x2 + Γ

.

In the previous equations, R is the gas constant, T the absolute temperature,
η the viscosity, D the diffusivity of sucrose in water and Γ the loading term
of sucrose into the stem. Examples of this approach can be found in [36,
37, 38]. More recently, to model interactions between the phloem and xylem
tubes, authors [39] have proposed a discretised 1-D equation for the mass
conservation to model the dynamics of the sucrose between 1 source and 1
sink.

1.2 DISCRETE APPROACH FOR WATER

FLOWS IN PLANTS: ELECTRIC ANAL-

OGY

The complexity of the partial differential equations (PDE) modelling the vas-
cular system immediately increases when one tries to take into account the
numerous branches of the system. Therefore, the description of a vascular sys-
tem composed of several sources and sinks connected by xylem and phloem
tubes is successfully modelled by approximating the plant to an electric cir-
cuit. An early example of this approach can be found in [40]. The xylem
tube is discretised in smaller sections of resistance R and capacitance C. The
capacitance represents the water storage into the xylem. Therefore, the con-
servation laws of the previous chapter are replaced by Ohm’s and Kirchhoff’s
laws. In particular, the Ohm’s Law is the analogue of the Darcy’s Law for
electrical networks and states that the current through a conductor between
two points is directly proportional to the voltage across the two points. The
constant of proportionality is the resistance of the circuit [41]. The Kirch-
hoff’s laws are two equalities for the currents and the potential differences (or
voltage) in the electrical circuit. The first Kirchhoff’s law states that, for any
node or junction, the sum of currents is zero. The second law states that the
sum of voltages around any closed loop is zero [42].

The electric analogy is also used to model the phloem. Nevertheless, in
this case, a solute (the sucrose) is dissolved into the water, whose potential
is modified according to the van’t Hoff equation [43]. Indeed, in the elec-
tric analogy, the water potential is replaced by the potential difference along
the electric circuit. When a solute is dissolved into the water, the osmotic
pressure, and therefore the potential, has to be modified according to the so-
lute concentration. The van’t Hoff equation describes this relationship. Some
examples of this approach can be found in [44, 45].

4



Figure 1.2: Electric-based approach. (A) Example of the Resistance-
Inductance-Capacitance circuit. (B) Ohm’s and Kirchhoff’s laws for a simple
electric circuit.

Modelling the vascular system by the electric analogy, authors in [46, 45,
47] have described a complex system with multiple sources and multiple sinks.
In particular, it was possible to define a hierarchy between organs when al-
locating resources by looking at the size of the tubes in the vascular system.
Finally, [48] has applied the same approach to a single-source, single-sink
phloem tube with leakages, finding that the Darcy’s Law assumed in the
fluid dynamic approach does not hold anymore, unless to consider continuous
reloading at the source. Finally, in [49] it has been proposed a resistance-
inductance-capacitance circuit (figure 1.2) to model the water dynamics into
the soil-plant-air system. Indeed, in a 3−D architecture of the plant system,
the water potential of leaves greatly vary with the height and the position
of leaves along the stem [50, 51]. It produces instantaneous changes in the
flow and introduces hysteresis effects in the dynamics. Thus, it is assumed
an inductance effect, as instantaneous water flow rates at different parts of
the plant may affect the average driving force of water flow in the plant. In
addition, it is introduced a contact potential A which acts like a fuse in an
electrical circuit and is susceptible to environmental stress due to more rapid
decreases in root water potential than in soil water potential. The dynamics
is described by

J(t) =
Ψs −Ψl

R
− L

R

dJ(t)

dt
− CdΨl(t)

dt
− A

R
,

where J is the water flow, Ψs and Ψl are the soil and leaf water potential
respectively, R is the whole resistance offered from the xylem to the water flow,
L is the inductance coefficient of the leaf biomass and C is the capacitance of
the whole plant.

An early mathematical formalisation of this approach can be found in [52].
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Figure 1.3: Root system development as in [53]. Each node approximates
a small part of the root and it is connected to the soil. The links of the
graph follow the development (primary and secondary growth) of the root
architecture.

The coupling of the electric representation with a 3-D Richards’ equation

∂θ

∂t
= ∇ · [K∇Hs]− S

for the water flow into the soil has provided sophisticated models of the root
water uptake [53, 54, 55, 56, 57]. While the Darcy’s Law describes the flow
of a fluid in a saturated porous medium, the Richards’ equation is a non-
linear partial differential equation developed to describe unsaturated porous
media. In the previous equation, θ is the volumetric water content, K is the
unsaturated soil hydraulic conductivity, Hs is the total soil water potential
and S is the sink term, representing the root water uptake. To take into
account the growth, in [53], the root system is approximated by a graph. New
connections are added to the graph to simulate the growth of roots (figure
1.3).

A possibility to approximate the sink term S in the Richards’ equation
consists of computing the root water uptake as proportional to the transpi-
ration rate (depending on environmental conditions and spatial density of
roots). This aim is reached introducing macroscopic parameters (like the root
length density or the stress function due to the soil water potential or the
compensatory function, i.e. the ability of plants to release water during the
night) to summarise the development of roots [58, 59]. More recently, in [60],
it was presented a novel approach that simplifies the detailed electric represen-
tation of root architecture [55, 56] and averages the local terms to extrapolate
macroscopic information. As a consequence, the approach in [60], compared
to the detailed representation of the root system, requires fewer parameters
to estimate the soil water potential and the root-soil interactions.
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1.3 DISCRETE APPROACH FOR PLANT

DEVELOPMENT: FUNCTIONAL STRUC-

TURAL PROBLEMS

The electric analogy presented in the previous section is an example of the
discrete modelling approach, is used, generally, to describe the plant growth
and development [47]. In the discrete approach, the organs of a plant (leaves,
roots and stem) are discretised in basic elements. The physiological processes
underlying the growth are used to define algorithmic rules to add or delete
new elements, defining, in the end, the architecture of the system. Some older
examples of this approach with application in the root modelling can be found
in [61, 62, 63, 64, 65]. More recently, in [66], authors have proposed a 3−D
description of root branching and growth combining the plant development
with the nitrogen uptake and the carbon allocation.

The desire of providing computational tools to represent 3−D plant struc-
tures while looking at the metabolic and physiological processes not only in
roots but also in leaves and fruits and seeds production, has resulted in the
development of discrete models, also called Functional Structural Plant Mod-
els (FSPM) [67]. As an example, in [68] it is modelled the carbohydrate
cycling in a tree, estimating both the allocation among sinks and the annual
storage. Applications of these models range from estimating limiting factors
on the photosynthesis in canopies [69] and investigating the crown shapes in
pines [70] to computing tree anchorage strength by measuring the mechanical
strength of each root [71]. In addition, the FSPM approach has been used to
describe the morphological growth of tissues and cellular growth, like in [72],
where the development of vascular tubes in growing plant stems is analysed,
or like in [73], focused on the bark formation during the growth.

To assist in the development of the discrete models, several formal lan-
guages have been provided. Most of them arise from the L-system formalism
[74]. An L-system is a recursive language to produce fractal-like forms and is
composed by a tuple

L = (A, a0, R),

where A (the alphabet) is a set of symbols that can be rearranged to compose
strings, a0 (the axiom) is an initial string to start the L-system and R is the
set of rules to create strings. If there is only one rule for each symbol, the
L-system is deterministic. The L-system is said stochastic if, at each iteration
and for each symbol, one can choose with a certain probability a rule from
a set of possible rules. Associating a geometric scheme to each string, it is
possible to generate a tree similar to the reality as reported in figure 1.4.
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Figure 1.4: Example of trees simulated by an L-
system in 3-D. The figure is available for free at
https : //upload.wikimedia.org/wikipedia/commons/a/af/Fractal weeds.jpg

1.4 CONTINUOUS APPROACH

As opposed to the discrete approach, in the continuous approach, the plant
is described looking at the changes in size and form over time. The kinetic
description of the plant is an example [75, 76, 77]. In this approach, L(t) is
the size of the object and its evolution in time follows the empirical law

dL(t)

dt
= F (L).

F could be proportional to L (autocatalytic growth) or constant (linear growth)
or quadratic (F (L) = a+L(L0−L) where a, L0 are parameters) to take into
account a saturating effect. Recently, authors in [78], have proposed a 3−D
description of the kinematics of a plant organ during the growth. Previous
models have focused on the kinematics of the apical tip, disregarding the
three-dimensional geometry. Instead, in this work, authors propose a growth-
driven model in the three dimensional geometrical framework to relate the
orientation of the curvature with the differential growth of the plant organ.

Besides the kinetic models, in the continuous approach one can find the
so called dynamic models [79]. This approach is based on two main concepts.
First, the distribution of leaves, as well as the root system architecture, can
be prescribed in a representative volume. This volume will depend on the
environment (for example the soil structure for roots) and the genotype of
the plant studied (for example the above-ground crown shape). Secondly,
variations in space and time of the volume are assumed to be smooth. This
approach has been used to describe the meristem dynamics. Named ρ the
meristem density in a root or a stem, the conservation law follows

∂ρ

∂t
+∇ · (ρu) = b− d,
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where u represents the direction of growth, b the creation of new meristem
zones by branching and d the death of tissues. The branching and the death
rates could be modified to take into account the availability of the nutrients.
To do this, the convection-diffusion equation

∂c

∂t
= ∇ · (D∇c)−∇ · (vc)

describes the dynamics of the nutrient concentration c into the plant with dif-
fusivity D and the velocity v. Applications of this approach to model the root
development can be found in [80, 81, 82]. A more mathematically treatment
of the same topic is presented in [83, 84]. The growth and development of
aboveground biomass is, instead, described in [85].

Besides the applications for the roots and leaves development, the contin-
uous approach has been applied to investigate both the cellular development
of hormones and the interactions among different plants. Indeed, in [86],
it is proposed a reaction-diffusion equation, coupled with an ordinary differ-
ential equation (ODE), to investigate the spatial and temporal dynamics of
molecules of two hormones involved in the plant growth, the brassinosteroid
and the gibberellin. On the other hand, to investigate the effects of herbivores
outbreaks on plant development, in [87], it has been proposed the following
1-D model{

∂I(x,t)
∂t

= RI(I(x, t), H(x, t− τ))
∂H(x,t)
∂t

= RH(I(x, t), H(x, t)) + ∂2

∂x2 (D(I(x, t))H(x, t))
.

The first equation models the dynamics of defences I in plants as proportional
to the herbivore density H after a delay τ . The second equation assumes that
herbivores move away from areas according to the Fokker Plank equation (a
partial differential equation that describes the time evolution of the probability
density function of the velocity of a particle, or a herbivore in the previous
system, under the influence of drag forces, or the plants’ defences, and random
forces, as in Brownian motion [88]).

RH follows the logistic growth, reduced by a factor depending on the plant
defences. D is the diffusivity rate, that increases linearly with the infected
plants. Finally, in [89], to describe the diffusion of a plant population, the
diffusion equation is replaced by an integrodifferential equation where the mi-
gration process is modelled by a dispersal kernel. In biology, dispersal refers
to both movements of animals and plants from their born site to another one
(by locomotion for animals or by seeds diffusion for plants). The average diffu-
sion of elements in a population is modelled through functions called dispersal
kernels, which give the probability distribution of the distance travelled by an
individual [90]. Another example of the continuous approach is proposed in
[91], to predict tropic responses of a growing plant shoot to time-varying stim-
uli. In here, an integrodifferential equation models the orientation of a tip.
The main novelty of the paper consists of the introduction of a temporally
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non-local function to simulate the experimental evidence that the plant does
not react instantaneously to either the presence or absence of a stimulus but,
therefore, retains a memory of its history.

1.5 OPTIMALITY

The optimal approach is a consequence of the evolution of organisms, more
commonly known as the natural selection of Darwin [92]. This approach as-
sumes that plants (or in general individuals) have differences among the same
species, partially as a result of heritable features. At least part of the in-
herited phenotype affects the fitness of the individual [93], i.e. its ability to
survive and reproduce in a competitive environment. If the heritable struc-
tures increase the fitness of single individuals, then the number of bearers of
that feature should increase in frequency and the species will evolve toward a
greater average in the relative fitness [94]. The optimal approach was initially
applied to plants in the 1970s [95, 96, 97] and can be formulated in terms of
a plant trait x that can vary in a domain X, an environmental stimulus y,
a plant process modelled by the function f = f(x, y) and a fitness function
F = F (f, x, y), which is related to the capacity of reproduction of individuals.
The goal is to find the optimal trait x∗ such that

f(x∗, y) = max
x∈X

F (f, x, y).

Typical applications include problems of resource allocation among organs
[98, 99], the balance between photosynthesis and transpiration [100, 101, 102]
and the timing of seed production [103].

An optimal control based approach is proposed in [104] to investigate the
optimal flowering time for plants. The life-cycle of a plant is composed of
four stages: the germination from seeds, the vegetative phase devoted to the
growth, the reproductive phase in which the plant produces fruits and seeds
and the senescence. The passage from one stage to another one depends
heavily on the climate so that one can assume the whole life-cycle has to be
performed in a limited temporal season. In the following let [t0, T ] the season
in which the vegetative and the reproductive phases can happen. Authors in
[104] assume that, at the time t ∈ [t0, T ], the plant is composed of a vegetative
biomass V (t) devoted to increase the productivity of the plant by growing
(F (V ) is the biomass production rate) and a reproductive biomass R(t), i.e.
the fruit production. Both V (t) and R(t) evolve in time depending on an
internal control signal u(t) devoted to the biomass partitioning, as follows

dV

dt
= uF (V ) t ∈ [t0, T ],

dR

dt
= (1− u)F (V )s(t),

10



where s(t) is a survival function that decays exponentially. Since the re-
production is the only way in which organisms can ensure the species continue
to live, authors in [104] couple the previous dynamics with the gain function

W =

∫ T

t0

(1− u(t))s(t)F (V (t))dt

and find that the optimal control u∗(t) that maximise the gain function W is
a bang-bang control with only one switching time

u∗(t) =

{
1 t ∈ [t0, tf ]

0 t ∈ (tf , T ]
,

where tf is the flowering time at which the plant stops the vegetative phase
to start the reproductive stage. The result in [104] is a generalisation, to the
nonlinear growth case, of results in [105, 106, 107].

Moreover, if the survival of a species depends on the frequency of indi-
viduals with a given feature or trait, then the optimisation problem can be
formulated as an evolutionary game theory, i.e. the application of game theory
to evolving populations in biology. A system of differential equations, called
replicator equations, describe the evolution of individuals by ruling the born
and death of new individuals and the inhered features (without mutation).
The replicator equations are run repetitively with no terminal condition and
the stability properties are studied. For example, in [108], the leaf devel-
opment in forest herbs is investigated in the presence of competitors. More
recently, the evolutionary game approach has been used to compare nitrogen
fixation strategies in tropical forests [109].

For the sake of completeness, the approach presented in [110] is worthy to
note. In their paper, authors propose a model for the growth of a vine stem as
a curve in the 3-D space. The gravity (or more generally an external stimulus)
affects the curvature of the curve, as well as the presence of obstacles and the
tendency of vine stems to curl around objects. An exponential term simulates
the stiffness of older parts of the stem. Finally, the optimal angular velocity
that minimises the curvature while avoiding obstacles or clinging obstacles is
provided. Unlikely the previous optimal models, this is the first application
of optimality to describe the growth of an individual plant, more than the
evolution of a population. The advantage of such an approach is the analysis
of developmental mechanisms and a detailed validation could make the model
a useful tool for biological investigations.

1.6 MECHANISTIC MODELS

Mechanistic approach aims to provide models able to investigate the mecha-
nisms underlying the growth (the main drawback of continuous, optimal and
fluid dynamical approach) without increasing the computational costs (as in
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the discrete and electrical circuit approaches). Mechanistic models are based
on detailed physiological evidence unveiled by laboratory experiments. As an
example, in [111], a dynamical model of the total biomass of a young plant
is coupled with a detailed formulation of the photosynthetic rate. The aim is
to investigate how different chemical forms of nitrogen N uptaken affect the
growth of the plant. The dynamics is described by the following two equations
for the total biomass (shoots and roots) B and the nitrogen N , respectively

dB

dt
= [AfsB −

dN

dt
rA − rmN ]

y

fC
,

dN

dt
= u(1− fs)

dB

dt
,

where A is the shoot photosynthetic rate, fs is the fraction shoot biomass,
rA is the cost of assimilating N into biomass, rm is the maintenance respira-
tion of living tissues, fC is the biomass carbon concentration and u is the N
uptake per root biomass. In particular, the photosynthetic rate depends on
the day-length and the nitrogen concentration, according to the biological evi-
dence of saturating effects of light intensity on the photosynthesis production.
Similarly, in [112], is modelled the nitrogen cycle in the leaves, i.e. the main
chemical reactions involving the nitrogen. A different modelling approach is
proposed in [113]. Indeed, an experiment is addressed to collect data about
the development of root branches in a plant, to estimate an empirical distri-
bution of probability for the emergence of lateral roots. Such a distribution
has been used as a physiological rule to design a mechanistic model of auxin
dynamics in roots. Another example of a mechanistic model to describe the
dynamics of hormones can be found in [114]. In this paper, the cross-talk of
auxin and cytokinin (two key hormonal signals in the development of primary
root and emergence of lateral roots) is investigated. The dynamics proposed
describes the signalling pathways at a cellular level and how interactions of
the two hormones affect the root development. Other physiological processes
investigated by mechanistic models are about the sucrose and starch dynamics
and the circadian clock. As an example, one could refer to [115, 116, 117, 118].
Finally, mechanistic models have been successfully used to describe how in-
teractions among different physiological processes affect the growth and the
allocation of resources among organs [119, 120, 121]. As an example, in [121],
the plant is assumed composed of two organs: the leaves and the roots. The
leaves are devoted to the sucrose and starch production as a result of the pho-
tosynthesis. The roots are devoted to the phosphorus uptake. The number of
phloem and xylem tubes to transport phosphorus and sucrose among organs
is estimated. The growth is simulated modelling the dynamics of the volume
of leaves and roots, while all the biological processes are computed as propor-
tional to three saturating functions : the Monod function M(x), the increasing
Sigmoid S+(x) and the decreasing Sigmoid S−(x). For example, the volumes
of leaves (V sh) and roots (V r) evolve according to the following:
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V̇ s = gsM(V s)S+(Cs
su)S+(Cs

ph),

V̇ r = grM(V r)S+(Cr
su)S+(Cp

ph),

where Cs
su, C

r
su are the leaf and root sucrose content respectively and,

similarly, Cs
ph, C

r
ph the leaf and root phosphorus content. The model presented

in the paper describes the effects of light and phosphorus on the differential
growth of leaves and roots and helps to understand the resource partitioning
in plants as an emergent property of many physiological and local processes
in leaves and roots.

1.7 DISCUSSION

In the previous sections, the main modelling approaches proposed in the lit-
erature are reviewed. Let us note that the mathematical tools used and the
processes studied are very close among different approaches. For example,
the electrical analogy is often coupled with the fluid dynamic approach [122].
Or, the mechanistic approach has been coupled with the electric analogy [45]
to investigate mechanisms of water flows. Nevertheless, the categories pre-
sented in the previous sections are motivated by the desire of pointing out the
main plant’s behaviors and processes and what are the most suitable tools to
investigate them (as summarised in table 1.1).

The fluid dynamic approach is a powerful tool to model the vascular sys-
tem of the plant and to model both water and sucrose flow in xylem and
phloem. In ecological studies, this approach has been successfully used to es-
timate the impact of water uptake by roots on the soil moisture [123, 29, 27].
In addition, authors in [122] have applied this approach to investigate the
adaptation of the water uptake in limiting light conditions (a.g. in presence
of taller trees). Finally, in [28], the optimal sizes of leaves and vascular tubes
has been estimated by modelling the water flows. On the other hand, the
electrical analogy is another modelling approach to estimate the vascular sys-
tem. The main difference among them is that the electric-based approach can
describe, in detail, the branching and therefore, can provide accurate descrip-
tions of the plant architecture. Moreover, the electric-based approach relies
on measurable parameters with a clear physical meaning (like the resistance
and the conductivity of a tube).

Anyway, neither the fluid dynamic nor the electric-based approach can in-
vestigate the plant growth since they neglect the growth-induced signals and
the internal mechanisms of the plant behavior [124]. Indeed, the mechanistic
approach is better suited to study and approximate the principles driving the
growth. Mechanist models provide causality among processes and are used as
predictive tools in agricultural and ecological studies [125]. Even if mechanistic
models have been used both at the cellular and the whole organism levels, the
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integration from different time and space scales is not straightforward [125].
Therefore, to simulate the development of the plant looking at the changing
morphology and geometry, both the functional structural models and the con-
tinuous approach can be used. The former provides an accurate description of
branching and growing organs and, due to the high computational costs, it is
limited to the analysis of the above-ground or the below-ground plant archi-
tecture [67]. The latter, however, starts from oversimplified assumptions [126]
but allows to simulate the morphological development of organs and tissues.
Moreover, the continuous approach makes easy the coupling of morphological
development with environmental changes and internal physiological processes
[127].

In general, the mechanistic and the functional-structural model are used
to investigate the development from the cellular level to the whole organism
and are coupled for more detailed approximations [99]. On the other hand,
the continuous approach relies on partial differential equations and stochastic
approximations and is suited to investigate the development of entire popula-
tions [89].

Finally, quite different from the previous categories is the optimal ap-
proach. Instead of investigating the growing mechanisms or simulating the
tissues, vascular systems or morphological changes, the optimal models are
used to investigate new processes [94]. While the other categories are focused
on supporting the biologists in those cases in which the set of experiments is
expensive or difficult to be carried out, the optimal approach aims to propose a
new hypothesis that can be later verified with specific experiments. When car-
rying out an optimal analysis, the main difficulty is the setting of the optimal
problem. Indeed, specific optimal behaviors are the result of many external
variables and internal processes interacting with each other. Isolating the link
between an optimal result and a plant process is not an easy task [94].

This thesis aims to investigate the efficiency of the growing strategies of a
plant. Therefore, the novel modelling approach can be seen as a coupling of
the mechanistic and the optimal approach. Indeed, the former describes the
growth in a biologically reliable manner. Then, the latter method is applied
to analyse what the growing strategy is optimising. As we will see in the
following chapters, this approach allows to both predict biological behaviors
and provide new testable hypothesis (Chapter 2). On the other hand, the
approach here proposed is suited to translate biological behaviors in robotic
solutions (Chapter 3).
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Table 1.1: Summary of modelling approaches in plant studies. By
cellular we mean cells, molecules and chemical interactions among them. By
tissues we mean internal structures like vascular tubes. By organs we mean
the single root apex or leaf as well as the whole below-and above-ground
structure. By population we mean a group of plants.
CATEGORY METHOD SCALE PRO CONS
Fluid dy-
namic

PDE (like
Darcy’s
Law,
Aldis flow,
Richards’
equation)

Tissues
[28],
Organs
[29]

Detailed descrip-
tion of vascular
tubes [39], pre-
dictions of water
cycles in soil-
plant-air system
[122]

Neglects mecha-
nisms of growth
[5], Cannot de-
scribe the vascular
system in its
branches [124]

Electric
analogy

ODE,
Ohm’s
Law,
Kirchhoff’s
Laws

Tissues
[45],
Organs
[60]

Detailed devel-
opment of plant
architecture [52],
Measurable pa-
rameters with
physical meaning
[124], Description
of branches and
resource allocation
among them [47]

High computa-
tional costs [67],
Expensive esti-
mation due to an
high number of
parameters [60]

Functional
structural
models

ODE,
L-system

Tissues
[73],
Organs
[128]

Detailed simula-
tions of branching
[129] and root
exudates [130],
estimation of the
plant growth as
depending on
detailed root-soil
interactions [66]

High computa-
tional costs [67],
Expensive esti-
mation due to an
high number of
parameters [60]

15



Continuous
approach

PDE (like
conserva-
tion laws,
reaction-
convection-
diffusion
equations),
dispersal
kernels,
ODE

Cellular
[86],
Organs
[85],
popu-
lations
[89]

Morphogenesis of
tissues and organs
[127], reduced com-
putational costs
[131]

Oversimplified
[126], many non-
realistic parameters
[132] to be esti-
mated with dedi-
cated procedures
[131]

Optimality ODE,
PDE, Op-
timization
techniques,
Optimal
control
theory,
Replicator
equations

Organs
[102],
popu-
lations
[104]

Leads to novel
testable hypothesis
[94]

Does not investi-
gate internal mech-
anisms and it is dif-
ficult to isolate pro-
cesses to optimise
[94]

Mechanistic
models

ODE, Sat-
urating
functions

Cellular
[114],
Organs
[121]

Provides causality
among behaviors
and it is used as a
powerful predictive
tool [125]

Difficult to in-
tegrate different
space and time
scales [125]
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Chapter 2

PLANT EFFICIENCY: A
COMPREHENSIVE AND
QUANTITATIVE
DEFINITION THROUGH A
PHYSIOLOGICAL PLASTIC
APPROACH

2.1 BACKGROUND

While animals and other mobile organisms are capable of locomotion to es-
cape from dangers or reach targets, the sessile life of plants has forced them to
develop internal mechanisms inducing physiological and morphological adap-
tations [133]. For example, plants can easily adapt their sucrose allocation
among organs, their foraging strategies and their growth according to extrin-
sic environmental conditions that often change over time and space [1]. This
adaptation is called plant plasticity and often referred to as plant behavior
[2, 3].

Evolution has indeed equipped plants with the ability to cope with a mul-
titude of different internal and external signals [134]. Due to the complexity
of such signal networks, plant stimulus-response pathways remain largely un-
known. This lack of knowledge also limits our understanding of the funda-
mentals of plant plasticity. Nevertheless, mathematical models have helped in
the analysis of selected signalling pathways and internal dynamics to unveil
the processes driving plant behavior, as reviewed in Chapter 1. The interest in
understanding plant behavior is recently increasing across multiple disciplines;
starting from agronomy, to better control crops and improve productivity [9],
to engineering and robotics. The latter is now promoting a new generation of
robots capable of apical growth that parallels that seen in plants [135, 136].
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A better understanding and definition of plant growth performance and plant
plasticity (how efficiently plants grow and adapt) can help to define new design
and control strategies for plant-inspired robots [16, 15, 13].

Plant efficiency has been defined as
”the ability to acquire resources and survive in either the presence of compe-
tition or stressful environments” (Younginger et al., 2017)
To date, the efficiency has been evaluated as the ratio between an output pa-
rameter (the biomass or the crop yield), expressing the result of the growth,
and an input (a resource like water, nitrogen or phosphorus) that has been
consumed for the growth [8].

However, growth efficiency cannot be evaluated considering a single pa-
rameter at a time, but looking at the plant as a whole and its interactions
with the environment. In this chapter, we propose a novel and measurable
definition for plant efficiency, which considers the needs (light and nutrients)
of each organ in the plant, the biomass allocation and the costs involved in its
growth. To describe the relationship between these elements we also provide a
comprehensive mathematical model setting together key physiological dynam-
ics in plants. The model has been validated with extensive and independent
data collected from the literature.

The chapter is structured as follows. Section 2.2 describes the main as-
sumptions motivating the model. Section 2.4 discusses the cases of excess and
deficiency of nutrients. Section 2.5 is devoted to the parameter estimation
and sets out the tests carried out to validate the model. Section 2.6 compares
simulations with data collected for each test. Section 2.7 propose a new for-
mulation to estimate the efficiency of a growing strategy. Section 2.8 carries
out the Floquet analysis for the model. Section 2.9 investigates the implica-
tions of the results for biology and describes potential future steps for model
improvement and generalization.

2.2 THE MODEL

2.2.1 The Plant Growth

The life cycles of most plants are divided into four main stages: germina-
tion of the seeds, a vegetative phase, flowering and maturation of fruits and
senescence. Among these stages, the vegetative phase is the main focus of
our analysis, since it is the period were plant development is arguably the
most active, with the plant being busy in attributing resources (energy and
biomass) to vegetative growth and carrying out fundamental activities, such
as photosynthesis and accumulation of resources needed for the next flowering
and reproductive phase [2].

For simplicity, we modeled the plant as being composed of two apparatuses
and four resources. Specifically, one apparatus corresponds to the above-
ground leaf biomass, used for photosynthesis, and the second represents the
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Figure 2.1: Representation of the main plant processes and resources
analyzed in the model. The plant is decomposed into its two main appara-
tus characterizing the above- and below-ground: leaves and roots. The whole
plant system accounts for many different functions: photosynthesis, starch
production and degradation, sucrose production and consumption, root and
shoot growth and maintenance, store maintenance, nutrients uptake and dis-
tribution. These functions take as inputs light, phosphorus and nitrogen, and
provide feedback signals such as starch, sucrose and the stored nitrogen and
phosphorus. The outputs of the system are oxygen (through respiration),
morphological responses, and physiological plasticity.

below-ground biomass, mainly devoted to the nutrient uptake. From the nutri-
ents, new resources can be generated, namely starch and sucrose. All together
(starch, sucrose, nitrogen and phosphorus) constitute a set of resources that
the plant can store or distribute among different organs for their consumption
in order to maintain organs and stores [137], to grow and to perform chemical
processes. A schematic representation of such system is presented in figure
2.1, while in figure 2.2, section 2.3, it is reported a logic scheme of the model
and the related sections.

The model is composed of 11 non-linear equations, reported in details in
the following sections. All the parameters are then summarised in Appendix
A. We point out that that, to estimate model parameters, only data in [138]
are used, while all the tests in Section 2.6 are performed from independent
datasets. Recall that the biomass is assumed to be measured in grams of
fresh weight (gFW ). Finally, in some equations, we have introduced a small
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correction factor (ε = 1e−20) which prevents discontinuities in the model when
some variables go to 0. It is only a numerical adjustment and does not affect
the results of simulations.

2.2.2 Photosynthesis

The photosynthesis ([µmolC6

gFW ·h ]) process is approximated as a time-dependent
function describing the content of sugar produced by each gram of photosyn-
thetically active leaf biomass:

ph =

{
LCpmax

h min(nt, pt) bl ≥ bmin
l

0 bl < bmin
l

(2.2.1)

where:

� L [−] is a binary function to distinguish day (L = 1) from night (L =
0). L can be easily modified in a continuous time-dependent function
assuming values in the range [0; 1], so to consider temperature and light
intensity effects.

� C [−] is a positive function in the range [0, 1]. It represents a limitation
to the photosynthetic rate depending on the plant status. In fact, differ-
ent saturating processes can affect the stomatal conductance, reducing
the photosynthesis production (in [139] are reviewed many modelling
approaches). Authors in [140] suggest a saturating process to avoid the
production of starch and sucrose in excess. In accordance with [141, 121],
C depends on the maximum starch that the plant can consume in nightly
hours:

C = λc + (1− λc)(
amax − a
amax

), (2.2.2)

where:

amax = τmax
as (24− f). (2.2.3)

The parameter λc is the strength of the feedback due to the starch
stored, a is the starch content, amax is the maximum starch that can be
consumed at the maximum rate τmax

as (defined later) during the night
and f is the photo-period.

� pmax
h [µmolC6

gFW ·h ] is the maximum rate of photosynthesis. In [116], it is fixed

to 12.7µmolC6

gFW ·h .

� nt and pt represent the nitrogen and phosphorus saturating thresholds,
respectively. Both these nutrients play a role in the photosynthesis pro-
cess (see [142] for an explanation of the role of nitrogen, and [143] for the
phosphorus influence on photosynthesis). In fact, according to the law
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of the minimum [144], the most limiting nutrient will affect the photo-
synthesis. By evidence in [111], the rate of carbon production obtained
from nitrogen content is estimated as:

15.44
gC

gN · h
= 2.21

µmolC6

µmolN · h
. (2.2.4)

Hence, the minimum nitrogen content required to sustain the maximum
rate of photosynthesis is:

nph =
12.7

2.21
= 5.75

µmolN

gFW
. (2.2.5)

The saturating function nt can be computed as:

nt =
2n

n+ nph
− 1. (2.2.6)

Not having found similar information for phosphorus, saturating func-
tion of this nutrient is estimated by assuming the consumption of phos-
phorus as one-tenth of the nitrogen’s one, according to the estimated
optimal ratio O = 10 among these two nutrients (as reviewed in [15]).
Therefore:

pph =
nph
O
, (2.2.7)

pt =
2p

p+ pph
− 1, (2.2.8)

where n [µmolN
gFW

] and p [µmolP
gFW

] are, respectively, the nitrogen and phos-
phorus content in the plant.

� bl [gFW ] is the leaf biomass (the root biomass and the total biomass
will be br and B [gFW ], respectively);

� bmin
l [gFW ] is the minimum amount of leaf biomass to start the produc-

tion of photosynthesis. In the whole chapter it is assumed bmin
l = bl so

that no limitation to the photosynthesis production is experienced by
the plant. The choice is due to the fact that none of the experimental
data has this situation.

In particular, if n < nph or p < pph, then it is assumed nt = 0 or pt = 0,
respectively, just because there are not enough resources to start the chemical
processes.
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2.2.3 Starch and Sucrose

The photosynthesis product can be used to synthesise starch and sucrose.
The former is stored to sustain nocturnal respiration, the latter is immedi-
ately available for non-photosynthetically active tissues [145]. The amount of
photosynthesis devoted to the starch production depends on both the sucrose
consumption [146] and the nightly starvation [121, 147]. Independently from
the night length, the starch is degraded into sucrose in a nearly linear man-
ner (at a rate τas), such that almost all of the starch is used by dawn [145].
In addition, the circadian clock monitors the starch degradation [118]. The
starch and sucrose dynamics follows:

da

dt
= γph − τas, (2.2.9)

ds

dt
= (1− γ)ph + τas − rum − rtm − rms− ηrg. (2.2.10)

From now on,
Cs = rum + rtm + rms+ ηrg.

A very similar dynamic can be found in [118, 148]. Nevertheless, some impor-
tant differences deserve to be outlined:

� The photosynthesis ph in the current model is not a constant, but it is
a time-dependent function depending on nutrient availability, light and
sugar-signalling (as described in Section 2.2.2);

� The starch partition coefficient γ is not a constant, neither it is not
estimated to assume sucrose homoeostasis (as was in [149]). It provides
instead plant adaptation as a function of time (see Section 2.2.5);

� The starch degradation rate τas is simpler with respect to the dynamics
proposed in [118, 148], and does not depend on subjective dusk, as in
[150]. However, despite the simplification adopted here, its dynamics
remains correct (see the appendix B for the demonstration);

� Similar to the work in [121], both uptake (rum) and transport (rtm) pro-
cesses are sucrose consuming, as opposed to the usual maintenance res-
piration (rm);

� The rate of sucrose sent into the phloem intended for growth (ηrg) is
affected by nocturnal efficiency [147].

2.2.4 Starch Degradation

It is well established that maintenance and growth respiration occur during
the day and extend overnight. The sucrose to sustain nightly metabolism is
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provided by the degradation ([µmolC6

gFW ·h ]) of starch stored in the morning [145],
and here is defined as:

τas = (1− L) min (τmax
as , (

t

24
+ (1− t

24
)(1− s

s+ smax
)

)
a|dusk − amin

24− f

)
,

(2.2.11)

where:

� τmax
as = 6 µmolC6

gFW ·h is the maximum degradation rate estimated by the

results shown in [116];

� smax = 2 µmolC6

gFW
is the maximum sucrose content in leaves, estimated by

experimental values in [138]. The use of a maximum threshold is justi-
fied by the observation of negative feedback on starch degradation due
to high sucrose levels [146]. On the other hand, a minimum threshold
should also be expected to trigger sugar production or starch degrada-
tion in the case of starvation. According to the result in [116], smin is
estimated as 1.3µmolC6

gFW
;

� a|dusk [µmolC6

gFW
] is the starch content at the beginning of the night. If

a|dusk < amin, then τas = 0;

� amin = 0.15 µmolC6

gFW
is the minimum amount of starch that a plant has to

ensure. It is estimated by values in [118].

Hence, during the night (L = 0), the starch is degraded with a rate that
depends both on the time t with respect to the next expected dawn (circadian
clock), the sucrose signalling and the constant rate necessary to consume
almost all of the starch by dawn. This strategy holds unless the required rate
is greater than the maximum one. The starch dynamic here proposed has
differences with respect to the one in [118], where: I) the function proposed is
independent from the starch content parameter and has a peak at dawn; II)
starch degradation is assumed also to exist during the light period; and III)
the non-linear discontinuous function proposed takes into account the surface
of the starch granule. In appendix B we compare the two approaches.

2.2.5 Starch and Sucrose Partitioning

In [146], rising levels of sucrose are explained regarding the stimulation of
starch synthesis, while daily sucrose starvation decreases starch accumulation.
On the other hand, nightly sucrose starvation promotes starch production
[121]. Thus, the dynamics of starch-sucrose partitioning can be defined as:

dγ

dt
= L(−γλsdr

smin

smin + s
+ (1− γ)λsdi

s

s+ smax
)+ (2.2.12)

+ (1− L)(1− γ)λsni
smin

smin + s
, (2.2.13)

where λsdr, λsdi, λsni [ 1
h
] are frequency parameters to be estimated.
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2.2.6 Nitrogen and Phosphorus

Photosynthesis [112], sucrose assimilation in tissues [111], respiration [121]
and storage structures production [137] are metabolic activities consuming
nutrients.
The nutrients reach the root surface by water flow in soil. Nevertheless, the
plant can reduce or increase the uptake, according to its metabolic needs [151].
This ability is called affinity to the nutrient. The model is focused only on
nitrogen (N) and phosphorus (P), since they are fundamental nutrients for
growth in plants: nitrogen is an essential constituent of protein and chloro-
phyll, that promotes root growth, and encourages the uptake and utilisation
of other nutrients [152], while phosphorus is essential for cell division, root
lengthening and supports the energy carriers within the plant [153]. More-
over, in [133], it is reported that root proliferation and nutrient uptake are
energy demanding operations and finding a balance between costs and gains
of these two processes could explain the plastic response taken by the plant.
The dynamics of nitrogen n [µmolN

gFW
] and phosphorus p [µmolP

gFW
] content in the

plant is:

dn

dt
= ureal

n − (rm(s+ a) + ηrg)csn
bl

B + ε
− ph
pmax
h

nphλf , (2.2.14)

dp

dt
= ureal

p − (rm(s+ a) + ηrg)csp
bl

B + ε
− ph
pmax
h

pphλf . (2.2.15)

λf is a conversion parameter to be estimated and B the total biomass. ureal
n

[µmolN
gFW ·h ] and ureal

p [ µmolP
gFW ·h ] are the nitrogen and phosphorus uptake rates, re-

spectively (see section 2.2.7 for details).
In [111], the cost of assimilating n into the biomass is estimated as rA =
4.06 gC

gN
= 0.58µmolC6

µmolN
. Hence the n cost of assimilating C6 can be estimated as

proportional to:

csn = λcsn1.724
µmolN

µmolC6

, (2.2.16)

being λcsn a parameter to be estimated. Instead, the p cost of assimilating C6

can be approximated using the optimal ratio value as csp = csn
O (as done in

the equation (2.2.7)). In particular, metabolism, transport and growth will be
reduced if the nutrient content is not sufficient to sustain the costs (csn and
csp). Then:

χnp = min(1,
n

smaxcsn
) min(1,

p

smaxcsp
), (2.2.17)

rm = r̄mχnp, (2.2.18)

rg = rgχnp. (2.2.19)

The values for r̄m, rg are reported in section 2.2.8.
The second terms of Eq (2.2.14) and (2.2.15) are the n and p costs because

of the use of sucrose for maintenance and growth. Additionally, the starch
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requires a maintenance respiration (and then a cost in nutrients) due to the
production of storage structures [137]. Finally, the last terms of Eq (2.2.14)
and (2.2.15) express the nutrient costs due to photosynthesis. Knowing the
nutrient cost for the maximum rate, nph (Eq (2.2.5)) and pph (Eq (2.2.7)), the
actual consumption will be proportional to the intensity of photosynthesis.
Finally, the last terms of Eq (2.2.14) and (2.2.15) express the nutrient costs
due to photosynthesis. Knowing the nutrient cost for the maximum rate, nph
(Eq (2.2.5)) and pph (Eq (2.2.7)), the actual consumption will be proportional
to the intensity of photosynthesis.

2.2.7 Nutrient Uptake

It is well established that nutrients uptake follows Michaelis-Menten kinetics
[154, 155], and that plants are able to modify Michaelis-Menten parameters
to be more or less affine with a specific nutrient [156, 157, 158]. Even though
this adaptive behaviour has been measured by changing the nutrient content
in soil [159], there are studies relating the evolution of kinetic parameters to
the plant internal status (e.g., evaluating the kinetic parameters given different
nutrient pre-treatments of the plants [157, 158]). In this thesis, a new modified
Michaelis-Menten kinetics is proposed, in which the usual dynamics is limited
or enhanced by an internal feedback control for the uptake. For nitrogen (and
similarly for phosphorus), the uptake will be:

upot
n = unan

br
B + ε

, (2.2.20)

where br is the root biomass. The internal feedback an is the strength of the
uptake (as explained later). If the hourly potential uptake upot

n needs excessive
sugar consumption with respect to the available one, the forage is decreased.
Thus:

ureal
n = upot

n

s

s+ ncu
pot
n · 1h+ ε

, (2.2.21)

where nc is the sucrose consumed for the uptake (as explained later). Finally,
un [µmolN

gFW ·h ] is the nutrient uptake rate. It is well established that the uptake

follows the Michaelis-Menten kinetics [154, 155]:

un = Imax
n

ns
ns + kn

. (2.2.22)

Imax
n [µmolN

gFW ·h ] is the nutrient maximum uptake, kn [µmolN
cm3 ] is the Michaelis-

Menten constant and ns [µmolN
cm3 ] is a time-dependent function describing the

nutrient content in the soil zone. Similar equations are defined for the phos-
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phorus. The maximum values are extrapolated by values in [160, 156]:

Imax
n = 6.44

µmolN

gFW · h
,

kn = 0.125
µmolN

cm3
,

Imax
p = 0.4

µmolP

gFW · h
,

kp = 0.006736
µmolP

cm3
.

The nutrient affinity is reduced or increased by the plant through the internal
controls an, ap ∈ [0, 1] [−]. Their dynamics are described as:

dan
dt

= (1− an)((1− ureal
n

ureal
n + Cn + ε

)
nmax

nmax + n
+

ph
pmax
h

− anλk
n−Op

n+Op+ ε
)−

−an(
n

n+ nmin
+

ncu
real
n

ncureal
n + ph(1− γ) + τas + ε

),

(2.2.23)

dap
dt

= (1− ap)((1−
ureal
p

ureal
p + Cp + ε

)
pmax

pmax + p
+

ph
pmax
h

+ apλk
n−Op

n+Op+ ε
)−

−ap(
p

p+ pmin
+

pcu
real
p

pcureal
p + ph(1− γ) + τas + ε

),

(2.2.24)

again the frequency parameter fixed to 1
h

is omitted in the previous equations.
λk is a parameter to be estimated, whereas Cn and Cp represent the nitrogen
and phosphorus costs due to the actual strategy

Cn = (rm(s+ a) + ηrg)csn
bl

B + ε
+

ph
pmax
h

nph,

Cp = (rm(s+ a) + ηrg)csp
bl

B + ε
+

ph
pmax
h

pph.

nmax and pmax describe the memory of a plant. In fact, according to the
discussion in [112], plants manage their foraging strategies in order to avoid
both scarcity and excess of nutrients in stores. In particular, the optimal
nutrient status is defined by how many days the plant can survive, maintaining
the same rate of growth, if a specific nutrient is no longer available. Since in
[112] it was estimated, for herbaceous plants (such as Arabidopsis), a memory
of 4 days, we fixed D = 4 [−]. Hence, the minimum amount of nitrogen
content ([µmolN

gFW
]) required to sustain photosynthesis and respiration for one

day at the maximum sugar content is:

nmin = ((rm(smax + amax) + ηsmax)(1 + 0.035)csn24 + nphλff). (2.2.25)
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Then, nmax = Dnmin and pmax = nmax

O . The term:

(1− urealn

urealn + Cn + ε
)

nmax

nmax + n
(2.2.26)

describes the active incentive for the uptake rate according to the internal
status and the cost-gain balance as reported in [133]. On the other hand,
the last terms in Eq (2.2.23) and (2.2.24) represent the active limitation to
the uptake due to the same concepts. Moreover, as emphasised by authors
in [161], further to the active control of nutrient affinity, the uptake rate is
passively increased by photosynthesis and leaves transpiration. The term:

ph
pmax
h

(2.2.27)

is used to describe this behaviour. However, since the content of nutrients in
the soil is relevant in plant process dynamics [159], we additionally modelled
the effects on the behaviour of the plant by considering limiting conditions of
the deficiency of nutrients or the excess in soil (see section 2.4).

2.2.8 Costs

All the sucrose s produced by photosynthesis and starch degradation is used
for maintenance and growth respiration costs.
As in [148], we assumed the respiration to be proportional to the sucrose
content. The former has a frequency of r̄m = 0.79 1

h
. The frequency of loading

sucrose into the phloem dedicated to grow has a frequency of η = 1.98 1
h
.

However, the nightly starvation reduces the growth rate [147]. To consider
this negative feedback, we reduced rg under the parameter γ, which describes
in the model the nightly efficiency of starch. Hence:

rg = min(s, smax)(λg + (1− λg)(1− L+ L(1− γ))). (2.2.28)

where λg is a parameter to be estimated. The minimum takes into account
the physical limit of the phloem capacity in loading sucrose. The more γ
increases, the more rg decreases. Apart from maintenance and growth respi-
ration, sucrose is consumed for the transport of carbon along the plant and
for the uptake of nutrients. Authors in [121] estimate the costs of uptake
phosphorus as:

pc = 0.053
µgSugar

µgP
= 0.308

µmolC6

µmolP
,

with a sugar transport cost of r̄t = 0.035 [−] (carbon consumed for each
gram of carbon allocated in the phloem). The cost of nitrogen uptake (nc) is
assumed, in our model, to be the same as phosphorus (pc), since the uptake
mechanism is similar among all chemical elements. Hence:

nc = 0.053
µgSugar

µgN
= 0.68

µmolC6

µmolN
.
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Named ureal
p [ µmolP

gFW ·h ] and ureal
n [µmolN

gFW ·h ] the phosphorus and nitrogen rates of

uptake, respectively, the whole uptake (rum) and transport (rtm) costs are:

rum = ncu
real
n + pcu

real
p , (2.2.29)

rtm = r̄t(rms+ ηrg). (2.2.30)

2.2.9 Resource Allocation

Once the sucrose is loaded into the phloem, it can be devoted to the growth
of tissues being allocated among organs. In particular, testing the Münch
hypothesis, in [99] it is described the sucrose loading into the phloem and the
resulting osmotic pressure that drives water and sucrose from source tissues
(e.g., leaves) to sinks [24], where by sinks we intend all non-photosynthetically
active tissues, such as roots, shaded and/or young leaves, and other storage
organs [162]. The priority of each sink is defined by the osmotic pressure
between the source and the sink. This description is hard to apply when
the focus is on the nutrients from the soil. For example, according to results
in [163], root priority increases when nutrients decrease and vice versa. In
addition, authors in [164] stress that sink priority is affected by the most
limiting resource and authors in [165, 166] highlight how plants are able to
adapt their allocation strategies according to internal and external stimuli.
The most general definition of sink priority is reported in [167]:

Sink Priority = Sink Size × Sink Activity

By Sink Activity, it is meant the efficiency of an organ, even if a mathematical
formulation for it is missing and a new one is proposed later in section 2.7.

Instead of the usual definition of Sink Priority, in the model it is introduced
a feedback signal fr to model the priority of an organ as depending on the
resources internally available, organ size and the active controls the organ
is performing. In greater detail, fr is the portion of sucrose in the phloem
allocated to the roots, while 1 − fr is the portion of sucrose allocated to the
leaf biomass:

dfr
dt

= (1− fr)(anfn + (1− fn)ap)− fr(
nfn

n+ nmin
+
p(1− fn)

p+ pmin
+

smin

s+ smin
),

(2.2.31)

where fn = O
O+ n

p+ε
is a stoichiometric signal with respect to the optimal nutri-

ent ratio O = 10 [µmolN
µmolP

] estimated as done in [15]. The frequency parameter

fixed to 1
h

is omitted in the previous equation.
The functions an and ap are the uptake signals. They describe the strength
with which the plant is absorbing nutrients from the soil.
As result, the function fr balances the nutrients demand with respect to the
most limiting resource and describes the sucrose allocation between leaves and
roots.
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2.2.10 Growth

The growth dynamics of leaves and roots can be described with:

dbl
dt

= λsb(1− fr)ηrgbl − µlbl − δlb2
l , (2.2.32)

dbr
dt

= λsbfrηrgbl − µrbr − δrb2
r. (2.2.33)

λsb is a conversion parameter from sucrose to biomass. The growth, according
to the specific tissue priority (fr), will be proportional to the whole sucrose
exported by photosynthetically active leaf biomass. µl and µr [ 1

h
] are the

death rate of tissues. δl and δr [ 1
hgFW

] are the competitive rate due to the
overproduction of leaves and roots respectively. In particular, in the literature
it was not possible to find values for these parameters. For the simulations
these parameters have been fixed to the small value 5e−6, assuming that,
during the vegetative phase, they are negligible with respect to the growth
rate, since also the experimental data do not describe this limitation.

2.3 OVERVIEW

In figure 2.2 it is reported a logic representation of the model, the main equa-
tions (according to the notation in previous sections) and, for each process,
the reference section.
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Figure 2.2: Scheme of the model with references to each section.
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2.4 ENVIRONMENTAL CONTRIBUTIONS

The model cannot be realistic enough until the effects of toxicity or deficiency
levels of nutrients in soil are not investigated. For instance, authors in [168]
show that, in nutrient-poor soils, the secondary metabolism and the plant
defence overcome the growth stimulus. For this reason, it is important to
quantify nutrient excess or deficiency with respect to an optimal threshold.
For N-free medium the value of n̄s = 12µmolN

cm3 is used in [169], and this value
is adopted as the optimal threshold in our model for nitrogen. In [159], treat-
ments were defined in low P content up to 0.1µmolP

cm3 , while treatments in high P

content start from 0.2µmolP
cm3 . Hence, we fixed the optimal value for phosphorus

to p̄s = 0.15µmolP
cm3 . Therefore, named ns and ps the nitrogen and phosphorus

soil contents, the excess or deficiency will be measured with respect to the
distance from the defined optimal thresholds:

ñ =
ns
12
, (2.4.1)

p̃ =
ps

0.15
. (2.4.2)

The increased defence-signal can be simulated by limiting the conversion pa-
rameter λsb (and therefore increasing the difficulties to grow up). The in-
creased need for forage will lead to greater nutrient stocks. We can simulate
it increasing nmin and pmin. Both N and P are primary elements required
for plant growth and a negative feedback should be present to consider their
combined effect.
The function R− (defined in Eq (2.4.3)) is used to reduce λsb and it is symmet-
ric with respect to ñ and p̃; its maximum is found in (ñ, p̃) = (1, 1). Moreover,
it is null if both nitrogen and phosphorus are missing in soil ((ñ, p̃) = (0, 0)),
while all negative values are also reduced to 0.

g(ñ, p̃) = −1

2
(ñ2 + p̃2) + (ñ+ p̃), (2.4.3)

R−(ñ, p̃) = max(g(ñ, p̃), 0). (2.4.4)

Hence, in the model, one should replace λsb with

λ̄sb =

{
λsbR

−(ñ, p̃) min(ñ, p̃) < 1 (limiting soil)
λsb min(ñ, p̃) ≥ 1

(2.4.5)

The function R+ is instead used to increase nutrient demand and regulate
deficiency conditions in soil, and it is again symmetric and positive. It has
a point of minimum in R+(1, 1) = 1, and an arbitrary value was fixed for
R+(0, 0) = 139. Hence:

R+(ñ, p̃) = 69(ñ2 + p̃2)− 138(ñ+ p̃) + 139 (2.4.6)
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and, in the model, one should replace nmin and pmin with the following

n̄min = nminR+(ñ, p̃), (2.4.7)

p̄min = pminR+(ñ, p̃), (2.4.8)

where R+(ñ, p̃) is truncated to 1 if min(ñ, p̃) ≥ 1 (non-limiting soil).

Figure 2.3: Reduction functions.(A) Dynamics of R−(ñ, p̃). (B) Dynamics
of R+(ñ, p̃).

Toxicity levels of nutrients will induce negative feedback in the plant in-
ternal processes. For instance, an excess of some forms of nitrogen can change
the soil pH, making phosphorus more available [170]. Other forms of nitro-
gen can modify the C:N soil stoichiometry and stimulate a greater demand
of other micro-nutrients (with possible negative effects) [170]. Moreover, the
high nitrogen content in plants can increase the secondary metabolism in-
stead of growth [168]. Other examples relate to the phosphorus. According
to evidence in [170], a high phosphorus content in soil can promote a luxury
uptake of P. The plant absorbs more P than it needs, modifying the P:Fe and
P:Zn stoichiometric ratios in the plant. The consequences are the same as a
deficiency in Fe and Zn.
As case study, we wanted to include in our model the plant behaviour in
case of luxury levels of P. To this aim, we should insert new equations for Fe
and Zn dynamics and, consequently, more parameters to estimate the opti-
mal stoichiometric ratio. However, these data are not easily available in the
literature. Hence, we introduced a function in the model that simulates Fe
deficiency when P content overcomes an optimal threshold. Iron is funda-
mental in many metabolic pathways and photosynthetic organs. In fact, in
[171] it is shown that Fe deficiency affects the development of chlorophyll,
limiting the rate of photosynthesis. In the paper, the authors conduct some
experiments pointing out the strength of this inhibition. It can induce up to
a 50% decrement in chlorophyll accumulation. Moreover, in [171], it is argued
that it is not possible to induce a greater decrement. Hence, if ps ≥ 1, the
maximum photosynthesis is reduced depending on the amount of phosphorus
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excess, according to the following:

pmax
h =

12.7

2
(1 + e1−ps). (2.4.9)

If there is no excess, the photosynthesis does not experience any limitation
(pmax
h = 12.7). The more excess, the more reduction will occur until reaching

50%.

2.5 ACCURACY OF PARAMETER ESTI-

MATION AND VALIDATION

In this section, it is detailed the numerical simulation of the model and it
is described the experimental set-up used to estimate the model parameters
not collected by the literature. Furthermore, the tests used to validate the
model are presented. It is worthy to note that to validate the model are used
independent papers collected by the literature and different with respect to
the paper used to estimate the model parameters.

2.5.1 Numerical Simulations

The differential equations are integrated using the numerical solver ODE45
of Matlab. The initial conditions, unless otherwise specified, are specified as
follows. The starch and sucrose initial contents are equal to the minimum
thresholds. The initial nitrogen and phosphorus contents are arbitrarily fixed
to satisfy the stoichiometric ratio and above the minimum storage thresholds.
The leaf and root initial biomass or their ratio are estimated from experimental
results. All control signals (starch partition, uptake strength and root priority)
can vary between 0 and 1 and the initial value for all of them is 0.5 to start
from an equilibrium.

2.5.2 Parameter Estimation

The model accounts for a total of 33 parameters. Values for most of them
are obtained by the literature, 6 are fixed arbitrarily small to not affect the
dynamics because their effect is not described in the experimental data used
for the validation. Only 10 parameters are estimated by fitting the biological
results reported in [138]. In that work, the authors grew Arabidopsis under
5 different photoperiods (4h, 6h, 8h, 12h, 18h of light) for 29 days, assuming
non-limiting medium growth. From their results we obtained five fixed values
and 3 parameters dependent on the photoperiod, being the plant development
affected by the thermal time [172]. To verify the correctness of the fitting, we
compared the dynamics of sucrose and starch content during the day and
the above-ground rate of growth after 29 days. For the estimation of the
parameters, only data from [138] have been used, while all the tests in section
2.4 of the main article are performed from independent datasets.
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2.5.3 Accuracy of the fitting

Figure 2.4: Sucrose and starch evolution in plant growing with short
photo-periods. In red, data from [138]. In green, values from simulations.
Blue and red dots indicate the dawn and the dusk, respectively. Starch (from
A to C) and sucrose (from D to F) dynamics for 4h day length (in A and D),
6h day length (in B and E), 8h day length (in C and F).

To validate the correctness of the model the values of averaged starch and
sucrose content from [138] are collected. The starch dynamics simulated by
the model follows the starch content values of [138] for most of the time (fig-
ures 2.4A-C and figure 2.4A-B). The behaviour of the sucrose from numerical
simulations can be considered in agreement on average with the biological
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Figure 2.5: Sucrose and starch evolution in plant growing with long
photo-period. In red, data from [138]. In green, values from simulations.
Blue and red dots indicate the dawn and the dusk, respectively. Starch (in A
and B) and sucrose (in C and D) dynamics for 12h day length (in A and C),
8h day length (in B and D).

Figure 2.6: Behaviour inaccuracies. In red, data from [138]. In green,
values from simulations. Blue and red dots indicate the dawn and the dusk,
respectively.(A) Detail of sucrose content for 18h day length. (B) Detail of
sucrose content for 8h day length.
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data, even though less match is found between the peaks at dawn and dusk.
The oscillations in sucrose content are smoothed in the model. For instance,
from the 4h photoperiod (figure 2.4D), one can observe a single higher peak
in sucrose dynamics during night obtained from the model instead of two as
for the biological data. A smoother behaviour is more evident in 18h of light
(figure 2.5D); a closer view on the oscillations for this photoperiod is reported
in figure 2.6A. Another defect concerns the delay in the numerical results with
respect to the experimental data. For instance, in the highest peak in the 18h
photoperiods, the delay is approximately of 6h (figure 2.6A), while in the 8h
photoperiods (figure 2.6B), there is a delay of 4h.

Such a delay can be due to the starch degradation equation, whose formu-
lation requires further investigations. In fact, both the delay and the smoother
dynamic effects could imply an on/off mechanism with respect to some thresh-
olds, that should first be investigated from biological experimentation. Finally,
from data in [138], it has been possible to compare the Relative Growth Rate
(RGR) of the above-ground leaf biomass computed as in [173]:

RGR(t) =
ln(gFW (t))− ln(gFW (t0))

t− t0
, (2.5.1)

where t0 is the initial starting time. In [138], the RGR of a fresh biomass of
leaves is measured at the end of the night after 29 days. The results of the
comparison are summarised in Table 2.1, with a total absolute error of 3.6283
10−4.

Table 2.1: The mean values of RGR.
Source 4h 6h 8h 12h 18h
[138] 0.068 0.1135 0.1708 0.26 0.3065
model 0.0683 0.1135 0.1708 0.2599 0.3063

2.5.4 Validation

The model has been qualitatively and quantitatively validated through mul-
tiple investigations whose numerical results were compared with biological
results obtained from independent laboratories; taking care of using disjoint
data sets for defining and validating the model. Five different investigations
have been carried out. Specifically, 1) how the model simulates the adapta-
tion of sucrose production to changes in day lengths, 2) the starch partition
dynamics, 3) the research of an optimal stoichiometric ratio, 4) the uptake
feedback in different soils assuming fixed Michaelis-Menten parameters, and
5) the biomass and root priority dynamics in limiting or toxic soils.
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Effects of Abrupt Day-length Change

This test aims to verify the dynamics of the sucrose when the day-length
changes, while the soil remains non-limiting. Results of [148] are used for
validation. In [148], the sucrose content in the sink is measured when the day
length changes from 8h to 16h and vice versa. The model is simulated for
1 day in 8h of light. From the 2nd day, the light is 16h long. The opposite
is simulated too and the sucrose dynamics is compared with the behaviour
observed in [148]. Since the model does not distinguish between sucrose in
sinks or sources, the results of this test are qualitative.

Study on the Starch Partition Dynamics

This test aims to investigate the value of the starch partition coefficient, ex-
pressed by γ, in non-limiting soils and different photoperiods. It is well known
that the length of the day affects γ [148, 118]: if the day-length is longer, then
the starch decreases. This relation makes also the coefficient γ lower. For
example, with a photoperiod of 12h of light, in [174] it was obtained approx-
imately 50% of starch accumulation. Recently, authors in [175] have verified
changes in starch accumulation depending on the photoperiod length and light
intensity: the higher the light intensity, the less the starch that is stored.

To compare these data, the model is simulated for 10 days of growth, in
order to avoid dependence on the initial data. The average is compared with
the range of values extrapolated from the previous papers [148, 174, 175].

Search for the Optimal Stoichiometric Ratio

This test aims to study the velocity of the plant in restoring the optimal
stoichiometric ratio. A plant keeps the ratio between nutrients almost constant
and adapts its growth strategy to recover fast the optimal ratio as soon as it
is not satisfied [15]. It is fixed a day of 12h of light, no-limiting soil conditions
and the same initial value as in section 2.5.1, except for the initial nitrogen and
phosphorus values, which are in here chosen to study three different conditions:
the case in which their ratio is very low (N:P= 0.5), very high (N:P= 30) or
equal to the optimal one (N:P= 10) [15]. The model was run to simulate 15
days for the first case and 30 days for the others. A longer period for the
optimal and high nutrients ratio has been selected since they require more
time to reach periodic stationary dynamics.

In addition, in [176], it is pointed out that the optimal stoichiometric ratio
is species-specific and affected by limiting nutrients, suggesting that different
nutrient content into the soil affects the optimal value of N:P ratio that the
plant tries to preserve. Therefore, it has been simulated a plant that is growing
in 12h of light for 30 days, starting from settings as described in section 2.5.1
but varying the nutrient soil contents.
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Study on the Uptake Dynamics

This test aims to check the uptake dynamics in poor and rich soils. In [156],
it is studied the dependence of the Michaelis-Menten parameters (the maxi-
mal uptake rate Imax

p and the concentration with half of the maximal rate of
absorption kp) on soil phosphorus content. Different ecotypes of Arabidopsis
are grown, for 7 days with 16h of light, in soils with low and high phosphorus
contents. In the 8th day, Imax

p and kp are measured for each ecotype. Their av-
erages (Īmax

p and k̄p) are used to estimate the hourly uptake U1 of phosphorus,
as follows:

U1 = Īmax
p

ps
ps + k̄p

.

To perform this test, it is fixed Imax
p and kp as explained in Section 2.2.7. The

soil phosphorus content is varied according to the values in [156], while the
nitrogen into the soil is non-limiting. Simulations are run in 16h of light for 7
days. After 7 days of growth, the mean uptake in one hour U2 is measured.

Study on Plant Growth in Extreme Soil Conditions

This test aims to analyse the dependence of the growth on limiting or toxic
soils. In [177], two experiments on Arabidopsis are reported. Plants grow in
16h of light for 19 days under two different P treatments. The first treatment
consists of a limited P medium (pLs = 0.006µmolP

cm3 ), and the second consists

of a saturated P medium (pHs = 1µmolP
cm3 ). The authors measured the total

dry biomass (DW) and the root:shoot ratio every 4 days. Using data from
the 7th day as the initial condition for the model, the dry biomass and root
fraction at the 11th, 15th and 19th days has been compared. Since the model
is characterised on fresh biomass (FW), from [138] it has been estimated the
relation DW = 0.08FW .

2.6 RESULTS OF VALIDATION

2.6.1 Effects of Abrupt Day-length Change

The dynamics of sucrose content in the sink, when there is a change in day-
length, has been evaluated. According to results obtained from biological
experimentation (figure 2.7A-B), the results from the model here proposed
(figure 2.7C-D) show an intermediate adaptive behavior to the change in pho-
toperiod.

2.6.2 Study on the Starch Partition Dynamics

Table 2.2 compares the values of the starch partition coefficient γ collected
from the literature with the average values arising from the model. The range
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Figure 2.7: Sucrose adaptation to photoperiod change. (A)-(B) Dy-
namic of sucrose content in sinks in Arabidopsis from [148] when passing from
8h to 16h of light (A) and vice-versa (B). The black line refers to wild-type
plants. The red and blue lines refer to different genetic types of Arabidop-
sis (that we are not considering here) and the dark period is shown in grey.
(C)-(D) Dynamic of sucrose from the model when passing from 8h to 16h
of light (C) and vice-versa (D). The black arrows indicate the change in the
photoperiod.

.

Table 2.2: Values of γ at different photoperiods
6h 8h 9h 10h 11h 12h

[148, 174, 175] [0.5; 0.69] 0.68 0.64 0.6 0.6 [0.36, 0.6]
model 0.6877 0.6525 0.6285 0.6082 0.5887 0.5709

of values estimated from the literature can be very large (case of 6h and 12h),
but the introduction of a dependence on light intensity in the model can help
to restrict this range.

2.6.3 Search for the Optimal Stoichiometric Ratio

Figure 2.8 shows how fast the plant, starting from non-optimal nutrient ratios,
adapts its growing strategy in such a way as to recover and to keep almost
constant the best stoichiometric ratio. This ability is called stoichiometric
homeostasis, as well summarised by Peng et al. in their paper [178]:
Stoichiometric homeostasis is the ability of plants remaining their element
composition relatively stable regardless of changes in nutrient availability, via
various physiological mechanisms.

Figure 2.9 shows that the optimal stoichiometric ratio is affected by soil
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Figure 2.8: Evolution of N:P from different initial conditions. (A)
very low initial condition (N:P= 0.5); (B) Optimal initial condition for the
N:P ratio; (C) High initial condition (N:P= 30).

nutrient contents: in very limited soils, the ratio is higher. Let us note that
it is possible to get wider ranges of N : P ratio if the initial conditions for
the plant are in agreement with the soil conditions (for example assuming
lower initial resources into the plant when the soil is limiting or higher initial
conditions for richer soils).

Figure 2.9: Dependence of N:P on the soil conditions. The colour
bar expresses the N:P ratio. The condition with nitrogen equal to 12 and a
phosphorous of about 0.2 correspond to a stoichiometric ratio of about 10 (the
optimal value).

2.6.4 Study on the Uptake Dynamics

Table 2.3 compares the hourly uptake (U1 from [156] and U2 from the model)
of phosphorus in rich and poor soils. Let us remark that the model can well
simulate the hourly uptake measured in [156], even if the Michaelis-Menten
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Table 2.3: Hourly uptake of P in poor and rich soils.
Source ps = 0.0025µmolP

cm3 ps = 0.5µmolP
cm3

U1 0.108 0.142
U2 0.1075 0.185
Relative error (%) 0.46 30.3

parameters are fixed and the internal feedback drives the uptake. Let us note
that the errors are affected by the fact that we could only guess the initial
condition for the biomass and the nutrient content in the plant. For example,
as showed in the code, by slightly modifying the initial biomass it is possible
to get, for the case of the rich soil, U2 = 0.147, reducing the error to 3.52%.

2.6.5 Study on Plant Growth in Extreme Soil Condi-
tions

Table 2.4 compares data from [177] with the results from the model. On

Table 2.4: Total biomass and root:shoot biomass ratio.
Source Parameter Treatment 11th day 15th day 19th day
[177] Root fraction (%) pHs 22.2 23.1 24.7
Model Root fraction (%) pHs 23 24.46 25.24

Error 0.8 1.36 0.54
[177] Root fraction (%) pLs 49.4 50 54.6
Model Root fraction (%) pLs 45.36 51.53 54.9

Error 4.04 1.53 0.3
[177] total biomass (gDW ) pHs 0.01675 0.0398 0.057
Model total biomass (gDW ) pHs 0.016 0.0392 0.0938

Error 0.00075 0.0006 0.0368
[177] total biomass (gDW ) pLs 0.00287 0.00425 0.004875
Model total biomass (gDW ) pLs 0.0024 0.004 0.0064

Error 0.00047 0.00025 0.0015

the whole, our model can predict the total biomass and the root:shoot ratio
with very small errors with respect to the biological data. Such divergences,
especially concerning the total biomass in the rich soil, could be induced by the
approximation adopted for converting FW to DW. In fact, the water content
could vary along the plant lifespan, affecting the relationship between dry and
fresh weight. The evolution in time of the biomass and the root:shoot biomass
ratio obtained from our numerical simulations are also reported in figure 2.10.
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Figure 2.10: Evolution in time of the biomass and the root:shoot
biomass ratio. In blue, simulations for the saturated P soil, while in red,
simulations for the limiting P soil. Dots indicate days used for the validation.
(A) Root percentage. (B) Biomass dynamics.

2.7 PLANT EFFICIENCY

By efficiency, or performance, we mean the ability to acquire resources and
survive in the presence of competition or stressful environments [4], and in
first approximation, it can be defined as:

efficiency =
output

input

The output could be represented by the yield in crops or the total biomass
in herbaceous plants [179, 8, 4]. While, the input is the resource of interest:
nitrogen [180], phosphorus [181] or water [182]. Sometimes, looking at the
photosynthetic products as output and the light as input, the efficiency of the
photosynthesis is investigated. Nevertheless, these approaches do not provide
a complete representation of plant efficiency; in fact, as pointed out in [8], the
environment, the other internal plant processes, the storage structure and the
other nutrients interact and affect the whole efficiency. In this chapter, a novel
definition of efficiency E is proposed. It measures, at the end of a period, the
gain in biomass and the level of resources stored with respect the nutrient soil
conditions.

E = eRGR

[(
1−

(
n− n∗

n+ n∗

)2
)

+

(
1−

(
p− p∗

p+ p∗

)2
)

+

(
1−

(
s− smin

s+ smin

)2
)]

,

(2.7.1)

being

n∗ =
nmin − 2un

2
,

p∗ =
pmin − 2up

2
.
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RGR is the relative growth rate (as defined in Eq 2.5.1), n, p are the nitrogen
and phosphorus contents, nmin, pmin, and smin are the minimum nitrogen,
phosphorus and sucrose thresholds, as explained in the previous sections, and
un, up are the maximum uptake rates, multiplied for a conversion factor.
The exponential in Eq 2.7.1 measures the gain in the biomass and the time
spent to reach it. Indeed, by the definition of the relative growth rate RGR,
it results

eRGR =

(
gFW (t)

gFW (t0)

) 1
t−t0

.

The remaining terms measure both the sucrose, nitrogen and phosphorus
stored. A plant will be efficient if it is able to grow fully exploiting resources
into the soil and, at the same time, storing all nutrients needed to sustain the
metabolism, still avoiding to waste them for over-filled stocks.

Coefficients in equation (2.7.1) can be changed to set a different weight for
each term and, consequently, to modify the priority of each resource during
the growth. Since both the deficiency and the excess of a nutrient into the soil
have negative effects on the usual formulation of nutrient use efficiency [183],
it is firstly verified if the behaviour of E agrees with the expected parabolic-
like shape (figure 2.11A). Figure 2.11B plots the dynamics of E when the soil

Figure 2.11: Nutrient use efficiency in different soils. (A) Conceptual
behaviour of the nutrient use efficiency in plants at different levels of nutri-
ent content in soil (figure adapted from [183]). (B) Values of E at different
nutrient soil contents (12h of light for 30 days). On the x axis, the prod-
uct nitrogen soil content

optimal nitrogen soil content
phosphorus soil content

optimal phosphorus soil content
with respect to the optimal

one (black dashed line). In red, blue and green the cases in which respectively
only nitrogen content, phosphorus content and both of them are changing into
the soil.

passes from low to high nutrient contents. Let us recall that, as reported
in the section 2.4, the toxic effect of nitrogen excess on the uptake is not
modelled (due to insufficient data from the literature), while it is considered
the phosphorus toxic case. This explains why efficiency is not affected at high
levels of nitrogen contents (red line in figure 2.11B).
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In figure 2.12, the level of soil nutrients is optimal and the dynamics of E is
investigated when the starch accumulation (green line), the sucrose allocation
(blue line) or the nitrogen affinity (magenta line) are kept constants or forced
to change periodically but without satisfying the model (dotted red lines).
The soil conditions are optimal, the day is 12h long and the simulations are
run for 10 days. From now on, the label Ē represents the efficiency measured
once initial conditions are fixed. The label E represents the efficiency obtained
when the previous internal signals are modified as described above. Ē is the

Figure 2.12: Efficiency of the plant in optimal soil conditions. In black,
the efficiency Ē . In green, blue and magenta, the dynamics of E when the
starch accumulation, the sucrose allocated to roots and the nitrogen affinity
signals are kept constant. In dotted red lines, two examples of E when the
previous signals are periodic but do not satisfy the model.

greatest value reached in that soil conditions. As expected, it means that
the dynamics described by the model converged into the best growth strategy
having maximal efficiency. The key signals described by the model aim to
maximise the biomass, to minimise the stores of different nutrients, and to
satisfy the metabolic needs, all at the same time. It is worth noting that
E is computed using values of quantities easily measurable at the end of an
entire growth period, disregarding, for instance, the daily costs of nutrients
consumption, the costs of starvation or of sucrose overproduction, even though
they are important indicators of the plant’s ability to grow up (as reviewed
in [184]). The choice of disregarding these costs in the definition of E is
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dictated by the desire to propose a parameter that is simple to be measured
and validated, but still able to consider all plant key signals (final biomass,
final nitrogen content, final phosphorous content, and sucrose level).

To further investigate the role of instantaneous costs, the total cost due to
the resources consumption and the starvation during the growth is defined as:

C =

∫ tf

0

Cs
smin

+
Cn
nmin

+
Cp
pmin

+ ρsdt,

ρs =

{
1 s < smin

0 s ≥ smin
.

tf is the final time of simulations (tf = 960h, corresponding to 40 days).
Cs, Cn and Cp are the sucrose, nitrogen and phosphorus costs as described
in the previous sections. ρs is a function that counts how long the sucrose
remains under the starvation threshold during the growth. Let C̄, C be the
total costs computed while measuring Ē and E , respectively. The comparison
between Ē and E (computed forcing γ, fr or an to be constant. The constant
values are reported in the appendix C) is repeated varying the soil conditions
from limiting to toxic soils. The results are reported in tables from C.2 to
C.4 in the appendix C. The main observation is that, for some values, Ē <
E . It means that it could be possible to obtain greater biomass or further
reduce the resources stored, still sustaining the metabolism. Nevertheless,
when Ē < E , then C̄ < C. Therefore, it is possible to obtain greater efficiencies,
but the consumption of resources during the growth is greater. Only in one
case it is verified Ē < E and C̄ < C, but it could be due to the arbitrarily
choice of coefficients in the formulation of equation (2.7.1). It means that
the value Ē can be thought as a maximal boundary in the growing strategy:
it is not possible to obtain higher efficiency without further increasing the
instantaneous cost of resources consumption (with disadvantages as reviewed
in [184]).

This result validates the idea that plants adapt their growing strategies
aiming to reach this efficient threshold. Even if it is a reasonable conclusion, E ,
as the first definition of efficiency able to take into account all the key processes
during the growth, represents the first strong validation of this hypothesis.

2.7.1 Root and Leaf Competition

We investigated the dynamics and relationships between biomass production
and plant efficiency. As commonly accepted, a plant behaving optimally
should produce biomass, in roots or shoots, until there is a net benefit. When
the above-ground biomass increases, external and upper leaves shade internal
and lower leaves, reducing the light intercepted and negatively affecting the
photosynthesis. It is what we refer to as leaf competition. On the other hand,
if too many roots are produced in an environment with limited nutrients, the
new roots will steal the nutrients from the others and the uptake is negatively
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Figure 2.13: Leaf and root biomass. Solid lines are the leaf (in green) and
the root (in red) biomass produced in optimal soil conditions at 12h of light.
Dotted lines are the leaf (in green) and the root (in red) biomass produced in
the same conditions but keeping constant at γ = 0.4 the starch accumulation.

affected. It is what we call root competition. In nature, the plant prevents the
biomass overproduction by self-limiting growth [185].
Such behavior is also observable from the model simulations. Figure 2.13
shows a comparison between the condition in which the root and leaf biomasses
are computed naturally by the model (solid lines) and the condition in which
the model is computed forcing the starch accumulation to be constant at 0.4
(dotted lines). In both conditions, 30 days are simulated and the nutrient con-
tent into the soil and the photoperiod were non-limiting (nitrogen at 12µmolN

cm3 ,

phosphorus at 0.15µmolP
cm3 , and 12h light). When the model is solved with the

first condition, the total biomass reached is 0.0023gFW , with an efficiency of
Ē = 3.0065. Solving the model with the second condition (where the starch
accumulation is constant), higher total biomass can be reached (0.0035gFW )
but the efficiency of the plant is lower E = 2.9686. It means that the internal
network of signals of the model is autonomously able to limit the growth to
avoid overproduction and the increased resource consumption (plant physio-
logical plasticity).
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2.8 STABILITY ANALYSIS

In this section, we will investigate the mathematical properties of the ODE sys-
tem presented in this chapter. The existence and the uniqueness of Charatheodory
solutions will be addressed. Secondly, the main results of the Floquet theory
are recalled and applied to study the stability properties of periodic orbits.

Existence and Uniqueness of Solutions

The model described in the previous sections can be summarised as the fol-
lowing periodic nonlinear non-autonomous non-smooth time-switched system:

ẋ(t) = f(t, x(t)) =

{
f1(t, x) t ∈ [t0,∆)

f2(t−∆, x) t ∈ [∆, T )
, (2.8.1)

x(t0) = x0, (2.8.2)

where ∆ is the switching time, T is the period and K ∈ Z. f is a switched
vector field from R × R10

+ → R10
+ . According to the notations in previous

sections,
x = [x1, . . . , x10] = [a, s, γ, n, p, an, ap, fr, bl, br].

It is easy to verify that f(t, x) is bounded, continuous with respect to x for
any t ∈ [t0, T ], measurable with respect to t for any x fixed and Lipschitz
with respect to x. Therefore, by applying the classic theory [186, 187], the
following result holds.

Proposition 2.8.1. Let R̃ = {(t, x) ∈ [t0,+∞)×R10
+ : t0 ≤ t ≤ t0 + a1, ||x−

x0|| ≤ a2, a1, a2 ∈ R+}. Then, for the Cauchy problem (2.8.1) with initial
conditions (2.8.2), there exists a unique Caratheodory solution x(t) for all
t > t0.

Periodic orbit

Being the system nonautonomous, it is interesting to study the existence of
periodic solutions, namely trajectories x(t) such that x(t) = x(t+T ∗) for some
T ∗ ∈ R. Let us label Ψ the image, or orbit, of the periodic trajectory. The
system switches at time ∆ from f1 to f2 and at time T to come back at f1.
Thus, it is reasonable to investigate periodic solutions such that T ∗ = T . Let

x0 = [a0, s0, γ0, n0, p0, an,0, ap,0, fr,0, bl,0, br,0]

be a given initial condition. Firstly, there exist infinite periodic orbits

xp(t) = [ap, sp, γp, np, pp, apn, a
p
p, f

p
r , b

p
l , b

p
r]
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such that
dxpi (t)

dt
= 0 for all i 6= 3 and

xp3(t) = γp(t) = γp(t+ T ) = xp3(t+ T ).

In particular, np = n0, pp = p0, bpl = 0, bpr = 0, sp = 0, ap = a∗ where
a∗ = amin if a0 > amin (otherwise a∗ = a0, being amin as defined in Section
2.2.4). apn = a∗n, app = a∗p and fpr = f ∗r are constants whose values depend on n0

and p0. Finally, γp can be computed analytically as dependent on parameters
λsdr and λsni (see Appendix A for their meaning):

γp(t) =

{
γ0e
−λsdr(t) t ∈ [t0,∆)

1 + (γ0e
−λsdr∆ − 1)e−λsni(t−∆) t ∈ [∆, T )

, (2.8.3)

γ(0) = γ0 =
e−λsni(T−∆) − 1

e−∆λsdr−λsni(T−∆) − 1
. (2.8.4)

More than the infinite periodic orbits like

xp(t) = [a∗, 0, γp(t), n0, p0, a
∗
n, a

∗
p, f

∗
r 0, 0],

only one non-trivial periodic orbit yp(t) has been found, given an initial condi-
tion x0 and simulating the model for n = 800 days. For example, let us assume
non-limiting soil conditions and a day of 12h of light. Fix [t0, T ] = [0, 24].
Then ∆ = 12. Assume

x0 = [0.15, 1.3, 0.5, 300, 30, 0.5, 0.5, 0.5, 3e−6, 1e−6].

Running simulations for n = 800 days, it results an error in the detection of
the periodic orbit of |yp(t0)− yp(T )| = 1.4476e− 14, where the starting point
of the periodic orbit is

yp(0) = [6.1745, 1.5801, 0.6174, 82.2705, 8.1157, 0.2365,

0.4549, 0.2726, 0.1185, 0.0787].

Monodromy matrix and Floquet theory

Once a periodic trajectory is detected, its stability can be studied. Here, the
orbital stability is defined as follows

Definition 2.8.2. A periodic solution x(t) with orbit Ψ is orbitally stable if,
given ε > 0 there exists δ > 0 such that infz∈Ψ ||f(t, x)− z|| < ε for all t > 0
and all x such that infz∈Ψ ||x−z|| < δ. It is orbitally asymptotically stable if it
is orbitally stable and (by choosing δ smaller enough) infz∈Ψ ||f(t, x)−z|| → 0
as t→ +∞.

As usual, a periodic solution is (orbitally) unstable if it fails to be stable
by this definition. The following definition will be useful too (B represents the
unit ball in R10

+ ).
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Definition 2.8.3. A set S ⊆ R10
+ is called locally stable if and only if there

exists ε > 0 such that, for all x0 ∈ S + εB

inf
y∈S
||x(t)− y|| → 0, for t→ +∞,

being x(t) a solution of the system (2.8.1) with initial condition x0.

In the case of nonlinear systems, like the model presented in this chapter,
we can study local stability of periodic solutions by linearising the dynamics
(2.8.1) in a neighborhood of a periodic trajectory x(t) and getting the following
linear system with periodic coefficients

ẋ = A(t)x =

{
A1(t) t ∈ [t0,∆)

A2(t−∆) t ∈ [∆, T )
, (2.8.5)

where

A1(t) =
∂f1

∂x
∣∣xp(t)

(t),

A2(t) =
∂f2

∂x
∣∣xp(t)

(t),

and A1(∆) 6= A2(∆). To simplify the study without affecting the system, we
will replace A(t) = A3(t) for all t ∈ [∆ − τ,∆ + τ ] where A3(t) is a linear
transformation such that A3(∆ − τ) = A1(∆ − τ), A3(∆ + τ) = A2(∆ + τ)
and τ small enough.

The Floquet theory is useful to study the linear stability of periodic nonau-
tonomous differential equations [188]. The Foquet theory aims to find a coor-
dinate change that transforms the periodic system

ẋ(t) = A(t)x (2.8.6)

x(t0) = x0, A(t) = A(t+ T ) for some T > t0, A continuous (2.8.7)

to a linear system with constant, real coefficients [189]. The main object of
FLoquet theory is the state transition matrix Φ(t, t0), a matrix such that

x(t) = Φ(t, t0)x0, ∀ t ≥ t0.

Since the dynamics (2.8.6) has a unique solution, also Φ(t, t0) is uniquely
determined. In particular, Φ(t, t0) is called principal fundamental matrix of
(2.8.6), since the following matrix differential equation is satisfied

Φ̇(t, t0) = A(t)Φ(t, t0), Φ(t0, t0) = I, (2.8.8)

being I the identity matrix. The Floquet’s theorem claims that Φ(t+ T, t0 +
T ) = Φ(t, t0). The matrix M = Φ(t+T, t) is known as the Monodromy matrix.
The eigenvalues of a monodromy matrix are called the characteristic multipli-
ers. As reported in [189], it can be proved that characteristic multipliers are
time independent. This observation makes the study on characteristic multi-
pliers crucial to study the stability properties of the linear system (2.8.6). In
particular, the following result holds (see for example [190]).
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Theorem 2.8.4. The origin is uniformly stable for the linearised system
(2.8.6) if and only if the characteristic multipliers are in the unitary disk
and the multipliers on the boundary of the disk have multiplicity 1. As a
consequence, the periodic trajectory is locally orbitally asymptotically stable.

2.8.1 Computational results

Let us fix [t0, T ] = [0, 24], ∆ = 12 and optimal soil conditions. The Mon-
odromy matrix is computed by approximating the Jacobian by finite differ-
ences and solving the differential equation (2.8.8) through the classic Runge-
Kutta method of 4th order. In the case of a trivial periodic orbit

xp(t) = [a∗, 0, γp(t), n0, p0, a
∗
n, a

∗
p, f

∗
r , 0, 0],

one can choose, without loss of generality, an,0 = 1, ap,0 = 1, fr,0 = 0.5 and
γ0 as in (2.8.4). The Floquet multipliers are

ρ = [1; 2.7496e−11; 0.0437; 1; 2.7496e−11; 1; 1; 2.7496e−11; 0.9417; 0.9417].

Since there is more than one multiplier on the boundary of the unit disc, the
Floquet theory cannot be used to address the stability of xp(t).

Remark.The set

S = {xp(t)| xp trivial periodic solution}

is a locally stable set. Indeed, choosing

ε < min{µl
η
,
r̄ms(0)bmin

l

pmax
h

},

it holds that

|s0 − sp0| = s(0) < ε ≤ µl
η
,

|bl,0 − bpl,0| = bl,0 < ε ≤ r̄ms(0)bmin
l

pmax
h

.

Therefore, s(t), bl(t) → 0 and x(t) will tend to a periodic orbit zpε ∈ S whose
components depend on x0.

In the case of the non-trivially periodic orbit yp(t), with starting point

yp(0) = [6.1745, 1.5801, 0.6174, 82.2705, 8.1157, 0.2365,

0.4549, 0.2726, 0.1185, 0.0787],

the Floquet multipliers are

[1, 0.8791 + 0.0889i, 0.8791− 0.0889i, 0.6057, 0.1520

0.0726, 0, 0, 0, 0].

One multiplier is 1, as expected for the periodic orbits. The remaining ones
are in the open unit disk. Therefore, yp(t) is locally orbitally asymptotically
stable (see figure 2.14).
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Figure 2.14: Example of locally orbitally stable periodic solution. Four
different initial conditions are chosen and only three variables are showed. The
orbit is reported in green.

2.9 DISCUSSION

The model presented in this chapter attempts to describe, even though with
some simplifications, the whole plant system with a detailed overview of the
key signals driving the growth. By signals, it is meant the products (e.g.,
starch, sucrose, nutrients) of key internal processes (e.g., photosynthesis, nu-
trients uptake, resource accumulation and consumption) that are activated as
a growth strategy by the plants in response to external stimuli and internal
conditions. The model is able to predict the dynamics of these internal signals
which have been confirmed by biological data (see section 2.6). To test the
robustness of the model, the biomass, sucrose dynamics, photosynthesis par-
titioning rate, uptake strength, and sink priorities are compared with a large
data-set of biological data collected from the literature. All validation tests
showed high accuracy in the results and very small errors (e.g., we obtained
3.52% as the maximum relative error in nutrient uptake comparisons (section
2.6.4) and 4.04% as a difference in estimating resources allocation in limiting
soils (table 2.4)).

The model can be used to better define biological concepts and processes.
It can become a powerful tool for the study and validation of biological hy-
pothesis (which also might consider the introduction of additional dynamics,
e.g., light, temperature, starch degradation, respiration or exudation), and it
can describe and explain complex behaviours, thus helping to find the signals
driving the plant plasticity.
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The main result presented, is a novel definition for the plant efficiency (see
section 2.7). In the literature, some equations compute the efficiency of the
plant as the total biomass achieved given the amount of a nutrient into the
soil. These formulations are used in agriculture to estimate the forage to seed
to ensure a desired crop yield. Nevertheless, they do not consider many factors
that affect the wellness of the plant, with possibly negative consequences both
for plants and soils [8].

The novelty of the proposed definition is that it arises from a global view of
the plant, taking into account the main external and internal factors affecting
the growth. The formulation of this chapter has been thought to be easy to
compute and, therefore, it is based on measurable quantities that could be
gathered at the end of the growth period. Indeed, it measures the biomass
and the resources stored with respect to the soil conditions. In addition, the
formulation aims to describe the ability of the plant to exploit soil nutrients
to grow up, to store resources to sustain the metabolism and to avoid to
waste resources due to overfilled stocks. This novel definition of efficiency
includes and extends the previous definitions (figure 2.11) and could be used
both for agricultural and ecological issues. In agriculture, it can be used
to better estimate the foraging, for example considering, at the same time,
the consequences on the yield of the light, the nitrogen and the phosphorus.
In ecological studies, the model can help to investigate how the efficiency
of the growth is modified in limiting environments, analysing how to prevent
damages to the plant. Finally, one could couple the model with genetic studies
and compare different growing strategies modifying the internal signals (see
section 2.7).

This novel definition of efficiency validates the idea that plants adapt their
growing strategies aiming to reach an equilibrium among biomass and re-
sources stored. Even if it is a reasonable conclusion, the proposed formula-
tion is the first definition of efficiency able to take into account all the key
processes during the growth and represents the first strong validation of this
hypothesis. In addition, the novel definition of efficiency arises from biological
assumptions linked in a mathematical model that has been strongly validated
with the existing literature. It allows both biologists and mathematicians to
further investigate the internal signals highlighted in the model and how they
interact and affect the plant plasticity.
The model can now be extended and generalised in order to include additional
dynamics.

Firstly, in the current model, it has neglected the water distribution which
can be introduced in two manners: explicitly, coupling the model with a
Richards’ equation for the flow of water outside and inside the plant [29, 122];
implicitly, describing the effects of water into the soil on the accessibility to
nutrients.

Secondly, it has assumed a homogeneous and non-limiting distribution of
CO2, humidity and temperature. All the three parameters affect the pho-
tosynthetic rate [191, 192], and their effects can be taken into account by
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replacing the constant maximum photosynthetic rate of our model with spe-
cific functions [111, 112].

Thirdly, two nutrients (nitrogen and phosphorus) useful for plant growth
are investigated. However, equations analogues to those of nitrogen and phos-
phorus can be adopted to include all other nutrients, with very few changes
according to specific dynamics.

Moreover, due to the scarcity of data from the literature, the effects of tis-
sues death and overproduction are not explicitly modelled. Nerveless, natural
stop in biomass production in those conditions where intra-plant competition
was emerging is observed.

Finally, the current model did not consider the spatial distribution of roots
and leaves. The generalisation requires the introduction of partial differential
equations to model the movement of each root or leaf as independent organs
interacting with each other and it will be the topic of future works.

Nevertheless, the model is able to provide new information. For example,
it can be used to forecast the optimal biomass with respect to specific soil
conditions, or anticipate the sucrose production adaptation to changes in nu-
trients into the soil. In addition, it can be estimated the role (or affinity) of
nitrogen on the phosphorus uptake and vice-versa or the role of both nitrogen
and phosphorus on the photosynthesis. This model can thus also adopted to
evaluate the reasons behind specific plant plasticity (e.g., why it is putting
more effort in growing shoot instead of roots or vice versa).
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Chapter 3

OPTIMAL CONTROL OF
PLANT ROOT TIP
DYNAMICS IN SOIL

3.1 INTRODUCTION

In Chapter 2, a mechanistic model is developed by looking at the internal and
external signals driving the growth. The model proposed is then used to sug-
gest a quantitative formulation for the plant efficiency that takes into account
all the metabolic necessities of a plant during the growth. Applications of
such a novel definition span from agriculture to ecology to genetics. Instead
of studying the efficiency of a plant as a whole organism, one can focus on a
specific organ of the plant or a peculiar movement or a single process. The
aim could be to investigate what the plant is optimising while performing a
task. In Section 1.5 we have reviewed some examples of this approach such
as the optimal amount of sugar among organs or the survival of a species.
In particular, the control theory has been already applied to investigate the
optimal flowering time of a plant or the optimal curvature of a growing stem
to avoid obstacles. Here, we propose a novel application of the optimal control
theory to both investigate the efficiency of root’s movements into the soil and
translate such motions in robotic strategies for soil exploring devices.

Indeed, a plant root grows into the soil driven by attractive targets (e.g.
nutrients or water) while avoiding obstacles [193]. Under non-stressful biolog-
ical and chemical conditions, root growth mainly depends on the mechanical
strength of the surrounding soil and the presence of obstacles at the root tip
[194]. When exploring soil, a root apex must overcome the resistance of the
surrounding environment [11].

It is well known that roots move by growing at the tip level and has been
proven this strategy facilitates the soil penetration [135]. Also, to reduce
the soil resistance, the root apex produces exudates and mucus [195], or it
might adapts its morphology by reducing the elongation rate and increasing
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the root diameter [196]. Furthermore, it has been hypothesised that, in roots,
a characteristic motion strategy called circumnutation could be adopted to
facilitate penetration and improve the seedling of the plant [197].

Circumnutation is a widespread motion strategy adopted by most plant
roots and stems, who was first observed by Darwin [198]. It consists of ellip-
tical, circular, pendulum-like or zigzag-shaped movements [199]. In the case
of regular motions (circular or elliptical), we can distinguish the amplitude ρ,
namely the radius of the movement, and the period T to complete one lap.
Several studies have investigated the origin and biological processes driving
this pattern of motion [10, 199]. It has been shown that circumnutation is
induced by different growth rates along opposite sides of the organ [10], and
it is thought to be driven by both gravitropism and internal periodic signals
[200, 201, 202].

Recently, the ability of roots to efficiently move into the soil has inspired
novel robotic technologies for soil exploration, penetration and monitoring
[16, 136]. However, to accurately replicate a plant’s growth dynamics in
robotic devices, it is crucial to fully characterise the motion strategy em-
ployed by a root’s apex to reduce soil friction and the role of circumnutation
in performing this task. Nevertheless, circumnutation in roots is a process
still poorly understood, mainly because of the lack of data.

Collection of experimental data is limited by two main factors. First, the
response of soil to the forces actuated by a growing root is complex to char-
acterise. Soil is a mixture of organic matter, minerals, gases, liquids and
organisms, where the arrangement of these distinct components defines the
soil type, its texture and behaviour, in response to external forces [203]. This
makes the detailed description of the dynamics of an object moving in soil
an open problem [204]. Second, plants have evolved differently in response to
the environment, resulting in a wide diversity of genotype across species and
phenotype over the same species. As a result, similar growth conditions can
produce very different root behaviour [205, 206]. Hence, considering the com-
plexity of soil composition and plant genotype and phenotyping, generalising
such conditions for the characterisation of a specific pattern of motion such
as root circumnutation remains challenging.

To reduce such a degree of complexity, previous studies have conducted
direct experiments on plants using homogeneous media, such as agar or phy-
tagel [207, 208, 209]. However, the results from these studies are difficult to
generalise to real soil conditions, and are therefore not readily translatable to
plant-inspired robotic systems. In a more recent study [12], it has been pro-
posed an experimental framework to analyse the circumnutation of a robotic
tip into topsoil. Here, the experimental setting confirmed that circumnutation,
when applied to a robotic tip travelling into soil, reduces friction compared to
straight penetration and, consequently, the energy spent by the plant-inspired
robotic system.

Another way to study the root growth in real soil reducing previous limi-
tations is represented by mathematical modelling. Models can help to investi-
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gate the root growth and motion by describing the physical root-soil interac-
tions. For example, in [11] the existing mathematical models of root growth
in soils are combined with the macroscopic observations of root behaviours to
estimate the magnitude of some of the frictional forces experienced by the root
apex. The study has shown that the forces acting on the root flank can be
neglected assuming a quasi-static root growth. They have also shown that the
macroscopic root growth can be investigated looking at the water potential
flow inside the cells.

However, these models are not suitable for the study of dynamical interac-
tions between roots and soil, such as the ones described by oscillatory patterns
of motion. In addition, models focused on cellular growth cannot be easily
translated to robotic applications, because of the mechanical and macroscopic
nature of engineering systems for soil penetration.

All the previous limitations make the study of specific movements, such as
circumnutations, still an open question and a great challenge for modelling.
Investigations on the patterns of motion during root growth can lead to so-
lutions fundamental in agriculture to improve the uptake, in civil engineering
and soil sciences to stabilise slopes and in robotics to design efficient penetra-
tion devices.

For the first time, in this paper we want to investigate and describe the
dynamics of a root penetrating into the soil by approaching the problem with
optimal control theory methods. In the model, the root moves under the action
of a control signal, without any a priori assumption on the root’s dynamics,
and we study which motion of the root apex minimises the friction with the
surrounding soil. We formulate the minimising control function defining the
framework of forces acting at the tip and translating the physical constraints of
the root-soil interaction into the constraints of the control problem. We then
use the proposed model to estimate the dynamics of a root apex penetrating
into the soil in the presence of different mechanical stresses. We demonstrate
that the optimal motion strategy adopted by plant roots follows an oscillatory
pattern similar to circumnutation movements.

In the following, we first introduce the framework in which the system is
moving, the forces involved, and we formalise the optimal control problem
we aim to solve (Section 3.2). We then validate the model (Section 3.3) and
study the effects of soil compactness and tip shape on the energy consumption
(the work done by the system) (Section 3.4.1). We finally investigate on the
optimal trajectory emerging at different soil compactness (Section 3.4.2), and
we conclude with final discussions and open questions (Section 3.5).
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Figure 3.1: Analysis of the root tip growth. (A) Zonation of a generic
root apex. In the elongation zone there is a fast growth. Into the meristem
the growth is slower. Specialised cells are formed into the differentiation zone.
The root cap protects the tip and senses the environmental stimuli. (B) In
a homogeneous soil, the tip penetration affect the soil structure rearranging
the soil particles (blue arrow). On the other side, the soil opposes to this
rearrangement by exerting a lateral confinement (red arrows) and an axial
friction (green arrow).

3.2 METHODS

3.2.1 Model setting

In this section, we will describe the root movement into the soil under the
action of forces by using a system of ordinary differential equations (ODEs).
To this aim, let us first observe that the forces acting on the root are relevant
just at the tip (since plant roots move by growing from the tip [210]) and
that root penetration tasks are better accomplished by conical or parabolic
tip shapes [211, 212, 204], similar to the root apex (figure 3.1(A)).

Let us imagine a conical or parabolic device immersed into the soil for
which the relevant variables are the diameter d, the height h and the axis
of symmetry a ∈ R3. The shape of the device is assumed constant during
all the time evolution, so that only the axis a = a(t) will depend on time,
according to the position of the device into the space. Let x(t), v(t) ∈ R3 and
u(t) ∈ U ⊂ R3 be the position, the velocity of the vertex and the accelerating
force, or control which drives the root growth, respectively. Here,

U := [−um, uM ]2 × [−um, uM − g]

is the set of control values and um, uM > 0 are the maximum deceleration
and acceleration values that can be produced by the device and depend on its
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physical and mechanical constraints. We use g to denote the vertical down-
ward gravitational acceleration. The frictional forces are modeled assuming
that the root tip has a regular external surface and that the soil produces a
uniform friction on it when the root moves and grows. These assumptions
are reasonable in the case of a continuous medium (when the root diameter is
bigger than the average soil particle diameter) [11], but they may no longer
be valid in heterogeneous soils.

When a conical or parabolic tip is moving into the soil, we can distinguish
three main frictional forces. First, the axial friction (blue arrows in figure
3.1(B)), due to the soil resistance to penetration. Second, the lateral con-
finement (red arrows in figure 3.1(B)), as a result of the soil particles that
oppose to being moved. Third, the drag force [213, 214], a dissipative and
non-conservative force that acts on any object partially or totally immersed
in a fluid or in a granular medium. The latter force is anti-parallel to the
velocity. The axial friction and the lateral confinement oppose to the control
u(t), reducing the pushing acceleration driving the tip. Let Fmax

s be the max-
imal resistance offered by a fully compressed soil. Then the control u(t) is
reduced in a real soil according to the relation

u(t)(1− Fs(t)),

where

Fs(t) = Fmax
s

k

kmax
R(t).

Here, k [ g
cm3 ] labels the soil density, while kmax indicates the maximum density

reached by the soil when compressed. Let us note that Fs(t) = 1 when the
control is not able to overcome the soil friction. This is the case, for example,
of a root tip that encounters an obstacle and cannot break it. Finally, as
showed in [12], the soil friction is affected by rotations of the device during
the soil penetration. These rotations rearrange particles and break up the
granular structure, reducing the friction experienced by the tip. Here, we
propose the following formulation in order to model the friction experienced
by the tip:

R =

(
1−

√
v2

1 + v2
2

|v|+ µ

)λ1
k

kmax (1− k
kmax )|cosα|

.

In the previous equation (where we have neglected the time dependence to not
burden the notation), v = (v1, v2, v3) is the velocity and λ1, µ are parameters
whose values are reported in table 3.1. The parameter µ << 1 is used only to
ensure the well-posedness the evolution equation (3.2.1) for velocity such that
|v| << 1. The angle α ∈ [0, π], that the versor a(t) forms with the vertical
direction −e3 = (0, 0,−1), takes into account the interaction of the tip surface
with the soil when the device is not directed along the vertical direction. The
term

[1−
√
v2

1 + v2
2

|v|+ µ
]
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measures the strength of the rotation (as showed in Section 3.3). The power
exponent of R reduces its action when either the tip lateral surface which
interacts with the soil is maximum (namely if cos(α)→ π/2) or when the soil
is compressed (and there are no particles to rearrange) or when the soil density
is very low (and the rearrangement of soil structures has no evident effects).
As for the drag force, it is a dissipative and non-conservative force that acts
on any object that is partially or totally immersed in a fluid or a granular
medium. Since the soil is a complex mixture of solid and fluid structures
[215], the drag force should be a combination of these properties [204, 216].
In particular, in the case of an object immersed in a fluid with a speed |v|
relatively high with respect to the fluid velocity, the drag force is proportional
to |v|2 [204]. On the other hand, at relatively slow speed, namely when no
turbulence phenomena occur, the drag force is linear with respect to v [217].
We will assume a linear dependence of the drag force on the velocity since the
root moves relatively slow with respect to the water and the air flows into the
soil. Furthermore, the experiment proposed in [12], and here used to estimate
model parameters, provides a tool for studying a robotic tip that moves as
fast as a root, thus the linearity assumption of the drag force with respect to
v is still valid. Therefore the drag force Fd is a function depending on the
velocity of the tip v, the lateral surface of the device Sl, the soil density k and
the rearrangement of particles R that reduces the friction. These properties
are expressed in the equation

Fd = Rλ2(k, kmax)
Sl
Scl
v,

where λ2 is a parameter estimated in table 3.1. For a conical tip of height h
and radius r, Sl = πr

√
(h2 + r2), whereas for a parabolic tip, Sl = (πr)((r2 +

4h2)(3/2) − r3)/(6h2). Scl = 2πrh + πr2 is the soil interacting surface of a
cylinder of height h and radius r. The ratio Sl/S

c
l measures the tapering of

the tip that results in a smaller experienced drag force [204]. Therefore, the
resulting system for the dynamics of the tip (at the position x(t) with velocity
v(t)) in the time interval [t0, Tf ] is

ẋ(t) = v, t ∈ [t0, Tf ]

v̇(t) = u(1− Fs)− Fd
(x(t0), v(t0)) = (x0, v0) ∈ R6, t0 ≥ 0, Tf ≥ t0

, (3.2.1)

being u the control, whose action is opposed by the soil frictional effect Fs,
while the drag force Fd acts regardless of the presence of the accelerating force
u.

In the previous equations, the choice of a control u : [t0, Tf ] → U will
determine a specific trajectory x(t) with velocity v(t). In accordance with the
usual definition of work force×displacement, here we can compute the work
performed by the control strategy u(t) as

W =

∫ Tf

t0

M∗| 〈u, v〉 |ds.

59



Since [u] = [cm2/s2], a scaling factor [M∗] = [kg] is required in order to make
the definition of the work W computed by the control u(t) dimensionally
consistent (see table 3.1 for the units of measurement). Furthermore, the
absolute value is necessary to take into account the non-conservative nature
of the forces acting on the root tip, thus avoiding negative work values.

3.2.2 Optimal control

The main contributions of this paper will be achieved by estimating the opti-
mal trajectory for the tip that minimises the dissipated energy W . To be more
precise, consider the control u : [t0, Tf ] → U , the angle α : [t0, Tf ] → [0, 2π]
and the solution y(t) = (x, v)(t) of (3.2.1) for a given initial position and ve-
locity y(0) = (x, v)(0) = (x0, v0). One can use y(t) = y(u, α)(t) for t ∈ [t0, Tf ]
to emphasise the dependence of y(t) on the choices of the functions u(t),
α(t). Furthermore, one can regard W as a function whose value depends
on the choice of the control u(t), the angle α(t) and the related trajectory
y(t) = y(u, α)(t). Accordingly, we will write W = W (y, u, α, Tf ). Let us also
introduce the closed set T ⊆ R3, which represents the target that the device
should reach during the soil penetration. For example, T could be a desired
depth or, for roots, an underground pool of nutrients. The aim is to find both
the optimal control ū(t) and the optimal slope ᾱ(t) such that the trajectory
solution ȳ = ȳ(t, ū, ᾱ) of (3.2.1) reaches the target T minimising the cost
function W in the time interval [t0, Tf ].

It is equivalent to solve the optimal control problem (P ), defined as:

(P ) min
(u,α)∈U×[0,2π]

{(W (y, u, α, Tf )) | Tf ≥ t0, u : [t0, Tf ]→ U measurable,

y = (x, v) : [t0, Tf ]→ R6 solution of (3.2.1),

(x(t0), v(t0)) = (x0, v0), x(Tf ) ∈ T }.

In the next sections, we will focus on the numerical solution of problem (P )
by looking for the optimal couple (u(t), α(t)) that minimises the total work
(in reaching a given depth in the time [t0, Tf ]) only in the case of a parabolic
tip.

To numerically solve the optimal control problem (P ), we will use the
direct method, being more stable with respect to other methods [218]. More
precisely, the time interval [t0, Tf ] is divided in n subintervals or stages. In any
subinterval, the control is assumed to be a constant function. Starting from an
initial guess of the control for any stage, the constrained optimisation method
fmincon of Matlab is used to fix values of the control in all subintervals [219].
Both the dynamics and the cost function are converted in algebraic equations
so that the resulting nonlinear programming problem can be solved by well
established methods [220]. The optimisation variables are both the control
u and the angle α. To speed up the convergence of the method, the initial
guess can be chosen similar to a circumnutating control with a constant slope
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α (since by evidences in section 3.4, the straight penetration is not expected
to be the optimal solution). Namely, u0 ∈ R3,n, α0 ∈ Rn are like:

u0 = (u0,1cos(1 : n), u0,2sin(1 : n),−u0,3);

α0 = u0,4ones(1, n);

where u0,i ∈ R, i = 1 . . . 4 are coefficients arbitrarily chosen. We have fixed
[t0, Tf ] = [0, 1], n = 10, x0 = (0, 0, 0), v0 = (0, 0,−v0,3). The integration of the
ODE system in each stage is performed using the ODE45 solver of Matlab.

3.3 PARAMETER ESTIMATION

To validate the model, we verify if the dynamics (3.2.1) is able to capture
motion behaviours of root-like intruders already observed and described in
the literature.

Motivated by the results obtained in [207], we aim to investigate the role of
the root circumnutation in reducing the soil friction. In [12], the mechanical
work of a parabolic robotic tip (height h = 3.3cm and diameter d = 2cm) is
measured. The tip is reaching a depth of xM = 30cm in a real soil (topsoil)
under three different densities: k = 0.38, 0.4, 0.42 g

cm3 (see table 3.1 for the
values of all variables).

To convert dimensional values in dimensionless numbers, we have used the
following reference values: T ∗ = 60s, L∗ = 10cm, M∗ = 1kg. The parameter
λ2(k, kmax) (used in the equation for the drag force Fd) is measured in [1/s].
It is the inverse of the characteristic time TC [s]. To describe the meaning
of the characteristic time, let us assume a cylinder (of height h and diameter
d), with vertical initial velocity v0 = (0, 0,−v0,3), immersed into a given soil
without any control u. The dynamics for the third component of the velocity
will be

v̇3 = −Fd = −λ2(k, kmax)v3 = −v3/T
C

and, thus,
v3(t) = v0,3exp(−t/TC).

Therefore, TC is the time necessary (according to the soil density) to have
v(TC) = v0,3e

−1 (equivalent to a reduction of 63.22% of the initial velocity).
By fitting data in [12], we obtained

λ2(k, kmax) = max

{
0, 15

k

kmax
− 9

}
105

[
1

s

]
.

The dimensionless value will be λ2(k, kmax) = max {0, 90(k/kmax)− 54} 106.
For example, when k = 0.38, it results λ2 = 5 · 104 and TC = 20µs.

Finally, let us note that, if Fmax
s = 1 and the soil is maximally compressed

(namely, k = kmax), then the soil cannot be penetrated, since, regardless of
the dynamics, one has (1−Fs) = 0 and the speed of the device will tend to 0.
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Table 3.1: List of model variables

Variable
Dimensional
value

Dimensionless
value

Significance

xM 30cm 3
Maximum depth in
[12]

v0,3 −0.06 cm
s

−0.36
Axial downward ve-
locity in [12]

h 3.3cm 0.33
Height of the tip in
[12]

d 2cm 0.2
Diameter of the tip in
[12]

kM 0.6 g
cm3 0.6

Maximum soil density
due to compression
(arbitrarily assumed)

k 0.38 g
cm3 0.38 Low soil density in [12]

k 0.4 g
cm3 0.4

Medium soil density in
[12]

k 0.42 g
cm3 0.42

High soil density in
[12]

Fmax
s 0.6 0.6

Maximum resistance
offered by the soil

µ 10−5 cm
s

6 · 10−5 Regularising parame-
ter

λ1 3 3
Proportional parame-
ter for function R

The condition Fmax
s = 1 is reasonable in the case in which one is studying the

plant root evolution in those soil conditions in which the root growth strength
cannot overcome the soil friction [11]. On the other hand, the case of Fmax

s = 1
is not interesting to study the effects of circumnutation in compressed soils
(section 3.4.1). Therefore, as reported in the table 3.1, we have chosen to
restrict our study to the case in which Fmax

s < 1. This kind of condition is
more interesting for the purpose of our study, since we are interested in the
root growth evolution when growth can occur.

In the experiment [12], the tip is forced to perform either a straight pen-
etration or a circular circumnutation with a fixed slope (i.e. α introduced in
Section 3.2) with respect to the vertical direction. We refer to section 2 in [12]
for each detail about the experimental setup, the protocols and the acquisition
of data.

Here, we will use the experiment in [12], in order to calibrate the free
parameters of the dynamic equation (3.2.1), while in section 3.4.1 we will
investigate the effects of both the compactness of the soil and the shape of
the tip (section 3.4.1). Finally, we will derive the optimal control arising at
different soil compactness values (section 3.4.2).

62



Simulations in this section and in section 3.4.1 are obtained by integrating
the ODE system (3.2.1) with the Euler method (step of ∆x = 10−3) and
computing the dissipated work W with the trapezoidal rule. It remains to
evaluate the control u(t) to perform the wished trajectory. At each step of the
Euler method, the control u(t) is computed by solving a nonlinear equation,
as follows.

For the straight penetration, the control u = u(t) solves:

d

dt
vu(t) = (0, 0, 0),

while for the circumnutation:

d

dt
vu(t) = −ρω(cos(ωt), sin(ωt), 0).

Here, the notation vu indicates the dependence of the velocity v on the
choice of the control u(t). ρ and ω = 2π/T are the radius and the frequency
of the helix, respectively, where T is the circumnutating period. Since the
height h of the tip and its inclination (the angle α introduced in Section
3.2) are fixed, it follows ρ = h sin(α). Furthermore, initial conditions are set
coherently with the desired trajectory. For the straight penetration, the tip
starts from the origin with a straight down velocity, namely x(t0) = (0, 0, 0)
and v(t0) = (0, 0,−v0,3). For the circumnutation, the tip belongs to a helix
with axis e3. Therefore:

x(t0) = (ρ cos(ωt0), ρ sin(ωt0), 0)

v(t0) = (−ρω sin(ωt0), ρω cos(ωt0),−v0,3)〈
v(t0)
|v(t0)| ,−e3

〉
= cos(α)

.

The authors in [12] conclude that the circumnutation could save up to
the 33% of energy with respect to the straight penetration. Figure 3.2 shows
the similar behaviour obtained by the two approaches (left from [12], right
from the simulations) for the case of straight penetration (with α = 0°) and
for the case of different kinds of circumnutations (α ∈ {10°, 20°} and T ∈
{30s, 60s, 120s, 240s}).

Moreover, it is possible to characterise the helix resulting from the circular
circumnutation by the lead angle ε which is defined as:

ε = arctan

(
P0

2ρπ

)
,

where P0 = v3T is the pitch of the helix and v3 is the downward velocity of
the tip. In [12], it is shown that the circumnutation is more efficient than
the straight penetration if, regardless of the soil density, the lead angle is in
the range ε ∈ [45°, 63°] (fig 4.2(A)). To verify this condition, we simulated
the total work W done by the intruder at different lead angles ε in the range
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Figure 3.2: Circumnutation vs straight penetration. On the left, results
in [12]. On the right, the behaviour of the model.

[20°, 90°] within the three different soil densities as in [12]. The simulations
(figures 4.2(B)-(D)) are in agreement with the experimental results in [12],
and confirmed the presence of an optimal value for the lead angle such that
the energy is minimised. In section 3.2, we have estimated the strength of
the rotation by the term

√
v2

1 + v2
2/|v| (neglecting the regulating parameter

µ since the velocity is assumed to be greater than 0). In [12], authors have
showed that the reduction of frictional forces due to the rotation is directly
affected by cos(ε). The formulation here proposed is more general, since we
are comparing any possible motion in the soil and, thus, the lead angle ε is not
always easy to characterise. Nevertheless, for the circular circumnutation (as
in [12]), the velocity is v = (−ρω sin(ωt), ρω cos(ωt),−v3) and the two terms
coincide:

cos(ε) =
1√

1 + tan ε2
=

1√
1 + (P0

dπ
)2

=
ωρ√

(ωρ)2 + v2
3

=

√
v2

1 + v2
2

|v|
.

In particular, in [12], the authors couple the cos(ε) with two varying pa-
rameters to take into account the effects of different soils and different incli-
nations of the tip. Here, we estimate this effect for any inclination of the tip
by introducing the exponent in the formulation of R.

3.4 RESULTS

3.4.1 Circumnutation vs straight penetration

Effects of soil compactness

It has been conjectured that the circumnutation movement could rearrange
the particles into the soil and breaks up the granular structure reducing the
soil compactness effects [12]. Indeed, as it has already been noted in [221],
the inclination of the root apex plays a fundamental role in facilitating the
soil penetration.

When the root apex encounters an obstacle or a very dense layer of soil, two
strategies can be adopted by the tip: either it changes the growth direction,
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Figure 3.3: Optimal values of the lead angle ε. (A) Results in [12].
(B)-(D) Values of the energy simulated with the model at three different soil
densities.

sliding along the obstacle, or it promotes the radial growth to overcome the
increased mechanical stress [11].

The adoption of either of these two strategies by roots suggests that, when
the density increases, the circumnutation is no longer efficient. To investigate
this condition, we compared the instantaneous energy between the straight
penetration and the penetration performed by the root with circumnutation,
in the case of a high soil density (k = 0.42) and with a non-compressible soil
(arbitrarily assumed in the model as kmax = 0.6), as showed in figure 3.4(A).
Figure 3.4(B) shows the instantaneous energy of both the straight penetration
and the circumnutation when the soil is composed of different soil layers: a
topsoil (up to −1.5cm) at density k = 0.38, a second layer (up to −3.5cm)
with density increasing from k = 0.4 to k = 0.42, a third layer (up to −4.5cm)
with density increasing from k = 0.56 to k = 0.6 and the latter layer of non-
compressible soil (k = 0.6). It is interesting to notice that, when the soil
density increases, the rearrangement of particles becomes more difficult (if
not impossible) to achieve, making the circumnutation a less efficient strategy
in soils with high density.

Effects of tip shape

The dimension of the robotic tips can affect the efficiency of a penetrometer
[222, 204], as well as its shape [211, 212, 204]. According to [204], a conical
body that is moving into a granular medium feels a smaller drag force in
the cases in which it is more tapered. In figure 3.5, the total work in a
low dense soil (k = 0.38) is plotted when the tip becomes more and more
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Figure 3.4: Instantaneous energy. Comparison between straight penetra-
tion and circumnutation in the case of (A) a non-compressible soil and (B) a
stratified soil.

Figure 3.5: The shape of the tip. Total work of the tip in a low dense soil
when the ratio h/d increases. Notice that the asymmetries in the oscillations

tapered (i.e., the height-diameter ratio h/d increases). For each h/d ratio,
both the straight penetration (lead angle ε = 90°) and the circumnutation at
different periods and the amplitudes are performed. The simulations show a
behaviour in agreement with results in [204], where it has been observed that
the drag force and, consequently, the frictional force and the energy dissipated
to perform the motion, decrease with an increment of the h/d ratio, but with
less evident benefits at high ratios.

3.4.2 Optimal control

In this section we will investigate the best strategy for an intruder to penetrate
in a medium such that the total work W is minimised. Following the work
in [12], in the previous section 3.4.1 we have imposed and compared two
different strategies: a straight penetration and a penetration performed with
circumnutations. In this section, we extend previous results by evaluating
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Figure 3.6: Optimal control. (A) The optimal trajectory for three different
soils. (B) The values for α for the optimal solution in each soil.

which strategy emerges from the simulation without fixing a priori any path
for the trajectory x(t) or any value for the inclination angle α of the tip with
respect to the vertical axis −e3. We use here the direct method (see section
3.2.2) to compute the best strategy that minimises the total work in three
different soil densities cases (k = 0.38, 0.4, 0.42).

Figure 3.6(A) shows that the optimal penetration strategy is an oscillatory
trajectory for each soil density. In particular, in section 3.3, in the case of
soil density k = 0.42, the most efficient motion has been observed to be a
circumnutation with α = 10◦ and T = 60s. The optimal control performed by
the direct method allows to save the 0.16% of W with respect to the previous
circumnutation when the depth to reach is fixed to 5cm, even if better results
could be obtained by improving the accuracy of the direct method.

Since with the direct method also the slope α is a variable to optimise,
we evaluated the behaviour for this parameter for each soil density (figure
3.6(B)). It is worth noting that:

� In each soil, the optimal angle α tends to continuously oscillate around
an average value, without reaching a constant.

� This average value decreases in more dense soils. This behaviour is in
agreement with the experimental results in [207].

� Oscillations are greater in the low dense soil and this observation agrees
with previous evidences [221].

To summarise, two main results are here obtained: I) an oscillatory tra-
jectory (circumnutation-like motion) as the optimal, without imposing a pre-
scribed behaviour to the control, and II) a dynamics of α in agreement with
the few experimental observations available in the literature. These results
strongly validate the model and its accuracy in describing the root tip-soil in-
teraction; while at the same time, they strengthen the hypothesis that circum-
nutation helps plant roots in reducing soil friction during penetration [207, 12].
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From these results, one can deduce that circumnutation can emerge from the
mechanical interaction between the root tip and the impeding medium, as the
outcome of an adapting strategy of roots to reduce the total work.

3.5 DISCUSSION

In this paper, we investigated the role of circumnutation in plant roots and the
advantages of replicate circumnutating movements in autonomous systems.
Following the idea in [12], we hypothesise that circumnutation can reduce
the friction experienced by a system during penetration of a medium. To
this aim, we proposed a mathematical model to describe the movement of
an autonomous device and the frictional forces experienced by a root tip-like
intruder in soil.

Previous experiments [12] showed that circumnutation could reduce the
energy in vertical soil penetration. However, the complexity of the soil, the
genetic diversity in plants and the lack of biological data make difficult to
generalise these results to plants in real soils.

Here, we described the dynamics of a root tip-like object moving into
granular soil at different density and compactness coefficients, modelling the
physical phenomenon and considering only the frictional forces acting at the
tip, while neglecting the existence of a body above the tip where other forces,
not involved in the motion, may act. This assumption was made possible
by the ability of plant roots to move in soil by growing at their apical level
[210], with no relative motion between soil and the mature part of the root,
avoiding this way the perception of lateral friction on such a region [135]. We
at first estimated model parameters using data in [12], and obtained results in
agreement with the existing literature (see section 3.4.1). By fixing different
circumnutation amplitudes, we demonstrated that in non-compressed soils,
the circumnutation can reduce the mechanical friction of the soil with respect
to a straight penetration.

Borrowing tools from the optimal control theory, we then evaluated the
optimal penetrating strategy for an intruder in soils which reduces the me-
chanical work. The resulting optimal trajectory confirmed the presence of
oscillatory patterns matching circumnutation movements performed by the
tip (section 3.4.2). Moreover, looking at the optimal slope α of the tip (the
amplitude of the circumnutation motion), we observed greater amplitude for
less dense soils and smaller amplitude in more dense soils, a behaviour already
verified by experimental results [221].

The work showed that the circumnutation is a mechanical behaviour in-
duced by frictional forces into the soil that helps root tips to save energy dur-
ing growth. In particular, the optimal control based approach has successfully
demonstrated that the circumnutation is the most efficient penetrating strat-
egy among an infinite combination of possible penetrating motions. Since the
dimension of the system penetrating in soil can be easily changed, the model
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can also provide the most efficient strategy for soil exploration in autonomous
systems forecasting the optimal control that minimise the mechanical work.

As far as we know, this is the first attempt to model the root dynamics by
adopting an optimal control based approach. We believe this mathematical
tool could be successfully applied to investigate many others plant growing
processes as well as the interactions among roots. For example, the dynamics
(3.2.1) can be generalised to more than one root tip to investigate the complex
plant root system development in a real soil. Furthermore, if the cost function
W is modified to take into account the metabolic needs of a plant, then the
optimal control based approach could help to unveil growth mechanisms and
resource allocation patterns in plants.

Beside the biological implications, such an approach can suggest optimal
strategies to design efficient robotic devices for soil exploration. Indeed, the
model can help to estimate forces in soils, forecast the requirements for the
robots and identify the most convenient trajectory to follow.

In particular, the framework presented in [223] can be used to generalise
the results here proposed. Indeed, if the soil cannot be assumed homogeneous
all around the tip, one could average the local soil frictional effects, getting
an integro-differential equation whose well-posedness is investigated in [223]
(and reported in Chapter 4).

Furthermore, if the robotic tip moves so fast that the drag force Fd may
not depend anymore linearly on the speed, the formulation here proposed for
the drag force could be modified in the following one

Fd = Rλ2(k, kmax)
Sl
Scl
f(|v|) v

|v|
,

where f(|v|) is a nonlinear function to be defined. It is worthy to note that this
framework is not anymore Lipschitz and the existence of a minimum solution
is studied in [223].

As a future step, we mean to increase the complexity of the proposed
model by adding more variables to be optimised. For example, the optimal
shape could be investigated as well as the radial expansion of roots, or the
interaction among multiple tropisms (directional growth responses to environ-
mental stimuli [224]). Moreover, as a further step, we aim to insert into the
dynamics (3.2.1) a stochastic term to simulate the random search of root tips
and unveiling how the root’s need to explore and exploit the soil affects the
need of minimising the energy dissipation.
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Chapter 4

HAMILTON-JACOBI-
BELLMAN EQUATION FOR
CONTROL SYSTEMS WITH
FRICTION

4.1 INTRODUCTION

In Chapter 3 it has been proposed a model to study the movement of a device
into the soil under the action of forces that are relevant only at the tip. The
model has allowed the study of a peculiar movement in roots: the circumnu-
tation. The model parameters have been estimated by fitting data in [12], in
which a parabolic tip moves into an homogeneous soil. In these conditions,
the frictional forces can be approximated as proposed in Chapter 3. To study
cases in which these assumptions are not valid, we propose here a more general
framework.

In greater details, this Chapter deals with the dynamical friction between
two or more solid bodies that are moving one relative to the other and rub
together along parts of their surfaces. Modelling dynamic friction in control
systems is not an easy task since it concerns the study of, possibly discontinu-
ous, dynamic equations. On one hand, the dissipative structure of the system
still yields well-posedness of the control system: for a given input u(t) and a
given initial condition x(t0) = x0 at time t0, the system has a unique state x(t)
for all t ≥ t0. Moreau’s Sweeping Process [225, 226] is a notable example of
dynamical systems in which the dynamic friction phenomenon occurs between
a rigid body and a moving, perfectly indeformable, active constraint. On the
other hand, the dynamics is described by a new class of upper semicontinu-
ous differential inclusions and the characterisation of the optimal trajectory
requires the derivation of different techniques with respect to the literature.
The Chapter focuses on this characterisation.

To generalise the model of Chapter 3, assume that a solid body B has
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Figure 4.1: An example generating the studied model. µ = δα1 + δα2

and k(g, αi) = λi > 0 for i = 1, 2. Therefore, the total friction at x will be
−I(t, x), affecting g(t, x).

a region of contact S with another external body. The aim is to derive the
friction produced at a point x ∈ S, when a vector field g is applied to B at x.
Suppose that the family of normal vectors to B is described by the mapping
α 7→ η(x) ·Q(α), where η(x) is the normal to B at x and α 7→ Q(α) is a matrix
transporting η(x) along S. Then, one can approximate the resulting vector
field at the point x ∈ S as the vector field g minus the averaged friction at x,
namely (see Figure 4.1)

g(t, x)−
∫
A

k(g(t, x), α)η(x) ·Q(α)µ(dα) =: g(t, x)− I(t, x).

Here, k(g(t, x), α) is a coefficient measuring the strength of response to
the vector field g at the point x, while the integral over A sums up the total
averaged dynamic friction. Motivated by such a physical intuition, one then
can consider the controlled differential inclusion

ẋ ∈ g(t, x, u)−
∫
A

k(t, x, u, α)∂xϕ(x, α)µ(dα), (4.1.1)

where now the control u determines the choice of a vector field, the strength
to the response k also depends on the control and the measure µ is allowed to
choose the relevant, averaging points over S through A. ϕ will be a possible
non-smooth function and ∂x is a suitable sub-gradient.

More than the result in chapter 3, differential equations with discontinuous
right-hand side has been used for several tasks such as to model electric cir-
cuits, hysteresis phenomena, mechanical constraints (see, e.g. [227, 228, 229])
and, more recently, the growth of stems and vines (see, e.g., [110, 230]).

Furthermore, this dynamics has some strong connections with the con-
trolled perturbed sweeping process ẋ ∈ g(t, x, u) − NC(x) where C is a set
and NC(x) is a suitable normal cone to C at x. In fact, when the strength to
the response k in (4.1.1) is sufficiently large and ϕ(x, α) = d(x,C(α)) (where
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d(·, C(α)) is the distance function from C(α)), then the model (4.1.1) can be
regarded as a perturbed, averagely swept, sweeping process.

Note that the averaging occurring in (4.1.1) has a quite different character
compared to the one presented in the Riemann-Stiltjies control literature (see,
e.g. [18], [20], [19]), since the averaging in (4.1.1) occurs in the dynamics and
not in the cost. Similar results to what described in the following sections
have been derived in [231, 232, 233] in the case in which optimal stopping
and optimal exit time are considered and the dynamics is Lipschitz continu-
ous. However, since the control system (4.1.1) does not have such a property,
the characterization of the value function as the unique viscosity solution of
an Hamilton-Jacobi equation does not follow from the standard theory and
requires different techniques [234, 235].

4.2 PRELIMINARIES AND NOTATIONS

In this section, we will recall some useful notations and concepts which will
be used throughout the whole chapter. Let us use B to denote the open, unit
ball. For a given closed set C ⊆ Rn and a point x ∈ C, the proximal normal
cone to C at x is

NP
C (x) := {p ∈ Rn : ∃M > 0 s.t.

〈p, y − x〉 ≤M |y − x|2 ∀y ∈ C} . (4.2.1)

For a given lower semi-continuous function f : Rn → R, the domain of f is
dom(f) := {x ∈ Rn : f(x) < ∞}. The proximal sub-differential of f at
x ∈ dom(f) is

∂Pf(x) =
{
v ∈ Rn : (v,−1) ∈ NP

epi(f)(x, f(x))
}
,

where epi(f) = {(x, α) ∈ Rn+1 : f(x) ≤ α}. An equivalent characterization
(see, e.g., [17], Proposition 4.4.1) of proximal the sub-differential is the follow-
ing: ξ ∈ ∂Pf(x) if there exist M > 0 and ε > 0 such that

〈ξ, y − x〉 ≤ f(y)− f(x) +M |x− y|2, (4.2.2)

for each y ∈ x + B̄. Furthermore, if f : Rn → R is Lipschitz continuous,
with constant L > 0, then the relation (4.2.2) is satisfied with ε =∞ (see, e.g.,
[17], Proposition 4.4.2) and ∂Pf(x) ⊆ LB̄ for each x ∈ dom(f). If f : Rn → R
is lower semi-continuous and convex, then epi(f) is closed and convex. In
particular this implies that ∂Pf(x) 6= ∅ for each x ∈ domf . Further, if f is
convex, then the proximal sub-differential ∂Pf(x) coincides with the set

∂f(x) := {ξ ∈ Rn : f(z) ≥ f(x) + 〈ξ, z − x〉
∀z ∈ dom(f)} (4.2.3)

and we will simply refer to it as subdifferential. It will be also helpful to de-
fine a notion of proximal super-differential. For a given upper semi-continuous
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function f : Rn → R and x ∈ dom (f), the proximal super-differential of f at
x is

∂Pf(x) =
{
v ∈ Rn : (−v, 1) ∈ NP

hypo(f)(x, f(x))
}
,

where hypo(f) = {(x, α) ∈ Rn+1 : f(x) ≥ α}. Given Ω ⊆ Rk and M : Ω ;

Rr, M has closed graph if GrM = {(x, v) : v ∈ M(x), x ∈ Ω} is closed. It
is well known that if a multifunction is bounded and has closed graph, then
M is upper semicontinuous. M is said one-sided Lipschitz (OSL) if there is a
constant L ≥ 0 such that

〈w − v, y − x〉 ≤ L|x− y|2,
for every x, y ∈ Rk, v ∈ M(x) and w ∈ M(y). Given a finite Radon

measure µ and a µ-measurable set A, let us define

L1(A;µ) :=
{
g : A→ Rn µ−meas. :

∫
A
|g(α)|µ(dα) <∞

}
. (4.2.4)

Given a multifunction Γ̃ : Ω×A; Rr , the parametrised integration of Γ̃
(see, e.g., [236], [237], [238]) is a new multifunction Γ(x) :=

∫
A

Γ̃(x, α)µ(dα)
where ∫

A
Γ̃(x, α)µ(dα) :=

{∫
A
γ(α)µ(dα) : γ(α)

µ−measurable selection of Γ̃(x, ·)
} . (4.2.5)

4.3 THE GENERAL SETTING

This chapter is focused on studying the following free-time optimal control
problem

(P )



MinimizeW (T, x(T ))

over T ≥ t0 and (x, u) ∈ AC([t0, T ];Rn)× U s.t.

ẋ(t) ∈ F (t, x, u), a.e. t ∈ [t0, T ]

u(t) ∈ U ⊂ Rm, a.e. t ∈ [t0, T ]

x(t0) = x0 ∈ Rn

(T, x(T )) ∈ Gr T ⊆ R1+n

, (4.3.1)

the data comprise an initial time t0 ∈ R, an initial state x0 ∈ Rn, a cost
function W : R1+n → R, a set U of measurable control functions u defined
on [t0,+∞) and taking values in a compact set U ⊂ Rm, a controlled, non-
empty multifunction F : R1+n × U ; Rn and a non-empty multifunction
T : R ; Rn. In particular, one can consider the case in which the controlled
multifunction F is defined as

F (t, x, u) = g(t, x, u)−
∫
A

k(t, x, u, α)∂xϕ(x, α)µ(dα), (4.3.2)
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where A is a given compact set, k : R1+n×U ×A→ R+, g : R1+n×U → Rn,
ϕ : Rn × A→ R are given functions and µ is a finite Radon measure over A.
Sometimes, to emphasize the dependence on the initial condition, the notation
(P )(t0,x0) will be used to denote the optimal control problem (P ) with initial
condition x(t0) = x0. The following standing hypothesis (SH) are assumed:

H1: The maps (t, x, u, α) 7→ k(t, x, u, α), (t, x, u) 7→ g(t, x, u) and (x, α) 7→
ϕ(x, α) are continuous.

H2: There exist constants L,C > 0 such that

|g(t, x, u)− g(s, y, u)| ≤ L (|t− s|+ |x− y|) ,
|ϕ(x, α)− ϕ(y, α)| ≤ L|x− y|,
|k(t, x, u, α)− k(s, y, u, α)| ≤ L (|t− s|+ |x− y|) ,
0 ≤ k(t, x, u, α), |g(t, x, u)| ≤ C.

(4.3.3)

for every (t, x), (s, y) ∈ R1+n, u ∈ U and α ∈ A.

H3: for each α ∈ A, the mapping x 7→ ϕ(x, α) is convex.

H4: the set-valued map F̄ (t, x) := ∪u∈UF (t, x, u) takes convex values for
each (t, x) ∈ R1+n.

H5: the multifunction T : R ; Rn has closed graph.

H6: the function W : R1+n → R is locally Lipschitz continuous in Gr T +εB,
for some ε > 0.

4.4 BASIC PROPERTIES OF THE MODEL

In this section, we will formally prove some important properties of the free-
time optimal control problem (P ). To this purpose, let us introduce the
set-valued function

I(t, x, u) =

∫
A

k(t, x, u, α), ∂xϕ(x, α)µ(dα) (4.4.1)

and the set-valued map

F̄ (t, x) =
⋃
u∈U

{g(t, x, u)− I(t, x, u)} ,

for each (t, x) ∈ R1+n. The maps F and F̄ satisfy the following conditions:

Proposition 4.4.1. Assume conditions H1-H3. Then the map (t, x) ;

F̄ (t, x) is non-empty, compact and upper semi-continuous. Furthermore, for
each x ∈ Rn, the map t ; F̄ (t, x) is Lipschitz continuous and, for each
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(t, u) ∈ R × U , the map x → F (t, x, u) is OSL. In particular, there exists a
constant LF̄ such that for every y1 = (t1, x1), y2 = (t2, x2) ∈ R1+n, one has

supv∈F̄ (y1) 〈v, x1 − x2〉−
− supw∈F̄ (y2) 〈w, x1 − x2〉 ≤ LF̄ |y1 − y2|2

(4.4.2)

.

Proof. In view of the hypothesis H2-H3 on ϕ, one has that ∂xϕ(x, α) is non-
empty, bounded and convex for each (x, α) ∈ Rn × A . The continuity of ϕ
with respect to α ensures that the graph of α 7→ ∂xϕ(x, α) is closed. Therefore,
the map α 7→ ∂xϕ(x, α) admits a measurable selection for each x ∈ Rn (see,
e.g., Theorem 2.3.11 [17]) and F̄ (t, x) is non-empty for each (t, x) ∈ R1+n.
Furthermore, F̄ is bounded in view of H2.

Since U is compact and in view of H1-H2, one can prove that the mapping
(t, x) 7→ I(t, x, u) has closed graph for each u ∈ U . In fact, fix u ∈ U , take
(tk, xk) ∈ R1+n converging to (t, x) and vk ∈ I(tk, xk, u) for each k ∈ N,
converging to some v. It needs to show that v ∈ I(t, x, u). It follows from the
definition of parametrized integration that

I(tk, xk, u) =
{∫

A
k(tk, xk, u, α)ξk(α)µ(dα) :

ξk(α) µ−measurable selection of ∂xϕ(xk, ·)}
. (4.4.3)

Hence any µ-measurable sequence ξk(α) ∈ ∂xϕ(xk, α) weakly converges in
L1(A;µ) to a µ-measurable selection ξ(α) ∈ ∂xϕ(x, α) (see, e.g., Theorem 1,
pg. 125, [239]). Furthermore, in view of H2, one easily obtains

max
U×A
|k(tk, xk, u, α)− k(t, x, u, α)| ≤ L (|tk − t|+ |xk − x|) . (4.4.4)

Call εk =
∫
A
k(t, x, u, α) (ξk(α)− ξ(α))µ(dα) and observe that, εk → 0 since

ξk(α) weakly converges in L1(A;µ) to ξ(α). In particular in view of (4.4.4),
one easily obtains∫

A
k(tk, xk, u, α)ξk(α)µ(dα) ∈

∫
A
k(t, x, u, α)ξ(α)µ(dα)

+ (|εk|+ L2µ(A) (|tk − t|+ |xk − x|)) B̄
⊂ I(t, x, u) + (|εk|+ L2µ(A) (|tk − t|+ |xk − x|)) B̄

, (4.4.5)

which implies that (t, x) ; I(t, x, u) has closed graph for each u ∈ U . Since
I(t, x, u) is also bounded, one has that the map (t, x) ; I(t, x, u) is upper
semi-continuous for each u ∈ U . To prove that F (t, x, u) is upper semi-
continuous for each u ∈ U is straightforward.

This in particular implies that, for each u ∈ U fixed, for any (t, x) ∈ R1+n

and for every neighborhood Nu of F (t, x, u), there exists a neighborhood Ou
of (t, x) such that F (s, y, u) ⊂ Nu for any (s, y) ∈ Ou. Now, observe that
N := ∪u∈UNu can be regarded as an open arbitrary neighborhood of F̄ (t, x)
and that F̄ (s, y) ⊆ N , for every (s, y) ∈ O := ∪u∈UOu. This shows that F̄
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is upper semi-continuous. Furthermore, the Lipschitz continuity of the map
t; F̄ (t, x) easily follows from the Lipschitz continuity conditions H2.

It is then possible to prove that F is one-sided Lipschitz w.r.t. x ∈ Rn,
uniformly w.r.t. (t, u) ∈ R × U . Fix any (t, x, u), (t, y, u) ∈ R1+n × U . For
every v ∈ F (t, x, u), w ∈ F (t, y, u) there exist measurable selections ηx(α) ∈
∂xϕ(x, α) and ηy(α) ∈ ∂yϕ(y, α), µ-a.a. α ∈ A, such that

v = g(t, x, u)−
∫
A

k(t, x, α, u)ηx(α)µ(dα),

w = g(t, y, u)−
∫
A

k(t, y, α, u)ηy(α)µ(dα).

Therefore, one can derive the following inequalities:

〈x− y, v − w〉 ≤ L|x− y|2+∫
A
k(t, y, u, α) 〈ηy(α), x− y〉µ(dα)+∫

A
k(t, x, u, α) 〈ηx(α), y − x〉µ(dα) ≤

L|x− y|2 +
∫
A
k(t, y, u, α)(ϕ(x, α)− ϕ(y, α))µ(dα)−∫

A
k(t, x, u, α)(ϕ(x, α)− ϕ(y, α))µ(dα) ≤

L|x− y|2 + L|x− y|
∫
A
|k(t, y, u, α)− k(t, x, u, α)|µ(dα)

≤
(
L+ L2µ(A)

)
|x− y|2 = LF |x− y|2

, (4.4.6)

for each x, y ∈ Rn, t ∈ R, u ∈ U , where, in turns, the characterization (4.2.3)
of the proximal sub-differential was used, together with the hypothesis H2 and
the positivity of k. This shows that F is OSL w.r.t. x, uniformly w.r.t. to
t ∈ R, u ∈ U .

In order to prove (4.4.2), let u ∈ U and v1 ∈ F (t1, x1, u) be such that

sup
v∈F̄ (t1,x1)

〈v, x1 − x2〉 = 〈v1, x1 − x2〉 .

Fix any v2 ∈ F (t2, x2, u) and choose w ∈ F (t1, x2, u) such that

|w − v2| ≤ L|t1 − t2|.

Then one can easily estimate

sup
v∈F̄ (t1,x1)

〈v, x1 − x2〉 − sup
w∈F̄ (t2,x2)

〈w, x1 − x2〉 ≤

〈v1, x1 − x2〉 − 〈v2, x1 − x2〉 =

〈v1 − w, x1 − x2〉+ 〈w − v2, x1 − x2〉 ≤
LF |x1 − x2|2 + |w − v2||x1 − x2| ≤
LF |x1 − x2|2 + L|t1 − t2||x1 − x2| ≤
(LF + L)|(t1, x1)− (t2, x2)|2 = LF̄ |(t1, x1)− (t2, x2)|2,

where LF̄ = (LF +L). This shows relation (4.4.2) and concludes the proof.
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Now, consider the control system{
ẋ(t) ∈ F (t, x, u), u ∈ U , a.e. t ∈ [t0,+∞)

x(t0) = x0 ∈ Rn
. (4.4.7)

Remark 4.4.2. Notice that, as a consequence of the one-sided Lipschitz prop-
erty (4.4.2), for every solution of (4.4.7) x1(·), x2(·), respectively starting from
x(t1) = x1, x(t2) = x2 with a given control u ∈ U , then one has

|x1(t)− x2(t)| ≤ e2LF̄ (t−t0)|x1(t0)− x2(t0)|, (4.4.8)

for all t ≥ max {t1, t2} =: t0. In particular (4.4.8) implies that

|x1(t)− x2(t)| ≤ e2LF̄ (t−t0) (|x1(t0)− x1|+
+|x2 − x2(t0)|+ |x1 − x2|) ≤

≤ e2LF̄ (t−t0)2 (C(1 + Lµ(A))|t1 − t2|+ |x1 − x2|)
≤ λ(t)|(t1, x1)− (t2, x2)|

, (4.4.9)

where C,L > 0 are the constants appearing in H2 and

λ(t) := 2e2LF̄ t max {C(1 + Lµ(A)), 1} > 1

An important consequence of Proposition 4.4.1 is that the control system
(4.4.7) is well-posed, as it is stated in the following result.

Theorem 4.4.3. Assume the hypotheses H1-H4. For a given (t0, x0) ∈ R1+n

and u ∈ U , there exists a unique solution to (4.4.7).

Proof. Proposition 4.4.1 ensures that F̄ is upper semi-continuous with nonempty
compact convex values. The same properties are satisfied by the multifunc-
tion F , for each u ∈ U . Theorem 10.1.3 in [240] guarantees the existence of
a global Caratheodory solution to (4.4.7). Moreover, in view of the relation
(4.4.9), the uniqueness property of the solution of (4.4.7) easily follows.

Furthermore, one can show that the set of trajectories generated by the
dynamics (4.4.7) is equivalent to the set of solutions of{

ẋ(t) ∈ F̄ (t, x), a.e. t ∈ [t0,+∞)

x(t0) = x0 ∈ Rn
. (4.4.10)

One has the following result:

Proposition 4.4.4. Let us assume H1-H4. Fix (t0, x0) ∈ R1+n. Then the set
of solutions of (4.4.7) with initial condition x(t0) = x0 is equal to the set of
solutions of (4.4.10) with initial condition x(t0) = x0.
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Proof. If x(·) is a solution of (4.4.7) with initial condition x(t0) = x0, then
it is trivially also a solution of (4.4.10) with the same initial condition. Take
x(·), solution of (4.4.10) such that x(t0) = x0. In what follows, L1(A;µ)
is equipped with its natural weak topology. Consider the multifunction Σ :
[t0,∞) ; L1(A;µ)× U defined as

Σ(t) := {(ξ(·), u) : u ∈ U, ξ(·)
µ−measurable selection of ∂xϕ(x(t), ·)}

and the mapping g̃ : [t0,∞)× U × L1(A;µ)→ Rn defined as

g̃(t, u, ξ) := g(t, x(t), u)−
∫
A

k(t, x(t), u, α)ξ(α)µ(dα).

It is a straightforward matter to check that Σ is non-empty (in view of H3)
and has weakly closed graph (in view of the compactness of U and of the
upper-semicontinuity and convexity of the sub-differential). Furthermore, in
view of H1, H2, the map g̃ is weakly continuous. Notice also that the relation

ẋ(t) ∈ {g̃(t, u, ξ) : (u, ξ) ∈ Σ(t)}, a.e. t ∈ [t0,∞)

is clearly satisfied.
So one can apply a well-known selection theorem (see, e.g. Theorem III.38,

[239]), which provides the existence of a measurable selection (ξ(t), u(t)) ∈
Σ(t) such that ẋ(t) = g̃(t, u(t), ξ(t)), a.e. t ∈ [t0,∞). This concludes the
proof.

4.5 EXISTENCE OF MINIMIZERS AND PROP-

ERTIES OF THE VALUE FUNCTION

Fix (t0, x0) ∈ R1+n. Let us now define the reachable set generated by the
dynamics (4.4.10) and starting from the point x(t0) = x0, evaluated at s ≥ t0
(in view of Proposition 4.4.4, one can regard any trajectory of (4.4.10) as a
trajectory of (4.4.7) and vice-versa):

R(s; t0, x0) =
{
x(s) : ẋ ∈ F̄ (t, x), t ∈ [t0, s], x(t0) = x0

}
.

The set of points of Gr T reached by a trajectory of (4.4.7) starting from
x(t0) = x0 is defined as

A(t0,x0) = {(s, y) ∈ Gr T : y ∈ R(s; t0, x0), s ≥ t0} ,

while the set of initial conditions for which a feasible trajectory exists is de-
noted by

D =
{

(t0, x0) ∈ R1+n : A(t0,x0) 6= ∅
}
.

In order to guarantee the existence of a minimizer, one has to assume
further conditions, characterizing the behaviour of the cost function W when
the end-time T > t0 tends to infinity. In what follows, assume the following
growth condition holds:
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(GC) Fix (t0, x0) ∈ R1+n. For every (Tk, xk) ∈ A(t0,x0) such that Tk → +∞,
one has that W (Tk, xk)→ +∞.

Clearly, if W is a function coercive w.r.t. t, uniformly w.r.t. x, then the
condition (GC) is trivially satisfied. The existence of a minimizer for the
optimal control problem (P ) easily follows.

Theorem 4.5.1. Assume hypothesis (SH) and that condition (GC) is sat-
isfied. Then, for any (t0, x0) ∈ D, there exists a minimizer for the free-time
optimal control problem (P ).

Proof. Fix (t0, x0) ∈ D. Let (Tn, xn)n∈N be a minimising sequence in A(t0,x0).
In particular, (Tn, xn) ∈ Gr T and Tn has to be bounded. In fact, if Tn were
not bounded, there would exist a subsequence such that W (Tn, x(Tn)) →
+∞, providing a contradiction with the definition of minimising sequence.
Let M > 0 be such that Tn ≤ M for each n. By standard compactness
arguments Tn → T ∗ and xn(·) → x∗(·) uniformly on [t0,M ] (here, one can
consider trajectories xn, x∗ extended on [t0,M ] such that xn(t) = xn(Tn) for
Tn ≤ t ≤M and x∗(t) = x∗(T ∗) for T ∗ ≤ t ≤M). It follows from Proposition
4.4.1 and assumptions H4-H5 that the set R(s; t0, x0) is compact for every
t0 ≤ s ≤M (see, e.g., Proposition 2.6.1, [17]). Since W is continuous in GrT ,
this concludes the proof.

One can introduce, for all (t0, x0) ∈ R1+n, the value function of the free-
time optimal control problem (P ) as

V (t0, x0) = inf
{
W (T, x) : (T, x) ∈ A(t0,x0)

}
. (4.5.1)

Notice that V (t0, x0) =∞ if (t0, x0) /∈ D. The standard dynamic program-
ming principle for the optimal control problem (P ) can be stated as follows:

Proposition 4.5.2. For any (t, x) ∈ D, take y : [t,+∞) → Rn such that
y(t) = x solution of (4.4.7) with a control u ∈ U . Then, for any s ∈ [t,∞) the
value function satisfies

V (t, x) ≤ V (s, y(s)).

Furthermore, consider ȳ : [t,+∞)→ Rn such that (T̄ , ȳ(·)) is a minimizer for
(P )(t,x). Then for any t ≤ s ≤ T̄ , one has

V (t, x) = V (s, ȳ(s)).

If the growth condition (GC) on W is satisfied, one can easily derive also
a related growth condition on the value function.

Proposition 4.5.3. Assume (SH) and that condition (GC) is satisfied.
Then the following growth condition holds:

(GC)V For every (tk, xk) ∈ D such that tk →∞, one has that V (tk, xk)→∞.
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Proof. Take (tk, xk) ∈ D such that tk → ∞. It follows from the definition of
value function that for each εk > 0, there exists (Tεk , yεk) ∈ A(tk,xk) such that

W (Tεk , yεk) ≤ V (tk, xk) + εk. (4.5.2)

Assume that εk → 0. Since Tεk ≥ tk, then also Tεk → ∞ for k → ∞. It
follows from the condition (GC) on W that

∞ = lim
k→∞

W (tεk , yεk) ≤ lim
k→∞

V (tk, xk). (4.5.3)

This concludes the proof.

In order to derive the Hamilton-Jacobi equation for the problem (P ), it
will be helpful to impose conditions which guarantee the locally Lipschitz
continuous regularity in D of the value function. To this aim, it is necessary to
extend to the one-sided Lipschitz case some results provided in [241]. Assume
the following inward pointing condition on Gr T :

(IPC) For any compact set G ⊆ R1+n there exists ρ > 0 such that, for all
(t, x) ∈ ∂ (Gr T ) ∩G,

min
ξ∈F̄ (t,x)

{
l0 + 〈l, ξ〉

}
≤ −ρ

∀ (l0, l) ∈ NP
GrT (t, x), |(l0, l)| = 1.

It is then possible to prove the following technical result:

Proposition 4.5.4. Assume H1-H5 hold and Gr T satisfies (IPC). Then,
for any compact set K ⊆ R1+n, there exist εK , LK > 0 such that for all
(t0, x0) ∈ Gr T ∩K + εKB̄

d((t0, x0),A(t0,x0)) ≤ LKd((t0, x0),Gr T ). (4.5.4)

Proof. Given a closed set C ⊆ R1+n and v ∈ R1+n,

PC(v) = {w ∈ C| |v − w| = d(v, C)}

denotes the set of all projections of v on C. On the other hand, according
to ([17], Proposition 4.2.2), given w ∈ C, the proximal normal cone NP

C (w) is
characterised as

NP
C (w) = {v ∈ Rm| ∃ α > 0 s.t. w ∈ PC(w + αv)} .

Define the lower Dini derivative of a function ψ : R1+n → R in the direction
of (1, y) as

D−ψ(t, x; 1, y) := lim inf
h→0+

ψ(t+ h, x+ hy)− ψ(t, x)

h
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and fix K ⊂ R1+n a compact set. Define Oθ = GrT ∩K + θB for some θ > 0
and G = Ō1. Let [τ1, τ2] = coPR(G). Fix θ such that

θ < min

{
0.5,

1

LG + 1

}
,

where LG is such that |F (t, x, u)| ≤ LG for all (t, x, u) ∈ [τ1, τ2] × Rn × U .
With the choice of G = Ō1, let us take ρ > 0 such that (IPC) holds true.
Define, for each (t, x) ∈ R1+n, the functions

ψ(t, x) = d((t, x),GrT )

ϕ(t, x) =


(LF + L)ψ(t, x)− ρ (t, x) 6∈ GrT and

(t, x) ∈ Oθ
+∞ otherwise

,

where LF is the one-sided Lipschitz constant of F , and the multifunction
Φ : R1+n ; Rn defined as

Φ(t, x) =
{
y ∈ F̄ (t, x)| D−ψ(t, x; 1, y) ≤ ϕ(t, x)

}
. (4.5.5)

It is a straightforward matter to check that ϕ(t, x) is upper semi-continuous.
Furthermore, by possibly reducing the size of ρ, it is not restrictive to suppose
that there exists 0 < ρ < 1 satisfying (IPC) with the choice G = Ō1.

It is necessary to check that Φ(t, x) 6= ∅ for every (t, x) ∈ R1+n. If (t, x) ∈
GrT or (t, x) 6∈ Oθ, then Φ(t, x) = F̄ (t, x) 6= ∅. Otherwise, define

(l0, l) =
(t− t̄, x− x̄)

|(t, x)− (t̄, x̄)|
∈ NP

GrT (t̄, x̄), |(l0, l)| = 1

for any (t̄, x̄) ∈ PGrT (t, x). Being (t̄, x̄) a projection of (t, x) on GrT , then
(t̄, x̄) ∈ ∂GrT and one has

|(t̄, x̄)− (t, x)| = d((t, x),GrT ) < θ < 1.

In particular this implies (t̄, x̄) ∈ G∩∂GrT . In view of (IPC) there exists
ξ̄ ∈ F̄ (t̄, x̄) (and then ū ∈ U for which ξ̄ ∈ F (t̄, x̄, ū)) such that

l0 +
〈
l, ξ̄
〉
≤ −ρ.

Take any ξ ∈ F (t, x, ū). Then one can obtain the following estimates:

l0 +
〈
l, ξ̄ − ξ + ξ

〉
= l0 + 〈l, ξ〉+

〈
l, ξ̄ − ξ

〉
≤ −ρ =⇒

l0 + 〈l, ξ〉 ≤ −ρ+
〈
l, ξ − ξ̄

〉
= −ρ+

〈x−x̄,ξ−ξ̄〉
d((t,x),GrT )

.
(4.5.6)
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Choose ξ∗ ∈ F (t̄, x, ū) such that |ξ∗ − ξ| ≤ L|t̄ − t|. It is then possible to
estimate the right hand side of (4.5.6) as follows:〈

x− x̄, ξ − ξ̄
〉

d((t, x),GrT )
=

〈x− x̄, ξ − ξ∗〉
d((t, x),GrT )

+

〈
x− x̄, ξ∗ − ξ̄

〉
d((t, x),GrT )

≤

|x− x̄||ξ − ξ∗|
d((t, x),GrT )

+
LF |x− x̄|2

d((t, x),GrT )
≤

L|t− t̄||x− x̄|
d((t, x),GrT )

+
LF |x− x̄|2

d((t, x),GrT )
≤

L|(t, x)− (t̄, x̄)|2

d((t, x),GrT )
+
LF |(t, x)− (t̄, x̄)|2

d((t, x),GrT )
,

where, in turns, it has used the one-sided Lipschitz property of x 7→ F (t, x, u),
uniformly w.r.t. (t, u) ∈ R× U , and the Lipschitz continuity of the mapping
t 7→ F (t, x, u), uniformly w.r.t. (x, u) ∈ Rn × U . This analysis shows that

l0 + 〈l, ξ〉 ≤ −ρ+ (LF + L)d((t, x),GrT ).

Let us show that ξ ∈ Φ(t, x). Since (t̄, x̄) ∈ GrT and (t, x) /∈ GrT , then
ψ(t, x) > 0 and one can compute

D−ψ(t, x; 1, ξ) =

lim inf
h→0+

ψ2(t+ h, x+ hξ)− ψ2(t, x)

h(ψ(t+ h, x+ hξ) + ψ(t, x))
≤

lim inf
h→0+

|(t+ h− t̄, x+ hξ − x̄)|2 − |(t− t̄, x− x̄)|2

h(ψ(t+ h, x+ hξ) + ψ(t, x))
=

t− t̄+ 〈x− x̄, ξ〉
ψ(t, x)

= l0 + 〈l, ξ〉 ≤ ϕ(t, x).

Thus, ξ ∈ Φ(t, x). Fix ε > 0 such that

ε < min

{
1− θ(LG + 1),

θρ

C
,
θ(1− ρ)

C

}
,

where C = exp

(∫ τ2
τ1
LF + Lds

)
. Let (t0, x0) ∈ Ōε = GrT ∩K + εB̄.

If (t0, x0) ∈ GrT , then (4.5.4) is trivially satisfied. Alternatively, observe
that (t0, x0) ∈ Ōε ⊆ G and x0 ∈ PRn(G). Define T = t0 + θ. Therefore, for
any solution x(·) of (4.4.7) starting from (t0, x0) with control u(·) it holds

|x(t)− x0| ≤
∫ t

t0

|F (t, x, u)| ≤ LG|t− t0| ≤ LGθ

and (t, x(t)) ∈ (t0, x0) + (LG + 1)θB̄ for all t ∈ [t0, T ].
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Since θ(LG + 1) < 1− ε < 1, then (t, x(t)) ∈ G for all t ∈ [t0, T ]. Then, in
view of well known selection theorems (see [241], Proposition 2.1) there exists
a solution to

ẋ(t) ∈ Φ(t, x(t)), x(t0) = x0, t ∈ [t0, T ]. (4.5.7)

Define T̄ ∈ [t0,∞) as the first time such that a given solution x(·) of (4.5.7)
satisfies either (T̄ , x(T̄ )) ∈ GrT or (T̄ , x(T̄ )) ∈ ∂Oθ. If there is not such a
T̄ , fix T̄ := t0 + θ = T . Setting d̃(t) = d((t, x(t)),GrT ), it follows from the
relation (4.5.5) that, for all t ∈ [t0, T̄ ], d̃(t) satisfies

˙̃d(t) = D−ψ(t, x(t); 1, ẋ(t)) ≤ (LF + L)d̃(t)− ρ
d̃(t0) = d((t0, x0),GrT ) ≤ ε.

The definitions of τ1, τ2 imply that τ1 ≤ t0 ≤ t0 + θ ≤ τ2. Using Gronwall’s
Lemma, then one easily estimates

d̃(t) ≤ exp

(∫ τ2

τ1

LF + Lds

)
d̃(t0)− (t− t0)ρ = (4.5.8)

Cd̃(t0)− (t− t0)ρ < Cε− (t− t0)ρ. (4.5.9)

Recall that the differential equation for d̃(·) is studied on [t0, T̄ ] so that, since
Cε < Cε/ρ ≤ θ, one has that d̃(t) < θ for all t ∈ [t0, T̄ ]. Hence, (t, x(t)) ∈ Oθ
for all t ∈ [t0, T̄ ]. In particular, d̃(t) = 0 if

t = t0 +
Cd̃(t0)

ρ
< t0 + θ =⇒ t− t0 =

Cd̃(t0)

ρ
< θ. (4.5.10)

This shows that T̄ ∈ [t0,∞) has to be such that (T̄ , x(T̄ )) ∈ GrT and
(T̄ , x(T̄ )) ∈ A(t0,x0). Furthermore one can obtain the following estimate:

d̃((t0, x0),A(t0, x0)) ≤ |(t0, x0)− (T̄ , x(T̄ ))| ≤ (4.5.11)

|t0 − T̄ |+ |x0 − x(T̄ )| ≤ Cd̃(t0)

ρ
+ LG|t0 − T̄ | ≤ (4.5.12)

C(LG + 1)

ρ
d̃(t0) = LK d̃(t0) (4.5.13)

where in the last two steps we have used the relation (4.5.10). This concludes
the proof.

Proposition 4.5.5. Assume conditions (SH) and (GC) hold. Suppose that
Gr T satisfies (IPC). Then D ⊆ R1+n is an open set and V (tk, xk)→ +∞ for
all (tk, xk) ∈ D such that (tk, xk)→ (t0, x0) ∈ ∂D.

Proof. Firstly, show that Dc, the complement of D, is closed. Let (tn, xn) be
a sequence in Dc converging to (t, x). It is enough to prove that (t, x) ∈ Dc.
By contradiction, assume that (t, x) ∈ D. By definition of D, there exist
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(T, y) ∈ A(t,x), a control ux ∈ U and x(·) solution of (4.4.7) with control
ux ∈ U such that x(t) = x, x(T ) = y, T ≥ t and (T, y) ∈ Gr T . One can take
εn > 0, εn → 0 such that

|(t, x)− (tn, xn)| < εn

Let us consider two different cases:
CASE 1: T = t. Let K ⊆ R1+n be a compact set containing (t, x) =

(T, y) ∈ Gr T . Then

d((tn, xn),GrT ) < |(tn, xn)− (T, y)| = |(tn, xn)− (t, x)| < εn

and (tn, xn) ∈ Gr T ∩ K + εnB̄. In view of Proposition 4.5.4, there exist
εK , LK > 0 and, for n sufficiently large, εn ≤ εK holds.

CASE 2: T > t. Taking n sufficiently large, one can assume that tn < T .
Let xn(·) be the unique trajectory of (4.4.7) when u(·) = ux(·) with initial
condition x(tn) = xn. In view of relation (4.4.9), one has that

|xn(T )− x(T )| < λ(T )εn (4.5.14)

where λ(·) is the function appearing in condition (4.4.9), Remark 4.4.2. Fix
K ⊆ R1+n a compact set containing (T, y) = (T, x(T )) and choose εK , LK
such that the statement Proposition 4.5.4 is satisfied. For all εn < εK

λ(T )
it

follows (T, xn(T )) ∈ Gr T ∩K + εKB̄.
In both CASES 1-2, it follows, in view of Proposition 4.5.4

d((tn, xn),A(tn,xn)) ≤ LKd((tn, xn),Gr T )

Since (tn, xn) 6∈ D, then A(tn,xn) = ∅, implying that d((tn, xn),A(tn,xn)) = +∞,
which yields a contradiction. The next step is to prove that the value function
V (t, x) tends to infinity when (t, x) approaches ∂D. Fix {(tk, xk)}k ⊆ D,
(tk, xk) → (t0, x0) ∈ ∂D. Let xk(·) be a trajectory of (4.4.10) with initial
condition xk(tk) = xk.

Assume by contradiction that |V (tk, xk)| < M̄ for all k and some M̄ > 0.
It follows from the definition of value function that, for all εk > 0, there exists
(Tk, yk) ∈ A(tk,xk) such that

W (Tk, xk) ≤ V (tk, xk) + εk

Hence, |W (Tk, xk)| < +∞. In view of (GC), Tk has to be bounded by a
constant M . Hence, in view of the hypothesis H2, also yk is uniformly bounded
and one can arrange along a subsequence (not relabelled) that (Tk, yk) →
(T0, y0) ∈ Gr T . Arguing as in Theorem 4.5.1, one can find a subsequence
of trajectories of (4.4.10) such that xk(·) → x̃(·) uniformly on [0,M ]. In
particular, xk = xk(tk)→ x̃(t0) = x0. Hence x̃(·) is a trajectory starting from
(t0, x0), such that ˙̃x ∈ F̄ (t, x̃) a.e. t ∈ [t0,M ] and (T0, y0) = (T0, x̃(T0)) ∈
Gr T . Then A(t0,x0) 6= ∅, which is impossible since D is open and (t0, x0) ∈ ∂D.
This concludes the proof.
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The existence of a minimizer, together with (IPC) and (GC) conditions
guarantee the locally Lipschitz continuity of the value function on D.

Theorem 4.5.6. Assume that conditions (SH), (GC) hold and that Gr T
satisfies (IPC). Then V is locally Lipschitz on D.

Proof. Firstly, show that, for any (t0, x0) ∈ D, there exist εV , LV > 0 such
that for all (t1, x1), (t2, x2) ∈ OεV := (t0, x0) + εVB, one has

|V (t1, x1)− V (t2, x2)| ≤ LV |(t1, x1)− (t2, x2)|.

Let LW > 0 be the Lipschitz constant of W and εW > 0 the neighbourhood
radius in which the Lipschitz property of W is verified.

Fix ρ > 0 and (t0, x0) ∈ Ōρ ⊂ D . Define

T̄ := sup
{
T : (T, x(·)) minimizer of (P )(t,x), (t, x) ∈ Ōρ

}
Since Ōρ ⊂ D, then T̄ < ∞. Let (T ∗0 , x

∗
0(·)) be the minimizer of the optimal

control problem P(t0,x0). In view of the hypothesis H2, for all (t, x) ∈ Ōρ, one
has

|(T ∗, x∗(T ∗))− (T ∗0 , x
∗
0(T ∗0 ))| ≤ 2(T̄C + ρ+ T̄ ) =: R,

where (T ∗, x∗(·)) is the minimizer of the optimal control problem (P )(t,x).
Hence, one can fix both K = (T ∗0 , x

∗
0(T ∗0 )) +RB̄ and εK , LK such that the

statement of Proposition 4.5.4 is satisfied for all (t, x) ∈ GrT ∩K + εKB̄. Fix
εV > 0 such that

εV ≤ min

{
ρ,

min{εK , εW}
2λ(T̄ )(LK + 1)

}
where λ(·) is the function introduced in Remark 4.4.2.

Take (t1, x1), (t2, x2) ∈ OεV such that V (t1, x1) > V (t2, x2). Let u2(·) be
the optimal control starting from (t2, x2) with trajectory x2(·) and optimal
time T2. Then (T2, x2(T2)) ∈ GrT ∩K, since OεV ⊆ Oρ. It is convenient to
distinguish the two cases T2 > t2 and T2 = t2:

CASE 1: If T2 > t2, then it is not restrictive to assume also T2 > t1 (it
is sufficient to reduce the size of εV ). Let x1(·) be the trajectory of (4.4.7)
starting from (t1, x1) with control u2(·). Proposition 4.5.2 ensures V (t2, x2) =
W (T2, x2(T2)) and V (t1, x1) ≤ V (T2, x1(T2)). In view of (4.4.9), one has that

|(T2, x2(T2))− (T2, x1(T2))| ≤
≤ |(t1, x1)− (t2, x2)|λ(T2) ≤ 2εV λ(T̄ ) < εK

where λ(·) is the function introduced in Remark 4.4.2.
Therefore (T2, x1(T2)) ∈ GrT ∩ K + εKB̄. Set (t̄, x̄) := (T2, x1(T2)) and

take x̄1(·) be a solution of the differential inclusion (4.5.7) starting from (t̄, x̄).
Then, in view of the relation (4.5.9), there exists a time T̄1 ≥ t̄ such that
(T̄1, x̄1(T̄1)) ∈ GrT . In particular, one obtains the inequality V (t1, x1) ≤
W (T̄1, x̄1(T̄1)). It then follows from such a construction the estimate

V (t1, x1)− V (t2, x2) ≤ W (T̄1, x̄1(T̄1))−W (T2, x2(T2)). (4.5.15)
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Furthermore, observe that

|(T̄1, x̄1(T̄1))− (T2, x2(T2))| ≤ (4.5.16)

|(T̄1, x̄1(T̄1))− (t̄, x̄)|+ |(t̄, x̄)− (T2, x2(T2))| ≤ (4.5.17)

|(T̄1, x̄1(T̄1))− (t̄, x̄)|+ λ(T̄ )|(t1, x1)− (t2, x2)| (4.5.18)

where the relation (4.4.9) was used in the last inequality. Using now the
relation (4.5.10) in (4.5.16) (as it is done in (4.5.13)), one obtains

|(T̄1, x̄1(T̄1))− (t̄, x̄)| ≤ (4.5.19)

LKd((t̄, x̄),GrT ) ≤ LK |(t̄, x̄)− (T2, x2(T2))|. (4.5.20)

So one can obtain from (4.5.16) and (4.5.19) the relevant estimates

|(T̄1, x̄1(T̄1))− (T2, x2(T2))| ≤ (4.5.21)

(LK + 1)λ(T̄ )|(t1, x1)− (t2, x2)| ≤ (4.5.22)

2λ(T̄ )(LK + 1)εV ≤ εW (4.5.23)

f where in the first inequality the relation (4.4.9) was used again.
CASE 2: If T2 = t2 then |(t2, x2) − (t1, x1)| ≤ 2εV < εK and (t1, x1) ∈

GrT ∩ K + εKB̄. Set (t̄, x̄) = (t1, x1) and, as in the previous case, take a
solution x̄1(·) of (4.5.7) starting from (t̄, x̄) and a time T̄1 ≥ t̄ such that
(T̄1, x̄1(T̄1)) ∈ GrT . Using the same argument employed in CASE 1, one can
obtain the relations (4.5.15) and (4.5.21).

Therefore, in both CASES 1-2, the hypothesis H6 can be invoked and it
follows from the estimates (4.5.15) and (4.5.21) that

V (t1, x1)− V (t2, x2) ≤ W (T̄1, x̄1(T̄1))−W (T2, x2(T2)) ≤
LW |(T̄1, x̄1(T̄1))− (T2, x2(T2))| ≤
LWC1|(t1, x1)− (t2, x2)| := LV |(t1, x1)− (t2, x2)|

where C1 = 2λ(T̄ )(LK + 1) if T2 > t2 and C1 = LK + 1 if T2 = t2. This
concludes the proof.

Remark 4.5.7. The growth condition (GC) permits to the optimal trajectory
x̄(·) of problem (P )(t0,x0) to reach the point in A(t0,x0) which minimizes the
cost function W . In general, x̄(·) does not stop when the target is reached, as
it is the case in which one considers a problem (P ) in which the parameter to
minimize is the time. In fact, the related cost function in the minimum time
problem satisfies the stronger condition:

� (LGC). For any K ⊆ Rn+1 compact, there exists γ > 0 such that

W (t′, x′) ≥ W (t, x) + γ(t′ − t)

for all (t, x) ∈ K and (t′, x′) ∈ A(t,x)

This particular feature of the problem of study is also reflected in the formu-
lation of the Hamilton-Jacobi equation.
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4.6 DYNAMIC PROGRAMMING AND IN-

VARIANCE PRINCIPLES

In this section, the dynamic programming principle in Proposition 4.5.2 is
linked to the weak and strong invariance principles for the epigraph and the
hypograph of the value function w.r.t. a suitable, augmented dynamics. To
this aim, introduce the augmented differential inclusion

(AD)y0 {ẏ(t) ∈ Γ(y(t)), a.e. t ∈ [0,+∞), y(0) = y0} (4.6.1)

where y(t) = (τ(t), x(t), a(t)), y0 = (τ0, x0, a0) ∈ R1+n+1 and Γ(τ, x, a) =
{1} × F̄ (τ, x) × {0}. It is easy to check that all of the properties stated in
Proposition 4.4.1 for F̄ are still valid for Γ.

Definition 4.6.1. Suppose O ⊆ R1+n+1 is open, y0 ∈ O and y(·) solution
of (AD)y0 . Then T > 0 is an escape time from O (in which case it writes
Esc(y(·),O) := T ), provided at least one of the following conditions occurs:

a) T =∞ and y(t) ∈ O for all t ≥ 0;

b) y(t) ∈ O for all t ∈ [0, T ) and ||y(t)|| → ∞ as t→ T .

c) T <∞, y(t) ∈ O for all t ∈ [0, T ) and d(y(t),Oc)→ 0 as t→ T .

In the following, the basic definitions of invariance principles are recalled.
In particular, the weak invariance principle is stated in a local version.

Definition 4.6.2. Take a closed set C ⊆ R1+n+1 and an open set O ⊆ R1+n+1.
C is weakly invariant w.r.t. the set-valued dynamics ẏ ∈ Γ(y) in O (and it
writes (C,Γ) weakly invariant in O) if and only if, for any initial condition
y0 ∈ C ∩O and for some T > 0 the Cauchy problem (AD)y0 admits a solution
y(t) ∈ C ∩ O for all t ∈ [0, T ).

Definition 4.6.3. A closed set C ⊆ R1+n+1 is strongly invariant w.r.t. the
set-valued dynamics ẏ ∈ Γ(y) (and it writes (C,Γ) strongly invariant) if and
only if, for any y0 ∈ C, T ≥ 0 and y : [0, T ] → R1+n+1 solution of (AD)y0,
one has y(t) ∈ C for all t ∈ [0, T ].

The existence of an optimal trajectory can be reformulated as both a weak
invariance principle for the epigraph of V and a strong invariance principle for
the hypograph of V . Such properties will be captured by the next propositions.

Remark 4.6.4. Fix y0 = (τ0, x0, a0) ∈ R1+n+1. Any solution y(t) = (τ(t), x(t), a(t))
of (AD)y0 is such that τ(t) = t+τ0. The inverse function of τ(t) is t(τ) = τ−τ0.
Furthermore, one can observe that z(τ) := x(t(τ)) satisfies ż(τ) ∈ F̄ (τ, z(τ))
a.e. τ ∈ [τ0,∞) and z(τ0) = x0.
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Proposition 4.6.5. Assume that (SH), (IPC) and (GC) hold true and V
is bounded below and lower semi-continuous. Fix E = epi(V ), where

epi(V ) = {(τ, x, β) ∈ R1+n+1 : V (τ, x) ≤ β}

and the set O = (Ωc ∩ D)× R, where

Ω = {(τ, x) ∈ Gr T : V (τ, x) = W (τ, x)}.

Then (E ,Γ) is weakly invariant in O

Proof. Since V is lower semi-continuous, E is a closed set. Furthermore, O
is an open set in view of Proposition 4.5.3. Fix (τ0, x0, β0) ∈ E ∩ O. Then
V (τ0, x0) ≤ β0 <∞.

Theorem 4.5.1 ensures the existence of an optimal solution z∗(τ) and an
optimal time S∗ > τ0 to the free-time optimal control problem (P ) with
initial condition z∗(τ0) = x0 and such that (S∗, z∗(S∗)) ∈ GrT (here, in view
of Proposition 4.4.4, z∗(·) is thought as a solution of (4.4.10) with initial
condition z∗(τ0) = x0).

By the optimality principle, for all τ ∈ [τ0, S
∗],

V (τ, z∗(τ)) = V (τ0, z(τ0)) ≤ β0

In view of Proposition 4.5.5, (τ, z∗(τ)) ∈ D for all τ ∈ [τ0, S
∗]. Fur-

thermore, one has that τ0 < Esc((·, z∗(·), V ((·, z∗(·))),Ωc × R) ≤ S∗ since
V (S∗, z∗(S∗)) = W (S∗, z∗(S∗)). For all t ≥ 0, define τ(t) = t + τ0. There-
fore τ̇(t) = 1 and τ(0) = τ0. Define x∗(t) = z∗(τ(t)) and observe that y∗(t) =
(τ(t), x∗(t), β0) is a solution of (4.6.1) with initial conditions (τ(0), x∗(0), β(0)) =
(τ0, x0, β0).

Hence, there exists T ∗ = S∗ − τ0 ≥ 0 such that

V (τ(t), x∗(t)) ≤ β0

for all t ∈ [0, T ∗]. Furthermore, one has that (τ(t), x∗(t)) ∈ D for all t ∈ [0, T ∗]
and that 0 < Esc((τ(·), x∗(·), V (τ(·), x∗(·))),Ωc×R) ≤ T ∗ since V (τ(T ∗), x∗(T ∗)) =
W (τ(T ∗), x∗(T ∗)). This concludes the proof.

Proposition 4.6.6. Assume that H1-H4 are satisfied and that V is upper
semi-continuous. Define H = hypo(V ), that is

hypo(V ) = {(τ, x, β) ∈ R1+n+1 : V (τ, x) ≥ β}

Then (H,Γ) is strongly invariant.

Proof. Since V is upper semi-continuous, thenH is a closed set. Fix (τ0, x0, β0) ∈
H. If (τ0, x0) /∈ D, then the thesis is trivially satisfied. Assume that (τ0, x0) ∈
D. Then V (τ0, x0) ≥ β0.

In view of Remark 4.6.4, given any trajectory of (4.6.1), namely y(t) =
(τ(t), x(t), β0), with initial condition y(0) = (τ0, x0, β0), it is possible to define
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t(τ) = τ − τ0 and z(τ) = x(t(τ)), trajectory of ż(τ) ∈ F̄ (τ, z(τ)) a.e. τ ∈
[τ0,+∞), with initial condition z(τ0) = x0. Observe that the value function
V is non decreasing along z(τ) so that, for all S ≥ τ0 and τ ∈ [τ0, S]

β0 ≤ V (τ0, x0) ≤ V (τ, z(τ))

Finally, for any solution y(t) of (4.6.1) with initial condition y(t0) = (τ0, x0, β0)
and for any T ≥ 0, one can set S = T + τ0 ≥ τ0. Hence

β0 ≤ V (τ0, x0) ≤ V (τ(t), x(t))

for all t ∈ [0, T ]. This concludes the proof.

4.7 HAMILTON-JACOBI-BELLMAN INEQUAL-

ITIES

It is finally possible to characterise the value function (4.5.1) as the unique
viscosity solution of the Hamilton-Jacobi related to the problem (P ). Define
the maximized and minimized Hamiltonians for Γ.

Definition 4.7.1. Fix η, y ∈ R1+n+1, y = (τ, x, a), η = (η1, η2, η3). The
minimized Hamiltonian is defined as

hΓ(y, η) = min
v∈Γ(y)

〈v, η〉 = min
v∈F̄ (τ,x)

〈(1, v, 0), (η1, η2, η3)〉 ;

the maximized Hamiltonian is defined as

HΓ(y, η) = max
v∈Γ(y)

〈v, η〉 = max
v∈F̄ (τ,x)

〈(1, v, 0), (η1, η2, η3)〉 .

Therefore, the weak invariance and strong invariance principle can be char-
acterised in Hamiltonian forms. Firstly, observe that, since the set-valued map
Γ inherits the same properties of F̄ (summarised in Proposition 4.4.1 and hy-
pothesis H4), then the following result holds true ([242], Theorem 3.1):

Proposition 4.7.2. Assume H1-H4 are satisfied, V is lower semi-continuous
and O ⊆ R1+n+1 is an open set. Then the following statements are equivalent:

i) (epi(V ),Γ) is weakly invariant in O;

ii) For all (τ, x, a) ∈ epi(V ) ∩ O,
hΓ((τ, x, a), η) ≤ 0 for all η ∈ NP

epi(V )(τ, x, a).

Since Γ also satisfies the relation (4.4.2), then one can invoke a strong
invariance principle proved in ([235], Corollary 5).

Proposition 4.7.3. AssumeH1-H4 are satisfied and V is upper semi-continuous.
Then the following statements are equivalent:
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i) (hypo(V ),Γ) is strongly invariant

ii) For all (τ, x, a) ∈ hypo(V ) and η ∈ NP
hypo(V )(τ, x, a),

lim sup(τ ′,x′,a′)→η(τ,x,a) HΓ((τ ′, x′, a′), η) ≤ 0.

In the previous proposition, given z ∈ R1+n+1 and a non-zero vector η ∈
R1+n+1, z′ →η z is equivalent to say that z′ → z and (z′− z)/|z′− z| → η/|η|.

In what follows, it is proved a comparison principle result characterizing
any continuous function that exhibits the same qualitative properties of the
value function V . Precisely:

Proposition 4.7.4. Assume that (SH) hold and that (GC) and (IPC) are
satisfied. Let Θ : R1+n → R be a continuous, bounded below function such
that:

a) Θ(t, x) ≤ W (t, x) for each (t, x) ∈ Gr T ;

b) Θ(t, x) = +∞ for all (t, x) 6∈ D;

c) Θ(tk, xk)→ +∞ for all (tk, xk) ∈ D such that (tk, xk)→ (t, x) ∈ ∂D;

d) For every (tk, xk) ∈ D such that tk →∞, then Θ(tk, xk)→∞.

Then one has that:

i) If (epi(Θ),Γ) is weakly invariant in O = (Ωc ∩ D)× R, where

Ω = {(τ, x) ∈ Gr T : Θ(τ, x) = W (τ, x)} ,

then one has that V (t, x) ≤ Θ(t, x).

ii) if (hypo(Θ),Γ) is strongly invariant. Then one has V (t, x) ≥ Θ(t, x)

Proof. i). Given any y0 = (t0, x0, a0) ∈ epi(Θ) ∩ O, let us define

Tmax := sup {T > 0 : ∃ y(·) solution of (AD)y0

s.t. y(t) ∈ epi(Θ) ∩ O for all t ∈ [0, T )}
(4.7.1)

Since the couple (epi(Θ),Γ) is weakly invariant in O, the supremum in (4.7.1)
is taken over a non-empty set. In what follows, it will be shown that the supre-
mum in (4.7.1) is actually a maximum. In fact, take a maximizing sequence
of trajectories yn(·) of (AD)y0 and the related Tn such that yn(t) ∈ epi(Θ)∩O
for all t ∈ [0, Tn). If Tn →∞, then one would easily get a contradiction from
the weak invariance of the couple (epi(Θ),Γ) and from the condition d) on
Θ. Furthermore, by standard compactness arguments (see, e.g. Proposition
2.6.1, [17]), yn(·) → y(·) uniformly on [0, Tmax], where y(·) is a trajectory of
(AD)y0 . This implies that the supremum in (4.7.1) is a maximum and that
there exists a solution y(t) = (τ(t), x(t), a0) to (4.6.1) with initial condition
y(0) = (t0, x0, a0) (where τ(t) = t + t0) such that Θ(τ(t), x(t)) ≤ a0 for all
t ∈ [0, Tmax).
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Fix a0 = Θ(t0, x0) and one can show that Tmax = Esc(y(·),O). In fact, if
Tmax 6= Esc(y(·),O), this implies that y(t) ∈ epi(Θ) ∩ O for all t ∈ [0, Tmax]
and that y(Tmax + ε) /∈ epi(Θ), y(Tmax + ε) ∈ O for every ε > 0 suffi-
ciently small. However, using again the weak invariance principle of the couple
(epi(Θ),Γ), one could construct a new trajectory ỹ(·) = (τ̃(·), x̃(·), ã) defined
on [Tmax, T̃ ) for some T̃ > Tmax, with initial condition ỹ(Tmax) = y(Tmax) such
that Θ(τ̃(t), x̃(t)) ≤ Θ(τ(Tmax), x(Tmax)) = Θ(t0, x0) for every t ∈ [Tmax, T̃ ),
which is clearly a contradiction with the definition of Tmax.

These arguments show that there exists a trajectory y(·) solution of (4.6.1)
such that y(0) = (t0, x0, a0) and y(t) ∈ epi(Θ)∩O for every t ∈ [0,Esc(y(·),O) =
Tmax). In particular this implies that

Θ(τ(t), x(t)) ≤ Θ(t0, x0) (4.7.2)

for every t ∈ [0, Tmax). It is easy to observe that, in view of condition c) on Θ
and on relation (4.7.2), one has that Tmax = Esc(y(·),O) = Esc(y(·),Ωc ×R).

One then easily obtains that (τ(Tmax), x(Tmax)) ∈ GrT and that

W (τ(Tmax), x(Tmax)) = lim
t→Tmax

Θ(τ(t), x(t)) ≤ Θ(t0, x0). (4.7.3)

Hence V (t0, x0) ≤ Θ(t0, x0)
ii). The couple (hypo(Θ),Γ) is strongly invariant. This implies that, given

any (t0, x0, a0) ∈ hypo(Θ) and T ≥ 0, any solution y(t) = (τ(t), x(t), a0) of
(4.6.1) with initial condition y(0) = (t0, x0, a0) remains in hypo(Θ) for all
t ∈ [0, T ].

If (t0, x0) 6∈ D, then +∞ = V (t0, x0) = Θ(t0, x0) in view of condition b)
on Θ. For (t0, x0) ∈ D, fix (S̄, x̄) ∈ A(t0,x0). Then there exists a solution z(τ)
such that ż(τ) ∈ F̄ (τ, z(τ)) for all τ ∈ [t0, S̄], z(t0) = x0 and z(S̄) = x̄. Define
τ(t) = t + t0, x(t) = z(τ(t)) and T = S̄ − t0. Then y(t) = (τ(t), x(t), a0) is a
solution of (4.6.1) for all t ∈ [0, T ] with initial condition y(0) = (t0, x0, a0).

Choose a0 = Θ(t0, x0). It follows from the strong invariance principle and
the condition a) on Θ that

W (S̄, x̄) ≥ Θ(τ(T ), x(T )) ≥ a0 = Θ(t0, x0)

Hence Θ(t0, x0) ≤ V (t0, x0). This concludes the proof.

To characterize the value function as the unique continuous, viscosity solu-
tion of a set of Hamilton-Jacobi inequalities one should note that the following
result holds:

Theorem 4.7.5. Assume hypotheses (SH) and that conditions (GC), (IPC)
are satisfied. Then the value function V is the unique continuous, bounded
below, locally Lipschitz in D function which satisfies the following properties:

i) V (t, x) ≤ W (t, x) for each (t, x) ∈ Gr T ;

ii) V (t, x) = +∞ for all (t, x) 6∈ D;
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iii) V (tk, xk)→ +∞ for all (tk, xk) ∈ D such that (tk, xk)→ (t, x) ∈ ∂D;

iv) For every (tk, xk) ∈ D such that tk →∞, then V (tk, xk)→∞;

Consider the no-characteristic set

Ω = {(τ, x) ∈ Gr T : V (τ, x) = W (τ, x)} .

Then:

v) take O := Ωc × R. For every (t, x, a) ∈ epi(V ) ∩ O one has

min
v∈F̄ (t,x)

(1, v, 0) · p ≤ 0 ∀p ∈ NP
epi(V )(t, x, a); (4.7.4)

vi) for every (t, x, b) ∈ hypo(V ), one has

lim sup
(t′,x′,b′)→p(t,x,b)

max
v∈F̄ (t′,x′)

(1, v, 0) · p ≤ 0, (4.7.5)

for all p ∈ NP
hypo(V )(t, x, b);

vii) for every (t, x) ∈ D ∩ (Ωc) one has

pt + min
v∈F̄ (t,x)

v · px ≤ 0, ∀ (pt, px) ∈ ∂PV (t, x); (4.7.6)

viii) for every (t, x) ∈ D, one has

qt + lim inf
x′→−qxx

{
min

v∈F̄ (t,x′)
v · qx

}
≥ 0 (4.7.7)

for every q = (qt, qx) ∈ ∂PV (t, x)

Proof. Conditions i)-vi) follow from Propositions 4.5.3, 4.5.5-4.7.4. Further-
more, in view of Proposition 4.5.5 and Theorem 4.5.6, V is locally Lipschitz
continuous in D and continuous in R1+n.

Theorem 4.5.1 assures that V is bounded below. If either ∂PV (t, x) = ∅
or ∂PV (t, x) = ∅, then, respectively, condition vii) and condition viii) are
satisfied. It remains to show conditions vii)-viii) in the other cases to conclude
the proof.

It follows from an easy application of ([17], Proposition 4.3.4) that

NP
epi(V )(t, x, V (t, x)) =

{(λp,−λ) : λ > 0, p ∈ ∂PV (t, x)} ∪ {(0, 0)}
NP

hypo(V )(t, x, V (t, x)) =

{(−λq, λ) : λ > 0, q ∈ ∂PV (t, x)} ∪ {(0, 0)}

(4.7.8)

for every (t, x) ∈ D.
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Let p = (pt, px) ∈ ∂PV (t, x). Then (λp,−λ) ∈ NP
epi(V )(t, x, V (t, x)) for

every λ > 0. It follows from condition v) that, rescaling w.r.t. λ > 0, one
obtains

min
v∈F̄ (t,x)

(1, v, 0) · (λp,−λ) ≤ 0 =⇒

λ min
v∈F̄ (t,x)

(1, v) · (pt, px) ≤ 0

=⇒ pt + min
v∈F̄ (t,x)

v · px ≤ 0

for every (t, x) ∈ D ∩ (Ω)c, for every (pt, px) ∈ ∂PV (t, x).
Similarly, if q = (qt, qx) ∈ ∂PV (t, x) then (−λq, λ) ∈ NP

hypo(V )(t, x, V (t, x))

for every λ > 0. Hence, setting q̄ = (−λq, λ) ∈ NP
hypo(V )(t, x, V (t, x)), it

follows from condition vi) that

lim sup
(t′,x′,a′)→q̄(t,x,V (t,x))

max
v∈F̄ (t′,x′)

(1, v, 0) · (−λq, λ) ≤ 0 =⇒ (4.7.9)

lim sup
(t′,x′)→−q(t,x)

max
v∈F̄ (t′,x′)

(1, v) · (−λqt,−λqx) ≤ 0 =⇒ (4.7.10)

lim sup
(t′,x′)→−q(t,x)

{−λ min
v∈F̄ (t′,x′)

(1, v) · (qt, qx)} ≤ 0 =⇒ (4.7.11)

lim inf
(t′,x′)→−q(t,x)

{
qt + min

v∈F̄ (t′,x′)
v · qx

}
≥ 0 (4.7.12)

for every (t, x) ∈ D and (qt, qx) ∈ ∂PV (t, x). Since the map t ; F̄ (t, x) is
Lipschitz continuous for each x, one easily obtains condition viii) from (4.7.12).
This concludes the proof.

Remark 4.7.6. Some implications of Theorem 4.7.5 deserve to be commented.
First of all, observe that condition vii) of Theorem 4.7.5 implies that, for every
(t, x) ∈ D ∩ (Ω)c and p = (pt, px) ∈ ∂PV (t, x), one has

pt + lim inf
x′→−pxx

{
min

v∈F̄ (t,x′)
v · px

}
≤ 0

Now, take (t, x) ∈ D and assume that V is differentiable in a neighborhood
of (t, x). Then ∂PV (t, x) ∩ ∂PV (t, x) = {∇t,xV (t, x)} = (ηt, ηx) = η. If
(t, x) /∈ GrT , then conditions vii)-viii) provide the Hamilton-Jacobi equation

ηt + lim inf
x′→−ηxx

{
min

v∈F̄ (t,x′)
v · ηx

}
= 0 (4.7.13)

On the other hand, when (t, x) ∈ GrT , conditions vii)-viii) together with
condition i) yield the following Hamilton-Jacobi equation

min

{
(W − V )(t, x), ηt + lim inf

x′→−ηxx

{
min

v∈F̄ (t,x′)
v · ηx

}}
= 0 (4.7.14)
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While the equation (4.7.13) reflects the need of hitting the target GrT (as
it happens in the minimum time problems), the equation (4.7.14) is motivated
by the search of a minimum point of W in GrT .

The conditions v)-viii) characterise the value function V as the unique,
continuous, bounded below viscosity solution of the Hamilton-Jacobi equation
(4.7.13) when (t, x) /∈ Gr T , and of the Hamilton-Jacobi equation (4.7.14)
when (t, x) ∈ Gr T .

4.8 A TOY EXAMPLE

Consider the following optimal control problem

(Pex)



Minimize W (T, v(T ))

v̇(t) ∈ u− u2

2
∂vϕ(v), a.e. t ∈ [t0, T ]

u(t) ∈ [−2, 2] a.e. t ∈ [t0, T ]

v(t0) = v0 ∈ R,
(T, v(T )) ∈ GrT ⊆ R2

(4.8.1)

in which t0 ∈ R, T : R ; R+, T (t) = [r,+∞), W (t, v) = Ct + (1/v2) for
some constants C, r > 0 such that Cr3 ≤ 1 and

ϕ(v) =

{
0 v < 0

v v ≥ 0

It is easy to see that (Pex) is a special case of the general optimal control
problem (P ), in which the data are defined as g(t, v, u) = u, k(t, v, u, α) = u2α,
A = [0, 1], µ(α) = δ 1

2
(α) and

F (t, v, u) = u− u2

2
∂vϕ(v)

Furthermore, a straightforward computation shows that

F̄ (t, v) = ∪u∈UF (t, v, u) =


[−4, 1

2
] v > 0

[−4, 2] v = 0

[−2, 2] v < 0

and that hypothesis H1-H6 and condition (GC) are satisfied (notice that the
Lipschitz continuity of the cost function W is required merely in a neighbor-
hood of the target).

Furthermore, by definition of t ; T (t), (t̄, v̄) ∈ ∂GrT if and only if
(t̄, v̄) = (t̄, r) for some t̄ ∈ R. It follows that (l0, l) ∈ NP

GrT (t̄, r), |(l0, l)| = 1
if and only if (l0, l) = (0,−1). Hence, (IPC) is satisfied because, for any
compact G ⊆ R2 and any (t̄, r) ∈ ∂GrT ∩G, one has

min
ξ∈F̄ (t̄,r)

(l0 + 〈l, ξ〉) = −1

2
< 0
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The problem (Pex) is describing the velocity v(t) of an object that is mov-
ing, assuming that the friction acts only in one direction (see Figure 4.2).
When the velocity is negative, one can choose the control without taking into
account the effect of the friction. When the velocity is positive, the friction
reduces the velocity and one has to choose the control providing the maximum
of the difference between velocity and friction.

The target describes a minimum velocity requirement for the optimal so-
lution to the problem.

Figure 4.2: Example of a one side friction framework

It is natural to guess that the optimal control will be ū(t) = 2 for all t such
that v(t) ≤ 0. Furthermore, when v(t) > 0 and v(t) < r, the optimal control
should be positive (to reach the target region) and related to the maximum
velocity (in order to minimise the time in the cost function). Hence

∂u

{
u− u2

2
∂vϕ(v)

}
= ∂u

{
u− u2

2

}
= 0

→ |u| = 1 → ū(t) = 1

Furthermore, (Pex) is an example in which the optimal solution does not
stop as soon as the target is reached. Let us study the behaviour of W (t, v̄(t)),
when v̄(t) > 0 and ˙̄v(t) ∈ F (t, v̄, ū) = F (t, v̄, 1) = 1

2
:

d

dt
W (t̄, v(t̄)) = C − 1

v̄(t̄)3
= 0 ↔ v̄(t̄) = v∗ =

3

√
1

C
≥ r

where the last inequality holds since Cr3 ≤ 1. On the other hand, if Cr3 were
larger than 1, then v∗ 6∈ T (t) and the optimal solution would stop as soon
as it reaches the Gr T . The previous analysis shows that the guessed optimal
control is

ū(t) =


2 v(t) ≤ 0

1 0 < v(t) ≤ v∗

0 v(t) > v∗

and, for any (t0, v0) ∈ R2, one can also guess that the value function is

V (t0, v0) =


Ct0 + 1

v2
0

v0 ≥ v∗

2Cv∗ − 2Cv0 + Ct0 + 1
v∗2

0 ≤ v0 < v∗

2Cv∗ − C v0

2
+ Ct0 + 1

v∗2
v0 < 0

(4.8.2)
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One can now verify that the Hamilton-Jacobi inequalities of Theorem 4.7.5
are satisfied by the guessed value function (4.8.2). In fact, if V is differentiable
at (t0, v0) ∈ R2, then ∂tV (t0, v0) = C and

∂xV (t0, v0) =


− 2
v3
0

v0 ≥ v∗

−2C 0 < v0 ≤ v∗

−C
2

v0 < 0

Of course, the value function is differentiable at each point except at the
origin. If v0 ≥ v∗, one can show that (4.7.14) is satisfied. In fact, in this case
F̄ (t0, v0) = [−4, 1

2
], V (t0, v0) = W (t0, v0) and

∂tV (t0, v0) + min
w∈F̄ (t0,v0)

(w · ∂vV (t0, v0)) =

C +
1

2
· (− 2

v3
0

) ≥ C − 1

v∗3
= 0

When 0 < v0 ≤ v∗, then F̄ (t0, v0) = [−4, 1
2
], V (t0, v0) ≤ W (t0, v0) and

∂tV (t0, v0) + min
w∈F̄ (t0,v0)

(w · ∂vV (t0, v0)) =

C +
1

2
· (−2C) = 0,

showing that both equation (4.7.14) (which is valid when v0 is in the target,
namely r ≤ v0 ≤ v∗) and equation (4.7.13) (valid outside the target) are
satisfied.

If v0 < 0, then F̄ (t0, v0) = [−2, 2] and

∂tV (t0, v0) + min
w∈F̄ (t0,v0)

(w · ∂vV (t0, v0)) =

C + 2 · (−C
2

) = 0

showing that (4.7.13) is satisfied.
It remains to check what happens at the points in (t0, v0 = 0), t0 ∈ R. In

particular, it is easy to check that ∂PV (t0, 0) = ∅ for all t0 ∈ R. Then it is
enough to check that condition viii) of Theorem 4.7.5 is verified. Observe that

∂PV (t0, 0) =

{
q ∈ Rn+1| q = (C, qx), qx ∈

[
−2C,−C

2

]}
(4.8.3)

Take (C, qx) ∈ ∂PV (t0, 0). Since x′ →−qx 0 if and only if x′ > 0 and F̄ (t0, x
′) =

[−4, 1
2
], relation viii) of Theorem 4.7.5 is

C + lim inf
x′→−qx0

{
min

v∈[−4, 1
2

]
v · qx

}
= C +

qx
2
≥ 0

for all qx ∈ [−2C,−C
2

]. In view of Theorem 4.7.5, one can conclude that
(4.8.2) is the value function of the optimal control problem (Pex).
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4.9 DISCUSSION

The main result of this chapter is a characterisation of the value function of a
free time optimal control problem subject to a controlled differential inclusion
as unique, continuous viscosity solution of a related Hamilton-Jacobi equation.
The dynamics arises from a class of systems in which the friction is represented
by an averaged, upper semi-continuous, controlled differential inclusion. Un-
der general assumptions, we show that the dynamic equation is well-posed and
that the related optimal control problem admits solutions. Several theoretical
questions (such as controllability, necessary optimality conditions etc.) and
algorithmic considerations related to the present framework can be considered
as future research directions. Furthermore, the theory provided in this chapter
will be useful to describe a wide class of phenomena, in which a mechanical
constraint producing friction is concerned, such as climbing plants.
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Chapter 5

CONCLUSIONS AND OPEN
QUESTIONS

It is staggering how strongly humans and all other life on Earth depend on
plants. Firstly, plants supply food and maintain the atmosphere by continu-
ously producing oxygen and absorbing carbon dioxide. Beside the agricultural
and ecological importance, plants play a crucial role in biogeochemical cycles
(for example the nitrogen fixation in peas), provide chemical compounds to
synthesise medicines (aspirin, morphine, reserpine, etc. . . ) and are sources of
substances for the manufacturing industry (buildings, clothes, musical instru-
ments, essential oils and soaps). In addition, the ability of plants to move
by growing and to adapt to any environment by changing their morphology
has inspired a new technology of growing robots, opening new frontiers in
bio-inspired engineering.

To support this research field it is important to investigate plants move-
ments and behaviors like the nutation, the exploring strategies, the resource
allocation, the competition among neighbors, that are still poorly understood.
The reasons of such a lack of knowledge is due to both the genetic diversity
of plants, the huge number of external and internal stimuli that independent
organs (leaves and roots) manage without a central brain and the complexity
of soil that makes difficult the setting of experiments.

A crucial tool to mitigate the previous limitations is mathematical mod-
elling. In Chapter 1 we have reviewed the main approaches proposed in the
literature, the biological behaviors that each mathematical framework can ad-
dress and the main drawbacks of each modelling technique. This thesis aims
to further investigate plant behavior by focusing on the efficiency of the plant’s
movements and growing strategies. In Chapter 2, it is provided a new formula-
tion for the efficiency of a growing strategy, by looking at the metabolic needs
of the plant. Also, the efficiency function proposed is easy to compute and
could be useful in ecological and agricultural studies, for example improving
foraging strategies in crops.

Since the plant actively affects the environment and its growth to optimise
this efficiency function, we can study plants by an optimal control approach.
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The optimal control theory can be applied to investigate many behaviours of
plants and in this thesis we propose two applications on the root movements
into the soil.

In particular, in Chapter 3, the focus is on the root circumnutation. By
using an optimal control based approach, the circumnutation motion is showed
to be the most efficient dynamics to reduce the energy dissipation during the
soil penetration. Also, it is possible to characterise the design of efficient
autonomous robots for soil exploration. Finally, in Chapter 4, we generalise
the framework of Chapter 3. A free-time optimal control problem is derived,
whose dynamics is described by a new class of upper-semicontinuous controlled
differential inclusions. They could be useful to model phenomena in which
mechanical constraints producing friction are concerned. The value function
for such a class of optimal control problems is characterised under general and
mild hypothesis.

Two are the key aspects that characterise the thesis: the biological reliabil-
ity of models proposed and the attention given to the engineering applications.
Thus, the estimation of parameters and the validation with independent data
and experiments is a crucial step in the thesis. Also, to support the bio-
inspired engineering applications, it has been necessary to couple the mecha-
nistic and the optimality approach. The former has been used to investigate
the growing mechanisms of the plant system to provide tools that are system-
free, and therefore, independent from the cellular interactions and hormone
patterns. The optimal control based approach provides tools that engineers
can easily translate into robotic algorithms.

The approach proposed in the thesis is novel and still at an early stage.
Many open questions could be addressed and further biological, engineering
and mathematical investigations are required.

Indeed, the framework in Chapter 3 and 4 is deterministic. For example,
one could introduce a stochastic control u+ dw (being dw a Wiener process,
i.e. a standard Brownian motion), to simulate the random exploration of the
soil. If the Wiener process is introduced into the coefficients of soil frictional
forces, then the model could estimate the effects on the motion due to the
randomness of soil structures. It is expected the resulting dynamics will be a
controlled differential inclusion with a multiplicative noise

dx(t) ∈ A(t, x, u)dt+B(t, x, u)dw

where A, B can be computed from F (t, x, u) (see the dynamics in Chapter
4). Stochastic optimal control problems when the dynamics is Lipschitz have
been recently investigated in [243, 244], but the existence of minimisers for
the one-sided Lipschitz differential inclusion remains an open question.

The stochastic dynamics above could estimate the threshold between the
exploration and the minimisation of energy dissipated, a crucial issue in robotic
devices designed to explore the soil. On the other hand, the roots of the same
plant have to face another issue: the competition among them. The investi-
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gation of this issue could suggest information about the development of root
architecture. In particular, the need for exploring the soil while minimising
resource consumption due to the growth of roots. Or, also, the need for ex-
ploiting available nutrients (by increasing the roots in richer soil zones) while
avoiding the negative effects of segregation. This problem could be addressed
in two steps: firstly, replicating the dynamics in Chapters 3 or 4 as many times
as the number of roots. Secondly, introducing dynamical state constraints to
avoid the overlapping of a growing tip with the existing roots. In particular,
recall that the dynamics in Chapter 4 is close to a sweeping process. In this
case, the state constraint will not be a convex set, making the problem still
different with respect to a recent result [234].

Far away from biological and engineering applications, it is worthy to note
that the free-time optimal control problem in Chapter 4 cannot be completely
replaced by an end-time problem. More specifically, the existence of a min-
imiser in the end-time problem can be proved as in the case of the free-time
problem. However, in the end-time problem, both the growth condition and
the invariance principles do not hold anymore. Therefore the characterisation
of the value function is still an open question since it cannot be addressed as
in the case of the free-time problem.

Finally, the framework presented in Chapter 2 can be further analysed.
Indeed, several internal and external signals interact with each other to drive
the growth of a plant. The mechanistic model proposed in the chapter aims
to identify the main stimuli of this complex network and has allowed the
formulation of a novel efficiency function depending on the metabolic needs of
a plant. Such a formulation is suggested by what the plant is optimising during
the growth and it has been thought to be easily measurable for agricultural
and ecological studies. Nevertheless, the model depends on many variables
and its coupling with other biological studies is not an easy task. Therefore,
one could identify some control signals in the plant and rewrite the mechanistic
model as an optimal control problem. For example, assuming as controls the
resource allocation signal fr, the nitrogen uptake signal an and the phosphorus
uptake signal ap, the model in Chapter 2 can be formulated as

ẋ = f(t, x) + g(t, x)u,

where x are the state variables in Chapter 2 except for fr, an, ap and u =
(fr, an, ap). Assuming a smooth change from day to night, f(t, x) and g(t, x)
can be written as continuous and periodic functions. The controllability and
observability of such models are well established [245, 246]. Such a nonlinear
control system can be used to propose new formulations for the efficiency
function E proposed in Chapter 2. Indeed, one could couple the previous
control system with a goal function (for example quadratic in the control) and
compare the optimal trajectory with the solution of the accurate mechanistic
model in Chapter 2.

The purpose is to propose a control system that well reproduce the mech-
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anistic model but simplifying the efficiency function or reducing the number
of signals to simulate. A simpler model is crucial to couple metabolic needs
(namely the efficiency function) with other biological processes like models
that describe the motion of plants. As an example, one could investigate the
circumnutation (namely the dynamics in Chapters 3 and 4) while taking into
account the metabolic needs of the plant, especially when many interacting
roots of the same organism are studied.

To conclude, many other biological processes like stem climbing, branch-
ing development, interactions with neighbors and fungi, survival of plants,
seedlings and fruit production can be investigated by an optimal control ap-
proach where the goal function is mainly related to the efficiency function.
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Appendix A

List of Parameters in Chapter 2

Parameter Value Source Significance
λc see below calibration Feedback on photosynthesis

τmaxas 6µmolC6

gFW ·h [116]
maximum starch degrada-
tion rate

pmaxh 12.7µmolC6

gFW ·h [116]
maximum rate of photosyn-
thesis

nph 5.75µmolN
gFW

[111]
minimum nitrogen for pho-
tosynthesis

O 10µmolN
µmolP

[15] optimal stoichiometry ratio

smax 2µmolC6

gFW
[138]

maximum sucrose content
in leaves

smin 1.3µmolC6

gFW
[116] sucrose starvation threshold

amin 0.15µmolC6

gFW
[118]

minimum amount of starch
at dawn

λsdr 0.25 1
h

calibration
frequency parameter in γ
dynamics

λsdi 0.1 1
h

calibration
frequency parameter in γ
dynamics

λsni see below calibration
frequency parameter in γ
dynamics

bminl bl

arbitrarily
chosen for
Floquet
analysis

minimum amount of leaf
biomass to start photosyn-
thesis

µl, µr 5e− 6 1
h

arbitrarily
chosen for
Floquet
analysis

Death rate of leaf and root
tissues
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Parameter Value Source Significance

δl, δr 5e− 6 1
hgFW

arbitratrily
chosen for
Floquet
analysis

parameters for leaf and root
competition

λsb see below calibration
conversion parameter from
sucrose to biomass

λf 0.066 1
h

calibration
conversion parameter in nu-
trients dynamics

rA 0.58µmolC6

µmolN
[111]

cost of nitrogen assimilation
in biomass

λcsn 0.0267 calibration
proportional parameter in
nitrogen assimilation in
biomass

λg 0.65 calibration
parameter for the computa-
tion of the cost rg

λk 50 calibration
frequency weight in an, ap
dynamics

Imaxn 6.44µmolN
gFW ·h [160]

Michaelis-Menten parame-
ter for nitrogen uptake

kn 0.125µmolN
cm3 [160]

Michaelis-Menten parame-
ter for nitrogen uptake

Imaxp 0.4 µmolP
gFW ·h [156]

Michaelis-Menten parame-
ter for phosphorus uptake

kp 0.006736µmolP
cm3 [156]

Michaelis-Menten parame-
ter for phosphorus uptake

D 4 [112] memory of the plant
rm 0.79 1

h
[148] respiration frequency

η 1.98 1
h

[148] frequency of loading sucrose

pc 0.308µmolC6

µmolP
[121]

sucrose consumption in
phosphorus uptake

r̄t 0.0035 [121]
sucrose consumption in
transporting nutrients

nc 0.68µmolC6

µmolN
calibration

sucrose consumption in ni-
trogen uptake

n̄s 12µmolN
cm3 [169]

optimal nitrogen soil con-
tent

p̄s 0.15µmolP
cm3 [159]

optimal phosphorus soil
content

µs 5e− 3 calibration sucrose losses
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As explained in chapter 2, some parameters depend on the photoperiod.
They are reported in table A and have been estimated, for each day-length,
by fitting data in [138]:

4h 6h 8h 12h 18h
λc [−] 0.82 0.79 0.67 0.62 0.55
λsni [ 1

h
] 0.16 0.15 0.13 0.08 0.004

λsb [ gFW
µmolC6

] 0.00344 0.00413 0.00515 0.00578 0.00524

Table A.1: List of photoperiod-dependent parameters
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Appendix B

Comparison of Starch
Degradation Function with the
Literature

In the chapter 2 it has been outlined a new function for starch degradation.
In [118], a detailed function to describe this behaviour is proposed, and the
complexity of starch degradation is highlighted. The function obtained does
not depend on the starch level stored at dusk and, according to the length of
dark period, it could consider starch degradation during the period of light.
To compare their approach with the one proposed in this thesis, it has first
reproduced the model in [118] by fixing ph and γ according to their values
and assuming no sucrose consumption for transport and uptake. The light
period for the simulation has been fixed to 8h. The results of the starch and
sucrose dynamics (Fig B.1) are consistent with the plots of their paper. To

Figure B.1: Integration in the model of the starch degradation rate
proposed by [118]. See the equations (S17) and (S22) in the supplementary
material of [118]. Results reported here are for the simulations performed with
8h of light. (A) Starch dynamics. (B) Sucrose dynamics.

simulate the experimental data in [138], it has been estimated the value of
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the photosynthetic rate from [116] (see the list in the appendix A). γ is still
approximated as in [118] (γ = 0.6). With these parameters, the model does
not approximate well the behaviour of the experimental data (Fig B.2(A) and
B.2(B)).

Figure B.2: Sucrose and starch dynamics(A) Starch comparison with
γ = 0.6. (B) Sucrose comparison with γ = 0.6. (C) Starch comparison with
γ = 0.6, which also includes the results from our original model. (D) Sucrose
comparison with γ = 0.68. The blue curve represents the model simulation
according to the degradation rate proposed by [118], while the red curve is the
fitting among experimental data in [138], and the green line is the simulation
due to the model as proposed in chapter 2. The day is fixed to 8h.

The behaviour is worse if, according to [148], for 8h photoperiods γ = 0.68
instead of γ = 0.6 (Fig B.2(D)).
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A better behaviour can be ascertained if the photosynthesis is no longer
constant and both uptake and transport sucrose costs are inserted again (Fig
B.3). In particular, the starch degradation function in [118] works by assuming

Figure B.3: Sucrose comparison with γ = 0.6. The red curve is the fitting
with experimental data, the blue line is the simulation of our complete model
with the starch degradation proposed by [118] and for γ = 0.6; the green curve
is the simulation by the model in chapter 2.

a constant rate of photosynthesis. Two options are possible:

� photosynthesis can vary in time according to equations in chapter 2
when the function in [118] is integrated in the model;

� photosynthesis is fixed to a maximum value when computing the func-
tion in [118], but it varies according to equations in chapter 2 when
computed in the rest of the model.

The former case provided the best result for γ = 0.6 and it is reported only the
best behaviour (Fig B.3). The latter case provided the best result for γ = 0.68,
as shown in Fig B.4(A) for sucrose dynamics. The differences between the two
models are more evident in 12h days (Fig B.4(B) and B.4(C)). In conclusion,
starch degradation is more complex than the model proposed in this thesis can
simulate and needs further investigations. However, even if simpler, the be-
haviour obtained still provides a good approximation (and sometimes better)
when compared with more complete functions already available from litera-
ture. A further integration between the model proposed in this thesis and the
literature could lead to a sharper behaviour.

107



Figure B.4: Sucrose and starch dynamics(A) Sucrose comparison with
γ = 0.68 and a day of 8h. (B) Starch comparison with γ = 0.6 and a day of
12h. (C) Sucrose comparison with γ = 0.6 and a day of 12h. The red curve
is the fitting with experimental data, and the blue line is the simulation of
the model in chapter 2 with the starch degradation proposed by [118] when
γ = 0.6 with variable photosynthesis; the green curve is the simulation of the
model in chapter 2.
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Appendix C

Dynamics of E

Tables from C.1 to C.4 summarise, for each soil condition, the efficiency E
and the total cost C computed after 40 days at 12h of light when the starch
partition γ, the sucrose allocation fr, and the nitrogen affinity an are kept
constants one at a time. All of them are compared with Ē and C̄, that are
computed when no given dynamics is forced for the previous signals.

Table C.1 reports the values when both the nitrogen and the phosphorus
are optimal into the soil. Table C.2 and C.3 show the situation of low ni-
trogen and phosphorus soil contents. In red are highlighted the values such
that E ≥ Ē . All these values can reach a greater efficiency, but consuming
more resources during the growth. Table C.4 shows the values for rich soils.
Since the toxic effects of a high level of nitrogen are not modelled, only the
phosphorus is higher than the optimal value. Also in this case, in red there
are the values more efficient than Ē but with higher costs. Finally, in blue,
the only case in which the efficiency is higher than Ē , still having a lower cost.
The reason could be that in richer soils the metabolism is reduced because it
is easier to recover the nutrients. Therefore some values in the formulation of
C should be changed to take into account this effect.
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Table C.1: NORMAL SOIL CONDITIONS. The nitrogen into the soil is
fixed at 12µmolN

cm3 . The soil phosphorus is 0.15µmolP
cm3 . The model gives Ē = 3.061

and C̄ = 402.1874
Constant value Efficiency E Cost C
γ = 0 0.7424 654.6573
γ = 0.1 1.6126 649.0499
γ = 0.2 2.2042 652.8426
γ = 0.3 2.7305 652.1368
γ = 0.4 3.0272 535.082
γ = 0.5 3.0524 350.5144
γ = 0.6 2.9246 573.5625
γ = 0.7 2.6359 686.22
γ = 0.8 2.1067 922.8842
γ = 0.9 1.6386 938.2356
γ = 1 1.3649 940.9895
fr = 0 0.0614 692.8741
fr = 0.1 0.7807 798.4255
fr = 0.2 1.5122 759.0151
fr = 0.3 2.3517 485.2384
fr = 0.4 3.0407 330.5974
fr = 0.5 2.269 281.5307
fr = 0.6 1.8271 271.1407
fr = 0.7 1.6111 271.2217
fr = 0.8 1.4907 268.2308
fr = 0.9 1.4194 262.8242
fr = 1 1.3777 258.6315
an = 0 0 44.1339
an = 0.1 0.1198 763.9592
an = 0.2 0.4739 761.4077
an = 0.3 1.108 748.3867
an = 0.4 1.9028 674.965
an = 0.5 2.6771 441.0439
an = 0.6 3.0234 369.3087
an = 0.7 2.4723 372.8219
an = 0.8 2.1014 402.2465
an = 0.9 1.8928 421.3757
an = 1 1.7639 446.1778
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Table C.2: POOR SOIL CONDITIONS. The nitrogen into the soil is fixed
at 9µmolN

cm3 . The soil phosphorus is 0.08µmolP
cm3 . The model gives Ē = 2.9411 and

C̄ = 386.9829
Constant value Efficiency E Cost C
γ = 0 1.9989 650.5305
γ = 0.1 2.6814 647.6121
γ = 0.2 2.9409 643.1252
γ = 0.3 3.0191 640.2454
γ = 0.4 2.9982 573.5694
γ = 0.5 2.902 258.1251
γ = 0.6 2.7377 463.9242
γ = 0.7 2.3039 613.0463
γ = 0.8 1.3305 607.8384
γ = 0.9 1.0671 887.0242
γ = 1 1.0007 910.1092
fr = 0 0.0436 749.4585
fr = 0.1 0.5559 761.4409
fr = 0.2 0.9452 678.591
fr = 0.3 1.4814 371.8798
fr = 0.4 2.5654 369.761
fr = 0.5 2.9112 382.3552
fr = 0.6 3.0051 400.9119
fr = 0.7 3.0104 415.7068
fr = 0.8 2.9853 422.9904
fr = 0.9 2.9536 425.8267
fr = 1 2.9259 419.9589
an = 0 0 41.935
an = 0.1 0.1226 737.4998
an = 0.2 0.4024 698.0843
an = 0.3 0.8465 577.3882
an = 0.4 1.5348 289.3621
an = 0.5 2.3807 306.9095
an = 0.6 2.7392 344.9178
an = 0.7 2.8994 381.6517
an = 0.8 2.9739 411.8089
an = 0.9 3.0078 438.9479
an = 1 3.0212 463.9948
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Table C.3: VERY POOR SOIL CONDITIONS. The nitrogen into the
soil is fixed at 7µmolN

cm3 . The soil phosphorus is 0.01µmolP
cm3 . The model gives

Ē = 2.1 and C̄ = 374.7987
Constant value Efficiency E Cost C
γ = 0 1.3385 648.6218
γ = 0.1 2.2475 647.6246
γ = 0.2 2.4022 640.1798
γ = 0.3 2.3534 638.7953
γ = 0.4 2.2129 550.2735
γ = 0.5 2.0415 261.6195
γ = 0.6 1.8536 464.9322
γ = 0.7 1.5332 607.3268
γ = 0.8 1.0581 606.2186
γ = 0.9 0.9919 908.0760
γ = 1 0.8587 917.9052
fr = 0 0.0646 745.4543
fr = 0.1 0.4113 762.4076
fr = 0.2 0.7559 741.3602
fr = 0.3 0.9790 553.5495
fr = 0.4 1.2178 310.5203
fr = 0.5 1.7380 338.0195
fr = 0.6 2.0698 373.8602
fr = 0.7 2.2746 395.1469
fr = 0.8 2.4097 411.9974
fr = 0.9 2.5024 421.2970
fr = 1 2.5666 425.0891
an = 0 0 41.1427
an = 0.1 0.1710 739.1516
an = 0.2 0.5598 681.9869
an = 0.3 0.9775 403.1284
an = 0.4 1.4038 277.4202
an = 0.5 1.7450 323.7759
an = 0.6 1.9658 365.6358
an = 0.7 2.1161 398.9251
an = 0.8 2.2201 428.6895
an = 0.9 2.2877 456.8706
an = 1 2.3359 478.8069

112



Table C.4: RICH SOIL CONDITIONS. The nitrogen into the soil is fixed
at 12µmolN

cm3 . The soil phosphorus is 0.5µmolP
cm3 . The model gives Ē = 2.659 and

C̄ = 980.5407
Constant value Efficiency E Cost C
γ = 0 0.7386 599.2
γ = 0.1 1.3053 604.0
γ = 0.2 1.7507 602.2
γ = 0.3 2.1713 610.6
γ = 0.4 2.6194 985.7
γ = 0.5 2.9591 1072.9
γ = 0.6 2.9317 1069.1
γ = 0.7 2.4659 1012.8
γ = 0.8 1.6221 918.7
γ = 0.9 0.9248 873.1
γ = 1 0.6135 877.2
fr = 0 0.0465 839.1
fr = 0.1 0.8832 917.6
fr = 0.2 2.3747 950.2
fr = 0.3 2.5464 996.5
fr = 0.4 2.0104 393
fr = 0.5 1.7489 1048.6
fr = 0.6 1.6013 1053.2
fr = 0.7 1.5086 1054.1
fr = 0.8 1.4474 1054.3
fr = 0.9 1.4064 1057.2
fr = 1 1.3795 1055.8
an = 0 0 281.1
an = 0.1 0.6859 885.9
an = 0.2 0.4168 889.7
an = 0.3 1.1220 901.1
an = 0.4 2.8409 903.3
an = 0.5 2.5604 902.7
an = 0.6 2.1450 992.5
an = 0.7 1.9136 1046.7
an = 0.8 1.7716 1058.2
an = 0.9 1.6763 1063.5
an = 1 1.6081 1064.8
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