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Introduction

The aim of this thesis is to present some results about controllability of evolution equations
by means of a bilinear control.

In the field of control theory of dynamical systems a huge amount of works is devoted to the
study of models in which the control enters as an additive term (boundary o locally distrib-
uted control), see, for instance, the books [49]] and [[50] by J.L. Lions. Such controls can,
for example, be a source of heat/mass—transfer or a piezoelectric actuator placed on a beam.
This kinds of controls describe the effect of external sources of forces on the considered phe-
nomenon. On the other hand, such control systems are not suitable to describe processes that
change their physical characteristics in presence of control. This issue is quite common in
many biomedical, chemical and nuclear chain reactions as well as in new technologies, like,
for instance, the so—called smart materials.

For example, in a nuclear chain reaction the number of particles involved increases by the
interaction with the surrounding medium. In particular, the process of nuclear fission is ob-
tained by the collision of neutrons with active uranium nuclei that leads to the growth of
the amount of particles involved in the reaction. These new neutrons start interacting with
active nuclei and so the number of such particles keeps increasing. A simplified model of this
phenomenon can be represented by the following equation

u, = a*Au+v(t, x)u, (0.0.1)

where u(t, x) = 0 is the neutron density and the coefficient v is strictly positive since the chain
reaction is equivalent to a source of neutrons that is proportional to their concentration.

In order to control an a priori endless chain reaction, the so-called “control roads” are em-
ployed. These devices are indeed able to absorb neutrons. The action of the control roads
can be associated to the change of sign of the coefficient v in (0.0.1)).

It is important to stress that describing a nuclear fission by the action of additive controls
would yield to the following equation

u, = a’Au+v(t, x). (0.0.2)

However, the additive locally distributed control v(¢, x) in would represent the pos-
sibility to add or withdraw out at will a certain number of neutrons to the reaction, that is
obviously not realistic.

Another example of a model that involves a bilinear control is the SMA-composite beam
containing NiTi fibers that are able to change the response when heated by an electric current.
The equation that describes this phenomenon is

Upr T Uyyxx T v(t)u=0, (0.0.3)

with v(t) that represents the axial load.



When the multiplicative control depends both on time and space variables, many results of
approximate and exact controllability have been obtained for different types of initial/target
conditions. For instance, Khapalov in [[45]] proved a result of non-negative approximate con-
trollability of the 1D semilinear parabolic equation. In [46], the same author proved approx-
imate and exact null controllability for a bilinear parabolic system with the reaction term
satisfying Newton’s law. Paper [39] is devoted to the study of global approximate multiplic-
ative controllability for nonlinear degenerate parabolic problems. In [[18] and [[19]], results of
approximate controllability of a one dimensional reaction-diffusion equation via multiplicat-
ive control and with sign changing data are proved. Moreover, in [62] the authors presented
a result of exact controllability of parabolic equations to special positive target states for large
time.

The controllability of equations in which the control is a scalar function depending only on
time, however, is a more delicate issue. A structural obstruction to obtain such property for
systems of the form

/
{ u'(t) +Au(t) + p(t)Bu(t) =0, t>0 ©0.04)
u(0) = uy.

has been presented by Ball, Marsden and Slemrod in [[6]]. Let X be a infinite dimensional
Banach space, let A be the generator of a C°-semigroup of bounded linear operators on X and
let B : X — X be a bonded linear operator. Then the main result of [|6]] establishes that system
(0.0.4) is not controllable. Indeed, if u(t; p,u,) denotes the unique solution of (0.0.4)), then
the attainable set from u, defined by

S(ug) = A{ult;p,up); t =0,pe L] ([0,+00),R), r>1}

loc

has a dense complement.

On the other hand, when B is unbounded, the possibility of proving a positive controllability
result remains open. This idea of exploiting the unboundness of the operator B was developed
by Beauchard and Laurent in [[11]] for the Schrédinger equation

iu, +uy, + p(Ou(x)u=0, (t,x)e(0,T)x(0,1)
u(t,0)=u(t,1)=0.

For such an equation the authors proved the local exact controllability along the ground state
solution (namely, the solution of the free dynamics with initial condition equal to the first
eigenfunction of the second order operator) in a stronger topology than the natural one of
X =H?*n Hé(O, 1) for which the multiplication operator Bu = u(x)u is unbounded. In other
terms, the above result could be regarded as a description of the attainable set from an initial
submanifold of the original Banach space.

Following the same strategy, Beauchard in [7]] studied the wave equation

utt_uxx_p(t):u(x)u:(): (t,X)E(O, T)X(O’ 1)
u,(t,0)=u(t,1)=0

showing that for T > 2 the system is locally controllable in a stronger topology than the
natural one for this problem and for which the operator Bu = u(x)u is unbounded.

In both papers [|7]] and [[11]] a key point of the analysis is the application of the inverse mapping
theorem which is made possible by the controllability of the linearized problem. This is the
reason why, for parabolic problems, the above strategy meets an obstruction: the spaces for



which one can prove controllability of the linearized equation are not well-adapted to the use
of the inverse map technique.
Therefore, for bilinear control problems of parabolic type, a natural question that arises is
whether it is possible to steer the solution exactly to a fixed trajectory i(t; p, iiy) in finite time
T > 0. Since in this case the target is represented by the evaluation of i at time T, and not
by a neighborhood of it (as it happens for the classical exact controllability property), the
aforementioned work by Ball, Marsden and Slemrod does not represent a hindrance to such
kind of result.
The controllability to a target trajectory is not a new property. It has been studied, for in-
stance, in the work [[38]] by Fernandez-Cara, Guerrero, Imanuvilov and Puel for the Navier-
Stokes equations, by means of additive controls. The authors obtained controllability to free
trajectories by a Carleman estimate and an inverse mapping argument. Such a strategy seems
hard to adapt to problems like (0.0.4). In [33]] Duprez and Lissy showed the controllability
of the Fokker-Plank equation to a target trajectory with a multiplicative control depending
on both space and time. However, to our best knowledge, for bilinear control systems of the
form this property has not yet been explored.
Therefore, our first interest regarded the possibility of steering the solution of (0.0.4), with a
bilinear control, to a specific uncontrolled trajectory of the equation, namely the ground state
solution.
To be more precise, let X be a separable Hilbert space, A: D(A) € X — X be a self-adjoint ac-
cretive operator with compact resolvent (see Chapter[1|for more on notation and assumptions)
and let {A;}ren- be the eigenvalues of A, (A, < A4, Yk € N*), with associated eigenfunc-
tions {@y }ren+- Since it is customary to call ¢, the ground state of A, we refer to the function
Y,(t) = ety as the ground state solution.
Our main result of Chapter [2| (Theorem ensures that, if {A; };cy satisfy a suitable
gap condition (see condition (2.1.3) and B spreads the ground state in all directions (see
condition (2.1.4)), then system is locally stabilizable to 1, at superexponential rate,
that is, one can find a control p € leoc(O, 00) such that the corresponding solution u(-) of
satisfies

log [|lu(t) —y,(t)|] < C —e®t, YVt >0, (0.0.5)

for suitable constants C,w > 0. This property can be seen as a weak version of the exact
controllability to the ground state solution.

An important point to underline is that our approach — based on the moment method for
the linearized system — is fully constructive. First, we use the gap condition to build
a biorthogonal family {0 (t)}ren- to the exponentials e**‘. Then, we apply such a family
to construct a control p(-) that steers the linearized system of exactly to the ground
state solution in finite time. Finally, we repeatedly apply such exact controls for the linearized
system in order to build a control p(-) for which achieves (0.0.5).

We point out that our method applies to both cases A; = 0 and A, > 0, giving an even faster
decay rate in the latter case.

In Chapter[3|we address the more delicate issue of the exact controllability to the ground state
solution. Under stronger assumptions, we prove that for any T > 0 such property is enjoyed
by the abstract control system (0.0.4). Taking advantage from the stability estimates proved
in Chapter 2] we repeat the linearization argument for a suitable sequence of time intervals
of decreasing length T;, with Zf:l T; =T, in order to construct a control p € L2(0,T) such

that u(T; p,ug) =1 (T).



Furthermore, from the local exact controllability property (Theorem we were able to
infer two different kinds of global results (Theorems and[3.1.3).

We show in Chapter [2|that the superexponential stabilizability result can be applied to several
classes of parabolic equations as, for instance, the heat equation with a controlled source term

Up —Uyxx +p(t),u(x)u =0,

with different kinds of boundary conditions, as well as to a variable coefficients equation of
the form

= (@ +x)ue), + p(Oux)u =0,

and also to degenerate parabolic equations as
u, — (x%uy ), + p(t)ulx)u =0. (0.0.6)

Moreover, in Chapter [3] we observe that all the examples presented in Chapter [2] fulfill also
the stronger hypotheses needed to prove the exact controllability to the ground state solution.
While checking the validity of the assumptions on A and B of Theorems and turned
out to be straightforward for almost all the aforementioned examples, it required a more com-
plex and careful analysis for the degenerate equation (0.0.6). However, we were interested
in treating this kind of operators since degenerate differential equations describe valuable
phenomena in many fields such as in physics, climate dynamics, biology and economics (see,
e.g., [40,[34,22]]). Furthermore, the problem of controlling such equations is, by now, a fairly
well-developed subject (see, for instance, [21], [22] [24] 23]]). Nevertheless, we noticed that
very few results are available in the case of degenerate hyperbolic equations. To our best
knowledge, a class of degenerate wave equations has been studied from the point of view of
control theory in [2]], by means of boundary controls, using HUM and multiplier methods,
and in [59] 60} [61]], where locally distributed controls are considered.

This has been the inspiring reason to study a bilinear control problem for the following equa-
tion

wi — (x*w,), =p(Oulx)w, x€(0,1),t€(0,T),
(x*w,)(x=0)=0, t€(0,T),

{w,(x=1)=0, t€(0,T), (0.0.7)
w(x,0) = wy(x), x €(0,1),
w(x,0) =w;(x), x €(0,1),

where a € [0,2) is the degereracy parameter (¢ = O for the classical wave equation and
a € (0,2) in the degenerate case), p € L%(0, T) is a bilinear control, and u is an admissible
potential. The goal of Chapter is to extend to the degenerate case a € (0, 2) the result [[7]]
by Beauchard for the controllability of the classical wave equation.

A further direction of research arose from the analysis of the potentials u that are suitable for
each bilinear control problem. In particular, a necessary condition that the functions u have
to fulfill in [[7, 11} [13} [29] 20} [25] 52} [53] 54} [55]] and in the examples of [13} 4] is that

(w1, 0x) 0, VkeN* (0.0.8)

Namely, the Fourier coefficients of the multiplication operator by the potential u, applied to
the ground state, must not vanish. This requirement usually appears when facing a moment
problem. Even though such condition is satisfied generically, it is not so easy to exhibit a



large explicit class of real valued potential u satisfying it and only few examples of suitable
potentials are available in the existing literature. Moreover, these examples are based on the
knowledge of the explicit form of the eigenvalues and eigenfunctions. However, the eigen-
values cannot longer be explicitly represented when changing, for instance, the boundary
conditions from Dirichlet-Dirichlet to Dirichlet-Robin. Therefore, natural questions that raise
in this context are: is it possible to exhibit large classes of functions u satisfying (0.0.8)? Can
we build a general constructive algorithm to define such functions u? Is it possible to ex-
tend Beauchard and Laurent controllability results for the Schrédinger equation and Alabau-
Boussouira, Cannarsa and Urbani superexponential stabilization [[4]] and controllability [I3]]
results for parabolic equations, and further existing results for other equations to more gen-
eral boundary conditions?

The aim of Chapter|[5is to give positive answers to these questions.

This thesis is organized as follows. In Chapter [I] we introduce the notation and recall some
classical results that will be used throughout the work. Chapter [2|is devoted to present our
result of rapid stabilization for abstract parabolic equations by mean of bilinear control. We
also give applications to several examples of parabolic problems. In Chapter |3| we exhibit
and prove our result of exact controllability to the ground state solution for the same class
of problems considered in the previous chapter. Bilinear control for hyperbolic degenerate
equations is studied in Chapter Finally, in Chapter [5| we present an algorithm to build
polynomials of any degree that satisfy (0.0.8). Furthermore, we extend [4} 3] (1] to mixed
boundary conditions of Dirichlet-Robin type.

The Appendix[Alis dedicated to the investigation of spectral properties of degenerate operator.
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CHAPTER 1

Preliminaries

Let (X, (-,-)) be a separable Hilbert space. We denote by || - || the associated norm on X.
Let A: D(A) € X — X be a densely defined linear operator with the following properties:

(a) Ais self-adjoint,
(b) Ais accretive: (Ax,x) >0, Vx € D(A), (1.0.1)
(¢) 3 A>0suchthat (AI +A)™! : X — X is compact.

We recall that under the above assumptions A is a closed operator and D(A) is itself a Hilbert
space with the scalar product

(XIy)D(A)Z(X,y)-'r(AX,Ay), VX,yGD(A)

Moreover, —A is the infinitesimal generator of a strongly continuous semigroup of contractions
on X which will be denoted by e~*. Furthermore, e~* is analytic.

In view of the above assumptions, there exists an orthonormal basis {¢; }ren+ in X of eigen-
functions of A, that is, ¢, € D(A) and Ap, = A ¢, V k € N¥, where {4 }ren € R denote the
corresponding eigenvalues. We recall that A; > 0, Y k € N* and we suppose — without loss of
generality — that {A; },en- is ordered so that 0 < A, < A;,; — 00 as k — oo. The associated
semigroup has the following representation

[ee]
e = (g, o) Mgy, VpeX. (1.0.2)
k=1

For any s > 0, we denote by A° : D(A®) C X — X the fractional power of A (see [57]]). Under
our assumptions, such a linear operator is characterized as follows

D) ={xeXx | ke AZ(x, pp)? < 00 }

(1.0.3)
Ax =D A0 01 0rs Vx € D(A).
Let T > 0 and consider the problem
‘(t)+Au(t) =f(¢t), t T
u(t)+Au(t)=f(c), t€[0,T] (1.0.4)
u(0) =u,

where u, € X and f € L?(0,T;X). We now recall two definitions of solution of problem
(1.0.4):

e the function u € C([0, T],X) defined by
t
u(t) = e “uy + J e (=9AF (5)ds
0
is called the mild solution of (1.0.4),

11



e uisastrong solution of (1.0.4) in L%(0, T; X ) if there exists a sequence {u,} € H(0, T;X)N
L%(0, T; D(A)) such that

w, — u, and u; —Au, — f in L*(0, T; X),
u(0) 2 uy in X, as k — oo.

The well-posedness of the Cauchy problem (1.0.4) is a classical result (see, for instance, [15]]).

Theorem 1.0.1. Let uy € X and f € L2(0,T;X). Under hypothesis (1.0.1)), problem (1.0.4)
has a unique strong solution in L%(0, T;X). Moreover u belongs to C([0, T];X) and is given by
the formula

t
u(t) = e “uy + f e =Af (5)ds. (1.0.5)
0
Furthermore, there exists a constant Cy(T) > 0 such that
sup ||u(t)]] < Co(T)(HuoH + ||f||L2(0,T;X)) (1.0.6)
te[0,T]

and Cy(T) is non decreasing with respect to T.

Given T > 0, we consider the bilinear control problem

{ u'(t) +Au(t) + p(t)Bu(t) =0, te€[0,T] (1.0.7)

u(0) =uy,

where u is the state variable, B : X — X is a bounded linear operator and p € L(0, T) is the
control function.

Given an initial condition u, € X and a control p € L2(0, T), we denote by u(+;uq,p) : [0, T] —
X the corresponding solution of and we call it a trajectory of problem (1.0.7).

Definition 1.0.2. Let T > 0. Given an initial condition ii, € X and a control p € L?(0,T)
we say that the control system is locally controllable along (t; iy, p) in time T if, for
every € > 0, there exists 6 > 0 such that, for every (ug,u;) € X x X with |lug — || < 6 and
llup —a(T; i, p)I| < 6, there exists a control p € L%(0, T) such that

u(T;ug,p) =uy,

[lp—Dlli2or) < €.

We recall that, in general, the exact controllability problem along a given trajectory for system
(1.0.7) has a negative answer as shown by Ball, Marsden and Slemrod in [[6]].

Theorem 1.0.3 (Ball, Marsden, Slemrod 1982). Let X be an infinite dimensional Banach space.
Let —Agenerate a C°-semigroup of bounded linear operators on X and let B : X — X be a bounded
linear operator. Let u, € X be fixed, and let u(t;ugy, p) be the trajectory of corresponding
to p € L} ([0,+00),R). Then, the attainable set from u, defined by

loc

S(HO) = {u(t;u07p); t= 0: p € Lr ([O: +OO):R); r> 1}7

loc

is contained in a countable union of compact subsets of X and, in particular, has a dense comple-
ment.

12



A different notion of controllabilty is the exact controllability to a given trajectory.

Definition 1.0.4. Let T > 0. Given an initial condition i, € X and a control p € L*(0,T), we
say that the control system ([1.0.7) is locally exactly controllable to @(t; iy, p) in time T if there
exists & > 0 such that, for every u, € X with ||ug —ilo|| < &, there exists a control p € L2(0,T)
such that

U(T, uo:p) = l_l(T’ aO)ﬁ)'

Since in this definition of controllability the target set reduces to a point, Theorem does
not represent an obstruction when proving such property for control systems like (1.0.4).

13
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CHAPTER 2

Superexponential stabilizability to trajectories

This chapter is devoted to the study of a weaker notion of controllability to a given trajectory
and it is based on [4} 25]].
We prove rapid stabilizability to the ground state solution for a class of abstract parabolic
equations of the form

u'(t) +Au(t) + p(t)Bu(t) =0, t=0

where the operator A satisfies hypothesis (1.0.1), B is a linear bounded operator and p(-)
is the control function. The proof is based on a linearization argument. We prove that the
linearized system is exactly controllable and we apply the moment method to build a control
p(-) that steers the solution to the ground state in finite time. Finally, we use such a control
to bring the solution of the nonlinear equation arbitrarily close to the ground state solution
with doubly exponential rate of convergence.

The aforementioned stabilizability result can be used to study several classes of parabolic
problems, for which checking the validity of the assumptions on A and B is quite often straight-
forward. We show the stabilizability property for the heat equation with a controlled source
term of the form

Up — Uy +p(t).u‘(x)u =0

with Dirichlet or Neumann boundary conditions, as well as for operators with variable coef-
ficients
ue = ((1+x)?u,), + p(O)u(x)u =0,

for 3D problems with radial data symmetry such as
u, — Au+p(H)u(lxJu =0,
and finally for degenerate parabolic equations of the form

u,(t,x) + (x%u, (t,x)), + p(t)x*u(t,x) = 0.

2.1 Main result

We are interested in studying the stabilizability of system

{u’(t)+Au(t)+p(t)Bu(t)=0’ t>0 (2.1.1)

u(0) =u,

15



with p € LIZOC([O,+OO)) to a fixed trajectory. Let X be a Hilbert space equipped with the
scalar product (-,-). We denote by || - || = 4/(:, ) the associated norm and by Bz(¢) the open
ball of radius R > 0, centered in ¢ € X. Given an initial condition u, € X and a control
pE Ly,

(2.1.1).

([0,4+00)), we denote by u(-;uy,p) : [0,+00) — X the corresponding solution of

Definition 2.1.1. Given an initial condition i, € X and a control p € leoc([O, +00)), we say
that the control system (2.1.1) is locally stabilizable to @(-; iy, p) if there exists & > 0 such that,
for every ug € B (ily), there exists a control p € L2 ([0, +00)) such that

loc
Jim lu(es uo, p) —a(t; o, p)II = O.

Definition 2.1.2. Given an initial condition iy, € X and a control p € LIZM([O, +00)), we say

that the control system (2.1.1)) is locally exponentially stabilizable to (-; iy, p) if for any p > 0,
there exists R(p) > 0 such that, for every uy € B(,)(ilo), there exists a control p € leoc([O, +00))
and a constant M > 0 such that

I[u(t; uo, p) —a(t; 8o, Pl < Me™, Ve >0.

Definition 2.1.3. Given an initial condition i, € X and a control p € Lfoc([0,+oo)), we
say that the control system (2.1.1) is locally superexponentially stabilizable to i(-; iy, p) if for
any p > 0 there exists R(p) > 0 such that, for every uy € Bg(,)(iy), there exists a control

p € L? ([0,4+00)) such that

loc
llu(t; ug, p) —i(t; do, p)I| < Me P, Ve >0,
where M, w > 0 are suitable constants depending only on A and B.

For any j € N* we set ¢;(t) = e Mty ; and we call ¢, the ground state solution. Observe that
1 ; solves with p = 0 and u, = ;. We shall study the superexponential stabilizability
of to the trajectory ;.

We observe that if there exists v > 0 such that (Ax, x) > v||x||?, for all x € D(A), then the
semigroup generated by —A satisfies

e~ < e, VYt > 0.

If we consider any initial condition u, € X, then the evolution of the free dynamics with initial
condition u, can be represented by the action of the semigroup, u(t) = e~*Au,. Therefore, one
can prove easily that, when A is strictly accretive, choosing the control p = 0, system (2.1.1])
is locally exponentially stabilizable to the trajectory ¢;. Indeed,

llu(t) =1 (O = [le™ug — e 1]l < e [lup — ¢4 (2.1.2)

and this quantity tends to O as t goes to +090.

On the contrary, in the general case of an accretive operator A, we do not have a straightfor-
ward choice of p to deduce any stabilizability property of system to the ground state
Y1

The novelty of our work is the construction of a control function p that brings u(t) arbitrary
close to v (t) in a very short time. Namely, we prove that is locally superexponentially
stabilizable to the ground state solution. This can be seen as a weak version of the exact
controllability to trajectories.

16



Let B : X — X be a bounded linear operator. From now on we denote by Cy the norm of B

Cp= sup [|By]|
peX, ligll=1

and, without loss of generality, we suppose Cz > 1.
We can now state our main result.

Theorem 2.1.4. Let A: D(A) C X — X be a densely defined linear operator satisfying hypothesis
(1.0.1) and suppose that there exists a constant o > 0 such that the eigenvalues of A fulfill the

gap condition
VA1 —vVAc=a, VYkeN'. (2.1.3)

Let B : X — X be a bounded linear operator and let T > 0 be such that
(Boi, ) #0,  VkeN,

oMt (2.1.4)
—— < +00.
Z [(Be1, pi)l?

keN*

Then, system (2.1.1) is superexponentially stabilizable to 1.
Moreover, for every p > 0O there exists R, > 0 such that any uy € BRP(Lpl) admits a control
p € L2 ([0,+00)) such that the corresponding solution u(-;u,, p) of ([2.1.1)) satisfies

loc
llu(t) =31 (O] < M~ +h0, e >0, (2.1.5)
where M and w are positive constants depending only on A and B.

To prove Theorem we first start assuming that the first eigenvalue of A is zero, A; =0,
and we prove the local superexponential stabilizability of to the trajectory ;. Then,
we will recover the general case from this one.

The proof of Theorem [2.1.4 will be built through a series of propositions. The first result is
the well-posedness of the problem

{ () +Au(t) + p(£)Bu(t) + f(£) =0, t€[0,T] (2.1.6)

u(0) = uy.
We introduce the following notation:

1 12,0 == IIf [l120,7:%)5 Vf €L*0,T;X)

I1f lloo,0 = IIf llcqo,rix) = SUP¢e(0,1] I1f (Ol Vfec(o,T]X).

Proposition 2.1.5. Let T > 0. Ifuy € X, p € L?>(0,T) and f € L%(0, T; X), then there exists a
unique mild solution of (2.1.6), i.e. a function u € C([0, T];X) such that the following equality
holds in X for every t € [0, T],

t
u(t) = ey, —J e~ =M p(s)Bu(s) + f (s)]ds. 2.1.7)
0
Moreover, there exists a constant C;(T) > 0 such that
llulloo,0 < CL(T)luoll + 11f 1l2,0)- (2.1.8)
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Hereafter, we denote by C a generic positive constant which may differ from line to line even
if the symbol remains the same. Constants which play a specific role will be distinguished by
an index i.e., Cy, Cp, ....

The proof of the existence of the mild solution of is given in [J6]]. For what concerns
the bound for the solution u of (2.1.6), it turns out that if Co(T)Cg||p|l 201y < 1/2, then we
have inequality with C; = C, defined by

Cy 1= 2C,(T). (2.1.9)

Otherwise, to obtain (2.1.8), we proceed subdividing the interval [0, T] into smaller subin-
tervals for which Cy(T)Cgl|pll,2 < 1/2 in all of them, and in this case the constant C; of
inequality (2.1.8) is defined by

C1 = (1+N)(2C,(T/N)V, (2.1.10)

where N is the number of subintervals.
Consider the system

{u’(t)+Au(t)+p(t)Bu(t)=0, t€[0,T] (2.1.11)

u(O) = Up,

and the trajectory ¢; that is a solution of (2.1.11)) when p = 0, uy = ¢; and A; = 0. Set
v :=u— 1, we observe that v is the solution of the following Cauchy problem

v'(t) +Av(t) +p(t)Bv(t) + p(t)By, =0, te€[0,T]

(2.1.12)
v(0) =vy =up— 1.

Remark 2.1.6. Applying Theorem we find that v € C([0,T];X) is a mild solution of

(@1.12), that is
t
v(t) = e Mg —J p(s)e TMB(v(s) + 1)ds = Vy(t) + Vi (1), (2.1.13)
0

where
Vo(t) = e_tAVO,

Vi(t):= —fot p(s)e MB(v(s) + ;1 )ds.
Since p(:\)B(v(+) + ¢;) € L%(0,T;X), we have that V; € H'(0,T;X) N L%(0, T; D(A)), while
V, € C1((0,T];X) N C((0, T]; D(A)). Therefore, for every € € (0,T), v € H'(e, T;X) and for
almost every t € &, T] the following equality holds

v/(t) +Av(t) + p(t)Bv(t) + p(t)By,; = 0. (2.1.19)

Showing the stabilizability of the solution u of to the trajectory ¢, is equivalent to
proving the stabilizability to 0 of system (2.1.12): we have to prove that there exists § > 0
such that, for every initial condition v, that satisfies ||v,|| < &, there exists a trajectory-control
pair (v, p) such that lim,_,, o |[|v(¢)|| = 0.

For this purpose, we consider the following linearized system

{v(r)’+AV(t)+p(t)B¢1=0, te[0,T] (2.1.15)

1_/(0) =Y.

For this linear system we are able to prove the following null controllability result.
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Proposition 2.1.7. Let T > 7 and let A and B be such that (1.0.1), (2.1.3), (2.1.4) hold and
furthermore we assume A, = 0. Let v, € X. Then, there exists a control p € L%(0, T) such that
¥(T)=0.

Moreover, there exists a constant C,(T) > 0 such that

1120,y < CalT)A7|[voll (2.1.16)
where A is defined in (2.1.18) and a > 0 is the constant in (2.1.3).

Let us recall the notion of biorthogonal family and a result we will use to show the null con-
trollability of the linearized system (2.1.15)).

Definition 2.1.8. Let {{;} and {0} be two sequences in a Hilbert space H. We say that the two
families are biorthogonal or that {{;} (resp.{o}) is biorthogonal to {o} (resp. {{;}) if

(gj:()-k)H:éj,k’ V],kZO
where & is the Kronecker delta.

The notion of biorthogonal family was used by Fattorini and Russell in [|37]], where they
introduced the moment method. Such a technique was developed later by several authors.
We recall below the result proved in [[24].

Theorem 2.1.9. Let {wy }en be an increasing sequence of nonnegative real numbers. Assume
that there exists a constant a > 0 such that

VkeN, wiq—+or=a.

Then, there exists a family {0;};>o which is biorthogonal to the family {e“*'};5, in L2(0,T),
that is,

T
Vk,j €N, f oj(t)e ! dt = 5.
0
Furthermore, there exist two constants C,, C,(T) > 0 such that
101120,y < CHT)e 2TV /%, yjeN. (2.1.17)

Remark 2.1.10. For all T € R we define the quantity

e~ 2MT pCa Ve 1/2
(2.1.18)

A= —_—
! (}{EZN: By, wi)?

and we observe that if there exists T > 0 such that (2.1.4) holds then, for every T > T, Ay < +00.
Furthermore, if A; > 0 then Ay = 0as T — +00.

Thanks to Theorem [2.1.9]and Remark[2.1.10] we are able to prove Proposition [2.1.7}

Proof (of Proposition[2.1.7). Forany v, € X and p € L?(0, T), it follows from Proposition|2.1.5}
that there exists a unique mild solution ¥ € C°([0, T],X) of (2.1.15) that can be represented
by the formula

t
V(t) = ey, —J e_(t_s)Ap(s)Bcplds. (2.1.19)
0
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We want to find p € L2(0, T) such that #(T) = 0, thus the following equality must hold

T
D o pr)e M = f p(s) > (Bor, o )e T, ds. (2.1.20)
0

keN* keN*

Since {y }ren- is an orthonormal basis of the space X, the equality must hold in every direction
and it follows that

T
(Vo> ¥ =J eMp(s)(Byr, pr)ds (2.1.21)
0

for every k € N*. Therefore, proving null controllability of the linearized system reduces to
finding a function p € L?(0, T) that satisfies

T

J e’lksp(s)ds = M (2.1.22)
0 (Bo1, o)

for all k € N*, Thanks to assumption (2.1.3)), there exists a > 0 such that the gap condition

V' Ay1—V Ax = a holds for all k € N*. Then Theorem ensures the existence of a family

{O1} en that is biorthogonal to {e**}cy.. Taking p(s) = ZkeN cx0(s) one finds that the

coefficients c; are given by ¢, = <1(3$ %) Vk € N*. Thus, in order to show that
v 3
p(s) := Z Mak(s) (2.1.23)

5 (Bow, ei)

is a solution of (2.1.22)), it suffices to prove that the series is convergent in L2(0, T). Indeed,

[EAA
l1pll20,m) < Z 5| okl < ol > —L0D

2
keN* keN* |(B(1015 (pk>|

vO: (pk
()01’

and we appeal to estimate (2.1.17) for {0 }ren+ With w, = A for all k € N¥, to obtain that

/2
oW or ) 24T oCur/ila
2
(§:| Bor ool P oo P ) = Cu(T)A;
keN* 1 (pk keN* P15 ka

that is finite thanks to hypothesis (2.1.4) and Remark|2.1.10| Thus, the following bound for
the L2-norm of p holds true:

pllz200,) < CalTIA7 Vo]l
]

In Proposition we have found a control p that steers the solution of the linearized system
to 0 in time T. We use such a control in the nonlinear system (2.1.12) to obtain a uniform
estimate for the solution v(t).

Proposition 2.1.11. Let A and B satisfying hypotheses (1.0.1), (2.1.3)), (2.1.4) and furthermore
we assume A, = 0. Let p € L2(0, T) be defined by the following formula

p)=> %U,{(t) (2.1.24)

keN* < 1, k)

where {0 }ren- is the biorthogonal family to {e*},cy. given by Theorem
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Then, the solution v of (2.1.12) satisfies

sup [|v()[|? < eSMATIMINGT (1 4 ¢, (T)A2)| v, |2 (2.1.25)
te[0,T]

where Cy > 1 is the norm of the operator B, C5(T) := 2+/TCyzC,(T), and C4(T) := CBC§(T).

Proof. We consider the equation in (2.1.12)). Thanks to Remark [2.1.6] since (2.1.14) is satis-

fied for almost every t € [¢, T], we are allowed to take the scalar product with v:
(V'(60),v(t)) + (Av(t), v(t)) + p(t)(Bv(t) + Bypy, v(t)) = 0. (2.1.26)

Thus, using that B is bounded, we get

2L IR + (a0, v(0) < 6 (POIVOIP + (Ol IVOI)
1 1 (2.1.27)
< G (IpCIVOIP + Zp(OF + IV OIP)

and therefore, since A is accretive, we have that
1d B ( 1) 5 1 B
——||v(t <cC t)+ = |Iv(t +-=C t)|“.
S IV@IP < G 11+ 5 ) IV + 5Colp(o)

We integrate the last inequality from ¢ to t:

T

L L Ivs)Ids < 26, f (|p(s)|+§)||v(s)u2ds+c3 L Ip(s)[ds

and by Gronwall’s inequality, we obtain

(Ol < (IIV(E)II2 +Cp f

0

T
|p(5)|2d5) 2G5 [ (P()I+1/2) 4

and taking the limit ¢ — O we find that

T
||V(t)||2 < (HVOHZ + CBJ Ip(5)|2d5) e2CBf0(|P(S)\+1/2)dS.
0

Thus, taking the supremum over the interval [0, T], the last inequality becomes

sup [Iv(0I? < e CYTIIz0n*T) (13|12 + CylIpl2,(q.1)) (2.1.28)
te[0,T] ’

and finally, recalling the estimate (2.1.16) for the L2-norm of p from Proposition [2.1.7, we

get

S[llp ] ||V(t)||2 < eCB(Z«/TCa(T)AT||Vo||+T) (1 + CBC(%(T)A%) ”VO”Z- (2.1.29)
te[0,T

O

We want now to measure the distance at time T of the solutions of the nonlinear system and
the linearized one when using the same control function p built by solving of the moment
problem in Proposition [2.1.7]

Therefore, we introduce the function w(t) := v(t) — v(t) that satisfies the following Cauchy
problem

(2.1.30)

w(t) +Aw(t)+ p(t)Bv(t) =0, t€[0,T]
w(0) =0.

We define the constant K2 := CgC,(T)AZeSMHGHIT (1 + C,(T)A2).
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Proposition 2.1.12. Let A and B satisfy hypotheses (1.0.1), (2.1.3), (2.1.4), and furthermore
we assume A, = 0. Let T > 7, p be defined by (2.1.24), and let v, € X be such that

Krllvoll < 1. (2.1.31)

Then, it holds that
Iw(T)I| < Krllvoll*. (2.1.32)

Proof. Observe thatw € C([0, T];X) is the mild solution of (2.1.30). Moreover w € H'(0, T; X )N
L%(0, T; D(A)) and thus w satisfies the equality

w(t)+Aw(t) + p(t)Bv(t) =0 (2.1.33)

for almost every t € [0, T].
We multiply equation (2.1.33) by w(t) and we obtain

%%”W(t)nz < IpOIIBYOIllIw O]
) (2.1.34)

< Slw(OI* + C§%|P(f)|2||v(f)||2-

N |

Therefore, applying Gronwall’s inequality, taking the supremum over [0, T ] and using (2.1.25)
and (2.1.16), we get

sup (Ol < C2e7|[pl, ) sup V(O]
t€[0,T] t€[0,T]

< CReCDMIMIFGTHT (1 4 ¢y (T)AD) ol 1Pl oo (2.1.35)

< CBZCOZL(T)A#@(T)AT\|v0|\+(CB+1)T(1 + C4(TIAD)Ivoll*.

We can suppose, without loss of generality, that C,(T) > 1. Thus, from (2.1.31I), we obtain
that A;||v|| < 1. Therefore,

sup |lw(O)I|* < K¢ lIvoll*,

te[0,T]
that implies
Iw(T)I| < Krllvoll?. (2.1.36)
O
Recalling that ¥(T) = 0, we deduce from (2.1.32) that
V(I < Kellvoll?, (2.1.37)
and, moreovetr,
Kr|Iv(T)I| < Krllvoll)? < 1. (2.1.38)

We observe that we can apply Proposition [2.1.12|to problem (2.1.12) defined in the interval
[T,2T]. Indeed, v; := v(T) that was computed by solving (2.1.12), is the initial condition of
the problem
t)+Av(t)+p(t)Bv(t)+p(t)Bp; =0, te|T,2T
v (6) +Av(e)+ p(OBV(£) + p()Bipy =0, € [T,2T] 2139
v(T)=vy.
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We shift this problem to the interval [0, T ] by introducing the variable s := t — T in the above
system. If we set ¥(s) :=v(s+ T) and p := p(s + T), then ¥ solves

7(s) 4 A(5) + ()BI(s) + p(s)B =0, s€[0,T] 21.40)
7(0) =vr.
Here the control p is given by Proposition [2.1.11] with initial condition v, that is:
~ v 3
pls) = Z v, o(s) (2.1.41)

5 (Bor, ¢i)

where {0 (5)}xen- is the biorthogonal family to {e**}, . in [0, T]. Thus, it is possible to
bound the L2-norm of j by
1Bllz200,7) < Co(T)Ar vl (2.1.42)

thanks to the estimate for {0 (s)}ren- given in Theorem Therefore, for the control p of
the linearized system associated to (2.1.39), it holds that

1Pl L2¢r2ry = Bl 20,1y < Co(T)A7 |Vl

Finally, thanks to (2.1.38), the hypotheses of Proposition [2.1.12| for problem (2.1.39) are

satisfied and we obtain that ||[v(2T)|| < K;||[v(T)||?. Furthermore,
Krllv@DII < (KrllvolD)* <1, (2.1.43)

and we can repeat this argument for the next intervals [2T,3T],[3T,4T],...,[(n—1)T,nT],....
Therefore, we deduce that
Krllv(nT)|| €1, VYn € N*, (2.1.44)

Now, we want to obtain an estimate as (2.1.37) for the solution v of problem (2.1.12)) defined
in time intervals of the form [nT,(n+ 1)T], with n > 1.

Proposition 2.1.13. Let A and B satisfy hypotheses (1.0.1), (2.1.3), (2.1.4) and furthermore
we assume A, = 0. Let vy € X be such that

Krllvll < 1. (2.1.45)

Then, the following iterated estimate holds:
1 n
DIl < (KrllvlD*,  VYn=o0. (2.1.46)
T

Proof. We proceed by induction on n. For n = 1, the formula has been proved in Proposition

2.1.12] We suppose that (2.1.46) holds and we prove the estimate for v((n+ 1)T): iterating
the construction of the solution v of (2.1.12)) in consecutive time intervals of the form [k T, (k+
1)T] until k + 1 = n, we come to the following problem

{ v(t) +Av(t) + p(t)Bv(t)+ p(t) By, =0, te€[nT,(n+1)T], (2.1.47)

v(nT) = v,g-

where v,,; is the value assumed at time nT by the solution of the same problem solved in the
interval [(n—1)T, nT] with initial data v(,,_;)r. We shift this problem in the time interval [0, T ]
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by introducing the variable s := t —nT and the functions ¥(s) = v(s + nT), p(s) = p(s + nT).
Then, 7 is the solution of the following Cauchy problem

{ P.(s) +AV(s) + p(s)BV(s) + p(s)Bp; =0, s€[0,T]

5(0) = v,.r. (2.1.48)

The control function p is defined in [0, T] by solving the null controllability problem for the
associated linearized system and its L2-norm can be bound by

1B112(0,1) < Ca(TIAL|Vyrll.

Therefore, coming back to the original time interval [nT, (n + 1)T] we find that

IPIlz2(ar (nr1yry = Bl 20,1y < Ca(TIAL||Vyr |l (2.1.49)

Moreover, since it holds that
Krllverll <1 (2.1.50)

we can use Proposition |2.1.12|for problem (2.1.47), obtaining
1 A -
I+ DI < K VDIP <Ky (o Gllll?) = = Gelhol)™ 225D
T T

and this concludes the induction argument and the proof of the proposition. O

The last step that allows us to prove Theorem consists in showing the rapid decay of the
solution u of our initial problem (2.1.1) to the fixed stationary trajectory ;.

Proposition 2.1.14. Let 6 € (0,1) and ||v,|| < K%. Then, under the hypotheses (1.0.1), (2.1.3)),
(2.1.4) and A, = 0O, there exists a constant Cy > 0 such that

Cr oo
IIu(t)—cplllﬁK—Tez” vt > 0. (2.1.52)
T

Proof. We have supposed that ||v,|| < K%, with 6 € (0,1). Thus, (2.1.46) becomes

2’[
vy < . 2.1.53)
KT

Consider now the time interval [nT,(n+ 1)T]. From estimate (2.1.8) for the solution of the
control system in the time interval [nT, (n+1)T] and from the bound (2.1.49) for the control
p, we deduce that there exists a constant C; > 0 such that

[V < Crllv(nT)], te[nT,(n+1)T]. (2.1.54)
Therefore, using (2.1.46) in (2.1.54), we obtain that
CT n CT (n+1) 1/2
tll<c T)|| < —0% =—(62 . 2.1.55
MO < Crlv(DIl < KT( ) (2.1.55)
Since n < % <(n+1)and 6 €(0,1), it holds that
C 1)\ 1/2 C or\1/2 C t/T-1
vl < 2= (62) " < L (02") "= Lo (2.1.56)
Ky Ky Kr
By definition, v(t) = u(t) — ¢;. So, we get
C t/T—1
lu(t) —¢,ll < L2, >0 (2.1.57)
Ky
O
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We are ready to prove Theorem|[2.1.4]

Proof of Theorem We first consider the case in which the first eigenvalue of A is zero.
Let 8 € (0,1) and let p > 0 be the value for which 8 = e™2°. Then, from Proposition [2.1.14]
there exist a constant R, > 0 such that if ||up — ¢, || <R,, then

wTt

[lu(t) — 1|l € Mpe ¢Vt =0.

where M, wy > 0 are constants that depend only on T. With the notation of the previous
propositions, we have that

—2p C log2
R, i=—, Mpi=—L,  wpi=—ot (2.1.58)
Ky Ky T
Now, in order to deal with a general operator A satisfying (1.0.1), we introduce the operator
A i=A—21. (2.1.59)

We observe that A; : D(A;) € X — X is self-adjoint, accretive and —A; generates a strongly
continuous analytic semigroup of contraction. Its eigenvalues are given by

Ug :Ak—lp VkEN* (2160)

(in particular, u; = 0) and it has the same eigenfunctions as A, {@y}ren-- Moreover, the
family {u; }rey- satisfies the same gap condition (2.1.3) that is satisfied by the eigenvalues of
A. Indeed, it holds that

Akr1 — Ak Akr1 — Ak o C
\/‘U,k —1/‘U4k = > = A’k — A’k > a, VkGN*
! VUil T VB W A + VA i
Thus, the operator A, satisfies the hypotheses that are required in Theorem [2.1.4]
We observe that if we introduce the function z(t) = e*‘u(t), where u is the solution of (2.1.1),
then g solves

{ #'(t) +Ayz(t) + p(t)Bz(t) =0, t>0, (2.1.61)

2(0) = u,.
So, we can apply the previous analysis to this problem and deduce that there exist My, w >0
such that, for all p > 0 there exists R, > 0 such that, if ||uy — ¢, || <R,,, then

ll2(6) — @1 ]| < Mpe ™, ¥t>0. (2.1.62)

We claim that the local superexponetial stabilizability of z to the stationary trajectory ¢
implies the same property of u to the ground state solution v);. Indeed, it holds that

llu(t) =1 (Ol = lle ™ 2(t) —e M1y || = e M7 [2(6) — || < Mpe P HM0, ye >0
and this concludes the proof also in the case of a strictly accretive operator A. O

Remark 2.1.15. Even in the case when A : D(A) € X — X has a finite number of negative
eigenvalues, we can define the operator A; := A— AI. A, has nonnegative eigenvalues and
we can perform the proof of Theorem and deduce the superexponential stabilizability of
the solution u of the problem with diffusion operator A to the ground state solution. In this case
21 (t) = e*Mtp, blows up as t — oo since A, < 0, and the same occurs for the controlled solution
u.
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2.2 Applications

In this section we discuss examples of bilinear control systems to which we can apply Theorem
The first problems we study are 1D parabolic equations of the form

u(t,x)—u,(t,x)+ p(t)Bu(t,x)=0, (t,x)€[0,T]x(0,1)

in the state space X = L2(0, 1), with Dirichlet or Neumann boundary conditions and with B
the following multiplication operators:

Bu(t,x) = u(x)u(t, x).

Then, we prove the superexponential stabilizability of the following one dimensional equation
with variable coefficients

u(t,x)—((1+ x)zux(t,x))x + p(t)Bu(t,x)=0

with Dirichlet boundary condition.
Moreover, we apply Theorem to the following parabolic equation

u,(t,x)— Au(t,x)+p(t)Bu(t,x) =0, (t,x)e[0,T]xB>

for radial data in the 3D unit ball B>.
Finally, we use the abstract result to prove stabilizability for a class of degenerate parabolic
equations of the form

u(t,x)— (c*u,(t,x)), +p(t)Bu(t,x)=0, (t,x)e[0,T]x(0,1),

with a €[0,3/2).

In each example, we will denote by {A; }ren- and {@y }rens, respectively the eigenvalues and
eigenfunctions of the second order operator associated with the problem under investigation.
We will take (i1, p) = (v1,0) as reference trajectory-control pair, where v; = e *1t¢p, is the
solution of the uncontrolled problem with initial condition the ground state u(0, x) = ¢;.

2.2.1 Diffusion equation with Dirichlet boundary conditions.

Let Q= (0,1), X = L?(Q2) and consider the problem

U (£, %) = U (6, x) + p(Op(u(t,x) =0 x€Q,t>0
u=0 x€edt>0 (2.2.1)
u(0, x) = uy(x) x €N,

where p € L2(0, T) is the control function, u the state variable, and u is a function in H3().
We denote by A the operator defined by

d2

DA)=H*NHY(Q), Ap=———. 2.2.2)
x

A satisfies all the properties in (1.0.I): in particular, it is strictly accretive and its eigenvalues

and eigenvectors have the following explicit expressions

A = (km)?,  @ip(x) = V2sin(knx), Yk eN*.
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It is straightforward to prove that the eigenvalues fulfill the required gap property. Indeed,

VA —VAr=(k+1)n—kn =m, Vk € N*,

So, (2.1.3)) is satisfied.
In order to apply Theorem to system (2.2.1) and deduce the superexponential stabiliz-
ability to the trajectory 1;, we need to prove that there exists 7 > 0 such that:

o (Byy, ) #0, for all k € N*,

e the series
27Lk'r

Z 1(By1, wi)2

keN+
is finite.

For this purpose, let us compute the scalar product (B 1, ¢x) = (U1, ©x)
1

(U, o) = \/EJ p(x)epy (x) sin(kmx)dx
0

= V3 ( () )

=2 ((wl) oy k)|

f (92, (0 2 )

f (.U'(pl)xx( )Sln(kﬂ:X) X)

(km)? (k)
cos(knx) cos(kmx)
_‘/_((.u‘pl)xx( ) (k7 )3 J‘(‘Uftpl)xxx( ) (k7 )3 dx)
4

—— [ (DD —p ()] -

k3 2 f (‘usol)xxx COS(kTL'x)dx

(km)?
Observe that the last integral term above represents the k‘*-Fourier coefficient of the integ-
rable function (1), (x) and thus, it converges to zero as k goes to infinity. Therefore, if

we assume
Uy (D £ u,(0)#0 and  (ugq, o) #0 VkeN” (2.2.3)

then, we deduce that (U, ¢, ) is of order 1/k® as k — oo.

Remark 2.2.1. An example of a function which satisfies (2.2.3) is u(x) = x2. Indeed, in this

case

k(— k
e k=2,

(x*@y1, 1) =

2m2-3 k=1

6m2

and so (x2¢y, px) # O for all k € N* and furthermore

2n2—31 m(2n?2-=3) 1
2 _ *
o 0l 2 =5 = = P Vk € N".
k

We conclude that, under assumption (2.2.3)),
3 C > 0 such that [(Byy, ¢ )| > ck® =CA*%, VkeN* (2.2.4)

27



and thanks to the polynomial behavior of the bound, the series

2 BoroF

S (B, i) 12

—Zlkﬂ:

converges for all T > 0.
Therefore, all the hypotheses of Theorem [2.1.4]are satisfied and system (2 is superexpo-
nentially stabilizable to the trajectory .

Remark 2.2.2. Assumption (2.2.4) for problem (2.2.1) is not too restrictive. In fact, it is
possible to prove that the set of functions in H3(Q) for which (2.2.4) holds is dense in H3().
For a proof of this fact, see Appendix A in [[11]].

2.2.2 Diffusion equation with Neumann boundary conditions

Now we look at an example with Neumann boundary conditions: let Q = (0, 1) and consider
the following bilinear stabilzability problem

U (t,x) = upe (8, x) + p(Oplx)u(t,x) =0 x€Q,t>0
u, =0 x€dNt>0 (2.2.5)
u(0, x) = ugy(x). xenN

Let X = L2(2). When we rewrite ( in abstract form, the operators A and B are defined
by
D(A) ={p € H*(0,1): ¢, =00n 3Q}, Ap=—,,
D(B)=X, By =uep.

where u is a real-valued function in H2().
Operator A satisfies the assumptions in (1.0.1) and it is possible to compute explicitly its
eigenvalues and eigenvectors:

2’0 = 0, Yo = 1
= (kn)?, @ (x)=+v2cos(knx), VYk=>1.

Since the eigenvalues are the same of those in Example for k > 1, the gap condition is
satisfied for all k > 0.

Let us compute the scalar product {uyy, @) to find, if it is possible, a lower bound of the
Fourier coefficients of Byp:

1
(Lo, i) = V2 f u(x) cos(kmx)dx
0
:ﬁ( (x )sm(krcx) fl.U«X(X)Sin(an)dx)
km 0 0 kr

! cos(kmx) )
XX d
e e

V2
(km)?

cos(kﬂ:x)
Zﬁ(ux( ) Gen

1
2 (1) ()~ 2 f b () cos(kmx)dox.

" (knp?
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Thus, reasoning as Example if (Bwg, vx) # 0 Yk € N and u, (1) + u,(0) # 0, then we
have that
3 C > 0 such that [(Byg, pr)| = Ck2=CA ', VkeN (2.2.6)

and therefore the series in (2.1.4)) is finite for all 7 > 0.

Remark 2.2.3. An example of a suitable function u for problem (2.2.5) that satisfies the
above hypothesis, is p(x) = x2, for which

1V
22 k>,

(x*@o, 1) =
3, k=0.

Applying Theorem [2.1.4] it follows that system (2.2.5)) is superexponentially stabillizable to
Yy

2.2.3 \Variable coefficient parabolic equation with Dirichlet boundary conditions

In this example, we analyze the superexponential stabilizability of a parabolic equation in
divergence form with nonconstant coefficients in the second order term.
Let 2 =(0,1), X = L?(Q) and consider the problem

u, (t,x)— ((1+ x)%u,(t,x)), + p(Ou(x)u(t,x) =0 x€Q,t>0
u(t,0)=0, u(t,1)=0, t>0 (2.2.7)
u(0,x) = up(x) x €N

where p € L2(0,T) is the control and u is a function in H%(Q) with some properties to be
specified later.
We denote by A the operator

A:DA)CX - X, Au=—((1+x)u,),

where D(A) = H2n Hé(ﬂ) and it is possible to prove that A satisfies the properties in (1.0.T)).
The eigenvalues and eigenvectors of A are computed as follows

1 km \? 2 kT
AM==+—1, =\| =1 +x)?si (—1 1+ )
k=% (mz) Pk \Jln2( x)sin{ 5 (1 +x)

The gap condition holds true because
T
VA — VA2 —, k € N*.
k+1 k= 1o v

Now, we check the hypotheses on the operator By = up needed to apply Theorem We
recall that we want to prove that:

e (Byy, i) #0, for all k € N*,

e there exists T > 0 such that the series

2.

keN* |<B(pl) (pk>|2

e—ZAkT
(2.2.8)

is finite.
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Let us compute the Fourier coefficients of By :

2 ! km
(w1, o) =\ EL u(x)sol(X)(l+X)‘”2sin(ﬁln(1+x )dx
1
=\ %1;—; (— u(x)p, ()1 + x)/? cos(ll;—zln(l +x))

+
1
+J; ((1 + x)1/2u<P1)x (x)cos (II;—T; In(1+ x)) dx)
+

0
1 2 K
=\ é (I?_nz) (((1 +x)per) ()1 +x) sin(é In(1 +x)) 0

1
_ f (((1 + x)l/z.lMPl)X (1 +x))x (x) sin(ll;—z In(1 + x)) dx)
0

1

1
0

3
((((1 + x)l/z‘u%)x (1+ x))x (x)(1+ x) cos (ll;—z In(1+ x))

In2

3
( 22 (o (DD - (0) +

) .
' k
_ f ((((1 + x)l/z,u(m)x (1+ x))x (1 +x))x (x)cos (—TC In(1+ x)) dx)
0
(

1
_JO (((1+x)1/2.u¢1)x (1+x))x (1+x))x (x)cos(ll;—zln(l +x)) dx)

Observe that, for the same reason of Example[2.2.] if 2u, (1) £ u,.(0) # 0 and (ue,, i) # 0,
Vk € N* then, there exists a constant C > 0 such that |(Byp, ¢ )| is bounded from below by
CAZB/ 2, for all k € N*. Thus, series (2.2.8) is finite for all T > 0.

Remark 2.2.4. As an example of a function u that verifies the lower bound [(By, ¢;)| =
C AZB/ 2, one can consider again u(x) = x: indeed, it satisfies the sufficient condition 2u,.(1)+
u,(0) # 0 and the Fourier coefficients of By, = x¢; are all different from zero:

o(2—1)k+1 1
2_1)2 ((kil)z)nz ) 122 (4](3 +k+1+ 2k(k2 — l)zﬁ) , k=2
(xp1, Pr) = (1) (HWXH (n2)2 )
)3 B
In2 1*(1%1*2

k=1

This concludes the verification of the hypotheses of Theorem [2.1.4] that imply the superex-
ponential stabilizability of (2.2.7) to ;.

2.2.4 Diffusion equation in a 3D ball with radial data

In this example we consider an evolution equation in the three dimensional unit ball B® for
radial data. The bilinear stabilizability problem is the following

u(t,r)—Au(t,r) +p()u()u(t,r)=0 rel0,1],t>0
u(t,1) =0, t>0 (2.2.9)
u(0,r) =uy(r) re[0,1]
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where the Laplacian in polar coordinates for radial data has the form
9 2
Ap(r)=37¢(r)+ ;arq:(r).

The function u is a radial function as well in the space H r3 (B?), where the spaces H f (B3) are
defined as follows

X :=12(B*) ={p € L*(B®) |3y : R > R, p(x) = y(|x])}
HYB%) := H*(B*) n L*(B®).

The domain of the Dirichlet Laplacian A := —A in X is D(A) = H? N Hy(B®). We observe
that A satisfies the hypotheses required to apply Theorem We denote by {A; }ren and
{¢1}ken= the families of eigenvalues and eigenvectors of A, Ay = Ay, namely

_sin(knr)

LAY, =

Vk € N*, see [48], section 8.14. The family {; }ren+ forms an orthonormal basis of X.

A = (km)? (2.2.10)

In order to prove a superexponential stabilizability result to the trajectory 1);, we need to
verify the remaining hypotheses in Theorem regarding the gap condition of the eigen-
values of A and the properties of the operator B : X — X, By = uyp.

Since the Laplacian in the 3D ball for radial data behaves as a one dimensional operator, the
analysis is very similar to the previous cases. Indeed, since the eigenvalues of the operator A
are actually the same of the 1D Dirichlet Laplacian, we have

Ve —VAc=m, VkeN.

In order to compute a suitable lower bound for the Fourier coefficients of By, we recall the
following property of radial symmetric functions f = f(r): the integral over the unit ball
B" C R" of f = f(r) reduces to

1
ffdv=|s"—1|J f(r)yrtdr (2.2.11)
Bn 0

where |S"7!| is the measure of the surface of the sphere S™!.
Therefore,

(s, 9i) =J. L nSnten) sintknr) .,
B3

27 r r

1 . .
_ 47TJ. i‘u(r)sm(nr) sin(kr) 2y
0 2T r r

1
=J. 2u(r)sin(nr)sin(kmr)dr (2.2.12)
0

= (B + 5,u(0) +
2

1
——_ | 32 (usin(mr)) (r) cos(krr)dr.
(k’]‘[)3J;) U SIn\ 7tr I )COS\KTTr)ar.
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Following the same argument as in Example[2.2.1] if all the coefficients (u;, ;) are different
from zero and, moreover, 9.u(1) = 9,.u(0) # O then, there exists a constant C > 0 such that

uer, @)l = CA2, VkeN

and thus the series in (2.2.8) is finite also in this case, for all 7 > 0.

Remark 2.2.5. An example of a function y € H f (B®) with the aforementioned properties is
w(r) = r2. In this case the Fourier coefficients of By, are defined by

_ k+1k
Gt k22
(Boy, ¢x) =
2
221123’ k = 1

Finally, applying Theorem|2.1.4] we deduce that, fixed T > 0, there exist constants My, w >
0 such that, for all p > 0, there exists R, > 0 such that, if the initial condition u, satisfies
||u0 - (plll S Rp: then

lu(t) —p1(£)]] < Mpe P +™0 -y >0,

2.2.5 Degenerate parabolic equation

Let I =(0,1), X = L2(I) and consider the following degenerate parabolic equation

u, — (x%u,), + p(t)x>**u =0, (t,x) €(0,00) x(0,1)
(e 1) =0, { u(t,0) =0, ifae[0,1),
(x%u,)(t,0)=0, ifaec[1,3/2),

u(0, x) = ugy(x).

(2.2.13)
where p is the bilinear control function and the parameter a € [0, 2) describes the degeneracy
magnitude. In particular, the problem is called weakly degenerate for a € [0, 1), and strongly
degenerate for a € [1,2).

Depending on the type of degeneracy, it is customary to assign different boundary conditions
to the problem and therefore the spectral analysis of the second order degenerate operator
will be different. We refer to Appendix [A] for a more detailed discussion.

The natural spaces for the well-posedness of degenerate problems are weighted Sobolev
spaces, that we will indicate by H;(I), and that differ in the weak and strong degeneracy
settings.

We introduce the linear operator

A:DA)cX —-X

u— _(xaux )x

that can be shown to be a densely defined, self-adjoint, accretive operator with compact re-
solvent for all a € [0, 2).

For any a € [0, 2), let

_|1—aq] _2—a

2—a’ ' '

Vg !
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Given v > 0, we denote by J, the Bessel function of the first kind and order v and by j,; <
Jya <+ <jyx <... the sequence of all positive zeros of J,. It is possible to prove that the
eigenvalue {A, ; }xen- and the corresponding eigenfunction {¢, ; }ren- related to the operator
A are given by

Mg = K22 (2.2.14)

a,k?

NorH

(1—a)/2 k,
———x J, (Jy xx (2.2.15)
15, G, i)l U

Soa,k(x)

for every k € N*. Moreover, the family (cpa’k) is an orthonormal basis of X, see [[41]].

keN*
To apply Theorem to problem (2.2.13)), we have to prove the validity of the gap condition
(2.1.3) and of hypothesis (2.1.4) for the multiplication operator

B:X—>X
u— uu,
with u(x) = x27%.
Concerning the gap condition, it has been proved (see [47]], page 135) that

e ifae[0,1), v, = ;—Z € (0, %], the sequence (jvwkﬂ _jva:k)keN* is nondecreasing and

converges to 7. Therefore,

. . . . 7
k+1 k= Ka ” Iy, = a\Jv,,2 7 v, 1) = T4
A —4/A k (]v k+1 " Jv k) k (] J )> 16“

o ify, > %, the sequence ( Jvgjer1— j,,wk) is nonincreasing and converges to 7. Thus,

keN*

VA — \/)"—k =k, (jva,k+1 _jva,k) Zk,m = g

Therefore, (2.1.3) is satisfied in both weak and strong degenerate problems with different
constants.

The operator B is linear and bounded in I. What remains to prove is that there exists T > 0
such that

(U1, k) 70,  VkeN,

e 2MeT (2.2.16)
> g < oo,
keN* | ,U,@a 1> @ak |

We compute the scalar product (U, 1, @, «) for k # 1 and, from now on, we write ¢, instead
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of ¢, x to lighten the notation:

1 1
(u«pl,cpk>=J u(X)sol(X)cpk(X)=—%kf p(x)ip1 () (x*(Pr)x)y (X)dx
0 0

1
B _Aik (“(x)“pl(")X“(@k)x(x)lé - f (1), (x)x“(wk)x(x)dx)
0

1

1
== ( f 1 ()01 ()X () () x + f
k 0

0

u(X)(cpl)x(x)x“(wk)x(x)dx)
1
= %k (J 1 ()1 () x (1) (0)dx + () (p1) ()x* i (3]
0
1
—f (u(%)xxa)x(x)cpk(x)dx)
0
1 ! 1
=T (f ux(X)sol(X)xa(gok)x(X)dx—f Wy () (1) () x i (x)d x
k 0 0
1
_f ,U(X)(Xa(wl)x)x(X)@k(x)dx)
0
1
T A U P () [91 () (i) () = (1) ()i (x) 1 d x
0

1
+9\1f u(x)sol(X)wk(X)dX).
0
(2.2.17)

We observe that in the weakly degenerate case, thanks to the Dirichlet conditions in both
extrema, the boundary terms vanish. We can deduce the same vanishing property at x = 0
for the strong degenerate case thanks to the first item of Proposition and to (A.1.12).
Moving the last term of to the left-hand side, we get

A 1 (!
(1—7)<u¢1,¢k) AkLux(x)x (x)(%)x(X)dx (2.2.18)

and therefore, integrating by parts we obtain

(ueps, pi) = u (X)xo‘wz(x)M 1—f1( 03), (X)(’Ok( *) gx
1, ¥k Ak—l x 1 1(X) . ( )
—_ a ka( )
- (f (ALLX )x(x)ﬁ%ﬁ( ) 1( )
' (x)
+2f Py ()x* tpl(X)(npl)x(x)(p" dx) (2.2.19)
0 (X)

1
= _Akill (JO (:uxxa)x(x)(pl(x)(pk(x)dx

1
+2f ux(X)xa(tpl)x(x)tpk(x)dX).
0
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The boundary terms vanish for the Dirichet conditions if a € [0, 1) and thanks to the second
item in Proposition fora €[1,3/2).

Recalling that u(x) = x?~%, we have that

1
zl(kz__;l) J; x(p1)x () pr(x)dx

1

(U, i) = —

_ 20-a) :
B Ak(%k_)tl) 0 X(Sol)x(X)(x (Sok)x)x (x)dx
__22-a) x(91) ()X ()| — 1(X( 1) (0)x*(0r). (x)dx
)’k(kk_z'l) 1x k/x 0 o P1)x)x @i )x
— M 1+a 1 _ a 1
= Ak(kk_ll)(x (901)x(x)(‘Pk)x(X)|o (x(p1)y), (0)x ‘Pk(X)|0
1
+f (el (0)x%) cpk(x)dx)
0
= M 1+a 1
M= 2y) (x ' ((Pl)x(x)(‘Pk)x(xﬂo
1
+J (((Qpl)x-i-x((pl)xx)xa)x (x)(pk(X)dX)
0
1
= % (x1+a(901)x(X)(<Pk)x(X)|(l)—AlL p1(x) ;. (x)dx
1
+J (xlw(%)xx)x(x)(ﬁk(X)dx)
0
2(2—a) 1

(" (@1)xr), (X)(Pk(x)dx)
(2.2.20)

= —_— 1+a 1
A=Ay (x (P1)x (X)) ()| +JO

where we have used the fact that, for a € [1,3/2), (x(¢;), )x(x)x“cpk(x)|(1) vanishes in view
of Proposition

Since ¢, is an eigenfunction of A for all k € N*, it satisfies the equation

— (ax® (i) () + x* (1) (%)) = A0 (x), (2.2.21)
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then we can rewrite the expression of (¢ ), (x) in (2.2.20) using (2.2.21):

1
(e, i) = % (XH"(wl)x(X)(sok)x(x)\é+J0 CRECHNE (X)sok(X)dX)
2(2—a)

RN mi CRRCORC N

1
_f (A xp1 +ax®(¢1)e ), (X)‘Pk(x)dx)
0

1

= _Akz((jk__a)gl) (x1+a(tp1)x(x)(<pk)x(x)}; —llfo x (1), () (x)dx

1 1
—h J sol(x)sok(x)dx—af (x“(p1),) (x) i(x)dx ).
0 0 —A1p1(x)

(2.2.22)

Recalling that {¢;}ex- is an orthonormal basis of L2(0,1), the last two terms on the right-
hand side of the above equality are zero.
Thus, from the first equality of (2.2.20) and the last one of (2.2.22), we obtain that

22—a) (. M) [ L 22-a) 4. 1
- Ak _Al (1 - A_k)_[) X(%)x(x)‘Pk(x)dx = m x! ((pl)x(x)(('pk)x(x”o
(2.2.23)
that implies
22— (7 22-a) .. 1
(w1, i) = =7, L x(91)x () @x(x)dx = [T (1) () pr)x ()]

(2.2.24)
Recalling that the eigenvalues {A; };cn- Of A are defined by (2.2.14) where v, = |[1—a|/(2—a),
and the eigenfunctions, {¢;}ren+» by (2.2.15), we compute the right-hand side of (2.2.24):

x4 (01) () (@) (x) =
2(2— a)k,x1*e (1—a _

X (1+a)/2‘]va (jva,lxka)

T Gy DIV, Gl 2 (2.2.25)
+ o kg X 02O (7, xke))
(R o)+ ex 2O, Gk ).
Therefore
(X (0): () o = (o) (D01 =5 7 éf“f)”ﬁjzvaf‘v i)y, G-
T (2.2.26)

Now, we recall that the zeros of J;a, j;wk, satisfy v, < j’va’1 < Jy1 < j’vw2 <j,
conclude that the right-hand side of (2.2.26)) does not vanish.
From (2.2.24) and (2.2.26)) we deduce that there exists a constant C such that

5..., tO

as

c
e, 012 55, VkeN, k1. (2.2.27)
k
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For k = 1, we have

_ Zka ' 2—a 17(1‘]2 . ke d
TG, or ) Y Ul
Vo M Ve

4ka].: ) Jrg1
o> 372
— z°J% (2)dz.
(z—a)u;a(jva,l)lzjo )

We now appeal to the identity

(w1, ¢1)
(2.2.28)

(a+2)f to2) (H)dt = (o +1) {v2 — %(0 + 1)2}f t7J2(6)dt
. ) ) ) (2.2.29)
+ EZUH [{ZJ;(Z)— E(O‘ + 1)Jv(z)} + {zz —2 4 Z(O‘ + 1)2}Jf(z):|

with o =1 (see [[51]], equation (17) page 256) to turn (2.2.29) into

4kaj3 1 2 T

a> 2 2

;1) = - —1v.—1 zJ2 (z)dz
(M‘Pl Sol> (2—05)|J;a(]va,1)|2 3 { a }J;) Vo

(2.2.30)
1. . . . 2 . .
+ g]iml [{]va,lj;a(]va,l) _Jva(]va,l)} + {]72%1)1 - Vi + 1}J§a(]va,1)] .

Using Lommel’s integral

¢ 2
f 2J,(az)?dz = % [72(ac) = J,_1(ac) s (ac)] (2.2.31)
0

in (2.2.30), we obtain
(up1,01) =

4kojt | 2 2
= m 3 {»* -1} % (Jfa(ba,l)—Jvaq(Jva,1)Jva+1(Jva,1))
Vg > Vas
1, . . 2
+ 8]3(1:1 (]va,lj;a(]va,l)) ]
4kOLj:0“1 (

1. R .
= Gl (. I —gjia,l {»* =1}, 4G s1 i)
Vg > Vas

1. . ) 2
+ 2_4]1’1 (Jvafl(]va,l) _JvaJrl(Jva,l)) )
4kaj: 1 1
_ a -5 2 . 2 .
AL (2—4%,1 (Jva,l(ba,ﬂ + Jvaﬂ(lva,ﬂ)
vg I Vas
1 N
. Vg1 . .
- (5]3(1’1 {Vi - 1} + H)Jval(Jva,l)JvaJrl(Jva,l))
4kaj: 1 1
s .5 2 . 2 .
2 Gl (. I (2—4]%1 (Jva_l(lva,ﬂ + Jvaﬂ(lva,ﬂ)
Vg @

5
1 . ]va,l 1 . .
—(gli,l {vi-1}+ 3) 5 (72 .G +J3a+1(lva,1))) :

Thus, (upq, p1) > 0if
-5

1 :5 111 -2 2 ]va,l
5477173 (glm {vi-1}+ 17 | (2.2.32)

37



Since
ac[0,1) = v, <(0,1/2],

ac[l1,3/2) = v,€[0,1),

equation holds true for both weak and strong degeneracy.

Hence, since (up;, i) 7 0 for every k € N* and isvalid, the series converges
for every T > 0.

We have checked that every hypothesis of Theorem holds for problem ifae
[0,3/2). Therefore, we conclude that, for any p > 0, if the initial condition u, is close enough
to ¢,, the system is superexponentially stabilizable to the ground state solution v));.
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CHAPTER 3

Exact contrallability to trajectories

In this chapter we present results of local and global controllability to a target trajectory that
are based on [J3]].
In a separable Hilbert space X, we study the linear evolution equation

u'(t) +Au(t) + p(t)Bu(t) =0,

where A is an accretive self-adjoint linear operator, B is a bounded linear operator on X, and
p € L (0,+00) is a bilinear control.

We give sufficient conditions in order for the above control system to be locally controllable
to the ground state solution, that is, the solution of the free equation (p = 0) starting from
the ground state of A. Such a property, that is obviously stronger than superexponential
stabilizability, holds true in more restrictive settings than those considered in Theorem [2.1.4
Nevertheless, the result we present in this chapter apply to all the examples of parabolic
problems we have treated in chapter[2]

We also derive global controllability results in large time.

3.1 Main result

In a separable Hilbert space X, consider the control system

u'(t) +Au(t) + p(t)Bu(t)=0, t>0
(3.1.1)
u(0) = uy.

where A : D(A) € X — X is a linear self-adjoint maximal accretive operator on X, B be-
longs to £ (X), the space of all bounded linear operators on X, and p(t) is a scalar function
representing a bilinear control.
In chapter [2] we have studied the stabilizability of along the ground state solution of
the free equation (p = 0). More precisely, we have given sufficient conditions on A and B to
ensure the superexponential stabilizability of along 1): for all u, in some neighbor-
hood of ¢, there exists a control p € leoc([O, +00)) such that the corresponding solution u of
([3.1.1) satisfies

[Ju(t) —,(0)]] < Me C“+MD yi>0 (3.1.2)

for some constants w, M > 0.
In this chapter, we address the related, more delicate, issue of the exact controllability of
(8.1.1) to the ground state solution 4, via a bilinear control.
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Theorem 3.1.1. Let A: D(A) C X — X be a densely defined linear operator such that (1.0.1)
holds and suppose that there exists a constant a > 0 for which the eigenvalues of A fulfill the gap

condition
V Ak+1_\/ A’k > a, VkGN* (313)

Let B : X — X be a bounded linear operator such that there exist b,q > 0 for which
(Bp1, 1) #0, and AZKB‘Pl,(PkHZb Vk>1. (3.1.4)

Then, for any T > 0, there exists a constant Ry > 0 such that, for any uy € Bg (1), there exists
a control p € L*(0,T) for which system (3.1.1)) is controllable to the ground state solution in
time T. Furthermore, the following estimate holds

e*TEZCK/Tf
[Ipllz200,m) < W’ (3.1.5)
where ,
T; :=min{T,T,}, T,:= %min{l,l/az} (3.1.6)

and Cy is a suitable positive constant.

The main idea of the proof consists of applying the stability estimates of [4]] on a suitable
sequence of time intervals of decreasing length Tj;, such that Z;x:)l T; < oo. Such a sequence,
however, has to be suitably chosen in order to fit the error estimates that we take from [4]].
From the above local exact controllability property we deduce two global controllability res-
ults. In the first one, Theorem [3.1.2] below, we prove that all initial states lying in a suitable
strip, i.e., satisfying |{uy, ¢1) — 1| < r1, can be steered to the ground state solution (see Fig-
ure [3.1)). Moreover, we give a uniform estimate for the controllability time.

Theorem 3.1.2. Let A and B satisfy hypotheses (1.0.1)), (3.1.3), and (3.1.4). Then there exists
a constant r; > 0 such that for any R > 0 there exists Ty > 0 such that for all uy € X that satisfy

(g, 1) — 1l <1y,
(3.1.7)

[lug — (ug, p1) @11l <R,

problem (3.1.1)) is exactly controllable to the ground state solution 1, (t) = e "1t in time T.
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Figure 3.1: the colored region represents the set of initial conditions that can be steered to the ground
state solution in time Tg.

Our second global result, Theorem below, ensures the exact controllability of all initial
states up € X \ goll to the evolution of their orthogonal projection along the ground state
solution defined by

¢1(t) = (ug, 1)1 (t), Vt=0, (3.1.8)

where 1), is the ground state solution.

Theorem 3.1.3. Let A and B satisfy hypotheses (1.0.1), (3.1.3) and (3.1.4). Then, for any
R > 0 there exists T > 0 such that for all uy € X satisfying

g — (uo, 1) @11l < Rl{ug, 1) (3.1.9)
system (3.1.1)) is exactly controllable to ¢+, defined in (3.1.8)), in time T.

Notice that, denoting by 6 the angle between the half-lines R, ¢, and R, u,, condition (3.1.9)
is equivalent to
[tanO| <R,

which defines a closed cone, say Qg, with vertex at 0 and axis equal to Ry, (see Figure|3.2).
Therefore, Theorem 3.1.3]ensures a uniform controllability time for all initial conditions lying
in Qg. We observe that, since R is any arbitrary positive constant, all initial conditions u, €
X\ cpf can be steered to the corresponding projection to the ground state solution. Indeed,
for any up € X \ golL, we define

Ry := 9 — @
0 ‘ (g, 1) !
Then, for any R > R, condition (3.1.9) is fulfilled:
1
T llug — (ug, ¥1)p1ll =Ry < R.
(o, ¢1)1 0 RS 0
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Figure 3.2: fixed any R > 0, the set of initial conditions exactly controllable in time Ty to their projection
along the ground state solution is indicated by the colored cone Qg.

3.2 Proof of Theorem [3.1.1

First, we recall some results from chapter[2]that are necessary for the construction of the proof
of Theorem Fixed T > 0, consider the following bilinear control problem

u'(t) +Au(t) + p(t)Bu(t)+ f(t) =0, t€[0,T]
(3.2.1)
u(0) = Up,

with u, € X, p € L?(0,T) and f € L%(0, T;X). Propositionm ensures the existence of a
unique mild solution u € C([0, T];X) of (3.2.1)) for which the following estimate holds

lulloo,0 < CL(T)luoll + 115 112,0)- (3.2.2)
Our aim is to show the controllability of the following system

u'(t)+Au(t) + p(t)Bu(t)=0, te€[0,T]
(3.2.3)
u(0) = uy,

to the ground state solution v; = e *1{(p,, that is the solution of when p=0andu, =
;. We first consider the case A; = 0 and prove the controllability result to the corresponding
ground state solution v; = ¢;. Then, we recover the result also for the case A; > 0.

Set v :=u— ¢, then v is the solution of the following Cauchy problem

V() +Av(t) + p(t)Bv(t) + p(t)By; =0, t€[0,T]
(3.2.4)

v(0) = vy =uy— ;.
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We observe that the controllability of u to ; is equivalent to the null controllabiliy of (3.2.4).
In order to prove this latter result, we consider the following linearized system

v(t)Y +Av(t) + p(t)Bp; =0, t€[0,T]

(3.2.5)
1-/(0) = Vo.
and we recall the definition the constant A,
. 1/2
—22,T ,C o/ A/
Ap=| DS (3.2.6)
5 [(Bey, o)l

where a is the constant in (3.1.3). We observe that, thanks to assumption (3.1.4), A con-
verges for any T > 0.
Thanks to Proposition [2.1.7, we are able to build a control p € L2(0, T)

(=3 e o (3.2.7)

& (B, ¢k)

that steers the solution of ((3.2.5) to 0 in time T. Such a control p satisfies the following bound
[Pl 1200,1) < Cal(T)A7]|voll (3.2.8)
where Ay is defined in (3.2.6) and « is the constant in (3.1.3).

Remark 3.2.1. The behavior of C,(-) with respect to its argument has been studied in [24]] and
is given by
(b ) S0, T
c3(r)=C- (3.2.9)
Ca?, T> 2%,
where C > 0 is a constant independent of T and a.

By using the control p built in Proposition also in the nonlinear system (3.2.4) and we
have proved in chapter[2] Proposition [2.1.11] that the solution v of (3:2:4) satisfies

sup. [V(O)I[? < eSMAIMIFGT (1 + €, (T)AZ)]|v,l[? (3.2.10)
te[0,T

where Cy > 1 is the norm of the operator B, C5(T) := 24/ TCyzC,(T), and C,(T) := CBC2(T).
We introduce the function w(t) := v(t) — v(t) that satisfies the following Cauchy problem

w(t) +Aw(t)+ p(t)Bv(t)=0, t€[0,T]

(3.2.11)
w(0) =0.
We define the function K on (0, 0o) by
K2(T) := Cpe*SVTHGHDT 0 (TYAZ (1 + C,(T)A2). (3.2.12)

In the following Proposition we estimate how close we are able to steer v to O in time T by
means of the control p defined in (3.2.7).
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Proposition 3.2.2. Let A and B satisfy hypotheses (1.0.1), (3.1.3), (3.1.4), and, furthermore,
we assume A, = 0. Let T > 0, p be defined by (3.2.7), and let v, € X be such that

Co(T)AT|Ivoll < 1. (3.2.13)

Then, it holds that
[w(TIl = [Iv(TII < K(T)IIvol[>. (3.2.14)

Proof. Observe that w € C([0, T];X) is the mild solution of (3:2.11)). Moreover w € H(0, T; X)N
L%(0, T; D(A)) and thus w satisfies the equality

w(t) +Aw(t) + p(t)Bv(t) =0 (3.2.15)

for almost every t € [0, T].
We multiply equation (3.2.15) by w(t) and we obtain

1d
=—lw(OII* < Ip(OIIBv(OIIIw(t)I]
2dt (3.2.16)

1 1
< EIIW(t)II2 + Cﬁilp(t)IZIIV(t)IIZ-

Therefore, applying Gronwall’s inequality, taking the supremum over [0, T ] and using (3.2.10)
and (3.2.8), we get
sup [[w(OI* < C2e"Ipll2q 1y sup V(DI
t€[0,T] t€[0,T]

< Ce@MAIMIRGTHT (1 1 ¢, (TIAZ)| Vol Pl1pl 0,19 (3.2.17)

< Cgci(T)A%er(T)ATHV0H+(CB+1)T(1 + C4(T)A%)||V0||4

We can suppose, without loss of generality, that C,(T) = 1. Thus, thanks to (3.2.13), we
obtain

sup [Iw(OI? < C2CA(T)A2e2CYTHEHDT (1 4 C,(T)A2)|[vol|*
te[0,T

that is equivalent to
sup [lw(0)I[> < K(T)?[Ivoll*.

te[0,T]
By the last inequality we infer that
[Iw(T)I| < K(T)lIvoll?. (3.2.18)
O

Fixed 0 < T < min {1, 1/a2}, we define the sequence {T};cy- by

T, =T/} (3.2.19)
and the time steps
n
T,=».T;, VneN, (3.2.20)
j=1
with the convention that Z?:l T; = 0. Notice that 2?21 T; = %2 T.
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The proof of our result relies on the construction of the solution v of in consecut-
ive intervals of the form [7,, T,.;] for which we are able to perform an iterate estimate of
(3.2.14).
First, through the following Lemma, we study the behavior of the constant K(T) with respect
toT.
We define the function

e~ 2T +M /2

M
Gy(T):==eMTy ——___ 0<T<1 (3.2.21)
M 72° Z [(Bepy, i) 12

where M is a positive constant.

Lemma 3.2.3. Let A: D(A) C X — X be such that (1.0.1) and (3.1.3)) hold and B : X — X be
such that (3.1.4) holds. Then, there exists a suitable positive constant C; such that

Gy(T)<e/T,  VOo<T<1. (3.2.22)
Proof. Thanks to assumption (3.1.4), we have that
o2 T+M o/ 2
1 [(Beow, i)l

oo
< MGM/T eM"/(8T) l 2q —Ak —)LkT+M1/A_k )
ST 1By, 1) 2 52 k=2

M <
Gu(T) = =3 M/t §
(3.2.23)

For any A > 0 we set f(A) = e 2T*MY2_ The maximum value of f is attained at A = (%)2
So, we can bound G,,(T) as follows

Z 2 [ee]
M M?/(8T) eM /(4T)
Gy(T) < —eM/T § AZle=MT (3.2.24)
I(Bcpl,cpl

Now, for any A > 0 we define the function g(1) = A%%e™*7 Its derivative is given by
g'(A)=(2q—AT)A* e
and therefore we deduce that

increasing if0<A < (2q)/T

g(A)is
decreasing if A > (2q)/T

and g has a maximum at A = (2q)/T. We define the following index:

2
ki = kl(T)=sup{keN* A < ?q}

Note that k;(T) goes to oo as T converges to 0. We can rewrite the sum in (3.2.24) as follows

Zx"’q AT = 3T MM S0 AMeAT 4 N AMeAT (3.2.25)
k<k,—1 ey <k<k;+1 k>l +2
For any k < k; — 1, we have
A1
f 22 AR > Mpr — AT > a(y/ Ay + 4/ AA e T (3.2.26)

A
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and for any k > k; +2

Ak
f 22 AR > (M — M DA™ T > aly/ 2y + 4/ AA0 e M, (3.2.27)

Ak

So, by using estimates (3.2.26) and (3.2.27)), (3.2.25) becomes

AMeTdR 4 ST AT (3.2.28)

(o] oo
Zliqe_lkT = —2 J
k=1 a(v A+ /A1) Jo ky<k<k,+1
Furthermore, recalling that g has a maximum for A = 2q/T, it holds that
k=kki+1 = Afe™T <(2q/T)* e, (3.2.29)

Finally, the integral term of (3.2.28) can be rewritten as

oo oo oo
1 2q 1 rcg+1
Ay == (i) e ds = s2e~5ds = L, (3.2.30)
0 T 0 T T1+2q 0 T1+2q

where by I'(-) we indicate the Euler integral of the second kind.
Therefore, we conclude from (3.2.29) and (3.2.30) that there exist two constants C,, C, , > 0
such that

C
2q —\ T q aq
E 7Lk e " < _T2q + Tir2q" (3.2.31)

> C
k=

—

We use this last bound to prove that there exists C,; > 0 such that

M
Gu(T) < EeM/T

2 2

M?/(8T) eM/GT) [ C, Cug o

+ 7 <em/T 0<T<1
[(Be1, p1)12 b2 \ T2 T+

as claimed. O
Remark 3.2.4. We recall that K(+) is defined by
K2(T) := C2e25 YT+ DT C2(T)A2 (1 + C5C(T)A2).

Forany 0 < T <min{1,1/a?}, C2(-) is given by

(1 1 A1l
20y _ A L ¢/(a2T)
C“(T)_C(T+T2a2)e @T)
Thus, we have the following bound for K(+)
K(T)?* < C2e25VTHGHIT Gy (T) (1 + C5Gyy(T)), (3.2.32)

where G,(-) is defined by and the subscribed M is given by M = C (1 + ).
Thanks to Lemma|3.2.3] we infer that there exists a suitable constant Cyx > 0 such that Cx > Cy,
and

K(T)<e%/T — ¥YTe(0,1]. (3.2.33)

In the following Proposition we prove that it is possible to iterate the construction of v in
consecutive time intervals of the form [7,_;, 7,,].
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Proposition 3.2.5. Let 0 < T < min {1, 1/a? }, and consider the sequence (T;);cy- defined by
(B-2.19). Let vy € X for which ||vy|| < e /T let A: D(A) € X — X be such that and
hold and let B : X — X satisfies (3.1.4). Moreover, we assume that A, = 0. Then, for
every n € N*, problem

VI(©) +Av(t) + p()BV(t) + p()Bpy =0, £ € [T, q,7,]
(3.2.34)
V(Tpo1) = Vo1,
where v,,_; is determined by induction from the previous steps, p € L*(t,_,,T,) is given by

o

_ (vn—lr @k) _
p(t) _,;—(Btpmpk)ak(t Tne1)s (3.2.35)

admits a unique mild solution v € C ([T,_1,T,],X) that satisfies
v (7] < e Zim 277 2'6)cu/T, (3.2.36)

where the time steps {T,},en are defined by (3.2.20).

Proof. To prove the result, we proceed by induction on n. For n = 1, by Proposition|3.2.2] the
hypothesis on v, and Remark|3.2.4] v it satisfies

V(T < K(T)||vol]> < e 11/ T,

Now, suppose the statement is true for all indices k < n — 1, we show the validity for index
n. Therefore, by inductive hypothesis, the solution v has been constructed in consecutive
intervals until [7,_,, T,,_; ] and it satisfies

v (7o)l < (S 27 2e)aur
Hence,

CalT)Ag, [V (74 )| < eCur/T (i 226
< e(nz+(—(n—1)2—4(n—1)+2"’16—6—2”’16)CK/T (3.2.37)

— o (2n3)C/T
5

where we have used that C,; < Cx and the identity
n jz
= 27 (—n? —4n+6(2" —1)), n>0, (3.2.38)
=0 2

which can be easily checked by induction.
Consider problem (3.2.34) with v,_; the solution built in the previous interval, evaluated at
T,_1. By the change of variables s = t — 7,,_;, we shift (3.2.34) into the interval [0, T,,]. We
introduce the functions ¥(s) = v (s + 7,_;) and p(s) = p (s + 7,_; ) and we rewrite (3.2.34) as

V' (s)+Av(s) + p(s)BV(s) + p(s)Byp; =0, se€[0,T,]
(3.2.39)
7(0)=v,_;.
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From (3.2.37) it follows that C,(T,)Ar, |[v(7,—1)I| < 1 and thus we can apply Proposition
to problem (3.2.39)), obtaining

(T < K(T)l s |12 (3.2.40)
We shift back the problem into the original interval [7,_;, T,] and we get
v (T Il < K(T)Ivnall?. (3.2.41)

By inductive hypothesis, we can estimate ||v (7,)|| as follows
1 g 2 one 2 N onii2on
I (T Il < /T [e(zj:;z T 16)CK/T] = (T2t 2e)adT (3.2.42)
O

Proposition 3.2.6. Let 0 < T < min{l, 1/ az} and consider the sequence (T;);cy- defined by
(B:2.19). Let vy € X be such that ||v,|| < e /T, let A: D(A) C X — X be such that and
hold and let B : X — X satisfies (3.1.4). Let p € L*(t,_;,7,) be defined by (3.2.35).
Moreover, we assume that A, = 0. Then, the solution of satisfies

n
v (el < ][R vl (3.2.43)
j=1

for all n € N*,

Proof. We prove formula by induction on n. The case n = 1 follows from Proposition
thanks to the assumption ||v,|| < e~ %%/T Now, suppose the formula holds for all the
indices less than or equal to n—1. We prove it for n as follows. We consider problem ([3.2.34)
and in order to shift it in the interval [0, T, ], we introduce the variable s = t — 7,_; as before
and the functions #(s) = v (s + 7,,_,) and p(s) = p (s + T,,_1). Thus, can be rewritten
as

V'(s) +AV(s) + p(s)BV(s) + p(s)Bp; =0, s€[0,T,]

(3.2.44)
7(0) =v,_;-

By Proposition (3.2.5} it holds that C,(T,)Ar, ||v,—1|| < 1 and hence, we can apply Proposition
3.2.2|considering as final time T, (instead of T), obtaining that

[y (oIl = (TN < KTl Va1, (3.2.45)

Finally, by inductive hypothesis, we conclude that

n—1
IV ()l < K(TIvea P < KCT) [T [T vl (3.2.46)
j=1
that is equivalent to formula (3.2.43). O

We are now ready to prove our main result.
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Proof of Theorem We start the proof by considering the case in which A; = 0. Let T > 0
and let T, and T; be defined by (3.1.6). We define T = 5T} and Ry := e~ ™ C/T; | Observe
that 0 < T < 1 and we define the time steps {7} ey as in (3.2.20) with T, := T/j2. Fixed
Vo € Bg,(0), we apply to obtain

n
v (el < [ JK@? vl
j=1

. |

a2 n

<[ J(e5/ 1) Hiwoll?
j=1

= eCKZ"/TZ;ﬂjZ/zj||Vo||2n

(3.2.47)
< S TZEI I ||y, 2
- on
< (55/TIvll)
where we have used that 21021 j2/27 = 6. We take the limit as n — oo of (3.2.47) and we get

o Z7)
6 ©1

.
v(?T)H = V(T <0 (3.2.48)

since ||vol| < e ™ C/Tr = ¢=6C/T  This means that, we have built a control p € L? ([0, 00)),
defined by
oo
Zn:O pn(t)X[Tn,TnH](t)’ te (0, Tf],
p(t) = (3.2.49)
0, t €(Ts,+00)
where
o (v (Ta), 1)
p,(t) ZZ#O’]( (t—7,), VneN, (3.2.50)

(B, ¢x)

such that the solution u of (3.1.1) reaches the ground state solution ¢; in time T, and stays
on it forever.

Observe that, thanks to (3.2.8) and (3.2.37), we are able to yield a bound for the L2-norm of
such a control:

o0
1P 20,1y = D 1Pl ey o)

=
o

<> (CulTre)Ar,, IV (I

A gk

< Z e—2(2(n+1)+3)CK/T (3.2.51)

n=0
o—6Ck /T

e4C/T —1
e—nch /Ts
2m2Cx /(3Tf) _ 1
Now we face the case A; > 0. We define the operator
Al =A— All.
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It is possible to check that A; satisfies (1.0.1) and moreover it has the same eigenfuctions,
{@r}ren-» of A, while the eigenvalues are given by

Ur = Ak - A]; Vk € N*. (3252)

In particular, u; = 0 and furthermore, {u; };cn- Satisfy the same gap condition fulfilled
by {As ke
We define the function z(t) = e*‘u(t), where u is the solution of (3.1.1). Then, z solves the
following problem
2’ (t) +A2(t) + p(t)Bz(t) =0, t>0,
(3.2.53)
2(0) = u,.

For any T > 0, we define T; as in (3.1.6) and the constant Ry := e~ C/Tr ' We deduce from
the previous analysis that, if u, € Bg_(¢,), then there exists a control p € L%([0,400)) that
steers the solution z to the ground state solution ¢, in time T; < T. This implies the exact

controllability of u to the ground state solution 1), (t) = e *1t¢,: indeed,
[ue(Tp) = s (Tp) || = [Je T2 (Ty) —e T g || =77 |2 (T7 ) = oa] | = 0.
This concludes the proof of our Theorem. O

Remark 3.2.7. We observe that, from (3.2.51), it follows that ||p||L2(0,Tf) —0as Ty — 0. This
fact is not surprising because as T; approaches 0, also the size of the neighborhood where the
initial condition can be chosen goes to zero.

3.3 Proof of Theorems|3.1.2/and (3.1.3

Before proving Theorem [3.1.2] let us show a preliminary result that demonstrates the state-
ment in the case of a strictly accretive operator.

Lemma 3.3.1. Let A and B satisfy hypotheses (1.0.1)), (3.1.3) and (3.1.4]). Furthermore, we
assume A = 0. Then, there exists a constant r, > 0 such that for any R > 0 there exists T > 0
such that for all vy € X that satisfy

[{(vo, 1) <14,
(3.3.1)

[[vo—(vo, 1) ¥1ll <R,
problem (3.2.4)) is null controllable in time Tg.

Proof. First step. We fix T = 1. Thanks to Theorem|3.1.1] there exists a constant r; > 0 such
that if ||u;(0) — ¢;|| < +/2r; then there exists a control p; € L%(0, 1) for which the solution
u; of on [0, 1] with p replaced by p,, satisfies u;(1) = p;. We set v; = u; — ¢, on
[0,1]. We deduce that if ||v;(0)|| < +/2r; then there exists a control p; € L2(0, 1) for which
the solution v; of on [0, 1] with p replaced by p;, satisfies v;(1) = 0.

Second step. Let v, € X be the initial condition of (3.2.4). We decompose v, as follows

Vo = (vo, 1)¥1 + Vo1,
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where v, ; € ¢;- and we suppose that [(vy, ¢1)| < r1. We define ty as

1 R?
tp:= —log| = 3.3.2
R 22, Og(rf) ( )

and in the time interval [0, tz ] we take the control p = 0. Then, for all t € [0, tg], we have
that

2 _
{V0’1|| <r12+e 2421 R2,

V(oI < He_tA(<V0,‘P1)‘P1 +Vo,1)||2 = |<Vo,‘P1>|2 + et

In particular, for t = t, it holds that ||[v(tg)||* < 2r2.

Now, we define Ty := tg + 1 and set v;(0) = v(tg). Thanks to the first step of the proof, there
exists a control p; € L?(0, 1), such that v;(1) = 0, where v, is the solution of on[0,1]
with p replaced by p;.

Then v(t) = v;(t — tg) solves in the time interval (tg, T] with the control p;(t — tg)
that steers the solution v to 0 at Tj. O

Proof (of Theorem[3.1.2)). We start with the case A; = 0. Let u, € X that satisfies (3.1.7). Set
v(t) :=u(t) — ¢;, then v satisfies and moreover v, := v(0) = uy, — @, fulfills (3.3.7).
Thus, by Lemma problem is exactly controllable to the ground state solution
Y, =, in time Tp.

Now, we consider the case A, > 0. As in the proof of Theorem|3.1.1] we introduce the variable
z(t) = eMtu(t) that solves problem (3.2.53)). For such a system, since the first eigenvalue of
A, is equal 0, we have the exact controllability to ¢, in time T;. Namely z(Tz) = ¢, that is
equivalent to the exact controllability of u to ;:

W(TR)=¢; <= eTu(TR)=9; < u(Tx)=1i(Ty). (3.3.3)
The proof is thus complete. O

The proof of Theorem easily follows from Theorem (3.1.2).

Proof (of Theorem|[3.1.3). Suppose that y := (ug, ;) # 0. We decompose ug as uy = y¢;+1,
with &1 :=ug — (U, ¢1) 1 € i and define fi(t) := u(t)/y. Hence, ii solves

{ @' (t) +Aa(t) + p(t)Bia(t) =0, t>0 (3.3.4)

i(0) = ¢, + ¢y,
where &, :=¢,/7.
We apply Theorem to to deduce the existence of Tz > 0 such that i(Tg) =
Y 1(Tg). Therefore, the solution of with initial condition u, € X that do not vanish
along the direction ¢, can be exactly controlled in time Ty to the trajectory (ug, @)1 ().
Note that if uy € X satisfies both uy € 7 and (3.1.9), then we have trivially that uy = 0. We
then choose p = 0, so that the solution of remains constantly equal to ¢; = 0. O

3.4 Applications

In this section we present some examples of parabolic equations for which Theorem

can be applied. The hypotheses (1.0.1), (3:1.3) and (3.1.4) have been verified in Chapter 2]
section[2.2] to which we refer for more details. Furthermore, we observe that also the global
results Theorem [3.1.2|and Theorem [3.1.3|can be applied to any example.
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3.4.1 Diffusion equation with Dirichlet boundary conditions

Let I =(0,1) and X = L2(0, 1). Consider the following problem

u(t,x) = upe (£, %) + p(Oplx)u(t,x) =0 x€I,t>0
u(t,0)=0, u(t,1)=0, t>0 (3.4.1)

u(0,x) = ugy(x) xel.
We denote by A the operator defined by
d?p

D(A)=H*nH,(I), Ap= — T

and it can be checked that A satisfies (1.0.1). We indicate by {A;}ren- and {¢y}ien the
families of eigenvalues and eigenfunctions of A, respectively:

A = (km)?,  @p(x) = V2sin(knx), Yk eN*.
It is easy to see that (3.1.3) holds true:

VA —VAc=n,  VkeN.

Let B : X — X be the operator
By =up
with u € H3(I) such that

p'()£u(0)#0 and  (upy, ) #0 Yk eN™ (3.4.2)
Then, there exists b > 0 such that
A upr, @) = b, VkeN

2_
For instance, a suitable function that satisfies (3.4.2)) is u(x) = x2, for which b = 2233,

612

For any T > 0, we define Ty as in (3.1.6). Then, there exists a constant RTf > 0 such that
the solution u of (3.4.1), with u, € Ber (¢7), reaches the ground state solution v, (t,x) =

. 2t . . .
V/2sin(mx)e™™ ¢ in time T; and stays on it forever.

3.4.2 Diffusion equation with Neumann boundary conditions

Let I = (0,1), X = L2(I) and consider the Cauchy problem

u(t,x) =y (£, %) + p(Oulx)u(t,x) =0 x€I,t>0
u,(t,0)=0, u,(t,1)=0, t>0 (3.4.3)

u(0, x) = ug(x). xel.
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The operator A, defined by

d2
DA)={p €HXO,1): ¢'(0)=0, ¢'(1)=0}, Ap=—F

satisfies ((1.0.1)) and has the following eigenvalues and eigenfunctions

Ao =0, po=1
A = (km)?,  p(x) = v/2cos(kmx), Vk=>1.

Thus, the gap condition is fulfilled with a = . The ground state solution is just the
stationary function 1, (x) = ¢;(x) =1.
We define B : X — X as the multiplication operator by a function u € H%(I), B¢ = u, such
that

wW(D)xu'(0)#0 and (u,pr) #0 VkeN. (3.4.4)

It can be proved that, there exists b > 0 such that

Al{upo, o)l = b,  VkeN". (3.4.5)

For example, u(x) = x? satisfies (3.4.5) with b = 2+/2.
Therefore, equation (3.4.3) is controllable to the ground state solution v¢; = 1 in any time
T >0 as long as uy € B, (1), with Ry > 0 a suitable constant.

3.4.3 Variable coefficient parabolic equation

Let I = (0,1), X = L2(I) and consider the problem

u(t,x)—((1+x)u, (t, %)), + p(Oulx)u(t,x)=0 x€I,t>0
u(t,0)=0, u(t,1)=0, t>0 (3.4.6)

u(0, x) = ugy(x) x€el.
We denote by A : D(A) € X — X the following operator
DA =H’NHyD),  Ap=—(1+x) ¢,

It can be checked that A satisfies (1.0.1) and that the eigenvalues and eigenfunctions have
the following expression

]. kTC 2 2 _1/2 . kﬂ-
A = Z+(E) , 0 =\ E(l +x) sm(mln(1+x)).

Furthermore, {1 };cn- Verifies the gap condition (3.1.3) with a = 7/In2.
We define the operator B : X — X by By = u, where u € H2(I) is such that

2u' (1) £p'(0)#0, and (upy, ) #0 YkeN. (3.4.7)

Hence, thanks to (3.4.7), (3.1.4) is fulfilled with ¢ = 3/2. An example of a suitable function

w that satisfies (3:4.7) is u(x) = x, see Chapter 2] section for the verification.
Thus, from Theorem [3.1.1} we deduce that, for any T > 0, system (3.4.6)) is controllable to
the ground state solution if the initial condition u, is close enough to ¢;.
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3.4.4 Diffusion equation in a 3D ball with radial data

In this example, we study the controllability of an evolution equation in the three dimensional
unit ball B® for radial data. The bilinear control problem is the following

u.(t,r)—Au(t,r) +p(u(ru(t,r) =0 re[0,1],t>0
u(t,1)=0, t>0 (3.4.8)
u(0,r) =uy(r) refo,1]

where the Laplacian in polar coordinates for radial data is given by the following expression
9 2
Ap(r)=07p(r)+ ;artp(r).

The function u is a radial function as well in the space H f (B%), where the spaces H ’:(33) are
defined as follows

X :=L¥B%) = {p € L2(B*) |3 : R > R, ¢(x) = (|x])}

H*B%) := H*(B*) n LX(B®).
The domain of the Dirichlet Laplacian A := —A in X is D(A) = H*NH}(B®). We observe that A
satisfies hypothesis (1.0.1). We denote by {A; }ren+ and {¢y }ren- the families of eigenvalues

and eigenfunctions of A, Ap; = Ay, namely

_ sin(knr)

Ok T A = (km)? (3.4.9)

Vk € N*, see [[48] Section 8.14]. Since the eigenvalues of A are actually the same of the
Dirichlet 1D Laplacian, (3.1.3)) is satisfied, as we have seen in Example [3.4.1]

Let B : X — X be the multiplication operator Bu(t,r) = u(r)u(t,r), with u be such that
wW(1)£u'(0)#£0, and {(up;,pr) #0 VkeN* (3.4.10)

Then, it can be proved that

22w, 9l = b, VkeN, (3.4.11)

with b a positive constant. For instance, u(x) = x? verifies (3.4.10) and (3.4.11) with b =
2m2—3
6m2 *

Therefore, by applying Theorem [3.1.1} we conclude that for any T > 0, the exists a suitable
constant Ry > 0 such that, if uy € Bg (¢;), problem (3.4.8) is exactly controllable to the
ground state 1), in time T.
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3.4.5 Degenerate parabolic equation

In this last section we want to address an example of a control problem for a degenerate
evolution equation of the form

u, —(x"uy), +p(t)x*Tu=0, (t,x)€(0,+00)%x(0,1)

u(t,0)=0, if y €[0,1),
u(t,1)=0,
(x"u,)(t,0)=0, ifye[1,3/2),

u(0, x) = ug(x).

(3.4.12)
where y € [0, 3/2) describes the degeneracy magnitude, for which Theorem [3.1.1] applies.
If y € [0,1) problem is called weakly degenerate and the natural spaces for the
well-posedness are the following weighted Sobolev spaces. Let I = (0,1) and X = L2(I), we

define
H;(I) = {u € X : u is absolutely continuous on [0,1], x"/%u,, GX}

H! (D ={ueH:(1): u(0)=0, u(1) =0}

2 — 1 e 1
H(1) = {ue H\(I) : x7u, e H\(D)}.
We denote by A: D(A) € X — X the linear degenerate second order operator

YueD(A), Au:=—(x"u,),,
(3.4.13)
D) :={ue H;’O(I), x"u, € HY(I)}.

It is possible to prove that A satisfies (see, for instance [[16]]) and furthermore, if we
denote by {A; }ren- the eigenvalues and by {¢ } e the corresponding eigenfunctions, it turns
out that the gap condition is fulfilled with a = % (see [47], page 135).

If y €[1,3/2), problem is called strong degenerate and the corresponding weighted
Sobolev space are described as follows: given I = (0,1) and X = L2(I), we define

H;(I) = {u € X : u is absolutely continuous on (0,1], x"/?u, € X}
HL (D)= {ue H}(1): u(1)=0},

207 — 17y - 1
HX(1)={ueH\D): x"u, e H'(D}.
In this case the operator A: D(A) C X — X is defined by

Yue€ D(A), Au:=—(x"u,),,

{ p@)={ueH! (D: x"u, eH\(D)}
= {u € X : u is absolutely continuous in (0,1], x"u € Hé([),
x"u, € HY(I) and (x"u,)(0) = 0}
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and it has been proved that holds true (see, for instance [21]]) and that is
satisfied for a = 7 (see [47]).

For all y € [0,3/2), we define the linear operator B : X — X by Bu(t, x) = x> "u(t, x) and in
Chapter [2] section [2.2.5|we have proved that there exists a constant b > 0 such that

222(Boy, o)l = b Yk €N

Finally, by applying Theorem [3.1.1] we ensure the exact controllability of problem (3.4.12)
to the ground state solution, for both weakly and strongly degenerate problems.
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CHAPTER 4

Exact controllability of degenerate wave equation

In this chapter we consider the linear degenerate wave equation
W[t_(xawx)x =p(t);u'(x)wﬁ X E(O: 1)

controlled by means of a bilinear control p and subject to Neumann boundary conditions. We
study the controllability of such an equation locally around the ground state solution. We
prove that, generically with respect to u, any target state close to the ground state solution in
the H® x H? topology (suitably adapted to the underlying degenerate operator) is reachable
in time T > 5%, with controls in L2((0, T), R).

The content of the chapter is based on [20]] in which we extend to the degenerate case the
work of Beauchard [[7]] concerning the bilinear control of the classical wave equation (a = 0),
and adapt to bilinear controls the work of Alabau-Boussouira, Cannarsa and Leugering [[2]] on
the degenerate wave equation where additive control are considered.

It is worth noting that one the main difficulties when dealing with degenerate operators is
the study of the associated spectral problem. Since it requires a long and technical analysis,
we discuss this topic in Section[A.2]of the Appendix [Al

4.1 Main result

This chapter is devoted to the study of the controllability property of the following degenerate
control system

(e —(x%w,), = p(Oulx)w, x€(0,1),t€(0,T),
(x*w,)(0,t) =0, t€(0,T),

{w,(1,t)=0, t€(0,T), (4.1.1)
w(x,0) = wy(x), x €(0,1),
w(x,0) = w;(x), x €(0,1),

where T is a positive constant, a € [0, 2) is the degereracy parameter (a = 0 for the classical
wave equation and a € (0, 2) in the degenerate case), p € L2(0, T) is the bilinear control and
u is an admissible potential.
We recall that when a € [0,1) the problem is said to be weakly degenerate, while when
a €[1,2) we have a strongly degenerate problem (see chapter[A)). For a € [0, 1) we consider
the following Hilbert spaces

H!(0,1) := {u € L*(0,1), u absolutely continuous in [0,1], x*/*u, € L*(0,1)}, (4.1.2)
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and

H2(0,1) := {u € H}(0,1),x"u, € H'(0,1)}. (4.1.3)

We define the operator A : D(A) € L2(0,1) — L?(0,1) by

{V“ €DM), Au:=—(x"u,),, (4.1.4)

D(A) :={u € H2(0,1), (x*u,)(0) = 0,u,(1) = 0}.

For the strongly degenerate problem, we introduce the Hilbert spaces

H!(0,1) := {u € L*(0,1), u locally absolutely continuous in (0,1], x*/?u, € L*(0,1)},

(4.1.5)
H2(0,1):={u€H.(0,1) | x*u, € H'(0,1)}. (4.1.6)
and the operator A : D(A) € L%(0,1) — L?(0,1)
YueD(A), Au:=-—(x"u,),, 4.1.7)
D(A) := {u € H(0,1), (x"u,)(0) = 0,u,(1) = 0}.

For any a € [0, 2) we have proved in Propositions[A.2.1]and[A.2.5|that the operator A : D(A) C
L%(0,1) — L2(0,1) defined by (4.1.4) and (4.1.7) (for the weakly and strongly degenerate
setting, respectively) is self-adjoint, accretive and with dense domain. Thus, —A is the infin-
itesimal generator of an analytic semigroup of contraction e~** on L2(0, 1)

Furthermore, from Propositions and it follows that the eigenvalues and eigen-
functions of A are given by:
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e forae[0,1):

Ao =0, @golx)=1 (4.1.8)
and forallm>1
_ .22
Aam =Ko 2y 3o 4.1.9)
(pa,m(x) = Ka,mkaaJ—va (j—va—l,mx%Ta) > (4110)
where
2—a 1—a
Kai= 50 Y=y

J_,, is the Bessel’s function of order —v,, (j_, 1 m)m>1 are the positive zeros of the
Bessel’s function J_, _; and K,, ,, are positive constants,

e forae([1,2):

Aao =0, @golx)=1 (4.1.11)
and forallm>1
Aam =Ko Jo 1ms (4.1.12)
la . 2-a
(pa,m(x) = Ka,mx 2 Jva (]vaJrl,m X 2 ) ) (4113)
where
2—a ” a—1
K, -— , = 5
* 2 ¢ 2—a

J,, is the Bessel’s function of order v,, (j,, +1,m)m>1 are the positive zeros of the Bessel’s
function J, ., and K,, ,, are positive constants.



To avoid possible problems generated by the eigenvalue 0, we denote

A i=max(1,A,,)= 1 forn =0, (4.1.14)
an ’ A forn>1.

a,n

We recall that since the operator A satisfies hypothesis (1.0.1)), for any s > 0 the fractional
powers A’ : D(A*) € X — X are characterized by (1.0.3) and the fractional Sobolev spaces
H{)(0,1) = D(A*/?) are defined by

k=0

Hy)(0,1) := {1.0 € L*(0,1), Z(AZ,;()S (1, ‘Pa,k>%2(o,1) < oo} , (4.1.15)

equipped with the norm

00 1/2
||¢||Hfo)(0,1) = (Z(Az’k)s (1/)’ (Pa,k)%z(o’l)) .
k=0
We also introduce the following spaces, that are related to the potential u:
V220)(0,1) := {u € H2(0,1), x*?u, € L*°(0, 1)}, (4.1.16)

V222)(0,1) := {u € H2(0,1), x**u, € L=(0,1), (x®u,), €L(0,1)},  (4.1.17)

V(22)(0,1) if a €[0,1),

V2(0,1):= (4.1.18)
«(0:1) {vf"”’“’)(o, 1) ifae[l,2),
and also the following closed subspace of H 5(0, 1)

v0(0,1) := {w € H*(0,1), (x*w,)(0) = 0}. (4.1.19)

Given (wy,w;) € H;(O, 1) x L2(0,1) and p € L3(0, T), we will denote w"o"1:P) the solution
of (4.1.1). When (wy,w;) = (1,0), that is when the initial condition of the problem is the
ground state, and p = 0, we observe that

w00 =1

solves (4.1.1)). We are interested in studying the controllability of problem (4.1.1)), with initial

condition (wgy, w;) = (1, 0), along the ground state solution, that is the stationary trajectory
(1,0;0)
w .

Thus, we consider the following control problem

wee — (xX*w,), = p(Oulx)w, x€(0,1),t€(0,T),
(x*w,)(0,t) =0, te(0,T),
{1 w,(1,t) =0, t€(0,T), (4.1.20)
w(x,0)=1, x €(0,1),
w,(x,0)=0, x €(0,1).

The solution of (4.1.20) will be denoted by w(1:%P) or, more simply, by w(®.
The main result of this chapter is contained in the following theorem.
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Theorem 4.1.1. For any a € [0, 2), let

T>T,:= zi, (4.1.21)
—Qa

and let p € V2(0,1) be such that

c
3c>0: (U, @un)rzonl = P Vn=0. (4.1.22)
a,n

Then, there exists a neighborhood ¥ (1,0) of (1,0) in HE’O)(O, 1) x D(A) and a C'-map

T.r:¥(1,0) = L*(0,T)
such that, for all (W{),M/;) € ¥(1,0), the solution of @.1.20) with p = pf := a’T(Wg,W{)

satisfies

W), w (1)) = (W, wh).

Remark 4.1.2. Let us immediately note that there the set of functions u satisfying (4.1.22)) is
not empty. For instance

p(x) = x>°,
verifies (4.1.22)).
Furthermore, the set of functions in Vj(O, 1) that fulfill (4.1.22) is dense in Va2(0, 1), see section

4.2 Proof of Theorem

The proof of Theorem is built through a series of preliminary results. The first one is
the well-posedness of our control system.

4.2.1 Well-posedness

Let T > 0 and consider the nonhomogeneous problem

wee — (xw, ), = p(Ou(x)w + f(x,t), x€(0,1),t€(0,T),
(x*w,)(0,t) =0, t €(0,T),
{w,(1,1)=0, t€(0,T), (4.2.1)
w(x,0) = wq(x), x €(0,1),
w(x,0) = wy(x), x €(0,1).

We recast it into the a first order problem: introducing

w w 0
W:z( W, ), Wy :=( W(l) ), 9(x,t):=( £l ) ),

the state space
Z :=H.(0,1) x L*(0,1),
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and the operators

o ;=( _OA I(‘)i ) D(./) :=D(A) x H(0,1), (4.2.2)
and
0 0 1 5
B = b0 ) D(£):=H_,(0,1) x L*(0,1), (4.2.3)

then, problem (4.2.1)) can be rewritten as

W (x,t) = IW(x,t)+p(t) BYW(x,t)+ F(x,t), 4.2.4)
#(x,0) = #y(x). o
We also introduce the space
V{h2(0,1) 1= { € H(0,1), x*pu, € L=°(0,1)}. (4.2.5)
Proposition 4.2.1. Let T >0, p € L*(0,T) and f € L*((0,T),H}(0,1)). Assume that
HY0,1) ifae0,1),
puevo,1):= 2(0.1) Faclo1) (4.2.6)
Ve if g e[1,2).

Then, for all (wy,w;) € D(A) x H;(O, 1), problem (4.1.1) has a unique classical solution of

(4.2.7), i.e. a function
(w,w,) € C°([0, T],D(A) x H,(0,1)),

such that the following equality holds in D(A) x H;(O, 1): for every t € [0,T],

t

W(t) = e W, +J )9 (BW(s)+ F(s))ds. 4.2.7)
0

Moreover, there exists C = C(a, T, p) > 0 such that ‘# satisfies

||W”C0([0,T],D(Jz¢)) <C (”W()”D(ﬁ) + HgnLZ(O,T;D(,d))) . (4.2.8)
To prove the above proposition we need first to prove the following lemma.

Lemma 4.2.2. Let u € V}(0,1). Then, the operator 98 defined in satisfies
B < %.(D(A),D(A)).
Proof. We have to prove that
z€D(A) = uz€H(0,1)
and that there exists C > 0 such that
||MZ||H;(0,1) < Clizllppy V=€ D(A). (4.2.9)

We distinguish the cases a € [0,1) and a € [1,2).
a€f0,1)
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For any z € D(A), by definition we have that
z€H%(0,1) = z € H}(0,1) = x*?z, € L*(0,1).

Moreover, we can express 2, as z, = (x*?z,)(x~*?) and this implies that z, € L'(0,1) and
thus z € L°°(0, 1). The same holds for u because V!(0,1) = H}(0,1) when a € [0, 1). Hence,
(uz), = Uyz+uz, € L1(0,1) and therefore uz is absolutely continuous in [0, 1]. Furthermore,
we have that x*/?(uz), = (x*/?u, )z +u(x*?z,) € L?(0, 1) and we deduce that zu € H1(0, 1).
Finally, there exists C > 0 such that

1
Yw e HL(0,1),

[WllLeo(0,1) < C||W||H;(o,1),

and this implies that holds.

a€[l,2).

First we note that u € Va1’°°(0, 1) implies that |u, | < # Therefore we get that u, € L'(0,1).
So, u € L*(0,1) and uz € L?(0,1). Moreover, x*?(uz), = (x*?u,)z + (x*?z,)u, and
since x*?u, € L°°(0,1) and z € L?(0,1), we have (x*?u,)z € L?(0,1). Furthermore,
since x%/2z, € L?(0,1) and p € L°°(0, 1), we have (x*/z,)u € L*(0,1), hence x*/*(uz), €
L%(0,1). By reasoning as in the case a € [0, 1), we deduce that also is verified. O

Proof of Proposition We prove the existence and uniqueness of the solution of problem
(4.2.4) by a fixed point argument. We consider the map

2 :C°([0,T],D(«)) — C°([0, T], D(.«))

defined by

t

Yte[0,T], H(#)(t):=e"“%, +f e (p(s)BW (s) + F(s))ds. (4.2.10)
0

We first prove that ¢ is well-defined, which means that it maps C°([0, T], D(.«/)) into itself.
We observe that, thanks to Lemma forany % € C°([0,T],D(.«)), B# € C°([0,T],D(.«¢))

and thus p 8% € L2((0, T), D(.«/)). Hence, it is possible to apply the classical result of exist-
ence of strict solutions (see Proposition[1.0.5)) and deduce that .# (#) € C°([0, T], D(.¢/)).

Moreover, for any #;, #, € C°([0, T], D(.<¢)), it holds that

12 (#1)() = (#2)(Ollpary = J I p(s) B (H1(s) — Wals)) ds
0

D(o)

t
< f [Pl B (#1(5) = #(5)) llp(ryds
0
t
< C1J IP()IIIB (#1(s) — #a(s)) lIp(aryds
0
< C1C5$||P||L1(0,T)||W1 - Wz”cﬂ([o,ﬂp(ﬂ))-
Suppose C;Cgllpllzio,ry < 1. Then, £ is a contraction and therefore it has a unique fixed

62



point. Furthermore, we have that

eI Wy + J e (p(s)BW (s) + F(s))ds
0

171l coto,r1,p()) < SU
t€[0,T] D(.o)

T
<G (“WOHD(&%) +J [PIIBH ($)py + ||9(5)||D(,a/)d5)
0

< C (I1#%llpcery + Call# Nl coo, 1.0 1P o1y + VTIE 20,7200 -

Hence

C
17\l coto, 71,00y < L Il pary + ﬁ|lgl|L2(O,T;D(ﬂ)))- (4.2.11)
1- C'1C§3||P||L1(0,T)

Thus, we have obtained the conclusion under the extra hypothesis that p satisfies C; C 4 ||pll11(0,1) <
1. In the general case, it is sufficient to represent [0, T'] as the union of a finite family of suf-
ficiently small subintervals on each of which we can repeat the above argument. O

Equivalently, (4.2.8) can be proved by Gronwall’s Lemma, obtaining:

17| cocgo, 11,00 < C1 (”WO“D(&Y) + ﬁ”fg”LZ(O,T;D(,«z())) eCillPlion, (4.2.12)

4.2.2 Controllability of the linearized problem

In this section we prove that the solution of (4.1.20) is more regular than expected (extending
[[7, Theorem 3] to the degenerate case). So, we can introduce the endpoint map

©7 : L*(0,T) — Hgy, (0, 1) x D(A)
p = (WD), wf(1)).
Our aim is to apply the inverse mapping theorem to ©;. This would mean that, chosen any
target state (Wg, W§) in a suitable subspace of the image of ©, we are able to provide a control

p € L2(0, T) such that the solution of our control problem ([@.1.20) satisfies (w® (T), wi?(T)) =
(Wé,m/{). Namely, (4.1.20) is exactly controllable.

Proposition 4.2.3. Let u € V(f(O, 1) (the space defined in (4.1.18))). Then,
a) for all p € L*(0, T), the solution w of (#.1.20) has the following additional regularity

(w(T),wP(T)) € B3, (0,1) x D(A), (4.2.13)

b) given p € L(0, T), Oy is differentiable at p, and DO (p) : L2(0,T) — H?O)(O, 1)xD(A)isa

continuous linear application, that satisfies
DO;(p)-q = (WPO(T), WP(T)),

where W®9 is the solution of

WP — (WD), = p(O)uIWPD +g(Ou(x)w®, x €(0,1),t €(0,T),
(xaw)gp,q))(x =0,t)=0, t€(0,T),

W)EP’Q)(X =1,t)=0, te€(0,T), (4.2.14)
W(PJQ)(X, O) — O’ x e (0’ 1);

w9 (x,0)=0, x €(0,1),
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¢) moreover, the map
©r 1 L3(0,T) - H})(0,1) x D(A),  ©(p) := (w?(T),w(T)) (4.2.15)
is of class C'.

The proof of Proposition is based on several steps, the first one consists of analyzing the
eigenvalues and eigenfunctions of the operator .«/. Thus, we first solve the problem

P(x)
Po(x)

Lemma 4.2.4. The solutions & of problem (4.2.16)) form a sequence (iw g ,)nez With

GU=¢V  with W(x)= ( ) € D(.A). (4.2.16)

Weo0=0, n=0, (4.2.17)
wa n = \/ A’a,n: n = 1:
associated with the eigenfunctions
Pa,n|
Wypn = ) , n<-—1,
( Ly Aoc,\n\(poc,lnl )
=1
A W0 = ( %,(2) ) n=0, (4.2.18)
V= e ] az
L Aot,n(»oot,n

where {A g} neny and {@, , }nen are the eigenvalues and eigenfunctions of A, respectively.

Proof of Lemma The spectral problem (4.2.16) can be explicitly written as

{wz(x) = v (x),
(x*) = d,(x),
hence, 1), solves
(x*y)) = &d*P,(x), with; € D(A).
Using Propositions and concerning the eigenvalues of A, we obtain that

In>0, suchthat &®*=-A,, and Y;=¢,,.

Vice-versa, given n € Z, let & = +i4/A, |y, and Y1 = @, |y, and Y, = @Y. Then, it can be
checked that & solves of the eigenvalue problem. Therefore, the eigenvalues of .o/ form the
sequence (iw, ,)qez defined in (4.2.17), associated with the eigenfunctions (4.2.18). O

Since the family {¢, ,} ey is an orthonormal basis of L*(0, 1), we can decompose the solution

wP) of (#.1.20) under the form

W(p)(x, t)= an(t)wa,n(x)‘

n=0

64



We decompose in the same way the nonlinear term

[ee]

r(x, £) = p(OpEIWP(x, 1) = D r(£)9g (%)

n=0
with

ra(£) = (P(OUCOWP (-, 1), 9o n) 1200,1)-
So, implies that the sequence (w,(t)),so satisfies

wq(t) =ro(t), Wi (8) + Agqwy(8) =1, (),
we(0) =1, and Vn=>1, w,(0) =0,
wy(0) =0, w’ (0) =0.

We obtain that

sin 4/ A, ,(t —s) i
vV A'oz,n

S.

wo(t)=1 +f ro(s)(t—s)ds and w,(t) =J r.(s)
0 0

Hence, the solution of (4.1.20) can be written as

t (&) t : /A _
wP(x,t) = (1 +JO ro(s)(t —s)ds) +Z (L rn(s)%ds) Van(x), (4.2.19)

n=1

and

t ] t / Aan(t—5)
() _ d 1 J OV anlt 78 4.2.20
we (x,t) UO ro(s) s)+n§1(\/ an | ra(s) N s |Pan(x), ( )

or, equivalently,
t in /Aqn(t=5)
W0 ) (o)), (Ji =Lt 45 ) g, )
wPe,0) )

W@ )3 (Y fy =T s ) 20

Now, by manipulating the above formula and we get

( wP)(x, t) )_( wo(t) )_

w®(x, 1) wiy(e) )~

_ i 1 (fot ’”n(S)(Cim(t_s) - e_im(t_s))ds) an(x)
T2 JTn \ ([ )V a0 ds )i T 0 ()

0 t
= Z 1 (J T‘n(S)ei‘/l“:”Sds) ( . Qpa,n(x) ) ei Aant
1 21 Aoc,n 0 L A’a,n (pa,n(x)
t
1 W Pan(x) iy
— rn(s)el A“’”Sds) ( ) a,n ) ot ant
2i AoL,n (J;) -1 v Acc,ngooc,n(x)
t
= Z - 1 (J rn(s)e_i“avnsds) ( ) (pa,|n|(x) )ei‘“a,nt’
n€Z,n#0 210)0"” 0 lwa,nwa,|n|(x)
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that can be expressed more compactly by

( wP)(x, t) ) ( 1+f0 ro(s)(t —s)ds )

(p)(x t) fo ro(s)ds
t (4.2.21)
+ Z (f rn(s)e_i‘““([_s)ds) W, ()t
nez,n#0 le
To lighten the notation, we rewrite (4.2.21)) as
(P)(x,T) )
w X, (p) (p) 1wy, T
I (T)+ T)¥ ans 4.2.22
( WP e T ) (1) Z DI (4.2.22)
with ; »
1 T —s)d Pt
fO ro(s)ds Y()l (T)
and
T
YneZ, y,(f)(T) = f r,(s)e i ®ans ds, (4.2.24)
0

where we recall that r,(-) is defined by
Vnez, r(s)= (p(s),u(-)w(p)(-,s), <Pa,|n|)L2(o,1)-
From Proposition | we already know that (W®)(T), w(p )(T)) € D(A) x H;(O, 1). To prove

the hidden regularity result, it is useful to consider expression (4.2.22). We have that

W) =y (T) = 35—

n=1 a,n

(Yff)(T) ei@an” —y®)(T) e‘i‘”“’"T) Pan(x),

hence, wP)(T) € H(O)(O, 1) if and only if

oo
3
2P
n=1

2
< 0Q.

1
2iwg ,

(Yslp)(T)eiwa,nT _ (p)(T) e—zw“T)

Moreover,
oo
W(tp)(T) _ YE)I?(T) — Z ( (p)(T) elwan + Y(p)(T) e*la)mT) ('pa,n(x)’
n=1

thus, W(p)(T) € H? (0, 1) if and only if

(0

2
Zx ( ®)(T)elouT +y P T)e @l )| < 0.
Therefore,
in WP <00 = W¥(T),wP (1)) € B} (0,1) x D(A). (4.2.25)
nez
In what follows we prove that
D22 YT < oo (4.2.26)

nez
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Lemma 4.2.5. Let T > 0, p € L*(0,T), g € C°([0,T],V®9(0,1)). Consider the sequence
(S{P#)),51 defined by

T
Vnz1, sP&= f p(s)(g(-,5), Pan) 20 e Ve’ ds. (4.2.27)
0
Then (Sr(lp’g))n21 satisfies
o0
D22, 18P < oo, (4.2.28)
n=1

and moreover, there exists a constant C(a, T) > 0 independent of p € L%(0,T) and of g €
C°([0, T1,v>°(0,1)) such that

oo 1/2
(Z A’i,n |S,(1p’g)|2) < C(a: T) ”p”Lz(O,T) ||g”CO([O,T],VDEZ’O)(O,l))' (4.2.29)
n=1
Proof. We proceed as in [[7]], but the properties of the space V;Z’O)(o, 1) will help us to over-

come some new difficulties. (Note that V>?(0,1) = H3(0,1) if a €[1,2).)
First, we observe that

T
S,(lp’g) = f p(s){g(:,s), Wa,n)LZ(o,l)ei VAarsds
0

T
1 Jp—
ZJ P(S)(g(',s),)L—(A‘Pa,n))LZ(o,nel Pansds (4.2.30)
0 a,n

T
2 f p()g(,5), (x%9., ) ) 2o me'V e ds.
a,n Jo

Next, integrating by parts, we have

1
(g, (x“0, V) izom) = f g () (x* ¢!, ) (x)dx
0

1

= [g(x)x ¢, ()] —J g'(x)xp ,(x)dx
0

1
=[g()x“¢;, ()15 —[x*g" (X)pan(x)]5 + f (x“g") () n(x)dx.
0

Using the above expression of the scalar product in (4.2.30), we get

— Ay pSP8) =5 — g2 4 g(3), (4.2.31)
with
T
Vie{1,2,3}, s¥= J R0 (s) 'V Aarsds, (4.2.32)
0

and the associated functions
hD(s) = p(s)[g(x,8)x* ¢!, (), (4.2.33)
h(s) = p(s)[x* g (x,8) g n (X)X, (4.2.34)
R (s) = p()N(x* &) x> Parn) 12(0,1)- (4.2.35)

To conclude the proof we appeal to the following results.
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Lemma 4.2.6. Let T > 0, p € L*(0,T) and g € C°([0, T],V{*%(0,1)). Then function A"

defined in (4.2.33) satisfies
Vse[o,T], h(s)=o0.

Proof of Lemma[4.2.6] The proof follows from regularity properties: since g(-,s) € H2(0,1),
then g(-,s) € H 1(%, 1) and has a finite limit as x — 1. Hence, thanks to the Neumann bound-
ary condition at x = 1 for ¢, ,, we have

g(x,s)x“tp;,n(x) —0, asx—1.

When x — 0, we have to distinguish the cases of weak and strong degeneracy:
a<s[0,1)
First, we note that g(-,s) has a finite limit as x — 0: indeed,

g (x,8) = (x*% g (x,5))x "2,

and since x — x*2g_(x,s) and x — x~*? belong to L%(0,1), then g,(-,s) € L'(0, 1), which
implies that g(-,s) has a finite limit as x — 0. Therefore,

g(x,s)x%p! (x)—0, asx—0,

a€ll,2)
Observe that g can be unbounded as x — 0. However, the series of ¢, ,, obtained thanks to

(A.2.37) gives that
ACun  |x%l () < Cypx Yxe€(0,1).

We claim that x — xg(x,s) has a finite limit as x — 0. Indeed,

(xg(x,5))x = g(x,5) + xg, (x,5) = g(x,5) + x*2 g, (x,5)x "2,

and since g(-,s) € L%(0,1), x — x*?g (x,s) € L*(0,1) and x — x'~%/2 € L°°(0, 1), we have
that (xg(x,s)), € L1(0,1). Therefore x — xg(x,s) has a finite limit as x — 0:

3¢9, xg(x,s)— (®,  asx—0.

However, since g(-,s) € L%(0,1) we get that x — 6(7) € L?(0,1), which is possible only if
() = 0. Therefore,
xg(x,s)—>0, asx—0,

and so
glx,s)x%p! (x)—0, asx—0.

O
Lemma 4.2.7. Let T >0, p € L*(0,T) and g € C°([0, T],V*%(0,1)). Then, h'¥) defined in

(4:2.34) belongs to L2(0, T) and there exists C(a, T) > 0 independent of p € L*(0,T) and of
g €C°([0,T],V>9(0,1)) and of n > 1 such that

”hg)“LZ(O,T) < C(a: T)||p||L2(0,T)||g||co([0’T]’V:v0(0’1))- (4.2.36)
Furthermore,
oo
D ISP? < oo, (4.2.37)
n=1
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and there exists Co(a, T) > 0 independent of p € L?(0,T) and of g € C°([0, T],VOEZ’O)(O, 1))
such that

oo
(2))2 21512 2
21 ISP < Cala, TYIPIs0,1) 18124y 2901y (4.238)
=
Proof of Lemma We recall that
h(s) = p(s) (x°g,(x,5)0 0 1 (X))] ., —P() (X1 (5, 8) 0 n ()|, - (4.2.39)

Using the definition of V>9(0,1) and respectively (A2:23) when a € [0,1) and (A.2:47)
when a €[1,2) in (4.2.39)), we obtain that

(X8 (%,8)Pen (X))o = 0.

Therefore from (A.2.22) and (A.2.46), we have

[hP(s)] = |p(s)(x“ g1 (x,8) e n (X)), | = V2= [P()(x* g (x,8)] oy |-

Moreover, since g(-,s) € Hfl(O, 1), then x — x*g,(x,s) belongs to H(0,1). By the continu-
ous injection of H'(0,1) into L°°(0,1) (and hence of Hi(O, 1) into L°°(0, 1)), there exists a
positive constant C, such that

| (x®8(x,5))] 1| < Coollg (8 li200,1) < Cooll€llcoo.r1v 9 0.1)-
Therefore, we get
V21, WD) < CooVZ=alpO)IElcogoryveony
hence, h'® € L*(0,T) and
AC., > 0, such that ||h£12)||L2(0,T) < C/OOHPHLZ(O,T)”gllco([

This proves (4.2.36).

Now, we prove (4.2.37) and (4.2.38). These results follow from and from classical
results of Ingham type (we refer, in particular, to [[11], Proposition 19, Theorem 6 and Corollary
4.

We have seen in Proposition[A.2.3] when a € [0, 1), and in Proposition[A.2.7) when a € [1,2),

that 9
—a
vV Aant1 — v Aan = Tn asn — oo.

Furthermore, a stronger gap condition holds

Vael0,2), Ao —Aan = 2 5 %

Hence we are allowed to apply a general result of Ingham (see, e.g., [47, Theorem 4.3],

orveony Y= 1. (4.2.40)

generalized by Haraux [42], see also [[11}, Theorem 6]), and we derive that given

27 4
V Tl > TO = _2—(1 = 2 ]
ST —a

there exist C;(a, T;), Cy(a, T;) > 0 such that, for for every sequence (c,,),>; with finite support
and complex values, it holds that

[ee] T,
Cla, Tp) D leyl? SJ
0

n=1

2 oo
dt < Gy, T)) D eyl (4.2.41)
n=1

oo
E :cnei Agnt
n=1
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Therefore, if T; > T,, ([@.2.41) implies that the sequence (e!v*«r!) ., is a Riesz basis of

Vect {e!V*ant n>1} c L2(0,T,) (see [11} Proposition 19, point (2)]).
So, for all T > 0, there exists a positive constant C;(a, T) such that

2

(o) T
VfeLX0,1), ), L F)eVretdt| < Ci(a, TIIf sy (4.2.42)
n=1

(by applying [11], Proposition 19, point (3)], if T > T, or extending f by 0 on (T, T,) if
T < T,, see also [[11}, Corollary 4] ).

And this is what we need to conclude the proof of Lemma First, we note from (4.2.39)
that

T T
f WP (£)e' v entd J P(O)(x g (3, )P n(x))(x = D'V erdt
0 0

=+v2—a

>

T
J p(t)g, (1, t)e' vV antdt
0

and then we can apply (4.2.42) to the function t — p(t)g,(1, t) (which is independent of n),
and we obtain that

o] o] T 2
Z|S'(12)|2 =Z J th)(s)ei,/Aa,nsds
n=1 n=1|J0

2

T
f p(t)g, (1, t)e' vV artdt
0

=2-a))
n=1

< 2= a)Ci(a, Tlp()gx (1, N2 1

< (2 — a)C[(a, T)Cgo ”p”%z(o,ﬂ ||g||§0([0 T] V(Z’O)(O Y’

This concludes the proof of Lemma O

Lemma 4.2.8. Let T > 0, p € L*(0,T) and g € C°([0,T],V>0(0,1)). Then, the sequence
(ST(IB))HE satisfies

oo
D SE? < oo, (4.2.43)
n=1

and there exists C5(a, T) > 0 independent of p € L*(0,T) and of g € C°([0,T],V>9(0,1))
such that

o0
(3))2 21512 2
le” 1> < Colat, TY 1P 10,0y 18 W gy 2901y (4.2.44)

Proof of Lemma First, let us prove that ., [S®*)|* < co. Notice that

T 2 T
|s,§3>|2£( f |h§f>(s)|ds) supnizm(f |<(xagx)x,wa,mo,mzas),
0 0
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hence
T oo

(o]
DUSDP < lp 2oy ( f
n=1

I((xagx)x’ (Pa,n>L2(O,l)|2dS)
0 n=1

T
<[P0 ( f ||(x“gx)x||i2(0,1)ds)
0

2

2
S S T R

This concludes the proof of Lemma O

Then, the proof of Lemma follows directly from (4.2.31)) and Lemmas [4.2.6] and
4.2.8 O

In what follows we prove that Lemma implies that holds true, and then from
we deduce that (w®(T), W(tp)(T)) IS H?O)(O, 1) x D(A), which is the aim in point a) of
Proposition |4.2.3

Let us prove the following regularity result:

Lemma 4.2.9. If u € V2(0,1) and w € C°([0, T],D(A)), then pw € C°([0,T],V>9(0,1)).
Moreover, there exists C(a, T) > 0, independent of u € V(f(O, 1) and w € C°([0, T], D(A)), such
that

”‘uW”CO([O,T],VDEZ’O)(O,l)) < C(a: T)”.u'”Vaz(O,l)”W”CU([O,T],D(A))- (4.2.45)

Proof. We separately treat the case of weak and strong degeneracy.
a€[0,1).
Let u € V{2°)(0,1) and w € V>9(0,1). As we have already shown,

peH2(0,1) = wpel™(0,1) = pwel?*0,1).
Moreover,
(uw)y = pew +uw, € L1(0,1)

because u, w € L*=(0,1), u, = (x*?u,)x~%? € L1(0,1) and w, = (x*?w,)x~%? € L1(0, 1).
Thus uw is absolutely continuous on [0, 1].
Furthermore,

xP(uw), = (x*?uIw + (x**w,)u € L*(0,1)

because x*?u,., x*?w, € L?(0,1) and w, u € L°°(0, 1).
We observe that
(¥ () ) = ()W + (W )+ 2x  pywy.

Since (x%,),, (x*w,), € L?(0,1) and w,u € L°(0,1), then we deduce that (x%u,),w +
(x*w,), u € L%(0,1). Concerning the last term of the above identity, we note that

pev®e0,1) =[x uew, | < CxPlwl,

and since x*/?w, € L2(0, 1), we obtain that pyw € Hi(O, 1).
It remains to check the condition at x = 0. We have that

Xa(‘U,W)x = xaMxW + anXnu"
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Since p € V>°°)(0,1) and w € L°°(0, 1), it holds that
x%u,w—0 as x—0,

and moreover, since w € V>°(0,1) and p € L*°(0, 1), then
x*w,u—0 as x—0.

Thus pw € V29(0,1).

We conclude that u € V(*>*)(0,1) and w € C°([0, T], D(A)), then uw € C°([0, T1, V{%%)(0,1)).
a€ll,2).

We observe that

peVEe®)0,1) = |u,|< = u,€L(0,1) = wpel>™(0,1).

xa/2

This implies that uw € L2(0, 1).
Moreover
x?(uw), = (xu)w + (x*?w )u € L*(0,1)

because x*/%u, € L°°(0,1), w € L%(0,1) (thus, (x*?u,)w € L?(0,1)) and x*?>w, € L%(0, 1),
u € L*=(0,1) (hence, (x*?w,)u € L*(0,1)).
Now, we consider

(c*(uw)y ), = (XA )ew + (W ) b + 22X Wy

Since (x%u,), € L°°(0,1) and w € L?(0, 1), we have that (x*u,.),w € L?(0, 1). Furthermore,
since (x*w,), € L?(0,1) and u € L°°(0, 1), it holds that (x*w,),u € L%(0,1). Concerning
the last term of the above identity, we note that

pevFee0,1) = |x*uw,| < Cx“Plw,| € L*(0,1),

therefore uw € H2(0,1). Finally, uw € H2(0,1), with a € [1,2), imply that x*(uw), — 0 as
x — 0.

So, we have proved that uw € V>9(0,1). And, if u € V3°>°°)(0,1) and w € C°([0, T], D(A)),
then uw € C°([0, T1, V29(0, 1). O

We now proceed to prove Proposition 4.2.3

Proof of Proposition The first result to prove is that the solution (w(®, w(tp ) of @.1.20)

fulfills the regularity property (4.2.13)). By using formula (4.2.24), Lemma (with w =
w®)) and Lemma we obtain that holds true and then shows that
w®(T),wlP(T)) e H?(0,1) x D(A).

Now we show that ©; is differentiable at every p € L?(0,T). Let poy,q € L2(0,T). Then,
consider w9, solution of with p = p,, and wP*® solution of with p =
Potq.

Formally, let us write a limited development of w(Po*® with respect to q:

wPot® = Po) L W (q) +---

We use this development in (4.1.20) to find the equation satisfied by the supposed first order
term W;(q): denoting
Pwi=w, —(x%w,),,
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we have

P (w0 + Wi(@)+-+-) = (po() +a(6)) (CIWP + ()W () +--- ),

hence we deduce that W;(q) is (probably) solution of

PW;(q) = po(t)u(IW;(q) + q()u(x )wo),

which is the motivation in taking W;(q) as the solution of (4.2.14) with p = p,, or in other
words:

Wi (q) = wrod,

This is the motivation to introduce
YPoD) .= 1) (Potd) _ 1 (Po) _ 7 (Po-a) (4.2.46)
which allows us to write
Or(Po +q) = Or(po) + (WP O(T), W (1)) + (v*oO(T), v V(T)).
We are going to prove the following Lemmas:
Lemma 4.2.10. The application

L2(0,T) — Hfo)(o, 1) x D(A)
g (WED(T), W (1))
is well-defined, linear and continuous.
and

Lemma 4.2.11. The application

L%(0,T) — H(30)(0, 1) x D(A)

g (VP (T), v D(T))

is well-defined, and satisfies

0@ DT, v TNl 017x00)

=0, as |lqllz2,r)— 0. (4.2.47)
||q||L2(0,T)

Then, we conclude that ©; is differentiable at p, and that
DOy (po) - g = (WD (T), W (T)).
Proof of Lemma First, we prove that
(Wed(T), wP?(T)) € HE, (0,1) x D(A).

We observe that problem (4.2.14) is well-posed. Indeed, from Proposition we de-
duce that w®) e €°([0,T],D(A)), and by applying Lemma we obtain that uw®) €
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c°([0, T1, V{*9(0,1)) because u € V2(0,1). Therefore uw®) € c°([0,T],H1(0,1)). Mul-
tiplying uw® by q, we get that quw®) € L%(0, T; H;(O, 1)). Thus, we can apply Proposition
to (@.2.14) (taking f = quw'??), and we deduce that

(WD, WPy e cO([0, T1, D(A) x HL(0,1)).
Furthermore, (4.2.8) gives that

(o)
IW® Dl cotor100a) + W™ llcogo 301
< C(T)”qtuw(p())”LZ(O,T;H;(O,l))) (4248)

< C(Mllqllzzc0,1 || uw(Po) ||CO([0,T],H;(0,1)))-

We now decompose (W®oO(T), WPD(T)) as follows: denoting

R, (s) = (po(S)u(IWPD(-, 5) + q(s)u(IwP(,5), 0 1np) 12(0,1)> (4.2.49)
we have
W(po,q)(x T) ) ( 1 )
’ =PoD(T) 4 : Cod(TYp_  (x)e@anT (4.2.50)
( W[(po’q)(x,T) 0 r;; 2w, Yn )
with . o)
. Ro(s)(T —s)ds Pl ()
e q)(T)z( Jo fOTR( ) = Yo sl (4.2.51)
o Ro(s)ds o1 (T)
and ;
Ynez, ygpo’q)(T):f R, (s)e"@ursds. (4.2.52)
0

Moreover, the following implication holds true

D22 (TP <oo = (WeO(T), WP D(T)) € HE (0,1) x D(A). (4.2.53)

nez

Therefore, to prove that

weeD (1), WP (T)) e H{,(0,1) x D(A)

we have to prove the convergence of the above series. We decompose as follows: Vn # 0

T
y@o(T) = J Po(S) (WP D(,5), 04 1) 120, =" ds
0

T
o s (4.2.54)
+J q(5)<.u‘(')w(po)(',s); ﬁpa,|n|)L2(o,1)e ans g
0

— . (po, ,W(po,qJ) (q,u, (Po))
=7yt (T)+ D" (T).

We apply Lemma first choosing p = p, and g = uW®9 . Since p, € L?(0,T) and
uw @2 e ¢°([0, T1, V>9(0, 1) we obtain

DA% e I(T)2 < oo, (4.2.55)

nezx
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and furthermore

2 (po,, W®0:0)) 2 1/2
(2022 lrper ()

nez*

< C(a, T)”pO“LZ(O,T) ||Mw(pg,q) “CO([O,T],V;Z’O)(O,I))

4.2.56
< C'(a, T)||Po||L2(o,T)||M||vg||W(p°’q)||c0([o,T],D(A)) ¢ )
<C"(a, T)“POHLZ(O,T)||M||vm2 ||Q||L2(0,T)||.UW(p°)||CO([0,T],H;(0,1)))
<C"(a, T)”POHLZ(O,T)||Q||L2(0,T)||M||€az||W(p°)||c0([o,T],D(A)),

In the same way, we apply Lemma with p = q and g = uw® and we get
)

Z AL BT < oo (4.2.57)

nez*
Moreover,

2 w0 2\1/2
(20 22y
nez*
(4.2.58)

<C(a, T)”‘IHLZ(O,T)”HW(pO)||c0([o,T],va2’°(o,1))
<C'(a, T)“q”LZ(O,T)“.U'“V’f”W(po)“CO([O,T],D(A))'

We have proved that
D122 [y (T)? < oo.

nezx

So, from (4.2.53)) we have that

WD (1), WP (T)) € HE,(0,1) x D(A),

and furthermore

H( WPoD(. T)

(Po,q)
—I T
Wt(Pan)(" T) ) 0 ( )

<222, lymo(myp) "

nez*

<C"(a, T)||p0||L2(O,T)||q||Lz(0,T)||.U||x2/az(o,1)”W(pO)”cO([o,T],D(A))

Hg,(0,1)xD(4)

+C'(a, T)||q||L2(O,T)”MHVaz(O,l)”W(pO)HCO([O,T],D(A))'

However, Fép °’q)(T) is independent of x, hence

T
TSP (Dl (0,100 = 1T (Dl 2011201 < € fo IRo(s)lds,
and
IRo($)] < [po(s)I[{uw Po9(s), Pa0) 12000l + lq ()l {uwPo(s), Pa0)1200,1)|
< [po@IIW oD ()| 20,1y + g () uwP (5]l 20,19
< C|Po(5)|||M||vg(o,1)||W(p°’q)||c0([o,T],D(A))
+ C|Q(S)|||M||v;(o,1)||W(P°)||c0([o,r],D(A))
< C/|p0(3)|Hu”\z/aZ(o’l)Hq||L2(0,T)HW(pO)”CO([O,T],D(A))

+ Clq(s)|”U”VaZ(O,l)”W(pO)”CO([O,T],D(A))'
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Thus
IRoll 10,7y < C(at, T, , W(pO))||Q||L2(o,T),

” W(po,q)(., T)
WI(PO’Q)(., T)

This concludes the proof of Lemma[4.2.10 O

and therefore

< C(a, T, u, WPl 12(0.1)-

Hfo)(o,l)xD(A)

Proof of Lemma The function v?o®, defined in (4.2.46), is the classical solution of

v — (et @), = po(Qu(x)y P + () (WD —wlro),

(x“voD)(0,6) =0,

v}({Po:Q)(l’ t)=0, (4.2.59)
v(PoD(x,0) =0,

v (x,0)=0,

that is actually a problem similar to (#.2.14) with p = p, and wPo*® —w(Po) that replaces w”.
The linear control system (4.2.59) is well-posed, and

(oD, #oD) € ¢O([0, T], D(A) x H(0,1)).
So, (4.2.8) gives that

) (Po>q)
[|vPo q)||co([0’T],D(A)) + ||y, Pt ||co([o,T],H;(o,1))

< Cllqu(w®or® — W(po))||L2(o,T;Hg(o,1)))

(ota) () (4.2.60)
< Cllgllzzgo, ) ls(w ™™ —w P | cogro,71,11(0,17))
< C||q||L2(0,T)||M||vg(o,1)||(W(p°+q) —W(pO))||c0([o,T],H;(o,1)));
We decompose (vPod(T), vt(p 29)(T)) as follows: denoting
2,(5) = (Po (U IVED(., 5) + q()u (WP D —wP)(,8), 04 1) 12(0.1), (4.2.61)
we have
(Po,9)
Y x, T 1 ;
( (po,q)( ) ) = EPUT)+ D ————eloD(T), ,(x) e@erT, (4.2.62)
vt (X, T) nezx a,n
with ;
T —s)d
g0t (ry= | Jo T =)ds ) (4.2.63)
fo 2o(s)ds
and
T
YneZ, egpo’q)(T) = f 2z, (s)e i ans s, (4.2.64)
0

As showed by (4.2.25), we have that

D22 e (TP <00 = (VP(T), v (T)) € H}) (0,1) x D(A).  (4.2.65)

nez
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Thus, we have to prove the convergence of the series on the left-hand side of (4.2.65). We
observe that

Po(D)u(x)v oD +q(E)u(x)(wPo+D —wPo)) = (po(£) + gl )V E? + g()u()Ww P,

therefore, we decompose er(lpﬂ’q)(T) as follows: Yn#0

T
ePo(T) = f (Po(s) +g(NUIWVEOP(C,5), @g ) 1201y " ds
0

T
—i (4.2.66)
+J q(s)(u(.)w(po’q)("s)"Pa,|n|>L2(o,1)e t@andds
0

= Yglpo+q,u,v(”0"”)(T) + qu,u,W‘PO'”)(T).

Applying twice Lemma [4.2.5] we obtain

1/2

(po.9)

(E :Ai,nlYff“q’“’” v )(T)IZ)
n=1

< C(a,T)llpo + QHLZ(O,T)”UV(pO’q) ”CO([O,T],V}O(O,I)) (4.2.67)
< C'(a, T)llpo + q||L2(0,T)||M||v3(0,1)||V(p°’q)||c0([0,T],D(A))
< C"(a, Tllpo + q||L2(0,T)||q||L2(o,T)||M||‘2/3(O,1)||W(p°+q) - W(pO)HCO([O,T],D(A));

and

oo
(00:0) 1/2
(D222 Iye@mw ™ Dm)R2) " < ea, llglhzen 1W Dl cogo.riv20 01
n=1

(4.2.68)
< C'(a, T)Hq”LZ(O,T)H,Uf”VaZ(O,l)”W(po’q)”CO([O,T],D(A))

< C”(a: T)”q”%Z(O’T)”;u”%/aZ(o’l)”W(pO)”CO([O,T],D(A))‘

Thus, we have proved that
D122, @ DT < oo,

nez*
which implies that
(Ve (T),vP?(T)) € H (0,1) x D(A).
Furthermore,

(Pod)(., T)
H( :EPO,‘I)(" T) ) _E(()Po,q)(T)

< o(S 2, Jemacrye)

nez

< C"(a, T)llpo + q||L2(0,T)||q||L2(0,T)||M||$az(0’1)||W(p°+Q) - W(po)”CO([O,T],D(A))

Hfo)(o,l)xD(A)

+ C//(a; T)”q”izmj) ”H”éﬂg(o,l) ”W(Po) ”CO([O,T],D(A)) .

To conclude, we observe that
uPod) .= 14)(Pota) _ ,(Po) (4.2.69)

is solution of
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" = (UL D), = po( DU + g ()W,

(x*uPoD)(0,t) =0,

{ ulPed(1, 1) =0, (4.2.70)
uPo9(x,0) =0,

ulPD(x,0) =0,

hence implies that

([wPot D — (po,q)“CO([

(po)“CO([O,T],D(A)) =lu
< Cliguw® | 20,5110,y

< Cligllzz0,mllelly2

0,T],D(A))

|w(Pot@) Ilcogro,71,004))-

So, we get

H( yPod(. T)

(Po-q)
—E I
vﬁp(”‘”(-,T) ) 0 (T)

H(30)(0,1)><D(A)
<C"(a, T)||Q||%2(0,T)(||Po + q“LZ(O,T)||M”?/3(0’1)”W(p0+q)”CU([O,T],D(A))
0 201 Wl oo 1000y )-

However, E(()p %9 (T) is independent of x, hence

T

(0,1)xD(A) = ||E(()p°’q)(T)||L2(0,1)xL2(o,1) < Cf lzo(s)Ids,
0

IEG™ (Tl

and

I20(8)] < IpoI{(v @D (s), @ 0) 12001y + ()W PP —wP)(5), 0,4 0) 120.1)]
< pouv PP () 20,1y + () u(wPo D — wP)(s)| 20,1
< C|Po(5)|||M||vg(o,1)||V(p°’q)||CO([0,T],D(A))
+ Clq(s)| ||H||v3(0,1) [|wipote) — W(pO)”CO([O,T],D(A))
< C/|Po(5)|||M||§3(0,1)||Q||L2(0,T)||(W(p°+q) - W(p"))Hc0([o,T],H;(o,1)))
+ Clq(s)| ||M||\2/az(o,1) !l 20, ||W(P0+q)||C°([0,T],D(A))
< C/|Po(5)|||M||35(0,1)||Q||%z(0,T)||W(p°+q)||c0([o,T],D(A))
+ Clq(s)| ||M||%/az(0,1) gl z2c0,1) ||W(P0+q)”CO([O,T],D(A))-

Hence, we have showed that

lzoll10,1) < Clat, T, tt, WP lgl1Ze o 1y

H( yPod)(. T) )
vfpo,q)(,, T)

This concludes the proof of Lemma4.2.11 O

and therefore

<C(a,T, ,w(po) 2 .
HE,)(0,1)xD(A) ( H Mgl o,y
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It remains to prove that © is of class C'. To this purpose, we have to prove that the application
DOy is continuous from L2(0, T) into £.(L2(0, T),H?O)(O, 1) x D(A)), namely

[|[D@r(po + D) _D@T(p0)|||YC(L2(O,T),H3 (0,1)xD(A)) 0, as ||f’||L2(0,T) — 0.

(0)

Proceeding as in the proof of Lemma, |4.2.10|it is easy to verify that there exists C(a, T, 4, pg) >
0 such that for any p, q € L?(0, T)

ID®1(po + ) - q —DO1(py) - q||H(3)(0,1)><D(A) = ||WPetPO(T) — W(po’q)(T)||H(30)(0,1)><D(A)

0

< C(a, T, u, po)lIP 120,y gl 200, 1)
(4.2.71)

which implies that

s 0.1)xp(ay) < C(a, T, w, po)lIPllr2(0,1)-

VD, |lIDOr(po+p)—DOr(po)ll |5€C(L2(0,T),H(0)

Thus, DO is continuous and this concludes the proof of Proposition [4.2.3 O

The proof of Theorem (4.1.1) follows from the application of the classical inverse mapping
theorem to the function ©; : L2(0,T) — H fo)(O, 1) x D(A) at the point p, = 0. We recall that
Or(po =0)=(1,0).

The key point of the proof is represented by the following Lemma.

Lemma 4.2.12. The linear application

DO.(0): L%(0,T) — Hf‘o)(o, 1) x D(A)

g W), woO(T))

is surjective, and

DO (0) : Vect {1,t,€08 4/ Ag nt,sin 4/ Ay t,n > 1} — H(BO)(O, 1) x D(A)

is invertible.

Proof. Since w(® = 1, ([@.2.14) implies that W(®9 is solution of the following linear problem

(WP — (x*WOD), = q()u(x), x €(0,1),t&(0,T),
(x*wD)(0,t) =0, te(0,T),

{ W,EO’Q)(L t)=0, te€(0,T), (4.2.72)
wOD(x,0)=0, x €(0,1),
w9 (x,0)=0, x €(0,1).

Following the procedure presented in the proof of Proposition (4.2.3) , we introduce

rn(s) = (Q(S).u; (Pa,n>LZ(0,l) = nu’a,nq(s) (4273)

with g , = (U, ©g.n)12(0,1), and we have

&0 T sin 4/ g (T —5)
—s)d —d X 2.
ro(s)(T —s) S+;(J.O ra(s) N 5) Van(x), (4.2.74)

T

wlD(x, T)= f

0
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and

T (o) /
Wt(O,q)(x, T) = f I”()(S)ds + Z (\/EJ‘ n(s) 0‘ ”(T S) ) (pa,n(x)' (4'2'75)
0 n=1

To prove the surjectivity of DO(0), we choose any pair (Y/,Zf) e H (0)(0, 1) x D(A), and we
want to show that there exists ¢ € L2(0, T) such that

WD (T), wo(1) = (v/,2”), (4.2.76)
Introducing the Fourier coefficients of the target state

Yaf,n = (Yf: @a,n)Lz(O,l)’ and Z{;,n = (Zf’ Lpa,n)Lz(O,l)

we can decompose (Y7, Z/) as follows

oo oo
Vi) =D Y, 0u () =Y+ > Y] g a(x)
n=0 n=1

and

(o] oo
M) =D 28 pun) =25+ > 2] 0on().
n=0 n=1

We derive from (4.2.74) and (4.2.75) that (4.2.76) is satisfied if and only if

fo T‘O(S)dS— 0.0°
Van o 1als) S22 V\/i"_s)ds=z§,n, foralln> 1,

[ ro(s)(T —s)ds = YC{’O.
Introducing
Q(s) :=q(T —s),
becomes
,Uaofo Q(t)dt = aO’
Pan fo Q(t)cos \/ A, tdt = a » foralln>1, 4.2.78)

P fOT Q(t)sin y/Agptdt = \/A,,Y],, foralln>1,
T
Bao [y QUOEdE =],
System (4.2.78) is usually called moment problem. Observe that (4.1.22) implies that the

coefficients u,, , are all different from O for all n > 0, which is necessary for solving (4.2.78).
Let us introduce

f 2,
Auo "= o
zf
Af;n:—f foralln>1,
’ «/_ (4.2.79)
B{;n < ‘”, foralln>1,
fo_ YI,
Ba,O - ua;’
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and
Cao:t€(0,T)—1,
an t€(0,T)—cos/Ay,t, foralln=>1,
’ ’ (4.2.80)
:t€(0,T)—sin,/A,,t, foralln>1,

Sq0:t€(0,T)—t,

so that (4.2.78) can be written as follows

(Q,ca0)r2001) = Ay o

(Q,con)izo,m =A];’n, foralln>1, 4.2.81)
(Q.50.n)1200,1) = B{;n, foralln>1,

(Q, Sa,o)LZ(o,T) =B,,

Finally, we define the space

E, := Vect {cu0,Cqn>Sqn 1= 1},

which is a closed subspace of L2(0, T).

To solve we use the following characterization of the Riesz basis (see [[11} Prop. 19]
or also [32]]):

the family {c, o, Cq n»Sa.n, 1 = 1} is a Riesz basis of E,, if and only if there exist C;(a, T), Cy(a, T) >
0 such that, for all N > 1 and for any (a,)o<n<n> (bn)1<n<y it holds that

N T
Ci(a,T) (ag +Zar21 + brzl) < j
n=1 0

where

) N
S(“’b)(t)‘ dt < Cy(a, T) (aé + Zai + b,zl) , (4.2.82)

n=1

N
S(a’b)(t) = aOCa,O(t) + Z anca,n(t) + bnsa,n(t)' (4283)

n=1
We observe that (4.2.82) holds as a consequence of Ingham theory. Indeed, by expressing
cosy and siny as

el +e7 4 s eV —e
cosy = an siny = ————
2 2i
we have
) N eiwa’nt + e—iwaynt eiwaynt _ e—iwa,nt
S@h(¢) = gge’@aot + Z a, +b, .
—~ 2 21
N
_ gt
n=—N
with
do = ao,
ay by
dn_7+_i’ forn>1,
an b—n

d,==3—5#, forn<-—1
Since w41 — Wy, > 0 foralln € Z and

2—a
v |n| Z 2’ wa,n+1 - wa,n 2 TTC:
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we can apply a general result of Haraux [[42]] (see also [[11}, Theorem 6]) that ensures that if

27 4

then there exist Cf), Cé” > 0 independent of N, and coefficients (d,)_y<n<y such that

'y |dn|2sf |Zde ot
0

n=—N

“dr < c{ Z |d, |2, (4.2.84)

n=—N

Since

Z |d,|? = a +zZ 2+b2

n=—N

(4.2.84) implies that (4.2.82) is verified and so {c, g,y n,Sqn, 1 = 1} is a Riesz basis.
We can now use [[11} Proposition 20] that ensure that if {c, o,y 54,1 = 1} is a Riesz basis,
then the application & : E, — (*(N):

F()=({f, Ca,O)LZ(O,T)’ (f, Ca,l)Lz(O,T)’ (f’sa,1>L2(0,T)9 (f, Ca,Z)LZ(O,T)r )
is an isomorphism.
We note that

v/ eHd(0,1) = Z;\B IY/|? < oo,

and

7feDd)) = ZAZ |12/ |? < oo,
n=0

and then (4.1.22) ensures us that
oo
A o2+ D14, 2+ 1B I < oo,

and therefore there exists a unique Q, € E, such that

g(Q )_(Aao’ al’Bél’A);Z’ )

Thus,
Qs Ca,O)LZ(o,T) = A);’o,
(QusCanizon =4, foralln>1, (4.2.85)
(QusSan)izo,ry =B, foralln>1;

and, moreover, the application

*(N) = E,,

f fooaf
(Aa O’Aa 1:Ba 1,Aa 25" ) i Qa

is continuous.

Finally, we claim that s, ; ¢ E,: indeed, if t — t was the limit of a sequence of linear combin-
ations of ¢, o, ¢4 , and s, ,, so it would be ¢ — t? by integration. Then, by integrating further,
also t — t> would be the limit of a sequence of linear combinations of ¢4, ¢4, and s,.,.
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Thus, by iterating this procedure, we deduce that all the polynomials could be written in this
form. Therefore, L2(0, T) would be equal to E, and (4.2.85) would have a unique solution.
However, this is not the case: define T, := 5+, and choose g, smooth, compactly supported

2—a’
in (0, T_ZTO) and different from Q, on that interval. Now, consider the following problem

<Qa’ Ca;O)LZ(?,T) = A{x,o - (Qa; Ca,O>L2(0’¥):
(Qq; Ca,n)[)%?’,r) =A);’n —{Gg» Ca,n)p(o,%) foralln>1, (4.2.86)

<Qaa5a,n>L2(@,T) = Bé,n - <Qa’5a,n>L2(o’?) for all n > 1.

. T—T, _ T+T, ~ ~
Since T — —=2 = —=2 > T, and the sequences ((cha,n)Lz(o,@))n and ((qa,sa’n)Lz(o’@))n

are square-integrable (by integration by parts), there exists a solution Q € LZ(%, T) of

(4.2.86)). So, the function

Q* — {qa on (O’ %)’
o -

Qg on (552, T)

solves (4.2.85) and it is different from Q,. Hence s, ¢ E,, and if we denote pol‘ o the ortho-
gonal projection of s, on E,, then s,  — Pio # 0, and

1
n Sa,0 _pa,O
Q=

||5a,0 _pi_,OH%Z(O,T)

is orthogonal to E,, and furthermore

(Qi—:sa,0>L2(0,T) =1

Thus,
Q:=Q,+B, Q.

solves (4.2.81)). Moreover,
o
1
Q1.0 1y = 1Qall 0.1y + 1BL 0QE 122 0.1y < C(D 1AL 12+ 1BL,12),
n=0

which completes the proof of Lemma [4.2.12 O

4.2.3 Inverse mapping theorem

Proof of Theorem.1.1] We have proved in Proposition that problem (4.1.20) is well
defined and the solution (W(P),w(tp ) is of class C°([0, T]; D(A) x H(0,1)). Moreover, from

Propositionwe know that (wP)(T), w(rp )(T)) is even more regular
w(T),w(T)) € H3(0,1) x D(A).
Therefore, the end point map
©r 1 L(0,T) - HE,(0,1) x D),  p — (wP(T),wP(T))
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is well defined. Furthermore, in Proposition we have showed that ©; is of class C! and
the action of the differential DO, can be represented by

DOL(p)-q= (W(P’q)(T), Wt(P’q)(T)) ’

where W®9 is the solution of (#.2.14).
Now, since we want to apply the inverse mapping theorem to ©;, we have proved in Lemma

(4.2.12) that
DO (0): L2(0,T) = H},(0,1) x D(4), q — (WO(T), w9 (T))

is surjective. Moreover, if we define the space

F, :=Vect {1,t,cos /Ay nt,sin /A, t,n > 1}
then, the restriction of @ to F,

41 : Fy — Hip)(0,1) x D(A),

p— 0,1(p) :=07(p)

is C* (Proposition |4.2.3) and DO, ;(0) is invertible (Lemma [4.2.12). Thus, the inverse

mapping theorem ensures that there exists a neighborhood ¥(0) c F, and a neighborhood
¥(1,0) C H(30)(0, 1) x D(A) such that

O,,r : ¥(0) = ¥(1,0)

is a C!-diffeomorphism. Hence, given (Mfg, WD € ¥(1,0), we choose p/ := @a_lT(Wg, w{), and
so the solution of (@.1.20) with p = p/ satisfies

W(T), w,(T)) = 0r(p') = ©(6, (wp, w))) = (wh, w)).

Therefore, we have proved that, starting from the first eigenfunction ¢, o = 1, the solution
of the control system reaches a neighborhood of the trajectory w»%® = 1 in time
T > T,. Hence, by time reversibility, we have proved the local exact controllablility of
along the ground state solution w»%% in any time T > 27T, O

4.2.4 Proof of Remark

First we check that

a

p(x) = x>

satisfies all the regularity assumptions.
a€f0,1)
We observe that
w(x)=02—a)x"* e L(0,1).

Hence u is absolutely continuous on [0, 1]. Moreover,
x¥?u(x) = (2—a)x"? € L*(0,1).
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Thus, u € H.(0,1). Furthermore,
x*u/(x)=(2—a)x € H(0,1)
and therefore uy € H 5(0, 1). Finally,
x?u'(x)=(2—a)x' "2 €1°°(0,1)

that implies u € V%°°)(0,1).
a€ll,2)
It easy to check that u € L2(0,1). Moreover,

x?u'(x)=(2—a)x"? € L%(0,1)
and therefore y € H ;(O, 1). Furthermore,
x*u/ (x)=(2—a)x € H(0,1).
Thus u € H2(0, 1). Finally,
x?u(x) = (2—a)x"2 € L°°(0,1),

and

(x*uY(x)=2—a e L*(0,1).
Hence p € V%*:*)(0,1).
We have showed that the regularity assumptions are satisfied.

It remains to check the validity of (4.1.22). We have that

1

(u, ‘Pa,O)Lz(o,l) = J x*%dx =
0

3—a’

and, for all n > 1, we develop the scalar product as follows

1
(s Pan)r2001) = f p(x) g n(x)dx
0

1
1
= 2 J M(X)Aa,ngoa,n(x)dx
an Jo

1
== f U (—xg, Y ()dx
an Jo

- Ain ([—xau(x)so;,n(xng ¥ f

0

1

x"‘u’(x)cp;,n(x)) .
Recalling that u(x) = x2~%, we obtain
1 1
f x*u' (), (x)=(2— Ot)f Xy ()
0 0

1
=(2—a)[xpgn(x)]g— (2~ a)f Pan(x)dx
0
= (2 - a)[x¢a,n(x)]é - (2 - a)<¢a,01 ¢a,n>L2(0,1)'
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Since the eigenfunctions are orthogonal, we have that

(‘Pa,o’ Qoa,n>L2(0,1) = O:

hence

(a0 = 5 ([0, (I + (2= )lxa ().

From the Neumann boundary conditions satisfied by ¢, ,, we know that x¢! (x) — 0 as
x — 0 and x — 1, thus

[—x*¢, ,(x)]; =0.
We have also proved (Lemmas[A.2.4|and[A.2.8) that ¢, , has a finite limit as x — 0, therefore

XPgn(x)—0, asx—0.

Finally, once again from Lemmasand we have that ¢, ,(1)| = v2 — a that yields
(2 = )[x P ()5l = (2— )2,

and
(2 _ (1)3/2

|(.U" Lpan)LZ 0,1 | =
) (0,1) Aa,n

Hence, (4.1.22) is satisfied.
Now, let us prove that the set of functions u satisfying (4.1.22) is dense in V(f. By integrating
by part, we get

1

(U Pandiz01) = L ([_XaM(X)(P;,n(X)](l) + J

xu/ (%)), n(x)dx)
A‘a,n 0 ’

1
= ll ([—X“M(X)%,H(X)]éwL[X“u’(X)tpa,n(x)]é—f (xau’)’(X)soa,n(X)dx)-
a,n 0

Then, since u € L°°(0,1), we have
[~x*u(x)¢,, ()T = 0.
Moreover, since x%/2u’ € L°°(0,1) and ¢4, has a finite limit as x — 0, we deduce

x* U (x)pgn(x) =0, asx—0.

Thus, we obtain
[x* U ()@ n ()] = ' (1)@ n(1),

and we recall that [y, ,(1)| = V2 —a.
Finally, since (x*u’)'(x) € L?(0, 1), we get

1
J () (%) ()dx = {(x“u'Y (), 0o n)12001) > 0, asn— oo.
0

So,
ue Vaz(oa 1) == |Aa,n<nu'7 @a,n)Lz(O,l)l - V2- alu’(l)l, asn— oQ.
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We define the spaces

Yy {{u € VO, 1), (1 pan)i20n #0}  forn>0,

(L eV2(0,1), (1) #0} for n=—1,
and
V2 =02 Y.

Clearly every ¥, is open in Vaz, and they are also dense. Indeed, consider i € Vaz(O, 1) such
that (i ¢ ¥, for some n > —1, and define

a

e (x) = fi(x) + ex?”

where ¢ € R*. Then, if n > 0, we have

(e, Pan)r201) = e(x*, an)120,1) 7 0,

and if n = —1, we have
A1) = e(2—a) #0.

Therefore i, € ¥, and it is close to fi in V(f if € is sufficiently small. This means that ¥, is
dense in V(f. Thus ”I/az is the intersection of a sequence of open and dense subsets and, thanks
to Baire Theorem, it is dense in Vaz.
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CHAPTER 5

A constructive algorithm for building mixing coupling
real valued potentials

Given an unbounded linear operator A on a separable Hilber space (X, (,-}), such that its
eigenfunctions {¢;} form an orthonormal basis of X, we are interested in characterizing the
functions u such that

(up1, px) 0, VkeN". (5.0.1)

In particular, in this Chapter we will consider the Laplacian operator on the space X = L?(0,1)
and we provide an algorithm to build polynomials of ant degree g € N* that fulfill the non-
vanishing property (5.0.1)).

Furthermore, we will explain the importance of such kind of functions in the context of con-
trol theory by giving examples of applications to different types of problems as the bilinear
controllability of the Schrédinger equation with mixed boundary conditions as well as the
stabilizability and the controllability of the heat equation with mixed boundary conditions via
bilinear control.

The content of this Chapter is based on [[5]].

5.1 Introduction

As we have seen in the introduction, bilinear controls are well-suited to describe processes
capable of modifying some of their physical characteristics in presence of the control. A
well-known example of bilinear control system is given by the description of the motion of a
quantum particle in an electric field. The corresponding model is given by the Schrodinger
equation

iatu(t: X) = _axzu(t: X) _p(t).u'(x)u(tﬁ X): (t, X) € (0’ T) X (07 1):
u(t,0)=0, u(t,1)=0, (5.1.1)
u(o: ) = uO(‘) € (O’ 1);

where u is the wave function of the particle, p € L2(0, T;R) is the control and represents the

magnitude of the electric field and u is a real valued function called dipolar moment of the
particle. Denote by A the operator defined by:

d2
D(A) := H2NHL ((0,1);C) ,Ap :—d—f, (5.1.2)
x
then, its eigenvalues and eigenfunctions are given by:
A i= (km)?, (x) := V2sin(knx), V k eN*. (5.1.3)
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Beauchard and Laurent in [[T1]] proved a local controllability result along the ground state
solution 1), (t) = e *typ, for system (5.1.1) (in a smoother space than the natural one for
the well-posedness) provided that u € H3(0, 1) satisfies

> # Vk € N*. (5.1.4)

k

dc¢ > 0 such that

1
J u(x) () pp(x)dx
0

They also prove that this condition holds generically in H3(0,1). Observe that a necessary
condition for (5.1.4) to hold is that

1
f w(x)p1()pr(x)dx #0 Yk € N*, (5.1.5)
0

On the other hand, Beauchard and Morancey in [[13]] proved that if condition is viol-
ated for an index k € N*, then there exists a minimal time such that the Schrédinger equation
is controllable along the ground state solution.

A further example of bilinear control problem is represented by the heat equation with a
controlled potential

Jou(t,x)— axzu(t, x)+p()ulx)u(t,x)=0, (t,x)e(0,T)x(0,1),
u(t,0)=0, u(t,1) =0, (5.1.6)
u(0,-) =ue(-) €(0,1),

where p € L2(0, T;R) is the control and stands for the temperature and u is an admissible
potential. More generally, one can consider a parabolic control system of the form

{ Jou+Au+p(t)Bu=0, te(0,T), (5.1.7)

U(O, ) = uO('):
where A is a self-adjoint accretive operator on a Hilbert space and p(-) is the control function.
Alabau-Boussouira, Cannarsa and Urbani proved in [4] (see Chapter a result of superex-

ponential stabilizability to the ground state solution of (5.1.7) when B : X — X is a linear
bounded operator such that there exists T > 0 for which

(Bo1,p) #0,  VkeN,
e—ZAkT (5.1.8)
Z — < +oo.

S By, o) I?

Moreover, we proved in [3]] (see Chapter a result of exact controllability for (5.1.7) to the
ground state solution in X, under the following condition on the linear bounded operator
B:X—-X

(Bp1, 1) #0, and3 b,q>0, suchthat Al[(Byy, ¢l =b Vk>1. (5.1.9)

When B is defined as Bu = uu for all u € X (under suitable assumptions on u), several
examples of applications of these two abstract results are also given in [4} 25, [3]].
Observe that, in both [4]] and [3]] the weaker condition

(Bo1,pr) #0,  VkeN, (5.1.10)

is necessary to have (5.1.8) and (5.1.9).
In practice:
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e even though conditions ((5.1.4), (5.1.8) and (5.1.9) are satisfied generically, it is not so
easy to exhibit a large explicit class of real valued potential u satisfying them and only
few examples of suitable potentials are available in the existing literature,

o these examples also are based on the knowledge of the explicit form of the eigenvalues
and eigenfunctions. However, if one changes, for instance, the boundary conditions
from Dirichlet-Dirichlet to Dirichlet-Robin, the eigenvalues cannot longer be explicitly
represented.

Therefore, some natural questions that raise are:

1. Is it possible to exhibit large classes of functions u satisfying (5.1.10))?
2. Can we build a general constructive algorithm to build such functions u?

3. Is it possible to extend Beauchard and Laurent controllability results for Schrodinger
equation and Alabau-Boussouira, Cannarsa and Urbani superexponential stabilization
[4]] and controllability [3] results for parabolic equations, and further existing results
for other equations to more general boundary conditions?

The purpose of our work has been to give positive answers to these questions and, in particular,
to give a general algorithm to provide a large (infinite) class of explicit real valued potential
u satisfying (5.1.10).

Let us describe the general framework that can be considered for bilinear control systems by
using spectral properties of the eigenvalues and eigenfunctions associated to the infinitesimal
generator of the semigroup —A.

Let X be a separable complex Hilbert space equipped with a scalar product denoted by (-, )
and the corresponding norm || - ||x.

Fix T > 0 and consider the following bilinear control problem associated to the pair (A, B)

u/(t) + BrAu(t) + Byp(t)Bu(t) =0, t<[0,T]
(5.1.11)
u(0) = Up,

where f3,, B, are given suitable complex numbers.
The control operator B is defined as follows. We consider real valued potentials u € Y where
Y is a suitable subspace of X so that the multiplication operator B defined by

Bv=uv, VvelxX, (5.1.12)

is well-defined on X and such that B € £(X).

Let A: D(A) € X — X be a given unbounded linear operator acting on X. The operators
that we consider for applications are differential operators. We shall denote in the sequel by
A, the unbounded operator when we do not precise the boundary conditions to which it is
associated.

For the sake of simplicity, we fix the spatial domain as Q = (0,1). We set X = L2(Q), A= —A,
that is the Laplacian operator with some admissible boundary conditions denoted by (BC) (so
that the associated elliptic problem is well-posed) and B the multiplication operator defined

in (5.1.12).
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Observe that, taking 3, = B, = —i, we recover from the bilinear control problem
for the Schrédinger equation, while by choosing f8; = 8, = 1 we obtain from
(5.1.11).

Examples of boundary conditions (BC) that can be imposed to u € D(A) are Dirichlet-Dirichlet
boundary conditions denoted by (DD), Dirichlet-Robin boundary conditions denoted by (DR),
Dirichlet-Neumann boundary conditions denoted by (DN), Neumann-Neumann boundary
conditions denoted by (NN), ...:

(DD) u(0)=0, u(l)=0,

(DR) u(0)=0, w/(1)+u(1l)=0,

(DN) u(0)=0, u/(1)=0, (5.1.13)
(NN) w/(0)=0, u/(1)=0,

Note that the domain of A is defined with respect to the chosen (BC) among the above ones.
The method that we present is valid for different boundary conditions and allows to prove new
controllability results for bilinear Schrédinger equations as well as for parabolic equations. It
also gives a large variety of explicit classes of real valued potentials u for which the existing
controllability results are valid.

Our goal is thus to find and explicit algorithm to select functions u in certain classes of func-
tions that satisfy

1
J w()p(x)pr(x)dx #0, Vk € N*. (5.1.14)
0

The more refined asymptotic behavior required as sufficient condition in [[11]] for
Schrodinger equation with (DD) boundary conditions, or of the form and for
parabolic bilinear control systems in [4} [3]] respectively, can be proved more easily than the
above (necessary) nonvanishing condition. This will be shown in the sequel.

5.2 Main results

We present the following key result based only on the property that (¢, A;) are the eigenfunc-
tions and eigenvalues of the Laplacian operator (without specifying the boundary conditions).
Let Ay qp be the second order differential operator defined by

d2
AoLap = BFPTL (5.2.1)

and let (¢, Ar)ken+ be any pair that solves
Ao, Lap Pk = Mcis @il lx # 0. (5.2.2)

Moreover, we define the positive constants
ag = 2(A; + ). (5.2.3)

Theorem 5.2.1. For any pair (p, ;) that solves (5.2.2)), for any function u € H*(0,1) and
for any k = 2 the following relation holds

1 1
(A — 11)2J p(x)o1 ()i (x)dx = f T 1 () (x)dx +Bg (). (5.2.4)
0 0
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where Ty : H*(0,1) — L%(0, 1) are the linear operators defined by
Te(w)=—[u® +au’], YueH*0,1), VkeN, (5.2.5)

and B¢, : H*(0,1) — R are the linear operators defined by

BG,k(.U) =
—" (D [e1(Der/(1) + 11D (D] + uB (1) (D i (1) + 5”(0) [91(0)01/(0) + 1/(0) 1 (0)]
—p3(0)¢1(0)91(0) + w/(1) [(A; + 21 (D @r (1) + 2001 /(1) /(1)]
—u/(0)[(A1 + A)@1(0)i(0) + 2001 7(0) 0 /(0)] + (1) (A — A1) [17/(1) 01 (1) — 1 (1) /(1)]

+u(0)(A — A1) [¢1(0)¢i/(0) — ¢1/(0) ¢ (0)],
(5.2.6)
for all u € H*0,1) and k € N*,

Proof. Thanks to (5.2.2) we have the following identities:
1 1
?\kf plx)p1(x)pr(x)dx = f /()1 () + p(x)@1/(x)) @i/ (x)dx — p(x)py (x) /()]
0 0

1 1
A J p0) 1 (x)pi(x)dx = f (W) () + p() i/ (x)) 1 /()dox — p(x) 02/ ()] -
0 0
(5.2.7)

Taking the difference between the first and the second equation in (5.2.7)), we obtain

1

1
(?\k—ll)f u(X)sol(x)sok(X)dx=f pr(x) [p1 () @/ (x) = p1/(x)epi(x) ] dx
0 0 (5.2.8)

— u(x) [ () (x) = @1 /() pie ()]l -
Now, recalling that ¢y/(x) = —A, ¢, (x), for all k € N*, we compute the following equalities

1

1
lkf M/(X)%/(X)sok(x)dx=—J w/(x)p1/(x) @y (x)dx
0 0
1
:f (Wro11)/(x) i/ (x)dx — p/(x) 1 /(x) i/ ()|
0

1
=f (1" () p1/(20) = Ay /()1 () ] i () dx = () py /() pe (X -
0
(5.2.9)

By exchanging the indices 1 and k we have that
1 1
A f u/ ()1 (x)pp/(x)dx = f [ () @i/ (6) = At () pr(x) ] @1 /() doe— () p1 /() o/ () -
0

0
(5.2.10)
We consider the left-hand side of (5.2.9) and we integrate by parts:

1 1
?ka /()1 /()i (x)dx = Ak(u/(xm(x)cpk(xné—j (N/(Pk)/(x)(»ol(x)dx)
0 0

1

= A (W(X)%(X)cpk(X)lé - f

(1 ()01 () () + /(31 () /(X)) dX) :
0

(5.2.11)
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Using (5.2.11) inside (5.2.9), we get

1 1

w’ ()1 ()i (x)dx — Ay J w/(x )1 ()i (x)d x
0

Ak“’(x)%(x)@k(x)kl)—lkf
0
1

1
=J M”(X)%/(X)cpk/(x)dx—/hf W)@ ()i () — p(x)ip1 /()i ()
0 0
(5.2.12)

and therefore, recasting the terms (5.2.12) becomes

1 1

1
(lk—ll)f W(x)%(X)tpk/(x)dx:—f u”(X)cpﬂ(X)sok/(X)dx—?\kf w’ ()1 ()i (x)dx
0

0 0
+ ()1 /()i (g + A/ ()1 (X )pr ()] -
(5.2.13)

By exchanging the indices 1 and k in (5.2.13)), we obtain

1 1

1
—(lk—%)f H/(X)%/(x)ﬂpk(x)dX:—f M"(X)sm/(x)ipk/(x)dx—Mf ()1 () (x)d x
0

0 0
+ /()01 7/(0) i/ (35 + A/ ()1 ()0 ()] -
(5.2.14)

Adding (5.2.13) to (5.2.14), we get

1

1
(lk—ll)f u/(X)(%(X)w/(X)—¢1/(X)<Pk(X))dx=—2J () pr /() i/ (x)dx
0

0

1
— (A + 7H)j p” ()1 ()i (x)dx
0

+ (A + 4w ()1 () ()]

+ 2u/(x)901/(x)¢k’(x)|(l) >
(5.2.15)

and using (5.2.15) in (5.2.8]), we obtain

1

1 1
(/\k—ll)zf M(X)<P1(X)<pk(X)dX=—2f M”(X)%/(X)sak/(X)dx—(?tk+/\1)f ()1 ()i (x)dx
0 0 0

+ (A + Ak)W(X)‘h(X)‘Pk(XN(l) + ZM/(X)Wll(X)¢k’(X)|(1)
— (A — 2)u0) L1 () @/ () — 1 /()0 )I; -

(5.2.16)
On the other hand, we have that
2¢01/(x)pi/(x) = (p101) " (x) + (A1 + A )1 () pic (). (5.2.17)
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We use expression (5.2.17)) in the first term on the right-hand side of (5.2.16)) and we get that

1

1 1
2J ' ()p1/(x) i/ (x)dx = f p’ () (pr )" (x)dx + (A, + /lk)J. () ipr () pr(x)d x
0 0

0

1
= u(x)(1 9% —J p” ()1 pi)/(x)dx
0

1
+ (4 + Ak)f p” ()1 ()i (x)dx
0

"

= () (10| 1" ()1 ()9 ()]

1 1
+ J uP0)p1 ()i ()dx + (A + %k)f ()1 () (x)dx.
0 0
(5.2.18)
Thus, thanks to (5.2.18)), becomes

1

1 1
(?\k—ll)zf u(x)%(X)sok(x)dx=—f u(“)(X)%(x)wk(X)dx—Z(ll+7Lk)f ()1 ()i (x)dx
0 0 0

111

— (19| H” ()1 ()i ()]

+ (A + lk)W(X)‘ﬁ(x)‘Pk(x)kl) + 2u/(x)@1/(x) /(x|

— O = AU [91() @i/ () — @1 ()i ()12
(5.2.19)

that can be rewritten as (5.2.4)). O

In the following Theorem we derive a relation to express (U, @) through higher order
derivative of u. For this, we introduce for any n € N* and any k = 2, the following inductive
boundary linear operator %g s , on H 4n(0,1) as follows

Definition 5.2.2. Let (¢, Ai)ken be any pair that solves (5.2.2) and let a; be the constant in
(5.2.3). We define, for any n € N* and any k = 2,

n—1 n—p—1
R jon() = D (A= A)P(=1 >7 Ll [Bo(u D720, e H¥(0,1).
p=0 =0

(5.2.20)

Remark 5.2.3. Note that this definition is valid for any boundary conditions that can be asso-
ciated to the Laplacian operator A 1, (in such a way that the corresponding elliptic problem is
well-posed in a suitable Sobolev space for its corresponding variational form).

Remark 5.2.4. Observe that the operator Z ., involves only derivatives of u (as well as deriv-
atives of the eigenfunctions ;. and ;) at the boundaries of the interval (0, 1). This is the reason
why we called it boundary operator with respect to .

We denote by [-] : R — Z the function that associates to every real number x the smallest
integer greater or equal to x.

Theorem 5.2.5. Let (¢, A )ken+ be any pair that solves (5.2.2) and ay be defined by (5.2.3).
For any function u € H**(0, 1), for any n € N* and any k = 2, we have the following inductive
formulas:
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®

1

1
(lk—ll)Z"J M(X)%(X)tpk(X)dx=f T () (x)ep1 ()i (x)dx
0

0

o (5.2.21)
+ D (A= A0)% [Bo (TP ()],
p=0
where T{'(u) = (Ty 0 -++ 0 Ti)(u) and T2 (u) =14,
|
i)
P
TP ()= (-1 > Clalu®2),  vpen, (5.2.22)

=0

where the notation Cll) stands for the binomial coefficient C }l’ = (‘; ) = #il)l, forall 0 <
[<p,

(i)
1 n 1

(Ak—kl)z"f U, ()i (x)dx =(—1)"Zc,ia§<f U () 0, (x) i () dx

0 = 0

=0

+ ‘%G,k,n(“'):
(5.2.23)

where for any function u € H**(0,1), any n € N* and any k = 2, the following identity

2(n—1) min(r,n—1) ) )
Ropn)= Y Boru®) >0 (- 7a T (=2 (5.2.24)
=0 =151

holds.

Proof. (i) We proceed by induction on the index n € N*. For n = 1, we have proved the

validity of formula ([5.2.4) in Theorem Suppose (5.2.21)) holds true up to index
n. We shall prove that it also holds for n + 1.

Consider equation (5.2.21)) and multiply it by (A, — A;)%:

1 1

()1 () (x)dx =X — A1) J T (u)(x)ep (x) ey (x)dx
0

(A —M)“"*”J

0

n—1
+ D (A= 220D [Bg (1777 ()]
p=0

Then, for the integral term on the right-hand side, we use the identity (5.2.4) applied
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to the function T,'(u) and we obtain

1 1
(A= 11)2("“)[ p(x) @1 (x) i (x)dx = J T (T (u))(x)ep1 () 0x (x)dx + B 1 (T (1))
0 0

n—1

+ D (A= 24PV [Bg (T (u))]

p=0

1
= f T (W)@ () (x)dx + B k(T (1))
0

+ D (A= 2007 [Bo (T ()]
p=1

1
=f Ty (W) ()1 ()i (x)dx
0

n
1)-p-1
+ D (A= 2% [Boy (1 ()],
p=0
which is exactly equation (5.2.21)) with index n+ 1. This concludes the induction argu-
ment.

(ii) To prove formula (5.2.22)), we use again an induction argument on the index p € N*. If
p =1 we have

1
Ti(w) = (1) D Cragu®™
‘ ; 1k (5.2.25)
=—u — oy u”

that is the definition of the operator T). We suppose that (5.2.22)) holds till the index p
and we prove it for p + 1:

p
Tk(T;f(.Uf)) =Ty ((_1)p Z C;a;{‘u(“p_m))

[=0

4

p
= (=1 ), G T(u® ™)
1=0
p
=(=1)° Z C}l7 a;{ (—p =24 _ a plap=21+2)y

=0
p+l

=(— 1)p+lZCl (4(p+1) 21)

(5.2.26)

where we used the relation for the binomial coefficients C, + C,~* = C,,,. Hence
(5.2.22) also holds for p + 1. This concludes the induction argument to prove (5.2.22)).

We deduce the inductive formula (5.2.23)) using (5.2.22) in (5.2.21) together with the
linearity of the operators T;' and Bg .

(iii) We now prove (5.2.24) as follows. We make the change of index r =2(n—p—1)—1lin
the second sum of (5.2.20) defining % ; (). This gives

n—1 2(n—p—1)
= 2 1 2 1
R jen) = D (= A)P 1 D0 GO ol B (u).
p=0 r=n—p-—1
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Then, we perform another change of indices, replacing p by j = n—p — 1. We obtain

n—1
R () = D (A=A YT D(= 1)’ZCZJ "a 7 Bg i (u®). (5.2.27)
i=0
We can rewrite (5.2.27) as
n—1 2j
R n(11) = Z Br.j Z ThkjirOkors (5.2.28)
j= =j

with ' '
Brj = — A2 (—1y

2j—r 2] r
Ykr]_c k

Ok, =Bg (U,
Therefore, we have

n—1 2j

Zﬁk;ZYk]rUkr ZZﬁk]Yk]err

r= j=0 r=j
2(n—1) min(r,n—1)

= Z Z ﬁk,ij,j,rka,r

=0 3]
2(n—1) min(r,n—1)

= Z Ok,r Z Yk,j,rﬁk,j-
r=0 =B

We conclude thanks to the equality C; T =¢ J.r*j :

2j—r — ]! Cr—j — j!
7 (2j=rNG—r)’ ] (r=H2j—r)r
O
From now on we denote by &, (R) the space of real valued polynomials of degree q on R, and

by &2 (R) the space of real valued polynomials on R.
Definition 5.2.6. We define the function R.(-) : R —» R as
R ()= Y. (-e/C7, VaeR (5.2.29)
i=[5]
Corollary 5.2.7. Let u € Z,(R) and n be such that 2n > q. Then, for any k > 2, the following
inductive formula holds

1 n—1 —
T (( ok )2)
e —Ap)* dx =) Bgi(u®)————R,
(e=2) Jou(x)wl(x)sak(x) x ZO e s
(5.2.30)

where (¢, Ay), for all k € N*, are the eigenfunctions and eigenvalues associated to A 4, and
ay is given by (5.2.3). Moreover, the following inequality holds

2
Ay
> 4, k= 2. 5.2.31
(lk - A1 ) V ( )
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Proof. We use the inductive formula for n > 2q. Looking at the first term on the
right-hand side of (5.2.23), we observe that the involved derivative of u with the lowest
order is u®". Thus, since u is a polynomial of degree g, with ¢ < 2n, then all the terms of
> fol p=2 ()1 (x) ¢ (x)dx vanish. The second term on the right hand side is % ., (1)
which is given by (5.2.24). Thus for r > n, we have 2r > 2n > q, so that u®” = 0 and
Bg 1 (u®?) =0 for all r € [n,2(n—1)]. Using this property in (5.2:24), we have

n—1 r
R () =D B (@) D (=1YC/ T a ™ (A — 24,270, (5.2.32)
=0 3
Therefore, we can easily conclude by using the definition of R, and a;. O

We concentrate now on the operator R,.(a), with a > 4 arbitrary. We shall prove that it has a
precise sign depending on the parity of r.
If risodd, r =2m+ 1, m > 0, we have
2m+1 )
Romi1(a) = Z (—ay C]-ZmHﬂ,

j=m+1

and we perform the following change of variable s = j — (m + 1) obtaining
Ropar(@) = Y (—a)*™ICms (5.2.33)
s=0

If r is even, r = 2m, m > 0, the expression of R, is
2m
i ~2m—j
Ryp(@) =D (—a)y C",
j=m
and if we introduce the variable s = j —m, we get

m

Rym(@) = D (—ay*™mCly. (5.2.34)

s=0

In the following Lemma we prove a relation between three consecutive elements of the se-
quence {R,(a)},, where a > 0 is fixed.

Lemma 5.2.8. Let a > 0. Then, the sequence {R,(a)},, with R,(-) defined by (5.2.29)), satisfies
Rom(a) = —a(Rym—a(a) + Rym_1(a)), (5.2.35)

and
Rypm1(@) = —a(Ryp—1(a) + Ryp(a)) (5.2.36)
for any m > 1.

Proof. We can compute the expression of R,,,,, using (5.2.34):

m+1

Rymsz(@) = (=)™ Z(—a)sc,?ji};; : (5.2.37)
s=0
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Moreover using in (5.2.37) Pascal’s formula for the binomial coefficients, thatis: C fl‘ +C ,’;“ =

C,’fj:ll foralln> 0 and for all k =0,...,n—1, we have

Romsa(0) = ()™ [1 Y ayemii s (—a)m“}

s=1

= (—a)y™*! {1 + D (o) (Cr + CmEth) + (—a)m“}
s=1
— |:(_a)m+1 + (_a)m+1 Z(_a)s Cnn::;s:| + (_a)m+1 |:Z(_a)s Cnn;:;wl + (_a)m+1:|
s=1 s=1

m m—1
— (_a)m+l Z(_a)scrt:_: + (_a)m+1 |:Z(_a)s+1 Cnr;l;;+1 + (_a)m+1:|
s=0 s=0
= (=)™ Y (@) Ot 4+ ()" Y (e O
s=0 s=0

= —aRy,(a) — aRypi4 (@),

and therefore
Rymia(@) = —a(Rypm(a) + Rypy ().

Thus, since we have prove the relation for R, when r is even, we can recover formula (5.2.35)

Rypm(a) = —a(Rym—a(a) + Rypm_y(a)).

Let us show what relation R, satisfies for r odd:
m
Rymar(0) = (=)™ > (—a)'Cls
s=0

m—1
= (—a)™*! {Z(—a)sc;ﬂsﬂ + (—a)m]

s=0

m—1
= ()™ [Z(—ar (Cpat+eps)+ (—a)m]

s=0
m—1 m—1
= (—a)™"! Z(—a)scggj—l + (—a)™"! [Z(—a)sc;g;; + (—a)m]
s=0 s=0
= _aR2m—1(a) - aRZm(a)
that implies formula (5.2.36). O

Lemma 5.2.9. Let R.(-) be defined by (5.2.29)). Then, it holds that
Ry () >0, YVa>4,Ym=>=0, (5.2.38)

Ropmii(a) <0, Ya>4,¥Ym=>=0. (5.2.39)

Proof. We define the following vectors

_ Rym(a) _ Rom—(a)
U’“(“)‘( Rops (@) ) Unca () ‘( Rap1 () ) (5:2.40)
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for all m > 1, and thanks to (5.2.35) and (5.2.36) we can write the following relation

! 0 Rzm(a) = 1 1 RZm—Z(a)
( a 1 )( R2m+1(a) )__a( 0 1 )( RZm_l(a) ) (5241)
We set
mo=(1 9 v 11
e 1) o1

then, (5.2.41) becomes
MU, (a) =—aNU,,_;(a), Ym>1. (5.2.42)

Observe that det(M,) = 1 for all @ and therefore M,, is invertible and we can rewrite (5.2.42)
as follows

Upn(a) =—aM_'NU,_,(a). (5.2.43)
N . 11
Let us set A, := —aC, with C, := M "N = o 1-a ) Hence, we have U, (a) =

A, U, _1(a) for all m > 1 and it holds that
Un(a) =AUp (@) =Au(AUpo(@)) = :AZUO(Q) = (_a)mCA‘(TUO(a) (5.2.44)

where by definition of R, (a), we have

[ Ro() \ [ 1
Uo(a)—( R, () )—( . ) (5.2.45)

To compute ég‘ for any m € N, we prove below that we can diagonale the matrix C,. For this,
we look for its eigenvalues. Its characteristic polynomial IT is given by I1(1) = A2+ (a—2)A+1
for all A € R. The eigenvalues of C, are real and distinct if and only if

0, :=ala—4)

is such that 6, > 0. This holds in particular for all a > 4.

2
We recall that, for our analysis, we are interested in studying R,.(a) for a = ( lk(ﬁ(/ll) for all
k = 2, and where the coefficients a; are given by (5.2.3). Thanks to the inequality (5.2.31))

Ak

2
proved in Corollary|5.2.7, we have ( pr—n ) > 4 for all k > 2. This implies that we only need

to consider the matrices C, for parameters a > 4. For all these cases, the matrices €, have
thus always two distinct real eigenvalues given by
2—a—+/0,

2—a++4/6
+ _ a —
kéa = Aéa =5 (5.2.46)

and corresponding eigenvectors given by

1 _ 1
f({*::()% —1 )’ féa:(lg—l ) (5.2.47)

The diagonalization of the matrix C, is given by €, = QaDaQZI where D, is the diagonal
matrix formed by the eigenvalues, and Q, is the matrix of the eigenvectors f c+ and fé_, o)
that ‘ ‘
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We can easily get that

1 A, —1 -1
Q—l — Cq
a Vo, —(Ag -1 1
Thus, we have for any m € N (A?(;" = QaDa’"le. This implies that for or any m € N, we have
+ ym — —\ym(y+ + \ym — \ym
Am o 1 ( (Aéa) (1_2'&(1)"'(2'&(1) (Aéa_l) (Aéa) _(Aéa) )
+ — + \ym — \ym + ym(q+ —\ym(y— :
(5.2.48)

a = _/e—a
It is possible to simplify the above expression of CA'(;" Observing that

—a++/6 —a—+/6
PR R A U P A
Cq 2 Cy 2
we have (Ag - 1)(7LE —1) = a. Moreover, we also have
+ 9= —
Aéa)téa =1.
Thus, we obtain
—\ym(qy+ + \ymy— —(y— Ynm—1lra— 3+ _a—Y_(at yn—1lqa+ 93— _ 3+
(Aéa) (Aéa_l)_(léa) (Aéa_l)_(léa) (Aéaléa Aéa) (Aéa) (Aéaléa Aéa)
—(y— yn1 - + ym—1 +
_(Aéa) (1_xéa)_(xéa) (l_léa)'
Thus, is equivalent to
+yn—1l1 _ a2+ Y_(2— Yn—1(1 _ 72— —yn_(3+ yn
n_ ( (LA =)= (0 I (1 =2) (" =0E) )
+ ym _ — \m —yn(y— _ _ + ymy+ __
(AL )" =0 )™ (g "0z = D=L —1)
(5.2.49)

Ve,

So, we can rewrite U,,(a) as
ey [T =A) =0 )T =25 ) = (g )" = (™)
-/, a((AL ™ = (g ™) '

(5.2.50)
Furthermore, since both the eigenvalues are strictly negative, we can use that
i |yl =4
Aéa - |Aéa|’ L= +7
inside (5.2.50), obtaining
b (e S ( AL M+ AL D= 12 "N+ A D+ aliA =12 ™) )
m @)= ———— ¢ ¢ £ m+l _y— m+l ¢ ¢
/0, a(AL I =12z ™)
_an ( AL 1M+ IR | = alA D—12g "+ A | —alg D )
Y “ “ T m+1 2 m+1 “ “ .
/0, a(Ag ™ = I ™)
(5.2.51)
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Now, we introduce the function f,,(x) = x™ (14 x —ax), m > 1, a > 4, and we observe
that (5.2.51)) is equivalent to the following formula

( Ran@) ) @ [ FaOAE D= 5025 D
Um(a)_( Romir(@) )_ /o, ( a(Ay 1 -12 ™) ) (5252)

To deduce the sign of the first component of U,,(a), we study the variation of f,,:

fr,(x)=(m—1)x"2+mx™}(1-a).

Thus, f,, has a maximum at x = #__11) Moreover, since 0 < '"T_l <1 and a > 4, we deduce
that 0 < #__11) < ﬁ We claim that
m—1 1
0< < <|At | < A7, Ym>1,Va>4. 5.2.53
m(a—1) a—1 | Ca| | Ca| ( )

Indeed, it is easy to check

1 a—2—4/6,

< >
a—1 2

Ya>4.

Moreover,

a—2—4/6, < a—2+4/6,
2 2

—+ _ _ -
g 1= =12 |

Hence, since f,, is strictly decreasing in [#__11), +oo), and thanks to the above inequalities,
we get that fm(lkg D> fm(l)tg |). Thus, we have

am
Ron(@) = = (02 D= 1A D) > 0, ¥m=1,Va>4,
(5.2.54)
m+1
Ranaa(@) == (12 1" =2 ") <0, ¥m>1, V>4
Note that thanks to (5.2.45)), we also have Ry(a) > 0 and R;(a)) < O for all a > 4. O

5.3 Example of application with respect to the choice of bound-
ary conditions: Dirichlet-Robin boundary conditions

In this section we consider the Laplacian operator A, ;,, associated with mixed boundary
conditions of (DR) type. The eigenvalues and eigenfunctions are now precisely defined by
the spectral problem

—@(x) = A i (x), x €(0,1),
(5.3.1)
ex(0)=0, (1) + /(1) =0,
for all k € N*, and are given by
=1 () = mysin(rx), (5.3.2)

103



where r, are the positive solutions of
sinr, +rcosry =0, (5.3.3)
and 7, > 0 are defined by

M= V2—0k — YkeN (5.3.4)
VTR +sin®ry

Proposition 5.3.1. The following properties hold
rke(g+(k—1)ﬁ,%+(k—1)n),Vk€N*, (5.3.5)

and
Tk

v/ rlf +1 '
Proof. Thanks to (5.3.3)), we know that cosry # O for all k € N*¥, thus (5.3.3) is equivalent to
the equation tan(ry) + r, = O for all k € N*. Observing that tan(sT’T +(k— 1)7'5) + 37“ + (k—
Dn=-1+ 37” + (k—1)mt > 0 for all k € N*, we easily deduce (5.3.5). On the other hand,
using once again ([5.3.3)), we obtain

sinr, = (=1)*sinr| = (—1)<? (5.3.6)

sin® ry = r cos® 1 = rZ(1—sin®ry),

so that .
|sinr| = ——. (5.3.7)
rlf +1
We deduce (5.3.6) thanks to ([5.3.5)). O
We set 1
Y= ———— Vk>1 (5.3.8)
ri4+14/r2+1

From Theorem [5.2.1} we deduce the following formula for the Fourier coefficients of u¢;.

Corollary 5.3.2. Let (¢, A )ren+ be any pair that solves (5.3.1). Then, it holds that
B () = Bi(w) + (), VueH*(0,1), Vk=>2, (5.3.9)

where the linear operator Ty is defined in (5.2.5) and the linear operators By : H*(0,1) » R
and C, : H*(0,1) — R are respectively defined for all k > 2 by

Bi() = mmer1 (D [ + A +2) wi(1) + 20 (D) + p®(1)],  YueHYO,1).
(5.3.10)
Ci(p) = =201 m;rirus(0), V€ HY(0,1). (5.3.11)

Moreover, the following identity holds

1

1
(lk—ll)zf M(X)cpl(X)tpk(X)dx=f T (W) ()1 ()@ (x)dx + By (u) + C(u). (5.3.12)
0 0

Proof. We use identity (5.2.4) proved in Theorem 2.1. Thanks to the (DR) boundary con-
ditions given in (5.3.1)) satisfied by ¢, and the expression of the eigenfunctions (5.3.2)), we
easily deduce that (5.3.9) holds. By using the expression (5.3.9) for B in (5.2.4), we obtain
(5.3.12). O
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Proposition 5.3.3. For any function u € H**(0, 1) and for any n € N*, and any k > 2, we have

1 n 1
(A=21)*" f plx)p1(x)pr(x)dx = (—1)" Z Cfla;f uA 20 (x) 01 () 0 (x)dx 41y 1ery Ty Dy (1),
0 =0

0
(5.3.13)
where Dy ,(+) is the linear operator defined on H*(0,1) by
2(n—1)
Dk,n(.u) — Z [(_1)k—1Yk (()Lk FA+ z)u(2r+l)(1) + 2M(2r+2)(1) + M(2r+3)(1)) _ 2“(2r+1)(0)],
r=0
min(r,n—1) ) )
D (1Y C T (A= 4D,
=51
(5.3.149)

where vy is defined in (5.3.8).

Proof. We use the formulas (5.2.23) and (5.2.24) of Theorem together with the formulas
(5.3.9), (5.3.10) and (5.3.11). This concludes the proof. O

From now on, we drop the argument w in Dy, to shorten the notation.
We consider the even and odd terms with respect to the index k of D, ,, and we define

Ai,n = _D2i,n
2(n—1)
= > [ra (g + 20 + 2@ (1) + 2u@2(1) + u (1)) + 2u@+D(0)]
r=0
min(r,n—1) ) )
(—1)jC]-r_J aﬁ{_r(km — Ay)2mY,
=[]

(5.3.15)
foralli > 1, and

Bi,n = D2i+1,n
2(n—1)
= D7 [raien (Raer + A4 + 2@ (1) + 2@ (1) + p@r49(1)) — 26 +D(0)]
r=0

min(r,n—1)
i 9l e
(—1)JC; J%L;(kziﬂ_ll)z(n =,
=[]
(5.3.16)

foralli > 1.

Lemma 5.3.4. For any u € Z,(R), and any n € N* such that 2n > q, it holds that

—

n—

Aip= Z [Yzi (()'21' + A1 +2)ul (1) + 2uCrA(1) + M(2r+3)(1)) + ZM(2r+l)(0)] :
r=0 . (5:317)

_(7L2i—}»1)2(n_1)R (( L2 ) )
asy, "\ =)/ )
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foralli>1, and

[

n—

Bi= > [Yairr ((Raiss + A1 + 2u@ (1) + 22 D(1) 4+ u@3(1)) — 2@ D(0)]

r=0
(Agin _kl)z(n_l)R (( A9i41 )2)
i1 "\ —2)
(5.3.18)
foralli>1.
Proof. We apply the formula of Corollary[5.2.7|for k = 2i and k = 2i + 1. O

Since we have proved in Lemma that the sign of R,(-) depends only on the parity of r,
we are able to give sufficient conditions to build a polynomial u(-) that satisfies (up;, ¢i) 0,
Vik>1.

For any q € N*, we now choose the smallest n so that the assumption 2n > q of Lemma|5.3.4
holds, as follows

Definition 5.3.5.

if q is even, q = 21, then we set n:=%+1=l+1,
(5.3.19)
ifgisodd, q=2l+1, then we set n:=%+1:l+1.
This choice is now fixed in all the sequel. We set
a, :=pu@ (1) +2u®*+I(1), r=0,1,...,1—1
b, := u®+1(1), r=0,1,...,1—1(r=0,1,...,lifgisodd), (5.3.20)
¢, :=2u®*(0), r=0,1,...,1—1(r=0,1,...,1 if g is odd),
and define the function
g.(x):= \/x1_+1 (a, +(x+ A, +2)b,.), Vxe(A,+o0). (5.3.21)

Remark 5.3.6. Note that if ¢ = 2l and defining n as in Definition[5.3.5] then it is still meaningful
to write a,_,, b,_; and c,_; (or similarly a;, b; and c;) but one has in this case a,_; = b,_; =
Cpn—1 = 0 (or similarly a; = b; = ¢; = 0). We may use the upper bound n—1 (or similarly 1) even
in the case q = 21 for shortening some statements as for instance the next Corollary.

Corollary 5.3.7. For any u € Z,(R), choosing n with respect to q as in Definition[5.3.5] it holds
that foralli>1

n—1 —
1 (Agi =217V

Ain= [ &r(Aa)+ cr} 2 ———R, (1), (5.3.22)

—LvA+1 ay,;
and
n—1 —
1 (AZHI — AI)Z(H D
Bin= ———=8(Ay )—c] R, (T9i41), (5.3.23)
i,n e |: 7L1 1 r\/2i+1 r a£i+1 r Ut 2i+1
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where for all k > 2

A+ Ay )2
= 5.3.2
Tk 4(%{ ) (5.3.24)
and ay is given in (5.2.3). Moreover if u is such that
A #0, B, #0, VieN. (5.3.25)
then
1
f p(x)p1(x)pi(x) # 0,V k = 2. (5.3.26)
0

Our aim is to give an algorithm to build an infinite set of polynomials u € #,(R) such that,
choosing n as in Definition we have (5.3.25). Notice that such polynomials are com-
pletely determined by the knowledge of u® for all k € {0, ..., q}, thanks to the (finite) Taylor
expansion of y at 1:

4,0
pe =3 Dy
k=0 :

We shall prove that knowing the coefficients u*)(1), k = 1,..., q is equivalent to knowing the
coefficients (a,) and (b, ) for a suitable range of indices r (depending on the parity of g, see
(5.3.19), (5.3.20)).

Remark 5.3.8. Observe that knowing the coefficients u’(1), k =1, ..., q determines the poly-
nomial u up to a constant, namely u(1) is completely free at this stage.

For the sake of clarity, let us introduce the linear operator P, defined on the set & (R) by

Po(w) =u(1), VueP(R). (5.3.27)
We set
Qo=I1d—P,, E,=P,?(R), F,=Q,?(R), (5.3.28)
and for any q € N*
Egq=PoZ4(R), Foq=QoZ(R), (5.3.29)

where Id denotes the identity operator on & (R).
Lemma 5.3.9. Let q € N* be given. We have the following properties

(1) If q is an even integer; that is ¢ = 21 with | > 1, then

for all ((a,)o<r<i—1,(b;Jo<r<i—1), there exists a unique u € Fy 5 such that for all r € {0, ..

a, = M(2r+3)(1) + 2M(2r+2)(1)’

(5.3.30)
br = M(2r+1)(1)’
and W is determined by the relations
1
u®l) = 3 (a,.,—b,), Vre{l,..,1—-1},
(5.3.31)

u®rt(1)=b,, VY refo,...,1—1}.

,,,,,
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(i) If q is odd, that is ¢ = 21l + 1 with | = 0O, then
for all ((a,)o<r<i—1> (b, Jo<r<i1), there exists a unique u € Fy 51,1 determined by the relations

LC(1) = %(ar_l —b), ¥Vre{l,..,l-1},
(5.3.32)

‘LL(ZH—I)(l):br; A I‘E{O,..-,l}-

Conversely, (u™(1)), _,
thanks to (5.3.30).

Remark 5.3.10. Note that for q = 2L, the second relation in (5.3.30) for r = L is still meaningful,
since it can be written as b; = 0 even though we are only interested in coefficients (b, )o<,<;_1)-

))))) 5141 determines uniquely the coefficients ((a,)o<r<i—1, (brJo<r<i)s

This is due to the fact that u is assumed to be a polynomial of degree 21 in that case. In a similar
way, for ¢ = 2l+1, the first relation in for r = 1 is still meaningful, since it can be
written as a; = 0 even though we are only interested in coefficients (a,)o<,<;—1)- This is due to
the fact that u is assumed to be a polynomial of degree 21 + 1 in that case.

Proof. Let q € N* be even, g = 21. Then, the second relation in (5.3.30) implies that
p (1) =b,,Vrefo,...,1—1}.

Choosing r = [ — 1 in the first relation of (5.3.30) and since u is a polynomial of degree 2,
we have

1
@)= Zqp_;.
p=(1) 5 di-1
Hence, changing r into r — 1 in the first relation of (5.3.30), we deduce that

HI) = 2 (@, b)Y € (1,1 1),

Therefore, u®)(1), Yk = 1,..., 2l can be uniquely determined from the coefficients ((a, )o<,<i—1, (b; Jo<r<i—1)-
Let ¢ € N* be odd, g =21 + 1. Then, the second relation in (5.3.30) implies that

p? (1) =b,, VYre{o,...,1}.
Hence, changing r into r — 1 in the first relation of (5.3.30), we deduce that

u?I(1) = %(¢lr71 —b.), Vref{l,...,l—1}

Namely, we recover every u®(1), k = 1,...,21+1 from the coefficients ((a, )o<,<i—1, (b, Jo<r<1)-
O

Thus, in the sequel, instead of working directly on the coefficients (,u(")(l))k=1 o e shall

.....

determine sufficient conditions on ((a, ), (b,)) with the suitable range of indices r (depending
on the parity of q), which will ensure that

1
f p(x)p1(x)pr(x)dx #0, Vk=2.
0
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Remark 5.3.11. We observe that the coefficients c, = 2u®"+1(0) can be completely determined
from (,u(k)(l))lgkgq since we have:

0
u(0) _Z u (kl))' . (5.3.33)

Therefore, we can explicit the coefficients c, in terms of the coefficients ((a, ), (b,)) with the
suitable range of indices r (depending on the parity of q) as explained in the following Pro-
position.

Proposition 5.3.12. Let ¢ = 2l with | > 1, and ((a,)o<r<i—1,(b:Jo<r<i—1) be a given set of
coefficients. Then, we have

(1=1)—r

2(k+1) 1 }
= > |5 hy =0,1...,1—1 5.3.3
& - [ ol T Rk ik TR T (5:3.34)

Let g=2l+1with 1 2 0, and ((a,)o<r<i—1, (b, )o<r<1) be given. Then, we have

I—r (1=1)-r
2(k +1) 1
=S b= Y e———a T=0,1,...,1L 5.3.35
T4 gy TR 4 Ck+ 1 T ( )

with the convention that Zk =0.

Proof. Let g = 2l with [ > 1. We multiply by 2 (5.3.33) and set i = 2r + 1. On the left hand
side of the resulting equation we have c,, on the right hand side we separate the sum between
odd and even indices, and use (5.3.31). We easily get (5.3.34). For ¢ = 21 + 1, we proceed

in a similar way to get (5.3.35) using (5.3.32). O

From Lemma [5.2.9] we know the sign of R.(7;) for all k > 2. Hence, looking at formulas
and (5.3.23)), we find out that a sufficient condition to guarantee the non-vanishing
property of A; ,,B; , will come from the choice of the sign of the factors in and
(5:3:23), respectively, where n is chosen with respect to g as in Definition[5.3.5

Assume that either

{0,1,...,1—1}ifg =2,

0,1,...,1}ifq=20+1,

1/ﬁgr()uzi)+cr20,Vi21,Vr even,re{
1

{0,1,...,1-1}ifg=21,
{0,1,...,1}ifg=20+1, «/ s

Hr*even,r*e{ (Ay)+c->0,Vizx1

{ and
— g (M) +¢, <0,¥i>1,V¥rodd, re 0.1,....[=1}yifg =21,
VA {0,1,...,1}ifg=20 +1,
3 odd, e { O ool m I Ifa=2L L (Ag)+¢pe <0, Vi1
T S V01, ifgma1+1, | YmasEITO SRS

(5.3.36)
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or that

ﬁgr(xzi)ﬁ%r

{0,1,...,1—1}ifg =21,

dr even, r, €
{0,1,...,l}ifg=21+1,

{ and

1
,//11+1gr

{0,1,...,1—1}ifg =2,
{0,1,...,1}ifq=20+1,

dr,odd, r, € {

<0,Vi=1,Vreven, re{

(Agi)+¢,=0,Vi=1,Vrodd, re{

{0,1,...,1—1}ifg =2,
{0,1,...,1}ifq=20+1,

: \/ﬁgr*(lm‘)‘kcr* <0,Vix=1

{0,1,...,1—1}ifg =21,
{0,1,...,1}ifq=20+1,

: \/;_ng**uzi) +¢. >0,Vix=1.

(5.3.37)
Defining n with respect to ¢ as in Definition |5.3.5] then, we observe that
(5336) = A, >0,Vi>1,
5337) = A, <0,Vi>1.
Furthermore, assume that either
L ) —c 3 0,¥is LY {0,1,...,1—1}ifg =21,
—_— i+1)—¢.=>0,Vi>1,Vreven, re
Jhreriair) TG {0,1,...,1}if g =21 +1,
e . |01, 1-1}ifq=2L . o) 0 Vi
#* even, t* e =g (Agip1)— >0, Vi >
0,1,...,1}ifq=2[+1,  V/A+o 72

{ and

ﬁgr(lziﬂ) -

{0,1,...,1—1}ifg =2,
{0,1,...,1}ifq=20+1,

37 odd, #** € {
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chO,ViZLVrodd,re{

{0,1,...,1—1}ifg =21,
{0,1,...,1}ifq=20+1,

: ‘/ﬁg,’:w(lzi_'_l)_ctw* < O, Vl 2 1

(5.3.38)



or that

1
ﬁgr(}»zm)—
17, even, ?*e{

and

ﬁgr(}»zm)—

3%, 0dd, #,, € {

{0,1,...,1—1}ifg =21,

¢, <0,Vi=1,Vreven, re
{0,1,...,1}ifg=21+1,

{0,1,...,1—1}ifg=2I, )
=g (Ai41) —
{0,1,...,1}ifq=21+1, VTSR

Cf*<O,Vi21

{0,1,...,1—1}ifg =21,

¢, =20,Vi=1,Vrodd, re
{0,1,...,1}ifg=21+1,

0,1,...,1-1}ifg=21,
0,1,...,1}ifg=21+1, VA

g (Agip1)—c >0, Vi=1.

(5.3.39)

Defining n with respect to g as in Definition |5.3.5} then, we note that

(53.38) = B;,>0,Vi>1,

(5339 = B,, <0,Vi=>1.

Hence, keeping in mind that n is defined with respect to q as in Definition |5.3.5} we have to
check that there exist coefficients (a,, b,, c,) such that

or

or

or

Aj,>0andB;,>0,Vix>1, (5.3.40)
Aj,>0andB;,<0,Vi>1, (5.3.41)
A, <OandB;,>0,Yi>1, (5.3.42)
Aj,<0andB;,<0,Vi=1. (5.3.43)

If one of the options (5.3.40), (5.3.41), (5.3.42) or (5.3.43) holds, then ([5.3.25) is verified
and it implies fol w(x) e, (x)pr(x)dx # 0, ¥ k = 2. For the sake of brevity, we will analyze in

detail only choice (5.3.40), which holds true as soon as (5.3.36)) and (5.3.38) are satisfied.

For this purpose, we introduce the following definitions:

e we say that property (£, ) holds if

e we say that property (2%, ) holds if

g (Ay) & (Agi11) .
————< < —, Vi>1, (5.3.44)
VA +1 VA +1
g (Aa1) .
———<gc, Vi=1, (5.3.45)
VA +1
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e we say that property (% ,) holds if
c. < gr(12i+1)

r —, Viz=1, (5.3.46)
e we say that property (£, ,) holds if
Agi Ao
glham) o o &) oy (5.3.47)

N Y P

e we say that property (£, ,) holds if

2.
o <—8rPa) sy (5.3.48)

VA +T
e we say that property (£;,) holds if
&r(Asi41) <c

Vi+1 "

Assume that (27, ;) holds for every r even, r € {0,1,...,[—1}ifg=2l and r € {0, 1,...,1} if
q = 2l + 1, and that there exist r*, #* even, where r*,#* are in {0,1,...,l —1} if ¢ = 2 and
are in {0,1,...,1} if ¢ = 21 + 1, such that (£, ,.) and (£, ;.) hold respectively, then the first
properties in ((5.3.36) and (5.3.38) are satisfied.

Moreover, if (£, ,) is fulfilled for every r odd, r € {0, 1,...,I—-1}ifg=2land r € {0,1,...,1}
if g = 21+ 1, and there exist r**, #** odd, where r**, #** are in {0, 1,...,l—1} if ¢ = 2l and are
in {0,1,...,1} if g = 2I + 1, such that (£, ,..) and (£;;..) hold respectively, then the second
properties in (5.3.36) and (5.3.38) are satisfied.

For the sake of simplicity and shortness, we will give conditions on (a,, b,) (with a suitable
range of indices r) to satisfy and with strict inequalities. Thus, to guarantee
that A; , > 0 and B; , > 0, Vi > 0 (where n and [ are defined with respect to g in Definition
, we should give sufficient conditions on (a,, b,) to fulfill

Vix>1. (5.3.49)

VA Va1’ {0,1,...,l}ifg=20+1,
! (5.3.50)
{0,1,...,1—1}ifqg=2I,
{0,1,...,1}ifg=21+1,

0,1,...,1—1}ifg=2I,
—M<cr<M ViZl,Vreven,re{{ yifq

VA1 VA1

glan) oo o &) ViZl,Vrodd,re{

For every k > 1 we define

Set
Ki =y + /Ui Mois1, Vi = 1. (5.3.52)
Lemma 5.3.13. A necessary condition for (5.3.50) to hold is

{0,1,...,1—1}ifg=21,
{0,1,...,1}ifq=20+1,
! (5.3.53)
{0,1,...,1—1}ifg=21,
0,1,...,1}ifq=21+1,

a.>—K;b.,, Vi=1,Vr even,re{

a, <—K;b,, Vi21,Vrodd,r€{
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Proof. From (5.3.50), the following compatibility conditions must hold

{0,1,...,1—1}ifg =21,

Qo)+ 8 (A941)>0, Vi=1,Vreven,re
S/l TS e 0,1,... 1} ifq=21+1,

{0,1,...,1—1}ifg =21,
{0,1,...,1}ifq=20+1,

gr(A’Zi)+gr(A‘2i+1)<O) Vlz]—’ VrOdd,re{

(5.3.54)
Recalling the definition (5.3.21) of g,(-), we have
1 1 Moi + U Mgiv1 Tl
g (X)) + 8. (A1) =a (—+—)+b( + )
ro o ' VH2i /M2t ' v/ H2i vV H2iv1

_( 1,1 ) o +| LPtVPan )y
= - yra vrem 1
Vi 4/ MU2i1 ' ﬁ*’ﬁ '

:( 1 + 1 )(a,+(u1+\/,u_2i\/uzi+1)br)

VvVl H2it1
1 1
:( +—)(ar+Kibr).
Vi W U2ig1

Hence, (5.3.54) is equivalent to

( (0,1,...,1—1} ifg =21,

a,>—K;b.,, Vi=1,Vreven,re
{0,1,...,1}ifg=20+1,

{0,1,...,1—1}if g =2l
{0,1,...,1}ifg=21+1,

a.<—K;b,, YVi=1,Vr odd,rE{

O
Remark 5.3.14. (K;);>; is a strictly increasing sequence and lim K; = +00.
- 1—+00
Lemma 5.3.15. Conditions (5.3.53)) imply
0,1,...,1—1} ifqg=2l,
b,=>0, Vreven,re { Vi
{0,1,...,1}ifq=20+1,
(5.3.55)

{0,1,...,1—1}ifg =21,
0,1,...,1}ifg=20+1,

b, <0, Vrodd,re{

Proof. We proceed by contradiction. Let r be even, in {0,1,...,] — 1} if ¢ = 2l and in
{0,1,...,1}ifg = 2I+1, be such that b, < 0. From Lemma|5.3.13|condition 0 < a,+K; b, must

be satisfied Vi > 1. Taking the limit i — + o0 in this inequality, we find 0 < A_l)iJrrnoo(ar +K;b,)=—00.
Thus, the coefficients b, should be necessarily nonnegative, for every r evel‘n, re{o,1,...,1—
1}ifg=2land r €{0,1,...,l} ifqg=21+1.

Analogously, letr € {0,1,...,I—1}ifg=2land r € {0,1,...,1} if g = 2l +1, be odd and such

that b, > 0. From the second condition of Lemma|5.3.13] we get thata, +K;b, <0, foralli >
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1. Therefore, taking the limit i — 400 in this inequality, we obtain 0 > lim (a, + K;b,) = +o0.
1—+00

Hence, b, should be necessarily nonpositive, for every r odd, r € {0,1,...,l—1} if ¢ = 2] and
re{0,1,...,l}ifqg=201+1. O

Lemma 5.3.16. The first condition in (5.3.53) holds if and only if

{0,1,...,1—-1}ifqg=2l,
—Kyb,<a,, Vreven,re . (5.3.56)
{0,1,...,1}ifg=21+1,

The second condition in (5.3.53)) holds if and only if

{0,1,...,1—1}ifg=2l,
a, <—K;b,, Vrodd,re . (5.3.57)
{0,1,...,1}ifgq=21+1,

Proof. If a, > —K;b,, Vi =>1,Vreven, r€{0,1,...,l—1}ifg=2land r € {0,1,...,1} if
q =21 +1, then (5.3.56) trivially holds. Vice versa, if (5.3.56) is verified, then, since (K;);>;
is strictly increasing and from Lemma (5.3.15) b, > 0, we get

_ {0,1,...,1—1}ifg =2,
—K;b, < —K; b, <--<—=K;b,<a,, Vi=1,Vreven,re
{0,1,...,1}ifg=20+1,
Ifa, < —K;b,, Vi =1, Vrodd, r € {0,1,...,1 -1} if ¢ = 2] and r € {0,1,...,l} if ¢ =
20+ 1, then (5.3.57) trivially holds. Vice versa, if (5.3.57) is satisfied, since (K;);>; is strictly
increasing and from Lemma (5.3.15) b, < 0, we have

{0,1,...,1—1}ifg =21,

a, < —K;b, <—Kyb, <--+<—K;b.,, Vi=1,Vrodd,re
{0,1,...,1}ifg=21+1,

O
In summary, necessary conditions for (5.3.50) to hold are
b.>0
0,1,...,1—1}ifq=2I,
Vreven,re { yifq ,
{0,1,...,1}ifg=20+1,
_Klbr < ar,
{ and (5.3.58)
b. <0
0,1,...,1—1}ifg=2I,
Vrodd,redl yifq
{0,1,...,1}ifg=21+1,
a, <—K;b,,
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We define the following functions

Ji = o(lai), Vix1, p(x) = (iﬁi ’
Li=y(/Em), Viz1l, W(x) 1= ST
(5.3.59)
Toi= VI (i), Vizl, ()=,
c= VIS, Yizl, o ()=
and the quantities
(1-1)—r
2(k+1), 1 ]
- , r=0,1...,1—1, whenq =2l
o [ (2Kk)! bri k+nr k] T whend
2(l—r+1
Mrzi=¥ 1 +Gp, r=0,1...,1—1whenqg=20+1.
T @=n) ’
Lemma 5.3.17. The following properties hold true:
o {J;};>1 is a positive, strictly increasing sequence,
4(1+ )
o —< min(y/ piz;);
My
o {T.};>, is a positive, increasing sequence and T; < 1 for all i > 1,
e {Q;};>1 is a positive, decreasing sequence and Q; > 1 for all i > 1.
[ ]
¢ =2b,—a,+G,,Vr=0,1...,1—1, when q = 2I,
(5.3.60)

¢ =2b,—a, +M,;,¥Yr=0,1...,1—1,¢,=2b;, when q =20+ 1.

Proof. o It is easy to check that p/(x) = %%W > 0 for all x > ,/u;. Hence,

0<J,=p(/iz)<J, Vi>1. (5.3.61)
e It can be easily proved that (-) has a minimum over (1/,/fi;, o) at x = % + /-

Moreover we have (1 /1) <1< /Uy < /Ugisq foralli > 1. In addition, 1 is strictly
increasing for x > —=— i TV . Therefore,

41+ uy)
————— = min x <m1n ; —mmL 5.3.62
= min () < miny(vim) (5.3.62)
e The derivative of { is given by {/(x) = Gy F 17 > 0. Thus,

VIV /B

<1, Vi>1. (5.3.63)
Vs +1 g +1
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e It is easy to prove that £/(x) = < 0 that implies

—1
CyiL—17

1< V1V ;i < VRV
VIVl —1  JIyBr—1

Vi>1. (5.3.64)

O

Theorem 5.3.18. Let (A; ,,B; ;)ien be defined as in Corollary [5.3. 7 with respect to the coeffi-
cients (a,, b,) (with r in a suitable range of indices, depending on the parity of q). We present
the algorithm that allows to find coefficients (a,, b,) such that A; ,, > 0 and B;,, > 0. This gives

in particular sufficient conditions so that (5.3.26)) holds for all k > 2. The algorithm is built as
follows
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Algorithm 1:

if ¢ = 21 then
r=1-—1;
if r is even then

b.>0 '
—min{Kl,Jl}br<ar<4(1+l“l)br ’
else

b. <0 .
4(H“l)b <a, <—min{Ky,J;}b, ’

forr=1-—2,...,0do
if r is even then

QG 1 (1+Q))IG,l
br > max{ 4(1+#1) +K, s 4(1+u1)+J

401 ;
max{_Kl rs Jlbr + |Gr,l|} <a, < (“;fl)br_Q1|Gr,l|
else

. —Q:1G | —(1+Q1)IG,,]
b, < min . -
r 4(1;]u1)+K > 4(1“‘1).”

4(1
b, +Q1G,y| < a, < min{=Kyb,, —J1b, |Gy}

>

else
r=1;
if r is even then
‘ b, >0,a,=0;
else
| b,<0,a,=0;

forr=1—1,...,0do
if r is even then

M 1 M
b,>max{ QM (1+Qy) rll}

4(1+u1) > 4(1+u1)
m +K; +J;

4(1+
maX{_Kl rs LIlbr + |Mr,l|} <a,< %br_QﬂM,

else

s —QiIMyy | —(1+Q4)IM,,|
b, < min .
r 4(1;1“1)+K1 > 4(1+u1)+J

4(1
b, + Qi IMy | < a, < min{=Kyb,, =y b, — M, [}

>
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Remark 5.3.19. Note that the above algorithm provides easily sufficient conditions on the coef-
ficients (a,, b,) such that A;,, < 0 and B; , < O for all i > 1. It is sufficient to remark that the
sign of (A; ,)i>1 and of (B, ;)i>1 is uniformly changed in the opposite sign when the coefficients
(a,, b,) are all changed into (—a,,—b,) (or equivalently when u is changed into —u). Indeed
by applying the above algorithm to the coefficients (—a,,—b,), we derive the resulting sufficient
conditions on the coefficients (a,, b,). These conditions are then sufficient conditions for A; , <0
and B; , <0 for all i > 1 to hold.

Thus we just need to explore two cases, that is the above case for which A; ,, > 0 and B, , > 0 for
all i = 1 and the case which consists in producing the second algorithm that leads to coefficients
(a,, b,) such that A; , > 0 and B; , < O for all i > 1. This latter case will also allow to derive
the algorithm to produce coefficients (a,, b,) such that A; , < 0 and B;,, > 0 for all i > 1 by to
changing the coefficients (a,, b,) into (—a,,—b,.), use the second algorithm, and finally changing
back (—a,,—b,) into (a,, b,). The second algorithm will be presented in [15].

Proof. The proof consist of showing that following the instructions of the algorithm, we pro-
duce coefficients (a,, b,) that fulfilled (5.3.50) with strict inequalities. Indeed, we have seen
that conditions (5.3.50) guarantee A; , >0 and B; , > 0, for all i € N.

We recall that, necessary conditions for (5.3.50) to be well defined, are given by (5.3.58).

First case: q is even, that is g =2l with [ > 1

Let r =1 —1 be even. We prove that

_ 8i1(Ay) << 81—1(lzi+1)’ Vi1,

VA R
bl—l > O:
4(1+py) = b1 20
—min{Ky,J1} by < a3 < =Fby,
_Kl bl—l < al_l.

Recalling the definition (5.3.21) of g.(-) and the identity (5.3.34)) for ¢, for r =1 — 1, we
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obtain

( _ngl(lzi)

NS

< &1-1(Agis1)

VA’

Cl1—1

bl*l > 0,

—Kib4 <ap_,

—ﬁﬁ(am + (Mg + )b 1) <2bpy —a,y,  Vizl,

1

2bpy —ai < == (@ + (g +)bi), Vi d,

—Kibi 1 <ary, b 120,

Moi iy )b
Vi1/bg ) U=

(1 e < (24

-

—Kybi_y < a4,

(Vi t+vT1)
VP /i~

Maiv1ti ) ( 1 )
V1 v/ P2it1 bl_l <{1+ VI v/ B2it1 Q-1

b, >0,

a4, < -1» Viz= 1;

_ (VBaii—vI1)?

[ >
VP P+ Vizl,

b <aj_,

—Kiby <ay, b, 20,

- 2
(Vi + /) } b1,

a1 < min{
-1 i>1 U vi/iai—1

_ Wi —vi)®

max{ VI /i +1 } bl_l < a1

i>1

—K; bl—l <da_q, b1_1 >0,

a1 < I}l]"{l{l’i} by,
—min {Kl,mi{l {Ji}} by <apy,
>

Therefore, using the properties of L; and J; of Lemma|5.3.17|it can be checked that

bl—l > O:

a1 < TglP {Li} by,

—min {Kl, min {Ji}} b, <a_q,
i1

—min{Ky,J;} by <ap g < =

w

4(1+p)
1 bl*l’

)
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If r =1—1 is odd, we have to prove that

&1 (A1) < 1 < _81—1(121') Vl > 1’

VA1 - VA’
b, <0
- b, <0
4(1+

Mlm) by <a._; <—min{K,,J;}b_,

We observe that

811 (A1) :
S <y, Vizl,
VA1
l 1 (apy + (g + p)by) < 2bp g —apy, Vi1
o s VU1 /By L1 2i+1 1/Y1-1 -1 -1 =4
__ol=1\Aai s >
1 < sk Vi>1, ) ’
\ & 2b —a <@+ (U pa)bi), Vil
b, <0
ay <—Kib_;, b, <0,
a;_q < _Kl bl*l'

1 _ _Mointn ;
(1+ gy ) < (2— g2 )b, Viz L,

<:>{ (2+ Mai

Lt ) p < (1-o2=)a,  Vizl,

ay <—Kib_;, b, =0,

_ (i) Vi>1,

Ut < R T D1

. 2 .
= (%bzt@ by <ay, Vi>1,

a1 <—Kyb_;, b_41=0,

@iy < min {Ky, min (7} } (i),
1=

<4 min{Lj} b <a.y,
i>1

by <0.
Since b;_; <0, from (5.3.62), we have

401+ uq) .
‘u—ulbm = YP(/ )by =Liby, Vix1,
1

and thus
401+ uy)

i b= Tlnzl? {Li} by

Hence, it follows that
a;_; < min {Kb Hil1n {Ji}} (=bi—1),
1=
b1 <0

d min{L;} b,y < a4,
4(1+,u1)b in{K. JVb i>1
— by <y <—min{Ky,J;} by

b, <0.
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For r =1—2,...,0, we should prove that the algorithm yields coefficients (a,, b,.) such that

_ 8- (A1) <c. < & (Ais1) Vl > 1’

VAl r A+’
Vreven,re{0,1,...,1—2}

b,>0, —K;b,<a,,

8r(Ais1) < &-(As1) Vl > 1,

A+l Cr _1//11+1’
Vrodd,re{0,1,...,1—2}

br S O, ar < _Klbr'

Using (5.3.60)), we notice that for any r even, we have

—&la) o oyix,

\/m _ﬁ@(ar-i-(nu‘zi-"-‘u*l)br)<2br_ar+Gr,l, Vi 1,
A . .
¢, < Lﬁ Vi1, ©{ 2b,—a,+Gy < 7=, + (i1 +11)b,), Vix1,
b, >0, —K;b,<a,, —Kib, <a,, b, 20,
S S Paitth :
(1- 2 )a < (2+ &2 )b, +G,,  Viz1,

= _ Moty 1 :
(2— Jt )b, + Gy < (14 Jys Jan Viz L,

_Klbr < ar, br 2 O;
it ¥ i
@ < SERETh QG Vizl,

(VPa—vi)? :
=\ R b TGy <an, Vizl,

_Klbr <a,, br =0,

a, < I'Il>1{1 {Libr +QiGr,l}7
i>

< { max {_K1br>mjllx {—Jibr + TiGr,l}} <a,,
1=

b, > 0.

where T; and Q; are defined in (5.3.59).
The quantities G,; do not have a prescribed sign, however from Lemma|5.3.17|we deduce the

121



following bounds

G, ifG,>0

QG =4 QG ifG, ;<0 p>-Q|G,l, Vix1,
0 ifG,; =0
G, ifG,; >0
T,G,, <{ TG, ifG, <0 <|G,l, Vix>1.
0 ifG,; =0
Hence, it is easy to check that
br = max 4(31;¢|1G)n1| B (1:3113|Gr’l| 5 a. < ranlP {Libr + QiGr,l} >
Tk, ey,

] max{—K b,,—J1b, +1G. I} <a,, ~ maX{—Klbr,lgalx{—Jibr+TiGr,z}} <a,

ar<4(1+lul)br_Q1|Gr,l| erO'
(5.3.65)

Observe that the constraint that appears in the algorithm on b, ensures that the set of defini-

tion of a, is nonempty, or equivalently,

4(1+py)
max{_Klbr:_Jlbr + |Gr,l|} < M—lbr _Q1|Gr,l|-
1
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Thanks to (5.3.60), we notice that for any r odd, we have

& (Aaiz1)

m <Cr’ VlZl, m(ar+(u2i+l+ul)br)<2br_ar+Gr,l3 ViZl,
Cr <_f)%, Vi> 1, 2br_ar'i'Gr,l <_ﬁﬁ(ar+(uzi+.“bl)br)> Vi> 1,
4 & 4
b, <0, b, <0,
a, < _Klbr a, <—K; br}
1 [ Moimatun :
(1+ mm)ar < (mm 2)b, +Gy, Vix1,
Mai 1 i
(2+ J25 ) b+ G < (1= 7z ) o Vizl,
& 4
b, <0,
Clr < _Klbr)
(Vi —yin) ;
a, < _xﬂf— LTﬁllbr + TiGr,l’ Vi> 1,
] 2 .
%br_{—QiGnl <a, VlZ 1:
=4
b, <0,
a, <—K;b,,
a, < min {—Kl br,rln>i{1 {—Jl-br + TiGrJ}}
= { I-P>31X{Libr +QiGr,l} <a
b, < 0.

Thanks to the following bounds

QlGr,l if Gr,l >0

IA

QG Q|G| G <0 »<QilGyl, Viz1,

0 if G, =0

([ T,G,, ifG.,; >0

TGz TGyl ifG,; <0 r=—|Gyl, Vix=1,

0 if G, =0
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it easily follows that

: —Qi1Gl
b, < mm{ T g,

—(14+QIG, | }

4(1+M1) +

4(1+uq)
ler +Q1|Gr,l| <a,

\ a, < min{—Kl br’_‘]l br - |Gr,l|} br <O0.

Notice that, the constraint on the coefficients b, ensures that

41+ uy)

1

b, +Q;|G,;| < min{—K;b,,—J; b,

thus, the set where to choose a, is nonempty.

Second case: q is odd, thatis ¢ = 2] + 1 with [ > 0.

We recall that thanks to (5.3.60) and since q is odd, the coefficients c, are given by

2b,, r=1,

¢, =

(2b,—a,)+M,;, r=0,1,...,1—-1

- |Gr,l|};

m>alx{Libr +QiGr,l} <a;
i>

a, < min {—Klb,,ryg?{—Jibr + TiG,’l}}
1=

Let r =1 be even. We recall that a; = 0. Then, we should prove that the algorithm implies

81(Ay)

/a1

81(Agit1)

VA’

<¢g< Vi>1,

bl >0, —K; bl <0,

which is equivalent to

_ (pgitpy )by
v

(Ugir1+11)by

<2b < SV

bl >0, —K; bl < 0.

Hence, it is sufficient to choose b; > 0 to verify (5.3.66)).
Analogously, if r = [ is odd, it easy to check that

For

124

A

81(Aois1) _&Xy)

g < i>1
VA1 ! Va1’ Viz
bl < 0 -
bl <o, —K; bl > 0.
any r =1—1,...,0, we should prove that, if r is even,
( _ gr;lm')l < Crs
"
QM (1+Q))IM,| !
b, > max{ 4(1+1M1) —, 4(1+u11) l }>
) g, +,
¥ c. < & (Aai1)
Y P e
max{—K;b,,—J;b, +|M,|} <a,, 7 <
bl 1 2 O;
4(1+
a, < p —q,|M,)|
| —Kibi1 <ap,

(5.3.66)

(5.3.67)



and if r is odd, then

8r(Aais1) [ >
—m <c., Viz=l,
b . —QiIMyl  —(1+Q)IM,|
r < min LT oI i
M1 1 Iz 1 . < _M vl > 1
U st — LV T 536
41+ 3.
‘U,—lulbr +Q1|Mr,l| <a,
b, <0,
a, <€ {—K;b,,—J, b, —|M,,[}
a, <—Kib,.

The case ¢ = 21 + 1 can now be analyzed similarly to the first case ¢ = 2[ noticing that it is
sufficient to replace G,; by M, (due to (5.3.60)) along the proof of the first case.
This concludes the proof of the Theorem [5.3.18 O

Let ¢ > 1 be given arbitrarily, n be as in Definition [5.3.5/and A; , > 0, B; , > 0 for all i > 1
being defined in (5.3.15). Then the above algorithm allows us to produce sets of coefficients
(a,,b,) (r varying in a suitable finite range) such that we have A;, > 0, B;, > 0 for all
i > 1. Thanks to the bijection between the sets of coefficients (a,, b,) and the subspace of
polynomials F ; (defined in (5.3.29)), when q varies in N*, this algorithm provides an infinite
class of polynomials fi € U,_;F, 4 such that the condition fol wp1rdx # 0 holds for all k > 2.
It remains to provide polynomials u € Z,(R) satisfying the condition fol upiprdx # 0 for all
k = 1. By definition, for any i € F, ;, we have {i(1) = 0. The idea is to use the polynomials
0 built thanks to the above algorithm and to determine suitable associated polynomials u of
degree q using just the degree of freedom we have with u(1), which is for the moment free,
to guarantee that fol u(x)c,of(x)dx # 0, once chosen the higher order coefficients. Denote by
fi a polynomial belonging to the sets of polynomials we have built in Theorem [5.3.18] (using
the bijection above mentioned). We recall that

4 50
a0 = > 1y

!
= k!

We set
w(x) =K+ (x). (5.3.69)

Note that K = u(1). Then, the following result holds.

Proposition 5.3.20. Let q € N*, and i € Z,(R) € F, ; be any polynomial built as in Theorem
and let u € Z,(R) be defined by (5.3.69). Let K be any real number such that

1
K # —f A(x)p?(x)dx, (5.3.70)
0

then, u satisfies

1
J w(x)p1()pr(x)dx #0, Yk=1. (5.3.71)
0

Proof. The polynomial {i € Z,(R) built in Theorem [5.3.18|satisfies by construction that

1
J f(x)p1(x)pi(x)dx #0, Vk=2.
0
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Therefore we have

1 1

sol(x)npk(X)dX+f ()1 ()i (x)dx
0

1
f ()1 ()i (x)dx = Kf
0 0

1
= f f(x) o1 ()i (x)dx # 0,
0

for all k > 2. Furthermore, for k = 1 we obtain

1 1

P2(x)dx + f AP () dx

0

1
f B2 ()(x)dx =K f
0

0

1
=K +f () @3(x)dx #0,
0

by hypothesis (5.3.70). O

Remark 5.3.21. Hence, Theorem and Proposition allow us to build an infinite
class of polynomials of any degree, such that the non vanishing condition holds. We
will see in the next section how the constructive ideas and algorithm provided here lead to many
applications for the bilinear control of PDEs.

5.4 Applications

In this section we present extensions of the works [[11]], [4]] and [3]] by considering control
systems subject to mixed boundary conditions. In particular, we will study the controllability
through bilinear control of the Schrédinger equation with (DR) boundary conditions, super-
exponential stabilizability and exact controllability to the ground state solution of the heat
equation with a controlled potential and (DR) boundary condition.

5.4.1 Bilinear controllabilty of Schrédinger equation with mixed boundary condi-
tions

We consider the motion of a quantum particle that is influenced by the presence of an electric
field. Fixed T > 0, the wave function of the particle is described by the following Schrodinger
equation

idu(t,x) =—02u(t,x) — p(t)u(xu(t,x), (t,x)€(0,T)x(0,1)
(5.4.1)
u(t,0)=0, u(t,1)+d,.u(t,1)=0

where p € L%(0, T;R) is the control function and represents the magnitude of the electric
field. The function u is the dipolar moment of the particle.
Let X = L2(0,1; C) and define the linear operator A by

D(A) ={p € H*0,1;C) : (0)=0, 3, p(1)+¢(1)=0} cX, Ap=—03%p. (5.4.2)
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The eigenvalues and eigenfunctions of A are given by
=18, o) =msin(rex),  VkENS, (5.4.3)
where the elements of the family {r,},cn- are solutions of the equation
1 cos(r) +sin(r,) =0, (5.4.9)
and 7, are normalization constants
\/Erk
Nk = 5 5 >
/i +sin®(ry)

The family {¢; }ren+ forms an orthonormal basis of X. The operator —iA generates a group of
isometries, e~ defined by

Vk e N*. (5.4.5)

oo
e My = Z(tp, e Mo, Yo el?(0,1), (5.4.6)
k=1
where we denote by (-, -) the standard L?(0, 1;C) scalar product.
The solution of system (5.4.1)) with p = 0 and initial condition ¢, thatis v (t, x) = e "*1tp;(x),
is tipically called ground state solution. Our aim is to prove the local controllability of (5.4.1))

along ;.
For all s > 0, we define the spaces

H,(0,1;C) = D(A/),

s s (5.4.7)
RN, C) = {a = (@ken * Zoy 1277, > < +o00},
equipped, respectively, with the norms
— s/2 2\1/?
el = (Sen 1200, 000P) 54

1/2
— s/2 2
lallis:= (Spen: 14 %ail?) .
In the result that follows we characterize the reachable set from the first eigenstate ¢;:

Theorem 5.4.1. Let T > 0 and u € H%(0, 1;R) be such that

3 C > 0 such that [{ue, px)| = ¢ VkeN*. (5.4.9)

A_k’
Then, there exists 5 > O for which the reachable set from 4, with p € L?(0, T;R), is defined by

Ry = {u; € # NHZ(0,1;C) : ||uy — o (T)||,p. < 8}, (5.4.10)
where & denote the unit L%(0, 1; C)-sphere.

In the proposition that follows we establish the well-posedness of the following problem

id,u=—032u—p(t)ulx)u—f(t,x), (t,x)€(0,T)x(0,1)
u(t,0)=0, u(t,1)+ d.u(t,1)=0 (5.4.11)
u(0, x) = ug(x).
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Proposition 5.4.2. Let T > 0, u € H%(0,1;R), u, € H(ZO)(O,l;(C), p € L%(0,T;R) and f €

L%(0,T; (HzﬂH(lo))(O, 1;C)). Then, there exists a unique mild solution u € C°([0, T],H(ZO)(O, 1;0))

of (5.4.11)), defined by

t

u(t) = e Ay, + if e A p(Huuls) + £ (s)]ds. (5.4.12)
0

Moreover, there exists a constant C = C(T) > 0 such that

||u||c0([o,T];H(2o))S C(||uo||1-1(20)+ ”f”LZ(o,T;Han(lO) ) (5.4.13)
The proof relies on a fixed point argument. To use this strategy, a crucial point is played by
the regularizing effect due to the action of the Schrédingr group. This result is contained in

the following Lemma.

Lemma 5.4.3. Let T > O and f € L?(0,T;(H? N H(lo))(o, 1)). Then, the function

F(t):=t '—)J e f(s)ds
0

belongs to C°([0, T],H(ZO)(O, 1)) and furthermore the following inequality holds

||F||L<><>(0,T;H(20))S C1(T)||f||L2(0,T;H20H(10)), (5.4.14)
where C;(T) > 0 is uniformly bounded in bounded intervals with respect to T.

Proof. From the definition of the group generated by —iA, we rewrite F(-) as

F(t)= Z (J (f(s), @k)eikksds) Pk
k=1 0

We observe that the scalar product (f (s,-), ¢x) can be expressed by

1

1
{(f(s,0), o) = —%J f(5,x)9 pr(x)dx = —%k (f(s,X)axw(X)lé —J
0 0

axf(S,X)axtpk(x)dx)

1

(f(s, 1)3, (1) = 8 f (5, )i ()] + f

0

L aff(s,x)sok(x)dx)
n
1

= —%k (f(S, D)nyryccos(ry) — 0, f (s, 1)y sin(ry) + J 3zf (s, X)@k(x)dx)
0

and recalling relation (5.4.4), we have

1
(f(s) i) = %k ((f(s, 1)+ 0,f (s,1)) i sin(ry) —J 3ff(s,X)<Pk(X)dX) .
0
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Therefore, using this last expression, we get

0o 1/2
IF(Oll, = (Z Al (o), «pk>|2)
k=1

B () oo t s
- E) Jj»
E lk<§ (J (f(s), e dS)<P~ SOk>
0

(gL,

=[ (F(s), pr)e™ds
= f %k((f(s,1)+axf(s,1))nksin(rk)—<aff(s),«pk>)e“k5ds
0

o\ 1/2

1/2

M8

t
Akf (£(s), pr)e ™ ds
0

=
—

~

0 h2

h2

f (22 (5), pi)e™ds
0

2)1/2
oo t 1/2

< (Zt f (82f (s), «pk>|2ds)
k=1 JO

) 1/2
< ﬁ(f ||3x2f(5)||i2(o,r)ds)
0

< Vel f lizo,em2)-
To bound F;(-) we appeal to [[11}, Corollary 4], obtaining

IE1(Oll2< mie () (I1F G5 Dllzao.ey 18 f € Dlliago,ey) -
Thus, by trace Thorem we get
||F(t)||H(20)S Cl(t)”f||L2(O,I;H20H(10));

where C;(t) is uniformly bounded for ¢ lying in bounded intervals. Hence, we have proved
that F(t) isin H, (20)(0, 1) and furthermore that F is continuous at t = 0. It is possible to prove
the continuity at any t € (0, T). O

IA

J(f(s’1)+a’ff(s’1))77kSifl(rk)e“ksds +
0

2 12

FL (Ol +IFo (]2

We estimate F,(-) as follows:

IFS(O)lle = (Z

k=1

f (32f (), pr)e™<ds
0

Now, we prove the well-posedness of problem (5.4.11).

Proof of Proposition We prove the existence of a solution for problem (5.4.11) through
a fix point argument. Consider the map

®: C°([0, T HE)(0,1)) — C°([0, T1; Hiy (0, 1))

t

u(e) = (u)(6) = e Mup + iJ e M) (p(s)uu(s) + £ (5)) ds.
0
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For any u(-) € C°([0, T];H(ZO)(O, 1)), function p(-)uu(-) belongs to L%(0, T; (H? ﬂH(lo))(O, 1))
since p € L2(0, T), u € H2(0, 1) and furthermore we have used that, in dimension 1, H® is an
algebra for any s > 1/2. Then, Lemma ensures that ® maps C°([0, T];H (20)(0, 1)) into
itself.

We show that & is a contraction: for any u;,u, € C°([0, T];H?2 (0, 1)) thanks to (5.4.14) we

(0)
have

(19 )(£) = () ()l = f " p(s)uluy (£) —uy(t))ds
0

2
H

< Ci(D)llp()u(uy — uz)“Lz(O,t;HZHH(IO))

< GOl 20,0 luuy — u2)||L°°(O,t;H2ﬂH(10))

< Co(t, U)”p”LZ(O,r) Il(uy — Uz)”Lw(o,r;H(Zm)

that implies

l®(u;) — <I>(u2)”L°°(O,T;H(20))S Co(T, .u)”p”LZ(O,T)”(ul - u2)”L°°(O,T;H(20))'

Hence, if Co(T, u)llplli20,r)< 1/2, @ is a contraction and it has a fixed point u such that

”u”LD"(O,T;H(ZO))S 2(||u0||H(20)+C1(T)”f||L2(0,T;H20H(10) )

If Co(T, WIIpllz20,r)> 1/2, we divide the time interval in subintervals of the form [T}, Tj11],
with0 = T; < T, < --- < T, = T, in which [|pll2(r, 1,,,) is small enough for every k =
1,2,...n—1. We perform a fixed point strategy in each interval and eventually we glue the
solution. O

Let T > 0, we introduce the tangent space of ., the unit L2(0, 1;C)-sphere, to the ground
state solution at time T, ¢ (T),

Ty = 1€ €L(0,1) : &(E,41(T)) =0}, (5.4.15)
and the projection onto this space:

.72
‘@91#1”) . L (0, 1) — g¢1(T)

R(E,1(T)) (5.4.16)
.o

In the Lemma that follows we prove some properties of the set 7, (r) and the map 9’%1 .

E—&—

Lemma 5.4.4. 7, (1) is a closed convex subset of L?(0,1). Moreover, it holds that

g{%l(r)(H(zo)(o, 1)) c H(zo)(()’ 1.

Proof. It easy to check that 7 (1 is stable under sum and multiplication by a real number.
However, it is not the case for multiplication by a complex number. Let & € L2(0, 1), we have

2R (&, (T)) = i (€41 (T)) = (& ¥2(T)) ],

that does not necessarily vanish. Moreover, it can be showed that 7, (ry is closed and for any
o € [0,1] and for any & € J (1), the function 0§ + (1 —0)& € Fy (). Thus, Ty, (1) is a
closed convex subset of L2(0, 1).
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It can be proved that P, is a projection onto the set 7, (ry and furthermore for every
e H(zo)(O, 1), the projection is defined by
[l (T[>

and since y;(T) = e M7, is in H(ZO)(O, 1), then

Py, () =E— (1),

2 2
By (H(O)(O: 1))c H(O)(O, 1).

We define the end-point map
©r : L*(0, T;R) — Ty, (1) N Hiy)(0,1)
PPy (W(T))

where u is the solution of (5.4.1) with initial condition u(0, x) = ¢;(x).
The results that follows can be proved with the same strategy of [[T1]].

Proposition 5.4.5. Let T > 0 and u € H2(0,1;R). The map O is of class C*. Moreover, for
any p,q € L%(0, T;R), the differential of the end-point map satisfies

d0y(p)-q =25, . [U(T)],
where U is the mild solution of the linearized system

i0,U =—32U — p(t)u(x)U — q()u(x)u, (t,x)€(0,T)x(0,1),
U(t,0)=0, U(t,1)+2,U(t,1)=0,
U(0,x) =0,

and u is the mild solution of (5.4.1) with the ground state as initial condition.

Proposition 5.4.6. Let T > 0 and u € H%(0,1;R) be such that (5.4.9) is fulfilled. Then, the
linear map
de;(0): L*(0, T;R) = Ty (1) OH(ZO)(O, 1)

has a continuous right inverse d®r(0)™" : Ty 1y N H(ZO)(O, 1) — L2(0, T; R).

Thanks to Proposition [5.4.6|it is possible to apply the inverse mapping theorem to the map
©; in a neighborhood of p = 0, proving that the Schrédinger equation with initial
condition u(0, x) = ¢, is exactly controllable locally along the ground state solution ;. We
refer to [[I1]] for the strategy of the proof of Theorem

We want to point out that since the eigenvalues and eigenfunctions of the Laplacian with
(DR) boundary conditions are not explicit, it is even more difficult to provide examples of
potentials u that fulfill hypothesis (5.4.9), and in particular such that

(we1, 0r) #0, VkeN- (5.4.17)

However, following the algorithm presented in Theorem it is possible to construct
polynomials of any degree q € N* that verifies the aforementioned non-vanishing condition
of the Fourier coefficients of up;. Furthermore, we will show that actually, in this setting,
property implies (5.4.9).

The first step consists in proving the following Lemma.
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Lemma 5.4.7. Let (A, 91 )ren e the eigenvalues and eigenfunctions of the operator (5.4.2)
and let y € H*(0,1).
Then, it holds that

1 1
A f u(x)sol(x)sok(x)dx=u’(1)<p1(1)sok(1)—J (e (gilx)dx, V=1,
° ° (5.4.18)

Proof. Using the equation satisfied by ¢,, and the boundary condition, we have that

1

1
lkf M(X)wl(X)sok(X)dX=—f ()1 () (x)dx
0 0

1
=—[u(x)<p1(X)so,i(X)](1)+J (wep1) ()@ (x)dx
0
= [/ ()1 ()9 () + ()0, () @i () — ()3 () () ]

1
—f (me1)” () (x)dx
0

1
= ' (D1 (Dex(1) —J (1)’ () (x)dx,
0

as it was claimed. O
Now, we show the asymptotic behavior of fol w(x)p1(x)pr(x)dx.

Lemma 5.4.8. Let (A, ¢ )ren- e the eigenvalues and eigenfunctions of the operator (5.4.2)
and let y € H?(0, 1) be such that p'(1) # 0.
Then, there exists ky € N* and ¢, > 0 such that

1
J p(x) @1 (x) @i (x)dx
0

VK> .
_A,k’ 0

Proof. Recalling the expression of the eigenfunctions (5.4.3) and noticing that 1 < 1, < V2,
Vk € N*, and that
e — V2, as k — 0o,

from (5.4.18)) we obtain the following estimate

1 1
1 17k Nk " .
p(x)p1 ()@ (x)dx| = —|u' (D)l —————=mM— f (up1)” (x)sin(rex)dx
Jo Ak Vri+ly/ri+1 Ao
1., ri vzl (! P
2 A—km €3] e T L (up1)” (x) sin(rex)dx

(5.4.19)

for all k > 1. Thanks to Riemann-Lebesgue Lemma, since u € H2(0, 1), we deduce that

1
J (H‘Pl)// (x)sin(rex)dx — 0, ask — oo,
0
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lw' @l _r}
2v2 ri+1’

which implies that, fixed ¢ := there exists k, € N* such that

1
J (up)” (x)sin(rex)dx| <e, Yk > k.
0

Thus, using the latter bound in (5.4.19), we get

> — Vk k
>
_A.k’ 0>

1
f ()1 () @y (x)dx
0

o @l
where Cui="3 g O

Finally, we prove that condition (5.4.17) yields to (5.4.9).

Lemma 5.4.9. Let (A, P )ren e the eigenvalues and eigenfunctions of the operator (5.4.2)
and let u € H?(0,1) be such that (5.4.17) is verified and u’(1) # 0.
Then, condition (5.4.9) holds true.

Proof. We set I,,(u) :=

fol u(x)apl(x)cpk(x)dx|. From the hypotheses on u, we have that

1 A
Il = = 1A (W)l = /1_1 min{|; ()], (W), ..., [T, (W} >0, V1<k<k.
k k

Thus,
1 . G,
1L (u)] = A_kmm C“’12}1sr11<0 L ()l ¢ = A Vk=1.
O

Therefore, by choosing a polynomial u of any degree q € N* that satisfies Theorem |5.3.18
and Proposition |5.3.20, we have that

W(1) = by #0.

Hence Lemma implies (5.4.9) for any function u built through our algorithm.

5.4.2 Superexponential stabilizability of the heat equation with potential

Consider the bilinear control problem

u (t,x) —u,, (t,x) + p()ul(x)u(t,x)=0, t>0,xe€(0,1)
u(t,0)=0, u'(t,1)+u(t,1)=0, (5.4.20)
u(0, x) = ugy(x).

Definition 5.4.10. Given an initial condition i, € X and a control p € LZZDC([O,+OO)), we
say that the control system is locally superexponentially stabilizable to a(-; g, p) if
for any p > 0O there exists R(p) > 0 such that, for every uy € Bp(,(iy), there exists a control
p € L? ([0,+00)) such that

loc

|lu(t; ug, p) —a(t; g, )l < Me™Pe™,  ¥t>0,

where M, w > 0 are suitable constants.
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From [[4] Theorem 3.4] we deduce that

Theorem 5.4.11. Let T > 0 and u € H?(0, 1;R) be such that

(Lo, o) #0,  VkeN,

o2t (5.4.21)

—_— < +0Q.
keN* |<‘U’¢1x ¢k>|2

Then, system (5.4.20) is superexponentially stabilizable to 1.
Moreover, for every p > 0O there exists R, > 0 such that any u, € BRp(cpl) admits a control
p € L? ([0,+00)) such that the corresponding solution u(-;uy, p) of (5.4.20) satisfies

loc
llu(t) =31 (O] < Me™Pe+h0, e >, (5.4.22)
where M and w are positive constants.

We observe that, reasoning as in the previous section, choosing any u that fulfills Theorem
and Proposition [5.3.20} such function verifies (5.4.9). Hence the series in (5.4.21)
converges for all T > 0.

Thus, is possible to exhibit an infinite class of polynomials u that satisfy thanks to
the algorithm described in Theorem

5.4.3 Exact controllability to the ground state solution of the heat equation with
potential

Let T > 0 and consider the bilinear control system

u (t,x)—u,, (t,x) + p(Ou(x)u(t,x) =0, (t,x)e(0,T)x(0,1)
u(t,0)=0, u'(t,1)+u(t,1)=0, t€(0,T) (5.4.23)
u(0,x) = ugy(x) x €(0,1).

Thanks to 3}, Theorem 1.1] we deduce that

Theorem 5.4.12. Let u € H2(0,1;R) be such that there exist b,q > 0 for which

(wp1,p1) 0, and All{upr, )l =b Vk>1. (5.4.24)

Then, for any T > 0, there exists a constant Ry > 0 such that, for any u, € Bg (1), there exists
a control p € L2(0, T) for which system (5.4.23) is controllable to the ground state solution in
time T.

Therefore, it is enough to choose u that verifies Theorem [5.3.18| and Proposition |5.3.20| to
have (5.4.24) fulfilled with g = 1, as showed in Lemma|5.4.9
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APPENDIX A

Spectral properties of degenerate operators

In this appendix we present a class of degenerate operators and we study their spectral prop-
erties. We revise some known feature of this operators and show new results contained in
[25]] and [[20]].

Let I =(0,1), X = L?(I) and consider the degenerate operator

Au = —(a(x)u,), (A.0.1)

where a(x) is the degenerate coefficient. We now recall the definition of two different kind
of degenerate operators. Let

aec’(0,1)nc((0,1]), a>0on(0,1] and a(0) = 0. (A.0.2)
Definition A.0.1. If holds and moreover
% e LY(D) (A.0.3)
we say that the operator A defined in is weakly degenerate.

Definition A.0.2. If (A.0.2) holds and moreover

aeC([0,1]) and % e L'() (A.0.4)

we say that the operator A defined in (A.0.1) is strongly degenerate.

In particular, we will be interested in treating the degenerate coefficient
a(x) = x*.

Following the above definitions, we have a weakly degenerate operator for a € [0,1) and a
strongly degenerate one for a € [1,2).

A.1 Dirichlet boundary conditions at x =1

Consider the degenerate operator
Au=—(x%Uuy),, (A1.1)

with Dirichlet boundary condition at x = 1. Depending on the type of degeneracy, it is cus-
tomary to assign different boundary conditions at x = 0.
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A.1.1 Weak degeneracy

Let a € [0,1) and consider the degenerate operator (A.1.1)) applied to a class of functions
that satisfy Dirichlet boundary conditions at both extrema. The natural spaces to define the
domains such operators are weighted Sobolev spaces. Let X = L(I), we define the spaces

H(I) = {u € X : u is absolutely continuous on [0,1], x*/*u, € X} (A.1.2)

endowed with the natural scalar product

1
(f,g)=f (x“fegx+fg)dx, ¥ f,g€HL0,1),
0

and
H! (D={ueHLI): u(0)=0, u(1) =0},
5 1 " 1 (A.1.3)
H2(I)={ueH:\I) : x®u, e H\(D}.
The domain of the linear operator is defined by
D) :={ue H;’O(I), x®u, € HY(I)}. (A.1.9)

It is possible to prove that D(A) is dense in X and A: D(A) C X — X is a self-adjoint accretive
operator (see, for instance, [[16]). Therefore —A is the infinitesimal generator of an analytic
CP-semigroup of contraction e™* on X.

To determine the spectrum of A, we need to solve the eigenvalue problem

{ —(x% ) (x)=Ap(x), xeI
(IO(O):O’ 90(1)20,

and it turns out that Bessel functions play a fundamental role in this circumstance. Indeed,
let us define the function v by

l1-a 2 2—a
o) =x T (7= Vax ),
2—a
then, 1 solves the following boundary problem
/" / a—11\2

Y )+’ )+ (¥ = (E2)) v =0, ye(0,22),
YEY(y) >0, as y -0,

y(22)=o.

For a €[0,1) let

(A.1.5)

1— 2—
% =l (A.1.6)
2—a

We can rewrite the above differential equation as
YA+ 3P’ )+ (=) () =0

that is usually called Bessel’s equation for functions of order v,. The solutions of the Bessel’s
equation generate a vector space of dimension 2 and it can be checked (see [58]], pag. 43)
that the functions

oo oo
=" (y)z'"”a + 2
J = v — m+v,1’
%) Zm!f‘(m+va+1) 2 ZCVwmy

m=0 m=0

Vg !
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and

< =" YV o 2m—v,
J_ = _— (—) = - m— a’
%) Z_: m!IT(m— v, +1) \ 2 Z_:C wmY
m=0 m=0

where T is the Gamma function, are well-defined on R’ and are a fundamental system of
solutions of the Bessel’s equation. Hence, any other solution 1 is a linear combination of J,_
and J_, :
2V
Y(y)=CJ, (y)+CJ_, (¥), Vye (0, ﬂ)

Coming back to the variable ¢, we obtain that any solution of the differential equation in

(A.1.5) is defined by
o) =Cox T, (VA e et (VAT

2—a 2—a

Using the series expression of J, and J_, , it is possible to prove that ¢ € H;(O, 1) (see, for
instance, [24] pag. 182]) and, moreover, by imposing the boundary conditions we get that

e(0)=0 = C_=0,

and

e(1)=0 = J, (ﬂ) =0.

“\2—a

For any v > 0, the Bessel function J, of the first kind and order » has an infinite number of
real zeros which are simple with the possible exception of x = 0 (see [58|, pag. 478-479]). Let
Ty <Jyg2 <+ <Jyk <-... be the sequence of all positive zeros of J, , then the boundary
condition (1) = 0 implies that
2

2 —
a) 2o VKeN:

2y Ak . 2—a
- = ]va,k — A'oc,k = _]va,k — )'a,k = (

2

2—a

Therefore, we have proved that the pairs eigenvalue/eigenfunction (A, , ¢, ) that satisfy

(A.1.5) are given by

Aoc,k = kij%,wk; (A.1.7)
Ne .
Par() = T (o) (A.1.8)
Vo~ Vas

for every k € N*. Moreover, the family (cpa,k) is an orthonormal basis of X, see [41]].

keN*

A.1.2 Strong degeneracy

In the case of strong degeneracy, that is, when a € [1, 2), we apply the operator A to a class of
functions satisfying a Neumann condition at the extremum where degeneracy occurs, x = 0,
and a Dirichlet condition at x = 1.
We define the Sobolev spaces
H!(I)={u € X : uis absolutely continuous on (0,1], x*/?u, € X}
H} (1) ={ue HL(I): u(1)=0}, (A.1.9)
H2()={ueH:\D): x*u, e H'(I)}
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Thus, the domain of A is defined as

D) : = {ueHL (1) x“u, e H'(D}
= {u € X : uis absolutely continuous in (0,1], x“u € Hy(I), (A.1.10)
x%*u, € HY(I) and (x*u,)(0) = 0} .
It can be proved that D(A) is dense in X and that A is self-adjoint and accretive (see, for
instance, [21]]) and thus —A is the infinitesimal generator of an analytic semigroup of con-

tractions e on X.
To compute the eigenvalues and eigenfunctions of A, we should solve the eigenvalue problem

—(x%p (X)) = Ap(x), x€I
(x%p,)(0) =0, (A.1.11)
p(1)=0.

First of all, we observe that A > 0. Indeed, multiplying the equation in (A.1.11) by ¢ and
integrating by parts, we obtain

1 1
AJ 0?(x)dx = J x*@2(x)dx
0 0
that implies A > 0. Moreover, if A = 0, then ¢(x) = ¢ and by imposing the boundary condi-

tions we get ¢ = 0. Thus, A = 0 is not an admissible eigenvalue.
As for the weakly degenerate spectral problem, we introduce the function 1), implicitly defined

by
p(x)=x"7"y (%ﬁx%&),

that is the solution of the following boundary value problem

P+ 3+ (v - (£2)) v () =0, ye(0.22),
2—a)y=ay'(y)—(a—1)yFap(y) =0, as y =0,
»(3%)=o.

For every v, ¢ N, every solution of the above Bessel’s equation can be expressed as a linear
combination of the fundamental system (J,, ,J_, ):

241)
),

Y(y)=CJ, y)+CJ_, (¥), Vye (0, .

or, equivalently,

l=a 2 2—a 1—a 2 2—a
p(x)=Cx7J,, (Z—a ﬁxT) +C_x7J_,, (Z—a ﬁxT), Vxe€(0,1).

On the other hand, when v, €N, J, andJ_, are linearly dependent. Indeed, for any n €N,
it holds that J,,(y) = (—1)"J,,(y) (see, for instance, [58] pag. 43]). Therefore, to determine a
fundamental system of solutions, we introduce the Bessel’s functions of order v of second kind
Y,, defined by

sin(vm)

{ Vv EN, Y,(y) = LOtmnr.0)
VneN, Y,(y):=lim,.,Y,(y).
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For any v € R, the functions J, and Y, are linearly independent (see [|58] pag. 76]) and,
in particular, for any n € N the pair (J,,,Y,) forms a fundamental system of solutions of the
Bessel’s equation.

Therefore, if v, € N, any solution of the Bessel’s equation can be expressed in terms of Jy,
and Y, :

Y(y)=CJ, (¥)+CY, (), Vye (0, %)

or, back to the function ¢:
l-a 2 2—a l-a 2 2—a
px)=C,x=J, z—ﬁx > |+C_x2Y, 2—ﬁx 2 |, Vxe(0,1).
a —a a —a

In both cases, v, ¢ N and v, = n, € N, it is possible to prove that ¢ € H;(O, 1) if and
2-a

only if C_ = 0 (see [123} pag- 13-15]). Hence, ¢(x) = C+kaaJva (ﬁﬁx 2 ) € Hé(O,l).
Furthermore, from the series expression of J,, it can be shown that

—a 2 —a
x* (xlTJva( ﬁx%)) —0 asx—0,
X

2—a

thus the boundary condition at x = 0 is automatically satisfied.
Similarly to the weakly degenerate case, from the boundary condition at x = 1 we find that

Mea=K2j2 ., VkeN,

Vo, k?

where {j, }jen- are the positive zeros of the Bessel’s function J,, .
To sum up, for any a € [1,2), if we define the quantities

a—1 2—a
, ky = ,
¢ 2

the eigenvalues and eigenfunctions that solve (A.1.11)) are
7252
A’Ct,k - ka]vwlg

_V2ka a2y

7 Gl v, Uy 1)
Vo Vas

Pak (X) =

for every k € N*, and the family (‘Pa,k)keN* is an orthonormal basis of X .

In the following Proposition (from [25]]) we present some properties enjoyed by the functions
in D(A), for a € [1,2), which will be useful to study the degenerate control problem of section
2.2.5]in chapter[2

Proposition A.1.1. Let a € [1,2). The following properties holds true:

1. v(x)| < MMbwy1-a vy e p(a),
2. |x*v(x)| £ Cy/x,¥YveD),

3. for a €[1,3/2) it holds that

lin}) x*v(x)w,(x) =0, VYv,weD(A),
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4. for a €[1,3/2) it holds that
lirr(l)xv(x)w(x) =0, VYv,weD(A),
xX—
5. let {¢q i }ken- be the family of eigenfunctions of A. For a € [1,3/2) and for every k, j € N¥,

it holds that
)l(lir(l) (x((pa,j)x(x))x xaﬁpa’k(X) =0

Proof. 1. For all v € D(A) and y €I, we have

1 1
1
V(1) —v(y)l= f ve(x)dx| = j (x*vy(x))—dx
Yy Yy X
1— 1—a
< sup pevgo 122
0<x<1 a—1

< 2lVllb@y 1
a—1

where in the last inequality we have used that, for all v € D(A), it holds that

la(y)ve(¥)l = < llavo)ullx vy (A1.12)

y
J (av,), (x)dx
0

with a(y) = y*. Finally, recalling that v(1) = 0, we obtain the desired formula.

2. For every v € D(A) and y € I, we have

ly* vyl < < ll(@v)illx vy

y
f (x%v), (x)dx
0

3. Let v,w € D(A). We can rewrite x2v(x)w,(x) as
X2 % (x)x%w . (x). (A.1.13)
Thanks to (A.1.12)), there exists a constant C > 0 such that
Ix“w,.(x)] < Cx*/2. (A.1.14)
Thus, using the first item and we obtain that
|27 %y (x)x %W, (x)| < Cx?%x17%x1/2 (A.1.15)
and therefore the right-hand side tends to 0 as x goes to 0 for a < 3/2.

4. Let v € D(A). It is sufficient to prove that liII(l) x2y(x)=0.
X—
For this purpose, we observe that the function x1/2

again the first point of the Proposition, we get

v(x) is integrable in I: indeed, using

|X1/2V(X)| < Cx1/2+1—a
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1/2

that is integrable in I. Moreover, the derivative of x*/“v(x) is integrable in I:

(xl/zv(x))x =x2y (x) + %xil/zv(x) (A.1.16)
and we can bound the two terms on the right by
[x12y (x)] < |x%v, (x)x/?>7% < Cx'@
that is integrable for any a € [1,2) and by
|x72y(x)| < Cx1/?>

that is integrable for a € [1,3/2).

Thus, we can deduce that the function x /2

[1,3/2). So, the limit

v(x) is absolutely continuous in I for a €

lim x?y(x)=1L (A.1.17)
x—0+

does exist. If L # 0, then v(x) would be of the same order as ﬁ near 0. This contradicts
the fact that v € X. Thus, L =0.

. Recalling that (x*(¢q )y )x () = —Ax 9ok (x), we have

(2(a,) ) ()X g () = (x4 (P 1) x ™) ()X P ()
= (" (P, )x (X P ()
+ (1= ) (0, )x ()%™ x %0 1 (x)
==X j ()P () + (1= a)x (0 1) ()0 1 ().

The first of the two terms in the last equation on the right-hand side of the above formula
goes to 0 as x — 0, for a < 3/2, by the previous item. Moreover, we have

%% (0a, ) ()P k()] < CxM/2x 1

Therefore,
PE% (X(QPOLJ)X)X ()x%pai(x)=0

for a €[1,3/2), as it was claimed.

A.2 Neumann boundary conditions

In this section (mostly based on [[20]]) we study the degenerate operator A, defined in (A.1.1)
applied to functions that satisfy Neumann boundary conditions.

A.2.1 Weak degeneracy

Let a € [0,1), I = (0,1), X = L?*(I) and consider the weighted Sobolev spaces H}(I) and
Hi([ ) defined in (A.1.2) and (A.1.3) respectively.
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We define the linear operator A: D(A) C X — X by

{ YueD(A), Au:=—(xu,),,

D(A) := {u € Hi(])’ (x%u,)(0) = 0, u, (1) = 0}. (A.2.1)

Proposition A.2.1. Let a € [0,1), then A: D(A) C L?(0,1) — L2(0,1) is a self-adjoint accretive
operator with dense domain.
Before proving Proposition[A.2.1] let us show the following integration by parts formula.

Lemma A.2.2. Let a €[0,1), then

1

1
f (X“f’)’(X)g(X)dX=—J xf'(x)g'(x)dx, Vf,ge€HLD) (A.2.2)
0 0

Proof. If f EH?L(I), then
F(x):=x%f'(x) € H(I).

Let g € H2(I), and ¢ € (0,1). Decompose

1 € 1
f F’(x)g(x)dx=J F’(x)g(x)dxf F'(x)g(x)dx.
0 0 €

Then, since g € Hi([ ) C H'(e, 1), the usual integration by parts formula gives
1

1
f F’(X)g(X)dx=[F(X)g(X)]§—f F(x)g'(x)dx

€

1
= [F(x)g(x)]; —f (/G g (x))dx.

Now, since x*/2f and x*g’ belong to L%(I), we have

1 1
J F(x)g'(x)dx — f F(x)g'(x)dx, ase—0,
€ 0

and since F’ and g belong to L2(I), we get

€
J F'(x)g(x)dx -0, ase—0.
0

It remains to study the boundary terms. First, because of Neumann boundary condition at
x =1, we have

[F(x)g(x)]} =—F(e)g(e).

We note that F(¢) — 0 as ¢ — 0, and g is absolutely continuous on [0, 1], hence
[F(x)g(x)]; =—F(e)g(e) > 0, as g — 0,
and this concludes the integration by parts formula. O
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Proof of Proposition|A.2.1] First, we note that D(A) is dense in X, since it contains all the
functions of class C°, compactly supported in I.
We derive from Lemma[A.2.2] that

1 1

(x*f") () (e)dx = J x*f'(x)*dx >0, VfeD(A),

0

0

therefore A is accretive.
In order to show that A is symmetric, we apply Lemma twice to obtain that

1

1
Vf,g€D(@), (Af.g)= —f (x“f'Y (x)g(x)dx = J x*f'(x)g'(x)dx
0 0
1

1
=J (x*g’ () f ' (x)dx = —f (x*g"Y (x)f (x)dx = (f,Ag).
0 0

Finally, we check that I + A is surjective. Let f € L%(I). Then, by Riesz theorem, there exists
one and only one element u € H;(I ) such that

1 1
Vv eHL(D), f(uv+x“u/v’)=f fv.
0 0

In particular, the above relation holds true for all v of class C*°, compactly supported in I.
Thus, x — x%u’ has a weak derivative given by

—(x"‘u/)/ =f—u.

Since f —u € L%(I), we obtain that (x%u’)’ € L?(I). Hence, u € Hi(I). Now, choosing first v
of class C*° compactly supported in [%, 1], but not equal to O at the point x = 1, we derive

that
1 1
f fv= f (wv +x*u'v')
0 0
1 1

1
= J w + [x*u'v]; —J (x*u'Y'v =[x"U'v]y+ J (u—(x*u’))v,
0 0 0
therefore u/(1)v(1) = O that implies u’(1) = 0. In the same way, by choosing v of class
C®° compactly supported in [0, %], but not equal to O at the point x = 0, we obtain that
(x*u’)(0) = 0. Thus, u € D(A) and (I +A)u = f. So, the operator I + A is surjective. This
concludes the proof of Proposition O

We now investigate the eigenvalues and eigenfunctions of the operator A: D(A) C X — X by
looking for solutions (A, ¢) of the following eigenvalue problem

—(x%@ ) (x)=Ap, xE€l,
(x%p,)(0) =0, (A.2.3)

¢x(1)=0.
Proposition A.2.3. Given a € [0, 1), let

_2—a _1—-a
@i =5 :

K
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and consider the Bessel function J_,, of negative order —v,, and the positive zeros (j_, _1 m)m>1
of the Bessel function J_, _;.
Then, the solutions of problem (A.2.3) are

Aa0=0, @uolx)=1 (A.2.4)

and forallm=>1
Aam =K2G2, 4w (A.2.5)
(pa,m(x) :Ka,mkaaJ—va(j—va—l,mx%Ta)a (A26)

where the positive constant K, ,, is such that ||pq ml12(0,1) = 1. Moreover, the sequence (¢ ¢ m)m>0
forms an orthonormal basis of L%(0, 1).

Furthermore, the following property holds true: the sequence (4/Aq mt1— 4/ Aam)mz1 1S decreas-
ing and

2_
VAami1 =V Aam — Tan, as m— oo, (A.2.7)

Proof. First, we note that if (A, ¢) solves (A.2.3) then A > 0: indeed, for any a € [0, 1),
multiplying by ¢, we obtain

1 1 1 1
XJ <p2=f —(X"‘w/)/cp:[—(xatp’)cp]hf xo‘(so’)2=J x*(¢").
0 0 0 0

If A =0, then x — x*¢’ is constant and, by imposing to the boundary conditions, we find that
it is actually equal to 0. Thus, the constant functions are the ones and only ones associated
to the eigenvalue A = 0.

We now investigate the positive eigenvalues: if A > 0, we introduce the function 1 defined
by the relation

o) =792 VAT,

and the associated new space variable

y= 2 VAxE

T 2—a

After some classical computations, we obtain that 1 satisfies the following problem:

PO+ )+ (2 - GE2P () =0, y€(0,724VA),
Y () + 52y Fep(y) = Oas y =0, (A.2.8)
VI (V) + 52 (55 VA) = 0.

The first equation in (A.2.8)) is the Bessel equation of order

1—a 1
va::2 (S 0,5 .
—a

Then, the ODE we need to solve can be rewritten as

YA+ 9’ () + (P =2 (y) =0. (A.2.9)

The fundamental theory of ordinary differential equations establishes that the solutions of
(A.2.9) generate a vector space of dimension 2. Looking for solutions of (A.2.9) of the form
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of series of ascending powers of y, we find that the Bessel functions of order v, and —v,
solve the equation

> (_])m y 2m+v, o0 5
THOEDY (—) =Dt Ly, (A.2.10)
AHmIT(m+ v, +1)\2 e i
o oo
(_1)’71 ¥y 2m—v, _ N
NGOEDY (2)" =2 (A.2.11)
—m! T(m—v,+1)\2 e vem

When v, €N, the two functions J,, and J_, are linearly independent and therefore the pair
(J,,,J_y,) forms a fundamental system of solutions of (A.2.9), (see [58} section 3.1, eq. (8),
p. 40], [58, section 3.12, eq. (2), p. 43] or [48, eq. (5.3.2), p. 102])): hence

Y2+ ¥y’ () + (=22 (y) =0,
yel

Kb(J’) = C+Jva(y) + C,J,va(y),
yel.

— 3C,,C_€R, { (A.2.12)

Thus, going back to the original variables, we obtain that

{—(xw’)’(x) = Ap(x), P(x) = C, . (x) + C_p_(x),

= 3C,,C_€R, {

xel xel,
(A.2.13)
with
() =x 20, (2 VA = E S e (VA )
X)=X 2 —_— X 2 =X 2 C X 2
ot "\2—a A Vemi2 —q
- B - (A.2.14)
2 2m+v,
— Z C:—a,m(z — ﬁ) xl—a+(2—a)m — Z E;—’A,mxl—aﬁ—(z—a)m
m=0 m=0
and
(=30 (Vi) = xS (VA
_(x)=x7J_ X =x c X
4 T\2—a A Vemi2 —a
o e (A.2.15)
_ 2 2m—v, 9 . 9
= Z cva,m( —a ﬁ) xem = Z caJAme( om,
m=0 m=0
Note that
pi(x)—>0, asx—07,
hence ¢, € L2(I). Moreover,
1—a
/ <+ +
@ (x) ~ ca’m?, asx — 07,
therefore ¢, is absolutely continuous on [0, 1] and multiplying ¢’, by x%/? we obtain

l1—a
a/2, ./ ~+ +
x* 2Pl (X) ~ €550 a2’ a8X7 0%,
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s0, ¢, € H(I). Finally,
(x*¢,)(x) >0, asx—0",

and we deduce that ¢, € H 2 (I). With the same procedure, one easily checks that ¢_ € Hi([ ).
Since the eigenfunctions, in addition, have to satisfy that x*y’(x) — 0 as x — 0, we have

x% (x)—>0, asx—0,
while this is not the case for ¢, :
x%@! (x) = 5;,;,0(1 —a)#0, asx—0.
Therefore,

p(x) = C_yp_(x),

—(x%¢"Y(x) = Ap(x), x€I
xel,

iC :
(x%")(0)=0 = -<F {

Furthermore, ¢ has to fulfill the second boundary condition: ¢’(1) = 0. The expression of
the derivative of y_ is given by

T R L)

and since C_ # 0, the condition ¢’ (1) = 0 is equivalent to require

e (=) + \/EJLW(% Va)=o. (A.2.16)

2 2—a

This is the equation that characterizes the eigenvalues A. Multiplying by ﬁ, (A.2.16) be-

comes
zialzaJ_va(zfaﬁﬁﬁﬁﬁva(ﬁﬁ)zo. (A.2.17)
Introducing
Xy = 2 V2,
2—a
(A.2.17) can be rewritten as
ved_y (X3) +X,1Jiva(XA) =0. (A.2.18)

This is a known formula, see [|58]] p. 45, formula (3):

v, (2) +2J(2) = 2J,_,(2). (A.2.19)
Hence, we get that
X3J_y,-1(X3) =0, (A.2.20)
which implies
J_,, 1(X;)=0. (A.2.21)

Thus, the possible values for X, are the positive zeros of J_, _;:

2
2—a

ﬂ =X; = j—va—l,m'
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We obtain that the eigenvalues of (A.2.3) have the following form:
_ 222
A= Ka]—v,l—l,m‘
Vice-versa, given m > 1, consider
202 e . 2—a
Ami=rx5j2, 4, and  @(x)=x7 J—va(]—va—l,mx 2 )

From the previous argument, we deduce that ¢,, € H2(I) and that (A,,, ¢,,) solves (A-2.3).
Finally, the proof of (A.2.7) follows directly from [47] p. 135. Since —y,—1<—-1< —%, the
sequence (j_,_—1m+1 — J—v,—1,m)m>1 is decreasing and moreover

Jve—1m+1 —Joy—1m T aSM— 00,
This concludes the proof of Proposition[A.2.3] O
Lemma A.2.4. Given a € [0, 1), the eigenvalues ¢, , satisfies
lpun(Dl=v2=a, Vnx1, (A.2.22)

and
2—a)r
2

where the coefficient ¢ , is defined in (A.2.11). In particular, the sequence (p,,(0)),>1 is
bounded if and only if a = 0.

Pan(0)~c; (oy1,)? 7", asn—+00, (A.2.23)

Proof. First we note that j_, _; , is not a zero of J_, :
Vael0,1),Yn>1, J_, (j_y,1,)#0. (A.2.24)

Indeed, if J_,, (j_,,1,,) = 0, we derive from (A.2.19) that J’, ( J—y,—1,n) = 0, and then the
Cauchy problem satisfied by J_,, would imply that J_,,_is constantly equal to zero.
We also deduce from (A.2.19) that

. Y .
Jiva(]—v,l—l,n) = . J—va(]—va—l,n)' (A.2.25)

—ve—1,n

We compute the value of the constants K, , that appear in (A.2.6): we have

1
- ; 202
1 =K§’HJ x! “J_va(]_va_l,nx 2 ) dx.
0

2—a
2

Thanks to the change of variables y = x "z , we get

1
1=K2, =2 f YT (Fny ) s
0

and applying formula (5.14.5) p.129 in [[48]], we obtain

5 1 , . 2 Vi . 2
1= Ka,nm J—va (']_Va_l)n) 1= -2 J_Va (J—Va—l;n) :

J—va—l,n
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Therefore

1/2
2—a
Yae[0,1),Vn>1, K,,= 3 - 3 R
Jiva (j—va—l,n) + (1 - 2, :n )J—va (j—va—l,n)
and using (A.2.25), we obtain a simple expression for K, ;:
2 —
Vae[0,1),¥n>1, K, =—"2 (A.2.26)

|J—va (j—va—l,n)l ‘

Thus, from we deduce the value of |¢,, ,(1)| given in (A.2.22), and the value of ¢, ,(0).
Indeed, from (A.2.11)), we have

V2—a . _
wa,n(o) = |Cya,o(]—va—l,n) va' (A~2-27)

|J—va (j—va—l,n)

In particular, function ¢, , has a finite limit as x — 0. Moreover, using the classical asymptotic
development (see, for instance, [[48] formula (5.11.6) p. 122]):

J,(2) =\ %[cos(z— % - %)(1 + O(Ziz)) + O(%)], as g — 0o, (A.2.28)

we obtain that

Y

2 1
J,(2)? = p— cos?(z — % - %) + O(Z—Z), as g — oo (A.2.29)

Applying this latter formula with v+ 1, we get

szH(z)Z:%cosz(z—w—z)+0(§)=Esinz(z—m—z)+0(l).

2 4 T 2 4 Z
Therefore
2J(2)* +2J,41(2)* = 2 +0 (1) ,
s Z
which gives that
2J,(2)? +2J,,1(2)* = %, as z — +00. (A.2.30)

This implies that

2
. . 2 . . 2
J—va—l,nJ—va—l(J—va—l,n) +J—va—1,n‘]—va (]—va—l,n) - ;5 asn— +oo.

Hence 5
Iy, (ym10)® ~ = , asn— +00, (A.2.31)
ﬂ:]—va—l,n
and then, combining with (A.2.27) we obtain (A.2.23). O

A.2.2 Strong degeneracy

In this section we study the properties of the strongly degenerate operator
Au=—(x%uy),,
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that is, when a € [1,2). Consider the weighted Sobolev spaces H;(I ) and H 2(1 ) introduced
in (A.1.9). We define the domain of A: D(A) C X — X by

D(A) := {u € H2(I), (x"u,)(0) =0, u, (1) = 0} .
Then, the following result holds true.

Proposition A.2.5. Let a € [1,2), then A: D(A) C X — X is a self-adjoint accretive operator
with dense domain.

Therefore, also in the strongly degenerate setting, A is the infinitesimal generator of an ana-
lytic semigroup of contractions e on X.
To prove the above Proposition, the following integration by parts formula will be necessary.

Lemma A.2.6. Let a €[1,2), then

1

1
Vf,g €H(I), f (x*f"Y (x)g(x)dx = —f x%f'(x)g’ (x)dx. (A.2.32)
0 0

Proof. If f eHi(I), then
F(x):=x*f'(x) € H(I).

Let g € H2(I), and ¢ € (0,1). Decompose

1 € 1
f F'(x)g(x)dx = J F'(x)g(x)dx +f F'(x)g(x)dx.
0 0 €

Since g € H i(l ) € H'(e, 1), the classical integration by parts formula gives

1

1 €
f F'(x)g(x)dx =f F’(X)g(x)dX+[F(X)g(X)]}:—f F(x)g'(x)dx.
0 0

€

To prove equation (A.2.32), we have to let € — 0 in this identity. First, we note that

1 1 1
f F(x)g'(x)dx = J (x“f'(x))g'(x)dx = J (2 /() (x g (x))dx,

and since x — x%2f’(x) and x — x%?g’(x) belong to L?(I), we have that

1 1
J (/2 (g (e ))dx - f (2 f g (Ndx,  ase 0.
e 0

Therefore,
1 1
J F(x)g'(x)dx — f F(x)g'(x)dx, ase—0.
£ 0

Moreover, since F’ and g belong to L2(I), we get that

J F'(x)g(x)dx — 0, ase—0.
0

It remains to study the boundary terms: first, because of Neumann boundary conditions at
x =1, we have F(1) = 0 and since g has a finite limit as x — 1, we obtain

[F(x)g(x)]; = —F(e)g(e).
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Now, we note that

Vx€(0,1), (F(x)g(x)) =F'(x)g(x)+F(x)g'(x)
= F/(x)g () + (x*2f () (x g (x)),

and therefore (Fg)’ € L'(0,1) because F’, g, x*/?>f’, x*/2g’ belong to L%(0,1). Thus, Fg is
absolutely continuous on (0, 1] and it has a limit as x — 0. This means that there exists L
such that

F(x)g(x)— L, as x — 0%,

We claim that L = 0. Indeed, the function x — x*f’(x) belongs to H'(I), hence it has a limit
asx — 0*:
xf'(x)—¢€, asx—0".

If £ #0,
L
a/2 g/ ~ +
x*2f(x) a2’ asx —» 0.

L ¢ L2(I), so £ = 0. Moreover,

However, since a > 1, we have that

X
Vx€(0,1), x“f'(x)= f (s“f")(s)ds,
0
and using the Cauchy-Schwartz inequality, we obtain
Vx€(0,1), [|x*f'(x)]<Cvx.
Finally,

Vx€(0,1), [x*f'(x)g(x)l < Cvx|g(x)l,

thus
Yx€(0,1), [F(x)g(x)| < Cvx|g(x)l.

If L # 0, then for x sufficiently close to 0 we have

160l =
X = L =

& 2/x

which is in contradiction with the fact that g € L2(I). Therefore, L = 0.

This implies that

[F(x)g(x)]} =—F(e)g(e) >0, ase— 0.

This concludes the proof of Lemma [A.2.6] O

Proof of Proposition The strategy of the proof is similar to the one of Proposition
and relies on the integration by parts formula given by LemmalA.2.6] It is possible to prove, as
in Proposition that D(A) is dense in X and furthermore that A is accretive and symmetric.
To prove the surjectivity of I +A, we have already noted that for any f € L%(I) there exists a
unique u € H}(I) such that

1 1
VveHL(D), J (wv +x*u'v') =J fv.
0 0
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Actually, we have proved that u € Hg(O, 1). This implies that x%u’(x) — 0, as x — 0. Hence,
the boundary condition is satisfied at x = 0. Taking now v of class C°°, but not equal to 0 at
the point x = 1, we derive that

1 1
J fv= f (wv +x*u'v')
0 0
1 1 1
= f w + [x*u'v]} —f (x®u'Y'v=[x"Uv]} + J (u—(x*u'))v,
0 0 0

thus u/(1)v(1) = 0, and therefore u’/(1) = 0. We obtain that u € D(A) and (I + A)u = f. So,
the operator I + A is surjective. Therefore A: D(A) C X — X is self-adjoint. O

We now analyze the spectral property of the strongly degenerate operator A: D(A) c X — X.
Thus, we want to solve (A.2.3) for a € [1,2).

Proposition A.2.7. For any a € [1,2), let

‘_Z—a . a—1

Kg: 5 Yai=o o

and consider the Bessel function J,, of positive order v,, and the positive zeros (j, 41,m)m=1 of
the Bessel function J,, 4.
Then, the solutions of problem (A.2.3) are

a0 =0, @ao(x)=1 (A.2.33)
and forallm=>1
2 52
Aam =Ky Ty 11m0 (A.2.34)
e . 2a
goa,m(x) = Ka,mx 2 Jva (]va-{-l,m X 2 ); (A235)

where the positive constant constant K, ,,, is such that ||@, ,|l12(0,1) = 1. Moreover, the sequence
(Pam)m=0 forms an orthonormal basis of L*(0, 1).

Furthermore, the following property holds true: the sequence (1/Aq mt1— 4/ Aqm)mz1 1S decreas-
ing and

2—
VAamir =V Aam — Tan, as m— oo, (A.2.36)

Proof. First, we note that if (A, ) solves (A.2.3) with a € [1,2), then A > 0: indeed, for any
a €[1,2), multiplying by ¢, we obtain

1 1 1 1
AJ ° =J —(x*¢")Y o =[-(x*¢"¢], +J x4(p’) = f x“(p").
0 0 0 0

If A =0, then x — x®¢’ is constant and, by imposing to the boundary conditions, we find that
it is actually equal to 0. Thus, the constant functions are the ones and only ones associated
to the eigenvalue A = 0.

We now investigate the positive eigenvalues. Following the same strategy of the proof of
Proposition (A.2.3), we introduce the function v defined by the relation

P () =x Ty Vi),
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and the associated new space variable
2 —a
y= 2 Vax,
2—a
It turns out that v satisfies problem (A.2.8)). The first equation in (A.2.8]) is the Bessel equation
of order
a—1 ( 1 ]
Vg i = €(0,=].
2—a 2

Then, the ODE we need to solve can be rewritten as (A.2.9).

As recalled previously, when v, ¢ N, J, and J_, form a fundamental system of solutions of
(A:2.9). Hence (A.2.12)) and (A.2.13) still hold. However, the difference lies in the functions
¢4 and ¢_: here we have

('er(x):Xl_TaJva( 2 \/zxz_Ta)
2

2—a
1-a > + \/— 2-a \2M+v,
7 e (V)
m=0
o0 (A.2.37)
2 2 a
= Z C:a,m(z — ﬁ) mE. x@om
m=0
=)
= Z E;?L,mx(z_a)m’
m=0
and
p_(x)= xl_TaJ,va(ZT kxzza)
=)
i N\ 2M— Y,
=x'* C?a,m(ﬁ )
m=0
o0 (A.2.38)
2 2m— a
= Z C;a,m(z s ﬁ) mey X(Z—a)m
m=0
=)
— Z E;A,mxl—oﬁ—(z—a)m.
m=0

We note that
pi(x) > ¢, asx—07,

hence ¢, € L2(I). Moreover,
X2l (x) ~ & (2— a)x "%, asx — 0",
that implies ¢, € H}(I). Furthermore,
(%Y (x)—¢r,,2—a), asx—0F,
thus ¢, € H i (I). However, for @_ it holds that
Xa/z‘PI_(X)NEOTAI(I—a)xfa/Z, asx — 0T,

and we deduce that ¢_ ¢ H!(I), and, in particular, ¢_ ¢ H2(I).
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Therefore C_ =0 and (A.2.13)) becomes

{—(xaap’)’ =2y, p(x) = Cop,(x),

— 3C,€R, { (A.2.39)

xel xel.

Observe that (x“goﬁr)(O) = 0 and therefore the boundary condition at x = 0 is automatically
satisfied.

Additionally, to be an eigenfunction, ¢ has to solve the second boundary condition ¢’(1) = 0.
We recall that

1—a 1 2 A N 3
o0 =130, (Vi) e o, (2 Vi)

Hence, if ¢ is an eigenfunction, C, # 0 and ¢’ (1) = 0 that yields the following relation

1=a, (i ﬂ) + VI, (ﬁ ﬂ) =0. (A.2.40)

2 2—a

This is the equation that characterizes the eigenvalues A. Multiplying by ﬁ, (A.2.40) be-

comes
2 1-a [ 2 2 2 ~
s I VA Y (5 V) =0 (A.2.41)

Introducing once again

2 Vou
Xl = A,,
2—a
equation (A.2.41) can be rewritten as

— Vol (X) + X,J, (X;) =0. (A.2.42)

This is a known formula, see [[58] p. 45, formula (4)]:
zJ(2) = vJ,(2) = 2J 41 (2). (A.2.43)
that in our case would be the following relation
—vaJ,, (X3) +XAJ;Q(XA) =Xy, +1(X3)-

Thus, (A.2.41) implies
X;J,,41(X,) =0, (A.2.44)

or, equivalently,
Jy,+1(X)=0. (A.2.45)

The possible values for X are the positive zeros of J,, 4:

2

2—a

ﬂ = X?L = jva+1,m'
This identity provides the following expression for the eigenvalues
232
A= Ka]va+1,m'
Vice—versa, given m > 1, consider
2

2 e . 2—a
Am = Ka-]vaJrl,m and ¢m(x) =x? Jva(Jva+1,mx 2 )
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Itis clear from the previous analysis that ¢,, € H2(I) and that the pair (4,,, ¢,,,) solves (A.2.3).
Finally, the proof of (A.2.36) follows directly from [47, p. 135]. Since v, +1>1 > %, the

sequence (j, +1,m+1— Jv,+1,m)ms1 is decreasing
Jvg+1,m+1 ~ Jyy+41m — T asm— 0.

Now, we cope with the case v, = 2= € N. It has been proved in [23] that remains
true (with ¢, defined in (A.2.37), the only difference is that the fundamental system of the
solutions of now involve J, and Y, , the Bessel’s function of order v, and of second
kind (see [58] section 3.54, eq. (1)-(2), p. 64] or [48] eq. (5.4.5)-(5.4.6), p. 104]). Thus,
one can conclude by reasoning as in the case v, ¢ N.

Note that there is a hidden continuity property concerning the eigenvalues as a — 1: if

a €[0,1), then (A.2.5) gives that
. 1. _
v A'm(a) =KgJ-v,—1,m — E]—l,m: asa—17,
and if a € [1,2), then (A.2.34) gives that
. 1.
% A'm(a) =KgJ-y,—1,m — E]l,m = Am(]-) asa— 1%

From [58], p. 45 formula (1)]
J_1(x) +J1(x) =0,

we deduce that J_; and J; have the same zeros, and therefore

\/lm(a) — \/km(l) asa— 1.
O

The following result shows that the eigenvalues of the degenerate operator are unbounded
as x — 0.

Lemma A.2.8. Given a € [1,2), function ¢, , satisfies

l[pen(DI=v2—a, Vn=>1, (A.2.46)
and
2—a)m ., 14y,
Pan(0)~c} o %(Jw,n)” , asn—+oo (A.2.47)

where the coefficient c:fmo is defined in (A.2.10). In particular, the sequence (¢, ,(0)),>; is
unbounded.

Proof. First we note that j, ,; , is not a zero of J, :
Vae([1,2),Yn=1, J, (j,+1.)#0. (A.2.48)

Indeed, if J,,_(j,, +1,,) = 0, we derive from (A.2.43) that J}, (j,, 4+1,) = 0, and then the Cauchy
problem satisfied by J,, would imply that J, is constantly equal to zero.
We also deduce from (A.2.43)) that

. v .
J;a(]vaJrl,n) = -—aJ'va(]vaJrl,n)- (A249)

v t+1,n
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With the same strategy of LemmalA.2.4} we compute the value of K,, , that appears in (A.2.35),

and we find that
Vv2—a
|Jva (jva+1,n)| .

Therefore, we obtain from (A.2.35) the value given in of |¢4 (1), and the value of
¢4(0). Indeed, using (A.2.10), we have

v2—a +
—C)
|Jva(1va+1,n)| “

Vae[1,2),V¥n=>1, K,,= (A.2.50)

Pan(0) = oUve1n)™ (A.2.51)

and, in particular, the function ¢, , has a finite limit as x — 0. Moreover, using once again
(A.2.30), we have

]va+1,n Vg ]va+1,n ]va+1,n v, t1 ]va+l,n - asn >

and hence 9
Jy (v, +10)° ~ ———, asn— +o00. (A.2.52)
n]va+1,n
Finally, combining (A.2.52) and (A.2.27), we obtain (A.2.47). O
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