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Introduction

The nonlinear Schréodinger (NLS) equation

(B0 == A+ V(6,0 + (P, M

is ubiquitous in physics, as it arises as an effective description of many importart
physical models, like Bose-Einstein condensation [55, 60, 105], superfluidity [32,
33], nonlinear optics [ 78], wave propagation in nonlinear media [130], deep water
waves [ 129], plasma physics [128]. Moreover, it is also relevant to consider the hy-
drodynamical formulation associated to wave function dynamics ([86]). It is often
computationally less expensive and nevertheless it provides the observable quanti-
ties measured in experiments. For the linear Schrodinger equation describing the
dynamics of a quantum particle, the hydrodynamical formulation was pointed out
since the early days of quantum mechanics by Madelung [89], who attempted to
give a description to the quantum system in terms of the dynamics for the probabil-
ity density and the phase of the wave function. This formulation was later resumed
by Landau ([76, 85]) to describe nonlinear phenomena in superfluidity. A strict
relation between the Landau two-fluid model and nonlinear Schrodinger equations
(Gross-Pitaevskii equations [61, 104]) was already noticed in the steady case by
Ginzburg and Pitaevskii in [55].

This analogy was further exploited in many other physical contexts, see for
instance superconductivity [33], semiconductor devices [48], dense astrophysical
plasmas, laser plasmas [63, 64, 111, 112] and Bose-Einstein condensation at finite
temperatures [58, 59, 105].

In his theory Landau distinguished between the superfluid, inviscid, flow and the
normal, viscous, flow and used the hydrodynamic formulation to describe the inter-
actions between the two fluids. At finite temperatures, close to the transition tem-
perature, the interactions between the two fluids, mutually exchanging mass and
momentum, are non-negligible and they produce some dissipative effects ([76]).
Unfortunately Landau’s two-fluid model description of superfluidity almost com-
pletely lacks of a rigorous mathematical treatment. Amongst the few analytical re-
sults we cite [ 5], where a simplified model was proposed; there the authors show the
existence of global in time finite energy weak solutions for a toy model. The strategy,
following also the theory developed in [6, 8], consists in studying the underlying
wave function dynamics for the superfluid part and in constructing a sequence of
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approximate solutions. However the result is partial, since a finer analysis of the
main linear propagator for the superfluid part is missing and the results available in
the literature ([2, 17, 39]) were not suitable to develop a complete theory even for
the toy model. This is indeed the main motivation for the study developed in the
first part of this thesis, which concerns the construction of the fundamental solution
for a linear Schrédinger equation with a time dependent potential and the study of
its dispersive properties.

More precisely, in the model introduced in [5], the normal fluid is not influ-

enced by the dynamics of the superfluid, which on the other hand interacts with the
former through a collision term. The normal fluid, being a classical one, evolves
according to the compressible Navier-Stokes equation and, once solved by using
the results available in literature ([28, 31, 88]), can be used as a given term in the
equations for the superfluid. The idea now is to study the latter one by means of
the associated wave function dynamics. However, for this model, the wave func-
tion satisfies a nonlinear Schrodinger equation like (1) with a potential V such that
V =V,+V, where V, € Lfom, Voo € C°(R™) for a.e. t € R, and for any |a| > 1,
Voo € LfL;’o. Chapter 1 is devoted to study the fundamental solution for the free
Schrodinger equation with a scalar potential enjoying the same properties as V,
This will be a first step towards establishing a more satisfactory existence theory for
the model introduced in [5]. More details will be given in Appendix B.
When dealing with such potentials, which cannot be considered as Kato perturba-
tions of the free Laplacian, a suitable strategy, at a formal level, consists in using
the classical methods of Feynman path integrals. In the literature there are dif-
ferent approaches for a rigorous mathematical treatment of Feynman integrals, for
instance in [2] it is proposed an approach based on an infinite dimensional gen-
eralization of Fresnel integral transformations. Our approach instead follows di-
rectly from the methods developed by Fujiwara ([36]) and his school by using the
so called time slicing approximation technique. The strategy consists in construct-
ing the propagator by means of an oscillatory integral operator, where the phase is
given by the classical action, computed along classical trajectories. In particular let
A:s=tyg<t; << tL = t be an arbitrary subdivision of the time interval [s, t]
and x; €R", j=0,1,...,L—1. Denote by y5 = ya(xg, X1, ..,Xy,x) the piecewise
class1cal path joining (¢;, x;), then

=] Tgmay | [ et an

yields a suitable approximation for the fundamental solution. Fujiwara in [36]
proved that C(A) converges to the propagator in the topology of the operator norm
on L?(RM), in the case when V € L°°Llocx and 92V € L7°L°, for |a| > 2. Moti-
vated by the toy model for superfluidity studied in [5], we study in Chapter 1 the
construction of the fundamental solution for a Schrodinger equation when the po-
tential satisfies V € Lle;'OC . and 37V € LfL;’o. We first analyze the classical orbits,
which in our case turn out to be non-Lipschitz in time because of our assumptions
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on the potential. Therefore we are forced to study the problem in its integral for-
mulation. As a consequence of this, we obtain orbits whose regularity is only ¢/2.
However, this integral formulation is fully compatible with the Fujiwara construc-
tion when differentiating with respect to initial data. Despite the Lagrangian is only
square integrable in time, we can still define the action, but differently from Fujiwara
we cannot use the Rademacher’s theorem and infer the almost everywhere differ-
entiability of the action in the product space R, x R, x ]Rg x RZ. The lack of almost
everywhere differentiability introduces a major difficulty, because the parametrix,
constructed as an oscillatory integral operator whose phase is the action, therefore
cannot be differentiated almost everywhere. To overcome this problem we approx-
imate the action by using orbits generated by a smoothed potential which allows
to pass to the limit both the action and the paramtetrix. The construction of the
fundamental solution then does not present major difficulties. Furthermore this
construction yields also a dispersive estimate which holds for small times. By ex-
ploiting the result by Keel-Tao in [73] (see also [15, 16]) it is then possible to infer
the whole set of Strichartz estimates. We want to stress here that in Chapter 1,
we will strictly follow Fujiwara’s notation, in order to allow the readers, already
familiar with the paper [36], to fully understand the main differences between our
framework and Fujiwara’s one.

The next natural question which arises is the local smoothing associated to the
propagator just constructed. This issue is discussed in Chapter 2. The local smooth-
ing for dispersive equations was first observed by Kato in [71] for the KdV equation.
Then it was further developed by many authors, see for example [22], [121], [113].
In particular in [126] Yajima proved the local smoothing property for (a general-
ization of) the class of propagators constructed by Fujiwara in [36]. By following
Yajima’s techniques in [126], we focus the attention on a particular choice of the
potential, which is representative in the class of potentials we studied in advance.
In particular we choose V(t,x) = a(t)b(x), with a € Lf and b quadratic.

In the last Chapter we study the Cauchy problem for a nonlinear Maxwell-
Schrodinger system. The motivation for investigating the Maxwell-Schrédinger with
the presence of a nonlinear potential can again be found in a class of quantum hy-
drodynamical systems with a nontrivial pressure tensor. More precisely, in some
physical contexts (for example dense astrophysical plasmas, like in white dwarfs)
electromagnetic fields play a relevant role, so we need to consider them in our hy-
drodynamical system. In particular it can be seen that, under suitable physical
conditions, the pressure term appearing in the quantum hydrodynamical systems
can be approximated by a power law (see Section 3.5); so the introduction of the
power-type nonlinearity in the Maxwell-Schrodinger system is fundamental to re-
cover the nontrivial pressure term in the QMHD. This leads to the analysis of a
class of quantum magnetohydrodynamic (QMHD) equations, whose wave function
dynamics analogue is given by a Maxwell-Schrédinger system with a power-type
nonlinearity.

We first prove a local strong well-posedness result in H? x H 2. Our strategy relies
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on the construction of the evolution operator associated to the magnetic Laplacian,
by using Kato theory; we then perform a fixed point iteration scheme, by means of
Duhamel’s formula. Unfortunately, due to the presence of the power-type nonlinear-
ity and the lack of intrinsic Strichartz type estimates for the magnetic Laplacian, the
local theory can not be extended globally in time, as on the contrary occurs without
the nonlinear power-type potential [97, 98]. To overcome these difficulties, we ap-
proximate our system by using Yosida type regularization and we obtain the global
well-posedness for the approximating system in H2 x H 2 Then, by passing to the
limit, we obtain a global in time finite energy weak solution. As a byproduct of our
existence result, we can then show the existence of weak solutions in the energy
space to the QMHD system.

For the convenience of the reader we include two appendices. In Appendix A we
collect some results on oscillatory integral operators; in Appendix B we summarize
the key points about the connection between nonlinear Schrodinger equations and
quantum hydrodynamics systems, with an application to the study of a two-fluid
model.
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Chapter 1

A construction of the fundamental
solution for a Schrodinger
equation with time dependent
potential

1.1 Feynman Path Integrals

In this section, we recall some ideas related to the Feyman path integrals, contained
in [2, 91]. We refer to these books for more details.

In 1948, Feynman introduced the notion of path integrals in [34], where he
proposed a new approach to non-relativistic quantum mechanics. He developed
an earlier idea suggested by Dirac in [25], regarding the analogue of the concepts
of classical Lagrangian and action in quantum mechanics. It is well known that
in classical mechanics the action functional, defined as the integral with respect to
time of the Lagrangian, plays a crucial role in determining the dynamics of a system.
Indeed the classical trajectory of a particle can be obtained as the stationary point
of the action functional.

If we consider a particle, with mass m, position x and velocity X, subject to the
action of a potential V, the classical Lagrangian is given by

L(x, %) := gxz V().

Feynman’s formulation of quantum theory generalizes the action principle in the
following sense: to a quantum system can not be assigned a unique (classical) tra-
jectory; one has to take into account every possible path from one quantum state to
another and then to sum over all the possibilities, a “sum over all possible histories
of the system". We stress here that Feynman’s description reintroduces to quantum
mechanics the notion of trajectory, which was meaningless in the traditional formu-
lations of quantum theory, according to Heisenberg’s uncertainty principle. These
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ideas are summarized in the first postulate in [34]:

“If an ideal measurement is performed to determine whether a particle has
a path lying in a region of space-time, then the probability that the result
will be affirmative is the absolute square of a sum of complex contributions,
one from each path in the region".

So, roughly speaking, in order to know the probability amplitude for a quantum
particle to reach the position x; at time t, starting from the position x; at time
t;, one has to consider all the possible paths connecting the points x; and x; and
integrate over all of them. The question, now, is how to weight each individual path.
The answer is contained in the second postulate in [34]:

“The paths contribute equally in magnitude, but the phase of their contri-
bution is the classical action (in units of h); i.e., the time integral of the
Lagrangian taken along the path".

This means that, if y(t) is a given path, it carries a contibution which is proportional
to e’ [r(0] where S[y(t)] denotes the action along the pathh v, that is

ty
S[r] =f L(y(t), y(t))dte, (1.1

i

with L being the classical Lagrangian along the path y(t).

So, in order to determine the probability that a particle occupies a certain location
in space-time, it is necessary to sum all the contributions. In this way path integrals
come out and they can be expressed symbolically as

J e Sg[y], (1.2)

where the integration is over the space of paths y which satisfy the boundary con-
ditions y(t;) = x; and y(t;) = x;. Here 9[y] stands for a Lebesgue-type measure
on the space of paths. With this choice, it is clear that the classical path is singled
out, when i1 — 0; indeed when 11 is regarded as a small parameter, the phase factor
¢S] becomes a rapidily oscillating function. It follows from the stationary phase
method, that the main contribution in (1.2) is given by the paths that make the
action stationary, that is the classical trajectories.

A physical intuition, behind the Feynman path integrals, can be found in the
famous two-slit experiment. Let us consider a source of electrons, placed in a plane
A. The electrons, starting from A, pass throuh a screen B, which has two slits and
they are detected in a plane C. By moving the detector in C it is possible to measure
the intensity of the electrons current in different places in C. According to classical
physics, the flux of the particles should be localized in two different places in C,
depending on which hole in B they passed through. Actually, by reproducing the
experiment, an interference pattern appears on the screen C (see Figure 1.1).
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Figure 1.1: Two-slit experiment

This suggests that, if we are interested in the probability of finding an electron
in a specific location in C, we have to sum the probability amplitudes of the two
possible paths of the particle, through the first or the second slit. One can think
to generalize this result by inserting more holes or multiple screens between A and
the detector in C. As a result, there are more paths to be taken into account to
get the final amplitude of the electrons propagating through the screens. These
considerations lead to the concept of the sum over all possible paths and so to path
integrals, which can be regarded as an infinite-slit experiment.

In order to have a heuristic idea of Feynman path integrals, let us consider the
case of a non-relativistic particle with mass m, which moves in R". The particle
is subject to an external potential V(x), under the assumptions to be a bounded
continuous real valued function of R" (see [2]). The classical Lagrangian associated
to the system is

L(x,%) = gxz V().

As already recalled, the principle of least action tells us that the trajectory followed
by the particle to reach x at time t¢, starting from x; at time ¢;, is obtained as a
stationary point of (1.1) over the space of paths y that leave the extremal points
x; and x¢ fixed. In the quantum mechanical picture, the state of a particle at time
t is described by a unitary vector (x, t), called wave function, which solves the
Schrodinger equation

hZ
ihatlp(t,x)=—2—A1,b(t,x)+V(t,x)1,b(t,x). (1.3)
m
It is well known that, under suitable assumptions on the potential and on the domain
of the operator , H is self-adjoint. In the three dimensional case, for instance, if
V € L2(R®) + L°°(R?), then —A + V(x) is self-adjoint on D(—A) (see [106]). So,
once the inital datum 1) (x, 0) = ¢(x) is specified, the solution of (1.3) is given by

P(t,x) = e FHp(x). (1.4)

By means of the Lie-Trotter-Kato formula, (1.4) becomes
it it k
2= i (bbb 09
k— o0
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2
where Hy = —;—mA. By using the Green function of the quantum free evolution
operator, we have

i h _% . m(x—
e_ﬁtHOcp(x) = (Zni;t) f e (Zﬁry) e(y)dy.
Hence

1 —k% i (xj 1?2
Il)(t,x):klim (Zni—i) J e H 2 % o V(Xl)]—tp(XO)dxo-'-dxk—L
—00 Rk

m

(1.6)
Expression (1.6) can be interpreted as the finite dimensional approximation of the
path integral (1.2); indeed let y be a continuous path satisfying y(t) = x and y(t;) =
xj, j =0,...,k, with t; = tj/k, xq,...,X;_1 given points in R" and x; = x. Then
the exponent in the integrand in (1.6) can be regarded as a Riemann approximation
of (1.1) along 7, that is

t 32
styl= fo (iR =V = lim Z[’;‘%—vw]i

This means that we are approximating y with a piecewise line v; defined as

( ]+1 )

Tl

Ti(T) = x;+ (oc—tj/n), seltj/n,t(j+1)/n], j=0,....,k—1.

In the mathematical literature, we can find several attempts to give a rigorous mean-
ing to Feynman’s path integrals. Indeed the interpretetion of formula (1.2), which
is just heuristic, leads to mathematical difficulties. The first problem one has to
face deals with integration over the space of paths, which is an infinite dimensional
space. Then one has to specify the meaning of 2[y] in (1.2); it turns out that a
Lebesgue-type measure cannot be defined on an infinite dimensional Hilbert (or
Banach) space (see [91]); in 1960 Cameron showed in [14], that is not even pos-
sible to construct this measure as a limit of finite dimensional approximations. It
follows that the expression 2[y] is mathematically meaningless.
Actually a theory for integration in spaces of continuous functions was already
known also before the introduction of path integrals by Feynman; in particular we
mention, as a seminal work, [123], where in 1923 Wiener proved the existence of
Brownian motion (see also [99, 124, 127]).
One way to give a rigorous mathematical definition of Feynman’s path integrals, is
that of “analytic continuation", which is based on the expression of the solution of
the heat equation

duu(t, x) = oAu(t,x)—V(x)u(t,x), (1.7)

(o being a positive constant) as an integral with respect to the Wiener measure,
found by Kac in [68], by proving that the solution of (1.7) admits the following
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representation

u(t,x) = f e Jo VG074 ((0) 1 x)dW (1), (1.8)

where dW (y) is the Wiener measure for the Brownian motion defined on continuous
paths y(7), 0 < 7 < t, with y(t) = 0. Expression (1.8) is mathematically rigorous
and it is known as Feynman-Kac formula. By noting that (1.7) is analoguous to the
Schrodinger equation (1.3) if t is replaced by —it, one can define the Feynman path
integral (1.2) as the analytic continuation of (1.8) to purely imaginary t. This ar-
gument can be made rigorous under suitable assumptions on the potential and on
the initial datum. This procedure results to be successful with potentials that are
a sum of a quadratic part plus a bounded potential with singularities, potentials
which exhibit a particular polynomial growth or an exponential growth if they are
the Laplace transform of measures. In this direction one can see [11, 14, 50, 100].
Another possibility to rigorously define path integrals consists in regarding Feynman
measure as an infinite dimensional distribution, see for instance [92].

An alternative approach, in the mathematical justification of Feynman path inte-
grals, was proposed by Itd in [66] and further developed by Albeverio and Hgegh-
Krohn in [2]. It6 considered the space of paths y as a separable Hilbert space with
norm |y|? = fot y(7t)dt. The Feynman path integral is recovered as an infinite di-
mensional Fresnel integral in the Hilbert space. This procedure works for potentials
which are the sum of a quadratic form and the Fourier transform of a complex mea-
sure of bounded variation.

Another possible method is the so-called “time slicing approximation" of Feynman
path integrals, developed by Fujiwara and Kumano-go (see [36, 38, 40-46]). The
starting idea is to construct a subdivision A of the time interval [s, t]

S=t0<t1<"'<tL=t.

.....

x;. Now the path y in the expression (1.2), is approximated by a piecewise clas-
sical path, that is the solution (which is unique under suitable assumptions on the
potential and for sufficiently small |t —s]|) of the classical equation of motion

my(t) =—=VV(7,y(1)),

with boundary conditions y(t;) = x; and y(t;41) = xj41. So, if we denote with y,
the approximation of y, we can define the path integral as

L L
i 1 i
feﬁ“”f(y) = lim J erSU)f(y )] Jdx;.
RLH

w(A)—0 i=1 (27‘Ciﬁ(t]~ - tj—l))% j=1

In this Chapter we will focus on this last procedure.
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1.2 Presentation of the problem

In this chapter we consider a Schrédinger equation for a wave function subject to a
time dependent potential

{ —iZu(t,x)— S Au(t,x) +V(t,x)u(t,x) =0, (1)
u(s,x) = p(x), '

with (t,x) € R x R" (i = 1 here). The purpose of our study is to prove the exis-
tence and uniqueness of solutions to (1.9) under some suitable hypotheses on the
potential.

Equation (1.9) is of fundamental importance in quantum mechanics and many
other contexts, so it is a basic mathematical question to see under which assumptions
it is possible to construct its fundamental solution and which integrability /regularity
properties it satisfies.

In the mathematical literature there is a variety of methods available to study
this problem. In the case when the potential can be considered as a perturbation
of the free evolution given by the Laplacian, then it is possible to apply the abstract
theory of evolution operators (see for example [69, 106] and references therein).
Alternatively, by exploiting the smoothing estimates enjoyed by the free propagator,
it is also possible to study the problem by a variation of constants formula, see [95,
125]. Moreover, under some suitable assumptions on the potential, we can also
exploit resolvent techniques to even infer some analogue dispersive estimates as for
the free Schrodinger operator, see for example [56, 107].

However, there is a number of physically interesting potentials that cannot be
treated in a perturbative manner. In some cases we can adopt another strategy in
order to construct the fundamental solution to (1.9), which consists in construct-
ing directly the integral operator by means of a semiclassical approximation tech-
nique. This latter strategy is inspired by Feynman’s formulation of quantum me-
chanics through path integrals. More specifically the solution to (1.9) is given by
an oscillating integral operator whose phase is given by the classical action and the
integral is performed over a suitable set of paths, hence on an infinite dimensional
functional space. This theory received a lot of attention in the physical literature
because of its broad applications and was rigorously studied in the mathematical
literature by many authors, using different approaches (see Section 1.1). We men-
tion [2] where the whole theory is developed by using an infinite generalization of
Fresnel integrals; there the authors can treat potentials which are polynomials or
the Fourier transform of a complex measure with bounded variation. This theory
is robust enough so that it is possible to study the method of stationary phase for
Feynman path integrals [3]. Other approaches were proposed, see for example [14,
100] where the Feynman path integral is defined by the analytic continuation of the
Wiener integral, or [90] where the author uses Poisson processes to define it. For
more insights about different approaches we refer to [2, 11, 14, 50, 66, 74, 92, 100]
and their references.
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In this dissertation we adopt the “time slicing” approach developed by Fujiwara
[36] and his school. More precisely the classical action in the phase of the oscillatory
integral operator is computed along piecewise classical paths. Then the convergence
is proven by exploiting the L? theory of oscillating integral transformations. As a
result they prove the convergence of the propagator in the norm operator topology
for any time dependent potential V (¢, x) such that for almost every t € R, V(t, x) is
a real-valued 4°° function and V € L® ijoc, 2V € L (R x R") for any |a| > 2,
i.e. the potential grows at most quadratically in space at infinity. Let us notice
that altough the approach in [2] allows to consider arbitrary polynomials, here the
main advantage is that the convergence holds in the uniform operator topology. The
approach by Fujiwara was further developed, see for example [125], where Yajima
considers also magnetic potentials and, by combining the Fujiwara’s approach with
Kato’s pertubration theory, extends the result on a large class of (electro-magnetic)
potentials. A slightly different approach is considered in [65, 82, 84], where the
action is not computed along classical trajectories, but rather on straight lines, in
the spirit of finite difference methods. The time slicing approach was extensively
studied in the literature, see also [37, 38, 40, 47, 77, 81, 83, 84]. Moreover, in
[101] it was shown that it is possible also to consider a class of non-smooth (in
space) potentials.

We are interested in relaxing the assumptions on the time integrability for the
potential. More specifically, we want to consider a class of potentials V(t,x) such
that

(V-) V(t,x) is a measurable function of (t,x) € R x R" and for almost every t € R,
V(t,-) € €= (R").
(VD) V € L2L°

t “loc,x *
2
(V-III) For any |a|> 2, 92V € LYL°.

Our interest in this problem stems from the attempt of studying a class of quantum
hydrodynamic systems arising in the Landau’s two-fluid theory for superfluidity at
finite temperatures. In order to develop a self-consistent theory for finite energy
weak solutions to quantum hydrodynamic systems it is possible to study the exis-
tence of solutions for the underlying wave function dynamics. Then, by means of
the Madelung transformations and of a polar factorization technique, it is possible
to show the existence of finite energy solutions to the hydrodynamical system [6,
8, 18]. It turns out that, when studying a toy system related to Landau’s two-fluid
model, we encounter a nonlinear Schrédinger equation whose linear part is given
by (1.9). For more details about the relation between (1.9) and the quantum hy-
drodynamic systems we address the interested reader to [5, 18] and Section B.2.
Besides applications to quantum fluid dynamics, the problem is interesting as in
our setup the trajectories are not Lipschitz continuous anymore. Indeed, under our
assumptions on the potential, the classical paths are only Holder continuous with
exponent 1/2. Consequently the action inherits the same rough regularity and we
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have to face the problem of its differentiability in order to prove that it satisfies the
Hamilton-Jacobi equation.

The chapter is organized as follows. In Section 1.3 we study the classical me-
chanics associated to (1.9) in order to prove that the phase function S(t,s,x,y) is
well defined if |t — s is sufficiently small. In Section 1.4 we study the basic proper-
ties of the classical action S(t,s,x,y). In Section 1.5 we analyze the behaviour of
the integral transformation E(t,s), by proving that it is an approximate solution of
(1.9). In Section 1.6 we prove the convergence of the time slicing approximation
procedure to the fundamental solution of (1.9). In the Appendix A we collect some
results on the L2 theory of oscillatory integral transformations.

As already stressed in the Introduction of this dissertation, in the following sec-
tions we strictly follow Fujiwara’s notation in [36].

1.3 Classical orbits
In this section we analyze the flow generated by the Hamiltonian
1
H(taxa g) = E'Elz + V(t,X),

which is described by the Hamilton canonical differential equations

C;—)tc =&, % =—V_ V(t,x). (1.10)
In particular, we will see that there exists a generating function of the flow, that
is the classical action S(t,s, x,y), for small |t —s|, which will be used as the phase
function for the construction of the parametrix in Section 1.5. Let x(t) = x(t,s, y,n)

and &(t) = &(t,s, y,n) be the solution of (1.10) with initial conditions

x(s)=y, &@B)=n. (1.11D)

(x(t,s,x,y),&(t,s,x,y)) is the classical orbit in the phase space. The Cauchy prob-
lem (1.10)-(1.11) is equivalent to the integral equation

x(t)=y+f E(r)dr (1.12)

€(t)=n—f V. V(t,x(7))dr. (1.13)

Throughout this chapter we make the assumptions (V-I)-(V-III) on the potential
V(t,x) and we conduct the discussion on (—T, T), with T > 0.

In order to prove the existence of a unique solution for the previous Cauchy
problem, set X = (x,¢&), F(t,X) = (§,—V,V(t,x)) and X; = (y,n). With this
notation, the integral equations (1.12), (1.13) become

t

X(t):XS+J F(r,X(7))d~, (1.19)

S

18



For p > 0 let

Zy = {X eC([s,s+al]) st. sup |[X(t)—X,| < p}.

tels,s+al

Now we define the map

t

(X)(t) =X, +J F(7,X(7))dr. (1.15)

S

By the assumptions on the potential it follows that, for almost every t
IF(£,5)1 < X0+ C(L+ X (ODIVEV ()l oo gy - (1.16)

For X € Z, and |t —s| < a we have, by using (1.16),

t
|2(X)(8) —X;| < f |F(t,X(7)ldT
< (;) +1X,Da+CvaM +Cva(p +|X,)M,
where M = ||VJ26V||L§L;>O. By choosing a < 1 and p = max(1, |X;]|), we get
|®(X)(t)—X,| < pva(2+3CM).
By choosing

A< —
(2 +3CM)?2

we obtain that & maps Z,, into itself.
Moreover

[2(X)(t) — 2(X)()] < f IF(7,X ()= F(7,X(v)ldT

< f X (7)=X(DIA+ VIV (D)oo (rny)dT

<Jva(l+M) sup |X(t)—X(t).

tels,s+a]

So, by choosing a sufficiently small, in particular

. 1 1
a = min s s
{(2+3CM)2 (1+M)2}

we can perform a standard fixed point iteration scheme, getting the existence of a
unique local solution. It is straightforward to show that it can be extended to a max-
imal solution in (T, Tinay)- (Actually, in this way, the uniqueness is established
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justin Z,, but it can be easily extended, by using a standard continuity argument).
In order to get a global solution, we assume that T,,,, is finite; it follows that

liqrp |X(t)| =+o00. (1.17)
t T?:LZX

By using the fact that |V, V(t,x(t))| S (1+ |x(t)|)||V§V(t)||L§o for a.e. t in (1.14),
we get

t
X< Cy 1 + Cf (1 + V2V (D)lle)IX (7)ld 7, (1.18)
S
where M = ||V32(V(t)|| 12100+ BY the Gronwall’s inequality it follows that

X(OI<Cy g UMYl (1.19)

a

which contradicts (1.17).
So we have proved the following

Proposition 1.3.1. For any t,s € R, the system (1.10) has a unique solution x(t) =
x(t,s,y,m) and E(t) = &E(t,s,y,m). x(t) is of class C' in t and &(t) is absolutely
continuous in t.

Remark 1.3.2. Under Fujiwara’s assumptions on the potential V(t,x), the solution
X(t) is Lipschitz continuous in time; in our case the solution is only C 2_continuous in
time, since
t+h
IX(t+h)—X(t)| < f IF(t,x(1)ld7 S V(1 + IVaVIL2100)
t

In order to prove that for sufficiently small |t —s|, the phase function S(t,s, x, y)
is well defined, we want to write 1) as a function of (t,s, x, y). For this reason we
shall study derivatives of x(t) and &(t) with respect to the initial values (y, n). Let
u be any of the 2n—variables y;, n;, j = 1,2,---,n. Differentiating both sides of
(1.12) and (1.13) with respect to u, we obtain the equations

ax. 2y, ["o%

au(t)— 8u+£ ﬁu(T)dT’ (1.20)
oc _an_ (" ax
7u = 7u Js axV(T,x(T))au(T)dT (1.21)

The following Proposition shows that the map (x(t,s), £(t,s)) is globally Lipschitz,
with respect to the space variables, if [t —s| < T.

Proposition 1.3.3. For every T > 0 there exists a constant C(T, M) depending on T
and ||3X2V||L§Loo such that, for [t —s| < T,

%0

ox
En du

<c,
Jdu

<C (1.22)

Lo (R xR?) Lo (R xR)
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Proof. We have that

t
< 3—y+J ﬁ(’r)d’b’ﬁ’ay f —‘5(7) dr.
s au au s Lw(R;XR%)
In a similar way
0
‘ S <| 2]+ J 182V llmga | S2(2) dz
Le>(R1 XR1)
0 Jox
<|£0) 4 J (1+122V (e )| 5 () dr.
B u Lo (R XR?)
It follows that
0 0 0
i(t) ’ y’ an
u
t
0
+f (1+||83V||L3Lgo)(Ha—g( ) a—(r) )
s Lo°(R1 xR?) u Loo(R? xR1)

By setting M := ||8x2V|| 1210 and by using Gronwall’s inequality, we get
dx
ou

In particular, we can prove the following result.

< Cexp(|t —s|+My/|t—s]) < C(T,M)

Lo (R xR?)

Lo (R xR)

O

Proposition 1.3.4. For every T > 0 there exists a constant C = C(T,M) > 0 such
that, for |t —s| < T,

H (t)—1I < MClt—s|?, Hﬁ(t) <McCy/|t—s|, (1.23)
Lo (R? XR?) dy Loo(RnxR1)
‘ < MClt—s|3, <Clt—s|, (1.24)
dy Loo(R1 R™) Loo(Rn XR™)
where I is the identity matrix.
Proof. From (1.12) and (1.13) we have
t
9x 9 _ J g(f)df (1.25)
du du s
g(t) 817 J 8 V(r, x(r))—dT = J f 3 V(r, X(T))—é(o')dO'dT
du du

(1.26)
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Let’s start with the first inequality in (1.23). By using (1.26) and (1.22) we have

dodt
Lo (R xR?)

t T
Sf f ||asz(T)||Lg°
S S

&
‘%(t)—l

&
%(0)

t
< C(T,M)f 192V (D)l oo (7 —s)dT < C(T,M)M|t —s]3,
S

so the desired result follows. The other inequalities can be obtained in the same

way, by combining (1.25) and (1.26) with (1.22).

O

By using the above propositions, we can easily prove the following estimate.

Proposition 1.3.5. Let k any integer > 2 and |t —s| < T. Then there exists a positive

constant C, = C(T, M) such that

Z {lt—sl_lm_%

2<al+|Bl<k

+

(%)a(;—n)ﬂx(gs, Ysn)
(&Y e

for any pair of multi-indices a and 3 such that 2 < |a| + |B| < k.

|t_s|—|/3|—%

Proof. From (1.12) and (1.13), we have that for |a| + |8]| = 2,

t

anf _ aqp
ay 877 X(t,S,yan)—f ay an g(T,S,YJ"I)dT

S

and

t n
8eaPE(t,s,y,m) =—J D (0, ViV (T, x(2)3¢8 xi(7,5,y,m)d T
s j=1

t
—J fap(T,8,y,m)d7,
S
where f,5(7,s,y,7) is a linear combination of terms of the form

(87 V. V)7, x(1)(8, 8} x;, (1)) -+ (8,8, x;, (7)),

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

where ji, ..., ji €{1,...,n}, v+ v =, ugp g = B, vl 4wyl = 1 for
j=1,...,]yland 2 < |y| < |a| +|B]|. The proof proceeds by induction on |a| + |B].
If |a|+|B] =2, (1.27) is a simple consequence of Proposition 1.3.4. Let us suppose
that (1.27) is satisfied for |a| + || < m and prove it for |a| + || = m + 1. To deal

with the terms in (1.31) we note that
18,78y x ()] < C(T)|7 —s|.
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This holds for |v;|+|u;| = 1 by using Proposition 1.3.4 and by the inductive hypoth-
esis if |v;| + |u;| = 2. Since |u;|+-- -+ = B, it follows that

‘(ayvla#lle(f))'"(3},”'” wa]‘ ‘(7))‘ <C(T)|t—slP.

By putting all together we get
‘ 1
agp 2 agp __<|B*3
|8y 8n E(T)| SCJ IIVXV(T)IIL;olay an x(T)|dT+C|t—s|PT2.
S

This inequality, together with (1.28) and Gronwall’s inequality gives (1.27). O

As suggested by Proposition 1.3.5, we introduce the new variable { = (t —s)n
and we consider the map

(U., g) — (J’Z‘(tﬁs).)h g)) g(t,s, Y, g)) = (X(t,s, Y, C/(t —S)), (t —S)g(t,s,y, C/(t _S)) .
Then, we have

Proposition 1.3.6. We have, for j,k=1,...,n, t #s5,

o%; ,

= O —(t—s)2ault,s,y,0), (1.32)

9k

o9&, ,

a_gj=5Jk—(t—S)7bjk(t,s,y, £), (1.33)

8x

I —(t=5)2cie(t,5,,0), (1.34)
J’k

where a;i(t,s,y,8), bjr(t,s,y, ), cjk(t,s, ¥, {) belong to a bounded set in the function
space of Schwartz %(R’; X ]Rg) (see Appendix A for the definition) if 0 < |t —s| < T,
for every fixed T > 0.

Proof. Since t # s, we have that (1.33) defines the functions bjy, so
bj(t,s,y, O < C(M, T), (1.35)

by using Proposition 1.3.4. Now we need to estimate the derivative of bj(t,s, y,{):

(%)(f—n)ﬁ bi(e,5,3,0) = (t—9) 1 jy)a( 377) gJ(t 5,9, /(t —5)).

Proposition 1.3.5 yields the estimate

’(;—y)(f—n)ﬁ bye(t,5,,0)| < It =) -—'ﬁ"( j )( 37)) 5’& 53, ¢/(t=5))

<C(M,T).
(1.36)
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Thus {b;i(t,s,y,{)}.s belong to a bounded set of %(R; X R’g). We can prove that
{cik(t,s,y,{)}e s is bounded in %(R; X Rg) in just the same manner. Moreover we
can easily prove that

t
ar(t,s,y,0) = (t —s)_% J (7 —s)%bjk(*r,s,y, Q)dr. (1.37)

It follows form (1.35), (1.36) and (1.37) that {a;(t,s, ¥, {)} ; belong to a bounded
set in %(R;XRZ), if [t—s|<T. O
Now we can study the invertibility of the map
g X(t,s,,8).

Proposition 1.3.7. There exists 6 > 0, depending on T, such that for 0 < [t —s| < &
and y € R", the map

g x(t,s,y,0)=x(t,s,y,¢/(t—s))
is invertible in R". Moreover the following equality holds

3¢
2%,

(t,5,%, ) = 65— (t—9)2dyt,5,%,¥), (1.38)

where the functions dj(t,s, X, y) belong to a bounded subset in B(R% x R;).

Proof. By using Proposition 1.3.6, we get

~

detg—’g 1 (=) (65,3, 0), (1.39)

for some function f(t,s, y, {), belonging to a bounded set in QB(R; X Rg). Choose
6 such that (t —s)%||f(t,s, -,-)IILoo(R;XRg) < % holds for any (y,{) € R*" and 0 <
|t —s| < 6.

In order to prove (1.38) we can proceed in the same way of Proposition 1.3.6. First
of all we have that

0 0X -1
5, %,7)= [a—’g(t,s,y,@] ¢ =L(t,5,%, 7). (1.40)

In order to prove (1.38), it is sufficient to show that

aff'(t:S,J’:C) -1 3
Bl B e G R e (1.41)
From (1.39) we have that
ax\! 3.
(deta—) =1+ (t—s)2a(t,s,y,0), (1.42)
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where

f(t,s,y,0) .
1—(t—$)2f(t,5,5,0)

Clearly d belongs to a bounded subset of 98(R?"). This, together with (1.32), gives
(1.38).

d(t)s’yJ C) =

O

1.4 Classical action

Throughout this section, we always assume that 0 < t —s < §. Thus the function
n(t,s,x,y) is well defined. Therefore, the curve

T x(1)=x(1,s,y,n(t,s,x,y))

is the unique classical orbit starting from y at time s and reaching x at time ¢.
Now we can define the classical action S(t,s,x,y) as

t

S(t,s,x,y)= J L(t,x(7),x(7))dT, (1.43)

where .
L(7,x(7),x(7)) = §|J'C(T)|2—V(T,X(T)). (1.44)

It is well known that S(t,s, x, y) satisfies the Hamilton Jacobi equation if the po-
tential V(t,x) is continuous in (t,x). To prove this one has to exploit the total
differentiability of the action at every point. Since we do not assume the continu-
ity with respect to time of V (¢, x), we cannot expect this. Fujiwara in [36] solves
this problem by showing that it is sufficient to have that S(t,s,x, y) is totally dif-
ferentiable almost everywhere. This property follows from Rademacher’s theorem,
since under the assumptions on the potential in [36], the classical action is a lo-
cally Lipschitz function of (t, x, y), for every fixed s. So, there exists a zero measure
set Z C (s —&,s + 6) x R?" such that S(t,s,x, y) is totally differentiable at every
(t,x,y) ¢ Z; moreover at every (t,x,y) ¢ Z

2
+V(t,x)=0.

0 1| 2
ES(RS,X,J’) + E‘ES(LS,XJ’)

As a consequence of the Remark (1.3.2), under our hypothesis on the potential,
S(t,s,x,y) is not locally Lipschitz continuous in (¢, x, y), since with respect to time
it is just C %-continuous. On the other hand, from the definition (1.43), it follows
that it is absolutely continuous with respect to time, for every x and y fixed. So it
is differentiable almost everywhere in t, but the zero measure set out of which this
property holds depends on x and y.
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To overcome this difficulty we introduce the following smooth regularization in time
of the potential
Ve(,x)=V(,x)*xp,, 0<e<1, (1.45)

where p,(t) = e !p(e7't) is a standard mollifier in R. From the properties of
mollifiers, it follows that for each x € R", V,(t,x) — V(t, x), for almost every t as
g — 0; moreover for each [a| = 2, 37V, — IV in L?L;’o, when ¢ — 0 and hence
IEAAl 1212 is uniformly bounded w1th respect to &.

Now we consider the following approximate Hamilton system

t

iVg('r,xg(’r))d’r. (1.46)

Xe(J’)ZJ"Ff gs(T)dT: ge(t):n_J ax

S

Lemma 1.4.1. For fixed s € R, the solutions x.(t,s,y,n), §.(t,s,y,n) are bounded
on the compact subsets of R x R?", uniformly with respect to .

Proof. Let T > 0 such that |[t| < T. We put M, = IIE)XZVSIIL[zLoo, which is uniformly
bounded with respect to . From (1.12) and (1.14) we get
t t
lx. () < |yl +J 1E(T)ldT < |yl +Inllt —s] +f (6 =)+ [ (DIDNVEVe ()l o0
S S

t
< Iy1+(F +IsDlnl+ (T +1s)2 M, +J (t = DNVEVe (Dl oo lx (Tl T
S

By using Gronwall’s inequality we obtain

|X€(t)| <C synM T-
In the same way we can proceed for £,.(t) and this concludes the proof. O

Lemma 1.4.2. For fixed s € R, we have that x,(t,s, y,n) converges to x(t,s,y,n) and
&.(t,s,y,m) converges to &(t,s, y,n), uniformly on the compact subset of R x R?".

Proof. We want to study the convergence of the approximate orbits. We have

J.S

t

1€c(t) = &(0)] SJ

S

—(T,X(T))—a—v(f,xg(f))df (T xg(T))— (T x¢(7))dT
X Ix

fav
<
.o

=:I]_ +12.

For I

t
I J;

1
f 4 —V,V(7,0x(7)+(1—0)x,(7t)d6
o 90

dt <J 102V llpel(7) = x(T)Id T
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The second integral I, tends to zero, when ¢ — 0. Indeed, from Lemma 1.4.1 it
follows that for fixed T > 0, there exists a ball B in R?", where x,(t,s, y,n) takes
values for |t| < T and (y,n) € B. Since

t
ns |
N

we get I, — 0, as ¢ — 0, by exploiting the properties of the mollification. Moreover

oV,
ox

t—s

aov V.
E(T’.)_ £ T,')

T,-)

J

LZL%°(B)

L2°(B)

|x(t) = x. ()] < J 1€(7) = Ee(T)ldT.

By putting all together and by using Gronwall’s inequality we get that

1€(t) = Ee ()] + [x(t) = x.(£)] = 0.

O]
Lemma 1.4.3. For |t —s| < T, we have that
dx
77) - _(t,S,J’: 77) (147)
an
ie ¢
(t $,¥,m) — n(t,s,y,n), (1.48)
pointwise, as € — 0.
Proof. We have
‘19 6 %,
()——()’ g() Eemas.

Then

‘agf(t)— i(r)‘sf ’a—v( e x (D)= S (x|

f
S

Now, by using Proposition 1.3.4, we have

I
2%v
ox2

ax

t 52 52
Ilgc(T,M)f (r—s) axv;(r,xe(r))— ax‘/;(r,x(r)) dr

t
R
+J (t—s) <

0x2
t
< C(T,M)J (T—S)Ilaszelngo|X5(T)—X(T)|df

82
(5, x(2) — S5 (5, x(2)|d

3
+(t =) 182V.(7,) — 32V (x, 200 = 0.
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The first integral in the last lines goes to 0 by the dominated convergence theorem,
the second one because of the properties of the regularization.
The thesis follows by Gronwall’s inequality. O

We can define, for each fixed € > 0, the approximate classical action S,(t,s, x, y)

as
t

Sc(t,s,x,y):= J L(7,x.(7),%x.(7))dT. (1.49)
s
Lemma 1.4.4.
Sg(t,s,x,y) — S(t,s,x,y) pointwise as € =0,
fo<t—s<5o.

Proof.
1 t
SS(t,s,x,y)—S(t,s,x,y)=EJ {1€.(7,5, ¥, m:(t,5,%, yDI* = |E(7,5, ¥, n(t,s, %, y)I*}
S

+f {(V(r,x(7))—V.(7,x ()N}t =1, + I,

By using Lemma 1.4.2, the fact that n.(t,s,x,y) — n(t,s,x,y) pointwise (which
easily follows by contradiction by recalling that = {/(t —s) and by using Propo-
sition 1.3.7 and Lemma 1.4.2 ) and the dominated convergence theorem, it follows
thatI; - 0ase— 0.

Moreover, we have that I, :=1T 21 +1 %, where

I, = f {Ve(7,x.(7)) = Ve(7, x(7))}d 7,
Ig = J {Vo(t,x(7))—V(T,x(7))}dT.

It holds that

] < J (1+ |xe () + [ (DIDNVEVe (Pl oo [x(7) — x(T)ld T

t

< ||Vive||LfL;o(f (1+x. ()] + |x(f)|)2|xg(r)—x(f)|2df)§,

which goes to zero as ¢ — 0, by combining the dominated convergence theorem
with Lemmas 1.4.1, 1.4.2 and the fact that ||V32( Vel 1200 is uniformly bounded with
respect to €.
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Moreover 122 — 0, as ¢ — 0, by using the fact that, if if |t —s| < &, there exists a ball
B in R?" where x(7) takes values and that V, — V in Llei)“; . as &€ = 0. Indeed

t
IZ < J IVe(, )=V (T, g -
S

O

Proposition 1.4.5. Assume that 0 < t —s < 6. Then, S(t,s,x,y) is of class C* in
(x,y) if t and s are fixed. Moreover the following equalities hold:

axjs(tysﬁx’y)zgj(tasay)n(t)sax:y)) (150)

ayjs(tzsgx,J’)=_77j(t:5>x:.)’)~ (151)
Proof. Equalities (1.50) and (1.51) follow by direct computations, by using integra-
tion by parts in (1.43). Indeed, let

t

So(t,s,y,m)=S(t,s,x(t,s,y,m),y) = J L(7,x(7),x(7))dT, (1.52)

S

where x(7) = x(7,s,y,n) is the unique solution of Hamilton equations (1.10).
Clearly S(t,s,x,y) = Sy(t,s,y,n(t,s,x,y)). By using the chain rule, we have

8, S(6,5,%,5) = 83, So(t,5,y,1(t,5, %, Y))8s M (£,5,%, 7). (1.53)

By integrating by parts in (1.52) and by using Einstein convention on repeated in-
dices, we get

t

O So(t,s,y,m) = J Oy, L(7,x(7), %(7))0,, x4 (7) + 0%, L(7, x(7), x(7)) 0y, Xp(T)dT

S

=J 8y 3n (DB, L(7, x(7), X(1)) = 8.8y, L(7, x(7), X(7))]

+ gh(T)s’ Y n)ankxh(Tﬁs) Y T))

T=$

= gh(t:-s; Y ’r))ankxh(t’sn Y 77) B
(1.54)
where we used Hamilton’s equations (1.10) equation in order to write the last equal-
ity. Indeed, from (1.44), it follows

By, L(7,x(1), %(7)) — 8: 3, L(7, x(7), X(7)) = —8,, V (7, x(7)) — &(7) = 0.

Plugging (1.54) in (1.53) we obtain

X 39, Ay = cp\L,sS, Y, Nk h\ts95 )Y, x: H\tso, Ay . .
9y,S(t,8,%,y) = Eu(t,s, ¥, M)y, xp(t,s,y,M) O Mi(t,8,x,y). (1.55)
n=n(t,s,x,y)
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On the other hand, by differentiating with respect to x; both sides of the identity
Xp = xh(tJS’ Y, Tl(t;sa X, }’)) we have

6hj = anth(t,S, J’; n(t;S, X, y))axjnk(tysa X,J’) . (1-56)
By using (1.56) in (1.55) we get (1.50). We can prove (1.51) in a similar way. [

Proposition 1.4.6. Let s be fixed. Then for every x,y € R" there exists a zero measure

set Z, ,, which depends on x and y, such that for each t ¢ Z, ,, the classical action

S(t,s,x,y) satisfies the Hamilton Jacobi partial differential equation
1
a,S(t,s,x,y)+ EIVXS(t,s,x,y)I2 +V(t,x)=0. (1.57)

Proof. We know, by [36] (the regularized potential V, satisfies Fujiwara’s assump-
tions), that for each ¢ > 0

1
,S.(t,s,x,y)+ Elvxsg(t,s,x,y)l2 +V.(t,x)=0,

for almost every t € R and all (x, y) € R?". So it follows that

1
S.(t,s,x,y)+ EJ

S

t t

|VXSS(T,S,X,y)|2dT+J V.(7,x)dt =0, (1.58)

S

where we used the fact that S,(s,s,x,y) = 0. From Proposition 1.4.4, we know
that S.(s,t,x,y) — S(t,s,x,y) pointwise as ¢ — 0. By using Proposition 1.4.5,
Lemmata 1.4.1, 1.4.2 and the dominated convergence theorem (for x and y in a
bounded set), we get that

t t
J IVxSs(T,s,x,y)lzdfﬁf IV, S(T,s,x, y)Pdr,
S N

as € — 0. Regarding the last term in (1.58) we have

t t
f |Vs(T,X)—V(T,X)|dTSf IVe(t) = V(D)llreomyd T
S S
S Vt=slVe =Vl 210008

2LOO

where B is a closed ball containing x. Since V, — V in L7L75 ,

to the limit in (1.58), we get

as € — 0, by passing

t

t
S(t,s,x,y)+%f IVXS(T,s,x,y)|2d7+f V(t,x)dt =0. (1.59)

S

Since S(t,s, x, y) is absolutely continuous in t, differentiating a.e. with respect to t
in (1.59), we get (1.57).
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We include here an alternative proof of (1.57).
From (1.43), it follows that S(t,s, x, y) is absolutely continuous with respect to t for
every fixed x, y € R"; hence , there exists a zero measure set Z, , C R, depending
on x and y, such that 3,5(t,s, x, y) exists for every t ¢ Z,. .

By the chain rule, we have

d

ES(t,s,x,y) = 0;So(t,s,¥,n(t,8,x,¥))+0,,So(t,s,y,n(t,s,x,¥))0ni(t,5,%,¥),
(1.60)

for every t ¢ Zy. y- From (1.52) it follow that

1
0,So(t,s,y,n) = EIE(t,s,y, N2 —=V(t,x(t,s,¥,1))- (1.61)

Plugging (1.61) and (1.54) into (1.60) we get

1
0,5(t,s,x,y)= Elﬁ(t,s,y,77(t,s,x,y))|2 —V(t,x(t,s,y,n(t,s,x,y)))
+ gh(t)sz Y, n(t559 X, J’))aquh(f;-s; Y, n(t>s9 X, }’))aﬂ?k(fas; X,.)’) .
(1.62)

Now, we differentiate with respect to time the identity x; = x;(t,s,y,n(t,s,x,y))
and we obtain

0= 3.xu(t,s,y,n(t,s,x,y)) + 0, xn(t,s,y,n(t,s,x,y))0nk(t,s,x,y)

(1.63)
= gh(t,s,y, n(t,S, X’}’)) + a’r]kxh(t:s: Y, n(tasa X,)’))atnk(f,S, X,J’) .

By using (1.63) into (1.62) we have

1
3,5(t,s,x,y) = —Elé(t,s,y,’n(t,s,x,y))l2 —V(t,x(t,s,y,n(t,s,x,¥))), (1.64)

which is (1.57) in virtue of (1.50). ]
The following proposition states an important property of the action.

Proposition 1.4.7. Assume that 0 <t —s < 6. Then we have

1lx—yl
S(t,s,x,y)ZE " +vVt—sw(t,s,x,y). (1.65)
—s

For any pair of multi-indices a and f3 with length |a|+ |B| = 2, there exists a constant
Copm such that

1020 eo(t,5,%,y)| < Capy (1.66)
where C,p is independent of (t,s) and (x, y).

Proof. Since t > s, w(t,s,x,y) is defined by (1.65), hence
_3 1 2
w(t,&x:}’):(t—S) 2 (f_S)S(t’S,x:}’)_§|x_}’| .
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The Proposition 1.4.5 implies that
3
02 w(t,5,%,y) = (t =5)72(0, (¢ =5)&;(t,5, ¥, 1(t,5,%, ¥))) = & 1) .
J
Moreover, since { = (t —s)n,

2o, (t=9)E)) = >3, (t—5)E))y, L

We now apply the Propositions 1.3.6 and 1.3.7 and we obtain
axzjka(t>sa X, .)’) = _bjk(tﬁs)ya C(tasa X, y))_djk(tas: X, .y)

d
3
+(t=5)2 D bjm(t,5,,8(6,5,%,¥)dpi(t,5,X,¥),

m=1

where the functions bjk and djk are defined in (1.33) and (1.38). This proves that
8xjka(t,s,x,y) form a bounded set in B(R’; x R;).
Similar discussions for 8x2_ e w(t,s,x,y)and 8y2A ka(t,s, x,y) prove the proposition.
J J
O

L2
Lemma 1.4.8. Let S.(t,s,x,y) = %lx 4w Vt—sw.(t,s,x,y). Then we have that

t—s

A w(t,s,x,y) = A o(t,s,x,y),
pointwise as € = 0, if 0 < t —s < 6.

Proof. We have that

|t—5|Axwe(t:51x5y) = AxSe(t,S,X,y)_ t iS ’

By using Proposition 1.4.5, we get

anak

an

€

98
Axse(t’s7x’y)zz an (tis’y’ng(tas’x7y)) (t,S,X,J’)-

k k

So, by using (1.47), (1.48) together with the fact that n.(t,s,x,y) — n(t,s,x,y),
we get

ALS:(t,s,x,y) = AS(t,s,x,Y), (1.67)

pointwise as € — 0. O
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1.5 Parametrices

We assume throughout this section that 0 < t —s < 6, where & is the constant
appearing in Proposition 1.3.7. For any ¢ € %B(R") we define the integral operators
E(t,s) as

E(t,s)p(x) =f e(t,s,x,y)p(y)dy, (1.68)
Rn

where

1 LA
e(t,s, x,y) = (m) elS(t,s,x,y) )

In the following proposition we prove that the operator E(t,s) is a bounded
linear operator in L?(R").

Proposition 1.5.1. There exists a positive constant vy = yo(6, M) such that
IECt,s)ell2mny < YollellLzgny s
for any ¢ € C5°(R").

Proof. Let v=(t—s)"! and

1
D(t,5,x,y) = (t=)S(t,5,2,y) = o lx =y + (=) (t,5,, 7).

Then E(t,s) can be written as an oscillatory integral transformation as follows

B(t,s)p(x) = (2—;) f e 1) o(y)dy | (1.69)
Rl’l

So E(t,s) =1(t,s;1) (see Appendix A). By Proposition 1.4.5 we have that

82
0x;0 yy

0
6(6,5,%, ) =—a—5"(r,s,x,y>.
X

Proposition 1.3.6 implies that there exists a constant p such that
2

det
0x;0yx

o(t,s,x,¥)|>p.

Since Proposition 1.4.7 holds, we can apply Theorem A.0.5 of the Appendix A to
the integral transformation (1.69), getting the thesis. We remark that the constant
Yo (see (A.1) in the Appendix A) depends only on & and M in virtue of Proposition
1.4.7. O

Definition 1.5.2. Let

W= {f € L2(RM|(1 + |x>)f € L*(R") and (aa—x)af € L%(R™) for any a with |a| < 2} .
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The space W is a Hilbert space equipped with the norm
a a
()7
x

We note that W = H? N % (H?), which is related to the harmonic oscillator.
Let H(t) be the minimal closed extension, with respect to L2, of the differential
operator —%A + V(t, x) restricted to C;°(R"). We shall denote its domain with

D(H(t)). Under the assumptions on the potential we have that |V (t,x)| < C(1 +
|x|2)||V)ZCV(t)|| Lo for almost every t € R. So it follows that the Hamiltonian opera-

tor H(t) is a bounded linear map from W to L?(R") for a.e. t € R.

2

LA = I+ P gy + D

lal<2

LZ(R")'

Proposition 1.5.3. E(t,s) is a continuous mapping of W into itself.

Proof. The proof is an immediate consequence of Theorem A.0.6 of the Appendix.
O

Proposition 1.5.4. If ¢ € W, then, E(t,s)p € D(H(t)) for almost every t € R.

Proof. As a consequence of Proposition 1.5.3, we have only to prove that D(H(t)) D
W fora.e.t €R. Let ¢ € W. Then Ay € L2(R") and (1+]-|?)¢ € L?(R"). Moreover
[V(t,x)| <C(1+ |x|2)|IV§V(t)|IL;o for almost every t € R. Therefore, we have

1
—EAcp +V(t,x)p € L>(R").

Hence the Hamiltonian operator H(t) is a bounded linear map from W to L2(R") for
a.e. t € R. Now, let ¢ € W. Since C;°(R") is dense in W, there exists a sequence
¢, € Cg°(R™), which converges to ¢ in W. Morevor, H(t)y, is a Cauchy sequence
in L?(R™"); indeed

IH(E)llr2@n) S ll@nllw -
Thus H(t)yp,, converges to some 1 € L2(R"). It follows that ¢ € D(H(t)) for almost
every t € R. O

Now, for each ¢ > 0 we can define the parametrix

1 3 .
E.(t,s)p(x)= (m) f elsg(t’s’x’“v)ﬁp(J’)dJ/ s (1.70)
RH

where ¢ € #(R") and S, is defined in (1.49).

Remark 1.5.5. Proceeding as in Proposition 1.5.1, we can prove the existence of a
constant ¥, which is independent with respect to €, such that

|E.(t,8) @l r2mny < Foll@llL2qrny - (1.71)

Indeed, as in Proposition 1.5.1, ¥, depends only on 6 and ||V)2(V€||L%Loo is uniformly
bounded with respect to €.
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Proposition 1.5.6. There exists a positive constant C, which is independent of €, such
that

IE:(t,8)¢llw < Cllellw (1.72)

Proof. This is an immediate consequence of Theorem A.0.6 of the Appendix. In-
deed, by using Propositions 1.3.5, 1.3.6 and 1.4.7, we have that all the assumptions
of Theorem A.0.6 are satisfied. The constant depends on ||8x2V8|| 121005 which is uni-
formly bounded with respect to &. O

Proposition 1.5.7.
Ee(t,s)(P(X) - E(t3s)w(x)’
forevery x e R", as ¢ — 0.

Proof. The result follows by Lemma 1.4.4 and the dominated convergence theorem,
because ¢ € &(R") c L(RM). O

The following result shows that E(t,s) converges strongly to the identity opera-
torast —s.

Proposition 1.5.8. 1. For every ¢ € L(R"), we have
imE(t,5)p = ¢,
—S
in L%(RM).

2. If we set E(s,s) = I, then the correspondence (s,t) — E(t,s)y gives a strongly
continuous function with values in L>(R™).

Proof. First of all we note that we have only to prove (1) for ¢ € C;°(R") since
Proposition 1.5.1 holds. From Proposition 1.5.7 we know that

E.(t,s)¢(x) — E(t,s)p(x),

for every x € R", as ¢ — 0. By using the Fatou’s Lemma and the definition of lim inf,
we have that for every u > 0 there exists g, such that

IECt,s)o — @l 2mn) < liirl)iélf”Eg(f,S)SO — ¢l 2rn
< E,(£,8)p — @ll2@ny + 1

Now, we know that the regularized potential satisfies Fujiwara’s assumptions; so it
follows (see Proposition 4.3 in [36]) that

lim [|Eg, (£,5)¢ — ¢l =0
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and therefore we conclude that

lintnsup IECt,s)p — @l 2@mmy S -

—Ss

By the arbitrariness of u we get the desired result.

We can prove (2) by using the fact that for every € > 0 we have
lim  |IE.(t,5)p —Ec(t',s)¢llL2@mm =0,

t—t’, s—s’
from [36]. By using the Fatou Lemma as above we get the desired result. O

At this point we need to show that the E(t,s)y(x) is an approximate solution of
the Schrodinger equation (1.9). As already stressed, under our assumptions on the
potential V(t, x), for every fixed x, y € R" the time derivative of S(t,s, x, y) exists
almost everywhere, but the zero measure set depends on x and y. This prevents
us from justifying the exchange of the order of derivation and integration, so we
cannot expect to have that

i
—e(t,s,x,y)e(y)dy,

d
—F =
5. E(6s,%, )0 (x) J P

as in [36]. To overcome this difficulty we use the regularization of the potential
introduced in the previous Section. So, for each fixed £ > 0, proceeding as in [36],
we have that

1
(—io. - S0+ Vo(t, %))Ec(6,5)0(x) = Go(t,5), (1.73)
at almost every t € (s —6,s + 6) for any ¢ € C7°(R"), with

ivt—s

Geltss)p () = e =

f eSS XN o (t,5,%,y)p(y)dy .

Proposition 1.5.9. There exists a positive constant C, which is idependent of €, such
that

G (t,8)¢ll 2@y < CV/ It —slllellL2qn) (1.74)
Proof. This is a simple consequence of Theorem A.0.5 in the Appendix; the constant
C is independent on ¢ since it depends on ||V32( Vell 121595 which is constant. O

Lemma 1.5.10.
Ge(t:-s)(;o(x) - G(tJS)Qp(x))

for every x € R", as ¢ — 0. Here G(t,s) is given by

ivt—s

Gt s)e(x) = 2ri(t—s))2

f eSS XIA w(t,s,x,y)e(Y)dy.  (1.75)
Rn
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Proof. The assertion follows from Lemma 1.4.8 and the dominated convergence
theorem. O

We note that Proposition 1.5.9 and Lemma 1.5.10 imply that
G (t,s)p = G(t,s)p in L>(R™) (weakly). (1.76)
By the semicontinuity of the norm, it follows
1G(t,9)¢ll 2rn) < CVE =5l 2qrn)- (1.77)

At this point we can explain why E(t,s)y(x) is an approximation of the solution
of (1.9).

Proposition 1.5.11. Let ¢ € C;°(R"). Then we have that

(18 + 58— V(£ 0)E(t,)9(0) =—6(6,5)¢

in 2'([s,t] x R™").

Proof. Let ¢ € C5°(R™) C W. For each £ > 0 we have that

(8 + 32—Vt 0))E(6 )0 (1) =—Go(6,5)

for almost every t € (s — 6,5 + 6). For every A € C;°([s, t] x R") we have
t
if Eg(t,s)cp(x)l(t,x)dx—if Lp(x)k(s,x)dx—iJJ E.(7,8)p(x)0 AT, x)dxdT
Rn Rn s JRn
‘ 1
= f J Ee(T,s)cp(x)( — EA + Ve(T,x))A(T,x)dxdT
s Rn

— J J G.(7,x)p()A(T,x)dxdT.
S Rn

(1.78)
From Propositions 1.5.3 and 1.5.7 we get
E.(t,s)p — E(t,s)p weakly in fo .

Moreover

V,>V strongly in L2L° .
From Proposition 1.5.9 and Lemma 1.5.10 it follows

G.(t,s)p — G(t,s)¢ in Lf’x.
By passing to the limit, as ¢ — 0, in (1.78), we get the thesis. O
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1.6 Construction of the fundamental solution

The construction of the fundamental solution is based on the approximate evolution
properties of E(t,s), which will be stated in the following propositions.

Remark 1.6.1. By proceeding as for (1.73), we get that

—1,F,(t,5)p(x) = Eo(t,5)( — %A FU(60)p (0 + Gt )p(x),  (179)

where

2mi(t — o)

~ 1 p Vt—o :
G(t,0)p(x) = ( ) o J Ay, (t,0,x,y)eS N (y)dy .
]er
As for (1.74), we can prove

1G:(t,8)pllr2n < CV It =slllpllra@n (1.80)
with C independent on &.

Proposition 1.6.2. There exists a positive constant C; such that
3 3
IE(t,s1)E(s1,5) — E(t,5)|l2gny—r2(rn) < C1(It — 5112 + [s7 —s]3). (1.81)

Proof. Let ¢ € C5°(R"). Then, we have

S1

(Es(t:sl)Ee(sl’S)_Es(t:s))(p = J %(Eg(t,O')ES(O',S)(p)dO' 5 (182)

N

for each £ > 0. Thus, from (1.73) and (1.79) it follows (see [36]) that

= ||iés(t: U)Es(O',S)SO - iEe(t: O-)Gs(o-,s)(p “LZ(]R") .
L2(Rn)

A E(t,0)E.(0,5)¢
do

From (1.71), (1.74) and (1.80) we get that

< C(WIt—ol+lo—sDllell ) -
L2(Rn)

HiEg(r,a)Ee(a,s)so
do

The last inequality together with (1.82), gives
3 3
|Ec(t,51)Ep(51,8) — Ec(t,8)|l 2mmy—r2mn) < C1(It —s1|2 + 151 —5[3), (1.83)

where C; does not depend on ¢. By using the Fatou’s lemma and the definition of
the liminf as in Proposition 1.5.8, we get the thesis. O

Proposition 1.6.3. Let 0 < t —s < 6. There exists a positive constant C, such that for
any ¢ € L*(R"),

3
NECt,s)ellp2qmny < =2 g Il 2y (1.84)
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Proof. The proof proceeds as in Proposition 1.6.2. O

The estimate (1.84) tells us that we can take y, in Proposition (1.5.1) as v, =

3
e®(t=)2  Now we are ready to construct the propagator for the equation (1.9), by

following Feyman’s construction of the approximating sequence of the fundamental
solution. Let s,t be arbitrary real numbers such that —T < s <t < T. Let us
consider a subdivision A of the interval [s, t] such that

A to=s<t1 <[ <...<t1 <t =t,
with
w(A) = max [t; —t;_4]
1<j<l

the maximal size of the subintervals. We introduce the iterated integral operator
E(Alt,s) as follows

Definition 1.6.4. Let A be any subdivision of the interval [s, t] as above.
E(Alt,S) = E(t) tl—l)E(tl—IJ tl—2) e 'E(t2, tl)E(tlJS) . (185)
Then we have
E(A|t,5)80(x)=J I(Alt,s,x,y)e(y)dy,
RH

where

L n
2
I(Alt,s,x,y) = | I(m(t 0 1))

L
J J l_[exp ZS(tJ,t] 15X, X 1)}1_[dx
j=1

with xy = ¥ and x; = x. We want to prove that

lim I(Alt $,X,¥) (1.86)
w(A)—

exists and equals the kernel function of the fundamental solution for the Schrodinger
equation (1.9).

To construct the propagator for (1.9), we shall use the following theorem, which
deals with the existence of the limit (1.86).

Theorem 1.6.5. Let {F(t,s)|(t,s) € [T, T]1x[—T, T]} be a family of linear operators
acting on L?(R™) with the following properties:

e F(t,s) is a bounded operator on L?(R™) and there exists a constant C; > 0 and
y1 > 0 such that

IF(t,8)pll2qny < e @l 2egny.- (1.87)
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e There exist a > 1 and C, such that for any ¢ € L*(R"),

I(F(t,51)F(s1,8) — F(t,8)) ¢l 12mn) < Collt —s11% + Is1 — sl 2(mny -
(1.88)

e For ¢ € S (RY), F(t,s)y is a L>(R™)-valued strongly continuous function in
(t,s) € R? and it satisfies

F(s,s)p=¢ forany seR,
hmt—>s ||F(f,3)(P - SOHLZ(R”) =0.

Let A be a subdivision of the interval [s,t]. We put
F(Alt,s) = F(t’ tl—l)F(tl—l) tl—z) e 'F(tlns) .
Then there exists a bounded linear operator U(t,s) in L>(R") such that

lim ||U(t,s)—F(Alt,s)”LZ(Rn)_,LZ(Rn) :0, (189)
w(A)—0

in the norm of bounded operator from L?(R") to L2(R"™). More precisely, there exists
a constant y such that

1U(t,s)—F(Alt, )l 2@m—r2@n < vt —slw(A)* . (1.90)
For the proof, we prepare the following lemmas:

Lemma 1.6.6. Assume |t —s| < 6. Let A = {t;}, with t; =s +jL7(t =), for
j=0,1,...,L and 6(A) = L7t —s|. We have

ICF(t,5) = F(AIE, )¢l 2gn) S 1t —s1%e ol 2@y
where F(A|t,s)(p = F(tL, tL—].) e 'F(tl, to)(p

Proof. The proof is just an adaptation of the same result contained in Lemma 5.7 in
[36] (where a = 2). Let us assume to have a finite sequence AO AD AR of
subdivisions of the interval [s, t] such that

(@) k<log,L +2.

(b) A is a refinement of A1),

(©) A© is the trivial subdivision [s, t] and A®*D = A,

(d) The following estimates hold for any m=1,2,...,k+ 1:

IF(A™]t,5) — F(AM™ Ve, 5) | 2@ny 2@ < Clt —s|4(217™ + 4L )Gl s]
(1.91)
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Then, it follows

k+1
IF(Alt,5) = F(t, )2y < D IF(AM]t,5) = F(AM™ D]t )]l 2z
m=1

< Clt —s|*(2 +4(log, L + 3)L™ ) exp(C; |t —s).

The desired estimate follows by noting that sup L™!log, L. < co. So to conclude
the proof we need to construct the sequence of subdivisions A(™. Let us call J; =
[s,t1),e .30 = [tp_q,t] elementary intervals and let us the note with I the whole
interval [s, t]. We put TO s, Tl t[1/2) and 72 t, where [-] is the integer part
function. We divide I into two intervals

AW =[s,71], =[],

which we call intervals of the first generation. The intervals of the second generation
are

A®; Po[eel) 2o(e Be[ded), B=lde),

2 3
where
2 2 —1 1, 1
Ty =5, T1 = max{t;|t; <27 (7, + 17},
2 =1l 72 =max{t:|t; <27} + 1)}
2 1’ 3 = 1 275>
2 _ 1
Ty=T,.

Iterating this process m—times, we obtain intervals I, I

1 5 2 2 2m
tion, where I7" = [z |, 7] with 70} = '~ L and

J

of m-th genera-

7’2’}+1 max{t;|t; <2~ 1(7’" 1+T]+1 )}.
Clearly
—Tm m
= I

By definition, we have

|12] 1| <2

I <27+ 17 e —s.
So it follows that
[P <le—=sl@ ™+ L7 (1427 4+ 21 < e —sl(27" +2L71).
If k > log, L, then
|1¥] < 3.7t —s].

From the last inequality, it follows that I ]k is a union of at most two elementary

intervals. Therefore every interval I J’.‘“ of (k + 1)th generation is a single point or

it coincides with one of elementary intervals, which means that A®+*D = A,
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The sequence of subdivisions we have constructed satisfies the conditions (a),
(b) and (c). We need to prove (1.91). Let I]T”_l any interval of (m—1)—th generation;

in A it is divided into
I;’; 1= [T&"j_z, T;"j_l], and I;"j = [T&"j_l, T&"j].
By using (1.88), we get
IE(e =, e ) = F(ehy, ) )F(eh 75 o)llian
a
< G5y |" +|132]")-

This, together with (1.87), gives

IF(AT e, 5) = F(A™|t, )l 2(rn)120r)

2m—1
s Z Ca |12] 1 + |I exp(C1 |12m 1 }I]-l-l + |12]+1
{12] 1 ot |I{n\a)) < Gyt —s|*(2Y ™ + 4L ) exp(Cy |t —s]).
This proves (1.91) (see Lemma 5.7 of [36]). ]

Lemma 1.6.7. Let two subdivisions of [s, t] be given by

Al :S=t0<t1<"'<tL_1<tL=t,,
Ay is=5, <851 < - <spy_1<sy=t.

Assuming that 6(A;) < & and 6(A,) < 6, we get

I(F(A1ly,5) = F(A2],5)) ¢l 2gn) S 16 —5I(8(A1)* +6(A2)* e ol 2y -
(1.92)

Proof. The proof proceeds verbatim as in Lemma 5.8 in [36]. We begin with proving
(1.92) under the assumption that all the ratios (t—s)_l(tj —tj_1) and (t—s) (s —
sx_1) are rational. Under this conditions, there exists a common refinement A5 of
the subdivisions A; and A, with intervals of the same length. Let us denote

As; S=T9< T << T =t,

and 6(A3) = |1, —Tj4| = K7t —s|. Any interval [tj_1,t;] of A; is divided into
[Tk Tks1ls -+ -5 [Tham=15> Tkem] in Ag. By applying Lemma 1.6.6 to [t;_4, t;], we get

|aeC1|f—tj—1| .

(1.93)

WF(tj, ti1) = F(Trqms Tham—1)* F(Trar, Tidllp2mny S 1tj — 51
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Using this and (1.87)

IF(Aqlt,s) = F(As]t, )l L2gn)

-1
S Z lt;—tj 11" exp(Cylt; —tj g |+t =t 4|+ + ]t — T

T = Tl o T sl
Sle=s15(81)" " exp(Cyle —s).

In the same way we can prove a similar estimate for || E(A;|t,s)—E(As]t,s)|| 2(gn),hence
we have proved (1.92) when the ratios (t —s)_l(tj —t;j_1) and (t —5) " (s —sk_1)
are rational. In the case of general sundivisions A; and A, we can prove (1.92), by
exploiting the density of the rational numbers in R (see also Lemma 5.8 of [36]). [J

Proof of Theorem 1.6.5. The proof corresponds to the proof of Theorem 1 in [36],
so is omitted. O

Now, we put F(t,s) = E(t,s). All the assumptions of Theorem 1.6.5 are satis-
fied: they follow by using Proposition 1.6.3 with y; = %, (1.83) with a = % and
Proposition 1.5.8. Thus, we have constructed a family {U(t,s)|t,s € [T, T]} of
operators such that

JimIUE,5) = QAT ) lageny-pon = 0.
The following proposition shows that U(t,s) has the evolution property.
Proposition 1.6.8. For any s, t,r € R
U(t,r)U(r,s)=U(t,s).
Proof. Lets <r <t ; take the subdivision A such that A = A; UA,, where

Apis=tg<t1<...<ti=r<tpyq,
Air=tg <ty <...<ty=t.

Then, by noting that E(A,|t,s)E(A|r,s) = E(Alt,s), we get

NUCe, 1)U, s)o = U(t, )l 2qgmy—12rny < I(U(E, 1) = E(A|t, 1)U, 5) @l 12(rn) - L2(rn)
+IIE(A[t,r)U(r,s) = E(A]r,)) ¢l 12rn)-L2(rn)
+II(ECAt, P)E(A|r,5) = U(t, )@l 12(rn)-12(rn) = 0 as w(A) = 0.

O
Now we prove that U(t,s) is actually the fundamental solution of (1.9).

Theorem 1.6.9. For any t,s the operator U(t,s) maps the space W into itself.
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Proof. Let us consider an arbitrary subdivision A of the interval [s, t]:
JANKS S:t0<t1<"'<tL:t.

Let ¢ € (R"). By applying repeatedly Theorem A.0.6 of the Appendix, we get the
estimate

IECALL, s)ellw < C(Dll¢llw -

It follows that the set ¥ = {E(Alt,s)¢} is bounded in W when w(A) — 0. Conse-
quently, ¥ has at least one accumulation point in the weak topology of W. On the
other hand, since W is continuously embedded in L?(R"), every accumulation point
of 33 in W must coincide with U(t,s)¢. Hence, U(t,s)p € W. O

Theorem 1.6.10. For any ¢ € W, we have

i%U(t,s)sO = —%AU(t,s)cp +V(t,x)U(t,s)e,

in 2'([s, t] x R™).
Proof. We consider a subdivision A of the interval [s, t ]
S:t0<t1<"'<tL:t,

with w(A) sufficiently small. For any o € [s, t], there exists j such that o € [¢,t,1]
and we put
F(O-) = E(O', t )E(t]’ tj—l) T E(tlﬁs) .

From Theorem 1.6.5 we know that, for every 1) € C;°(R"),
(F(o)p,y) = (U(o,s)¢,¢), (1.95)

when w(A) — 0. Moreover, by using Proposition 1.5.11, we have
1
(i8t+ EA—V(t,x))F(a)go =—G(o,t))F(t;)¢, (1.96)
in @’([tj, ti+1] X R™). Now, we consider A € C;°([s, t] x R"), and we put f(t,x) =
(ig, + %A —V{(t,x))A(t,x). We have

if F(t)(,o(x)?t(t,x)dx—iJ F(s)go(x)?t(s,x)dx+f J F(o)p(x)f(o,x)dxdo
Rn n s Rn

=1 f F(t)p(o)A(t,x)dx —i J F(s)e(x)A(s, x)dx
]Rn RTI

L—1

+ ZJ " f F(o)e(x)f(o,x)dxdo
t R"

]:
(1.97)
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By Proposition 1.5.11, we know that
it tj+
f f F(o)p(x)f(o,x)dxdo =—f f G(o,t:)p()A(o,x)dxdo
t Rn t; Rn

+1i J F(t;)()A(t), x)dx —1i f F(ti11)p(x)A(t 41, x)dx .
Rn Rn

(1.98)
By plugging (1.98) into (1.97), we get

if F(t)cp(x))t(t,x)dx—iJ F(s)w(x)k(s,x)dx+J J F(o)e(x)f(o,x)dxdo
Rn Rn s JRn
=1 ftj
= f JG(G,t)(p(x))L(o,x)dxda.
j=0J t; R
(1.99)
By using (1.77)

L—1 (tig
ZJ f G(o,t))p(x)A(o,x)dxdo
j=04J¢; Rn

L—1 fj+1
3
< Zf 160, £l 2@ IOl e do S Lao(A)2 @]l 2 -
j—= fj

(1.100)
Then, by passing to the limit w(A) — 0 in (1.99) and by using (1.95) , we get the
thesis. 0

Remark 1.6.11. If p € W, it follows that H(t)U(t,s)p € L2(R") for a.e. t. By using
Theorem 1.6.10, we have that

e _
lEU(t,s)cp =H(t)U(t,s)yp,

in L2(R™) for almost every t.
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Chapter 2

Local Smoothing

2.1 Introduction

The goal of this chapter is the study of the local smoothing property for the
Schrodinger equation (1.9), under the assumptions (V-I)-(V-III) on the potential
V(t,x). The local smoothing estimate refers to the property of solutions to a linear
homogeneous dispersive equation to gain some regularity with respect to the initial
data, on average in time and locally in space. The local smoothing property repre-
sents a useful tool in the analysis of nonlinear problems, for instance in the study of
decaying properties of solutions ([67]) and in global existence issues, expecially in
the case of the Schrodinger equations with derivatives in the nonlinearity ([75]).

It is well known that the solution to the free Schrodinger equation satisfies the
following smoothing estimate

_ 1 1
1) (=AY e ulz; < Cllullzn 5> 5

This kind of inequality was proved by Ben-Artzi and Klainerman in [13] for n > 3
and by Chihara in [20] for n = 2.

Actually the first result concerning global smoothing effect for unitary operators goes
back to Kato in [72]. In this work the author introduced the notion of H-smooth
operators. Let L : # — 2 (s and 2 Hilbert spaces) be a densely defined closed
operator; we say that I is H-smooth if

sup |(H—{)"'L*G, L*a)| < Cllal%,, € D(L*)c 2,
Im{#0

where H is a selfadjoint operator in # such that the resolvent (H — {)~! is de-
fined (so at least for Im{ # 0). The relationship between H-smooth operators and
smoothing effects is the following: an operator L is H-smooth if and only if

oo
f ILe M ul2,dt < Cllulle,

—0Q
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and in particular, e ¥y € D(L) for almost every t € R.

Later on, Strichartz, studying properties of Fourier transform in [115], proved that

+00 . n/2(n+2)
( J J Ie‘mulz(””)/”dxdt) < Cllullp2zny
—00 ]Rn

. . ; (n+2) )
which tells us that, if u € L2(R") then e'%u € L5 (R™) for almost every t. This

means that the free Schrédinger propagator improves LP-smoothness.
In [54], the authors improved this result by proving that

[ 1
. \?
(J {J |e”Au|pdx}P) < Cllullz2(gny »

for 0 < 2/6 = n(1/2—1/p) < 1, which means that for every u € L?(R"), e!'*u
L2(RY)NLP(R),2<p <2n/(n—2) fora.e t €R.

The local smoothing effect was first established by Kato in [71]; he observed that
the solutions of the Korteweg-de Vries equation

atu+8x3u+u3xu:O, t,x R,
u(0) =uy.

with u(0) = ug, have an improvement of the differentiability property. In particular

T R
J f |axu(x) t)ldedt S C(T>R)”u0”%2(Rn)a (2~1)
-T JR

which means that the solution is one derivative smoother than the inital datum. In
[80], Kruzhkov and Faminskii obtained a similar result independently.
Subsequently, but simultaneously, Constantin and Saut ([22]), Sj6lin ([113]) and
Vega ([121]) found that estimates of the type in (2.1) are possessed by the unitary
groups generated by dispersive equations. This is a consequence of the dispersive
nature of the linear part of the equation. Most of the physically relevant dispersive
equations and systems (K-dV, Benjamin-Ono, Boussinesq, Schrodinger) show the
local smoothing property.

If we consider an operator P(D) with real symbol P(&), such that P(§) ~ |&|* at
infinity, for a real positive a, we get

T 1
. 2
U f |(—A)<a—1>/4e—“P(D)uo(x)|2dxdt) < C(T,R)lluoll 2y (2.2)
—T J|x|<R

This last inequality tells us that if u, € L2(R"), the solutions e!'*!®y, € H z(:c_l)/ 2(RM)
for almost every t.

In [22], the authors extended Kato’s result (2.1) to general linear dispersive equa-
tions. On the other hand, in [113] and [121], the authors got inequality (2.2) with
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a = 2 implicitly, while studying the problem of finding the value of s such that the
following limit exists in H*(R"):

lilrgl eimuo(x) = uy(x), for almost every x € R".

t
While Kato’s original proof of the smoothing effects (2.1) relies on energy estimates,
the generalization of the result to general linear dispersive equations is based on a
Fourier transform argument.

In particular, for the free Schrodinger propagator, it is showed that
J f B, )1 — A)FelAu(x)Pdxdt < CllulZ g, u€LXRY,  (23)
R n

where ¢ € C;° (R™1). For Schrodinger equations, the smoothing property has been
extended to the case with a potential. There is a wide literature in this direction,
when the potential V has enough regularity and decays fast at infinity; we refer
to [30, 107, 108] and references therein. Yajima, in [126], extended (2.3) to the
problem

—idu(t,x)—(V —iA(t,x))2u+V(t,x)u(t,x) =0,

where V(t,x) is a smooth potential growing subquadratically at infinity and the
magnetic potential A(t,x) has a sublinear growth and satisfies suitable regularity
assumptions. This result was generalized by Doi in [26, 27] to equations of the
form

id.u(t, x)—Z(—inj—iAj(t, x))gjk(x)(—iaxk—iAk(t, x)u(t,x)+V(t,x)u(t,x)=0,

where the the metric g/%(x) satsfies suitable assumptions.

In this Chapter we investigate the possibility to extend (2.3) to the propagator of
Schrodinger equations (1.9) with a time dependent potential, which may increase
subquadratically at infinity but with rough integrability in time. We know, from
Chapter 1, that under the assumptions (V-I)-(V-III), the equation (1.9) generates a
unique propagator U(t,s) in L2(R"), which gives the unique solution of (1.9).

The analysis led in Chapter 1 is focused on potentials, which are not locally bounded
in time as in [36], so they may exhibit local singularities (in time), which however
are L%-integrable. As a preliminary step towards a further investigation of the local
smoothing property for equation (1.9), with potentials studied in Chapter 1, we
examine the case of a potential with a local singularity in time. More specifically,
we deal with the following

1
V(t,x)= 5t—%|x|2. (2.4)

We stress here that the potential (2.4) does not fall in the class considered in [126];
indeed, with this choice, we are relaxing the assumption on the integrability with
respect to time by considering a potential V(t, x) which belongs to L?Lz%i x and not
to L°L .

The result we would like to prove, by proceeding as in [126], is the following
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Theorem 2.1.1. Let V(t, x) be defined by (2.4). Let T > 0 be sufficiently small, u > %
and p = 0. Then there exists a constant C,,, > 0 such that for s € R

s+T
f 1) P (DY U(E, ) I2azry < Coull (DY "2 f 2y f € S(RT), (2.5
s—T

where (x) = v/1+x|%2, (D) =(1— A)% and U(t,s) is the propagator associated to
the equation (1.9), with V(t, x) defined by (2.4).

2.2 Representation formula for the propagator

In [126], the proof of Theorem 2.1.1 is strongly based on the representation formula
of the propagator U(t,s) of (1.9) as an oscillatory integral operator, which is derived
in this Section.

Let T > 0. We say that a function a(t,s, x,y) belongs to the amplitude class
Amp, a(t,s,x,y) € Amp, when for any a and f3,

020  a(t,s,%,y)| < Cap, |t—s|<T, x,y€R™

We denote with I(t,s, a) the oscillatory integral operator with the phase S(t,s, x,y)
and amplitude a(t,s, x, y):

1

I(t,s,a)f(x) = m

f S q(t s, x, y)f (y)dy.

We want to show that the propagator U(t,s) for (1.9) admits the integral represen-
tation U(t,s) = I(t,s; k), where k € Amp. We denote with || - ||,,, the norm defined

by
AN 3\
(5) (G5) s
form=0,1,2,... The following Lemma contains some useful properties of oscilla-
tory integral operators.

Iflln=">,  sup

|(X|+|ﬁ|§m (X,y)GR”XR"

>

Lemma 2.2.1. There exists a positive number T such that, for |t—s| < T, the following
statements hold true.

(i) There exists a constant yy(T) such that, for [t —s| < T
11(t,s;a)@llL2rny < Yo(T)llallans1l@llL2egn), -
(ii) For a,b € Amp, there exists c € Amp such that
I(t,r;a)I(r,s; b) =I(t,s;c).
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(iii) For subdivisions Q : s = sy < s7 < -+ < s; = t and a,,0a,,...,a; € Amp,
there exists a € Amp such that I(t,s;_i;a;) - 1(Sp_1,S;—2;a5_1) - 1(s1,8;a;) =
I(t,s;a). Form=0,1,...,

L
laCt,sp—1,--,51,9)llm < k)] Tl llagm,
j=1

where k(m) and R(m) are some positive constants, independent of L, the subdi-

vision Q) and functions a; € Amp (here a(t,s;_1,-..,51,8) is just a notation to
denote the amplitude function a, as in the equation A.7 in [38]).

Proof. See Theorem A.2 in [38]. O

In the remaining part of this section, we assume that |t —s| is sufficiently small,
in order to exploit the results of Chapter 1.
We know from the previous Chapter, that the integral operator

1

E(t,s)p(x)= m

f e p(y)dy,
RH

is an approximate solution of the Schrodinger equation (1.9), in the sense that
1
10,E(t,5)0 = 324V B¢~ G(e.5)e,

in L2(R") for almost every t, where

ivt—s

e = o0t

f eSUSXIN _wo(t,s,x,y)e(y)dy . (2.6)
Rn
Since U(t,s) is the fundamental solution of (1.9), we can use Duhamel’s formula to

write .

E(t,s)o =U(t,s)p + if U(t,o)G(o,s)edo . (2.7)

N
So, we are looking for an operator-valued function F(t,s) , which allows us to write
the fundamental solution as

U(t,s)=E(t,s)+ E(t,s)#F(t,s), (2.8)

where .

E#F(t,s)= J E(t,0)F(o,s)do .

S

At this point we consider (2.7) as an operator equation for U(t,s) and we solve it
by successive approximation. At least formally we have that

U(t,s) = E(t,s) —i(E#G)(t,s) + (—i)*(E#G#G)(t,s)

+ (=)} (E#G#G)(t,5) + - (2.9)

51



We have to study the convergence of the right hand side of (2.9) in the uniform
operator topology. It follows from (2.6) that

G(t,s) = (2i)7(t,s; c(t,s)),
with
c(t,s) =Vt —sA,o(t,s,x,y).
Moreover, the estimate (1.77) of Chapter 1, gives
1G(t,8)@ll2mny < 71 VT =50l 2Rn) - (2.10)
Proposition 2.2.2. We can estimate the norm of the product of k—factors as
AT
I(3k)

Proof. The proof proceeds by induction. We begin with the case k = 2; we have

3j—
IG# -+ #G(t,5)pll 2ny < |t =125 1ol 2any (2.11)

G#G(t,s)ZJ G(t,0)G(o,s)do.

By using (2.10), we get
t 1
|G#G(t,s)]| < Y%f Vt—ovo—sdo = yf(t—s)zf (1 —x)%x%dx
s 0

r(3)>
re)’

where we used in the integral the substitution o = (t —s)x +s and the fact ([57])

that )
I'la)r
(1— x)a_lxﬁ_ldx — M .
0 T'(a+pB)
Now we assume that (2.11) holds for k factors. For k + 1 factors we have
t

= Y]( _5)2

G#-~-#G(t,s):J

S

O (o]
do_kG(t; O-k) G(O-kao-k—l)”'J< dO—lG(O-l)S)'
S S

By using the inductive hypothesis we get

+1 k
IIG#-~-#G(t,s)II_ e Ii)) J VE—op(o =)

k
< k+1|t Slz(k+1) 1& (1 x)szk 1dX
T(3k)

k+1 |2(k+1) 1F( )k F( )F( k)

=rles [ TG+ 1)
:Yk+1|t S|2(k+1) 1 F(E)Hl .
! T(3(k+1))
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Proposition 2.2.3. There exists an amplitude function c,(t,s,x,y) € Amp such that
G#---#G(t,s) = (20)7*I(¢,s;c(t,5)),

for k > 2. Moreover for any integer m > 0 there exists a constant Y, = yo(m,n, T)
such that .
V2

r(3k)

Nl (t, )l < |t —s|zk 1, (2.12)
k m

Proof. Let’s consider an arbitrary subdivision of [s, t]
Ais=09g<0;<--<0p=t.
By applying Lemma 2.2.1 repeatedly, we have that
G(t,0%-1)G(0k—1,04—2) -~ G(01,8) = (20)*I(t,5; bi(t, 041, ..., 01,9)),
with bi(t,0r_1,...,071,5)) € Amp. It follows that
G#---#G(t,s) = (20)7*I(¢,s; ci(t,5)),

by putting

t Ok—2 (o8]
Ck(f,S,X,Y):f do-k—lf f bk(t,O'k_l,...,O'l,S).
N S S

In order to prove (2.12), we first recall that, by the properties of the function
w(t,s,x,y), we have

lle(t, )l <AVE=S, (2.13)
with A=A(m, T). Then it follows, from (2.13) and Lemma 2.2.1, that

k
bkt Oprs s 01,8l < k()] TllcCo5, 01— lrgmy
j=1

. (2.19)
< K(m)kAli 1/0']‘_0']'_1,
j=1
with A; = A;(R(m), T). Clearly, by the expression for ¢, it follows that
x(m)FAkT(3)k ;
llex(t, )l € ——5——lt—s|7*71,
k m F(%k)
which is (2.12) with y, = K(m)AlF(%). O

Proposition 2.2.4. There exists an amplitude function k(t,s,x,y) € Amp such that

U(t,s) =I(t,s; k(t,s)).
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Proof. By using (2.12), it follows that

o0 o—k, k

o0

2
D@0 ety < 3~ e =5l < o0
k=2 =2 L'(3k)

2—k)/k

Indeed, by using the ratio test, with s; = EnR

we get
3
s I'(5k)
k”—()Al() 2.
Sk INE sk+3)
By Stirling’s formula it follows that

3 3,\3k—3
rGh) 3 (3K
FGGk+3) (34 3)™

— 0.

This proves that the series Zk(Zi)_kck(t,s, x,y) converges in the space (R™ xR").
We denote with co(t,s, x, y) its limit. It is obvious that

ZG# #G(t,s) —I(t 5; 2(21) ¢(t, s)) (2.15)

j=1

We want to pass to the limit k — o0 in (2.15). The left hand side converges to
F(t,s) in the uniform operator topology by Proposition 2.2.2. By using Lemma
2.2.1 and the convergence of the series Zk(Zi)_kck(t,s,x,y) in Z(R" x R"), we
get that the right hand side of (2.15) converges to I(t,s;co(t,s)) in the uniform
operator topology. It follows that

F(t,s)=1I(t,s;co0(t,s)).

We know that E(t,s) = I(t,s;1); so by Lemma 2.2.1 there exists an amplitude func-
tion p(t,o,s) such that

I(t,s;p(t,o0,8))=1I(t,0;1)I(0,s;ce0(T,5)).

Then
E#F(t,s)=I(t,s;r(t,s)),

with

t
r(t,s,x,y)=f p(t,o,s,x,y)do.
S

Thus it follows that
U(t,s) =1(t,s;k(t,s)),

with k(t,s) =1+ r(t,s). O

54



2.3 Local smoothing estimate

As already stressed in the previous Section, we start by constructing the evolution
operator associated to (1.9) with the potential (2.4). In order to do this we exploit
the results contained in Chapter 1.

LetH(7,x,&) = %|§|2 + %T_‘lt |x|? be the Hamiltonian associated with (1.9). The
starting point for the construction of the propagator for (1.9) is to find the solution
of the Hamilton’s equation

X(t)+ T_%x(r) =0
x(s)=y, (2.16)
x(t)=x,

with x, y € R". Equation (2.16) is a generalized form of Bessel’s ordinary differen-
tial equations (also reminiscent of Airy’s equation). In order to see this, we firstly
introduce the change of variables x = /Tw; in this way the equation (2.16) be-
comes

T290(7) + Tw(T) + (T‘Z* — %)w(’r) =0. (2.17)

By putting T8 = %u and by rewriting the equation (2.17), we end up with the
following

ww” (W) + uw’ () + (u — i—g)w(u) (2.18)

which is the Bessel’s ordinary differential equation. It is well known ([1]) that the
solution of (2.18) is given by

W(u) = C1J4/7(u) + CzJ_4/7(u), (219)
where ,
_ ('S GO (uy

J”(u)_(z) ;)n!r(m v+ 1)(2) (2.20)

are the so-called Bessel functions of the first type. Finally the solution of (2.16)

reads as
7

x(’r)zclﬁJ;( §)+c2fj (7 ﬁ) (2.21)

In order to determine the constants ¢; and c,, we impose the boundary conditions
x(s) =y and x(t) = x to obtain

X g (B (B
ci(t,s,x,y)= 1/?a(t’S)J_7(7s ) ﬁa(t,s)J—'( t ) (2.22)
8 7 8 7
CZ(tzsany) \/—a)zt_' 3) ‘7‘( Sg) \/—a}(/t s) ;(;tg) (223)

with

a(t,s)=J ;(3 %)J

(3)-
7 7
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(;t )J;(;S ) (2.24)
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Moreover we have

. 3 8 7 3 8 7

x(*r):cl’rSJ_% ;TS —CZTSJ% ;Ts . (2.25)
In order to derive (2.25), we used the following properties of Bessel’s functions

d 1
d_Jv(u) = _(Jv—l(u)_Jv+1(u)) (226)
u 2
and
uJ, (W) =2vJ,(uw)—ul,_(u). (2.27)

We denote with S(t,s,x,y), for0 < t—s < T and x,y € R", the classical action
integral along the path x(7):

t

S(t,s,x,y)= J L(7,x(7),x(7))dT, (2.28)

where L(7,x(7),x(7)) = %|5f(7)|2 — %T_Tltlx(f)lz is the Lagrangian corresponding
to the Hamiltonian H. By integrating by parts in (2.28), we get that
1 . .
S(f,S,x:}’) = E(Xx(t)—yx(s)),

that is

1 3 8 7 3 8 7
S(t,s,x,y)zi c(t,s,x,y) thJ_% ;ts —sSyJ_; —s8

7
8 8
—cz(t,s,x,y)(t%xjg(§t§) —s%yJ%(? ))} .
Once we have defined the classical action, we can construct the propagator U(t,s),
by using S(t,s, x, y) as the phase function for the oscillatory integral operator. In-

deed, it follows from Section 2.2, that there exists a function e(t,s, x, y) such that
for any a and

(2.29)

[e<IpN)

|3Xa8yﬁe(t,s,x,y)| < Cup >
for 0 < t—s < T and x,y € R" and the propagator U(t,s) admits the following
representation formula

1

U(t,s)f (x)= m

[ etsnmmmrons. e

Now we can start with the proof of Theorem 2.1.1. Without loss of generality we
may assume % < u < 1. We have that

1 .
1(x) U (t,s)f |12 n=—nJ el(8(65%.y)=8(t5,%.2))
PE) T (an(t—5))2 Jge

(x)"2e(t,s,x,y)e(t,s,x,2)f (¥)f (2)dydzdx.

(2.31)
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By straightforward computations it follows that

S(t,s,x,y)—S(t,s,x,%)
- (z—y){g[%(k;(
e ClGY :
- ) ()

Now we make the change of variables x = £, with

=3 o (-5

3

8
7 7 7
+L(J_§(§S%)J_g(§sg)+J§(§S§)Ji
Vea(t,s)\ “7\7 7\7 7\7 7

58 y+z(J (8 %)J
— Y 3| =S 4
Vvsa(t,s) 2 —7\7 —7

and the right handside of (2.31) becomes

Nlw

S

A(t; s) i(z=y)& —20 e(t.s. x.2)
2n(t—s))" fRne (G(t,s,y,2,&)) Fe(t,s,x,y)e(t,s,x,z) 238
f)f(z)dydzdég,
where
_ Atsa(t,s)
G(t:S,J’:Zag)—Z h(t,s) g
Y0 (B0 o
h(t,s) 2 )
(2.35)
with
o= (3 (3o (2 (2)
(2.36)
+s%(J_§(§s§)J_i(§sg)—I—Jg(gs%)hh_; §s%))
7\7 7\7 7\7 7\ 7
and
Alt,s)= 2% 2.37)
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By using Taylor expansion, exploiting the fact that (¢t —s) is sufficiently small, and

(2.27) we get
() A (3o

OOI\l

7

Vitsa(t,s)=(t—s)s %( g(gs%)J_%

(2.38)
Then, for t —s small,
+
G(t,s) ~ (t —s)E + L2 (2.39)
and
A(t,s) ~ (t—s)". (2.40)

So, by using (2.39) and (2.40), we obtain that, for (t —s) small, the right handside
of (2.31) behaves like

1 .
e EVE (¢ —5)E + L) et 5, x, yJelt, s, x,2)f () @)y dxdE
(27)" J g 2
(2.41)
In order to complete the proof of Theorem 2.1.1, we need to estimate
s+T
J ||( ) “U(t s)f”LZ(]Rn)
s—T
First of all note that
s+T +00
y+z, o Ytz »
t—s)E+2 Hde < t—s)E+ L2\ 2ug,
fs (emoes J_Oo (e=)5+ 225" .49
S
This follows from the change of variables t’ = |t —s||&] —y—+z and the fact that u > %
By (2.42) and the boundedness of the function e(t,s, x, y) we have that
s+T
F(s,y,8,2) =f ((t—s)§+ ) We(t,s,x,y)e(t,s,x,z)dt (2.43)
s—T

is such that {(§)F(s,-,-,) : s € R} is bounded in #B(R" x R" x R"). Finally, by
applying the Calderon-Vaillancourt theorem ([119]), we get

s+T
J 1)U (e, $)f 12, guydt
s—T

= (2n)” J (s, E,2)f ()f @dydzdE < CIDY 2 2y gy

(2.44)
This concludes the proof of Theorem 2.1.1.
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Chapter 3

Maxwell-Schrodinger system

3.1 Presentation of the problem

In this chapter we investigate the existence of local and global in time solutions to
the 3-D nonlinear Maxwell-Schrodinger system. Let us consider a non-relativistic
quantum particle, described by a wave function u, interacting with the self-generated
(classical) electro-magnetic field and subject to a self-consistent power-like inter-
action potential, of the form |u[*""Yu. The Maxwell’s equations for the electro-
magnetic fields read as

divE=p,
divB =0,
8,B=-VAE, 3.1

8.E=VAB—J,

where E and B stand for the electric and magnetic fields respectively, p and J are the
total electric and current charge densities, respectively (all the physical constants
are normalized to one). From the equation divB = 0 we may infer that B is the
curl of a vector field A, that is B =V A A. By plugging this expression for B into the
Faraday’s law we obtain

VA(E+3,A)=0, (3.2)

which implies that E + 0,A must be the gradient of a scalar field ¢, that is E =
—d,A— V. Putting all togehter we get

B=VAA E=—3A—Vy,
—0,divA—Ap =p, (3.3)
8 A— AA+V (3, +divA) =J .

It is well known that the choice of the potential vector field (¢,A) is unique up to
the gauge transformation

A=A+Vn, ¢ =¢—0n,
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where 7 is any scalar field. We will adopt the Coulomb gauge, namely divA = 0.
Hence, the system (3.3) becomes

B=VAA E=-3,A-Vgy,
3, A—AA=PJ, (3.4)
—Ap=p,

where P = I—V div A™! is the Leray-Helmholtz projection operator onto divergence
free vector fields. We recall here that if f = Vg + k, where divk = 0, then Pf = k.
It follows that the term VJ, ¢ in the third equation of (3.3) is dropped by operating
P.

In this chapter we investigate the existence of local and gloabl solutions to the fol-
lowing Maxwell-Schrodinger system

{ idu= —%AAu + pu + [u]? Dy 3.5)

0OA =PJ(u,A)
with the initial data
u(0) = uy, A(0) =Ay, F,A(0) =A;.

Here all the physical constants are normalized to 1, A, = (V—iA)? denotes the mag-
netic Laplacian, ¢ = ¢(p) = (—A) !p, with p := |u|?, represents the Hartree-type
electrostatic potential, while the power nonlinearity describes the self-consistent in-
teraction potential. J(u,A) = Im(ii(V —iA)u) is the electric current density.

As already said, the Maxwell-Schrodinger system

) 1
idu= _EAAM + pu

—Ap—0,divA=p (3.6
OA+ V(0,p +divA) =J,

is used in the literature to describe the dynamics of a charged non-relativistic quan-
tum particle, subject to its self-generated (classical) electro-magnetic field, see for
instance [35, 109]. In particular the Maxwell-Schrédinger system (3.6) can be seen
as a classical approximation to the quantum field equations for an electro-dynamical
non-relativistic many body system. It is well known to be invariant under the gauge
transformation

(WA, ) — WA, ¢")=(eMu,A+ VA, ¢ —3,A), (3.7)

therefore for our convenience we can decide to work in the Coulomb gauge, namely
by assuming divA = 0. Consequently under this gauge the system (3.6) takes the
form

1
i0,u= _EAAU + ((4r|x)7  * |ul®u

OA = PJ (u,A).
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It is straightforward to verify that also power-type nonlinearities of the previous
form are gauge invariant.

The Maxwell-Schrodinger system (3.6) has been widely studied in the mathematical
literature in the various choice of gauges. For instance, among the first mathemat-
ical treatments, we mention [96, 120], where the authors studied the local and
global well-posedness in high regularity spaces by means of the Lorentz gauge. The
global existence of finite energy weak solutions has been investigated in [62], by
using the method of vanishing viscosity. However the uniqueness and the global
well-posedness of the finite energy weak solutions is not easily achievable with this
approach. In [97, 98], by using the semigroup associated to the magnetic Laplacian
following Kato’s theory [69, 70] and hence by means of a fixed point argument, the
authors obtained global well-posedness with higher order Sobolev regularity.

More recently a global well-posedness result in the energy space has been proven
in [12] by using the analysis of a short time wave packet parametrix for the mag-
netic Schrodinger equation and the related linear, bilinear, and trilinear estimates.
Therefore strong H 1 solutions to (3.6) are obtained as the unique strong limit of
H? solutions. Moreover, in the same paper, the authors obtained a continuous de-
pendence on initial data in the energy space. The asymptotic behavior and the
long-range scattering of solutions to (3.6) has been studied for instance in [52, 53,
110] (see also the references therein). The global well-posedness in the space of
energy for the 2D Maxwell-Schrédinger system in Lorentz gauge has been investi-
gated by [122] .

We focus on the Cauchy problem for the Maxwell-Schrodinger system with a power-
type nonlinearity; our interest in this problem is motivated by the possibility to
develop a general theory for quantum fluids in presence of self-induced electromag-
netic interacting fields. The related Quantum Magneto-Hydrodynamic (QMHD) sys-
tems, with a nontrivial pressure tensor, arise in the description of quantum plasmas,
for example in astrophysics, where magnetic fields and quantum effects are non
negligible, see [63, 64, 111, 112] and the references therein. The hydrodynamic
equations describing a bipolar gas of ions and electrons can be recovered from the
Maxwell-Schrodinger system (3.5) by applying the Madelung transforms as done in
[6], where the authors studied a general class of quantum fluids in the non-magnetic
case. We refer to the Section 3.5 for a more detailed discussion concerning the con-
nection between QMHD and the Maxwell-Schrodinger system (3.5).

We state in the sequel the two main results of this chapter. The first one regards
the local well-posedness theory for (3.5) in H2(R®) x H 2 (R?). More precisely let us
denote by

X = {(ug,Ag,A;) € HA(R®) x H2(R®) x HY/2(R®) s.t. divA, = divA; = 0}.
(3.8)

Theorem 3.1.1 (Local wellposedness). Let y > % For all (uy,Ap,A;) € X there

exist a (maximal) time 0 < T,,,, < 00, depending on ||(uy,Aq,A1)|lx, and a unique
(maximal) solution (u,A) to (3.5) such that
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o U € C([0, Tpay); HX(R?)).
o A€ C([0, Tpay); H2(R?)) N CL([0, Tpax); H2 (R?)), divA =0,

o The solution depends continuously on the initial data in the following sense:if we
consider a sequence of initial data {(ug ,,Ag n,A1,,)} converging to {(ug,Ag, A1)}
in X as n — oo, then the corresponding sequence of solutions {(u,,A,, 3;A,)}
with initial data {(ug ,A¢ n,A1,)} converges to {(u,A, 3,A)} in C(I;X) for any
compact interval I C [0, Tyyqy)-

The following blowup alternative holds: either Ty, = 00 0r Tpqy < 00 and

lim (llu(Ollz + Al g2 + 1A |pr112) = 00

Our proof plays on the construction of the evolution operator associated to the
magnetic Laplacian, based on Kato’s approach [69, 70], then we perform a fixed
point argument to approximate the solutions to the Maxwell-Schrodinger system
by the classical Picard iteration. Differently from [97], in our case the solutions
obtained by this method cannot be extended globally in time, indeed the power-
type nonlinearity does not lead to a Gronwall type inequality capable to bound the
higher order norms of the solution at any time, see also [103] for a similar problem.
To circumvent this difficulty we regularize the system (3.5) by making use of the
so-called Yosida approximations of the identity; hence we are able to get the global
well-posedness for the approximating system in H2(R®) x H3/2(R®). Moreover, by
using the uniform bounds provided by the higher order energy, defined by the norm
of X, we prove the existence of a finite energy weak solution to (3.5), in the sense
defined in [62]. This is established by the following theorem.

Theorem 3.1.2 (Global Weak Solutions). Let 1 < y < 3, (ug,A,A1) € X, then
there exists, globally in time, a finite energy weak solution (u,A) to (3.5), such that
u€ L®(R,; H'(RY), A€ L®(Ry; H (R) nWH (R ; LA(R?)).

Remark 3.1.3. The same results can be obtained in a straightforward way, by using
the previous results on the Coulomb gauge, in any other admissible gauge.

Remark 3.1.4. It is possible to include a Hartree (nonlocal) nonlinear potential of the
form (|- |7% % [u|*)u, with 0 < a < 3. It can be dealt in the same fashion as for power
nonlinearities.

With those results at hand, we want to develop a suitable theory in the energy
space for the QMHD system (3.61). The major obstacle in this direction, which is
also the major difference with respect to the usual QHD theory, regards the possi-
bility to give sense to the nonlinear term related to the Lorentz force. For sake of
simplicity let us consider the case without the nonlinear potential. Let us recall the
definition of the macroscopic hydrodynamic variables via the so-called Madelung
transformations, namely

p:=u?® J:=Re(@(—ivV—Au)
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From the Maxwell equations we have
E=—8A—Vy B=VAA F, :=pE+JAB,

where E, B, F;, ¢ denote the Electric field, the Magnetic field, the Lorentz force and
the (scalar) electrostatic potential, respectively. The fields equations are supple-
mented by the involution of the magnetic field and in the Coulomb gauge by the
Poisson equation (here all the physical constants are normalized to one), namely

divB =0, divE=—A¢ =p

The usual energy estimates on the Maxwell-Schrodinger system (3.5), as we will

see in the Section 3.5, lead to = € L°L2, V/p € L°L2,J € L°LY?* Be L1,

VAJ e LEX’L}C NLZPW, 13/2 Unfortunately these bounds are not sufficient to apply
the compensated compactness of Tartar [93, 94, 118] and in particular the argument
in the Lecture 40 of [117], indeed J ¢ L2 and B ¢ L? (the boundedness in at least
one of these norms would be sufficient). Therefore the analysis of the Lorentz force
for finite energy solutions needs still to be better understood. In [9], the authors
investigate the weak stability of the Lorentz force by a detailed frequency analysis,
in the case of incompressible dynamics (where J € L2). In [12] the authors obtain a
global well-posedness result, in the sense that finite energy strong solutions are the
unique limit of H? regular solutions, but however these solutions do not allow to
treat the Lorentz force term. The results of [97, 98], obtained without the nonlinear
potential, include global well-posedness in higher order Sobolev spaces which, com-
bined with the methods of [6, 8], allows instead to analyze the pressureless QMHD
case.

The additional difficulty introduced by the power nonlinearity in the Maxwell-
Schrodinger system (3.5) in 3-D, namely a nonlinear pressure term in the QMHD
system, cannot be easily managed. Usually the proof of higher order well-posedness
for the NLS, combines higher order energy estimates with the use of sharp Strichartz
estimates. However, to our knowledge, there are not intrinsic Strichartz estimates
for (3.5); actually there are many Strichartz estimates available in the literature for
the Schrodinger equations with a prescribed magnetic potential, but our solution
to (3.5) does not fall in that class. On the other hand, a brute force higher order
energy estimate would end up in a superlinear Gronwall inequality and hence into
an upper bound which blows up in finite time.

Our theory deals with the presence of a hydrodynamic pressure and it will provide
the existence of local in time finite energy weak solutions for the QMHD.

This chapter is organized as follows. In Section 3.2 we collect some estimates
which will be used afterwards and we study the evolution operator associated to
the linear magnetic Schrodinger equation. In Section 3.3 we prove Theorem 3.1.1.
In Section 3.4 we introduce an approximating system to (3.5) for which we show
global existence of solutions and then we pass to the limit, proving Theorem 3.1.2.
Finally, in Section 3.5 we discuss about the application of our main results to the
existence theory for the QMHD system.
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3.2 Notation and Preliminaries

In this Section we introduce the notation and we review some preliminary results
we are going to use throughout the chapter.

Let A, B be two quantities, we say A < B if A < CB for some constant C > 0. We de-
note by LP(R®) the usual Lebesgue spaces, H*?(R?) are the Sobolev spaces defined
throught the norms ||f ||zs» := [|(1 — A)*/2f||,». For a given reflexive Banach space
2 welet C([0,T]; &) (resp. C1([0, T]; Z))) denote the space of continuous (resp.
differentiable) maps [0, T] — % . Analogously, LP(0, T; &) is the space of functions

. T Up ., . .
whose Bochner integral ||f || »(0,7.27) 1= (fo ILf ()l 2 dt) is finite.

Lemma 3.2.1 (Generalized Kato-Ponce inequality). Suppose 1 < p < 00, s > 0,
aZO,/520and%=pli+%withi:1,2, 1<q; £00,1< py < 00. Setting

AN={- A)% we have
IA° (il sy S DAl my IAT* (F) Il o ms)

+IAP )l ey AP (£l oy

Proof. Those estimates are generalization of Kato-Ponce commutator estimates, for
a proof of this Lemma see for example Theorem 1.4 in [79]. O

Lemma 3.2.2. Let p,q be such that 1 < q < % < p < oo, then

=AY fllzeo S HFNZ NN, (3.9)
where 6 € (0,1) is given by 6 = %. Furthermore, the following estimates
hold

||(_A)_l(f1f2)f3“L2(R3) S Il fall syl f3 1l Lere) (3.10)
Y Py S 1 Rags) + 1 gy (31D

Proof. Let R > 0, then we have

4n(—A) " F)(x) = f |;—|f(x—y)dx=J if(x—y)dx+J L rxmy)dx,
|

ly|<R |y| y|=R |y|

then by Holder’s inequality we have

1/p’ 1/¢
(=) fllpeo S U lyI™P dy) fllLe + (f Lyl dy) I Il a-
|¥I<R |y|=R

The two integrals on the right hand side are finite by the assumptions on p,q. By
optimizing the above inequality in R we then get (3.9). To prove (3.10) we apply
Holder and Hardy-Littlewood-Sobolev inequality to get

I(=A) " (Frfodfsllie < N=A)Y T Ffllsll falls S fafallzeslfallgs.

64



Using again Holder inequality for || f; f2”L%(R3) we get (3.10).

Inequality (3.11) follows from (3.9) by choosing p = ©0,q = 1 and by applying
Young’s inequality. O

Next Lemma will be useful to estimate the Hartree term in the fixed point argu-
ment in Section 3.3.

Lemma 3.2.3. Let u € H*(R?), then
(=27 (ulPullgz S Null? g (3.12)
Proof. We have

=2 ulPullze SHE=A)TH = A)(ulPulle + 1=A) 7 (ul*)(1 = A)ull
SIEA)THA = M) fulPllgslull s + 1=A) " ul oo l1(1 = Aull 2.

By the Hardy-Littlewood-Sobolev inequality we have
(=AY = A)lulllze S 1A= A)ulllpes S lullz (1 —Aullz,

where the last inequality follows from Lemma 3.2.1. On the other hand, by using
(3.9), with p, g sufficiently close to %, and Sobolev embedding we see that

I-2) oo S -

Consequently;,
—1¢,,12 2
N=2)"(ulPully: S IIHIIH%HIIuIIHz-

O

Lemma 3.2.4. Let A€ H'(R?) and u € H?(R®). Then the following estimates hold:

10V —iA)ullgrrsy S (1 + Al g sy 1wl gz gs)s (3.13)
||PJ(U,A)||H%(R3) S el sy el 2 msy + ||A||H1(R3)”u||12_12(R3), (3.14)
1A4ull2 S Nullg + AN Nlull2, (3.15)

llullgz S NAullzz + A lull 2, (3.16)

I(V +iA)ulls S llullg + A llull2. (3.17)

Proof. We begin with the proof of (3.13). By using Lemma 3.2.1 we have

||(v_iA)u||H1(]R3) < “vu”Hl(]R3) + ||Au||H1(R3)
S llullgzrs) + Al g sy llull oo (rsy + 1Al Lsrsy lullwiaws)

S Nullirsy + WAl sy ullazes) + 1Al sy lull 5 o0,
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where in the last inequality we used the Sobolev embedding theorem. Thus (3.13)
is proved. We now consider (3.14); by Lemma 3.2.1,

@, 3 gy S VL 3 o [P0y + @ 192, 3
Sl s, (R3)||Vu||H1(R3)+||u||H1(R3)||vu||WZ Sm)
S ull g sy lull 2wy
and
< 2
l|A]ul? IIH,(Rg) IIAIIH,(R3)||UI|LM(R3)+||A||L6|||u| IIW%,s(Rg)

S 1A ey 2 -
By adding the two estimates above we then obtain
BTz S W Ml S Nuellg llellgzz + 1A g llullF
For (3.15) we have

2
1Aqullr2 Sllullyz +11A- Vullp2 + [JAI7ul] 2
2
Sliullyz + Al s I Vullgs + Al 76 llull e
Sliullgz + Al el + AN ullg

1/2. 111/2

Sliullg + Al el el + BANZ a7 s

By using Young’s inequality we obtain (3.15). Estimate (3.16) is proved in an anal-
ogous way. Finally, for (3.17) we have

I(V +iA)ullps SIV(V +iA)ull L2
SllAaullpz + AV +iA)ull
Slaaullyz + Al el + AN g

and proceed as for the previous estimates. O

Let us now state the Strichartz estimates for the wave equation we are going to
use later. For a proof see for example [51, 116] and references therein.

Lemma 3.2.5 (Strichartz estimates for the wave equation). Let I be a time interval,
and let B : I x R® — C be a solution to the wave equation OB = F with initial
data B(0) = By, 8,B(0) = By, such that By € H*(R®), B; € H* }{(R®) and F €
LY Lf(/(I x R3), whenever s > 0, 2 < q,§ < 00 and 2 < 1,7 < 00 obey the scaling
condition

1 3 3 1 3
-4 —-=—=—5= - - — 2
q r 2 q
and the wave admissibility condition
1 11 1 1
-+, -+-< <.
q r q 1 2



Then the following estimate holds

||B||L‘§L;(IxR3) + ”BHQH;(IXH@) + ||3tB||ctH;—1(1xR3)

S IBollircasy + IBillis +1F gy ey
As a consequence we also obtain the following energy estimate.

Lemma 3.2.6. Lets € R, By € H*(R®), B; € H 1(R®) and F € L}([0, T]; H}(R?)),
T > 0, then
B € C([0, T H (R®) nH*'([0, T]; H*'(R?))

defined as in previous Lemma satisfies

IBll¢, s r0,r1x3) + 10:Bllc,mrs-1(10,71xR3) (3.18)
S (1 + T)IBollms(eey + 1By las-1esy + IF s o, rpsmey)-

We conclude this Section by recalling some results concerning the Schrodinger
propagator associated to the magnetic Laplacian A,. More precisely, let A be a given,
time dependent, divergence-free vector field, we then consider the following initial
value problem

{ i@tu=—%AAu (3.19)

u(s) = f,

and we study the properties of its solution.

Proposition 3.2.7. Let 0 < T < oo and let us assume that A € C([0, T]; H(R®)),
3,A€ LY([0,T]; L3(R®)). Then there exists a unique

ue C([0, TI; H*(R*))nC'([0, T]; L*(R?)),

which solves (3.19). Moreover, it holds

Cl13.All
el oy S 1f e (1 + Al ey ) 1 M0t22, (3.20)

Proof. The existence and uniquenss for u is already known for a sufficiently smooth
magnetic field A, see [69, 70]. Therefore we only need to prove (3.20) as an a priori
estimate: the general result stated in this Proposition will then follow by a standard
density argument (for more details see Lemma 2.1 in [98]). Let us then consider
the norm ||A,ul|;2; by differentiating it in time we have

< (Dhawi.) =J Re {Bu0, A} dx = J Re{ B (5 au+10, 84Ju )} dx

< Aqullp2l12A- (V + iA)ull
<[[Apullp21GAll 2 I(V + iA)ul| s

Now by (3.17) we have

IV +iAullzs < llullg + AN lull 2.
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Consequently,

d
7¢ 1Aaulli2) < [15All.2 (Mullzzz + AN Nl 2)

LetL=1+ ||A||2§°H;([0,T]xR3)’ then by the conservation of the total mass, ||[u(t)||;2 =

If |2, we have
d
¢ IAaullz + Lilulli2) S 110cAllzs (el + Llfullz2) -
By using (3.16) we then get
d
77 IAaullz + Lllulli2) S 119cAlls (1 Aaul2 + Liful2),

and by Gronwall

Cll2:All 1,3
1Axullz2 + Lllullz S (LIF Nl + 1A fll2) e ™.

Again by using (3.16) we also get
CligAl

1;3
LL
t X’

luCOllgz S N f (1 + IIAIIZ‘foHl)e
so that (3.20) is satisfied and the Proposition is proved. O

From Proposition 3.2.7 we can then define the propagator Uy,(t, T) associated
to (3.19), i.e. Uy(t, 7)f = u(t), where u is the solution in Proposition 3.2.7, and Uy,
satisfies the following properties:

e U,(t,T)H?> cH? foranyt €[0,T];

o Uy(t,t)=T;

o Up(tq,to)Un(ty, t3) = Uy(ty, t3), for any ty,t,,t3 €[0,T].
Moreover, by (3.20) we have

C||2,A|
A= sup U Dllzome S (14 141y, ) e 02

LH!
t,7€[0,T] t

From the unitarity of Uy(t, ) in L2, ||UA(t,T)f|l;2 = |If |l 2, and by interpolation,
we can then infer

sup ”UA(t) T)f”HS—)HS < 09, VS S [0: 2]
t,7€[0,T]
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Proposition 3.2.8. Let Ac L°°([0, T]; H'(R®)) nwLi([0,T]; L3),
f e LY[0,T];H2(R®)) and let v € C([0, T]; L2(R®)) nwb1([0, T]; H2(R®))
be solution to

i0,v = —%AAV +f.

Then for every t, € [0, T],

t

v(t) = Uy(t, tg) — if Uy(t,s)f (s)ds.

to

Proof. See [97] for a proof of Proposition 3.2.8. O

3.3 Local well-posedness

In this Section we are going to prove the local well-posedness result stated in The-
orem 3.1.1 by using a fixed point argument. We split the proof into two parts: in
Proposition 3.3.1 we are going to show the existence and uniqueness of a local so-
lution by means of a fixed point argument, then Proposition 3.3.8 will be about the
continuous dependence of the solution on the initial data.

Proposition 3.3.1. Let y > % For all (ug,Aq,A1) € X there exists Ty, > 0 and
a unique maximal solution (u,A) to (3.5) such that u € C([0, Tyyey); H*(R?)), A €
c([o, Tmax);H%(]R3) n c'([o, Tmax);H%(]RB)), divA = 0. Moreover the following
blowup alternative holds true: if Ty, < 00, then

lim  (flu(llz + 1Al + 1A |pr112) = 00

—
max

Proof. First of all, let us define the space

X7 = {(wA) s.t.ue C([0, T]; HA(R®)),A € C([0, T]; H2(R®)) n C([0, T]; HZ(R3)),

divA =0, [[ull e m2(re) < Ry, JIA] +lioAll <Rp},

3 1
L°H2(R3) ©H2(R3)

(3.21)

where R{,R,, T > 0 will be chosen later. It is straightforward to see that X, en-
dowed with the distance

d((uy,Aq), (up,Ay)) = max{|lu; — u2||L;>°L§(1R3); 1A, _A2||L§L§(R3)} s (3.22)
is a complete metric space. We also define

”(U,A)”XT = ”u”Loo(O,T;HZ(]RS)) + ||A||L°°(O,T;H3/2(R3)) + ||atA||L°°(0,T;H1/2(R3))' (323)
Let (ug,Aq,A1) € X, where X is defined in (3.8); we define the map ® on X, (v,B) =
®(u,A), (u,A) € Xy, where

t

v(t) = ®(u)(t) = Un(t, 0)uy — iJ U,(t,8)(ou + P Vu)(s)ds (3.24)
0
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and

sin(tV=8), J SIV=A) ), aY(s)ds
— 0

B(t) = ®(A)(t) = cos(t V—2A)A, + S =

Let us first show that & maps X into itself. By (3.20) we have that for any s € [0, T],

CllAll 1,3
10ACE$)f e S 1f e (14 1Al ey ) €14103

and since ||3tA||L}L3 S TGAll 1/2, we have
X

L°H,
1UACt,5)f Iz < C(1+ R f Il

Let us consider the nonlinear terms in (3.24). Since y > % the function z — |z|2(rVgz
is C2(C; C), then by the Sobolev embedding H? — L°° and by Lemma 3.2.1 we have

2(v—1 2y—1 2y—1
2 Dull oy ll?los, S R
X

Furthermore, from (3.12) we have

2 3
3/4||U||L§>°H§ SRy,

<
ouligons Sl

so that by putting everything together, we obtain

2y—1
IVllpeop < Cr(1+RE)exp(CTR,)(lluollz + TRY ™ + TR3).
On the other hand, by using the Strichartz estimates for the wave equation stated
in Lemma 3.2.5 we have

1Bl co 32 + 10t Bll oo py12 S (1 + T)(“AO”H3/2 + |42 + ”PJ”L}H}/Z)'

L°H?
By (3.14) we have

IPJ]] 2 SRI(1+Ry),

LY

so that

1Bl o 2 + 112, Bl

X

LtooH;/z < Cz(]. + T) (||A0||H3/2 + ||A1||Hl/2 + TR%(]. +R1)) .

Let us now choose Ry, R,, T; without loss of generality we can assume that T < 1.

Let
Ry :=4C,[|Aollgz3/2 + A1 | s

Ry :=2C;(1+R3)e“R2lugll
Then

R 2(y-1
IVl eomz@s) < ?1 +C(1 +R‘2‘)T6R2R1(R1(Y ) +R2)

R
IBII +18BIl 1 <=2 +2CR3*(1+R)T
L 3) 2

3 1
HZ (R LPH? (R3)
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Now by choosing T such that

2C,R%(1+R,)
21( 2T}<

max {Cl(l +R3)eR(R2Y L RY)T, R
2

1
21

we get that & maps X into itself.
We now prove that, possibly choosing a smaller value for T > 0, the map & is
indeed a contraction on X . Let us define

(v,B) = ®(u,A)
(v',B)=au,A).

In view of Lemma 3.2.8, we have that

i3,y ==y +pu+ [ul" Py,  v(0)=u,, (3.25)
10, = —Apv + o’ + |u/ [P0V, v'(0) =uy, (3.26)

By writing the difference of the equations (3.25) and (3.26) for v and v’ we get
i0,(v—v)=—A,(v—V)+F, (v—v)(0)=0, (3.27)

where F is given by

F=2i(A=A)- VvV + %(IAIZ — AP + (p(lul?) = ol )’

5 (3.28)
+ @) —u) + [u20 Dy — o P Dy = > F;.
j=1
Again, by using Lemma 3.2.8, it follows that
t
v=y)(t)=—i f Ua(t,s)F(s)ds,
0
Hence we have
v =v'llgeer2 S DIl (3.29)
J

We now estimate term by term; by using Hoélder’s inequality, Sobolev embedding
and the fact that v, v/ € X, we have

T T
IFllpr2 = ZJ A=AVl 2 SJ A=Al IV VIl 4
0 0

T
S J A=Al I9V 1y SITVI 3 A=Al
0 t

S TNV o A=Al s,
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and analogously
1Fally 2 S T2V les (Al ooy + 14 oorsy ) A=Al
By using (3.10), the third term is estimated by
IFsllpi2 ST (||u||L§>°H; + ||u'||L;°°H;) lw llpgo I — |l oo 2.
For the term F, we use (3.11) and Sobolev embedding to get

2
IFallpyie S Tlull oo llu =1 llpeor2.

The last term is estimated by

2(y—1 2(y—1
IFs 2oy S QulPS0 + /)29

2(y—1
M=l S R Pl =l
where we used the following inequality

PV = PUPug| S (Jug PO + o PO u— |

By putting everything together in (3.29), and by using Holder’s inequality in time,
we obtain
||V - V/“LSOL)Z( S (T3/4 + T)C(leRZ)d((u:A)’ (u/aA/))- (330)

Analogously, for B, B’ we write

(B—B')(t) =f Sin(('t_s)‘/q)c;(s)ds, (3.31)

O v _A
where G = Z?=1 G; is given by:
G =PIm{(u—u)(V—iAu—iu/(A—A") — (u—u')(V + i)'} .

Here we have used the fact that P(u/V(u —u)) = —P((u — u’)Vw’). Using the
Strichartz estimates in Lemma 3.2.5 with g =r = § =7 = 4, we get

(3.32)

B

IB—B'll,s_ <Gl
k L

3T wl

X

We estimate the three terms in G. The terms G; and Gj are treated similarly, by
Sobolev embedding and by using (3.13) we have

1G5 + [1Gall 5 5
T3/ (1+ Al o + 1A leopn ) (Iell oz + e oo ) Nt — 2l oo -
By using Holder’s inequality, G, is bounded by

2
||Gz||L?,/x3 sTY ”u“LfOH}(”u/”LE”H;”A_A/“LﬁX'
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Resuming, by estimating the terms in (3.32) we obtain
IB—B'll;3 S (T2 +T¥*)C(Ry,R)d((w,A), (', A)). (3.33)
By summing up (3.30) and (3.33), we finally get
d((v,B),(v/,B")) < (TY? + T)C(Ry,R,)d((u,A), (1, A")).

Thus, if T > 0 is chosen sufficiently small, then & is a contraction. This proves that
for any initial data (ug,Ay,A;) € X, there exists a unique local solution (u,A) to (3.5)
in X1 such that

ueC([0,T];H3(R®), Aec([o,T];H¥*(R®*)nCc([0,T];HY*(R®)).

By a standard argument it is straightforward to show that it may be extended to a
maximal solution (u,A), with u € C([0, T\ya,); H2(R?)), A € C([0, Tpr); H2(R3))N
CH([0, Tyayr); HY?(R?)) and that the blow-up alternative holds true, namely if T,,,, <
oo then we have

m - (Ol + ANk + 10A0)]12) = oo

max

O

Proposition 3.3.8 states the continuous dependence of solution on the initial
data. Its proof goes through a series of technical lemmas and it follows this strategy:
first we prove the continuous dependence for more regular solutions, then by an
approximation argument we prove the general result for solutions (u,A) € X. This
will finish the proof of Theorem 3.1.1. In the remaining part of the Section we state
the Proposition and the Lemmas needed to prove the continuous dependence for
regular solutions. Then we show how to extend it to arbitrary solutions (u,A) € X.

We consider two different solutions (u,A), (u’,A’) emanated from two sets of
initial data (ug,Aq, A1), (ug, Ay, A7) € X such that

ll(o, Ao, Al II(ug, Ag, ADIlx < L.

Then there exists a positive time, say T, such that both soutions (u,A), (u’,A’) exist
in [0, T]. Moreover we assume that there exists a constant R > 0 such that in [0, T ]

I(wA, 0l IIW,A",3A)x, <R. (3.34)

We are also going to exploit the uniform bounds given by the total energy of system
(3.5),

1 1 1 1 1
E(t)= J 5|(v- iA)u|? + E|atA|2 + E|VA|2 + E|V<p|2 + —|ul? dx. (3.35)
Y
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It is straightforward to see that it is conserved along the flow of solutions to (3.5)
(see [97]); thus if (u,A), resp. (u’,A’), is the solutions emanated from (ug,Aq,A;),
resp. (up,Aqy,A’), then we may consider E > 0 such that

E(t),E'(t)<E,

where E(t), resp. E’(t), is the total energy associated to (u,A), resp. (u’,A").

We remark here that in the following lemmas, the discussion will be led for a suf-
ficiently small T = T(R); indeed, if it is not the case, one can divide the interval
[0, T] into small subintervals and repeatedly use the estimates obtained for short
intervals.

Lemma 3.3.2. Let (u,A), (u’,A’) be solutions to (3.5) defined as above, then we have
=1t oz 18— YOz + Thaa ggorsz (A=Al o + = g1 )
+T|(u,A) — (', A)llx, ,
where the constant depends only on R, E defined as above.

We split the proof of Lemma 3.3.2 into two steps; see the two Lemmas 3.3.3 and
3.3.4 below.

Lemma 3.3.3. We have

llu— U/||L;>°H§(JR<3) Sre 16 (u— u/)||L;>°L§(1R<3) +[lu— U/||L;>°L§(1R<3)

1 .
LPHZ (R?)
Proof. Let us consider the equation for the difference u—u’; by using (3.27) we have
i0,(u—u)=—Au—u)+2iA-Vu—u)+|A*u—-u)+F (3.37)
where
F =2i(A—A) - Vu' + (AP = |APW + (e (Jul*) — o (Ju' )’
+o(uP)u—u) + [uP Dy — [P0y’
This implies
A —u)l2mey < 10, (u—u)l 2@y + 1A V(W —u)ll 2gs)
+ AP (u—u)ll p2msy + IIF Nl 2rs)
From Holder’s inequality and Sobolev embedding theorem we have

A~ V(u—u)l12ms) < Al Ls@n) IV (W@ — )l 13@s) S ||VA||L2(R3)||U—U/||H

3
2

Sellu=1dll

i T
oy S 1=t o 1=

Se C(e)llu— U/”LZ(RB) +&flu— u/||H2(]R3) ,
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where we do not consider the explicit dependence on the constants on R and E.

Similarly we have
AP (u =)l 2ray S A llu— 'l ey SE C(EMu—1'll2qge) + €llu— ' [|2ra

We can deal with F as already done previously, getting

1 +||u—u/||Lz(R3)

/
||F||L2(]R3) SR,E |A—A “HQ(RB)

Finally, putting all together the previous inequalities, we have

lu—tlleoma(msy < llu—ullpeo2(mey + 1A =)l 023
SR,E C(8)||U—u/||Lf°Lg(R3) +110,(u —u/)||Lf°L§(R3)
+]j[A—A 1 + ellu—u'|| ;o 2R3 -
A=A o+ el e
Now, by choosing ¢ sufficently small, we get (3.36). O
We note that, as a consequence of the previous computations and equation

(3.37), we can prove that
||3t(U—u/)||L;>°L§(1R3) SRE ||U—U/||L;>°H§(R3) +lA—A| o} (3.38)
LE°Hy? (R3)
In order to estimate the term ||J,(u — u’)|| L 12(R?) WE USe next lemma.
Lemma 3.3.4. The following inequality holds:
||3tu - atu/||Lt°°L)2((R3) SR,E ||3t(u - u/)(0)||L2(R3)
+llu—t'll o p2(se)) (3.39)

+ T|0,u’|| A—A 1
I t “Lt H)%(]RS)(” HLf"’Hé(R?')
+Tll(u—u',A-A,5,A—3.A)l,

Proof. We start by differentiating in time the equation
i0u=—Au+@(wu+ |u 20Dy

We then get
102u = —And,u + ()3, + (213, A(V —iA) + 8, )u + 8,(|ul*TDu)

Writing the corresponding equation for afu’ and taking the difference with the pre-
(3.40)

vious one we get
iaf(u —u)=—-A,(u—3,u")+F,
where F is given by
F= [Zi(A—A’)(V — é(A-l—A’)) +(p— Lp’)]é‘tu’ + ¢ (G,u—o,u’)
(3.41)

+ (2i0,A(V —iA) + 0,p)(u—u') + 3t(|u|2(y—1)u . |u/|2(y—1)u/)
+(2i8,(A—A)(V —iA) — 2i(A—A)BA + 3.(0 — o'
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Using the unitarity in L2(R3) of Uy(t,s) we get
t
118 (w—w)( Ol 2y < 110, (w—u)(O)l2 + J I ()l 2 ds - (3.42)
0
We estimate the inhomogenous term F, we have

[2iA—A)T = S+ A+ (o — ) o

L2(R3)
S (=g + A=A 3 g 10 e
This inequality follows from
H(A—A')(V “ Ll +A'))3tu’
2 L2(R3)

i
< A=Al 13re) (v — —(A+A’))8tu’

2 ED
SIA=AI, 1 o UV sy + 1A+ A llpoqo 182 | oo o }
S ||A_A/||H%(R3)||atu/||H2(R3)(1 + VAl 2R3y + ”VA/”LZ(R3))

/ /

Se A=A 3 oo 190 2y

and
(e — 00U |l 2wy < NATH ((w—u )i + (u— w3 || 2wy
S lu =l 2ey Tl o ey 1 8et 1| Lagray + 1w —u) 2oy 1’ Il 2 ey 18w 1| Lo sy

S e lu—ull 2@ 10,0 | g2gs)

2

L2(R3)
1

HY(R®) = LO(R?), H2(R®) — L3(R®) and (3.10).

Furthermore, from (3.11) we may infer

where M = |[u]| and we used Holder inequality, the Sobolev embeddings

lp(Gru— 0wl L2rsy Sr NIOu— 0, |l oms) -
Again,
123, A(V — iA)(u— u/)”Lz(R3) p ||3tA||L3(1R<3) I(V —iA)(u— U/)”L6
SR,E llu— u/||H2(R3)
and, by using (3.13) and (3.10),
16 p (u— U/)“LZ(RB) S ||(A_1(2 Re(ud,u)))(u— u/)||L2(R3)

< ||3tu||L2(R3)||ﬂ||L3(R3)||U - u/||H2(R3)

Srllu— u/||H2(R3) .
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Observe that one has
3, ([l Pu) = y[uPr Ve u+ (y — w241,
therefore it follows
3, ([ulP Dy — [u PUDu’) = ydu(fulP — [/ PO + y|u/ 2015, (u — )

+ (= DB — | 2D
+(y — DI PO 2?0, (u—u)

We then have

118, (lulPu— 1/ Pu) | agsy Sr 118 (u— )l 2(re) + llu— |l 2 (s

where we used the following two inequalities

8200 — 3P| 5 (a2 4 2 -5

|z|2(y—2)zz _ |z/|2(y—2)2/2 < (|Z|2y—3 + |z/|2y—3)|z _z/l )

which follow from the assumption y > %, that ensures to deal with a locally Lipschitz
nonlinearity. For the last term, with similar computations, we have

18,(A—A)(V — iA)u/HLZ(RB) SRE ”8t(A—A/)“H%(]R3)

||atA/(A_A/)u/”L2(R3) S ||atA/||L3(1R3)||A_A/||L6(R3)||u/||L°°(R3)

< _ /
SelA=Al 3

1000 — 0, W Il 2(re) S 118w — 0, [l ooy + 1w — 'l 2wy -
By putting everything together, we obtain
(PATES 3tu/||Lf°L§(R3) SR,E 118, (u— u/)(o)”LZ(R3) + T|Gpu— 3tu/||Lf°L§(R3)
+ T||3tu/||L§>°H3(R3)(||A—A/||L

1
CH2(R

. + ||u—u/||Lg>°Lg(R3))
),

which gives (3.39), by using (3.38) for the term || 3, (u—u)| Lo r2(r?) in the righthand
side of the previous inequality. O

+T(Jlu— U llpeo ey + ||A—A/||L
t

3
©H2(R

+lgA-AI _
D LEHE (R?)

Proof of Lemma 3.3.2. The proof clearly follows by putting together Lemmas 3.3.3
and 3.3.4. O

Lemma 3.3.5. Let (u,A), (u’,A’) be solutions to (3.5) defined as above, then we have
ot =l eo 2 + HA= Al o2 S Wty A, Ar) — Caty, Ay A iy, (3:43)

where the constant depends only on R, E defined as above.
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Proof. Writing the difference equation for A and A’ we get
OA—-A)=G
with L . .
G=PIm{(u—u)(V—iAu—iuvw/(A—A)—(u—u' )V +id)u'}
where we used the fact that P(uw/V(u —u’)) = —P((u —u’)Vu’). By applying the

energy estimate (3.18) we get

_A < _
A=Ay SO DIG, ~ A3 oSy
+a+DlGl,
(R3)
Using the embedding L%(R3) — H _%(R3) we have

Iw—u)V—idull s < llu—tll2@s)ll(V—iA)ullses)

L2 ( 3)
Sllu—u ||L2(1R<3){||VU||H1(R3) + ||Au||L6(R3)}
S Nu— /[l 2wyl pr2ges) (1 + 1 VA L2(gs))

SRE llu— u/“LZ(R3) .

Analogously
l(u—u )(V+LA)u’IILZ(R3) See lu—ull L2y
and
/ —_
laA=a)l 5,0 S IA=A,y o
Hence we get
Y < —
A—A ||L;>°H%(Rs) Sre (1+T)(Ag —A] 3 ey oy
/
+ T+ TH{JA-A ||LSOH% B R P B

In a similar way, using the difference of the equations for u and u’ we get

llu— u/||L;>°L2(R3) Sk o —ull2@gs)

/ /
FT{A=AN ) oy = g rager)

Putting all togheter

A=A,y oy + = lor2e)

< o Y A
~R,E (1+ T)lI(uo Ug,Ag —Ap, A Al)”LZ(RB)xH%(RB)XH*%(R%
/ /

FTAADHAAN g oy + Tl 2w}

So, taking T sufficiently small, we get (3.43). O
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Lemma 3.3.6. We have
||5tu||L§’°H§ S lluollys + Aollass + A1 Il g3r2,
where the constant depends only on T,R, E.
In order to prove Lemma 3.3.6, we will use the following.
Lemma 3.3.7. The following estimate holds:
10cull oo prarsy < ||at2u||L2(R3) + C(E,R) (3.44)
Proof. From the equation
ic’)tztu =—Ad,u+ 2iA-Vo,u+|A?d,u+2id,A- Vu+ 2A- 3,Au
21) (3.45)
+ 0, pu + @o,u+ I (|ul*"u)
we can estimate ||0,u||p2(gs). Indeed
1 Geullrz(rsy < 19pull2(rsy + 1AGeull2(rsy < C(R) + | AGull2(rs)
So we have
1A8,ull2gge) < 1105ullp2rey + 1A+ VOeullpaey + AP S,ull 2gge)
+ ||8tA- VUHLZ(RE.) + ||A 8tAu||L2(R3)
+18cpu + 9 B,ull gy + 118, ([ulPT VW) p2(zs)
We begin with the estimate of the right-hand side of the previous inequality.

I1A- 9B,y S IAllisqel| VEctlliogeo) S VAl zoyllBeall 3 o

1 3
S VEIBU o 13l gy S VEC(E Betllzzgasy + 18l
S C(E5R) + C(E)8||atu||H2(R3) ’

where we used the fact that ||J,ul| 12 <C (R), which follows by using the equation
for u together with the assumption (3.34). In the same way

A2l ey 5 VAN ey 13t scesy S IVANZ o 1 2cttln sy
S (1 + €| Gcullpzrs))
The other terms are all bounded by C(R); for instance
18cAVUll2rs) S NOAIl 3 oy Ullr2(ee) < C(R)
or
18 (P V|l 2ray S NulPT M Eull 2ggs
S Ml Gl 2oy < C(R)
We can deal with the remaining terms analogously. Finally we get
10cullp2rey S 1185 ullp2(gey + C(E, R) + C(R)el|0,ullprzcmsy

which gives (3.44) for sufficiently small €. O
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Proof of Lemma 3.3.6. To complete the estimates we have to deal with ||3t2u||L;>o L2(R3)-
We write the equation for the time derivative é’tzu

id3u= —A@tzu +2iA- vafu + |A|28t2u +G

t
where
G =4i0,A- Vou+4A- 3,Ad,u + 2i0}A(Vu — iAu) + 2(3,A)*u
+208,08,u+ 32 pu+ 82up + 82([ul*Vu)

Using Duhamel’s representation in Proposition (3.2.8) we have

”at2u”L§’°L2(R3) S ||attu(0)”L2(R3) + T||G||L;>°L2(R3)

Proceeding as before we finally get

182ull2(ge) < 107u(0)ll2(zs)

+ TCR, E)Y{113,ull oz + A + 13,4l

5 3
L®H3 (R3) Lf’°H§(R3)}

We estimate the right-hand side of the previous inequality. From (3.18), we have

<
Al e gy 19, 3 sy S L+ DI A

+T(1+T)|Jl

5 3
H2 (R3)xH2 (R3)
3
L®H2(R3)

For the term with J, proceeding as in (3.14), we have, by using Lemma 3.2.1, that

<
@92l gy S Wl Vel g oy + 3 o Vo
S CR)lullpacray
and
Al 3 o S CRE).
So
<
Al oy gy 1A ) S L+ DI AN s
+ T(]. + T)||u||LooH4(R3) .
Moreover since ||ullgars) S llull 2gsy + [|Aullg2rs) and by the equation for u it
follows

| Aullparey S 18cullpzrsy + 1A - Vi + |APullgz + [l @ullg2 + |||U|2(Y_1)U||H2(R3) ,

then by estimating the right-hand side as before, we obtain

||u||LooH4(R3) C(E R)(“a u||L°°H2(R3) + || ”L°°H%(]R3)) .
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Putting all together

etlsgerraesy  13:u(O)laqrsy + A0 AN 5 ) sy

moreover one has

18Ol 2qs S ol + CLE RMAol, 5,

Indeed, from the equation (3.45), evaluated at time t = 0, it follows that
10 u(O)llz2 Sk 110,u(0)lly2 + C(E,R).
On the other hand, by doing the same with the equation for d,u, we get

19:u(0)l2 S lluollpzs + C(E, R)lIAoll 5 -

2
2

Then we obtain

Bt onages) S tollscesy + 10, AV o) 13 -

(3.46)

O

By combining the above Lemmas, it is possible to show the continuous depen-
dence for solutions whose initial data are (ug,Ag,A;) € H* x H¥? x H%/2. Indeed

Lemmas 3.3.2, 3.3.5 and 3.3.6 imply the following estimate

1w, 4) — (W', Allx, S II(uo, Ao, A1) — (g, Ag, Al

+ T (Ilugllzs + 1AG sz + 14 legare ) 11(uto, Ao, Ar) — (g Ay AD 212172

+ T”(u)A) - (u/:A/)”XT'

A straightforward bootstrap argument (by choosing T sufficiently small) yields to

||(u:A) - (u/aA/)”XT S ”(u07A0)A1) - (ué);Az))A/l)”X

+T (||U6||H4 + A llgrsrz + IIA] ||H3/2) I (ug,A0,A1) — (g, Ag, A L2 xpr1/2x 1172

Proposition 3.3.8. [Continuous dependence on the initial data ]

(3.47)

Let T > 0. The mapping (uy,Ag,A;) — (u,A, 8,A), , where (u,A) is the solution to

(3.5), is continuous as a mapping from X to C([0, T ]; X).

Proof. In the following we take T > O sufficiently small. Iterating the process below,
the result can be extended to any compact subset of [0, T,,,)- Let us consider initial
data (ug,Ag,A;) € X. Let now {(ug,,A0n,A1,)} C X be a sequence converging
to (up,Ap,A;) € X. Then {(ug ,A¢,A1,,)} is bounded in X and, accordingly, the

assumption (3.34) is satisfied.

Let us define a mollifier n°(x) = 6 3n(x/5), 5 > 0, where n) € c (R®) is a smooth,
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radial function with f 1n = 1. We define uo n% su, Agz = n52 *Ag, A?z = n52 *A
It is straightforward to check that this definition implies

52 52 -2
Nulllzzs + 11AS sz + 1A% 1 S 672 (luolly + Aollgsr2 + I1A7 llg/2)

and that
”uO_uo”L2 + 1Ay — A§ g2 + 1A — A§ llg-172 = 0(52).

By using (3.47) above we then infer

2 2
101,4) — @8, 4%, (s Ao, Ar) — (3,457, AT
T (1 s + 1A Nt + 1142 g2 ) Qs Aoy Ar) — (G, AT, AT Mg

S0, A, AY) — (ud, A5, ATl + TO(E)0(572).
(3.48)
Consequently we have that (u5,A52) converges to (u,A) in X as 6 — 0. We want to
prove that the solutions (u,,A,) emanated from (ug ,,A¢ ,,A1,,) converge to (u,A)

in X;. To do this, we regularize the initial data by considering (ug n,Ag n,A‘52 ).

From (3.48) we know that {(u A5 )} converges to (uA,) in Xy, as & — 0, where
(u,,A4,) is the solutlon to (3. 5) w1th initial data (ug,,Agn,A1,). On the other

hand, {(ug’ » 0 A )} generate regular solutions, so that by (3.47) we have that

{(ug,A‘zz)} converges to (u ,A5 ) in X1, for n — oo. The triangular inequality then
yields the convergence of (u,,,A,) to (u,A) in X;. O

3.4 Global existence

In the previous Section we proved the local well-posedness of (3.5) in H2 x H3/2.
However, the presence of the power-type nonlinearity in (3.5) prevents from obtain-
ing a global bound for ||(u(t),A(t), 6,A(t))||lx. This is different, for example, from
what can be proven in [97]. Indeed, while in the case of Hartree nonlinearity it is
possible to use (3.12) which is linear in the higher order norm, in the case of the
power-type nonlinearity one has

2(y—1)
P Dl S Nl el o)
which requires to bound u in H*(R?), with s > % Therefore it follows that the

related Gronwall type inequality becomes superlinear in the higher order norm,
hence it blows up in finite time.

The major obstacle in this direction, as already stressed in the first section of this
chapter, is represented by the lack of intrinsic Strichartz estimates for the Maxwell-
Schrodinger system (3.5); indeed, this kind of estimates are a powerful tool in the
analysis of the global existence of solutions in the field of nonlinear Schrodinger
equations, as well as wave equations, as we recall briefly here.
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We say that (g, r) are admissible Schrodinger exponents in R”, if 2 < g < oo,
2<r<2 2<r<ooifn=1,2<r<ooifn=2)and

1_n(1 1)
qg 2\2 r)

Now we can define the Strichartz norms in a space-time slab I x R3 as

lullsoqrxray := sup ||U||L‘3L;(1><R3),
(q,r) admissible
and for any k > 1
lullge = 1V¥ullso -
If we consider a Schwartz solution u to the non homogeneous Schrodinger iu, +
Au = F(u), then

letllgir ey S NuCto)llgeesy + CIVEE (3.49)

L9 L7 (IxR3)

Let us suppose to have a quintic nonlineraity F(u) (the energy-critical case in R®).

Let k = 0,1,2 and u a finite energy solution such that ||u|| Louxr?) S R, then, if
X

to €I and u(t,) € HX, we have
llullgrxray < CR, E)lluleo)lgx- (3.50)
This follows by combining the following inequality
VS @)z S Nl llullgellal?,

where the norm ||u|lg: is controlled by the energy bounds, with the Strichartz es-
timate(3.49)(see [21]). This leads to the global existence of solutions. To our
knowledge, there are not intrinsic Strichartz estimates for (3.5); actually there are
many Strichartz estimates available in the literature for the Schrodinger equations
with a prescribed magnetic potential (see for instance [23, 24, 114] and references
therein), but our solution to (3.5) does not fall in that class.

Our strategy to investigate global in time existence is based on the regulariza-
tion of the nonlinear terms, provided by the classical Yosida approximations of the
identity. We then consider the following approximating system

1
uf =— EAAEuE + ¢fu® + N°(u®)

DAE :fEPJg (351)
u®(0) =uy, A°(0) =4y, G,A°(0) =A,

where ¢° = (I —eA)™, AF = ¢°A°, N°(w) = #° (£ u 20D gouf), J¢ =

J(uf,A%), o = p(Juf|*) and we denote V4 = V —iA®. The total energy of this

approximating system is given by

1 1 1 1
E= Vit 4+ Z|Voi|? + Z|VAS|? + =|0,4% 1% + = | #5uf|¥ tdx 3.52
L@{' sl P Vet JIVATP £ Sl P Sl Tk (3.52)
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which is conserved along the flow of solutions. A local well-posedness result, anal-
ogous to Theorem 3.1.1, can be proved for the system (3.51) in a straightforward
way. We remark that, from now, several constants will depend on ¢ and they are
unbounded if € — 0.

Proposition 3.4.1. For all (uy,Ap,A;) € X, there exists T¢

o > 0 and a unique max-
imal solution (u®,A?) to (3.51) such that

o uf €C([0,T% , ); HA(R)),

o A°ecC([0,TE, ) HY2(R3)nCl([0,TE, ); HY/2(R®))

> “max > T max

and the usual blow-up alternative holds true (see Theorem 3.1.1). Moreover, the solu-
tion depends continuously on the initial data.

Proof. We only remark here that the local well-posedness result for system (3.51)
holds for any y € (1,00), while in Theorem 3.1.1 we restrict the range to y €
(%, 00). Indeed, because of the Yosida regularisation, we have

IN® @)z S 11w PO g o uf e S eIl

O

From now on, several constants will depend on ¢, and are unbounded as epsilon
goes to zero.
The regularisation of the nonlinear terms yields indeed the global existence of solu-
tions.

Proposition 3.4.2. The solution obtained in Proposition (3.4.1) exists globally in time,
namely ||(u®(t),A*(t), 0,A°(t))|lx belongs to L[, in time.

The proof of Proposition 3.4.2 is based on the following
Lemma 3.4.3. Let € > 0, then for every t € R,

C2f||3tA6||L?oHJ1(/2

()l < Cr(lluoll2, Ede (3.53)

Proof. By (3.16) we have

Il SHAgzuCl L + 1A, Il
<C(lluollzz, E)Ageu®l2

therefore it is convenient to estimate the norm [|A4u®||;2 instead of ||u||p2(gs). By
a standard energy method (see the proof of Proposition 3.2.7) it follows that

d

I (I(Aazu)(Oll2) < N8z (@ U2 +11AzN @2 + 118, Age |l 2.
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The first term can be estimated by using (3.15) and (3.12),

I8z (0fu)ll2 SHoullle + 1A°1E, loulll,
2
Sl (1A N2 + 1A | 2)

<C(lluollz2, ElAgeu®l 2

The nonlinear term N¢(u®) can be controlled by exploiting the regularization given
by #°
18 N° @)z SIN® @)z + 1A N @)l 2
S uPOD 2 2 + AT N INE @)l 2
S PO 2l 2 uf oo + A% N IN ()l 2
S 12T e + 1A e 2

2(y-1)
SIZ w5 Il e + 1A 2

Sl + 1A% 2,

where we used the Sobolev embeddings H2(R?) — L*0~D(R3), H*(R®) < L*®°(R®)
and the conservation of the mass. The commutator [J,, A4 Ju® = 28,A°(V + iA®)u®
can be estimated by using the Holder’s inequality and the Sobolev embedding

18,A° - (V + 1A )l || 2 <NOA°[| s lI(V + A" Juf]| s
SHEA 2 (1A g g2 + 1A a2

By summing up the previous three terms

d
i (ICAzu* (O 12) < Clllullz2, EMIGA® 2l Ageue®l 2
hence (3.53). ]
Proof of Proposition 3.4.2. In order to get a bound on the H2 norm of the approx-
imating solution u®, by Lemma 3.4.3 it is sufficient to control [|G,A®||, o ;;1/2. Using

the energy estimate for the wave equation
14° oo+ 186A° o g2 S CCTY (Ao e + 1A e + 1B o)
and, by exploiting the Yosida regularization, we get

2B N gz S RIS Il o 32 < CCE).

LE°H, /2

It follows that ||A®(t)||g3/2 + ||8,A°(t)||g1/2 is uniformly bounded on compact time
intervals and consequently by (3.53) also ||u®(t)||g= is finite. Hence, by the blow-up
alternative, the solution (u®,A®) to (3.51) exists globally in time. O
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Now we conclude the proof of Theorem 3.1.2 by showing that (u®,A®) converges
to a solution to (3.5), as ¢ — 0.
The conservation of mass and energy yields the following a priori bounds

||u€||L;>°H;(1RxR3) <C,

(3.54)
A" oo mxre) < Co N1GA Il Lo r2mur3) < C s

which imply that, up to subsequences, there existu € L°H}, A€ L®H: nWw>*° L2,
such that

u® S u in LPHL(R x R%) (3.55)
A°SA in LPHL(R x R®) (3.56)
JA° = 3,A in LPLA(R x R®) (3.57)

Remark 3.4.4. We want to stress here that, actually, the conservation of mass and
energy gives a uniform bound on ||u||H/1 = |I(V —iA)ul| 2rs), from which the first
inequality in (3.54) easily follows. Indeed

lullgs < flullg + llAullzz < E + [lAllgs]ull:
<E+|Allmllulls Sg 1+ [ullzs
Se 1+ lull, llullZ, Sy 1,
where we used the Young inequality and we put M = ||u|| 2.

Proposition 3.4.5. The weak limit (u,A) in (3.55), (3.56) is a finite energy weak
solution to the Cauchy problem (3.5), with initial datum (ug,Aq, A7)

Proof. Let us consider u®, by using equation (3.51) and the a priori bounds given by
the energy we have {3,uf} is uniformly bounded in L°°(R; H !(R%)). Indeed, for
the right handside of (3.51), we have

A% V] 5 o) < Cllu o) VANl 2oy < €
AP 3 ) S CIVA sy I i oy < €
o @ 3 oy < ClE ey < C -

Moreover

IN®GON e, < lllgeut PO LI(RB)IleuEIILzy(RS)

2y—1
< llgeu |2 < C

with 57= 27 1 € (g, 2]. Hence, by using the Aubin-Lions lemma and from the assumption
1 < y < 3 we may infer

u*—u in L} (RxR)NLT (RxR?). (3.58)
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This also implies that |uf|? — |u|? in Lng/ > and consequently, since A~ is bounded

from L¥ to L®, we obtain
(A () = (=AY (), inLPLY. (3.59)
Analogously for A®, the a priori bounds yield

A > A in L#

loc

(R x R%). (3.60)
We are now able to show the convergence for the nonlinear terms K¢ (u®,A®), N¥(u®),
FZEPJ¢, where
- - 1 .
K®(u®,A%) =1iA® - Vu® + ElAglzug + p®)u®,
Indeed, by using the convergences (3.55)-(3.60) we may conclude
. 4
K*(u,A°) = K(u,A) in L} (RxR?),

~ 4
PJ(uf,A°) = PJ(u,A) in L} (RxR?),

2y

Né(w®)—=N(u), in LZYC_1 (R x R®).

lo

It remains to see that the initial condition is satisfied. We have that J,A €
L®L2(R x R?) and 32A,,u € L°H_'(R x R?), and consequently (u,A, 3,A) €
C(R;H ' x L2 x H™'). Moreover, the energy bounds imply (u,A, 3,A) € L*°(R; H' x
H' x L?) and hence we may also infer the weak continuity (u,4, 8,A) € C,,(R; H! x
H' x L?).

Since A® € L?(0, T; H'(R®)) and 8,A° € L%(0, T; L?(R®)), integrating by parts we
have

T
f (A5 ()3 f () + B A°()f (£), ©) i1 g1 ds = — (Ag, )
0

for every o € L2(R®) and all f € C°°(R) with f(0)=1and f(T)=0. As ¢ — 0 we
obtain

JT{A(t)atf(t) + 0 A(DR(D)} dt =—A,
in L2(R®), which impheos Al,—o =A,. Now we have
LT (B.A°B.f (t) +{AA" =PI (u*,A)}f (1), 1) = (A1)
and as € — 0, we find
LT{atA(t)aff(tH OPAf (1)} = Ay

in H~1(R3), which gives us 9,A|,_o = A;. Applying the same argument to u® we
deduce that u|,—¢ = ug. O
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3.5 Quantum Magnetohydrodynamics

Our last Section is devoted to point out the relation between the nonlinear Maxwell-
Schrodinger system (3.5) and quantum magnetohydrodynamic (QMHD) models.
Such hydrodynamic systems have been introduced in the physics literature, moti-
vated by various applications to semiconductor devices, dense astrophysical plasmas
(e.g. in white dwarfs), or laser plasmas [63, 64, 111, 112].

The quantum magnetohydrodynamic equations consist of the continuity equa-
tion and the electron and ion momentum equations (here i =ions and e =electrons)

3ne,i
At +V- (ne,iue,i) =0,
%, 1
n,m, En +u,-V)u,=—n.e|E+ zue XxB|—VP, +n,Fq,,
0 1
nm;| —+uw -V u; :Zieni E+—ul~ xB |,
oat c
the Faraday law
cVxE= —@
- at’
and the Maxwell equation including the magnetization spin current
4 10E
VxB=—\J,+J,)+——,
c (3 + ) cdt

where n; and m; are the number density and the mass of the particle species j respec-
tively, u; is the particle fluid velocity, Z; is the ion charge state, J, = —n,eu, +Z;n;eu;
is the plasma current density and J,, = V x M is the electron magnetization spin
current density, with M = (neyqz3 /kgTr,)B, where ug = efi/2m,c is the Bohr mag-
neton (magnetic moment of an electron caused by either its orbital or spin angular
momentum). The term F,, is the sum of the quantum Bohm potential and intrinsic

angular momentum spin forces
V2 J/7 2
FQe=v( e)— % v,
Ve kB TF e

where B = |B|. The pressure for degenerate (close to zero temperature) electrons is
given by ([29])

e

1/23/2 Ny
_ 4eB(2m,)Y E; 140 (1_ npiwg )3/2 ’
3(2m)2h2%c Ep

np=1

where pr and Ep are the Fermi momentum and the Fermi energy respectively. If
2

571;1 < hwpg (strong Landau quantization condition) one has the following density
scaling laws
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2/3
e

5/3

o If B=0then py ~nl/3 Ep ~n >

,P,An

3

e If B> 0 then py ~ n,, Ep ~ n%,P, ~n’

As we can see, under certain conditions, the pressure term can be approximated by
a power law and this motivates the introduction of the nonlinear power-like poten-
tials in (3.5).

The above equations are written for a two species charged particle system (bipolar
quantum fluid model). As a simplification, we focus the attention on a one-species
charged quantum plasma, with self-generated electromagnetic fields, whose dynam-
ics is described by

,p+divi =0

AP (3.61)

1
+VP(p)=pE+JAB+ —pV(—),
) "
where p denotes the charge density and J the current density of the quantum fluid.
Here all the constants are normalized to one. The pressure term P(p) is assumed
to be isentropic of the form P(p) = Yy;l p’, 1 <y < 3. The last term in the equation
for the current density can be written in different ways

8. +div(J ®J

1,ov (ﬂ) = 1VA,o —div(V/p®Vyp) = 1 div(pV2logp). (3.62)
2 VP 4 4

and it can be seen as a self-consistent quantum potential (the so called Bohm po-
tential) or as a quantum correction to the stress tensor. Mathematically speaking,
this is a third order nonlinear dispersive term. The hydrodynamical system above is
complemented by the Maxwell equations for the electromagnetic fields E and B

divE=p, VAE=-0,B
(3.63)

divB=0, VAB=J+0,E.

In recent years a global existence theory of finite energy weak solutions for a class
a quantum hydrodynamic systems has been established in [6-8]. By means of a
polar factorization techinque it is possible to define the hydrodynamic quantities
by considering the Madelung transform of a wave function solution to a nonlinear
Schrodinger equation. In this way the definition of the velocity field in the nodal
regions is no longer needed. We also mention in the H? case the construction given
in [49]. Furthermore it could be interesting to consider also confining potentials as
in [4], generated by external magnetic fields. The aim of this Section is to show the
existence of a finite energy weak solution to (3.61)-(3.63) by taking advantage of
our results on the system (3.5).

Definition 3.5.1. We define the total mass and energy for the system (3.61)-(3.63) as
M(t):= J p(t,x)dx, (3.64)
R3
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1 1 1 1 1
E(t)=| =IVypP+=IAP+f(p)+=I0AP + =|VAP + =|Vo[|*dx, (3.65)
s 2 2 2 2 2

where f(p) = %p”.

Definition 3.5.2. Let pg,Jy, Eg,Bg € LZIOC(Rg) such that M(0) and E(0) are finite. A
finite energy weak solution to system (3.61)-(3.63) in the space-time slab [0, T) x R3
is given by a quadruple (,/p, A, ¢,A) such that

1. P €L°([0,T); H'(R?)), A € L*°([0, T); L*(R?)), ¢ € L*°([0, T); H'(R?)),
Ae L°([0,T); HY(R?) nWh>([0, T); LA(R3));

2. p:=(yp)% J:=,PA E:=—0,A—Vp, B:=VAA
3. JeL*[0,T); L% (R®));

loc

4. VnecC([0,T)xR?),
T
f f p@t"r)+J~Vndxdt+J Po(x)Nn(0,x)dx =0;
0 R3 R3
5. ¥ €C>([0,T) xR%;R?),

T
f f J- 0 {+AQAN:V{+P(p)divli+pE-{+(AB)-C
0 R3

+VJ/p®V./p:V{+ %pAdidexdtJrf Jo(x)-£(0,X)dx =0;

R3

6. E,B satisfy (3.63) in [0,T) x R? in the sense of distributions;

7. (finite energy) The total mass and energy defined by (3.64) and (3.65) respec-
tively, are finite for every t € [0, T).

Proposition 3.5.3. Let (0o, Jo, Bo, Eo) be such that pg := |ug|?, Jy := Re(iig(—iV —
Aglug), By := VAAg, Ey :=—A1—V g, ¢o := (—A)up|? for some (ug,Aq,A;) €X,
then there exists Tp,q > 0 such that (,/p, A, ¢,A) is a finite energy weak solution to
(3.61)-(3.63) with initial data (pg,Jo, Bo, Eo) in the space-time slab [0, T;p,,) X R>.
Moreover; the total mass and energy are conserved for all t € [0, Tpqy)-

To prove this Proposition we are going to use a polar factorization argument, in
analogy with the electrostatic case treated in [6, 8] (see Appendix B).
Given any complex valued fuction u € H'(R?), we may define the set of its polar
factors as

Pw):={p € L°(R?) : |lpll; <L, u= y/py ae. inR},
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where /p := |ul. Thus, for any ¢ € P(u), we have |p| =1 ,/pdx a.e. in R® and
¢ is uniquely defined ,/pdx a.e. in R3. Clearly the polar factor is not uniquely
defined in the nodal regions, i.e. in the set {p = 0}.

In the following Lemma we exploit the polar factorization of a given wave function
4 in order to define the hydrodynamical quantities associated to . This approach
overcomes the WKB ansatz in the finite energy framework and allows to define the
hydrodynamical quantities almost everywhere in the space, without passing through
the construction of the velocity field, which is not uniquely defined in the nodal
region. Furthermore, we show how this definition which uses the polar factorization
is stable in H(R3).

Lemma 3.5.4. Let u € H}(R?), A € L3(R3), and let /p := |u|, p € P(u). Let us
define A :=Re(@(—iV —A)u) € L2(R?), then we have

e /P €H(R?) and V/p =Re(¢Vu);
e the following identity holds a.e. in RS,

Re{(—iV—-AuQ (—iV—-Au}=V,/pV,/p+AQA. (3.66)

Moreover; let {u,} ¢ HY(R®), {A,} € L3(R®) be such that u,, converges strongly to u
in H! and A,, converges strongly to Ain L*, then we have

VP = VVp, A,— A, inL*(R%),

where /p, = |u,|, A, :=Re(@,(—1V —A,)u,).

Proof. Let u € H'(R?) and let us consider a sequence of smooth functions converg-
ing to u, {u,} C C* (R®), u,, — u in H'(R®). For each u, we may define

up(x) .
f
0a(x) =1 [uy(x)] ifun () #0
0 ifu,(x)=0.

The ¢,’s are clearly polar factors for the wave functions u,,. Since ||¢,||;~ <1, then
(up to subsequences) there exists ¢ € L°°(R?) such that

Pn— 0, L®RY). (3.67)

It is easy to check that ¢ is indeed a polar factor for u. Since {u,} € C>° (R%), we
have

V/pn=Re(p,Vu,), ae.inR3.

It follows from the convergence above

V/pn— Vo, LAR?)
Re($,Vu,) = Re(¢Vu), L*(R?),
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thus V,/p = Re(¢ Vu) in L2(R®) and consequently the equality holds a.e. in R®.

It should be noted that here we have V,/p = Re(¢ Vu), where ¢ is the weak—sx limit
in (3.67). However the identity above for V,/p does not depend on the choice
of ¢. Indeed, by Theorem 6.19 in [87] we have Vu = 0 for almost every x €
u~1({0}) and, on the other hand, ¢ is uniquely determined on {x € R : |u(x)| > 0}
almost everywhere. Consequently, for any ¢, ¢, € P(u), we have Re(¢,Vu) =
Re(p,Vu) = V,/p. The same argument applies for A := Re(¢(—V —A)u). Let us
now prove the identity (B.8). Recall that we have |¢| =1 ,/p dx a.e. in R?, hence
again by invoking Theorem 6.19 in [87] we have

Re{(—iV —A)Ju ® (—iV —A)u} =Re {(p(—1V —A)u) & (¢(~iV —A)u)}
=Re{p(—iV —A)u} ® Re{p(—iV —A)u}
—Im{p(—iV —A)u} ® Im{@p(—iV —A)u}
=A®A+V/p® VD,

a.e. in R®. Furthermore, by taking the trace on both sides of the above equality we
furthermore obtain
(=iV —Aul* =V /pI* + A% (3.68)

For the second part of the Lemma, let us consider a sequence {u,} C H' strongly
converging to u € H! and vector fields {A,} C L strongly converging to A€ L. As
before it is straightforward to show that

Re(@,Vu,) =Re(pVu), L
Re(@n(—iV —A)u,) =Re(¢(—iV —Au), L%

Moreover, from (3.68), the strong convergence of u, and the weak convergence for
V /Pn> A, we obtain

1=V —=Aull?, =V VPl + A7, < ljgcl;gf(IIV\/Pnllfz +1A,112,)
= lim I(=iV —Aull2, = I(=iV —A)ull?,.
Hence, we obtain ||V,/p,ll;2 = [IVy/Pll2 and |[A,llz2 — [|Allz2. Consequently,

from the weak convergence in L? and the convergence of the L? norms we may
infer the strong convergence

Vpn—= VP, A,— A, inL*R3).
O

In view of Lemma 3.5.4 we can now prove Proposition 3.5.3. Let (uy,Ap,A;) € X
be given, then by our main Theorem 3.1.1 there exists a unique solution (u,A) to
(3.5) in[0, T, ) ¥R such thatu € C([0, T,ar); H2(R?)), A € C([0, Ty ); H2(R3))N
CH([0, Tpar ); HY?(R?)). Let us now define VP = |ul, A :=Re(¢(—iV+A)u), where
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¢ is a polar factor for u, and let ¢ := (—A)"p. By differentiating p with respect
to time we have

d,p =2Re {ﬂ (—é(—iv —Au—ipu— ilulz(y_l)u)}
=Im {a(—iV — A)?u}
=Im {—idiv(a(—iV —A)u+ IV —Au - (—iV —Au)}
=—div(Re(a(—iV —Au)).
Hence by defining J = Re (i(—iV —A)u) = ,/pA we obtain the continuity equation

for p
o,p +divJ =0.

Now let us differentiate J with respect to time,
8,J =Re {(%m +ipu+ i|u|2(Y—1)a) (—iv —A)u}
+Re {a(—iv —A) (—é(—iv —A)u—ipu— i|u|2(Y—1)u)} —pd,A
:% Im {a(—iV —A) ((—iV —AYu) — (—iV — APu(—iV — A)u}
+Re {ﬂ(gi) + [P ywy —av (¢u + IuIZ(”_l)u)} — pG,A.
Now the last line equals pV¢ —pVp" ! —pd,A= p(—3,A—V¢)+ VP(p), where

P(p) = Y;Yl p7. After some tedious but rather straightforward calculations we may
see that

% Im {a(—iV —A) ((—iV —Au) — (—iV —APu(—iV —Au}
= %VAp —div(Re {(—IV—Au ® (—iV—Au}) +J A (V AA).

By putting everything together we then obtain
8J +div(Re{(—iV —AJu ® (—iV —A)u} ) + VP(p) =
P(—0,A—=V)+IA(VAA)+ %VAp.
We now use the polar factorization Lemma to infer that
Re{(—iV—Au® (—iV—Au}=V/pV/p+A®A
and consequently we get

0.J +div(A® A)+ VP(p) =pE+J AB+ %VAp —div(V4/p ® V4/p).

93



By recalling identity (3.62) we see that this is the equation for the current density
in the QMHD system (3.61). The above calculations are rigorous only when (u,A)
are sufficiently regular, however for solutions to (3.5) considered in Theorem 3.1.1
they can be rigorously justified in the weak sense, namely in the sense of Definition
3.5.2 by regularizing the initial data and by exploiting the continuous dependence
showed in Proposition 3.3.8 and the H'—stability of the polar factorization stated
in Lemma 3.5.4.

It only remains to prove that E, B satisfy the Maxwell equations, but this comes
in a straightforward way from the wave equation in (3.5) and the definitions E =
—3,A—V¢,B=V AA.

Finally we remark that for solutions (u,A) to (3.5) considered in Theorem 3.1.1 the
total energy (3.35) is conserved. Again by using Lemma 3.5.4 we see that the energy
in (3.35) equals the one defined in (3.65) this equals the energy defined in (3.65).
This concludes the proof of Proposition 3.5.3.
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Appendix A

Oscillatory integral operators

We collect here some results about oscillatory integral transformations which are
used in the Chapter 1.
Let consider integral transformations of the following type:

I(t,s;a)f (x) = v? J a(x,y)e"?Nf (y)dy,
]Rn

where v > 1 is a parameter. We denote with (R") the Schwartz space of bounded
C°°-functions with bounded derivatives:

AE)={f: 1flln = sup D 102G} < 00, m=0,1,...},

n
xeR |lal<m

which is W °*-°°(R™") as a Sobolev space. We assume that the phase function ¢ (x, y)
and the amplitude function a(x, y) satisfy the following assumptions:

(A-D) ¢(x,y)is areal valued C* function of (x,y) € R" x R".

(A-II) There exists a positive constant 6, such that

2

det
¢ oxdy

d(x,y)

> 5.

(A-III) For every multi-indices a, 3, with |a|+|B| > 2, there exists a positive constant

Cqp such that
2\ 3
() (5 o

(A-IV) a(x,y) € B(R" x R").

< Cup-

For any integer [ > 0 we define

6(2,1 +2)=max Z sup
9P 1o ipl<t 29)

>

(2)(2) wren
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where d(¢ )(x, y) denotes each of the entries of the matrix D(¢ )(x,y) = %qb(x, ).
We write as an abbreviation 5, = §(2,2) and we set § = C(n)505%_“.

Theorem A.0.5. Assume that (A-I), (A-II), (A-III) and (A-IV) hold. Then there exists
a positive constant K such that the estimate

11(t, 55 )f ll2qrny S KNS [l 2gny »
for any f € C5°(R"). In particular we can take
K=C(m)(1+62)(1+58(2,8n+4))>"?|allynss - (A.1)
Proof. See [10]. O

Theorem A.0.6. Assume that a € B(R" x R™). Then, there exist positive constants
Cy and C, such that for any f € C;°(R")

lx“1(t,s;a)f |l p2qrny < Crllallmlf llw

(;—x)al(t,S;a)f

with some positive integer m if |a] < 2.

< Gollallmllf llw
L2(R7)

Proof. See [38]. O

96



Appendix B

QHD and Nonlinear Schrodinger
equations

B.1 From NLS to QHD

In this section we recall some results regarding the correspondence between the
Quantum Hydrodynamic system

o,p+divi =0,

. A
atJ+d1V(J%J)+VP(p)+pVV= %pv(f@), (B.1)
—AV=p,

and the Schrodinger-Poisson system

{iatw =309 + [P+ VY, .
5 .
—AV =[y[7,
where P(p) = }’%p(pﬂ)/z and 1 < p < 5 and x € R®. One way to prove this
equivalence is the WKB ansatz, which consists in expressing the wave function v as
the product of its amplitude ,/p and its phase S, that is 1) = ,/pe'S. This procedure
tells us that if we have a solution 1 of (B.2), then the pair (p,J), with J := pVS is
a solution of (B.1). This kind of approach fails in the nodal region, that is {po = 0},
since the phase is not well-defined there. Actually, it is possible to overcome this
difficulty by means of a polar factorization technique , which does not require the
definition of the velocity field in the vacuum regions (see [6, 8, 18] for more details).
It is well known (see for instance [19]) that the system (B.2) is globally well
posed for initial data in H!(R?) and the solution is such that v € C(R*; H'(R?)).
For this reason, for each time t € [0, T), we can define the following quantities

p() =2, J(t)=Im@p()V(t)). (B.3)

The couple (p,J) is the candidate solution for (B.1). Let us compute the balance
laws for the quantities p and J defined in (B.3). Formally we get the following
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identities
o,p +divJ =0, (B.4)

8,J = }}VAp — div(Re(VY ® V1)) — i%vqu“) —pVV. (B.5)

Now we want to rewrite the quadratic term inside the divergence in (B.5), in terms
of the hydrodynamical quantities p and J. Formally, by multiplying and dividing by
[|?, we have

(yVy)e (va))
e

- })(Re@vw) ® Re(§ V) + Im(PV4) ® In(PVe)))

Re(Vy ® V) =Re (

(B.6)
—l[lv ®1V +J®J]
T ol2 PP
J®J
=V,/p®V/p+——.
Jo)

By putting (B.6) into (B.5), and by noting that
1 A 1
(—‘/ﬁ) =—-AVp—div(V,/p®V,p), (B.7)
N
we get the formal equivalence between (B.1) and (B.2). As already stressed, these
computations are just formal, since in order to obtain (B.6), we have divided by
||, Again, as in the case of the WKB ansatz mentioned before, we have to face
the problem of the vacuum, that is the region {3 = 0}.
To circumvent this difficulty, we can use a polar factorisation technique, which

allows us to decompose the wave function ¢ in terms of its amplitude |¢| and its
phase ¢. Let 1) be a wave function in L2(R®). We define the set

2P

P(¥):={p € L°(R?) : [l¢lly < 1,9 = /Py ae. inR’},
where ,/p = [¢].
The next lemma explains how to connect the bilinear term Re div(V4) ® V1)) to the

hydrodynamical quantities.

Lemma B.1.1. Let ¢p € H'(R?), /p := || and ¢ € P(3)). Let us define A :=
Im(p V) € L2(R3), then we have

e /p€HYR?) and V./p =Re(¢V);

e the following identity holds a.e. in R®,

Re{VyY ®VY}=V/pOV/p+ARA. (B.8)
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Moreover; let {3} ¢ H'(R3) such that v)),, converges strongly to 1 in H'; then we
have

V/Pn—=VYp, A,— A, inL*(R?),
where /p, = |Y,l, A, :=Re(@,VY,).
Proof. See [6]. O

Thanks to Lemma B.1.1, the identity
Re(VY @ V)=V /pOV/p+A®A (B.9)

is justified; clearly J = ,/pA. In this way we recover a solution for the system (B.1),
by sarting from a solution to the equation (B.2). Actually the above discussion
is rigorous only for smooth enough solutions v of (B.2). In order to deal with
1 € H'(R?), one can use a density argument, exploiting the persistence of regularity
for the solutions of the nonlinear Schrodinger equations and the stability of the polar
factorisation in H'(RR?), contained in the last statement of Lemma B.1.1.

B.2 Two-fluid model

Our interest on (1.9) is motivated by the attempt to study a class of two-fluid hydro-
dynamic systems. This kind of models arise in several physical phenomena, such as
superfluidity [76] or Bose-Einstein condensation at finite temperatures [58, 59]. A
typical example in this direction is given by liquid Helium; indeed when it is cooled
to the temperature of T, = 2.172 K it exhibits a phase transition: above the crit-
ical temperature T,, Helium behaves like a viscous Newtonian fluid; this is what,
usually, is called normal fluid. Below T,, instead, quantum effects become relevant
and so the liquid Helium is described by a frictionless quantum fluid, usually called
superfluid. The same kind of behaviour is shown by dilute Bose condensed gases at
a temperature lower than the critical condensation temperature, but sufficiently far
from absolute zero, in order to have distinguished condensate and non-condensate
part. The class of two-fluid model we are interested in reads as

Oips +divJ; =0
. A/Ds
at(']s) + le(Jss;Js) + vps(ps) = %PSV(%) - (Js _Qvn)
Grpn +div(p,v,) =0
B (Pnva) +div(py vy ® Vi) + VP (py) = NAV, + 3V divy,,

(B.10)

where p,, J, denote the superfluid mass and current density, respectively, and p,,
v,, the mass density and the velocity field for the normal fluid. P, and P, are self-
consistent pressure terms, 1) is the viscosity in the equation for normal fluid and Q =
—(—A)"'V div. It is clear from the system (B.10), that the dynamics of the normal
fluid is not affected by the superfluid; on the other hand the latter interacts with the
former through the collision term J; — p;Qv,. The dynamics of the normal fluid,
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which is a classical one, is described by the Navier-Stokes equations for compressible
fluids,

Opn +div(p,v,) =0,
3:(pnva) +div(p,v, ® v,) + VP,(p,) = nAv, + 2V divy,, (B.11)
pn(o) = pn,O > (ann)(o) = J2,O >

where the viscosity coefficient 7) is constant. The compressible Navier-Stokes system
(B.11) can be solved by using the results available in the mathematical literature
(see for instance [28, 31, 88]).

At this point it can be seen as a given term in the equation for the superfluid, which
evolves according to the following Cauchy problem

0,ps +divJ; =0

2
3,(J) +div (224 ) + VP (p,) — Qu, = L pV(ZE) -, (B.12)
ps(O) = ps,O ) Js(o) = Js,O .

As a first step to solve the system (B.12), we consider the case without collision, that
is we neglect the term J; in the right handside of the second equation in (B.12). In
the light of the results in Section B.1, we get that the system (B.12) is equivalent to
the following Schrodinger equation

{ 0 =—3 A0 + Vop + F ([P,

$(0) =0, (B.13)

where V = (—A)!divv, and i = 1. Hence the information we have on V is that
VV =Qv, € L?L%(R, x R"). By using Theorem 2.2 in [102], it can be proved that
V =V+4V,, whereV € LfWXM, Voo € C°(R™) for a.e. t € R, and for any |a| > 1,
0V € L?L;o. Thus we need to study the properties of the propagator associated
with the following Cauchy problem

{ 10, = —3 A + Voop,
$(0)=0,

where V,, has the properties listed above. This is just (1.9). Once we have a so-
lution of (B.14), we can construct a finite energy weak solution of (B.12) without
the collision term, by means of a polar factorisation technique (see Section B.1).
Then, in order to solve the general case, a fractional step method can be used. This
allows to get an approximate solution for (B.12), by splitting the problems into two
separate steps. First of all, one solves the QHD problem without collisions; then the
collisional problem, without QHD, is solved. At this point one starts again with the
non-collisional QHD problem. We refer the reader to [5, 6, 8] for further details.

(B.14)
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