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Abstract

The purpose of this thesis is the derivation of corrector estimates justifying the upscaling
of systems of partial differential equations (PDEs) with coupled fluxes posed in media with
microstructures (like porous media). Such models play an important role in the under-
standing of, for example, drug-delivery mechanisms, where the involved chemical species
diffusing inside the domain are assumed to obey perhaps other transport mechanisms and
certain non-dissipative nonlinear processes within the pore space and at the boundaries of
the perforated media (e.g. interaction, chemical reaction, aggregation, deposition). In this
thesis, our corrector estimates provide a quantitative analysis in terms of convergence rates
in suitable norms, i.e. as the small homogenization parameter tends to zero, the differences
between the micro- and macro-concentrations and between the corresponding micro- and
macro-concentration gradients are controlled in terms of the small parameter. As prepara-
tion, we are first concerned with the weak solvability of the microscopic models as well as
with the fundamental asymptotic homogenization procedures that are behind the derivation
of the corresponding upscaled models. We report results on three connected mathematical
problems:

1. Asymptotic analysis of microscopic semi-linear elliptic equations /systems. We explore the
asymptotic analysis of a prototype model including the interplay between stationary dif-
fusion and both surface and volume chemical reactions in porous media. Our interest
lies in deriving homogenization limits (upscaling) for alike systems, and particularly, in
justifying rigorously the obtained averaged descriptions. We prove the well-posedness
of the microscopic problem ensuring also the positivity and boundedness of the in-
volved concentrations. Then we use the structure of the two-scale expansions to derive
corrector estimates delimitating quantitatively the convergence rate of the asymptotic
approximates to the macroscopic limit concentrations and their gradients. High-order
corrector estimates are also obtained. The semi-linear auxiliary problems are tackled
by a fixed-point homogenization argument. Our techniques include also Moser-like it-
eration techniques, a variational formulation, two-scale asymptotic expansions as well
as suitable energy estimates.

2. Corrector estimates for a Smoluchowski-Soret-Dufour model. We consider a thermo-
diffusion system, which is a coupled system of PDEs and ODEs that account for the
heat-driven diffusion dynamics of hot colloids in periodic heterogeneous media. This
model describes the joint evolution of temperature and colloidal concentrations in a
saturated porous tissue where the Smoluchowski interactions for aggregation process
and a linear deposition process take place. By a fixed-point argument, we prove the
local existence and uniqueness results for the upscaled system. To obtain the corrector
estimates, we exploit the concept of macroscopic reconstructions as well as suitable
integral estimates to control boundary interactions.

3. Corrector estimates for a non-stationary Stokes-Nernst-Planck-Poisson system. We invest-
igate a non-stationary Stokes-Nernst-Planck-Poisson system posed in a perforated do-
main as originally proposed by Knabner and his co-authors (see e.g. [[98]] and [99])).
Starting off with the setting from [[99]], we complete the results by proving corrector es-
timates for the homogenization procedure. Main difficulties are connected to the choice
of boundary conditions for the Poisson part of the system as well as with the scaling of
the Stokes part of the system.

Key words: Corrector estimates, PDEs with coupled fluxes, Thermo-diffusion system, Drift-
diffusion-reaction system, Weak solvability, Homogenization
MSC (2010): 35B27, 35C20, 35D30, 65M15
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CHAPTER 1

Introduction

Before delving into the main content of this thesis, we start off with a short description of
what we mean by a medium with microstructures and present a couple of historical remarks
on homogenization. We also get across the central points that brought us to this thesis. In
particular, we begin with the idea of periodic homogenization in Section and give a clas-
sical example in Section[I.2] In Section we take a glimpse on existing homogenization
methods. The role of Section|1.4]is to give a brief review on the chosen mathematical models
as well as on the used methodologies, drawing also the main goals of this work. The outline
of the thesis is presented in Section|1.5

1.1 Background

Inhomogeneous media (media with microstructures) are omnipresent. The ubiquity of such
media is apparent in both natural and engineering problems such as carbon-fibre composites
in material sciences, multi-strand ropes in structural mechanics and multi-functional cellular
solids in scaffolds for cell growth. This type of materials is subjected to loads or/and forcing
that vary on a length scale. Often, the experimental understanding refers to a governing
scale that is massively bigger than the characteristic length scales of the microstructure. The
situation is even more complex since besides many length scales, many time scales are also
involved.

Taking into account only length scales at a “frozen” time scale, we consider physical processes
that have two separated continuous length scales: the macroscale and the microscale. The
macroscale describes physical phenomena without the aid of magnifying devices, while the
microscale is essentially linked to the geometrically smaller observations of the objects as
viewed through e.g. a microscope. A typical example of microscale/microstructures is the
output of scanning electron microscope (SEM) of a fabricated microframe in interference
lithography; see Figure e.g.

The microscale is usually characterized by some recurring shape properties where the fre-
quency of recurrence is much smaller than the size defining the macroscale. Mathematically,
this fundamental parameter is referred to as 0 < € < 1. The models posed at the microscale
are called in this context the microscopic system. Passing to the limit ¢ — 0 in the micro-
scopic system is referred to as homogenization process and is a form of upscaling/averaging.
This terminology is self-explaining, i.e. the corresponding limit model usually no longer pos-
sesses information about microstructures since the size of the recurrence is eliminated. It
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Figure 1.1: SEM image of a microframe (left) and its cross-section (right). The figures are taken from
[791].

consequently reduces to a physical system posed in homogeneous media (an equivalent fic-
titious domain). This is an example of multiscale modeling. It is worth mentioning that in
engineering problems, a microscopic view is helpful in accounting for many physical processes
taking place deep inside the domain. On top of that, the mathematical models that resolve
small length scales are unfortunately complicated and often impossible to solve fast and ef-
ficiently. The number of mesh nodes is, in fact, at least of the order of ¢ (d is the spatial
dimension), which is inversely proportional to the number of periodicity cells in the body.
Ultimately, the complexity as well as elapsed time for computations increase dramatically as
¢ — 0. Meanwhile, there is no difficulty in solving numerically nonlinear coupled evolution
systems posed in homogeneous media.

The mathematical literature reports on two kinds of homogenization corresponding to two
practical choices of microstructures: deterministic homogenization and stochastic homogeniz-
ation. This thesis focuses on aspects of deterministic homogenization. For similar concepts
concerning stochastic homogenization, we refer the reader for instance to [[16] and [[15] [14]].

What concerns the deterministic framework, there is a huge mathematical literature on the
periodic homogenization (here, materials are assumed to have a periodic microstructure).
The homogenization process aims at replacing the initial partial differential equation with
rapidly oscillating coefficients describing the composite material by the one with the cor-
responding effective/homogenized coefficients. Interestingly, these effective coefficients can
usually be found by solving a non-oscillating partial differential equation, often of a simple
nature. It is worth noting that the perforated domain indicates in this thesis a material with
holes (empty inclusions), or equivalently solid inclusions (grains) suspended rigidly (and peri-
odically) in air. For examples of non-periodic homogenization scenarios, see for instance,
and [[108]]. This thesis deals only with periodic scenarios.

1.2 A classical example

To illustrate the homogenization idea, we turn our attention to a one-dimensional elliptic
system with an oscillating coefficient, viz.

d (_aed”E)zf inQ=(0,1),

E dx
uf (0)=u(1)=0, (1.2.1)
feL?(Q).



The oscillating coefficient a® is supposed to be periodic with a given period © and is generated
by means of a bounded positive function a € L°° (Q) satisfying

O<a<a(x)<pB <oofora.e. xeq.

The coefficient is thus assigned by
af(x)= a(f) for x € Q.
€

Observe that the problem admits a unique solution for each fixed ¢ by the use of the Lax-
Milgram lemma. Moreover, by the Poincaré’s inequality we obtain a uniform a priori estimate
of ||uf|| Hi@)- In addition, if we denote the flux of u® by

du®
dx’

ge = —qf

then the we see that ||E¢||;2(q) is uniformly controlled as well.
Accordingly, we are led to the fact that there exists a subsequences, such that

u® — u® weakly in H' (Q2),
&€ — £%weakly in L% (Q),

a® — a® weakly-* in L*° (Q).

We denote by a® the mean value of g, i.e.

0— 1 (°
a =//l(a)=@ a(x)dx.
0

We obtain 5?( = f in Q, and based on the Rellich-Kondrachov Theorem, the convergence
& — &0 is actually strong in L2 ().
Notice that £° is the product of two weakly converging quantities. In general, this does not
imply that the limit £° coincides with the product of the limit functions a® and u®. Namely,
£%=—a"? does generally not hold. In fact, we show that

du®

— -1} £0
H_/ﬂ(a ) v,

which leads to the homogenized (upscaled, averaged,...) equation

1 dnf
M (a=1) dx2

In conclusion, we have considered the periodic case with a® being a bounded sequence (not
necessarily periodic) satisfying

1 1

— — Aweakly-* in L (), where A™! 1= ———.

ac M (a 1)

The solution u® is shown to converge weakly to u° in H (2), while u° is the unique solution

of the problem:
d?u® ,
T2 =f in Q,

u’(0)=u’(1)=0.

iy




Let us now look at the problem (1.2.1) from a slightly different perspective, i.e. a stationary
heat conduction problem in a composite material formed by a matrix and embedded fibers.
Consequently, in this case the conductivity is given by

() as, if x €fiber,
af(x)=
a,, if x € matrix.

(1.2.1) includes the continuity of both the temperature u® and of heat flux £¢ at the interface
fiber/matrix. Moreover, the rapid oscillation of our conductivity herein is from its changes by
the absolute value \af — am| when there is a change from the point x by a value of order ¢.
In any multiscale numerical scheme, the mesh-grid Ax must satisfy at least the constraint
Ax < g. Otherwise, the microstructure information cannot be captured. Assume that our
underlying two-dimensional material has his matrix ata & (1) scale. Then, with the choice ¢ =
107 (inspired from the smallest diameter of a fiber in the superconducting multifilamentary
composite) and Ax = 10~ ¢, the order of degrees of freedom is around (10 x 105)2 =10'2,
yielding a greatly high cost of computations. We also emphasize that this is in practice even
more expensive and composites are often heterogeneous on several scales, which makes naive
numerical methods useless. Detailed multiscale numerical results are reported e.g. in the
works by [21], 20]].

Denote by ¢ and L, respectively, the characteristic lengths of the micro-cell and the macro-
body. We have that { < L. From engineering perspectives (e.g. [13]] and [[12]]), ¢ is a given
physical parameter and cannot be changed, whilst L can somehow undertake the smallness of
the scaling factor €. Indeed, the parameter &€ can be computed as the ratio of the microscale
to the macroscale by ¢ = £/L. This means that one can choose a suitably large L to get a
small enough ¢. This is the reason why the homogenization procedure is often referred to as
upscaling.

1.3 Justifying asymptotics via corrector estimates

The multiscale asymptotic expansion is an important tool in explaining multiscale problems
(see, e.g. the monographs [[102}[19] and [[16,27]]). The basic notion of this approach consists
in seeking an asymptotic expansion of the form

u® (x) =u, (x, E) + euy (x, E) + &%u, (x, i) +..forx e, (1.3.1)
€ € €

where u,, are Y-periodic in the second variable with Y being a unit cell, e.g.

This ansatz indicates that u® shall be close to some macroscopic part u, for a sufficiently
small ¢, provided that u®* — u, in some adequate topology as ¢ — 0. Here, the function u,
is performed as a suitable limit of u® and thus is expected to be the solution of the limit or
homogenized model. The effective coefficients corresponding to the rapidly oscillatory ones
are determined by solving the so-called cell problems, see Chapter [2]and Chapter [3|for more
details. However, let us remark that using the aforementioned expansion for linear elliptic
problems (like (1.2.1))), one can prove

o (.2 ) = o (),



and i, is an excellent candidate as solution of a homogenized problem in which the effective
conductivity does not depend on the position x € 2, making the fictitious material homo-
geneous. When ¢ is small enough, i, becomes a good approximation of u®. Accordingly, we
have replaced the composite material by a homogeneous one where their global behaviors
are nearly the same. On the other hand, the cell functions u,, are solutions to cell problems,
possessing the {i,-based structures.

Here, it is also possible to give the expected structure of the corrector estimate when using
the asymptotic expansion (1.3.1). The corrector estimate is in general of the form

M
uE—Zamum <ceM
m=0 H1(Qe)
where C > 0 is a generic constant independent of ¢ and M > 2 is a chosen order of
the asymptotic expansion.

\ J

This type of corrector estimate is useful for multiscale finite element methods, e.g. the relation
between the corrector homogenization estimate and the error estimate in conventional finite
element methods is proved in [66]]. In fact, the key estimate one normally wants to prove in
this direction quantifies the difference between the exact solution and the so-called interpolant
of the homogenized solution using the multiscale base functions. To do that, it further requires
basic a priori error estimates of the approximation method whose proofs are based on the
structure of corrector estimates (see [J66]] in Section 5).

1.4 Pore-scale models. Main goals

Modern approaches to modeling focus on multiple scales. Given a multiscale physical prob-
lem, one of the leading questions is to derive upscaled model equations and the corresponding
structure of effective model coefficients (e.g. [37, [107]]). We start off from microscopic PDE
models describing the motion of populations of colloidal particles in soils and porous tis-
sues with direct applications to drug-delivery design and control of the spread of radioactive
pollutants. In particular, our background systems are mathematical models for hot-driven
colloidal concentrations—the Smoluchowski-Soret-Dufour model, and for charged colloidal
particles—the Stokes-Nernst-Planck-Poisson model.

A quick overview of these physical systems can be made, as follows:

e The Smoluchowski-Soret-Dufour system (SSD) (see e.g. [[49] and [[1]] concerning the
Smoluchowski interaction aiming at capturing the Alzheimer disease) models natural
changes of the temperature due to a joint with the evolution of colloidal concentrations
within the framework of a coupled thermo-diffusion-reaction process accounting for
adsorption and desorption processes on the micro-surfaces.

e The Stokes-Nernst-Planck-Poisson (SNPP) system is well-developed to describe the dy-
namics of dilute electrolytes and dissolved charged particles in porous media; see e.g.
[[72] and [50] for detailed phenomenological descriptions. It also provides insight into
the evolution of charged chemical species within a Newtonian liquid at low Reynolds



numbers. Concurrent with the Stokes equation, the charged species satisfy the Nernst-
Planck-Poisson equations.

As analytically investigated in [97, (75} [99]], these systems are mathematically well-posed and
have been upscaled rigorously. Nevertheless, the question regarding the corrector estimates
that deliminate the error made when homogenizing (averaging, upscaling, coarse graining...)
these microscopic systems has not yet been studied. Thereby, the main purpose of this thesis
is to estimate the speed of convergence as ¢ — 0 of suitable norms of specific differences in
micro-macro concentrations, velocities, charges, etc. and their micro-macro gradients.

As indicated in Section[1.3] the corrector estimates obtained in this framework can be further
used to design convergent multiscale finite element methods (MSFEM) for the studied PDE
systems (see e.g. [66] for the basic idea of the MSFEM approach). Having available corrector
estimates, on the other side, allows in principle the construction of convergence proofs of
multiscale numerical methods by deriving a priori error estimate for MSFEM applied to prob-
lems in perforated media like in [[24]], for instance. It is worth mentioning at this point that the
existing literature on corrector estimates justifying the homogenization asymptotics is huge.
One of the best studied problems is the derivation of plate theories from bulk elastic bodies
with various types of perforations; see for instance the reference monographs [[77, [90]], but
also the more recent concrete applications to transport and (static and dynamic) mechanics
of membranes as indicated in [10, 11]], e.g.

To obtain the corrector estimates in our framework, our strategy is to use an energy-like
method and suitable macroscopic reconstructions (cf. e.g. [[40]] and [41]]). This technique
basically relies on the choice of test functions that captures in suitable norms the difference
between the micro-and macro-fields and their transport fluxes. As readily expected, careful
attention needs to be payed to the regularity of the limit solutions as well as of the cell func-
tions involved in the asymptotic procedure; see e.g. [46]]. Using more regularity, high-order
corrector estimates can be obtained for semi-linear elliptic systems accounting for the sta-
tionary diffusion of the populations of colloidal particles. This can be done via an iteration
method that uses explicitly the expected structure of the two-scale asymptotic expansion.
Note also from [31]], guessing the structure of the corrector merely requires a deep under-
standing of cell functions up to the first order, i.e. the quantity u;. Therefore, the corrector
forms with the aid of macroscopic reconstructions: compare [39} [40]] concerning the upscal-
ing of a phase field model posed in high contrast regimes. Besides handling new nonlinear
terms, a novel aspect in our context is the handling of the errors produced in the upscaling
due to micro-surfaces and the presence of coupled fluxes. A similar analysis can be carried
over the settings in [[9} (99} (107, [45]], e.g.

Besides the energy-like approach used here for a periodic homogenization case, significant
contributions can be obtained using variants of the bulk and boundary unfolding operators:
see, for instance, [60}[97} 4685} [8T],[T00]. Settings involving locally-periodic microstructures
(correctors by special test functions adapted to the local periodicity) can be treated as in [86]],
e.g., while the random case is in most of the cases out of reach; see [[73} (95| [119]] for some
details in this direction.

1.5 Outline of the thesis

This thesis is structured as follows:



We begin with the study of a stationary diffusion problem in Chapter |2{and Chapter (3} from
which the nonlinear structure of the system is significantly correlated with the SSD and SNPP
models. In the first part of Chapter[2] we mainly discuss the existence of a non-negative weak
solution for this elliptic microscopic system by the minimization approach stated in Theorem
Moreover, uniqueness as well as boundedness results are shown. In the second part of
this chapter, we apply the high-order asymptotic expansion to derive the structure of the limit
system. Besides the use of this expansion, a general corrector estimate for homogenization
limit is presented in Theorem [2.5.1] whose proof relies on energy-like estimates. These results
are supplemented by extensions to the semilinear case of the auxiliary problems and to a
general high-order corrector estimate postulated, respectively, in Section [3.2]and Section[3.3
of Chapter

To tackle the Smoluchowski-Soret-Dufour model in Chapter[4] we introduce its mathematical
description in the first part of the chapter. Here we can find also the technical assumptions
as well as a mathematical interpretation of the chosen perforated domain. In addition, this
part also contains the mathematical analysis of the microscopic system and corresponding
upscaled systems. The corrector estimates are stated in Theorem [4.3.1

The corrector justification for the Stokes-Nernst-Planck-Poisson model is investigated in Chapter
When doing so, we recall the existence of a unique weak solution of the microscopic system
and the expected structure of the limit (upscaled) systems according to several scaling choices
and boundary conditions. The main results are specified in Theorem|5.4.2]and Theorem[5.4.3
Besides macroscopic reconstructions and energy-like estimates, we further employ boundary
layer estimates to treat the corrector structure for the Stokes equation.

Closing remarks and a list of open issues for forthcoming considerations are added in Chapter
el

Guideline for the reader. The chapters can be read independently from each other. Whenever
relevant, we state the geometrical settings of physical domains as well as the physical mean-
ing of all quantities and balance laws behind each model. Due to the differently considered
systems, the associated function spaces are defined in every chapter, albeit it perhaps do over
again. Except those notations, we write C;° (Y) for the space of functions in C*° (Rd) that
are Y-periodic. Given a Sobolev space H (]Rd), we denote by Hy (V) the space of functions
in Hy,, (]Rd) (if it exists) that are Y-periodic, and by H, (Y) /R the space of those functions
whose average over Y vanishes, i.e.

f u(y)dy =0 forueH,(Y).
Y

Proofs of theorems, lemmas or propositions are either closed with the symbol O, or fully
presented in a concrete subsection. The concepts of two-scale convergence and related com-
pactness results are provided in Appendix[A]to avoid unnecessary repetition (see, in particular,

Definition [A.0.1} Definition and Theorem[A.0.2}Theorem [A.0.4). Additionally, detailed

statements concerning universal inequalities can be found therein.






CHAPTER 2

Asymptotic analysis of a semi-linear elliptic system in
perforated domains

2.1 Introduction

We study the semi-linear elliptic boundary-value problem of the form

AU =V (—dfVus) =R;(u®), inQfcCRY
(P%): diVu-n=¢ (afuf —b{F; (uf)), across I'?, (2.1.1)

u; =0, across I'e*t,

fori = {1,...N} (N >2,d € {2,3}). Following [[75]], this system models the diffusion in a
porous medium as well as the aggregation, dissociation and surface deposition of N interact-
ing populations of colloidal particles indexed by u;. As short-hand notation, u® := (ui, - ufv)
points out the vector of these concentrations. Such scenarios arise in drug-delivery mech-
anisms in human bodies and often include cross- and thermo-diffusion which are triggers of
our motivation (compare [|34] for the Sorret and Dufour effects and [[52] [116]] for related
cross-diffusion and chemotaxis-like systems).

The model involves a number of parameters: d’ represents molecular diffusion coeffi-
cients, R; represents the volume reaction rate, a;, b are the so-called deposition coefficients,
while F; indicates a surface chemical reaction for the immobile species. We refer to
as problem (P?).

This chapter is organized as follows: In Section [2.2| we start off with a set of technical pre-
liminaries focusing especially on the working assumptions on the data and the description of
the microstructure of the porous medium. The weak solvability of the microscopic model is
established in Section[2.3] The homogenization method is applied in Section[2.4]to the prob-
lem (P?). This is the place where we derive the corrector estimates and establish herewith
the convergence rate of the homogenization process. A brief discussion in Section and
some concluding remarks in Section [2.6|close the chapter.

2.2 Preliminaries

2.2.1 Description of the geometry

The geometry of our porous medium is sketched in Figure (left), together with the choice
of perforation (referred here to also as "microstructure") cf. Figure (right). We refer the
reader to [65]] for a concise mathematical representation of the perforated geometry. In the



same spirit, take 2 be a bounded open domain in RY with a piecewise smooth boundary
['=0Q. Let Y be the unit representative cell, i.e.

d
Y = {ZM} L0<A; < 1},
i=1

where we denote by &; by ith unit vector in RY.

Take Y, the open subset of Y with a piecewise smooth boundary 8, in such away that Y, C Y.
In the porous media terminology, Y is the unit cell made of two parts: the gas phase (pore
space) Y\Y, and the solid phase Y.

Let Z c RY be a hypercube. Then for X ¢ Z we denote by X* the shifted subset

where k = (ky, ..., k;) € Z% is a vector of indices.
Setting Y; = Y \Y,, we now define the pore skeleton by

€ . k.vyk
Q5= | {evg: vf cal,
kezd
where ¢ is observed as a given scale factor or homogenization parameter.
It thus comes out that the total pore space is

Q° = Q\Q8,
for sYok the e-homotetic set of Yok, while the total pore surface of the skeleton is denoted by

r:=0Q)= U {eFk:FkCQ}.
kezd

The exterior boundary of  is certainly a hypersurface in R¢, denoted by I'*** = 9Q°\T?,
where it has a nonzero (d — 1)-dimensional measure, satisfies I'*** NI = @ and coincides
with I'. Moreover, n denotes the unit normal vector to I'?.
Finally, our perforated domain Q¢ is assumed to be connected through the gas phase. Notice
here that I'*** is smooth.
N.B. This chapter aims at understanding the problem in two or three space dimensions. How-
ever, all our results hold also for d > 3. Throughout this chapter, C denotes a generic constant
which can change from line to line. If not otherwise stated, the constant C is independent of
the choice of €.

2.2.2 Notation. Assumptions on the data

We denote by x € Q° the macroscopic variable and by y = x/e the microscopic variable
representing fast variations at the microscopic geometry. With this convention in view, we
write

df (x)=d, (E) =d,(y).

A similar meaning is given to all involved "oscillating" data, e.g. to a; (x), b; (x).

10
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Figure 2.1: Admissible two-dimensional perforated domain (left) and basic geometry of the microstruc-
ture (right).

We now make the following set of assumptions:
(A;) The diffusion coefficient d} € L™ (]Rd) is Y-periodic, and there exists a positive constant
a; such that

di (¥)&:i&;= o |€]*  for any & € R%.

(A;) The deposition coefficients a;, b; € L°° (T') are positive and Y -periodic.

(A3) The reaction rates R; : Q° x [0,00)Y — R and F; : I’* x [0, 00) — R are Carathéodory
functions, i.e. they are, respectively, continuous in [0, 00)" and [0, 00) with respect to x
variable (in the “almost all” sense), and measurable in ° and I'* with essential boundedness
with respect to concentrations u; = 0.

(A4) The chemical rates R; and F; are sublinear in the sense that for any p = (p1, ..., Py)

N
Ri(p)SC(l-{— Z pipj) forp >0,

j=1,j#i
Fi(p)<C(1+p;) forp;=0.

Furthermore, assume that R; (p) /p; is decreasing and F; (p;) /p; is increasing in p; for any
p>0.
(As) For every ¢ > 0, there exist vectors (x-dependent) rg, 75, fy, f5, wWhose elements are

R; (u® R; (u®
re; = lim —l(l;), S = lim —l(?),
4 ufaO+ ui ) uif*»oo ui
. F (uf) : F; (uf)
foi =uf1§2+8(af—bfu—f 0 foo = Jim el @i b= |
(Ag) R; and F; satisfy the growth conditions:
N
IR (x,p)| <C > (1+p) forp>0, (2.2.1)
i=1
afp;—biF(p)| <C(1+p;) forp;>0. (2.2.2)

11



Let us define the function space
ve:={veH' (Q)|lv=00nT*"},

which is a closed subspace of the Hilbert space H! (Q¢), and thus endowed with the semi-norm

d ov 2
||v||vs=(2f F
i=1 e

Obviously, this norm is equivalent to the usual H!'-norm by the Poincaré inequality. Moreover,
this equivalence is uniform in ¢ (cf. [31, Lemma 2.17).

/2
dx) forallv e V&.

We introduce the Hilbert spaces
A Q) =L2(Q°) x . x L*(Q°), V¥ =Vx..xV’,

with the inner products defined respectively by

N
(W, V) se(ae) == ZJ uvidx, u=(uy,....,uy),v=v,...,vy) € #(Q°),

du; dv;
(U, v).ye :— —Ldx, u=(uy,...uy),v=,..,vy) € V-
. 8x ox;
i=1 j= 1
Furthermore, the notation 5 (I'?) indicates the corresponding product of L2 (I'¢) spaces. For
q € (2, 0o}, the following spaces are also used

W (QF) = LI(02°) x ... x LI(92°),
Wa(T%) = LI (T%) x ... x LI (T*).

2.3 Well-posedness of the microscopic model

Before studying the asymptotics behaviour as ¢ — 0 (the homogenization limit), we must
ensure the well-posedness of the microstructure model. In this section we focus only on the
weak solvability of the problem, the stability with respect to the initial data and all parameter
being straightforward to prove. We remark at this stage that the structure of the model equa-
tion has attracted much attention. For example, Amann used in [|8]] the method of sub- and
super- solutions to prove the existence of positive solutions when a Robin boundary condi-
tion is considered. Brezis and Oswald introduced in [[22]] an energy minimization approach
to guarantee the existence, uniqueness and positivity results for the semi-linear elliptic prob-
lem with zero Dirichlet boundary conditions. Very recently, the authors in [55]] extended the
result in [22]] (and also of other previous works including [[25} [32]]) to problems involving
nonlinear boundary conditions of mixed type. For what we are concerned here, we will use
Moser-like iterations technique (see the original works in [[83] [84]]) to prove L°°-bounds for
all concentrations and then follow the strategy provided in [22]] to study the well-posedness
of (P%).

12



Definition 2.3.1. A function u® € ¥* is a weak solution to (P?) provided that

N
ZJ (d"’Vu Vo; —R; (ue)gol dx Z f (a (uf)) p;dS, =0 forall p € ¥V°.
- (2.3.1)

Definition 2.3.2. By means of the usual variational characterization, the principal eigenvalue

of (P?) is defined by
3 € 2 € € 2 € € 2
Z(af |Vul.| dx—Nf p; |ui| dx—Nf q; |ui| dSS)
i=1 Qe Qr re

— .N N
usew,Z|uf|2;&o ZJ u
i=1 i=1J0
(2.3.2)

where p? and q are measurable such that either they are simultaneously bounded from above
or from below (this leads to A; € (—o0, 00] or A; € [—00, ©0), correspondingly). Here, we
denote a := min {a,..., ay}.

>

Lemma 2.3.3. Assume (A;)-(As) and replace (A4) by (Ag). Let u® € ¥° N (') be a weak
solution to (P?), then u® € #*° (Q2°) and there exists an ¢-independent constant C > 0 such that

16 llyroe ey < € (14 1 Iy + 1 ey

Proof. Let B > 1 and k; > 1 for all i = 1,N. We begin by introducing a vector ¢° of test
functions ¢! = mm{ ﬁ : kﬁ +2} — 1 where v; = uf + 1 with uf as in (2.3.1). Thus, it is
straightforward to show that ¢® € ¥* N 5 (I'*). We have

N N
a(ﬂ‘F%)ZJ viﬁ_é |VV1|2SZ(J Ri(X’us)gpde'i'f Fi (X,uf)(pfdse)
i=1 J {vi<k;} 4 e
<o35 [ e ias
;
oS [ eutas

N
ZU +§dx+f v{”gdsg), (2.3.3)
=1 re

3

where we have used (2.2.1) and (2.2.2)).

Pty B3
Now, for every i € {1, ..., N}, if we assign ¢); = min {vi 2Lk’ }, then one has

4(B+3)
= AAZVHES (2.3.4)

(B+3)

Since Qf is a Lipschitz domain, then the trace embedding H* (Q¢) c L?(8Q¢) holds for 1 <
q < 2}, where 2, = 2(d—1)/(d—2)if d > 3, and 2’595 = oo ifd = 2 (cf. [44]).
Therefore, given q € (2, 2*] we apply this embedding to ( with the aid of (2.3.4) and

1) p-1
(B+3 ) 199 gz =

13



then obtain

N
4“’”2)2 U |¢|st) —f i l? dx chU vf”dwf vf“dss)-
(/3 Qs i=1 Qe re

(2.3.5)
We see that ¢? < vF *2 and also

4(B+3
: 3 = (/3 22
P+z  (B+3)
holds for all § = 1. As a result, ([2.3.5) yields

N % N ,
ZU [ dsg) <Ca’! (/3+§)ZU ’3+de+[ vf“dss). (2.3.6)
i=1 M 275 \Ues re

Our next aim is to show that if for some s > 2 we have u® € #°(Qf) N w* ('), then u® €
wks (QF) N W™ (I'¢) for k > 1 arbitrary at each e-level. In fact, assume that u® € Wb+ Q)N
Wwh+3 (%) then letting k — oo in ([2.3.6) gives

N H N . .
ZU |vi|%(ﬁ+g)d88) SC(/H%)ZU vi’”deJrf vi[szSE). (2.3.7)
i=1 \JI* 2 i=1 \JQr re

1

<4

One obtains in the same manner that by the embedding H' (Q°) c LI(Q¢) (this is valid for
1< q < 2§, where 2, =2d/(d—2)if d > 3, and 2§, = oo if d = 2; thus q given before is
definitely valid), we are led to the following estimate

N q 3 % N 3 3
ZU Ivilz(’”z)dx) sc(/ﬁ+§)ZU vf+2dx+f viﬁ+2d55). (2.3.8)
i=1 \JQr 2/4 Q¢ re

i=1

Combining (2.3.7), (2.3.8) and the Minkowski inequality (see Lemma[A.0.11)) enables us to
get

: N ,
( J 2+ g+ f |vi|z(ﬁ+z>dsg) sc(ﬁ+§)2( f VP dx f vadse),
Qe re 2 i=1 \JQr re

foralli € {1,...,N}, which easily leads to, by raising to the power 1/ (/5 + %), the fact that uf €
L3(B+3) (@9)nL3(A+3) () for all i € {1, ...,N}; and hence u® € % 3(F+3) (e)nw 3 (B+3) (1e).
The constant k is indicated by q/2 > 1. Thus, if we choose q and f such that

n
ﬂ+g:2(%) forn=0,1,2,..,

and iterating the above estimate, we obtain, by induction, that

. N0}
Wagyy <TT(2(2) €)™ i, 239
=0

y !
||v||r:=2(f |vi|fdx+J |vi|’dsg) .
i=1 Qf Te

where we have denoted

14



oo 2 n oo 2 n

It is interesting to point out that since the series Z (—) and Zn (—) are convergent for
n=0 q n=0 q

g > 2, we have

,_ S(2) S (2
ﬁ(z(%)jc)é(ﬁ) . (ZC)HZOI(Q) q; (Q) =C.

j=0

Therefore, the constant on the right-hand side of (2.3.9) is indeed independent of n, and by
passing n — oo in (2.3.9), i.e. in the inequality,

||V||W2(g)"ms) < C(IVllsecary + VL)) »

we finally obtain
IVllpoo ey < € (IV1ecaey + 1V lecrey) -

Consequently, recalling v; = u; + 1, we have:
[ lyeocary < € (14 || eary + 1 lecrey) -
This step completes the proof of the lemma. O

Remark 2.3.4. Using the trace inequality (see Lemma and the norm equivalence between
V¢ and H' (Qf), if u® € ¥ then the result in Lemma reads

16 llyoo ey < € (L4 €772 U ey + Il
<C(1+e 2 ufly.).

Lemma 2.3.5. Assume (A;)-(Asg) and that A, (rf)o,f(fo) > 0and A, (ré,fog) < 0 hold. We define
the following functional

1 N
J[uf]:=EZJ de
i=1JQ

£

N

N
de—Zf R; (x,ug)dx—z Z; (x,uf)dSs,
i=1J o

i=1JT¢

Vu;

where

uf
R; (x,u®) = f R; (x,ui, eiSiyeen uf\,)dsi,
0

£
L

Z (x,uf) = f (afs —b{F; (s)) ds,

0

and the nonlinear terms are extended to be R; (x,0) and F; (x,0) for u; < 0. Then J is coercive
on ¥°¢ and lower semi-continuous for V*. Moreover, there exists ¢ € ¥* such that J[¢] < 0.

Proof. Step 1: (Coerciveness)

Suppose, by contradiction, that there exists a sequence {u®™} C ¥° such that ||u®™||,. — o0
while J [u®™] < C. Setting

1/2 1/2
Sim = (f |usm|? dse) , tim= (J Jusm | dx) , (2.3.10)
Te Qe

15



N
we say that Z tizm — 00 up to a subsequence as m — oo. Indeed, the assumption J [u®™] <

i=1
C yields that

N N
%;fgdf|Vuf’m|2dxs;JS% (x, u“”")dx—kZJ Z(x,u?™)dS, +C, (23.11)

which, in combination with (2.3.10) and (A4), leads to

f ds |vu™|® dx<C(N)(1+Ztlm+Z lm) (2.3.12)

i=1 i=1

N
Here, if Z t7  is convergent, then Z cannot be bounded. While putting
i=1

it enables us to derive that

N
Y 2 Zlfﬂe Em}d Jf gm| ax
vim d ==
D Ionafas

< . (2.3.13)

) e

i=1

If we assign a := min{a;,...,ay} > 0, then it follows from (4.3.15) and (2.3.13) that

N
ZJ df |Vuf’m|2 dx
i=1 e

N
a 2
2| wnala < .
=1 e 2
ZZSi,m
i=1
N
e,
&
< CIN)[ 1+ +— <C(N).
2 2
Si,m si,m
i=1 i=1

Now, we claim that there exists v; € V* such that v; ,, — v; weakly in V¥, and then strongly in
L?(Qf) and in L2 (I'*). However, it implies here a contradiction. It is because we have v; = 0
in Q°f for all i = 1, N while

N N 2N
Zf Ivi|2d88=(Zsi) Zf |ut)*ds, >N > 0.
=1JT¢ i=1 i=1JT*

N
E : 2 o .
Let us now assume that ti’m is divergent. By putting
i=1

16



we have, in the same manner, that

N
EZJ.E|Vwi’m|2deC(N) 1+ N1 + l;l
2t 2t
i=1 i=1

From (2.3.10), we know that

i:JJWi,mizdx:(Z )_Zijﬂ |ue™* dx < 1, (2.3.14)

and

N N
Do Wil ds. =N (Z tﬁm) f ™ ds, = L. (2.3.15)
i=1JTI* i=1

Combining the trace inequality (cf. Lemma[A.0.8)) with (2.3.14) and (2.3.15), we obtain
N

2.5
,m N 5
N ZJ |Wi,m| dSs
Zt?m -
N 1/2
(oS ([ ot ([ ot o5 o)
1;1 Q¢ ) Q
CN(Z (J }Vwi,m{zdx) +e_1).
i=1 \Jae
It yields that

N N 1/2 N -1
ZJ |Vwi’m|2de W) (f |VWi,m|2dx) +C(€)+(Z tizm) ’
= Jor LA = WS =

1

IA

IA

which finally leads to

1/2
(J |le-)m|2dx) C(N)
QE

foralli= 1,_N

15\ 1/2
<C(N, s)(1+(Ztlm) ) , (2.3.16)

i=1

Therefore, f |Vwi’m|2dx is bounded by the inequality (2.3.16)). So, up to a subsequence,
QE
w; m — w; weakly in V¥, and then strongly in L?(Q®) and L2 (I'®). In addition, it can be proved

N
that ZJ lw;|*dx >N~ > 0, and from (2.3.11), it gives us that

_ f %(xu Lo +ZJ Nx’u S,.. (2.3.17)
Ztm g Z f?m

i=1 i=1 i=1

a &
—ZJ |Vwi,m|2dx<
=1 J Qs

17



We now consider the second integral on the right-hand side of the above inequality, then
the third one is totally similar. Using the fact that w; ,, — w; strongly in L?(9f) and the
assumptions (A4)-(A5) in combination with the Fatou lemma, we get

N N
R; (x,u®™ N
lim sup E J. %dxs — E f rioi|wi,m|2dx,
g 2 2 i=1 J Qen{w>0} ’

T X
im

i=1

where we have also applied the following inequalities

N -1 N -2
v (3] (D) bl
i=1 i=1

R (x,u 1
limsup i (x.0) 5 ) < -ri (x) forae xe€Qf.
€ £ 2 oL
u—o0 |ui

Thus, passing to the limit in (2.3.17) we are led to

N N N

a N

5 E f |VWi|2dXSE(E J rgo’i lw;|* dx + E J Oeo’ilwl-lzdsg).
i=1 3 i=1 J Q:n{w>0} i=1 JIen{w>0}

Recall that A (rio,fcfo) > 0, it then gives us that w; =0 for all i = 1,N. As a consequence,
N

w; = 0 while it contradicts the above result Z fns lw;[*dx >N~
i=1
Hence, J is coercive.

Step 2: (Lower semi-continuity)
It can be proved as in [22] [55] that: if u®™ — u® in ¥, then we obtain

m—oQ

limsupJ. R; (x,u®™)dx < f R; (x,u®)dx,
QF,‘ QF

limsupf Z(x,uP™)ds, < f Z:(x,uf)ds,,
m—0eo  Jre re

by using the growth assumptions (A4) in combination with the Fatou lemma. Thus, J is lower
semi-continuous.

This result tells us that J achieves the global minimum at a function u® € ¥*. If we replace
u® by (u®)*, u® can be supposed to be non-negative. Moreover, the last step shows that u® is
non-trivial.

Step 3: (Non-triviality of the minimisers)

What we need to prove now is that there exists ¢ € ¥° such that J[¢] < 0. In fact, given
WY € VN we satistying |||, = 1 and

N N
aZJ |V1/Ji|2dx<NZ(f
i=1Jae i=1

[

rolwil? dx +f foilil? dsg).
Fé‘
In fact, here we assume that 1 is non-negative. By the assumptions (A4)-(A5), we have
0 > it 2 f o
roi (X7 = 570, (x)[y;|* forae.x €Qf,
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and g( 51/))
X, 2 e
115_)0+ 52 fol( x)|y;|© forae. x eT”.

This coupling with the Fatou lemma enable us to obtain the following

N N
R;(x,0 Zi (x, 0,
liminf | —/——2—= (x 1'D)dx + > liminf ———"% (x, 1)
550t o, 62 = 50" 62
1 &
= EZ(J. rg’i |¢i|2dx +J foé;l |¢i|2d55);
i=1 Qe re

which leads to I159]

li ——<0.

-
Hence, to complete the proof, we need to choose ¢ = 51). O

Theorem 2.3.6. Assume (A;)-(As) and Ay (re,, f5) > 0, A, (r&, f£) < 0 hold. Then (P?)
admits at least a non-negative weak solution u® € ¥¢ N W (Q°).

Proof. We begin the proof by introducing the approximate system

V- (—dfvuf) =RF(u®), inQfcRY,
(Pke): dfvuf -n=GF (uf), onT?,

u; =0, on I'e*t,
in which we have defined that for each integer k > 0 the truncated reaction rates

€ () o max {—kuf,Ri (ug)}, ifuf >0,
"R (0), ifuf <0,

and

—eb{F;(0), ifu; <O0.

Gf(uf) _{emax{ kuf,a’u; ( )} ifu; >0,

It is easy to check that our truncated functions Ri.‘ and GZ‘ fulfill both (A4) and (Ag). In addition,

if we set elements R’(‘J o oo B G’O‘ o Gﬁo’i as functions in (Ag) by Ri.‘ and sz’ one may prove that
k k k .
<Ry Too 001, foi S Gop foo; < Goo forallie{l,..,N},

and A, (R’S, G’(j) <0and A, (R’;O,G(kx)) > 0 for k large (see, e.g. [[55]).
Thanks to Lemma the problem (Pk’e) admits a global non-trivial and non-negative min-
imizer, denoted by u*¢, which belongs to ¥¢ and it is associated with the following functional

N N
Jk[us]:%ZJ d; Vuﬂdx—Zf 92 (x,u®)dx — Z 9”( x us )dS
i=1Ja i=1J o

I—'E
Furthermore, u*¢ defines a weak solution to the problem (Pk’g) for every k and thus, u** €
#°° (Q°) by Lemma
Now, we assign a vector v* whose elements are defined by v; := min {u;.€ , uif’g} where u € ¥°¢
is the global minimizer constructed from the functional J. We shall prove that J [v¢] < J [u®].
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Note that when doing so, v* € #°° (2¢) and then define a weak solution u € ¥* N % (Q°)
to (P¢).
In fact, one has

Jk [uk"‘?] <J[¢] forall¢p € ¥°.

vuks

Then by choosing ¢ such that ¢; := max {u¢, uf’g} we have
k k,e
—R; (x u’ dx Z j{uk (x u; )dS

N

> (3

i=1 {uf’g<uf}ﬁﬂf 2 f<uf }ﬁl"g
N

SZJ. ( df |vut | — a2k (x, us))dx Zf ZE(x,uf)ds,. (2.3.18)
i=1 J {ul<ut}nae ub

F<ut }ﬁl"g

In addition, by the choice of J (see in Lemma 2 we deduce that

N 1 P2
J[vf]—J[u€J=Zf EdfOVuf -
i=1 J {ub" <uf Jnee

—ZL } (2; (x,u™)— &, (x,uf)) dx
i=1 J {ub <ut }noe

|Vuf|)dx

N
—ZJ (9’ (x u; ) Z; (x ut )) (2.3.19)
i {uk€<u }ﬂl"f
On the other hand, yields
N
ZJ [F (x,u™)— Rk (e, u) — (R (x,u") — R (x,u®))] <0,  (2.3.20)
{u <u }OQF
and
N
ZJ [ZF (x, 1) = ZF (x,u®) = (2 (x, 1) — Z; (x,u))] 0. (2.3.21)
{ub*<ut}nre

Hence, combining (2.3.18)-(2.3.21)) we complete the proof of the lemma. This tells us that un-
der assumptions (A;)-(As) the problem (P?) admits a non-negative, non-trivial and bounded
weak vector of solutions u® at each e-level. O

Remark 2.3.7. IfR; (u®) = —Mu; in Q° (or for each subdomain of QF if rigorously stated) for
some g-dependent constant M > 0 and all i € {1,...,N}, then (P?) has at least a positive, non-
trivial and bounded weak solution u® by the Hopf strong maximum principle. Furthermore, one
may prove in the same vein in [55] Lemma 13] that the solution is unique by using vectors of test
functions @3 and 1§ whose elements are given by

(e eaf (s raf (50
(pﬁ,i - Uf +5 > Wsi = vlf? s s

where u? and v; are two solutions of (P®) at each layer i € {1, ..., N}, which are expected to equal
to each other.
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Remark 2.3.8. In the case of zero Neumann boundary condition on T'?, if the nonlinearity R; is
globally Lipschitz with the Lipschitz constant, denoted by L;, independent of the scale € for any
i €{1,...,N}, then we may use an iterative scheme to deal with the existence and uniqueness of
solutions to our problem. In fact, for n € N such an iterative scheme is given by

V- (—dfvud™) =R, ("), in ¥,
(Pe): { devuy™ ! n=o0, onT®, (2.3.22)

eg,n+1
; =0, on T'ext,

where the starting point is u®° = 0.
This global Lipschitz assumption is an alternative to (A4) for R; and it is termed as (Ag).

Theorem 2.3.9. Assume (A;) and (A3) hold (without F;) and suppose that the nonlinearity R;
satisfy (Ag) replaced by (A4). Then, the problem (P®) with zero Neumann boundary condition
on I¢ has a unique solution in ¥ if the constant a~' max,<;<y {L;} N is small enough.

Proof. It is worth noting that the problem (2.3.22) admits a unique solution in ¥* for any n.

Then, the functional w®" = u®""! —u" € V* satisfies the following problem:

V- (—dfvw") =R; () —R; (u®"'), inQF,

dfvw"-n=0, onT?,

w" =0. on I'**t,
Using the test function v; € V* we arrive at

<di€W:‘:’n’ ¢i>ve = <Rl (u&‘,l’l) _Ri (ue,n—l) > wi)LZ(Qs) .

We may consider an estimate for the above expression:

N N
O‘Z (Wi i),.| < ZLiN ‘(Wf’n_l,wihz(ne)
i=1 i=1

Thanks to Hélder’s and Poincaré inequalities (cf. Lemma and LemmalA.0.9), we have

N
RN

where C, > 0 is the Poincaré constant independent of the choice of ¢, but the dimension d of
the media (see, e.g. [I31, Lemma 2.1] and [133])).

If the constant o™ max; <;<y {L;} N is small enough such that k, := C,a ' max,;.y {L;} N <
1, then choosing v; = w?" for i € {1,..., N} we obtain that

. (2.3.23)

ye 1P llye

<Cya! 1122;)}(\1{Li}N ||w€’”_1|

£,n e,n—1
"y <y [fwe ],
Consequently, for some k € N we get
e,n+k e,n en+k _  en+k—1 en+l _ o en
}u —u WS|u u }W+...+|u U= |y

< K;+k—1 ||u5,1 _ u€,0|

ye Fot K; ||u€’1 — u€’0|

ye

< K; (K'I;_l + K’;_z +...+ 1) ”ug’l}

_r(-9)

1—Kp {

ye

g1

ye (2.3.24)
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Therefore, {u®"} is a Cauchy sequence in ¥*, and then there exists uniquely u® € ¥* such
that u®" — u® strongly in ¥° as n — 00. Remarkably, this convergence combining with the
Lipschitz property of R; leads to the fact that R; (u®") — R; (u®) strongly in ¥ as n — 00. As
a result, the function u® is the solution of the problem (P?) when passing to the limit in n.
In addition, when k — o0, it follows from that

n

en __ € Kp g1
" —uf |l < |
1—x,

u

ye

which implies the convergence rate of the linearization and guarantees the stability of the
problem (P?). O

2.4 Homogenization asymptotics. Corrector estimates

2.4.1 Two-scale asymptotic expansions

For every i € {1, ..., N}, we introduce the following Mth-order expansion (M > 2):

M
uf (x) = Z MUy (x,y)+ 0 (M), xeQf, (2.4.1)

m=0
where u; ,, (x,-) is Y-periodic for 0 <m < M.
It follows from (3.2.3)) that

M
vut = (v, + e_lvy) (Z MU+ O (eM“))
=0
M—1m
= g‘lvyui,o + Z em (qui,m + Vyui)mﬂ) +0 (8M) . (2.4.2)

m=0

Using the relation of the operator .« and (3.2.5]), we compute that

M-1
U =(V,+e'v,)- (—di ) |:81Vyui,0 + Z e (Veum+ Vyul-,mﬂ)]) +o(e"),
m=0
then after collecting those having the same powers of €, we obtain

U = g_zvy ) (_di (J’)Vyui,o)
+e! [Vx : (_di ) vyui,O) +V,- (_di ) (qui,o + vyui,l))]

M-2
+ Z e” [vx ’ (_di (_Y) (vxui,m + vyui,m+1))
m=0
+Vy - (_di ) (vxui,m+1 + vyui,m+2))] +0 (EM_l)- (2.4.3)

In the same vein, we take into consideration the boundary condition at I'* as follows:

M-1
—dfVu! -n:=—d;(y) (elvyui)o + Z €™ (Veum + Vyul-,mﬂ)) ‘n
m=0

M-1 M-1
=¢b; (y)F; (Z smui’m) —a; (y) Z ey + 0 (eM). (2.4.4)
m=0 m=0
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It is worth noting that in order to investigate the convergence analysis, we give assumptions
that allow to pull the e-dependent quantities out of the nonlinearities R; and F;:

M M
R; (Z MUy s .- Z eMuy m) = Z e™R; (Up s wvor Uy ) + O (71, (2.4.5)

m=0 m=0 m=0

M M
F; (Z Em“i,m) = > e, () + 0 (M), (2.4.6)

m=0 m=0
in which R; and F; are global Lipschitz functions corresponding to the Lipschitz constant L;
and K;, respectively, fori € {1,...,N}.
From now on, collecting the coefﬁc1ents of the same powers of ¢ in ([3.2.6) and ( in
combination with using ( and (2.4.6), we are led to the following systems of elhptlc
problems, which we refer to the auxiliary problems:

ol o =0, in Yy,
—d;(¥)V,u;o-n=0, ondY, (2.4.7)

u; o is Y —periodic in y,

Hol; 1 = —H1U; o, inY,
—d; (y) (qui,o + Vyul-,l) ‘n=0, ondY, (2.4.8)

u;, is Y — periodic in y,

AoU; o =R (Up) — DU 1 — ol s iny,
—d; (V) (Villy s + vyui,m+2) n="b;(¥)F;(tym)—a; (¥, ondYy, (2.4.9)
U; ;4o is Y —periodic in y,

for0o<m<M-2.

Here, the notation u,, is ascribed to the vector containing elements u; ,, for alli € {1,...,N},
and we have denoted by

o=V, (=d;(¥)V,),

"Q{I = vx : (_dl (.y) vy) + v_y : (_dl (}’) vx):

"QYZ = vx : (_dl (J/)Vx) .
For the first auxiliary problem (3.2.9), it is trivial to prove that the solution to is
independent of y, and hence we obtain

U (x,y)=1;0(x). (2.4.10)

For the second auxiliary problem (3.2.10), we recall the result in [93, Lemma 2.1] to ensure
the existence and uniqueness of periodic solutions to the elliptic problem, which is called the
solvability condition. In this case, this condition satisfies itself because we easily get from the

PDE in (3.2.10) that

_J di (}’) vyui,l : ndsy = f di (.y) vxai,O : ndSy,
ay, Yy

by Gaul¥’s theorem. Thus, it claims the existence of a unique weak solution to (3.2.10).
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Moreover, this solution is sought by using separation of variables:
U (6, y)=—x:(y)- Vi o (x) + 6 (x). (2.4.11)

Substituting (2.4.11) into (3.2.10), we obtain the ith cell problem:

Doxi =Vyd;i (¥), inY,
—d; (¥)Vyxi-n=d;(y)-n, ondY,, (2.4.12)
xiis Y —periodic in y,

in which the field y; (y) is called cell function. Additionally, by the definition of the mean
value, we have

1
My (xi) = WJ. xidy =0. (2.4.13)
Y

As a consequence, it can be proved that y; belongs to the space H?}?é (Y1) /R and satisfies

(2.4.13).

Now, it only remains to consider the third auxiliary problem (3.2.11)). Assume that we have
in mind the functions u,, and u,,,,, then to find u,,,, let us remark that the right-hand side
of the PDE in (3.2.11)) can be rewritten as

R; (Uy) — AU o1 — olly y = R; () + V7, - (d; () Vilti ps1)
+ Y, (di ) (Vittyn + Vi ms))- (2.4.14)

We define the operator %, () for i € {1,...,N} by multiplying (2.4.14) by a test function
Y € C;° (Y1), as follows:

() 3=f R (um)de‘FJ 7 (di (Y) Vil 1) Py
Y,

Y

+ J‘ vx : (dl (y) (vxui,m + vyui,m+1)) ledy
Y,

= J. Ri (um)wdy _f di (_)’) vxui,m+1 ! Vyil)dy
Y, Y;

+ J. vx : (dl (y) (vxui,m + vyui,m+1)) ¢'dy
Y

To apply the Lax-Milgram type lemma provided by [31, Lemma 2.2], we need %, (¢;) =
<% () for i,y € H; (Y7) /R with ¢, >~ 1,, or it is equivalent to

f Ri (um) (1/J1 - sz)dy +f vx : (dz (}’) (vxui,m + vyui,m+1)) (1/’1 - sz)d}’ =0. (2415)
26

Y

Note that 1, — 1, is independent of y. Hence, (2.4.15) becomes

f v, - (—d; (_y)(qui,m+Vyui,m+1))dy=J R; (u,)dy. (2.4.16)
4]

41

For simplicity, we first take m = 0. Remind from (2.4.10) and (2.4.11) that u; , and u; ; are
known, while the term R; (u,) depends on x only, then one has

f Ve (=4 () (—Vy)(ivxﬂi,o + Vxﬂi,o)) dy =Y,|R; (up),
v,
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or equivalently,
f Vi (=d () (=Vy2: +1) Vil o) dy = [Y1]R; (o).
Yl
Thus, if we set the homogenized (or effective) coefficient
1
q; = —f d; (}’)(—Vyli +I)dy,
v,

the #i; o must satisfy (in the “almost all” sense)
— V. (@ Vi) = Y17 V1| R; (o), inQ. (2.4.17)

On the other hand, it is associated with ii; , = 0 at I'*** and still satisfies the ellipticity condi-
tion.
Let us now determine u; ,. At first, the PDE in (3.2.11) (for m = 0) is given by

Aou; 5 =R; (up) —d; () vy%iviai,o =V, (@ () x:) V200 +d; () Vi, inY;. (2.4.18)
Next, the boundary condition reads
—d; (y) Vyuip-n= b; (y) Fi (ui,O) —a;(y) Uio— d; (y) Xiviﬂi,o ‘n, ondY,.
Note that can be rewritten as
AU, —V,, - (d; () Xiviﬂi,o) =R; (up)—d; (¥) (Vyli —1) V2ii; .
Using the relation (2.4.17), we have
Ao 5 + A (Xiviﬂi,o) == Y|V, (qivxﬂi,o) —d; (y) (Vyli —1I) Vi, (2.4.19)
Therefore, allows us to look for u; , of the form
o (x,y) = 0;(y) V3iio, (2.4.20)

in which such a function 6; is the solution of the following problem

w4 (vygi —x)=—I1"" 1Y lg—d; () (Vy)(i —1I), inY,
—d; () (Vy 0;—x:) n=">b; (M F; (o) —a; (¥ ondY, (2.4.21)
0; is Y —periodic in y.
In conclusion, we have derived an expansion of u{ (x) up to the second-order corrector. In
particular, we deduced that
x
€

us (x) =1;0(x)—ey; (E) Vil o (x) + £26; ( )Viﬁi’o (x)+0 (53) , xe€f, (2.4.22)

where ; ; can be solved by the microscopic problem (3.2.9), y; satisfies the cell problem
(2.4.12), and 6; satisfies the cell problem (2.4.21). Moreover, the homogenized equation is
defined in (2.4.17).
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For the time being, it remains to derive the macroscopic equation from the PDE for u; , in
(3.2.11) for m = 0. When doing so, the following solvability condition has to be fulfilled:

f (R; (up) — ey — ol o) dy = f (b; ) F; (H0) —a; () Uo+d; (¥Y)Vyu ;- n) as,.
Y

3,
(2.4.23)
The left-hand side of (2.4.23)) can be rewritten as

f Ri (uo) d.y + f vy : (dl (J’) vxui,l) d.y + J vx : (dl (}’) (vxai,o + vyui,l)) d.)’ (2-4-24)
Y, Y,

1

Let us consider the last two integrals in (2.4.24). In fact, we have

JY v, (d; () vxﬂi,O) dy =V, [(Jy d; (J’)d}’) Vxﬂi,o]
= (j d; () dy) 1V, Vi, (2.4.25)
Y
where we have used the inner product (or exactly, double dot product) between two matrices
A:B:=tr(ATB)= > a;b,.
ij
In addition, by periodicity and Gauf3’s theorem we obtain

J Vy . (dl (y) qui’l) d_y = f di (_y) qui’l . ndSy. (2426)
Y, av,
Next, employing the double dot product again, we get

f v, - (d; (_y)Vyui,l)dyz—f (d: () Vyx:)dy : V Vil (2.4.27)
Yy

41

Combining (2.4.23), (2.4.25)-(2.4.27) yields the macroscopic equation:

(J (di »)—d;(y) Vy)(i)dJ’) : vaxﬂi,o = (bi>ﬁi (ﬁi,o)_ (a;) ﬂi,o_ |Y1|Ri (1),
4
where we have denoted by
(a;) 5=J a;(y)dy and (b;) 3=j b;(y)dy.
Y, Y,

Furthermore, this equation is associated with the boundary condition @; o = 0 at I'***.

2.4.2 Corrector estimates. Justification of the asymptotics

From the point of view of applications, upper bound estimates on convergence rates over the
space ¥ in terms of quantitative analysis tell how fast one can approximate both u®, the
solution of systems (P¢), and Vu® by the asymptotic expansion (2.4.22). On the other hand,
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it also gives rise to the question that: how much information on data will we need via such
averaging techniques?
We introduce the well-known cut-off function m* € C° (2) such that ¢ [Vm®| < C and

0, ifdist(x,I)<e,
mé(x):=
1, ifdist(x,T) > 2e.

Fori € {1,...,N}, we define the function ¥; by
vl = +(1—m°) (aui,l + szui,z) ,
where we have denoted by
@i =uf — (ui,o +eu; 1 + szui,z) .
Due to the auxiliary problems (3.2.9)-(3.2.11)), we have
A°pf =Ry (uF) —R; (o) — e (Aouy 1 + . Au; o) — 2oty 5, x €K, (2.4.28)

while on the boundary I'*, the function ¢ satisfies

—dfV,pf-n=e’d’V,u;,-n+e [af (ui,o — uf) +bf (Fi (uf) —F, (Ui,o))] . (2.4.29)

Rewriting the above information, the function ¢; satisfies the following system:

A°pf =R, (W) —R; (uy) + g8, in QF,
{ ¢; =R;(u*)—R; (up) + £g; (2.4.30)

€ £ — o21€ € £
—diV,p;-n=¢“h{ -n+el, onT?,

where we have denoted by

=) (o)
G e

=i ()0 (F) vin

1 i=a; (%) (ai,o_ug) +b, (g)(g (u?) = F: (iis0))-

Now, multiplying the PDE in (3.2.16) by ¢; € V, for i € {1,...,N} and integrating by parts,
we get that

<d€901’ > € =<Ri (ug)_Ri (Uo)’ ‘Pi>L2(Qs)+8<gi€’ ()01.>LZ(QE)
—e(lf,cpi>L2(Fs)—szf h -ng;ds,. (2.4.31)
l"é‘

To guarantee all the derivatives appearing in g; (up to higher order correctors), #; o, which
is the solution to (2.4.17), needs to be smooth enough, says L (Q) (cf. [3]), and the cell
functions y; and 6; to (2.4.12) and (2.4.21)), respectively, belong at least to Hi (Y;) as derived
above. Consequently, it allows us to estimate g; by an e-independent constant, i.e.

& || 2@y S C foralli e {1,...,N}. (2.4.32)
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Furthermore, it is easy to estimate the integral including h{ in (3.2.17) by the following (see,

e.g. [B1):
f h¢-ndS, ~ Ce™!,
Fé‘

(s

which leads to
—1/2
0| oy < Ce2 (2.4.33)

Now, it remains to estimate the third integral in (3.2.17). Thanks to (A,) and (2.4.6), we may
have

<lie’ ‘Pi>L2(re)

In the same vein, we get

< C (1K) |[uf = tiso| ooy il 2y - (2.4.34)

[(Re @) =R o), 91}y

S CZ;I ||u€ - ﬁOH“j/E ||(pi||L2(QE) . (2435)

Combining (B:2:17)-([2:4:35) with (A;) and putting L := max{L,..,Ly} and K := 1+
max {Kj, ..., Ky }, we are led to the estimate:

N
aZ |<90i8’<pi>ve =
i=1

+C (ké‘ llu® — ol sprey + 83/2) 1o 1l secrey
<c(e+e)lelly <Celelly., (2.4.36)

C (Ll —dgllye + ) llglly.

where we have made use of the trace inequality ||| y(rey < Ce1/? lollye (cf. Lemma
and the Poincaré inequality ||¢|| s (q:) < C [|@]]y-.
Recall that our aim is to estimate ||¥*||,., it remains to control the following term:

<(1 —m°) (sui’l + szui,z) , Lpi>vg for p; € VE.

In fact, one easily has that

N
Z| 1- m) EU;q + € Ulz) ‘Pi>vs

i=1

< CellVA—=m)leqe llellye

+C ||(1 —m°)V (euy + szuz)“ﬂ,m&.) Iy
<C(e"+ &) olly. < Ce?plly.,  (2.4.37)

where we have used

”v(l - 6)””(09) = (J |Vm€|2 dX) < CE'_l,
Qfﬁ{xldist(x,l")g%}

H(l —m®)V (eu; + €2u2)||;,(m) < N&2|Qf| |[Vm®|?dx < Ce®.
Qfﬂ{xldist(x,l“)32£}

Hence, by using the triangle inequality in (2.4.36) and (2.4.37) it yields that

N

Z' 1’(‘0

i=1

1/2

lielly.
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which finally leads to
ey < Ce'?,

by choosing ¢ = ¥*.
All in all, we can now state of the following theorem.

Theorem 2.4.1. Let u® be the solution of the elliptic system (P*) with assumptions (A;)-(A3) and
(3.2.8)-([2.4.6) up to M = 2. Suppose the unique pair (uy, u,,,) € W (Q)x W (Q; H; (Y1) /R)
for m € {1,2}. The following corrector with second order for the homogenization limit holds:

Hus —uy—m°® (sul + ezuz)Hw < ce'?

where uy, u; and u, are vectors whose elements are defined by (2.4.10), (2.4.11) and (2.4.20),
respectively.

2.5 Discussion

In real-world applications, the nonlinear reaction term R; is often locally Lipschitz. However,
relying on Lemma|2.3.3|the L°°-type estimate of the positive solution makes the nonlinearity
globally Lipschitz. The telling example can be seen through the mass action kinetic determ-
inistic model of the simplest autocatalytic reaction X; + X, = 2X;, which implies N = 2
species with the rates R; (uy,u,) = ujuy — uf = —R, (u;,u,). Considering the first rate R, for
simplicity, we have

IRy (ug,up) =Ry (v, v2)| < max{”u2|lL°° ugllpe + ||V1||L<>o} (lug = vyl +lup —val).
In addition, for M = 1 we compute that
R, (ul’o +euy g, Up + 8u2,1) =Upglpp+ € (ul,luz,o + Uy glpq — 2u1)0u1,1) +0 (62) . (251D
Consequently, it follows from (2.5.1) that

Rl( Z smul,m, Z smuz,m): Z sm[(l—m)ul’ouz,o

me{0,1} me{0,1} me{0,1}
2
+m (ul,luZ,O + ul,ouZ,l - zul,oul’l)} + ﬁ (8 ) .
WhiCh implies Rl = (1 - m) u1’0u2’0 + m (ul)lulo + ul)ouz’l - 2u1’0u1,1).

If u; y, Vi € L% (Q) for all i, m, we thus arrive at

|R1 (u1,o; Uy q,Uz0, U2,1) —Ry (V1,0: V1,1, V2,05 Vz,l){ <L E |ui,m - vi,m| >
me{0,1},ie{1,2}

where we compute that

ul,o”L(Qs)’l}‘

A similar discussion for the nonlinear surface rates F;. In particular, note that that if L°°
bounds are available (up to the boundary) then also the exponential function F (u) = e" can
be treated conveniently.

L1=4max{“”2,0HLw(m’ Vl,OHLw(m’ Vl,l”Loo(m’ V2,1||Lo<=(m’
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We may repeat the homogenization procedure by the auxiliary problems (3.2.9)-(3.2.11)) to
obtain not only the general expansion of the concentrations and corresponding problems, but
also the higher order of corrector estimate due to the #i,-based construction of u,,. Taking
the M-level expansion into consideration, the general corrector can be found easily.
Indeed, by induction we have from that for x € Q°

£, .6 £ € —2 -1
JZ{ (Pl- = JZ{ ul- — €& ﬂoui,o — €& (ﬁoui,l + ﬂlui,o)
M—2

- Z g™ ('doui,m+2 + Ui + ﬂzui,m)

m=0

M-1 M
— & (szlui’M +ﬂ2ui’M_1)_8 szzul-’M

M-2
= Ri (ue) — Z EmRi (um) - EM_l (ﬁlui’M + ﬂzui,M_l) - SMJZyzui,M,

m=0
while (2.4.29) becomes
M—2 M—2
—dfV, of n=e"d 'V, u;y +e {af (Z MUy —uf) + b} (F (uf) - Z e"F (ui,m))} .
m=0 m=0

Thanks to the assumptions (3.2.8) and (2.4.6)), we are totally in a position to prove the gen-
eralization of Theorem Since we just need to follow the above procedure, we shall give
the following theorem while skipping the proof.

Theorem 2.5.1. Let u® be the solution of the elliptic system (P?) with assumptions (A;)-(A3) and

([3.2.8)-(2.4.6]) up to M-level of expansion. Suppose that the unique pair (ug, u,,) € # *° (2°) x
Y/ (Q“’; H ; (vy)/ R) for all 0 < m < M. The following correctors for the homogenization limit

hold:
M
-3

eMu,|| <ceM?
m=0
M
u® —ug—m® E e™u,,
m=1

>

ye

M
<C Z gm1/2
ye m=1

2.6 Concluding remarks

In this chapter, we have proved results on the weak solvability and homogenization of a
microscopic semi-linear elliptic system posed in perforated media. The model presented in
this chapter explores the interplay between stationary diffusion and both surface and volume
chemical reactions in porous media. More precisely, we have derived homogenization lim-
its (upscaling) for alike systems and particularly justified rigorously the obtained averaged
descriptions. Based on Moser-like iteration techniques with the minimization approach, we
have proved the well-posedness of the microscopic problem ensuring also the positivity and
boundedness of the involved concentrations. Then, we have used the structure of the formal
two-scale expansions and followed energy-like estimates to derive corrector estimates delim-
itating this way the convergence rate of the asymptotic approximates to the macroscopic limit
concentrations.
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Let us mention that by the same approach, we can also derive general high-order corrector
estimates. We observe, on the other side, that the linearity of the auxiliary problems typically
relies on the structure of the reaction term. These results shall be given in Chapter (3| as an
extension of this chapter.

It is worth noting that the correctors estimates stated in Theorem and Theorem can
be improved if one handles the eventual boundary layers occurring due to the presence of the
Dirichlet condition u{ = 0 holding across I***. A major gain would be to be able to account
for the effect of the presence of the corners on the convergence speed of the homogenization
limit. We expect that the working techniques used in [[17]] are applicable also in our setting;
compare to [[117] for additional related references on boundary layers correctors, and plan
to approach this matter in a forthcoming work.
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CHAPTER 3

Notes on semi-linear auxiliary problems and a high-
order corrector estimate

3.1 Introduction

This chapter has a two-fold target:
1. to elucidate the cases where auxiliary problems are semi-linear;
2. to derive additional high-order corrector estimates.

Henceforward, this chapter is structured as follows. In Section[3.2] we show that the structure
of the volume reaction rate may lead to the semi-linear auxiliary problems. We then present
a simple and efficient monotone iterations, based on [[92} [71]], to derive also the structure of
high-order correctors for the homogenization limit. On the other hand, Section[3.3]is devoted
to generalizing all aforementioned corrector estimates by the same arguments and techniques.
It is worth noting that the domain Q° ¢ R? considered here approximates a porous medium.
The precise description of ° is already showed in [|65]] and further in Chapter [2| In Figure
(left), we sketch an admissible geometry of our medium, pointing out the sample micro-
structure in Figure (right). We also follow the notation from the previous chapter. Finally,
we end up with this chapter by Section in which some open problems are discussed and
provided.

3.2 Derivation of semi-linear auxiliary problems

3.2.1 Problem setting

We are concerned with the study of the semi-linear elliptic boundary-value problem of the
form
Fu® =R(u°), inQ°,
ut =0, across I'**¢, (3.2.1)
Vué-n=0, across I'?,
where the operator ./ *u® := V-(—d®Vu®) involves d° termed as the molecular diffusion while
R represents the volume reaction rate. We take into account the following assumptions:
(A,) the diffusion coefficient d® € L*° (]Rd) for d € N is Y-periodic and symmetric, and it
guarantees the ellipticity of .e/* as follows:

d°g;&; = alé]* for any £ e RY;
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(A,) the reaction coefficient R € L*° (Q° x R) is globally L-Lipschitzian, i.e. there exists L > 0
independent of ¢ such that

R(u)—R(v)|<Llu—v| foru,veR.
Remark 3.2.1. Recall that we denote the space V¢ by

ARES {veHl(Q€)|v=Oon Fe’“} (3.2.2)

1/2
||v||vg:(f |Vv|2dx) .
Q£

This norm is equivalent (uniformly in the homogenization parameter ¢) to the usual H! norm
by the Poincaré inequality.

endowed with the norm

3.2.2 Main results

We begin with the Mth-order expansion (M > 2) which reads

M

uf (x) = Z ey (6, )+ 0 (M), xeqr, (3.2.3)
m=0

where u,, (x,-) is Y-periodic for 0 < m < M.

Following standard homogenization procedures, we deduce the so-called auxiliary problems

(see e.g. [[16]). To do so, we consider the functional & (x, y) depending on two variables: the

macroscopic x and y = x /e the microscopic presentation, and denote ®° (x) = & (x, y). The

simple chain rule allows us to derive the fact that

Vo (x) =V, & (x, f) +671v,8 (x, f) . (3.2.4)
€ €

The quantities Vu® and .&/“u® must be expanded correspondingly. In fact, it follows from

(3.2.4) and (3.3.1) that

M
Vut =(V,+¢e'v,) (Z "y, + 0 (8M+1))
m=0

M-1
=&V, g+ D e (Vollyy + Vi) + 0 (M), (3.2.5)

m=0

Using the structure of the operator .«/*, we obtain the following:

AUt = s_zvy . (—d (y)VyuO)
+e! [VX . (—d (y)Vyuo) +V, - (—d () (quo + Vyul))]

M—2
+ Z e" [Vx ’ (_d (y) (vxum + vyuerl))
m=0
+Vy - (_d ) (vxum+1 + vyum+2))] +0 (EM_l) . (3.2.6)
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Concerning the boundary condition at I'*, we note:

M—1
d*vu® -n=d;(y) (s_lvyuo + Z em (qum + Vyum+1)) -1 (3.2.7)

m=0

From here on, we introduce the following key structure of the reaction term:

M M
R (Z emum) = Z e™""R(u,,)+ 0 (eM_r“) forreZ,r <2. (3.2.8)

m=0 m=0

At this point we see, if r € {1, 2} solving nonlinear auxiliary problems is then needed. To see
the impediment, let us focus on r = 2. By collecting the coefficients of the same powers of
¢ in (3:2.6) and (3.2.7), we are led to the following systems, which we refer to the auxiliary
problems:

JZ{OUO :R(UO), il’l Yl’
—d(y)Vyuy-n=0, on 3Yy, (3.2.9)

uy is Y — periodic in y,

ouy =R (uy) — .2 uy, inY,,
—d(y) (Vi uo+V,u;)-n=0, ondy, (3.2.10)

u; is Y —periodic in y,

“doum+2 = R(um+2) - "dlum+1 - "dzum; in Yy,
—d (y) (qum+1 + Vyum+2) -n=0, on 3Y, (3.2.11)
Upm4o is Y —periodic in y,

for0<m<M-—2.
Here, we have denoted

Ay =V, - (_d () Vy)’
) =V, (~d()Vy)+ V- (=d () V), (3.2.12)
oy =V, (_d (y) vx) .

Remark 3.2.2. In the case r < 0, it is trivial to not only prove the well-posedness of these
auxiliary problems (3.3.8)-(3.3.10), but also to compute the solutions by many approaches due
to its linearity. For details, the reader is referred here to [31]].

The idea is now to linearize the auxiliary problems. Inspired by the fact that a fixed-point
homogenization argument seems to be applicable in this framework, and also by the way a
priori error estimates are proven for difference schemes, we suggest an iteration technique
to "linearize" the involved PDE systems. We start the procedure by choosing the initial point
ug?) =0 for m € {0, ..., M}. As next step, we consider the following systems corresponding to
the nonlinear auxiliary problems:

Aoul™ =R (uéno_l)) , inY,
—d()V,u{-n=0, onay, (3.2.13)

u(()n") is Y —periodic in y,
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,Q{Ou(lnl) =R (u(lnl_l)) - ,dlu(()n"), iny,
—d(y) (vl +v,u™) n=0, onay, (3.2.14)

ugnl) is Y — periodic in y,

dou(nmﬂ) — R(u(nm+2_1)) _ leu(nmﬁ-l) _ szzugllm)’ in Yl’

m+2 m+2 m+1
~d () (vl + v, ulm?) n =0, on 8Y,, (3.2.15)
ugljj) is Y —periodic in y,

for 0 < m < M — 2. Note that the quantity n,, is independent of €.

Since the approximate auxiliary problems became linear, standard procedures are able to find
the solutions ugfr") for 0 < m < M. Note that these problems admit a unique solution (see,
e.g. [31, Lemma 2.2]) on V, i.e. the quotient space of Vy, defined by

Vy, :={plp € H' (Y}), ¢ is Y — periodic} .

Ifx, := CpLoF1 < 1 holds (here C, is the Poincaré constant depending only on the dimension
of Y7), then we easily obtain that for every m, {u%‘m)} is a Cauchy sequence in H! (Y;). Hereby,
it naturally claims the existence and uniqueness of the nonlinear auxiliary problems (3.3.8)-
(3:3:10). Moreover, the convergence rate of the iteration procedure is given by

nYTl
() _ 7 _,®
”um um”Hl(m s 1—xi ”um ”Hl(Yl)'
For more details in this sense, see [[71, Theorem 2.2].
To prove the corrector estimate, we suppose that the solutions of the auxiliary problems

(3.3.8)-(3.3.10) belong to the space L°° (2°; V). Let us introduce the following function:

M
pfi=u’— E e™uy,.
m=0

Relying on the auxiliary problems (3.3.8)-(3.3.10), note that the function ¢° satisfies the
following system:

M—2
A9t =R(u)— > e"R(u,)
m=0
3.2.16
_gM_l (ﬁluM +£f2uM_1)—8M,272uM, in QS, ( )
—d®V, ¢ -n=¢e"d*V, uy 1, onT®.

Now, multiplying the PDE in (3.2.16)) by ¢ € V¢ and integrating by parts, we arrive at

M-2
(@9, @)y = <R(u8)— > ™R (), <p>
L2(Qe)

m=0

— M (e yuy + Ayliy_g + £y, ©) 1200

—SMJ dV uy, - neds,. (3.2.17)
I"E
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From here on, we estimate the integrals on the right-hand side of (3.3.13)), which is a standard
procedure; see [I31]] for similar calculations. Thus, we claim that

M—2 M
<R(u€)—Z£m_2R(um),g0> <CL uS—Zsmum+ﬁ(£M_1) lollzzeqe »
m=0 L2(0e) m=0 Ve
(3.2.18)

where we have essentially used the global Lipschitz condition on the reaction term, the as-
sumption (3.2.8), and the Poincaré inequality (cf. Lemma ??). Next, we get

Mt }("‘Z{IHM + . ylip_q + LUy, ©) 200

< Ce" Mol (3.2.19)
while using the trace inequality (cf. Lemma to deal with the the last integral, it gives

EM

f d°V - npdSe | < CeM |l 2gey - (3.2.20)
1"5

Combining (3.3.14)-(3.3.17), we provide that
a‘(‘Pe,S")ve} <ceM! llellLacey»

which finally leads to ||¢¢||,. < Ce™™! by choosing ¢ = ¢¢, very much in the spirit of energy
estimates.
Ultimately, we state our results in the frame of the following theorems.

Theorem 3.2.3. Suppose (3.2.8) holds for r € {1,2} and assume k/, := CpLa_l < 1 for the
given Poincaré constant. Let {u’(;:m) }n <y be the schemes that approximate the nonlinear auxiliary

problems (3.2.13)-(3.2.15). Then (3.2.13)-(3.2.15) admit a unique solution u,, for all m €
{0, ..., M} with the speed of convergence:

n

K
—pnforallnmENande{O,...,M},
—K
P

||u$:m) _HM| H(Y;) < 1

where C > 0 is a generic e-independent constant and n := max {n, ...,y }.

Theorem 3.2.4. Let u® be the solution of the elliptic system with the assumptions (A;)-
(A,) stated above and suppose that holds for r € {1,2}. Forme {0,...,M} with M > 2,
we consider u,, the solutions of the auxiliary problems (3.2.13)-(3.2.15). Then we obtain the
following corrector estimate:

M
u® — Z eMu,|| <ceM?

m=0

>

Ve

where C > 0 is a generic g-independent constant.

Remark 3.2.5. If the Lipschitz constant L depends on the homogenization parameter ¢ for a
given order of 0 (e1), q € R, then the same result can be obtained. In fact, such a constant
only appears in ([3.3.14). Then an increase in the order M of the expansion is necessary to
guarantee the convergence when q is negative. Note that, the more the order M is exploited, the
more complicated becomes the computation procedure. On the other hand, such M-dependence
broadens the applicability of our approach. For instance, a simple example having an e-dependent
L and satisfying is R(u) = ¢ *u. Here one has L = ¢! and r = 1, and hence, with M > 3
the corrector estimate is of the order € (eM~2).
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Remark 3.2.6. An improved version of the above iterations can be proposed by adding a sta-
bilization term. For example, if the quantity L (ugl‘)) —ué"o_l)) (with L, being a free-to-choose
positive number) is inserted into the right-hand side of the PDE of the auxiliary problem (3.2.13)),

we are led to a new mild restriction (L + L;) C,/ min{a, L;} < 1.

Remark 3.2.7. The structural condition must be viewed here as a prototype. Modifying
it accordingly allows the treatment of many classes of reaction rates, including those mentioned
in [63][94) [96]]. Note that although in many multiscale problems the impediment r € {1, 2} is not
present, the high-order corrector (as well as the technicalities coming with its derivation) are still
available. It is worth noting that extensions can also include Arrhenius-like laws (i.e. exponential
rates of the type R(u) = e"!). The control of the oscillations can be then done in terms of the
elementary inequality |e® — ebl < max {e“ la—b|,eb|a— b|}, fora,b = 0, provided L°°-bounds
on the solution are available.

3.3 A high-order corrector estimate

3.3.1 Problem setting

Recalling the macroscopic elliptic system we have considered in Chapter[2] i.e.
€., — € €Y € € : €
AU =V - (—di Vui) =R; (ul,...,uN) in Q°,
associated with the boundary conditions
€ £ —_ £,,€ € € £
dVu; -n=¢ (ai u; — b F; (ui )) across I'®,
u; =0 across I'*',

fori € {1,...,N} with N > 2 being the number of involved concentrations. For simplicity, we
once again refer to this problem as (P?).

This problem is connected to the Smoluchowski-Soret-Dufour modeling of the evolution of
temperature and colloid concentrations [34} [75]]. Here, u® := (ui, - uf\,) denotes the vector
of the concentrations, d/ represents the molecular diffusion with R; being the volume reac-
tion rate and a;, b; are deposition coefficients, whilst F; indicates a surface chemical reaction
for the immobile species. Notice that the quantity ¢ is called the homogenization parameter
or the scale factor. Denote by x € Q° the macroscopic variable and by y = x/¢ the micro-
scopic variable representing high oscillations at the microscopic geometry. Henceforward, we
understand throughout this subsection the following convention:

W=d(3)=d), xewyey,
&

with the same meaning for all the oscillating data such as a;, b;, e.g.
Our above-mentioned corrector estimate evaluation starts from the two--scale asymptotic ex-

pansion up to Mth-level (M > 2) given by

M
uf (x) = Zemui}m (x,y)+0(e"1), xeqf, (3.3.1)

m=0

where u; ,, (x,) is Y-periodic for 0<m <M and i € {1,...,N}.
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It is worth noting that in Chapter 2} we have analyzed the solvability of (P¢) using the en-
ergy minimization approach and derived the upscaled equations as well as the corresponding
effective coefficients. Furthermore, we showed that using the separation of variables, the
functions u; ,(x, y) for 0 < m < M can be structured as, e.g.

Ui o (x,y)= Ui o (x),
Uia (36, Y)=—xi1 (¥) - Vil (x),
Ui (X, ¥) = xi2 () V2 0 (x),

with ii; 5 (x) being determined uniquely from the auxiliary problem and y; , satisfy the cor-
responding cell problems. One can also rule out the i, ,-based construction of u;,, that
Ui (6, ¥) = (=1)" gi 1 (¥) VI o (x) for 1 <m < M.

In this scenario, we wish to obtain the error estimate up to a high-order expansion for the
differences of concentrations and their gradients, albeit some types have been investigated so
far. In particular, we prove in this part a corrector in the form of

M
skuk—m‘g Z e™u,, (3.3.2)
0 m=K+1

K
uf —
=

in which we fix K € N such that 0 < K < M —2 and m® € C° (Q) is a cut-off function such
that ¢ |[Vm®| < C and
0, ifdist(x,T)<e,
m®(x):=
1, ifdist(x,T) > 2¢,

(see [31]] for more properties of m®).
With the above definition of m®, the second term in (3.3.2)) vanishes everywhere except in a
neighborhood of the boundary of °. In other words, the appearance of m® provides that the
speed of convergence in the interior of the material is better than the rate at the vicinity of
the boundary, albeit the standard result expected that [|u® —ug||g1 gy < C /2, It is then easy
to see that includes the cases

M M
uf — E e"u, and u®—uy;—m® E e"u,, M=2,
m=0 m=1

reported in Theorem and further in [31].

The similarity between Theorem and Theorem in Chapter [2] is that under the
energy-type method, we employ the cut-off function m® to distinguish the speeds of conver-
gence in H!-norm of the limit u, in the interior part of the perforated material and at the
boundary of inclusions. The main difference consists in showing that if K = M — 2, the cor-
rector yields the order of @(¢M~7), whilst it only gives the order @(e2) in Theorem
2511

Further comments can be found in Remark and Remark [3.3.3] discussing the a priori
assumptions on the smoothness of the limit u, and on the structure of the cell problems for
arbitrarily high-order correctors.

With V¢ postulated in (3:2.2), we define ¥* := V® x ... x V* as well as some other function
spaces such as #P1(Q°f) := WPI(Q°) x ... x WP4(Q®) the Sobolev space of functions with
index of differentiability p € N and integrability g and #1(Q°) := L1(Q°) x ... x L1(Qf) for
ge(2,00].
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To handle the corrector estimates, we need the following assumptions:
(A;) The diffusion coefficient d; € L*° (]Rd) is Lipschitz and Y -periodic, and there exists a
positive constant a; such that

d;(y)&:&; = a;|E]* forany & € RY,

(A,) The deposition coefficients a;, b; € L°° (T'*) are positive and Y -periodic.
(A3) The reaction rates R; : Q° x [0,00)" — R and F, : I’* x [0, 00) — R are Carathéodory
functions. Moreover, they satisfy the structural assumptions:

M M M
R; (Z €MUL s ees Z 8muN’m) = Z €™R; (U s o Uy ) + O (™71, (3.3.3)

m=0 m=0 m=0

M M
F, (Z smui,m) = Z e"F; (ug ) + 0 (M1, (3.3.4)

m=0 m=0

where R; and F; are global Lipschitz functions with the Lipschitz constants L; and K; for
i €{1,...,N}, in the sense that

N
}Ri (ul’m, ey uN’m) _Ri (Vl,m, veey VN)m)| < Li Z |ui,m — Vi)m
i=1

>

N
|Fi (W s s ny ) = Fs (Vi o vN,m)| <K; Z |ul-’m —Vim
i=1

>

forevery0<m < M.

3.3.2 Main results

Theorem 3.3.1. Assume (A;)-(A3) hold. Let u® be the vector of solutions of the elliptic system
(P?). Consider the high-order asymptotic expansion (3.3.1) up to M-level (M = 2) and take
Uy € WMH22(QF) N YMLo(1%) and u, € #* (Q°;HL(Y,) /R) for all 0 < m < M. For a
fixed K € N such that 0 < K < M — 2, the following corrector estimate holds:

ut —iskuk—me i e"u,|| <C (sM_l +eM 4 i (8’"_% + 8m+é)>, (3.3.5)
k=0 e

m=K+1 m=K+1

where C > 0 is a generic e-independent constant.

Proof. Before giving the proof, let us recall the structural inequalities of the cut-off function
m®. The following useful estimates (cf. [40]]) hold true:

||1 - m8||L2(QE) < CEl/z, & ||Vm€||Lzmg) < CE’l/z. (336)

To bound from above in terms of ¢ the quantity (3.3.2), we can reduce the discussion to the
corrector at ith concentration which is defined as

K M
Ul i=uf — E skui’k —m® E e"u;,, forie{l,..,N}.
k=0 m=K+1
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We observe that &7 can be decomposed further as

U’ =u; —Zs U +(1—m") Z MUy - 3.3.7)

m=K+1

¥ i

As in Chapter 3, we use the auxiliary problems

ﬂoui’o = 0, iIl Yl,
—d;(¥)V,u;o-n=0, ondY, (3.3.8)

u; ¢ is Y —periodic in y,

Aol 1 = —H1U o, inYy,
—d; (¥) (Viltio+ Vyu;1) - n=0, ondy, (3.3.9)
u; 1 is Y —periodic in y,
Aol iz = R (Up) = A1U; 1 — Ayl o, inY,
—d; () (Vilti s + Vol maz) 0= b; ) F; (U ) —a; () upy, 0ndY,,  (3.3.10)
U; ;4o is Y —periodic in y,

f0r0<m<M 2

In , the operators .« .¢/;, and .«/, are defined in (3.2.12)), respectlvely
By 1nduct10n, one can easily obtain that the first part of decomposition (3.3.7), the function
¢, satisfies the following equation:

M=2
Ap7 =R; (u°)— Z e"™R; (u,,)— M1 (sz'lui’M + szzul-,M,l) —eMaphu;y, inQF, (3.3.11)
m=0

associated with the following boundary condition at I'*

€ £ _ .M j¢
—d;V,p; n=¢e"d’V,u;y-n

M—2 M=
+e [af (Z e™u; m —uf) + b; (Fl- (u Z ™F, (ul m )] (3.3.12)

m=0 m=0

Multiplying (3.3.11) by ¢; € V¥, integrating the result by parts, and finally using (3.3.12)),
we arrive at

M-2
J iV -Vpdx = <Ri (u)— Z "R, (Up) ‘Pi>
Qe L2(Qe)

m=0

1
AUy + DUy T+ €Uy, ‘Pi)

M—2
af (Z Emui,m - uf) > <Pi>

m=0 L2(T¢)
be

_€<
e (o1 (B Z ) “"l>m>

€ J diV,u; - ng;dS,. (3.3.13)
FE

L2(Qr)
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We can now gain the first part of the corrector (3.3.5)), i.e. we shall estimate each integral
(having the same orders of ¢) on the right-hand side of (3.3.13)), which we denote by .#,, .%,,
#; and .4, respectively.

Let L := max{il, e iN}. Using the structural assumption in combination with the
inequality } R; (Wn)|| 2y < Ll + ”Ri (0)|| o) for all 0 < m < M, we see that

M-2
<Ri W)= e"R; (uy), soi>
L2(0¢)

< [0 (L sl + R O o)

m=0

+ e (L llupll ey + [|Re O] oy ) J1421ll 200
<C(e" M+ ") lloill 2 - (3.3.14)

Direct computations give

X x x X 3
AUy = (—pM+! [di (_) Xim (_) +V, (di (_) Xim (_))] VXMHui,o,
€ € € €
X x 3
EATIRVENEE G D Ll Y ) DYV e V¥,
€ €
x x y
ou; = (1M d; (;) XiM (;) VY20, .
Due to u; o € WM*2°°(Q®) and u; ,, € L°° (Q¢; H (Y;) /R) for all 0 < m < M in combination

with (A;), the second integral .#, can be bounded from above by

&‘M_l

<»‘271Ui,M + U p—1 + Aol y, %‘)

12(Q¢) S CEM_l ||(pl'||L2(Qg) . (3315)

LetK := 1+ max{Kjy,...,Ky}. For the integral .%;, we proceed as in the proof of (3:3:14). We
thus claim that

M—2 M—2
<af (Z My —uf) + b; (Fi (uf) - e"F, (ui,m)) s 90i>
m=0 m=0 L2(T¢)

<C (" + ") 9l 2y (3.3.16)

€

in which we use (3.3.I) and (3.3.4) together with (A,) and the Holder inequality, as well as
the trace inequality. On top of that, it yields for the last integral ., that

gM < 8M ”dfvxuiM . n||L2(F£) ”(')aillLZ(FE)

f dfvxui,M : n‘pidse
FE

< Ce" gl » (3.3.17)

where we follow the computations that devxui)M . nH L2 = Ce™? and apply again the
trace inequality.

Combining (3.3.13)-(3.3.17), we observe that

et @)y | < (" +e")l@illaqey  forg; €VEandie{l,...,N}, (3.3.18)

which then leads to ||<pf| ve S CeM~1 by choosing ¢; = ¢f fori € {1,..,N}.
It remains to estimate the second part of decomposition (3.3.7). We consider the following
quantity:

(yf, npl->vg foro;evVfandie(l,..,N}.
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At this stage, the following estimate is straightforward due to (3.3.6):

M M
<(1—mf) >, smui,m,soi> <cC vu—mg)( >, e"‘ui,m) i1y
m=K+1 Ve m=K+1 12(Qf)
M
+C (1—m€)v( >, e’"ui,m) lpilly
m=K+1 L2(Qe)
M
<C D7 eIV (= mO)lliegan 1l
m=K+1
M
+C Y e 1= mCllaan lillye
m=K+1
M 1 1
<C Z (8’"75 +sm+f)||<,0i||w for all p; € VE. (3.3.19)
m=K+1

Thanks to the triangle inequality, we combine (3.3.18) and (3.3.19) to get

M
[CR sc(sM‘1+eM+ 2, (em‘iﬂmﬁ))lwiuvs for g € V°.

m=K+1

By choosing ¢; = ¥ and then by simplifying both sides of the resulting estimate by ||\I/f|

we obtain that
M
pe <C (le +eM+ Z (em*% + 8’”*;)).

m=K+1

ve?

(4

This completes the proof of Theorem [3.3.1] O

Remark 3.3.2. To obtain high-order corrector estimates, the limit u, has to be very smooth
as stated e.g. in Theorem The reason is that at the Mth level of expansion, we need &-
independent L°°-bounds of the terms V¥ *1ii, o, VM*211, 5 in Q° and of Vi, ), on T. To support
this approach, recall that u, is solution of a homogenized system V. - (—q;V u; o) = R;(uo), 1 €
{1,...,N} in which q; are (positive constant) homogenized coefficients given by

1
q; = | f d;(¥)(=V, 11 +Ddy,
41

Y,

while 1 stands for the identity matrix. This homogenized system is associated with the zero
Dirichlet boundary condition at T*** and still satisfies the ellipticity condition.

Note that if we suppose, for simplicity, that R; is linear functions with respect to u,, then the
homogenized system becomes the nonhomogeneous elliptic equation in the vectorial form. There-
fore, we can apply the classical results in [3] Theorem 12.4] to guarantee that the derivatives
of ug up to the desired order are in L°°(2). Thus, the needed smoothness of u, when dealing
with the high-order correctors (M > 2) is obtainable. This result can be used similarly when we
consider the correctors for u® —u, and u® —u,— eu, derived from withK=0and K =1,
respectively.

Remark 3.3.3. From the high-order auxiliary problems (3.3.8)-(3.3.10) and the fact already
stated that u; , (x,y) = (=1)" ., (¥) VI'il; o (x) for 1 < m < M, one can derive the corres-
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ponding cell problems for the high-order corrector:

Hoxin =V, di (y), inYy,
—d;(¥)Vyxi1-n=d;(y)-n, ondYy,
Xi1is Y —periodic in y,

and

v, (_di ) (Vyli,m+2 - Xi,m+1)) v)T?Jrzfli,o

= (1" R (1" #1,m Vit 0, ors (1) snm Vi 0)
—(d;(y)-1) Vy)(i,m+1 ) VT+2ﬁi,o: inY,

—d; (y) (Vy)(i,m+z - Xi,m+1) V™24, 61

=(—1)"b;(y)F, ((—1)m Xi,mv?:ﬂi,o) —a;(¥) ximVii;g, ondYy,

Xim+2 18 Y —periodic in y,

where x €  is viewed here as the involved parameter; while 0 < m < M —2 with i € {1,...,N}.
Obviously, these problems are linear and ensuring their solvability is standard.

We also remark that from elliptic regularity theory in [103}56l], since Y; is a non-convex polygon,
the above cell system for y; ., only admits a unique solution whose regularity is H ¥s(yy) for
s € (—1/2,1/2) (¢f [103l]), and we cannot go further from this regularity no matter how
smooth the involved terms are. In addition, the non-existence result for this type of problems can
be found e.g. in [56} Theorem 14.11].

3.4 Concluding remarks

In Section|3.2} we have shown that the structure of the volume reaction rate affects the struc-
ture of the auxiliary problems. In particular, we have focused on the monotone iterations to
gain also the high-order homogenization corrector. The single-species model can be adapted
to handle more complex scenarios including, for instance, nonlinearities posed at the bound-
ary of perforations. In Section[3.3] a general high-order corrector estimate has been proved in
Theorem[2.5.1] In parallel with that, the corresponding cell problems for the high-order cor-
rector are also constructed. Let us remark that the price one has to pay for getting a high-order
corrector estimate is very expensive since the structure of the components in the expansion is
based on the limit function ii,. More precisely, it requires i, € #M*2°°(Q¢) N wM*+L.o°(T*)
at the Mth order of expansion.

In the near future, we can study the following microscopic system:

u® =¢e*R(u’) inQ°,
ut =0 across I'**t, (3.4.1)

Vuf -n=ePF(uf) acrossI®.

This is a semi-linear elliptic Dirichlet-Robin problem sometimes also referred to as a semi-
linear elliptic problem with Fourier boundary condition. The parameters a and 3 represent
scaling choices potentially arising in applications with coextensive scales on both the domain
and micro-surfaces. The study of connects e.g. with the works done in 26,29} [28]99]].
The main difficulty is the presence of arbitrary scaling parameters.
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CHAPTER 4

Correctors justification for a Smoluchowski-Soret-Dufour
system in perforated domains

4.1 Introduction

Diffusion and heat conduction, taken separately, are well understood processes at a large vari-
ety of space scales. However, as soon as diffusion interplays with the conduction of heat, it ap-
pears that the structure of the model equations is not so clear as one would expect, especially
if one wants to describe settings away from the somewhat better understood thermodynamic
equilibrium, where statistical mechanics is the main investigation tool.

Driven by possible applications in the context of efficient drug-delivery and in the design
of intelligent packaging materials, we wish to understand mathematically the upscaling of
the following basic thermo-diffusion scenario: We look at a population of colloidal particles
(monomers) driven by a flux linearly combining Fick and Fourier contributions. We assume
that monomers undergo a Smoluchowski-like dynamics producing populations of i-mers that
finally meet and travel through a transversal porous membrane. The microscopic boundaries
(i.e. those at the level of the membrane pores) are active in the sense that they host adsorption
and desorption of clusters of colloidal particles.

The starting PDE model is formulated in [[74]] by Krehel and his co-authors. Their thermo-
diffusion system is posed in a perforated medium with uniform periodicity inside the domain.
As main outcome, they prove both the global weak solvability of the model as well as the
periodic homogenization limit. As byproduct, they also obtain the precise structure of the
effective transport parameters. Now, is the moment to: Justify the two-scale asymptotics by
proving corrector/error estimates for the homogenization limit for periodic arrangements of
membrane pores/microstructures.

In our context, the structure of the corrector estimate for the involved concentrations and
temperature fields we wish to prove is

' 3

HGS )T Hug_ ) “V(Qg_els)“izuo,r)xne)

)= Ce, (4.1.1)

—65 ”iz((O,T)xQE uS“iz((O,T)xﬂf

+|V(u£—

u)|; +ellve—vl;
1/1122((0,T)x02#) 0 [lz2((0,T)xT*

where C > 0 is a generic constant independent of the choice of the scale parameter
e>0.

\. J

This chapter is structured as follows: Section[4.2]is devoted to the presentation of the Smolu-
chowski-Soret-Dufour model and the geometry of our perforated domain. In this section, we
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also list a couple of preliminary results about the weak solvability of both the microscopic and
limit models (recalling from [[74]]). Our main result is Theorem as presented in Section
We then introduce the derivation of the difference system resulting from the microscopic
problem and the "macroscopically reconstructed" system. On top of that, we prepare in this
part a few helpful integral estimates. The proof of Theorem is provided in Subsection
We conclude the paper with the remarks from Section 4.4

4.2 Setting of the problem

4.2.1 The coupled thermo-diffusion model
A geometrical interpretation of porous medium

Let 2 be a bounded open domain in R¢ (d € {2,3}) with 80 € C%!. Without loss of generality,
we reduce ourselves to consider £ as the parallelepiped (0,a;) x ... x (0,a4) with a; > 0,i €
{1,...,d}. Let Y be the representative unit cell defined by

d
Y:{ZA’IEIO<AI<1}’

i=1

where €; is the ith unit vector in R9.

Let Y, be an open subset of Y with a Lipschitz boundary T' = 9Y|, which is divided into two
disjoint closed parts Iy and I with a nonzero (d — 1)-dimensional measure, i.e. I = [y UTy
with Ty NIz = 0.

Let Z € R? be a hypercube. Then for X C Z we denote by X* the shifted subset

d
Xk =X +Zki€l‘,
i=1

where k = (ky, ..., k;) € Z% is a vector of indices.
Assume that a scale factor € > 0 is given. The pore skeleton is then defined as the union of
Y[ the e-homothetic sets of Y, i.e.

Q= U {8Y0k : Yok @ Q}
kezd

Thus, the total pore space we have in mind is Q° = Q\Qg.

Set Y; := Y\Y,. The unit cell Y is made of two parts including the gas phase Y; and the solid
phase Y,. We denote the total pore surface of the skeleton by I'* := 9. The pore surface I'*
consists of two parts satisfying I'* = I'y UT; where Iy and T}, are disjoint closed sets possessing
a nonzero (d — 1)-dimensional measure. The Neumann boundary Iy, indicates the insulation
for the heat flow, whilst at I; we allow for a flux of mass through a Robin-type condition.
The union of the cell regions eYlk (without the solid grains EYOk) represents the total available
space for thermo-diffusion.

In Figure and Figure [4.2] we show an admissible two-dimensional domain with micro-
structures. We let throughout the paper n := (ng, ..., ng) be the unit outward normal vector on
the boundary dQ°. The representation of the periodic geometries is inspired from [65, /69, [99]]
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and references cited therein, but other possibilities exist as well. The practical problem usu-
ally delimitates the freedom in choosing the precise structure of Y,; see Figure[4.2]for a couple
of options.

Figure 4.1: An admissible two-dimensional perforated domain.

ry, Ty

/ (F” o

Tp \QQ/Q
T @ O @
O @ O

Figure 4.2: Possible choices for Y,. The choice of (a) fits to the geometry described in Figure[4.1]

Model description

Before describing the microscopic problem (which we refer to as (P?)), we define some useful
notation. For & > 0, let V? be the so-called mollified gradient

Vof(x):=V U Js(x—y)f (y)dy] ,
B(x,6)

where J; is a mollifier (see e.g. [43]]) and B (x, &) is the ball centered in x € Q with radius §.
The radius 6 is assumed to be an ¢-independent constant.
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We denote by x € Q° the macroscopic variable and by y = x/e the microscopic variable
representing fast variations at the microscopic geometry. With this convention, we write

KS(X):K(E):K(}/).

The same convention applies to all the other oscillating coefficients involved in our problem.
Let m > 1 be the number of balance equations in the system. We denote by .¢/; the second-
order elliptic operator in divergence form with rapidly oscillating coefficients, i.e.

ar=v-(1(2)9)= |- (5 =] @2

where the Einstein summation convention is used.

Concerning the structure of .¢/, we assume that forall y € Y, T(y) = (Tl- i ( y)) :RY - RY
for 1 <1i,j <d is a second-order tensor that depends on the position vector y and satisfies
an uniform (in ¢) ellipticity condition. Depending on the situation, we have either T is the
tensor k (heat conductivity) or the tensor d; (diffusion coefficients).

In this framework, we consider that maximum N > 2 colloidal species are involved in the
thermo-diffusion process. We denote by (95, us,vi ) fori € {1,..., N} the triplet of real-valued
solutions of our thermo-diffusion model, i.e. a system of coupled ordinary differential equa-
tions with semi-linear parabolic equations for the evolution of temperature and colloid con-
centrations. Denote by u® := (u‘.i, ...,ufv) the vector of all active colloidal concentrations u;.
We assume that these species obey the population balance equation as postulated [[109]], i.e.

N
1 . .
R;(s):= 3 E Brjsks; — E Bijsis;, (withR; :RY - R,i€{1,..,N})
ktj=i =1

theoretically representing a quadratic-like rate of change of s;. The presence of coagulation
coefficients f3;; > 0 accounts for the rate aggregation and fragmentation between populations
of particles of size i and j. For further modeling details, we refer the reader to [42} 57, [58]]
and [75], e.g.

We denote the parabolic cylinders as Q7. := (0, T) x Q° and Qr := (0, T) x Q2. Now, we detail
the structure of our microscopic problem (P¢). For i € {1,...,N}, we consider the following
coupled thermo-diffusion system:

N

8.0°+.20° =7° > VOur-vO° inQs, (4.2.2)

i=1
o.u; + szjiuf = pfv59€ -Vui +R; (1) inQ7, (4.2.3)
0,v{ = aju; —b{v{ on (0,T)xT", (4.2.4)

subject to the boundary conditions

—k°V0°-n=0 on (0,T)xT%, (4.2.5)
—k*VO*-n=¢eg;0° on (0,T)x Iy, (4.2.6)
—k°VO*-n=0 on (0,T)x 29, 4.2.7)
—d{Vu; -n=¢ (afuf — bfvf) on (0,T) x I'¥, (4.2.8)
—d{Vu;-n=0 on (0,T)x2Q, (4.2.9)
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K¢ heat conductivity (tensor)
Tt Soret coefficient (tensor)
gg heat absorption (scalar)
ds diffusion coefficients (tensor)
of Dufour coefficients (tensor)
af ) bf deposition rate coefficients (scalars)

Table 4.1: Physical parameters in the microscopic problem (P¢).

and the initial data

0°(0,x)=0%"(x) forx € QF, (4.2.10)
u; (0,x) = uf’o (x) forx €QF, (4.2.11)
vE(0,x) = vf’o (x) forxeTr®. (4.2.12)

Henceforward, (4.2.2)-(4.2.12)) form our microscopic problem (P?).

Remark 4.2.1. Our thermo-diffusion system is made of N + 1 equations where the short-hand
explanation for physical parameters in this model can be found in Table[4.1] Physically, equation
describes the changes of the temperature 6° in QFf according to a heat conduction equation
with a production term depending on V5uf, whilst the colloidal concentration u; is assumed
to satisfy N reaction-diffusion like equations given by with a chemical reaction term
depending on V°0°. This type of special right-hand sides is mimicking the so-called Soret and
Dufour effects. In (4.2.8), v/ denotes the mass of the deposited species on the boundary of the
pore skeleton T'°. These quantities are also supposed to satisfy the following ordinary differential

equations (4.2.4).

We make use of the following assumptions:

(A;) The positive coefficients x*,t°,df, pf € [H1(Q9)]" N [L*®(Q5)], g5 € L°°(T¥) and
af , bf € L°°(T?) are Y-periodic. Also, there exist positive constants Kpin, Kmax> Tmins> 7 maxs
dinin, dmag’ Pmin> Pmax> Amin> Amax> bmin> bmax Such that iy < Kjx < Kpags Trmin < Tjk < Trax
nin < A7 < diyags Pomin < P < Prmaxs Anin < € < A b < bE < by for i € {1,...,N}
and j,k € {1, ...,d}. Furthermore, there also exist positive constants a; for i € {0, ...,N} such
that

Kic (N E;&x = ag |E* and &* () &8 = a; |E?

for any £ € RY, i € {1,...,N},jand k € {1,...,d} to guarantee the ellipticity of the operators
/¢ and .o/ .

The paraméter 0 is fixed such that § > ¢, pointing out a length scale comparable with
diam () not interfering with the perforations.

(A,) The positive initial conditions satisfy 85° € L (Q¢)NH! (Q°), uf’o € L™ (Q°)NH (Q°),
vf’o € L°° (I¥) fori € {1,...,N}, such that we can find C, > 0 satisfying

105l 0ry + (””f’OHHl(m) + H"f’OHLw(rs)) < Co,

N
i=1

where C, is independent of the choice of €.
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Remark 4.2.2. By the definitions of «,T,d;, p; and (A,), there exist positive constants that
bound from below and above these coefficients on Y for each choice of ¢.

The presence of 6 > 0 in the model equations is needed to keep (an uniform in €) control on the
terms Véuf -V 6O° and V2 6° - Vu;. In 1D, the presence of 0 is not essential since by compactness
arguments it can be removed (see e.g. [62l] for a compactness argument used to remove such &
arising in a similar system modeling consolidation of saturated porous media). In higher space
dimensions, a complete removal of § is not possible, see [4] Theorem 2.2].

A working example for the mollifier is given by

C (;) |x| <&
J500) =1 P\ xP—s2)’ ’
0, |x| > 6,

where the constant C > 0 is selected such that fRd Js(x)dx = 1. Then, for f € L'(QF) the
mollified gradient is

V%H=V[J Jﬂx—yU%yMy}
B(x,5)

with

o [re0, xeqr,
f )= {o, x € RI\QF.

We remark that the function f is well-defined in L' (B (x,8)) for x € QF since the intersection
Q° NB(x, ) is Lebesgue measurable. According to [43]], there holds V° f € C*° (9¢) and there
exists C5 > 0 such that for all f € L?(QF), the following inequality holds

197 | oy < Co 1 N2y -
In this scenario, one can choose & > 2ediam (Y).

Unless otherwise specified, all the constants C are independent of the homogenization para-
meter &, but the precise values may differ from line to line or even within a single chain of
estimates. Throughout this paper, we use the superscript € to emphasize the dependence on
the heterogeneity of the material characterized by the homogenization parameter €. In the
sequel, we use dS, where S, can be viewed as a common notation for a boundary of any
surface. Moreover, the notation |-| for a domain indicates in this work the volume of that
domain.

4.2.2 Preliminary results

In this subsection, we present the fact already known concerning the weak solvability and
periodic homogenization of (P?). It is important to note that, for our choice of Y}, the interior
extension from H' (Q°) into H' (2) exists with extension constants independent of ¢ (see [65}
Lemma 5] and [31] Theorem 2.10]).

Definition 4.2.3. The weak formulation of (P*)
Fori € {1,...,N}, the triplet (9€,uf,vi€) satisfying

0¢,uf € H' (0, T; L*(Q°)) N L™ (0, T; H (QF)) N L™= ((0, T) x QF),

50



ve e H'(0,T; L3 (I*)) N L™ ((0,T) x ).

is a weak solution to (P*) provided that

N
J 8t0€godx+f K8V9€-V<pdx+€f gOQ‘?cpdS£=J. TEZVEuf-VGSLpdx,
Qe Qe I Q=

J atuf¢idx+f dfvut - Vedx +e | (afuf —bive) ¢,ds,

=JJ R; (u®) ¢;dx +J pr‘SGE -Vu; ¢;dx,
Qe Q

ef atvfz,bidsszsj (afus — bEve)apds,,
Te TIe

(4.2.13)
for all (@, ¢;,v;) € H (QF) x H' (Q°) x L2(T*).

Theorem 4.2.4. Well-posedness and Positivity of solution
Assume (A;)-(A;) and i € {1,...,N}. The microscopic problem (P?) admits a unique solution
(93 ust,v; ) in the sense ofDeﬁnition belonging to

K(T,M):={z € L*(0,T) x Q°) : |z]| <M a.e. in (0,T) x 2}
for some M > 0. Additionally,
0°,uf € H'(0,T; L*(2°)) N L™ (0, T; H (2°)) N L™ ((0, T) x Q°),
ve e H'(0,T;L*(I*)) N L™ ((0,T) x I'®).

Furthermore, this triplet (98, us,ve ) is positive and the following energy estimates hold

t
Komin V05 (D120 J 18,67 (O)l12(qpy dE < C,
0

T
192 Ol s + L (8 Ol sy + [0 Ol s} de <€ forae. 0,71,

We denote by (PO) the strong formulation of the macroscopic (limit) problem. We introduce
below the limit problem whose precise structure has been obtained via a two-scale conver-
gence procedure in [[74]]. When doing so, the effective constants are defined, as follows: For
ie{l,..,N}and j,ke{1,...,d},

5
Ko = LJ k(y)dy, K;:= ij K(y)%dy, (4.2.14)
el Y, Y1 Y 9y
. 1 .
T, := m 7;(y)dy, lek = 1A f l(y) (4.2.15)
1 Y,
1 u
D; = d (y)dy, Dj:= (y)—dy , (4.2.16)
|Y1| v, i«
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1 : 1 ot
Fir=— | pi(dy, F:=| = | pi(¥)5—dy| , (4.2.17)
|Y1| Y, |Y1| Y, a.yk jk

1 1
A; = —f a;dy, B;:= —f b,dy. (4.2.18)
|Y1| 2y, |Y1| 2y,

The reader can find in [[74] the precise arguments behind the derivation of these effective
coefficients.

Theorem 4.2.5. Strong formulation of the macroscopic problem - (P°)
Assume (A;)-(A,). Fori € {1,...,N}, the triplet (6°,u?,v?) of limit solutions (6°,u¢, v¢) to (P°)
in the sense of Definition [5.3.1|satisfies the following macroscopic system

8,0°+Vv-(-Kv0°)+ go:;—}jQO = i: (T'v°u?)-v6° inQy, (4.2.19)

atu? +V- (—]DDiVu?) +Al»u? —Bivi0 = (IFl;Vu?) -V°0° +R; (uo) inQr, (4.2.20)
subject to the boundary conditions

—KV0°-n=0 on (0,T)x 3%, (4.2.21)

—D'Vu?-n=0 on (0,T)x 3%, (4.2.22)

and associated with the ordinary differential equations

3v) =Au} —Bv inQy, (4.2.23)

where we have denoted by K = K, + (Kij)ij’ T' =TI+ (Tl‘ik)jk’ D' = D,I+Dj, F' = F,I+F, for
j.k €{1,...,d} with I standing for the identity matrix and the quantities Ko, K;;, T, Tjik, D, Di,
F,, F', A, B; being effective constants corresponding, respectively, to the oscillating coefficients

and defined in (4.2.14)-(4.2.18).

Furthermore, the initial conditions are provided by

0°(t=0)=0% inQ, (4.2.24)
W(t=0=u inQ, (4.2.25)
v (t=0)=v"" onT. (4.2.26)

Theorem 4.2.6. The weak formulation of the macroscopic problem (P°)
Assume (A;)-(A,) and take i € {1,...,N}, the triplet (6°,u?,v?) satifying

0% u® e H' (0, T;L2(2)) N L*(0, T; H' ()N L ((0,T) x ),

v e H'(0,T; L2 ()N L™ ((0,T) x Q),
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is a weak solution to (P°) provided that

f 3t90g0dx+f KvH°- Vgodx+g0|| Ll Gonde—f Z(’]I‘ Vou 0 -VO%pdx,
Q Q

f 8tu?¢idx+J ID)iVu?-quidx+f (Aiu?—BiviO) ¢;dx
Q Q
= f‘ (]FiVu?) -Vo0°¢p,dx +J R; (uo) ¢;dx,
Q Q

f 3, v dx :J (Aju? —Bv?)4pdx,
! ? (4.2.27)
hold for all (i, ¢;,7;) € C= () x C* () x C*° (Q).

Hereby, the functions 6 and #; linearly formulate the limit functions 6! and u} by 6' :=
d

d
6-v,0°= Zaxjeoéf and u} :=@; - V,u) = » . uld] fori € {1,...,N}. Moreover, they
j=1 j=1
solve, respectively, the cell problems introduced in the following Theorem.

Theorem 4.2.7. The cell problems
Assume (A;) holds. The limit functions 8' and ul.1 defined as above solve the following cell prob-
lems:
YV, (—x(y)V,0/(x,y)) =V, (kn;) inYy,
—x(y)V,0 -n=xn; on dYy, (4.2.28)
6/ is Y-periodic,
Y, (~d )V, @0, 0)) =V, - (din)) inY,,
—d; (y) Vi -n=dn; on 3Yy, (4.2.29)
ﬁf is Y-periodic,

where n; is the jth unit vector of R9and i€ {1,...,N},j€{1,...,d}. Furthermore,

1. If x,d; € [H! (1?1)]d2 are Lipschitz continuous, the system (4.2.28)-(4.2.29) admits a
unique solution (91 "J) € Hzo (v;) x Hloc (Yy);

2. If k,d; € [H* (Yl)]d2 N [H_%“ (@ YO)]d2 for every s € ( 5 2) are Lipschitz continuous,
the system (4.2.28)-(4.2.29) admits a unique solution (91, ’f) € H' (1Y) x HY™ (Y7).

The weak solvability of the cell problems (4.2.28) and (4.2.29) shall be further discussed in
the proof of Theorem (see Section [4.3). To derive the corrector estimate (4.1.1), we
need a number of elementary inequalities.

e Forall 1 < p < oo, the following estimates hold:

V£ - &l 1oy < C5 1 ooy g llppoaeye for £ € L (Q%), g € [17 ()], (4.2.30)
V% f || oy < Co lf iy for £ € L2(Q9), (4.2.31)

where C5 > 0 depends only on §. See [74], e.g., for a proof of (4.2.30) and (4.2.31).
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e To estimate the correctors for both the temperature 6° and colloidal concentrations
u?, we consider the real-valued cut-off function m® € C& (£2) satisfying 0 < m® < 1,
e|Vm®| < C,and m®* =1 on {x € Q: dist(x,I") > ¢}. Furthermore, one can prove that

||1 - mEHLz(Qs) < C81/2, ) IIVmSIILz(Qe) < Cé‘l/z. (4232)

Theorem 4.2.8. Existence and uniqueness results for (P°)
Assume (A)-(A,). Fori € {1,...,N}, the macroscopic problem (PO) admits a unique (local) weak
solution in L2 ((0, T) x ).

Proof. Due to the homogenization limit results in [[74, Lemma 4.3], the existence of the triplet
(Qo,u?, vio) in Theorem is guaranteed. The contraction of these functions in a closed
subspace of [L2((0, T) x )]V *2 can be proved concisely by a contraction argument. The proof
can be sketched as follows: We define

Ky (M,T):={z€L*((0,T)xQ): |z <M ae. inQr}.

0,1
i

For i € {1,..,N}, let 0%1,u>",v>! € Ky (M;, T;) and 0%%,u?,v*? € K, (M,, T,) be two
pairs of (weak) solutions of the macroscopic system. By choosing T = min{T;, T,} and
M = 2max {M;, M,} and suitable test functions ¢, ¢;,v; in @2.27), we get d (0°) := 61 —
0%2 d (u?) = u?’l — u?’z, d (vio) = vio’1 — vl.o’2 € K; (M, T), which satisfy the following equal-
ities:
30 (0 + 92 0o+ s (0¥
2% 12(2) @ " 80y, | 12(2)
N
= | D((1'vPuP) - vool —(T'v0ul?) - v6°2)d (6°) dx,
Q=1

1 .
321 GO+ 2 9 G+ 4 G [ 0 (9) 0 ()

_ f (Fv)- v9601 — (Fwad?) - v96°2) d (u0) dx
Q

" j (R (1)~ R, (u2))d () dx,
Q

%aﬁ ”d ("io)“izm) +B; Hd (Vio)Hizm) = jﬂAid (u?) d (Vio) dx.

Here, the contraction is obtained for t < T,, where T, is small enough. For n € N, we
0,n

. . 0 .
can construct an approximation scheme (90’", u;,v; ’") for n € N for the macroscopic system

involving only linear terms. Based on the contraction argument, we can prove that {90’"}

neN’
{u?’”}n oy and {vl.o’"}n oy are Cauchy sequences in K; (M, Tj). Thus, the local existence and
uniqueness of solutions in [L2((0, T) x 2)IV*2 to (PO) is guaranteed. O

4.3 Corrector estimates

The main result of this chapter is stated in the next Theorem whose applicability is delim-
ited by the assumptions (A;)-(A,), extra regularity and e-control of the initial data. Note
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that the involved macroscopic reconstructions 6°,uf ,v¢, fori € {1,...,N} are introduced in

1,00 Vi,0
Subsection

Theorem 4.3.1. Assume (A;)-(A,). Let (6°,uf,v¢) and (6°,u%,v?) for i € {1,...,N} be weak
solutions to (P*) and (P°) in the sense of Definition and Theorem respectively. Let
0,1, be the cell functions solving the cell problems (4.2.28)- @.2.29) and satisfying

6,a; € L (5w, (7)) nH' (@ W32 (V)  fors>d/2.

For every t € (0,T], we also assume that 0°(t,-),u? (t,-) € WH (QF) N H*(QF) for i €
{1,...,N}. On top of that, we assume

N ) N
2 €,0 0,0 £,0 0,0
| Lzms)"'Z”“i —U {1200 +Z v =i
i=1 i=1

for some y € R,. Then the following corrector estimate holds

2
65,0 _ 90,0 < EY,

12(re) =

N
10~ 0y + 22 =8l
i=1

2
< Cmax{s,e"}.
r2(o,T;[22(02)]%)

N
+ ”V (96 - ef)”i(O,T;[LZ(QS)]d) + Z HV (uf - uil)
i=1

Furthermore, if y > 1, then we obtain

N
SZ H"f _vi0||i2((0,T)><F€) <Ce.
i=1

4.3.1 Macroscopic reconstruction

To derive correctors estimates for our problem, we use the concept of the macroscopic recon-
struction. We borrow this terminology from [40]], but note that it is also connected to similar
concepts in the a posteriori numerical analysis of PDEs (see e.g. [[76]]). It turns out that we
derive operators that could bring us the link between the strong formulations (P¢) and (PO).
For a.e. t €[0,T] and x € Qf we provide that

0, (t,x) := 0°(t,x), (4.3.1)
uf o (t,x) = w (t,x), (4.3.2)
vf’o(t,x) = vl.o(t,x). (4.3.3)

Henceforward, we obtain the system of macroscopic reconstruction whose expression is sim-
ilar to the strong formulations (PO), but acting on x € Q°. We accordingly subtract this system
from the microscopic system (P¢) equation-by-equation and gain the difference system over
QFf. Then we proceed to the correctors justification by the following choice of test functions:

0 (t,x) = 0° (t,x)—(eg (t,x)+em® (x)6 (x, g) : Vxeo(t,x)), (4.3.4)

¢ (t,x):=ui (t,x)— (uf’o (t,x)+em® (x)q; (x, E) . qu? (t,x)) s (4.3.5)
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where m® is a cut-off function with the properties (4.2.32)).

Multiplying the difference system by the test functions ¢, ¢; € H'(QFf) and integrating the

resulting equations over 2°, we obtain the system, denoted by (IF’S), as follows:

0

= f (ﬁiv‘suf V6 —i(TiV5ui0) - VOE
o

i=1 i=1

J at(uf—ui0)¢idx+f (drvus —D'vug,) - Vepdx
o

Qf

+8J (afuf—bfvf)@dsg—f (Aiuf’O—BiviO)@dx
re Qs

f Bt(65—9§)¢dx+f (KEVGE—KVGS)-thdx+SJ g00°pdS, — g,
QF Q¢ Iy

05 pdx

= f (pevoer - vus — (Fivus, ) - v06; ) pudx + J (R; () —R; (1)) p:dx,
Qr Qr

According to the system (PS), we denote the following terms:
S = f 3, (60°—6¢) pdx,

Sy = f (k*VOF —KVOE) - Vedx,

|Tk|

8o | 6pwdx,
0|Yl| Qe 0

Sy = ef 200°¢pdS, —
I

N

N
%, :=J (T‘?Zvéuf -VQS—Z(TiV‘Su?)-VQS") pdx,
o i=1

i=1

A f 0 (uf =i, dud,
gy = f (df vuf —D'Vugy) - v,
o

jai = ef (afuf — bfvf) ¢,;dS, —f (Al-uf’o —Bin,o) ¢;dx,
Ie Qe

(4.3.6)

4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)

S :=f (pfv‘sm-Vuf—(]FiVuf,O)-V‘SGg)(pidx+J (R; () —R; () p:dx. (4.3.13)
Qe Qe

We introduce, in the same spirit as for (4.3.1)) and (4.3.2), another macroscopic reconstruction

0;(t,x) and uf’l(t,x) defined as follows:
0;(6,%) = 05(6,x) +20 (x, = ) - V,,0°(t, ),
£

- X 0
uil(t,x) = uf,o(t, x)+ el (x, ;) - V,u; (t,x),

where 6 and i; are the cell functions introduced in Theorem as weak solutions to the

problems (4.2.28) and (4.2.29), respectively.

By definitions (4.3.1)-(4.3.2), the macroscopic reconstructions ;(t,x) and ui o(t,x) are in-
terchangeable, respectively, in notation with the limit functions 8°(t, x) and u?(t, x) in The-

orem[4.37]
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4.3.2 Integral estimates

Remark 4.3.2. From Lemma one can apply directly the L?-estimate between the space-
dependent physical parameters of the microscopic problem (e.g. k¢, T°) and their averages, even
if the parameters in discussion are actually tensors. To this end, these estimates are controlled as
lp® —Plli2y < C /2, where p® refers to the oscillating coefficient and p denotes its average.

Lemma 4.3.3. Let Y; as defined in Subsection Let p? (x) := p(x/€) belong to H (Qf)
satisfying

) 1
p:= —f p(y)dy.
|Y1| Y;

Then the following estimate holds

llp*® _I_7||L2(Q€) < Ccell? ”Pe“Hl(QE) .

Proof. We consider the periodic geometry described in Figure in Subsection For a
fixed test function ¢ € H! (Q°), we see that

f (pf—p)cﬁdx:Zf (p*’—p)¢dxsc€‘df (p° —p) pdx.
Q¢ e 3¢

kezd

By changing the variable x = ¢y, the relations

f p(Z)o(dx= edf P($ () dy,
Y

¢!

f Jp(y)¢(X)dydx=€df f p(y) ¢ (e2)dydsz,
ev, Jv, vty

enable us to write:
J (p°—p)pdx = |y, [ J (p()¢(ey)—p(y) ¢ (e2))dzdy. (4.3.14)
eY; non

Since 39 € C%! and a smooth path with finite length avoiding perforations can be taken,
one can get

1
¢ (ey)— ¢ (e2)| < EEJ Vo (tey +(1—t)ez)- (y —2)ldt,
0

with £ =ty +(1—t)z, n = y —z and ¢ independent of ¢, then (4.3.14)) can be bounded from

above by
1/2 1/2
Ssd“IYEI_l(J IV¢(8§)~nlzdnd€) (J Ip(y)lzdde) :
nJivy, YJy

(4.3.15)

f (p* —p) dpdx
Yy

In ([4.3.15), we have denoted Y, :={y —z : for y,z € Y;}. Also, (4.3.15]) leads to
f (p* —P) pdx < Cellp®ll 2o IV l2(aey »
QS
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and with ¢ = p®—p and (A.0.1I), (4.3.15) becomes ||p® _I_’”izms) <Ce (HPSH%Z(QS) + ||Vp€||i2(ﬂg))
and hence, we finally get

P =Bl < C&* 1P (e -
This completes the proof of the lemma. O

We define the following function spaces playing a role in Lemma|4.3.4
H' (1) :={veH (I*)|-x*Vv*-n=0o0nTf},
which is a closed subspace of H(I'**), and

H!(D):={veH'(D)|[v>0inD},
LY (D):={vel®(D)|v=0in D},

where D is a suitably measurable set e.g. Q° or I'*.

Lemma 4.3.4. Let 0° € L2(0, T; H' (I%)) and 0° € L2(0, T; H' (Q)). For any
frec ([0, TT; HL(Q)N LY (Q9)),
f€C([0, T HL(T)N L (T)),

suppose that there exists f5 € C [0, T] such that

j f19°dx=J £,6°dS, + £fs.
o I

Then, it exists a C > 0 such that

< eCllellm@e>

J f190¢dX_€J (f20° + &f3) pdS,
Q¢ I

for any ¢ € H* (Q°).

Proof. We adapt Lemma 5.2 from [86]] to our context. The proof of the lemma is based on
the following auxiliary problem: Given fi, f,, 8¢, 6° as in the hypothesis of Lemma and
f eclo,T], find ¥ such that

Ay‘I’(',X:J’)LV:g:fl@O fOI'XEQE,
V, 2 (,x,y)-n=f0°+ef for(x,y) €Ty, (4.3.16)
V,2¥-n=0 atIy.

By [193] Lemma 2.1] and also [[30]], the problem (4.3.16) has a (weak) Y -periodic solution
W (,x,y),—x € L*(0,T; H' (QF))

satisfying the integral equality

f f190dx=f (f29€+9f)dse:f f20°S; +¢fs,
ar re re
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. . -1z L .\
with f; being \F}ﬂ f. Moreover, that solution is unique up to an additive constant.

Multiplying the first equation in (4.3.16) by ¢ € H' (2¢) and then integrating the resulting
equation over Q°, we arrive at

f fleoapdx—sj (f295+£f)g0d55
Qe I

f Ay W0, y)ly =z sodx—ef szgwng—EZJ feods,
Qs I I

f CANATCERI M ELA A TR R e I
o

—ef f295<pd58—82|1"}§|1f f2dS,
I I

EJ (vy \I’(‘;X:.}’)|y=§ -n(pdSs _EJ vy \I’(‘;X:}’)|y=§ vx(PdX)
re Qe

_Ef vxvy\p(',x:}’)b/:{ (de_sf fZGE(IDdSE
Qe Iy

-1
J fBQPdSa‘
I

Since I'* = T; UTY,, the choice of boundary conditions in (4.3.16)) allows the boundary integrals
in (4.3.17) to disappear. It follows from the triangle inequality and the Holder inequality that

<(

f V.Y, UCxy)l, o pd
QE‘

Ix

. (4.3.17)

J £,0%0dx —&‘J (f298 + sf) pdS,
Qe e

f v_y \I}(: X,}’)ly:f v)((pdx
QS

)

This completes the proof of the lemma. O

—+

< Cellollmiae -

4.3.3 Proof of Theorem

The proof of Theorem relies on a fine control of the e-dependence needed to estimate
each term in (4.3.6)-(4.3.13), following the line of arguments indicated in [40]]. At first, the
term .#, can be rewritten as:

Le 3,(6°—6%) (67— 0°—em0 x, =) -v.0°)

_li¢
T 2dt

2

£ _pno _ e_no [a) f . 0
0° ()~ 0° (020, SLE 2.(6°—6%)m 9(}(,8) v,0%x.  (4.3.18)
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Similarly, we proceed to estimate fli as follows:

- X
J o (uf - u?) (uf - u? —em®i; (x, —) . qu?)
€
QE

_1d
T 2dt

_ x
g () —u? (t)Hiz(m) —& J 3, (uf —u?)meu (x, ;) -V uldx. (4.3.19)
Qé‘
Using the decomposition

KEVOF —KVO° =«*V (0°—06f)+k°VOf —KV6°,

the term .#, thus becomes

yzzf K€V(93—9f)~V<pdx+J (k*VOf —KVO°)- Vipdx. (4.3.20)
Qé‘

e

Concerning the first term on the right-hand side of (4.3.20]), we get

f KV (05— 0) - Vdx > % (GBI [
QE

e [V (1= m*) 5 - 7,02 (0)| P,

It is worth pointing out that the cell problems (4.2.28)) and (4.2.29)) require more regularity on
the heat conductivity x and the diffusion coefficient d;, namely we need k, d; € H*(Y;). On the

other side, since these cell problems are elliptic problems on a non-convex polygon, it is well-
known that the cell functions 6 and ii; usually do not belong to H2(Y;) in y regardless how
smooth the right-hand sides of (4.2.28) and (4.2.29)) are (cf. [|61]]). Due to the extra regularity
on k and d; leading to their Lipschitz property in space and due to the Lipschitz boundary of
the microstructure, the solutions can be at most in leoc(Yl) (see, e.g. [61, Theorem 2.2.2.3]).

Notably, that result will not change even if the microstructure boundary is very smooth as in
this case. We also emphasize that when investigating problems on domains without holes,
the cell problems are then considered to hold in the unit cell Y and, by the convexity of the
cell, one obtains the H?(Y) regularity of the cell functions.

It follows from [[103}, Theorem 4] that the cell problems (4.2.28)-(4.2.29) admit a unique
solution (0,i;) € H™(Y,) x Hy'(Y,) for some s,r € (—%, %) Essentially, this hinders
us when dealing with the term s| v((1—m®)6°- Vxeo(t)){ 2200
L°(0F; Ci(ﬁ)), whereas its maximal regularity only gives L°°(Q°; H;’S(Yl)) (a similar situ-
ation holds for i;). Recall the Sobolev embedding W/™P(Y;) ¢ C/(Y;) for sp > d (cf.
[2[). Our Hilbertian framework, i.e. p = 2,j = 1, requires s > d/2 > 1/2 which leads
to the impossibility of getting C;(Yl) from H;fs (Y;). Obviously, one of the possibilities is
to working with the domain without holes in one-dimensional, i.e. d =1 and s = 1. The
fact that (0,i1;) € [L"°(Q"’3;Wi‘;J'S’Z(Yl))]2 for s > d/2 is strictly needed to obtain (0,i;) €
[L°°(Qf; C4(Y1))]?. Then, with the assumption 6°(t,-) € Wh*°(Q°) N H*(Q?) and the extra

. In fact, we need 0 €
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regularity 6 € H'(Q°; W;’Z(Yl)) providing 8 € H'(Q?; C,(Y;)), we estimate that

e||[v((1—m)6°- v, 0° ()

e [[Vm®|l 20

12(Q¢) < |é||L°<’(Q€;C(Yl)) Heo(t)”WLm(QF)

+6HVXQ_

va(arso(r ) 10° Ollreeaey
+ 11— m® |l 20

1950 e e 1€° Ol ooy
+ 210 o o 10° Oy
<cC(e+e'?),

where we use the inequalities (4.2.32) together with the relation V=V, + 8_1Vy.
Observe that

Vor=v,0°+(v,0) v,.0°+e0°V, V0% +¢(V,0) v, 6° (4.3.21)

Hence, we get
KV —KVO° =«°(VO°+(v,0) v,0°) —KVO°

+x°¢(0°V, V0% +(v,0) v,0°). (4.3.22)

We note that the L2-norm of the second term on the right-hand side of is bounded
from above by

e[|x*(0°V. V6% +(V.0)" V. 0°)|| oqry < Ce[|0] o (i) 10 Nz
+Ce [V 0| oarsc(r ) 10 lwiom oy -
Let us handle now the remaining quantity x* (V6° +(v,0)" v,0°) —KV6°. In fact, recall

that ¢ := k(I+ Vyé )—K is divergence-free with respect to y € Y; due to the structure of the
cell problems in Theorem Moreover, we know that its average also vanishes, i.e.

f Ydy =0,
Yy

by virtue of the definition of the homogenized heat conductivity K in Theorem |4.2.5

As a consequence, ¢ possesses a vector potential V and this vector potential is skew-symmetric
such that ¢4 = V V. In general, the selection of the vector potential is non-unique. However,
we can choose V to solve the Poisson equation A,V = n(x,y)V,¥ for some function 7
just depending on the dimensions. Using this equation together with the periodic boundary
conditions at dY; and the vanishing cell average, we can determine this vector potential V
uniquely. Now, we formulate the quantity ¥°V6° = «*(V6°+(v,0)° v,0°) —Kv6° in
terms of this vector potential. Using the relation V,, = ¢V — ¢V, we have

9*VO° =¢eV-(VEVO?) —eVEAQ® — g(V, V) VOO, (4.3.23)

Due to the skew-symmetry of V (and also that of V?), the first term on the right-hand side
of is divergence-free, indicating the boundedness in L2(Q¢) with the order of @(¢).
In addition, combining 6 € L°°(Q°; W;H’z(Yl)) NHY(Q; W;’Z(Yl)) with the above Poisson
equation A,V =1n(x,y)V,¥ subject to the periodic boundary condition yields

IVllwizry < ClIG sz, -
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By the compact embedding W2(Y;) << C(Y;) for s > d/2 > 1, we thus get
Ve L™ (Q5C,(V))nH (25C, (Y1)).

As a consequence, the boundedness in L?(02¢) of the second and third terms on the right-hand

side of (4.3.23) is given by

£||veae® + (v, v)*ve°

0
L2 S € ”V”L""(QE;C(K)) ”9 | H2(90r)

te ||V||H1(QE;C(71)) ||90“WL°°(QE)'

Therefore, with the help of the Holder inequality, we note that
f (k*V0f —KVO°) - Vpdx < Ce,
QE

which completes the estimates for .#,.

Consequently, we can write
952 C [V (05— 65) (0)||5y2 e — C (62 + ). (4.3.24)

Similarly, estimating the term jzi leads to

2

gi=c HV(uf—uf’l)(t) —c(e?+¢). (4.3.25)

[z2(09)]

Concerning the estimate of the term .#;, we note the following: Thanks to the compatibility
constraint (Theorem [4.3.4) with the choice ¢ = ¢ — 0%, we get that

S < Cellellmer

<Ce (HQS - GOHLZ(QE) + HV (95 - Qf)H[LZ(Qe)]d + HV (913 - ‘90)||[L2(m)]d)

< Ce ([|07 =0 ey + V(05 = 65)||ppageye + €A +6)), (4.3.26)

where we use again the difference relation (4.3.21)) and get the following bound from above

HV(Qf - QO)HLZ(QE) < ”vyé“LDO(Qs;c(Yl)) ”90|

te (”éHLW(Qf;C(Yl)) |6°]

Wl,oo(ﬂe)

e ¥ [V

2(c(7)) ||90||w1,oo(as))-

Similarly, the term j; is bounded from above by

gi< Cs(”uf—u? e+ Hv(uf—uil) +C(1+€)). (4.3.27)

[22(Q9)]
Note the elementary decomposition:
VU - VO — (T'VPu?) - vO°0 = (¢f —T') Voul - VO*

+ T (Vouf —vou?) - vor + T (VO —v6°) - voul.
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Multiplying the above equation by the test function ¢, we arrive at
(v°Vouf - vor —(T'vou?) - v0°) = (v° —T') VOuf - vO© (6°—0°)
—e(v*—T)Vou - vO‘mo°-v,0°
+ T (Vouf —vou?) - vor (0 —0°)
—eT (Vouf —Vou0) - vo*m4° - v,.60°
+T(VoF—ve°) - voul (6°—0°)
—eTH (VO —V0°) - Voulm 6° - v,6°

6

=gk

k=1

To be able to estimate .#,, we need to ensure the boundedness of each of the terms fﬂ ﬂf ‘
for k; €{1,...,6} and i € {1, ..., N}. We obtain:

fm |97 dx < & ||Vouf - VO°|| e H(TS —T')m*6 (g) -V,0°

12(0)
5’9”u;?“Loo(nf)HVGE“[LZ(QE)]" ”éHL‘X’(QE;C(Yl)) |90 WLoo(0) T 12(0¢)
(4.3.28)
and
| 1tlax < S0 =00 g 8 (5) w07

= % {Til Cg ”uf _u?Hm(Qf) HVQEH[LZ(QE)]d ||9_HL°°(Q€;C(Y1)) ||90”W1:°°(Qf)' (4.3.29)
Furthermore, we estimate
Jﬂg VAH dx < ”Tg _Ti”LZ(ne) ”V%f : VQ8||L2(Q€) Heg - QOHLO"(QE)
<G5 ”TS _Ti”Lz(QE) Huf”Lw(ns) IIVQEH[LZ(QQ)]d (HQGHL“(QS) + ||90||WLOO(Q€))’
(4.3.30)
and by Young’s inequality (cf. Lemmal[A.0.7), it yields
Ti|? 1
[ 1stlax < L 2o - 90 1907 g+ 3100

Ti|?
< 7|C§ V071, e 12 = 0oy + % 6° =02y, (43.3D)
and
T, |? 1
fm |y45| dx < Tl ||(V9*’—V9°)-V5u?||i2m€) + 5 HQS—GOH;(QE)
|Ti|22 0[|2 e _wpnoll? Liige _go)?
<= CZ || ||} ey | VO = VO ey + 5 107 =0y (43:32)
8] dx < S bl o 198 = 90+ £ 18] e 1971
. 4 - 2 i [ILo°(Q¢) [r2()¢ 2 LOO(QE;C(YI)) Wleo(Qe) *
(4.3.33)
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Remark that the first integral in f‘{ can be estimated similarly. On top of that, observe that
we can find constants Cr, >0 (independent of ¢) such that

e__ .0
uj u].

forie{1,...,N},
. { }

j=

||Ri (ug) _Ri (uo)HLz(Qs) < CRi Z
1

in which the constants Cz depend on the L°°-bounds of the concentrations u°, u® as discussed
in |69, Section 5].

The estimate on the second integral of j‘f can be computed directly. Note that for i €
{1,...,N}, we have:

(Ri (u®)—R; (uo)) ¢, = (Ri w®)—R; (uo)) (uf _ u?)
—¢ (Ri (u®)—R; (uo)) meii; (E) . vxuiO.

This gives
N
Jﬂ (R; () —R; (u°)) pydx < C, Z uf — u? o) (Huf —u? L2(@)
& j=1
S [ P 174 I (4.3.34)

Collecting the estimates (4.3.24)), (4.3.25)), (4.3.26)), (4.3.27)), (4.3.28])-(4.3.33)) and (4.3.34)),
we obtain:

2

N
17(65 = ) (O]} zgayy + Zl: ”v (uf —uf,)

0¢ (t)—0°(t)

[2(ae))"
< C(s2 +£)+C£({

ree

i=1

o HV (98 - 915) (t)”[Lz(QS)]d +C(1+ s))

u; (t)— u? (t)

) T Hv(uf—uf,l)(t) +C(1+5))

[2(0¢))"

N
(I =T a9 0= 8 O+ 2t =l I 0= Ol
i=1

N

+Ce (Z 1 () =0 ()| ey + ]| 0% ()= 0° () Lzm)
i=1
N

ro( Rl 0 O 1006 Ol )
i=1

N
+Ce (||v (6= 6°) ()| gyt + 2|V (=) (t)Hsz(m]d) +Ce.
i=1

Notably, Theorem provides us that the L2-error estimates between the Soret and Dufour
coefficients and their homogenized (averaged) versions, i.e. || ¢ —T! H L2() and || P — F || L2()
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are of the order @(g!/?). It thus yields that

|V u; _u11)( )

”v(@g (t)H[LZ(Q N +Z

<C(e?+e)+Ce(]|0° ()= %O ey + 17 (67— 67) (0| oy )
N
+C£Z(|luf (t)_u?(t) [LZ(SZE)]d)

im1
N

+Cel/? (HQS (0)—6° (t)”LZ(nf) + Z ||uf (O —uf (t)“”(”s))
im1

[r2(00)]*

o |7 (=2, ©

N
o[ 2l 0 Ol 10706 Ol
i=1

€ € 2 N € € 2
+Ce (HV(G — 91 ) (t)”[LZ(QS)]d + ; Hv (ui —ui’l)(t) [LZ(QS)]d) . (4335)

It now remains to estimate the second term on the right-hand side of (4.3.18)-(4.3.19). In
fact, integrating by parts gives

(uf —u? -V, (s,x)dxds
JJ (e) <l (8,%)

f m (u —uo)ﬁ (E) V., u; O(s,x)dx
s=0

JJ u—u ﬂ )Vﬁu(sx)dxds

s=t

We then observe that

&

f m [(u —u) (u (0) —u; (O))]u YV, u; O(t, x)dx|
QS

< CS( LZ(W))’

—u; 0(t)

€ 0 0,0
— ui

L2(qr )

and hence,

4

J m*[(6°—6°) — (6°(0)—6°(0))]6°- v, 6°(t,x)dx|
Qe

SCE(||9€(t)—9°(t) Lsz))'

+ ||98,0 _ 90,0

12(0¢)

For all t € (0, T], we set

N
w1 (6)=[[0° ()= 0% (O)|[aqey + 2 18 () =10 (O 2
i=1

N
w2 0= 9 (0= 0) Oy + |7 (s =)o

(21’
2 N 2
wo = [[0°0 = 0% gy + D15 =P agey-
i=1
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Then, when integrating (4.3.35)) and (4.3.18))-(4.3.19) from O to ¢, we are led to the following
Gronwall-like estimate

t

Wl(t)+f wy (s)ds < C(82+8+(1+8)W0+8J Wl(s)ds),
0

0

which can be rewritten as
t
wy (t)+ J Wy (s)ds < C(e+(1+&)wy)et forte[0,T]. (4.3.36)
0

Finally, we turn our attention to the corrector estimate for v;. For i € {1,...,N} we consider
the equation for the reconstruction v/, = v?, obtained from (4.2.23)), with the test function
2; € L?(I'*) and integrate the resulting equation over I'* to get

e‘f atvlpll)idSS:sf (A;u? —Bv?)v,dS,. (4.3.37)
Fé‘ FE

Then, we find the difference equation for the micro concentration v and the reconstruction
vi0 by subtracting the third equation of (4.2.13) and (4.3.37), provided that

EJ Bt(vf—vio)widsszsj (afuf —Aiu?)widss—sJ (bfvf—Bivl.O)widSS
Ie Te re
=e f [af (uf —uf) + (af —A))uf ]yidS,
FE

—e [ Do 07—+ (b1 =)0,
FE

Hereby, we choose v; = v/ — vi0 to obtain the following estimate

d
ga;”vf—vﬂﬁ%w)5(k(”uf—uﬂﬁqw)+uvf_vﬂﬁ%wﬂ
e [ far =l vt =0l s,
rE
+£f 157 — B[ [v0] [vf —+9] ds,. (43.38)
FE

Since Q¢ is a Lipschitz domain, we recall the trace embedding H* (Q¢) C L% (89Q¢) which holds

for 1 < q <2}, where 2}, =2(d—1)/(d—2)ifd >3, and 2}, = oo if d =2 (cf. [44]]).

Therefore, if d = 2, then we continue to estimate (4.3.38)) as follows:

d N N N
%EZ I _ViOHiZ(rs) =Ce (Z [ _u?”iZ(re) +Z |[vi _Vi()”iz(l“f))
=1 = i—1
| lN 2 lN 2
+Ce (Z Haig _Ai}}LZ(Ff) + Z Hbls _BiHLZ(rf)) :
i=1 i=1

Using the trace inequality for the difference norms Ha;3 —A; Loy “ b® — B jopey D d
} uf —uf Lo(rey together with Lemma and gives

£ 4 mantener) oS ot

gar &l Vil ax{e, e} + o;; [[ve =2 ooy - (4.3.39)
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Note herein that the gradient norms are ignored when applying the trace inequality to the
differences. It is simply because that they are of the order @(&2) by their own regularity.
Henceforward, we apply the Gronwall inequality to (4.3.39) and obtain

N

e__,,0 2 r1 ,Cet
eZ“vi v; ||L2(FE)SCmaX{£,8 }e~et,
i=1

In the same manner, if d > 3, we can now bound in (4.3.38) the absolute differences |a; —Ai{
and }bf —Bi| from above by a constant C independent of ¢ (by (A;)) and then get back the

estimate (4.3.39).
This completes the proof of Theorem

4.4 Concluding remarks

In this work, we have presented corrector estimates for the homogenization limit for a thermo-
diffusion system with Smoluchowski interactions coupled with a system of differential equa-
tions, posed in a perforated domain. This type of error-control justifies the formal homogen-
ization asymptotics obtained in [[75]] and completes the convergence result in [[74] by giving
convergence rates. This is done using the concept of macroscopic reconstruction together
with fine integral estimates on the solution and oscillating coefficients. Compared to Chapter
and Chapter [3] we see that the estimates are rather complicated when dealing with a more
realistic model with several equations. The required regularity of the involved limit and cell
functions is also different. However, in general we all need higher regularity to get strong
convergences. Accordingly, that is the price as one can expect. Moreover, the speed of con-
vergence is now affected by the choice of the initial value of reconstructions. This means that
if the initial homogenization limit is large, there is no way to get a good approximation of
the micro-concentrations in any time. Essentially, our working technique can be applied to a
larger class of coupled nonlinear systems of partial differential equations posed in perforated
media.
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CHAPTER 5

Correctors justification for a Stokes-Nernst-Planck-Poisson
model in perforated domains

5.1 Introduction

Colloidal dynamics is a relevant research topic of interest from both theoretical perspectives
and modern industrial applications. Relevant technological applications include oil recovery
and transport [[110]], drug-delivery design [82]], motion of micro-organisms in biological sus-
pensions [38]], harvesting energy via solar cells [[18]], and also, sol-gel synthesis [23]]. Typically,
they all involve different phases of dispersed media (solid morphologies), which resemble at
least remotely to homogeneous domains paved with arrays of contrasting microstructures that
are distributed periodically. Mathematically, the interplay between populations of colloidal
particles leads to work in the multiscale analysis of PDEs especially what concerns the Smo-
luchowski coagulation-fragmentation system and the Stokes-Nernst-Planck-Poisson system,
which is our target here.

It is well known (cf. [35]], e.g.) that many particles in colloidal chemistry are able to carry
electrical charges (positive or negative) and, in some circumstances, they can be described
using intensive quantities like the number density or ions concentration, say cj. Following
[42]], we consider such concentrations cgi of electrically charged colloidal particles to be in-
volved as unknowns in the Nernst-Planck equations. These equations model the diffusion,
deposition, convection and electrostatic interaction within a porous medium. The associated
electrostatic potential, called here ®,, is usually determined by a Poisson equation linearly
coupled with the densities of charged species, describing the electric field formation inside
the heterogeneous domain. Colloidal particles are always immersed in a background fluid.
Here, we assume that the fluid velocity v, fulfills a suitable variant of the Stokes equations.

It is the aim of this chapter to explore mathematically the upscaling of such non-stationary
Stokes-Nernst-Planck-Poisson (SNPP) systems posed in a porous medium Q° ¢ R?, where
¢ € (0, 1) represents the scale parameter relative to the perforation (pore sizes) of the domain.
To be more precise, we wish to justify the homogenization asymptotics for a class of SNPP
systems developed by the group of Prof. P Knabner in Erlangen, Germany, that fit well to the
motion of charged colloidal particles through saturated soils.

As starting point of the discussion, we consider the following microscopic Stokes-Nernst-
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Planck-Poisson (SNPP) system:

—&?Av, +Vp, =—¢P (c] —c) V&, in Q5 :=(0,T) x °, (5.1.1)
V-v,=0inQ7, (5.1.2)
v, =0o0n (0,T) x (I'*UdN), (5.1.3)
— AP, =cf —c inQf, (5.1.4)
e*V®,-n=00n (0,T) x 9Q, (5.1.5)
atcf +V- (vgc;E — ch F 87’ch<1>€) = Rf (c:, c;) in Q7, (5.1.6)
—(vecX —=VcE Fe'c*V,) -n=00n (0,T) x (I*UIN), (5.1.7)
¢ =c"in {t =0} x Q. (5.1.8)

We refer to (5.1.1)-(5.1.8) as (P¢). The system (5.1.1)-(5.1.8) is endowed either with
e*V®,-n=¢oon (0,T) x Iy, (5.1.9)

or with

&, =%, 0n (0,T) x I‘g. (5.1.10)

We deliberately use variable scaling parameters a, 3,y for the ratio of the magnitudes of
differently incorporated physical processes to weigh the effect a certain heterogeneity (mor-
phology) has on effective transport coefficients.

A few additional remarks are in order: The background fluid (solvent) is assumed to be iso-
thermal, incompressible and electrically neutral. The movement of this liquid at low Reynolds
numbers decides the momentum equation behind our Stokes flow (see in (5.1.1)-(5.1.3)).
The Stokes equation further couples to the mass balance equations of the involved colloidal
species as described by the Nernst-Planck equations in (5.1.6)-(5.1.8). The initial charged
densities ¢*° are present cf. (5.1.8). The Poisson-type equation points out an induced elec-
tric field acting on the liquid as well as on the charges carried by the colloidal species (see
in (5.1.4)-(5.1.5)). The surface charge density o of the porous medium is prescribed as in
(5.1.9).

Although it can in principle introduce a boundary layer potentially interacting with the homo-
genization asymptotics, the magnitude of the {-potential &, in does not influence
our theoretical results. Here, it only indicates the degree of electrostatic repulsion between
charged colloidal particles within a dispersion. In fact, experiments provide that colloids
with high {-potential (i.e. &, > 1 or &, < —1) are electrically stabilized while with low
{-potential, they tend to coagulate or flocculate rapidly (see e.g. [|59)[88]] for a detailed cal-
culation).

Specific scenarios for averaging Poisson-Nernst-Planck (PNP) systems as well as Stokes-Nernst-
Planck-Poisson (SNPP) systems were discussed in a number of recent papers; see e.g. [[106]
104, [50} 47, 54, [53]]. The SNPP-type models are more difficult to handle mathematically
mostly because of the oscillations introduced by the presence of the Stokes flow. The SNPP
systems shown in [[99, [51]] are endowed with several scaling choices to cover various types of
SNPP systems including Schmuck’s work cf. [[104]] and the study of a stationary and linear-
ized SNPP system by Allaire et al. cf. [[7]]. As main results, the global weak solvability of the
respective models as well as their periodic homogenization limit procedures were obtained.
We refer to reader to the lit. cit. also for the precise structure of the associated effective trans-
port tensor parameters and upscaled equations. It is worth also mentioning that sometimes,
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ve: Q7 >R velocity

p::Q7—R pressure

. :Q5 —R electrostatic potential

c:Q5 >R number densities

¢*0:0° >R | initial charged densities
ceR surface charge density
d,eR {-potential

R :R*>R reaction rates

a,B,y €R | variable choices of scalings

Table 5.1: Physical unknowns and parameters arising in the microscopic problem (P¢).

like e.g. in [[106}[104} [TO5]], a classification of the upscaling results is done depending on the
choice of boundary conditions for the Poisson equation.

The main theme of this chapter is the derivation of corrector estimates quantifying the con-
vergence rate of the periodic homogenization limit process leading to upscaled SNPP systems.
This should be seen as a quantitative check of the quality of the two-scale averaging procedure.
Getting grip on corrector estimates is a needed step in designing convergent multiscale finite
element methods (see, e.g. [66l]) and can play an important role also in studying multiscale
inverse problems.

Our main results are reported in Theorem in and Theorem Here both the Neu-
mann and Dirichlet boundary data for the electrostatic potential are considered. The two
types of boundary conditions for the electrostatic potential will lead to different structures of
the upscaled systems, and hence, also the structure of the correctors will be different. To ob-
tain these corrector estimates, we rely on the energy method combined with integral estimates
for periodically oscillating functions as well as with appropriate macroscopic reconstructions,
regularity results on limit and cell functions as well as the smoothness assumptions for the
microscopic boundaries and data. It is worth mentioning that the corrector estimate for the
closest model to ours, i.e. for the PNP equations in [[105, Theorem 2.3], reveals already a class
of possible assumptions on the cell functions (taken in W1°°) as well as on the smoothness of
the interior and exterior boundaries (taken in C*°). Also, we borrowed ideas from both lin-
ear elliptic theory [3]] as well as from the techniques behind the previously obtained corrector
estimates [[31}[69] 70, [68]] for periodically perforated media. Concerning the locally periodic
case, we refer the reader to [86] and references cited therein or to Zhang et al. [[118]]. In
the latter paper, the authors have studied the homogenization of a steady reaction-diffusion
system in a chemical vapor infiltration (CVI) process and have also deduced the convergence
rate for the homogenization limit.

The reader should bear in mind that our way of deriving corrector estimates does not extend
to the stochastic homogenization setting, but can cover, involving only minimal technical
modifications, the locally periodic homogenization setting.

The corrector estimates we claim are the following:

Case 1: If the electrostatic potential ®, satisfies the homogeneous Neumann boundary con-
dition, then it holds
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”(i)s_(i)(s)

)+ ch —cg’e

L2((0,T)xQe L2((0,T)xQe)

+|v (8. —53’)”[“((0’”)(98)]11 < Cmax{s%,ag}, (5.1.11)

”V(C;t_cli’s) |[L2((O,T)><Q€)]d =
[[ve = %17 Dvg — € 1%, Dv

NI

Cmax{e ,e%}, (5.1.12)

{:H[LZ((O,T)XQE)]d

+1IPe — PollL2yr < C (max{s%,eg} +er+el % +8%7A), (5.1.13)

where u € R, and A €(0,1).

\. J

Case 2: If the electrostatic potential ®, satisfies the homogeneous Dirichlet boundary condi-
tion, then it holds

} &)é‘ _é(s) L2((0,T)xQ¢) + ”Cei _Cg’g L2((0,T)xQ¢) + ”V(Cf)s _&)(8)) |[L2((0,T)xne)]d

+ ||V (c;E — cli’g)||[Lz((O’T)m€)]d < Cmax {e%, et } , (5.1.14)
Hve — |77 DVE — e |y T DvE ”[LZ((o,T)xne)]d

+1IPe — Pollr2yr < C (max{e%,e% } +e?+el"% + 8%_1) . (5.1.15)

The chapter is organized as follows. In Section the geometry of our perforated domains
is introduced together with some notation and conventions. The list of assumptions on the
data is also reported here. In Section |5.3, we provide the weak and strong formulations of
all systems of PDEs mentioned in this framework (including the microscopic and macroscopic
evolution systems, the cell problems). Section [5.4]is devoted to the statement of our main
results and to the corresponding proofs. The remarks from Section [5.5|conclude the chapter.

5.2 Technical preliminaries

5.2.1 A geometrical interpretation of porous media

Let © be a bounded and open domain in R¢ with 8Q € C%'. Without loss of generality,
we reduce ourselves to consider Q2 as the parallelepiped (0,a;) x ... x (0,a4) for a; > 0,i €
{1,...,d}.

Let Y be the unit cell defined by

d
Y = {Z?Lié'i:0<ki < 1},
i=1

where &; denotes the ith unit vector in R?. We suppose that Y consists of two open sets ¥; and
Y, which respectively represent the liquid part (the pore) and the solid part (the skeleton) such
that YUY, = Y and Y;NY, = @, while Y;NY, = I' has a non-zero (d — 1)-dimensional Hausdorff
measure. Additionally, we do not allow the solid part Y; to touch the outer boundary dY of
the unit cell. As a consequence, the fluid part is connected (see Figure .
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Let Z c RY be a hypercube. For X C Z we denote by X the shifted subset

where k = (ky,...,k;) € Z4 is a vector of indices.

Let € > 0 be a given scale factor. We assume that 2 is completely covered by a regular array
of ¢-scaled shifted cells. In porous media terminology, the solid part/pore skeleton is defined
as the union of cell regions eYSk, ie.

Q= U sYsk,

kezd

while the fluid part, which is filling up the total space, is represented by

Qf = U sYlk.
kezd

We denote the total pore surface of the skeleton by I'* := JQ(. This description indicates that
the porous medium we have in mind is saturated with the fluid.
Note that we use the subscripts N and D in (5.1.9)-(5.1.10) to distinguish, respectively, the
case when the Neumann and Dirichlet conditions are applied across the pore surface. Fur-
thermore, the assumption dQ2NT* = @ holds.
In Figure we show an admissible geometry mimicking a porous meidum with periodic
microstructures. We let n, := (ny, ..., ng) be the unit outward normal vector on the boundary
I'®. The representation of the periodic geometries is in line with [65} |69} [99]] and references
cited therein.
We denote by x € Q° the macroscopic variable and by y = x/e the microscopic variable
representing fast variations at the microscopic geometry. In the following, the upper index ¢
thus denotes the corresponding quantity evaluated at y = x/e. Suppose that our total pore
space QF is bounded, connected and possesses C%!-boundary.
In the sequel, all the constants C are independent of the homogenization parameter ¢, but
their precise values may differ from line to line and may change even within a single chain
of estimates. Throughout this chapter, we use the superscript ¢ to emphasize the dependence
on the heterogeneity of the material characterized by the homogenization parameter. In the
following, we use dS, to indicate the surface measure of oscillating surfaces (boundary of
microstructures). In addition, depending on the context, by |-| we denote either the volume
measure of a domain or the absolute value of a function domain.
When writing the superscript £ or F in e.g. cj, we mean both the positive ¢/ and negative
densities c, .
Due to our choice of microstructures, the interior extension from H' (Q°) into H' (Q) exists
and the extension constant is independent of ¢ (see [65, Lemma 5]).

5.2.2 Assumptions on the data

To ensure the weak solvability of our SNPP system, we need essentially several assumptions
on the involved data and parameters.
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Figure 5.1: An admissible perforated domain. The perforations are referred here as microstructures.

(A;) The initial data of charged densities are non-negative and bounded independently of ¢,
i.e. there exists an e-independent constant C, > 0 such that

0<c*%(x)<C, forae xeq.

(A,) The initial data of charged densities satisfy the compatibility condition:

f (0 —c™)dx =J ods,.
o re

(A3) The chemical reaction rates are structured as Rf (c:, cg_) =F (c: — cg‘).
(A4) The surface charge density o and {-potential &, are constants.

(As5) The electrostatic potential @, has zero mean value in the fluid part, i.e. it satisfies

J ®.dx =0.
QF

(Ag) The pressure p, has zero mean value in the fluid part, i.e. it satisfies
f p(t,x)dx =0 forall t=>0.
Qé‘

Remark 5.2.1. Assumption (A;) implies that at the initial moment, our charged colloidal particles
are either neutral or positive in the macroscopic domain and their maximum voltage is known.

Based on (A,), if the surface charge density is static (i.e. o = 0), then we obtain the so-called
global charge neutrality which means that the charge density of our colloidal particles cgi is ini-

tially in neutrality. This global electroneutrality condition is particularly helpful in the analysis

work (well-posedness, upscaling approach and numerical scheme) of related systems as stated in

e.g. [101] (106} [99]]. Nevertheless, it is not used in the derivation of the corrector estimates in

this work. Cf. (A3), the reaction rates are linear and ensure the conservation of mass for the

concentration fields.
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5.3 Weak settings of SNPP models
5.3.1 Preliminary results
In this subsection, we recall the results on the weak solvability and periodic homogenization

of the problem (P¢), which are derived rigorously in [97,[09]], e.g.

Definition 5.3.1. Weak formulation of (P?)
A pair of functions (vs, De>®es cj) satisfying

v, € L= (0, T; H} (2)),p, € L= (0, T; L* (%)), &, € L=° (0, T; H' (2%)),
cte1™(0,T;L2(@))nL2(0, T; H (), ¢ € 120, T; (H (@) ),
is a weak solution to (P?) provided that

(82VVE -V, —p.V - cpl)dx = —J e (cj —c;) V&, - pdx,

Qe Qe

J v, - Vypdx =0,
f £*Vd, - Vip,dx —f £*V®, - np,ds, =J (¢ —c7) padx,
QE FE QF
(0rc?, ‘P3>(H1(Q€))’,H1(n€) + f (—vecT + Ve £ €72V, ) Vipadx
QS
_ + -
= f RE(cl,c)) padx.
QE

for all (91, s, 03, %) € [HI ()] x H' (2°) x H (%) x H! (2°).

Theorem 5.3.2. Existence and Uniqueness of solution
Assume (A;)-(Ag). For each ¢ > 0, the microscopic problem (P*) admits a unique weak solution

(Ve, e @, cF) in the sense of Definition m
The proof of Theorem can be found in [[99] (see Theorem 3.7) and [97]].

Theorem 5.3.3. Averaged tensors and Cell problems

The averaged macroscopic permittivity /diffusion tensor D = (Dl- j) is defined by

1<i,j<d
D= J (5ij +9,.¢; (J’)) dy,
y,

where ; = ¢; (y) for 1 < j < d are unique weak solutions in H'(Y)) of the following family of
cell problems

—A,p;(¥)=0 iny,
V,pij(y)-n=—e;j-n onT, (5.3.1)
¢ periodic in y.

Furthermore, the averaged macroscopic permeability tensor K = (Kij)1 <ij<d is defined by

K= J Wi.dy,
Y
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where w; = w; (y) together with 7t; = 1t;(y) for 1 < j < d are unique weak solutions, respect-

ively, in H* (Y;) and L?(Y;) of the following family of cell problems

—Aw;+V m;=e; inY,

vV, -w:=0 inY,
v l (5.3.2)
w; =0 inT,
wj, 7t; periodic in .
Also, we define the following cell problem
_Ay‘P(J’)=1 in Yl;
¢(y)=0 onT, (5.3.3)

@ periodic in y,

which admits a unique weak solution in H! (Y;).
Note that 6;; denotes the Kronecker symbol and e; is the jth unit vector of R4

The proof of Theorem|[5.3.3|can be found in [99]] (see Definition 4.4) and [[97]].

Remark 5.3.4. Fundamental results for elliptic equations provide that the problems (5.3.1)) and
(5.3.3) admit a unique weak solution in H* (Y;). Similarly, the solutions w§ andt; (1<i,j<d)
of (5.3.2) are in H' (Y;) and L?(Y,), respectively. Particularly, for every s € (—%, %) it follows
from Theorem 4 and Theorem 7 in [103|] that for 1 <1i,j <d,

¢t e H'™ (V) and w' € H'™* (Y)), m; € H' (Y})

are unique weak solution uniquely to (5.3.1) and (5.3.2)), respectively.
The permeability tensor K is symmetric and positive definite (¢f. [102] Proposition 2.2,Chapter
7 1), whilst the same properties of the permittivity tensor D are proven in [31]].

5.3.2 Neumann condition for the electrostatic potential

Theorem 5.3.5. Positivity and Boundedness of solution

Assume (Al)—(A4). Let (vg,ps, o, cj) be a weak solution of the microscopic problem (P?) with
the Neumann condition in the sense of Definition Then the concentration fields c:f
are non-negative and essentially bounded from above uniformly in e.

The proof of Theorem can be found in [[99]] (see Theorems 3.3 and 3.4) and [[97]].

Theorem 5.3.6. A priori estimates
Assume (A;)-(Ag). The following a priori estimates hold:
For the electrostatic potential, we have

e® ||¢€||L2(O,T;H1(QE)) <C. (5.34)

If B = a, it holds
||Vs||L2((0,T)><Q€) te ”vvs”LZ((O,T)xQF) <, (5.3.5)
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and additionally if y = a, it holds

tg[lg);] Hce_”LZ(Qs) + tg%g);] ”C:Hm(ns) + ”vcs_Hm((o,T)fo) + ||VC:||L2((O,T)><QE)
+ ”atc.;”LZ(O,T;(Hl(QE))') + ”atcz||L2(0,T;(H1(Q£))’) <C. (5.3.6)

The proof of Theorem can be found in [[99]] (see Theorem 3.5) and [97].

Theorem 5.3.7. Homogenization of (Py)

Let the a priori estimates (5.3.4)-(5.3.6) of Theorem |5.3.13|be valid. Taking &, := £%®,, there
exist functions &, € L? (0, T;H! (Q)) and &, € L? ((O, T) x Q;Hié (Y)) such that, up to a sub-
sequence, we have

If B > a, then there exist functions vy € L ((0, T) x ; HL (Y)) and po (t,x, ) € L2((0, T) x 2 x ¥)
such that, up to a subsequence, we have

2

Ve = Vo,

2
eVy, =V, v,
2
Pe — Po-
Moreover, the convergence for the pressure is strong in L% () /R.

If y > a, then there exist functions ¢ € L2 (0, T; H' (2)) and ¢ € L?((0, T) x Q;H, (Y)) such
that, up to a subsequence, we have

cj - cat strongly in L? ((0, T) x £2),

+ 2 + +

Ve, Vg +V, 1.
Theorem 5.3.8. Strong formulation of the macroscopic problem in the Neuman case -
(PY)
Let (vg,pg,ég,cf) be a weak solution of (P?) in the sense of Definition with Neumann
boundary conditions. According to Theorem we have the following results:

Let &, be the two-scale limit of the electrostatic potential &., it then satisfies the following mac-
roscopic system:

-V, (Dvxéo (t,x)) =6+1Y| (car (t,x) —ca(t,x)) in (0,T) xQ,
DV, &, (t,x)-n=0 on (0, T)x 9Q,
where & 1= f - 0dS, and the permittivity /diffusion tensor D is defined in Theorem

Let v be the two-scale limit of the velocity field v,. With additionally 3 > a, it then satisfies the
following macroscopic system:

Vo (t,x) + KV py (t,x)

=—K(cf(t,x)—c5 (£,x)) V&, (t,x) in (0,T)xQ, if p=a,
Vo (t,x) + KV, py (t,x)=0 in (0,T)xQ, if > a,
V, ¥ (t,x)=0 in (0,T)x Q,
Vo(t,x)-n=0 on (0,T) x 29,
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where vy (t,x) = le vo (t,x,y)dy and the permeability tensor K is defined in Theorem

Let c(f be the two-scale limits of the concentration fields cj. With vy = a, they satisfy the following
macroscopic system:

¥;| 8 (£,2) + V. - [ (£,%) ¥ (£, X) — DV ¢ (£, x) ]
FV, - (c5 (6, x)DV 8 (£, %)) = YIRS (cg (£,x),¢5 (£,x)) in (0,T) xR,
(cz (t,3) (Fo (£, x) FDV, 8 (t,x)) —=DV,.cZ (t,x)) - n=0 on (0,T)x 3%,

while with y > a, they satisfy

1Y;]8,c (¢, %) + V. - [ (£,2) T (£, x) =DV ¢ (£, ) ]
=Y RE (¢ (¢,x),¢5 (t,x)) in (0,T)x %,
(c(f (t,x)l'/o(t,x)—]]])vxc(f(t,x))-n:O on (0,T) x 29.

Remark 5.3.9. Due to the a priori estimate for the electrostatic potential in Theorem[5.3.13] &,
and its gradient V&, converge to zero when a < 0. In Theorem the number densities cg
in the macroscopic Poisson equations with permittivity tensor D positions itself as forcing terms.
Similarly, the forcing terms in the macroscopic Stokes equations with the case 3 = a dwell in the
part of the electrostatic potential ®, and the distribution of the number densities c(f. Clearly, the
macroscopic Nernst-Planck equations in the case y = a yield the fully coupled system of partial
differential equations, whilst with vy > a it reduces to a convection-diffusion-reaction system due
to also the structure of the reaction terms Rg.

Let us define the function space
HL(Q):={veH'(Q):-DV,u-n=0 on 30},

which is a closed subspace of H!(£2). This Hilbert space plays a role when writing the weak
formulation of the macroscopic systems in Theorem|5.3.10/and Theorem|5.3.17

Theorem 5.3.10. Weak formulation of (P]?,)

Let a pair of functions (vo,po, &, c(f) be defined as in Theorem Then, it satisfies

Vo€ L2((0,T) x Q),po € L*((0,T) x ),
8,e12(0,T;H' (Q),ct € L2(0, T; H' (), 8,¢f € 12 (0, T; (H () )
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and becomes a weak solution to (PIS) provided that

f (Vo1 —KpoV - 1) dx = —KJ (CJ—CJ) V&, dxif p=a,
Q Q

f (Vop1 —KpoV - ¢1)dx =01if f > a,
Q
f 7o - Vapdx = 0,
Q
f V[T DV, Vippdx — Y| & f podx = f (6§ =) wadx,
Q Q Q
(Becs @3 )y s + J 1917 (—c& (Jo F DV, ) + DVcy ) - Vipgdx
Q
ZJ R (c3,¢5) padx if y =,
Q
(8,ct, ¢3>(H1),’H1 + J 1917 (—c5¥o + DVcy) - Vipsdx = J RE (et cy) padx ify > a,
Q

Q

for all (91, @s, 90, ) € [H3 (@)]" x H} (@) x H' (@) x H' ().

The proof of Theorems|5.3.7}[5.3.8|and [5.3.10| are collected from Theorems 4.5-4.10 in [[99]]
and can also be found in [[97]].

5.3.3 Dirichlet condition for the electrostatic potential

Remark 5.3.11. In Theorem the proof (as mentioned in [99, Theorem 3.3, Theorem
3.4]) consists in suitable choices of test functions, based on the energy-estimates arguments.
Nevertheless, for the problem where the Dirichlet boundary condition is prescribed, the
volume additivity constraint ¢} +c_ = 1is required to guarantee the g-independent boundedness
of the concentration fields.

Definition 5.3.12. Assume (Al)-(A4). Let &, be a solution of the microscopic problem (P?)
in the sense of Definition Then the transformed electrostatic potential <I>£‘°m =, —%,
satifies the following system:

— s“A<I>}€‘°m =c/ —c inQ7,

@™ =0in (0,T) x I},

£“V<I>l€1°m -n=0in (0,T) x Q.
Theorem 5.3.13. A priori estimates

Assume (Al)-(A4). The following a priori estimates hold:
For the electrostatic potential, we have

gt ”(I)’;m HLZ((o,T)xQe) +eo7! ||vq)lswm||L2((o,T)xns) <C.

IfB>=a—1, it holds
Vel 2(c0,1)x0) + € 1V Vell 1200,1)x05) < €
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and additionally if y = a—1, it holds

+ max

R I3 1|22y + 195 Nl iaqorymery + 1968 Ml iaqo.rymery

max [le; 2oy

- +
+ ”atcs ||L2(0,T;(H1(ne))’) + ”atce ”L2(0,T;(H1(Qe))’) =C.
The proof of Theorem |[5.3.13|can be found in [[99]] (see Theorem 3.6) and [97]].

Theorem 5.3.14. Homogenization of (P})
Let the a priori estimates of Theorem be valid. Let <I>Z°m be as defined in Definition
Taking &, := sa_zd)l;‘)m, then it satisfies the following system:

—?Ad, =cf —cinQ5,

$,=0in (0,T)x L,

e?Vd,-n=0in (0,T) x IQ.

Therefore, we can find a function &, € L? ((O, T)x Q;H, (Y)) such that, up to a subsequence,

|~
(=T

ci)s 0>
~ 2 ~
eV, 2V, 8.
Ifadditionally B > a—1, then there exist functions vy € L2 ((0, T) x Q; H} (Y)) and p, (t,x,y) €
L?((0,T) x Q x Y) such that, up to a subsequence, we have

Furthermore, there exist functions ¢y € L? (0,T;H'(Q)) and ¢ € L2((0, T) x Q;H, (V) such
that, up to a subsequence, we have

¢ — ¢ strongly in L ((0, T) x ),

\YoN 2 Vcs +V,
Theorem 5.3.15. Strong formulation of the macroscopic problem in the Dirichlet case -
(P)
Let (v€,p8,<1>€,cj) be a weak solution of (P?) in the sense of Definition m According to
Theorem we have the following results:

Let &, be the two-scale limit of the electrostatic potential ®,, it then satisfies the following mac-
roscopic equation:

& (£, %) = (f w(y)dy) (cg (£,x)—c; (t,x)),
Y

where EO (t,x)= fY: &, (t,x,y)dy and ¢ is the solution of the cell problem (5.3.3).
Let v, be the two-scale limit of the velocity field v,. With 3 > a—1, it then satisfies the following
macroscopic system:

Vo (£, x)+ KV, po(t,x)=0 1in (0,T)xQ,
Vo (t,x)=0 in (0,T) x Q,
Vo(t,x) - n=0 on (0,T)x 29,
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where vy (t,x) = le vo (t,x,y)dy and the permeability tensor K is defined in Theorem .3.3]
Let cg be the two-scale limits of the concentration fields cf. With v = a — 1, they satisfy t
following macroscopic system:

he

1Y;]8,c (¢, %) + V. - [ (£,2) T (£, x) =DV e (£, ) ]
=Y RE (¢ (¢,x), ¢ (t,x)) in (0,T)x 9,
(c(f (t,x)l'/o(t,x)—]D)ch(f(t,x))-n:O on (0,T) x 99.

where the permittivity /diffusion tensor D is defined in Theorem

Remark 5.3.16. Due to the a priori estimate for the electrostatic potential in Theorem
®, converges to ®p, as a < 2. Moreover, in the case a < 1 we obtain the convergence of ®, and
its gradient V&, to the {-potential ®,, and zero, respectively. When o = 2, then &, = <I>’;"m =
&, — &, holds, we compute that

&, (t,x)= f (@hom (t,x, )+ &p)dy = (J‘

Y

w(y)dy)(cg(t,x)—cg(t,x))+ Y, @p.

(5.3.7)
In Theorem we see that in contrast to Theorem the electrostatic potential is not
present in the macroscopic Stokes and Nernst-Planck equations. In addition, the macroscopic
Poisson system for the electrostatic potential reduces from the partial differential equations in
the Neumann case to the macroscopic “representation” in the Dirichlet case. Both cases are all
coupled with the concentration fields c(f. Note that in both Neumann and Dirichlet cases, we
need the strong convergence of the concentration fields, i.e. cj — cgt in L2((0, T) x ), to derive
the macroscopic systems for the electrostatic potential, the fluid flow as well as for the pressure,
respectively.

Theorem 5.3.17. Weak formulation of (PDO)
Let the quadruple of functions (vo, Po>®o, cg) be defined as in Theorem Then, it satisfies

7€ L2((0,T) x Q),po € L2((0,T) x Q),
8, 12((0,T) x ), ¢t € 12(0, T;H (), 9t € L2 (0, T; (H' ()

and is a weak solution to (Pz(\)r) provided that
f (Vo1 —KpoV - ¢1)dx =0,
Q

f \70'V1,bdx =0,
Q

J boppdx = (f tp(y)dy)J (cf —c5) padx,
Q Y, Q

(9ecg+03) gy an +f il (=5 %0 + DVg) - Vipadix :f R (c35¢5) pad,
Q Q

for all (91, 92, 03, 9) € [HL ()] x HY (@) x H' (2) x H' ().

The proof of Theorems[5.3.14] [5.3.15| and [5.3.17] are collected from Theorems 4.11-4.16 in
[[99] and can also be found in [[97]].

81



5.3.4 Discussions

According to proofs of the macroscopic systems in Theorems 4.6, 4.8, 4.10, 4.12, 4.14 and
4.16 cf. [[97], we formulate here the first-order limit functions of the systems (PI?,) and (PDO),
respectively.

When the electric potential satisfies the Neumann condition on the micro-surface, we deduce
that &, can be formulated by

d
<El (t>x:.)’) ZZSOJ (y)axj‘iO(t’x)>
j=1

with ¢; being solutions of the cell problems (5.3.1). We also remark that the limit function
Do for the pressure is proved to be independent of y, i.e. p,(t,x,y) = py(t,x), due to the
structure of the Stokes equation, see Theorem Accordingly, the representation of the
limit function v, for the fluid flow is given by

d
> w0 [ (e (6,x) =5 (6,2)) 8, & (£, %) + 8, po (£, x)] iff=a,

Vo(f:X,}’) = jjl
=D w3 (1) 8,,po (£, ) ifp>a,

Jj=1

where w; =w;(y) for 1 < j < d are the solutions of the cell problems (5.3.2). We are able
to determine the (extended) macroscopic Darcy’s law by the following pressure:

ﬁl(t’xhy):pl(t’x’y)+(C3(t:x)_ca(t;x))<f>l (t’xa.y)’

where with 7; = 7;(y) for 1 < j < d are the solutions of the cell problems (5.3.2), we
compute that

d
> 1] (e () =5 (£,3)) 8, 80 (£,2) + 8, po (t,)] i p=a,
P1(f>X,}’)= jzl
—an (¥) 0y, po (t,x) if B> a.

j=1

On the other hand, the representation of the first-order functions cli is

d
Z (gaj () 3ij§ (t,x) Fc5 (t,x) axjcio (t,x)) ify=a,

i (Lx,y)=1"3
D0 ()8, ¢ (t,x) ify > a,

=1

where ¢; = ¢; (y) for 1 < j < d are the solutions of the cell problems (5.3.1)).
When the electric potential satisfies the Dirichlet condition on the micro-surface, we obtain a
different scenario. In fact, the macroscopic electrostatic potential & in this case is dependent

of y and it can be computed by the averaged-like term &, (see Theorem|5.3.15|and the special
case in (5.3.7)). We obtain the same manner with the macroscopic velocity v, in Theorem
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5.3.15 However, the limit function p, for the pressure remains independent of y. As a
consequence, the representation of the first-order functions cli is

d

D (e N8 cr (60 F e (6,08 (6,0)) ify=a—1,
i (tx,y)=4"g

D05 (18, (e, x) ify>a—1,

j=1

where ¢; = ¢; (y) for 1 < j < d are the solutions of the cell problems (5.3.1).

It is worth mentioning that upscaling the microscopic system (P¢) is done by the two-scale
convergence method. This approach, which aims to derive the limit system, does not require
the derivation of the first-order macroscopic velocity, denoted by v; herein. To gain the cor-
rector for the oscillating pressure arising in the Stokes equation, we use the same procedures
as in [[80]], and thus, we need the structure of v;.

Following [[102]], we have in the Neumann case for the electrostatic potential that

d
—zyﬂprﬁpﬁU%%mm+%mmm)ﬁﬁ:m

v (t,x,f) = i’fd=1
€ x '
_Zrij(;)a)ixjpo(f,x) if B> a,

i,j=1

where ri; €H L(v,) for 1 < i,j < d is the solution for the following cell problem

V1wl = 7' K;; in Y,
rij =0 on T, (5.3.8)

rij periodicin y.
It holds

d
X X\ 49
n(ex ) =20 (3) 2 pten,

i,j=1

provided the electrostatic potential satisfies the Dirichlet boundary data on the micro-surfaces.

5.3.5 Auxiliary estimates

Here, we let ¥; and Q° as defined in Subsubsection|5.2.1

Lemma 5.3.18. (c¢f [70]) Let p® (x) := p(x/e) € H' (QF) satisfy

p=rr
vl ),

p(y)dy,
then the following estimate holds:

_ 1
Ip® —Pll120e) < Ce2 [Pl (qey -
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Lemma 5.3.19. (¢f [80)) Assume 92 € C* for k > 4 holds. Then, there exists 69 > 0 and
a function n° € [Ck_l (Q)Jd such that n° = ¥, on dQ with ¥, being the averaged macroscopic
velocity defined in Theorem V., n°=0inQandforanyl1 <q<ocoand 0<{ <k—1,
the following estimate holds:

V0% 1oy < €8¢ for 8 € (0, 50] (5.3.9)

Proof. We adapt the notation from [[80] (see Lemma 1) to our proof here. It is well known
from [|56, Lemma 14.16] that there exists an g-independent y > 0 such that the distance
function z (x) = dist (x, 2€2) belongs to Ck (%) where

F,i={xeQ:dist(x,00) <7}. (5.3.10)
By definition, we have
d Vz
ﬁﬂ:z{xeR :z(x)zO} andn:=——— forx €.
|Vz|
If we define a function V (z, &) by
Vo (x)
vz ()]
where £ is the tangential component of z along 02. We observe that [Vz| > 0 for x € &, and
the trace V (0, £) is well-defined as a function in C* (5’3,)
Following the same spirit of the argument as in [[112]] in e.g. Proposition 2.3, we aim to take
n® as curly, where ) is chosen in such a way that
ay
ot

where we denote by 7 the tangential component of v, and

V(z,8):=

forx =x(z,8) €4, (5.3.11)

=0 ondQ,

Vi -n=1v,-T ondQ.

Note from the structure of the macroscopic Stokes system (cf. Theorem and Theorem

that ¥, - n = 0 on 9 and from the fact that the tangential component is different
from O in principle. We aim to choose v = 0 on 2. Based on the function V (z, &), defined
n (5.3.11)), we choose

w(x)=z(x)exp( 2lx ))V(o £ (x).

Due to the presence of z, it is clear that ) = 0 on Q2. Furthermore, we can check that

Vi,lwn:—'z—;-(Vzaa—qj)=—|Vz|(1—%)exp(—%)V(O,&)w(x)=170-T

holds on 092.
Therefore, we are now allowed to take 1° = curly in .
We can now complete the proof of the lemma. Indeed, we estimate that

191y < € LO(“%)GXP(‘%) +rew(-3) 3¢ (05)’)

< C6.
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Owning to the CX-smoothness of 90, we can proceed as above to obtain the following high-
order estimate:
[V 4[|y S CEF foro<e<k—1.
<Y

Hence, for 6 < y the function v is exponentially small at jy = {x €N :dist(x,00) = }f} and
we can extend it to a function, which is denoted again by 1), in C* (ﬁ) such that it satisfies

1° = curl and thus the estimate (5.3.9). O

By Lemma |5.3.19, we can introduce a cut-off function m® € 2 (ﬁ) corresponding to 912,
satisfying

0 ifdist(x,99Q) <e, 0 ¢
mé(x) = o and ||V mEHLOQ(m <Ceg " forle0,2].
1 if dist(x,d0) > 2¢,
As a consequence, one can also show that
11 —mll2e < Ce2, e lIVmE |l e < Ce?. (5.3.12)

Lemma 5.3.20. (¢f. [102) Lemma 1, Appendix]) For any u € Hé (Q°), it holds

llullz2cey < CellVullppagqeye -

5.4 Macroscopic reconstructions and corrector estimates

In this section, we begin by introducing the so-called macroscopic reconstructions and provide
supplementary estimates needed for the proof of our main results stated in Theorem [5.4.2
and Theorem Our working methodology was used in [40]] and successfully applied to
derive the corrector estimates for a thermo-diffusion system in a uniformly periodic medium
(cf. [70]) and an advection-diffusion-reaction system in a locally-periodic medium (cf. [|86]]).
In principle, the asymptotic expansion can be justified by estimating the differences of the
solutions of the micro model (P?) and macroscopic reconstructions which can be defined
from the macroscopic models (P2) and (PY).

Our main results correspond to two cases:

Case 1: The electric potential satisfies the Neumann boundary condition at the
boundary of the perforations

Case 2: The electric potential satisfies the Dirichlet boundary condition at the bound-
ary of the perforations

Remark 5.4.1. To gain the corrector estimates, we require more regularity assumptions on the
involved functions as well as the smoothness of the boundaries of the macroscopic domain; com-
pare to the assumptions obtained when upscaling (P?). In fact, it is worth pointing out that in
Theorem and Theorem we assume the regularity properties on the limit functions,

postulated in Theorem for Case 1 and in Theorem for Case 2, as follows:

&y, c; € WH® (Q)NH?(QF), 7, € L™ (). (5.4.1)
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The cell functions @; for 1 < j < d solving the family of cell problems are supposed to
fulfill
@; € W2 (Y)) fors > d/2. (5.4.2)

Moreover, the cell functions wﬁ., 7t and ri; for 1 <1, j < d solving the cell problems (5.3.2)) and
(5.3.8), respectively, satisfy

w;l e W2 (Y)), n; e W2 (V) and r;; € W2 (1)) for s > d /2. (5.4.3)

In addition, we stress that the corrector estimates for the Stokes equation can be gained if we take
9Q € C*. This assumption is only needed to handle Lemma

5.4.1 Main results

Theorem 5.4.2. Corrector estimates for Case 1

Assume (A;) —(Ag). Let the quadruples (v,, p,,®,, cj) and (vo,po, ), c(f) be weak solutions to
(P?) and (PIS) in the sense of Deﬁnition and Theorem respectively. Furthermore,
we assume that the limit solutions satisfy the regularity property (5.4.1). Let ¢ jforl1<j<d
be the cell functions solving the family of cell problems and satisfy (5.4.2). Assume that
the initial homogenization limit is of the rate

+
”C:I:,O

0112
T —cy ||L2(Q€)SC8” for some u € R,.

Then the following corrector estimates hold:

||v€ - ﬁgHLZ((O,T)xQS) < Ce?,
|&. — & JF e =5

+||v (&, - ‘i’i)“[n((o,ﬂxm)]
IV (-

L2((0,T)x Qe L2((0,T)xQ¢)

1o

d SCmax{sZ,EZ},
I3

’82}’

where' V5, @5 c(f € éi, cli ** are the macroscopic reconstructions defined in (5.4.4)-(5.4.8).
Let w;, nj and r;; for 1 < i,j < d be the cell functions solving the cell problems (5.3.2) and
(5.3.8), respectively, and satisfy (5.4.3). If we further assume that

Bl

G Miiao.ryeqey < € max {e

&g € H*(Q7),c5 € W>*(2°),py € H*(27),

then for any A € (0, 1), the following corrector estimates hold:

1_32

ve = 1% DY — & %17 DY} [l ooy < C (max{e2, 63} +e% 46172 4e57),

lpe = Poll2(yr < C (max{eé, e%} tet+el™T 4 E%_)‘),
where v and vy are defined in (5.4.9) and (5.4.10), respectively.
Theorem 5.4.3. Assume (A;)— (A4). Let the quadruples (v,, p,,®,, cj) and (vy, po, ®o, cé) be
weak solutions to (P*®) and (PDO) in the sense of Definition and Theorem respectively.
Furthermore, we assume that the limit solutions satisfy the regularity property (5.4.1). Let ¢;
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for 1 < j <d be the cell functions solving the family of cell problems (5.3.1)) and satisfy (5.4.2)).
Assume that the initial homogenization limit is of the rate

+0__ +0]2 u
||c£ Co ||L2(QS)SC8 for some u € R,.

Then the following corrector estimates hold:

H&’e _‘i’g”m((o,nxns) + ”V (&’e _‘i’g)”[m((o,r)xm)]d + ”C: - C(T’E“LZ((O,T)ms)
|V (e —e

£
0

$, -

1o
< Cmax{eZ,eZ},

£)||[L2((O,T)><QE)]d + | L2((0,T)xe) —

=€
where c§ € cli € ®;, ®, are the macroscopic reconstructions defined in (5.4.54)-(5.4.55) and
(15.4.56)-(5.4.57).

Let wj,, nj and ry; for 1 < 1,j < d be the cell functions solving the cell problems (5.3.2) and
(5.3:8), respectively, and satisfy (5.4.3). If we further assume that p, € H*(Qf), then for any
A €(0,1), the following corrector estimates hold:

=4
2

Hvs — |Yl|_1 Dvy —¢ |Yz|_1 ID)fo[LZ((O’T)XQS)]d <C (max{e%, £ } rei el T 4 6%_1),

1 A 31 1
Ipe — Pollr2@yr < C(max{gi,g%} +eitelT +€§_A),

where vg and vf are defined in (5.4.52)) and (5.4.53)), respectively.

5.4.2 Proof of Theorem

To study the homogenization limit, the existence of asymptotic expansions

b'e X 5
vs(t,x)zvo(t,x,—)+£v1(t,x,—)+e vz(t,x, )+
£ €

X X 5
D¢ (t;x):po(t:x; _)+€p1(t9x:_)+€ p2(t:x; _)+
£ £
- X - X 9z
S, (t,x)=®y( t,x,— | +ed, | t,x,— | +&°D,| t,x, +
£ £
X X
cj(t,x)zc(f(t,x,—)+£c1i(t,x,—)+£2c§(t,x, )+ ,
€ £

is assumed and some terms (e.g. Vo, Po, o, cg) have been determined in the previous section.
Since the route to derive the corrector for Stokes’ equation is different from the usual con-
struction of corrector estimates for the other equations, we shall postpone for a moment the
proof of the corrector for the pressure.
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We define the macroscopic reconstructions, as follows:

E(t,x) =17 9 (¢, %), (5.4.4)
& (t,x) := & (t,x), (5.4.5)
& (t,x) = 85 (¢, x)+£Z<pJ( JEXHCE) (5.4.6)

(8, x) 1= c0 (t,x), (5.4.7)

(%) 1= ¢ (¢, x)+€ZLpJ( )age (6.2, (5.4.8)
vs (60 =0 (6%, 2)), (5.4.9)
Ve (t,x) =, (t,x, %) (5.4.10)

Lemma |5.3.18|ensures the following estimate:
_ 1
HVE_VOHLZ((O,T)xQe) < Ce?, (5.4.11)

where Definition and Theorem guarantee the regularity for v,.

Let us now consider the correctors for the electrostatic potential and the concentrations. We
take the difference of the microscopic and macroscopic Poisson equations in Definition [5.3.1
and Theorem [5.3.8] respectively, with the test function ¢, € H' (£2°) and thus obtain

J (VéE—IYZI_IDVéO)-chzdx+|Yl|_16J. cpzdx—ef o p,dS,
QE QE 1—‘5

=J (c;—cg +cg—c€_) podx, (5.4.12)
QS

where we recall that &, = £%®, cf. Theorem
Similarly, for 5 € H! (2¢) we also find the difference equation for the Nernst-Planck equation,
as follows:

<at (Cj_c(:)k)’(p3>(H1)',H1 +J (ch—|Yl|_1 Dvc;)'v%dx
QE‘
J [V ¢ (5 FDV&,) — (v, FV,) |- Vipsdx

:f (R: (cj,cg‘)—Rﬁ (cg,cg)) @sdx. (5.4.13)
Qf

We start the investigation of these corrector justifications by the following choice of test func-
tions:

0, (t,x) =, (t,x)—(cbg (t,x)+em® (X)Z(p]( )8 B, (t, x)) (5.4.14)
03 (t,x) := cf(t,x)—( “(t,x)+em® (X)Z (,0]( )8 o (g, x)) (5.4.15)
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To get the estimates from (5.4.12)) and (5.4.13)), we denote the following terms just for ease
of presentation:

S = f (Ve — V[T DV&,) - Vip,dx,
QE
Ho = |Yl|_1 5f (Pzdx_ej T,dS,,
QE FE
P = f (cf—cf +c5—c.)padx,
QS
'){1 = <at (C:: _C(:;:)’ ¢3>(H1)',H1 = f at (C:: _C(:;:) ¢3dx’
QE
Ay= | (Ve =17 DVC)) - Vpadx,
QE
Hy = J [1Y17" ¢ (% FDV&y) — c* (v, FV&,) ] Vpsdx,
S GG B Gty P
QE
Using the representation
Ve, — Y| ' DVE, =V (d, — &) + VEE — Y| DV,

the term _¢; thus becomes

S = f V (8, — &) Vip,dx +J (Ve — 7' DVS,) - Vp,dx.
Qe Qe

With the choice of ¢, in (5.4.14), we have

f V (8, — &%) Vo,dx > C||V (%, —<i>§)||fmmgnd
Q¢

d
v((l—mf)Zw;axjéo)
j=1

To estimate the second term on the right-hand side of (5.4.16), we assume that &, € W (Q¢)n
H*(Q°) and ¢; € W*?(Y)) for s > d/2 and 1 < j < d. Using the Sobolev embedding
W2 (y)) c C1(Y;) together with the inequalities in (5:3.12), we estimate that

d
v((l—ms)z so;“ax,.éo)
j=1

2

—Cég? (5.4.16)

[L2(Q0)]*

€ <eg¢ ||Vm€||[L2(Qg)]d

[z2(0¢))

d
|01 le ”‘PJ'HC(YI)
e

+ 11 —m®| 200

d
{CT)O”WL"O(QE) 21: [V ()]
i

d
HZ(QE)Zl: “%”c(ff,)
=

SC(8+8%).

+e |||
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Taking into account the explicit computation of V&)i which reads

V= V,8+(V,$) Vb +6¢°V, VE, for ¢ =(¢;), 3,

we can write
VE: — |y DV, =V, +(V,5) V&, — Y| DV, +£5°V, V. (5.4.17)

Due to the smoothness of the involved functions, the fourth term in (5.4.17)) is bounded in
L?-norm by

e [0V Vo[ 12y < Ce ([Tt [[@0][ 2 - (5.4.18)

On the other hand, from the structure of the cell problem we see that 4 :=1+V, ¢ —
|Y;|7' D is divergence-free with respect to y. In parallel with that, its average also vanishes in

the sense that
J Ydy =0.
Y,

Consequently, the function ¢ possesses a vector potential V which is skew-symmetric and
satisfies ¥ = V, V. Note that the choice of this potential is not unique in general, but V can be
chosen in such a way that it solves a Poisson equation A,V = f (y) V, % for some constant f
only dependent of the cell’s dimensions. Therefore, to determine V uniquely, we associate this
Poisson equation with the periodic boundary condition at I" and the vanishing cell average.
Using the simple relation V,, = ¢V — ¢V, we arrive at

GV, =eV-(VVS,) —eVEAD,. (5.4.19)

Due to the skew-symmetry of V, the first term on the right-hand side of (5.4.19) is divergence-
free and its boundedness in L2 () is thus with the order of ¢. Since ¢ € [W1+52 (Yl)]d for
s > d /2 is assumed, it yields from the Poisson equation for V that

||V||W1+s,2(yl) S C ”g“W‘vz(Yl) .

Applying again the compact embedding W*2(Y;) C C (Yl) for s > d/2, we obtain V€ C (Yl)
and it enables us to get the boundedness of the second term on the right-hand side of (5.4.19).
In fact, it gives

e||vead,

12(0¢) <e ||V||C(1?l) ||(I)O|
Combining this with (5.4.17), (5.4.18) and using the Holder’s inequality, we conclude that

H2(Q#)

f (Ve — |y 'DVS,) - Vp,dx < Ce.
Qé‘

This step completes the estimates for _¢,. More precisely, we obtain

A2 C||v (& — &)

{[ZLZ(QS)]‘! —C (“32 + 5) . (5.4.20)

In the same vein, we can estimate the term .#, with the aid of the a priori arguments c(f €
Wh (Q)NH?(Q°) and ¢; € W2 (Y)) for s > d/2 and 1 < j < d. We thus get

Ay 2 C||V (¢ = ¢°)|[Fyagaey — C (2 +). (5.4.21)
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We now turn our attention to the estimates for ¢, and #;. Noticing & = fr odS, which

implies that
A f ady =f ods,,
Y, r

we then apply [I86, Lemma 5.2] to gain
|%] < Cellpallgqe -
Note that due to the choice of ¢, in (5.4.14), we have

P2l < [|e = Bol| gy + [V (B = 85| 1y
+ |V (85 = @0) | ogenye + € I - Vo

H1(Q#)

< 8. - c+C(1+e+el), (5.4.22)

+||v (8. - &)

L2(Q#) [L2(Qe)]

where we use the inequalities (5.3.12)) with the regularity assumptions on ¢ and &, and the
following bound:

”V(&’i _(i)o)”[LZ(QE)]d < ||v}’¢HC(Y’Z) H&’0|

Wleo(Qe) +e ||¢7||c(1?1) ”(1)0

H0e)
Therefore, we can write that
1221 < Ce ([|8, = o[ oy + |7 (8 = 85|20y + 1) (5.4.23)
The estimate for _¢; can be derived by the Hélder inequality, which reads
150 < € (Jle = Nl + Nl =6 [l N2l
and then leads to
1250 < C(let =t logam + s =0 Loy ) (186 = ol 2y +1)- (5.4.24)

Let us now consider the term #; and ;. Note that %] can be rewritten as

f o, (cgi — c(f) [cei (t,x)— (c(f’s (t,x) +em®@° - chg)] dx
QE

1d 2 _
VT, cj —co||L2m€) —€ fﬂ o (C;E —c(f) mé @ -chgdx, (5.4.25)

while from the structure of the reaction in (A;3), we have the similar result for £ (to %), i.e.

LZ(QE)) (”Cei —cy

The estimate for .#5 relies on the following decomposition:

) < € (fles =<5

+]ler —c5 +1). (5.4.26)

LZ(QE) LZ(QE)
|Yl|_1 (,‘(:)k (‘7() F ]D)V‘ii’o) _Cj (VE + V(f:‘g) = (c(:)k _Cj) (|Yl|_1 ‘70 ¥ |},l|_1 Dvéo)
+ct (I 9 —v.) T (177 DV, — V,).

Clearly, if 7, € L° (£°) and the fact already assumed that &, € W (Q)NH? (Q¢), one can
estimate, by Holder’s inequality, that

J (cx—cX) (Il 9 F 1% DVS) - Vopadx < C||cF —c5 vy IV @3llipaeyt - (5:4.27)
QS
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By using the same arguments in estimating the norm ||¢; ||y in (5.4.22), we get from
(5.4.27) that

J (cz—cH) (I 9 F 1Y, ' DV, - Vpsdx
QS
< C ez = &l aae, (19 (& =) | oy + 1) (5.4.28)
Next, we observe that
J Cf (|Yz I~ Vo— Vs) Vipzdx
QS

12(27) (HV(CZC —c) (2 T 1)

<cex (|9 (et =)oy + 1) (5.4.29)

<C

S5€
Ve — Vg

which is a direct result from (5.4.11) and of the fact that all the microscopic solutions are
bounded from above uniformly in the choice of ¢ (see Theorem [5.3.5).
Using again Theorem[5.3.5| we estimate that

f < (ln7' DVE, — V8, ) Vipsdx
QE‘

<cC (||v(<i>€ = &) || ooy + e) (Hv (e = )| epogaey + 1), (5.4.30)

which also completes the estimates for #53.

Combining (5.4.20), (5.4-21), (5.4.23), (5-4.24), (5.4.26), (5.4.28), (5-4.29) and (5.4.30),

we obtain, after some rearrangements, that

19/ (2 = &) sy + € 19 (62 = sy

<C(e?+¢)+Ce? (”V(Cf = Wegaaere + 1)

(is _(i)O

e +|v (8. - %) [Lzms)]d)

+C ”Cai - C(:JEHLz(Q@) (”&’e - ‘i’OHLZ(ns) + 1)
+Ce (HV (tig — &)‘.j) 2@ + 8) (”V (c;k — cli’s) et 1)
+Ce e = 5[0y (”V(Csi = Wzacere + 1)' (5.4.31)

L2(Qr)

It now remains to estimate the second term on the right-hand side of (5.4.25)). In fact, integ-
rating the right-hand side of (5.4.25) by parts gives

t
f f m""at(cj—cg)(ﬁ-vxcgdxds:f m?® (cj—cé)@-vxcgdxﬁzg
0 Jor o

t
- f J m® (cX—c;) @ - V,8,c;dxds,
0o Jar
and we also have

)

f m* (¢ =5) = (7 (=5 (0))] ¢ - Vi dx|
o

<Cs¢ (Hc;t —cé“Lz(m) + ||c€i’° - c(f’O“LZmE)). (5.4.32)
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At this moment, if we set

wi (6) 1= [|&, () = & (0| 2y + | () = €& (O] [ -

wy (6 = ||V (8. = 85) (O]} yaqeye + € |V (2 = ) (O oy
iz(nt‘)’

— +0_ %0
wo = [[c=0 — 3

then after integrating (5.4.31) and (5.4.25) from O to t, we are led to the following Gronwall-
like estimate:

t

wl(t)+J. wz(s)dssc(s+(1+e)wo+J. Wl(s)ds),
0

0

which provides that

wl(t)+J wy(s)ds<C(e+(1+¢e)wy) forte[0,T].
0

Assuming
ch’o —c;’ iZ(QE) < Ce" forsome u€R,, (5.4.33)
we thus obtain
- .12 2 - N
||q>£ _¢0||L2((O,T)><Q€) + HC;:E _C(:JEHLZ((O,T)XQE) + ”V (q)s - q)i)H[LZ((O,T)xQE)]d
+¢ | v (cei — cli’g) [ZLZ((O,T)xQe)]d < Cmax{e,s"}. (5.4.34)

Since the obtained estimate for ||V (@8 NG is of the order of & (max {¢, e"}),

_q’i)”[m((o,r)xns
we can also increase the rate of HV (cgi - cli’g)H[Lz((o )]t Indeed, let us consider the es-
timate (5.4.28) and (5.4.30) for Hcei — CS:HLZ((O,T)XQF) and | v (%, —@i)” L2((0.1)xce )t TESPeCE:
ively. Then, we combine again (5.4.21)), (5.4.26), (5.4.28), (5.4.29), (5.4.30) and (5.4.32)

to get another Gronwall-like estimate:

t
”V(c: _Cli’g)(t)H[ZLZ(Qf)]d =C (6% +max {e, e} + 8f HV(C:«E _Cli’g)(s)”[zﬂmf)]d ds)'
0
As a result, we have

||V (c;E — cli’g)||[2L2((0,T)xm)]d < Cmax {8%, s“} . (5.4.35)

Note that with y > a, the drift term in the macroscopic Nernst-Planck system is not present.
Thus, this term does not appear in (5.4.28)) and (5.4.30). Due to the a priori estimate that
} $, o)y S C (cf. Theorem |5.3.13) in combination with the boundedness of cj (cf.
Theorem|[5.3.5)), it is straightforward to get the same corrector estimate as (5.4.34). Moreover,
if a < 0, the corrector becomes of the order ¢ (max {¢, ™%, ¢#}). This explicitly illustrates the
effect of the scaling parameter a on the rate of the convergence.

For the time being, it only remains to come up with the corrector estimates for the Stokes
equation. At this point, we must pay a regularity priceﬂ concerning the smoothness of the

LCompare to the two-scale convergence method when deriving the structure of the macroscopic system in
[991.

93



boundaries to make use of Lemma [5.3.19] With dQ € C*, we adapt the ideas of [80] to
define the following velocity corrector:

d
Ve (t,x) 1= —ij (g) [(car —cg) axj<i>0 (t,x)+ 8xjp0 (t,x)+ (Kilns)]‘]
=1

d
= 2 (5)a-m2, (6 -) 2 mu 0+ 2,0+ (570)),
i,j=1

(5.4.36)

and the pressure corrector:

d
PO (t,x) 1= py (t,x)— EZ us (E) [(cg —c;) 8xj<f>0 (¢, %)+ 8, po (£, %) + (K™'n )J:I ,

=1

’ (5.4.37)
where w;, ; and r;; are solutions of the problems (5.3.1) and (5.3.8), respectively, for 1 <
i,j <d; and 1° is a function defined in Lemma
From (5.4.36)), one can structure the divergence of the corrector ¥*°. In fact, by definition
of the function n° and the structure of the macroscopic system for the velocity in Theorem
the divergence of the first term of vanishes itself. Therefore, one computes
that

d
V.yed = Z (W; (g)— |y, Kij) (1-m")a, [(car —c;) axjéo +3,,po+ (K‘ln‘s)j]

ij=1

d
—e )Ty (E)(l —m)V: [axi ((Cg —3) 8, Bo+ 8, o + (K_l’"’ﬁ)j)]

=1
d
+¢ Z rij (g) vm©o,. [(car =y 8xj<f>0 + 0, po + (K‘1n5)j] ,
=1

where we also use the structure of the cell problem (5.3.8)).
Taking into account that

d
= > Ky, (e —5) 8, B0+ 2, po) =0,

ij=1

d
Z K;;0,, (K_lﬂé)j =0,
ij=1

hold (see again the macroscopic system for the velocity in Theorem as well as the prop-
erties of n° in Lemma(5.3.19)), the estimate for the divergence of ¥*° in L2-norm
1_1

||V . "”8’5HL2(QE) <cC (8%5_1 +e57 1+ 835_5_5) forq € [2,00],

is directly obtained from Lemma|5.3.19|and the inequalities in (5.3.12]).
At this stage, if we choose ¢ =2 and 6 > ¢, we get

V75 ey S C (872 + 7571, (5.4.38)

and hence,

||V . AVEﬁHLZ((O,T)XQS) < C(aB*% + 8%571).

94



Next, we introduce the following function:
e (£, x) = AV (t,x) — e 2VP 0 —(cf (t,x) — ¢ (t,x)) V& (£, x).
d
Thus, for any ¢, € [Hé (of )] we have, after direct computations, that
<“IJ€’ @1)([H1]d)"[H1]d

- _JZ;:J . (AWJ (E) —e 'V (E)) [(Cg _Ca) ax,-‘f’o +0,,po+ (K_lna)j] P dx

—5_2J (Vpo +(cf —c5) V) prdx

d

ZJ 2VW —sfln(f)ﬂ)v[(cg—ca)@j@o+6’x}_p0+(K71n5)j:|901dx
j= e

d

Zf w; cO—ca)axjéo—kaxjpo+(K71n5)j:|g01dx

j=1 I8

—EZJ V[ U(;)(l—m‘?)é’xj ((cg—ca) 8xj<i>0 + 0y, Po +(K71n5)].):| -Vpdx
j=1Jar
= jl + jz + jg + y4 + js. (5439)

Note that I here stands for the identity matrix. From now on, to get the estimate for ¥* in
(H 1)/-norm, we need bounds of .¢ for 1 < i < 5. Indeed, with the help of Lemma
applied to the test function ¢;, and the estimates of the involved functions, one immediately
obtains from Holder’s inequality that

1 3
151+ |] < € (572 + 6672 IVellpagaey» (5.4.40)

where we also apply again the estimate of 7° in Lemma|5.3.19
To estimate .%;, we notice

951 < C(67% +6677 ) IV llz2gamyy » (5.4.41)

where we also employ the estimates for m® in (5.3.12).
In addition, we have

|4 + %

d
< f g2 —Z((cg—cg)axj‘f)0+8xjp0 ( In ))+Vp0 ( CO_)V&;O pi1dx
Qs j=1

1
< Ce™'82 [V llppagqey - (5.4.42)

Consequently, collecting (5.4.39)-(5.4.42) and according to the definition of the (H 1)/-norm,
we arrive at

”\Ilgll([Hl(Qf)]d)/ = sup <\I’e’ wl)([Hl]d)/,[Hl]d

eLEHH QT N9l ey e <1

<C(e716% +575 +6571) Vel oy - (5.4.43)
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Now, we have available a couple of estimates related to the correctors ¥*° and 2°°. To go
on, we consider the differences

9 :=v,— || DY°, 9t :=p,— |y DD,
and observe that the equation
— 229 + V2 = e[|V DY —e 2 ((cf —c; ) V. —(cf —c; ) [V DVS,)] (5.4.44)

holds a.e. in Q°.
It now remains to estimate the second term on the right-hand side of the equation in
(H 1)/-norrn. This estimate fully relies on the corrector estimate for the electrostatic potentials
in (5:4:34), the boundedness of concentration fields in Theorem [5.3.5| with the assumption
that ¢; € W (Q°)NH? (QF). In fact, the estimate resembles very much the one in (5.4.30),
viz.

((C: - Ce_) V&’e - (Cg - C(;) 1Y, |_1 DV&’O’ #1 >([H1]d)/,[H1]d
<C||vé, — 1| DV,

[Lz(ﬂe)]d ||¢1||L2(QS)
3
<cC max{si, e%“} IV @1llz2eqeye s (5.4.45)

for all ¢, € [Hé (QE)]d and where we also use Lemma 5.3.20
For ease of presentation, we put

2 =e2((cf—c ) Ve, —(cf —c; ) 1" DVS,).

The corrector for the pressure can be obtained by the use of the following results which are
deduced from [[111]] and [80]]:

e there exists an extension E (@5 ) € L?(Q) /R of 9 such that

HE(-@E) }L2(Q)/R s Ce (”‘I’E _ZSH([Hl(ne)]d)’ + vaf”[ums)]dz)’ (5.4.46)
o the following estimates hold:

[V || gy < € (”\I,E ~ L oy T "’/S’SHLZ(QE))’ (5.4.47)

“95” oy S CLe¥ =L geyye '+HV-"1/5’5
[L2(Qe)] ((a1(2)1%)

Lz(m)) . (5.4.48)

Collecting (5.4.43) and (5.4.45), we get

[|we —.L”ell([Hlmg)]d)/ <C (8_15% +67+e572 +max{€_%,£

B_
) IV gy -
(5.4.49)

We thus observe from (5.4.48), (5.4.38) and (5.4.49) that

D 2ot < C 52 +£572 +£2572 + max e%,e% +e5 2 +e2571).
1[L2(e)]

Since & > ¢, we can take § = ¢ for A € (0, 1) to obtain

[SIES

e 2 1—2 9324 1=32 1 3 1
||91 ]dSC(82+s 24572 472 4g2 +max{£2,e })

ez oy
<cC (max{sé,s%} tet el 4 e%_l).
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On the other hand, the optimal value for A is 1/3 which leads to the following estimate:

9¢ . <Cmax{es, et !, (5.4.50)
125 |20, {

o

Hereafter, it follows from (5.4.50), (5.4.46)), (5.4.47) and (5.4.49) that

||E (928)||L2(Q)/R =C (8 ”\Iﬁ _"%El'([Hl(ﬂs)]d)/ + ||v ’ 7/6’5||[L2(Qs)]42)

1w 2 1-32 1_y
SC(max{s2,£2}+£2+£ 2 t+¢g2 )

This indicates the following estimate:

lpe — Poll2(yr < C (max{e%,s%} tet+el™T 4 e%_l). (5.4.51)

Finally, we gather (5.4.11)), (5.4.34), (5.4.35), (5.4.50) and (5.4.51) to conclude the proof of
Theorem

5.4.3 Proof of Theorem

We turn the attention to the Dirichlet boundary condition for the electrostatic potential on the
micro-surface. Based on Theorem we observe that the structure of the macroscopic
systems for the Stokes and Nernst-Planck equations are the same as the corresponding sys-
tems in the Neumann case (see Theorem|[5.3.8). Therefore, the corrector estimates for these
systems remain unchanged in Theorem[5.4.2] Also, some regularity properties are not needed
in this case. We derive first the corrector estimates for the velocity and pressure and then the
corrector estimates of the concentration fields. Thereby, the corrector for the electrostatic
potential can also be obtained. Here, the macroscopic reconstructions are defined as follows:

VE (£,%) = v, (t,x, f), (5.4.52)
€
vi(t,x):=w (t,x, E), (5.4.53)
c(f’g(t,x) = (t,x), (5.4.54)
d
& (LX) = et (60 +e o (T ) 8y (60). (5.4.55)
=1

Recall §, := ¢*~2@"°™. By Theorem|5.3.14] &, obeys the weak formulation

f e2Vd, - Vip,dx = J (cf—c;)padx forall g, € Hy (QF).
Therefore, we define the following macroscopic reconstructions:
&Jf,(t,x) = ‘i’o(t’X,z): (5.4.56)
& (t,x) =% &y (¢,x), (5.4.57)
and recall that the strong formulation for &, (see [99, Theorem 4.12]) is given by

— A, (t,x,y)=cy (t,x)—c; (t,x) in (0,T) x Q2 x Y],
&, =0in (0,T) x Q xT.
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Consequently, the difference equation for the Poisson equation can be written as
—e208, +(8,8,) = (¢ —¢f)+(c; — ;).

Choosing the test function ¢, = &, — 68, let us now estimate the following integral:

9 =J (Ayi)o)g (.pzdx
QE
Using the simple relation V,, = ¢ (V —V,.) and the decomposition
(a,8) =(1—-m)(A,&,) +em'V-(V, (8,))—em® (v, (V,&)),

and we obtain, after integrating by parts of the term V - (Vy (@0)8), that

L (8, 80)° gpdix = L [(1—m) (A, 80)°
—em® (V,. - (V,8))) —evm® -V, (&) | p,dx
+ sf 1-m")V, (@0)5 -V,dx — EJ. v, (50)5 -Vi,dx
=+ I+ Fs. (5.4.58)
The first and second integrals on the right-hand side of can be estimated by

|91| + |92| <cC ||1 —mEHLz(Qe)

|Ay‘i’0”Loo(Qe;C(Yl)) ||§02||L2(Qs)
+Ce ”vx ) (vyéo)”m(m;c(m) lpalliz(ar)

+Ce IVIm°lla@ey || V3 ol oo sy 19021120
+ Ce |1 —m®||2(0e)

|vy<i)0”L°°(Qf;C(Yz)) IVealliz),

where we assume here that &, € L™ (Q°; W22 (Y,)) n H! (Qf; W'*2(Y;)) and make use of
the compact embeddings W22 (Y;) C C2(Y;), W'*2(Y;) € C* (Y;) for s > d /2. Applying the
inequalities (5.3.12), we thus have

1 3
711 +1%,] < C (e + 2 9all ooy + CeF Vsl - (5.4.59)
It now remains to estimate the following integral:
f 2V, - Vp,dx = J eV, eV (3, — &) dx.
Qe Qe
Its right-hand side can be estimated by
Lg eV, eV (&, —f)dx < Ce ||V (e — )| g (5.4.60)

where we use the fact that ¢ Hv‘is||L2(ns) < C in Theorem5.3.13
Based on the corrector estimates for the concentration fields c_, we see that

)@ (5.4.61)

fm [(cF—ct)+(cg—c)]padx<cC Hcei — cj“mng) .= <f>f)||L2(Q£) )
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Setting

. (6)— 35 (1)

w (6) =] vy + | (O =cE (O 120y
wy (t) = ||V(<i>€ _ég)(t)”[zm(ns)]d + ”V(cj _Cli’g) (t)”[ZLZ(Qf)]d ’

_ |50 __ £0[2
WO_”Ce &) HLz(Qe)’

the combination of the estimates (5.4.59)-(5.4.61) with the respective estimates for the con-
centration fields (which are similar to the Neumann case) and the application of suitable
Holder’s inequalities give

t t
Wl(t)+f wy(s)ds < C(e+(1 +£)w0+f wq (s)ds).
0 0
Using Gronwall’s inequality yields
t
wl(t)+f wy(s)ds < C(e+(1+¢&)wy).
0
As a consequence, we obtain

} 12((0,T)xe
[V (e =)

§,—af

Vv (8. — %)

it “cgi —cj’g

|[L2((0,T)xne L2((0,T)x2e)

1
[Lz((O,T)XQg)]d < Cmax{gi’g%} for uE R+’

where we have used (5.4.33).
Finally, we apply Lemma[5.3.18|to get

(&

€ =€

8_
0 <I>O

€ 0

<|é.—¢

6| 20rymay + | ®

L2((0,T)xQ#) L2((0,T)xQ¢)

1 I
< Cmax{sf,sf}.

This completes the proof of Theorem|5.4.3

5.5 Concluding remarks

In [[99]], the two-scale convergence method has discovered possible macroscopic structures
of a non-stationary SNPP model coupled with various scaling factors and different boundary
conditions. In this chapter, we have justified such homogenization limits by deriving several
corrector estimates (cf. Theorem and Theorem [5.4.3). The techniques we have presen-
ted here are mainly based on the construction of suitable macroscopic reconstructions and on
a number of energy-like estimates. The employed methodology is applicable to more complex
scenarios, where coupled systems of partial differential equations posed in perforated media
are involved.
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CHAPTER 6

Concluding remarks. Outlook

This is the moment to review briefly what we have done in this thesis and point out to what
remains to be done. This chapter has two parts. The first part is devoted to summarizing the
main results of this thesis, while the second part provides some ideas to be explored in the
near future.

6.1 Summary

The main results of this work are reported in Chapter[2} Chapter|[3] Chapter[4and Chapter|[5]
where our investigations concentrate on derivation of convergence rates for the homogeniz-
ation limit applied to certain systems of partial differential equations with coupled fluxes.

In Chapter |2} Chapter [3|and Chapter [4, we focused on Smoluchowski-Soret-Dufour models
posed in a perforated domain. This type of model describes the interplay between heat and
diffusion in transporting and interacting hot colloidal particles. Recent studies by [[74] [75]]
have derived the structure of the macroscopic model as well as the weak solvability of these
systems. Also, [[75] has validated the upscaled equations for realistic soils.

As first step, we studied in Chapter[2|and in Chapter[3]as a simplified model of Smoluchowski-
Soret-Dufour-type, a stationary semi-linear reaction-diffusion system. We ensured the L°-
bounds for the active concentrations and then proved the existence and uniqueness of positive
and bounded weak solutions to the microscopic system. In the proofs, we applied an energy
minimization method as in [22]] and further extended in [[55]]. The contributions in these
two chapters rely on the explicit use of the high-order two-scale asymptotic expansions. To
do so, we collected the high-order auxiliary and cell problems, from which the macroscopic
system as well as the corrector estimates can be ultimately derived. It turns out that there
exist cases where the cell problems are semi-linear elliptic problems due to the structure of
the production term. An iterations-based technique was used to treat this nonlinear scenario.
Essentially, our proofs in this part are based on the accumulation of the energy estimates for
each species.

In Chapter[4} we tackled the original Smoluchowski-Soret-Dufour model expressed as a coupled
thermo-diffusion system. This system consists of a set of nonlinear reaction-diffusion equa-
tions for hot colloidal concentrations coupled with a family of linear ordinary differential
equations for the immobile species. Due to the coupled-flux structure of the system, it is
difficult to apply the formal asymptotic expansion to gain the corrector estimates. Instead,
we employed the concept of macroscopic reconstruction (of [40]]) which allowed us to con-
struct a bridge between the microscopic and macroscopic systems. Energy estimates for the
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reconstructed system were used to derive the structure of the correctors.

Most of our results yield that the difference in L?-norm between the microscopic and mac-
roscopic solutions is of the order & (8%), agreeing with the classical corrector estimates in
e.g. the monograph [|31]]. This is due to the influence of the elliptic part of the oscillating
systems. For reaction-drift-convection problems or for some general problems with coupled
fluxes, the situation is more complicated (see Chapter [5) and derivations for the standard
estimates appear.

In Chapter [5] we turn our attention to a non-stationary Stokes-Nernst-Planck-Poisson model
with various scaling choices. The challenging part in deriving the correctors for this model lies
in handling the Stokes equation. In fact, the energy-type estimates for correctors of the Stokes
equation could not be obtained as in the previous chapters. Fortunately, the a priori estimates
(derived in [|99]]) enable us to choose a suitable structure of the correctors, partly inspired from
the so-called boundary layer asymptotics. When doing so, the corrector estimates we gained
highlighted a corrector of the pressure of order & (sé). Note also that to obtain such order
of convergence we needed the internal micro-surfaces to be C? and the exterior boundary to
be C* (compared to the Lipschitz boundary regularity as requested in Chapter |4)).

6.2 Outlook

Once corrector estimates are available for systems of partial differential equations, with coupled
fluxes, three potential research directions open:

1. For the systems (2.1.1)), (4.2.2)-(4.2.12)) and (5.1.1)-(5.1.8), we can now design con-
vergent MsFEM schemes with explicit convergence rates;

2. We can now start handling multiscale inverse problems where ¢ plays a double role - a
regularization parameter in an inverse question as well as a small geometry parameter
characteristic to a vanishing microstructure length scale;

3. We were able to justify the homogenization asymptotics only for the case of two inter-
playing separated scales. It would be interesting to handle situations where scales are
not separated (or are weakly separated like in the case of the very weak homogenization
asymptotics [[48]]).

It is worth mentioning that inverse problems are omnipresent in both physics (e.g. [115]]) and
biology (e.g. [113]]). As a starting point, one can think of the inverse heat transfer problem
with multiple space scales. This problem would fit the very first perspectives including the
heat source identification problem e.g. [|67]] and the backward problem e.g. [[114]]. In this
direction, it would be interesting to design also a certain regularization coupled with the
homogenization method, for particular microscopic problems. Working on problems with
coupled fluxes can perhaps be made, but one flux must be identified. Observe, on the other
hand, that the two-scale convergence can be helpful in establishing a multiscale theory of
filter regularization operators following up [36]].
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APPENDIX A

Miscellaneous results

We collect in this appendix the definition and main properties of the two-scale convergence
as well as related compactness results. We refer the reader to the original works by [[5] and
[189].

The notation used here is introduced in Chapter [2}

Definition A.0.1. Two-scale convergence
Let (uf),-, be a sequence of functions in L2 (O, T;L? (Q)), then it two-scale converges to a
unique function u® € L2 ((0, T) x Q x Y) if for any ¢ € Cy? ((0, T)xQ;C.° (Y)) we have

T T

1
limj J u® (t,x)w(t,x,f)dxdtz —f J J u® (¢, %, y) ¢ (t,x,y)dydxdt.
=0 Jo Ja € Yl Jo Jaly

. 2 . ‘e s
We denoted this convergence by u® — u° as ¢ — 0. If in addition (uf),. satisfies

tim {12 2o, 7yx) = (|| o0, ynr

then the sequence is said to be strongly two-scale convergent to u° in L2((0, T) x 2 x Y) and

, 2
we write u® > u°.

Theorem A.0.2. Two-scale compactness

e Let (u®),., be a bounded sequence in L?((0,T) x ). Then there exists a function
u® € L2((0, T) x  x Y) such that, up to a subsequence, u® two-scale converges to u°.

e Let (u®),., be a bounded sequence in L2 (O, T;H! (Q)), then up to a subsequence, we

have the two-scale convergence Vu® 2 vV, u’+V u', where u’ € L* (0, T; H'(2)) and
ul € L2((0,T) x % HL (Y) /R).

Next, we recall the concepts of two-scale convergence and compactness for -periodic hyper-
surfaces. They were originally introduced in [|87, 6] and have been used in many applications;
see, for instance, [45], [74].

Definition A.0.3. Two-scale convergence on hypersurfaces

Let (u®),-, be a sequence of functions in L2(0, T; L2(I®)) (E L%((0,T) x FS)). We say u® two-
scale converges to a limit u° in L%((0, T) x Q x I') if for any ¢ € C5°((0, T) x ; C3°(T")) we
have

T T
limJ f eu’ (t,x)p (t,x,i)dxdt = LJ f f u®(t,x,y) ¢ (t,x,y)do(y)dxdt.
20 Jo Jre € Y1) JaJr
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Theorem A.0.4. Two-scale compactness on surfaces

For each bounded sequence (uf) in L? (0, T;L? (Fe)), one can extract a subsequence which two-
scale converges to u® € L2((0, T)xQxT). Furthermore, if (u®) is bounded in L (0, T; L°° (I'?)),
it then two-scale converges to a limit function u® € L°((0, T) x Q x I).

The relation between the (weak) two-scale convergence and the ordinary weak convergence
is collected in the following result (cf. e.g. 78 Theorems 9, 10, 17]).

Proposition A.0.5. Let (u®),., be a sequence in L?((0,T) x ) and given a function u® €
L2((0,T) x Q2 x Y). Then, one has
1. Ifu® 200 in 12 ((0,T) x Q2 xY), then it implies u® 200 in 12 (0, T)YxQxY);
Ifu 20 in L2((0,T) x Q x Y), then it holds that

@ — | W0 y)dy inL2((0,T) x Q).
¥l ),

In particular, sequences that weakly two-scale converge in L2 ((0, T) x Q x Y') are bounded
in L?((0,T) x Q).

2. Ifu® is independent of the third argument y, i.e. u® € L (), then the strong convergence
in L2 ((0, T) x Q) is equivalent to the strongly two-scale convergence in L? ((0, T) x Q x Y).

Theorem A.0.6. (cf [5) Theorem 1.8]) If (uf),~q and (v),-, are sequences in L2((0, T) x Q)
such that

w200 in L2((0,T) x Q x ),
v 590 in L2((0, T) x @ x ),

then for every ¢ € C>° () one has

T T
limf f u® (x)ve(x)p(x)dxdt = LJ f (J u® (x,y)vo(x,y)dy)tp(x)dxdt.
0 Jo Ja Y1)o Jo\Uy

Lemma A.0.7. (A Young-type inequality) Let 6 > 0 and a, b = 0 be arbitrarily real numbers
and take q,q/ > 1 real constants that are the Holder conjugates of each other. Then the following
inequality holds

1 1
ab < =8%q1+ —5Vp?. (A.0.1)
q q/

Lemma A.0.8. (Trace inequality for e-dependent hypersurfaces T'?) Let T'® be as defined in Sub-
section For u® € HY(QF), there exists a constant C > 0 (independent of ¢) such that

2y < € (I gy + 2 IV, g ). (A.0.2)

The proof of (A.0.2) can be found in [65, Lemma 3]. In the case of the homogeneous
(bounded) domain Q with smooth boundary, one has the usual trace inequality (cf. [64]]):

lullZ.qy < € (Il + IVulZyy)  forallue H ().

Lemma A.0.9. (Poincaré’s inequality) For u® € H'(QF), there exists a constant C > 0 independ-
ent of € such that
”ug”LZ(QF) <C ||vu€”[L2(Qs)]d .
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The proof is straightforward in [31, Lemma 2.1] and based on the Poincaré inequality for the
homogeneous case, the result is similar up to the homogeneous domain .

Lemma A.0.10. (Hélder’s inequality) Let q,q/ > 1 be real constants that are Holder conjugates
of each other. Then, for u® € L9(Q°) and v¢ € LY (Qf), the following inequality holds

v llageey < Nufllzae 1Vl oae -
Furthermore, this inequality also holds in the hypersurfaces T'.

The proof of the Holder inequality is trivial by virtue of the Young inequality as presented in

Lemmal[A.0.71

Lemma A.0.11. (Minkowski’s inequality) Let 1 < p < oo and let u®,v¢ € LP (Qf). Then
u® +v*® € LP (Q°) and the following inequality holds

It +v¥lleaey < Nuflliecaey + 1V lecaey -
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Gronwall inequality, [69] "
pore surface,

high-order cell problems, principal eigenvalue,
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Smoluchowski-Soret-Dufour system,
solid phase,

solvability condition,

Soret-Dufour effects,

stochastic homogenization,
Stokes-Nernst-Planck-Poisson system,
surface reaction,

tensor, [50]
thermo-diffusion system,

total space,

trace embedding,

trace inequality, [69]
truncated functions,

two-scale compactness, [115

two-scale compactness on surfaces, [116]
two-scale convergence, [115

two-scale convergence on hypersurfaces, [115|

unit cell,
upscaling, [6]

vector potential,
volume reaction,

weak solvability,
Young inequality,
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