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A B S T R A C T

The cosmic ray spectrum observed at the Earth’s surface is the re-
sult of two concurring processes: particle acceleration at the source
and transport from the sources to Earth. In this work we investi-
gate a particular aspect of the transport process, which consists in
the generation of hydromagnetic turbulence by the accelerated parti-
cles streaming outside the parent source. When these particles leave
the acceleration site, they propagate in a magnetized environment
where they interact with the background plasma. This interaction
leads to the excitation of streaming instabilities. We show that in
near source regions particle propagation is dominated by non-linear
self-generation of the unstable waves. As a consequence, the scatter-
ing properties of the medium become dependent upon the spectrum
and spatial distribution of the energetic particles. The enhancement
of the magnetic turbulence forces particles to be self-confined in these
near-source regions for a period of time, which can be non-negligible
relative to the propagation time to the Earth. This self-confinement
process can have important consequences from both the theoretical
and observational points of view.

In case of propagation around Galactic supernova remnants we cal-
culate the amount of matter accumulated by self-confined accelerated
protons. Then, we compare this quantity with the total amount of
matter traversed by cosmic rays in the Galaxy, namely the cosmic ray
grammage. The latter quantity is usually inferred from the measure-
ment of the ratio of secondary-to-primary nuclei, as for instance the
boron (B)/carbon (C) ratio, and used to estimate parameters of Galac-
tic particle propagation, such as the residence time in the Galaxy. In
this work we show that, depending on the level of ionization of the
medium, the grammage accumulated in the source vicinity can be a
non-negligible fraction of the cosmic ray grammage. Moreover, there
is an irreducible grammage that cosmic rays traverse while trapped
downstream of the shock that accelerated them, though this contri-
bution is rather uncertain. We conclude that some caution should be
used in inferring parameters of Galactic cosmic ray propagation from
measurements of the B/C ratio. A possible signature of this self-
confinement process is the formation of extended halos of gamma
ray emission from ⇡0-meson decay around sources. The sum of
these halos over the distribution of supernova remnants located into
the Galactic disc can be a non negligible contribution to the diffuse
gamma-ray emission from the Galactic disc, measured by the Fermi-
LAT telescope over 7 years of data acquisition. We estimate this con-
tribution assuming that cosmic ray sources are supernova remnants
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with a rate of explosion of 1/30 yr-1. We find that the results strongly
depend on the type of interstellar medium where the sources are lo-
cated. In case of a fully ionized medium we show that the halos
emission almost saturates the observed Galactic one. However, if the
medium is partially ionized, we show that the effect of ion-neutral
damping is to strongly reduce the confinement time and consequently
the gamma-ray emission. In this case, the contribution to the Galactic
emission is non negligible only for energies of �-rays around 100 GeV.

The effect of self-confinement appears to be important even in the
proximity of Extra-Galactic sources of cosmic rays. In this context
we show that the self-confinement process forces cosmic rays to be
trapped in the source proximity. In addition, we find that particles
with energies less than a critical value Ec are not able to reach the
Earth, because the time of their confinement in the source proximity
exceeds the Age of the Universe. As a consequence, the spectrum of
cosmic rays leaving these sources and eventually reaching the Earth
must have a low-energy cutoff at an energy Ec. In particular we show
that, if the background magnetic field is extremely low, i.e. ⌧ nG, the
value of this critical energy Ec depends only on the source luminosity
LCR as / L

2/3
CR . We consider as typical value of LCR about 1044erg/s

and we obtain Ec ⇡ 107 GeV. For larger values of the background
magnetic field we find that Ec depends also on the field strength B0

and on its coherence length lc and, considering as typical values of
B0 ⇡ 0.1 nG and of lc ⇡ 10 Mpc, we obtain Ec ⇡ 2⇥ 108 GeV. In both
these scenarios the cut-off energy Ec is in the energy range where the
transition from Galactic to Extra-Galactic origin is assumed to take
place.
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I N T R O D U C T I O N

Cosmic rays (CRs) are very energetic charged particles produced some-
where in the Universe that hit the Earth with an almost perfect isotropic
flux. They are composed primarily of protons with about 10% frac-
tion of helium nuclei and smaller abundances of heavier elements.
There is also a very small fraction of electrons-positrons of the order
of 1%. One of the most noticeable features is that these particles are
detected over twelve decades of energy: from fractions of GeV up to
more than 1011 GeV (see Ref. [1–4] for general reviews). More than
one century after the discovery of cosmic rays, a theory of their origin
is still being developed, accommodating new pieces of observation
and new theoretical ideas. One of the open problems is the descrip-
tion of the connection between the accelerated particles leaving the
sources and what we observe as CRs.

The standard paradigm of Galactic CR propagation (see Ref. [1, 5])
describes particle transport in the Galaxy as diffusive with a momen-
tum dependent diffusion coefficient D(p). In this picture the propa-
gation time ⌧d(p) is dominated by diffusion in the magnetized halo
of size H, i.e. ⌧d(p) = H2/D(p), and the thinner disc is traversed occa-
sionally. The estimate of ⌧d is usually inferred from the measurement
of the ratio of secondary to primary nuclei, as for instance Boron over
Carbon nuclei (B/C), because this observable is directly releted to the
grammage [1, 6, 7]. The grammage X is defined as the amount of
matter traversed by CRs during their propagation and it is propor-
tional to the residence time in the Galaxy. Indeed, CRs accumulate
the grammage during their journey to the Earth, in particular when
they cross the disc. We note that in this scenario the halo is considered
almost empty and the gas density nd is distributed mostly in the disc,
where CR sources are located. Thus, this quantity can be estimated as
X(p) ⇡ 1.4mpnd(h/H)c⌧d(p), where mp is the proton mass (in this
work we consider only relativistic protons as accelerated particles), c

is the speed of light and h is the size of the disc. The numerical factor
1.4 accounts for the fact that both protons and helium nuclei in the
interstellar medium serve as target for the particle collisions that de-
fine X. This implies that the grammage scales as 1/D(p) where D(p)
is assumed the same throughout the disc and halo regions [1, 6, 7]. In
this paradigm the measurement of B/C ratio, which is proportional
to the grammage, provides important information on the parameters
of Galactic propagation, such as the slope of the diffusion coefficient.

The Galactic diffusive description, discussed above, is expected to
be accurate on spatial scales much larger than the coherence scale
of the Galactic magnetic field, which is of the order of ⇠ 100 pc [8].
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However, it becomes questionable on smaller scales, as it is for in-
stance in the close surroundings of a source [9–11]. Near sources one
may expect that the CR density and density gradient may be large
enough to affect the environment in which CRs propagate, through
the excitation of electromagnetic instabilities. Such phenomena can
in turn affect particles propagation, forcing their confinement in the
near-source region to be longer than naively expected and with im-
portant implications on CR transport on the Galactic scale.

The investigation of the role of self-generated magnetic turbulence
due to CR-driven instabilities goes back to the ’70s. In the theory of
diffusive shock acceleration [12–16], for instance, large magnetic field
amplification is required close to the shock front in order to explain
particle acceleration up to 106 - 107 GeV (as expected from observa-
tions of CRs at Earth). Also the presence of narrow filaments of non-
thermal X-ray radiation in virtually all young supernova remnants
can be produced by this mechanism [17, 18]. The self-generation of
turbulence, in addition, can be relevant for CR propagation over the
whole Galaxy, especially in the prediction of the spectra of several
nuclei and of the B/C ratio in order to well reproduce the available
data [19, 20].

Within a distance from the source of the order of the coherence
scale of the background magnetic field, particle propagation is dom-
inated by the non-linear effects of self-generated turbulence via the
excitation of CR streaming instability. The aim of this work is to study
these effects and discuss the possible phenomenological implications
in both Galactic and Extra-Galactic environments. The streaming in-
stability is characterized by two branches: the resonant branch and
the non-resonant one. The resonant branch [21–23] takes place when
a spatial gradient is present in the CR distribution. This gradient
generates Alfvén waves (hydromagnetic waves propagating parallel
to the background field) moving in the direction of the decreasing
CR density. When accelerated particles stream faster that the local
Alfvén speed, waves having wavelengths comparable to particle Lar-
mor radii become unstable. The importance of such instability relies
on the fact that these resonant modes slow down CRs propagation.
This process is considered to play a major role in CR transport across
the Galaxy (see Ref. [24] for a general review). The non-resonant
brach [25, 26] requires a condition more stringent than the one neces-
sary for the resonant branch to take place. In this case, indeed, accel-
erated particles must drift at a velocity greater than the ratio of the
background magnetic energy density to the CR kinetic energy den-
sity times the speed of light. If this condition is satisfied, the electric
current carrying by energetic particles generates unstable magnetic
waves with an especially fast growth rate. Thanks to this feature,
the non-resonant streaming instability, also refereed to as the Bell’s
instability, has been proposed as responsible for the magnetic field
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amplification implied by X-ray observations [17] a condition which
is required to accelerate particles up to ⇠ PeV energies in supernova
remnants.

In case of Galactic supernova remnants (SNRs, considered as the
most important CR source population in the Milky Way), within a
distance of about the coherence scale of the Galactic magnetic field,
of the order of ⇠ 100 pc [8], the density of particles leaving the accel-
eration site stays larger than the Galactic mean density for relatively
long time, so that a strong gradient in the CR distribution is present
and the resonant branch can develop. In addition to this requirement
there is also the fact that some mechanisms can damp the unstable
waves, especially the ion-neutral damping [27, 28] due to the pres-
ence of neutral atoms in the background plasma. Indeed, depending
on the level of ionization of the surrounding medium, this damp-
ing can be so efficient to prevent the growth of the unstable waves.
Thus, a second important condition is that resonant unstable waves
grow faster than damping processes. In this context the non-resonant
branch cannot be excited because the energy density of the Galac-
tic magnetic field is larger than particles energy density. In case of
Extra-Galactic sources, instead, the upper limits on the cosmological
magnetic field are extremely low, i.e. 6 nG [29], so that within the co-
herence scale, which is of the order of 10 Mpc [30, 31], and for the typ-
ical luminosities invoked for such sources, about 1044 erg/s [32], the
velocity requirement for the development of the non-resonant branch
can be satisfied. Nevertheless, a second condition has to be satisfied
that is the time scale of the fastest growing mode must be smaller
than the Age of the Universe.

The excitation of the streaming instability leads to self-confine par-
ticles near the accelerator in both Galactic and Extra-Galactic environ-
ments. This phenomenon can have important consequences in terms
of CR propagation to the Earth.

First we discuss the possible implications for the Galactic transport.
The particle self-confinement in regions near SNRs can produce a non
negligible contribution to the Galactic grammage in the energy range
where the resonant modes are effectively excited. Moreover, there
is another contribution to take into account, namely the irreducible
grammage accumulated by the accelerated particles while trapped
downstream of the shock during the acceleration process. The pres-
ence of these two contributions does not imply that the confinement
time in the near source region is close to the escape time of CRs
from the Galaxy, because most of the matter is distributed into the
disc while the halo (where in the standard paradigm particles spent
most of the time) is almost empty. What this scenario suggests is
that the assumption of the Galactic diffusion coefficient to be equal
throughout the disc and halo regions is too simple to describe the
Galactic transport in a suitable way. Thus, a combination of the stan-
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dard Galactic propagation plus one of the two phenomena described
above can be more appropriate to reproduce the available data. A
possible signature of the self-confinement can be the formation of
an extended halo of �-ray emission due to the decay of ⇡0-mesons
produced by the interaction between CRs and nucleons of the Inter-
stellar Medium. The emission from a single halo is too faint to be
detected with the current gamma-ray telescopes. However, the sum
of these halos over the whole CR source population can produce a
non negligible contribution to the diffuse gamma-ray emissivity from
the Galactic disc. The diffuse Galactic emission has been measured by
the Fermi-LAT telescope over 7 years of data acquisition. Therefore,
the predicted emission from the total halo’s population can be com-
pared with the available data. A clear understanding of the diffuse
gamma-ray emission is essential to infer the correct CR distribution
in the whole Galactic volume, hence it is important to disentangle
the actual diffuse gamma ray emission from the one coming from
the sources and the near-source regions. Part of this work has been
devoted to address this issue. The development of the streaming in-
stability in its non-resonant form around Extra-Galactic sources can
lead also to self-confinement, as previously mentioned. This can have
important implications on Extra-Galactic CR propagation. In a situa-
tion in which particles remain self-confined for times exceeding the
age of the Universe, they cannot propagate to the Earth. This means
that the self-confinement process can introduce a critical energy so
that CRs with energies less than this value do no reach the Earth. In
other terms, the self-generation of magnetic turbulence via the exci-
tation of the non-resonant streaming instability gives rise to a cutoff
in the spectrum of Extra-Galactic CRs reaching the Earth. Indeed, a
low energy cutoff in the Extra-Galactic CR spectrum has been pro-
posed by several models in order to describe in a phenomenological
way the transition between Galactic and Extra-Galactic CRs. For in-
stance a cut-off is required by the dip model [33, 34] as well as by
models requiring a mixed composition [35]. Such a cut-off is usually
interpreted as a consequence of the existence of a “magnetic hori-
zon” around the Extra-Galactic sources, namely a region where CRs
are confined on the timescale of the age of the Universe [36]. Never-
theless the existence of a magnetic horizon requires a quite arbitrary
assumption on magnetic field properties. In the scenario depicted in
this work the presence of a low-energy cutoff in the UHECR spectrum
is a natural consequence of the self-confinement process and could be
a crucial element to describe the transition region between Galactic
and Extra-Galactic CRs.
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In Ch. 1 we start the discussion with a brief review on cosmic ray
phenomenology focusing on the basic aspects of the actual paradigm
of Galactic cosmic ray propagation as well as the actual models of the
transition from Galactic to Extra-Galactic CRs.

In Ch. 2 we describe the mathematical tools necessary to model the
non-linear propagation around CR sources. We discuss the growth
rate of both the resonant and the non-resonant branch of streaming
instability and the most important damping mechanisms.

In Ch. 3 we consider the context of Galactic sources. We solve the
CR transport equation numerically together with the time evolution
of the self-generated turbulence considering different levels of ioniza-
tion of the medium surrounding the parent start. We estimate the
residence time spent by the accelerated protons near their sources
and the related grammage. Then we calculate the sum of the gamma-
ray halos over the whole SNR distribution in the Galactic disc and we
compare our predicted emission with the diffuse Galactic emission
measured by the Fermi-LAT telescope.

In Ch. 4 we consider the context of extragalactic sources. We ana-
lyze the conditions for the development of non-resonant modes of the
streaming instability which lead to particle’s self-confinement. Then
we show that particles with energies less than a critical energy are
confined inside a distance of few Mpc from the source for times ex-
ceeding the age of the Universe, thereby introducing a cutoff in the
spectrum of CRs reaching the Earth.

The conclusions are described in Ch. 5.





1 C O S M I C R AY P H E N O M E N O LO GY

In Sec. 1.1 we briefly discuss the main features of the cosmic ray spec-
trum observed at the Earth. Then, in Sec. 1.2 we describe the current
paradigm for the origin of Galactic cosmic rays, focusing on the dif-
fusive model of their propagation across the Galaxy. In particular, we
discuss the importance of the measurement of the ratio of secondary
to primary nuclei, as for instance Boron over Carbon nuclei (B/C), in
order to infer parameters of Galactic transport. In Sec. 1.3 we explore
the effects of the self-generation of magnetic turbulence due to CR
streaming instability on particle propagation around sources and the
possible implications on the Galactic transport. In Sec. 1.4, we dis-
cuss the possible origin of Extra-Galactic CRs, in particular focusing
on the current models of the transition from Galactic to Extra-Galactic
CRs. The effects of CR streaming instability on particle propagation
around sources and the relative implications on the transport to the
Earth are discussed in Sec. 1.5.

�.� ������ ��� ��������

Cosmic Rays are very energetic charged particles which are produced
somewhere in the Universe and propagate to the Earth. The all-
particle spectrum is very close to a broken power-law and ranges over
twelve decades of energy: from fractions of GeV up to ⇠ 1011GeV.

In figure 1 we report the all particle differential flux (number of
particles per unit time, energy, surface and per unit solid angle) as
measured by different experiments. We note that the behavior of the
curve is approximately fitted by a power-law ⇠ E-3. For energies
lower than 10 GeV the differential flux curves down. This is due to
the interaction of CRs with the magnetized wind originated from our
Sun, which prevents the arrival of very low energy particles [37].

In the energy range from 10 GeV to 106 GeV the slope of the dif-
ferential flux is / E-2.7. Around 3 - 5 ⇥ 106 GeV it changes be-
coming / E-3.1 (see Ref. [1–4] for general reviews). This is the
most prominent feature in the CR spectrum, clearly visible in Fig. 1,
and it is usually referred to as the knee. This peculiarity is com-
monly explained as the result of rigidity dependent acceleration pro-
cesses [2, 38]. Indeed, if protons are accelerated up to a maximum
energy Emax,p ⇠ 5 ⇥ 106 GeV, then iron nuclei are accelerated up to
Emax,Fe ' ZFe ⇥ Emax,p. At such high energies Fe is expected to be
fully ionized and consequently the unscreened charge is ZFe = 26,

7
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Figure 1: All particle CR flux measured by different experiments at the
Earth. We show the energies reached by the Tevatron and LHC
accelerators in order to give the idea of the impressive energy
range in which CRs are detected. (Image: Telescope Array Project
Commons)
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so that Emax,Fe ⇠ 108 GeV. Thus, the superposition of the cut-offs in
the spectra of different elements results in a knee in the all particle
spectrum [2, 38, 39].

Recently, PAMELA [40] and AMS-02 [41] revealed an hardening of
both the proton and helium spectra around 200 GeV/nucleon. The
experiments found a quite abrupt flattening of about 0.14 (AMS-02)
and 0.22 (PAMELA) in their spectral slope. Moreover, the proton
spectrum presents a slightly different slope than that of the He [42].
For energies above 300 GeV/nucleon the spectral slopes measured by
PAMELA and AMS-02 are in agreement with those measured by pre-
vious experiments also for heavier nuclei, as for instance CREAM [42],
TRACER [43] and BESS [44]. This feature can either be connected to
a break in the spectrum injected by sources (possibly only by local
ones [45]) or to the transport process throughout the Galaxy. In the
context of the latter scenario, a relevant role could be played by tur-
bulence self-generated by CRs that try to escape from the Galaxy,
as discussed in Ref. [19] and Ref. [46]. In these works the authors
suggest that the diffusion process is dominated by the self-generated
turbulence up to a particle rigidity of ⇠ 200GV, while for larger ener-
gies the galactic turbulence dominates. As a consequence the spectral
hardening could reflect the change in the slope of the magnetic tur-
bulence.

The differential flux presents two other spectral features: a change
in the slope occurring around 3 - 5 ⇥ 109 GeV, also known as the
ankle, where the flux flattens again towards a value close to E-2.7

and an evident suppression around ⇡ 1011 GeV. The ankle is usually
interpreted as the energy at which the transition from Galactic to
Extra-Galactic origin occurs [47, 48]. Nevertheless, in the last years
this scenario has been questioned [31, 49].

The problem of the transition from Galactic to Extra-Galactic ori-
gin is strictly related with the measurements on the spectrum and
chemical composition of particles with energies greater than 109 GeV,
also referred to as ultra-high energy CRs (UHECRs). At energy ⇠

109 GeV all the three largest experiments, Pierre Auger Observatory
(PAO) [50, 51], Telescope Array (TA) [52, 53] and High Resolution
Fly’s Eye experiment (HiRes) [54], agree that the flux is dominated
by a light component, while at higher energies the situation is less
clear. TA [52] and HiRes [54] found that the chemical composition
is compatible with being proton-dominated up to the highest ener-
gies. The PAO, instead, spots a somewhat different scenario where a
gradual transition from light to heavy component takes place above
⇠ 5⇥109 GeV [50]. The KASCADE-GRANDE experiment has recently
presented the measurements of the spectrum and chemical composi-
tion in the energy range 107 - 109 GeV [55], showing that the light
component, presumably formed by protons and helium nuclei with
a small fraction of carbon nitrogen and oxygen (CNO), has an ankle
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like structure at 108 GeV. The authors propose that this features is re-
lated with the transition of the light nuclei component from Galactic
to Extra-Galactic origin. The problem of the transition from Galactic
to Extra-Galactic origin is of the utmost importance in order to under-
stand the global picture of CR physics, especially in connection with
the aspect of CR transport, and will be discussed in Sec. 1.4.1.

There is no clear consensus even on the physical interpretation of
the flux suppression [56, 57], which is measured by HiRes, TA and
PAO with good statistical significance beyond 4⇥ 1010 GeV. This sup-
pression was predicted almost a half a century ago by Greisen [58]
and independently by Zatsepin and Kuz’min (GZK) [59]. Their idea
is based on the assumption that UHECRs are made essentially by
protons. In this scenario, protons propagating through Extra-Galactic
distances suffer energy losses due to the interaction with the cosmic
microwave background (CMB), giving rise to a sharp decrease in the
CR flux, a feature than called GZK cut-off. Currently, the HiRes col-
laboration has associated its measurement on the flux suppression of
the protonic component with the GZK cut-off model [60]. The PAO’s
measurement of mass composition at the highest energies, instead, is
not consistent with a pure proton composition [61]. In this latter case
the suppression could either be due to nuclei fragmentation in colli-
sion with CMB photons, or reflect the maximum acceleration energy
of Extra-Galactic sources (or a combination of both processes [56]).

The non-linear interaction of CRs with the environment in which
they propagate can play a key role in the generation of spectral breaks
or any other feature in power law trends. The aim of this work is to
study a particular aspect of the non-linear particle transport, that is
the non-linear propagation around CR sources. Indeed, the energetic
particles can excite the streaming instability which has the effect of
self-confine particles into near-source regions. In Sec. 1.2 we discuss
the actual diffusive paradigm of CR transport across the Galaxy. Then
we explain the possibile implications of our study within this frame-
work in Sec. 1.3. In Sec. 1.4 we describe the different models of the
transition from Galactic to Extra-Galactic origin and we conclude this
Chapter with the possible implications of self-confinement.

�.� �������� �� ��� ������ ��� �����������
�� �������� ������ ����

Supernova remnants (SNRs) are the most reliable factories for Galac-
tic CRs [1, 5]. This idea has been put forward for the first time by
Baade and Zwicky in 1934 [62], even though they argued for an Extra-
Galactic origin of all the CRs. Hence, they concluded that a SNR sce-
nario could not be possible because SN do not produce enough power
to fill the whole Universe with the measured density of CRs. In the
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’60s Ginzburg and Syrovatsky [63] discussed the energy requirement
necessary to accelerate CRs only in the Galactic context. They found
that a fraction around 10% of the energy released by SN blast waves
must be channeled into accelerated particles, in order to explain the
energy density of Galactic CRs of about ⇠ 1eV/cm3. Their assump-
tions for this energetic argument are: the amount of kinetic energy
released during the explosion of a SN is ⇠ 1051 erg and the rate of
explosion in our Galaxy is 1/30yr-1.

The mechanism which is generally accepted to work in SNRs is
the diffusive shock acceleration (DSA) process [12, 13, 64–66]. The
DSA mechanism is based on the fact that charged particles undergo
repeated reflections due to the magnetic irregularities present in the
shock region (see Ref. [67] for a recent review). For each cycle in
which particles cross the shock from one side to the other and come
back, they subtract energy from the bulk motion of the plasma. In
this scenario the magnetic irregularities serve as diffusive scattering
centers. Moreover, the magnetic turbulence confines particles around
the shock, allowing them to cross the shock repeatedly. As a result the
spectrum is a power-law, completely independent of the details of par-
ticle scattering [12]. For strong shocks (i.e. shock velocity much larger
than the ISM sound speed) the slope of the power-law is / E-2. Nev-
ertheless, the DSA mechanism has several limitations. For instance,
this theory does not account for the dynamical reaction of accelerated
particles which can have important effects on the shock structure [68,
69]. Moreover, non linear processes are required, such as the gener-
ation of plasma instabilities by the same energetic particles, in order
to explain the magnetic field amplification at the shock necessary to
accelerate up to the knee energy [12–16]. These aspects are examined
in the non-linear theory of DSA and we refer to Ref. [1, 5, 70] for
detailed reviews.

There are several observational evidences of SNRs being the main
factories of Galactic CRs. In the Radio and X-ray frequency range
observed from young SNRs a relevant contribution comes from syn-
chrotron emission of relativistic electrons propagating in magnetic
fields. This multi-frequency emission provides important informa-
tion both about the spectrum of the accelerated electrons and about
the presence of magnetic field amplification near the remnant [17, 18].
In the case of hadrons �-ray emission in the TeV range, instead, can
be used as a powerful test for their acceleration in SNRs, as pointed
out by O’C. Drury et al. in 1994 [71]. Indeed, such an emission might
derive from the decay of ⇡0s produced by nuclear collisions of accel-
erated protons, i.e. pCR + pISM ! ⇡0 ! ��, with material present
in the shocked circumstellar medium. As a consequence of this pro-
cess, a bump-like feature is produced in the associated gamma-ray
spectrum, around the threshold for the pion production. Detections
of the pion bump in the gamma-ray spectrum of some SNRs near
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Figure 2: Sketch of the diffusive model for CR propagation into the Galaxy.

molecular clouds have been claimed both by the AGILE collabora-
tion [72, 73] and the Fermi-LAT collaboration [74–78]. It is important
to mention that SNRs near molecular clouds are fundamental astro-
physical laboratories where to investigate not only CR acceleration
but also the process of particle escape from the sources which is the
bridge that connect the accelerated spectrum with the one injected
into theGalaxy, as pointed out in Ref. [79–81].

We have briefly summarized the basic aspects of the SNR paradigm
of the origin of Galactic CRs. Now we discuss the diffusive model
of CR propagation throughout the Galaxy, focusing on the standard
predictions.

�.�.� Cosmic ray propagation throughout the Galaxy

In the current view of CR transport, particles diffusse in an almost
empty and magnetized halo of size H ⇠ 3 kpc and occasionally tra-
verse the dense disc. Here we assume that the disc is a thin region
with an half width h of about ⇠ 150 pc where CRs sources are lo-
cated [1, 6, 7]. The diffusion transport is due to scattering by the
irregularities in the Galactic magnetic field [6], in analogy with the
diffusion off magnetic waves in DSA theory. Other processes can
affect CR propagation, such as advection due the motion of the scat-
tering waves or bulk motion of the plasma, energy gain and/or loss
and nuclear fragmentation. This simplified version of the diffusive
model describing Galactic propagation is sketched in Fig. 2. It is
worth noticing that in this model the diffusion coefficient is assumed
to be the same in the whole Galaxy and it is treated as a fitting pa-
rameter. Usually, this parameter is inferred from the measurement
of the ratio of secondary to primary CR flux, in particular from the
boron over carbon (B/C) ratio [1, 6, 7].

The secondary CRs are charged particles produced by nuclear inter-
actions between energetic nuclei, accelerated directly at CR sources,
and nuclei composing the ISM. This process is also referred to as spal-
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Figure 3: B/C ratio as a function of energy per nucleon for different exper-
iments, as listed on the plot legend (data taken from the Cosmic
Ray Database, see Ref. [82]).

lation. For instance, carbon nuclei in CRs are thought to be mainly
primary particles while boron nuclei are entirely secondary particles
produced by the spallation of heavier nuclei, such as carbon and oxy-
gen. The ratio of secondary to primary fluxes, as the B/C ratio, is
proportional to the average amount of interstellar material traversed
by CRs, which, in turn, can be used to constrain the Galactic diffusion
coefficient. This fact has motivated a huge collection of B/C data over
the last 30 years and we refer to Ref. [82] for a comprehensive litera-
ture. In Fig. 3 we report the B/C ratio as a function of particle energy
per nucleon for different experiments, using a bi-logarithmic scale. A
power-law behavior is clearly visible for energies greater than 1 GeV
per nucleon. The AMS collaboration has recently published a very
precision measurement in the rigidity range from 1.9 GV to 2.6 TV,
finding that for rigidity > 65 GV the B/C ratio is well described by a
single power law with slope � = 0.333 ⌥ 0.014(fit)⌥ 0.005(syst) [83].
This result is in good agreement with the Kolmogorov theory of tur-
bulence which predicts � = 1/3 asymptotically [84].

The B/C ratio is proportional to the average amount of interstellar
material traversed by CRs per unit surface, namely the grammage X,
as shown in Ref. [1, 6, 7]. In the diffusive model of Galactic propaga-
tion this latter quantity is directly related to the CR residence time in
the Galaxy through a simple relation, namely

X = n̄µv⌧esc , (1)

where n̄ is the mean gas density in the whole Galaxy, µ is the mean
mass of particles composing the gas, v is the speed of CRs and ⌧esc
is the confinement time into the Galaxy. In this scenario the mean
gas density in the whole Galaxy can be evaluated as n̄ ⇡ ndisch/H,
where ndisc represents the density of the disc. For a standard chem-
ical composition of ISM mainly made of hydrogen and a smaller
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fraction of helium (about nHe ⇡ 0.15nH, with nH and nHe the hy-
drogen density and the helium density, respectively) the mean mass
µ = (nH + 4nHe)/(nH + nHe)mp ⇡ 1.4mp with mp the proton rest
mass. The Galactic confinement time ⌧esc can be rewritten in terms
of the Galactic diffusion coefficient Dg as ⌧esc = H2/Dg. The ba-
sic assumption of this estimate is that Dg is the same in the whole
Galaxy. Substituting ⌧esc in Eq. (1) we obtain that the grammage
scales as 1/Dg(p). In other terms, the paradigm of CR transport de-
scribes the propagation as diffusive throughout the Galaxy with an
energy-dependent diffusion coefficient Dg(R) / R�, where the slope
� can be inferred from the B/C ratio.

The basic expectation on how the spectrum at Earth relates to that
injected by the sources is easily obtained in this diffusive model. Us-
ing the DSA power-law result, the spectrum qinj(p) injected by a CR
source into the ISM has the following form

qinj(p) =
⇠ESN

m2
I(�)

⇣ p

mc

⌘-�
. (2)

Here � > 4 is the slope of the differential spectrum expressed in
particle momentum p, ⇠ is the fraction of the kinetic energy ESN of
the SNR shock converted into CRs and m is the particle rest mass.
The function I(�) is a normalization factor obtained by imposing that
the total CR energy equals ⇠ESN. We normalize the CR spectrum to
the observed proton one, since the latter is not expected to be affected
by spallation reactions. Moreover, in case of CR protons (in this work
we only deal with protons), for sufficiently high-energies, ionization
losses can be neglected as well as the effects of solar modulation.
Thus, the proton spectrum observed at the Earth can be evaluated as

NEarth =
c

4⇡

qinjRSN

2⇡R2
dH

⌧esc

=8⇥ 105 ⇠ I(�)

✓
RSN

30yr-1

◆✓
E

mp

◆-�-�

⇥
✓

E⇤

mp

◆�

m-2s-1sr-1GeV-1 , (3)

where Rd is the Galactic radius assumed to be 10 kpc, RSN is the rate
of SNR explosion in the Galaxy assumed to be 1/30 yr-1, mp is the
proton rest mass and E⇤ corresponds to the energy at which the B/C
ratio is normalized, typically 10 GeV for protons. It is important to
note that in this simple diffusive model of CR Galactic propagation
both the proton flux and the grammage scale as the ratio 1/Dg(R).

One on the main purpose of this thesis is to investigate the impact
of non linear propagation of CRs around their sources onto the cur-
rent picture of Galactic propagation. In near-source regions, we con-
sider the interplay of accelerated particles with the ambient medium.
This non-linear interaction gives rise to streaming instability [21–23]
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that amplifies the magnetic turbulence. As a consequence particles
become self-confine in the near-source region for a time longer than
naively expected, as recently investigated in Ref. [9–11]. This self-
confinement process can have important implications on the Galactic
CR transport which we are going to discuss in the next section.

�.� ����-����������� ������ �������� �������
��� �������� ������������

In the standard diffusive paradigm of Galactic propagation the diffu-
sion coefficient is assumed to be the same as in the whole Galaxy. It
is treated as a fitting parameter, usually inferred from the measure-
ment of the ratio of secondary to primary fluxes, especially the B/C
ratio. Indeed, as we discussed in the previous section, the B/C ratio
is proportional to the grammage which scales as the inverse of the
Galactic diffusion coefficient. Nevertheless, this way to infer Galactic
transport parameters could be revised once the phenomenon of non-
linear propagation is taken into account. When energetic particles
escape from their acceleration site, they interact with the magnetized
ISM. In near-source regions, one may expect that the CR gradient
may be large enough to excite the streaming instability. As a con-
sequence, the self-generated turbulence leads to an increase of the
confinement time in these near-source regions. The time spent by par-
ticles in such regions can be longer than naively expected implying
that the accumulated grammage might be a non-negligible fraction of
the observed one (from B/C). Another important contribution to the
total grammage can derive also from the transport inside the source
during the acceleration process. At the energies where the observed
grammage is affected by either non-linear propagation in the near-
source region or transport inside the source, one should account for
these processes in order to derive a correct estimate of the Galactic
diffusion coefficient. Thus, the CR flux measured at the Earth reflects
more a combination of Galactic propagation plus the two above phe-
nomena, instead of the simple product of the acceleration times the
pure Galactic CR transport derived in Eq. (3).

As we will discuss in Ch. 3, the effectiveness of the self-confinement
is strongly affected by the density of neutral Hydrogen around the
sources. Therefore it is of outermost importance to be able to esti-
mate independently the effectiveness of the self-confinement, possi-
bly through some observations. A possible signature that we will
analyze and discuss is the formation of extended halo of gamma-ray
emission around the galactic sources, due to the decay of ⇡0-mesons
produced by the interaction between CRs and nucleons of the ISM.
The emission from a single halo is too faint to be detected with cur-
rent gamma-ray telescopes. However, the sum of these halos over the
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whole CR source population could produce a significant contribution
to the diffuse gamma-ray radiation from the Galactic disc. This dif-
fuse Galactic emission has been measured by the Fermi-LAT telescope
over 7 years of data acquisition. Thus, it is important to predict the
emission from the total halo’s population in order to compare it with
the available data. If this contribution were a non-negligible fraction
of the observed one, this would imply that the standard way used to
infer the CR Galactic density from the gamma-ray emission should be
revised. In particular, the present estimates of the parameters used
to determine the normalization of CR flux, such as SN efficiency, the
rate of SN explosion, would be underestimated.

It is worth mentioning that there are scenarios of CRs propagation
which are alternative to the standard diffusive paradigm. Among
the others we cite the so called “Nested leaky box” model suggested
by [85–87]. In this model most of the grammage is assumed to be
accumulated in cocoon-like regions surrounding the sources with an
energy-dependent profile. At the same time, a minor grammage frac-
tion, energy independent, is accumulated during propagation through-
out the Galaxy. These two quantities become comparable around few
hundred GV. In this model the B/C ratio is expected to decrease with
energy at 6 102 GeV/nucleon, in order to reflect the grammage accu-
mulated near sources, and to flatten at higher energies. The recent
measurement of the B/C ratio performed by AMS [83] up to 2.6 TV
does not show a flattening at rigidities > 102 GV. Nevertheless the
idea suggested by [85] could be related, to some extend, to the CRs
self-confinement around Galactic sources that we propose here.

In Chapter 3 we investigate the non-linear propagation around
SNRs. We study the evolution of both particle distribution and self-
generated turbulence considering different levels of ionization of the
medium surrounding the parent source. We will show that the gram-
mage traversed by CRs with energies up to a few TeV is heavily af-
fected by the self-induced confinement close to the sources, to an
extent that depends on the number density of neutral hydrogen in
the Galactic disc. Then we calculate the sum of the gamma-ray halos
over the whole SNR distribution in the Galactic disc and we compare
our predicted emission with the diffuse Galactic emission measured
by the Fermi-LAT telescope and recently analyzed in Ref. [88, 89].

�.� ������ �� ��� �����-�������� ������ ����

The non-linear propagation around sources can affect the transport
of Extra-Galactic CRs and have important implications on their spec-
trum observed at the Earth. To understand these implications, in this
section we discuss what we know about the origin of Extra-Galactic
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CRs. In particular, we focus on the current models of the transition
from Galactic to Extra-Galactic origin.

Cosmic rays with energy > 109 GeV are also referred to as ultra-
high energy CRs (UHECRs). A simple argument shows that UHECRs
cannot originate in the Milky Way. Indeed, their Larmor radius cal-
culated in the typical Galactic magnetic field is of the same order of
magnitude or larger than the size of our Galaxy. This implies that, if
UHECRs were produced in the Galaxy, the particle deflection should
be small so as to result in large anisotropy. The spatial distribution of
UHECRs, instead, is nearly isotropic in contrast with the assumption
of a galactic origin [49]. Following this argument we can conclude
that CRs with energies above ⇠ 109 GeV have to be Extra-Galactic but
the exact position where the transition between Galactic and Extra-
Galactic CRs occurs is not well constrained.

Although we still don’t know what are the possible UHECR sources
some lower limits on their average luminosity can be posed, as pre-
sented in the Ref. [32]. In that paper the author shows that only
high luminosity sources can produce UHECRs. The argument put
forward by [32] and re-elaborated in Ref. [31] is described below con-
sidering stationary acceleration sites moving both in a non-relativistic
and in a relativistic regime. In the non-relativistic regime the Hillas
criterion [30] can be used to put a limit on the energy density of the
background magnetic field ✏B = B2/(4⇡), obtaining

✏B >
E2

⇡ (Z�sR)2
, (4)

where R is the size of the acceleration region. The total source ram
pressure ⇢(�sc)2, where ⇢ si the source mass density, has to be greater
than the background magnetic energy density. This condition trans-
lates in the requirement that the source luminosity L has to be larger
than the magnetic energy flux, giving

L = 4⇡R2⇢(�sc)2

2
�sc > 2⇡R2✏B�sc . (5)

The above equation provides a lower limit on the source luminosity
which is

L > 1.6⇥ 1045Z-2�s

✓
E

1011 GeV

◆2

erg s-1 . (6)

In the relativistic regime the argument is basically the same but one
has to pay attention to the fact that the Hillas criterion [30] is valid in
the comoving frame. Hence, defining �s as the source Lorentz factor,
the lower limit on the source luminosity becomes

L > 1047Z-2�2
s

✓
E

1011 GeV

◆2

erg s-1 . (7)
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Although in both cases these estimates are rather approximated, it is
clear that UHECR sources require very high luminosities in order to
accelerate extra-galactic CRs up to the flux suppression observed at
⇠ 1011 GeV.

The are two types of extreme luminous objects which might be
possible Extra-Galactic CRs sources: active galactic nuclei (AGN) and
gamma ray bursts (GRBs) (for a detailed discussion about both AGN
and GRBs see Ref. [90] and references therein). AGN form central
cores of galaxies able to produce more radiation than the rest of the
host galaxy. This radiation is believed to be originated by the accre-
tion of a supermassive black hole located at the center of the host
galaxy. These objects are the brightest steady sources in the sky [32,
91] with a Lorentz factor between 3 and 10. Thus, only some of them
may fulfill the luminosity requirement expressed in Eq. (7). GRBs
are extremely energetic explosions which produce the brightest elec-
tromagnetic events in the Universe. These bursts are identified by
an initial flash of gamma rays followed by a longer-lived emission
at longer wavelengths (such as X-ray, ultraviolet, optical, microwave
and radio). Their sources are still unknown, but there are some hints
regarding high-mass stars or binary systems collapsing into neutron
stars or black holes. These transient sources have a Lorentz factor
�s ' 102.5 [32] implying a luminosity LGRBs > 1050.5erg s-1 well
above the limit expressed in Eq. (7) (even though the above estimate
refers to stationary sources). These astrophysical objects are consid-
ered to be possible sources of UHECRs. We refer to Ref. [92] for a
detailed discussion about the generale requirements, set by classical
electrodynamics, on the sources of UHECRs.

The non-linear propagation around Extra-Galactic sources can have
profound implications for the description of the transition region be-
tween Galactic and Extra-Galactic CRs [33–35]. In order to under-
stand why, in the next section we discuss the actual models of transi-
tion.

�.�.� Transition from Galactic to Extra-Galactic origin

For long time it has been taken for granted that the ankle in the CR
spectrum is the spectral signature of the transition from a steep Galac-
tic spectrum to a flatter extragalactic one [47, 48, 93]. In this ankle
model CRs are assumed of Galactic origin up to rigidities of about
⇠ 109 GV while for higher rigidities CRs are thought to be of Extra-
Galactic origin. The ankle appears as a natural feature due to the
intersection of the steep Galactic component with the flatter Extra-
Galactic one. The highest energy particles reaching the ankle are
generally considered to be iron nuclei. This model predict a transi-
tion from a Galactic Iron-dominated composition to an Extra-Galactic
proton-dominated around ⇠ 109 GeV.
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Figure 4: Averaged composition in terms of the logarithmic mass inferred
from measurements of the mean atmospheric depth hXmaxi at the
PAO, HiRes, TA and Yakutsk experiments, taken from Ref. [61]).
The shaded regions correspond to the systematic uncertainties
range.

In the last years the nature of the ankle has been questioned [31,
49]. From the theoretical point of view, the non-linear theory of
DSA in SNRs predicts a maximum rigidity of a few 106 GV which for
Fe nuclei translates into a maximum energy of 107-108GeV, at least
one order of magnitude below the ankle. Unless one invoke others
more powerful source than the standard SNRs the transition region
should be located close to 108GeV [94]. Recent measurements of the
CR energy spectrum between 108 GeV and 109 GeV, as performed by
KASCADE-GRANDE experiment [95] and the Tunka-133 Cherenkov
light array (for the detection of extensive air showers) [96], have re-
vealed an important spectral feature at ' 108 GeV, namely the iron

knee (or the second knee). At this energy they found that the mass
composition is dominated by iron-nuclei elements. This feature corre-
sponds to a softening of the all-particle energy spectrum, in a similar
way to the knee feature, so that supports the rigidity-dependent accel-
eration paradigm [49]. In addition, KASCADE-GRANDE experiment
managed to separate the energy spectrum of light and heavy com-
ponent above ' 108 GeV [55]. As a result, the collaboration found
that the light component presents an ankle-like structure while the
heavy component presents a softening of the spectrum. Another im-
portant information is provided by the observation of the chemical
composition of UHECRs. In Fig. 4 the averaged composition is re-
ported as function of energy in logarithmic scale, for 4 different ex-
periments: PAO [51], HiRes [97], TA [52] and Yakutsk [98]. In this
plot hln Ai = 0 corresponds to a proton dominated composition while
the iron-dominated composition corresponds to hln Ai ' 4. While at
energy ⇠ 109 GeV the four experiments agree that the flux is domi-
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nated by a light component, at higher energies PAO found a mixed
composition, as it is visible from Fig. 4.

Before the publication of all these experimental findings, it was pro-
posed the so called “dip model” [33, 34]. In this model the UHECRs
are assumed to be mainly protons. The ultra high-energy protons
produce electron-positron pairs through collisions with the photons
of the CMB. This Bethe-Heitler pair production can have an important
effect on the spectrum of CRs propagating on cosmological scales, as
noticed in Ref. [99]. Indeed, it leaves a distinct feature which takes
the form of a dip. The shape fits very well the observed modifica-
tion factor for all experiments, with the possible exception of the one
measured by the Pierre Auger Observatory. In the dip model the
transition begins at the second knee and is completed at the begin-
ning of the dip around ' 1 EeV [33, 34]. In this scenario the ankle is
interpreted as an intrinsic part of the dip. The dip predicts an almost
pure proton composition above 109 GeV and a pure Iron composition
below this energy, in contrast to the ankle and mixed composition
models. A different model thought to be able to account for the com-
plex composition scenario observed by different experiments is the
mixed composition model [100]. In this model the authors discussed
the possibility that UHECRs may be nuclei of various types. The tran-
sition occurs from Iron to lighter nuclei of mixed composition and it
can occur below the ankle. A special case of the mixed composi-
tion model has been presented in Ref. [101] called the disappointing
model. In this case the maximum proton energy is approximately
⇠ 4⇥ 109 GeV and the iron spectrum extends to ⇠ 1011 GeV. The ad-
jective disappointing derives from the fact that the flux suppression
at ⇠ 1011 GeV is the intrinsic cutoff in the source spectrum rather than
the GZK feature and no correlation is expected because of the heavy
composition at the highest energies.

It is worth to mention here that the second knee has been inter-
preted as the signature of the transition from Galactic to Extra-Galactic
components. Nevertheless this feature is particularly smooth and re-
quires that the Extra-Galactic components sharply decreases below
108GeV. As already mentioned, such a low energy cut-off could be
explained invoking a magnetic horizon [36, 102]. In this scenario the
Extra-Galactic spectrum shuts off below the second knee because the
diffusion time from the closest Extra-Galactic sources of particles with
energies greater than the second knee becomes larger than the age of
the Universe.

As mentioned before, non-linear propagation around Extra-Galactic
sources which, as in the Galactic case, can lead to self-confinement in
the source vicinity giving a physically motivated picture for the ex-
istence of a magnetic horizon. Hence, in the last Section we discuss
these implications, in particular relative to transition between Galac-
tic and Extra-Galactic origin.
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�.� ����-����������� ������ �����-��������
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In extra-galactic environments the interaction between CRs and the
ambient medium can give rise, under certain conditions, to the non-

resonant streaming instability, first proposed by Bell [25, 26]. When the
accelerated particles stream away from their source, they form an elec-
tric current to which the background plasma reacts generating a re-
turn current. This return current can lead to generate unstable modes
only if the associated energy density is comparable to the magnetic
energy density of the background field. Moreover, a second condi-
tion has to be satisfied that is the time scale of the fastest growing
mode must be smaller than the Age of the Universe. If these condi-
tions are fulfilled the non-resonant streaming instability can produce
large turbulent magnetic fields and enhance particles scattering. As a
consequence the accelerated particles are confined near their sources,
as in the Galactic case. In a situation in which particles remain self-
confined for times exceeding the age of the Universe, they cannot
reach the Earth. Such condition will be satisfied only up to some
critical energy, while above the critical energy particles will not be
confined. In other terms, the self-generation of magnetic turbulence
via the excitation of the non-resonant streaming instability gives rise
to a cutoff in the spectrum of Extra-Galactic CRs.

As discussed in Sec. 1.4.1, a cutoff in the low-energy part of UHECR
spectrum is introduced in the literature in order to avoid some phe-
nomenological complications that affect models for the origin of ultra-
high energy CRs (UHECRs). For instance, the ankle model [47, 48,
93] postulates that the cut-off is around the energy of the ankle to
describe appropriately the transition from Galactic to extragalactic
CRs. In the dip model [33, 34], instead, the transition is postulated to
begins at the second knee and is completed at the beginning of the
dip around ' 1 EeV. A similar feature is required by models with a
mixed composition [35], where the transition is expected below the
ankle. The existence of a magnetic horizon is invoked to justify an
energy cut-off in the case that propagation of UHECRs is diffusive
in the low-energy part of the spectrum [36, 102]. In the scenario de-
picted in this work the presence of a low-energy cutoff in the UHECR
spectrum is a natural consequence of the self-confinement process
and could be a crucial element to describe the transition region be-
tween Galactic and extra-galactic CRs. Finding the energy where the
transition occurs, could provide a strong argument to discriminate
between the proposed scenarios.
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The propagation of accelerated particles into the magnetized ISM is
described by the transport equation derived by Skilling in 1975 [103]
(see Ref. [6, 90, 104, 105] for a detailed discussion). This transport
equation describes the evolution in phase space (x,p) of the distri-
bution function f(x,p, t) of accelerated particles, here assumed to be
only protons. The distribution function is defined as the number of
particles dn in an infinitesimal volume of phase space dV = d3xd3p,
i.e. dn = f(x,p, t)dV . The form of the CR transport equation is

@f

@t
+ (u ·r)f-r · (Drf)-

1

3
(r ·u)p @f

@p
= 0 , (8)

where u is the advection velocity along the field lines and D is the
spatial diffusion coefficient. In Appendix A we derive Eq. (8) follow-
ing the treatment given by Blandford and Eichler in Ref. [104].

The second term in Eq. (8) describes particles’ advection (convec-
tion) along the field lines while the third term represents spatial
scattering of accelerated particles as due to magnetic fluctuations.
For this reason the transport equation is also referred to as the CR
diffusion-convection equation. The last term describes the change in
particle energy due to the adiabatic compression of the field lines
frozen in the plasma. The assumption made here for simplicity that
accelerated particles are mainly protons implies that we do not in-
clude spallation terms and radiative loss terms in the transport equa-
tion.

The diffusion process results from particle scattering on random
magnetohydrodynamic (MHD) waves [6, 103, 104] which arise in
magnetized plasmas in response to perturbations. In principle, these
MHD fluctuations can be either Alfvén waves1, namely magnetic
waves moving at the Alfvén speed vA = B0/

p
4⇡nimi, where B0

is the background field, ni is the number density of the ions compos-
ing the plasma and mi is the ion rest mass, or fast magnetosonic
waves (magnetic waves propagating perpendicular to the ordered
magnetic field with phase velocity > vA). However, the Alfvén waves

1 These waves have been named after Hannes Alfvén who discovered them in 1942,
see Ref. [106]. Their origin is due to the oscillations of the ions of the background
plasma which are subject to a restoring force yielded by magnetic tension on the
field lines and are transverse to the direction of the background field.
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are expected to dominate over the magnetosonic ones because the
latter are damped more efficiently than the former, as explained in
Ref. [103]. We notice that the role of Alfvén waves in scattering CRs
has been questioned by some authors, as Yan and Lazarian [107] or
Chandran [108]. The authors argued that the MHD turbulence re-
sponsible for particles scattering could be mainly dominated by three
wave interactions that transfer energy from Alfvén waves parallel to
the background magnetic field towards magnetosonic waves orthog-
onal to it. When this reasoning is applied to the cascade of waves at
the single frequency towards higher frequencies the resulting power
spectrum can be mainly dominated by perpendicular magnetosonic
waves. Nevertheless, in the case of self-generated turbulence Alfvén
waves are continuously generated at each frequency by CRs at the
right resonant energy, therefore, the density of these waves is large
enough to contribute to the scattering process. In this scenario mag-
netosonic waves may still provide a contribution to particle scattering
but we consider this contribution negligible with respect to one pro-
vided by Alfvén waves.

In order to estimate the spatial diffusion coefficient, we assume
that particles move in a weak magnetic turbulence [109], which corre-
sponds to assume that the magnetic perturbation �B ⌧ B0, as dis-
cussed for instance in Ref. [1] and references therein. A charged
particle moving in the presence of a constant magnetic field B0 sim-
ply gyrates around it with a frequency ⌦ = qB0/(m�c) (q is the
charge, m is the rest mass and � is the Lorentz factor), and with a ra-
dius rL = v/⌦ being the Larmor radius. When a small perturbation
�B ⌧ B0 is added to the background field, particles are subjected to
pitch angle scattering in a resonant manner. In fact, an accelerated
particle is scattered predominantly by those irregularities having a
wavelength comparable to the particle Larmor radius. Consequently,
the pitch angle ✓, namely the angle between the incident particle
velocity and the direction of B0, suffers a small deviation from its
initial value which upon time average leads to a diffusive propaga-
tion along B0. We introduce P(k)dk as the wave energy density in
the wave number range dk characterizing the power spectrum of the
weak turbulence. The total pitch angle scattering rate ⌫✓ due to this
wave-particle interaction can be estimated as [1]

⌫✓ =
⇡

4

✓
kresP(kres)

B2
0/8⇡

◆
⌦ , (9)

where kres = 1/rL indicates the resonant wave-number. The time
required to change the particle direction by �✓ ⇠ 1 is about the inverse
of the total pitch angle scattering rate ⌧✓ ⇠ 1/⌫✓, therefore the spatial
diffusion coefficient D can be estimated as

D(p) =
1

3
v(v⌧✓) '

1

3
rL

v

F(kres)
, (10)
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where F(kres) = kresP(kres)/(B2
0/8⇡). This is the expression of spa-

tial diffusion coefficient in the standard quasi-linear theory of plasma
turbulence [110, 111].

In the next Section we will describe one of the mechanisms that
produces the turbulence. This mechanism is considered to be respon-
sible for pitch angle scattering. As a consequence, magnetic field is
amplified while particles propagation in near-source regions, after
their release from the acceleration site.

�.� �������� ����� �������������

Magnetic field amplification is extremely relevant at shocks in order
to accelerate CRs up to the knee in the SNR paradigm [12–16]. In-
deed, if the diffusion coefficient relevant for particle acceleration at
SNR shocks is that inferred from the measurement of B/C ratio, the
acceleration time ⌧acc reads [1]

⌧acc(E) '
Dg(E)

cVsh
⇡ 105

✓
E

10 GeV

◆�✓
Vsh

103 km/s

◆-2

yr , (11)

where Dg is the Galactic diffusion coefficient and Vsh is the shock
velocity. This estimate exceeds by several orders of magnitude the
duration of the free-expansion phase of a SNR2 even for low energies
at any value of � in the range 0.3 - 0.6 (see Ref. [1] for a detailed
discussion). Thus, a huge amplification of the turbulence is required
around the shock in order to shorten the acceleration time. In the
case of an amplification factor of about ⇠ 102 the diffusion coefficient
can be estimated assuming Bohm regime (i.e. D(E) ' crL(E)/3) and
the acceleration time becomes

⌧acc ⇡ 10-3

✓
E

1 GeV

◆✓
Vsh

103 km/s

◆-2✓
B

102µG

◆-1

yr . (12)

The estimate of the maximum achievable energy Emax can be derived
by the comparison of ⌧acc with the duration of the free-expansion
phase TST ⇡ 300 yr [1, 90] and the result is

Emax ⇡ 3⇥ 105
✓

B

102µG

◆✓
Vsh

103 km/s

◆2✓
TST

300 yr

◆
GeV , (13)

which is one order of magnitude smaller than the knee energy [1].
The magnetic field amplification is one of the leading aspects of

the non-linear theory of DSA and can be inferred from several ob-
servational facts, as for instance the detection of narrow filaments of
non-thermal X-ray emission in virtually all young SNRs (see Ref. [17]

2 In phase of adiabatic expansion it is unlikely that the maximum energy can be
achieved due to the decreasing velocity of the shock [1, 90].
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and Ref. [112] for recent reviews). These filaments are produced by
multi-TeV electrons radiating in magnetic fields as large as ⇠ 102µG.
Another observational fact is the variability of X-ray hotspots in the
shell of the SNR RX J1713.7-3946 on a timescale of few years. The ex-
istence of X-ray hotspots may imply the presence localized magnetic
fields with amplitude 6 1mG [113]. In the non-linear theory of DSA
the key mechanism responsible for magnetic field amplification is pre-
sumed to be the generation of plasma instabilities by the interaction
between the accelerated particles and the plasma composing the ISM,
in which both CRs and the shock are propagating (see Ref. [16] for a
detailed discussion on CR driven plasma instabilities). As direct con-
sequence, the diffusion coefficient becomes non-linearly dependent
upon the distribution function of energetic particles, which is in turn
determined by the diffusion coefficient in the acceleration region.

The self-generation of magnetic turbulence can play a fundamental
role not only in the explanation of how to reach the knee energy but
also in the study of how the accelerated particles leave the acceler-
ation region and propagate throughout the whole Galaxy [24, 114–
116]. Immediately outside the source one may expect that there is a
local excess of energetic particles density with respect to the average
CR density which can drive plasma instabilities and eventually leads
particles to self-confinement in those regions where the contribution
by the source dominates over the Galactic CR population [9–11, 117].
The phenomenon of CR self-generated turbulence can play an impor-
tant role also in the CRs self-confinement in our Galaxy, in particular
for predictions on the Galactic diffusion coefficient and on the level of
anisotropy in particle arrival directions (see Ref. [118] and references
therein).

In this thesis work we concentrate on the study of particles self-
confinement in the source vicinity due to the generation of CR stream-
ing instability, which in the context of Galactic sources develops in the
resonant regime while in the context of Extra-Galactic sources devel-
ops in the non-resonant regime, as we will discuss in the next Section.

�.�.� Cosmic Ray Streaming Instability

In the magnetized ISM the Alfvén speed is in general orders of mag-
nitude smaller than the streaming speed of CRs which is close to the
speed of light. For instance, in the region surrounding a SNR it is
reasonable to assume that B0 ⇠ µG and ni ⇠ 1 cm-3 (see Ref. [119])
which implies vA ⇠ 2⇥ 105 cm/s ⌧ c. This superAlfvénic streaming
of CRs drives the generation of plasma instabilities among which the
most important is believed to be the streaming instability, as outlined
in Ref. [12, 22, 23, 120]. The principle at the base of this instability
relies on the fact that particles are able to excite those Alfvén waves
resonant with their Larmor radii, if they stream with super-Alfvénic
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speed along the field lines. The efficiency of this excitation is propor-
tional to the CR density gradient, so that the higher is the gradient
the more efficient is the excitation of these resonant modes and the
stronger is the amplification of magnetic fluctuations. This mecha-
nism has a feedback on the same accelerated particles because they
can scatter off these excited waves in the way explained in Sec. 2.1. In
terms of diffusive motion, the amplification of the magnetic field im-
plies a reduction of the spatial diffusion coefficient such that particles
become self-trapped in those regions where the streaming instability
is very efficient.

For the sake of clarity, it is more appropriate to define the mecha-
nism just described as the resonant branch of the streaming instability.
Indeed, there is also a non-resonant branch [25] of the streaming in-
stability able to amplify magnetic turbulence at high levels which ac-
tually has been proposed to explain the large magnetic fields implied
by X-ray observations [17]. A necessary condition for the growth of
this instability is that the energy density of the bulk of streaming
particles must be larger than the background magnetic energy den-
sity B2

0/(8⇡). The electric current carrying CRs induces the plasma
to neutralize it by the generation of a return current3. This return
current, in turn, excites magnetic fluctuations which start to grow ex-
ponentially on scales much smaller than CR Larmor radii (the scales
of the resonant modes). This happens because the return current is
composed of background electrons which react more promptly than
background protons (me ⌧ mp). The background electrons have
very small energy (compared to CRs) so these unstable modes are ex-
cited on smaller scales than CR Larmor radii. In the vicinity of SNRs
we study the non-linear propagation of the accelerated particles due
to the excitation of the resonant branch of the streaming instability.
Around extra-galactic sources, instead, we analyze under which con-
ditions the non-resonant streaming instability may play the leading
role on particle self-confinement.

From the analytical point of view the equation describing how the
self-generated turbulence is produced by the escaping accelerated
particles, which has to be solved together with the CR transport equa-
tion (8), is of the form [12, 21]

@F

@t
+u ·rF = (�CR - �d)F , (14)

where F is the power spectrum per unit logarithmic wavenumber of
the turbulence, as defined in Sec. 2.1. The first term on the rhs side of
the above equation represents the growth rate �CR of the streaming
instability while the second term �d represents the sum of the rates
of those mechanisms which can damp the instability.

3 It is important to remember that a plasma is an electrically neutral medium where
the overall charge and electric current are roughly zero.
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In this work three processes are considered as the most proba-
ble damping mechanisms: the non-linear damping, the ion-neutral
damping and the MHD cascade. These processes will be discussed
in Sec. 2.3.

�.�.� Resonant Modes

The expression for the growth rate !I of the unstable electromag-
netic waves characterizing the resonant branch of the streaming in-
stability is derived in Appendix C where is reported in Eq. (145) .
The growth rate �CR is equals to 2!I because the turbulence F is es-
sentially the magnetic energy density �B2, which grows as exp(2!I).
For the scope of this work we rewrite �CR in terms of the spatial diffu-
sion coefficient. To do this we consider the fact that resonant particles
carry an electric current Jres = ecN(p > pres) aligned with the back-
ground magnetic field which we have assumed oriented along the
z-axis. The particle motion is diffusive along B0 so that this current
can be also calculated as

Jres = 4⇡e

����p
3D(p)

@f

@z

����
p=eB0/(kc)

. (15)

Using the expression reported in Eq. (10) for the diffusion coefficient,
we can re-write Jres as a function of the turbulence power spectrum
F and the growth rate becomes

�CR =
16⇡2

3

vA

FB2
0

v(p)p4

����
@f

@z

����
p=eB0/(kc)

. (16)

There are some points relevant for the discussion about this insta-
bility. First of all, for a fixed particle momentum p the unstable waves
are the modes with the resonant wavenumber k = 1/rL(p). Second,
the strength of the instability strictly depends on the spatial gradient
of CR density, in fact the stronger is the gradient the more efficient
is the generation of unstable waves. The third point regards the two
parameters characterizing the ISM in which the accelerated particles
propagate which are the background magnetic field B0 and the ion
density ni. Indeed, �CR / 1/(B0

p
ni), which means for instance that

at fixed B0 the waves grow faster in a medium with low ion density
with respect to one with high ion density or considering two media
with same ni the growth is faster in the medium with a lower value
of B0. The last aspect concerns the dependence on the inverse of
the turbulence itself, because this implies that at the beginning of
the process the fluctuations increase very fast, but when F becomes
larger than the initial fluctuations this development becomes slower.
However, it is important to remember that this formula holds in the
quasi-linear approximation where F ⌧ 1. In the case this approxima-
tion does not hold this formula is no longer valid. Nevertheless, the
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intrinsic resonant nature of this instability would lead to expect that
the growth stops when �B becomes of the same order as B0, so that
the saturation level has often been assumed to occur when �B/B0 ⇠ 1.

�.�.� Non-Resonant Modes

As for the resonant branch, we derive the expression for the growth
rate of the unstable non-resonant waves in Appendix C and report
it in Eq. (150). As previously mentioned, resonant unstable modes
are always excited as long as accelerated particles stream with super-
Alfvénic speed along the field lines. For the non-resonant ones there
is a more stringent condition which has to be satisfied, namely the
particle drift must occur at a speed

vd
c

>
wB

wCR
, (17)

where wB and wCR represent the magnetic energy density and the
particle energy density, respectively. The electric current JCR carried
by the streaming induces the background plasma to react generating
a return current. This return current, in turn, excites magnetic fluc-
tuations which become unstable. In this scenario the condition (17)
can be rewritten as nCR/np > v2A/c2 [121], where we have used the
fact that CRs are relativistic particles so that vd ⇡ c. In addition to
the above requirement there is another condition to satisfy due to
the fact that these non-resonant streaming modes are excited by the
background electrons. The background electrons forming the return
current have lower energy than CRs so that the unstable modes are
characterized by length scales much smaller than the CR Larmor ra-
dius. For this reason we refer to theses modes as non-resonant unsta-
ble waves. Thus, in this regime k � 1/rL,0 > 1/rL and the condition
expressed in Eq. (149) becomes

1 < krL,0 < ⇠ , (18)

where the parameter ⇠ = nCR

np

c2

v2
A

= B0JCRrL,0
mpnpv

2
A

has been introduced to
recall the same result obtained by Bell in 2004 [25]. In this regime the
growth rate (150) simplifies and becomes

!I ⇡ ⌦⇤
p

r
nCR

np
krL,0 . (19)

The non-resonant branch has a maximum growth rate in correspon-
dence to the wavenumber

kmax =
⇠

rL,0
=

4⇡JCR

cB0
(20)

for which the maximum growth is

�max =
⇠

rL,0
=

4⇡

c

vA
B0

JCR . (21)
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In the work presented in Ref. [25] the author studies the CR stream-
ing instability in case of particle acceleration at shocks with high
Alfvén Mach number, namely shocks with velocity vs � vA, show-
ing that if the condition 1 < krL,0 < ⇠v2s/v2A, with ⇠ defined as
B0JCRrL,0/(mpnpv2s), is fulfilled the magnetic fluctuations are ampli-
fied by the non-resonant streaming instability instead of the resonant
one. Bell’s calculation differs from the one described in this Section
because the author uses a hybrid approach where the equation for
the magnetic field and for the background plasma are those of the
MHD theory while the CR current is treated using the kinetic Vlasov
theory in the linear approximation. The growth rate obtained by Bell
differs by a factor 1/2 from the one shown in Eq. (19).

�.� ������� ���������� �� �������� ���-
�������

The CR streaming instability is, in general, subject to some mecha-
nisms which can reduce the efficiency of magnetic field amplification.
The most important consequence of a reduced magnetization is the
reduction of particle diffusion and resulting into an increase of the
confinement time around their sources. In this section we will con-
centrate on three mechanisms that are considered among the most
relevant damping processes for the growth of this instability, which
are: non-linear Landau damping, ion-neutral damping and an MHD
damping suggested by [122].

�.�.� Non-Linear Landau Damping

The non-linear Landau damping (NLLD) corresponds to the dissi-
pation of a fraction of the energy of the Alfvén waves into thermal
energy of the plasma. The growth rate is reported in Ref. [123] and
reads

�NLLD(k) = (2ck)
-3/2kvA

p
F(k) , (22)

where ck ⇡ 3.6. This is an empirical formula derived from observa-
tions of both solar and interstellar turbulence which are consistent
with a Kolmogorov spectrum. From a physical point of view this
damping occurs when thermal protons (or generally thermal ions) in-
teract with beat waves formed by two interfering Alfvén waves [124,
125]. The protons propagating with a speed slightly slower than that
the beat envelope will take energy from the waves, instead the pro-
tons propagating faster will give energy to the waves. One might
expect that in a thermal distribution there are more of the slower
particles, so that the net result is damping. The name non-linear
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Landau probably comes in analogy with the Landau damping mech-
anism [126] very important in plasma physics where a wave loses
its energy due to interactions with those charged particles having a
speed approximately equal to the phase velocity of the wave. It is
worth noticing that this process is a non-linear mechanism which is
mathematically expressed by the dependence of the growth rate onp
F(k). In addition, this dependence implies that when the turbu-

lence increases �NLLD increases too and the damping may become
more efficient at odds with the growth rate of the resonant streaming
instability being �CR / 1/F.

�.�.� Ion-Neutral Damping

A very efficient mechanism for linear damping of Alfvénic turbu-
lence is due to ion-neutral collisions. When Alfvén waves propagate
in a partially ionized medium, their energy is dissipated because
of momentum-exchanging collisions between the ions and the neu-
tral particles composing the background plasma. The propagation of
Alvén waves in a partially ionized medium consisting of one species
of singly-charged ions and one species of neutral particles has been
among others treated by [27] using a two fluid theory. Here we follow
their treatment to determine the dispersion relation.

The neutral fluid represents the neutral species of the gas with nn

indicating the neutral number density and vn the fluid velocity, the
ion fluid, instead, represents the ion species composing the gas with
ni the ion number density and vi its fluid velocity. The equation
for the conservation of the fluid velocity characterizing the neutral
species is determined solely by the friction due to neutral-ion colli-
sions

dvn

dt
= ⌫in(vn - vi) , (23)

where the neutral-ion collision frequency is ⌫in = ni h�vi with h�vi
being the average over the velocity distribution of the collisional ve-
locity v times the charge exchange cross section �. An approximation
of h�vi is given in Ref. [127] where it is

h�vi ⇡ 8.4⇥ 10-9

✓
T

104 K

◆0.4
cm3s-1 (24)

valid for the temperature T in the range 102 k to 105 k. The equa-
tion for the conservation of the fluid velocity characterizing the ions
species contains the same frictional term as for the neutrals plus the
magnetic force due to the interaction with Alfvén waves

dvi
dt

= ⌫ni(vi - vn) +
1

minic
Ji ⇥B0 , (25)
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where ⌫ni = nn(mn/mi) h�vthi and Ji is the ion electric current in-
duced by the Alfvén turbulence. As previously mentioned, the Alfvén
waves can be written as circularly polarized waves propagating paral-
lel to B0 and the variation with z and t is of the form exp[i(kz-!t)].
Moreover, the ion current can be written as function of the magnetic
perturbation B1 as Ji = r⇥B1/(4⇡). Thus the two equations of
motion become

!vn = -i⌫in(vn - vi) , (26)

!2
vi = -i! ⌫ni(vi - vn) + k2v2Avi . (27)

To derive the second equation (ion equation of motion) we have used
the fact that @B1/@t = r⇥ (Ji ⇥B0)/(mini) which under a Fourier
transformation becomes B1,k = k⇥ (Ji,k ⇥B0)/(mini!). Thus, us-
ing the two relations Ji,k = -ik⇥B1,k/(4⇡) and Ji = minivi, one
obtains the term -ik2v2Avi/!. These two equations can be combined
to obtain the following dispersion relation

!(!2 - k2v2A) + i⌫ni[(1+ fin)!
2 - fink2v2A] = 0 , (28)

where fin ⌘ mini/(mnnn). The wave-frequency is a complex vari-
able so that ! = !R - i!I and the Eq. (28) can be separated into a
real and an imaginary part as

!2
R = 3!2

I + v2Ak2 + 2⌫ni(1+ fin)!I , (29)

!2
R =

!I[!2
I + v2Ak2 +!I⌫ni(1+ fin)] + fin⌫niv

2
Ak2

3!I + ⌫ni(1+ fin)
. (30)

The study of the dispersion relation (28) leads to identify four cases
(see Ref. [28]) :

1. fin < 1/8 and 4fin < v2Ak2/⌫2
ni < 1/4 the waves do not propa-

gate because the wave frequency is purely imaginary ;

2. fin ⌧ 1 and v2Ak2/⌫2
ni ⌧ 4fin

!R ⇡ ±vAk
p

fin , (31)

!I ⇡
v2Ak2

2 ⌫ni
, (32)

here the waves propagate with a phase velocity equals to vA
p

fin
which is lower than vA because the ion mass density is smaller
than the neutral mass density;

3. fin ⌧ 1 and v2Ak2/⌫2
ni � 1/4

!R ⇡ vAk , (33)

!I ⇡
⌫ni

2
, (34)

here the waves propagate with a phase velocity equals to vA,
even though the ion mass density is smaller than the neutral
mass density, because in this case the wave frequency is larger
than the collision frequency;
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4. fin � 1

!R ⇡ vAk , (35)

!I ⇡
⌫ni

2

v2Ak2

v2Ak2 + ⌫2
nif

2
in

, (36)

as in the previous case the phase velocity is equal to vA but here
the ion mass density is larger than the neutral mass density.

Comparing Eq. (31) and Eq. (33) we see that the effect of frequent
collisions is to reduce the Alfvén speed to a value determined by
the total mass rather than the ion mass only. This is due to the fact
that ions and neutrals collide with a frequency smaller than the wave
frequency.

Table 1: Physical parameters from Ref. [128] relative to the two different
phases of the ISM occupying the largest fraction of the volume of
the disk (where most of the SNs are expected to explode) and
containing a percentage of the matter in the neutral state: the
warm neutral medium (WNM) and the warm ionized medium
(WIM). Most of the matter is expected to be composed by Hydro-
gen with a smaller fraction of Helium. T indicates the temperature,
nH = nn + ni is the Hydrogen density, ni is the ion number den-
sity and fin = ni/nn (mi = mn = mp).

ISM phase T [K] nH[cm-3] ni[cm-3] fin

WIM 8⇥ 103 0.2- 0.5 0.12- 0.45 1.5- 9.0
WNM 6⇥ 103 - 104 0.2- 0.5 0.0014- 0.025 0.007- 0.05

The importance of IN damping depends on the type of ISM where
CRs propagate. In table 1 there are reported the physical parameters
relative to the two different phases of the ISM that are: the warm neu-
tral medium (WNM) and the warm ionized medium (WIM). These
two phases occupy the largest fraction of the volume of the disk and,
therefore, where most of the SNe are expected to explode. In the
WNM most of the matter is in the neutral state (fin ⌧ 1) and the effi-
ciency of the IN damping is so high that the streaming instability can
have a minor role in CR confinement around sources. The interesting
phase is the WIM where most of the matter is in the ionized state
(fin > 1) and so the IN damping is less efficient in the dissipation of
the turbulence energy. In this case the solutions to real and imaginary
part are:

!R ⇡ vAk , (37)

!I ⇡
⌫ni

2

v2Ak2

v2Ak2 + ⌫2
nif

2
in

. (38)
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Assuming for simplicity that the interstellar gas contains only Hydro-
gen as neutral component, so that mn = mp = mi and fin = ni/nn.
Thus, the damping rate for the energy spectrum is

�IN = 2!I =
nn

ni
h�vini

v2Ak2

v2Ak2 + ⌫2
nif

2
in

=
ni h�vi

fin

v2Ak2

v2Ak2 + ⌫2
nif

2
in

. (39)

�.�.� MHD cascade

A general feature of any kind of turbulence is the energy deposition
from an initial scale, for instance the scale of the system, to smaller
scales, a sort of “energy cascade”. There isn’t a unique explanation
for this phenomenon, most of the time this energy transfer can be
due to wave-wave interactions. In Ref. [122] the authors introduce
a damping mechanism due to the collisions of Alfvén wave pack-
ets propagating in opposite directions. Their idea is based on the
theory of non-linear interactions among shear Alfvén waves in an in-
compressible MHD fluid developed by [129, 130]. However, while in
Ref. [129] the cascade is anisotropic because the energy deposition oc-
curs preferentially perpendicular to the ordered magnetic field, [122]
considers a cascade also in the parallel direction.

The situation depicted by [122] is characterized by a turbulence
excited isotropically at an MHD scale LMHD with rms fluctuations
of the fluid velocity �v ⇠ vA and of the magnetic field �B ⇠ B0. The
damping is due to collision of Alfvén waves with other waves from
this pre-existing MHD cascade. To estimate the damping rate, three
assumptions are made:

1. “critical balance”, i.e. there is a balance between the inverse of
the Alfvén time scale vAkk ⇠ vA⇤k, where ⇤k is the correlation
length (i.e. v�? ⇠ v⇤k), and the inverse of non-linear time scale
at which the energy is transferred to smaller scales v�?/�?

vA
⇤k

⇠
v�?

�?
; (40)

2. “Kolmogorov hypothesis of the scale independence of ✏”, i.e.
the rate of energy dissipation per unit mass, ✏, is constant over
the inertial range of the cascade identified as ldissipation ⌧
�? ⌧ LMHD

4. These eddies have energy per unit mass of or-
der v2�?

and the time scale over which the energy is transferred

4 In the Kolmogorov’ theory of turbulence a turbulent flow can be considered to con-
sist of eddies of different sizes, where an “eddy” can be conceived to be a turbulent
motion, localized over a region of a certain size, that is at least moderately coherent
over this region. It is characterized by a length scale �? and a velocity v�? .
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to smaller eddies is tcascade ⇠ �?/v�? (see Ref. [131] and refer-
ences therein). Thus, the constant rate of energy dissipation per
unit mass can be estimated as

✏ ⇠
v2?

tcascade
⇠

v3�?

�?
⇠

v3A
LMHD

; (41)

3. the scaling of the amplitude of the magnetic fluctuations in the
inertial scales is that obtained in the Iroshnikov-Kraichnan the-
ory of MHD turbulence (see Ref. [130]), i.e.

�B

B0
⇠

✓
�k

LMHD

◆1/4

. (42)

From Eq. (41) an expression for the fluctuation amplitudes in the
perpendicular scale �? is obtained and reads

v�? ⇠ vA

✓
�?

LMHD

◆1/3

. (43)

Substituting Eq. (43) into Eq. (40) the scale of the eddy shape is given
as a function of the perpendicular scale �?

⇤k(�?) ⇠ L
1/3
MHD�

2/3
? . (44)

The damping rate can be estimated as the inverse of the cascade time
and reads

�FG ⇠
1

tcascade(�?)
⇠

v�?

�?
⇠

vA

L
1/3
MHD�

2/3
?

. (45)

This damping rate is a function of �?, but the purpose is to express
it as a function of �k ⇠ rL. To do this one can consider the scaling of
�B/B0 expressed in Eq. (42) and use an independent condition that
is �B/B0 ⇠ �?/⇤k, which gives �? ⇠ �

3/4

k L
1/4
MHD. Thus, the final

expression for the damping rate results

�FG =
vAp

rLLMHD

. (46)





3 S E L F - C O N F I N E M E N T O F C O S M I C
R AY S A R O U N D G A L A C T I C S O U R C E S

Non linear effects play a crucial role in the transport of CRs. In this
Chapter we focus on Galactic sources, here assumed to be supernova
remnants (SNRs). In regions near sources one may expect that the
CR density and the associated density gradient may be large enough
to affect the environment in which accelerated particles propagate,
through the excitation of electromagnetic instabilities (see Ref. [9–11,
117]). The electromagnetic instability which is assumed to play the
leading role in the self-confinement is the resonant streaming instabil-
ity [21–23], described in Sec. 2.2.2. When accelerated particles stream
faster than the local Alfvén speed, hydromagnetic (Alfvén) waves
with wavelengths comparable to particles Larmor radii become un-
stable. The initial small turbulence can be amplified by several or-
ders of magnitude and, in turn, can reduce the diffusion coefficient
that describes particle motion. As a consequence, CRs are forced
to be confined in near-source regions for a time longer than naively
expected so that particles can accumulate a non-negligible fraction
of the Galactic grammage (introduced in Ch. 1 in Sec. 1.2.1). Thus,
an important implication of the self-confinement is that this scenario
makes the translation of the grammage, and so of the B/C ratio, to
a confinement time in the Galaxy rather problematic (as discussed in
Sec. 1.3).

The generation of resonant streaming instability by non-linear trans-
port in the vicinity of Galactic sources has been recently investigated
in Ref. [9–11]. In Ref. [9] the non-linear transport equation (derived in
Ch. 2) is solved with a semi-analytical approach. The authors found
a self-similar solution considering only the non-linear Landau damp-
ing (NLLD) [123] as the mechanism responsible for wave dissipation.
In Ref. [10] the non-linear transport equation is solved analytically
together with the time evolution of the self-generated turbulence as-
suming that the wave damping mechanism is the ion-neutral damp-
ing (IND) [27, 28]. In Ref. [11] a numerical approach is used to solve
the non-linear system composed by the CR transport equation and
the wave equation where both the NLLD and the IND are assumed
responsible for wave dissipation. The authors focus on the impact of
CR self-confinement regards the gamma-ray observations of molecu-
lar clouds located in the vicinity of SNRs.

In this Chapter we solve numerically the non-linear coupled equa-
tions discussed in Ch. 2, assuming three damping mechanisms: NLLD
(see Sec. 2.3.1), IND (see Sec. 2.3.2) and a damping firstly proposed

37
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by Farmer and Goldreich (FG) in Ref. [122] (see Sec. 2.3.3). In Sec. 3.4
we investigate the implications on the way information relative to CR
Galactic transport is derived from the measurement of secondary to
primary ratios. Then, in Sec. 3.5 we study one of the possible sig-
natures of the self-confinement process which is the formation of an
extended halo of �-ray emission around sources. This radiation is
due to the decay of ⇡0-mesons produced by the interaction between
CRs and nuclei of the Interstellar Medium. We calculate the sum of
these halos over the whole CR source population. In Sec. 3.5.4 we
compare our predictions with the diffuse gamma-ray emission from
the Galactic disc, measured by the Fermi-LAT telescope over 7 years
of data acquisition and recently analyzed in Ref. [88, 89].

�.� �������� ���������

In this section we discuss the assumptions made to solve the non-
linear coupled equations (8) and (14). The numerical recipe used to
solve the system is explained in Appendix C. The scenario we have
in mind is the escape of relativistic protons accelerated by the explo-
sion of a SN located in the galactic disc. The ISM surrounding the
parent star is characterized by a magnetic field with a mean value
of about B0 ⇠ 3 µG. This background field can be assumed to have
a well established direction over the coherence length Lc being of
the order of 100 pc [8]. In a near source region of dimension ⇠ Lc

escaping particles, propagating with superalfvénic speed, can excite
resonant streaming modes (described in Sec. 2.2.2) so that the local
magnetic field is amplified. This self-generated turbulence, in turn,
confines energetic particles in such a region for a time longer than
naively expected. As a consequence, CRs can accumulate a gram-
mage which might be a non negligible fraction of the Galactic gram-
mage (defined in Sec. 1.2.1). The geometry of the problem is in prin-
ciple three dimensional but within a distance of ⇠ Lc from the SNR
it can be treated as one dimensional using the flux-tube approxima-
tion [9]. This approximation holds because high energy particles dif-
fuse preferentially along the direction of the background magnetic
field B0 = B0ẑ, after leaving the SN located at z = 0, as sketched in
Fig. 5. The transverse dimension of the flux-tube coincides with the
diameter of the source while the length is 2Lc. In this approximation,
all the quantities depend only on the spatial coordinate z.

The mathematical description of particle propagation in the source
proximity consists of two coupled transport equations: one for CRs,
equation (8), and the other for the turbulence, equation (14), both
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z

SN

2Lc

Figure 5: Sketch of the flux-tube model; the arrows represent the direction
of escaping particles along the field lines parallel to the z-axis. The
source located at the center of the tube is depicted as a disc with
a dimension along z negligible with respect to the length of the
tube. The representation is not drawn to scale.

discussed in Chapter 2. The CR transport equation (8) in the flux-
tube approximation can be written as

@f

@t
+ u

@f

@z
-

@

@z


D(p, z, t)

@f

@z

�
-

du

dz

p

3

@f

@p
= 0 , (47)

where the velocity characterizing the advection term reduces to u =
+vA for z > 0 and u = -vA for z < 0. The reason of this expres-
sion for the advection term requires a brief discussion. In general
the distribution of Alfvén waves includes waves propagating in both
directions along the background field. However, as pointed out in
Sec. 2.2.2, particles streaming with super-Alfvén bulk speed amplify
the turbulence preferentially in the direction of the density gradient.
Thus, while for z > 0 the escaping protons excite the waves with
velocity +vA, for z < 0 they excite the waves with velocity -vA
and consequently the corresponding spatial derivative is equal to
du/dz = 2vA �(z).

The transport equation (47) requires an initial condition to be solved
that in this scenario translates into a suitable choice for particle injec-
tion. Particles’ release into the source vicinity lasts until the accelera-
tion has faded or operates at a much reduced efficiency. This implies
that protons escape faster than they are replenished from their source,
as pointed out in Ref. [10]. In both these scenarios, the escaping par-
ticles are decoupled from the acceleration region [10, 11]. Thus, at
a zero-order approximation the emission of CRs with a given mo-
mentum p can be described as an instantaneous injection at t = 0

added to the Galactic CR spectrum. The injection of all particles
at z = 0 (where the source is located) introduces numerical prob-
lems for very low momenta because the associated density gradient
needs an extremely small spatial resolution to be correctly resolved.
Thus, we have adopted a different numerical recipe where particles
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are spatially distributed following a narrow gaussian profile centered
at z = 0, i.e.

f(p, z, t = 0) = q0(p) exp

"

-

✓
z

z0

◆2
#

+ fg(p) , (48)

as half width of half maximum z0 equal to 1 pc, in order to have z0 ⌧
Lc. We also checked that this choice of z0 does non affect the final
results provided it is small enough. Here fg(p) is the proton average
Galactic CR spectrum. We take this flux from the latest measurement
of the AMS02 [41] experiment

fg(p) = 6.8⇥ 1022
✓
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45p0
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336p0
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⌘-3
cm-3 ,

(49)

with p0 = mpc. The function q0(p) = A(p/p0)-↵ represents the
injection spectrum at a strong SNR shock which is assumed to be a
power law with spectral index ↵. In this work two different values for
the spectral slope ↵ = 4 , 4.2 will be considered. The normalization
constant A is calculated imposing that a fraction ⇠CR = 20% of the
total kinetic energy of the SNR, assumed to be ESN = 1051 erg [1,
90], is released in the form of accelerated particles into the region
-Lc 6 z 6 Lc

A =
⇠CRESN

⇡R2
SNI

. (50)

Here, I is the integral of the kinetic energy over the whole particle
distribution function, i.e.

I ⌘
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✏(p) , (51)

with the upper limit of the particle distribution function pmax � p0.
The value of the radius of SNR has been chosen as the size of the
slowly varying radius of a SNR during the Sedov-Taylor phase in the
ISM, i.e. RSN ⇡ 20pc [1, 90]. The problem is clearly symmetric with
respect to z = 0, where the source is located, which leads to solve all
the equations in half of the tube defined by 0 6 z 6 Lc. Eq. (47) is a
second order partial differential equation and it requires two bound-
ary conditions to find a particular solution. The first boundary condi-
tion comes from the integration of Eq. (47) around z = 0 which gives
the following relation

D(p, z = 0, t)
@f

@z

����
z=0

= -
vA
3

p
@f

@p

����
z=0

. (52)
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The second boundary condition corresponds to impose that the dis-
tribution function reduces to the Galactic one fg(p), expressed in
Eq. (49), at the boundary of the box, i.e. f(p, z = Lc, t) = fg(p).

As mentioned before, the accelerated particles excite the resonant
modes of the streaming instability, via the interaction with those
Alfvén waves moving in the direction of the decreasing CR density
and having their wavenumber k = 1/rL(p), where rL(p) = pc/(eB0).
In such a way the magnetic turbulence is amplified and the spatial
diffusion coefficient decreases leading to a confinement into the near
source region. It is reasonable to assume that the value of the en-
hanced turbulence �B remains smaller than the background field dur-
ing the whole confinement (we have checked at posteriori that this is
always the case). In such a regime quasi-linear theory is valid and the
expression for the spatial diffusion coefficient is the one discussed in
Sec. 2.1, which reads

D(p, z, t) =
1

3
rL(p)

v(p)

F(k, z, t)|k=1/rL(p)
. (53)

The quantity F(k, z, t) represents the self-generated magnetic energy
density per unit logarithmic bandwidth of waves with wavenumber
k, normalized to the initial energy density B2

0/(8⇡)

�B2(z, t)

8⇡
=

B2
0

8⇡

Z
F(k, z, t)d ln k . (54)

The equation for the evolution of the self-generated turbulence F(k, z, t)
is described in Sec. 2.2 and its mathematical expression is

@F

@t
+ u

@F

@z
= (�CR - �D)F(k, z, t) , (55)

which, as for the transport equation (47), is solved in the box 0 6 z 6
Lc with u = vA. At t = 0 we assume that the magnetic turbulence is
the one estimated from the Galactic diffusion coefficient, i.e.

F(k, z, t = 0) = Fg(k) ⌘
1

3
rL(p)

v(p)

Dg(p)

����
rL(p)=1/k

, (56)

where Dg(p) is the Galactic diffusion coefficient. As functional form
for Dg(p) we use the formula derived in Ref. [132] from a leaky-
box fit to GALPROP (see http://galprop.stanford.edu) results for a
Kolmogorov turbulence spectrum, i.e.

Dg(p) = 5.2⇥ 1028 �-2

✓
p

3p0

◆1/3

cm2s-1 , (57)

where � = v(p)/c. As boundary condition we require that @F/@z = 0

at z = 0.
In Sec. 2.2.2 we showed the calculation of the growth rate �CR of

the resonant streaming instability (the final expression is reported
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Eq. (16)). In this work we consider as energy range from 10 to 104 GeV.
In this range the fastest growing modes are those generated by par-
ticles with E = 10 GeV. Hence, to give an estimate of the magnitude
of the growth rate we evaluate �CR at this energy. As parameters
reference values we assume B0 = 3 µG and ISM number density
ni = 0.45 cm-3. At the beginning of the escape the initial condi-
tions impose F(10GeV) ⇠ Fg(10GeV) ⇠ 10-6 while |@f/@z| ⇠ |2q0/z0|,
which as an order of magnitude give �CR(10GeV) ⇠ 2 ⇥ 10-5s-1 for
both injection slope ↵ = 4 and 4.2. This value has to be compared
with the damping rates of the three damping mechanisms described
in Sec. 2.3 to evaluate the importance of this instability.

�.�.� Damping processes

We consider three damping mechanisms which can dissipate the en-
ergy of unstable resonant waves and, consequently, reduce the effect
of magnetic field self-generation. These mechanisms are: non-linear
Landau damping (NLLD), ion-neutral damping (IND) and a damp-
ing firstly proposed by Farmer and Goldreich (FG) in Ref. [122].

As discussed in Sec. 2.3.1, the NLLD is a non-linear process charac-
terized by a cascade energy a la Kolmogorov due to wave-wave inter-
actions. The dependence of �NLLD on the wavenumber can be trans-
lated into a dependence on particle energy through the resonance
condition k = 1/rL which yields

�NLLD(E, z, t) = 4.7⇥ 10-9
p
F(E, z, t)⇥

✓
B0

3µG

◆2

⇥
✓

E

10GeV

◆-1 ⇣ ni

0.45cm-3

⌘-1/2
s-1 . (58)

From the above expression it is evident that at the beginning of the
escape, where F ⇠ Fg ⇠ 10-6, for particles with energy of 10 GeV
�NLLD(10GeV) ⇠ 4.7⇥ 10-12s-1 is several order of magnitude smaller
than �CR(10GeV).

The second damping mechanism is IND which occurs only in a par-
tially ionized medium, as discussed in Sec. 2.3.2. Indeed, the physical
process at the basis of wave energy dissipation is the viscosity effect
produced by charge exchange between ions and neutral atoms. A
difference with respect to the NLLD is the linearity of this process
together with the fact that its damping rate does not depend on F.
The efficiency of this mechanism in quenching streaming instability
depends on the ionization level of the near source region. The phases
of ISM which occupy most of the disc volume are: the warm neutral
medium (WNM), the warm ionized medium (WIM) and the hot fully
ionized medium (HIM). Following Ref. [133], one could argue that the
part of ISM which is most important in terms of particle propagation
is a mixture of WIM and HIM. In the WNM, composed mostly by neu-
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tral atoms, instead IND would severely inhibit wave growth, thereby
suppressing diffusion. For this reason the WNM is not considered
here. In table 1 in Sec. 2.3.2 we report the parameters characterizing
the WIM, taken from Ref. [128]. Most of the gas is ionized with den-
sity that can be as high as ⇠ 0.45 cm-3 but neutral gas is still present
with density ⇠ 0.05 cm-3. However, following Ref. [134], it is possi-
ble that the WIM, having temperature around 8000 K, is made of fully
ionized hydrogen, while only helium would be partially ionized. This
latter picture would have prominent consequences in terms of IND.
Indeed, the cross section for charge exchange between H and He is
about three orders of magnitude smaller [135] than for neutral and
ionized H, so that the corresponding damping rate would be greatly
diminished. For completeness we mention that there is another pro-
cess which can contribute to the ambipolar diffusion responsible for
IND, which is the elastic interaction between protons and neutral
atoms [136]. In case of p+He collisions this process is the dominant
one in term of cross section. However, while the momentum trans-
fer due to charge exchange interaction results almost the same over
the angular velocity distribution in the energy range 1 - 10 eV (the
typical range of energy of the background protons in the ISM we con-
sider), in case of elastic collision this strongly depends on the angular
velocity distribution. Comparing the charge exchange cross section
for p + H interaction with the momentum transfer cross section for
p + He interaction [135] we find that the last process is still negligi-
ble with respect to the first, so that in case of a medium with fully
ionized hydrogen where only helium is partially ionized the effect of
IND is effectively reduced with respect to the case of partially ionized
hydrogen. Unfortunately, at present, there is no quantitative assess-
ment of this phenomenon and one can only rely on a comparison
between cross sections of charge exchange. On the other hand, it is
also possible that a small fraction of neutral hydrogen is still present,
in addition to neutral helium: as reported in Ref. [134], the density of
neutral H can be . 6 ⇥ 10-2ni, and for ni = 0.45cm-3 this implies
an upper limit to the neutral H density of ⇠ 0.03 cm-3. For this kind
of near source region, those waves excited by particles with energy
E = 10 GeV undergo a damping rate �IND(10GeV) ⇠ 4.5 ⇥ 10-10s-1,
still smaller than the streaming growth rate.

The third mechanism taken into account is the wave-wave damp-
ing firstly proposed by Farmer and Goldreich in Ref. [122] and de-
scribed in Sec. 2.3.3. They suggested that waves generated by the CR
resonant streaming instability interact with oppositely directed tur-
bulent wave packets characterizing a pre-existing MHD turbulence.
As a consequence, wave energy dissipates due to a cascade from a
large injection scale LMHD, comparable with the background coher-
ence scale Lc, to smaller scales. At E = 10GeV also this damping is
negligible with respect to the growth of CR streaming instability.
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Figure 6: Growth rate of the streaming instability compared to the damp-
ing rates of the three processes as a function of particle en-
ergy E at the beginning of particle propagation into the near
source region. The solid black line represents the estimate of
�CR(E) / 2q0(E)/(z0Fg(kres)) for the injection slope ↵ = 4, while
the dashed black line represents the same estimate of �CR for
↵ = 4.2. The solid green line corresponds to the evaluation of
�NLLD at F = Fg. The blue lines correspond to the �IND for the
case with neutral density nn = 0.03 cm-3 (dotted line) and for the
case with neutral density nn = 0.05 cm-3 (solid line). Finally the
solid red line represents the �FG where the MHD scale is equal to
Lc.

In Fig. 6 the resonant growth rate together with damping rates are
plotted as functions of particle energy E, calculated for the initial
configuration f(t = 0, z, p) = f(z, p) and F(t = 0, z, k) = Fg(z, k).
It is clear from the plot that the growth of the resonant streaming
instability is faster than all the damping rates over the whole energy
range and for both the two injection slopes.

�.� ��������� ���������

The numerical procedure used to solve the coupled equations (47)
and (55) is based on a finite difference method for the discretization
of partial derivatives (both in space and time) and a backward inte-
gration in time for Eq. (47), as explained in Appendix C.

We consider four different types of ISM, which are listed in Table 2.
Case A corresponds to the best scenario in terms of the importance
of CR self-confinement process for the grammage accumulated in the
source vicinity. In this case there is the assumption that hydrogen is
fully ionized and the neutral component is made only by He atoms.
In Cases B and C hydrogen is assumed to be partially ionized in order
to estimate the effect of IND on reducing the self-confinement time
and, consequently, the accumulated grammage. In particular, in case
B the choice for nn derives from the assumption that the density of
neutral H is 6 6⇥ 10-2ni [134] which for ni = 0.45 cm-3 gives an up-
per limit of nn = 0.03 cm-3. Case D refers to a more rarefied medium
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Table 2: Table of the four different types of ISM considered in this work.
The parameter ni indicates the number density of ionized H while
the parameter nn corresponds to the number density of neutral H.
Both these densities are expressed in cm-3. The choice for these
values is based on the study of ISM performed in Ref. [128, 133,
134].

Case ni[cm-3] nn[cm-3]

A 0.45 0

B 0.45 0.03

C 0.45 0.05

D 0.01 0

than the one considered in case A. This case refers to the scenario of
core collapse SNs expanding into low density bubbles generated by
the wind of their progenitors. It is not well clear which is the configu-
ration of the magnetic field in the bubble generated by the progenitor
star. In this work we assume that the coherence scale is compara-
ble with that of the magnetic field in the interstellar medium, hence
100 pc. In any case, if the bubble modifies the large magnetic field, the
coherence length should correspond to the size of the bubble which is
not that different from 100 pc (around ⇠ 20 - 30 pc). Nevertheless, we
warn the reader that the observational consequences of CRs propaga-
tion in this rarefied medium do not significantly modify the current
interpretation of data regarding both the Galactic grammage and the
diffuse gamma-ray emission.

In figure 7 the numerical solutions of Eq. (47), Eq. (154) and Eq. (55)
as functions of z are shown for four different times after particles re-
lease (104, 5 ⇥ 104, 105 and 5 ⇥ 105 yr) and at one given energy E =
10 GeV. In the energy range considered in this work, i.e. 10 - 104 GeV,
the unstable modes excited by particles with E = 10 GeV are the most
efficient in terms of self-confinement process. Thus, we choose this
value as reference energy. These solutions are relative to case A where
no neutrals are present, the ion density ni = 0.45 cm-3 and the injec-
tion slope is ↵ = 4. Here we define the CR density nCR as (4/3)⇡p3f

and the Galactic density ng = (4/3)⇡p3fg. From the top panel of
Fig. 7 it is evident that at E = 10 GeV the CR density nCR remains
larger than the Galactic density ng (black dashed line) at least for
t ⇠ 105 yr in a region of about few pc very close to the parent source.
Even after 5⇥ 105 yr the particle density is still larger than the Galac-
tic one for z up to 50 pc. This behavior implies that the accelerated
particles remain self-trapped into the near source region for at least
5 ⇥ 105 yr. This is a relevant time scale if compared to the standard
diffusion time ⌧d = L2

c/Dg calculated at E = 10 GeV, which is of
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Figure 7: Numerical solutions of the particle density nCR = (4/3)⇡p3f (top
panels), of the turbulence spectrum F (center panels) and of the
spatial diffusion coefficient D (bottom panels) as functions of z

for different times as reported in the legend and at fixed parti-
cle energy E = 10 GeV. The black dashed lines correspond to
ng = (4/3)⇡p3fg, Fg and Dg, in the associated panels. These
results refer to the case of fully ionized ISM characterized by
ni = 0.45 cm-3 and the value of the injection slope is ↵ = 4.

the order ⇡ 4 ⇥ 104 yr. In the central panel the spatial profile of
the magnetic turbulence F is reported. It is evident, for instance at
104yr (solid black line), that in correspondence to the strong gradi-
ent of nCR around z ⇠ 1 - 2 pc F peaks at a value ⇠ 3 ⇥ 10-2. Thus,
there is an enhancement of magnetic turbulence which is about four
orders of magnitude higher than the background turbulence Fg (rep-
resented by a dashed black line). This means that particles effectively
affect their own motion by self-generating unstable waves. We note
that this value is still below the limit of validity of quasi-linear theory
F ⌧ 1. When the bulk of particles leaves the region the instability
ceases to grow and the level of turbulence drops to Fg. The behavior
of F at small z is a numerical feature due to the boundary condi-
tion (52) imposed at z = 0. Here, the advection is large enough to
deprive the CR distribution at z ⇠ 0, and consequently to generate
a gradient into f, which in turn enhances the turbulence amplifica-
tion. Nearby z ⇠ 0 the CR gradient is such that the unstable waves
propagate along the wrong direction, namely towards z = 0, so that
the Alfvén velocity is reduced. In this scenario the advection limits a
bit the effect of self-confinement, because particles escape faster from
the near source region. As a result, the confinement time and there-
fore the grammage are slightly reduced. In Ref. [9–11] the authors



�.� ��������� ��������� 47

assume that advection plays a little role in CRs propagation around
SNRs, so that it is neglected. Here, in order to check that this term
does not affect in a relevant way the self-confinement process, we
compared the grammage obtained with and without advection into
the coupled equations (47) and (55). We found that the variation is
present. We note also that at z around Lc F increases as time passes.
This behavior is due to the free escape boundary condition imposed
at z = Lc. Indeed, we impose that particle distribution f must be
equal to the mean Galactic distribution fg at z = Lc. This implies
an abrupt change from a self-similar diffusion solution to a free es-
cape one. In such a way we introduce an artificial density gradient
and consequently an enhancement of turbulence. Nevertheless, we
expect that this feature does not affect self-confinement, in particular
the accumulated grammage. Hence, this artificial gradient produces
an amplified turbulence which is always smaller than the one actu-
ally responsible for self-confinement. In the bottom panel we report
the spatial diffusion coefficient D. It shows, clearly, a profile which
is inverse of the turbulence F behavior, due to their mathematical
relation (154). Thus, in correspondence to the maximum level of tur-
bulence amplification D reaches its minimum ⇡ 5⇥ 1024 cm2/s. This
value is more than four orders of magnitude lower than Dg (dashed
black line). We recall that in the standard diffusive paradigm of CR
Galactic propagation (see Sec. 1.2.1) the Galactic diffusion coefficient
is usually assumed to be the same in the disc and the halo. How-
ever, at those energies where self-generation of magnetic turbulence
can be very efficient in confining particles in near source regions, this
assumption can be controversial, as we will show in Sec. 3.4.

In Fig. 8 there is the same plot of Fig. 7 but for E = 103 GeV. As de-
scribed for the case E = 10 GeV, at time 104 yr particles are confined
very close to the source, in a region of few pc. In correspondence
with the density gradient, the turbulence reaches its maximum value
of 2⇥ 10-1. This implies that even at such high energy the interaction
between CRs and the magnetized ISM is strong enough to amplify the
Galactic turbulence by four order of magnitude. We note also that at
E = 103 GeV the level of maximum amplification is one order of mag-
nitude larger than the one reached at E = 10 GeV. However, this is
due to a higher value of Fg which is proportional to E2/3. CR density,
turbulence and diffusion coefficient start to be different with respect
to those shown at E = 10 GeV when t ⇠ 5 ⇥ 104 yr. This difference
becomes more evident at 105 yr where the strong density gradient
has reached ⇠ 30 pc, which is one order of magnitude more distant
than in the previous one. The reason is that the injected CR spectrum
is a power-law in energy space (see Sec. 3.1), so that the instability
is more efficient, or in other terms the self-confinement lasts longer,
at low than at high energies. At 5 ⇥ 105 yr the density is equal to
the Galactic one which means that all the injected particles have left
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Figure 8: Same as Fig. 7, but for particle’s energy E = 103 GeV.

the region, while in the other case particle density is still larger than
Galactic density (for z up to 50 pc, as previously mentioned). The
second difference with respect to the case of Fig. 7 is the behavior
at small z. This time the diffusion term dominates over advection
and spreads out the distribution reducing the spatial gradient and,
consequently, a smaller turbulence enhancement is observed.

When the injection slope is ↵ = 4.2 the efficiency of the resonant
streaming instability is reduced at high energies with respect to the
case with ↵ = 4. Indeed, while at E = 10 GeV the behavior of nCR, F
and D is basically the same as that shown in Fig. 7, for E = 103 GeV
the situation is different and it is presented in Fig. 9. At time 105 yr
most of particles have left the region, differently to the previous case
where at the same time the peak of the turbulence is at z ⇡ 30 pc (solid
blue line, central panel of Fig. 8). Moreover, there is a reduction of
the maximum level reached by the self-generated turbulence at each
time.

To understand the effect of IND on particle self-confinement, we
show the spatial profile of CR density at E = 10 GeV in Fig. 10 for
the first three cases defined in Table 2. One can clearly see that for
all three cases particle density remains more than one order of mag-
nitude larger than the Galactic mean density (dashed black line) in
a region around 1 - 2 pc from the source and on time scales of order
104 years. We note that this time is comparable with the standard
diffusion time ⌧d = L2

c/Dg calculated at the same energy. Thus, at
this stage streaming instability grows faster than IND even in the case
with the lowest level of ionization (i.e. case C bottom panel). Never-
theless, at later times the IND starts to be relevant. In fact, when
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Figure 9: The caption is analogous of that describing Fig. 8, the only differ-
ence relies on the value of the injection slope which is ↵ = 4.2.

neutrals are present the density drops down to ng at 105 yr, which
means that particles have left the near source region. The turbulence
spectrum for these cases is shown in Fig. 11. At t = 104 yr all cases
show the same spatial profile for z > 0.5 pc, reaching the maximum
value around 1pc where there is the strongest CR density gradient.
However, the profiles differ at small z. Hence, when neutrals are
present the diffusion term becomes dominant over the advection one
at earlier times. This implies that the density gradient produced by
the advection is less evident and consequently a lower level of tur-
bulence is amplified. After 105 yr the situation is changed. Indeed,
while in case A particles are self-confined within ' 5 pc from the
source, in case B they have reached ' 7 pc. In case C the effect is even
more evident with a size of the confinement region about 50% larger
than in case A. This demonstrates how IND effectively reduces the
amplification of magnetic turbulence and hereupon limits the impor-
tance of self-confinement process.

The last of the four cases taken into account is that of rarefied to-
tally ionized medium with ion density ni = 0.01 cm-3, which we
identify as case D. This instance can be relevant when the SNR orig-
inates from a core collapse SN and expands into a low density bub-
ble, which is generated by the wind of the SN progenitor. Here, the
Alfvén speed is larger than in case A, which implies a faster growth
of unstable modes. At the same time either NLLD and FG damping
become faster, due to their proportionality to vA. This would lead to
the conclusion that these effects balance out the faster wave growth,
so that the importance of particle confinement is the same as of case
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Figure 10: Particle density nCR for E = 10 GeV as a function of distance
from the source. The curves refer to times 104, 5⇥ 104 and 105

years, as labelled. In case A (Top Panel) the medium is fully ion-
ized with ni = 0.45 cm-3 while in case B (Central Panel) and in
case C (Bottom Panel) the medium is partially ionized, as listed in
Table 2. In all the three panels the black dashed lines correspond
to ng = (4/3)⇡p3fg.

A. The situation, however, is complicated by the fact that also ad-
vection becomes more important, which leads to an enhancement of
particles escape. In Fig. 12 and Fig. 13 we show the spatial profile of
CR density, of F and of D for E = 10 GeV and E = 103 GeV, respec-
tively. In both figures a strong density gradient is clearly visible near
z ⇠ 0, which is induced by the advection term. We recall that this
feature is probably a fake effect due to the boundary condition (52)
imposed at z = 0. Comparing Fig. 12 with Fig. 7 we note that CR
density of case D is smaller than that of case A for each time. This is
a consequence of the advection which is more relevant in the rarefied
medium. As a result, the effect of self-confinement is reduced at low
energies with respect to case A. Comparing Fig. 13 with Fig. 8 we
note, instead, that CR density has a similar value in both cases and
for each time. Thus, at higher energies advection does not influence
the effect of streaming instability.

In the next section we estimate the time spent by accelerated parti-
cles while they are confined in regions of dimension ⇠ Lc.
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Figure 11: Turbulence spectrum F for E = 10 GeV as a function of distance
from the source for the same cases reported in Fig. 10. In all the
three panels the black dashed lines correspond to the Galactic
turbulence Fg.

�.� ����������� ���� �� ��� ���� ������
������

The calculation of the time spent by CRs near their parent sources
is not straightforward due to the nonlinear processes involved. In
case where a burst of particles is injected a t = 0 with a preassigned
diffusion coefficient equal to Dg(p), about 89% of the total injected
amount N

inj
CR leaves the box within the classical diffusion time ⌧d =

L2
c/Dg. We evaluate the total amount injected into a near source

region as N
inj
CR (p) = 2⇡LcR

2
SNq0(p). The same idea has been used

to estimate the escape time in the nonlinear case. More precisely,
we calculate the number of accelerated particles inside the tube at
time t and at fixed momentum p, namely NCR(p, t), as the difference
between the total amount of particles in the tube and the background
term:

NCR(p, t) = 2⇡R2
SN

ZLc

0

dz[f(p, z, t)- fg(p)] . (59)

The escape time tesc(p) corresponds to the time at which NCR(p, tesc(p))
is 11% of N

inj
CR (p). This estimate is not valid when tesc(p) becomes

smaller than the duration of the SN release phase which happens for
E > 104 GeV.

The behavior of the escape time as a function of particle energy is
plotted in Fig. 14. We show the results for all different types of ISM,
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Figure 12: Same as Fig. 7 but for the case of full ionized diluted medium
with ni = 0.01 cm-3 and E = 10 GeV.

as listed in Table 2, and for injection slope ↵ = 4. The grey dashed line
represents the standard diffusion time ⌧d = 8.3⇥ 104(EGeV)-1/3 yr.

In case A where no neutrals are present (solid black line), the es-
cape time is about two orders of magnitude longer than the standard
diffusion time ⌧d for energies up to few TeV. For higher energies
the efficiency of streaming instability decreases and tesc is severely
reduced even if we still have tesc > ⌧d. Hence, in such a medium the
self-generated turbulence effectively affects particles motion, leading
to a propagation that is not characterized by a constant diffusion co-
efficient. A similar conclusion can be deduced for case D, where the
medium is fully ionized but more rarefied (ni = 0.01 cm-3, solid blue
line). In particular, the escaping time is roughly the same as for case
A for energies around 1 TeV. At lower energies the advection is non
negligible and contributes to reduce ⌧esc. On the other hand, for en-
ergies > few TeV the escaping time becomes larger with respect to
case A. This is due to a faster growing of CR streaming instability in
the rarefied medium, in fact �CR / 1/

p
ni, as we see from Eq. (16).

At the same time the strength of damping mechanisms is reduced.
On one hand the IND is absent, and, on the other hand, both NLLD
and FG are less effective because their damping rate decreases with
energy, namely �NLLD / E-1 and �FG / E-1/2. The importance
of self-confinement is effectively reduced when neutrals are present
in the medium (as showed by Ref. [11, 117]). The dashed black line
and the dashed dotted black line represent the escape time for case B
with nn = 0.03 cm-3 and C with nn = 0.05 cm-3, respectively. IND
decreases the level of turbulence especially in the energy range [102 -
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Figure 13: Same as Fig. 12 but for E = 103 GeV.

103]GeV. However, the escape time remains larger that the diffusion
time at all energies and in particular for E 6 50 GeV and E ⇠ few TeV.
This because the damping rate of the IND remains roughly constant
up to E ⇡ 500 GeV and then decreases as / E-1 (�IND is plotted
in Fig. 6 for both cases), so that the maximum destroying effect is
reached in the energy range [102 - 103]GeV.

Fig. 15 shows the confinement time for all cases when the injection
slope is ↵ = 4.2. At low energies the behavior is quite similar to the
case with ↵ = 4.0 while at high energies the escape time is strongly
reduced for all cases because the smaller energy density of CRs.

�.� ��������

As discussed in Sec. 1.2.1, an important quantity strictly related to
the residence time of CRs in the Galaxy is the grammage, defined
as the amount of matter traversed by CRs during their propagation.
Such quantity is inferred from the measurement of the ratio of pri-
mary to secondary nuclei, as for instance the boron (B)/carbon (C)
ratio [82]. Boron is mainly a secondary product of the nuclear colli-
sions of Carbon (and other heavier) nuclei, while C is mainly primary,
namely directly accelerated in the CR sources. The standard diffusive
picture of the propagation of Galactic CRs is based on the fact that
the Galactic transport is mainly diffusive [1, 6, 7], with a momen-
tum dependent diffusion coefficient Dg(p) over a magnetized halo
of size H ⇠ 3kpc, where the gas density is negligible. In this simple
picture the propagation time is dominated by diffusion in the halo,
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Figure 14: CR escape time tesc as a function of particle energy E[GeV]
for the four different types of ISM listed in Table 2: case A
(black solid line); case B (black dashed line); case C (black dot-
ted dashed line); (4) case D (blue solid line). The grey dashed
line represents the standard diffusion time ⌧d = L2

c/Dg =
8.3⇥ 104(EGeV)

-1/3 yr. The injection slope is ↵ = 4.

⌧d(p) = H2/Dg(p), but most of the grammage is accumulated when
CRs traverse the disc, where the gas is located within a thin region of
half-width h ⇠ 150 pc. The B/C ratio is proportional to Xg and scales
as 1/Dg(p), where it is assumed that the Galactic diffusion coefficient
Dg is the same throughout the disc and halo regions. Nevertheless,
in the near-source regions where the propagation can be dominated
by the non-linear process of self-confinement the accumulated gram-
mage may become a non-negligible fraction of Xg. Moreover, another
contribution might derive from the transport inside the source which
has been estimated in Ref. [20]. These two phenomena can lead to
important implications on the actual model of diffusive propagation
in the Galaxy, in particular relying on the interpretation of the B/C ra-
tio as the overall grammage from which the Galactic diffusion coeffi-
cient is inferred. Indeed, in the range of energy where the grammage
is heavily affected by the self-confinement in the source vicinity or
inside the accelerator the diffusion coefficient inferred from the B/C
ratio is likely to reflect more a combination of Galactic propagation
plus one of the two phenomena described above [117] rather than the
pure diffusive transport on Galactic scales previously described.

In this work we estimate the grammage traversed by CRs while
propagating in the region immediately outside the source as

X(p) = 1.4mpniv(p)tesc(p) , (60)
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Figure 15: The caption is analogous of that describing Fig. 14, the only dif-
ference relies on the value of the injection slope which is ↵ = 4.2.

with the escape time tesc(p) defined in Sec. 3.3. The numerical fac-
tor 1.4 accounts for the fact that both protons and helium nuclei in
the interstellar medium serve as target for the particle collisions that
define X(p).

The grammage X as a function of particle energy is plotted in
Fig. 16, with injection slope ↵ = 4. The thick dashed line shows the
grammage estimated from the measured B/C ratio, assuming stan-
dard CR propagation in the Galaxy with turbulence described a la

Kolmogorov [132]. The thick solid curve represents the grammage
as calculated in the model of non-linear CR propagation of Ref. [19]
(see also [46]). For comparison we also report (with thick dotted line)
an estimate of the grammage traversed by CRs during the time they
spent inside the SNR as calculated by Aloisio et al. [20]. Their esti-
mate is valid for E > few TeV under the assumption that all particles
below such energy are released at the end of the Sedov-Taylor phase.
Their estimate is adapted to our case using ni = 0.45 cm-3. In case A,
in the energy region E . few TeV, the grammage contributed by non-
linear propagation in the near-source region is comparable (within a
factor of ⇠ few) with that accumulated throughout the Galaxy, if the
standard diffusion coefficient is adopted. When neutral atoms are
present, the IND severely limits the waves’ growth: in cases B and C
the grammage in the energy range below few hundreds GeV is about
ten times smaller. However, since the importance of IND decreases
with decreasing wavenumber k, particles at energies above ⇠ 1 TeV
are again allowed to generate their own waves. Hence, the gram-
mage in the near-source region increases, thereby becoming compara-
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Figure 16: Grammage accumulated by CRs in the near-source region for
Lc = 100 pc in the four cases listed in Table 2: case A (thin
dotted-dashed black line); case B (thin dashed black line); case C
(thin dotted black line); case D (thin solid black line), as labelled.
The thick dashed line (labelled as XPSS09) shows the grammage
inferred from the measured B/C ratio [132], while the thick solid
line (labelled as XAB13) shows the grammage resulting from the
non-linear propagation model of Ref. [19]. The horizontal (thick
dotted) line (labelled as XABS15) is the grammage accumulated in-
side the SNR, as estimated in Ref. [20]. The value of the injection
slope is ↵ = 4.

ble with the one accumulated inside the source. Case D corresponds
to a small grammage due to the low gas density. Nevertheless, we
note that Cases A and D correspond to roughly the same propaga-
tion time in the near-source region, in particular in the energy range
[102 - 103]GeV, as shown in Fig. 14. This might have important obser-
vational consequences in case where a dense target for pp collisions,
such as a molecular cloud, is present in a region where the gas den-
sity (outside the cloud) is very low and IND is absent. In fact, in
this situation the long escape times due to self-confinement can in-
duce an enhancement of gamma-ray emission. This emission is due
to the decay of ⇡0’s produced by the collisions between CRs and the
dense target, which can be detected for instance studying the gamma-
ray emission from molecular clouds located in the vicinity of SNRs.
We refer to Ref. [10, 11] for the implications of the self-generation in
terms of enhanced gamma ray emission from dense clouds in the near
source region when also neutral atoms are present. It is interesting
to notice that in cases where neutral atoms are absent, for particles
with energies up to ⇠ 1 TeV, the grammage decreases with energy in
roughly the same way as the observed grammage [132]. This behav-
ior is a result of the dependence of NLLD rate on k. Fig. 17 shows
the grammage calculated with injection slope ↵ = 4.2. The most
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Figure 17: The caption is analogous of that of Fig. 16, the only difference
relies on the value of the injection slope which is ↵ = 4.2.

important difference with respect to the previous case belongs to par-
ticles at energies above ⇠ 1 TeV. In such energy range the accumulated
near source grammage remains below the one accumulated inside the
source. This reflects the small density of particles at such energies,
corresponding to a low growth rate of the instability and therefore to
a small confinement time, as shown in Fig. 15.

The above results show that the grammage traversed by CRs with
energies up to a few TeV is heavily affected by the self-induced con-
finement close to the sources, to an extent that depends on the num-
ber density of neutral hydrogen in the Galactic disc. At energies
& 1 TeV the grammage traversed by CRs can reasonably be expected
to be heavily affected by the in-source contribution, due to the fact
that CRs are trapped in the downstream region of the SN shock before
escaping, as already proposed in Ref. [20] (where the confinement
time is assumed to be ⇠ 104 years). The general picture that arises
from these considerations is that at all energies the observed gram-
mage is affected by either non-linear propagation in the near-source
region or transport inside the source, thereby making the translation
of the grammage (from B/C) to a confinement time in the Galaxy
rather problematic. More specifically, both the normalization and the
slope of the inferred diffusion coefficient are likely to reflect more a
combination of Galactic propagation plus one of the two phenomena
described above rather than the pure CR transport on Galactic scales.

The CR self-confinement near sources can induce an observational
signature: the formation of extended halos of gamma ray emission
from ⇡0 decay in such regions. Indeed, during CR propagation in
near source regions, energetic protons can interact with the ambient
gas via inelastic scattering and produced ⇡0-mesons. These mesons,
in turn, decay into � photons with a typical energy ⇠ 0.1 times the en-
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ergy of the parent proton (i.e. pCR + pISM ! ⇡0 ! 2�, see Ref. [137]
and references therein). The self-confinement process can give rise
to the formation of an halo of gamma radiation characterized by an
extended shape along the direction of escaping particles (which in
the flux-tube approximation coincides with the direction of magnetic
field lines). An estimate of the gamma-ray emissivity within 100 pc
from relatively young CRs sources has been performed by Aharonian
and Atoyan in Ref. [138]. The authors assumed a diffusion coefficient
two orders of magnitude smaller than the Galactic one and showed
that CRs sources may significantly exceed the gamma-ray emission
resulting from the average Galactic CR distribution, providing that
the energy injected from SNRs or pulsar to relativistic particles is
larger than few percents. Moreover, they argued that the presence
of massive gas targets, as molecular clouds, near CRs sources may
drive to the generation of detectable gamma-ray fluxes. In that paper,
however, the value of such diffusion coefficient was only assumed
and not motivated by some physical mechanism. In this thesis we do
not estimate the emission from a single halo because is too faint to
be detected with current gamma-ray telescopes. However, the sum
of these halos over the whole CR source population produces a con-
tribution to the diffuse gamma-ray radiation from the Galactic disc.
The diffuse Galactic emission has been measured by the Fermi-LAT
telescope over 7 years of data acquisition and recently analyzed in
Ref. [88, 89]. Therefore, the predicted emission from the total halo’s
population can be compared with the available data. A clear under-
standing of the diffuse gamma-ray emission is essential to infer the
correct CR distribution in the whole Galactic volume, hence it is im-
portant to disentangle the actual diffuse gamma ray emission from
the one coming from the sources and the near-source regions. The
purpose of this last part of the Chapter is to estimate such contribu-
tion comparing with the recent analysis performed in Ref. [88, 89].

�.� ������� �����-��� ��������

In order to estimate the diffuse �-ray emission from these self-confined
CRs, the first step is to evaluate the emissivity of the � halo produced
around a single SNR. Then, after a sampling of the SNR distribution
into the Galactic disc, the diffusive emission, along a fixed direction
is calculated summing over all halos located along that line of sight.

Using the numerical solutions of the coupled equations (47) and (55),
we evaluate the time-dependent CR spectrum Jp(E, t) ⌘ dNCR/dE

over the flux tube with radius RSN and length 2Lc as:

Jp(E, t) = 2⇡R2
SN

Z lc

0

dz f(E, z, t) , (61)
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where the relation 4⇡p2f(p)dp = f(E)dE has been used. It is impor-
tant to note that Eq. (47) does not contain CR energy losses due to
the inelastic proton-proton interaction because the energy loss time is
⇠ 7⇥ 107yr, hence much larger than the maximum escape time.

�.�.� Emission from a single source

The gamma-ray emissivity, q�(E�, t), from a single source is con-
nected to the integral of ⇡0 emissivity q⇡(E⇡, t) over pion energy
E⇡

q�(E�, t) = 2

Z1

Emin(E�)

q⇡(E⇡, t)p
E2
⇡ -m2

⇡c4
dE⇡ , (62)

where Emin = E� + m2
⇡c4/(4E�) with m⇡ the ⇡0 rest mass. The

factor 2 multiplying the integral in Eq. (62) comes from the fact that
⇡0 decays into 2 photons. We derive the emissivity q⇡(E⇡, t) of ⇡0-
mesons from the CR proton flux, Jp defined in Eq. (61), using the
�-function approximation as done in Ref. [137]

q⇡(E⇡, t) = cni

Z
�(E⇡ -K⇡Ekin)�pp(E)Jp(E, t)dE

= c
ni

K⇡
�pp

✓
mpc2 +

E⇡

K⇡

◆
Jp

✓
mpc2 +

E⇡

K⇡
, t

◆
. (63)

Here E⇡ = K⇡Ekin where K⇡ is the mean fraction of proton kinetic
energy Ekin = E - mpc2 transferred to ⇡0 per collision. The func-
tional form used for the inelastic cross section �pp(E) is taken from
Ref. [139] and reads

�pp(E) =


34.3+ 1.88 ln

✓
E

1TeV

◆

+0.25 ln
✓

E

1TeV

◆2
#

⇥
"

1-

✓
Eth

E

◆4
#2

mb , (64)

where Eth = mpc2 + 2m⇡c2 +m2
⇡/(2mp)c2 = 1.22 GeV is the thresh-

old energy for ⇡0 production. The value chosen for the parameter K⇡

is 0.17 over the whole range of proton energy E = [10 - 104]GeV, as
in Ref. [137].

Fig. 18 reports the �-ray emissivity multiplied by the square of
the photon energy, shown at four different times in case of fully ion-
ized medium and injection slope ↵ = 4 (case A of Table 2). At time
t = 104 yr (solid black line) CRs with E 6 103 GeV are still inside
the box. This implies that for E� 6 102 GeV one has q� ' q�(t =
0) / E-2

� , having the same slope of the CR distribution. The sit-
uation remains almost the same up to t ⇠ 105 yr (solid blue line).
When t ⇠ tesc(10 GeV) ⇠ 106 yr also CRs with E = 10 GeV left the
near source region. Thus, the distribution function reduces to the



60 ����-����������� �� ������ ���� ������ �������� �������

101 102 103
E
γ
[GeV]

1034

1035

1036

E
γ2
q
γ
[G

e
V

/s
]

104 yr

5x104 yr

105 yr

5x105 yr
f
g

Figure 18: �-ray emissivity multiplied by the square of the photon en-
ergy for case A of Table 2 of fully ionized medium with ni =
0.45 cm-3 and injection slope ↵ = 4 at four different times
104, 5 ⇥ 104, 105 and 5 ⇥ 105 yr, as labeled. The dotted dashed
black line correspond to the Galactic emissivity q�,g which is
the emissivity calculated with f = fg.

Galactic one and the emissivity becomes equal to the Galactic aver-
age q�,g / E-2.7

� (represented by dotted dashed black line). The plot
of the emissivity for the case D with rarefied fully ionized medium is
not shown because it presents quite the same time evolution of case
A. When neutrals are included, the escape time decreases, as shown
in Fig. 14, hence the gamma-ray emissivity is accordingly reduced for
5⇥ 104 yr , as shown in Fig. 19. It is interesting to note that in case C
(and case B) a bump in the emissivity appears around E ⇠ 300 GeV for
t = 5 ⇥ 104 yr, because at such energies IND is less important than
at lower energies. This bump will persist, to some extent, in the total
flux integrated over all remnants, producing a slope change around
⇠ 100 GeV, as we will show in Sec. 3.5.3.

�.�.� Source distribution in the Galactic disc

To estimate the contribution of self-confined CRs to the diffuse �-ray
emission, the second step is to sample the distribution of SNRs lo-
cated into the Galactic disc. We assume that the Galactic disc is char-
acterized by a diameter of ⇠ 30 kpc and a thin width of ⇠ 300 pc. At
zeroth order the disc can be described using a cylindrical symmetry,
with a SNR distribution which is uniform in the azimuthal direction
� and depends only upon the galactocentric radius R. We use the
functional form in R derived by the recent work of Green in Ref. [140]
who also assumed an uniform distribution in � and inferred the ra-
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Figure 19: Same as Fig. 18 but for the case C with ni = 0.45 cm-3 and
nn = 0.05 cm-3.

dial dependence analyzing a sub-sample of radio SNRs. The result is:

gSN,R(R) /
✓

R

R�

◆↵

exp
✓
-�

R- R�
R�

◆
, (65)

where for the best-fitting Green [140] obtained ↵ = 1.09, � = 3.87 and
the position of the sun R� is assumed as 8.5 kpc. First of all we notice
that this distribution is peaked around ⇠ 4 kpc, half of the distance
between the Sun and the Galactic center. In addition we mention
that, as discussed by Green [140], the fit reported in Eq. (65) is not
extremely well defined because there is some degeneracy between
parameters ↵ and �. Nevertheless such uncertainty does not have a
significant impact on our results. In passing, we notice that the dis-
tribution in Eq. (65) has been used by Recchia et al. [141] to justify
the peak of CRs inferred around R ⇠ 4 pc by the analysis of gamma-
ray diffuse galactic emission of FermiLAT performed in Ref. [88, 89].
We also need to define the time distribution of SN explosions. In-
deed, it is generally accepted that on average a SN explodes every
30 yr in our Galaxy [1, 90]. We assume that the time at which a SN
explodes follows a Poisson distribution where the mean rate of explo-
sions RSN = 1/30 yr-1. The sources that contribute to the total �-ray
emission are those with an age that does not exceed the maximum
confinement time, corresponding to that of CRs with E = 10 GeV in
all the analyzed cases.

�.�.� Gamma-ray emission from the Galactic disc

Here we compare the gamma-ray emission resulting from all �-halos
with data on the diffuse �-ray emission of the Galactic disc. This
emission has been detected by the Fermi-LAT telescope over 7 years
of observations, in an energy range from 0.1 GeV to > 100 GeV and
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Figure 20: Sketch of the Galactic coordinate system where l is the Galactic
longitude and b the galactic latitude (Wikimedia Commons).

with a very high flux sensitivity [142]. In 2016 Yang et al. [88] and
Acero et al. [89] published two independent analyses of the Fermi-
LAT data presenting their results in different ways. In Ref. [88] the au-
thors show the spectral energy distribution E2

�dN/dE (dN/dE is the
gamma-ray flux per unit energy) of the �-ray spectrum, as reported in
Fig.(1) of the paper, considering three different regions of the Galactic
disc: towards the direction of the Galactic center, towards the direc-
tion orthogonal to the Galactic center and towards the outside of the
disc. In Ref. [89], instead, the Fermi collaboration shows the spectral
energy distribution of the gamma-ray emissivity E2

�q� per hydrogen
atom in nine Galactocentric annuli, as reported in Fig.(7) of the paper.
However, this data representation is model dependent since it relies
on the kind of ISM in which CRs propagate. On the contrary, the
analysis performed in Ref. [88] is model independent and therefore
the comparison with it is more suitable because. For completeness
we show the comparison with both works.

We start describing the procedure used to calculate the spectral en-
ergy distribution of an angular sector in order to compare our results
with those of Ref. [88]. It is necessary to change system of coordinates,
passing from Galactocentric system to the Galactic coordinate system
where the Sun is the center of the reference frame. Each source is rep-
resented by two new coordinates: d is the distance of a SN from the
Sun, l is the Galactic longitude, i.e. the angular distance of a SN with
primary direction from the Sun to the Galactic center, as sketched in
Fig. 20. An angular sector corresponds to a cone with the principal
vertex on the Sun and with angular aperture �l = l2 - l1, where l1
and l2 are two arbitrary Galactic longitudes. In such a region of the
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disc, the �-ray flux emitted by self-confined CRs is estimated as the
sum over all the fluxes emitted by SNe with l1 6 l 6 l2:

��l(E�, �l) =
X

l16l6l2

q�(tage, E�)

4⇡d2
. (66)

Here we sum also over tage which is the time at which the SN ex-
plodes and injects the accelerated particles into the surrounding ISM.
It is worth noticing that in this observable the most important contri-
bution is provided by the nearest SNe to the Sun. The second pro-
cedure we describe is the one used to calculate the spectral energy
distribution of a ring sector of the Galactic disc, in order to compare
our results with those of Ref. [89]. In this case the Galactocentric sys-
tem of coordinate R, � is used. A ring sector corresponds to a portion
of the disc with radial size DR = R2-R1, centered with respect to the
Galactic center. Thus, the total �-ray emissivity per H atom is defined
as:

�DR(E�, DR) =
X

R16R6R2

q�(tage, E�)

4⇡niDV
, (67)

where the sum is also over the age of the source, DV = ⇡hd(R2
2 - R2

1)
and hd = 300 pc is the height of the Galactic disc. The observable ex-
pressed in Eq. (67) provides some different information with respect
to the one expressed in Eq. (66), because all the sources contribute
with the same weight. Moreover, while the flux defined in Eq. (66) is
model independent since directly measured by Fermi-LAT, the �-ray
emissivity per H atom depends on the gas distribution.

In Section 3.5.4 we compare the predictions obtained within the
model of self-confinement with the data measured by Fermi-LAT and
analyzed in two works, Ref. [88] (see Fig.1 in the cited reference) and
Ref. [89] (see Fig.7 in the cited reference), recalling that the compar-
ison with the results presented by the Fermi collaboration is less re-
liable due to the model dependence from the gas distribution in the
Galaxy.

�.�.� Results

In order to take into account the statistical fluctuations in the spa-
tial and temporal SNR distribution, the SNR sampling in the disc
has been repeated for 100 times. For each sampling the total �-ray
emission has been calculated in both ways defined by equations (66)
and (67). The spectral energy distribution of the total �-ray emission
for all the realizations has been plotted in Fig. 21 for the angular sec-
tor 5� 6 l 6 15� calculated for case A of Table 2. The fluctuations in
the gamma-ray flux are mainly due to SNRs located in the vicinity of
the Sun.
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Figure 21: Spectral energy distribution of the total �-ray emission E2
�⇥�Dl

as a function of photon energy for all the 100 samplings for case
A of fully ionized medium and injection slope ↵ = 4 in the an-
gular sector 5� 6 l 6 15�, corresponding to looking towards
the Galactic center. The white thick dashed line corresponds to
the mean value. In each panel the green curve represents our
estimate of the diffuse gamma-ray emission.

In order to represent the result in a more suitable way, we consider
the mean value over the whole samplings with an uncertainty band
calculated at the 68th percentile. In Figure 22 we compare our predic-
tions on the spectral energy distribution of the total �-ray emission
with Fermi-LAT data analyzed Ref. [88]. We consider the case of fully
ionized medium with ni = 0.45 cm-3. From top to bottom we show
three different sectors with l 2 5� - 15�, 85� - 95� and 175� - 185�

which correspond to looking towards the Galactic Center, a direction
orthogonal to the Galactic Center and towards the anti-center, respec-
tively. The mean number of SNRs is maximum in the first sector, i.e.
⇠ 700. This quantity decreases moving away from the Galactic Center,
being ⇠ 350 and ⇠ 15 in the sectors 85� - 95� and 175� - 185�, respec-
tively. Correspondingly, the statistical error increases for the more
external sectors. In all cases our predictions are very close to the
data. This implies that the streaming instability can provide a non-
negligible contribution to the diffuse emissivity, in particular towards
the Galactic center where the majority of sources is located. Indeed,
at E� = 2 GeV the predicted mean flux is about 60% of the observed
flux. The fact that the predicted flux almost saturates the observed
one has to be taken with caution. In fact in this case a totally ionized
plasma has been considered, which cannot be a realistic assumption
for all SNRs. As a consequence the resulting flux has to be taken as
un upper limit. In addition we notice that in all the three sectors the
slope of the predicted flux is close to the slope which can be inferred
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Figure 22: Parameters : ni = 0.45cm-3 and nn = 0cm-3 and injection
slope ↵ = 4. The spectral energy distribution of the total �-ray
emission E2

� ⇥�Dl is reported in three different angular sectors,
i.e. on top 5� 6 l 6 15�, on center 85� 6 l 6 95� and on bottom
175� 6 l 6 185�. The black dashed line corresponds to the mean
value, while the band corresponds to a confidence level of 64%.
The analyzed data (from Ref. [88]) are plotted with their error-
bars.
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Figure 23: Comparison between the sum of the diffuse gamma-ray emission
with the mean value gamma-ray emission produced by the self-
confinement process (corresponding to the black dashed line in
Fig. 22) and data from Ref. [88].

from the data, especially at lower energies. In each panel the green
curve represents the estimate of the spectral energy distribution of
the diffuse gamma-ray emission due to the average Galactic CR spec-
trum. To evaluate this quantity we have assumed that the average CR
energy spectrum fCR depends from the Galactocentric radius in the
same way as the SNRs distribution. Moreover, we assume that at the
Sun position fCR has to be equal to the one measured by AMS02 [41]
(expressed in Eq. (49)). The distribution of the gas, assumed to be
made by H and He atoms, is the one used in the GALPROP code (see
galprop.stanford). In all panels our model of the diffuse gamma-ray
emission underestimates the data, which probably depends on our
choice for the gas distribution. In particular in sector 5� - 15� the dif-
ference is more pronounced for energies > 10 GeV, while in the other
two sectors this difference is present in all energy range measured by
Fermi-LAT. When we add this diffuse emission to the one produced
by the self-confinement process, as reported in Fig. 23, the difference
with respect to data is reduced. This fact implies that the gamma-ray
emission produced by the self-confined accelerated particles might
be a non-negligible contribution to the diffuse gamma-ray emission
in the Galactic disc.

In Fig. 24 we report the spectral energy distribution of the total �-
ray emissivity per H atom in six different ring sectors compared with
data taken from Acero et al. [89]. In each sector the mean number
of SNRs is quite large, namely around 103 - 2 ⇥ 103. This explains
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Figure 24: Parameters : ni = 0.45cm-3 and nn = 0cm-3 and injection
slope ↵ = 4. The spectral energy distribution of the total �-ray
emission per H atom E2

� ⇥ �DR is reported in six different ring
sectors (see labels). The black dashed line corresponds to the
mean value, while the band corresponds to a confidence level of
64%. The analyzed data (from Ref. [89]) are plotted with their
error-bars.
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Figure 25: Left panel: same as Fig. 22; Right panel: same as Fig. 24. For both
panels ni = 0.45cm-3 and nn = 0.05cm-3.

why the width of the uncertainty band is so small with respect to the
angular sectors. Moreover, compared to the left panel, the data in
the right panels do not include any information about the distance
of the sources in Ref. [89]. This is the reason why in the first case
the error-bars are so large with respect to the second case. Therefore,
while the comparison with the results presented in Ref. [88] is more
appropriate, because these refer directly to the observed data with-
out any model dependent assumption, in Ref. [89] the comparison is
useful only to analyze the behavior of the slope of the spectral distri-
bution. In the two panels on the top, the distance from the Galactic
center is 6 5.5 kpc and the predictions have roughly the same slope of
the analyzed data. In the two panels on the center the change in the
slope present in the analyzed data at E� ⇡ 30 GeV is not predicted by
the model. In the last two panels on the bottom there is not a good
agreement between the results and the analyzed data.

In Fig. 25 and Fig. 26, where partially ionized media have been con-
sidered, IND reduces the CR contribution to diffuse �-ray emission.
Of course, this effect is less evident in Fig. 26 due to the decreasing
neutral density. What is interesting to notice is that at E� > 102 GeV,
which corresponds basically to CRs with E > 103 GeV, there is a
change of slope in both the �-ray flux and the �-ray emissivity per H
atom. This is due to the fact that CR streaming instability is more ef-
ficient to confine particles at such energies, as it can be seen from the
escape time plotted in Fig. 14. In Fig. 27 we consider the case of fully
ionized medium with ion density ni = 0.01cm-3. On the left panels,
the spectral energy density is about two order of magnitude smaller
than the data, because it scales as ni. On the right panels, the be-
havior is quite similar to the case A though the smaller confinement
time reduces the �-ray emission. When the injection slope is equal
to ↵ = 4.2 the confinement time is significantly reduced at high ener-
gies and as a consequence also the predicted diffuse �-ray emission
becomes lower, as it is shown in Fig. 28 for case with no neutrals and
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Figure 26: Left panel: same as Fig. 22; Right panel: same as Fig. 24. For both
panels ni = 0.45cm-3 and nn = 0.03cm-3.

Figure 27: Left panel: same as Fig. 22; Right panel: same as Fig. 24. For both
panels ni = 0.01cm-3 and no neutrals.
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Figure 28: Comparison of the spectral energy distribution in the angular
sector obtained using two different injection slope ↵ = 4 and
↵ = 4.2 for case A with no neutrals and ni = 0.45 cm-3. For all
the three panels the black dashed line indicates the mean value
for ↵ = 4 while the dotted black line indicates the one for ↵ = 4.2.
Top panel: the red band corresponds to ↵ = 4 while the coral band
corresponds to ↵ = 4.2. Central panel: the blue band corresponds
to ↵ = 4 while the cyano band corresponds to ↵ = 4.2. Bottom

panel: the grey band corresponds to ↵ = 4 while the green band
corresponds to ↵ = 4.2.

ni = 0.45 cm-3 and in Fig. 29 where neutrals are present. In particu-
lar in Fig. 29 when ↵ = 4.2 the change in the slope at E� = 102 GeV
disappears.

A clear understanding of the diffuse gamma-ray emission is essen-
tial to infer the correct CR distribution in the whole Galactic volume,
hence it is important to disentangle the actual diffuse gamma ray
emission from the one coming from the sources and the near-source
regions. The above results show that in case of fully ionized medium
the resulting �-ray emission saturates the observed one leaving little
room for other diffuse components. This result is not surprising be-
cause we do not expect all SNRs to explode in a fully ionized ISM. In
the partially ionized medium, on the contrary, ion-neutral damping
reduces the CR confinement time and the �-ray emission contribute
to roughly 1% of the observed one, a contribution which increases for
energies E� ⇠ 100 GeV.
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Figure 29: Same as Fig. 28 but for case B, i.e. ni = 0.45 cm-3 and nn =
0.05cm-3.

�.� �����������

In this Chapter we solved numerically the non-linear CR transport
equation (47) together with the self-generated wave equation (55) in
a region of 100 pc around the source. We assumed the accelerator to
be a typical SNR with a total energy of 1051erg and a CR accelera-
tion efficiency of 20%. Moreover, we considered that the coherence
scale of the Galactic magnetic field Lc is about ⇠ 100 pc and we as-
sumed that as far as this distance from the source the problem can be
modeled as one dimensional. At larger distances diffusion becomes
three dimensional and the density of CRs contributed by the individ-
ual source quickly drops below the Galactic average (assumed to be
the one observed at the Earth). The CR density gradient in the near
source region is responsible for generation of Alfvén waves that in
turn scatter the particles. As a consequence, CRs residence time in
the near source region is increased.

This phenomenon was previously analyzed in Ref. [9], where the
authors studied the consequences of an impulsive release of CRs by
a source embedded in a fully ionized medium without analyzing the
effect of neutral atoms. In order to obtain a self-consistent analytical
expression for the spatial diffusion coefficient, the authors considered
a steady state solution for the self-generated turbulence, differently
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with respect to our approach where we solve numerically the time
dependent wave equation. There are two more recent papers [10, 11]
which solve the non-linear coupled equations in connection with the
problem of the interaction of CRs with molecular clouds in the near
source region. In Ref. [11], in particular, the authors solve numeri-
cally the non-linear system of differential equations as done in this
work, but focusing mainly on the ion-neutral damping induced by
the presence of neutral particles in the ISM and for this reason taking
into account the warm ionized phase and the warm neutral phase of
the ISM. The main outcome of such paper is that the streaming in-
stability may affect CRs propagation over a region of few tens of pc
around the SNR, inducing a suppression of the diffusion coefficient
by more than a factor of two with respect to the average Galactic
one. Furthermore, the authors discuss the important observational
consequence of the gamma-ray emission due to the interaction of the
escaping CRs with a molecular cloud near the source.

Here, we consider two phases of the ISM, namely the hot fully ion-
ized medium and the warm partially ionized medium. In the first
case the relevant process assumed to damp the resonant streaming
instability is the non-linear Landau damping (discussed in Sec. 2.3.1),
while in the second case is the ion-neutral damping (discussed in
Sec. 2.3.2). In both cases we study the non-linear evolution of CR
propagation near the source calculating the escape time, as defined
in Sec. 3.3, and most importantly the grammage (this quantity has
not been estimated in Ref. [9–11]), as defined in Sec. 3.4. In the ab-
sence of neutrals and with gas density of ⇠ 0.45 cm-3, we showed
that the grammage accumulated in the near source region is compa-
rable (within a factor of few) with the one that is usually inferred
from the measured B/C ratio. On the other hand, when neutrals
are present, as expected for the standard ISM, the accumulated gram-
mage becomes negligible. Nevertheless, it is worth noticing that the
strength of ion-neutral damping, could be different from what we
have assumed, because in the warm-hot ISM most of the neutral gas
is expected to be in the form of He atoms and not only due to Hy-
drogen atoms, as we assumed. The cross section for H-He charge
exchange is much smaller than for H-H [135], therefore it could be
that most damping is actually due to a residual fraction of neutral
H and we made an attempt to bracket the importance of this pro-
cess as due to all these uncertainties. In particular, we found that
at all energies the observed grammage might be affected by either
non-linear propagation in the near-source region, which depends on
the level of ionization of the ambient medium, or transport inside the
source, Thus, we argued that both the normalization and the slope
of the diffusion coefficient inferred from B/C ratio could reflect more
a combination of Galactic propagation plus the two phenomena de-
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scribed above rather than being the result of the Galactic transport
only.

We studied a possible observational signature of this process which
derives from the formation of extended halos of gamma ray emis-
sion from ⇡0 decay in a region of size ⇠ Lc around CR sources. The
gamma-ray halo formed within 100 pc around a Galactic CR source
has been studied in Ref. [138]. In this paper, the authors assumed a
diffusion coefficient two orders of magnitude smaller than the aver-
age Galactic one and showed that the gamma-ray emissivity induced
by escaping CRs may significantly exceed the one produced by the
“sea” of Galactic CRs. Moreover, they argued that the energy injected
from SNRs or pulsar to relativistic particles can be larger than few
percents. Nevertheless, this study was performed without a physical
mechanism responsible for the reduction of the diffusion coefficient.
In our work we analyzed the sum of these halos over the whole CR
source population because it can produce a non negligible contribu-
tion to the diffuse gamma-ray emissivity from the Galactic disc. We
calculated the �-ray emission of these halos for energy E� in the range
[1 - 103]GeV, and we compared our results with the diffuse Galactic
�-ray emission detected by Fermi-LAT, which has been analyzed in
Ref. [88, 89]. We found that in case of fully ionized medium the re-
sulting �-ray emission saturates the observed one. Nevertheless, this
contradictory result is not surprising because here we have assumed
that all SNRs explode in a fully ionized medium, which we expect to
be an approximation too optimistic. Thus, this estimate is an upper
limit of the real self-confined CRs contribution. In the opposite, lower
limit case, where partially ionized medium is considered, ion-neutral
damping reduces the CR confinement time and the �-ray emission
contribute to roughly 1% of the observed one. This contribution in-
creases for energies E� ⇠ 100 GeV.

We conclude warning the reader that in case one considers smaller
acceleration efficiency (6 10%) and/or softer spectra steeper than -
4, the non-linear effects on both the grammage and the gamma-ray
emission are expected to be negligible with respect to the Galactic
observed quantities.





4 S E L F - C O N F I N E M E N T O F C O S M I C
R AY S C LO S E TO E X T R A G A L A C T I C
S O U R C E S

The aim of this Chapter is to study the propagation of ultra-high en-
ergy CRs (UHECRs) while leaving the parent galaxy. In extra-galactic
environments the interaction between CRs and the ambient medium
can give rise, under certain conditions, to the non-resonant stream-
ing instability, first proposed by Bell [25, 26] and described in Ch. 2
in Sec. 2.2.3. When the accelerated particles stream away from their
source, they produce an electric current and the background plasma
reacts generating a return current. This return current can gener-
ate unstable modes. The growth of such instabilities leads to large
turbulent magnetic fields and to enhanced particles’ scattering. As
a result, CRs can become self-confined near the source regions, in
analogy with the Galactic case. This can have important implications
on Extra-Galactic CR propagation. In particular, if particles remain
self-confined for times exceeding the age of the Universe, they can-
not propagate to the Earth. Thus, the self-confinement process can
introduce a critical energy below which CRs cannot reach the Earth,
giving rise to a low energy cutoff in the extragalactic CR component.,
as we will discuss in Sec. 4.4.

In the next section we describe the physical framework discussing
the relevant model parameters, such as the mean value and coherence
scale of the Extra-Galactic magnetic field and the injection CR spec-
trum. In Sec. 4.2 and Sec. 4.3 we calculate the amplified magnetic field
in three dimensional and one dimensional regimes of propagation, re-
spectively. Finally, in Sec. 4.4 we discuss the confinement energy in
this two different regimes.

�.� �������� ���������

In this work we do not make any particular assumption about the
nature of the nature of Extra-Galactic sources producing UHECRs.
We just assume that the source, whatever it is, is located in its par-
ent galaxy. We further assume that the spectrum of particles leaving
the source is a power law with injection slope 4 in the momentum
domain, i.e. q(p) / p-4 up to some maximum momentum pmax.

75
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The distribution function of CRs streaming out of such sources at a
distance r from it can be written as

f(p, r) =
dNCR

dVd3p
= q(p)A(r)

= A(r)
1

4⇡p3
0

✓
p

p0

◆-4

⇥(pmax - p)⇥(p- p0) .

(68)

We calculate A(r) by imposing that the source luminosity in CR, LCR,
divided by the surface S = 4⇡r2, namely

Ps =
Fs

S
⇠

LCR/c

4⇡r2
, (69)

equals the CR pressure at the same distance r, defined as

PCR =
4⇡

3

Zpmax

p0

dp p3v(p)f(p, r) ' A(r)
cp0

3
ln (pmax/p0) , (70)

where we have considered only relativistic CRs. By equating equa-
tions. (69) and (70) and considering the fact that in the relativistic
regime 4⇡p2f(p)dp = f(E)dE, in the energy domain one has

f(E, r) =
LCR

⇤

E-2

4⇡r2c

⇡ 1.7⇥ 10-14L44 E-2
GeV r-2

Mpc cm-3GeV-1 , (71)

where ⇤ = ln(Emax/E0)/3 ⇡ 25 with Emax = cpmax � E0 = cp0

and LCR = 1044L44erg/s (energies are in GeV and distances in Mpc).
It is reasonable to suppose that the parent galaxy is located in a re-
gion of the intergalactic medium (IGM) where the density of bary-
onic gas is nb = ⌦b⇢cr/mp ⇡ 2.5 ⇥ 10-7 cm-3, with ⇢cr being
the critical mass density of the Universe and ⌦b = ⇢b/⇢cr ' 0.022

the ratio of the baryon density ⇢b with respect to the critical one.
We assume that a cosmological magnetic field permeates the IGM
surrounding the source with a strength B0 = 10-13B-13G and a
correlation scale �B ⇠ 10 Mpc [30, 31]. As in the galactic environ-
ment, on scales smaller than �B, the field can be considered as ori-
ented along a given ẑ direction and the associated Alfvén speed is
vA = B0/

p
4⇡⌦b⇢cr ⇡ 44 B-13 cm s-1. After the acceleration has

taken place, the positively charged particles (assumed to be protons)
propagate into the IGM surrounding the source. In this scenario, the
electric current formed by the escaping CRs can induces the motion
of the background plasma in the form of a return current in order to
ensure local charge and current neutrality. As explained in Sec. 2.2.3,
this situation is known to give rise to the non-resonant streaming in-
stability that is potentially very important for CR transport [25, 143].
The purpose here is to study under which conditions the instability
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takes place in the IGM close to the source and what are the conse-
quences on CR propagation [121].

In the next sections we analyze the condition for the development
of non-resonant modes of the streaming instability assuming a bal-
listic CRs propagation. We consider two possible scenarios: the first
case in which the background magnetic field is extremely small so
that we can assume three dimensional propagation (discussed in sec-
tion 4.2) and the second case in which the background magnetic field
is strong enough to imply a propagation one dimensional (discussed
in section 4.3).

�.� ����� ����������� �����������

In the case where the background field is zero, or if the Larmor radius
of the particles is rL � �B the situation can be described as a ballistic
regime in a three-dimensional space. The current associated with CRs
streaming away from their sources in the IGM is easily written as a
function of the minimum energy E of particles producing the current
as

JCR = ec

ZEmax

E

dE 0f(E 0, r) =
eLCRE-1

4⇡⇤r2
, (72)

where in the first equality we used the fact that particles are relativis-
tic so that their streaming velocity is well approximated by the speed
of light and in the last equality Eq. (71) has been used together with
the condition E ⌧ Emax.

A current propagating in a plasma can give rise to instabilities of
different types. To be in the CR current-driven regime which gives
rise to the non-resonant streaming modes, the condition (149) has to
be satisfied, which can be rewritten as

JCRE >
ceB2

0

4⇡
. (73)

This condition, which is the standard one for the development of non-
resonant modes of the streaming instability, as derived in Ref. [25], is
equivalent to the requirement that the energy density of CRs is locally
larger than the energy density in the form of pre-existing magnetic
field, B2

0/4⇡. It is important to note that for an injection spectrum /
E-2, this requirement becomes independent of E and, using Eq. (72),
it can be formulated as

r < rinst = 3.7⇥ 104
L
1/2
44

B-13
Mpc , (74)

therefore, obtaining a condition on the maximum distance from the
source at which non resonant modes can be excited. When Eq. (74)
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is satisfied unstable modes with a wavelength much smaller then the
particles Larmor radius, grow with a rate given by Eq. (19). In partic-
ular, the fastest growing mode has a wavenumber

kmax =
⇠

rL,0
=

B0JCR

mpnpv2A
, (75)

that reflects the equilibrium between magnetic tension and JCR ⇥ �B

force on the plasma, namely kmaxB0 = 4⇡
c JCR, being �B the am-

plified magnetic field. The associated growth rate is derived from
Eq. (19) with the substitution of the expression for kmax and it reads

�max = kmaxvA =

s
4⇡

nbmp

JCR

c
, (76)

independent of the initial value of the local magnetic field B0. The
fact that the scale of the fastest growing modes k-1

max is much smaller
than the Larmor radius of the particles dominating the current im-
plies that these unstable modes have no direct influence on parti-
cle scattering but they contribute to the magnetic field amplification.
This conclusion is however changed by the non-linear evolution of
the modes which leads the amplification to reach a saturation level
affecting particles’ escape. To estimate this saturation level, a simple
reasoning is followed. As long as the unstable modes develop on
small scales, the current cannot be affected by the instability, hence
one could treat the two as evolving separately. In this scenario, the
force acting on a fluid element composing the background plasma is
basically ⇠ JCR�B/c. Thus, the equation for momentum conservation
describing the motion of the fluid element is

⇢
dv

dt
' 1

c
JCR�B exp (�maxt) , (77)

where in the last passage we have assumed that the amplification
follows an exponential growth, i.e. �B(t) = �B exp (�maxt). From the
above equation one can approximate the velocity of the fluid element
as v ⇠ (�B(t)JCR)/(c⇢�max), which upon integration, leads to an
estimate of the mean fluid displacement as

�x ⇠
�B(t)JCR

c⇢�2
max

. (78)

The saturation of the instability happens if the displacement equals
the Larmor radius of particles in the current as calculated in the am-
plified magnetic field, i.e. �x = E/(e�B). When this condition is
fulfilled, the consequence is that scattering becomes efficient and the
current is destroyed. This simple criterion returns a sort of equiparti-
tion between the magnetic energy density and the initial energy den-
sity carried by the CR current, or in mathematical terms

�B2

4⇡
⇡ JCRE

ce
=

LCR

4⇡⇤r2c
. (79)
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It is worth to stressing that in the case considered here we have
JCR / E-1, hence the magnetic field saturates to a value which is
independent of the energy of particles producing the current. In
Ref.[144] the authors inferred a somewhat lower value of the satu-
ration from their numerical simulations, as due to the non-linear in-
crease of the wavelength of the fastest growing modes. Following
such a prescription the saturation level of the magnetic field would
be ⇠ 10 times smaller. The condition of equipartition expressed by
Eq. (79) has been often assumed in the literature without justification,
while here arises as a result of the physics of magnetic amplification
itself.

Using Eq. (79) the strength of the saturated field can be written in
terms of the distance r from the source

�B(r) = 3.7⇥ 10-9L
1/2
44 r-1

MpcG , (80)

expressing the rather strong amplification with respect to the back-
ground field.

Nevertheless, the previous estimation is valid only if the growth
is fast enough so as to reach saturation in a fraction of the age of
the universe, t0. Numerical simulations of the instability, as done
in Ref. [25] show that saturation can occur when �max⌧ ⇠ 5 - 10.
This latter condition reads �maxt0 & 5 and translates into a second
condition on the maximum distance from the source at which the
instability can reach the saturation level, which is:

r < rgrowth = 1.2⇥ 104L
1/2
44 E

-1/2
GeV Mpc . (81)

In the regions where both the two conditions expressed by Eqs. (74)
and (81) are fulfilled, the magnetic field reaches the saturation level
and can be estimated as in Eq. (80). Moreover, when this happens
�B � B0 and there is roughly equal power at all scales. In other
words being �B in Eq. (79) independent of energy E, it is reasonable to
assume that particle propagation can be described as diffusive, with a
diffusion coefficient corresponding to Bohm diffusion in the magnetic
field �B.

Two important comments are in order. Bohm diffusion regime is
generally found in the quasi-linear theory of wave particle interac-
tions when �B/B0 < 1 and �B2 is roughly independent on the scale
(see Ref. [15]). In the particular case of turbulence generated by Bell’s
instability, with �B/B0 � 1 and scale invariant power spectrum, there
is additional evidence that transport is governed by Bohm diffusion,
as discussed in Ref. [145] and Ref. [143]). Thus, in the Bohm regime
the particle diffusion coefficient can be written as:

D(E, r) =
c rL
3

= 9⇥ 1024EGeV rMpc L
-1/2
44 cm2s-1 , (82)

where particle Larmor radius is calculated in the amplified magnetic
field �B expressed in Eq. (80).
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An important conclusion about the effect of the non-resonant insta-
bility on particle motion during the escape from the source is that if
the initial propagation is in the ballistic regime the accelerated parti-
cles can produce enough turbulence to make their motion diffusive.
The diffusion time over a distance r from the source can be estimated
as

⌧d(E, r) =
r2

D(E, r)
⇡ 3.3⇥ 1016rMpc E-1

GeV L
1/2
44 yr , (83)

from which follows that particles can be confined within a distance r

from the source for a time exceeding the age of the Universe if their
energy fulfills the required condition:

E . Econf = 2.6⇥ 106 rMpc L
1/2
44 GeV . (84)

A bit of attention needs to be paid on the assumption of ballis-
tic regime, because when the motion becomes diffusive the initial
assumption is no longer valid. However, what really matters is the
electric current which is responsible for the excitation of the magnetic
fluctuations. Indeed, such current remains the same in the diffusive
regime, as we will show in the following.

For particles with energy E > Econf in Eq. (84), and assuming
that energy losses are negligible, quasi-stationary diffusion can be
described by the transport equation (8) where only the diffusion term
is retained, which in spherical coordinates reads

1

r2
@

@r


r2D(p, r)

@f

@r

�
=

q(p)

4⇡r2
�(r), (85)

where q(p) is the injection rate of particles with momentum p at r = 0.
Here the advection term has been neglected since there is no bulk
motion of the background plasma and the Alfvén speed is very small.
The above equation can be integrated in r and the solution for the
differential density of CRs at distance r from the source in the energy
domain is

f(E, r) ⇡ LCRE-2

8⇡rD(E, r)⇤
. (86)

By exploiting the definition of diffusive regime, it is clear that the
density of particles returned by Eq. (86) is larger than the density in
the ballistic regime, Eq. (71). However, the current in the diffusive
regime is calculated as

JdiffCR = -eED(E, r)
@f

@r
= e

LCRE-1

4⇡r2⇤
, (87)

which is exactly the same current used in the case of ballistic CR
propagation and reported in Eq. (72).
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This is a very important and general result: the magnetic field,
expressed in Eq. (80), is generated outside a CR source independently
of the propagation mode of CRs, since it is only determined by the
current and not by the absolute value of the CR density. Clearly the
particles that are confined within a distance r around the source do
not contribute to the CR current at larger distances.

�.� ��� ����������� �����������

As mentioned before, the assumption of initial ballistic regime in
a three-dimensional space is valid if the Larmor radius in the pre-
existing magnetic field is much larger than the assumed coherence
scale of the field, namely

E � 106GeV B-13�10 , (88)

where �10 = �B/(10 Mpc). However, when the background field is
relatively strong, then the propagation of CRs from the source be-
comes intrinsically one dimensional, which implies that the differen-
tial number of particles in the energy domain can be written as

f(E, r) =
Q(E)t

⇡r2Lvt
=

2Q(E)

⇡Rc(E)2c
, (89)

where Q(E) = LCRE-2/⇤ with ⇤ defined in Sec. 4.1. In the above
relation we used the fact that the mean velocity of the particles is
v = c/2 for a distribution that is isotropic on a half plane and that
particles spread in the direction perpendicular to the background
field by a distance equal to Rc(E) = max(rL(E), Rs) with Rs the
source size and rL(E) the Larmor radius of particles of given energy
E. For a given source of size Rs the particles with rL > Rs have
EGeV & 9 ⇥ 106B-10(Rs/100kpc). For energies larger than this the
expression for the distribution function becomes

f(E, r) ⇡ 47L44E
-4
GeVB2

-10cm-3GeV-1 . (90)

Like in the three dimensional regime, the electric current associated
to those particles with energy > E able to reach a given location is

JCR ⇡ e
c

2

ZEmax

E

dE 0f(E 0, r) = e
EQ(E)

⇡r2L(E)
, (91)

for which the condition (73) translates into an energy condition

E < Einst = 3.5⇥ 109L
1/2
44 GeV , (92)

being independent of B0. The value reached by the amplified mag-
netic field in the saturation phase is estimated from the equipartition
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between the amplified magnetic energy density and the energy den-
sity carried by CRs as

�B ⇡ 0.7 E-1
GeV L

1/2
44 B-10 G . (93)

This apparently huge value of the magnetic field reflects the very
large density of particles at low energies in the proximity of the
source. Nevertheless, it is important to note that this value is normal-
ized to the density of GeV particles, which only live in the proximity
of the source, generating small scale fields to which high energy par-
ticles are almost insensitive. At Mpc scales instead, where only high
energy particles can arrive, the field strength is much lower and the
reason is shown below. The effect on particle motion by the excite-
ment of the non-resonant streaming modes is to make the propaga-
tion diffusive and a reasonable estimate of the diffusion coefficient
is still the Bohm approximation. Thus, one can write the Bohm-like
diffusion coefficient as

D(E, r) = 4.8⇥ 1016 E2
GeV L

-1/2
44 B-1

-10 cm2s-1, (94)

which leads to an estimate of the diffusion time:

⌧diff = 6.2⇥ 1024 E-2
GeV L

1/2
44 B-10 r2Mpc yr . (95)

To reach a given distance r from the source the diffusion time has to
be shorter than the age of the universe, obtaining a condition on the
maximum distance achievable from the escaping particles

rconf ⇡ 0.5
✓

E

107 GeV

◆
L
-1/4
44 B

-1/2
-10 Mpc. (96)

Following the usual procedure, one can use Eq. (76) in order to calcu-
late the growth rate of the fastest modes

�max = 1.9⇥ 1018L44B
2
-10E

-3
GeV s-1, (97)

and imposing the condition that �maxt0 > 5 another condition on
particle energy is obtained

E . Egrowth ⇡ 5.3⇥ 1011 L
1/3
44 B

2/3
-10 GeV. (98)

It is currently not known if the particles’ escape occurs in one or
in the other regime since only limits exist on the cosmological mag-
netic field, as for instance those obtained from Faraday rotation mea-
sures [29] where the limits are of the order of 6 nG and are model
dependent. There are also numerical simulations of large scale struc-
ture formation in the presence of a background magnetic field that
find value in voids typically of the order of 10-13 G [146]. Indepen-
dently of what kind of propagation regime sets up, the electric cur-
rent formed by the escaping CRs in the proximity of their source is
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able to give rise to the non-resonant streaming instability and one of
the most important effect of particle propagation is their confinement
in the near-source region, as happen for CRs in Galactic sources. For
both the two regimes there are particles which are not able to escape
from the near-source region in a time smaller than the age of the Uni-
verse. In the next section we will estimate this confinement energy.

�.� ����������� ������

We start discussing the confinement energy Ecut in the three dimen-
sional regime. In this regime the confinement energy found in Eq. (84)
is somewhat ambiguous since it depends on the distance r. In order
to find the highest energy up to which CRs are confined to the source
vicinity, all the following three conditions need to be satisfied simul-
taneously: (1) the existence of fast growing modes Eq. (74), (2) the
growth rate faster than the expansion rate of the universe Eq. (81) and
(3) the diffusion time over a distance r from the source larger than the
Age of the universe Eq. (84). The first condition yields a limit on the
distance from the source easy to satisfy (unless the ballistic regime
holds) while the other two conditions lead to the constraint

Ecut ⇡ 107L
2/3
44 GeV . (99)

The particles with energies less than Ecut are confined within a dis-
tance from the source equal to

rconf ⇡ 3.8L
1/6
44 Mpc. (100)

Within such a distance the magnetic field is given by Eq. (80) and
larger than �B(rconf) ⇡ 9.6⇥ 10-10L

1/3
44 G. It is noteworthy that both

the size of the confinement region and the magnetic field depend
weakly upon the CR luminosity of the source, respectively as L

1/6
CR

and L
1/3
CR .

In the case of three one dimensional regime the intersection of all
the three conditions listed above leads to conclude that particles with
energies

E < Ecut = 2.2⇥ 108L
1/4
44 B

1/2
-10 �10 GeV (101)

can be confined within a distance from the source

rconf ⇡ 10 �10 Mpc . (102)

In this scenario the amplified magnetic field at such distance can be
estimated using the equipartition argument and substituting the ex-
pression for Ecut into Eq. (93) one finds

�B ⇡ 3⇥ 10-9L
1/4
44 B

1/2
-10 �-1

10 G . (103)
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Both the results illustrated in the two different regimes are only
sensitive to the CR current, and hence insensitive to whether parti-
cle propagation is ballistic or diffusive. Hence one can conclude that
magnetic fields at the level of 0.1 - 1 nG must be present in regions of
a few Mpc around the sources of UHECRs. The physical prescription
adopted here leads to estimating the strength of the self-generated
magnetic field �B at the level of equipartition with the energy in the
form of escaping cosmic rays, independent of the value of the pre-
existing field B0. A weak dependence on B0 was instead found for
the saturation level in [144], which in our case would lead to �B about
⇠ 10 times smaller for small values of B0, thereby reducing the energy
below which CRs are confined in the source proximity. Understand-
ing the dynamics of the magnetic field amplification and saturation is
clearly very important. One could test the amplification mechanism
in the case of supernova remnant shocks: in this case the saturation
criterion used here translates to �B ⇡

p
4⇡wCRvs/c, with vs the ve-

locity of the supernova blast wave and wCR is the energy density in
accelerated particles. Applying this criterion, we obtain an estimate
of the magnetic field which is in good agreement with that measured
in young galactic SNRs [17]. On the other hand, due to the relatively
small value of �B/B0, the saturation provided by [144] would return a
value of �B only a factor ⇠ 2 smaller, too small a difference to discrim-
inate between the two estimates. The testing is then left to numer-
ical experiments studying the propagation of a current of energetic
particles in a low density, low magnetic field plasma: hybrid simula-
tions with this aim are currently ongoing. It is currently not known
whether the confinement phenomenon occurs in one or the other
regime since only limits exist on cosmological magnetic fields: upper
limits can be obtained from Faraday rotation measures [29] but these
limits are rather weak (. nG) and model dependent. A lower limit
can be found from gamma ray observations of distant TeV sources
[147, 148] and these limits are typically at the level B0 & 10-17 G. Nu-
merical simulations of large scale structure formation in the presence
of background magnetic fields typically find ⇠ 10-13 Gauss magnetic
fields in voids [146] (although see Ref. [149] for different conclusions).
One of the consequences is that the spectrum of CRs leaving these
sources and eventually reaching the Earth must have a low energy
cutoff at an energy Ecut. It is important to note that this kind of cut-
off has been often postulated in the literature in order to avoid some
phenomenological complications that affect models for the origin of
UHECRs, as discussed in Ch. 1 in Sec. 1.4.1. For instance, in the dip
model [33, 34] a low energy cutoff is required to describe in an ap-
propriate way the transition from Galactic to extragalactic CRs. In
general this feature is usually explained as due to the existence of a
magnetic horizon if the propagation of UHECRs is diffusive in the
lower energy part of the spectrum, as done in Ref. [36]. A similar
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low energy suppression of the CR flux is required by models with
a mixed composition [35]. In the calculations illustrated above, the
presence of nuclei is readily accounted for, provided the current is
still produced by protons (assumed to be the most abundant specie).
In this case, the value of Ecut is simply shifted to Z times higher
energy for a nucleus of charge Z.

�.� �����������

In this Chapter we studied under what conditions the electric current
carrying by the escaping CRs gives rise to the non-resonant stream-
ing instability, which leads to particle self-confinement around Extra-
Galactic sources. The details of this process depend on the strength
of the pre-existing magnetic field B0. In case of B0 . 10-10 G and
in the absence of non-linear phenomena we assumed that CRs prop-
agate in approximately straight lines. In this scenario we found that
the development of a Bell-like instability induces particles with en-
ergy . 107L

2/3
44 GeV to be confined inside a distance of ⇡ 3.8L

1/6
44 Mpc

from the source for times exceeding the age of the Universe, thereby
introducing a low-energy cutoff at such energy in the spectrum of
CRs reaching the Earth. In case of larger B0 the gyration radius of
the particles can be smaller than the coherence scale of the field, and
in this case CR propagation develops in basically one spatial dimen-
sion. For a coherence scale of 10 Mpc we found that CRs are confined
in the source proximity for energies E . 2 ⇥ 108L

1/4
44 B

1/2
-10 �10GeV.

It is worth noticing that the phenomenon of CR confinement might
have profound implications for the description of the transition re-
gion between Galactic and Extra-Galactic CRs [33–35]. It is rather
remarkable that the cutoff obtained here as due to self-trapping is
in the same range of values that have been invoked in the literature
based upon phenomenological considerations.





5 C O N C L U S I O N S

In this work, we investigate the self-confinement due to the genera-
tion of plasma instabilities when non-linear effects in the CR propa-
gation around their sources are taken into account. This study has
been pursued in both galactic and extra-galactic environments. The
phenomenon of self-generation of magnetic waves is extremely im-
portant in CR physics, as demonstrated by the non-linear DSA theory
where such effect can allow particles to reach the extreme energy of
⇠ PeV. Such conclusion is also accompanied by observational con-
sequences [1, 5], such as spatially thin rims of enhanced X-ray syn-
chrotron emission [17]. Near CR sources one may expect that the
density gradient of particles may be large enough to affect the en-
vironment in which CRs propagate. In fact, within a distance from
the parent source of the order of the coherence scale of the back-
ground magnetic field, CR propagation is dominated by non-linear
effects if the presence of neutral particles is negligible. A magnetic
turbulence is self-generated by the interaction of energetic particles
with magnetized ISM, via the excitation of CR streaming instability.
Such phenomena can in turn affect CR transport, in general forcing
their confinement in near-source regions to be longer than naively
expected assuming the average galactic magnetic turbulence.

In Ch. 3, we considered particle self-confinement around Galactic
sources. We solved numerically the non-linear CR transport equa-
tion together with the self-generated wave equation in a region im-
mediately outside the source, assumed to be a typical SNR with a
total energy of 1051erg and a CR acceleration efficiency of 20%. On
scales of order the coherence scale of the Galactic magnetic field, i.e.
Lc ⇠ 100 pc, the problem can be considered as one dimensional. At
larger distances diffusion becomes three dimensional and the density
of CRs contributed by the individual source quickly drops below the
Galactic average (assumed to be the one observed at the Earth). The
gradient in the spatial distribution of CRs in the near source region
is responsible for generation of Alfvén waves that in turn scatter the
particles, thereby increasing their residence time in the near source
region. This phenomenon was previously studied in Ref. [10, 11] in
connection with the problem of the interaction of CRs with molec-
ular clouds in the near source region, and in Ref. [9], who studied
the consequences of impulsive release of CRs by a source embed-
ded in a fully ionized medium. We showed that in this scenario, the
grammage traversed by CRs with energies up to a few TeV might be
affected by the self-induced confinement close to the sources, to an
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extent that depends on the number density of neutral hydrogen in
the Galactic disc. In the absence of neutrals and with gas density of
⇠ 0.45 cm-3, the grammage accumulated in the near source region
is comparable (within a factor of few) with the one that is usually
inferred from the measured B/C ratio. In spite of such conclusion
the time spent by CRs in the near source region is still negligible
compared with the total escaping time from the Galaxy, the reason
being the fact that the density near the sources is much larger than
the average density felt by CRs while diffusing in the Halo/disc sys-
tem. The fact that the residence time in the near source region re-
mains relatively short compared with the overall residence time in
the Galaxy implies that the use of radioactive isotopes present in CRs
to determine the residence time in the Galaxy is not affected by the
propagation around the sources. A possible exception could be the
short living isotopes, like 14C (Carbonio 14) whose half-life is only
5700 yr. On the other hand, when neutrals are present, as expected
for the standard interstellar medium, the grammage accumulated in
the source vicinity becomes negligible. Nevertheless, it is worth notic-
ing that the strength of ion-neutral friction, responsible for the wave
damping could be different from what we have assumed. This mainly
because in the warm-hot interstellar medium most of the neutral gas
is expected to be in the form of He atoms, while we assumed that
the neutral density is only due to Hydrogen atoms. The cross section
for H-He charge exchange is much smaller than for H-H, therefore
it seems plausible to assume that most damping is actually due to
a residual fraction of neutral H that may be left. Here we made an
attempt to bracket the importance of IND as due to all these uncer-
tainties.

At energies & 1 TeV the grammage traversed by CRs can reason-
ably be expected to be heavily affected by the in-source contribution,
due to the fact that CRs are trapped in the downstream region of the
SN shock before escaping, as already proposed in Ref. [20] (where
the confinement time is assumed to be ⇠ 104 years). This is probably
not the case at very high energies, around the knee, since such CRs
are expected to escape from the source through the upstream region
at earlier times [150]. The general picture that arises from these con-
siderations is that at all energies the observed grammage might be
affected by either non-linear propagation in the near-source region,
which depends on the level of ionization of the ambient medium,
or transport inside the source, thereby making the translation of the
grammage (from B/C) to a confinement time in the Galaxy more
complex than what it is usually assumed. More specifically, both the
normalization and the slope of the diffusion coefficient inferred from
B/C ratio could reflect more a combination of Galactic propagation
plus the two phenomena described above rather than being the result
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of the Galactic transport only. These results have been published in
Physical Review D in 2016, see Ref. [117].

There is at least one possible signature which relates the CR res-
idence time in the near source region with experimental data: the
formation of extended halos of gamma ray emission from ⇡0 decay
in a region of size ⇠ Lc around CR sources. The emission from a sin-
gle halo is too faint to be detected with the current gamma-ray tele-
scopes. However, the sum of these halos over the whole CR source
population can produce a non negligible contribution to the diffuse
gamma-ray emissivity from the Galactic disc. We calculated the �-
ray emission of these halos for energy E� in the range [1 - 103]GeV,
and considering two types of ISM: fully ionized medium and par-
tially ionized medium with neutral fraction ⇠ 0.1. We compared our
results with the diffuse Galactic �-ray emission detected by Fermi-
LAT and analyzed in Ref. [88, 89]. We found that in case of fully
ionized medium the resulting �-ray emission saturates the observed
one leaving little room for other diffuse components. This contradic-
tory result is not surprising because we do not expect all SNRs to
explode in a fully ionized ISM. In the partially ionized medium, on
the contrary, ion-neutral damping reduces the CR confinement time
and the �-ray emission contribute to roughly 1% of the observed one,
a contribution which increases for energies E� ⇠ 100 GeV. We warn
the reader that in case one considers smaller acceleration efficiency
(6 10%) and/or softer spectra steeper than -4, the non-linear effects
on both the grammage and the gamma-ray emission are expected to
be negligible.

One of the future developments of this work can be to improve the
model to provide a better prediction on the �-ray emission in the en-
ergy range observed by Fermi-LAT, but also to estimate the same emis-
sion in the range of the future Cherenkov Telescope Array. Another
possible signature of the self-confinement process is the production
of enhanced inverse Compton scattering and Synchrotron emission
from electrons propagating in the protons self-generated turbulence.
Hence, the calculation of this radiation can also provide new pieces
of information.

In Ch. 4, we considered particle self-confinement around Extra-
Galactic sources. The escaping CRs form an electric current to which
the background plasma reacts, by generating a return current that
in turn leads to the development of small scale instabilities. The
growth of such instabilities leads to large turbulent magnetic fields
and to enhanced particles’ scattering. The details of this process de-
pend on the strength of the pre-existing magnetic field B0: if it is
very weak (say . 10-10 G) then, in the absence of non-linear phe-
nomena, CRs will try to propagate in approximately straight lines.
The resulting electric current leads to the development of a Bell-like
instability, that modifies the propagation of particles to be diffusive:



90 �����������

particles with energy . 107L
2/3
44 GeV are confined inside a distance

of ⇡ 3.8L
1/6
44 Mpc from the source for times exceeding the age of the

Universe, thereby introducing a low-energy cutoff at such energy in
the spectrum of CRs reaching the Earth. Since the confinement dis-
tance is weakly dependent on the source luminosity, we conclude
that a region with ⇠ nG fields should be present around any suffi-
ciently powerful CR source. If larger background magnetic fields are
present around the source, the gyration radius of the particles can
be smaller than the coherence scale of the field, and in this case CR
propagation develops in basically one spatial dimension. For a coher-
ence scale of 10 Mpc, CRs are confined in the source proximity for
energies E . 2⇥ 108L

1/4
44 B

1/2
-10 �10GeV. The phenomenon of CR con-

finement illustrated here has profound implications for the descrip-
tion of the transition region between Galactic and Extra-Galactic CRs
[33–35]. It is rather remarkable that the cutoff obtained here as due
to self-trapping is in the same range of values that have been invoked
in the literature based upon phenomenological considerations. This
last result has been also published in Physical Review Letter in 2015,
see Ref. [121].



A D E R I VAT I O N O F T H E C O S M I C R AY
T R A N S P O R T E Q U AT I O N

In this Appendix we will describe the procedure to obtain the CR
transport equation, in particular following the treatment given in
Ref. [104, 105].

The magnetic irregularities, here assumed to be made by Alfvén
waves, define a frame of reference, which for convenience it is called
the wave frame and denoted with 0, propagating at the local Alfvén
speed which is ⌧ c. In this frame the pitch angle scattering is elas-
tic, therefore there is conservation of particle energy and momentum.
However, this frame is in general non-inertial because the local Alfvén
speed can vary with space and time and it is no trivial to write an
equation of conservation for the distribution function f(x,p, t).

The starting point is to write the time evolution of the distribution
function f(x,p, t) in the inertial rest frame which coincides with the
observer’s (Earth) frame, i.e.

@f

@t
+ v ·r

x

f+
dp

dt
·r

p

f = 0 (104)

where dp/dt is the force acting on particles which in this case is the
Lorentz force q(E + v ⇥B/c). The equation (104) is the collisionless
Vlasov equation and expresses the conservation of particle number in
the six-dimensional phase space (x,p), i.e. df(x,p, t)/dt = 0 which
is nothing more than the Liouville’s theorem. Since CRs are mainly
composed by protons f is taken as referring to the accelerated proton
distribution.

The rest frame presents a problem because there is no conservation
of particle energy as instead it is the case in the wave frame. Thus,
it is more convenient to introduce a set of mixed coordinates defined
as follow: the time and the spatial coordinates are measured in the
inertial rest frame, while the momentum coordinate is measured in
the wave (primed) frame, i.e. (x,p 0, t).

The passage from the rest to the mixed frame is determined by the
Lorentz transformation of particle momentum p

0. The velocity of the
wave frame with respect to the rest frame is indicated with u. As
mentioned before, the local Alfvén speed can vary with space and
time but in the following it is assumed that u can vary only with
space. Moreover, it holds that |u| = u ⌧ c, so all the quantities are
approximated to first order in u/c.

91



92 ���������� �� ��� ������ ��� ��������� ��������

In the non-relativistic limit the Lorentz transformation of the mo-
mentum is

p

0 = p-mp� 0
u , (105)

where � 0 = 1/
p

1- (v 0/c)2 is the particle Lorentz factor in the wave
frame and mp is the proton rest mass.

The next step in deriving the CR transport equation is to transform
the Vlasov equation (104) from the inertial rest frame to the mixed
coordinate frame. Taking advantage of the fact that f is a Lorentz in-
variant, in these mixed coordinates the distribution function becomes

f(x,p, t) = f 0(x,p 0, t)

= f 0(x,p 0 = p, t)-mp� 0
u ·r

p

0f 0(x,p 0 = p, t) . (106)

The other transformation regards the partial derivatives. For the time
partial derivative @/@t one obtains

@

@t
�! @

@t
+

X

i=x,y,z

@p 0
i

@t

@

@p 0
i

=
@

@t
+

X

i=x,y,z

@(pi -mp� 0ui)

@t

@

@p 0
i

=
@

@t
, (107)

where it has been used the assumption that the velocity of scattering
centers u depends only on space and that p is a time independent
variable. The method adopted to evaluate the spatial and momentum
derivatives is the same and their expressions are listed below

@

@xi
�! @

@xi
-mp� 0 @uj

@xi

@

@p 0
j

, (108)

@

@pi
�! �ij

@

@p 0
i

-mpuj
@�

@pi

@

@p 0
j

, (109)

where �ij is the Kronecker delta.
At this point it is possible to substitute the expression for f given in

Eq. (106) in term of f 0 into the Vlasov equation (104) neglecting those
terms of the order O(u2/c2). As a result, the transformed Vlasov
equation is

@f 0

@t
+ (v 0 +u) ·r

x

f 0 - (p 0 ·r
x

)u ·r
p

0f 0 = -r
p

0 ·
⇥
f 0F 0⇤ , (110)

where F

0 = e(E 0 + v

0 ⇥B

0/c) is the Lorentz force acting on particles
written in the wave frame and e is the electric charge of a proton.
Assuming that in the rest frame the plasma is a perfect conductor, a
reasonable statement for an astrophysical plasma, which means that
the Ohm’s law is E = -u⇥B/c and considering the non-relativistic
limit, the transformed electromagnetic fields are

E

0 ' E +
u⇥B

c
= 0 , (111)

B

0 ' B -
u⇥E

c
= B +

u⇥ (u⇥B)

c2
' B . (112)
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The fact that the electric field vanishes demonstrates the conservation
of particle energy in the wave frame. Moreover, the magnetic field is
the same of that in the inertial rest frame B = B0 + �B at first order
in u/c. Hence, the dominant term of the force F

0 is v

0 ⇥B0/c and
particle motion in the plane transverse to B0 is a uniform circular
motion with the associated Larmor radius being rL = pc/(eB0). For
typical values of B0 presumed both in the galactic case (⇠ µG) and in
the extra-galactic case (6 nG), it can be assumed that rL(p) is smaller
than all the typical length scales relevant for particle diffusion. This
ensures that f 0 is nearly independent on the gyration phase � while
depends only on x, µ 0, p 0, t where µ 0 = cos ✓ 0 is the cosine of the
pitch angle defined in the wave frame. Thus, the modified Vlasov
Equation (110) can be averaged on � 0.

The detailed calculation regarding on how to obtain the averaging
of each term of Eq. (110) is performed in Ref. [90, 105]. Here we
report the result of the averaged modified Vlasov equation

@f 0

@t
+ (µ 0v 0

n+u) ·r
x

f 0+

-

�
1- µ 02

2
(r

x

·u) + 3µ 02 - 1

2
(n ·r

x

)(n ·u)
�

p 0 @f 0

@p 0

+
1- µ 02

2
v 0(r

x

·n) @f 0

@µ 0 =
@

@µ 0

�
1- µ 02

2
⌫ 0
res

@f 0

@µ 0

�
, (113)

where it has been introduced a unit vector n = n(x), directed along
the local magnetic field. The term on the rhs of the equation derives
from averaging over � 0 of the term h-r

p

0 · [f 0F 0]i� 0 . Indeed, the dom-
inant term of the Lorentz force vanishes hv 0 ⇥B0/ci� 0 = 0, while the
only term that remains is the pitch angle scattering off Alfvén waves.
The scattering frequency ⌫ 0

res = ⌫ 0
res(p

0, µ 0) has been calculated in
Sec. 2.1 where it is reported in Eq. (9).

In the wave frame it is reasonable to expect that the scattering pro-
cess is sufficiently strong to make the distribution function almost
isotropic on spatial scales larger than the mean free path v 0/⌫ 0

res.
Thus, f 0 can be expanded in power of the ratio of the mean free path
v 0/⌫ 0

res to the scale length as

f 0(x, p 0, µ 0, t) = f 00 + f 01 + f 02 , (114)

where

f 0n = O

✓
v 0

⌫ 0
res

����
@

@x

����

◆n

f 00 . (115)

These terms represent growing orders of anisotropy, for instance the
zero order term f 00 is the isotropic part of f 0, being independent on µ 0.
It is important to remember that this assumption holds in the wave
frame where the scattering is elastic, as mentioned before. A this
point the approximated f 0 can be inserted into Eq. (113) obtaining an
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equation for each order. The zeroth order term satisfies the condition

@

@µ 0

�
1- µ 02

2
⌫ 0
res

@f 00
@µ 0

�
= 0 , (116)

which confirms that f 00 is isotropic, after requiring that it is not singu-
lar at µ 0 = ±1. At first order the equation for f 01 shows a dependence
from f 00 which is

µ 0v 0(n ·r
x

)f 00 =
@

@µ 0

�
1- µ 02

2
⌫ 0
res

@f 01
@µ 0

�
. (117)

This equation can be integrated over µ 0 and one gets

@f 01
@µ 0 = -

v 0

⌫ 0
res

(n ·r
x

)f 00 . (118)

Finally, the second and last order is

@f 00
@t

+ (u ·r
x

)f 00 + µ 0v 0(n ·r
x

)f 01+

-

�
1- µ 02

2
r

x

·u+
3µ 02 - 1

2
(n ·r

x

)(n ·u)
�

p 0 @f 00
@p 0+

+
1- µ 02

2
v 0(r

x

·n)
@f 01
@µ 0 =

@

@µ 0

�
1- µ 02

2
⌫ 0
res

@f 02
@µ 0

�
, (119)

where it appears a dependence of f 02 from f 01 and f 00.
An average over µ 0 allows to eliminate the dependence from f 02 of the
above equation and the solution is

@f 00
@t

+ (u ·r
x

)f 00 -r
x

· [nDk(n ·r
x

)f 00] =
1

3
(r

x

·u)p 0 @f 00
@p 0 . (120)

In obtaining Eq. (120) it has been used the following relation

v 0hµ 0(n ·r
x

)f 01iµ 0 = v 0
⌧

1- µ 02

2

@f 01
@µ 0

�

µ 0
= -Dk(n ·r

x

)f 00 , (121)

where the spatial diffusion coefficient is defined as

Dk(x, p 0, t) =
v 02

2

⌧
1- µ 02

⌫ 0
res

�

µ 0
(122)

and the subscript k indicates the direction parallel to the ordered
magnetic field. Eq.(120) is the CR transport equation, also referred to
as convection-diffusion equation.



B D E R I VAT I O N O F T H E G R O W T H R AT E
F O R T H E S T R E A M I N G I N S TA B I L-
I T Y

The standard approach to calculate the growth rate of unstable modes
in plasma physics (see for a detailed discussion Ref. [126]) is to lin-
earized the Vlasvov equation together with the Maxwell’s equations
for the electromagnetic field, which is also referred to as the kinetic
linear theory of plasma instabilities. At the end of this procedure a
dispersion relation is obtained where a relation between the wave fre-
quency ! and the wave vector k is established. The wave frequency
has in general a complex value, so that we can write ! = !R + i!I.
The unstable modes correspond to those waves which have !I < 0.
In Ref. [151] the authors calculate the growth rate of the streaming
instability in the upstream region of a shock generated by the blast
wave of a SNR using this kinetic approach, and we refer to that pa-
per for a detailed discussion of the method. Here we apply the same
procedure considering accelerated particles which stream along the
background field B0 during their propagation in the source vicinity.

The general dispersion relation of electromagnetic waves with k k
B0 (circularly polarized) is of the form

c2k2

!2
= 1+

X

↵

�↵ , (123)

where the susceptivity �↵ is defined as

�↵ =
4⇡2e2

!

Z
dp p2

Z1

-1

dµ v(p)
1- µ2

!- kvµ±⌦↵

⇥
�

@f↵

@p
+

✓
kv

!
- µ

◆
1

p

@f↵

@µ

�
. (124)

The index ↵ indicates the particle species composing the plasma which
are protons (↵ = p) and electrons (↵ = e) of the ISM, also defined as
the background plasma, and CR protons (↵ = CR). For the back-
ground plasma ⌦↵ ⇡ ⌦⇤

↵ the non-relativistic cyclotron frequency
q↵B0/(m↵c).

Let np and ne be the number density of protons and electrons in
the background plasma. Let us assume that CRs (protons) propa-
gate as a beam-like in the background plasma following a power-law
distribution in momentum space. The divergence of CR beam is ne-
glected and as well as CRs escape from the source along the direction
of B0. Another important assumption is that CRs are diluted with
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respect to background plasma, which means nCR ⌧ np. At the same
time, the plasma reacts against the CR electric current via the genera-
tion of a return current. Imposing quasi-neutrality and no net current,
one obtains the following conditions:

• quasi-neutrality �! np +nCR = ne �! ne ⇡ np,

• zero total current �! JCR+ Jp+ Je = 0 ! npvp+nCRc = neve.
Due to the larger inertia of the background protons with respect
to the background electrons it is reasonable to assume that the
return current is made by electrons, therefore nCRc ⇡ neve ⇡
npve.

The initial distribution functions for the background plasma are:

f0p(p) =
np

4⇡p2
�(p) , (125)

f0e(p, µ) =
ne

2⇡p2
�(p-meve)�(µ- 1) , (126)

assuming an initial temperature T = 0. For the accelerated protons
one has

f0CR(p, µ) =
nCR

2⇡
g(p)�(µ- 1) , (127)

where g(p) is a power-law distribution with the condition that the
normalization is

R1
0 dp p2 g(p) = 1.

The proton susceptivity �p requires to know @f0p/@p and @f0p/@µ:

@f0p

@p
=

np

4⇡p2

✓
-

2

p
�(p) +

d�(p)

dp

◆
, (128)

@f0p

@µ
= 0 . (129)

Before proceeding into the calculation one has to remember the a
property of the delta function is

R
f(x) �

0
(x)dx = -

R
f
0
(x) �(x)dx =

-f
0
(0). After some algebraic passages the solution turns out to be

�p = -
4⇡e2np

mp

1

!(!±⌦⇤
p)

. (130)

The regime under investigation is the low-frequency approximation,
which means ! ⌧ ⌦⇤

p ⌧ |⌦⇤
e| where the susceptivity becomes

�p ' ⌥4⇡e2np

!mp

1

⌦⇤
p

✓
1⌥ !

⌦⇤
p

◆
= ⌥

✓
c

vA

◆2 ⌦⇤
p

!

✓
1⌥ !

⌦⇤
p

◆
. (131)

For the background electrons the procedure is the same and the sus-
ceptivity due to left-handed polarized waves reads

�e = -
4⇡e2ne

!2me

!- kve

!- kve ±⌦⇤
e

, (132)
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which in the low frequency limit becomes

�e ' ⌥4⇡e2ne

!2me

!- kve

⌦⇤
e

✓
1⌥ !- kve

⌦⇤
e

◆

' ±
✓

c

vA

◆2 ⌦⇤
p

!

✓
1⌥ nCR

np

kc

!

◆
. (133)

In the second passage of Eq. (133) we have used the fact that ne ' np

and kve ' (nCR/np)kc.

The last term is the CR contribution. A power-law spectrum is
assumed in momentum space with slope -4, as

g(p) =
1

p3
0

✓
p

p0

◆-4

⇥(pmax - p)⇥(p- p0) , (134)

where ⇥ is the step function and accounts for the limited range of
momenta spanned by CRs with p0 the minimum momentum of the
accelerated particles able to reach the location where the calculation
is performed and pmax � p0 the maximum momentum. Then, the
CR susceptivity is

�CR =
4⇡e2nCRp0

!

Zpmax

p0

dp p-3v(p)
1

!- kv±⌦CR

✓
kv

!
- 1

◆
. (135)

Remembering that the calculation is performed in the low-frequency
regime ! ⌧ ⌦⇤

p and that CRs are relativistic particles so that ⌦CR =
⌦⇤

p/� and kv ⇠ kc � !, Eq. (135) can be rewritten as

�CR ' -
4⇡e2nCRp0

mp!2

kc

⌦⇤
p

Zpmax

p0

dp p-2 1

kv�/⌦⇤
p ⌥ 1

. (136)

�.� �������� ������

The resonant branch is the one corresponding to the upper sign in
the dispersion relation (124), which in other terms means that only
right-handed polarized waves are considered. The reason is that the
accelerated protons can resonate only with right-handed polarized
Alfvén waves.

The expression for �CR in Eq. (136) presents a pole at kv� = ⌦⇤
p.

We define pres(k) = ⌦⇤
pmp/k, which corresponds to the minimum

momentum of particle distribution that can resonate with waves with
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wavenumber k, and we rewrite the CR susceptivity for right-handed
polarized waves using the the Plemelj formula 1 as

�CR ' -
4⇡e2nCRp0c

!2

�
P

Zpmax

p0

dp p-2 1

p- pres(k)

-i⇡
k

⌦⇤
pmp

Zpmax

p0

dpp-2�(p- pres(k))

�
(138)

The term proportional to -i⇡ is different from zero only when pres(k) >
p0.

When pres(k) < p0, or in other terms when k > ⌦⇤
pmp/p0, the

solution of the dispersion relation (136) gives no unstable modes,
therefore we concentrate to solve Eq. (136) for those waves with k 6
⌦⇤

pmp/p0.
After some algebraic passage the CR susceptivity for pres(k) > p0

becomes

�CR =
4⇡e2nCRc

!2

p0

pres(k)

k

⌦⇤
pmp

[Ir(k)- i⇡] (139)

where we have introduced

Ir(k) = lim
✏!0

�Z1-✏

krL,0

ds
s-2

1- s
-

Z1

1+✏

ds
s-2

1- s

✏

=
1

krL,0
+ ln

✓
1- krL,0

krL,0

◆
, (140)

with the variable of integration s defined as p/pres(k) and we have
used the fact that p0/pres(k) = krL,0 and rL,0 = p0/(mp⌦⇤

p).
We note that the total number of particles able to resonate with a

k-mode, namely N(p > pres(k)), is

N(p > pres(k)) =

Z1

pres(k)
dp

Z1

-1

dµ2⇡p2 f0CR(p, µ)

= nCR
p0

pres(k)
, (141)

so that Eq. (139) can be rewritten as

�CR =

✓
c

vA

◆2
N(p > pres(k))

np

kc⌦⇤
p

mp
[Ir(k)- i⇡] . (142)

Finally we can write the dispersion relation for these unstable reso-
nant modes which reads

!2 =
nCR

np
⌦⇤

pkc-
N(p > pres(k))

np
⌦⇤

pkc[1- Inr(k)] + v2Ak2 . (143)

1 The Plemelj formula [152] states that the integral of a complex-valued function f

defined and continuous on the real line between a and b divided by a pole of the
first order can be solved as

lim
✏!0

Zb

a
dx

f(x)

x± i✏
= ⌥i⇡

Zb

a
dxf(x)�(x) +P

Zb

a
dx

f(x)

x
(137)

where P denotes the Cauchy principal value.
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We consider the generation of unstable resonant modes in regions
near SNRs where we can assume that nCR/np ⌧ v2A/c2 [1], so that
the solutions to Eq. (143) for the real and the imaginary part of the
wave-frequency are

!R = kvA (144)

!I =
⇡

2
⌦⇤

p

c

vA

N(p > pres(k))

np
. (145)

These are Alfvén waves whose growth rate !I is the standard one,
already known for the case of shocks, where c has to be replaced
with the shock velocity Vsh (see Ref. [22, 23]).

�.� ���-�������� ������

The non-resonant branch is the one corresponding to the lower sign
in the dispersion relation (124), which in other terms means that only
left-handed polarized waves are considered. Indeed, the return cur-
rent is composed mainly by background electrons which can resonate
only with this type of waves.

In this regime the integral in Eq. (136) does not present any pole so
that it can be rewritten as

�CR = -

✓
c

vA

◆2
nCR

np

kc⌦⇤
p

!2
Inr(k) , (146)

where it has been introduced the function I(k) defined as

Inr(k) = krL,0

Z (pmax/p0)krL,0

krL,0

ds
s-2

1+ s

' 1- krL,0 ln

1+ krL,0

krL,0

�
(147)

with rL,0 = p0/(mp⌦⇤
p). Putting all terms together, the dispersion

relation of the non-resonant streaming modes in the low-frequency
approximation turns out to be

!2 = -
nCR

np
⌦⇤

pkc[1- Inr(k)] + v2Ak2 . (148)

This dispersion relation gives unstable modes if the condition

nCR

np
⌦⇤

pkc[1- Inr(k)] > v2Ak2 (149)

is satisfied. Under this condition the unstable modes are purely grow-
ing waves and their growth rate is

!I =

r
nCR

np
⌦⇤

pkc[1- Inr(k)]- v2Ak2 . (150)
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A N D T R A N S P O R T E Q U AT I O N S
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For the Alfvén speed we use the following expression:

vA(z) =

8
<

:

+vA z > 0

0 z = 0

-vA z < 0

where vA = B0/
p

4⇡ndmp and therefore the spatial gradient is

dvA
dz

= 2vA�(z) . (151)

The 1D CR transport equation

@f

@t
+ vA

@f

@z
-

@

@z


D(p, z, t)

@f

@z

�
-

1

3

dvA
dz

p
@f

@p
= 0 , (152)

while the wave equation is

@F

@t
+ vA

@F

@z
= (�CR - �D)F(k, z, t) , (153)

and in the quasi-linear theory the spatial diffusion coefficient is cal-
culated as

D =
1

3
rL(p)

v(p)

F(kres(p))
(154)

We pass to describe the numerical method used to solve the system
formed by equation (152) and by equation (153).
Partial derivatives are discretized using a finite difference scheme in
which linear grids are used, with a spatial resolution Dz and a tem-
poral resolution Dt. The evaluation of the spatial derivative is per-
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formed with respect to the edges of the cell on a linear grid of Nz + 1

points (0 6 z 6 Lc) as following [153]

@f

@z

����
z

=
f[z+Dz]- f[z-Dz]

2Dz
iz = 1, . . . , Nz - 1 , (155)

@f

@z

����
z=0

=
f[z+Dz]- f[z]

Dz
iz = 0 , (156)

@f

@z

����
z=Lc

=
f[z]- f[z-Dz]

Dz
iz = Nz . (157)

@2f

@z2

����
z

=
f[z+Dz]- 2f[z] + f[z-Dz]

Dz2
iz = 1, . . . , Nz - 1 .

(158)

�.�.� Initial conditions

At t = 0 I impose the following initial conditions:

f[t = 0, z, p] = A
0
(p) exp[-(z/z0)

2] + fg(p) (159)
D[t = 0, z, p] = Dg(p) (160)
F[t = 0, z, p] = Fg(p) (161)

where A
0
(p) is a normalization constant defined as

A
0
(p) =

q0(p)TSNRLc

-Lc
dz exp[-(z/z0)2]

(162)

and q0(p) = (p/p0)-4 ⇥ ⇠ESN/(TSN⇡R2
SNI), Lc = 100 pc and z0 =

4 pc.
The analytic expression for fg and Dg are:

fg(p) = 5.7⇥ 1030
✓

p

p0

◆-4.7 ⇣erg
c

⌘-3
cm-3 , (163)

Dg(p) = 3.6⇥ 1028
✓

p

p0

◆1/3

cm2s-1 . (164)

�.�.� Boundary conditions

The transport equation (152) is a second-order partial differential
equation, therefore it need two boundary conditions. I impose a first
condition on the distribution function at z = Lc, i.e.

f[t, z = Lc, p] = fg(p) . (165)

The second boundary condition comes from the integration of Eq. (152)
between z = 0+ and z = 0-

Z0+

0-
dz

�
@f

@t
+ vA

@f

@z
-

@

@z


D(p, z, t)

@f

@z

�
-

1

3

dvA
dz

p
@f

@p

�
= 0 (166)

We analyze each of the four terms into the integral:
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1.
R0+

0-
@f
@t dz = 0 because the distribution function is a continuos

function;

2.
R0+

0- vA
@f
@z dz = vAf|0

+

0- -
R0+

0- fdvA

dz dz = 0. Indeed, the first
term vAf|0

+

0- = vAf(0+) + vAf(0-) = 2vAf(0) due to the sym-
metry property of f with respect to z = 0. The second term is
-
R0+

0- fdvA

dz dz = -
R0+

0- f2vA�(z) dz = -2vAf(0). Thus, also the
total expression is zero;

3. -
R0+

0-
@
@z

⇥
D(p, z, t)@f@z

⇤
dz = - D@f

@z

��0+

0- = - 2D(z = 0)@f@z
��
z=0

,
because D is symmetric around z = 0 while @f

@z is antisymmet-
ric;

4. -
R0+

0-
1
3
dvA

dz p @f
@p dz = -

R0+

0-
1
32vA�(z)p @f

@p = - 2
3vAp @f

@p

���
z=0

.

Therefore the boundary condition on the spatial derivative is

-2D(z = 0)
@f

@z

����
z=0

-
2

3
vAp

@f

@p

����
z=0

= 0 , (167)

using the discretization this expression becomes

f(0) = f(Dz) +
vA
3

p
@f

@p

����
z=0

Dz

D(z = 0)
. (168)

The wave equation is a first order partial differential equation, so it
need only one boundary condition. I assume that in z = 0

@F

@z

����
z=0

= 0 , (169)

which means that F(0) = F(Dz).

�.� ��������� ���������

At t > 0 the procedure I implemented to solve equation (152) and
equation (153) is:

1. calculate the growth rate of the streaming �CR using the quanti-
ties f and F known at t-Dt

�CR [t-Dt, z] =
16⇡2vA

3F[t-Dt, z]B2
0

p4v(p)
@f[t-Dt]

@z

����
z

(170)

where the partial derivate is discretized as reported in Eq. (158);

2. calculate the non-linear damping �NLD using the quantity F

known at t-Dt

�NLD[t-Dt, z] = (2ck)
-3/2k vA

p
F[t-Dt, z] (171)
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3. calculate F[t, z] discretizing Eq. (153) in the following way: for
iz = 1, . . . , Nz - 1

F[t, z] =F[t-Dt, z]-Dt vA
F[t-Dt, z+Dz]-F[t-Dt, z-Dz]

2Dz

+Dt �CR[t-Dt, z]F[t-Dt, z]

-Dt (�NLD[t-Dt, z] + �IN + �FG)F[t-Dt, z]

+Dt (�NLD,g + �IN + �FG)Fg (172)

where �NLD,g = (2ck)-3/2k vA
p

Fg.
For iz = Nz

F[t, Nz] =F[t-Dt,Nz]-Dt vA
F[t-Dt,Nz]-F[t-Dt,Nz - 1]

Dz

+Dt �CR[t-Dt,Nz]F[t-Dt,Nz]

-Dt (�NLD[t-Dt,Nz] + �IN + �FG)F[t-Dt,Nz]

+Dt (�NLD,g + �IN + �FG)Fg (173)

The last term +Dt (�NLD,g+ �IN+ �FG)Fg has been introduced
to solve the numerical problem of F[t, z] < 0 at z ⇠ 0. The
boundary condition I use at z = 0 is

@F

@z

����
z=0

= 0 . (174)

4. calculate the diffusion coefficient using the quasi-linear approx-
imation as

D[t, z] =
1

3
rL(p)

v(p)

F[t, z]
. (175)

5. solve the CR transport equation (152) using the following dis-
cretization for z = 1, . . . , Nz - 1

f[t, z] +DtvA
f[t, z+Dz]- f[t, z-Dz]

2Dz

-DtD[t, z]

�
f[t, z+Dz]- 2f[t, z] + f[t, z-Dz]

Dz2

�

-Dt


D[t, z+Dz]-D[z-Dz]

2Dz

�
f[t, z+Dz]- f[t, z-Dz]

2Dz

= f[t-Dt, z] . (176)

Here the two boundary conditions I implement are

f[t, 0] = f[t, Dz] +
vA
3

p
@f[t-Dt]

@p

����
z=0

, (177)

f[t, z = Lc] = fg(p) . (178)

Eq. (176) represents a tridiagonal matrix

ajxj-1 + bjxj + cjxj+1 = dj (179)
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where j = 1, . . . Nz - 1. We define two auxiliary variables xa
and xc as

xa = -vA(1)
Dt

2Dz
-

Dt

Dz2
D[t, 1] +Dt

D[t, 2]-D[t, 0]

4Dz2
, (180)

xc = vA(Nz-1)
Dt

2Dz
-

Dt

Dz2
D[t, Nz-1]+Dt

D[t, Nz]-D[t, Nz - 2]

4Dz2
.

(181)

We can write the coefficients of the tridiagonal matrix as

aj =

8
><

>:

0 j = 1

-vA(j) Dt
2Dz - Dt

Dz2
D[t, j] +Dt

D[t,j+1]-D[t,j-1]
4Dz2

j = 2, . . . , Nz - 1

bj =

8
<

:

1+ 2D[t, j] Dt
Dz2

+ xa j = 1

1+ 2D[t, j] Dt
Dz2

j = 2, . . . , Nz - 1

cj =

8
><

>:

vA(j) Dt
2Dz - Dt

Dz2
D[t, j]-Dt

D[t,j+1]-D[t,j-1]
4Dz2

j = 1, . . . , Nz - 2

0 j = Nz - 1

dj =

8
>>>>><

>>>>>:

f[t-Dt, j]- xa
vA

3 p
@f[t-Dt]

@p

���
z=0

j = 1

f[t-Dt, j] j = 2, . . . , Nz - 2

f[t-Dt, j]- fgxc j = Nz - 1

The recipe to solve the tridiagonal system is the following:

1. define two auxiliary coefficients c
0
j and d

0
j in such a way that

c
0
1 =

c1
b1

for j = 1 (182)

d
0
1 =

d1

b1
for j = 1 (183)

c
0
j =

cj

bj - c
0
j-1aj

for j = 2 . . . Nz - 1 (184)

d
0
j =

dj - d
0
j-1aj

bj - c
0
j-1aj

for j = 2 . . . Nz - 1 (185)

2. then the solution for f[t, z] is

f[t, z = Lc] = fg(p) for j = Nz (186)

f[t, Nz -Dz] = d
0
Nz-1 for j = Nz - 1 (187)

f[t, zj] = d
0
j - c

0
jf[t, zj+1] for j = Nz - 1, . . . , 1 (188)

f[t, z = 0] = f[t, z1] +
vA
3

p
@f[t-Dt]

@p

����
z=0

for j = 0

(189)
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