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Abstract

The desire of discovery is an anthropic need which characterises and connects the human
being over the eras. In particular, observing the sky is an instinctive drive exerted by
the curiosity of the mysteries which it retains. At the present time, the tremendous
advances in the exploration of space have opened even more challenges than back in the
days. One of the most urgent question is unveiling the nature of dark matter (DM). As
stated by Neta A. Bahcall (Professor at Princeton University), “Cosmology has revealed
an amazing universe, filled with a “dark sector” that composes 95% of the energy density
of our cosmos [. . . ]” (Dark matter universe, PNAS, 2015). About one-third of this dark
sector is associated to an invisible and still undetected form of matter, the so-called dark
matter, whose gravitational effect manifests at all cosmological scales. Both theoretical
and experimental observations based on ordinary gravity reinforced the evidences for the
existence of DM, since its first appearance in the pioneering calculations of F. Zwicky
(1933). This PhD project explores the hypothesis that DM is made of new particles
beyond the standard model. More specifically, it focuses on those DM particles which
are trapped into the galactic gravitational field and populate the galactic halo. If DM
interacts with ordinary particles, extremely sensitive detectors operating in very low-
background environments, are expected to detect galactic DM particles scattering off
their target material. This widely employed experimental technique is known as DM
direct detection and it is the focus of my studies, where I consider the further hypoth-
esis that DM interacts with atomic nuclei. The research I conducted during my PhD
program consists of two main parts: the first part focused on purely phenomenology as-
pects of the DM direct detection (namely on the DM annual modulation treated using a
non-relativistic effective theory and on the scattering of spin-1 DM particles off polarised
nuclei) and the second one is more closely connected to experimental applications. The
latter has been strongly stimulated by my collaboration with the two DM direct de-
tection experiments CRESST and COSINUS. For CRESST, I compute the DM-nucleus
cross-section for the conventional spin-dependent interactions, used to analyse the data
collected with a prototype Li-based detector module, and I derive some prospects for
a time dependent analysis of CRESST-III data, using a statistical frequentist approach
based on Monte Carlo simulations. For COSINUS, I provide a significant extension of
the pulse shape model currently used by CRESST and COSINUS in order to explain
experimental observations related to the COSINUS detector response. Finally, I con-
tribute to ongoing studies on the phonon propagation in NaI crystals based on solid
state physics. This PhD thesis has been oriented to fill the gap between theoretical
and experimental efforts in the DM field. This approach has facilitated the exchange of
expertise, has driven the trend of my research and has stimulated the development of
the ideas and methods described in this PhD thesis.
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F. Reindl (HEPHY, TU Wien ), M. Harfouche (SESAME), A. Trapananti (U. of
Camerino), A. Di Cicco (U. of Camerino) – J. Rad. Phys. and Chem. (2020) [12]

My contribution to papers (1-7):

1. I cross-checked the calculations, wrote some parts and reviewed the manuscript.

2. I computed the cross-sections for fermionic and vector dark matter scattering off
polarised nuclei and reviewed the manuscript.

3. I computed the cross-section for the spin-dependent interaction of spin-1/2 dark
matter off 7Li, wrote the theoretical part and reviewed the manuscript.

4. I contributed to the experimental operations related to CRESST run-34 and I
contributed to the results on spin-dependent dark matter interactions.

5. I wrote the manuscript. Its publication was offered as part of the Società Italiana
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Introduction

The nature of Dark Matter (DM) is one of the most fundamental open questions of
modern physics and finding an answer is a main challenge for Astroparticle Physics.
Astroparticle Physics is the multidisciplinary and relatively recent branch of physics
which connects the physics of elementary particles to the phenomena occurring in astro-
physical environment and in cosmology. It includes and combines the study of cosmic
messengers (gamma-rays, cosmic-rays, neutrinos and since very few years gravitational
waves (GW)) and DM, to gain insights on the mechanisms ruling the Universe. The
most recent and revolutionary example of discovery in this field is the detection of
GW by the LIGO1 and VIRGO2 collaborations, observed for the first time as emission
product of the merging event of two multi-solar mass black holes. Similarly, other im-
portant milestones, such as the detection of ultra high energy cosmic rays, identified
as of extragalactic origin (Pierre Auger Observatory3), the joint detection of GW and
of the electromagnetic counterpart (Fermi Gamma-ray Space Telescope4, the Interna-
tional Gamma-Ray Astrophysics Laboratory (INTEGRAL)5 and others), the detection
of very high-energy neutrinos followed up by gamma-ray observations (IceCube6, Fermi
Gamma-ray Space Telescope, MAGIC7 and others), the less recent proof of neutrino
oscillations8 (SNO9 and Super-Kamiokande10 and the discovery of the Higgs boson, are
all exciting examples of the extraordinary progress made in this field of research.

Although from one side gigantic steps forward have been done, there are still funda-
mental questions which wait for an answer. The Standard Model of Cosmology which
describes the history and evolution of the Universe, combined with available cosmological
and astrophysical data, predicts, in fact, that besides the known matter content, there is
an additional 95% of matter and energy content in the Universe which we ignore the na-
ture of. These undefined components are known as Dark Matter (DM) and Dark Energy

1https://www.ligo.caltech.edu
2http://www.virgo-gw.eu
3https://www.auger.org
4https://fermi.gsfc.nasa.gov
5https://www.cosmos.esa.int/web/integral/mission-overview
6https://icecube.wisc.edu
7https://magic.mpp.mpg.de
8See [1] for an introduction on neutrino oscillations.
9https://falcon.phy.queensu.ca/SNO/

10http://www-sk.icrr.u-tokyo.ac.jp/sk/index-e.html
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2 INTRODUCTION

(DE). Some of the most precise and insightful cosmological data, which play a key role
in the identification of DM and DE, are provided by the Planck mission11 and the Ata-
cama Cosmology Telescope12, which, similarly to the previous NASA Explorer mission
WMAP13, are designed to measure the temperature and polarisation anisotropies of the
Cosmic Microwave Background Radiation. These data, combined with complementary
measurements on large and small cosmological scales, allow to establish the contributions
of the DM and DE to the total energy content of the Universe. The evidence for DM
is also suggested by gravitational anomalies on astrophysical scales. For example, the
mass content of galaxies and clusters of galaxies, as inferred by the velocity dispersion of
the system, points towards the discrepancy between the luminous mass and the inferred
mass in these astrophysical objects (see Chap. 1 for an overview on DM evidence).

The clues for the existence of DM have been found by applying the known laws of
gravity. An open and hot question is whether the aforementioned gravitational anomalies
are evidence for the failure of General Relativity and Newtonian laws in specific regimes,
whose application to data would mimic the presence of an additional non-luminous com-
ponent of matter, dark matter. While at galactic scales successful proposals have been
advanced, such as the MOdified Newtonian Dynamics theory (MOND) [13], a grav-
ity theory which satisfies the observational requirements at all scales is still missing.
However, any future discoveries in this context has the potential to revolutionise our
comprehension of nature.

This PhD thesis explores the hypothesis that a large part of the matter content of the
Universe is made from DM. More specifically, it assumes that DM is made of new parti-
cles beyond the Standard Model (SM) which so far escaped detection. The connection
between the “DM problem” and particle physics, is strongly motivated by the hints for
new physics encrypted in the SM. This new physics involves hypothetical particles which
have not been postulated to solve the DM problem, but which have the properties to be
the “DM particle”. For example, axions are the product of the Peccei-Quinn solution to
the strong CP problem, sterile neutrinos are required by the see-saw mechanism proposed
to explain the nature of neutrino mass, neutralino is a prediction of Supersymmetry, the
theory proposed to solve the hierarchy (or naturalness) problem related to the radiative
corrections to the Higgs mass (more details can be found in Chap. 2). Other models
were proposed in the years, such as asymmetric DM, self-interacting massive particles,
strongly-interacting massive particles, mirror DM, WIMPZILLAs and many others. The
final competition among this plethora of models will be played on the experimental field.

The experimental effort dedicated to the DM particle search is tremendous. There
are three classes of complementary DM detection techniques, known as DM direct detec-
tion, indirect detection and production at colliders. The DM indirect detection consists
in the search for DM signatures in the SM particle fluxes (gamma-rays, cosmic-rays
and neutrinos) arriving on Earth from astrophysical sources. If DM self-annihilates into

11https://www.cosmos.esa.int/web/planck
12https://act.princeton.edu
13https://map.gsfc.nasa.gov

https://www.cosmos.esa.int/web/planck
https://act.princeton.edu
https://map.gsfc.nasa.gov


INTRODUCTION 3

SM particles in high density environments, it produces visible lines or bumps in the
energy spectrum of gamma-rays (detected e.g. by Fermi-LAT4, DAMPE14, MAGIC7,
H.E.S.S.15 and VERITAS16), cosmic rays (electron-positron flux observed e.g. by Fermi-
CREs4, AMS-0217 and DAMPE14 and hadronic flux e.g. by AMS-0217 and DAMPE14),
and neutrino fluxes (measured e.g. by IceCube6, ANTARES18 and KM3NET19). The
other DM detection technique is the DM production at colliders, among which the most
renowned is obviously the Large Hadron Collider (LHC). In this case, the detection prin-
ciple consists in the measurement of the missing transverse energy in the final state of
proton-proton collisions. The results of DM production at colliders, together with the
ones obtained by DM indirect detection experiments, can be translated into and com-
pared with the results of the DM direct detection technique, which is the experimental
approach this thesis focuses on.

DM direct detection (DD) consists in the observation of a DM signature left directly
inside a target material. While for the DD of light axions, new kind of detectors are
required to measure the coherent effects of the axion field20, the direct search for galac-
tic DM particles in the keV-TeV mass range can be performed using ordinary particle
detectors located deep underground to obtain a natural shielding from cosmic radiation,
mainly from muons. Under the assumption that DM particles are on average at rest
in the galaxy, which is supported by N-body simulations and recent Gaia satellite21

data, the Solar System rotational velocity combined with the Earth proper motion is
expected to induce time dependent DM-nucleus (for MeV-TeV DM mass range) and/or
DM-electron (for keV-MeV DM mass range) scatterings inside the detector. The amount
of energy released in the scattering process depends on the DM mass and the type of
target. Both elastic (equal initial and final states) and inelastic (different initial and
final states) scatterings can occur, therefore collected data can be analysed using both
interpretations. Comparing DD experiments with theoretical predictions, a key aspect
is the assumption on the type of DM-SM particle interaction, as very poor information
can be extrapolated from the DM gravitational effects observed.

One of the goals of this thesis is to characterise the time dependence of the expected
DM signal at DD experiments using a general theoretical framework known as non-
relativistic effective theory (NREFT) of DM DD [14, 15] (manuscript in preparation).
The motion of the Earth around the Sun is expected to cause a periodic annual variation
in the DM count rate [16–18], whose properties (e.g. amplitude of modulation, time of
maximal and minimal rate, amplitude of higher order harmonics) are shown to be a
function of the DM galactic velocity distribution [19, 20] and the DM-nucleon interac-

14http://dpnc.unige.ch/dampe/
15https://www.mpi-hd.mpg.de/hfm/HESS/
16https://veritas.sao.arizona.eduhttps://veritas.sao.arizona.edu
17https://ams02.space
18https://antares.in2p3.fr
19https://www.km3net.org
20https://indico.cern.ch/event/610112/contributions/2570059/attachments/1456873/2248556/Pheno.pdf
21https://sci.esa.int/web/gaia

http://dpnc.unige.ch/dampe/
https://www.mpi-hd.mpg.de/hfm/HESS/
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https://indico.cern.ch/event/610112/contributions/2570059/attachments/1456873/2248556/Pheno.pdf
https://sci.esa.int/web/gaia
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tions [21, 22]. The discussion is fervid as the DAMA/LIBRA collaboration has been
detecting for more than 20 annual cycles a signal compatible with the DM-signature
interpretation [23–25], while no DM signatures are present in the large part of DM DD
experiments (e.g. [26–33]). The study presented in Sec. 4.2 contributes to this discus-
sion: including the effect known as gravitational focusing [18, 34], it shows how the
phase of the annual modulation can be used to classify possible DM-nucleon interactions
parametrised within NREFT and it highlights the potential of low threshold experiments
to extract information from this classification. The close collaboration with the CRESST
experiment 22 strengthened this study and results are presented for and extended to tar-
gets of interest for CRESST.

A second question addressed in this thesis deals with the scattering of DM particles
off polarised nuclei and the possibility to extract information on the DM nature from
the observation of this process [2]. Previous studies on the search for spin-1/2 DM
particles using polarised targets [35], have been extended to spin-1 DM particles (see
Sec. 4.3). The cross-section for this scattering is provided and the comparison of the
results predicted for the two cases, spin-1/2 and spin-1, are shown to underline how
the value of the DM spin can be extrapolated from the differential count rate using
the nuclear-recoil directionality and energy distribution or just their energy spectrum.
The results are presented as a function of the purely polarisation dependent part of
the nuclear recoil spectrum (the ‘spin modulation’ obtained as the difference of the
count rate collected inverting the nucleus polarisation direction). They show that in
specific regions of the parameter space different nuclear recoil maps for the two cases
(fermion and vector DM) are expected. Furthermore, it is found that the two scenarios
exhibit different behaviours also in the one dimensional energy spectrum. Although
these findings are intriguing, two points are stressed here: 1) very large exposures of the
order of the DAMA/LIBRA experiment are necessary to distinguish the total energy
spectrum from the spin modulation energy spectrum [35] and 2) these results are derived
in the approximation of ideal detectors. In order to apply this formalism to realistic
cases, estimations including experimental parameters (e.g. detector efficiency, energy
resolutions and background rate) are necessary.

The leading motivation of this PhD project is the strong belief that a close and
daily synergy between theoretical and experimental studies is not only beneficial, but
inevitable to boost the DM search. Leveraging on this motivation, Chap. 5 and Chap. 6
present the projects inspired by the collaboration with the CRESST22 and COSINUS
experiment23.

CRESST is a cryogenic scintillating calorimeter working at milli-Kelvin temperature
and employing transition edge sensors. It is designed to provide a double channel readout
of the scattering particle energy release converted in heat and light, used to discriminate
between nuclear recoils (signal) and β/γ events (background). The R&D is a crucial
aspect of the CRESST collaboration, as new materials and techniques are constantly
tested to improve the CRESST performance. As outcome of one of these investigations,

22https://www.cresst.de
23http://cosinus.lngs.infn.it

https://www.cresst.de
http://cosinus.lngs.infn.it
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new results on the conventional spin-dependent (SD) DM-nucleon interactions are de-
rived using the amount of 7Li contained in 2.66 g of a Li2MoO4 crystal [3]. In this work
the potential of Li-based target materials for the DM search is described and shown in
terms of a sensitivity limit in the SD-DM-nucleon cross-section versus DM particle mass
parameter space. This was the first SD-result provided by the CRESST collaboration
and it inspired the calculation of a new SD limit using CRESST-III data collected by the
best performing module, detector A, using the percentage of 17O in CaWO4 [4]. These
and following studies beyond this PhD project, motivated the employment of Li-based
targets for DM search, which are currently mounted in the CRESST-III cryostat.

A further project related to CRESST is based on last CRESST-III data release [4],
where an energy spectrum showing an excess of events below 200 eV with exponen-
tial shape was present (manuscript in preparation). As stressed in the CRESST-III
publication, at this energy the discrimination power between nuclear recoils and β/γ
events vanishes, therefore the events populating the excess cannot be associated to a
specific event class. The same phenomenology is present in all CRESST-III detectors
with thresholds below 100 eV; since the shape of the energy spectrum of the excess is
different from one detector to another, a single common explanation of this observation is
hard to believe and further investigations on possible not yet identified detector physics
are ongoing. Stimulated by these findings and by the study on the annual modulation
phenomenology presented in Sec. 4.2, a statistical analysis aiming at determining the
signal discrimination power associated with a time dependent analysis in CRESST-like
detectors limited by an exponential background rate, was performed. The final goal was
to establish if a 2-dimensional (2D) analysis in time and energy would be preferable
to the 1D energy analysis in case only the phonon-channel read-out is available (the
light yield is poor at low energies, that is why the discrimination power between nuclear
recoils and β/γ events vanishes at low energies). The energy spectrum of CRESST-III
is used as reference for the background model, rescaled as a function of the exposure
considered. In addition, the opportunity to perform model selection in low threshold ex-
periments is investigated, comparing the standard spin-independent interaction model
with the magnetic dipole DM model. In all the configurations considered, the 1D and
2D analysis show similar results, a conclusion which tends to discourage the effort of an
annual modulation search using current CRESST-III setup.

The final part of this PhD project was mostly dedicated to study the phenomenology
of the COSINUS DD experiment [5, 6]. COSINUS23 is a cryogenic scintillating calorime-
ter based on NaI target crystals operated at milli-Kelvin temperature, whose research
goal is to provide a cross-check of the DAMA/LIBRA claim of DM detection. It is the
first experiment which successfully operated NaI crystals as cryogenic calorimeters and
the potential double read-out of light and phonons can provide insightful information on
the nature of the signal detected by DAMA/LIBRA. To achieve this goal, the COSINUS
detector characterisation is a key aspect and in this thesis a relevant contribution is
given to explain COSINUS experimental findings related to the detector working prin-
ciple. In particular, a considerable extension to the original model for cryogenic particle
detectors published in 1995 by Pröbst et al. [36] is derived to describe the pulse shape
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produced by particles interacting inside the COSINUS target material, which naturally
provides the empirical terms added in [37] to fit the original model to data. Using this
extended model, a new method for the energy reconstruction is proposed, which can be
used to perform particle identification, that is to distinguish nuclear recoils from β/γ
events. Such discrimination is, in fact, challenging when the original model and standard
data analysis (similar as CRESST) are applied to COSINUS data.

In connection with the peculiar pulse shape observed in COSINUS data, a new study
which aims at characterising COSINUS detectors using solid state physics started within
this PhD thesis. This investigation benefit from a collaboration with the solid state group
of L’Aquila University, who also joint the COSINUS collaboration. First studies based
on solid state simulations of the NaI lattice are presented at the end of Chap. 6: the NaI
phonon density of states simulated using molecular dynamics methods is compared with
the one available in literature [38] and found in good agreement and the attempts to
simulate the excitations, known as ‘breathers’ [39], are discussed. This new COSINUS
research frontier which interfaces particle and solid state physics is very promising as it
opens the way to a deeper understanding of individual processes involved in scattering
events and therefore to a more precise description of the detector physics involved. It
is worth noting that very recently this ‘contamination’ of expertises has become quite
frequent and prolific, see e.g. [40–42].

The long-standing tension between DAMA/LIBRA results and the other DM DD
experiments is an urgent problem which COSINUS, together with the other NaI-based
experiments (e.g. [26, 27, 43]), will very likely within the next three years give a conclusive
explanation to. In the meanwhile, new ideas and projects for DM DD are emerging
both from theoretical and experimental sides, which aim at exploring the low-mass DM
parameter space, whose large part is still uncovered. These new projects are based on
DM-electron scattering (see e.g. SENSEI24), on new insights from solid state physics [40,
44] or on other types of technologies suited for very light DM particles [45]. The region
of SI DM-nucleus cross-sections between the current experimental upper limits for a DM
mass larger than about 5 GeV and the expected neutrino floor25 will be spanned by
next generation of very large exposure experiments, e.g. XENONnT26, PandaX-4T27,
LZ28, DarkSide-20k [48] and DARWIN29, while the sensitivity to regions dominated
by the neutrino-induced background may be extended using directionality techniques,
employed e.g. by NEWSdm 30, MIMAC [49], DRIFT [50] and the CYGNUS project [51].
Although has proved to be an intricate challenge, if DM particles are out there and
interact with ordinary matter not only gravitationally, the “tentacular” strategy of the
scientific community will allow to catch them, sooner or later.

24https://sensei-skipper.github.io/#
25The neutrino floor is the barrier in the DM parameter space below which DM DD experiments are

limited by the background due to the coherent solar neutrino-nucleus scattering event rate [46, 47].
26https://science.purdue.edu/xenon1t/?tag=xenonnt
27https://pandax.sjtu.edu.cn/pandax4
28https://lz.lbl.gov
29https://darwin.physik.uzh.ch
30https://news-dm.lngs.infn.it
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Chapter 1

Evidence for dark matter

In this chapter the evidences which support the hypothesis of the existence of Dark
Matter (DM) are described. The two cosmological periods known as the Big Bang
Nucleosynthesis (BBN)-era and the recombination-era play a fundamental role in this
description: the former is the time of formation of the light nuclei, which starts at
around 1 second after the Big Bang at a temperature T ∼ 1 MeV; the latter corresponds
to the time of matter-radiation decoupling, which is the condition for the formation of
neutral hydrogen and occurred when the Universe was about 370,000 years-old. After
recombination the Universe becomes transparent to radiation, and photons can freely
travel through space. Such photons are the cosmic electromagnetic background that we
observed today, also known as the Cosmic Microwave Background Radiation (CMBR
or, more commonly, CMB).

This chapter is organised as follows. In Sec 1.1 basics of modern cosmology are
introduced, in Sec. 1.2 the current knowledge on the abundance of ordinary (or baryonic)
matter in the Universe is reviewed, focusing on BBN and CMB observations. Section 1.3
explains why astronomical and cosmological observations point towards the existence of
non-luminous and non baryonic matter in the Cosmos. This cosmological component is
known as DM. Furthermore it is explained qualitatively how the physics of the evolution
of primordial density fluctuations provides information on DM-properties and examples
of anomalous observations at the scales of galaxy-clusters and galaxies, which stimulated
the DM-search, are shown. In the various sections, the SM of particle physics and the
SM of cosmology are the models implied and the consequences of these assumptions are
discussed.

1.1 Basics of modern cosmology

Before moving to the evidences for DM, three concepts are briefly introduced: (i) the
equation of state of the early Universe and the Friedmann equation (ii) the angular
power spectrum, that is the observable related to CMB and (iii) the ΛCDM-model.

7
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Equation of state and Friedmann equation. The SM of cosmology is based on
the Friedmann-Lemâıtre-Robertson-Walker metric, which is built on the Cosmological
Principle of a homogeneous and isotropic Universe [52]. The observation that the Uni-
verse is expanding and the assumption that its energy content can be treated as a set of
perfect fluids, lead to the Friedmann equation [52, 53],

1 +

(
k

aH

)2

=
∑

i

Ωi (1.1)

where k can be +1, 0 or −1 for spaces of constant positive, zero, or negative spatial
curvatures, respectively, a(t) is the scale factor which multiplies the spatial part of the
metric, H = ȧ

a is the Hubble parameter and
∑

i Ωi is the total energy density parameter.
Ωi is defined as the ratio between the energy density at time t of the i-cosmological fluid
ρi, and the critical density, ρc, which is [54],

ρc =
3H2

0

8πGN
= 1.87834(4) · 10−29h2 g cm−3 (1.2)

where
h = H0/(100 km s−1 Mpc−1) = 0.674(5) (1.3)

is the dimensionless Hubble parameter [55]1, H0 is the Hubble parameter today and
GN = 6.67430(15) · 10−11 m3 kg−1s−2 is the gravitational constant [54]. Each cosmolog-
ical fluid is characterised by an equation of state,

Pi = ωi ρi (1.4)

where Pi is the pressure of the i-fluid, ρi is the corresponding energy density and ωi =
(γi − 1), where γi is the polytropic index [53]. For example, ω = 0 corresponds to a
matter fluid, while ω = 1/3 to radiation.

CMB angular power spectrum. The CMB is a fundamental source of information
about the physics of the Universe at recombination and a powerful tool for cosmological
parameter estimation [54, 55]. CMB experiments, such as Planck and the Atacama Cos-
mology Telescope, measure the temperature fluctuations in the microwave background
radiation. The angular autocorrelation-function of the CMB-temperature-fluctuations
averaged over all the directions n1 and n2, such that n1 · n2 = cos θ, is defined as2,

DTT (θ) =
〈δT
T

(n1)
δT

T
(n2)

〉
≡ 1

4π

∞∑

`=2

(2`+ 1) DTT
` P`(cosθ) (1.5)

In the right hand side, ` is the index of multipole expansion, P` are Legendre polynomials
and D` are multipole moments, which depend on the gravitational potential of scalar

1Currently, there is some inconsistency between distance-ladder and CMB estimates of H0, for a
discussion see Sec. 24 of [54].

2From here on, we will simply say ‘CMB-angular-power-spectrum’.
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metric perturbations, Φ, and on the fluctuations of the radiation-energy-density, δγ [56].
Theoretical expectation and experimental data for the multipole moments (2`+ 1) DTT

`

are shown in Fig. 1.1.1. Low-` values correspond to large angular scales, while large-`
values to small angular scales. The shape of the CMB-angular-power-spectrum depends
on the cosmological parameters. The peaks, the most prominent at ` ' 200, are the
imprint of the baryon-photon-plasma-oscillations before recombination. They are usually
defined as acoustic peaks and their properties are crucial for parameter estimation, as
discussed in Secs. 1.2.2 and 1.3.1.Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck
TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, cEE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
cEE

100

⌘
EE fit

= 1.021;
⇣
cEE

143

⌘
EE fit

=

0.966; and
⇣
cEE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E
spectra,

⇣
cEE

100

⌘
TE fit

= 1.04,
⇣
cEE

143

⌘
TE fit

= 1.0, and
⇣
cEE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-

7

Figure 1.1.1: Multipole moments of the autocorrelation-function of CMB-temperature-
fluctuations (Planck Collaboration [55]).

ΛCDM-model. The SM of cosmology is also defined as ‘base ΛCDM-model’ [55]. It
is a spatially-flat 6-parameter model which includes the cosmological constant Λ and
Cold Dark Matter (CDM). The cosmological constant is a contribution to the right
hand side of Einstein equations, which provides a negative pressure component to the
energy density (ω = −1 in Eq. 1.4 [55]), known as dark energy, introduced to explain the
acceleration of the Universe [53]3. CDM is a self-gravitating collisionless fluid decoupled
from radiation both before and after recombination and characterised by w = 0 , with
a very small velocity dispersion [58]4. The six parameters of the base ΛCDM-model
are: the Hubble parameter, H0, the matter parameter density, Ωm, the baryonic density

3The nature of the cosmological constant is one of the main open issue in the SM [57].
4DM is cold if it decouples from thermal equilibrium when it is not relativistic (e.g. WIMPs, Sec. 2.3),

or if it was never in thermal equilibrium (e.g. axions, Sec. 2.1).
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parameter5, Ωb, the CDM density parameter, Ωc, the scalar spectral index6, ns, and the
optical depth7, τ [55].

The sum on the right-hand-side of Eq. 1.1 is made over the different contributions
to the total energy density parameter, some of them are free parameters of the ΛCDM-
model,

Ω = Ωm + ΩΛ + Ωrad + Ων (1.6)

where ΩΛ, Ωrad and Ων are the Λ, radiation and SM-neutrinos contributions, respectively,
and Ωm = Ωb + Ωc. The value of the total energy density parameter is fixed once the
parameter k related to the spatial curvature of the Universe in Eq. 1.1 is also fixed and
in the ΛCDM model k = 08. By solving the continuity equation [53],

ρ̇+ 3(ρ+ P )
ȧ

a
= 0 (1.7)

where P is defined in Eq. 1.4, the functional relation between the energy density, ρ
(or equivalently the density parameter, Ω), and the scale parameter, a, can be derived.
It is equal to ρ = a−3γ , where γ = 1, 4/3 and 0 for matter, radiation and cosmological
constant components, respectively. Ων is defined in Eq. 1.17 and depends on the neu-
trino mass.

The presence of the different components in the total density parameter in Eq. 1.6
is suggested by theory and observations. Based on Eq. 1.6 only, these parameters are
degenerate, i.e. an increase in one of them can be compensated by a decrease in another
parameter. The question of how this degeneracy can be broken is qualitatively addressed
in this chapter.

1.2 How many baryons are in the Universe? Estimation
from BBN and CMB

In this section the motivations which support the hypothesis of the existence of non-
baryonic DM are discussed. The discussion is divided in two parts: theoretical pre-
dictions and experimental observations for the formation of the lightest nuclei in the
BBN-era are presented in Sec. 1.2.1 and the independent extrapolation of the number of
baryons at the era of recombination by using information encoded in CMB is addressed
in Sec. 1.2.2.

5In this context, nucleons (protons and neutrons) are called baryons, and ordinary matter is named
baryonic-matter.

6The scalar spectral index describes how the density perturbations depend on the spatial scale.
7The optical depth is the mean free path for photon scattering, integrated from a certain time to the

present-day.
8The term

(
k
aH

)2
in the left hand side of Eq. 1.1 can be incorporated into the right hand side as

Ωk =
(
k
aH

)2
, which is null in the ΛCDM model (k = 0).
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1.2.1 Estimation of baryon content from BBN

The cosmological era of nucleosynthesis, predicted by G. Gamov and his collabora-
tors [59–61] and subsequently developed by many others (e.g. [62–64]), is considered a
powerful probe of SM physics [65] as theoretical predictions for the primordial abun-
dances of light elements only depend on the baryon to photon density and accurate
observations for some of these abundances are available (see Sec. 23 of [54]).

Analytical expressions, provided e.g. in [56] and [65], show that primordial abun-
dances of light elements, D, T, 4He,3He, 7Li, are just function of the baryon-to-photon-
density-ratio, η10,9,

η10 = 1010 · nb
nγ

(1.8)

Measurements of the abundances of light elements provide estimations of η10, which, in
turn can be used to constrain the baryon-density-parameter, Ωb = ρb/ρc, where ρb is the
mass density of baryons and the critical density, ρc, is defined in Eq. 1.2. In fact, there
is a simple relation between η10 and Ωb [65],

η10 = 1010 ρc
〈m〉n0

γ

Ωb (1.9)

where 〈m〉 is the mean mass per baryon (roughly the proton mass) and n0
γ is the num-

ber density of photons today. Theoretical predictions of the light element abundances as
function of η10 for Nν = 3 are shown in Fig. 1.2.1 (solid lines), taken from Particle Data
Group, 2019 [54]. The bands along the solid lines are theoretical uncertainties on the
abundances due to uncertainties on the neutron lifetime. Yellow boxes indicate experi-
mental observations10. Note that there is a yellow box also on top of the prediction of
the Deuterium abundance. The two purple vertical lines mark the overlap between the
experimental values of the abundance ratios 4He/H and D/H. The correspondent range
of values for η10 is [54],

5.8 ≤ η10 ≤ 6.5 (95%CL) (1.10)

which implies the Ωb-estimation,

0.021 ≤ Ωbh
2 ≤ 0.024 (95%CL) (1.11)

The inconsistency between 7Li/H abundance with the other observations is known as
the lithium problem. It is an open question and its answer could be related to systematic
errors in the measured abundances, astrophysical or nuclear uncertainties, or it could be
the hint for physics beyond the SM [54, 65].

1.2.2 Estimation of baryon content from CMB

The baryon content can be estimated independently from BBN-theory and observations
by fitting the ΛCDM model to the peaks of the CMB-angular-power-spectrum. Table 2

9It depends also on the number of light neutrinos Nν , but within the SM it is fixed to three.
10For references about observational results see [54].
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3 23. Big Bang Nucleosynthesis
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Figure 23.1: The primordial abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis — the bands show the 95% CL range [47]. Boxes indicate the
observed light element abundances. The narrow vertical band indicates the CMB measure of the
cosmic baryon density, while the wider band indicates the BBN D+4He concordance range (both
at 95% CL).

observations (e.g., D/H) and in the determination of cosmological parameters (e.g., from Planck).
This motivates corresponding improvement in BBN predictions and thus in the key reaction cross
sections. For example, it has been suggested [48,49] that d(p, “)3He measurements may su�er from
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Figure 1.2.1: Theoretical prediction
and experimental constraints on light
element abundances as function of the
baryon-to-photon ratio η10 [54]. Solid
lines are theoretical predictions based
on standard BBN. Bands along the
solid lines show 95% CL on theoreti-
cal predictions due to uncertainties on
neutron-life-time. Yellow boxes indi-
cate experimental observations. Note
that there is a yellow box also on top
of the prediction of Deuterium abun-
dance, between the two purple vertical
lines. Shaded region confined by ver-
tical purple lines indicates the region
of D+4He overlap. Cyan shaded re-
gion shows the estimation of η10 from
CMB-data.

of [55] shows the result based on Planck TT, TE, EE + lowE 11 (6-column), which is,

Ωbh
2 = 0.02237± 0.00015 (1.12)

The result in Eq. 1.12 still depends on BBN because it is obtained by fixing the parameter
related to 4He-abundance. If the 4He-abundance is left as free parameter, the Planck
TT, TE, EE + lowE estimation is (Tab. 5 of [55]),

Ωbh
2 = 0.02230± 0.00020 (1.13)

The two values for Ωb in Eqs. 1.12 and 1.13 are used to identify the region of values of
η10 compatible with CMB [54], which is shown within the two light blue vertical lines in
Fig. 1.2.1. Although the era of recombination occurs thousands of years after the era of
BBN, the abundance of baryons does not change during this period, therefore the baryon-
to-photon ratio estimated at the era of recombination is expected to be numerically the
same as during the BBN-era, according to ΛCDM model (Sec. 23 of [54]). The agreement
between the value of η10 estimated by using CMB and BBN-data is considered a success
of the SM of cosmology.

11The labels TT, TE and EE refer to angular correlation-functions at large angular scales be-
tween: temperature-fluctuations, DTT (θ) = 〈 δT

T
(n1) δT

T
(n2)〉, temperature-fluctuations and electric-field,

DTE(θ) = 〈 δT
T

(n1)E(n2)〉, and electric-fields, DEE(θ) = 〈E(n1)E(n2)〉; lowE refers to EE at small an-
gular scales. For more details about Planck -notation, see Sec. 2.2.4 of [55].
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1.3 Does the Universe contain non-baryonic matter?

1.3.1 Evidence for DM from CMB and other probes

It is natural to wonder how to establish if Ωm > Ωb, which is crucial to admit the exis-
tence of non-baryonic matter. Historically, the existence of a non-baryonic component
of matter was suggested by studies on large scale structure formation and gravitational
lensing, considerations which inspired the idea of treating Ωm and Ωb as independent
parameters. But, how can the contribution of these two parameters in Eq. 1.6 be dis-
entangled? According to [56], the degeneracy between the baryon and the total-matter
content is broken by fitting the ΛCDM model to the peaks of the CMB-angular-power-
spectrum, which is shown in Fig. 1.1.1. In fact, in [56] V. Mukhanov derives analytical
formula which show that Ωmh

2 and Ωbh
2 can be independently estimated by fitting the

heights of the first (` ' 200) and second peak of the CMB-angular power spectrum, al-
though a dependence on the Hubble parameter remains. In Sec. 24 of [54] (Cosmological
parameters), O. Lahav and A.R. Liddle confirm that the relative heights of the peaks of
the angular power spectrum allow the determination of Ωbh

2. They underline the strong
degeneracy between the determination of the Hubble parameter H0 and other param-
eters - e.g. Ωmh

2 and the neutrino mass - as discussed in the Planck paper [55]. This
means that Ωm can be uniquely determined only if CMB-data are combined with inde-
pendent measurements of H0, which are available and provide similar result as Planck12.

From the information given above, we conclude that the degeneracy between the
baryon and the total matter content of the Universe can be broken by the combination
of CMB-data with independent measurements of H0, which are discussed for example
in [54]. The values of the cold-matter-density-parameter Ωmh

2 and the DM density
parameter Ωch

2 taken from [55] (Tab. 2, column 5) are,

Ωmh
2 = 0.1430± 0.0011

Ωch
2 = 0.1200± 0.0012

(1.14)

which combined with Eq. 1.13 satisfy the relation,

Ωmh
2 = Ωbh

2 + Ωch
2 (1.15)

Based on these results, derived within the SM of particles and of cosmology, one con-
cludes that there is non-baryonic matter in the Universe and it constitutes about the
86% of the total matter content.

According to the literature mentioned in the previous section [54, 56], the first and
second acoustic peaks of the CMB-angular-power-spectrum, combined with independent
measurements of the Hubble parameter, provide an estimation of Ωmh

2 and Ωbh
2. If this

information is combined with the location of the first peak of the CMB-angular power

12As already suggested before, for what concerns the ‘H0-tension’ debate see Sec. 24 of Ref. [54].
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spectrum, the parameter k in Eq. 1.1 can be estimated - the observations are consistent
with a spatially-flat-Universe [54].

The photon-density-parameter is measured directly from CMB-data and it is (Sec. 24
of [54]),

Ωrad ' 2.47 · 10−5h−2 (1.16)

The neutrino-density-parameter is (Sec. 25 of [54]),

Ων =

∑
imνi

93.14eV
(1.17)

where
∑

imνi is the sum over the neutrino masses. The estimation of
∑

imνi from
cosmological probes is rather complicated, as discussed in Sec. 7.5 of [55]. Among the
plethora of different estimations given in [55], we show the conservative result based on
Planck TT, TE, EE + lowE, which is,

∑

i

mνi < 0.26 eV

Ωνh
2 . 0.0279

(1.18)

Since Ωνh
2 � Ωch

2, neutrinos clearly cannot explain DM. Although neutrino and dark-
energy density parameters depend on each other, combing results from independent
observations - e.g. from high-redshift supernovae and galaxy cluster surveys [66] - allow
to break the remaining degeneracy between Ωm and ΩΛ [55].

1.3.2 Evidence for DM from large scale structure formation

The structures we observe in the Universe (galaxies, galaxy clusters, etc. . . ) are the
final result of initial density perturbations imprinted by inflation in the early Universe
and evolved into gravitational instabilities [56, 67]. By solving the differential equations
which describe the evolution of density perturbations, one can predict how they grow as
a function of time and it is found that, in order to reproduce observations, the matter
density perturbations must start growing before the recombination era [68]. However,
the tight coupling between baryonic matter and radiation counterbalances gravity and
density perturbations cannot grow in baryonic matter before recombination. As a result,
a non-baryonic component of matter with negligible interactions with radiation (dark
matter) is required.

The evidence for non-baryonic DM based on the theory of large scale cosmological
structure formation, is quantitatively confirmed by N-body simulations. The well-known
representation of the DM cosmic web, shown for example in Fig. 1.3.1, left panel, is
the result of N-body simulations, which follow the evolution of the structure forma-
tion starting from random initial conditions, sampled from CMB data. The statistical
agreement between large-number-galaxy-system-observation and their N-body simula-
tions, for example the one shown in Fig. 1.3.1, right panel, is considered a success of
the ΛCDM-model and promoted N-body simulations as a powerful tool to predict the
characteristics of the matter-power-spectrum as a function of different scales and DM
particle models [71].
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The procedure illustrated in Figure 2 for CDM can be readily applied to other dark matter models
with different initial power spectra. In fact, in models where dark matter only behaves differently
from CDM at very early times, e.g., in thermal-relic WDM models, it is the different initial conditions
(the lack of power on small scales in WDM relative to CDM in the linear regime) that gives rise to the
main differences between these models (since the residual thermal motions in WDM models of interest
are negligible (see e.g., [73]). In models with a truncated initial power spectrum, the subsequent
evolution is affected by particle discreteness in the reconstruction of the density field which introduces
an irreducible (shot-noise) power. This results in spurious clustering on scales close to the cutoff
length [74] that requires careful treatment to either remove small-scale artificial clumps [75] or avoid
their formation altogether by using non-standard simulation techniques [45,76].

Once the initial conditions are generated, an N-body simulation is performed, most commonly in
a computational cube with periodic boundary conditions, to follow the evolution of the density and
velocity fields into the non-linear regime across all resolved scales. An example, the Millennium II
simulation [77], is illustrated in Figure 3. The left set of panels shows the projected dark matter
density distribution at various snapshots corresponding to the redshifts shown at the top right of
each panel. The emergence of the cosmic web, the result of gravitational clustering, is apparent, with
its now familiar pattern of filaments over a range of scales surrounding voids. The right panel shows
the evolution of the power spectrum at the same snapshots (solid lines). The hierarchical onset of
non-linear structure, from small to large scales is clearly apparent by reference to the linear power
spectrum (grey lines).

  

z=6.2 z=2.1

z=1 z=0

non-linear CDM

linear CDM 

Figure 3. Emergence of the cosmic web. Left: evolution of the (projected) dark matter density field
in a slab of length L = 100 Mpc/h and thickness 15 Mpc/h from the Millennium-II simulation [77].
The redshift corresponding to each snapshot is shown on the top right. Right: The dimensionless dark
matter power spectrum (solid lines) at the redshifts shown on the left. For comparison, also shown are:
the linear power spectrum (thin grey lines) and the non-linear power spectrum for the lower resolution
but larger scale (500 Mpc/h) Millennium I simulation (in dotted lines; [4]). The dashed lines show the
Poisson noise limit for the Millennium I (left) and Millennium-II (right) simulations. Figure adapted
from [77]18.

18 Reproduced from Michael Boylan-Kolchin et al. Resolving cosmic structure formation with the Millennium-II Simulation. MNRAS (2009)
398 (3): 1150-1164, doi: 10.1111/j.1365-2966.2009.15191.x. By permission of Oxford University Press on behalf of the Royal Astronomical
Society. For the original article, please visit the following u. This figure is not included under the CC-BY license of this publication. For
permissions, please email: journals.permissions@oup.com.

Figure 1: The galaxy distribution obtained from spectroscopic redshift surveys and from mock
catalogues constructed from cosmological simulations.The small slice at the top shows the CfA2
“Great Wall”3, with the Coma cluster at the centre. Drawn to the same scale is a small section of the
SDSS, in which an even larger “Sloan Great Wall” has been identified100. This is one of the largest
observed structures in the Universe, containing over 10,000 galaxies and stretching over more than 1.37
billion light years. The wedge on the left shows one-half of the 2dFGRS, which determined distances
to more than 220,000 galaxies in the southern sky out to a depth of 2 billion light years. The SDSS
has a similar depth but a larger solid angle and currently includes over 650,000 observed redshifts
in the northern sky. At the bottom and on the right, mock galaxy surveys constructed using semi-
analytic techniques to simulate the formation and evolution of galaxies within the evolving dark matter
distribution of the “Millennium” simulation5 are shown, selected with matching survey geometries and
magnitude limits.

28

Figure 1.3.1: N-body Millennium-II simulations. Left: DM cosmic web for four different red-
shifts [69]. Right: comparison between observations and simulations of system of galaxies [70].

1.3.3 Evidence for DM from gravitational lensing observation

Gravitational lensing is the distortion of light passing through the space-time curved by
a gravitational field. It is a prediction of general relativity and it is a pure gravitational
effect. For this reason, it provides one of the strongest evidence for the presence of DM,
an invisible and non-baryonic component of mass in the Universe [72, 73]. The gravita-
tional lensing of the light emitted by sources which are nearby a strong gravitational field
can be quantified and converted into a measure of the mass content of the system. The
comparison of the mass content with the distribution of the electromagnetic emissions
can reveal the presence of non-luminous matter, such as the common examples of the
‘Bullet Cluster’ 1E0657-56 or the ‘Baby bullet’ MACSJ0025.4-1222, shown in Fig. 1.3.2.
In this figures, the pink and blue shadows trace the peaks of the X-ray emission and
mass-content distributions, respectively. The blue shadow overlaps with the region were
galaxies are located, which means that most of the matter in the cluster - which is dark
- is not interacting, like galaxies. In the assumption that DM is made of particles, upper
limits on the cross-section for the interactions of DM particles with ordinary matter can
be derived on the basis of these observations (see e.g. Sec. 4 of [74]).

1.3.4 Evidence for DM from the rotation curves of spiral galaxies

Among the different classes of galaxies, late-type galaxies - spirals and irregular - present
a disc of gas which extends beyond the region populated by stars [75]. The gas con-
tribution to galactic rotation velocity can be established by using data based on the
radiation emitted by the spin-flip of hydrogen first-excited-state [76]. Such contribution,
together with the buldge, the stars and the hypothetical dark halo contributions, are
shown in Fig. 1.3.3, for a selection of spiral galaxies. The experimental data in Fig. 1.3.3
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Rep. Prog. Phys. 73 (2010) 086901 R Massey et al

Figure 14. The ‘bullet cluster’ 1E0657-56 and ‘baby bullet’ MACSJ0025.4-1222. The background images show the location of galaxies,
with most of the larger yellow galaxies associated with one of the clusters. The overlaid pink features show x-ray emission from hot,
intra-cluster gas. Galaxies and gas are baryonic material. The overlaid blue features show a reconstruction of the total mass from
measurements of gravitational lensing. This appears coincident with the locations of the galaxies, implying it has a similarly small
interaction cross-section. However, there is far more mass than that present in the stars within those galaxies, providing strong evidence
for the existence of an additional reserve of dark matter. (Figure credit: left: x-ray: NASA/CXC/CfA/ M Markevitch et al ; lensing map:
NASA/STScI; ESO WFI; Magellan/U.Arizona/ D Clowe et al Optical image: NASA/STScI; Magellan/U.Arizona/D Clowe et al ; Right:
NASA/ESA/M Bradac et al ).

so far, this mass must have a self-interaction collisional cross-
section σ/m < 1.25 cm2 g−1 at 68% confidence (or σ/m <

0.7 cm2 g−1 under the assumption that the mass-to-light ratio
of the initial clusters was the same) [284]. Note that this does
not include a constraint on the dark matter–baryon interaction
cross-section.

The visible separation between the three ingredients of
each cluster is temporary. Within another billion years, the
mutual gravitational attraction of the galaxies, gas and dark
matter will have pulled them back together, spiralling back
into the usual configuration of baryonic material within a dark
matter cocoon. Consequently, such objects are rare. One
very similar ‘baby bullet’ object has been detected [285] (see
right panel of figure 14), as well as a ‘cosmic train wreck’
counter-example [286], which shows separated dark matter and
gas components, but in a complex distribution that probably
implies a collision between three clusters. Collisions along
the line of sight would provide complementary information,
but the one possible example [287] is probably an artefact
of spurious instrumental effects [288] and substructure within
the cluster [289]. However, the race is now on to find more
bullet clusters, at a range of collision speeds, masses, impact
parameters and angles to the line of sight [290]. A statistical
analysis of many bullet clusters would overcome uncertainties
in any individual system, and help dispel any lingering doubts
that a set of chance effects (or features of the nature of gravity)
conspire to produce the observed appearance.

5.3. Self-annihilation/decay

As discussed in section 4.4, gravitational lensing observations
of flat cores in the centres of dark matter haloes could be
explained by a finite self-interaction dark matter cross-section.
Relying on this effect to produce cores in galaxy haloes
requires a cross-section σ ∼ 0.56–5.6 cm2 g−1 [291, 292].
However, smoothing the mass profile of clusters requires
a much larger σ ∼ 200 cm2 g−1 [293]. If both are to
be explained by self-interaction, either the cross-section is

velocity dependent and/or other astrophysical effects are
dominant. Self-interacting dark matter also generally produces
haloes that are more spherical than standard CDM, especially
in the core [291], although current measurement uncertainty is
too large to discriminate. Measurements from the PAMELA
satellite [294], ATIC balloon [295] and of the WMAP haze
[296, 297] tentatively suggest a high value of the related dark
matter–dark matter annihilation rate. These results are being
greeted with cautious skepticism, as similar effects have not
been reproduced in other detectors that ought to see decay
products.

If axions exist as a component of dark matter, they would
couple to standard-model particles [298, 299] and should be
detectable via photon–photon decay into a single optical
emission line with a flux proportional to the dark matter
density. Integral field spectroscopic searches for this signature
emission from the dark matter haloes of two galaxy clusters
have benefited from strong gravitational lensing [300]. The
search efficiency was improved by a factor of 3 over previous
analyses by correlating the search with strong-lensing mass
maps of the densest regions, where the emission from such
decays is expected to be strongest. The sensitivity for emission
line detection in the optical wavelength range allowed them to
derive interesting upper limits on the two-photon coupling in
the mass range 4.5 eV < m < 7.7 eV. This work highlights the
potential of spectroscopy coupled with accurate maps of the
dark matter distribution to explore a larger axion mass window
at higher sensitivity, and the same data can also be used to
constrain the decay rate of other ∼5 eV relics, such as sterile
neutrinos.

5.4. Particles or planets?

In the broadest sense, ‘dark matter’ refers to any matter that
is undetectable through either emission or absorption in the
electromagnetic spectrum. Some astrophysical objects are
naturally dark, such as black holes—and we face technological
limitations in the detection of any faint sources. It is
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Figure 1.3.2: Images of ‘Bullet Cluster’ 1E0657-56 (left panel) and the ‘Baby bullet’
MACSJ0025.4-1222 (right panel). The + spots are light nearby us, it is an optical effect of the
telescope. Most of yellow galaxies are part of the clusters. The pink shadow traces X-ray emission
from hot, intra-cluster gas. The blue shadow traces the picks of the mass distribution, recon-
structed by the lensing map; it overlaps with the location of galaxies, which are not-interacting
objects, showing that most part of the mass content of the clusters is not-interacting. The esti-
mation of the total mass content shows that there is more mass than accounted in galaxies and
stars, requiring the presence of DM [72].

are archived in the SPARC database [77]. The contribution of the dark-halo can be
computed assuming specific models (see Sec. 3.1). The total rotation velocity curve is
obtained by fitting Eq. 1.19 to data,

VC(r) =
√
VDM (r)2 + Vgas(r)2 +M∗/L · Vstars(r)2 (1.19)

where VC is the total rotation-velocity curve, VDM , Vgas and Vstars are the DM, the gas
and the stars rotation velocity contributions and M∗/L is luminous mass over luminosity.
It is evident that the dark-halo component is required to obtain a good fit. This obser-
vation is one of the first suggestions for the existence of a non-luminous component of
matter in galaxies. More details on spiral-galaxy-velocity-rotation-curves can be found
in [75].

Briefly on MOND. An alternative approach to solve the discrepancy between the
spiral-galaxy-rotation-velocity-curves and the known matter content of galaxies relies on
theoretical efforts to modify the theory of gravity. A notorious example is the modified
law of gravity which is know as MOdified-Newtonian-Dynamics (MOND) [13]. The
central point is a modification of the gravity-acceleration g, which reads,

gN = µ(x) g =

{
g if x� 1

x · g if x� 1
(1.20)

where gN is the Newtonian gravity acceleration and x = g/aM , with aM = 1.15 ·10−10 m
s−2, estimated by fitting the model to experimental data. Since gravity-acceleration is
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Figure 1.3.3: Selection of spiral galaxy rotation curves [77]. Velocity contributions of differ-
ent components: gas (dotted-green), stars (dashed-blue), buldge (dot-dashed-purple), dark-halo
(dot-dashed-black). Model fitting to data is Di Cintio et al. 2014 (DC14) [75].

expected to decrease at large radii, the prediction of this model is that, at large distances
from the gravity-center, gN = g2/aM and the rotation-velocity curve [78],

V 4
C(r) ≡ g2 · r2 = gN · aM · r2 = GN ·M0 · aM = const (1.21)

is flat, where M0 is the luminous mass of the object, which is considered point like.
Despite of the strong interest in alternative explanations of the missing-mass problem,
not further details on MOND or similar attempts are given in this work, since this
research explores the hypothesis of DM.
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Chapter 2

Selected dark matter particle
models

The list of cosmological and astrophysical observations supporting the DM existence
reviewed in the first chapter and which have been collected in the last decades, strongly
stimulate the formulation of hypotheses on the nature of DM. Among the most dis-
cussed proposals, the possibility that DM is constituted by macroscopic compact halo
objects (MACHO), in particular in the form of Primordial Black Holes (PBHs), has
been extensively discussed and received renewed attention since the first observation of
gravitational waves produced by black holes merging [79]. However, recently it has been
pointed out that PBHs and other MACHOs associated to LIGO gravitational wave de-
tections are excluded as the dominant component of DM, as shown in Fig. 2.0.1 [80]. In
this plot the fraction of DM that can be composed by PHBs is constrained to be lower
than 40% in the whole PHBs mass range, reaching few percents for masses different from
about 10 M�.

The research developed in this thesis is based on a second widely discussed hypothesis,
namely, that DM consists of at least one new type of particle Beyond the Standard Model
(BSM)1. A very large number of possible DM particle candidates have been proposed
during the last 40-50 years. They differ by their hypothetical cosmological production,
couplings and mass scale. Historically, DM-particle-candidates found major fortune if
they were embedded in some motivated extension of the SM. These were proposed to
solve either actual open issues, such as for the case of sterile neutrinos, or ‘naturalness
problems’, that is the unpleasant need in certain theories of fine-tuning the parameters
to match observations, as in the case of axions and neutralino. This chapter presents the
three candidates just mentioned, axions, sterile neutrinos and neutralino, the latter as a
specific example of WIMPs, for Weakly Interactive Massive Particles. This selection of
candidates is motivated both by their role in theories BSM and by the resonance they
had for the DM problem.

1SM neutrinos were the first DM-candidates hypothesised - beyond considerations about their velocity
dispersion and the implications for the evolution of structure formation, Planck results reported in
Eq. 1.18 definitely exclude such hypothesis.
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FIG. 3. Bounds on the abundance of PBHs as a function of
the mass (95 % confidence level). The analysis of SNe lensing
using the JLA (solid) and Union 2.1 compilations (dashed)
constrain the PBH fraction in the range M & 0.01M�. This
range includes the masses of black hole events observed by the
Laser Interferometer Gravitational-Wave Observatory (gray),
only weakly constrained by previous data including micro-
lensing (EROS [29]), the stability of stellar compact systems
(Eridanus II [30, 31]) and CMB [32, 33]. The CMB excluded
regions correspond to Planck-TT (solid), Planck-full (dotted)
for the limiting cases of collisional (red) and photo-ionization
(orange) (see [33] for details).

sample the space of parameters spanned by α, ~θ, assum-
ing a spatially-flat universe with a Gaussian prior on
ΩM = 0.309± 0.006 [28] and the remaining cosmological
parameters fixed to Planck best fit [1]. See Supplemental
Material Sec. B 1, B 2 for details on the likelihood and
SNe population modeling.

Our analysis provides stringent bounds on the com-
pact object abundance, α < 0.352 (JLA) and α < 0.372
(Union) at 95% confidence-level in the limit MPBH �
0.01M�. The PBH abundance α is very weakly corre-
lated with the parameters in the SNe population, due
mainly to the redshift dependence of the PBH signa-
tures. In our baseline analysis the skewness (for Union)
and both skewness and kurtosis are compatible with zero,
suggesting that the non-Gaussian SNe distribution used
in the likelihood (equation 2) is sufficiently general. Sim-
ilar analyses fixing the compact-object mass MPBH show
how the constraints degrade, as the fraction of effective
lenses reduces with decreasing mass (see Fig. 3). We
note that the independence of the PDF to the specific
mass distribution of compact objects makes the bounds
sensitive to the total fraction in objects with masses
MPBH & 0.01M�. The constraints degrade slightly
when the Planck+BAO prior on ΩM is lifted, leading
to α < 0.440 (JLA) and α < 0.437 (Union) at 95% c.l.
where the difference is due to a degeneracy between the
empty-beam shift and the matter fraction. We note that
the constraints remain competitive due to the lack of
highly-magnified events. See Supplemental Material Sec.
B 3 for the complete discussion of our base analysis.

A potentially important systematic effect is the re-

moval of outliers with large residuals from the base
dataset, as overluminous SNe could be either intrinsi-
cally brighter (e.g. peculiar classes, contamination) [34]
or highly-magnified events (e.g. due to PBHs). To ad-
dress this issue we used the outliers rejected from the
Union sample, noting however that most of those out-
liers have features that suggest that they are peculiar
SNe rather than due to gravitational magnification (5/8
underluminous and 3/4 overluminous). Including all the
outliers from the Union sample degrades the constraints
slightly to α < 0.413 (95% c.l.). This is due to the larger
abundance and significant deviations of underluminous
outliers, which is better fit by a non-zero kurtosis pa-
rameter. Considering only overluminous outliers (as pre-
ferred by compact-object models, cf. Fig. 1) still results
in bounds α < 0.573 (95% c.l.). This is due to data
not agreeing with the maximum magnification probabil-
ity being around the empty-beam demagnification. See
Supplemental Material Sec. C 1 for the discussion of SNe
outliers.

Additional analyses allowed us to establish the robust-
ness of our results against systematic effects. We studied
the impact of correlated noise using model based on the
compressed JLA likelihood with an additional free pa-
rameter. Our prescription shows that correlated noise
does not have a strong effect, as it leads to only a 5%
modification of the base JLA results (α < 0.363 at 95%
c.l.). Selection bias is less problematic than in standard
cosmological analysis with broad priors in ΩM , as the dif-
ferences due to cosmology are larger than those caused
by lensing. SNe population evolution across redshift may
weaken the bounds similarly to lifting cosmological priors
but can not explain the lack of highly-magnified SNe. See
Supplemental Material Sec. C 2, C 3 for the discussion of
correlated noise, selection effects and SNe evolution.

IV. CONCLUSIONS

Our results on the compact object abundance reject
the hypothesis of dark matter being entirely composed of
stellar-mass primordial black holes at the level of 4.79σ
(JLA) and 4.54σ (Union). The significance of the exclu-
sion remains at the level of 2.90σ (Union) when inter-
preting overluminous outliers as magnified SNe (despite
indications that 3/4 of such events are peculiar SNe). Pri-
mordial black holes need to be light (MPBH . 0.01M�
and hence subject to stellar microlensing bounds) or a
sub-dominant contribution to the dark matter. Note that
an extended mass function only lowers the constraints if
the majority of the total mass is in the form of light PBH.

SNe constraints fully cover the mass range of LIGO
events and supplement other tests of macroscopic dark
matter (see Fig. 3). Our analysis is complementary to
stellar microlensing [29], which relies on the real-time
evolution of the magnification and thus less sensitive in
the limit of high PBH mass. In contrast, SNe lensing re-
lies on the known luminosity rather than on the relative

Figure 2.0.1: Constraints on the abundance of PBHs (left y-axis) and on the fraction of DM
constituted by PBHs (right y-axis), as function of PBHs mass, Mpbh [80]. The analysis of
SNe lensing performed in [80] using the joint light-curve analysis (JLA) of the SDSS Collabo-
ration [81] (solid-blue) and the Union 2.1 SN Ia compilations [82] (dashed-blue) constrains the
PBH abundance for 0.01M� .Mpbh, including the masses of the merging BH observed by LIGO
(shaded-gray). Other constraints come from micro-lensing (EROS [83]), the stability of stellar
compact systems (Eridanus II [84, 85]) and CMB [86, 87] (orange and red).

2.1 QCD axion

The axions are pseudoscalar fields identified by Weinberg [88] and Wilczek [89] as a
consequence of Peccei and Quinn’s extension of the SM [90], which they proposed to
solve the CP violation of strong interactions ([91], Chap. 2). Below, the reason why
unobserved CP violations are expected in Quantum Chromodynamics (QCD) - the fun-
damental theory of strong interactions - is explained and then the QCD axion, as solution
of this problem, is introduced.

In the limit of massless quarks, QCD is symmetric under global U(2)R ⊗ U(2)L
chiral transformations or, similarly, under U(2)V ⊗ U(2)A. Here, U(2)R (U(2)L) is
the group of unitary transformations of the right-handed (left-handed) up and down
quark fields. The generators of U(2)V ⊗ U(2)A are linear combinations of U(2)R ⊗
U(2)L

2. According to Goldstone theorem, the spontaneous global symmetry breaking
(SSB) leads to the production of as many Nambu-Goldstone bosons as the number of
broken generators. Since mq 6= 0, the U(2)A SSB should be associated to four pseudo
Nambu-Goldstone bosons. Since there are just three light candidates, the three pions
π±, π0, associated to the SU(2)A-SSB [92], U(1)A is not spontaneously broken. Indeed,
it is explicitly broken3 due to the axial-vector current anomaly, that affects the current

2Consider the right and left currents JµaR = q̄Rγ
µ σa

2
qR and JµaL = q̄Lγ

µ σa

2
qL. Then JµaV = JµaR +JµaL =

q̄γµ σ
a

2
q, while Jµa5

A = JµaR − JµaL = q̄γµγ5 σa

2
q, therefore U(2)R ⊗ U(2)L → U(2)V ⊗ U(2)A.

3A symmetry can be explicitly broken either by terms added by hand for some theoretical or ex-
perimental reasons, or by non-renormalisable terms introduced within effective theories or, finally,
by anomalies, caused by either quantum effects (the case of UA(1)) or cut-off regularisation effects
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quadri-divergence[93, 94],

∂µJ
µ5 =

g2N

32π2
Fµνa F̃ aµν (2.1)

where g is the strong coupling constant, N is the number of flavors, Fµνa is the colour
field strength tensor and F̃ aµν its dual. This anomalous current allows for the presence
of the Lagrangian term [95, 96],

Lθ̄ = θ̄
g2

32π2
Fµνa F̃µνa (2.2)

where θ̄ is a dimensionless parameter, sum of two independent contributions, θ̄ =
θ + Arg det M , where θ is a free parameter, related to the non trivial structure of
the QCD vacuum [97, 98], and Arg det M is related to the diagonalisation of the com-
plex quark mass matrix with respect to the physical basis. This Lagrangian term violates
CP and it induces an unobserved neutron electric dipole moment (NEDM), as shown
in Appendix A.1. There are experiments that are searching for NEDM to probe CP
violations in strong interactions. The experiments actually impose an upper limit to
NEDM equal to |de| < 2.9 × 10−26e·cm [99], that requires θ̄ . 10−10, as discussed in
Appendix A.1. This small upper limit on θ̄ (which points towards θ̄ = 0), implies a
precise cancellation of the two independent terms θ and Arg det M . This cancellation
between QCD and electroweak parameters is considered a fine-tuning, what is known as
the strong CP problem.

Peccei and Quinn [90] propose a theory to explain θ̄ = 0, suggesting an extension
of the SM with the introduction of a new global chiral symmetry, U(1)PQ as called by
Weinberg [88]. They introduce a field, a(x), as a dynamical theta parameter, in a way
that the shift symmetry a(x)→ a(x)+const is respected except for anomalous couplings
with the gauge fields. The θ-term can then be eliminated by the shift a(x)→ a(x)−θfA.
The remaining term multiplying a(x) vanishes as the QCD dynamics predicts that the
vacuum expectation value (vev) of a(x) is 〈a(x)〉 = 0 [100]. In this way, the CP violating
term in Eq. 2.2 is re-absorbed and the strong CP problem finds a solution4. Weinberg
and Wilczek independently inspect the consequences of Peccei and Quinn’s theory, and
predict the existence of light pseudoscalar bosons, the axions [88, 89].

This initial model was based on a U(1)PQ SSB scale fa equal to the electroweak one
(fa ≈ vew = O(250GeV)), but this hypothesis was ruled out by the experiments; during
the years, the model has been reexamined and now fa � vew. There is a fixed relation
between the QCD axion mass and the PQ scale fa, which is (Sec. 112 of [54]),

ma = 5.961(51)

(
109GeV

fa

)
meV (2.3)

(https://plato.stanford.edu/entries/symmetry-breaking).
4For a presentation on axions see Topology in QCD and Axion Dark Matter, Andreas Ringwald

(DESY) https://www.rug.nl/research/vsi/events/groenewold/ringwald.pdf.

https://www.rug.nl/research/vsi/events/groenewold/ringwald.pdf
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A priori, neglecting experimental constraints, PQWW theory (Peccei, Quinn, Weinberg
and Wilczek) admits an axion mass range of 10−12 − 106 eV, while experimental con-
straints limit the range to 10−6−10−3 eV [54, 101]. The attractive feature of the PQWW
theory is that in addition to its resolution of the strong-CP problem it naturally offers a
particle-candidate for DM. To this aim, we require axions to be stable within the age of
the Universe. Since they are light, their stability depends only on the two-photon decay
channel (Sec. 112 of [54]),

Γaγγ =
g2
aγγm

3
a

64π
= 1.1 · 10−24s−1

(ma

eV

)5
(2.4)

which requires ma < 20 eV, in agreement with the not-excluded QCD-axion mass range.

Here the discussion is limited to the original PQWW theory to stress the motivations
supporting the axion as possible new building block of the SM. However, several modi-
fications to the initial proposal have been elaborated which also depart from the initial
goal of solving the strong CP-problem. For a complete recent review of axion-like-models
and constraints, see Sec. 112 of [54].

2.2 Sterile neutrino

The sterile neutrino is a hypothetical particle beyond the SM, that does not interact
with any gauge boson of the electroweak theory - for this reason called ‘sterile’ ([91],
Chap. 2). It can be thought as a right handed component of the neutrino field and its
existence has been matter of speculation for long time. Today the sterile neutrino is
strongly supported by the evidence of massive neutrinos. Similarly to the right handed
projection of charged leptons, a right handed neutrino can take part in the generation of
mass and can be involved in the mechanism that causes the hierarchy between neutrino
and charged lepton masses 5 (see for example [102]). It could take part in the genera-
tion of the baryon asymmetry of the Universe [103]. Furthermore the sterile neutrino,
if accomodated by ad hoc hypothesis, can account for DM. Clearly this last application
is the most relevant one for the purposes of this work and is the focus of this section.
However, the versatility of sterile neutrinos at explaining the different crucial problems
in particle physics and cosmology just mentioned, increases considerably the interest in
this particle and makes it a very attractive object of study in general.

Because of the LEP results on Z boson decay width, that implies a number of in-
visible decay channels equal to Nν = 2.9840 ± 0.0082 - see Particle listing in [54] - the
right-handed neutrinos must be either not coupled to the Z gauge bosons or more mas-
sive than mZ/2. Since a particle coupled to electroweak-fields more massive than mZ/2
would be highly unstable, the first possibility will be considered, that is a gauge singlet
under electroweak interactions. Since it is not coupled to electroweak gauge bosons, the

5For more details, see Appendix A.2.
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number of generations is not constrained by anomaly cancellations and, a priori, the
number of generations is arbitrary. Since the mechanism for neutrino mass generation
is not established, a priori sterile neutrino can have almost any mass [103].

This section considers the case one or more sterile neutrino can be relevant as a can-
didate for DM. For this reason, the interest is in sterile neutrinos with masses of O(keV),
as this is the range suggested by cosmological and astrophysical constraints [104].

In the following, assume there are n heavy neutrinos, Ni, with i = 1, . . . , n, with
masses M1 < M2 < M3 < · · · < Mn. A common case is the one with 3 heavy neutrinos,
with the lightest of O(keV) mass. Sterile neutrinos models mainly predict two main
mass splitting schemes, the bottom-up and the top-down, shown in Fig. 2.2.1, where M1

is the lightest sterile neutrino mass, M2,M3 are the heaviest sterile neutrino masses and
MR � keV is some model dependent high energy scale [105]. Figure 2.2.1 assumes a
total of three sterile neutrinos, but it can be generalised to an arbitrary number. The
common tendency is to consider a starting configuration, in which M2 and M3 are of
O(MR) and M1 is either zero or O(MR); then some mechanism increases or suppresses
the N1 sterile neutrino mass up to the keV scale.
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and for some reason the mass of one sterile neutrino is suppressed to yield a physical

mass of only a couple of keV.

Note that we have, in passing, used the terms right-handed neutrino and sterile

neutrino to be practically equivalent. This is okay, as long as we are talking about

SM charges only: the right-handed neutrino is a total singlet under the SM gauge

group, and hence it is sterile. However, we have to keep in mind that there are two

loopholes in this terminology:

• First, the physical particle (which is a mass eigenstate!) will actually be nei-

ther purely right-handed nor purely sterile, due to the structure of the mass

terms and the active-sterile mixing, cf. Appendix A.2. This implies that any

mass eigenstate is always a superposition of a left-handed [active/SU(2)

doublet] and a right-handed [sterile/SU(2) singlet] state. Nevertheless, due

to the small mixing between active and sterile states, it is common to refer

to the SM-like neutrino mass eigenstates νi (i = 1, 2, 3) as active neutrinos

(even though they do have small sterile admixtures) and to refer to the ad-

ditional (often heavier) mass eigenstates Ni (i = 1, 2, 3) as sterile neutrinos

(even though they do have small active admixtures). In turn, the fields νLα

(α = 1, 2, 3) and NRα (α = 1, 2, 3) in the Lagrangian (which are not the

physical particles but only the fundamental ingredients of the theory) are

referred to as left- and right-handed neutrinos, respectively, according to

the standard terminology. Although this terminology is unambiguous, the

terms are often used in a more or less equivalent manner in the literature,

and in many cases one has to conclude from the context which physical

meaning is actually referred to.

• Second, even though the term sterile is used, this only refers to SM-

interactions. As soon as we go beyond the SM by extending the gauge

group, the RH-neutrinos will not be total singlets anymore, in general. For

M1º0

M1=OHkeVL

Bottom-up
scheme

M2,3=OHMRL M1,2,3=OHMRL

MRpkeV

M1=OHkeVL
Top-down

scheme

Fig. 4. The two generic mass shifting schemes for keV sterile neutrinos, in a setting with three
right-handed neutrinos. Typically, N1 is taken to be the keV sterile neutrino, but there are models
where this is not true.Figure 2.2.1: Left: The bottom-up scheme. The light neutrino mass initially is M1 = 0 and is

increased at the keV by some mechanism. The two heavier neutrino mass M2,M3 are of O(MR),
where MR is some high energy scale. Right: the top-down scheme. All three right handed
neutrino masses initially are of O(MR) and some mechanism suppresses M1 at the keV scale.
Taken from [105].

A particularly interesting example of this scenario the νMSM (Neutrino Minimal
SM) proposed by Asaka, Blanchet and Shaposhinokov in 2005 [106] as a minimal exten-
sion of the SM. It works within the SU(2)L ⊗ U(1)Y symmetry group and extends the
SM particle content by three right-handed gauge singlets (N1, N2, N3) 6. It accounts for,

1. standard neutrino masses;

6A comment on notation: in this work right handed and sterile neutrino is equivalently used to
distinguish the three N1, N2, N3 from the standard, left handed (or active) neutrinos. To identify instead
the Ni from each other, in particular the keV neutrino from the others that are heavier, light or heavy
is specified. Moreover, in the same way as the literature, N1 is associated to the light sterile neutrino
and N2, N3 to the heavier neutrinos.
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2. warm DM7, through the accommodation of a light sterile neutrino of O(keV);

3. the baryon asymmetry, through the accommodation of two heavier right handed
neutrinos (M2,3 ≥ 1 GeV).

The many issues that find solution in this scenario 8 make it attractive; however,
since it is a phenomenological theory that does not provide any explanation for the ap-
pearance of the keV scale and for the mass shift between the light and the two heavier
right handed neutrino masses, additional effort in model building is required, as done
for example in [108] and recently in [109].

Since models aim to provide a complete theory of neutrinos, they have to account also
for the difference between neutrino and charged lepton masses. This task is commonly
achieved involving the popular seesaw mechanism, whose simplest version is discussed in
Appendix A.2. Besides the explanation of the charged lepton-neutrino mass departure,
the seesaw mechanism implies the fundamental mixing between active neutrinos, νa,
that are interaction-eigenstates, and sterile neutrinos, mixing that makes this latter not
completely sterile. For example it could have a main decay channel, N1 → νaνaνa, of
amplitude [104]),

ΓN1→νaνaνa ≈
G2
FM

5
1 θ

2
1

96π3
=

1

4.7× 1010 sec

( mN

50 keV

)5
θ2

1 (2.5)

where GF is the Fermi coupling constant and θ1 is the active/light-sterile-neutrino
mixing angle. The condition of stability imposed to the decay channel N1 → νaνaνa over
the age of the Universe, τu ' 4 · 1017 sec, imposes a limit on the mixing angle,

θ2
1 < 1.1× 10−7

(
50 keV

mN

)5

(2.6)

An important decay channel for observations is N1 → γνa, whose decay rate is [104],

7From the theory of large scale structure formation (see Sec. 1.3.2), information about the DM
particle properties can be extrapolated, in particular on the velocity dispersion. Commonly, DM is
classified in [68],

• Cold (CDM) particles if the velocity dispersion is small enough that the free-streaming length
does not have any impact on the cosmological structure formation (the assumption implied in the
ΛCDM model discussed in Sec. 1.1).

• Hot (HDM)e.g. neutrinos, if it consists of relativistic particles whose velocity dispersion is very
large and the free-streaming length smooths out the matter density fluctuations at the galaxy and
galaxy cluster scale.

• Warm (WDM) particles represent an intermediate case between CDM and HDM, whose specifics
depend on the type of particle cosmological production [107].

8On terminology: Alexander Merle, in [105], classifies a sterile neutrino approach relative to the keV
mass scale as a ”[...]scenario, whenever it can accommodate for a keV sterile neutrino, but does not
give any explanation for the appearance of the keV scale” and as a ”[...]model whenever there is an
explanation for the appearance of the keV scale or, rather, for a suitable mass hierarchy or the existence
of a suitable new scale”. In this view, the νMSM would be an interesting scenario.
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ΓN1→γνa =
9α G2

F

256 · 4π4
sin2 2θ1M

5
1 (2.7)

where α is the fine-structure constant. In fact, the correspondent search for monochro-
matic X-ray emission allows to constrain the (θ1,M1) parameter space and imposes an
upper limit to the keV sterile neutrino equal to M1 < 50 keV [104]. This bound, com-
bined with the Tremaine-Gunn bound [110], constrains the keV sterile neutrino mass
range to 1 keV .M1 . 50 keV. Experimental and theoretical constraints on the θ1 and
M1 parameters are reviewed in [104, 111].

2.3 WIMPs

The assumption that the DM we observe today is the thermal-relic of a species which
was in thermodynamical equilibrium with SM particles in the early Universe, histori-
cally led to the hypothesis that DM consists of Weakly Interacting Massive Particles
(WIMPs)9 [52]. If during the radiation-dominated-era DM particles are in equilibrium
with the primordial plasma, their number density n is kept constant by the annihilation-
production rate balance. This equilibrium depends on the mass-temperature ratio x and
holds while the temperature of the thermal bath T is larger than the mass of the species
of interest, T � m. Since the Universe cools down during expansion, when the tem-
perature drops below the particle-mass, T � m, the particle-production is inhibited
but the annihilation process is still efficient, causing the depletion of the particle num-
ber. The reduction of the particle-number-density continues until the time-dependent
expansion-rate equals the annihilation rate, conditions which mark the particle freeze-
out. The particle phase space distribution function, f(xµ, pµ) evolves according to the
Boltzmann equation which equates the Liouville operator and the collisional operator,
L[f̂ ] = C[f ] [52]. In the Friedmann-Lemâıtre-Robertson-Walker model of an isotropic
and homogeneous Universe, the number density evolution is described by [114],

ṅ+ 3Hn = 〈σv〉[(neq)2 − n2] (2.8)

where neq is the number density of particles in thermal equilibrium, given by the in-
tegration of the Fermi-Dirac or Bose-Einstein distribution function for the relativistic
species (T � m at freeze-out) and the Maxwell-Boltzmann distribution function for the
non-relativistic ones (T � m at freeze-out), H is the expansion rate and 〈σv〉 is the
annihilation rate times the velocity, averaged over the χχ̄ distribution functions.

Equation 2.8 is commonly solved by substituting n with Y = n/s and Yeq = neq/s,
where s is the entropy in a comoving volume, a3, and a is the scale factor. With this
substitution, the number density evolution equation is [114],

dY

dx
=
s〈σv〉
Hx

[
1 +

1

3

d(lng∗s)
d(lnT )

]
(Y 2
eq − Y 2) (2.9)

9Historically, the thermal relic hypothesis was associated to WIMPs. See [112, 113] for an example
of DM thermal relic which is not WIMPs.
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FIG. 1. Evolution of the cosmological WIMP abundance as a
function of x = m/T . Note that the y-axis spans 25 orders of
magnitude. The thick curves show the WIMP mass density,
normalized to the initial equilibrium number density, for
different choices of annihilation cross section 〈σv〉 and mass
m. Results for m = 100 GeV, are shown for weak interactions,
〈σv〉 = 2 × 10−26 cm3s−1, (dashed red), electromagnetic
interactions, 〈σv〉 = 2×10−21 cm3s−1 (dot-dashed green), and
strong interactions, 〈σv〉 = 2 × 10−15 cm3s−1 (dotted blue).
For the weak cross section the thin dashed curves show the
WIMP mass dependence for m = 103 GeV (upper dashed
curve) and m = 1 GeV (lower dashed curve). The solid black
curve shows the evolution of the equilibrium abundance for
m = 100 GeV. This figure is an updated version of the figure
which first appeared in Steigman (1979) [11].

where n is the number density of χ’s, a is the cosmological
scale factor, the Hubble parameter H = a−1da/dt
provides a measure of the universal expansion rate, and
〈σv〉 is the thermally averaged annihilation rate factor
(“cross section”). For the most part we use natural
units with h̄ ≡ c ≡ k ≡ 1. When χ is extremely
relativistic (T � m), the equilibrium density neq =
3ζ(3)gχT

3/(4π2), where ζ(3) ≈ 1.202. In contrast, when
χ is non-relativistic (T <∼ m), its equilibrium abundance

is neq = gχ (mT/(2π))
3/2

exp(−m/T ). If χ could be
maintained in equilibrium, n = neq and its abundance
would decrease exponentially. However, when the χ
abundance becomes very small, equilibrium can no longer
be maintained (the χ’s are so rare they can’t find each
other to annihilate) and their abundance freezes out.
This process is described next.

We begin by referring to Fig. 1, where the evolution
of the mass density of WIMPs of mass m, normalized
to the initial equilibrium WIMP number density, is
shown as a function of x = m/T , which is a proxy for
“time”, for different values of 〈σv〉. With this definition,
the final asymptotic value is proportional to the relic
abundance, as will be seen later. Later in this section

it is explained how this evolution is calculated, but first
we call attention to some important features. During
the early evolution when the WIMP is relativistic (T >∼
m), the production and annihilation rates far exceed
the expansion rate and n = neq is a very accurate,
approximate solution to Eq. (1). It can be seen in Fig. 1
that, even for T <∼ m, the actual WIMP number density
closely tracks the equilibrium number density (solid black
curve). As the Universe expands and cools and T drops
further below m, WIMP production is exponentially
suppressed, as is apparent from the rapid drop in neq.
Annihilations continue to take place at a lowered rate
because of the exponentially falling production rate. At
this point, equilibrium can no longer be maintained and,
n deviates from (exceeds) neq. However, even for T <∼ m,
the annihilation rate is still very fast compared to the
expansion rate and n continues to decrease, but more
slowly than neq. For some value of T � m, WIMPs
become so rare that residual annihilations also cease and
their number in a comoving volume stops evolving (they
“freeze out”), leaving behind a thermal relic.

It is well known that weak-scale cross sections
naturally reproduce the correct relic abundance in the
Universe, whereas other stronger (or weaker) interactions
do not. This is a major motivation for WIMP dark
matter. Note that while for “high” masses (m >∼ 10 GeV)
the relic abundance is insensitive to m, for lower
masses the relic abundance depends sensitively on mass,
increasing (for the same value of 〈σv〉) by a factor of two.

There are two clearly separated regimes in this
evolution – “early” and “late”. The evolution
equation (Eq. (1)) can be solved analytically by different
approximations in these two regimes. During the
early evolution, when the actual abundance tracks the
equilibrium abundance very closely (n ≈ neq), the rate
of departure from equilibrium, d(n − neq)/dt, is much
smaller than the rate of change of dneq/dt. In the late
phase, where n � neq, the equilibrium density neq may
be ignored compared to n and Eq. (1) may be integrated
directly. This strategy allows the evolution to be solved
analytically in each of the two regimes and then joined
at an intermediate matching point which we call x∗.
Because the deviation from equilibrium, (n − neq), is
growing exponentially for x ≈ x∗, the value of x∗ is
relatively insensitive (logarithmically sensitive) to the
choice of (n− neq)∗.

Since the dynamics leading to freeze out occurs during
the early, radiation dominated (ρ = ρR) evolution of the
Universe, it is useful to recast physical quantities in terms
of the cosmic background radiation photons. The total
radiation density may be written in terms of the photon
energy density (ργ) as ρ = (gρ/gγ)ργ where, gρ counts
the relativistic (m < T ) degrees of freedom contributing
to the energy density,

gρ ≡
∑

B

gB

(
TB
Tγ

)4

+
7

8

∑

F

gF

(
TF
Tγ

)4

. (2)

Figure 2.3.1: Number density
evolution as a function of x =
m/T . The number density is
normalised to the number den-
sity at x = 1 and multiplied
by the particle mass. The solid
black line shows the evolution of
the number density of particles at
equilibrium with radiation. Red,
green and blue dashed curves
show at which mass-temperature
ratio x the number density freeze-
out occurs for different values of
〈σv〉, in particular 〈σv〉weak =
2 × 10−26cm3s−1, 〈σv〉em = 2 ×
10−21cm3s−1 and 〈σv〉strong =
2 × 10−15cm3s−1. The two thin
dashed red curves show the mass
dependence of the number density
for 〈σv〉weak [114].

where x = mχ/T and g∗s is,

g∗s ≡
∑

B

gB

(
TB
Tγ

)3

+
7

8

∑

F

gF

(
TF
Tγ

)3

(2.10)

where gB,F are the number of degrees of freedom for each relativistic boson and fermion,
TB,F the temperature of each species and Tγ the temperature of photons.

Equation 2.8 admits approximated analytical solutions [114] and can be solved nu-
merically with high accuracy by means of computer programs [114]. As shown in
Fig. 2.3.1 the present cosmological density of WIMPs mainly depend on 〈σv〉10.

10A rather well known calculation can be found in [52] and [115]. It has the advantage of a more
explicit solution for Eq. 2.9, that for the case of the decoupling of a non-relativistic species is,

Y0 =
3.79(n+ 1)αg

1/2
∗ g∗s

mPlm〈σv〉
xf (2.11)

where 0 stays for the present time, n is the index of the parameterisation 〈σv〉 ∼ σ0x
−n, g∗ is defined

as g∗s with the third power substituted by the fourth power, mPl is the Planck scale, m the mass of the
particle of interest and xf is the mass-to-temperature ratio at the time of the particle ‘freeze-out’. Such
solution makes evident the dependence on m and 〈σv〉. Using Eq. 2.13, the DM parameter density is,

Ωc =
ρχ
ρ0

=
ms0Y0

ρ0
≡ s0

ρ0

3.79(n+ 1)αg
1/2
∗ g∗s

mPl〈σv〉
xf (2.12)

which only depends on the annihilation cross-section at freeze-out.
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Once Y -dependence on 〈σv〉 is made explicit, the mass density of DM today ρχ can
be computed,

ρχ = ms0Y0 (2.13)

where 0 stays for the present time. Using Eq. 2.13, the required order of magnitude for
〈σv〉 can be estimated by matching the DM density parameter Ωc =

ρχ
ρ0

with its observed

value Ωch
2 = 0.1200± 0.0012 [55]. The result is that regardless of the DM-mass11, one

finds,
〈σv〉 ∼ 10−26cm3s−1 (2.14)

Consequently, the order of magnitude of the DM annihilation cross section is in-
herent in the hypothesis of DM-thermal-production. However, since we do not have
information on the couplings, the mediator and the DM mass, we cannot establish the
type of interaction. The first attempt in the past was to accommodate DM within the
electroweak framework. The reason is the following. When the mediator mass is fixed
at the order of the electroweak gauge bosons masses, M ∼ O(102 GeV), and we consider
a typical electroweak cross-section,

σ ∼ G2
Fm

2
χ ∝

g4m2
χ

M4
(2.15)

where GF ∼ 10−5 GeV−2 in natural units is the Fermi constant, mχ the DM particle
mass and g the coupling constant, the resulting cross-section is in agreement with the
prediction in Eq. 2.14. Within this assumption12 a lower limit on the WIMP mass can
be imposed, known as the ‘Lee-Weinberg limit’. In [116] Lee and Weinberg show that for
a stable heavy neutrino produced as thermal relic, the condition to avoid the Universe
overclosing (which is a more conservative condition than imposing that it constitutes all
the DM) imposes a lower limit on the mass at about 2 GeV. In [117], it is derived that
elementary particles which were in thermal equilibrium cannot have a mass greater than
340 TeV. For this reason historically the search for WIMPs focused on the GeV-TeV
energy range. If the assumption on the mediator mass in Eq. 2.15 is relaxed, lower
WIMP mass values are also possible. In Ref. [118] (2007), in fact, scenarios which con-
template a new light mediator are defined stating that they are ‘perhaps the only viable
possibility for WIMP masses to lie well below the Lee-Weinberg window, and close to
the MeV-scale’ and several models are proposed. More recently, the frontier of new light
messangers has been extensively explored and results from accelerators, astrophysics,
cosmology and direct detection have been combined to provide updated constraints on
the WIMP low mass regime (see e.g. [119]) and discuss the prospects of the DM exper-
imental search.

Various WIMP-models can be built playing with the parameters which enter in the
estimation of the thermally averaged annihilation-cross section. Here the motivation for
the most discussed WIMP-candidate, the supersymmetric neutralino, is addressed.

11In [114] two regimes are identified, one for mχ . 10 GeV and one for 10 GeV . mχ, which show
just a slight mass dependence.

12Such speculation used to be termed as the ‘WIMP miracle’.



28 GENERALITIES OF DARK MATTER DIRECT DETECTION

Supersymmetry: Neutralino

SUperSYmmetry (SUSY) is a renowned theoretical proposal which extends the SM to
relax the so called hierarchy or naturalness problem [120] ([91], Chap. 2). The Higgs
mass term receives quadratic radiative corrections which are divergent contributions (see
Appendix A.3). Such radiative corrections, within the SM, can be reabsorbed as in any
renormalisable theories. However, in the case a physical energy scale ΛUV below the
Planck scale exists, the Higgs mass would shift from O(102 GeV) to O(ΛUV ), unless
ad hoc cancellations are present. Such shift would be in tension with the value of the
mass of the Higgs boson (125.10 ± 0.14 [54]) [121]. SUSY solves the hierarchy problem
introducing a symmetry between bosons and fermions which cancels such radiative cor-
rections, as better explained in Appendix A.3. In addition, SUSY found further support
because among the variety of particles introduced in the spectrum, it provides neutral,
massive and stable candidates which can play the role of DM, such as the neutralino,
χ̃1 [122, 123]. The combination of superfields which enter in the definition of χ̃1 and few
properties of the neutralino are briefly presented. For a list of SUSY particles added to
the spectrum of SM particles, refer to Appendix A.3.

The mass term for the spin-1
2 neutral superfields ψ0 = (B̃0, W̃ 0, H̃0

u, H̃
0
d) is [120],

L = −1

2
(ψ0T

i Mijψ
0
j + c.c) (2.16)

where Mij is a mass-matrix. The fields in ψ0 are gauge-eigenstates. The spin-1/2 mass-
eigenstates obtained by diagonalising Mij are the neutralinos, χ̃0

i , with i = 1, . . . , 4,

χ̃0
i = Nijψ

0
j = Ni1B̃0 +Ni2W̃ 0 +Ni3H̃0

u +Ni4H̃0
d (2.17)

where Nij is the unitary diagonalisation matrix. By convention, the four neutralinos
masses are ordered as follows: mχ̃1 < mχ̃2 < mχ̃3 < mχ̃4 . If the lightest neutralino
is also the lightest supersymmetric particle, then it can be a WIMP candidate as the
stability is assured by imposing a new discrete conserved symmetry named R-parity,
which prevents neutralino decay into lighter SM particles; in fact, opposite R-parity is
imposed to SM and SUSY particles.

SUSY models, although even in its more minimal realisation introduces a huge num-
ber of free parameters, strongly motivated the experimental search for SUSY-particles
at accelerators and boosted DM particle search in general. For recent reviews of exper-
imental constraints see [124] and Sec. 26 of [54].



Chapter 3

Generalities of dark matter direct
detection

In the previous chapter we reviewed the three (very) well motivated DM particle candi-
dates. Most of the currently operating DM experiments search for WIMPs/WIMPs-like
using the methods sketched in Fig. 3.0.1, which consist in (i) the production of DM-
particles at accelerators, (ii) the indirect search for DM-particles based on the detection
of SM annihilation products originated in high DM-density astrophysical regions and (iii)
the direct search for DM-particles scattering off target nuclei in ultra-low background
environments.

?
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Figure 3.0.1: Schematic representation of the three complementary detection techniques
for DM particles.

Since this thesis explores phenomenological aspects of the direct detection (DD)
technique for the search of DM-particles scattering off nuclei, in this chapter we review
the elements which enter in the description of the DD observables. We introduce in
Sec. 3.1 the characteristics of the galactic DM halo, in particular the DM-density profile
and the DM-velocity distribution function, in Sec. 3.2 the DD observables which are of
interest for this work, in Sec. 3.3 the DM-nucleus interactions and cross-sections which

29
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are commonly adopted by the DD experimental community to show results on the cross-
section versus DM-mass parameter space, and in Sec. 3.4 a discussion on DD techniques.

3.1 Dark matter galactic halo

3.1.1 Dark matter density profile

The shape and mass density distribution of galactic-dark halos depend on the galaxy
formation history [68]. The simplest model which was used to approximate the DM-halo
density-distribution, ρ(r), as a function of the distance from the center, r, is a truncated
singular isothermal sphere with ρ(r) ∝ r−2, for r < rh, where rh is defined as the distance
at which ρh = ρ(rh) ∼ 200ρ̄, with ρ̄ the mean density of the Universe. When N-body
simulations started to be employed as support to theoretical calculations, the effort was
dedicated to find a universally-valid formulation for the DM-halo density distribution
at equilibrium. One of the best agreement between observations and simulations was
achieved by C. S. Frank, J. F. Navarro and S. D. M. White [68, 125], who described the
DM-halo density distribution as,

ρ(r) = ρc
δchar

( rrs )(1 + r
rs

)2
(3.1)

where ρc is the critical density, Eq 1.2, δchar is the characteristic (dimensionless) density
of the halo and rs is the scale radius. Equation 3.1 is commonly know as NFW model.
Despite of the success of the NFW model, subsequently it was found that DM-halo
profiles, on average, were more accurately described by an Einasto profile [68, 126],

ρ(r) = ρ−2 exp

{
− 2

α

[(
r

r−2

)α
− 1

]}
(3.2)

where r−2 is the radius at which the logarithmic slope of the profile density, dlnρ(r)/dlnr,
is equal to -2. The index α is obtained as a best-fit parameter.

Today, high-resolution-hydrodynamic-simulations of Milky Way (MW)-like galaxies,
including both DM and baryons, are available. The agreement between simulation re-
sults and observations is improved with respect to the past, when the role of baryons
was neglected and DM-only simulations were possible [127]. DD DM search, which de-
pends on the DM density in the Solar neighbourhood, is supported by recent works,
e.g [128] and [129], where the parameters used by the community to draw and compare
their sensitivity plots are compared with the parameters obtained by using the high-
resolution-hydrodynamic-simulations of MW-like galaxies (EAGLE and APOSTLE in
the case of the cited references). The inclusion of the baryons in the recent simulations
has shown to be one of the possible solutions of the small-scale structure problems of
the ΛCDM model [130].
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In recent years, Gaia Data Release 2 [131] enriched the knowledge about the structure
of the Galaxy and stimulated the development of more accurate models for the galactic
DM halo and substructures [132–139].

3.1.2 Dark matter velocity distribution

In first approximation, the assumption of a spherical and isothermal DM-halo, inserted
in the equation of hydrodynamical equilibrium, lead to a velocity distribution of DM
which follows a Maxwell-Boltzmann distribution function [16]. Although this was the
first attempt to describe the DM-halo, the most recent high-resolution-hydrodynamic-
simulations show that such simplified model, which is known as Standard Halo Model
(SHM), is a reasonable representation of the DM-halo, more appropriate than it was
thought in the past when the role of baryons in the galaxy formation was neglected [127,
140, 141]. Below we address the details of the SHM, the phenomenology of the gravita-
tional focusing effect which affects the isotropy of the SHM and the recent refinements
of the model based on the analysis of Gaia Data Release 2 [131].

Standard Halo Model. DM-particles are assumed to be on average at rest, dis-
tributed according to a thermal distribution in the galaxy and forming an isothermal
and spherical halo [16]. The kinematics of DM particles in the galactic frame1, within
the SHM, is described by an isotropic Maxwell-Boltzmann velocity distribution [18, 142]

truncated at the escape velocity vgalesc (value usually adopted is 544 km/s). In DD search,
the observables depend on the kinematical parameters defined in the laboratory reference
frame. The galactic center and the laboratory reference frame are not inertial frames
with respect to each other, because of the circular motion of the Solar system around
the galactic center. However, given the time scale of the period of rotation, we assume a
linear-motion and we use galilean transformation to get the DM kinematical parameters
in the laboratory frame. A notation remark: we indicate with vab the velocity of a in
the reference frame b, therefore vab = −vba. The relation between the DM velocity in the

galactic center frame, vgalχ , the DM velocity in the detector frame, vdetχ , and the detector

velocity in the galactic center frame, vgaldet, is,

vgalχ = vdetχ + vgaldet (3.3)

The Maxwell-Boltzmann DM velocity distribution in the galactic frame reads,

f(vgalχ ) ≡ f(vdetχ − vdetgal) =





1
Nesc

(
1
πv2

0

)3/2
e−(vdetχ −vdetgal)

2/v2
0 , for |vdetχ − vdetgal| < vgalesc

0, otherwise

(3.4)

1We define galactic frame a reference system with its origin in the galactic center and not co-rotating
axes with the stellar disk.
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where Nesc = erf[z] − (2/
√
π)ze−z

2
, with z = vgalesc/v0, v0 ' 220km/s is the most

probable speed, which equals the circular speed, and vdetgal is the velocity of the galactic

center seen from the laboratory. The velocity vdetgal is a function of time, which can be
written using the reference frame of the Sun in the following manner,

vdetgal(t) = v�gal + vdet� (t) (3.5)

where v�gal ' (11, 232, 7)km/s is the velocity of the center of the galaxy seen from the

Sun, and vdet� is the velocity of the Sun seen from the Earth [18], which is a function of
time. At zero order in the eccentricity of the Earth orbit vdet� can be approximated as,

vdet� (t) = −v�det(t) ≈ −|v�det|(ε̂1cos(t− t1) + ε̂2sinω(t− t1)), (3.6)

where |v�det| = 29.79km/s is the mean speed of the Earth, ε̂1 and ε̂2 are the or-
thonormal unit vectors which span the ecliptic plane, ω = 2π/1year and t1 is the vernal
equinox (March, 20th) [18]. As a consequence of the time dependence of v�det(t), the flux
of DM-particles on Earth is a periodic function of time with period 1 year.

Anisotropies: Gravitational focusing. The gravitational potential of the Sun per-
turbs the velocity distribution of the dark matter particles, causing a distortion which
spoils the velocity distribution isotropy assumed within the SHM. This effect is called
gravitational focusing. It occurs because particles on average at rest and nearby the Sun
feel its gravitational attraction and tend to focus behind the Sun during their motion
around the galactic center, as shown in Fig. 3.1.1 [143]. As a consequence, the period of
the year which corresponds to the point behind the Sun along the revolution of the Earth,
i.e. around March, is expected to be characterised by a larger flux of DM-particles.

Effect of Gravitational Focusing on Annual Modulation
in Dark-Matter Direct-Detection Experiments

Samuel K. Lee,1 Mariangela Lisanti,1 Annika H. G. Peter,2 and Benjamin R. Safdi3

1Princeton Center for Theoretical Science, Princeton University, Princeton, NJ 08544
2CCAPP and Departments of Physics and Astronomy,

The Ohio State University, Columbus, OH 43210
3Department of Physics, Princeton University, Princeton, NJ 08544

(Dated: February 3, 2014)

The scattering rate at dark-matter direct-detection experiments should modulate annually due to
the Earth’s orbit around the Sun. The rate is typically thought to be extremized around June 1,
when the relative velocity of the Earth with respect to the dark-matter wind is maximal. We point
out that gravitational focusing can alter this modulation phase. Unbound dark-matter particles are
focused by the Sun’s gravitational potential, affecting their phase-space density in the lab frame.
Gravitational focusing can result in a significant overall shift in the annual-modulation phase, which
is most relevant for dark matter with low scattering speeds. The induced phase shift for light O(10)
GeV dark matter may also be significant, depending on the threshold energy of the experiment.

An annually modulating signal at a direct-detection
experiment is considered to be one of the tell-tale sig-
natures of dark matter [1] (for a recent review, see [2]).
Due to the motion of the Sun around the Galactic Center,
there is a “wind” of dark matter (DM) particles in the
Solar reference frame. This wind would result in a con-
stant flux in the lab frame, but the Earth’s orbit around
the Sun leads, instead, to an annually modulating signal.

The time dependence in the detection rate can be seen
explicitly as follows. For typical spin-independent and
-dependent interactions, the differential rate for a DM
particle scattering off a target nucleus is proportional to

dR

dEnr
∝ ρ

∫ ∞

vmin

f (v, t)

v
d3v , (1)

where ρ is the local DM density, vmin is the minimum
DM speed to induce a nuclear recoil with energy Enr,
and f(v, t) is the DM velocity distribution in the lab
frame [3, 4]. The time dependence in the rate is due to
the changing distribution of DM velocities over a year.

As explored in [5, 6], a harmonic analysis of the mod-
ulation signal can lead to valuable information about the
particle and astrophysics properties of the dark sector.
While [6] focused specifically on the contributions to the
higher-order modes from the eccentricity of the Earth’s
orbit, the Galactic escape velocity, and velocity substruc-
ture, other physical effects can also come into play. Here,
we discuss focusing from the Sun’s gravitational potential
and its effects on the phase of the modulation.

The DM velocity distribution is warped by the gravita-
tional field of the Sun, a phenomenon referred to as grav-
itational focusing (GF). Specifically, the Sun’s potential
deflects the incoming, unbound DM particles, increasing
their density and speed as they pass by the Sun. The
effect of GF on the interstellar medium around a star
was considered by [7, 8], and the relevance of GF for DM
was explored in [9–12]. Ref. [9] concluded that the effect
on the total rate is negligible. In this Letter, however,
we show that GF actually has a profound effect on the

phase of the modulation and is highly relevant for current
direct-detection experiments.

GF affects the time dependence of the differential
rate as follows. The Earth is traveling fastest into the
DM wind around June 1. This means that during the
fall (∼September 1), the Earth is in front of the Sun,
fully exposed to the DM wind, and during the spring
(∼March 1), it is behind the Sun. As Fig. 1 illustrates,
GF is stronger during the spring than the fall because
the DM particles have spent more time near the Sun; the
changes in their density and velocity distribution are ac-
cordingly more significant. Thus, when GF is accounted
for, the time dependence in (1) arises not only from the
velocity distribution but also from the density. The ef-
fect on the rate is more pronounced for slower-moving
particles that linger in the Sun’s potential.

To more precisely calculate the effect of GF, we use
the fact that the phase-space density of the DM along
trajectories is constant in time due to Liouville’s theo-

Sun

Earth

DM Wind

June 1 

Sept 1 March 1 

Dec 1 

Wednesday, July 31, 13

FIG. 1: A schematic illustration of the effect of gravitational
focusing on unbound DM particles. The phase-space den-
sity of DM at Earth is greater around March 1 than around
September 1 due to this effect.
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Figure 3.1.1: Scheme of the gravita-
tional focusing effect [143]. The period
of larger density of dark matter particles
expected as consequence of the gravita-
tional focusing is March.

Following [34], we account for the gravitational focusing effect substituting the ve-
locity distribution-function in Eq. 3.4 with,

f̃(vgalχ ) = f(vgal� + v∞[vdetχ + v�det]) = f(vgal� + v∞[vs]), (3.7)

where v∞ is the DM-particle velocity with respect to the Sun at infinity,
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v∞ =
v2
∞ vs + v∞ (GNM/ r) r̂− v∞vs (vs · r̂)

v2∞ +GNM/r − v∞(vs · r̂)
(3.8)

GN is the gravitational constant, M is the mass of the Sun and r is the Earth trajec-
tory during the year in the Galactic Coordinate system [18]. For practicalities for the
implementation of the gravitational focusing, which enter in some of the results of the
next sections, see Appendix B.1.

Other anisotropies. As said, the SHM assumes that DM is isotropically distributed.
However, anisotropies both in space and velocity can be present, on analogy with the
stellar distribution in the galaxy, which today is probed with unprecedented accuracy
by the Gaia satellite.

Gaia is a space observatory whose mission is to provide a three-dimensional map
of our galaxy and to provide catalogues of the position and radial velocity of millions
of stars. These data can be processed to study properties and formation history of the
Milky Way2.
- Gaia Sausage and SHM++ In the view of these results, in [20], a second version of the
SHM, named SHM++, has been proposed as update of the SHM parameters, in partic-
ular in view of the new stellar substructure - ‘the sausage’ - which has been identified
by the Gaia satellite and is likely to be accompanied by similar DM-substructure. The
implementation of this method showed that the sensitivity limits drawn by DD exper-
iments (see Sec. 3.4) are found to be rather accurate regardless of the use of SHM or
SHM++.
- Anisotropies: S1 DM-Hurricane Streams are localised halo substructures with velocity
distribution fstream(v) = δ3(v). Higher impact on DD was expected from the S1 stream,
discovered by the Sloan Digital Sky Survey (SDSS) and the Gaia satellite. However, it
was proven [145] that the discrimination between the event rates due to the stream and
the SHM, respectively, is not feasible, even using the annual modulation information,
since the phase of modulation is the same for the two components. More interesting
phenomenology is found, instead, for directional DD [145].

3.2 Two direct detection observables

This section described two key observables of the DD-technique based on DM-scattering
off nuclei3: first the nuclear recoil energy spectrum, which is a one-dimensional spectrum
and it is distributed only in energy, and second the annual modulation of the energy
spectrum, a two-dimensional observable, which requires to monitor both the energy
deposited in the target material and the time of the event.

2Gaia Data Release 2 [144] has been renamed the Gaia Revolution, as it provided celestial positions for
about 1.7 million stars, radial velocities for more than seven million stars and many other measurements.

3A third observable is the number of target-recoiling-events in a certain direction. The differential
rate in energy and solid angle is discussed in Sec. 4.3.1.
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3.2.1 Expected energy spectrum

Given the DM velocity distribution function f(vdetχ + vgaldet) and the DM-nuclei cross

section dσ
dER

(ER,v
det
χ ), where ER is the nuclear recoil energy, the energy-spectrum of

nuclear recoil events, expected in the O(keV) energy range, is,

dR

dER
=

ρχ
mχmT

∫ |vdetχ +vgaldet|<vesc

|vdetχ |>vmin
dvdetχ |vdetχ |f(vdetχ + vgaldet)

dσ

dER
(ER,v

det
χ ) (3.9)

where ρχ is the DM mass density at the position of the Sun, mχ the DM-mass, mT

the target nucleus mass, vmin the minimal velocity required to produce the recoil energy
ER, vesc the maximum velocity for particles trapped in the gravitational field of the
galaxy, f(vdetχ + vgaldet) and vgaldet are defined in Eqs. 3.4 and 3.5, and dσ

dER
(ER,v

det
χ ) is

defined in the next section.

The differential rate in Eq. 3.9 is defined as the true energy spectrum, because it is
the count rate of an ideal detector. Indeed, the detected energy spectrum is the result
of the convolution of the differential rate, computed at the deposited energy, with the
efficiency and the energy resolution of the detector. To account for these experimental
effects, Eq. 3.9 is written as,

dR

dE′R
=

∫
dER ε(ER) φ(ER, E

′
R)

dR

dER
(3.10)

where E′R is the detected recoil energy, ε(ER) is the detector efficiency and φ(ER, E
′
R)

the detector resolution.

3.2.2 Annual modulating event rate

The expected direct-detection-event-rate is a function of vdetχ , that is the DM-particle-
velocity in the laboratory reference-frame. As a consequence of the composition of
velocities in Eq. 3.5, vdetχ acquires a periodic time dependence which is inherited by the
differential rate, with a period of one year [16]. The Fourier expansion of the differential
event rate is,

dR(t)

dER
= A0 +

∞∑

n=1

An cosnω(t− t0) +

∞∑

n=1

Bn sinnω(t− t0) , (3.11)

where An and Bn are Fourier coefficients,

An =
2

T

∫ T

0
dt

dR(t)

dER
[cos(nωt)cos(nωt0) + sin(nωt)sin(nωt0)]

Bn =
2

T

∫ T

0
dt

dR(t)

dER
[cos(nωt)(−sin(nωt0)) + sin(nωt)cos(nωt0)]

(3.12)
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where ω = 2π/T , with T = 1 year, and t0 is a reference time. If t0 is the time of
maximum rate in the energy interval of interest and the velocity distribution is isotropic,
in particular f(v) = f(−v), the coefficients Bn are null [17]. Furthermore, a usual
approximation in the literature is,

dR

dER
≈ A0 +A1 cosω(t− t0) (3.13)

because higher order harmonics decrease as εn, where ε is the ratio between |v�det| and

|vgal� | [18]. In the approximation of Eq. 3.13, the modulation amplitude is convention-
ally defined as the difference between the differential rate in June and in December,
respectively [17],

A1(vmin) =
1

2

[
dR

dE
(vmin, Jun 1)− dR

dE
(vmin,Dec 1)

]
, (3.14)

where vmin is the minimal velocity required to get a specific recoil energy ER. The rea-
son for this convention is the following. In June the velocity of the Earth is antiparallel
to the velocity of the Sun, therefore the relative velocity is larger with respect to the
time of the year when the two velocities are parallel, which is in December. DD exper-
iments are limited by a certain energy threshold, below which the deposited energy in
the target material is not visible, therefore commonly the larger the deposited energy,
i.e. the relative DM-target velocity, the easier the detection of the event4.

However, it has been shown that,

1. the velocity distribution function is not isotropic (see e.g Sec. 3.1.2 and [18]);

2. the time of maximum of the rate depends on the minimal velocity and on the type
of interaction [22];

3. the hierarchy among higher order harmonics depends not trivially on the minimal
velocity vmin [17];

4. the hierarchy among higher order harmonics depends also on the type of interac-
tion, as we discussed in Sec. 4.2

For these reasons Eq. 3.13 is considered a rough approximation; one of the first
studies developed in this work was dedicated to a refinement of the annual modulation
phenomenology and it is presented in the next chapter.

3.3 DM-nucleus scattering cross section

From the particle physics point of view, the most interesting input entering in the de-
scription of the DM-observables is the differential cross-section.

4The story is different for low threshold experiments, which can probe the left tail of the DM-velocity
distribution, as is discussed in the next chapter.
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The scattering cross-section in the relativistic regime is defined as (Eq.4.9 of [146]),

dσ =
|M|2
F

dQ =
1

v

1

4EipE
i
k

|M|2(2π)4δ(4)(pN + kχ − p′N − k′χ)
d3p′N

(2π)3Ep′

d3k′χ
(2π)3Ek′

(3.15)

where |M| is the relativistic transition amplitude, F the incoming flux, dQ the
Lorentz invariant phase space factor, v the relative velocity between incoming particles,
Ei,fχ,N the initial or final DM/nucleon energies and pN , kχ, p

′
N and k′χ the initial and final

DM/nucleon quadri-momenta. By integrating Eq. 4.7, the differential cross-section with
respect to the nuclear recoil energy, ER, is [147],

dσ

dER
=

1

32 m2
χ mT π v2

|M|2 (3.16)

Since the typical DM-velocity is v ∼ O(10−3c) � c, the DM-nuclei interaction can be
described in NR approximation. The relation between the relativistic, M, and non-
relativistic, MNR, transition amplitudes is [15],

MNR =
M

4 mχ mT
(3.17)

Furthermore, the cross-section on non-polarised nuclei is the average over initial spins
and the sum over the final spins. Using this information, the NR cross section is (see
e.g. [148]),

dσ

dER
=

2 mT

4πv2

1

(2 Jχ + 1)(2 JT + 1)

∑

spins

|MNR|2 (3.18)

where JT is the total angular momentum of the target nucleus.

SI and SD interactions. Since the nature of DM is unknown, an explicit expression
for the cross-section requires arbitrary assumptions on the DM-nucleus interactions.
An assumption widely adopted by the DD community to present experimental results is
related to the conventional spin-independent (SI) and spin-dependent (SD) interactions5.
SI and SD-interactions can be derived from the effective interactions,

OSI = χ̄χN̄N

OSD = χ̄γµγ5χN̄γµγ
5N

(3.19)

where χ is the DM field and N is the nucleon. OSI and OSD describe fermionic
DM-nucleons couplings mediated by spin-0 and spin-1 mediators heavier than the scale

5As discussed in the next chapter, there are many effective interactions which in the NR limit are
dependent or independent from the nuclear spin. The origin of the SI/SD-convention is probably re-
lated to historical reasons, for example associated to the well known papers by Engel, Pittel and Vo-
gel (1992) [149] describing the physics of WIMP detection in laboratory and by Kamionkowski, Jungman
and Griest (1995) [150], both focused on the hypothesis of the lightest neutralino as DM candidate.
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of interest in DD searches. By performing a NR expansion of the bilinears in Eq. 3.19,
which can be found for example in Eqs. 46 and 47 of [147], the interactions in Eq. 3.19
in the low energy limit are,

OSI ' 4mχmT 1χN ≡ 4mχmT ONRSI
OSD ' 4mχmT Sχ · SN ≡ 4mχmT ONRSD

(3.20)

In agreement with Eq. 3.17.

SI and SD cross sections. The typical DM de Broglie wavelength is λχ = h/q > 1 fm,
where h is the Planck constant (h ' 4.136 × 10−15 eV · s) and q . O(102) MeV/c. For
small q, λχ is larger than the typical nuclear size, rN ' 1 fm, and therefore it is reasonable
in a first approximation to describe the DM-nucleus scattering treating the nucleus as a
point like object. The SI and SD DM-nuclei cross-sections, σSI and σSD, related to the
NR interactions in Eqs. 3.20, and obtained using Eq. 3.18 with |MNR|2 = |〈ONRSI/SD〉|2,

are [150],

dσSI
dER

=
2 mT

πv2
[Z fp + (A− Z)fn]2 (3.21)

dσSD
dER

= 2 mT
8G2

F

(2JT + 1)v2
SA(0) (3.22)

where v is the DM-nucleus relative velocity, Z is the atomic number, A is the atomic
mass number, fp,n are the effective DM-nucleon-couplings for SI-interactions, GF is the
Fermi constant, JT is the total angular momentum of the nucleus and SA(0) is the axial
nuclear structure function at zero transferred momentum, defined as,

SA(0) =
(2JT + 1)(JT + 1)

4πJT
× |(a0 + a1)〈Sp〉+ (a0 − a1)〈Sn〉|2 (3.23)

In Equation 3.23, a0 = ap +an and a1 = ap−an are effective DM-nucleons couplings for
SD-interactions and 〈Sp,n〉 = 〈T |Sp,n|T 〉 are the expectation values of the spin content
of the proton and neutron groups in the nucleus (T).

For heavier nuclei and large DM-nuclei relative velocity, the point-like approximation
for the nucleus worsens since the DM de Broglie wavelength can be smaller than the size
of the nucleus and the DM-scattering off nuclei can be sensitive to the nuclear structure.
Such scattering decoherence can be described by multiplying the point-like cross-sections
by the so called form factors, F (q), suppressing the scattering cross-sections for large q.

Helm form factor. For SI-interactions the form factor commonly used is the Helm
form factor [151], which is the Fourier transform of a specific nuclear charge density
distribution, proposed by Helm, which allows to write down the analytical expression
for F (q) [152],
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F (q) = 3
j1(q rn)

q rn
e−

(q s)2

2 (3.24)

where j1 is the Bessel function of first kind, j1(x) = (sin(q rn)− q rncos(q rn))/(q rn)2,
rn = c2 + 7

3 π a
2 − 5 s2 is the effective nuclear radius and c, a, s are nuclear parameters

related to the charge density distribution. Using c = 1.23 A1/3 − 0.60 fm, s = 0.9 and
a = 0.52, the Helm form factors for some nuclear targets are shown in Fig. 3.3.1.
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Figure 3.3.1: Helm form factors for O, Na, Al, I and Xe.

Axial structure function. For large q, the nuclear structure function6, related to the
nucleons spin is,

SA(q) = a2
0S00(q) + a0a1S01(q) + a2

1S11(q) (3.25)

which reduces to Eq. 3.23 for zero transferred momentum. The functions Sij(q) can be
computed from the matrix elements of the nuclear axial currents [149].

3.4 Direct detection experiments and latest results

The first proposal for a DM DD experiment published by Goodman and Witten in
1985 [153], can be considered as the priming which motivated the tremendous engage-
ment of the scientific community in the DM DD search. Since then, a huge effort was put
in developing very sophisticated DM detection techniques which within the last decade
made enormous progress and arrived at unprecedented sensitivities.

6Not called form factors because it is not normalised to 1. The common form factor is F (q) = ST (q)
ST (0)

.
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A concise overview of the DD experiments based on the detection of DM-nucleon
scattering events, which probe DM masses in the range of hundreds of MeV to hundreds
of GeV, is provided in the following7 (see [155] for an extensive review).

Experiments based on DM-scattering off nuclei. Experiments currently in op-
eration can be classified according to their detection principle. Any particle interacting
inside the detector volume deposits a certain amount of energy which is partially con-
verted and measured as scintillation light if occurring in scintillators at room temperature
(e.g DAMA [25], ANAIS [26], COSINE [27], SABRE [43]), as scintillation light and lat-
tice vibrations if the target material is made of scintillating cryogenic calorimeters (e.g.
CRESST [4], COSINUS [156]), as charge and lattice vibrations if the detector is a cryo-
genic semiconductor (e.g. EDELWEISS [28], SuperCDMS [157], CDMSlite [158]), as
ionisation signal or scintillation light if the experiments employ noble liquid single phase
time projection chambers (TPCs) (e.g. NEWS-G [159], DEAP-3600 [160], XMASS [161])
or CCDs (e.g. DAMIC [162]) and as ionisation signal plus scintillation light in the case of
dual phase TPCs (e.g XENON1T [29], LUX [30], PandaX [31], LZ [32], DarkSide [33]).
Finally, the energy is converted into bubbles in superheated liquids mainly containing
fluorine if the experiment employs bubble chambers or superheated droplet detectors
(e.g. PICO-60 [163], PICASSO [164]).

These classes of experiments push their limits towards different goals: room temper-
ature scintillators are mainly dedicated to annual modulation search as they offer good
time stability and large exposures, cryogenic detectors are suited for reaching low energy
thresholds, ∼ O(10 eV), therefore the focus is nowadays mainly on low mass DM search,
while noble liquid TPC-based searches to-date arrive at ton-scale fiducial mass and place
most stringent limits at O(10 GeV) DM-mass. However, this distinction is only valid if
results are compared using the standard framework reviewed in Sec. 3.3. New methods
have been proposed to lower the energy thresholds of conventional detectors which are
based on the prediction of the Migdal effect [165, 166] and the bremsstrahlung [167], as
applied, for instance, by the LUX [168] and XENON1T [169] collaborations.

The presence of fluorine nuclei in the atomic composition of superheated liquids,
makes bubble chambers particular suited for SD DM-nuclei interactions. In particular,
PICO-60, which employs C3F6, provided the most stringent constraint on the DM-
proton SD cross section in the DM-mass range ∼ [10−100] GeV [163]. A further class of
detectors was conceived to detect the angular differential rate of DM-nucleon scattering
events (e.g. MIMAC [49], DRIFT [50], CYGNUS project [51]), to exploit the anisotropy
of the nuclear recoil spatial distribution caused by the motion of the Solar system around
the galactic center and towards the Cygnus constellation.

Current SI and SD experimental limits are shown in Figs. 3.4.1 and 3.4.2, respec-
tively [155].

7The keV-MeV DM mass range can be probed by considering DM-electron interactions, as discussed
in Ref. [154] and following literature. Refer to [155] and to http://ddldm.physics.sunysb.edu/ddlDM/
for a collection of papers and tools related to DM-electron scatterings.

http://ddldm.physics.sunysb.edu/ddlDM/
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Figure 12. The current experimental parameter space for spin-independent WIMP-

nucleon cross sections. Not all published results are shown. The space above the

lines is excluded at a 90% confidence level. The two contours for DAMA interpret

the observed annual modulation in terms of scattering of iodine (I) and sodium (Na),

respectively [125]. The dashed line limiting the parameter space from below represents

the “neutrino floor” [117] from the irreducible background from coherent neutrino-

nucleus scattering (CNNS), see Sect. 3.4.

target) are weaker due to their higher threshold and lower exposure.

In a mass range from 1.8 GeV/c2 . m� . 5 GeV/c2, the most stringent exclusion

limit was placed by DarkSide-50 using a LAr target depleted in 39Ar [126]. The

result from a 0.019 t⇥ y run is a based on using the ionization signal only, which

allowed reducing the analysis threshold to 0.1 keVee. The observed background of

1.5 events/(kg⇥ d⇥ keVee), corresponding to 5.5 ⇥ 105 events/(t⇥ y⇥ keVee), can be

attributed to known background sources above ⇠1.4 keVnr (corresponding to 8 e�).

Due to their much smaller total target mass and higher backgrounds, the cryogenic

experiments using Ge-crystals with ionization and phonon readout (EDELWEISS,

(Super)CDMS) or scintillating CaWO4-crystals with light and phonon readout

(CRESST) cannot compete in the search for medium to high-mass WIMPs. However,

due to their ability to reach extremely low thresholds well below 1 keVnr, they are very

sensitive to low-mass WIMPs with masses .5 GeV/c2. The Germanium-based detectors

SuperCDMS and EDELWEISS could improve their low-mass sensitivity by operating

the detectors with a high bias voltage, converting the ionization signals into Neganov-

Figure 3.4.1: Experimental limits on elastic SI DM-nucleon interactions in the cross section ver-
sus DM mass plane [155]. The color coding is: black curves XENON1T [29] and XENON100 [170],
blue LUX [30], at lower cross-sections, and COSINE-100 [27] below the two brown-shaded areas
which represent the interpretation of the DAMA/LIBRA results performed in 2009 in [24](the Na
and I labels on the DAMA islands present on the original plot in [155] are inverted, as the island
around mχ = 10 GeV is for Na and the one around mχ = 80 GeV is for I; for this reason the
labels are removed here), green PandaX [31], red DEAP-3600 [160], magenta DarkSide-50 [33],
brown lines SuperCDMS [157] and CDMSlite [158], gray CRESST-III [4]. The orange dashed
line marks the DM parameter space which is limited by the irreducible background from coherent
neutrino-nucleus scattering (CNNS), known as ‘neutrino-floor’, computed in [46] for Xe-based
experiments.

.
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Figure 13. Current status of the searches for spin-dependent couplings. (Top)

WIMP-proton interactions. The search is dominated by bubble chambers and

superheated droplet detectors which contain the isotope 19F. The results from the

much larger LXe detectors are an order of magnitude weaker. Also shown are limits

from indirect searches [144, 145]. (Bottom) WIMP-neutron interactions. The best

results are from LXe TPCs.

SuperCDMS operating one Ge-crystal (600 g) in Neganov-Luke mode (“CDMS-

Lite”) put constraints on spin-dependent WIMP-proton and WIMP-neutron interactions

extending to mχ = 1.5 GeV/c2 [142], however, the results are more than six (five) orders

of magnitude weaker than the best high-mass results for proton (neutron)-couplings

(and thus do not fit to the axis chosen for Figs. 13). Recent results from a 2.66 g

Li2MoO4 cryogenic scintillating crystal calorimeter prototype operated by the CRESST

collaboration place limits down to 0.8 GeV/c2 [143], however, are much weaker than the

one from SuperCDMS.

Figure 3.4.2: Experimental limits on elastic SD DM-nucleon interactions in the cross section
versus DM mass plane [155]. Top: proton-only SD interactions. Color coding is: solid magenta
PICO-60 [163] and PICASSO [164], solid black XENON1T [171] and XENON100 [170], solid
blu LUX [172], solid green is PandaX [31], dashed black Icecube [173] and violet [174], for
DM annihilation into τ τ̄ (small dashed) and into bb̄. Bottom: neutron-only SD interactions.
In addition to color coding for top panel, solid brown limits indicate SuperCDMS [175] and
CDMSlite [176].
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The case of DAMA. The DAMA/LIBRA experiment is a room temperature NaI(Tl)
scintillator, consisting of an array of 25 crystals, about 10 kg each, located in Gran Sasso
National Laboratory (LNGS), Italy. The large mass exposure and the time stability of
the setup [177] make it suitable for a continuous data taking which allows for a time
dependent analysis of collected data. Although the single channel readout of scintillation
light prevent from distinguishing nuclear recoils from e−/γ events, the experiment can
perform a background discrimination searching for the DM annual modulation signal
discussed in Sec. 3.2.2.

Table 3.1: Combination of DAMA/LIBRA Phase-I and Phase-II results, in the energy
range [2-6] keV. In the third column also DAMA/NaI data are included. In the analysis
here reported, the period is left as free parameter. For the complete discussion of the
results see [25].

Phase-I+Phase-II DAMA/NaI+Phase-I+Phase-II

Total exposure (ton × yr): 2.17 2.46
Statistical significance: 12.0σ 12.9σ

Period (yr): 0.9987± 0.0008 0.9987± 0.0008
Phase (days): 145± 5 145± 5

Amplitude ([day kg keV]−1): 0.0096± 0.0008 0.0103± 0.0008

During the first stage of the experiment, DAMA/NaI, an annual modulating signal
was detected [178], which was confirmed by the results of the two phases, Phase-I [23] and
Phase-II [25], of the subsequent stage, DAMA/LIBRA. In Fig. 3.4.1, the interpretation
of the results of DAMA/NaI and DAMA/LIBRA Phase-I, performed in [24] in terms
of the SI DM-nucleon scattering, is shown as two brown-shaded areas, while Tab. 3.1
contains an example of the combination of DAMA/NaI and DAMA/LIBRA results,
including results from Phase-II, taken from [25].

For a discussion on the tension between the DAMA/LIBRA claim for the detection
of the DM annual modulation signal and the null-results from the other experiments,
see Sec. 6.1.



Chapter 4

Dark matter direct detection
effective theory: two applications

The lack of evidence for the existence of DM beyond the cosmological and gravitational
effects focuses the attention of the astroparticle physics community on the detection
of the particles forming the DM cosmological component. In the desirable case a DM
particle signal is detected, extracting information on the nature of the DM particle, such
as mass, couplings and spin, is a priority. Motivated by this consideration, this chapter
presents two studies which aim at identifying DM properties from the detection of DM
particles at DD experiments. Common to these two studies is the application of effective
theory methods to the theoretical modelling of the DD observables.

In Sec. 4.1 the non-relativistic effective theory of DD DM (NREFT) is reviewed. This
is applied in Sec. 4.2 to model the expected annual modulation in the rate of DM-nucleus
scattering events at DD experiments. In Sec. 4.3 the effective field theory methods are
applied to study the scattering of DM particles by polarised nuclei.

4.1 Non-relativistic effective theory of DM direct detec-
tion (NREFT)

While the existence of DM particles is a well motivated hypothesis supported by large
part of the scientific community, the understanding of the dynamics underlying the
interaction of DM with SM-particles is currently far from our reach. As a consequence
the community has adopted the agnostic approach to model in a common framework all
the interactions which are compatible with the symmetries of the DM-nucleus system.
This approach is known as the non-relativistic effective theory of direct detection (DD)
(or of DM-nucleon interactions), or simply NREFT [14, 15]. In general, the effective
theory approach to the description of a physical system starts from an analysis of the
following aspects1,

1When describing a scene, like two people talking in a bar, you are likely to describe their position,
their movements, the environment. I doubt you would start talking about their atomic composition.

43
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1. the energy scale of interest,

2. the degrees of freedom involved,

3. the symmetry of the system.

One example of EFT is the one used in the past to describe physics processes probed
at accelerators2. This EFT is characterised by an energy scale Λ ≤ O(10 TeV). The de-
grees of freedom involved are the ones with masses m ≤ Λ and the symmetry describing
the system (i.e. the set of interacting particles) is Lorentz invariance. The effect of a
potential higher energy scale is incorporated in unspecified coefficients, known as Wilson
coefficients. The building blocks of this EFT are Lorentz invariant combinations of the
fermionic and/or bosonic fields which are introduced for each degree of freedom .

EFT have also been applied to model DM-nucleus scattering events in DD exper-
iments. NREFT is the most prominent example of an EFT approach to DD. In the
case of DM DD, the energy scale of DM-nucleus scattering is O(keV), as derived in Ap-
pendix B.2, therefore the DM-nucleus system is studied in non-relativistic (NR) approx-
imation. The NREFT expresses the NR transition amplitude |〈MNR〉| as a power series
in |q|/mN and v/c, where q is the transferred momentum, mN is the nucleon mass, v is
the relative DM-nucleus velocity and c is the speed of light. It is based on the assumption
that DM-nucleon interactions are mediated by bosons heavier than ∼ 200 MeV, which is
the order of typical transferred momentum (see Appendix B.2). Another assumption is
that DM-nucleon currents are one-body currents, that is interactions with two or more
nucleons mediated by pions are neglected3. Under such assumptions, the degrees of free-
dom of the system are DM and nucleons; their interactions are constrained by rotational
and Galilean invariance, the symmetries of the DM-nucleon system.

NREFT building blocks

The building blocks of the NREFT of DM-nucleon interactions are Galilean invariant
combinations of low-energy operators, which are the DM and the nucleon three vec-
tor spin, Ŝχ and ŜN , and two combinations of their momenta, namely the transferred
momentum, iq̂ and the transversal velocity, v̂⊥,

v̂⊥ = v +
q

2µ
=

k + k′

2mχ
− p + p′

2mN
(4.1)

where v is the DM-nucleon relative velocity, µ is the DM-nucleon reduced mass, k, k′ ,p
and p′ are the DM and nucleon initial and final momenta, mχ and mN their mass and

v̂⊥ is the transversal velocity, as v̂⊥ · q̂ = 0. The low energy-operators Ŝχ, ŜN , iq̂ and

An effective theory is a representation of reality which reproduces the phenomenology at the scale of
interest.

2The validity of the EFT approach for the DM search at LHC has been investigated in [179]. For a
review on the more recent approach based on the so-called ‘simplified models’ see [180]

3The implication of such simplification is discussed at the end of this section.
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Ô1 = 1χ1N Ô11 = iŜχ · q̂
mN

1N

Ô3 = iŜN ·
(

q̂
mN
× v̂⊥

)
1χ Ô12 = Ŝχ ·

(
ŜN × v̂⊥

)

Ô4 = Ŝχ · ŜN Ô13 = i
(
Ŝχ · v̂⊥

)(
ŜN · q̂

mN

)

Ô5 = iŜχ ·
(

q̂
mN
× v̂⊥

)
1N Ô14 = i

(
Ŝχ · q̂

mN

)(
ŜN · v̂⊥

)

Ô6 =
(
Ŝχ · q̂

mN

)(
ŜN · q̂

mN

)
Ô15 = −

(
Ŝχ · q̂

mN

) [(
ŜN × v̂⊥

)
· q̂
mN

]

Ô7 = ŜN · v̂⊥1χ Ô17 = i q̂
mN
· S · v̂⊥1N

Ô8 = Ŝχ · v̂⊥1N Ô18 = i q̂
mN
· S · ŜN

Ô9 = iŜχ ·
(
ŜN × q̂

mN

)
Ô19 = q̂

mN
· S · q̂

mN

Ô10 = iŜN · q̂
mN

1χ Ô20 = (ŜN × q̂
mN

) · S · q̂
mN

Table 4.1: List of the NREFT building blocks [14, 182, 183].

v̂⊥ are all hermitian as well as their combinations. All the independent contributions to
the NR amplitude, MNR, are obtained by contraction of the low-energy operators with
Kronecker deltas δij and εijk-tensors [181]. The resulting set of building blocks, Ôi, up
to first order in v̂⊥ and second order in q̂, are listed in Tab. 4.1 [14, 182].

Ô1 and Ô4 are the two interactions which are separately adopted to show the exper-
imental limits on the cross-section versus DM-mass parameter space, the conventional
spin-independent (SI) and spin-dependent (SD) interactions discussed in Sec. 3.3. The

operator Ô2 = v⊥
2Ô1 was initially included among the possible interesting operators

but removed afterwards, as quadratic in v̂⊥ and ∝ Ô1. The same is true for Ô16 which
is a linear combination of Ô12 and Ô15 [148].

For spin = 1/2, the operator Si = σi/2, where σi is the Pauli matrix (Si stays both
for Sχ and SN ). The two additional operators in this list, Ô17 and Ô18, with respect to
the sixteen appearing in [14], extend the list to DM-spin = 1 [184] and the other two
further operators, Ô19 and Ô20, for spin-1 DM are found in [183]. S is a symmetric

combination of DM-polarization vectors, Sij = i(ε†i εj + ε†jεi). In the reference frame
where the z-axis is aligned to the DM particle momentum, k, the polarisation vector is
defined as,

εµs (k) =
(
|k|
mχ
, |k0|
mχ

es(k)
)

(4.2)

where s = 1, 2, 3, e1,2(k) are two orthonormal unit vectors and e3(k) = k/|k| [185].
The Ôi combinations are defined as the building blocks of the NREFT, they are at most
quadratic in the momentum transfer, and linear in the transverse relative velocity [14,
184].
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DM-nucleon interaction hamiltonian

The interaction hamiltonian density written as a combination of the building-blocks
is [186],

Ĥ = 2
∑

i

[
cpi

(
1 + τ3

2

)
+ cni

(
1− τ3

2

)]
fÔi(q

2, v⊥
2
)Ôi (4.3)

where i runs over the non-zero coefficients in Tab. 4.1, cpi and cni are the coupling
constants for DM-proton and DM-neutron interactions, respectively, 1 is the 2× 2 iden-
tity matrix, τ3 is the diagonal Pauli matrix and fi are coefficients which can depend on

q2, v⊥
2

and on the non-dynamical parameters, such as mχ,mN and coupling coefficients.
The structure of Ĥ in Eq. 4.3 is thought to project the nucleon state into an eigenstate
of isospin. It can be equally written as,

Ĥ =
∑

i

fÔi(q
2, v⊥

2
)(c0

i Ôi1 + c1
i Ôiτ3) (4.4)

where cpi = (c0
i + c1

i )/2 and cni = (c0
i − c1

i )/2.

DM-nucleus interaction hamiltonian

In the one-body current approximation, the effective hamiltonian density for DM inter-
actions with the whole nucleus is obtained by summing the DM-nucleon hamiltonian
density in Eq. 4.4 over all the nucleons,

ĤT =
A∑

k=1

∑

i

fÔki
(q2, v⊥

2
)(c0

i Ôki 1 + c1
i Ôki τk3 ) (4.5)

In order to calculate the amplitude, MNR, the matrix element of the DM-nucleus
interaction hamiltonian between initial and final states is evaluated, where initial and
final states are tensor products of the DM and nuclear states, |k, jχ〉 and |pT , JT 〉,
where T indicates the target nucleus. The non-relativistic amplitude for DM-nucleus
interactions is related to ĤT by,

〈f |
∫
d3r ĤT |i〉 = (2π)3δ(k′T + p′ − kT − p) iMNR (4.6)

The NR amplitude MNR in Eq. 4.6 is the same as the NR amplitude in Eq. 2.1
of [15].

The calculation involved in Eq. 4.6 is not reviewed here and it can be found in [14,
186]. However, it is important to stress one point, i.e. that the NR amplitude can
be simplified in a sum of five terms, each one presenting two factors: a function of
the kinematics parameters and DM-nucleon coupling coefficients and one which only
depends on the properties of the nucleus, that is the nuclear matrix elements. The
module squared of the NR amplitude in Eq. 4.6 containing the five terms, provides the
NREFT DM-nucleus differential cross-section described in the following, which results
equal to the sum of eight independent terms, as explained below.
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DM-nucleus cross-section

The differential cross-section, dσ/dER, in Eq. 3.18 can be expressed as follows (see,
e.g.,[148])

dσT
dER

=
2mT

4πv2

4π

(2JT + 1)

∑

τ,τ ′,k

(
q2

m2
N

)`(k)

Rττ
′

k

(
v⊥2
T ,

q2

m2
N

, {cτi , cτ
′
j }
)
W ττ ′
k (y) , (4.7)

mT is the target mass, v = |vdetχ |, JT is the target nucleus total angular momentum,

mN the nucleon mass, v⊥2
T = v2 − q2/(4µ2

T ) is the nucleus transversal velocity squared,
with q =

√
2mTER the momentum transfer, and µT the DM-nucleus reduced mass.

The Rττ
′

k

(
v⊥2
T , q2

m2
N
, {cτi , cτ

′
j }
)

are eight DM response functions, which depend on the

NR effective coefficients, ci, where i runs over the DM-nucleon interactions for spin 0-
1/2 listed in Tab. 4.1 [14]. The index k = M,Σ′,Σ′′,Φ′′,Φ′′M, Φ̃′,∆,∆Σ′ refer to the
nuclear response functions W ττ ′

k (y), where y = (qb/2)2 and b is the harmonic oscillator

size parameter, b =
(
41.467/(45 ·A−1/3 − 25 ·A−2/3)

)1/2
, where A is the atomic mass

number. The index `(k) is 0 for k = M,Σ′,Σ′′ and 1 for the other responses. The Rττ
′

k

for spin 1/2 DM were first derived in [14] and are listed in Appendix C.1, where Jχ is
the DM particle spin. The Rττ

′
k for vector DM are listed in Appendix B of [184]. The

eight nuclear response functions, W ττ ′
k , in Eq. (4.7) are quadratic in reduced matrix

elements of nuclear charges and currents, and must be computed numerically. Since they
are independent from DM assumptions, they are the same for spin 0, 1/2, and 1-DM. The
computation of W ττ ′

k can be done at different levels of accuracy and it is a rich field of
research in nuclear physics. The simplest approach is to use shell model calculations,
as developed for example in [14] and [186]. Since their computation is independent from
DM assumptions, in the next section the nuclear response functions will be employed as
as a black box, while referring to the Appendix of [148] for computation details.

4.1.1 NREFT application, limitations and subsequent developments

In recent years, the NREFT framework described in this section was adopted by some
DD experimental collaborations [187, 188], as well as by the CRESST collaboration [7],
to present their experimental results. The method was to draw limits on single NR
coefficients, ci, as function of the DM-mass, assuming all the other cj = 0, with j 6= i.
The framework was also applied to compare the limits on the Wilson coefficients in
a ‘model independent’ manner [189], to highlight the target dependence of the DM-
observables and, ideally, identify the source of tension which afflicts the comparison of
the DD results since long time. Such tension is due to the claim of the DAMA/LIBRA
collaboration of the detection of the DM annual modulation signal [25], which has not
been confirmed by any other experiment so far.

However, the NREFT framework and its application has been criticised and discussed
extensively both from the nuclear and the particle physics points of view. In fact, the
NREFT has been improved by using more sophisticated nuclear calculations, together
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with more advanced DM-nucleon EFTs, as discussed in the following. This paragraph
summarises, at the best of our knowledge, developments and refinements of [14, 15].

The efforts to improve the NREFT were stimulated by three limitations of the
NREFT proposal and application, which we list in the following and discuss subse-
quently.

1. The exclusion of light mesons from the theory, which motivated the application
of chiral effective field theories (ChEFT) to model DM-nucleon and DM-meson
interactions,

2. the use of the shell model for the calculation of the nuclear structure functions,
which pushed the community to apply more recent and already available nuclear
physics calculations to obtain improved nuclear response functions and uncertainty
estimations,

3. From the application point of view, the tendency to use single building blocks to
derive experimental constraints or phenomenological conclusions, neglecting the
matching with the UV-energy-scale.

Let us discuss the first point. Already in [190] long-distance QCD corrections to the
DM-nucleon interactions were discussed, within the framework of ChEFT. In QCD, the
spontaneous symmetry breaking of SU(2)A produces pseudo Nambu Goldstone bosons,
the pions. These latter mediate nucleon-nucleon interactions in the nucleus and can give
rise to two-body currents which give relevant contributions to the DM-nucleon cross-
sections, as extensively studied in [191–194]. All these works stress that the ChEFT
predicts pion-poles which increase the contribution of operators which would, otherwise,
be suppressed by factors O(q2).

For what concerns nuclear response functions, one-body shell model calculations [14,
186], have been improved by including two-body currents [191, 195]. One or two-body
shell model calculations are currently the best approximation for some heavy nuclei. For
light nuclei, very accurate ab initio nuclear calculations are starting to be available,
accompanied by uncertainties estimations - see e.g. [196–198].

The third and last point is a criticism to NREFT application which arise if one
wants to draw physical conclusions from DD-results. NR-interactions are the low-energy
version of some unknown UV theory. To extract physical insights from low energy ex-
perimental results, a specific UV-theory must be considered. The reason is that the
NR-reduction of UV-interactions typically is a combination of the building blocks in
Tab. 4.1. The combination is weighted by NR-coefficients ci whose functional form
(and potential dependence on kinematical parameters) is derived by using the match-
ing procedure typical of the EFT method. An example is the well known case of the
pion-pole; it appears in the NR coefficient c6 and enhances the contribution of Ô6 in the
NR reduction of fermionic DM-quark axial current, which combines Ô4 and Ô6. Recipes
to map all the possible Lorentz invariant currents into the NR regime have been pro-
posed [147, 181, 184, 193, 194]. Furthermore, the connection of specific UV models with



DARK MATTER DIRECT DETECTION EFT: TWO APPLICATIONS 49

effective currents at the electroweak scale was studied in [199] and [200]. They showed
that the running of the coupling constants between these two scales introduces rela-
tions among effective currents at the electroweak scale, which further complicate the
construction of a general framework at low energy univocally connected with the above
UV theory.

4.2 Annual modulation in NREFT

The NREFT framework is now applied to model the time-dependence of the expected
rate of nuclear recoil events in DD experiments. If DM couples to SM particles in the
nucleus, regardless of the DM-nature, time-dependent analyses of data provided by DD
experiments could reveal a DM signal in terms of an annual modulating energy spectrum
(see Sec. 3.2.2). For this reason the search for the annual modulation in DD experiment
is a powerful tool to investigate the existence of DM particles in our galaxy.

In 2018, the DAMA/LIBRA collaboration released updated results on the search for
the annual modulated signal from DM scattering in radio-pure NaI(Tl) crystals [25].
Based on analysis of such data [201], it has been argued that if the new results by
the DAMA/LIBRA collaboration are interpreted in terms of DM, these disfavour the
canonical spin-independent DM-nucleon interaction [201–203] with a statistical signif-
icance of 5.2 (2.5) standard deviations for DM masses around 8 (54) GeV[201]. The
results in [201–203], motivated an exploration of alternative DM-nucleon interactions
which could better fit the updated DAMA/LIBRA data [203]. S. Kang et al found that
DM-nucleon interactions leading to DM-nucleus scattering cross-sections independent of
the DM-nucleus relative velocity can fit the new DAMA/LIBRA data for a broad range
of DM masses (in contrast to the canonical spin-independent interaction), and that a
different coupling to protons and neutrons is necessary to achieve an acceptable fit (in
terms of chi squared per degree of freedom) of the new DAMA/LIBRA data (see Tab. 1
in [203]).

As highlighted by these findings, the reconstruction of the parameters of the annual
modulation probed by DM direct detection experiments depends upon the assumed
DM-nucleon interaction. In this work we systematically explore the dependence of,

1. The modulation amplitude A1;

2. The time at which the predicted rate of nuclear recoil events is maximum, tmax(vmin);

3. The target dependence of tmax(vmin), inspired by previous works [21, 22], effect
related to the combination of building-blocks in Tab. 4.1 with different dependence
on the dark-matter-nucleus relative velocity (see Sec. 4.2.2);

4. The validity of the single cosine approximation for the rate of nuclear recoil events
(A1/An≥2 � 1 in Eq. 28 of [17]).



50 DARK MATTER DIRECT DETECTION EFT: TWO APPLICATIONS

on the nature of the underlying DM-nucleon interaction, within the NREFT of DM-
nucleon interactions [14, 15].

4.2.1 Theoretical Framework

The foundations of the phenomenology of DM DD are reviewed in Chap. 3. The compu-
tation of the differential rate of DM-nucleus scattering events per unit detector mass in
a DD experiment is described in Eq. 3.9 [17]. In this equation, f(vdetχ +vgaldet) denotes the

DM velocity distribution in the detector rest frame, where vdetχ is in general a function
of time, t, and dσ/dER is the differential cross-section for DM-nucleus scattering. For
dσ/dER three cases are considered, separately. In the first one the DM-nucleus inter-
actions are mediated by individual NREFT operators. In the second and third one a
linear combination of NREFT operators is considered, corresponding to the magnetic
dipole and anapole DM model, respectively.

Cross-section

Individual NREFT operators. This part is focused on four operators, or building-blocks,
Ô1, Ô7, Ô8 and Ô11. Below the explicit equations for dσ/dER for these four cases are
provided, starting from the NREFT cross-section in Eq. 4.7,

dσ

dER

∣∣∣∣∣
Ô1

=
mT

2πv2

∑

τ,τ ′
c

(τ)
1 c

(τ ′)
1 W̃ ττ ′

M (q2) ,

dσ

dER

∣∣∣∣∣
Ô7

=
mT

2πv2

∑

τ,τ ′
c

(τ)
7 c

(τ ′)
7

(v2 − v2
min)

8
W̃ ττ ′

Σ′ (q2) ,

dσ

dER

∣∣∣∣∣
Ô8

=
mT

2πv2

∑

τ,τ ′
c

(τ)
8 c

(τ ′)
8

Jχ(Jχ + 1)

3

[
v2W̃ ττ ′

M (q2)− v2
min

(
W̃ ττ ′
M (q2)− 4µ2

m2
N

W̃ ττ ′
∆ (q2)

)]
,

dσ

dER

∣∣∣∣∣
Ô11

=
mT

2πv2

∑

τ,τ ′
c

(τ)
11 c

(τ ′)
11

Jχ(Jχ + 1)

3
×
[
q2

m2
N

W̃ ττ ′
M (q2)

]
, (4.8)

where ER is the recoil energy, mT the target mass, v = |vdetχ |, cτi = (cp ± cn) the

NR Wilson coefficients, with τ = 0, 1 and p, n for protons and neutrons, W̃ ττ ′
k are the

nuclear response functions times 4π/(2JT + 1), where JT is the nuclear angular momen-
tum, vmin = q/(2µT ) (see Appendix B.2), with µT the DM-nucleus reduced mass, Jχ is
the DM-spin and mN the nucleon mass. These are used as representative of four classes
of building-blocks with specific dependence of dσ/dER on relative velocity, v = |vdetχ |,
and transferred momentum, q = |q|. The four classes are (i) ∝ 1/v2, (ii) ∝ q2/v2, (iii)
∝ (1− q2/v2) and (iv) combinations of O(1) and O(q2/v2) terms.

Magnetic dipole DM - As anticipated, here the NREFT operators are used to treat
specific relativistic interactions. In particular, the magnetic dipole DM interaction
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(MDDM) is considered [21], which couples the DM-spin with the electromagnetic (EM)
field of the nucleus4. It is null for Majorana particles, therefore Dirac fermions must be
considered. The interaction Lagrangian is [206],

L = −λχ χ̄σµνχ Fµν (4.9)

where λχ is the dipole coupling constant, χ the DM-field and Fµν the EM strength
tensor. The Lagrangian in Eq. 4.9 is a dim-5 operator, therefore [λχ] = GeV−1. The
DM-nucleus scattering cross-section for MDDM expressed in terms of W̃NN ′

k [14] and
cNi , with N,N ′ = p, n, is derived in Appendix C.2 and it is,

dσ

dER
=

mT

2πv2
απλ2

χ

[(
1

m2
χ

− 1

µ2
T

+
1

µ2
T

v2

v2
min

)
W̃ pp
M +

1

m2
N

(
µ̃2
p W̃

pp
Σ′ + 2µ̃pµ̃nW̃

np
Σ′ + µ̃2

nW̃
nn
Σ′

)

+ 4W̃ pp
∆ − 4µ̃p W̃

pp
∆Σ′ − 4µ̃nW̃

pn
∆Σ′

]
(4.10)

where mT is the target nucleus mass, v = |vdetχ |, α the fine structure constant, µT the
DM-nucleus reduced mass, µ̃p,n the nucleon magnetic moments.

Anapole DM The anapole DM interaction (ADM) consists in the coupling of the
DM-spin with the EM-current, J EMµ , and it is non-null both for Majorana and Dirac
DM-particles [206, 207],

L = −aχ χ̄γµγ5χ J EMµ (4.11)

where aχ is the anapole coupling constant5 and J EMµ = ∂νFµν . The Lagrangian in

Eq. 4.11 is a dim-6 operator6, therefore [aχ] = GeV−2. The DM-nucleus scattering
cross-section for ADM expressed in terms of nuclear response functions W̃NN ′

k [14] and
cNi , with N,N ′ = p, n, is [208],

dσT
dER

=
mT

2πv2
a2
χ

[
v2W̃ pp

M − v2
minW̃

pp
M +

4µ2
T

m2
N

v2
min

[
W̃ pp

∆ − µ̃nW̃
pn
∆Σ′ − µ̃pW̃

pp
∆Σ′+

+
1

4

(
µ̃2
p W̃

pp
Σ′ + 2µ̃pµ̃nW̃

np
Σ′ + µ̃2

nW̃
nn
Σ′

)]]
(4.12)

where mT is the target nucleus mass, v = |vdetχ |, µT the DM-nucleus reduced mass,
vmin = q/2µT , µ̃p,n the nucleon magnetic moments.

4A recent paper [204] shows that thermal DM with EM form factors in the sub-GeV regime is ruled
out if it is required to make 100% of DM. Thermal DM with MDDM interaction and mχ > 10 GeV was
already ruled out in the past [205]. DM-particle with EM form factors, produced by different cosmological
mechanisms are not constrained and can be still DM [204].

5See Fig. 4 of [207] for the curve aχ(mχ) needed to account for the DM relic density.
6The dim-4 operator coupling the DM-anapole to the standard photon field, χ̄γµγ5χ Aµ, would be

not gauge invariant, that is why a dim-6 operator is considered [207].
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Figure 4.2.1: Time of maximum of the velocity distribution integral during the year: η(vmin, t)
in absence of the gravitational focusing (GF) effect (point-dashed brown curve), η(vmin,t) (solid
red curve) including GF and η̃(vmin, t) (light green curve), where the plots including and not
including GF are overlapped.

Velocity distribution integrals

In order to convolve the NREFT differential cross-sections with the velocity distribution
in Eq. 3.4, two velocity distribution integrals must be computed,

η(vmin, t) =

∫ |vdetχ +vgaldet|<vesc

vmin

dvdetχ
f(vdetχ (t) + vgaldet)

v

η̃(vmin, t) =

∫ |vdetχ +vgaldet|<vesc

vmin

dvdetχ v f(vdetχ (t) + vgaldet) , (4.13)

where v = |vdetχ (t)|. For this reason, a C++/ROOT code was written which computes
the three-dimensional and time dependent velocity distribution integrals, η(vmin, t) and
η̃(vmin, t). The effect of the gravitational focusing (GF), discussed in Sec. 3.1.2, is taken
into account following the approach developed in [143] and [34] and implemented using
the convenient change in the integration variable discussed in Appendix B.1. The curves
tmax(vmin) for η(vmin, t) (point-dashed brown line) and η̃(vmin, t) (light green solid line)
are shown in Fig. 4.2.1, which reproduces Fig. 3 of [22]. The agreement between this
result with [22] is a validation of the reliability of the velocity distribution integrals
computed in this work. Figure 4.2.1 shows that the GF influences the time of maximal
η(vmin, t) at low vmin (solid red line), causing a shift of about one month with respect
to the SHM, while η̃(vmin, t) is not influenced.
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4.2.2 Systematic study of the annual modulation signal properties in
NREFT

Amplitude of modulation

The definition of the amplitude of modulation, A1, is given in Eq. 3.14. In Fig. 4.2.2 the
behaviour of A1 for the four cross-sections in Eq. 4.8 is shown as a function of the minimal
velocity, vmin, for mχ = 10 GeV (top four panels) and mχ = 100 GeV (bottom four
panels), for several targets with the same exposure (1 kg× day). A1 is computed using
a modified version of the Mathematica Package DMFormFactor [148, 186]. The isotopic
abundances of the different targets are taken into account and the Wilson coefficients
are set to ci0 = 1/246 GeV2 and ci1 = 0, for i = 1, 7, 8, 11, separately. The amplitudes of
modulation for the operators Ô1 and Ô11, which represent the classes (i) and (ii), show
an inversion of phase7, well-known in the case of Ô1. The modulation amplitude for the
interaction class (ii) tends to zero for small vmin because the cross-section is ∝ v2

min. For
classes (iii) and (iv), represented by Ô7 and Ô8, the modulation amplitude is positive
for all vmin. The modulation amplitude for Ô1, Ô8 and Ô11 are in general dominated
by the heaviest targets because these three interactions depend on W̃ 00

M(q2 → 0) ∼ A2,

where A is the atomic mass number. Ô7 is a spin-dependent interaction that involves
W̃ 00

Σ′(q
2). At equal exposure, aluminium shows the largest modulation amplitude both

for mχ = 10 GeV and mχ = 100 GeV.

Time of maximal rate

The differential rate dR
dE (vmin, t) in Eq. 3.9 within the NREFT is a linear combination of

the two velocity integrals η(vmin, t) and η̃(vmin, t) in Eqs. 4.13,

dR

dE
(vmin, t) ∝ [A(vmin) η(vmin, t) +B(vmin) η̃(vmin, t)] (4.14)

since the DM nuclear responses Rττ
′

k

(
v⊥2
T , q2

m2
N
, {cτi , cτ

′
j }
)

in the differential cross-section

in Eq. 4.7 contain up to O(v2) terms (see Appendix C.1). Equation 4.14 is evaluated us-
ing a code written for this work which interfaces two tools: a Mathematica package [186]
based on a modified version of the package DMFormFactors [148], which computes the
coefficients A(vmin) and B(vmin), and a C++/ROOT code which combines such coef-
ficients with the three-dimensional velocity distribution integrals in Eqs. 4.13. For the
purpose of this section, the resulting differential rate is further processed to be max-
imised over the year. The differential rate calculated taking GF into account is expected
to show a similar phenomenology as the velocity distribution integrals in Fig. 4.2.1.

In Fig. 4.2.3 the result of the differential rate maximisation obtained with this pro-
cedure is shown. In particular it is shown the example of two NR effective operators
Ô1 and Ô5, for mχ = 10 GeV and for 27Al. The two operators considered are Ô1,

7It is common to refer to the change of sign of A1 as an ‘inversion of phase’ because using the
approximation in Eq. 3.13, if A1 is taken positive, inverting the time of maximal and minimal differential
rate corresponds to invert the phase of the modulation.
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Figure 4.2.2: Top: Amplitude of modulation for the four non-relativistic effective operators Ô1,
Ô7, Ô8, Ô11 and mχ = 10 GeV. Different colours correspond to different targets. The effective
coupling constants are fixed at ci0 = 1/246 GeV2. Bottom: Same as on top plot, but with
mχ = 100 GeV. This selection of operators includes interactions with different dependency on
the relative DM-nucleon velocity.
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Figure 4.2.3: Time of maximal rate during the year plotted as function of the minimal velocity,
for the effective operators Ô1 and Ô5, for aluminium and mχ = 10 GeV.

as it corresponds to the usual SI-interaction, and Ô5, as it belongs to the (iv) class of
building-blocks, which depend on v2. Since for the operator Ô1 the coefficients B is null,
the time of maximal rate follows the time of maximum of the function η(vmin, t), hence
it shows an inversion of phase at low minimal velocities. The cross-section for Ô5 is
instead a combination of η(vmin, t) and η̃(vmin, t), similarly to the operator Ô8, as they
differ just by a factor of q2/m2

N . The flat trend up to low minimal velocities visible in

Fig. 4.2.3 implies that the cross-section for Ô5, as well as for all the interactions falling in
the (iv) class, is dominated by the η̃(vmin, t) contribution. To conclusion the four classes
of building-blocks investigated here can classified in two groups as a function of their
tmax(vmin) curve: (a) the ones with inversion of phase, which are previous categories (i)
and (ii), and (b) the ones without inversion of phase, which are previous categories (iii)
and (iv), since no other peculiar features were identified.

Target dependence

For MDDM and for specific DM masses, it has been found that the curve tmax(vmin)
depends on the target material [21, 22]. The required differential rate for this effect to
occur is a linear combination of the two velocity integrals η(vmin, t) and η̃(vmin, t), such
as in Eq. 4.14, but with target dependent weights,

dR

dER
∝ [Ai(vmin,mT ) η(vmin, t) +Bi(vmin,mT ) η̃(vmin, t)] (4.15)

Within NREFT, the (iv) class of building-blocks which Ô5 and Ô8 belong to, at a
first glance fulfils the conditions for target dependence. In the case of Ô5,8 explicitly
given in Eq. 4.8 the coefficients A and B are,
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Figure 4.2.4: Target dependence of the annual modulation for the MDDM interaction, for
40Ca, 16O and 27Al. Top left: tmax(vmin) for 40Ca. The curve is constant along the whole range
of vmin, for any dark matter mass. The same holds for 16O. Top right: Annual modulation
of the normalised differential rate for 40Ca, for different vmin. The maximum differential rate
is reached around June for any vmin and the same is true for 16O. Bottom left: tmax(vmin)
for 27Al for mχ = 100 GeV (solid line), 10 GeV (pointed-dashed line), 1 GeV (dashed line).
Bottom right: annual modulation of the normalised differential rate for 27Al for different vmin:
The time of maximum of the differential rate is function both of vmin and mχ.
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{
A(vmin,mT ) = v2

min

(
W̃ ττ ′
M (q2)− 4µ2

m2
N
W̃ ττ ′

∆ (q2)
)

B(vmin,mT ) = W̃ ττ ′
M (q2)

(4.16)

but since the effect appears at low vmin and the weight A(vmin,mT ) is suppressed
by the factor v2

min, the building blocks belonging to the (iv) class do not present target
dependence, regardless of the DM-mass used as input.

In the light of a future time dependent analysis of the CRESST experiment (see
Chap. 5), the results in [21, 22] concerning the time of maximum rate for the MDDM
interaction, have been extended to 40Ca, 16O and 27Al, using the nuclear response func-
tions computed in [186].

40Ca and 16O are spin-0 nuclei. This is relevant as the nuclear spin plays an important
role for the appearance of the target dependence in the differential rate produced by
MDDM interactions. In Eq. 4.10, the coefficients A(vmin,mT ) and B(vmin,mT ) for
spin-0 nuclei, read, 



A(vmin,mT ) =

(
1
m2
χ
− 1

µ2
T

)
W̃ pp
M

B(vmin,mT ) =
(

1
µ2
T v

2
min

)
W̃ pp
M

(4.17)

being W̃Σ′ ,W̃∆Σ′ and W̃∆ null. Since B(vmin,mT ) ∝ 1/v2
min, it is enhanced at low vmin

and in Fig. 4.2.4, top left panel, it dominates the behaviour of the differential rate for
40Ca, whose maximum is found around June along the whole minimal velocity range and
for any mχ

8. The nuclear spin of 27Al is instead JT = 5/2, therefore its spin-dependent
nuclear response function, W̃∆ included, are non-null. For this target, the differential
rate is maximum in different months of the year as function of both the minimal velocity
and the DM-mass: The heavier mχ, the deeper the curvature for some ranges of minimal
velocities, the larger the difference with respect to the ‘flat’ scenario, as shown in Fig.
4.2.4, bottom left panel.

Once clarified the requirements needed for the effect of target dependence to occur,
unsurprising the ADM model, presented in the theoretical overview of this section, ex-
hibits the same phenomenology as the MDDM (Fig. 4.2.5). The coefficients A(vmin,mT )
and B(vmin,mT ) for spin-0 nuclei, for the ADM interaction cross-section in Eq. 4.12,
are,

{
A(vmin,mT ) = −v2

minW̃
pp
M

B(vmin,mT ) = W̃ pp
M

(4.18)

At small v2
min the coefficient A(vmin,mT ) decreases and the B(vmin,mT ) term dom-

inates, as evident in Fig. 4.2.5, top panels, while for the case of 27Al, the tmax(vmin)

8In Fig. 4.2.3 bottom panel, the plot for Ô5 shows a null slope along all the range. The “flat”
plots resulting in the magnetic dipole or the anapole dark matter interactions for specific choice of the
parameters (Fig. 4.2.4) instead show a slight positive slope. The discrimination of this two trends would
require an accurate estimation of the day of maximum differential rate.
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Figure 4.2.5: Similar as Fig. 4.2.4, but for the ADM interaction.

curves are more or less deep as a function of the DM mass considered, as shown in
Fig. 4.2.5, bottom panels.

Single cosine approximation

A further aspect of the DM-signal time dependence concerns its Fourier expansion and
the hierarchy between the higher order harmonics in Eqs. 3.12. This last part consists in
a comment on the phenomenology of the first three harmonics, A0,1,2, studied for the two
classes of operators identified in the previous sections, which exhibit are (a) an inversion
of phase and (b) no inversion of phase. In Fig. 4.2.6, the dashed-dot purple curve shows
the ratios |A1|/A0 and |A2|/|A1| for Ô1, class (a), computed for Xe and mχ = 50 GeV.
This curve reproduces the result shown in Fig. 5 of [18], used as a cross-check for the
calculation performed in this work. The black solid line represents the same ratios of
harmonics but for Ô7, class (b), for Al and mχ = 10 GeV. On the left panel, the spike
at around vmin ≈ 200 km/s for Ô1 is expected as a consequence of the inversion of phase
occurring at this value, that in Fig. 4.2.2 appears as the change of sign of A1. Since
the black curve refers to the operator Ô7, which belongs to the (b)-class, no spikes are
expected. |A2| is also different for the two classes. For the operator Ô7 it shows two
zeros at [415-420] km/s and [690-700] km/s, while the operator Ô1 shows two zeros at
[160-180] km/s and [500-540] km/s. For what concerns the hierarchy among the first
three harmonics, for the (a)-class the approximation in Eq. 3.13 is not fulfilled around
the point of phase-inversion, while for the (b)-class it is a better approximation.
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Figure 4.2.6: Hierarchy among the first three higher order harmonics for the two classes of
NREFT building blocks. Left: Ratio |A1|/|A0| versus vmin, for Ô1, class (a), computed for Xe
and mχ = 50 GeV (dashed-dot purple curve) and for Ô7, class (b), for Al and mχ = 10 GeV
(solid black curve). Right: Same as left panel, but for the ratio |A2/|A1|.

Summary

In this work the properties of the DM annual modulation are explored using the NREFT
tool. The amplitude of modulation for several targets and for mχ = 10 and 100 GeV is
shown for four categories of cross-sections, classified as a function of their dependence
on the momentum transfer and relative DM-nuclear velocity, identified among the list
of NRFET building-blocks. For the same categories, the tmax(vmin) curves for the dif-
ferential rate is studied and the number of classes of operators is reduced to two, with
and without inversion of phase. The peculiar features of the tmax(vmin) curve underlined
in [21, 22] and related to its target dependence are not present when single building-blocks
are assumed as possible interactions. The calculations of [21, 22] is extended to 40Ca,
16O and 27Al, which are targets of interest for the CRESST experiment.

This systematic work put in evidence that in case of signal, low threshold experiments
would be suitable to discriminate models whose tmax(vmin) curve differs at low vmin. This
observation motivated further investigations, which are discussed in Sec. 5.3.

4.3 Search for dark matter with polarised nuclei

In the context of DM DD, recently it was found that the polarisation of target nuclei in
antiparallel direction with respect to the direction of the neutrino flux from the Sun, can
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reduce the count rate of such flux up to 98% if 3He detectors are employed [209]9. In
a previous work [35], the rate of fermionic DM scattering events off point-like spin-1/2
polarised nuclei, assuming interactions mediated by a vector or pseudo-vector boson,
was computed for the first time. In the following, an extension of this work to spin-1
DM particles is presented [2]. The case of scalar DM is neglected since the effect of the
nuclear polarisation is extremely velocity suppressed [35] and smaller than for the case of
spin-1/2 and 1 DM. The explicit expression of the transition amplitude module squared
for fermionic and vector DM scattering off point-like spin-1/2 nuclei is provided, using
a generic set of simplified models [182, 184]. In simplified models, the SM of particle
physics is extended by the DM particle and one additional particle that mediates the DM
interactions with quarks and leptons (see e.g. [180]). In contrast to EFTs, this allows to
describe processes where the momentum transfer is comparable with the mediator mass.

If DM-nucleon interactions depend on parity violating operators and the target nu-
cleus is polarised, the probability of DM-nucleon interaction can depend on the orien-
tation of the nuclear spin [35]. This implies that the cross-section presents an angular
anisotropy which can be taken into account by computing the double differential cross-
section, and therefore rate, in energy and solid angle, as described in the following.

4.3.1 Double differential DM-nucleus scattering rate

The differential cross-section in terms of both the recoil energy and the solid angle is
given in Eq. 15 of [210], and can be obtained using,

dσ

dq2
(q2,Ω(q2)) =

∫
dΩ

dσ

dq2
(q2,Ω)δ(Ω− Ω(q2)) (4.19)

dσ

dq2dΩ
(q2,Ω(q2)) =

dσ

dq2
(q2,Ω)δ(Ω− Ω(q2)) (4.20)

=
dσ

dq2
(q2,Ω)

v

2π
δ
(
vdetχ · q̂ − vq

)
(4.21)

where v = |vdetχ |, vq = q/(2µ) = vmin and vdetχ · q̂ = v cos θ. The DM rate in Eq. 3.9,
differentiated also with respect to the solid angle, can be written using Eq. 4.20,

dR

dERdΩ
=

ρ0

mχmT

∫ |vdetχ +vgaldet|<vesc

|vdetχ |>vmin
dvdetχ |vdetχ |f(vdetχ + vgaldet) 2mT

dσ

dq2dΩ
(4.22)

9The direction of the nuclear polarisation which reduces the count rate due to the solar neutrinos flux
is established by computing the neutrino-nucleus cross-section for polarised nuclei and by minimising the
probability of interaction as a function of the angle between the incoming neutrino flux and the direction
of the polarised nuclear spin (see Eq. 3 of [209] and details therein).
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The three-dimensional integral over the velocity distribution is equal to,

∫ |vdetχ +vgaldet|<vesc

|vdetχ |>vmin
dvdetχ =

∫ vesc−ve

vmin

dv v2

∫ 1

−1
d cos θ

∫ 2π

0
dφ +

∫ vesc+ve

vesc−ve
dv v2

∫ v2
esc−v2−v2

e
2vve

−1
d cos θ

∫ 2π

0
dφ (4.23)

where ve = |vgaldet|, cos θ = (vdetχ · vgaldet)/(v ve). The integral intervals derive from the

condition |vdetχ + vgaldet|2 < v2
esc and v > vmin

10.
A compact expression for the double differential rate in Eq. 4.22, using the relation

δ(g(v)) = δ(v − v̄)/|g′(v̄)|, where g(v̄) = 0, is,

dR

dERdΩ
=

ρ0

64π2m3
χm

2
TNesc

2∑

`=1

∫ α`

−1
d cos θ

∫ 2π

0
d φ

v̄2

|v̂ · q̂|e
(v̄2+v2

e+2v̄ve cos θ)/v2
0 |M|2Θ`

(4.26)
where α1 = +1, α2 = (v2

esc − v̄2 − v2
e)/(2v̄ve), Θ1 = Θ(v̄ − vmin)Θ((vesc − ve) − v̄)

and Θ2 = Θ(v̄ − (vesc − ve))Θ((vesc + ve) − v̄), v̄ = vq/ cos θ = q/[2µ(v̂ · q̂)]. The term
|M|2 is the transition amplitude averaged over DM initial spin (jχ) and summed over
DM and nuclear final spin,

|M|2 =
1

(2jχ + 1)

∑

ss′

∑

r

|M|2 (4.27)

4.3.2 DM-nucleus effective Lagrangian

The first step to calculate |M|2 is to compute the effective Lagrangian for DM-nucleus
interactions within the assumed simplified model. This calculation is performed here by
“integrating out” the mediator by using its equation of motion. The DM interactions
with the nucleus, which is considered here as an elementary particle with spin 1/2
denoted by N , are assumed mediated by a heavy spin-1 boson. The mediator mass
term is assumed to be described by Proca Lagrangians11. We will show below the steps
to compute the effective Lagrangian for the the case of fermionic DM and, omitting the
calculation, we show the effective Lagrangian for vector DM.

10In particular, using, {
cos θ < (v2

esc − v2
e − v2)(2vve)

v > vmin
(4.24)

the integral intervals in Eq. 4.23 derive from,{
(v2
esc − v2

e − v2)/(2vve) > 1, implies − 1 < cos θ < 1

(v2
esc − v2

e − v2)/(2vve) < 1 implies − 1 < cos θ < (v2
esc − v2

e − v2)(2vve)
(4.25)

11It is known that Proca Lagrangians are not gauge invariant and in order to compute the effective
action and solve the equation of motion one can use an analogy to electromagnetism (similarly to Fermi’s
effective theory), using a photon-like propagator with mass.
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Effective Lagrangian for fermionic DM

The presence of the nuclear spin vector in the final expression of the counting rate
requires to start from parity violating Lagrangian. For a system with DM fields, χ,
nucleus, N , and a vector mediator, Gµ, the most general Lorentz invariant and parity
violating Lagrangian is [182, 184],

LχGN = iχ̄ /Dχ−mχχ̄χ−
1

4
GµνG

µν +
1

2
m2
GGµG

µ+

+ iN̄ /DN −mT N̄N − λ3χ̄γ
µχGµ − λ4χ̄γ

µγ5χGµ+

− h3N̄γ
µNGµ − h4N̄γ

µγ5NGµ

(4.28)

where Gµν is the mediator field strength tensor, mχ, mG and mT are the DM,
mediator and nucleus mass, and λ3, λ4, h3 and h4 are real coupling constants. The
equation of motion for the free mediator is,

∂LG
∂Gα

− ∂β
∂LG

∂(∂βGα)
= 0 (4.29)

where,
∂LG
∂Gα

= m2
GGα − Jα (4.30)

with,
Jα = λ3χ̄γαχ− λ4χ̄γαγ

5χ− h3N̄γαN − h4N̄γαγ
5N (4.31)

The second part of the equation of motion is,

∂β
∂LG

∂(∂βGα)
= −�Gα + ∂β∂αG

β (4.32)

Since the vector field Gν is equal to,

Gν =
∑

s

∫
d3q

(2π)3/2

1√
2Eq

(
ενqaq,se

−iqx + ε∗νqa
†
q,se

iqx
)

(4.33)

the two terms in Eq. 4.32 transform as,

∂β∂αG
β → −qβqαG̃β (4.34)

−�Gα → q2G̃α (4.35)

where G̃ is the Fourier transform of Gα and q2 is the module squared of the quadri-
momentum in this context. Therefore,

(
m2
Ggαβ − q2gαβ + qαqβ

)
G̃β = J̃α (4.36)

where gαβ is the metric tensor. The Green function of this equation of motion is,

iDµν = i
−gµν + qµqν/m2

q2 −m2
G + iε

(4.37)
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It follows,

Gν =
−gµν + qµqν/m2

G

q2 −m2
G + iε

Jµ (4.38)

In the hypothesis that m2
G � q2, the expansion in q2/m2

G, at first order is,

Gν ≈ − 1

m2
G

(
−gµν +

qµqν

m2
G

)(
1 +O

(
(q/mG)2

))
Jµ (4.39)

Gν ≈ 1

m2
G

(
λ3χ̄γ

νχ+ λ4χ̄γ
νγ5χ+ h3N̄γ

νN + h4N̄γ
νγ5N

)
+O(q2/m4

G). (4.40)

Then we can substitute into the Lagrangian,

Leff,χN = L0,χ + L0,N −
1

2
(∂νGµ∂

νGµ − ∂µGν∂νGµ) +
1

2
m2
G

Jµ

m2
G

Jµ
m2
G

− Jµ Jµ
m2
G

+O(q2/m4
G)

= L0,χ + L0,N −
1

2
m2
G

Jµ

m2
G

Jµ
m2
G

+O(q2/m4
G)

(4.41)
where L0,χ and L0,N are the free DM and nucleus Lagrangian, and,

1

2
(∂νGµ∂

νGµ − ∂µGν∂νGµ) ' O(q2/m4
G). (4.42)

Finally, the fermionic DM-nucleus interaction terms of the effective Lagrangian in Eq. 4.41
are,

LIeff,χN = −λ3h3

m2
G

χ̄γµχN̄γµN −
λ3h4

m2
G

χ̄γµχN̄γµγ
5N − λ4h3

m2
G

χ̄γµγ5χN̄γµN+

− λ4h4

m2
G

χ̄γµγ5χN̄γµγ
5N.

(4.43)

Effective Lagrangian for vector DM

The Proca Lagrangian for vector DM and uncharge vector mediator is [182, 184],

LXGN = −1

2
χ†µνχ

µν +m2
XX

†
µX

µ − λX
2

(X†µX
µ)2 + iN̄ /DN −mN N̄N+

− 1

4
GµνGµν +

1

2
m2
GG

2
µ −

λ4

4
(GµG

µ)2 − b3
2
G2
µ(X†νX

ν)− b4
2

(GµGν)(X†µXν)+

− [ib5X
†
ν(∂µX

ν)Gµ + b6X
†
µ(∂µXν)Gν + b7εµνρσ(X†µ∂νXρ)Gσ + h.c.]+

− h3GµN̄γ
µN − h4GµN̄γ

µγ5N
(4.44)

where Xµ, χ†µν , mX are the DM field, field strength tensor and mass, N and mN

are the nucleus field and mass, Gµ, Gµν and mG are the mediator field, field strength
tensor and mass, b5, b6 and b7 are coupling constants, b5 is real and b6, b7 are complex
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because of the structure of the indexes of the DM fields, which are contracted for b5,
not contracted for b6, b7. By analogy with the calculation of the previous section, the
DM-nucleus interaction terms of the effective Lagrangian are,

LIeff,XN = − ib5h3

m2
G

X†ν∂µX
νN̄γµN − ib5h4

m2
G

X†ν∂µX
νN̄γµγ5N+

− b6h3

m2
G

X†ν∂
νXµN̄γ

µN − b6h4

m2
G

X†ν∂
νXµN̄γ

µγ5N+

− b7h3

m2
G

εσνρµ(X†σ∂νXρ)N̄γµN − b7h4

m2
G

εσνρµ(X†σ∂νXρ)N̄γµγ5N + h.c.

(4.45)

4.3.3 Polarised scattering amplitude

Here the modulus square of the transition amplitude for fermionic and vector DM is
computed and the nucleus is assumed polarised in the initial state, thus it is performed
an average on the DM spin and a sum over the DM and nucleus final spins.

Modulus square of the scattering amplitude for fermionic DM

To sum over the final nuclear spin the following relations are used, where no implicit
sum over r is assumed, as the nucleus polarisation is fixed in the initial state,

1.
∑

r′ δ
r′rδrr

′
= 1

2.
∑

r′ δ
r′rSrr

′
N = SrrN

3.
∑

r′ S
r′r
N · Srr

′
N = 3

4 (see foonote12)

4.
∑

r′ S
rr = 2Srr

5.
∑

r′(S
r′r
N × Srr

′
N ) = −i SrrN

6.
∑

ij

∑
ss′ a

ibjSs
′s,i
χ Sss

′,j
χ = 1

2a · b

7. σiσj = δij + iεijkσk

where Sr
′r
N = ξr

′† σi
2 ξ

r, r, r′ = 1, 2 are the nuclear polarisation states, ξr is the bi-

dimensional unit spinor, Ss
′s
χ = ξs

′† σi
2 ξ

s, s, s′ = 1, 2 are the DM polarisation states,
σ = (σ1, σ2, σ3) is a vector whose components are the three Pauli matrices.

12Explicit calculation for
∑
r′ S

r′r
N · Srr′N = 3

4
,

∑
r′

Sr
′r
N · Srr′N =

∑
r′

Srr
′

N · Sr′rN =
∑
r′

ξ†r
σi

2
ξr

′
ξ†r

′ σi
2
ξr =

= ξ†r
δii
4
ξr =

3

4
ξ†rξr =

3

4
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In this work, since the DM-polarisation index are summed over, the relativistic DM-
currents are first contracted with themselves using the Dirac matrix trace properties
which follows,

1. Tr
(
γργµγσγνγ5

)
= −4iερµσν

2. Tr (γµγν) = 2gµν

3. Tr(γµγνγρ) = Tr(γµγνγ5) = Tr(γµγνγργ5) = 0

and then the non-relativistic approximation for the initial and final DM quadri-
momenta, k = (mχ,k) and k′ = (mχ,k

′), is performed. For the nuclear part, it is used
the non-relativistic expansion of the Dirac bilinear given in Eqs. 46 and 47 of [147], after
cross-checking.

The final result for the module square of the transition amplitude for fermionic DM
is,

|M|2 =
(
16m2

χm
2
T

)
[
(
A2 + 3D2

)
+

− 2 (v · SrrN )

(
AB

(
1− mχ

mT

)
+ 2BD + CD

(
1 +

mχ

mT

))
+

− 2
(
v′ · SrrN

)(
AB

(
1 +

mχ

mT

)
− 2BD + CD

(
1− mχ

mT

))
]

(4.46)

where A = λ3h3, B = λ3h4,C = λ4h3 and D = λ4h4. Equation 4.46 differs for two
signs from the same equation presented in [35].

Modulus square of the scattering amplitude for vector DM

The vector DM field is,

Xν(x) =
∑

s̃

∫
d3k̃

(2π)3

1√
2Ek̃

(ak̃ε
ν
k̃,s̃
e−ik̃x + b†

k̃
ε∗ν
k̃,s̃
eik̃x) (4.47)

where εν
k̃,s̃

are the polarisation vectors, which satisfy the relation,

∑

r

ε∗µk rε
ν
k r ≡

∑

r

εµk rε
∗ν
k r ≡

(
−gµν +

kµkν

m2
χ

)
(4.48)

The final result of calculation of the modulus square of the transition amplitude is,

1

3

∑

r′

∑

ss′
|Mfi|2 =

(
4

m4
G

)
· 16 m2

χ m
2
N [I − J (v · 2SrrN )−K(v′ · 2SrrN )] (4.49)
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where,

I = b25h
2
3 + 2Re(b7)2h2

4 (4.50)

J = b25h3h4

(
1− mχ

mN

)
+

2

3
Re2(b7)h3h4

(
1 +

mχ

mN

)
− 4

3
Re{b7}Im(b6)h2

4 (4.51)

K = b25h3h4

(
1 +

mχ

mN

)
+

2

3
Re2(b7)h3h4

(
1− mχ

mN

)
+

4

3
Re{b7}Im(b6)h2

4 (4.52)

Figure 2. Top panels. Purely polarisation dependent part of the differential rate of scattering
events plotted against the polar recoil angle α and the azimuthal angle β for spin 1/2 (left panel) and
spin 1 (right panel) DM. The recoil energy ER is set to 20 keV and the polarisation angle is fixed
to ϑ = π/2. A nuclear recoil at cosα = 0, β = 0, would be in the direction of ~s. Model parameters
have been set according to Eq. (4.3). Bottom panels. Purely polarisation dependent part of the
differential rate of scattering in the ER, cosα plane for spin 1/2 (left panel) and spin 1 (right panel)
DM. Here β = 0 and ϑ = π/2.

– 10 –

Figure 4.3.1: Purely polarisation dependent double differential rate distribution as a
function of the spherical coordinates of the momentum transfer. The recoil energy is
fixed at ER = 20 keV and the nuclear spin is fixed to ϑ = π/2. In this conditions, the
maximal absolute value of the spin modulation, d∆R

dERdΩ , is predicted at β = 0(2π) or
β = π and α > π/2 [2].

4.3.4 Discussion

The results for the modulus square of the transition amplitude in Eqs. 4.46 and 4.49
computed here allow to compute the double differential rate in Eq. 4.26. Since both
expressions present a term which is independent from the nuclear spin, a convenient
observable is,

d∆R

dERdΩ
≡ 1

2

(
dR(SN )

dERdΩ
− dR(−SN )

dERdΩ

)
(4.53)

which is a purely polarisation dependent differential scattering rate. In order to compute
d∆R

dERdΩ , masses and coupling constants are set to the following values,

• mT = mχ = mG = 100 GeV,
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• the spin independent terms in the fermionic and vector transition amplitude in
Eqs. 4.46 and 4.49 are fixed at an equal value, A2 + 3D2 = I,

• h3 = −h4 = λ3 = −λ4 = I(b6) = −Re(b7) = 1
2 , b5 = 1√

2
,Re(b6) = Im(b7) = 0.

This choice makes parity conserving and parity violating terms of the same order
and fixes γ-combinations in nuclear currents to be left-handed projectors.

Using this benchmark, the purely polarisation dependent differential rate can be studied
by fixing couples of parameters and varying the other two in the set (cosα, β, ϑ,ER), on
analogy with [35], where α and β are the spherical coordinate angles of the momentum
transfer, q, and ϑ is the angle between the direction of polarisation of the nuclear spin
and the direction of motion of the Earth in the galaxy, vgaldet.

The results obtained under these conditions are shown in Fig. 2 and 3 of [2]. An
example is reported in Fig. 4.3.1, which shows the angular distribution of the differential
rate as a function of cosα and β, for ER = 20 keV and ϑ = 0. The difference between
spin-1/2 DM (left panel) and spin-1 DM (right panel) is highlighted by the different color
of the two panels, while the maximal absolute value of the purely polarisation dependent
differential rate is predicted at β = 0(2π) or β = π and α > π/2 for both cases. The
order of magnitude of the “spin modulation”, d∆R

dERdΩ , in the coloured legend implies that

∼ 105 [kg day] of exposure is necessary to obtain about 200/(day sr) counts of difference
between the maximum and the minimum of the spin modulation.

Figure 4. Triple differential event rate, Eq. (2.8), and its purely polarisation dependent part,
Eq. (4.1), integrated over all nuclear recoil angles, α and β, as a function of the nuclear recoil en-
ergy. The left panel refers to fermionic DM, whereas the right panel corresponds to vector DM. Each
panel shows a blue line associated with the total rate, and a red line corresponding to its polarisation
dependent part.

Furthermore, we assume maximal parity violation, in order to maximise the polarisation
dependent contribution to the triple differential rate. A possible choice of coupling constants
compatible with these requirements is

h3 =
1

2
, h4 = −1

2
, =(b6) =

1

2
,

λ3 =
1

2
, λ4 = −1

2
, <(b7) = −1

2
,

b5 =
1√
2
, <(b6) = 0, =(b7) = 0 . (4.3)

Notice that with this choice of coupling constants, the gamma matrices in the nuclear currents
combine into left-handed projectors

h3 + h4γ5 =
1− γ5

2
; λ3 + λ4γ5 =

1− γ5

2
. (4.4)

As an aside comment, we also mention that the =(b6) parameter only enters the purely
polarisation dependent part of the scattering rate. Consequently, one might in principle use
measurements of polarisation dependent effects at direct detection experiments to constrain
this parameter effectively.

Let us now describe the results illustrated in Figs. (2) and (3). In these figures, left
panels refer to spin 1/2 DM, whereas right panels correspond to spin 1 DM. Fig. 2, top
panels, shows the purely polarisation dependent part of the scattering rate in the cosα, β
plane for a fixed recoil energy of 20 keV. The polarisation angle is chosen to be ϑ = π/2, which
implies that a recoil at cosα = 0, β = 0, would be in the direction of the polarisation vector
~s. The azimuthal angle dependence in these plots is especially interesting, as it would not
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Figure 4.3.2: Energy spectrum for spin-1/2 DM (left panel) and spin-1 DM (right panel),
normalised to the total rate. The blue curve shows the total differential rate, the red
curve the purely spin dependent polarisation rate. At low recoil energy the spectrum
present different feature for spin-1/2 and spin-1 DM, while the total energy spectrum is
the same, as expected for construction [2].

Figure 4 of [2], reported in Fig. 4.3.2, shows in blue the total differential rate and
in red the purely polarisation dependent differential rate, both integrated over the solid
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angle and normalised to the total rate, similarly to Fig. 5 of [35]. At low recoil energy the
behaviour of the red curves is different, which implies that using polarised nuclei for DM
DD detection could be used to discriminate between different DM models also without
the directional information. If from one side this result can be important, very large
exposure are required to measure the polarisation dependent effects in the rate of DM-
nucleus scattering, of the order of the one reached by the DAMA collaboration( [25]) [35].
On the other hand, the required number of signal events is expected to decrease when
directional information is available. To evaluate the experimental application of this
method a statistical approach would be required, including in the estimations the ex-
perimental parameters, e.g. efficiencies, resolutions and exposures, and the experimental
background, which is not included in this work.



Chapter 5

Dark matter search with the
CRESST experiment

Part of the work described in this thesis was developed in close collaboration with the
CRESST experiment: Section 5.1 describes the experimental concept and last DM results
obtained by CRESST-III [4], Sec. 5.2 presents the derivation of the SD cross-section
commonly used to show experimental limits, with a focus on lithium nuclei, as first
CRESST results on SD interactions are based on this calculation, and in Sec. 5.3 a basic
statistical approach is applied to simulated data inspired by CRESST-III data release
to provide a first evaluation of the impact of a time dependent analysis on the signal
discrimination power in low threshold experiments. This last work, which is a starting
point and not a conclusive result, was motivated by the potential phenomenology of the
DM annual modulation phase described in Sec. 4.2 together with the low-energy excess
detected by CRESST-III and discussed in the following

5.1 CRESST-III experiment

CRESST (Cryogenic Rare Event Search with Superconducting Thermometers) operates
scintillating cryogenic calorimeters working at mK temperature, realised for the DD
of DM particles in a low background environment. It is located in the underground
laboratory Laboratori Nazionali del Gran Sasso (LNGS), Italy. The last stage of the
CRESST experiment, called CRESST-III, is an upgrade of the detector-setup with focus
on the search for light DM-particles, thus detectors are optimised to reach low-energy-
thresholds. The recent CRESST-III Data Release [4] collects the outcome of almost
two years of data-taking: in the following we describe the CRESST-III detector module
design and the results obtained with the most performant detector, called detector A,
which showed an energy threshold of 30.1 eV.

69
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Experimental concept

In CRESST-III phase 1 CaWO4 crystals were operated, with dimensions (20 x 20 x
10) mm3 and weight ∼ 24 g. A detector module (Fig. 5.1.1) consists of two main
parts: the phonon detector and the light detector. An energy deposition in the crystal
produces vibrations of the crystal lattice, whose energy, Ep, flows through the crystal
surface and cause an increase of temperature, ∆T , in the TES (Transition Edge Sensor),
which is proportional to the amount of deposited energy. The CaWO4 crystal equipped
with a sensitive superconducting thermometer, the TES, is the phonon detector. By
employing scintillating crystals, part of the deposited energy is converted into light,
El, which propagates outside the crystal. A thin squared wafer of silicon-on-sapphire
(SOS), 0.4 mm thick and 20 mm long, is interfaced to the crystal and works as light
absorber. The SOS wafer is also equipped with a TES, which measures the ∆T caused
by the absorbed scintillation light1. Both components of the detector module are fixed
in position by CaWO4-sticks of 12 mm length, 2.5 mm of diameter and with a rounded
edge of about 2-3 mm of radius. The sticks holding the crystal are also instrumented
with TESs in order to tag and reject possible events which occur in these holding sticks
itself. The use of the same target material for the sticks reduces the stress due to
thermal expansion in the target crystal. Instead the sticks holding the light absorber are
not instrumented since any event there would be light-only and rejected anyways. To
achieve a fully active coverage, the detector module is encapsulated in a reflective and
scintillating housing foil, which allows to reject surface back-to-back α-events occurring
in the target crystal, which otherwise could mimic nuclear recoils events.

Light yield and energy spectrum

The energy deposited by any particle scattering off a scintillating crystal is partially
converted into lattice vibrations (phonons) and light. The amount of energy converted
into lattice vibrations and detected by the phonon detector is almost independent from
the type of recoiling particle. By comparing such energy with the results obtained in
calibration runs, this channel is used to reconstruct the total energy of the event. The
amount of energy which is converted in light follows, instead, the Birks’ law [211] - the
lighter the recoiling particle, the larger the amount of scintillation light emitted. The
light-yield (LY), which is defined as the ratio between the energy detected in light and
the energy detected in phonons, El/Ep, is a powerful tool for particle discrimination
and background rejection. The events which survived the selection criteria and were
used for CRESST-III DM data analysis [4] are shown in Fig. 5.1.2, top panel, in the
light-yield versus energy plot. These results refer to detector A, which is the module
which reached the lowest energy threshold. The solid lines mark the regions where 80%
of β/γ events (blue) and recoils off oxygen (red) and tungsten (green) are expected. The
events populate different bands as function of the emitted light, which is proportional to
the light quenching factors. The distortion of the band at low energy for the β/γ-band

1The light detector works as calorimeter: the light absorbed in the SOS produces phonons, whose
thermal signal is measured by a TES.
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in the first run of CRESST-III.

II. CRESST-III SETUP AND DETECTOR DESIGN

1. Experimental Setup

CRESST is located in the Laboratori Nazionali del Gran
Sasso (LNGS) underground laboratory in central Italy which
provides an overburden against cosmic radiation with a water-
equivalent of 3600 m [2]. Remaining muons are tagged by
an active muon veto with 98.7% geometrical coverage [3].
In addition, the experimental volume is protected by concen-
tric layers of shielding material comprising - from outside
to inside - polyethylene, lead and copper. The polyethylene
shields from environmental neutrons, while lead and copper
suppress γ-rays. A second layer of polyethylene inside the
copper shielding guards against neutrons produced in the lead
or the copper shields.

A commercial 3He/4He-dilution refrigerator provides the
base temperature of about 5 mK. Cryogenic liquids (LN2 and
LHe) are refilled three times a week causing a down-time of
about 3 h per refill.

2. CRESST-III Detector Design

block-shaped target crystal
(with TES) 

reflective and 
scintillating housing

CaWO4 iSticks
(with holding clamps & TES)

light detector (with TES)

CaWO4 light detector holding 
sticks (with clamps) 

FIG. 1. Schematic of a CRESST-III detector module (not to scale).
Parts in blue are made from CaWO4, the TESs are sketched in red.
The block-shaped target (absorber) crystal has a mass of ∼24 g, its
dimensions are (20x20x10) mm3. It is held by three instrumented
CaWO4 holding sticks (iSticks), two at the bottom and one on top.
Three non-instrumented CaWO4 holding sticks keep the square-
shaped silicon-on-sapphire light detector in place. Its dimensions
are (20x20x0.4) mm3.

The CaWO4 crystal of a CRESST-III detector module has
a size of (20x20x10) mm3 and a mass of ∼24 g (23.6 g for de-
tector A). A schematic drawing is shown in figure 1. The tar-
get crystal is held by three CaWO4-sticks, each with a length
of 12 mm, a diameter of 2.5 mm and a rounded tip of approx-
imately 2-3 mm in radius. The sticks are themselves instru-

mented with a TES, thus denoted iSticks. This novel, instru-
mented detector holder allows an identification and veto of
interactions taking place in the sticks which might potentially
cause a signal in the target crystal due to phonons propagat-
ing from the stick to the main absorber through their contact
area. Since we veto interactions in any of the sticks, the three
iSticks are connected in parallel to one SQUID, thus substan-
tially reducing the number of necessary readout channels [4].

Each target crystal is paired with a cryogenic light detec-
tor, matched to the size of the target crystal, consisting of a
0.4 mm thick square silicon-on-sapphire wafer of 20 mm edge
length, also held by CaWO4 sticks and equipped with a TES.
However, an instrumentation of these sticks is not needed as
events within them would cause quasi light-only events which
are outside the acceptance region for the dark matter search
(see subsection IV 4).1

The remaining ingredient to achieve a fully-active sur-
rounding of the target crystal is the reflective and scintillat-
ing VikuitiTM foil encapsulating the ensemble of target crys-
tal and light detector. Such a fully-active design ensures that
surface-related backgrounds, in particular surface α-decays,
are identified and subsequently excluded from the dark matter
analysis. A detailed study of the event classes arising from
the iSticks and the light detector holding sticks is beyond the
scope of this work; performance studies on the parallel TES
readout may be found in [5].

III. DEAD-TIME FREE RECORDING AND OFFLINE
TRIGGERING

In CRESST-III, the existing hardware-triggered data acqui-
sition (DAQ) is extended by transient digitizers allowing for
a dead-time free, continuous recording of the signals with a
sampling rate of 25 kS/s. Recording the full signal stream al-
lows the use of an offline software trigger adapted to each
detector. Our software trigger is based on the optimum filter
or Gatti-Manfredi filter successfully used e.g. by the CUORE
experiment [6, 7]. The optimum filter maximizes the signal-
to-noise ratio by comparing the frequency power spectrum of
noise samples to that of an averaged pulse (a standard event).
More weight is then given to pulse-like frequencies compared
to those dominantly appearing in the noise samples. A full
description of the method can be found in [8].

The complete stream is filtered with the optimum filter and
a trigger is fired whenever the filter output for phonon or light
channel exceeds a certain threshold value. For each chan-
nel we select a record window 655.36 ms for further analysis.
More details may be found in [9]. The output of the optimum
filter is not only used for the software triggering, but is also the

1 A small fraction of the light emitted by the stick might be absorbed by the
target crystal creating a small phonon signal therein, thus these events are
denoted quasi light-only.

Figure 5.1.1: Left: Scheme of a CRESST-III detector module. The CaWO4-crystal, (20 x 20 x
10) mm3 and ∼ 24 g, instrumented with a TES, is the phonon detector. The three CaWO4-sticks,
with holding clamps and also instrumented with TESs, keep the target crystal in position. The
thin wafer of silicon-on-sapphire (SOS), 20 mm long and 0.4 mm thick, equipped with a TES,
is the light detector, and also held by two CaWO4-sticks [4]. The stick holding system, in com-
bination with the reflective and scintillating foil, provide a fully active surface coverage. Right:
picture of CRESST-III detector module. Credit M. Willers (Technical University Munich).

is known as the non-proportionality effect, studied in [212]. The description of the bands
follows [213], where measurements of the nuclear-quenching factors for CaWO4 at mK
temperature were performed. Two dense regions of points are visible in the β/γ-band
at around 2.6 keV and 11.27 keV. These are the Auger electrons and X-rays emitted as
consequence of the 179Hf relaxation, following the cosmogenic activation,

182W + p→ 179Ta + α 179Ta
EC−−→ 179Hf + γ (5.1)

where EC stays for electron capture. The dashed red line marks the center of the
oxygen band, which is also the upper contour of the acceptance region. The acceptance
region corresponds to the events in the light-yield plot which are accepted as dark matter
events and are used to draw the sensitivity limit. The lower contour of the acceptance
region is defined to contain 99.5% of the tungsten events. The energy range of the
acceptance-region is identified from below by the condition that the detection efficiency,
ε, is larger than 50%, which occurs for energies E > 30.1 eV, and from above by satura-
tion effects which limit the energy range to 16 keV. Such saturation effects are connected
with the use of the optimum-filter-method [214], used to collect CRESST-III data to the
energy-resolution, thus the energy threshold. See CRESST-III Data Release paper for
all the details [4].

Figure 5.1.2, bottom panel, shows the one-dimensional energy spectrum of the events
in the LY plot, events of the acceptance region are marked in red. Above threshold and
below 200 eV an excess of events is clearly visible over the flat background. These events
cannot be associated to a specific class of events (β/γ or nuclear recoils) since they fall
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in the region where the bands overlap. The same excess is visible in other detectors
which were installed together with detector A in the CRESST-III setup and which also
have energy thresholds below 100 eV. Distributions are not compatible among crystals,
thus a DM origin is highly unlikely, but further investigations are necessary. In order
to identify the nature of this excess, modifications on the detector-side were made and
implemented in the present scientific run of the CRESST-III phase 1 programme. At
present the experimental campaign is stopped due to the COVID-19 pandemic.

CRESST-III DM results

In Fig. 5.1.3, CRESST-III sensitivity curve is compared to the sensitivity of other exper-
iments in the conventional SI cross-section versus DM mass parameter space. CRESST-
III probes an unexplored region in the DM-mass range (0.16− 1.8) GeV/c2 and pushed
its lower mass limit from 500 GeV/c2 [215] to 160 MeV/c2 [4].

5.2 Spin-dependent search in 7Li target

CRESST technology is constantly refined and developed to push experimental limits to-
wards new frontiers of research. Different target materials, detector geometries, temper-
ature sensor layout, data acquisition systems are contemplated and tested to eventually
improve the employed technology and enlarge the DM parameter space which can be
probed. An example is the R&D of the prototype detector module based on Li2MoO4

material. It showed good cryogenic performances and the presence of lithium, which is
one of the lightest elements and it has a nuclear angular momentum JT 6= 0, motivated
further investigations. Such properties make lithium in fact suitable for SD DM search
in the low DM mass region. Although SI interactions are expected to give the larger
contribution to the cross-section, since the corresponding event rate is ∝ A2, where A is
the atomic mass number, scenarios where the SD interactions dominate the event rate
can be conjectured, see e.g [228].

The analysis of data collected operating 2.66 g of Li2MoO4 in an above ground labo-
ratory, for a short effective time of 9.68 hours and interpreted using only the percentage
of 7Li as target material (corresponding to 7.91 · 10−5 kg × day of exposure), showed
sensitivity to SD interaction cross section for masses below 1.5 GeV [3], a region so far
explored only by [225] among the DD experiments2.

Lithium target nucleus. Lithium nuclear parameters are summarised in Tab. 5.1.
The role of the expectation value of the nucleon spin in the DM-nucleus SD cross-section
is shown in Eqs. 3.22 and 3.23. The spin matrix elements for 6Li in Tab. 5.1, were not
available at the time this studies were done and they have been requested to the authors
of [198] only motivated by the findings of this work. The nucleon spin expectation values

2The comparison with the search at LHC and the indirect DM search is not straightforward, for this
reason we refer just to DD search.
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FIG. 5. Light yield versus energy of events in the dark matter dataset,
after selection criteria are applied (see section IV 4). The blue band
indicates the 90 % upper and lower boundaries of the β /γ-band, red
and green the same for oxygen and tungsten, respectively. The yel-
low area denotes the acceptance region reaching from the mean of the
oxygen band (red dashed line) down to the 99.5 % lower boundary of
the tungsten band. Events in the acceptance region are highlighted in
red. The position of the bands is extracted from the neutron calibra-
tion data as shown in figure 3.

1. Light Yield

Figure 5 shows the dark matter data after all the cuts de-
scribed before in the light yield versus energy plane. In accor-
dance with figure 3, the blue, red and green bands correspond
to β /γ-events and nuclear recoils off oxygen and tungsten, re-
spectively. The red dashed line depicts the mean of the oxygen
band, which also marks the upper boundary of the acceptance
region, shaded in yellow. The lower bound of the acceptance
region is the 99.5 % lower boundary of the tungsten band,
its energy span is from the threshold of 30.1 eV to 16.0 keV.
Events in the acceptance region (highlighted in red) are treated
as potential dark matter candidate events. We restrict the en-
ergy range to 16 keV for this analysis since for higher energies
the energy reconstruction cannot be based on the optimum fil-
ter method due to saturation effects. This choice, however,
hardly affects the sensitivity for the low dark matter particle
masses of interest. The choice for the acceptance region was
fixed a-priori before unblinding the data. We do not include
the full oxygen recoil band in the acceptance region because
the gain in expected signal is too small to compensate for the
increased background leakage from the β /γ-band.

2. Energy Spectrum

The corresponding energy spectrum is shown in figure
6 with events in the acceptance region highlighted in red.
In both figures 5 and 6, event populations at 2.6 keV and
∼11 keV are visible. These originate from cosmogenic activa-

FIG. 6. Energy spectrum of the dark matter dataset with lines visible
at 2.6 keV and 11.27 keV originating from cosmogenic activation of
182W [11]. Gray: all events, red: events in the acceptance region (see
figure 5).

tion of the detector material and subsequent electron capture
decays:

182W + p→ 179Ta+α, 179Ta EC−→ 179Hf+ γ.

The latter decay has a half-life of 665 days, which implies
a decreasing rate over the course of the measurement after ini-
tial exposure of the detector material. The energies of the lines
correspond to the L1 and M1 shell binding energies of 179Hf
with literature values of EM1 =2.60 keV and EL1 =11.27 keV,
respectively [14]. As already mentioned in section IV 1, the
clearly identifiable 11.27 keV line was used to fine-adjust the
energy scale, and therefore to give an accurate energy infor-
mation in the relevant low-energy regime. These features were
already observed in CRESST-II [11, 15]. Additionally, a pop-
ulation of events at ∼540 eV is visible, which hints at EC
decays from the N1 shell of 179Hf with a literature value of
EN1 =538 eV [14].

Below 200 eV, an excess of events above the flat back-
ground is visible, which appears to be exponential in shape.
Due to decreasing discrimination at low energies, it cannot be
determined whether this rise is caused by nuclear recoils or
β /γ events (see figure 5). It should be emphasized that noise
triggers are not an explanation for this excess, as it extends too
far above the threshold of 30.1 eV. According to the definition
of the trigger condition in section III 1, the expected number of
noise triggers for the full dataset would be around 3.6. We ob-
serve an excess of events at lowest energies in all CRESST-III
detector modules with thresholds below 100 eV; the shape of
this excess varies for different modules, which argues against
a single common origin of this effect. No clustering in time of
events from the excess populations is observed.
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decays:

182W + p→ 179Ta+α, 179Ta EC−→ 179Hf+ γ.

The latter decay has a half-life of 665 days, which implies
a decreasing rate over the course of the measurement after ini-
tial exposure of the detector material. The energies of the lines
correspond to the L1 and M1 shell binding energies of 179Hf
with literature values of EM1 =2.60 keV and EL1 =11.27 keV,
respectively [14]. As already mentioned in section IV 1, the
clearly identifiable 11.27 keV line was used to fine-adjust the
energy scale, and therefore to give an accurate energy infor-
mation in the relevant low-energy regime. These features were
already observed in CRESST-II [11, 15]. Additionally, a pop-
ulation of events at ∼540 eV is visible, which hints at EC
decays from the N1 shell of 179Hf with a literature value of
EN1 =538 eV [14].

Below 200 eV, an excess of events above the flat back-
ground is visible, which appears to be exponential in shape.
Due to decreasing discrimination at low energies, it cannot be
determined whether this rise is caused by nuclear recoils or
β /γ events (see figure 5). It should be emphasized that noise
triggers are not an explanation for this excess, as it extends too
far above the threshold of 30.1 eV. According to the definition
of the trigger condition in section III 1, the expected number of
noise triggers for the full dataset would be around 3.6. We ob-
serve an excess of events at lowest energies in all CRESST-III
detector modules with thresholds below 100 eV; the shape of
this excess varies for different modules, which argues against
a single common origin of this effect. No clustering in time of
events from the excess populations is observed.

Figure 5.1.2: Top: Light yield versus energy plane for the events in the DM data set and
surviving the selection criteria, CRESST-III Data release [4]. The light-yield plot is normalised
to the light-yield of Kα1

and Kα2
escape lines of tungsten, with a weighted mean energy of

63.2 keV. Events result distributed along bands, as function of the relative light quenching,
which is larger as heavier is the recoiling particle. Band fit is shown in blue for β/γ events, red
for oxygen recoils, green for tungsten (calcium band fit is not shown for graph-clearness). Upper
and lower boundaries include 80% of the events in the band. Shaded yellow band identifies
the acceptance region. Bottom: The energy spectrum detected during the first campaign of
CRESST-III [4]. Gray are all the events, red are the events devoted to the acceptance region.
The peaks at around 2.6 keV and 11.23 keV are the relaxation emission events following the
cosmogenic activation of 182W. Below 200 eV, an excess of events over the flat background is
observed.
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FIG. 7. Experimental results on elastic, spin-independent dark mat-
ter nucleus scattering depicted in the cross-section versus dark mat-
ter particle mass plane. If not specified explicitly, results are reported
with 90 % confidence level (C.L.). The result of this work is depicted
in solid red with the most stringent limit between masses of (0.16-
1.8) GeV/c2. The previous CRESST-II result is depicted in dashed
red [16], the red dotted line corresponds to a surface measurement
performed with a gram-scale Al2O3 detector [17]. We use a color-
coding to group the experimental results: Green for exclusion limits
(CDEX [18], CDMSlite [19], DAMIC [20], EDELWEISS[21, 22],
SuperCDMS [23]) and positive evidence (CDMS-Si (90 %C.L.) [23],
CoGeNT (99 %C.L.)[24]) obtained with solid state detectors based
on silicon or germanium, blue for liquid noble gas experiments based
on argon or xenon (DarkSide [25], LUX [26, 27], Panda-X[28],
Xenon100[29], Xenon1t[30]), violet for COSINE-100 (NaI) [31],
black for Collar (H) [32], magenta for the gaseous spherical pro-
portional counter NEWS-G (Ne + CH4) [33] and cyan for the super-
heated bubble chamber experiment PICO (C3F8) [34]. The gray re-
gion marks the so-called neutrino floor calculated for CaWO4 in [35].

VI. RESULTS

We use the Yellin optimum interval algorithm [36, 37] to
extract an upper limit on the dark matter-nucleus scattering
cross-section. In accordance with this method, we consider
all 441 events inside the acceptance region to be potential dark
matter interactions; no background subtraction is performed.

The anticipated dark matter spectrum follows the stan-
dard halo model [38] with a local dark matter density
of ρDM = 0.3 (GeV/c2)/cm3, an asymptotic velocity of
v� = 220km/s and an escape velocity of vesc = 544km/s.
Form factors, which are hardly relevant given the low trans-
ferred momenta here, follow the model of Helm [39] in the
parametrization of Lewin and Smith [40].

The result of the present analysis on elastic scattering of
dark matter particles off nuclei is depicted in solid red in figure
7 in comparison to the previous CRESST-II exclusion limit in
dashed red and results from other experiments (see caption

and legend of figure 7 for details). The red dotted line cor-
responds to a surface measurement with a 0.5 g Al2O3 crys-
tal achieving a threshold of 19.7 eV using CRESST technol-
ogy [17].

The improvement in the achieved nuclear recoil threshold,
in the respectively best performing detectors, from 0.3 keV
for CRESST-II to 30.1 eV for CRESST-III, yields a factor of
more than three in terms of reach for low masses, down to
0.16 GeV/c2. At 0.5 GeV/c2 we improve existing limits by a
factor of 6(30) compared to NEWS-G (CRESST-II). In the
range (0.5-1.8) GeV/c2 we match or exceed the previously
leading limit from CRESST-II.

VII. CONCLUSION

In this paper, we report newly implemented data process-
ing methods, featuring in particular the optimum filter tech-
nique for software-triggering and energy reconstruction. This
allows one to make full use of the data down to threshold. The
best detector operated in the first run of CRESST-III (05/2016-
02/2018) achieves a threshold as low as 30.1 eV and was,
therefore, chosen for the analysis presented.

In comparison to previous CRESST measurements, an in-
dication of a γ-line at approximately 540 eV compatible with
the N1 shell electron binding energy of 179Hf could be ob-
served. Together with the reappearance of known lines, this
corroborates the analysis of background components outlined
in [11], as well as the energy calibration in this work.

At energies below 200 eV we observe a rising event rate
which is incompatible with a flat background assumption and
seems to point to a so-far unknown contribution. At the time
of writing, dedicated hardware-tests with upgraded detector
modules are underway to illuminate its origin.

We present exclusion limits on elastic dark matter particle-
nucleus scattering, probing dark matter particle masses below
0.5 GeV/c2 and down to 0.16 GeV/c2.

VIII. APPENDIX

1. Study of Systematic Uncertainties

As discussed in section IV the energy scale is adjusted us-
ing the 11.27 keV γ-peak (Hf L1 shell). As a consequence
the energy scale is only strictly valid for events with a light
yield of one. In particular, for a nuclear recoil less scintilla-
tion light is produced and, thus, more energy remains in the
phonon channel leading to an overestimation of the phonon
energy. Based on the fact that we measure both energies –
phonon (Ep) and light (El) – one can account for this effect as
was shown in [15] by applying the following correction:

E = ηEl +(1−η)Ep = [1−η(1−LY )]Ep. (1)

Figure 5.1.3: Experimental results on elastic, SI DM nucleus scattering presented in the cross-
section versus DM particle mass plane [4]. CRESST-III result [4], shown in solid red, extends
previous constraints for the mass range of (0.16−1.8) GeV/c2. For comparison, previous experi-
mental results are shown: the dashed red is CRESST-II [215], the red dotted line is the CRESST
surface measurement with a gram-scale Al2O3 detector [216], green curves indicate exclusion
limits (CDEX [217], CDMSlite [218], DAMIC [162], EDELWEISS [219, 220], SuperCDMS [221])
and positive evidence (CDMS-Si (90%C.L.) [221], CoGeNT (99%C.L.) [222]) obtained with Si
and Ge semiconductor, blue for liquid noble gas experiments based on argon or xenon (Dark-
Side [33], LUX [30, 168], Panda-X [31], Xenon100 [223], Xenon1t [29]), violet for COSINE-100
(NaI) [224], black for Collar (H) [225], magenta for the gaseous spherical proportional counter
NEWS-G (Ne + CH4) [159] and cyan for the superheated bubble chamber experiment PICO (C3
F8 ) [226]. The gray region marks the so-called neutrino floor calculated for CaWO4 in [227].
(Caption taken from [4]).
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for 7Li are taken from [229], since, among the literature cited in [230], applies the most
advanced method3.

Isotope Z Abundance JPT 〈Sp〉 〈Sn〉 Ref. for 〈SN 〉
6Li 3 0.0759(4) 1+ 0.464(3) 0.464(3) [198]
7Li 3 0.9241(4) 3/2- 0.497 0.004 [229, 230]

Table 5.1: Lithium stable isotopes nuclear properties. Abundances and Jt taken from
https://www.nndc.bnl.gov/nudat2/reCenter.jsp?z=3&n=3.

Detector module design and properties. The Li2MoO4 crystal employed in this
measurement is a small cube of 10 mm of side length and 2.66 g of weight, incapsulated
in a copper housing and held by bronze clamps. It is equipped with a Neutron Transmu-
tation Doped (NTD) temperature sensor, which is glued on its surface. The combination
Li2MoO4 crystal and NTD constitutes the phonon detector (PD). The crystal is enclosed
in a reflective foil which optimises the scintillation light collection which is measured by
a CRESST-III light detector (LD), a (20× 20× 0.3) mm3 wafer of Silicon-On-Sapphire
(SOS) interfaced to the target crystal and equipped with a TES. A 55Fe X-ray source
with 0.055 Bq of activity is placed at 5 mm from the LD and is used to calibrate the LD
energy response. The combination of PD and LD constitutes the detector module.

Data taking. The measurement was performed at the Max Planck Institute (MPP)
for Physics in Munich, Germany, using a dilution refrigerator not shielded against envi-
ronmental background and cosmic radiation (see [216] for the facility description). After
two calibration runs, performed with a 57Co γ-source and an AmBe neutron source, both
placed outside the cryostat, 14.77 hours of background data were collected4.

Despite of the good performance of the LD whose energy resolution is σLDbaseline =
(5.90± 0.13) eV, the module showed a poor light yield (LY) equal to (0.32± 0.01) keV/
MeV, which prevented from applying particle identification according to the light-yield
method described in the previous section. The LD was therefore only used as veto
for muons and for backgrounds from the surrounding materials. The light-yield plot
was substituted by a two dimensional plot were the events are distributed according
to the portion of energy converted in scintillation light (y-axis) detected in coincidence
with the portion of energy released in the Li2MoO4 target crystal (x-axis), as shown
in Fig. 5.2.1, top panel. In this way, the anti-coincidence cut can reject events occurring
both in the LD and in the PD, as DM is not expected to make multiple interactions.
On the x-axis, the acceptance region is confined between the energy threshold, set at
0.932±0.012 keV [214], and 50 keV. On the y-axis, the borders of the acceptance region

3More recent and accurate nuclear calculations are available at the present day, as discussed at the
end of Sec. 4.1, therefore we expect the expectation values for the nucleon spin of 7Li to be soon released,
as it was the case for 6Li.

4The background run is not defined a DM run since the experimental setup was not optimised for
the DM search.

https://www.nndc.bnl.gov/nudat2/reCenter.jsp?z=3&n=3
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are set between two values, ±C, where C = LY × 50 keV + 2σLDγ . σLDγ is the energy
resolution of the LD computed using the events which populate the peak of the X-ray
line at 122 keV observed during the 57Co calibration campaign. All the events in the
acceptance region, that is the region between the two red horizontal lines in Fig. 5.2.1,
are considered as DM events.

4

Fig. 1 Left: section view of the detector module. Right: picture of the
detector module. The Li2MoO4 crystal sits on a piece of PTFE inside
a reflective cavity and is held in position with two bronze clamps. One
NTD of (1×1×3) mm3 is glued on the top surface of the crystal and is
used as thermal sensor for signal read-out. A (20×20×0.3) mm3 wafer
of silicon-on-sapphire is used as light absorber, its frame is fixed on top
of the target crystal. The thermal sensor is a TES directly deposited on
the silicon coated side of the silicon-on-sapphire plate.

sponse is calibrated on the 122 keV and 136 keV peaks us-
ing a linear regression with the y-intercept constrained to 0
and the first order coefficient as a free parameter. We also
observe a third peak due to an 241Am contamination inside
the set-up in all three measurement campaigns. Using the
calibration factor obtained with the fit, the 241Am γ-line ap-
pears at (59.5±0.2) keV, which matches the expected value
of 59.54 keV [46]. For this reason and given the response
function of an NTD [42], we can safely assume that the en-
ergy response is linear in the 0 -136 keV range. After calibra-
tion, we quote the response of the NTD as (848±11) nV/keV.
The energy resolution at zero energy, also denoted as base-
line resolution, is σbaseline =(0.174±0.006) keV and the en-
ergy resolution at 122 keV is σγ =(0.53±0.06) keV. We also
observe the 4.78 MeV thermal neutron capture peak of 6Li
which has a resolution of σncap =(2.36±0.14) keV. The afore-
mentioned energy resolutions are obtained via a Gaussian fit
where standard deviation, center position, and amplitude are
free parameters. The measured background rate is 2.37×104

counts/(keV·kg·day) in the 1–200 keV range. The LD is cal-
ibrated on the 5.89 keV peak of 55Fe and has a baseline reso-
lution σLD

baseline=(5.90±0.13) eV. The detector module shows
a light yield (LY) for β and γ particles of (0.32±0.01) keV/
MeV. The LY was computed as the ratio of the scintillation
light detected in the LD converted in energy over the total
energy deposited in the main absorber. The value we ob-
tained is lower than previous cryogenic measurements with
a similar crystal [25,47]: we attribute this discrepancy to the
different experimental setup (i.e. different LD and different
geometry).The resulting quenching factors [48] are 0.205±
0.007 for α particles and 0.124±0.012 for nuclear recoils
induced by neutrons as seen during the neutron calibration,
in agreement with the literature [25].

Fig. 2 Green: measured spectrum using a 57Co γ-calibration source in
3.3 hours. Blue: spectrum from 3.3 hours of background measurement.
A bump peaks around 120 keV due to environmental radioactivity and
a line appears at 59.5 keV due to an 241Am contamination inside the
setup. The two prominent peaks visible only in the green plot corre-
spond to the 122 keV and the 136 keV γ rays of the 57Co source: this
region of the spectrum is also visible in the inlay in the top right corner,
where the fit of the 122 keV peak is shown.
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Fig. 3 Top: the light measured in coincidence by the LD (y-axis) is
displayed against the energy deposited in the Li2MoO4 crystal (x-axis)
in the ROI (1-50 keV). The two lines in solid red correspond to the val-
ues chosen for the anti-coincidence cut: the events which fall inside the
two lines are accepted for the dark matter analysis. The rejected events
show an excessive light signal, which cannot be attributed to single
particle hits in the main absorber. Bottom: measured energy spectrum
of the selected events. Those events can mainly be attributed to low
energy γ rays.

4 Dark Matter Results

The spin-dependent dark matter limits we present were cal-
culated using the background measurement dataset. The re-
sults obtained should be seen as an evidence of the high
potential of lithium-based crystals, rather than a conclusive
outcome. For this very reason we decided to adopt a con-
servative approach for the data analysis and to collect only
a few hours of background data. There would be no major
benefit to aim for a longer data taking and for a more strin-
gent data selection, since we are intrinsically limited in a
non-shielded above-ground laboratory.

Figure 5.2.1: Top: Two dimensional plot were the events are distributed according to the por-
tion of energy converted in scintillation light (y-axis) detected in coincidence with the portion of
energy released in the Li2MoO4 target crystal. The two red horizontal line confine the acceptance
region (see text). Bottom: Energy spectrum for the Li target crystal.

5.2.1 Expected SD differential scattering rate off lithium

The scenario typically assumed to calculate the sensitivity of a given DD experiment
to SI/SD interactions was introduced in Sec. 3.3. For the calculation of the SD cross-
section off lithium we consider a point-like approximation for the nucleus, according to
the following consideration. The momentum transferred to the nucleus in the laboratory
reference frame is larger as larger is the incoming DM velocity. The maximal relative
velocity is expected for a DM flux which points towards the Solar system (SS) along the
same direction of the SS motion around the galactic center. The module of the maximal
relative velocity is expected to be roughly vmax ' 533 + 220 < 760 km/s. The maximal
momentum transfer, which is obtained for mχ = mT , for lithium is (see Appendix B.2),

q = µT v(1− cos θ) < 2mT vmax ' 36 MeV (5.2)

in natural units. For the maximal momentum transfer, the DM wavelength is λχ '
34 fm � rn(Li), where rn(Li) ' 1 fm is the effective nuclear radius defined in Sec. 3.3.
Since λχ � rn(7Li), the point-like approximation for the nucleus is appropriate and
SA(q) ' SA(0) for any possible momentum transfer, where SA(q) is defined in Eq. 3.25.
Therefore we assume the q2 → 0 limit, that is equivalent to assume a form factor
F (q) = SA(q)/SA(0) = 1.
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The values of the couplings a0 and a1 in Eq. 3.23 are commonly fixed for convenience
at a0 = a1 = 1 or a0 = −a1 = 1 and labeled as proton-only and neutron-only interac-
tions, respectively.

Taking into account all the numerical coefficients, the number of counts per (kg× keV× day)
for DM SD interactions is derived in Appendix D.1 and it is equal to,

dR

dER
=

[
dR

dER

]
ξ

2mT [GeV]

mχ[GeV]

(
JT + 1

3JT

)(
µT
µp/n

)2

(2〈Sp/n〉)2 σ
p/n
SD [cm2]

4µ2
T [GeV2]

Ihalo
[

GeV

cm3

cm

s

]

(5.3)

where ER is the recoil energy,
[

dR
dER

]
is the numerical factor derived in Appendix D.1,

ξ accounts for the isotopic abundance and for the quantity of target nucleus of interest
in 1 kg of material, mT is the target nucleus mass, mχ the DM mass; JT is the total
nuclear angular momentum, µT the DM-nucleus reduced mass and µp/n the DM-nucleon
reduced mass; 〈Sp/n〉 is the expectation value of the spin content of the nucleons in the

nucleus (see Tab. 5.1) and σSDp/n is the SD DM-nucleon cross-section, that is the param-

eter the sensitivity curves in Fig. 5.2.2 refer to. Finally, Ihalo is Ihalo = ρχη(vmin, t),
where ρχ is the DM mass density and η(vmin, t) is the mean inverse velocity calculated in
the standard halo model (SHM) defined in Eq. 4.13 [18], with vmin the minimal velocity
required to produce a recoil energy ER.

The differential rate of DM scattering off 7Li as a function of the DM mass and the
DM-nucleon SD cross-section σSDp/n, used to interpret the experimental data of Sec 5.2,
thus for the exclusion plots in Fig. 5.2.2, is given in the following equations.

- Differential rate for SD proton-only interactions in 7Li, (a0 = a1),

dR

dER

[
1

kg× keV× day

]
= 1.3701 · 1041 (0.938 +mχ)2

m3
χ

Ihalo
[

km

s

]
σSDp [cm2] (5.4)

- Differential rate for SD neutron-only interactions in 7Li, (a0 = −a1),

dR

dER

[
1

kg× keV× day

]
= 8.8751 · 1036 (0.938 +mχ)2

m3
χ

Ihalo
[

km

s

]
σSDn [cm2] (5.5)

where mχ is in GeV, and the units of the other terms are in squared brackets.
The values of the 7Li spin structure function both for protons and neutrons are taken
from [230], while we neglected 6Li for because its spin structure functions were not yet
available, as explained above.

5.2.2 DM result with CRESST Li2MoO4 prototype

After applying selection cuts, the effective background run time reduced from 14.77
hours to 9.68 hours, corresponding to 7.91 ·10−5 kg×day of 7Li exposure. The exclusion
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Fig. 4 Top: Exclusion limit obtained for neutron-only spin-dependent
interactions of dark matter particles with Standard Model particles.
The cross section for this kind of interactions is shown on the y-
axis (pb on the left, cm2 on the right), while the dark matter parti-
cle mass is on the x-axis. The result of this work with 7Li is drawn
in solid red with the two-sigma band resulting from statistical uncer-
tainty in solid blue: we reach 1.06·10−26 cm2 at 1 GeV/c2. In dashed
red we show the CRESST-III [11] limit using 17O. For comparison,
we show limits derived by other direct detection experiments: EDEL-
WEISS [32] and CDMSlite [26] using 73Ge; LUX [27], PandaX-
II [30], and XENON1T [29] using 129Xe+131Xe (see legend). Bottom:
Same, but for proton-only spin-dependent interactions. Our result with
7Li is depicted in solid red with with the two-sigma band in solid blue,
reaching 6.88·10−31 cm2 at 1 GeV/c2. Additionally, we plot limits from
other experiments: CDMSlite [26] and EDELWEISS [32] with 73Ge;
LUX [27], XENON1T [29], and PandaX-II [30] with 129Xe+131Xe;
PICO-60 with 19F [31]; Collar [24] with 1H. Finally, we plot in dotted
black a constraint from Borexino data derived in [55].
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Fig. 4 Top: Exclusion limit obtained for neutron-only spin-dependent
interactions of dark matter particles with Standard Model particles.
The cross section for this kind of interactions is shown on the y-
axis (pb on the left, cm2 on the right), while the dark matter parti-
cle mass is on the x-axis. The result of this work with 7Li is drawn
in solid red with the two-sigma band resulting from statistical uncer-
tainty in solid blue: we reach 1.06·10−26 cm2 at 1 GeV/c2. In dashed
red we show the CRESST-III [11] limit using 17O. For comparison,
we show limits derived by other direct detection experiments: EDEL-
WEISS [32] and CDMSlite [26] using 73Ge; LUX [27], PandaX-
II [30], and XENON1T [29] using 129Xe+131Xe (see legend). Bottom:
Same, but for proton-only spin-dependent interactions. Our result with
7Li is depicted in solid red with with the two-sigma band in solid blue,
reaching 6.88·10−31 cm2 at 1 GeV/c2. Additionally, we plot limits from
other experiments: CDMSlite [26] and EDELWEISS [32] with 73Ge;
LUX [27], XENON1T [29], and PandaX-II [30] with 129Xe+131Xe;
PICO-60 with 19F [31]; Collar [24] with 1H. Finally, we plot in dotted
black a constraint from Borexino data derived in [55].
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mass is on the x-axis. The result of this work with 7Li is drawn in solid red with the two-sigma
band resulting from statistical uncertainty in solid blue: we reach 1.06·10−26 cm2 at 1 GeV/c2.
In dashed red we show the CRESST-III [4] limit using 17O. For comparison, we show limits de-
rived by other direct detection experiments: EDELWEISS [220] and CDMSlite [175] using 73Ge;
LUX [172], PandaX-II [231], and XENON1T [232] using 129Xe+131Xe (see legend). Bottom:
Same, but for proton-only spin-dependent interactions. Our result with 7Li is depicted in solid
red with with the two-sigma band in solid blue, reaching 6.88·10−31 cm2 at 1 GeV/c2. Addition-
ally, we plot limits from other experiments: CDMSlite [175] and EDELWEISS [220] with 73Ge;
LUX [172], XENON1T [231], and PandaX-II [231] with 129Xe+131Xe; PICO-60 with 19F [163];
Collar [225] with 1H. Finally, we plot in dotted black a constraint from Borexino data derived
in [233]. Plot and caption taken from [3].
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limits on the SD proton-only and neutron-only interactions were computed using the
conservative Yellin method [234, 235]. The standard DM halo parameters entering in
Ihalo (see Eq. 5.3 and Eq. 3.4) and which are used to draw the exclusion limits, are
ρχ = 0.3 GeV/cm3, vesc = 544 km/s and v0 = 220 km/s. The SD cross-section versus
DM mass sensitivity curve obtained with the preliminary measurement described in this
section, contributes to constrain the DM parameter space for mχ < 1.5 GeV, Fig. 5.2.2.
This result motivated further tests using Li-based crystals, which later brought to decide
to employ Li-based target crystals in the CRESST-III experiment. Modules constituted
by Li-based absorbers are currently mounted in the CRESST cryostat for the next run.

CRESST-III SD limits using 17O. In Fig. 5.2.2, the dashed-red line shows the
exclusion limit derived by CRESST-III [4] using 17O. The expectation values of the
nucleon spin content of 17O are taken from [230] and are 〈Sn〉 = 0.5 and 〈Sp〉 = 0. More
updated results for these parameters are highly recommended to provide more accurate
results.



80 DARK MATTER SEARCH WITH THE CRESST EXPERIMENT

5.3 Annual modulation phenomenology in CRESST-III

The very low thresholds reached by CRESST-III (30.1 eV), poses the challenge of the
yet unexplained exponential background at low energies (i.e. E < 200 eV) discussed in
Sec. 5.1. In this energy region the discrimination power between β/γ-events and nuclear
recoils is lost because the bands overlaps because at such low energies the detection of
the very few emitted photons is not feasible anymore. In the view of this background
limitation, a study to establish if a 2-dimensional (2D) analysis in time and energy is of
advantage for signal discovery or model discrimination is performed considering certain
conditions. After a preliminary cross-check of the energy spectrum of signal events
simulated in this work with previous literature, in Sec. 5.3.2 a rough estimation of the
background is obtained by fitting a parametric model to CRESST-III energy-spectrum,
in Sec. 5.3.3 the statistical theory which the analysis is based on is presented, in Sec. 5.3.4
technical details for data-simulation and data-fit are discussed and, finally, in Secs. 5.3.5
and 5.3.6 results are presented.

5.3.1 Dark matter signal calculation: Cross-check with previous liter-
ature

As a first step, the DM energy spectrum that is computed with the computer code
developed in this work is compared with the examples illustrated in the public repository
of the dmdd package5, which is the code used by the authors of Ref. [236]. For a DM
mass of 50 GeV, a cross-section σSI = 7 · 10−46 cm2, in the assumption of the SHM,
using Xenon as target material with form factors taken from [148], the total number of
events N per second and kilogram in the energy range [5− 40] keV is,

• dmdd code: N ' 4.9 · 10−9 events/sec/kg,

• this work: N ' 4.9 · 10−9 events/sec/kg.

The total number of events calculated with the dmdd package and with the code used
for this work, agree at the precision of the example given in the dmdd tutorial56. In
Tab. 5.2, the comparison between the differential rate computed for 5 energy values, from
1 to 100 keV, is provided. It is evident that there is a large discrepancy at recoil energies
larger than about 50 keV. A possible reason is the use of different nuclear form factors.
Although it is interesting to pin down the source of this discrepancy, it is expected to
not have impact on the results presented in the following since the larger energy involved
here is 16 keV.

5https://github.com/veragluscevic/dmdd/blob/master/dmdd tutorial.ipynb
6As reference for later, the same number of counts is computed using the Helm form factor described

in Sec. 3.3. The result is : N ' 5.1 · 10−9 events/sec/kg, about 5% of discrepancy.

https://github.com/veragluscevic/dmdd/blob/master/dmdd_tutorial.ipynb
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Energy (keV) dmdd (counts/sec/kg/keV) This work (counts/sec/kg/keV) Error

1 7.32 · 10−10 7.29 · 10−10 ' 0.4%
25.75 5.9967 · 10−11 5.9967 · 10−11 < 10−4%
50.5 2.9 · 10−12 3.1 · 10−12 ' 7 %
75.25 6.5 · 10−14 7.7 · 10−14 ' 18%
100 2.5 · 10−17 1.0 · 10−16 ' 96%

Table 5.2: Comparison between the energy spectrum computed with the dmdd package
and the computer code developed in this work. For energies larger than about 50 keV,
the two calculations probably differ because of the use of different nuclear form factors.

5.3.2 CRESST background

The CRESST-III energy-spectrum [4] shown in Fig. 5.3.1, can be described by the fol-
lowing energy function,

dNb

dE
= p0 + p1 E + p2 e

−E/p3 +NK Gauss(E,EK , σK) +NL Gauss(E,EL, σL) (5.6)

where p0 and p1 are the parameters of the linear part of the energy spectrum, while
p2 and p3 are the parameters of the exponential part. The two gaussian functions are
inserted to describe the X-ray and Auger-electron emissions following the 179Ta electron
capture (see Sec. 5.1). NK and NL are the intensities, EK and EL the mean energies and
σK and σL the standard deviations of the K-shell and L-shell, respectively. Equation 5.6
is fitted to the CRESST-III data in the acceptance region, as shown in Fig. 5.1.2. Data
were collected using 23.6 g of CaWO4 for a total exposure of 3.64 kg days. For details
on data refer to [4] and [237]. CRESST-III data are available on the arXiv database (at
the link https://arxiv.org/abs/1905.07335).

To fit data and to estimate parameters given in Eq. 5.6, the ROOT Data Analy-
sis Framework [238] is used. Data are binned using ROOT TH1 Class. The TH1::Fit
function is used to fit the model in Eq. 5.6 to data. In general, the TH1::Fit function
requires two arguments, which are the fit-function and the fit-options. The fit-function
is Eq. 5.6, while the fit-options are ‘LIR’. According to the ROOT User Guide: L sets
the use of the likelihood method, I imposes the use of the integral of the function in the
bin instead of its value at the bin center and R implies that the range of values of the
variable which data are distributed according to, is equal to the range of values specified
in the fit-function definition.

A combined fit procedure is performed in order to find reasonable starting values for
the parameters. First the linear part of Eq. 5.6 is fitted to the flat background in the
energy range [1 − 16] keV. Then the two additional terms in Eq. 5.6 are added, that
are two gaussian functions which approximate the X-ray/Auger-lines and data are then
fitted in the same energy-range [1 − 16] keV with the linear-function-parameters fixed;

https://arxiv.org/abs/1905.07335
https://root.cern.ch/root/htmldoc/guides/users-guide/ROOTUsersGuide.html#the-fit-method
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in this way the parameters of the gaussian functions are estimated. Finally, the energy-
range is extended to [0.02 − 16] keV, introducing the exponential term. The starting
values of the linear term and of the two gaussian functions instead are fixed at the values
found in the previous steps. Then the final fit is performed with all parameters left free
and starting values chosen as described above. At this stage, the only fixed parameter
is the bin width which is multiplied to Eq. 5.6, as required by the I option in the TH1
class. The plot of the fit to data is shown in Fig. 5.3.1. The fit-parameters are listed
in Table 5.3. The value for σL reported in the table is the one obtained by fixing the
parameter, EL, since otherwise the fit provides a value with a too large error and differ-
ent from the previous steps, while all the other parameter values are very stable. Since
the ratio between NK and NL is in agreement with the K/L-branching ratio shown in
Fig. 5.3.1, the fit-result is considered reasonable.

N Parameter Value Error (±)

1 p0 28.0 1.0
2 p1 -0.80 0.10
3 p2 19776 610
4 p3 0.0423 0.0012
5 EK 11.196 0.035
6 σK 0.165 0.029
7 EL 2.70 0.41
8 σL 0.033 0.023
9 NK 42.5 7.6
10 NL 13.7 4.5
11 bin size 0.16 fixed

Table 5.3: Fit parameters of Eq. 5.6 to the CRESST-III energy spectrum data [4].

The number of events in the CRESST-III acceptance region7 is 441, with ∼ 158
days of exposure [4]. These events which survive the selection cut, are in the nuclear
recoil bands or in the region where particle discrimination is lost. In the next sections,
the rate of 500 counts in 158 days is used as a reference number for the background
level in a CRESST-like detector and Eq. 5.6 is used to model the functional form of the
background, neglecting the two X-ray emission lines at about 2.7 keV and 11.3 keV as
they are easily identified and rejected.

7CRESST-III acceptance region is described in Sec. 5.1.
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Figure 5.3.1: Left: CRESST-III energy spectrum as taken from [4]. The fit of Eq. 5.6 to data
is shown as red solid line. Right: K and L-shell emission line intensities as a function of the
atomic number. The K/L branching ratio can be easily calculated from this plot taken from the
X-Ray Data Booklet [239].

https://xdb.lbl.gov/Section1/Sec_1-3.html
https://xdb.lbl.gov/Section1/Sec_1-3.html
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5.3.3 Statistical theory

In this section the statistical methods used to perform the 1D (energy-only) and 2D
(time and energy) analyses are introduced. The treatment is divided into two parts,

1. The problem of signal discovery

2. The problem of model discrimination

Signal discovery. The test statistics with higher significance power for signal versus
background discrimination8 is the likelihood ratio, according to the Neyman-Pearson
(NP) lemma and as explained by Glen Cowan in [240]. If the presence of a signal is not
certain and data analysis goal is the signal-plus-background versus background-only-
hypothesis discrimination, the likelihood ratio takes the following form,

q = −2 log

( L(H|b)
L(H|µs+ b)

)
(5.7)

where H is the hypothesis which mock data are simulated according to, s stays for
signal and µ is the signal strength parameter which takes values from 0 to 1 used for
fitting. Its role is to ‘weight the quantity of signal’ in the data and it is left as free
parameter when the fit of the model to data is performed. In order to establish the
compatibility of the alternative-hypothesis with data, the test statistics q is randomly
generated N times simulating the data under the null-hypothesis (background-only), H0,
and N times under the alternative hypothesis (signal-plus-background), H1, such that
two test statistics distributions are constructed. The critical region is then defined as the
ensamble of q-values larger than qmed, where qmed is the median of the distribution of
test statistics computed under the alternative-hypothesis or, in other words, is the most
probable value under H1. The p-value is the area under the null-hypothesis distribution
curve, f(q0), in the range [qmed,∞],

p-value =

∫ ∞

qmed

dq0 f(q0) (5.8)

If the p-value is low, the data are more compatible with H1, that is data favour H1.

When nuisance parameters are present, for instance in the case some background pa-
rameters are not known, the NP lemma does not hold, i.e. the likelihood-ratio in Eq. 5.7
is not the test statistics with the highest probability of null-hypothesis rejection. Since
there is not an optimal choice for the test statistics indicator, different equivalent meth-
ods can be applied. Statistical results depend on the method used. The test-statistics
commonly adopted for the problem of signal discovery involving nuisance parameters is

8The power of a test statistics is the probability of rejecting the null-hypothesis if the alternative-
hypothesis is true.
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the profile likelihood (PL) ratio. If θ is the vector of nuisance parameters, the PL ratio
reads,

q = −2 log

(
L(H|µs+ b(

ˆ̂
θ))

L(H|µ̂s+ b(θ̂))

)
(5.9)

where
ˆ̂
θ represents the nuisance parameters which maximise the likelihood-function, L,

for µ fixed at the value under test and µ̂ and θ̂ are the parameters which maximise
L(µ, θ). For the purpose of signal discovery, which is the case of interest of this section,
µ at the numerator is fixed at µ = 0.

Model discrimination. Assuming that the signal discovery is already assessed, the
goal to identify the model which better describes data is referred to as model discrimina-
tion. If there are two possible models and data contain also background events, the two
hypotheses to compare consist in (i) first model plus background and (ii) second model
plus background. The statistical method used in this analysis follows the one explained
in [182], which considers the test statistics,

q0 = −2 log
L(H0|µs0 + b(θ̂))

L(H0|µsa + b(θ̂))

qa = −2 log
L(Ha|µs0 + b(θ̂))

L(Ha|µsa + b(θ̂))

(5.10)

where q0 and qa are test statistics indicators computed on data simulated according
to the first model (the null-hypothesis, H0) and to the second model (the alternative-
hypothesis, Ha), respectively. The terms si, with i = 0 or a, indicate the model used
for fitting data, while θ represent the vector of nuisance parameters, which is just the
background-normalisation in the analysis proposed below. The procedure for the p-value
calculation is the following,

1. Generate N mock data samples and for each generation, compute the test-statistics
q0;

2. Build the distribution f(q0);

3. Repeat the procedure using qa and build the distribution f(qa);

4. Compute the median of f(qa), that is qmed.

5. Compute the p-value, which is defined as in Eq. 5.8.

5.3.4 Methodology for p-value computation

In this section the procedure followed to compute the p-value of the hypothesis under
test is explained. The procedures for different problems slightly differ from each other,
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but basics steps are the same: data are simulated and the two distributions of the test-
statistics computed under the null-hypothesis and the alternative-hypothesis are built
using N -Monte Carlo generations. The two distributions are normalised to 1. The p-
value of the null-hypothesis is computed at the median of the alternative-hypothesis. If
the p-value is equal to or lower than a chosen value α in the range [0, 1], data favours
the alternative-hypothesis with (1 − α) · 100% of confidence level. In the following the
simulation and fitting procedure are addressed.

Details on data simulation

The probability density function (p.d.f.) used to simulate the background energy spec-
trum reads,

(p.d.f)b =
dNb

dE

(∫

∆E
dE

dNb

dE

)−1

(5.11)

where dNb/dE is taken from Eq. 5.6. The p.d.f. used for signal simulation is,

(p.d.f)s =
dNs

dE

(∫

∆E
dE

∫

∆t
dt

dRs
dE

)−1

(5.12)

where dNs/dE =
∫

∆t dt (dRs/dE) and ∆t is the time-window of data-taking (data-
simulation in our case). If data are distributed both in time and energy, the p.d.fs. used
for background and signal simulation are,

(p.d.f)b =
1

∆t

dNb

dE

(∫

∆E
dE

dNb

dE

)−1

(5.13)

(p.d.f)s =
dRs
dE

(∫

∆E
dE

∫

∆t
dt

dRs
dE

)−1

(5.14)

Using Eqs. 5.11 and 5.12, the p.d.fs used for simulating data can be constructed
according to the null and the alternative-hypotheses. Since the hypotheses are different
for the two problems addressed in this work, that are signal discovery and model dis-
crimination, they are treated and discussed separately.

Signal discovery: The null-hypothesis consists in data containing background-only
events and it is tested against the alternative-hypothesis which is data containing both
signal and background events. In particular,

• null-hypothesis (H0): A 1D (2D) histogram is randomly filled with a certain num-
ber of counts λ̃b distributed according to Eq. 5.11 (Eq. 5.13), being background-
only data,

(p.d.f)H0
≡ (p.d.f)b (5.15)

The number λ̃b is randomly generated from a Poisson probability function with
mean λb, which is the expected number of background events injected as input for



DARK MATTER SEARCH WITH THE CRESST EXPERIMENT 87

the simulation. This method is used to impose a CRESST-like background energy
spectrum, while the total number of background counts is fixed as a function of
the chosen total exposure (target mass times time exposure) considered.

• alternative-hypothesis (Ha): A 1D or 2D histogram is filled with λ̃s+b = λ̃b + λ̃s
number of counts, according to the following p.d.f,

(p.d.f)Ha =
1

λb + λs
(λb · (p.d.f.)b + λs · (p.d.f.)s) (5.16)

where,

λs = ε ·
(∫

∆E
dE

∫

∆t
dt

dR

dE
(vmin, t)

)
(5.17)

and ε is total exposure (target mass times time exposure). The numbers λ̃b and λ̃s
are generated from Poisson distributions with mean λb and λs, respectively. The
two functions (p.d.f.)b and (p.d.f.)s are taken from Eqs. 5.11 and 5.12 for the 1D
case, and Eqs. 5.13 and 5.14 for the 2D case.

Model selection: If the aim is to pin down the theory which better reproduces exper-
imental results, both the null-hypothesis and the alternative-hypothesis consider data
containing both background events and signal events. The difference is in the model
assumed to describe the signal. Usually one of the models is the one accepted by the
community or the simpler hypothesis, which is treated as the hypothesis to reject. The
other model is then the alternative scenario, which is proposed as substitution of the
standard one. The p.d.fs used to simulate data according to the null and alternative-
hypotheses are,

• null-hypothesis (H0):

(p.d.f)H0 =
1

λb + λs0
(λb · (p.d.f)b + λs0 · (p.d.f)s0) (5.18)

• alternative-hypothesis (Ha):

(p.d.f)Ha =
1

λb + λsa
(λb · (p.d.f)b + λsa · (p.d.f)sa) (5.19)

where λb is the expected number of background events, λs0 and λsa are the number of
signal events for the null and the alternative-hypotheses, respectively, (p.d.f)b is defined
in Eq. 5.11 or Eq. 5.13, and the (p.d.f)s0 and (p.d.f)sa can be both parametrised using
Eq. 5.12, with the differential rate computed according to the corresponding models.
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Details on fit functions

Once simulated data are available, the likelihood-ratios in Eqs. 5.7, 5.9 or 5.10 are
computed. The fitting functions used in the actual calculations are equal to the p.d.fs
defined in Eqs. 5.15-5.19, not normalised, that is not divided by (λb + λs). These fitting
functions are then implemented in the code by using the TF1 (TF2) Class in the ROOT
Data Analysis framework (TF1/TF2 for 1D and 2D analyses respectively). For an
analytical treatment of the likelihood-ratios we refer the reader to Appendix D.29.

Test statistics distributions and p-value calculation

The procedure explained so far allows to compute one realisation of the test-statistics, q.
It is, therefore, repeated for each Monte Carlo generation and the likelihood-ratios ob-
tained in this way are distributed in two 1D histograms, one for data simulated according
to the null-hypothesis, f0(q), and one for data simulated according to the alternative-
hypothesis, fa(q). To simplify the calculation of the p-value, the cumulative of the two
distributions, Φ(f0) and Φ(fa), is computed, so that the median of fa(q) corresponds to
Φ(fa|qmed) = 0.5. Finally the p-value is computed using Eq. 5.8.

All results are obtained using N = 103 Monte Carlo generations, the p-value consid-
ered as a reference is 0.1 (90% of C.L.) and, for the precision on the p-value, an upper
limit equal to 1/

√
4 N ' 0.016 is considered, according to the following reasoning. The

p-value can be interpreted as the number of times that the test statistics, q, falls on one
side of the alternative-hypothesis distribution median, case which will be defined as a
‘success’. In other words, q can be considered as a binomial variable and the p-value
as the number of successes of q. The variance of the number of successes is equal to
σ2 = Np(1 − p), where N in our case is the number of Monte Carlo generations and
p, that is the probability of success, depends on the relative position of the two distri-
butions f0(q) and fa(q). Since the probability, p, can take values between 0 and 1 and
the variance is symmetric for p < 1/2 and p > 1/2, with maximum at p = 1/2, for an
upper limit on the variance p = 1/2 can be used. The error on the p-value can then
be estimated as the square root of the variance, normalised with respect to the total
number of Monte Carlo generations. Using these indications, the upper limit on the
error for the p-value, σ/N =

√
Np(1− p)/N < 1/

√
4 N ' 0.016, is estimated10.

5.3.5 Results on signal discovery

The results of the analysis outlined in the previous sections are described below. Fol-
lowing the structure of the previous sections, the discussion is divided into two parts:

9Technicality : The minimisation algorithm implemented in ROOT is Minuit. According to Minuit
manual https://root.cern.ch/download/minuit.pdf, Sec. 1.4.3, when the fitting function is highly not-
linear, as in the case treated here, MINOS program is needed. In Sec. 5.3.2 the options used in the
argument of the ROOT function ‘TH1:Fit’ to fit CRESST-III energy spectrum are explained. MINOS
is selected by adding the option ‘E’.

10I thank S. Di Lorenzo for this interpretation.

https://root.cern.ch/download/minuit.pdf
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the results concerning the signal discovery (this section) and the results concerning the
possibility of model selection (sec. 5.3.6), both cases applied to CRESST-like detectors.

1D versus 2D analysis for DAMA-like signal

The first result concerns the statistical test of signal-plus-background hypothesis against
the background-only hypothesis, in the assumption the true signal is the one described
by the best-fit parameters of DAMA/LIBRA (see Sec. 3.4) data. The approach is to
interpret the annual modulation detected by DAMA/LIBRA [25] as a signature of DM
and simulate the same signal in CRESST-like detectors. The final purpose is to verify
if and under which conditions analysing data distributed both in time and energy (2D
analysis) is statistically advantageous with respect to analysing just energy-spectra (1D
analysis). Since the properties of the signal are assumed already established, the test
statistics in Eq. 5.7 is used, with the strength parameter fixed to µ = 1.

The DM scenario assumed for this part of the analysis is the common SI DM-nucleon
elastic-scattering (see Sec. 3.3), with DM mass and cross-section fixed at the best-fit
values of DAMA/LIBRA-data reported in [241]11,

mχ = 11.17 GeV/c2, σp0 = 2.67 · 10−38 cm2 and r = cn1/c
p
1 = −0.76 (5.20)

The simulation of the signal described by these parameters and expected in 23 g of
sapphire Al2O3 and 1 yr exposure is shown in Fig. 5.3.2, where the left panel is the
number of counts distributed in energy and the right panel is the number of counts dis-
tributed in time (y-axis) and energy (x-axis). The signal is simulated using the modified
version Mathematica package DMFormFactor [148] which includes nuclear responses for
O and Al from [186] to compute the cross-section (see Sec. 4.1) and the velocity distribu-
tion is computed using the isotropic standard halo model (SHM) [18], (see Sec. 3.1.2). As
stated already above the target material considered here is sapphire, a crystal also em-
ployed in the CRESST-III phase 1 low-mass DM campaign. Sapphire contains two light
nuclei which together with a low-energy threshold make such crystal a good choice for
low-mass DM detection. Furthermore sapphire contains aluminium which has a nuclear
angular momentum equal to JN = 5/2 and therefore is also sensitive to SD DM-nucleon
interactions. The spin property is not relevant for this analysis but is, besides the before
mentioned advantages, another argument for its employment in DD DM experiments.

Neyman-Pearson method: known background scenario. A graphical example
of f(q0) and f(qa) for the 1D case, is shown in Figs. 5.3.3. The parameters used for
these examples are 23 g of Al2O3, 1 yr exposure and [∼ 0.105−16] keV as energy range.
The lower energy limit is the lowest energy which is kinematically accessible, the upper
limit is taken equal to the CRESST-III acceptance region. Data are distributed in 10
energy bins and three background-normalisations are considered: λb = 103, 104 and 105.

11See [201] for updated fits on the cp = cn case.

https://www.ocf.berkeley.edu/~nanand/software/dmformfactor/
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Figure 5.3.2: Differential rate for a DM signal simulated according to DAMA best-fit parameters
and scattering off a sapphire target. The exposure is 23 g sapphire crystal for 1 yr. Left: 1D
spectrum, distributed as a function of energy. Right: 2D spectrum, distributed in time and
energy. From the color-map it becomes evident that at low energy the maximum of the rate is
around January/December, while at high energy the maximum of the rate is around June, as
expected according to the change of the time of maximal rate during the year as a function of
the energy range considered (see discussion and curves tmax(vmin) in Sec. 4.2).

Efficiency and resolution are not taken into account12. The background is assumed to
be known, thus the background normalisations are fixed parameters. Results for the 1D
and 2D analyses are given in Tab. 5.4. For an ideal detector (efficiency and resolution
are not taken into account) constituted by 23 g of Al2O3, with an acceptance energy
region equal to [0.105− 16] keV and for 1 yr exposure, the p-value for background-only-
hypothesis rejection is approximately zero (zero within the precision of the MC used
in this work) for a background level λb = 103 counts, 0.046 (0.045 for 2D analysis) for
λb = 104. According to these results, if the background-normalisation is known, an
ideal CRESST detector affected by a factor 10 more background-counts with respect to
current CRESST-III counts in the acceptance region (which are about 500 in 158 days)
would be still sufficient to exclude the background-only-hypothesis with ∼ 2σ if a DM
signal described by DAMA best fit parameters was the true model. By increasing the
background level, the p-value becomes larger, while increasing the exposure the p-value

12The 2D analysis is favoured when larger number of counts are available, because of the small fraction
of counts which modulate during the year around the central value of the differential rate. According
to this observation, the assumption of ideal detectors, with efficiency equal to one and perfect energy
resolution, favours the 2D analysis. For this reason, detector-dependent terms will be considered only if
the 2D-analysis results useful to lower the p-value.
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p-value = 0.046

Figure 5.3.3: Left: 1D test statistics distributions for the null (blue) and alternative (red)
hypotheses. Right: Cumulative of the test statistics distributions. Mass exposure = 23 g of
Al2O3, time exposure = 1 yr, λs ' 141 counts, number of iteration = 103. λb = 104, p-value
' 0.046.

gets smaller and the significance for B-rejection improves, as expected. This behaviour
is common to 1D and 2D analyses and the comparison shows that the introduction of a
time dependent analysis is not advantageous with respect to the analysis based just on
the energy-spectrum. Since results are probabilistic, the p-values should be sampled and
and then compared. However, since this analysis is seeking for an evident advantage of
the 2D analysis, such comparison is not further explored.

mT time λb λs N inter p-value 1D p-value 2D

23 g 1 yr 103 ' 141 103 ' 0 ' 0
′′ ′′ 104 ′′ ′′ 0.046 0.045
′′ ′′ 105 ′′ ′′ 0.284 0.247

2 x 23g ′′ ′′ 283 ′′ 0.161 0.163
3 x 23g ′′ ′′ 424 ′′ 0.055 0.077

Table 5.4: Neyman-Pearson: Results for the case of DAMA-like signal, known background and
no nuisance parameters. The number of bins is fixed to 10 both for energy and time.

PL-method: background normalisation as nuisance parameter. If the number
of background events is unknown, as it is the case for CRESST-III, the problem of signal
discovery can be treated using the PL-method explained in Sec. 5.3.3, based on the test-
statistics in Eq. 5.9. The signal is simulated under the same assumptions made in the
previous section (SI DM scatterings off 23 g of Al2O3, for the DM model described by
DAMA signal best-fit parameters). Three configurations for three different background
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normalisations are simulated: 103, 104 and 105 counts. The background normalisation
is treated as a nuisance parameter.
Note on signal simulation: When the likelihood function is maximised over one or more
parameters, test statistics computation gets slower, especially for the 2D case. 2D anal-
ysis takes around 10 seconds to compute one profile likelihood-ratio. For this reason, in
this part of the analysis the signal is simulated by replacing the nuclear form factors com-
puted using the package DMFormFactor [14] with the general Helm form factors [151],
described in Sec. 3.3. Helm form factors, although less accurate, allow to write down
the analytical equation for the differential rate which fastens the simulation. The cost is
a difference of about 16 counts in the total rate. In fact, in Tab. 5.4 the total number of
counts for 23 g of Al2O3 and for 1 yr exposure is ' 141, while in Tab. 5.5 is ' 159. If the
Helm form factors are replaced in the calculations which lead to the results in Tab. 5.4,
the p-values obtained are similar to the ones in Tab. 5.4.

Results are summarised in Tab. 5.5, both for 1D and 2D analysis. When the
background-normalisation is not known and the PL-method is used, the p-value is larger
than the p-value found for the case of known background (Tab. 5.4), as expected ac-
cording to Neyman-Pearson’s lemma. An example of the profile-likelihood distributions
obtained in this section is shown in Fig. 5.3.4.

mT time λb λs N inter p-value 1D p-value 2D

23 g 158 days 500 ' 69 103 0.086 0.083
′′ 1 yr 103 ' 159 ′′ ' 0 ' 0
′′ ′′ 104 ′′ ′′ 0.21 0.212
′′ ′′ 105 ′′ ′′ 0.398 0.415

23 g 2 yr 2 · 103 ' 319 ′′ ' 0 ' 0
′′ ′′ 2 · 104 ′′ ′′ 0.127 0.14
′′ ′′ 2 · 105 ′′ ′′ 0.34 0.362

Table 5.5: PL-method for DAMA-like signal and for the case of background normalisation
considered as nuisance parameters. mχ = 11.7 GeV/c2.

The comparison of the results in Tab. 5.5 for the 1D and 2D analysis, shows that
using the PL-method for an unknown background normalisation, for a signal compatible
with the DAMA/LIBRA best-fit results and for the given exposures, a 2D analysis does
not bring advantages to the signal from background discrimination in CRESST-like
detectors.

1D versus 2D analysis for signal with mχ = 3 GeV/c2

In this section different DM parameters to the DAMA best fit are assumed and the
problem of signal discovery is investigated for a different benchmark of DM mass and
cross-section. The benchmark is fixed at the DarkSide-50 upper limit at mχ = 3 GeV/c2

(σp ' 4 · 10−42 cm2) [33] and the PL-method described in Eq. 5.9 is used.
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Figure 5.3.4: Example for the PL-ratio test statistics distributions.

Why mχ = 3 GeV/c2? In the region of low DM-mass, exclusion limits on the DM-
nucleon couplings strongly depend on the energy threshold of the experiments. For this
reason, low-temperature experiments despite of their small mass exposure, are more
suitable. Currently, TPCs experiments are all sensitive to mχ > 3 GeV/c2 [242], if
the new limits which use the Migdal effect and Bremsstrahlung processes [243] are not
considered. The benchmark is fixed at mχ = 3 GeV/c2 because it is the lowest DM
mass which would cause a minimum recoil velocity below ∼ 200 km/s. If minimum
recoil velocities below ∼ 200 km/are included, it is possible to establish if sensitivity
to the energy region where the inversion of phase occurs (see Fig. 4.2.1) is statistically
beneficial when the 2D-dimensional analysis is used. The largest energy range compatible
with kinematics for scattering of 3 GeV/c2 DM particles off Al2O3 is considered, which
is ' [0.012 − 5.4] keV. To fasten the simulation, the Helm form factors are used, as in
the previous section.

Results of the 1D vs 2D comparison are summarised in Table 5.6. Similarly to
previous sections, the comparison between the 1D and 2D analyses shows that, under
the conditions described in this work (using PL-method for the unknown background
normalisation, a signal with a DM mass of 3 GeV/c2 and σp = 4 · 10−42 cm2 and the
exposures listed in Tab. 5.6), the 2D analysis does not bring any statistical improve-
ments to the problem of signal discovery with respect to the 1D analysis. In Fig. 5.1.3,
the sensitivity curve of CRESST-III is almost two orders of magnitude higher than the
benchmark used for this analysis. The result in Tab. 5.6 is in agreement with observa-
tions, as the 90% of CL for signal discovery is found for an exposure which is between
100 and 500 times larger than the current CRESST-III exposure (23 g × 158 days). In
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target mass time λs λb N iter p-value 1D p-value 2d

23 g 158 days ' 1 500 103 0.436 0.482
230 g ′′ ' 22 104 ′′ 0.323 0.346
′′ 2 yr ' 45 2 · 104 ′′ 0.223 0.263
′′ 5 yr ' 112 5 · 104 ′′ 0.151 0.151

1 kg ′′ ' 491 ′′ ′′ ' 0 ' 0
′′ ′′ ′′ 5 · 105 ′′ 0.065 0.094

Table 5.6: PL-ratio method, with background normalisation as the only nuisance parameter.
Energy window is ' [0.012− 5.4] keV, mχ = 3 GeV/c2, target is Al2O3.

particular, for the exposure 230 g× 5 yr, which corresponds to about 100 times the ex-
posure of CRESST-III, the p-value is equal to 0.151, while for an exposure of 1 kg×5 yr,
which corresponds to about 500 times the exposure of CRESST-III, the p-value is below
0.1. Therefore, the results in Tab. 5.6 are consistent with the two orders of magnitude
which separate current CRESST-III sensitivity limit from the benchmark used in this
work.

5.3.6 Results on model selection

If a DM signal was detected, the challenge would be to identify the type of DM-nucleon
interaction. Based on the statistical method discussed in Sec. 5.3.3, Eq. 5.10, the fol-
lowing analysis aims at establishing if the monitoring of the count rate time dependence
in CRESST-like detectors increases the statistical significance for model selection. A
similar analysis was presented in [236] for thresholds up to 300 MeV (for Germanium),
DM masses larger than 20 GeV/c2 and under the assumption of zero-background. The
study performed in this work focuses on low-energy-threshold (down to 10 eV) experi-
ments, low DM masses (e.g. 3 GeV/c2, but lighter particles can be considered as well)
and takes into account the effect of non-zero background. To simplify the treatment,
the DM mass is assumed as known.

Discrimination between SI and magnetic dipole DM interactions. The bench-
mark used in the previous section, (mχ = 3 GeV/c2 and σSIp = 4 · 10−42 cm2), is used to
simulate the signal under the null-hypothesis, that is SI DM-nucleon interactions, and
to extract the corresponding benchmark for the alternative-hypothesis, that is MDDM
interactions (see Appendix C.2). The total number of expected signal counts for the SI-
interaction can be in fact computed for the exposure and target of interest and it can be
used as the starting point to extract the value of the corresponding cross-section for any
other interactions at the same DM mass, which is assumed as known. For example, using
23 g of sapphire and 1 yr exposure, the number of counts expected for the SI-interaction
hypothesis is ' 2.2 counts. The MDDM cross-section corresponding to this number of
counts (for the same DM-mass mχ = 3 GeV/c2) is equal to σMD ' 4.72 · 10−41cm2 . To
summarise, the test-statistics for the null-hypothesis is built by using,
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σSIp = 4 · 10−42 cm2 and mχ = 3 GeV/c2 (5.21)

while the alternative-hypothesis is constructed assuming,

σMD = 4.72 · 10−41 cm2 and mχ = 3 GeV/c2 (5.22)

An example of energy spectrum simulation is shown in Fig. 5.3.5. These energy
spectra, as well as the analysis which follows are derived using the nuclear form factors
computed with a modified version of the software DMFormFactor [14] given in [186] and
the three-dimensional DM velocity distribution integrals computed with a computer
code developed during this thesis and mentioned in Sec. 4.2, which includes the Sun
gravitational focusing effect.
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Figure 5.3.5: Energy spec-
tra for SI (black) and
MDDM (purple) interac-
tions for mχ = 3 GeV/c2,
scattering off Al2O3, with
σSIp = 4 · 10−42 cm2 and
σMD = 4.72 · 10−41cm2, re-
spectively. The Sun grav-
itational focusing (GF) ef-
fect is included. Exposure
= 23 g x 1 yr, energy range
= ∼ [0.01 − 5.4] keV. The
total number of counts is '
2.2.

Motivation for assuming the MDDM model as alternative-hypothesis. In
Sec. 4.2, Fig. 4.2.4, the curve describing the time of the year of maximal rate as function
of the minimal velocity, tmax(vmin), is drawn for the MDDM interaction with 27Al and
40Ca. In that context, it was explained that since both 40Ca and 16O are spin-0 nuclei,
their tmax(vmin) curve for MDDM interaction is the same for any DM mass considered,
therefore the plot can describe both the nuclei which constitute sapphire crystals. If DM
consists of light particles (mχ < 10 GeV/c2) and interacts via its magnetic dipole with
the electromagnetic field of the nucleus, the tmax(vmin) curve in Fig. 4.2.4 is flat and
fixed in June along the whole range of minimal velocities both for 27Al and 16O. Since,
instead, for SI-interactions an inversion of phase is expected for vmin ≤ 200 km/s (see
Fig. 4.2.3, Sec. 4.2), it was natural to explore the possibility of discriminating the two
models (SI and MDDM) on the basis of their time-dependence in the low-energy-region.
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mχ mT time λb λs N inter p-value 1D p-value 2D

3 GeV/c2 23 g 1 yr 103 ' 2.2 103 0.467 0.338
′′ 230 g 2 yr 2 · 103 ' 44 ” 0.101 0.145
′′ ” 5 yr 5 · 103 ' 110 ” 0.056 (0.02, 0.021) 0.024 (0.025)
′′ 1 kg ′′ 2 · 104 ' 478 ” ' 0 ' 0

Table 5.7: Model selection: Comparison between 1D and 2D analyses (SI-interaction vs MD-
interaction). In parenthesis, additional computations under same conditions are provided as a
cross-check of the first result.

Results. The results of the comparison between p-values computed using 1D (energy-
only) or 2D (energy and time) analyses are collected in Table 5.7.

Similarly to the results obtained for the problem of signal discovery, under the as-
sumptions considered, the conclusion is that the 2D analysis is not advantageous with
respect to the 1D analysis.

The prospects for model selection using annual modulation for DD Generation 2
(G2) experiments which are currently taking data or will take data in the future (e.g.
XENON1T13, SuperCDMS14 and LZ15) are presented in [236]. Three benchmarks of
DM mass (20 GeV, 125 GeV and 500 GeV) and corresponding cross-sections taken from
the most constraining DD upper limits (σ = 2 · 10−46 cm2, σ = 1.8 · 10−46 cm2 and
σ = 6.94 · 10−46 cm2) are considered for signal simulation; detectors are assumed as
ideal (unitary efficiency, infinite energy resolution and null-background) and a statistical
bayesian approach is used. Their conclusion is that introducing the time information
in G2 experiments does not improve the prospects for model selection (the two models
there considered are the conventional SI-interaction and the anapole DM model), while
it is promising for Generation 3 (G3) experiments. For the case of G3-experiments the
focus is mainly on Xe-based DD experiments, and the assumptions are an exposure of
40000 kg× yr and an energy threshold of 5 keV (see Tab. 2 of [236]).

In general, the lower the energy threshold, the lower the detectable DM mass, and,
consequently, the larger the cross-sections not yet excluded and which can be probed.
The reason is that low energy thresholds are typically achieved by small size experiments,
which therefore put weaker constraints on the DM-nucleon cross-section because of the
limited exposure. The idea of the work discussed in this section is to establish, using
a statistical frequentist approach, if introducing the timing information in the analysis
of low threshold experiments (more specifically, CRESST-III) helps the discrimination
of models when an exponential background rate is considered. The benchmark used
for the signal simulation is a DM mass of 3 GeV and a cross-section of 4 · 10−42 cm2,
the target considered is Al2O3 and the energy threshold is about 10 eV. Comparing
the conventional SI-interactions with the MDDM model, the 2D-analysis based on time

13http://www.xenon1t.org
14https://supercdms.slac.stanford.edu
15https://lz.lbl.gov

http://www.xenon1t.org
https://supercdms.slac.stanford.edu
https://lz.lbl.gov
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and energy does not improve the significance for model selection with respect to the 1D
energy-only analysis.

This analysis, however, highlights the potential of current CRESST-III setup to
make model selection using the 1D analysis: Tab. 5.7 shows that if a total exposure
larger than 230 g × 2 yr was available, the MDDM model could be discriminated from
the SI-interaction model at 90% of C.L.. For a final statement about this prediction,
detector efficiency and energy resolution must be included in the estimations.
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Chapter 6

COSINUS phenomenology

- Section taken from [5] and [6].

COSINUS (Cryogenic Observatory for SIgnatures seen in Next-generation Under-
ground Searches) is an experiment employing scintillating cryogenic calorimeters dedi-
cated to the direct DM search in underground laboratories. Its goal is to cross-check
the annual modulation signal the DAMA collaboration has been detecting for about 20
years [244] and which has been ruled out by other experiments in certain DM scenarios.
COSINUS can provide a model-independent test by the use of the same target mate-
rial (NaI), with the additional chance of discriminating β/γ events from nuclear recoils
on an event-by-event basis, by the application of a well-established temperature-sensor-
technology developed within the CRESST collaboration (see Sec. 5.1). This technology
had so far never been applied to NaI crystals because of several well-known obstacles,
and COSINUS is the first experiment which succeeded to operate NaI crystals as cryo-
genic calorimeters. In Sec. 6.1 COSINUS scientific case is motivated, Sec. 6.2 describes
COSINUS prototype design and development status, Sec 6.3 is dedicated to COSINUS
pulse shape model, which was developed within this thesis and it is an extension of
the generic model for cryogenic particle detectors with superconducting phase transi-
tion thermometers published in 1995 [245], in order to describe the COSINUS detec-
tor response. Section 6.4 contains preliminary studies on phonon propagation in NaI,
conducted in collaboration with the theoretical solid state group of the University of
L’Aquila.

6.1 COSINUS scientific motivation

Any scientific result requires severe tests before being accepted as a new contribution
to knowledge. More than 20 years ago, the experiment DArkMAtter (DAMA) [177]
was realised for the search of hypothetic particles supposed to be the content of the
dark halo surrounding the galaxy [246]. After a brief period of data taking, during the
TAUP conference held in 1997 at the Gran Sasso National Laboratory (L’Aquila, Italy)
the collaboration released data showing the detection of a signal compatible with the
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expectations for DM [247]. The experiment has been running since that time and also the
most recent data release confirms the detection [25]. Experiments exploiting different
techniques probed the DM parameter space and, according to the DAMA result, the
claim of a positive signal looked right around the corner and would have provided an
unambiguous proof of the detection of DM. Despite of the extraordinary effort and the
development of cutting edge technologies, the DAMA detection has not been confirmed
by any experiment (see Fig. 3.4.1) and has been excluded in some scenarios [189, 248].
At the same time, all attempts for alternative explanations of the signal are excluded
according to the DAMA collaboration (e.g. [249, 250]). The exigency of testing this result
has motivated the construction of numerous experiments based on the same technology as
the DAMA setup for a completely model independent check [26, 27, 43, 251]. COSINUS
participates to this campaign and, employing NaI crystals at milli-Kelvin temperature,
it aims at developing a dual channel detector, which collects both the light and the heat
produced by a particle interaction in the crystal. The discrimination of e−/γ events
from nuclear recoils can provide a powerful test of the nature of the DAMA signal.

COSINUS time scale is very competitive, since the measurement time to reach the re-
quired sensitivity is with roughly two years significantly shorter compared to modulation-
only searches.

6.2 Experimental concept

The COSINUS prototype is a scintillating cryogenic calorimeter operated at milli-Kelvin
temperature [252]. The target material is a small cubic NaI crystal installed in a copper
housing (Fig. 6.2.1, left panel). The detection principle relies on the measurement of the
temperature increase caused by an energy deposition in the target material. For this
measurement, a temperature sensor is required. COSINUS applies Transition-Edge-
Sensors (TES), a technology developed within the CRESST collaboration (Sec. 5.1).
These highly sensitive temperature sensors consists of tungsten thin films (W-TES),
whose specifics are described below. If evaporated directly onto the absorber, a good
thermal contact can be achieved [253]. However, since NaI is hygroscopic, the evapo-
ration directly on its surface is not feasible1. Therefore, the small cube is interfaced
to another crystal (e.g. CdWO4), named carrier, of about 40 mm in diameter and
∼ 1 − 2 mm of thickness, which is instrumented with a TES instead. The interface
between NaI and carrier is made by amorphous materials, like epoxy resin or silicone oil.
Energy depositions in the target material cause lattice vibrations whose energy flux is
transmitted to the carrier and measured by the TES as an increase of temperature. The
NaI crystal, interfaced to the carrier and the TES, is the phonon-detector. The detected
scintillation light, which accounts for about 10% with respect to the energy converted
in heat, is measured by a beaker-shaped light-absorber made from silicon and enclosing
the NaI target. The silicon beaker dimensions are: 40 mm in diameter, 39 mm in height

1Photolitography and handling NaI in electron-beam evaporation-systems and sputter-machines is
not feasible both for guaranteeing a controlled humidity-free atmosphere and temperature far away from
the melting point.
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and a wall-thickness of about 420 µm. Its mass is about 9 grams2. The silicon beaker
is also instrumented with a TES (Fig. 6.2.1, central panel). The silicon beaker and the
carrier disk are designed to optimise the active surrounding coverage of the target ma-
terial, in order to fight the surface α-induced background, whose back-to-back emission
can produce a nuclear recoil analogous to the expected DM-signal. The silicon beaker,
equipped with the TES, is the light detector.

10° PROTOTYPE DETECTOR: NaI with Tl

• interface: silicon oil

• beaker-shaped Si light absorber with

two collimated x-ray sources

• NaI crystal with ~180 ppm of Tl

• mass of NaI: ~30g 

• carrier crystal: CdWO4 wafer

GOAL:
• AmBe n-source measurement to study quenching factors for Na and I recoils

• study light emission of Tl-doped crystal at low temperatures

• study position dependencies of light absorber using two collimated 55Fe x-ray 
sources mounted on bottom and mantle surface of the Si beaker 

25.09.2018 K.	Schäffner	- CSN5	meeting	/	Pisa 23
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Fig. 1 COSINUS detector module consisting of two independent channels: a NaI crystal that is supported
and read out via a carrier crystal and a separated beaker-shaped light detector. Both detectors are equipped
with highly sensitive thermometers, so-called TESs to detect the tiny temperature variations due to particle
interactions in the NaI (Color figure online)

with a W-TES, optimized in geometry for the purpose of light detection. Such kind
of light detectors has already shown a baseline resolution of below 10 eV (sigma)
[11]. The beaker shape serves two purposes: scintillation light detection and an active
surrounding of the NaI crystal in combination with the carrier crystal whose diameter
slightly exceeds the size of the NaI. The active 4π -veto of the NaI established in this
way allows to reject any surface-related α-induced background in the region of interest
from ∼ 1 to 40 keV. A sketch of the COSINUS detector module is shown in Fig. 1.

3 Results from the second prototype detector

With our first proof-of-principle test, we confirmed the feasibility of building a NaI-
based cryogenic scintillating calorimeter by observing a linear relation between light
output and the energy deposited in the NaI crystal—considered the key enabler of the
approach [12].

The second prototype, with results presented here, had as goal the commissioning
of the full COSINUS detector design. In this measurement, a commercial NaI crystal
of∼70 g (20×20×30 mm3, produced by Hilger) was paired with the identical carrier
as used for the proof-of-principle test [12]. The interface, however, was changed from
silicon oil to epoxy resin (EpoTek 301) to study the effect of the thickness of the
interface on the achievable signal height (phonon transmission). The light absorber in
beaker shape has 40 mm in diameter and 38 mm in height.

In Fig. 2, data of this detector module in the light yield versus energy plane are
shown. Light yield refers to the ratio of energy detected in the light detector to the
energy deposited in the NaI crystal.

Twomain event distributions appear: the events due to e−/γ -interactions in NaI at a
light yield value around one including calibration lines from an external 241Am-source
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Figure 6.2.1: COSINUS module prototype. Left: Photograph of a NaI crystal and a
carrier crystal installed in a copper housing and exposed to UV-radiation to show the
luminescence effect. Center: Silicon beaker enclosing the NaI crystal, equipped with a
Transition-Edge-Sensor (TES), visible on top of the beaker surface. Right: Schematic
drawing of the complete module.

The W-TES (thickness of 200 nm) is evaporated on the carrier and operated in its
transition from normal to superconducting state, commonly around 15-20 mK. An energy
deposition results in a temperature increase, which can be measured by the resistance
change of the TES - the steeper the transition, the more sensitive the TES. The TES
resistance works as electric component of a read-out circuit and the output voltage is
finally registered by SQUID (Superconducting Quantum Interference Device) amplifiers.
The W-TES technology used here was pushed within CRESST to a sensitivity level of
about 4.6 eV baseline resolution (σbaseline) for a 24 g CaWO4 crystal (CRESST-III) [4]
(Sec. 5.1).

The dual-channel read-out of heat and light is a powerful tool for particle discrimi-
nation, since the amount of deposited energy going into the production of light depends
on the type of event. The suppression expected for nuclear scatterings and α-events
with respect to β/γ-events is called light-quenching. The ratio between the amount of
energy going into light and the amount of energy converted in heat allows for particle
discrimination.

2It is produced by Optec(https://www.optec-muenchen.de/ and is machined from bulk silicon, by
using a hole saw cutter drill. The surfaces are polished to optical quality.

https://www.optec-muenchen.de/
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Status of the prototype development

The first and second COSINUS prototypes have been tested in the cryogenic test facil-
ity of the Max Planck Institute installed deep underground in the Gran Sasso National
Laboratory (Italy). The dimension and the performance parameters of the second COS-
INUS prototype are summarised in Tab. 6.1. The light yield (LY) versus energy plane in
Fig. 6.2.2 shows data distributed according to two populations: an e−/γ band centered
around LY ' 1 and a population of events around LY ' 0, attributed to the carrier.
This second population is mainly attributed to stress in the materials, which showed
cracks during the unmounting [254], and also to particle events which released energy
directly in the carrier. In the e−/γ band the discrimination of the atomic radiation from
40K is evidently confirmed, together with the 60 keV line from an 241Am source. A
relevant result is the discrimination of another atomic spectral line, that is the iodine
escape line at around 30 keV, resulting from the photoelectric interaction of the 60 keV
X-rays of the 241Am source with the iodine K-shell electrons. The iodine K-shell bind-
ing energy is ' 33 keV. This result has a noteworthy implication. The most abundant
isotope of iodine is 127I and it has a non-null cross section (σ ' 10 barns for thermal
neutrons (https://www.oecd-nea.org/janisweb/) for the (n, γ) process which leads to
128I production. 128I is unstable and decays to 128Xe via β− decay (∼ 93.1%) and to
128Te via electron capture (EC) (∼ 6.9%) or via β+ decay (∼ 0.0026%), with half-life
τ1/2 = 24.99 min [255]. 128Te is left on its first nuclear excited state or on its ground state.
In the first case, an X-ray emission at ' 743.22 keV is expected for nuclear de-excitation.
The electron capture is followed by an atomic relaxation occurring through X-ray and
Auger emissions, which are likely to be detected as the binding energies of the atomic
shells (e.g. ' 32 keV and ' 4.3 keV, for K and L3-shells respectively [255]), whose inten-
sities can be found in https://www-nds.iaea.org/exfor/endf.htm. Single atomic spectral
lines could emerge if the 128I production process occurs on the crystal surface. COSINUS
has proven to have the chance for discriminating also this background.

Mass: ' 66 g
Exposure: 1.32 kg days

Crystal dimension: (20× 20× 30) mm3

Interface: Epoxy resin
Phonon detector threshold: [8.26± 0.02 (stat.)] keV (σbaseline = 1.01 keV)

Light detector threshold: 0.6 keVee (σbaseline = 0.015 keVee)
Energy detected in light: ' 13%

Table 6.1: COSINUS 2nd prototype parameters [156].

Improving the radio-purity of NaI crystals is an important step of the COSINUS
prototype development. For what concerns potassium concentration, achieving high
radio-purity is crucial because of the 40K-decay-emission, which is a source of back-
ground in the region of interest of DAMA. In collaboration with SICCAS (Shanghai
Institute of Ceramics, Chinese Academy of Science), COSINUS achieved the result of

https://www.oecd-nea.org/janisweb/
https://www-nds.iaea.org/exfor/endf.htm
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Figure 6.2.2: COSINUS 2nd prototype data, shown in the light yield versus energy plane. From
top to bottom: e−/γ band (black), the sodium recoil band (blue), the iodine recoil band (green)
and the carrier band (magenta). 40Ar K-shell line and the 128I escape line are visible at ' 3.2 keV
and ' 30 keV, respectively. More details are in the text. At 60 keV the line from 241Am source
is visible. The carrier band is populated by particles interacting with the carrier volume itself
and, mainly, by lattice vibrations due to micro-fracturing that in this measurement occurred in
the NaI and the carrier due to thermal stress induced by the Epoxy resin-based interface.

growing NaI-crystals with potassium concentrations of 5-9 ppb at crystals’ nose and
22-35 ppb at crystals’ tail [256]. COSINUS crystals’ potassium concentration at the
crystals’ nose is below the one of DAMA crystals.

In Tab. 6.1 the characteristics of COSINUS 2nd prototype are summarised. With the
beaker-shaped light-absorber design, ∼ 13% (∼ 10%) of the energy deposited in pure
(doped)3 NaI crystals is measured in the light detector [156]. The light-energy threshold
achieved is ∼ 0.6 keVee (ee = electron-equivalent). The phonon-energy threshold is
still far from the COSINUS goal of 1 keV4, although it has been improved with respect
to the threshold reached in [156] that was ∼ 8.26 keV (this was the 2nd prototype,
described above, the best recent prototypes arrive at 5-6 keV). The challenging phonon-
threshold optimisation is attributed to the vibrational properties of NaI, which require
an accurate choice of the temperature sensor (e.g. TES/NTD and geometry) and of the
general detector design (e.g. carrier material).

3The employment of Tl-doped crystals in COSINUS could provide a better discrimination between
nuclear recoils and beta/gamma events. However, to establish if the Tl-dopant, apart from changing the
LY for beta/gamma events, also changes the light quenching factor (QF), the results from the already
planned measurements at the Triangle Universities Nuclear Laboratory (TUNL) facility are necessary.
In general, Tl-doped crystals have a lower light output than the pure ones, thus if their QF is the same,
pure NaI crystals will be employed. The argument that the DAMA/LIBRA signal is due to inelastic
DM scattering off Tl-nuclei is investigated in [257] and largely constrained by [4].

4Note that in the phonon-channel, the energy-threshold is already a nuclear-recoil energy-threshold.
As comparison, in DAMA/LIBRA the threshold of ∼ 1 keVee corresponds to ∼ 3 keV in a recoil off Na,
for a light-quenching factor of ∼ 0.3, and to ∼ 10 keV in a recoil off I, for a light-quenching factor of ∼
0.1.
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6.3 COSINUS pulse-shape model

The general model for cryogenic particle detectors using superconducting phase transi-
tion thermometers was published by F. Pröbst et al. in 1995 and it is the starting point
for the characterisation of this class of detectors. The working principle of CRESST
detector modules is well described by this original model, which assumes a module setup
as reported in Fig. 6.3.1. Since COSINUS temperature sensors are based on the tech-
nology developed within the CRESST collaboration, the general model by F. Pröbst
et al. is applied to COSINUS data as well. However, results from the first COSINUS
prototype [37] challenged the direct application of the model: in this section the original
model by F. Pröbst et al. is reviewed, COSINUS experimental findings are discussed and
the extension of the original model which was developed in this thesis to better repro-
duce the phenomenology of the COSINUS setup is presented, followed by its validation
using experimental data.

6.3.1 Original pulse shape model (PSM)

The model presented in [36] by Pröbst et al. is based on the detector scheme in Fig. 6.3.1.
It represents a standard detector module constituted by the ‘absorber’ (the target crys-
tal) thermally coupled to the temperature sensor, both thermally coupled to a thermal
bath. In Fig. 6.3.1, Ta, Te and Tb are the temperatures of the phonon system in the ab-
sorber, of the electron system in the TES and of the thermal bath, respectively. Ca and
Ce are the absorber and TES heat capacities. Gij are the thermal conductances between
system i and system j. GK is the Kapitza thermal conductance, that is a thermal bound-
ary conductance. The parallel between GK and the electron-phonon thermal-coupling,
Gep, is the absorber-TES thermal conductance, Gea.

Any particle interacting in the absorber deposits a certain amount of energy, which
is partially converted into optical phonons (see Sec. 6.4). Optical phonons are non-
thermal phonons, with higher frequency with respect to the thermal (or acoustical)
phonons. The transmission probability of non-thermal phonons through the interface
depends on many factors, which can be parametrised considering that only a certain
fraction of the initial deposited energy is injected into the TES. The coupling between
non-thermal phonons and electrons in the thermometer perturbs the electron system,
which then thermalises at higher temperature with respect to Tb. The same happens
to the phonon system in the absorber as a consequence of the thermalisation of optical
phonons in the absorber. However, since the whole system is coupled to the thermal
bath, the equilibrium is reached once the temperature in all the components goes back
to the ‘bath temperature’, Tb.

The phenomenology just described, is mathematically formalised in [36] as a system
of differential equations whose solution provides the behaviour of the temperature of the
TES, Te(t), and of the absorber, Ta(t), as a function of time. The model for an ideal
sensor 5, is the following (Eqs. 8 and 9 of [36]),

5Equation 6.1 neglects the finite thermal conductance along the film, that is why the sensor is ‘ideal’.
In [36] also the realistic case which considers the finite thermal conductance along the film is discussed
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radiated back as thermal phonons across the interface into the absorber, 
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Fig. 6. Thermal model of the detector. T b is the temperature of the 
heat bath, T~ and Ta are the temperatures of the electron system 
in the thermometer and of the phonon system in the absorber, respec- 
tively, Ce and Ca are their heat capacities, and Pe and P .  are the 
energy flows from non-thermal phonons  into them. Gab, Gob and G~. 
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Figure 6.3.1: Scheme of thermal couplings in a cryogenic detector: Ta, Te and Tb are the
temperatures of i) phonon system in the absorber (crystal), ii) electron system in the TES
and iii) the thermal bath, respectively. Ca and Ce are the absorber and TES heat capacities.
Gij are the thermal conductances between system i and system j. GK is the Kapitza thermal
conductance, that is a thermal boundary conductance. GK combined with the electron-thermal-
phonon thermal-coupling, Gep, is the absorber-TES thermal conductance, Gea. Fig. 6 of [36].

{
Ce

dTe
dt +Gea(Te − Ta) +Geb(Te − Tb) = Pe(t)

Ca
dTa
dt +Gea(Ta − Te) +Gab(Ta − Tb) = Pa(t)

(6.1)

where Pe(t) and Pa(t) are the power inputs in the thermometer and in the absorber,
respectively, which are defined as (Eq. 2 of [36]),

{
Pe(t) = Θ(t)P0 e

−t/τn

Pa(t) = (1−ε)
ε Pe(t)

(6.2)

where P0 = ε ∆E
τn

is the power input at t = 0 into the thermometer (Eq. 3 of [36]), τn
is the relaxation-time constant of non-thermal phonons, ε is the fraction of non-thermal
phonons which thermalise in the TES and ∆E is the deposited energy. The time constant
τn is a function of the relaxation-time of non-thermal phonons in the crystal, τa, and in
the film, τfilm, (Eq. 4 of [36]),

τn =

(
1

τa
+

1

τfilm

)−1

(6.3)

The system of differential equations 6.1 has the structure,




ẋ(t) = A x + f(t)

x(t = 0) =

(
Tb

Tb

)
(6.4)

and solved.
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where,
x(t) =

(
Te(t) Ta(t)

)
(6.5)

A =

(
−Geb+Gea

Ce
Gea
Ce

Gea
Ca

−Gab+Gea
Ca

)
(6.6)

f(t) =

(
GebTb
Ce

+ Pe(t)
Ce

GabTb
Ca

+ Pa(t)
Ca

)
(6.7)

The system in 6.4 is a 2-dimensional non-homogenous first order differential system,
with constant coefficients. Its solution [258]6, is,

x(t) = eA t c +

∫ t

0
ds eA(t−s) f(s) (6.8)

where c is a vector of coefficients fixed by initial conditions. If A-matrix is diagonal-
isable, then,

eA t = PeD tP−1 (6.9)

where P is the matrix which has as columns A-eigenvectors and D is the diagonal-matrix
which has as elements A-eigenvalues. All the integrals needed to find the solution are of
the type, ∫ t

0
ds ea(t−s) =

eat − 1

a
(6.10)

The solution of Eq. 6.4 is,

Te(t) = Tb + Θ(t)[An (e−t/τn − eλ1 t) +At (eλ2 t − e−t/τn)] (6.11)

where λ1 and λ2 are the eigenvalues of the matrix in Eq. C.10, the amplitude An is
the one defined in Eq. 12 of [36] corrected by a multiplicative additional minus and the
amplitude At is exactly the one defined in Eq. 13 of [36],

An = − P0(sin − (Gab/Ca))

ε(sin − st)(sin − sn)

(
st − (Gab/Ca)

Geb − (Ce/Ca)Gab
− ε

Ce

)
(6.12)

At =
P0(st − (Gab/Ca))

ε(st − sin)(st − sn)

(
sin − (Gab/Ca)

Geb − (Ce/Ca)Gab
− ε

Ce

)
(6.13)

where sin = −λ1, st = −λ2 and sn = 1/τn. The model in Eq. 6.11 is interpreted
as a two component pulse model: the pulse of amplitude An is considered as the non-
thermal component and its rise time constant is assumed as the intrinsic response of
the temperature sensor, while the pulse of amplitude At is considered as the thermal
component, written so that the rise time constant is equal to the relaxation time of
non-thermal phonons.

6See http://people.dm.unipi.it/acquistp/analisi2.pdf

http://people.dm.unipi.it/acquistp/analisi2.pdf
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Figure 6.3.2: Fit of a standard event obtained by averaging a large number of 60 keV X-ray
events from 241Am source, performed with the two component function in Eq. 6.11 (left panel)
and with an additional 2nd thermal component (right panel). On the bottom, the residuals are
shown.

COSINUS experimental findings

Since the results obtained with the 1st COSINUS prototype [37], the COSINUS detector
signal showed a peculiar pulse shape, which is not well-described by the model in Eq. 6.11.
In Fig. 6.3.2, left panel, the fit of the original model to the standard event obtained by
averaging a large number of pulses produced at 60 keV from a 241Am source is shown
together with the distribution of residuals. The larger residuals of the order of 6% and
the observation of a longer tail of the pulse7 with respect to expectations based on the
CRESST experience, motivated the attempt of introducing a third term in Eq. 6.11,
empirically interpreted as an additional thermal component. This finding is interesting
as the model in Eq. 6.11 provides a good fit to data collected using other crystals, such
as CaWO4, CdWO4 and Al2O3. Same phenomenology is confirmed by data obtained
with all subsequent COSINUS prototypes.

A second finding is obtained from neutron calibrations. All the prototypes built ac-
cording to the design explained in Sec. 6.2 (or slighly different for the light detector
geometry which at the beginning was a wafer instead of a beaker) when calibrated with
neutron sources provide data which do not allow to identify nuclear recoil events if the
LY method explained in Sec. 5.1 is used. More intriguing is the measurement performed
with a module constituted by NaI as absorber, sapphire as carrier crystal and a Neu-
tron Transmutation Doped (NTD) temperature sensor for the phonon channel8: its data
analysis clearly shows the neutron band in the LY plot.

7A longer tail of the pulse implies a longer thermalisation time of the film with the bath temperature.
8The main difference between the TES and the NTD is that the second has a slower intrinsic response,

which makes it mainly insensitive to the temperature rise caused by non-thermal phonons, but suitable
to measure (integrating in time) the amount of deposited energy converted in heat.



108 COSINUS PHENOMENOLOGY

These two observations pushed for further investigations, which finally focused on
three hypotheses:

• NaI crystals are characterised by peculiar phonon propagation properties, which
differentiate this material from others,

• The presence of the carrier between the absorber and the TES cannot be neglected
in the model if absorber and carrier are not of the same material, as for COSINUS,
where the absorber is constituted by NaI and the carrier by e.g. CaWO4, CdWO4

or Al2O3,

• The NaI scintillation light is absorbed by the carrier, which then behaves as a light
detector.

These three aspects, which are related and influence each other9, are addressed in the
following , where a possible explanation to the two findings described above is pro-
posed. For studies on the phonon propagation in NaI see Sec. 6.4.

The first hypothesis, which is that the phonon propagation in NaI is different from
the phonon propagation in other materials which COSINUS employs for the carrier (such
as CaWO4, CdWO4 and Al2O3) motivates to consider the absorber and the carrier as
two separate systems (second hypothesis), each one with its own non-thermal phonon
relaxation time constant, τa for the absorber (NaI) and τc for the carrier. In this case,
the total non-thermal phonon relaxation constant in Eq. 6.3, would be,

τ ′n =

(
1

τfilm
+

1

τc
+

1

τa

)−1

(6.14)

The third hypothesis was formulated during a brainstorming which was organised at
the Max Planck Institute for Physics in Munich (Germany) to discuss with COSINUS
and CRESST cryogenic experts the ideas of this proposal, M. Mancuso arose the question
on the possible NaI scintillation light absorption in the carrier crystal. Following this
idea, in Fig. 6.3.3 the transmission curves of several crystals as a function of the emission
wavelength have been collected [260–262].

The scintillation light emission depends on many factors, such as the level of doping,
the temperature and the type of particle interacting in the target material [263]. Using
as reference λ(NaI) ' 300 nm and λ(NaI (Tl)) ' 430 nm, a portion the scintillation
light is clearly absorbed by the carriers, which can therefore be considered as a sort of
‘light detector’.

9This would explain why CRESST-II modules which also have a carrier crystal did not show the same
phenomenology [259].
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Figure 6.3.3: Crystal light transmission as a function of the wavelength for CdWO4 (black) [260],
sapphire (red), Ca2F (green) [261] and CaWO4 (magenta) [262]. For pure NaI and NaI(Tl) in
addition the peaks of the scintillation light emission are shown, see [263].

6.3.2 Extended Pulse-Shape Model (EPSM)

The implications of the three hypotheses just discussed have been mathematically for-
malised by extending the original model in Eq. 6.1 by introducing a third differential
equation which takes the carrier into account. The scheme of the cryogenic detectors
including a carrier is depicted in Fig. 6.3.4.

The new differential system is,





Ce
dTe
dt +Gea(Te − Tc) +Geb(Te − Tb) = P̃e(t)

Cc
dTc
dt +Gec(Tc − Te) +Gac(Tc − Ta) + (Tc − Tb)Gcb = P̃c(t)

Ca
dTa
dt +Gac(Ta − Tc) +Gab(Ta − Tb) = P̃a(t)

(6.15)

where the power input is,




P̃e(t) = P0 e
−t/τ ′n + P` e

−t/τ`

P̃c(t) = 1−ε
ε P0 e

−t/τ ′n + 1−ξ
ξ P` e

−t/τ`

P̃a(t) = (1−η)
ε η P0 e

−t/τ ′n
(6.16)

where P0 = εη∆E
τ ′n

, ε is the fraction of power input from the carrier to the TES, η is

the fraction of power input from the absorber to the carrier, τ ′n is defined in Eq. 6.14, P` is
the power input of non-thermal phonons produced in the carrier by the NaI-scintillation
light absorption and transmitted to the TES, and τ`,

τ` =

(
1

τfilm
+

1

τc

)−1

(6.17)

is the relaxation time constant of non-thermal phonons produced in the carrier by
the NaI-scintillation light absorption. Note that, if the NaI was not present, the system
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Figure 6.3.4: Scheme of the thermal couplings of a cryogenic particle detector constituted
by absorber, carrier and TES. The Gij are the thermal conductances between the systems i
and j, GKij are the Kapitza conductances between the systems i and j, i.e. thermal boundary

conductances, and Gep is the electron-phonon thermal-coupling. P̃a(t), P̃c(t) and P̃e(t) are the
power inputs in the absorber, the carrier and the thermometer, respectively.

constituted by the carrier and the film would be described by the two component original
model (the system in Eq.6.1 and its solution in Eq. 6.11).

The exact solution of the system in 6.15 can be parametrised to simplify the cal-
culation. If λ1, λ2 and λ3 are the three eigenvalues of the 3 × 3 matrix , A, the three
eigenvectors vi can be found solving the system of three equations in three variables as
function of λi,

vi = (1, α(λi), β(λi)) ≡ (1, αi, βi) (6.18)

where,





αi = Ce
Gec

(−)
(
−Gec

Ce
− Geb

Ce
− λi

)

βi = 1(
−Gac
Ca
−Gab
Ca
−λi

) Gac
Ca

Ce
Gec

(
−Gec

Ce
− Geb

Ce
− λi

) (6.19)

The exponential matrix eA t can be parametrised as,
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(6.20)

with J = diag(λ1, λ2, λ3) and eJ t = diag(eλ1 t, eλ2 t, eλ3 t).
With this trick the final solution for the temperature of the electrons in the thermometer
can be computed,

∆Te(t) =
3∑

i=1

Ai [eλi t − e−t/τ ′n ] +
3∑

i=1

Bi [eλi t − e−t/τ` ] (6.21)

with, 



Ai = P0

λi+
1
τ ′n

(
mi
Ce

+ `i
Cc

1−ε
ε + ki

Ca
1−η
ηε

)

Bi = P`
λi+

1
τ`

(
mi
Ce

+ `i
Cc

1−ξ
ξ

) (6.22)

The explicit expressions of the amplitudes Ai and Bi show that the Ai are related
to the power input, P0, injected by non-thermal phonons produced in the absorber and
transmitted to the TES, while the Bi are related to the power input injected to the TES
as a consequence of the scintillation light absorption in the carrier.

Four check-points are used through the solution of the system to compare it with the
original model in [36]:

1. Initial conditions require that coefficients c are equal to Tb, as in the original model;

2. The terms which do not depend on time simplify to Tb. We can calculate ∆Te(t) =
Te(t)− Tb;

3. The final solution of the differential system shows terms which multiply eλi t but
not e−t/τ

′
n or e−t/τ

′
` . These terms would not describe a pulse component in the

form of differences of exponentials and, in fact, these terms simplify to zero as in
the original model;

4. The original model is recovered with η = 1, τa →∞ and P` = 0.

Physical interpretation

Equation 6.21 can be rewritten to simplify physical interpretation. In the following, each
combination of difference of exponentials times the amplitude is defined ‘component’,
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∆Te(t) =

3∑

i=1

Ai [eλi t − e−t/τ ′n ]︸ ︷︷ ︸
A-components

+

3∑

i=1

Bi [eλi t − e−t/τ` ]︸ ︷︷ ︸
B-components

(6.23)

Two non-thermal components (one for the A-part and one for the B-part), and four
thermal components, (two for the A-part and two for the B-part) can be identified. τ ′n, as
well as τ`, can be considered as decay time constants of the non-thermal components and
rise time constants of the thermal components. One of the three−τi = (λi)

−1 can work as
the intrinsic response time of the TES (rise time constant of the non-thermal component)
and the other two τi as the decay time constants of the two thermal components. If τ1 is
assumed as the intrinsic response time of the TES, on analogy with the original model,
Eq. 6.21 can be written as,

∆Te(t) = A′1 [e−t/τ
′
n − eλ1 t] +A2 [eλ2 t − e−t/τ ′n ] +A3 [eλ3 t − e−t/τ ′n ]+

+B′1 [e−t/τ` − eλ1 t] +B2 [eλ2 t − e−t/τ` ] +B3 [eλ3 t − e−t/τ` ] (6.24)

with, {
A′1 = −A1

B′1 = −B1

(6.25)

where Ai and Bi are in Eqs. 6.22, or also,

∆Te(t) = A′1 [e−t/τ
′
n − e−t/τin ] +A2 [e−t/τt1 − e−t/τ ′n ] +A3 [e−t/τt2 − e−t/τ ′n ]+

+B′1 [e−t/τ` − e−t/τin ] +B2 [e−t/τt1 − e−t/τ` ] +B3 [e−t/τt2 − e−t/τ` ] (6.26)

where τin = τ1, τt1 = τ2 and τt2 = τ3.

Why the EPSM could explain COSINUS experimental findings

So far, no approximations or restrictive assumptions have been done. The EPSM pre-
sented in the previous section describes the whole COSINUS system including additional
phenomenology related to the presence of the carrier.

The solution in Eq. 6.24 contains additional thermal components which could play
the role of the empirical 2nd thermal component which was introduced in [37], hence
it can explain the first COSINUS finding related to the NaI pulse shape. Such second
thermal component is predicted by the new model also if 100% transmittance of the
scintillation light from the carrier is assumed (that is P` = 0 and Bi = 0). Second
COSINUS finding is related to the absence of a nuclear recoil band in the LY plot,
when neutron calibration data collected by TES sensors are displayed. As explained in
Sec. 5.1, the LY ratio used to make particle discrimination is equal to,

LY =
E`
Ep

(6.27)
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where E` is the energy detected by the light detector (silicon beaker plus TES for
COSINUS) and Ep is the energy detected by the phonon detector (main absorber and
TES). According to the discussion on the NaI-scintillation light absorption in the carriers,
in addition to Ep, the TES of the phonon-channel is expected to measure also the energy
converted in scintillation light of the NaI absorber and re-absorberd in the carrier in form
of light, which is E` in first approximation (without considering e.g. geometrical effects
or the difference in the material between the silicon beaker and the carriers). In this
case, the LY in Eq. 6.27 is,

LY =
E`

Ep + E`
(6.28)

It is known that the energy converted into heat is quasi independent from the type
of interacting particles, while the energy converted in light follows the Birks’ law [211].
Furthermore, the measurement of the energy in CRESST, and in COSINUS so far as
well, is based on the pulse height (PH) and not on the area of the pulse. In this way,
part of the information is lost, as the PH is not a proper “measure” for the energy of an
event. The development of reconstruction methods for NaI phonon pulses are urgently
necessary as this is the basis for COSINUS raw data analysis. This method is, in fact,
reliable if the pulse is fast and large in height, less accurate if the pulse is slow and short
in height10. For the latter case the LY for e−/γ events, LYe, and neutron events, LYn
would be,

LYe =
E`e

Ep + E`e
≈ E`e
E`e

= 1 (6.29)

LYn =
E`n

Ep + E`n
≈ E`n
E`n

= 1 (6.30)

According to this hypothesis, the neutron induced events distributed in the LY plot
are populating the e−/γ- band.
The EPSM includes this effect and can be used to setup a different type of analysis of the
events. The basic idea is to integrate in time the temperature of the electron in the TES,
that is Eq. 6.26, separately for the Ai and Bi terms. If the two integrals are labelled as
Ip and I`, respectively, the particle discrimination with the present COSINUS detector
design could be still done using the Birks’ law, as follows,

LY =
I`
Ip

(6.31)

In the assumption that the method works as expected, the integral Ip is now the right
measurement of the energy deposited in the absorber and converted into heat, while I`
is the measurement of the amount of deposited energy converted in light and absorbed
by the carrier. Nuclear recoils are expected to produce less scintillation light than e−/γ

10The original model proposed in [36] was done for calorimeters where the non-thermal part is the
dominant signal, thus PH is a very good measure.
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events, therefore events shown in the LY-versus-Ip plot, are expected to distribute along
ideally horizontal11 bands similarly to the typical CRESST LY-plot (see Fig. 5.1.2, left
panel), as a function of the light quenching factors.

6.3.3 Validation of the EPSM with experimental data

The EPSM and the energy reconstruction method just discussed have been applied to ex-
perimental data for validation (work done by the COSINUS data analyst, M. Stahlberg).
For comparison with the results of [37] shown in Fig. 6.3.2, the EPSM is applied to the
data collected with the first COSINUS prototype, NaIce1. The fit to the standard event
of the original model in Eq. 6.11 and of the EPSM given in Eq. 6.26 are shown in
Fig. 6.3.5, top and bottom panel, respectively. The comparison between residuals proves
that the EPSM provides a better fit to data both on the peak and on the tail of the
standard event.

The data chosen for this test are collected with the NaIce6 detector module, whose
design scheme is shown in Fig. 6.3.6. It is the same scheme as in Fig. 6.2.1 (right panel),
with in addition a NTD thermistor placed on the Al2O3 carrier crystal and working as
second phonon detectors. The NaI-crystal is a small cube of 20 mm side length and 30 g
of weight. The detector response is calibrated using a γ-source of 57Co and the standard
event of the TES, shown in Fig. 6.3.6 (black solid line), is constructed by averaging the
pulses of the events populating its 122 keV-peak.

In Fig. 6.3.7 the result of the fit of the EPSM in Eq. 6.26 to data is depicted as a
red solid curve. The other two curves, i.e. the A-Part (blue-dashed-line) and B-Part
(green-dashed-line) correspond respectively to,

A-Part = A′1 [e−t/τ
′
n − e−t/τin ] +A2 [e−t/τt1 − e−t/τ ′n ] +A3 [e−t/τt2 − e−t/τ ′n ] (6.32)

B-Part = B′1 [e−t/τ` − e−t/τin ] +B2 [e−t/τt1 − e−t/τ` ] +B3 [e−t/τt2 − e−t/τ` ] (6.33)

where all the parameters have been introduced above. The A-Part is proportional to
the power input related to the phonons transmitted from the NaI-absorber to the TES
(see Eq. 6.16), therefore it is expected to be shorter in height and with a longer decay
time with respect to the B-Part. This latter is proportional to the power input related to
the phonons produced in the Al2O3-carrier by the NaI-scintillation light absorption. It
is known that sapphire crystals are performant cryogenic detectors, with very good non-
thermal phonon transmission to the TES, corresponding to large pulse height amplitudes
and fast decay time. The shape of the A- and B-parts are, therefore, in agreement with
expectations. The bottom of Fig. 6.3.7 shows the residuals of the difference between the
fit function and the data. Since this measurement is characterised by very small pulses,
it is not optimal to test the goodness of the fit, however it is very suitable to test the
energy reconstruction method discussed in the previous section.

The top panel of Fig. 6.3.8 shows NaIce6 events detected by the TES, distributed
according to the new version of the LY versus energy plot proposed in Eq. 6.31. On the

11Since in CaWO4 non-proportionality effects are present [212], the same could be true for NaI.
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Figure 6.3.5: NaIce1 standard event obtained averaging the pulses of the events in the peak at
122 keV produced by a 57Co γ-source. Top: the model fitted to data is the original pulse model
in Eq. 6.11. Bottom: The model fitted to data is the EPSM, given in Eq. 6.26. The blue dots
on the bottom of both panels show the residuals of the difference between the fit function and
the data.

y-axis it is reported the amplitude ratio B1/A1 instead of I`/Ip, because the final fit of
the data set is performed factorising B1 and A1 in Eq. 6.26 and fixing the four ratios
A2/A1, A3/A1, B2/B1, B3/B1 and all the time constants, τ ′n, τ`, τin, τt1, τt2. In this case,
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Fig. 1 COSINUS detector module consisting of two independent channels: a NaI crystal that is supported
and read out via a carrier crystal and a separated beaker-shaped light detector. Both detectors are equipped
with highly sensitive thermometers, so-called TESs to detect the tiny temperature variations due to particle
interactions in the NaI (Color figure online)

with a W-TES, optimized in geometry for the purpose of light detection. Such kind
of light detectors has already shown a baseline resolution of below 10 eV (sigma)
[11]. The beaker shape serves two purposes: scintillation light detection and an active
surrounding of the NaI crystal in combination with the carrier crystal whose diameter
slightly exceeds the size of the NaI. The active 4π -veto of the NaI established in this
way allows to reject any surface-related α-induced background in the region of interest
from ∼ 1 to 40 keV. A sketch of the COSINUS detector module is shown in Fig. 1.

3 Results from the second prototype detector

With our first proof-of-principle test, we confirmed the feasibility of building a NaI-
based cryogenic scintillating calorimeter by observing a linear relation between light
output and the energy deposited in the NaI crystal—considered the key enabler of the
approach [12].

The second prototype, with results presented here, had as goal the commissioning
of the full COSINUS detector design. In this measurement, a commercial NaI crystal
of∼70 g (20×20×30 mm3, produced by Hilger) was paired with the identical carrier
as used for the proof-of-principle test [12]. The interface, however, was changed from
silicon oil to epoxy resin (EpoTek 301) to study the effect of the thickness of the
interface on the achievable signal height (phonon transmission). The light absorber in
beaker shape has 40 mm in diameter and 38 mm in height.

In Fig. 2, data of this detector module in the light yield versus energy plane are
shown. Light yield refers to the ratio of energy detected in the light detector to the
energy deposited in the NaI crystal.

Twomain event distributions appear: the events due to e−/γ -interactions in NaI at a
light yield value around one including calibration lines from an external 241Am-source
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Fig. 1 COSINUS detector module consisting of two independent channels: a NaI crystal that is supported

and read out via a carrier crystal and a separated beaker-shaped light detector. Both detectors are equipped

with highly sensitive thermometers, so-called TESs to detect the tiny temperature variations due to particle

interactions in the NaI (Color figure online)

with a W-TES, optimized in geometry for the purpose of light detection. Such kind

of light detectors has already shown a baseline resolution of below 10 eV (sigma)

[11]. The beaker shape serves two purposes: scintillation light detection and an active

surrounding of the NaI crystal in combination with the carrier crystal whose diameter

slightly exceeds the size of the NaI. The active 4π -veto of the NaI established in this

way allows to reject any surface-related α-induced background in the region of interest

from ∼ 1 to 40 keV. A sketch of the COSINUS detector module is shown in Fig. 1.

3 Results from the second prototype detector

With our first proof-of-principle test, we confirmed the feasibility of building a NaI-

based cryogenic scintillating calorimeter by observing a linear relation between light

output and the energy deposited in the NaI crystal—considered the key enabler of the

approach [12].

The second prototype, with results presented here, had as goal the commissioning

of the full COSINUS detector design. In this measurement, a commercial NaI crystal

of∼70 g (20×20×30 mm3, produced by Hilger) was paired with the identical carrier

as used for the proof-of-principle test [12]. The interface, however, was changed from

silicon oil to epoxy resin (EpoTek 301) to study the effect of the thickness of the

interface on the achievable signal height (phonon transmission). The light absorber in

beaker shape has 40 mm in diameter and 38 mm in height.

In Fig. 2, data of this detector module in the light yield versus energy plane are

shown. Light yield refers to the ratio of energy detected in the light detector to the

energy deposited in the NaI crystal.

Twomain event distributions appear: the events due to e− /γ -interactions in NaI at a

light yield value around one including calibration lines from an external 241Am-source
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Figure 6.3.6: NaIce6 detector design scheme. The setup is the same as shown in Fig. 6.2.1, right
panel, with in addition a NTD on the carrier crystal. NaIce6 carrier crystal is made of sapphire.

the two integrals I` and Ip are simply,

I` = B′1

∫
dt fB(t) = B′1 IB (6.34)

Ip = A′1

∫
dt fA(t) = A′1 IA (6.35)

where IB and IA are the same for all the events. From this it follows that,

LY =
I`
Ip

=
B′1 IB
A′1 IA

≡ B1

A1
C (6.36)

where C is just a scaling factor. The black dots in Fig. 6.3.8 correspond to e−/γ
events, while the red dots are identified as neutron induced events as detected in coin-
cidence with the NTD, which allows to discriminate between different types of particle
events. The neutron events are found at small or zero B1, which is in agreement with
the prediction of the EPSM: B1 is an indicator of the amount of deposited energy con-
verted in scintillation light and absorbed by the carrier, which is expected to be small
for neutron events, while it is found to be quite large for e−/γ events. This finding is
further validated using the information coming from the actual light detector, which is
translated into a further version of the LY versus energy plot shown in Fig. 6.3.8, bottom
panel. On the y-axis it is reported the ratio between the energy converted in light and
measured by the light detector (silicon beaker plus TES) and the A1 component. The
rectangular section includes the events which are tagged as neutron events using the
NTD data: a clear neutron band is identified below the e−/γ-band, in agreement with
the neutron distribution highlighted with red dots in the top panel.



COSINUS PHENOMENOLOGY 117

Figure 6.3.7: The standard event of the COSINUS NaIce6 detector, obtained by averaging the
pulses of the events in the peak at 122 keV produced by a 57Co γ-source.

The results obtained by the application of the EPSM reads the following conclu-
sion: 1) the implementation of the EPSM in COSINUS data analysis is feasible and 2)
the method proposed for the energy reconstruction based on the EPSM and aiming at
the neutron identification provide results in agreement with expectations. As a conclu-
sion of this analysis, it is possible to affirm that the EPSM proposal passed the first tests.

The EPSM is a new energy estimator to account for the peculiar shape of NaI particle
events and to allow for a difference in pulse shape between e−/γ-events and nuclear
recoils as shown by the ratio of the A and B parts. At first glance, the re-absorbed light
in the carrier crystal might seem to be problematic for the overall detector response
reconstruction. However, as preliminary shown by the application of the EPSM to
experimental data, particle discrimination on event-by-event basis may be achieved with
the phonon detector only. This opens the possibility for simplified detector designs
relying on one signal detector channel only. This might be of advantage in the light of
COSINUS-2π, an envisioned phase of COSINUS with increased detector mass to allow
for a modulation search.

6.4 Outlook of studies on phonon propagation in NaI

A better understanding of the physics at the microscopic level of COSINUS detectors,
not only would provide a theoretical background to the phenomenology of COSINUS
discussed in previous section, but also would offer the opportunity for a precise charac-
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Figure 6.3.8: Top: Validation of the proposal for a new 2D-plane/plot to demonstrate particle
discrimination, based on the EPSM. Since the four ratios A2/A1, A3/A1, B2/B1 and B3/B1 and
all the time constants are fixed when the EPSM is fitted to data, the LY in Eq. 6.31 is equivalent
to the A1 over B1 ratio times a constant which is equal for all the events (see text for more
details). The black dots correspond to e−/γ-events, while the red dots are the events tagged
as neutron events as identified by the NTD. Bottom: LY versus energy plot, based on the
ratio between the amount of energy converted in light and detected by the light detector and
the amplitude A1. The rectangular selection includes the neutron events identified because in
coincidence with the neutron events detected by the NTD.
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terisation and optimisation of the COSINUS detector design. The hypothesis implied in
the elaboration of the EPSM consists in peculiar properties of the phonon propagation
in NaI which differentiate this material from the ones typically employed by CRESST. In
this section, studies based on solid state physics, developed thanks to the collaboration
with the solid state group of L’Aquila University, are presented. Basic solid state prop-
erties of NaI are provided, derived within the Debye model and the elastic theory of
lattice dynamics [264] and some attempts to simulate transient vibrational excitations,
known as discrete breathers or intrinsic localised modes (ILM) [38], which can play a
role in COSINUS phenomenology, are discussed. Finally, first experimental and theo-
retical results obtained by the solid state group of L’Aquila University on the structural
properties on NaI(Tl) are presented.

6.4.1 Thermal properties of crystals: Debye model

The theory of heat in solids has been built by analogy with the black body theory
of radiation, which opened the road to quantum mechanics. Any crystal at non-zero
temperature microscopically can be imagined as a box of vibrating ions, packed in an
ordered lattice. The model describing this type of system as an ensemble of bosonic
particles, named phonons, was elaborated by P. J. W. Debye in 1912, The theory of
specific heat [265]. By analogy with the Planck theory of electromagnetic radiation, the
random interactions establish a thermal distribution inside the box, whose most probable
number of particles in a particular energy state is [266],

nω =
1

e}ω/kBT − 1
(6.37)

where ω is the phonon frequency, kB the Boltzmann constant and T the temperature.
The quantum statistics for bosons takes into account that any state can be occupied by an
arbitrary number of particles, n = 1, . . . (for fermions, n = 0, 1). From this distribution
the internal energy U and the heat capacity CV of the crystal can be computed, as
follows. The number density of vibration-modes at a particular energy (degeneracy),
D(ω)dω, is computed by Debye using classical boundary conditions for the propagation
of waves in a confined box of volume V , and it is [264],

D(ω) dω =
dNω

dω
=

ω2 V

2π2 v3
p

dω (6.38)

where vp is the phase velocity.

Combining Eqs. 6.37 and 6.38, the frequency distribution of the number of thermal
phonons in a crystal lattice is,

nω D(ω) dω =

(
V ω2

2π2v3
p

)
1

e}ω/kBT − 1
dω (6.39)

The internal energy U is equal to,
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U =

∫ ωD

0
}ω nω D(ω) dω =︸︷︷︸

lim ωD→∞

3π4

5
NkBT

(
T

θD

)3

(6.40)

For T → 0, the long wavelength limit improves, therefore ωD, which is the cutoff of
the Debye approximation, can be taken as infinite. θD is a measure of the temperature
above which all the modes are excited. In the low temperature limit, the heat capacity
is,

CV =
dU

dT
=

12π4

5
NkB

(
T

θD

)3

(6.41)

At fixed temperature, the lower the Debye temperature, the larger the heat capacity. In
Tab. 6.4.1 the Debye temperature of some materials containing sodium are shown [264].

NaF NaCl NaI

ΘD (K) 492 321 164
νD (THz) 64.4 42 21.5

Table 6.2: Debye temperature and frequency for NaF, NaCl and NaI [264]

6.4.2 Elastic theory of lattice dynamics

On top of the thermal phonon distribution, any particle interaction on the surface of the
crystal produces shells of non spherical wave fronts starting from the interaction point
and developing along the crystal. The excited vibrational modes are populated by non-
equilibrium phonons. In the assumption of an ideal isotropic crystal, without defects
or surface effects, the non-thermal phonons can propagate freely in all the directions,
with non-dispersive motion. One can think about this motion as a system of strings in
3-dimensions. The macroscopic elastic theory of crystals is just a generalisation of the
classic coupled oscillator to a multi-body system.

Harmonic approximation. For small displacements of the atoms from their equilib-
rium position, the interatomic potential can be approximated as harmonic. The expan-
sion of the potential energy around the equilibrium position, rlk, is [267],

U = U0 +
∑

lkα

Φlkαulkα +
1

2

∑

lkα

∑

l′k′β

Φlkα,l′k′βulkαul′k′β + . . . (6.42)

where U0 is a constant, which can be neglected, l is the unit-cell-label, k is the atom-
label, ulkα(β) is the α(β)-component of the displacement from the equilibrium position,
Φlk is the potential and Φlkα and Φlkα,l′k′β are the first and second derivatives of the
potential along the α and β directions, evaluated at the equilibrium position rlk. Since
rlk is a minimum of the potential, Φlkα = 0.
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The solution of the equation of motion, ulk, is wavelike and can be expressed as,

ulk =
1√
mk

Λ(k) ekα(k) exp{i[krl − ω(k)t]} (6.43)

where mk is the mass of kth-atom, Λ(k) is the amplitude of the wave, ekα is the
α−component of the polarisation vector, k is the wavevector and rl is the positon of the
lth cell. If ∆rk is the distance of the k-atom from the origin of its unit cell and rlk its
distance from the origin of the lattice, the instantaneous position of the kth-atom is,

Rlk = rlk + ulk (6.44)

Taking into account the acoustic sum rule12 (see [267]), the equation of motion reads,

mkülkα = −
∑

l′k′β

Φlkα,l′k′β ul′k′β (6.45)

The dispersion relation ω(k) can be obtained by substituting Eq. 6.43 into Eq. 6.45,

ω2(k) ekα =
∑

k′,β

Dkα,k′β(k) ek′β (6.46)

as the eigenvalues of the dynamical matrix, D,

Dkα,k′β(k) =
1√
mkm

′
k

∑

l′
Φlkα,l′k′β exp[ik · (r′l − rl)] (6.47)

The NaI dispersion relations as a function of the direction in the wave-vector space
and computed using density functional theory calculations [268], are shown in Fig. 6.4.1,
left panel, taken from https://materialsproject.org. The gap between the optical band
and the acoustical band (80 . ν . 110 cm−1, or 2.4 . ν . 3.1 THz−1) expected for
diatomic materials is evident both in the dispersion relations and in the phonon density
of states.

6.4.3 Molecular Dynamics Simulations

The simulation of realistic lattice dynamics can be performed using LAMMPS (Large-
scale Atomic/Molecular Massively Parallel Simulator)13. It is distributed as an open
source code and it is used to model materials according to classical molecular dynamics.
Using LAMMPS, the trajectories of all the atoms in the simulated cell, that is positions
and velocities at each time step, can be written in data files and analysed afterwards
with external codes (common fortran or C++ codes, as the files can be simply setup as
columns of numbers). The properties of NaI which are required as input to perform the
simulation are given in the following.

12The acoustic sum rule is a method to define the second derivatives of the potential, Φlkα,l′k′β ,
including the case of self interactions, Φlkα,lkβ . Refer to [267] for the details.

13https://lammps.sandia.gov

https://materialsproject.org


122 COSINUS PHENOMENOLOGY

Figure 6.4.1: NaI vibrational properties, computed using density functional theory calcula-
tions [268], taken from https://materialsproject.org. Left: NaI Dispersion relations. Right:
NaI phonon density of states. (1 cm−1 ' 0.03 THz)

Crystal Lattice Structure. The NaI crystal structure belongs to the category of the
rock-salt (NaCl) crystal-structure [264]. The basis is a Na-ion on the 0 position and I-ion
on one half of the main diagonal a/2(x̂ + ŷ + ẑ), where a = 6.47 Å [264]. The unit cell
resulting by overlapping the basis to the lattice is constituted by two interpenetrating
face centred cubic cells. Figure 6.4.2 is the illustration of the NaI ion initial positions
obtained with LAMMPS when the NaI structure properties are fixed. The drawing is
done with the software Ovito https://www.ovito.org used to visualise the trajectories of
the atoms in the cell.

NaI realistic interaction potential. The interatomic potential in NaI is fixed to the
one used in [269], reported here for completeness,

U({r,R}) =
∑

i>j

V++(Ri −Rj) +
∑

i>j

V−−(ri − rj) +
∑

i,j

V+−(Ri − rj) (6.48)

where r and R are the positions of I− and Na+ ions, respectively, and,

V±±(r) =
Q±Q±
4πε0r

+WLR
±±(r) + PSR±±(r) (6.49)

https://materialsproject.org
https://www.ovito.org
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Figure 6.4.2: NaCl structure (same for NaI). Created with the software
Ovito https://www.ovito.org.

The other terms of Eq. 6.49 are the Lennard-Jones potential,

WLR
±±(r) = −C±±

r6
− D±±

r8
(6.50)

and Buckingham-type potential, which describes the nearest atoms repulsion due to the
interpenetration of the electron-shells.

PSR±±(r) = A±±e−r/ρ±± (6.51)

The parameters A±, ρ±, C± and D± are exactly the ones listed in Tab. 1 of [269].

NaI Phonon Density of States

A definition of the phonon density of states (PDOS), which is convenient from a com-
putational point of view, relies on the autocorrelation functions of the atom velocities14.
The theoretical proof of this method can be found in the Appendix of Ref. [270]. The
autocorrelation function is defined as,

Z(t) =

∑
i〈vi(t+ t0) · vi(t0)〉∑
i〈vi(t0) · vi(t0)〉 →

{
1, for t = 0

0, for t→∞
(6.52)

where t represents a time delay with respect to the origin t0. By studying the
frequency spectrum of the autocorrelation function one can infer if atoms are oscillating
with the same frequency. In this way phonons can be identified. The Fourier transform

14The derivation of the PDOS from the atom velocity autocorrelation functions is taken from
http://cacs.usc.edu/education/phys516/VAC.pdf.

https://www.ovito.org
http://cacs.usc.edu/education/phys516/VAC.pdf
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reads,

Z̃(ω) =

∫ ∞

−∞
dt Z(t)e−i ω t =

=

∫ 0

−∞
dt Z(t)e−i ω t +

∫ ∞

0
dt Z(t)e−i ω t =

= −
∫ 0

∞
dt Z(−t)ei ω t +

∫ ∞

0
dt Z(t)e−i ω t ≡

=

∫ ∞

0
dt Z(t)ei ω t +

∫ ∞

0
dt Z(t)e−i ω t = (Z(t) = Z(−t))

= 2

∫ ∞

0
dt Z(t) cos(ωt)

(6.53)

In Eq. 6.53 the equality (Z(t) = Z(−t)) is used which holds since if the origin t0 in
Eq. 6.52 is shifted by −t the result does not change.

This method can be used to compute the spectrum of NaI phonon density of states
(NaI-PDOS). The trajectories are generated by using LAMMPS for a cell of 4096 atoms,
that is the unit cell of 8 atoms replicated by (8 × 8 × 8), and at a temperature of 10
K. The analysis is done by using code provided by G. Profeta (University of L’Aquila).
The result is shown in Fig. 6.4.3.

The NaI-PDOS obtained in this work is in agreement with the one found in litera-
ture [38] and shown in Fig. 6.4.4. It is also in agreement with the NaI-PDOS in Fig. 6.4.1.
This agreement is important as it validates the simulation method which is based on
classical molecular dynamics and not on density functional theory. The upper limit of
the acoustic-band is ν =' 10.6 meV = 2.54 THz (ω ' 16 THz rad) , the lower limit
of the optical band is ν ' 13.5 meV = 3.24 THz (ω ' 20.4THz rad). The band gap
between acoustical and optical phonon bands is quite large due to the mass difference
between the ions Na and I [264]. In the harmonic approximation the frequencies inside
the gap are forbidden, while anharmonic oscillations are known to excite vibrations at
frequencies inside the gap, which, however, do not propagate through the crystal until
they decay into harmonic oscillations (optical or acoustical) [38].

The gap in NaI, thus the ratio between Na and I masses, could be at the origin of
the difference between phonon propagation in NaI and phonon propagation in the other
crystals, such as CaWO4 or sapphire. First attempts supporting this speculation are
reported in the following.

Intrinsic localised modes in NaI

Intrinsic localised modes (ILM), or discrete breathers, are spatially localised mode which
may occur at a frequency above or within the gap of the vibrational spectrum [39]. In [271]
S. A. Kiselev and A. J. Sievers state that they ‘demonstrate with molecular dynamics
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Figure 6.4.3: NaI Phonon Density of States (NaI-PDOS) obtained in this work. The energy
E = hν ≡ ν, as it is given in natural units.

WAVELET IMAGING OF TRANSIENT ENERGY … PHYSICAL REVIEW B 99, 024307 (2019)

TABLE I. Parameters of the pair-wise short-range and long-
range potential energies used in this study to simulate the dynamics
a NaI crystal. For more information, see Refs. [48–57].

Short range Long range

Pair kind A±,± (eV) ρ±± (Å) C±,± (eV Å6) D±,± (eV Å8)

++ 8500.74 0.29333 4.93337 3.55827
−− 384.924 0.50867 810.714 805.769
+− 736.498 0.40100 54.9164 47.0954

the system was brought to thermal equilibrium through a
Nosé-Hoover thermostat [62,63] starting from zero initial
atomic displacements and random velocities drawn from a
Maxwell distribution. We have verified that �tth = 5 ps was
sufficient to correctly thermalize our system for tempera-
tures larger than 400 K. Once the system is thermalized, we
run constant energy trajectories (NVE) of duration �tp for
data production. It is interesting to remark that distortions
driven by the localization of nonlinear vibrational modes are
expected to conserve volume, as it was found for the internal
distortions associated with ILM localization in the faultlike
planar structures reported in Ref. [46].2 The results pre-
sented in the following refer to �tp = 100 ps, which afforded
a reasonable compromise between computational costs and
solid statistics. The time step used in the MD simulations was
0.001 ps.

Figure 1 illustrates the comparison of the low-temperature
phonon density of states computed by Fourier transforming
the velocity-velocity autocorrelation functions computed from
our LAMMPS NVT trajectories with the results from lattice
dynamics calculations performed with the GULP package [64].
The excellent agreement validates our MD simulation pro-
tocol and in particular the values of the phonon frequencies
that define the gap at zero temperature, i.e., ω1 = 16.104 ps−1

(upper edge of the acoustic band) and ω2 = 20.343 ps−1

(lower edge of the optical band).

A. Wavelet imaging of transient energy bursts in the gap

Wavelet analysis is the ideal tool to analyze nonstationary
signals in the time-frequency domain in order to characterize
transient frequency components appearing at specific times
and perduring for finite lapses of time. As a matter of fact,
Forinash and co-workers have shown 20 years ago that this

2The use of an NVT dynamics for production runs does not appear
to make sense in this study. In fact, thermostats are, in principle, noth-
ing but smart sampling techniques, designed to produce time series
sampled from the canonical measure. However, there is absolutely
no guarantee that the actual trajectories (i.e., the actual dynamics)
make any physical sense. In particular, all vibrational coherences
are either (artificially) damped or completely destroyed, depending
on the value of the relaxation time scale chosen for the specific
thermostat. In practice, it is preferable to switch off the thermostat
once the system has reached thermal equilibrium, so that no artificial
noise is left to fiddle with the vibrational coherences that might
emerge in specific frequency regions.
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FIG. 1. Phonon DOS of NaI computed from NVE MD simula-
tions (T = 38 K, LAMMPS, red staircases) and from lattice dynamics
calculations (T = 77 K, GULP, blue lines). The energy E = hν is
measured in units of the frequency ν.

kind of tools can provide precious information on the dy-
namics of discrete breathers at zero temperature in nonlinear
chains [65]. Thus, it appears natural to extend this line of
reasoning to explore transient nonlinear localization in real
crystals at thermal equilibrium. In this work, we have com-
puted the Gabor transform [66] of the time series of atomic
velocities, namely,

Giα (ω, t ) =
∫ +∞

−∞
e−(t−τ−�tp/2)2/ae−iωτ viα (τ ) dτ, (5)

where viα is the velocity of the ith ion along the Cartesian
direction α. We have set the resolution parameter a = 20 ps2,
optimized so as to maximize the resolution in both the time
and frequency domains.

As an illustration of our analysis, Fig. 2 shows typical
density maps of |Giα (ω, t )|2 computed from the velocity time
series of two random Na ions at T = 600 and 900 K. It can
be appreciated that, as the temperature increases, transient
energy bursts pop up increasingly deep in the gap and persist
with lifetimes of the order of up to 10 ps, during which their
frequency appears to drift to a various degree. In order to
separate energy bursts from the background and perform a full
temperature-dependent statistical analysis of the excitation
dynamics, it appears natural to impose a threshold PG on the
Gabor power so as to eliminate transient background noise. To
this end, we define the filtered normalized two-dimensional

024307-3

Figure 6.4.4: NaI Phonon Density of States (NaI-PDOS) projected on single ions. The acous-
tical modes are mainly filled by I vibrations, while optical modes are mainly due to Na vibra-
tions [38].The energy E = hν ≡ ν, as it is given in natural units.

simulations that, for sufficiently large vibrational amplitude, anharmonicity can stabilise
an IGM’ (intrinsic localised gap mode) ‘in a 3D uniform diatomic crystal with rigid ion
NaI potential arranged in either the fcc or zinc-blende structure’. In the same paper,
they derive a stationary localised mode eigenvector and the frequency of an IGM is



126 COSINUS PHENOMENOLOGY

derived as a function of the amplitude of the atomic displacement amplitude α (Fig. 4
in [39]), reported here in Fig. 6.4.5.

band. The elastic distortion is characterized by the dc part of
the mode’s eigenvector ri

(0) , which is shown in panel ~b! of
Fig. 1.
The above procedure has also been performed on a larger

array of particles to insure that the periodic boundary condi-
tions do not influence the results. In a 1000 ion crystal the
IGM with amplitude a/d50.244 has the same eigenvector as
shown in Fig. 1 and its frequency differs by 1% from that for
the 216 ions NaI crystal. This frequency difference is asso-
ciated with a slightly different crystal distortion between the
two cases. The MD simulation test shows that the IGM re-
mains stable in the large crystal and its lifetime increases
slightly.
In order to investigate the role of point group symmetry

on the intrinsic gap mode parameters the zinc-blende struc-
ture has also been tested with the same potential. ~A local
minimum of the lattice energy occurs at the slightly larger
lattice constant, a57.00 Å.! The IGM eigenvector for 216
particles is shown in Fig. 2. Again the central ion vibrates in
the @111# direction. This mode has an amplitude to NN dis-
tance, r0

(1)/d5a/d50.116. Again the mode vibrational ei-
genvector ri

(1) , is localized on a central light Na1 ion and its
neighboring shells. Note that although the relative mode am-
plitude is only one half that of the IGM shown in Fig. 1, its
relative frequency occurs at the same value in the gap ~5.0%!
due to the larger elastic distortion in the zinc-blende lattice
near the mode center. The maximum vibrational amplitude
and dc distortion for each of the shells of particles shown in
Figs. 1 and 2 are given in Table I.
Typical power spectra of the central particle vibration is

presented in Fig. 3 for the eigenvectors shown in Figs. 1 and
2 after about 200 vibrations. These spectra reflect the stable
vibration of the IGM at frequencies close to the values pre-
dicted by Eq. ~2! both for the fcc and zinc-blende structures.
Note that the vibrational mode for the Oh symmetry site
shows a weak third harmonic while the IGM for the Td sym-
metry site shows all harmonics.
Figure 4 shows the IGM frequency versus the amplitude

for the two structures under investigation. The left sets of
data are for zinc blende and the right sets are for the fcc
lattice. These results indicate that the Td symmetry site ap-
pears to support more anharmonicity in the sense that for a
given vibrational amplitude the frequency of the IGM drops
farther into the forbidden gap and has a larger elastic lattice
distortion around the IGM center @compare Figs. 1~b! and
2~b!#.
The general behavior of the IGM frequency versus ampli-

TABLE I. Maximum amplitude in a shell versus shell index for
Figs. 1 and 2. Both the vibrational amplitude and the dc distortion
are given as fractions of the NN distance.

fcc Zinc blende

Shell Vib. amp. dc dist. Vib. amp. dc dist.

0 0.2438 0 0.1156 0.0291
1 0.0119 0.0244 0.0147 0.0220
2 0.0734 0.0074 0.0242 0.0064
3 0.0025 0.0132 0.0005 0.0039
4 0.0149 0.0078 0.0039 0.0038

FIG. 3. The power spectrum of the central particle vibration for
an IGM in an NaI crystal with either fcc or zinc-blende structure.
The eigenvectors shown in Figs. 1 and 2 are used as the initial
conditions for the MD simulations. The solid curve ~fcc lattice! is
shifted down by ten decades from the dashed curve ~zinc blende!
for clarity. The noise is associated with truncational errors.

FIG. 4. The frequency of an intrinsic gap mode as a function of
normalized amplitude, a/d . The left set of data are for the zinc
blende and the right set for the fcc lattice. The numerical solutions
of Eq. ~2! are represented by the solid lines for the @111# and by
dashed lines for the @110# crystal direction. The result of MD simu-
lations are given by the open diamonds for the @111# direction and
by open circles for the @110# direction.

55 5757GENERATION OF INTRINSIC VIBRATIONAL GAP . . .

Figure 6.4.5: The frequency of an IGM as a
function of the atom displacement amplitude.
ω+ is the lower limit frequency of the optical
band and d is the nearest-neighbour distance
(half of the lattice parameter). The left set of
data are for the zinc-blende and the right set for
the fcc lattice [271].

Possible connection between IGMs and COSINUS phenomenology. The NaI
interatomic potential introduced in Sec. 6.4.3 is clearly anharmonic. The harmonic ap-
proximation in Sec. 6.4.2 is valid for small atomic displacements, but the typical energy
involved in DM direct detection, for example the energy deposition of neutrons and
beta/gammas from calibration sources inside the target crystal, are expected to even
cause permanent defects in the lattice (see e.g. [41]). For this reason, such events are
expected to cause anharmonic lattice oscillations and, according to the IGM definition
given above, to produce IGMs in the NaI band gap.In [272] it is derived that the most
stable gap modes in NaI have a lifetime of about 3 · 10−9 s. If several IGMs excite
and decay at different times and positions in the crystal during the whole non-thermal
phonon propagation, the IGM localisation of energy could cause a non-thermal phonon
transmission delay through the absorber-carrier interface, thus contributing to the unex-
pected different pulse shape of COSINUS detectors. For example, in the pure speculative
assumption that τ ′n = τin in Eq. 6.26, the A′1 component is null and the pulse forming
from the non-thermal phonon signal transmitted from the absorber to the TES would
consists just of the thermal components.

Which displacements cause anharmonic oscillations? The goal is to excite vi-
brations in the gap, as the hypothesis is that such ‘trapped’ excitations (IGMs) can play
a role in explaining COSINUS observations. For this reason, it is necessary to identify
the order of magnitude of the initial displacement required to produce anharmonic os-
cillations. The dynamics of a cubic NaI lattice with 1000 atoms is simulated displacing
the Na-atom at the vertex by 0.001 Å, 0.1 Å, 0.5 Å, 1 Åand 1.6 Å, respectively. The
result is shown in Fig. 6.4.6. The transition between harmonic and anharmonic regime
is obtained for an initial displacement between ' 1 and 1.6 Å.
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Figure 6.4.6: Displacements of the Na atom at the vertex of the lattice (1000 atoms) as function
of time, for 5 different initial displacements: 0.001 Å (black-solid-line), 0.1 Å (black-dashed-line),
0.5 Å (black-dot-dashed-line), 1 Å (green-dashed-line) and 1.6 Å(green-solid-line). We use 0.01 ps
for the time step, with 0.1 ps the difference was not clear. For displacements larger than 1 Å,
the oscillations are anharmonic.

How to simulate IGMs? Some attempt to simulate IGMs in NaI crystals have
been performed, but no positive results have been achieved yet. The approach used
is to simulate a NaI cell in LAMMPS, impose an intial perturbation into the lattice
(an initial atomic displacement in the anharmonic regime or a random distribution of
atomic velocities) and follow the atomic dynamics evolution. The total duration of the
simulations done is O(10 − 100) ps. The excitation of an IGM in this time window
must be regarded as a prototype IGM which can be excited at any time after the initial
scattering inside the crystal lattice.

Two tests were performed. The first was to impose an initial displacement to one
or more ions at the origin of a cell containing 8000 atoms in total. The same test was
done for CsI (by just replacing the atomic mass of Na (' 23 GeV) with the one of
Cs (' 133 GeV)) to show the phenomenology in diatomic crystals with different mass
splittings.

The distance from the origin of the atoms 15 with ±10% of the maximum energy
versus time is shown in Fig. 6.4.7, top panels. The localisation of the energy in NaI
which occurs around the initial displacement and which is visible in Fig. 6.4.7 (top, left
panel), could be a hint of IGM. This speculation is supported by the results using CsI
which show less localisation (top, right). On the bottom panels, the energy as a function
of distance and time is shown: the energy flow propagation velocity (velocity of sound)
through the lattice can be computed as the distance over the corresponding time of the

15When simulating the lattice, is important to take periodic conditions into account. Only results
which refer to atoms within the half of the whole cell are reliable.
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Figure 6.4.7: Top: Distance from the origin of the atoms with ±10% of the maximum energy
versus time. The localisation of the energy in NaI around the initial displacement(left panel),
could point to an IGM, speculation supported by the results in CsI which show less localisation
(right). Bottom: Energy flow as a function of distance from the origin versus time. The energy
flow propagation velocity (velocity of sound) through the lattice can be computed as the distance
over the corresponding time of the blue region. The yellow region refers to the maximum energy
distribution, more localised around the origin for NaI with respect to CsI.

blue region, the yellow region refers to the maximum energy distribution, more localised
around the origin for NaI along the whole time window with respect to CsI.

The second test was to impose an initial displacement with a sinusoidal time de-
pendence, a sort of forcing oscillation at a frequency inside the NaI band gap. The
amplitude of the forcing oscillation is the same for the two cases presented in Fig. 6.4.8,
while the frequency of the forced oscillation is different: for the top plot, the frequency is
ν = 2.68 THz, which is inside the band gap, while for the bottom plot it is ν = 3.24 THz,
which is in the optical band. The amplitude is gradually increased and stopped after a
certain number of oscillations and the following dynamics of the system is analysed. In
Fig. 6.4.8, the initial forcing oscillations is shown in black, coloured lines display all the
simulated atoms. No IGMs were observed. However, there is an interesting result which
fulfils expectations, that is the system does not oscillate when it is forced at a frequency
inside the gap while it keeps vibrating if the frequency is in the harmonic bands (the
optical in this case), what is actually called a phonon.
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Figure 6.4.8: Oscillation amplitude of a system of atoms as a function of time. The system is
perturbed by a forced sinusoidal displacement. The amplitude of the forcing oscillation is the
same for the two cases presented, while the frequency of the forced oscillation is different. Top:
ν = 2.68 THz, inside the band gap. Bottom: ν = 3.24 THz, in the optical band.

Summary. NaI is a diatomic crystal whose phonon spectrum is characterised by a
large band gap between the optical and the acoustical phonon bands. In solid state lit-
erature, the existence of intrinsic gap modes (IGMs) excited by anharmonic oscillations
in the crystal lattice are extensively treated and methods to observe them have been pro-
posed. In this section, preliminary studies on the phonon propagation in NaI performed
using molecular dynamical simulations have been presented. The NaI phonon density of
states (NaI-PDOS) is obtained and compared with density functional theory calculations
and found in agreement, therefore LAMMPS can be used as a tool to further explore the
details of phonon propagation in NaI. So far, no IGMs have been observed in the simula-
tions performed, however, the method suggested in [271] has not been completely applied
yet. It consists in the analysis known as ‘wavelet analysis’, which is used to analyse non-
stationary signals in time-frequency and identify transient frequency components which
appears for a finite lapse of time. Such method is applied to lattice vibrations induced
by high temperature, while the case of interest in this work is related to a perturbation
caused by the high energy scattering event in the target crystal, therefore the simulation
method requires to be adapted to the present case. Further studies are necessary: the
investigation presented in this section is preliminary, as started in the last part of this
PhD project, but it shows the great potential that theoretical and experimental analyses
based on NaI solid state physics have to provide a better understanding on the physics
of COSINUS detectors.
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6.4.4 NaI(Tl) structural properties characterisation using the XAS ex-
perimental method

Within the project aiming at characterising and optimising COSINUS detectors using
theoretical and experimental inputs from solid state physics, a measurement on the
impact of Tl+ impurities on the structural properties of NaI(Tl) was performed by
A. Filipponi and collaborators in October 2019. The measurement is based on the x-ray
absorption spectroscopy method and it was conducted at the XAFS-XRF beam-line of
the SESAME synchrotron radiation facility.

The ion of Tl+ enters in the NaI crystal lattice as a substitutional impurity of Na+.
The difference in the atomic dimensions between Tl+ and Na+ is expected to induce
lattice structure deformations around the impurity, which affect the characteristics of
the localised electronic states and the cross-sections of the events related to them, such
as the scintillation light emission. The XAS method applied to study the properties of
atomic species present in low concentrations in the sample, is based on the fluorescence
effect induced by a monochromatic source, tuned at energies around the edge of an atomic
shell. In the case of Tl, the L3 edge at 12.568 keV is used and the two radiative core-
hole emission at 10.2658 keV and 10.1728 keV are measured. The experimental and data
analysis details will be published in the forthcoming paper [12]. The conclusive result,
in agreement with previous literature, consists in the measurement of a 5% expansion of
the average distance of the first shell of I− ions around the Tl+ impurities with respect
to the bond length of R1 = a/2 = 3.237 Å, where a is the 300 K cubic cell parameter
reported in Sec. 6.4.3 [264]. Such result is compared with theoretical predictions based on
first-principles density functional theory calculations and found in excellent agreement,
as the experimental value is Rexp1 = 3.416(14) Å and the theoretical prediction is Rth1 =
3.40 Å (corresponding to 5.1% of shell expansion with respect to the NaI value). This
work allowed to verify the experimental and data analysis technique to study the impact
of the Tl+ impurity on the lattice structure and motivated new measurements based
on the same method, which will be performed at the UK’s national synchrotron, the
Diamond Light Source 16.

16https://www.diamond.ac.uk/Home/About.html

https://www.diamond.ac.uk/Home/About.html


Conclusions

This PhD thesis explores different aspects of the physics of the dark matter (DM) par-
ticle search. More specifically, it focuses on the phenomenology of the DM direct detec-
tion (DD) experimental technique. The properties of the DM annual modulation sig-
nal are studied using the non-relativistic effective theory (NREFT) of DM DD [14, 15]
(manuscript in preparation). The time of maximal rate as a function of the minimal
DM velocity, tmax(vmin), shows that the NREFT operators in Tab. 4.1 can be grouped
into two classes: the one corresponding to a flat tmax(vmin) function fixed in June, and
the one characterised by the so called ‘inversion of phase’. Such classification holds
also for the operators which are eligible for the target dependent annual modulation
effect studied in [21, 22]. Neglecting statistical aspects and detector parameters (such
as efficiency, energy resolution and background), in the case one of the building blocks
in Tab. 4.1 gives the largest contribution to the DM-nucleus elastic cross-section, low
energy threshold experiments can recognise which class the operator belongs to using
the timing information. The results of [21, 22] are then extended to 40Ca, 16O and 27Al,
which are targets of interest for the CRESST experiment. Finally, the amplitude of the
second order harmonics of the periodic DM signal is found to be dependent on the class
of interaction considered.

The cross-sections for fermionic and vector DM scattering off spin-1/2 polarised
nuclei are derived, for vectorial and pseudo-vectorial mediators [2]. For fermionic DM,
it is provided to refine a previous calculation in [35] and for vector DM as original
contribution. The double differential rate in solid angle and energy is computed for both
cases and the observed differences between the spin-1/2 and spin-1 DM scenarios can be
used to discriminate the two cases from each other and extract information on the DM
spin [2]. Very large exposures as available with DAMA/LIBRA [23, 25] are required to
significantly separate the part of the event rate depending only on the nuclear spin from
the total event rate [35]. This discrimination is also required to make a statement on
the DM spin. Detector parameters, such as detector efficiency, energy resolution and
background rate, are neglected in these estimations.

In collaboration with the CRESST-III experiment, the potential of Li-based targets,
employed as cryogenic scintillating calorimeters working at milli-Kelvin temperature, is
shown by calculating the sensitivity limit on the conventional SD-cross-section versus
DM-mass plot [3]. The measurement is done using a small Li2MoO4 crystal (2.66 g)
operated above ground for a very short time exposure (14.77 hours). Despite of the
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non-optimal run conditions, a good sensitivity is reached: for example, at mχ = 1 GeV
an upper limit on the cross-section equal to 1.06 · 10−26 cm2 is obtained. This result
motivated further tests using Li-based materials, which finally succeeded in promoting
such crystals as detector modules for CRESST-III. This SD limit is the first extracted
from CRESST data. Along this initiative, CRESST provided a SD-limit also using the
percentage of 17O contained in the best performing CRESST-III module, detector A [4].

In the light of the exponential background observed in the last CRESST-III data re-
lease [4], a statistical study is performed to investigate the advantages of using the DM
signal time information to analyse low-energy threshold data limited by an exponential
background (manuscript in preparation). First the DM signal is simulated according to
the best-fit parameters for SI-interactions [203] of DAMA/LIBRA data [23, 25]. The
statistical frequentist approach, based on Monte Carlo method, shows that in all the
cases considered, the timing information does not improve the significance for signal
discovery with respect to the one-dimensional (1D) analysis (energy-only). The same
result is obtained when a different benchmark for the signal simulation (mχ = 3 GeV,
σSI = 4 · 10−42 cm2 [33]) is considered. Using these last DM parameters, a similar anal-
ysis as in [236] addressing the problem of DM model selection (between the SI and the
magnetic dipole DM model) is repeated for low-threshold experiments with an exponen-
tial background rate. The conclusion is that, despite of the phenomenology discussed
previously when studying the annual modulation with NREFT, the 2D analysis in time
and energy does not improve the prospects for model selection for the configurations
considered (the largest exposure assumed is 1 kg × 5 yr). From the results obtained
it emerged that low-threshold experiments, even when limited by an exponential back-
ground at low energy, but with an exposure between 230 g× 2 yr and 1 kg× 5 yr could
provide a 90% CL for model selection.

Last but not least, a possible explanation to the experimental observations of the
COSINUS experiment [5, 6], related to its detector response, is provided. The empirical
second thermal component which was introduced in [37] to obtain a good description of
the data, is derived here within a theoretical model describing the detector setup. Such
model is obtained as an extension of the general model published in 1995 [36] which
successfully describes CRESST-like detectors, while does not accurately fit to COSINUS
data. This distinction can be due to peculiar NaI-phonon propagation properties, hy-
pothesis which COSINUS is currently investigating with solid state physics methods,
as discussed in the last part of this thesis. A novel method to reconstruct the amount
of energy converted in heat in the NaI-absorber, based on the extended pulse shape
model, is proposed, to the aim of efficiently identifying nuclear recoil events using TES-
thermometers. The EPSM is based on the hypothesis that the carrier crystal absorbs
part of the NaI scintillation light. The model has been already applied to COSINUS
data and first results prove that it provides a good description of the pulse shape. The
‘proof-of-principle’ of the possible application of the energy reconstruction method has
been successfully done. In fact, the LY plot, using the NTD as sensor, allowed to discover
the neutron induced events, observation which is in agreement with the neutron induced
events identified using the new extended pulse shape model (EPSM).
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A.1 Strong CP-violation

The CP violation of the Lagrangian term in Eq. A.1 is shown in the following.

Lθ̄ = θ̄
g2

32π2
Fµνa F̃µνa (A.1)

Consider first the Abelian case. The QED strength tensor and its dual are:

{
Fµν = ∂µAν − ∂νAµ
F̃µν = 1

2ε
µναβFαβ

(A.2)

Because of the Fµν antisymmetry, only the off-diagonal terms are non-null, with F 0i =
−Ei and F ij = −εijkBk, therefore,

{
F 0iF̃0i = (−Ei)(1

2ε0ijkF
jk) = −1

2ε0ijkε
jkl(−Ei)Bl = δliE

iBl = Ē · B̄
F ijF̃ij = (−εijlBl)(1

2εijk0F
k0) = −1

2ε
ijlεijk0Bl(E

k) = −δlkBlEk = −Ē · B̄
(A.3)

where ε0ijkε
jkl ≡ εijkεjkl = εijkε

ljk = 2δli and,

FµνF̃µν = F 0iF̃0i + F i0F̃i0 + F ijF̃ij = 2Ē · B̄ − Ē · B̄ = Ē · B̄ (A.4)

Given Tab. A.1, the scalar product Ē · B̄ product is T-odd (or equivalently CP-odd),
therefore the associated Lagrangian term is CP violating.

P T C

E - + -

B + - -

Table A.1: Electric and magnetic field discrete-symmetries-eigenvalues.

Now consider the non-Abelian theory:

Gµνa = ∂µAνa − ∂νAµa + igεabcA
µbAνc (A.5)
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G̃µνa = εµναβ(∂αAβa − ∂αAβa + igεabcA
αbAβc) (A.6)

with Gµνa antisymmetric and only G0i and Gij (i 6= j) non-null (similarly for its dual).
At the leading order the non-Abelian field theory reduces to the Abelian one, therefore
GµνaG̃µνa ( ~Ea · ~Ba) violates CP as well.

The electric-dipole-moment connection with the strong CP-problem

The Electric Dipole Moment (EDM) is an observable connected with the Lagrangian
term in Eq. 2.2. If EDM was observed, it would be a proof of the strong CP-violation.
The non-observation of EDM imposes a fine-tuning for the parameter θ̄.

Maxwell’s equations are1,
~∇ · ~E = ρ

~∇ · ~B = 0

~∇× ~E +
∂ ~B

∂t
= 0

~∇× ~B − ∂ ~E

∂t
= j

(A.7)

where ρ is the electric charge density and j = ρv is the electric charge current.
Maxwell’s equation are invariant under discrete symmetries, as evident from Tab. A.2 [274].

P T C

E - + -

B + - -

ρ + + -

j - - -

Table A.2: Discrete symmetries of observables in Maxwell’s equations [274]

Dirac’s proposed the existence of a ‘magnetic charge’, on analogy with the electric
one. In 1949 Dirac writes “I do not believe there is any need for physical laws to be
invariant under reflections in space and time although all the exact laws of nature so
far known do have this invariance ” [275] and in effect he proposed the modification of
second and third Maxwell’s equations,

~∇ · ~B = ρm

~∇× ~E +
∂ ~B

∂t
= jm

(A.8)

where ρm and jm would be the magnetic charge density and the magnetic charge
current, with jm = ρmv. Note that with Dirac’s modification, the electric and magnetic

1This part refers to [273].
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parts of Maxwell’s equations are completely symmetric. This idea stimulated the search
for EDM de on analogy with the magnetic dipole moment, that is as result of the
rotation of a ‘magnetic charge’. The hamiltonian term relative to the electric dipole
moment would be,

He = −~de · ~E (A.9)

The hamiltonian term He would be invariant under P if de changed sign ~de → −~de.
However, ~de is projected on the angular momentum direction, because in a rotating
system all the orthogonal components of vectors average to zero,

~de = α~J (A.10)

where α is some constant, and the ~J eigenvalues under discrete symmetries are,

P T C

J + - +

i.e. ~J is a pseudo-vector. This means that parity conservation is violated and time-
reversal reflection is similarly violated. Since under T ~J → − ~J , then ~de → −~de, while
~E → ~E as shown in the previous tables. This implies that He is not invariant under
time-reversal, or equivalently under CP. The relativistic generalisation of Eq. (A.9)
is [276],

Ldim=5 = −de
i

2
ψ̄σµνγ5ψFµν (A.11)

where dim=5 stay for the energy dimension of the Lagrangian density, that implies
[de] = E−1. The connection between the parameter θ̄ and the electric dipole moment de
is approximated by Eq. 2.24 of [276],

de ∼ eθ̄
m∗

Λ2
had

(A.12)

where m∗ is the u and d quark reduced mass and Λhad ∼ 4πfπ, with fπ = 93 MeV.
Using Eq. A.12 and the experimental constraints on the NEDM, the upper limit on the
theta parameter is [277],

de ≤ 2.9 · 10−26e · cm→ |θ̄| ≤ 10−10 (A.13)

The small value of |θ̄| is considered a fine-tuning.

A.2 The role of sterile neutrinos in the neutrino mass term

In this appendix we investigate a bit further the role of a sterile neutrino in the neutrino
mass term. Since both Dirac and Majorana mass terms will be introduced, few words on
the different fermion representations are spent, following the overview given by P. B. Pal
in [278].
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Fermion representation

A Dirac spinor is the linear combination of plane waves whose positive frequency part
annihilates ±1

2 -polarised particles and the negative frequency part creates ±1
2 -polarised

antiparticles. It is a generic solution of the Dirac equation of motion for fermionic fields.
A Dirac field ψ can be always projected into two-component chiral spinors, ψR and
ψL, where R and L stand for right- and left-handed. In the massless limit, these two-
component chiral spinors become independent solutions of the Dirac equation of motion.
In this limit, they are called Weyl spinors. A Majorana spinor is a real solution of the
Dirac equation. In the Majorana-representation of Dirac matrices γ, where all matrices
are pure imaginary, a Majorana-fermion is defined as ψ = ψ∗. Using the important
theorem discussed in Appendix A.1 of [1], if we consider any other representation of
Dirac matrices, Majorana-fields are identified by the condition ψ = γ0Cψ

∗, where C is
a unitary matrix (charge conjugation matrix, see Appendix A.2 of [1]).

Both Dirac and Majorana field can be obtained as a combination of Weyl fields.
Consider two Weyl fields, ψ1, ψ2, that can be left or right handed, respectively. Dirac
and Majorana are massive fields, therefore both chiralities right and left must be present
in the combination. The difference between Dirac and Majorana fields is that the first is
complex and the second is real. This implies that the Dirac field ψD is the combination
of two different Weyl fields with different chirality, while the Majorana field ψM is the
combination of the same Weyl field with different chiralities,

ψD = ψW1 + ψ̂W2 (A.14)

ψM = ψW1 + ψ̂W1 (A.15)

Why neutrinos are massless in the standard model

The mass term for Dirac neutrinos is described by the Lagrangian density [1],

LD = −
∑

`,`′

(
ν`RMD

``′ν`′L + ν`′L(MD
``′)
†ν`R

)
(A.16)

with,
MD = V diag(m1,m2,m3)U † (A.17)

where `, `′ = e, µ, τ and ν`′L = PLν`′ and ν`R = PRν` are the projections of the neutrino
field in the left- and right-handed subspaces, with PR,L = (1± γ5)/2, U is the neutrino
mixing matrix and V is another mixing matrix, that concerns only right handed neutrino
fields. The mass term for Majorana neutrinos is, instead [1],

LM = −1

2

∑

`,`′

(
νc
`RMM

``′ν`′L + ν`′L(MM
``′)
†νc
`R

)
(A.18)

with,
MM = U∗diag(m1,m2,m3)U † (A.19)
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where we can define one right-spinor in terms of the left-spinor by using the charge
conjugation matrix as follows, νc

R ≡ CνL
t. From this definition, νc

R = −νt
LC
−1 (see

Appendix A.2 of [1]). Note that for Majorana spinors the mixing matrix U and V
coincide since right-spinors are built from left-spinors.

From Eqs. A.16 and A.18, it is possible to conclude that within the standard model
of particles, the observation of only one neutrino-helicity (left-handed) implies that neu-
trinos are massless, since

• a Dirac mass term involves two helicities and therefore it requires the introduction
of gauge singlet right handed neutrinos;

• a Majorana mass term involves only one helicity at a time, being ∝ νtLC
−1νL,

therefore it would be favoured by observations. However, it violates the U(1)Y
gauge symmetry: left handed neutrinos have Y = −1

2 and the Higgs doublet
φT = (φ+ φ0) has Y = 1

2 , therefore any Yukawa-like coupling involving only left
handed neutrinos produces a lagrangian term with total hypercharge different from
zero.

Dirac and Majorana neutrino mass term

Recent results on neutrino oscillations prove that neutrinos are massive, which defini-
tively implies that physics beyond the standard model is required.

Standard neutrinos can acquire a Dirac mass term if coupled to gauge-singlet right
handed neutrino νR, which instead have a Majorana mass term ∝ νtRC

−1νR [103]. In
this way, no additional scalar particles are necessary, the only new ingredient would be
the right handed neutrino, as shown in the left diagram in Fig. A.2.1. The ‘see-saw
mechanism’ known as ‘type I’ is based on this hypothesis [103].

To allow a Majorana mass term through minimal extensions of the standard model,
there are two possibilities which at low energies reduce to the non-renormalizable 5-
dimensional operator C

Λ (Lφ)(Lφ), where C is a dimensionless constant, Λ a large energy
scale and φ the standard higgs scalar [103]. The diagram of this effective operator is
shown in Fig. A.2.1, on the right. Such two possibilities are listed below and are known
as ‘type II- and type III-see-saw mechanisms’, respectively,

1. Introduce an extra heavy fermion SU(2)L triplet with zero hypercharge which
couples to the standard higgs. The integration of the heavy triplet at low energy
generates the non-renormalizable operator C

Λ (Lφ)(Lφ),

2. Introduce a higgs triplet φT with hypercharge Y = 1, such that when it couples to
νtLC

−1νL the gauge invariance is restored - see central diagram in Fig. A.2.1.

The effective term C
Λ (Lφ)(Lφ) restores the hypercharge conservation involving only
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yD

νR

νL

⟨φ0⟩
yT

νL

νL

⟨φ0
T ⟩

νL

νL

⟨φ0⟩

⟨φ0⟩

C
M

Figure 6. Left: Dirac mass from the vacuum expectation value of the neutral component φ0 of a
Higgs doublet. yD is a Yukawa coupling. Center: a Majorana mass for an active neutrino due to a
Higgs triplet φ0

T with the Yukawa coupling yT . An analogous diagram can generate a Majorana mass
for a sterile neutrino, with φ0

T replaced by a Higgs singlet (or bare mass). Right: Majorana mass for
νL generated by a higher-dimensional operator involving two Higgs doublets. (Figure similar to fig. 1
in Ref. [151].)

mT = yT 〈φ0
T 〉, where yT is a Yukawa coupling, as illustrated in fig. 6. It can also be due to

a higher-dimensional operator involving two Higgs doublets with coefficient C/M, with C a
dimensionless constant andM a new physics scale. For mass dimension 5, the only operator
of this kind is given by (1.26). The singlet mass mS does not violate weak isospin and could
in principle be due to a bare mass. However, in many extensions of the standard model a bare
mass is forbidden by new broken symmetries, so that mS = yS 〈φS〉, where yS is a Yukawa
coupling and φS is a standard model singlet.

Dirac and Majorana mass terms9 can be present simultaneously and can be generalized
to three or more active neutrinos, to an arbitrary number of sterile neutrinos, and to non-
standard assignments such as additional sterile neutrinos in which the left-chiral component
carries lepton number L = +1.

Sterile neutrino masses can have almost any value, but here we mention a number of
important special cases. For simplicity we focus on mT = 0 except when it induced by the
seesaw mechanism, but generalization is straightforward. We also take mD and mS real and
nonnegative.

• mS = 0: This is the pure Dirac case. νL and νR are the left and right-chiral com-
ponents of a Dirac neutrino with conserved lepton number L. νR has no standard
model interactions except for the extremely weak Higgs-Yukawa coupling yD ∼ 3 ×
10−13mD/(0.05 eV). This small value could occur via fine-tuning, or more likely be-
cause it is strongly suppressed by new symmetries or extra-dimensional effects, see e.g.
ref. [151].

• mD = 0: This is the pure Majorana case. The sterile Majorana neutrino can have
arbitrary mass, but it has no standard model interactions, and there is no active-sterile
mixing.

• mS � mD: This pseudo-Dirac limit is a perturbation on the Dirac case. The four
components of the Dirac neutrino split into two Majorana neutrinos, with masses
|m1,2| ∼ mD±mS/2 and left-chiral components ∼ [νL±(νR)c]/

√
2. The non-observation

of solar oscillations into the sterile state requires mS < O(10−9 eV), see ref. [152].
9Off-diagonal mass terms are generally defined as Majorana if the mass eigenstates are.

– 17 –

Figure A.2.1: Left: Dirac mass term, that involves both neutrino helicities, right (R) and
left (L), coupled to the neutral component φ0 of the standard higgs doublet (yD is the Yukawa
coupling). Center: Majorana mass term, whose gauge invariance under U(1)Y is obtained intro-
ducing an higgs triplet φT , coupled to left handed neutrinos (yT is the Yukawa coupling). Right:
effective diagram for a Majorana mass term provided by a gauge invariant non renormalizable
5-dimensional operator, in which the two left handed neutrinos are coupled to the neutral com-
ponents φ0 of two standard higgs doublets (C is a dimensionless constant and M is the large
energy scale associated to the unexplored higher energy theory, labeled as Λ in the text.). This
figure is taken from [104].

standard model particles2 and it provides a Majorana mass term below the electroweak-
spontaneous-symmetry-breaking-scale suppressed by the energy scale Λ [103, 104].

Type I see-saw mechanism

‘See-saw mechanism’ is a completion of standard model proposed to explain the hierarchy
of mass between neutrinos and other standard model particles. Here as example we
discuss type-I see-saw, which introduces sterile neutrinos, νR, with a Majorana mass
term and involved in the Dirac mass term for standard neutrinos3.

The Dirac-Majorana mass term can be written in compact form using matrix-notation.
If one defines a column matrix for left-handed neutrinos [279],

NL =

(
νL

CνR
T

)
(A.20)

where we consider just one flavor generation for simplicity, the Lagrangian density for
Dirac/Majorana (D+M) mass term is,

LD+M
mass =

1

2
NT
LC
†MNL + h.c. (A.21)

2The Majorana mass terms would violate the lepton number conservation. Since the lepton number
is not a gauge quantum number, its violation is admissible.

3This Dirac-Majorana mass term implies that the particle content is enlarged by new particles, whose
right handed component is involved in the Dirac mass term. Since these new particles are Majorana-
fermions, the total mass term is the sum of (i) Dirac mass term for standard neutrinos, (ii) Majorana
mass term for the right-handed-component of sterile neutrinos (iii) Majorana mass term for the left-
handed-component of sterile neutrinos.
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where M is the mass-matrix,

M =

(
mL m
m M

)
(A.22)

where m is the Dirac mass for standard neutrinos, M is the Majorana mass for
the right-handed-component of sterile neutrinos and mL is the Majorana mass for the
left-handed-component of sterile neutrinos. By using Appendix A.2 of [1] it is straight-
forward to show that Eq. A.21 provides terms with the same structure as the ones in
Eqs. A.16 and A.18.

Active-sterile neutrino mixing. Chiral fields are not eigenstates of mass. Since we
are interested in a prediction for neutrino mass, we proceed with the diagonalisation
process4, rotating the neutrino vector in Eq. A.20 of an angle θ. The mass matrix in
Eq. A.22 would transform into,

OT
(

0 m
m M

)
O =

(
M sin2θ + 2m sinθcosθ M sin(2θ)

2 +m cos(2θ)
M sin(2θ)

2 +m cos(2θ) M cos2(θ)− 2m sin(θ)cos(θ)

)

The off-diagonal terms are null if M sin(2θ)
2 + m cos(2θ) = 0 ⇒ tan(2θ) = −2mM . Since

θ is the mixing angle between standard and sterile neutrinos, which we assume to be
small, it is,

θ ≈ m

M
(A.23)

In the m�M limit, the mass-matrix is,
(
−m2

M 0
0 ∼M

)
(A.24)

For a rough estimation, since m ∼ v ∼ 100 GeV as for hypothesis and M is a very large
energy scale, e.g. M ∼ O(1014 GeV), the mass of the rotated ‘active’ neutrino, νa is,

ma ∼
m2

M
∼ 10−10GeV = 0.1eV, (A.25)

thus of the order of the cosmological experimental limit
∑

i νa,i . 0.23eV [55]. With this
mechanism the hierarchy of mass in the standard model would be explained.

In these conditions, the sterile-neutrino-eigenstate, νs, is,

νs = −sinθ νL + cosθ CνR
T ≈ m2

M
νL + CνR

T (A.26)

that for m � M is purely Majorana-fermion [103]. Under the hypotheses of this sec-
tion, the active-sterile neutrino mixing in Eq. A.26 opens the important radiative decay
channel, νs → νaγ, shown in the Feynman diagrams in Fig. A.2.2, which is relevant for
observations. The coupling to the electron and the W boson is made possible by the
small left-handed component in the sterile neutrino combination in Eq. A.26.

4For a formal treatment see Appendix A of [105].
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all possible active neutrino flavors must be proportional to the following quantity,

∑

α

|θαi|2, (39)

which is called the i-th active-sterile mixing angle square and usually denoted as

θ2i . This is the quantity we can put an upper bound on by a non-observation of the

monoenergetic photon γ.

The precise bound originating from different satellite experiments can be found

in Refs. 32, 89 (based on Refs. 121, 122, 123, 124, 125, 126, 127, 128, 129, 130,

131, 132). For our purpose, a simplified version of this bound as used in Ref. 27 is

perfectly sufficient:

θ2i . 1.8 · 10−5

(
1 keV

Mi

)5

. (40)

Note, however, that more recent non-observations of the X-ray line for certain galax-

ies yield even stronger bounds, cf. Refs. 133, 134. Corresponding updates of the

simplified bound in Eq. (40) are available.148

Let us now get a more precise understanding of the connection between the

active-sterile mixing and the entries in the full neutrino mass matrix. As we have

just seen, the definition of the i-th active-sterile mixing angle θi is

θ2i ≡
∑

α

|θαi|2, where θαi ≡ Uα,3+i =
[
m∗

DM
−1
R

∗
VR

]
αi
. (41)

Note that we have expressed the generation-dependent active-sterile mixing θαi in

terms of the full neutrino mixing matrix U as defined in Appendix A.2. In the basis

where the RH neutrino mass matrix is diagonal (and real),MR = diag(M1,M2,M3),

we have VR = 1, and the above formula simplifies to

θαi =
∑

k

m∗
DαkM

−1
k δki =

(m∗
D)αi
Mi

. (42)

Ni ΝΑ

Γ
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eΑ

ΘΑi

Ni ΝΑ
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W

eΑ eΑ

ΘΑi

Fig. 3. The Feynman diagrams for the radiative decay of the sterile neutrino, Ni → ναγ.
Figure A.2.2: Feynman diagrams of the sterile neutrino radiative decay, allowed by the
active-sterile neutrino mixing [105]. Ni and ν on the diagrams correspond to νs and νa,
respectively, in the text.

A.3 SUSY: motivations and consequences

SUperSYmmetry (SUSY) is a mathematical proposal that imagines a symmetry between
fermions and bosons [120]. Since SUSY introduces a symmetry between particles with
different statistics, it is a more general symmetry group than the Poincarè one5. If Q is
the supersymmetry generator, such that,

Q|fermion〉 = |boson〉 Q|boson〉 = |fermion〉 (A.28)

the square of the spin generator S2 cannot be a Casimir for the SUSY group, while P 2

is imposed to be a Casimir adding superpartners for all the elementary particles with
the same mass but different statistics. Irreducible multiplets of this extension of the
Poincarè group, known as supermultiplets, contain fermions and bosons of equal mass.

Hierarchy or naturalness problem. The introduction of superpartners of SM parti-
cles degenerate in mass is the SUSY property that solves the tension known as hierarchy
or naturalness problem. It refers to the appearance of quadratic divergences in the ra-
diative corrections of the Higgs mass if an energy scale of new physics exists. Consider

5 The Poincarè group counts two Casimir, the length of the Pauli-Lubansky pseudo-vector, W 2, and
the length of the 4-momentum generator, P 2. The Pauli-Lubansky pseudo-vector is defined as,

Wµ =
1

2
εµνρσM

νρPµ ≡ {P · J, P0J + P×K} (A.27)

where Mνρ = i
4
[γν , γρ] is the rotation generator, Pµ is the spacetime translation generator, Jµ is the

total angular momentum generator and K is the boost generator . For particle with P 2 = m2 >
0, one can define a rest frame such that P = 0 and W 2 = −mS2, where S is the spin generator.
Writing the two Casimir in this way makes clear that elementary particles can be collected according
their mass and spin in irreducible multiplets under the Poincarè trasformations - irreducible multiplets
of the Poincarè group are constituted by the particles with the same mass and spin. Taken from
http://cftp.ist.utl.pt/ gernot.eichmann/2014-hadron-physics/hadron-app-2.pdf.

http://cftp.ist.utl.pt/~gernot.eichmann/2014-hadron-physics/hadron-app-2.pdf
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the Higgs potential [120],

V = m2
H |H|2 + λ(|H|)4 (A.29)

where mH is the Higgs mass and λ is the coupling constant. SM masses are fixed
by a unique energy scale, that is the vacuum expectation value of the Higgs field (vev),
that is non null if m2

H < 0 and λ > 0. The one-loop diagrams involving fermionic or
bosonic intermediate states shown in Fig. A.3.1 correct the m2

H ,

• The diagram (a) corresponds to the coupling of the Higgs scalar with SM fermion,
−λfHf̄f . The radiative correction to m2

H is,

∆m2
H = −|λf |

2

8π2
Λ2
UV (A.30)

• The diagram (b) corresponds to the coupling of the Higgs scalar to an additional
BSM scalar, −λS |H|2|S|2. The radiative correction to the mass would be,

∆m2
H = − λS

16π2
[Λ2
UV − 2m2

Sln(ΛUV /mS) + . . . ] (A.31)

where mS is the scalar field mass.

“We are, I think, in the right Road of Improvement, for we are making Experiments.”

–Benjamin Franklin

1 Introduction

The Standard Model of high-energy physics, augmented by neutrino masses, provides a remarkably

successful description of presently known phenomena. The experimental frontier has advanced into the

TeV range with no unambiguous hints of additional structure. Still, it seems clear that the Standard

Model is a work in progress and will have to be extended to describe physics at higher energies.

Certainly, a new framework will be required at the reduced Planck scale MP = (8πGNewton)−1/2 =

2.4 × 1018 GeV, where quantum gravitational effects become important. Based only on a proper

respect for the power of Nature to surprise us, it seems nearly as obvious that new physics exists in the

16 orders of magnitude in energy between the presently explored territory near the electroweak scale,

MW , and the Planck scale.

The mere fact that the ratio MP/MW is so huge is already a powerful clue to the character of

physics beyond the Standard Model, because of the infamous “hierarchy problem” [1]. This is not

really a difficulty with the Standard Model itself, but rather a disturbing sensitivity of the Higgs

potential to new physics in almost any imaginable extension of the Standard Model. The electrically

neutral part of the Standard Model Higgs field is a complex scalar H with a classical potential

V = m2
H |H|2 + λ|H|4 . (1.1)

The Standard Model requires a non-vanishing vacuum expectation value (VEV) for H at the minimum

of the potential. This occurs if λ > 0 and m2
H < 0, resulting in 〈H〉 =

√
−m2

H/2λ. We know

experimentally that 〈H〉 is approximately 174 GeV from measurements of the properties of the weak

interactions. The 2012 discovery [2]-[4] of the Higgs boson with a mass near 125 GeV implies that,

assuming the Standard Model is correct as an effective field theory, λ = 0.126 and m2
H = −(92.9 GeV)2.

(These are running MS parameters evaluated at a renormalization scale equal to the top-quark mass,

and include the effects of 2-loop corrections.) The problem is that m2
H receives enormous quantum

corrections from the virtual effects of every particle or other phenomenon that couples, directly or

indirectly, to the Higgs field.

For example, in Figure 1.1a we have a correction to m2
H from a loop containing a Dirac fermion

f with mass mf . If the Higgs field couples to f with a term in the Lagrangian −λfHff , then the

Feynman diagram in Figure 1.1a yields a correction

∆m2
H = −|λf |2

8π2
Λ2

UV + . . . . (1.2)

Here ΛUV is an ultraviolet momentum cutoff used to regulate the loop integral; it should be interpreted

as at least the energy scale at which new physics enters to alter the high-energy behavior of the theory.

H

f

(a)

S

H

(b)
Figure 1.1: One-loop quantum corrections to the Higgs squared mass parameter m2

H , due to (a) a
Dirac fermion f , and (b) a scalar S.

3

Figure A.3.1: One-loop corrections to the Higgs squared mass m2
H due to (a) a fermionic

intermediate state and (b) a scalar intermediate state [120]

.

The quadratic divergence in Eq. A.30 can be reabsorbed by the renormalisation pro-
cedure or it can be avoided using the dimensional regularisation. The SM does not
present a hierarchical problem. The naturalness problem arises if a physical energy scale
BSM is found, such as a heavy scalar field as in Eq. A.31, because in order to provide the
cancellation of the term ∝ m2

S , fine-tuned conditions are required [120]. In [121] hints for
such energy scale BSM are discussed. SUSY succeeds in providing an order by order can-
cellation of the divergent terms and this is one of the strongest motivations in its favour.
The mechanism is based on the existence of superpartners for any SM particles: fermion-
and boson-loops have, in fact, opposite signs therefore the mass degeneration combined
with the different statistics provide exactly the opposite term for each divergent diagram.
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Indeed SUSY does not solve completely the ‘naturalness question’. Taking into
account gravity, the complete Lagrangian contains another term, the cosmological con-
stant, Λ, one of the main ingredients of the ΛCDM-model, which we discussed in the first
chapter. A specific combination of the cosmological constant with the vacuum energy
density is measured to be ∼ 10−47 GeV4, while the vacuum energy density is expected
to be ∼ 1071 GeV4, which means that the cosmological constant and the vacuum energy
density need a fine-tuning of about 118 decimal numbers. SUSY in its actual shape fails
in solving the naturalness problem associated with the cosmological constant [57].

Minimal Supersymmetric Standard Model (MSSM)

The minimal low energy SUSY extension of the SM is known as the Minimal Super-
symmetric Standard Model (MSSM). It extends the SM-particle-content introducing
superpartners for each SM particle [120, 280]. The notation for superpartners consists
in adding the prefix ‘s-’ to fermions to get the bosonic superpartner and the suffix ‘-ino’
to bosons to get the fermionic superpartner, while a tilde is used on top of superpartners
symbols. The SUSY-particle content extends the SM with (i) four spin-1

2 gauginos, one

Bino, B̃ and three Winos, W̃i, (ii) a scalar Higgs doublet in addition to the SM Higgs
doublet6 (iii) the two Higgs doublets spin-1

2 superpartners, the higgsinos, H̃1,2 and (iv)
scalar superpartners for each SM fermion, squarks and sleptons. The list is shown in
Figs. A.3.2 and A.3.3. Despite of the strong motivation for the extension of the SM to
right-handed neutrinos, the MSSM does not include them.

Names spin 0 spin 1/2 SU(3)C , SU(2)L, U(1)Y

squarks, quarks Q (ũL d̃L) (uL dL) ( 3, 2 , 1
6)

(×3 families) u ũ∗
R u†

R ( 3, 1, −2
3)

d d̃∗
R d†

R ( 3, 1, 1
3)

sleptons, leptons L (ν̃ ẽL) (ν eL) ( 1, 2 , −1
2)

(×3 families) e ẽ∗R e†R ( 1, 1, 1)

Higgs, higgsinos Hu (H+
u H0

u) (H̃+
u H̃0

u) ( 1, 2 , +1
2)

Hd (H0
d H−

d ) (H̃0
d H̃−

d ) ( 1, 2 , −1
2)

Table 1.1: Chiral supermultiplets in the Minimal Supersymmetric Standard Model. The spin-0
fields are complex scalars, and the spin-1/2 fields are left-handed two-component Weyl fermions.

to charge −1/3 down-type quarks (down, strange, bottom) and to the charged leptons.

We will call the SU(2)L-doublet complex scalar fields with Y = 1/2 and Y = −1/2 by the names

Hu and Hd, respectively.† The weak isospin components of Hu with T3 = (1/2, −1/2) have electric

charges 1, 0 respectively, and are denoted (H+
u , H0

u). Similarly, the SU(2)L-doublet complex scalar

Hd has T3 = (1/2, −1/2) components (H0
d , H

−
d ). The neutral scalar that corresponds to the physical

Standard Model Higgs boson is in a linear combination of H0
u and H0

d ; we will discuss this further in

section 8.1. The generic nomenclature for a spin-1/2 superpartner is to append “-ino” to the name

of the Standard Model particle, so the fermionic partners of the Higgs scalars are called higgsinos.

They are denoted by H̃u, H̃d for the SU(2)L-doublet left-handed Weyl spinor fields, with weak isospin

components H̃+
u , H̃0

u and H̃0
d , H̃

−
d .

We have now found all of the chiral supermultiplets of a minimal phenomenologically viable exten-

sion of the Standard Model. They are summarized in Table 1.1, classified according to their transfor-

mation properties under the Standard Model gauge group SU(3)C ×SU(2)L ×U(1)Y , which combines

uL, dL and ν, eL degrees of freedom into SU(2)L doublets. Here we follow a standard convention, that

all chiral supermultiplets are defined in terms of left-handed Weyl spinors, so that the conjugates of

the right-handed quarks and leptons (and their superpartners) appear in Table 1.1. This protocol for

defining chiral supermultiplets turns out to be very useful for constructing supersymmetric Lagrangi-

ans, as we will see in section 3. It is also useful to have a symbol for each of the chiral supermultiplets

as a whole; these are indicated in the second column of Table 1.1. Thus, for example, Q stands for

the SU(2)L-doublet chiral supermultiplet containing ũL, uL (with weak isospin component T3 = 1/2),

and d̃L, dL (with T3 = −1/2), while u stands for the SU(2)L-singlet supermultiplet containing ũ∗
R, u

†
R.

There are three families for each of the quark and lepton supermultiplets, Table 1.1 lists the first-family

representatives. A family index i = 1, 2, 3 can be affixed to the chiral supermultiplet names (Qi, ui, . . .)

when needed, for example (e1, e2, e3) = (e, µ, τ). The bar on u, d, e fields is part of the name, and does

not denote any kind of conjugation.

The Higgs chiral supermultiplet Hd (containing H0
d , H

−
d , H̃0

d , H̃
−
d ) has exactly the same Standard

Model gauge quantum numbers as the left-handed sleptons and leptons Li, for example (ν̃, ẽL, ν,

eL). Naively, one might therefore suppose that we could have been more economical in our assignment

by taking a neutrino and a Higgs scalar to be superpartners, instead of putting them in separate

supermultiplets. This would amount to the proposal that the Higgs boson and a sneutrino should be the

†Other notations in the literature have H1,H2 or H,H instead of Hu, Hd. The notation used here has the virtue of
making it easy to remember which Higgs VEVs gives masses to which type of quarks.

9

Figure A.3.2: MSSM spectrum for spin-0 and spin-1/2 matter and Higgs supermultiplets [120].

Soft symmetry breaking. If SUSY-particles had masses equal to their SM-partners,
clearly we would have already detected them. In order to comply with the known
phenomenology, SUSY is supposed to be a broken symmetry. There is a mechanism
widely discussed and applied for the purpose of SUSY symmetry breaking, which is the
soft symmetry breaking [281]. As for the electroweak theory, SUSY symmetry breaking

6MSSM foresees an additional scalar Higgs to not spoil the anomaly cancellations which occurs
naturally in the SM.
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Names spin 1/2 spin 1 SU(3)C , SU(2)L, U(1)Y

gluino, gluon g̃ g ( 8, 1 , 0)

winos, W bosons W̃± W̃ 0 W± W 0 ( 1, 3 , 0)

bino, B boson B̃0 B0 ( 1, 1 , 0)

Table 1.2: Gauge supermultiplets in the Minimal Supersymmetric Standard Model.

same particle. This attempt played a key role in some of the first attempts to connect supersymmetry to

phenomenology [9], but it is now known to not work. Even ignoring the anomaly cancellation problem

mentioned above, many insoluble phenomenological problems would result, including lepton-number

non-conservation and a mass for at least one of the neutrinos in gross violation of experimental bounds.

Therefore, all of the superpartners of Standard Model particles are really new particles, and cannot be

identified with some other Standard Model state.

The vector bosons of the Standard Model clearly must reside in gauge supermultiplets. Their

fermionic superpartners are generically referred to as gauginos. The SU(3)C color gauge interactions

of QCD are mediated by the gluon, whose spin-1/2 color-octet supersymmetric partner is the gluino. As

usual, a tilde is used to denote the supersymmetric partner of a Standard Model state, so the symbols

for the gluon and gluino are g and g̃ respectively. The electroweak gauge symmetry SU(2)L×U(1)Y is

associated with spin-1 gauge bosons W+,W 0,W− and B0, with spin-1/2 superpartners W̃+, W̃ 0, W̃−

and B̃0, called winos and bino. After electroweak symmetry breaking, the W 0, B0 gauge eigenstates

mix to give mass eigenstates Z0 and γ. The corresponding gaugino mixtures of W̃ 0 and B̃0 are called

zino (Z̃0) and photino (γ̃); if supersymmetry were unbroken, they would be mass eigenstates with

masses mZ and 0. Table 1.2 summarizes the gauge supermultiplets of a minimal supersymmetric

extension of the Standard Model.

The chiral and gauge supermultiplets in Tables 1.1 and 1.2 make up the particle content of the

Minimal Supersymmetric Standard Model (MSSM). The most obvious and interesting feature of this

theory is that none of the superpartners of the Standard Model particles has been discovered as of

this writing. If supersymmetry were unbroken, then there would have to be selectrons ẽL and ẽR with

masses exactly equal to me = 0.511... MeV. A similar statement applies to each of the other sleptons

and squarks, and there would also have to be a massless gluino and photino. These particles would have

been extraordinarily easy to detect long ago. Clearly, therefore, supersymmetry is a broken symmetry

in the vacuum state chosen by Nature.

An important clue as to the nature of supersymmetry breaking can be obtained by returning to the

motivation provided by the hierarchy problem. Supersymmetry forced us to introduce two complex

scalar fields for each Standard Model Dirac fermion, which is just what is needed to enable a cancellation

of the quadratically sensitive (Λ2
UV) pieces of eqs. (1.2) and (1.3). This sort of cancellation also requires

that the associated dimensionless couplings should be related (for example λS = |λf |2). The necessary

relationships between couplings indeed occur in unbroken supersymmetry, as we will see in section

3. In fact, unbroken supersymmetry guarantees that quadratic divergences in scalar squared masses,

and therefore the quadratic sensitivity to high mass scales, must vanish to all orders in perturbation

theory.‡ Now, if broken supersymmetry is still to provide a solution to the hierarchy problem even

in the presence of supersymmetry breaking, then the relationships between dimensionless couplings

‡A simple way to understand this is to recall that unbroken supersymmetry requires the degeneracy of scalar and
fermion masses. Radiative corrections to fermion masses are known to diverge at most logarithmically in any renormal-
izable field theory, so the same must be true for scalar masses in unbroken supersymmetry.

10

Figure A.3.3: MSSM spectrum for spin-1 and spin-DM1/2 gauge supermultiplets [120].

provides SUSY-particles with masses proportional to a unique mass scale, msoft. This
symmetry breaking is said ”soft” because it is built ad hoc such that radiative corrections
do not spoil the cancellation of potentially dangerous quadratic divergences. However,
such mechanism does not provide a prediction of the energy scale of SUSY symmetry
breaking [120]. This is the reason of the large arbitrariness in the parameter space,
when we talk about supersymmetric DM candidates. Since the main SUSY motivation
is the solution of the hierarchy problem, it is used as a guiding principle to decide at
which scale to probe SUSY - probably by also making a compromise with experimental
sensitivity. However, the numerical value of this corrections is not so relevant because
the value of the Higgs bare mass is unknown, therefore SUSY symmetry breaking energy
scale is imposed, not derived. In the last decades, msoft was considered to be of O(TeV),
to probe an energy scale accessible to experiments.

R-parity. Finally, to consider a supersymmetric DM candidate, it is necessary to in-
troduce an important property, the conservation of R-parity. R-parity is the discrete
symmetry [120],

R = (−1)3(B−L)+2s (A.32)

where B and L are the baryon and lepton numbers, and s is the spin. For SM parti-
cles R = +1, while for superpartners R = −1. To preserve R-parity, SUSY-particles
must be always produced in couple. This new discrete symmetry is introduced because
the MSSM, although it is the simplest version of SUSY, allows terms that violate the
conservation of B and L numbers. This violation is admissible because they are not
gauge symmetries, but in these conditions unobserved processes are allowed, such as the
proton decay. The R-parity conservation is imposed to avoid these processes. From the
DM problem point of view, the R-parity is the symmetry that allows to isolate SUSY-
particles from SM particles, so that the lightest particle of the SUSY-spectrum is stable.
The conservation of this additional discrete symmetry imposed by hand is one of the
crucial ingredients to obtain supersymmetric DM candidates.



144 APPENDIX



Appendix B

B.1 Gravitational focusing: practical suggestion

The cross-section for direct detection experiments contains the relative velocity between
DM and target-nuclei, vdetχ in our notation. However, the three-dimensional velocity
distribution integrals, including the gravitational focusing, can be easily computed with
a change of integration variable:

vgalχ = v�χ − v�gal ≡ v�χ + vgal� (B.1)

According to the discussion in Sec. 3.1.2, we decide to integrate over vs ≡ v�χ =

vdetχ + v�det in spherical coordinates. This implies the two conditions,

|vs − v�det| > vdetmin, (B.2)

|vs + vgal� | < vgalesc (B.3)

The Earth velocity we use here, evaluated considering the corrections due to its
orbit eccentricity, follows Eq. B.8 of [18]. The coordinate system we use is the Galactic
Coordinate system.

B.2 Elastic scattering kinematics

Consider two reference systems, the laboratory frame (LF) and the center of mass (CM).
We indicate with vLFχ , vLFT , vCMχ and vCMT the velocity of DM (χ) and of the target

(T ) in the LF and in the CM, respectively, with vCMLF the velocity of the LF seen from
CM and with vLFCM = −vCMLF the velocity of CM seen from LF. With this notation,

vLFCM =
mχvLFχ +mTv

LF
T

mχ+mT
. We add the prime to all the velocities after diffusion.

The galilean transformation from LF to CM is,

{
vCMχ = vLFχ + vCMLF ≡ vLFχ − vLFCM
vCMT = vLFT + vCMLF ≡ vLFT − vLFCM

(B.4)
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Since vLFχ 6= 0 and vLFT = 0,

{
vCMχ = mT

mχ+mT
vLFχ

vCMT = − mχ
mχ+mT

vLFχ
→

{
pCMχ = µ vLFχ
pCMT = −µ vLFχ

→ |pCMχ | = |pCMT | (B.5)

Since in the CM the elastic scattering is a rigid rotation, using the momentum conser-
vation,

p′LFT = pLFχ − p′LFχ ≡ pCMχ − p′CMχ = |pCMχ |(1− cosθ) = µ vLFχ (1− cosθ) (B.6)

For θ = π, p′LFT = 2µ vLFχ ≡ qmax, where q is the transferred momentum. Com-
monly, in literature the label ‘max’ is dropped. The maximum recoil energy for a relative
DM-target-velocity in the LF, is, (c = 1 and |vLFχ | = v),

ER,max ≡
q2
max

2mT
=

2µ2v2

mT
≡ 1 GeV · 10−6 · 2 µ2

1 GeV2

v2

(10−3)2

1 GeV

mT
∼ O(keV) (B.7)

The typical recoil energy is O(keV). For a given energy ER, the correspondent
velocity v in Eq. B.7 is the minimum velocity, vmin which can provide a target-recoil of
energy ER. The typical transferred momentum qmax = 2 µ v is O(1 − 100 MeV), as a
function of the DM and target nucleus mass. For instance, assuming v = 10−3 c ≡ 10−3

in natural units, (v ≈ 300 km/s),





qmax = 2 · (100 GeV) · (10−3) ≈ 200 MeV,

qmax = 2 · (1 GeV) · (10−3) ≈ 2 MeV,

qmax = 2 · (100
101 GeV) · 10−3 ≈ 1.98 MeV,

mχ = mT = 100 GeV

mχ = mT = 1 GeV

mχ(T ) = 1 GeV,mT (χ) = 100 GeV

(B.8)
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C.1 NREFT DM-response functions
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C.2 Dark matter magnetic dipole moment

At the relativistic energy scale the interaction is,

LMD =
1

2
λχχ̄σ

µνχFµν (C.2)

where λχ is the unknown coupling constant and Fµν = ∂νAµ − ∂µAν is the electromag-
netic strength tensor. With an integration by parts,

LMD =
1

2
λχχ̄σ

µνχFµν = −λχJν(x)Aν(x) (C.3)

with Jν(x) = λχ∂µ (χ̄(x)σµνχ(x)). Note that,

In perturbation theory, the S-matrix element of the underlined interaction is,

Sfi = limT→∞(1−ε)〈p′, k′|
∫
d4xHI |p, k〉I (C.4)

where HI and 〈〉I refer to hamiltonian and matrix element in the interaction represen-
tation (its evolution is U †HS

I U where U = eiH0t). At the first non trivial order of the
theory,

S
(1)
fi = 〈p′, k′|

∫
d4xHI |p, k〉I (C.5)

In our case, if λ and k are the nuclear and DM momentum, and we make explicit
the time evolution, focusing just on the DM-current, we have,

〈p′, k′|
∫
d4xHI |p, k〉I = λχ〈p′, k′|

∫
d4xJµ(x)Aµ(x) |p, k〉I =

= λχ

∫
d4x〈k′eiHI t|eiH0tJµ0 (x)eiH0t|eiHI tk〉〈p′|Aµ(x) |p〉I

= λχ

∫
dt ei(ε

′
k−εk)t

∫
d3x〈k′|Jµ0 (x)|k〉〈p′|Aµ(x) |p〉I

(C.6)

DM current matrix element The matrix element,

〈k′, s′|Jµ0 (x)|k, s〉 = 〈k′, s|∂µ (χ̄(x)σµνχ(x)) |k, s〉 =

=
∑

s′,s

1

(2π)
3
2

1

(2π)
3
2

1√
(2εk′)

1√
(2εk)

ūs′(k
′)σµνus(k)ei(k

′−k)xi(k′ − k)ν

(C.7)
using,

• χ̄ =
∑

s̃′
∫

d3k̃′

(2π)
3
2

1√
(2εk̃′ )

a†
k̃′,s̃′

eik̃
′xūs̃′(k̃

′)
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• χ =
∑

s̃

∫
d3k̃

(2π)
3
2

1√
(2εk̃)

ak̃,s̃e
−ik̃xus̃(k̃)

• |k, s〉 =
√

2Eka
†
s(k)|0〉, with {a†s′(k′), as(k)} = (2π)3δ(3)(k′ − k)δs′,s

• u†s′(k′) us(k) = 2Ekδ(k
′ − k)δs′,s

• σµν = i
2 [γµ, γν ] (the sign in σµν is irrelevant for our discussion because is over all)

The expression for the fermion DM fields follows from the absence of antiparticles in
both the initial and the final state. The normalisation of the spinors follow from the
request that χ†χ is normalised to 1.

EM filed matrix element Substituting Eq. C.7 in Eq. C.6, we get,

λχi(k
′−k)ν

∑

s′,s

1

(2π)3

1√
(2εk′)(2εk)

ūs′(k
′)σµνus(k)

∫
dt ei(ε

′
k−εk)t

∫
d3x e−iq·x〈p′|Aµ(x) |p〉I

︸ ︷︷ ︸
Let us focus on this term,

∫ ∫
〈A〉

(C.8)
The equation of motion of the electromagnetic field in external field (the nucleus) is,

�Aµ(x) = Jµext(x) → Aµ(q) = −J
µ(q)

q2
(C.9)

where we used the Fourier transform in the momentum space. Going back to the coor-
dinate space and substituting in

∫ ∫
〈A〉,

∫ ∫
〈A〉 =

∫
dt ei(ε

′
k−εk)t

∫
d3x e−iq·x〈p′|Jµ(x) |p〉I

e

q2
=

=

∫
dt ei(ε

′
k−εk)t

∫
d3x e−iq·xei(Ep′−Ep)t〈p′|J0

µ(x) |p〉 e
q2

=

= (2π)3δ(ε′k − εk + Ep′ − Eλ)〈p′|J0
µ(q) |p〉 e

q2

(C.10)

For electrons of momenta p, the EM current for single photon exchange is,

〈p′|J0
µ(q) |p〉 ∝ ūr′(p′)γµur(p) = ūr′(p

′)
(

(p′ + p)µ
2mN

+ i
σµνq

ν

2mN

)
ur(p) (C.11)

For the nucleons, considering also the radiative correction to the vertex,

〈p′|J0
µ(q) |p〉 = ūr′(p

′)
(
γµF1(q2) + i

σµνq
ν

2mN
F2(q2)

)
ur(p) (C.12)

We consider single nucleons, since within the NREFT, the nuclear response is ob-
tained by summing up the DM-nucleon matrix elements over all the nucleons. By sub-
stituting Eq. C.7 and Eq. C.10 in Eq. C.6 we obtain,
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S
(1)
fi = iλχ(2π)δ(ε′k − εk + Ep′ − Ep)

∑

s′,s

1√
(4εk′εk)

qν ūs′(k
′)σµνus(k) 〈p′|J0

µ(q) |λ〉 e
q2

(C.13)
For simplicity we can write,

S
(1)
fi = i(2π)δ(Ep′ + εk′ − Ep − εk)Tfi (C.14)

In the non-relativistic limit, k = (m,k), k′ = (m,k′), and q0 = 0. Using Eqs. (47a-f)
of [147] and the following ingredients,

1. Neglect terms O(q2),

2. p′ + p = 2mN ( q
2mχ
− v⊥),

3. multiply F1 times QN and F2 times µN −QN , with N = p, n, where Qp = 1 and
Qn = 0, and µN is the DM-nucleon reduced mass,

4. Sss
′

i = ξs′
σi
2 ξs, with s, s′ = 0, 1 spin polarisations and ξ0 =

(
1
0

)
and ξ1 =

(
0
1

)

5. (a× b)(c× d) = (a · c)(b · d)− (a · b)(c · d)

6.
√

(4εk′εk) = 2mχ

7. p′N = q

we get,

Tfi ' −ieλχ
[

1

2mχ
〈O1〉QN +

2mN

q2
〈O5〉QN +

2mN

q2

(
q2

m2
N

〈O4〉 − 〈O6〉
)
µN +O(q2)

]

(C.15)
where we use the classification buiding blocks performed by Haxton et al. [14] and

listed in Tab. 4.1. The term proportional to 〈O3〉 is O(q2) therefore we neglect it. The
coefficients are,





cN1 =
e λχ
2 mχ

QN

cN5 =
e λχ
q2 2 mN QN

cN4 = e λχ
2
mN

µN

cN6 = −e λχ 2mN
q2 µN

(C.16)

The NREFT framework provides a straightforward map from the NR transition
amplitude to the NR differential cross-section. The final result, reported in Eq. 4.10

dσ

dER
=

mT

2πv2
λ2
χ α π

[(
1

m2
χ

− 1

µ2
+

1

µ2

v2

v2
min

)
W̃ pp
M +

1

m2
N

(
µ̃2
p W̃

pp
Σ′ + 2µ̃pµ̃nW̃

np
Σ′ + µ̃2

nW̃
nn
Σ′ +

+ 4W̃ pp
∆ − 4µ̃p W̃

pp
∆Σ′ − 4µ̃nW̃

pn
∆Σ′

)]
(C.17)
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D.1 Spin-dependent differential rate

The differential number of scattering events on N targets per keV and per second is,

dR

dER
= N

∫
dv φ(v)

dσ

dER
= N

∫
dv nvf(v)

dσ

dER
(D.1)

where n =
ρχ
mχ

is the number density of DM particles. The differential number of
scattering events off 1 kg of detector constituted by nuclei with atomic mass number A,
is,

1

kg

dR

dER
=

6.022 · 1026

A

ρχ
mχ

∫
dv vf(v)

dσ

dER
(D.2)

because the number of diffusors in 1 kg of detector is N = 6.022·1026

A kg−1. Equa-
tion D.2 is usually written as,

dR

dER
=

ρχ
mχmT

∫
dv vf(v)

dσ

dER
(D.3)

similarly to Eq. 3.9, where mT is the target mass. The conventional SD differential
cross section is, (see Eq. 3.22),

dσSD
dER

= 2mT
8G2

F

(2JT + 1)v2
SA(0) (D.4)

If we define,

σ0 = 32
G2
F

(2JT + 1)
µ2
TST (0) (D.5)

then,
dσSD
dER

= 2mT
σ0

4µ2
T v

2
(D.6)

The differential rate is,

1

kg

dR

dER
=

6.022 · 1026

A

1

mχ
2mT

σ0

4µ2
T

Ihalo (D.7)
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where Ihalo = ρχη(vmin, t) and η(vmin, t) is defined in Eq. 4.13. Let’s write the units,

[
1

kg

dR

dE

]
= kg−1keV−1s−1 =

=

[
6.022 · 1026

A

1

kg

1

mχ

σ0

4µ2
2mT Ihalo

]
=

=
6.022 · 1026

A

1

kg

1
GeV
c2

cm2

GeV 2

c4

GeV

c2

GeV
c2

cm3

1
cm
s

=

= (3 1010)2 6.022 · 1026

A
s−1GeV−1kg−1

(D.8)

Since 1 GeV = 106 keV and 1 s = 1
86400 day, the differential rate units are,

[
1

kg

dR

dE

]
≡

[
dR

dE

]

︸ ︷︷ ︸
common writing

= 9 1020 6.022 · 1026

A
(10−6) 86400 [kg× day× keV]−1 (D.9)

The differential rate can be written as,

dR

dER
=

[
dR

dER

]
1

mχ[GeV]

σ0[cm2]

4µ2
T [GeV2]

2mT [GeV] Ihalo
[

GeV

cm3

cm

s

]
(D.10)

where the units in squared brackets give just the information on the type of numbers
to put in each term. Note: If Ihalo is computed with velocities in km/s, to use the
units in Eq. D.10 an additional factor equal to 10−5 must be multiplied to Eq. D.9
(km−1 = 10−5cm−1).

Standard Spin Dependent Expected Rate

The nuclear spin structure function in Eq. 3.25 for low transferred momentum, q → 0,
is (Eq. 3.23),

ST (0) =
(2JT + 1)(JT + 1)

4πJT
× |(a0 + a1)〈Sp〉+ (a0 − a1)〈Sn〉|2 (D.11)

which applied to nucleons is equal to,

S
p/n
T (0) =

{
SpT (0) =

(2Jp+1)(Jp+1)
4πJp

× |2〈Sp〉|2

SnT (0) = (2JT+1)(JT+1)
4πJT

× |2〈Sn〉|2
(D.12)

In Eq. (D.6), σ0 is,

σSD0 =
32G2

F

2JT + 1
µ2
TST (0) (D.13)
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The cross section on single proton or neutron is instead,

σSDp/n =
32G2

F

2
µ2
p/n

(2Jp/n + 1)(Jp/n + 1)

4πJp/n
× |2〈Sp/n〉|2 ≡ 32 G2

F µ
2
p/n

3

4π
× 1 (D.14)

If we normalise (D.13) by (D.14), we get,

σSD0 =
4π

3

1

(2JT + 1)

(
µT
µp/n

)2

ST (0) σSDp/n (D.15)

Using Eq. (D.12), to refer to one nucleon per time, the expected rate is,

dR

dER
=

[
dR

dE

]
2mT [GeV]

mχ[GeV]

(
JT + 1

3JT

)(
µT
µp/n

)2

(2〈Sp/n〉)2 σ
p/n[cm2]

4µ2
T [GeV2]

Ihalo
[

GeV

cm3

cm

s

]

(D.16)
where the units in squared brackets give just the information on the type of numbers

to put in each term.

D.2 Analytical derivation of the likelihood ratio

The likelihood function for 2-dimensionally binned-data with expectation νij and ob-
served value nij , where i, j label the time and energy bins, respectively, is,

L(n|ν) =
∏

i j

(νij)
nij

nij !
e−νij (D.17)

Therefore,





L(H0|s+ b) =
∏
i j

(s+b)ij
nb,ij

nb,ij !
e−(s+b)ij

L(H0|b) =
∏
i j

(bij)
nb,ij

nb,ij !
e−bij

→ L(H0|s+ b)

L(H0|b)
=
∏

i j

(s+ b)ij
nb,ij

bij
nb,ij

e−sij

(D.18)
and finally,

q = −2 log

(L(H0|s+ b)

L(H0|b)

)
= −2


∑

i j

nb,ij · log
(

1 +
s

b

)
ij
− sij


 (D.19)

The likelihood-ratio for data simulated according the alternative-hypothesis has the
same structure as Eq. D.19 but with nb ↔ ns+b. Practically we never use this analytical
formula, because we use, instead, the apposite TFitResultPtr function of the ROOT
Class TMinuit, which returns the value of the test statistics.
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Appendix E

E.1 127I(n,γ)128I process and following atomic relaxation

The most abundant isotope of iodine is 127I. Its cross section for 127I(n,γ)128I or 128I
production, shown in Fig. E.1.1), stimulated deeper investigation on the decay emission
of 128I. In the I127(n,γ)I128 neutron capture, prompt-γs are emitted as a continuous of
lines, which cannot be used to tag the following 128I decay.

5−10 4−10 3−10 2−10 1−10 1 10 210 310 410 510 610 710
E [eV]

3−10

2−10

1−10

1

10

210

310 [b
ar

n]
ncσ

)I-128γNeutron Capture Cross section I-127(n,

Figure E.1.1: 127I(n,γ) or 128I production cross section, taken from https://www.oecd-
nea.org/janisweb/.

Electron capture in 128I

An excited nucleus has a certain probability to de-excite via the capture of an electron
from an atomic shell. A consequence of the electron capture is the conversion of a proton
into a neutron (inverse beta decay) and the transmutation of the parent nucleus into
the previous one along a period of the table of elements. The daughter nucleus can be
produced in the ground state or in the excited state. The following emission depends on
this condition.
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by Iodine might contribute to the modulation observed by DAMA through the de-
cay of activated 128I (that produces – among others – low energy X-rays/Auger
electrons). Such an hypothesis is already excluded by several arguments given
above (as e.g. those in Sect. 3.1 and 3.5), moreover it has already been rejected
in ref. [9, 10]; anyhow, in the following we will focus just on its main argument
avoiding to comment on several other wrong statements present in ref. [26].

The 128I decay schema is reported in Fig. 4. When 128I decays via the EC
channel (6.9%), it produces low energy X-rays and Auger electrons, totally con-
tained inside the NaI(Tl) detectors; thus, the detectors would measure the total

Figure 4: The decay schema of 128I [27].

energy release of all the X-rays and Auger electrons, that is the atomic binding
energy either of the K-shell (32 keV) or of the L-shells (4.3 to 5 keV) of the
128Te. The probability that so low-energy gamma’s and electrons would escape
a detector is very small. In ref. [26] it is claimed that such low-energy gamma’s
and electrons from the L shells may contribute to the DAMA observed annual
modulation signal; but:

1. considering the branching ratios of the EC processes in the 128I decay, the
K-shell contribution (around 30 keV) must be about 8 times larger than
that of L-shell; while no modulation has been observed by DAMA above 6
keV (see [3, 4] and references therein) and, in particular, around 30 keV;

2. the 128I also decays by β− with much larger branching ratio (93.1%) than
EC (6.9%) and with a β− end-point energy at 2 MeV. Again, no modulation
has instead been observed in DAMA experiments at energies above 6 keV
[3, 4];

3. the L-shell contribution would be a gaussian centered around 4.5 keV; this
shape is excluded by the behaviour of the measured modulation amplitude,
Sm, as a function of energy (see Fig. 6–Bottom). The efficiencies to detect
an event per one 128I decay are: 2 × 10−3, 6 × 10−3, and 2 × 10−3 in (2–4)
keV, (4–6) keV and (6–8) keV respectively, as calculated by the Montecarlo

12

Figure E.1.2: 128I decay scheme [255]

The decay modes of the isotope 128I is shown in Fig. E.1.2,

The two branches correspond to: electron capture with conversion into 128Te ('
6.9%) and β-decay into 128Xe (' 93.1%), both branches with a half life of 24.99 minutes.
The electron is captured from the 128I K-shell (L-shell) with probability' 84.58%(12.17(1)%)
if the final state is the 128Te first excited state, and ' 85.40(2)%(11.510(2)%) if the final
state is the 128Te ground state1. The K-shell intensity is about 7 times larger than the
L-shell intensity, being closer to the nucleus.

128I transmutation into 128Te excited or ground state

There is a larger probability that after the electron capture 128I is converted into the
ground states of 128Te (intensity I ' 98.3%) with respect to the probability of decay
into the 128Te excited state (I ' 1.67%). Both the excited and the ground states of
128Te are unstable: the more probable (the ground state) has half-life T1/2 = 7.7× 1024

y, the other one has half-life T1/2 = 3.30 ps. The atomic relaxation from the ground
state occurs via X-rays and Auger electron emission. Since the ground state has a long
half life, no time-correlation with potential modulating neutron flux is possible. The
relaxation from the excited state occurs via the emission of gammas at 743 keV.

128Te ground state atomic relaxation: X-ray and Auger-electron emis-
sion

The emission of Auger electrons and X-rays can occur only if the nuclear state is the
ground state. The reason is that they are emitted once there is no other way of emitting
the energy gained by the electron capture. If the final nuclear state is an excited state,
then the emission of a gamma of energy equal to the difference between the two nuclear
states or an electron conversion occur.
Auger and X-ray emission are in competition. If one occurs, the other one does not.
The sum of K and L line intensities must sum to 6.8%. An observation about the in-
tensities of the K and L shells emission of X-rays and Auger electrons: On the nndc

1https://www.nndc.bnl.gov/ensdf/EnsdfDispatcherServlet

https://www.nndc.bnl.gov/ensdf/EnsdfDispatcherServlet


website (https://www.nndc.bnl.gov), the page about the 128I ε (or also EC)-decay into
128Te2 provides a table of the emission line intensities, separately for X-rays and Auger-
electrons, and it shows that the K/L branching ratio for Auger electrons is inverted.

If X-rays and Auger-electrons are emitted in the bulk of a crystal, the total energy
detected outside the crystal is likely equal to the the binding energies of the shells
involved. The binding energies of 128Te atomic shells are ' 32 keV and ' 4.3 keV, for
the K and L3-shells, respectively [255].

2https://www.nndc.bnl.gov/nudat2/decaysearchdirect.jsp?nuc=128I&unc=nds
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