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“A man provided with paper, pencil, and rubber, and subject to strict discipline, is in

effect a universal machine.”

Alan Turing

“Young man, in mathematics you don’t understand things. You just get used to them.”

John von Neumann

“Imagine if every Thursday your shoes exploded if you tied them the usual way. This

happens to us all the time with computers, and nobody thinks of complaining.”

Jeff Raskin

“Where is the ‘any’ key?”

Homer Simpson, in response to the message “Press any key”





Abstract

In the last decades of computer science development the focus gradually moved from

centralized systems to a network perspective, mainly motivated by the quick and deep

influence of the Internet. Numerous new problems arose, i.e. the need of efficient

algorithms for IOT (internet of things) or models of behavior of large numbers of peo-

ple trough social networks. In this scenario, many classical optimization problems are

again under the spotlight since they are rethink under the perspective of multi-agent

and distributed systems. Two classical examples are problems where the resources are

decentralized, such as in web servers loading distribution, or simply game theoretical

setting where some part of the problem is controlled by agents which aim at pursing

their own goals.

In this thesis we focus on two classical optimization problems, the coverage problem

and the bin packing problem, and we analyze them from both centralized and multi-

agent perspectives. Both of them have plenty of real-world applications such as job

scheduling, facility locations and resource allocations. Firstly, we consider multi-agent

coverage where agents use their own budget to cover elements. We are interested in

maximizing the total revenue defined as the sum of the revenue of each agent. For this

problem we study two settings that differ in how the agents share the utilities of the

elements. For each sub-setting we define a game and analyze the Nash equilibrium and

its properties. We also consider the centralized problem where we maximize the total

revenue, while satisfying the agents’ budget constraints.

The second setting that we consider is a generalization of the budgeted coverage problem,

where the profit is measured by a monotone submodular function over the elements. We

give an approximation factor algorithm for the general case and discuss solutions for

relevant instances of the problem.

Finally, we study a colorful bin packing game in which a set of items, each one controlled

by a selfish agent, is to be packed into a minimum number of unit capacity bins. A bin has

a unitary cost which is shared among the items it contains, so that agents are interested

in selecting a bin of minimum shared cost. Moreover, each item has a color and two

items with the same color can not be adjacent in a bin. We show the existence of Nash

equilibria for two standard cost sharing functions and provide a tight characterization

of their efficiency. We also design an algorithm which returns Nash equilibria with best

achievable performance for an interesting special setting.
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Chapter 1

Introduction

Among the fundamental challenges in computer science, one of the main research top-

ics is about combinatorial optimization problems. The development of the theoretical

algorithms field moved in the past century through the analysis of a countless number

of those problems. However, the vast majority of the classical optimization problems

in computer science have been introduced before the rise of the Internet and in general

the explotion of the network-based approaches that are now under the spotlight. In the

last three decades, many of those problems have been re-designed in a variety of related

problems to cope with the new challenges about game-theoretical settings, distributed

algorithms and multi-agent settings. As a case study, in this thesis we consider two com-

binatorial optimization problems: Maximum Coverage (where we aim at maximizing the

covered elements selecting a fixed number of subsets among a collection of subsets of

those elements) and Bin Packing (where we want to pack items in the smallest amount

of fixed size bins). Both problems are known to be NP-hard([3, 4]).

Although they are fundamental combinatorial optimization problems studied for decades,

we found interesting gaps in the literature: for Maximum Coverage problem we first de-

fine a multi-agent setting where each agent aims at covering some elements while maxi-

mizing her revenue over them. Then, we define two game-theoretical settings based on

the multi-agent problem and study the property of Nash equilibria. There are several

works in the literature related with the maximum coverage in multiple agent scenarios,

and we will show how we relate with those problems.

The second major result that we provide is about a generalization of Maximum Coverage

where the goal is maximizing the value of a submodular function defined over the covered

elements, with the constraint that the overall cost of the covered elements is at most a

given budget. Our setting is strictly related to many problems in the literature but not

captured by any of them. In fact, we generalize some of those problems. Moreover, our

setting is relevant for the adaptive seeding problem, which is an algorithmic challenge
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Chapter 1 Introduction

in the influence maximization field.

The last topic that we consider is a game-theoretical setting based on the Bin Packing

problem. In particular, we consider a generalization of the Bin Packing game (called

Colorful Bin Packing), where we want to pack items into the minimum number of bins

while respecting some additional constraints related to the colors of the items. We define

two natural game-theoretical settings based on the Colorful Bin Packing problem and

study the existence and performance of Nash equilibria. This thesis represents the first

approach with Nash equilibria in colorful bin packing games.

In the Maximum Coverage (MC) problem we are given a ground set X, a collection S of

subsets of X with unit cost, and a budget k. The goal is selecting a subset S′ ⊆ S, such

that |S′| ≤ k, and the number of elements of X covered by S′ is maximized. MC has

several applications in job scheduling, facility locations and resource allocations [5, Ch.

3], as well as in influence maximization [6]. A natural greedy algorithm starts with an

empty solution and iteratively adds a set with maximum number of uncovered elements

until k sets are selected. This algorithm has an approximation factor of 1 − 1
e [7] wich

is tight given the inapproximability result due to Feige [3]. In the Budgeted Maximum

Coverage (BMC) problem, which is an extension of the maximum coverage, the cost of

the sets in S are arbitrary, and thus a solution is feasible if the overall cost of the se-

lected subset S′ ⊆ S is at most k. In [8], the authors present a polynomial time (greedy)

algorithm with approximation factor of 1 − 1
e . In the Generalized Maximum Coverage

(GMC) problem every set s ∈ S has a cost c(s), and every element x ∈ X has a different

weight and cost that depend on which set covers it. In [9], a polynomial time (greedy)

algorithm with approximation factor of 1− 1
e − ε, for any ε > 0, has been shown.

Motivated by the applications in complex systems such as the Internet have spawned,

a recent interest in studying situations involving multiple agents, in this thesis we con-

sider the multi-agent coverage problem. We are given a set A of k autonomous agents,

a set X of n elements, and a set S of m containers where any S ∈ S is a subset of

elements of X (i.e. S ⊆ X). Each container S has cost cS , each element x ∈ X has

utility ux, and each agent i ∈ A has her own budget bi. An outcome of the problem

is a vector O = (O1, . . . , Ok) where each agent i buys a subset of containers Oi ⊆ S
of overall cost at most bi. In an outcome O each agent gets a revenue for the covered

elements. In particular, we consider two natural scenarios called distributed multi-agent

coverage problem (DMCP) and proportional multi-agent coverage problem (PMCP). In

DMCP the utility ux of an element x is equally split among all the agents covering x

with some containers in O, while in PMCP the utility ux of x is equally split among all

the containers in O containing x. We notice that DMCP and PMCP are exactly the

maximum coverage problem when k = 1.

We first consider the classical optimization problem of computing an outcome which

maximizes the total revenue, which is defined as the sum of the agents’ revenue. Then,

2



Chapter 1 Introduction

we investigate distributed multi-agent coverage games (DMCG) and proportional multi-

agent coverage games (PMCG) in which agents are autonomous and selfish, and their

only concern is to maximize their own revenue. In such a scenario we adopt pure Nash

equilibria as stable outcomes and analyze their convergence, existence and performance.

A strong motivation for our research is represented by the increasing number of works

in the literature that analyze optimization problems with multiple agents. There are

many examples of multi-agent problems related to the Maximum Coverage problem

([10–14]) which differs from our setting DMCP and PMCP. A relevant setting in this

area has been introduced by Chekuri and Kumar ([38]). They show a variant of the

maximum coverage problem called maximum coverage with group budget constraints

(MCG), where we are given a ground set X, and a collection of sets over the elements.

The collection of sets is partitioned into groups and the goal in MCG is to select k sets

and maximizing the cardinality of the union, selecting at least one set from each group.

The authors provide a 1
2 -approximation algorithm. Moreover, the authors present a cost

version of the problem where each set has an associated cost. Again, the goal is to

select at least one set from each group, using at most a specific budget for each group.

Moreover, the total cost cannot exceed an overall budget. For this setting the authors

give a 1
12 -approximation algorithm. This problem is closely related with our multi-agent

coverage problem but cannot be used to model our setting: in [38] the assumption is

that the groups are disjoint. In [54] Farbstein and Levin show that if the sets in the

groups are not disjoint the MCG problem cannot be approximated within any constant

factor.

In all the above problems the profit of a solution is given by the sum of the weights

of the covered elements. An important and studied extension for the Maximum Cover-

age is adopting a nonnegative, nondecreasing, submodular function f , which assigns a

profit to each subset of elements. In this thesis we consider the Generalized Budgeted

submodular set function Maximization problem (GBSM). We are given a ground set

of elements X, a set of containers S, and a budget k. The goal is to find a subset of

elements along with an associated set of containers such that the overall costs of both

is at most a given budget and the profit is maximized. Each container has its own

cost, while the cost of each element depends on its associated container. Finally, the

profit is measured by a monotone submodular function over the elements. As mentioned

above, our setting has a revelant application in the adaptive seeding problem [15, 16].

In its non-stochastic version, the problem is to select amongst certain accessible nodes

in a network, and then select amongst neighbors of those nodes, in order to maximize

a global objective function. In particular, given a set X and its neighbors N(X) there

is a monotone submodular function defined on N(X), and the goal is to select t ≤ k

elements in X connected to a set of size at most k− t for which the submodular function

has the largest value. GBSM is an extension of the aforementioned problem since we

3



Chapter 1 Introduction

consider more general costs.

Another reason that motivated our interest in such a setting is the literature referring

to related problems: in the Submodular set Function subject to a Knapsack Constraint

maximization (SFKC) problem we have a cost c(x) for any element x ∈ X, and the

goal is selecting a set X ′ ⊆ X of elements that maximizes f(X ′), where f is a mono-

tone submodular function subject to the constraint that the sum of the costs of the

selected elements is at most k. This problem admits a polynomial time algorithm that

is a
(
1− 1

e

)
-approximation [17]. Since the MC problem is a special case of SFKC prob-

lem, such approximation is tight. A more general setting was considered in [18], where

the authors consider the following problem called Submodular Cost Submodular Knap-

sack (SCSK): given a set of elements V = {1, 2, . . . , n}, two monotone non-decreasing

submodular functions g and f (f, g : 2V → R), and a budget b, the goal is finding

a set of elements X ⊆ V that maximizes the value g(X) under the constraint that

f(X) ≤ b. They show that the problem cannot be approximated within any constant

bound. Moreover, they give a 1/n approximation algorithm and mainly focus on bi-

criterion approximation.

We emphasize that GBSM is not a special case of the Generalized Maximum Coverage

problem, since we consider any monotone submodular functions for the profits. More-

over, since our cost function is not submodular, the setting SCSK considered in [18] does

not generalize our model. Finally, we notice that our setting extends the SFKC problem,

given that, the cost of an element is not fixed like in SFKC, but instead depends on the

container used for covering it.

The last section of the thesis investigates Bin Packing, more specifically our game-

theoretical setting based on the Colorful Bin Packing. In the classical definition of Bin

Packing we are given a set of items with different sizes in [0, 1], which have to be packed

into the smallest possible number of unit capacity bins. This problem is known to be

NP-hard (see [19] for a survey). The problem can model many practical scenarios, like

bandwidth allocations problems, packet scheduling problems (see [20, 21]). The study of

bin packing in a game theoretical context has been introduced in [20]. In such a setting,

items are handled by selfish players and the unitary cost of each bin is shared among

the items it contains. In the literature, two natural cost sharing functions have been

considered: the egalitarian cost function, which equally shares the cost of a bin among

the items it contains (see [22, 23]), and the proportional cost function, where the cost

of a bin is split among the items proportionally to their sizes. Namely, each player is

charged with a cost according to the fraction of the used bin space her item requires (see

[20, 24]). We stress that for games with uniform sizes, where all the items have the same

size s, the two cost functions coincide. Each player would prefer to choose a strategy

that minimizes her own cost, where the strategy is the bin chosen by the player. Nash

equilibria, i.e., packings in which no player can lower her cost by changing the selected

4
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bin in favor of a different one, are mainly considered as natural stable outcomes for these

games. The social cost function that we aim to minimize is the number of open bins (a

bin is open if it stores at least one item).

In this thesis we consider colorful bin packing games, a generalization of the bin pack-

ing games where we are given a set of n selfish players, a set of m ≥ 2 colors, and a

set of n unit capacity bins. The special case of games with two colors are called black

and white bin packing games. Each player controls an indivisible colored item of size

in [0, 1]. Each item needs to be packed into a bin. The items in a bin are ordered in

a sequence. Each bin cannot exceed its capacity and no item can be misplaced, that

is no item is adjacent to another one of the same color in the bin. We use both the

egalitarian and the proportional cost functions, where we set the cost of any misplaced

item as infinite, and adopt Nash equilibria as stable outcomes of the games. We notice

that in any Nash equilibrium no player can be charged with an infinite cost since any

player can move to an empty bin and getting cost 1. We notice that, if all the items

have different colors, these games correspond to the bin packing ones. However, when

there are items with the same color, the stable outcomes of the games are structurally

different than bin packing ones. In fact, we show that in our games, Nash equilibria

perform very differently than in bin packing ones. Colorful bin packing games can model

many practical scenarios (see [25–27]) like television and radio stations which schedule

a set of programs of variuos genre on different channels, or displays on websites that

alternate between different types of information and advertisements, or software which

renders user-generated content and assigns it to columns which are to be displayed.

1.1 Main contributions

This thesis deals with various algorithmic challenges regarding Maximum Coverage and

Bin Packing. Since we cope with NP-hard optimization problems, our goal is to design

algorithms to solve them approximately. When we consider game-theoretical settings,

our goal is to characterize the existence of Nash equilibria and to show the efficiency of

them.

In the case of our multi-agent coverage settings, we first consider the optimization prob-

lem of maximizing the total revenue, which is defined as the sum of the agents’ revenue.

We provide an 1− 1√
e
-approximation algorithm for the case when the maximum cost of

a container is upper-bounded by the minimum budget of an agent, i.e. the case in which

each agent is allowed to buy any container, and a randomized Monte-Carlo algorithm for

the general case that runs in polynomial time, satisfies the budget constraint in expec-

tation, and guarantees an expected 1− 1
e approximation factor. Finally, we investigate

the distributed and proportional multi-agent coverage games. We show that DMCG can

5
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be modeled via another work in the literature and show that it always guarantees the

existence of a Nash equilibrium and a tight bound of 2 − 1
k for price of anarchy and

stability. Finally, we show that the existence of a Nash equilibrium for PMCG is not

guaranteed.

For the GBSM problem we first present an algorithm that guarantees an approxima-

tion factor of 1
2

(
1− 1

eα

)
, where α ≤ 1 is the approximation factor of an algorithm for

a sub-problem, namely α is the approximation factor of an algorithm used to select a

subset of elements whose ratio between marginal increment in the objective function and

marginal cost is maximum. We give two polynomial-time algorithms to solve this sub-

problem. The first one gives us α = 1− ε if the costs satisfies a specific condition, which

is fulfilled in several relevant cases, including the unitary costs case and the problem of

maximizing a monotone submodular function under a knapsack constraint. The second

one guarantees α = 1− 1
e − ε for the general case. The gap between our approximation

guarantees and the known inapproximability bounds is 1
2 . We extend our algorithm to a

bi-criterion approximation algorithm in which we are allowed to spend an extra budget

up to a factor β ≥ 1 to guarantee a 1
2

(
1− 1

eαβ

)
-approximation. If we set β = 1

α ln
(

1
2ε

)
,

the algorithm achieves an approximation factor of 1
2 − ε, for any arbitrarily small ε > 0.

Considering Colorful Bin Packing games we show that under the considered cost func-

tions they do not converge in general to a Nash equilibrium, however Nash equilibria are

guaranteed to exist. We provide algorithms to build such equilibria in polynomial time

under the egalitarian cost function and pseudo-polynomial time for a constant number

of colors under the proportional one. We then measure the quality of Nash equilibria.

We show that the prices of anarchy and stability are unbounded under both cost func-

tions with at least 3 colors, while they are equal to 3 with 2 colors. We finally focus on

the subcase of games with uniform sizes (i.e., all items have the same size). We show a

tight characterization of the efficiency of Nash equilibria and design an algorithm which

returns Nash equilibria with best achievable performance.

1.2 Outline of the thesis

The rest of this thesis is organized as follows. In Chapter 2 we introduce the basic

definitions regarding the problems discussed in the thesis. We provide an overview of

the basic concepts about algorithmic game theory, Maximum Coverage and Bin Pack-

ing. We introduce a variety of related problems and give the basic definitions about

submodular functions.

In Chapter 3 we focus on our multi-agent settings for Maximum Coverage. We present

two settings that differ only in the definition of the revenue of each agent and investigate

the existence and the efficiency of Nash equilibria for the related games.

6
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In Chapter 4 we give a generalization for the Maximum Coverage where we aim at max-

imizing a submodular function. We first present an algorithm where the approximation

factor is related to a sub-problem, and show two polynomial-time algorithms as sub-

routines to solve this sub-problem.

In Chapter 5 we introduce Colorful Bin Packing games, and provide a complete char-

acterization of the efficiency of Nash equilibria under both cost functions. Finally, in

Chapter 6, we conclude and present several future research directions.

7





Chapter 2

Preliminaries

In this chapter, we give a series of definitions that will be used in the rest of the thesis

and in the next sections we focus on the fundamental results known in the literature

regarding the main topics investigated in this thesis. In the first section introduce the

basics of algorithmic game theory, such as Nash equilibria, then we describe the Coverage

problem and its submodular generalizations. Finally, we use the last section to introduce

the Bin Packing problem and a collection of well-known results.

2.1 Algorithmic game theory

This section introduces some basic notions in the field of algorithmic game theory1,

building a framework for understanding the results in the next chapters. An extensive

discussion is available in [28].

2.1.1 Games and strategies

The purpose of game theory is to model strategic settings where some actors act in a

shared environment, and they affect each other. Each actor (usually called a player or

agent) has an outcome based on the choices made by any other actor.

We start with the most common example of a game: the prisoner’s dilemma. In this

game, there are two prisoners (called P1 and P2) which are held in different cells and

cannot talk to each other. They are accused of a major crime, and every prisoner can

choose between being silent and confessing the crime. If both remain silent they will

1Many of the definitions reported in this section are from [28, 29]
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have only a short prison time because the authorities will not be able to prove all the

charges. If only one prisoner confesses, his confession will be used as proof against the

other: the prisoner who confessed will spend 1 year in prison, the second will stay in

jail for 5 years. The last option is that both of them confesses. In this case they will

be accused for the crime but will have a 4 year deal (rather then 5) for the cooperation

with the authorities.

Figure 2.1: Possible years of prison for P1 and P2. (image from [28])

As depicted in Figure 2.1 the outcome of each prisoner does not depend only on his

decision, but also on the behavior of the other. When a prisoner need to decide which is

the best behavior, we assume that he is rational and selfish. In other words, he will try to

choose in such a way that he will spend the minimum possible time in prison. For both

of them, as a group, the best choice is to stay silent and spend only 2 years in prison.

But even if both of them choose to stay silent, every prisoner is tempted to confess,

because he can reduce his jail-time to one year. Moreover, if he stays silent maybe the

other prisoner chooses to confess and in this he would increase his jail time from 2 to 5

years. For this reasons, the best selfish decision for them is to confess and we say that

this is the only stable solution (a set of strategies where each agent cannot improve his

condition by change his behavior). But this is a good deal for the authorities, in fact

they are getting 2 confessions and giving a total of 8 years of prison.

The prisoner dilemma represents what in the literature is called a strategic game. In-

formally, a strategy for an agent is the choice that he made considering his payoff and

the strategies of all the other agents.

Definition 2.1 (Strategic game). A strategic game G consists of a set P of n ≥ 2 where

each agent pi has a finite set of strategies Si and a payoff function ωi : S1×· · ·×Sn → R
for 1 ≤ i ≤ n.

One of the main relevant properties of a strategic game is the possibility to reach a stable

profile of strategies, where nobody is interested in changing his strategy. A particular

situation where an agent is not interested in a change of strategy is in the case of

dominant strategies. Informally we say that a strategy is dominant for an agent if its

10



Chapter 2 Preliminaries

payoff is superior than any other possible strategy, for every possible choice of strategies

of the other agents.

Definition 2.2 (Dominant strategy). In a strategic game with n agents, we say that the

strategy si ∈ Si of an agent pi strictly dominates his strategy s′i if ωi(s1, . . . , si, . . . , sn) ≥
ωi(s1, . . . , s

′
i, . . . , sn) for every strategy sj ∈ Sj adopted by any other agent pj with j 6= i.

A dominant strategy for agent pi is a strategy si ∈ Si that strictly dominates any other

strategy s′i ∈ Si.

Armed with the previous definition we can specify that the confess strategy of the

prisoner dilemma is the best option of any agent because is a dominant strategy. Since

we are under the assumption of rational agents, a dominant strategy is always chosen

by an agent if it is available.

2.1.2 Nash equilibria

The concept of dominant strategy is a strong property for a game, but unfortunately

is also strict and not very common in many games. For this reason the gold standard

in the field of game theory when we talk about stable solutions is represented by the

concept of Nash equilibria. Introduced by Nash in 1950 ([30]), it was a revolutionary

addition to the young field of game theory, and that discovery led Nash to a Nobel prize

in economics in 1994.

Definition 2.3 (Nash equilibria). A state s = (s1, . . . , sn) is a Nash equilibrium (NE)

if for every agent pi with a strategy si it holds that

ωi(s1, . . . , si, . . . , sn) ≥ ωi(s1, . . . , s
′
i, . . . , sn)

for any s′i ∈ Si.

As we anticipated, the concept of Nash equilibria is similar to that of a dominant strate-

gies, but weaker and easier to find in a game. In a Nash equilibria any agent is not

interested in a change of strategy given the actual strategies of the other agents.

However, that does not mean that that strategy is always a good strategy. Maybe for

an agent is possible to have a much greater payoff, but this possibility is subjected to

the change of strategy of another agent. In this scenario, and in the results that we

consider in the thesis, we say that the game are non cooperative. In those kind of games

each agent does not form any coalition with other agents, even if a combined change

of strategy could lead to a greater payoff for each agent. In a non cooperative game

each agent decide only about his strategy, without any consideration about the possible
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decision of other agents.

It is interesting to notice that a game may admit more than one Nash equilibria, which

leads to the problem of discriminating among the possible NE. Even worse, we know

that non-cooperative games do not guarantee the existence of an NE. Nash, in a famous

theorem ([30]), determined that every finite non-cooperative game guarantees the exis-

tence of a mixed strategy Nash equilibria. In this setting an agent can choose different

strategies with some probabilities, and the payoff function is influenced by the proba-

bility distribution of the strategies.

When we need a distinction with the above mentioned mixed strategy NE, definition 2.3

is called pure NE. In our case we stick with the original definition and we study only

the case of pure Nash equilibria.

After this introduction about some basics concept of game theory, it is important to

explain the role of game theory in computer science. In the last four decades the world

changed in many aspects, but there was one new factor that changed the history of

the human kind at a faster pace than ever: the internet. In every field of science the

concept of any kind of network (human, information, computation network, etc.) became

more and more relevant. In computer science, many classical optimization problems

(especially those about networks) have been reviewed under this new paradigm. Many

new problems arose, since the perspective of decentralized settings permits to model

many realistic and interesting scenarios, where actors related to the problem are not

interested in a common well-being typical of the centralized algorithmic solutions, but

want to maximize their own payoff. However, the lack of cooperation between agents

may easily lead to a bad overall solution. Here we need to introduce the concept of

social welfare, that is - usually - the desired solution by the entire community of agents.

It can be defined as any function f : S → R defined over the set of states of the

game. Depending on the specific settings, there are games where the social welfare

is not directly related the the agents’ payoffs. However, a common definition for the

social welfare is the sum of the agents payoffs. To give an example of the previous

definition, we recall the solution of the prisoner dilemma: even if each prisoner chooses

his dominant strategy, the social welfare is the sum of the outcome of the agents. Since

we are considering years of prison, the social welfare aims to minimize the total number

of prison time. As we said in that section, the two dominant strategies result in 8 years

of prison. The optimal solution in terms of social welfare (usually called social optimum)

was to choose the ”silent” strategy for both agents and have only 4 years of prison.

When we analyze a problem from the point of view of the algorithmic game theory,

we want to define and study games where this degradation of social welfare due to the

agents’ selfishness is limited, or at least bounded. There are several techniques to design
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games where the agents can maximize their payoff while the social function remains

acceptable for the problem. Since we need to model problems with games and the

overall outcome is related with the choices of the agents and eventual stable states, we

need to formally measure the results that a game provide.

2.1.3 Properties of Nash equilibria

In what follows we define some properties about the existence, the quality and the

computational efficiency of Nash equilibria.

Existence and convergence to NE

As we said before, the existence of a (pure) Nash equilibria in a game is not guaranteed.

Therefore, the first interesting property to investigate in a game is the existence of at

least one Nash equilibria.

If the existence of a NE in a game is shown, the next question became natural: it is

possible to converge to a NE? In each step, an agent can change his strategy. Obviously

that will happen only if the agent can improve his payoff. More precisely, we say that an

agent that change his strategy to improve his payoff is performing an improving step (or

improving deviation). We define a game G as convergent if is always possible to reach a

NE starting from any strategy profile and letting agents perform any improving devia-

tion. Informally, a game is not convergent if is possible to create a cycle of improving

deviations of some agents that leads again to the starting strategy profile.

A common technique to prove the convergence of a game is to find a suitable potential

function Φ : S → R+. Proved in a seminal work by Rosenthal [31], the existence of such

a potential function tells us that the sequence of improving deviations will end in a Nash

equilibria.

Compute a Nash equilibria

Since we are interested in finding and studying Nash equilibria, another natural problem

arises: we need to consider the computational complexity of this problem. The problem

itself of finding a Nash equilibria does not fit in the typical computational classes of

P and NP. Dealing with search problems concerning the computation of discrete fixed

points, Papadimitrou in 1991 ([32]) introduced the complexity class known as PPAD

(Polynomial Parity Arguments on Directed graphs). In 2005 Chen and Deng [33] proved

that even for a non-cooperative 2-agents game, the problem of finding a Nash equilibria

in this game in PPAD-complete. It is believed that the class PPAD contains hard
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problems, but the PPAD-completeness is a weaker proof of intractability respect to the

NP-completeness.

When a game is studied it is usually interesting to find extreme equilibria, such as those

equilibria where the social function is minimized or maximized. These kinds of equilibria

are frequently shown to be hard to compute.

Price of Anarchy and Price of Stability

In the previous section the debate was only considering the existence of a Nash equilibria

in a game. But when we consider a game from the perspective of the algorithmic game

theory, we are also interest in the quality of the Nash equilibria. Since we consider the

equilibrium point of the game as a solution, we want to investigate if that equilibrium

point is far from the optimal solution. The first definition that try to investigate such

gap is the Price of Anarchy (PoA). Introduced by Koutsoupias and Papadimitriou [34],

the PoA aims to measure the minimum possible loss that we have to face in a NE respect

to the optimal solution. Comparing the study of the quality of a NE with a worst-case

analysis of an algorithm, the Price of Anarchy is related to the approximation ratio: it

give us the measurement of the loss in optimality in our game. Formally,

Definition 2.4 (Price of anarchy). Given a game G and a social function f , let N be

the set of all NE of G and OPT be a state of G optimizing f . The price of anarchy

PoAG(f) of a game G according to f is defined as

PoAG(f) = sup
s∈N

f(s)

f(OPT )

The price of stability (PoS ) is the ratio between the solution given by the best equilibria

in terms of social value and the optimal solution. Its definition is similar to the previous

one, but in this case we consider the minimum possible ratio between the social value

of a NE and the optimum.

Definition 2.5 (Price of stability). Given a game G and a social function f , let N be

the set of all NE of G and OPT be a state of G optimizing f . The price of stability

PoSG(f) of a game G according to f is defined as

PoAG(f) = inf
s∈N

f(s)

f(OPT )
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2.2 Maximum Coverage

Maximum Coverage is a fundamental combinatorial optimization problem, where we are

given a ground set X, a collection S of subsets of X with unit cost, and a budget k.

The goal is selecting a subset S′ ⊆ S, such that |S′| ≤ k, and the number of elements

of X covered by S′ is maximized. The Maximum Coverage (MC) which has several

applications in job scheduling, facility location ([5, Ch. 3]) and resource allocation [6].

The Maximum Coverage problem can be approximated by a factor 1 − 1
e , through a

well known algorithm given by Feige [3]. The algorithm starts with an empty solution

and iteratively adds a set with maximum number of uncovered elements until k sets are

selected.

From Maximum Coverage followed a series of special cases and sub-problems. For in-

stance, in Maximum h-Coverage, h denotes the maximum size of each subset of elements.

If the size of the subsest is small, the previous inapproximability results does not hold.

Namely, this problem is known to be APX-hard for any h ≥ 3 [35]. Moreover, notice

that when h = 2 that problem is equal to the maximum matching problem. A simple

polynomial local search heuristic has an approximation ratio very close to 2
h [36], and

there exists a polynomial time algorithm that achieves an approximation factor of 5
6 for

the case when h = 3 [37].

In 1999, Khuller, Moss and Naor ([8]) introduced the Budgeted Maximum Coverage

(BMC). This problem extends the maximum coverage, setting the cost of the subsets of

elements to an arbitrary value. Clearly, in this problem the solution is feasible if the sum

of the costs of the selected subsets is at most equal to the given budget. In their paper,

Khuller et al. present a polynomial time greedy algorithm with approximation factor of

1− 1
e , which is tight due to the inapproximability results of the Maximum Coverage.

In 2008, Cohen and Katzir introduced the Generalized Maximum Coverage (GMC),

which a further generalization of BMC. In this problem every subset has a cost, and

every element has a different weight and cost that depend on which set covers it. In [9],

a polynomial time (greedy) algorithm with approximation factor of 1 − 1
e − ε, for any

ε > 0, has been shown.

In the maximum coverage with group budgeted constraints, the subset of elements are

partitioned into groups, and the goal is to pick k subsets to maximize the cardinality of

their union with the restriction that at most one subset can be picked from each group.

In [38], the authors propose a 1
2 -approximation algorithm for this problem, and smaller

constant approximation algorithm for the cost version. In the ground-set-cost budgeted

maximum coverage problem, given a budget and a hypergraph, where each vertex has a

non-negative cost and a non-negative profit, we want to select a set of hyperedges such

that the total cost of the covered vertices is at most the budget and the total profit of all
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covered vertices is maximized. This problem is strictly harder than budgeted max cover-

age. The difference of this problem to the budgeted maximum coverage problem is that

the costs are associated with the covered vertices instead of the selected hyperedges. In

[39], the authors obtain a 1
2

(
1− 1√

e

)
-approximation algorithm for graphs (which means

having sets of size 2) and an FPTAS if the incidence graph of the hypergraph is a forest

(i.e. the hypergraph is Berge-acyclic).

In all the above problems the profit of a solution is given by the sum of the weights of

the covered elements. An important and studied extension is adopting a nonnegative,

nondecreasing, submodular function f , which assigns a profit to each subset of elements.

In order to introduce those kind of problems, in what follows we briefly introduce some

basic notions about submodularity, and then we show a series of results regarding the

above mentioned problems.

2.2.1 Submodular set functions

Submodularity is a property of set functions with deep theoretical consequences and

various applications: in computer science it has recently been identified and utilized in

domains such as information gathering, image segmentation and speeding up satisfiabil-

ity solvers.

Definition 2.6 (Submodular Set Function). A set function f is called submodular if

satisfies

f(S ∪ {v})− f(S) ≥ f(T ∪ {v})− f(T )

for all elements v /∈ T and all pairs of sets S ⊆ T .

The marginal gain from adding an element to a set S is at least as high as the marginal

gain from adding the same element to a superset of S.

In the further chapter we will use a particular type of submodular function, which is

also monotone.

Definition 2.7 (Monotone Submodular Function). A submodular function f is called

monotone if satisfies

f(S ∪ {x}) ≥ f(S), ∀x. (2.1)

Definition 2.8 (Coverage Function). Let Ω = {E1, E2, . . . , En} be a collection of sub-

sets of some ground set Ω′. The function f(S) = | ∪Ei∈S Ei| for S ⊆ Ω is called a

coverage function.
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There are multiple alternative (and equivalent) definitions for submodular functions,

Nemhauser et al. [40] proved the equivalence between each of them. In the same paper

they introduced a number of interesting properties about submodular functions that

makes them interesting for many research field. Kempe et al. [41] deeply used one

of these properties as a foundation for their results: let f be a submodular function.

Suppose that f takes only non-negative values and is monotone, in the sense that adding

an element to a set cannot cause f to decrease: f(S∪{v}) ≥ f(S),∀ elements v and sets

S. Searching a k-element set S for which f(S) is maximized is an NP-hard optimization

problem but a property of [40] shows that the simple greedy hill-climbing algorithm

approximates the optimum to within a factor of (1 − 1/e) (where e is the base of the

natural logarithm): start with the empty set, and repeatedly add an element that gives

the maximum marginal gain.

Theorem 2.9. [40, 41] For a non-negative, monotone submodular function f , let S be a

set of size k obtained by selecting elements one at a time, each time choosing an element

that provides the largest marginal increase in the function value. Let S∗ be a set that

maximizes the value of f over all k-element sets. Then f(S) ≥ (1− 1/e)f(S∗).

In other words, S provides a (1− 1/e) approximation.

2.2.2 Submodular maximization problems

Since in the next chapters we consider a setting of Maximum Coverage where we aim

at maximizing the value of a submodular function, in this section we show some of the

related works in the literature. As we show in chapter 4, our setting is not generalized

or captured by any of the related problem that we are about to show.

The first problem that we consider is the submodular set function subject to a Knap-

sack Constraint maximization (SFKC) problem. This problem is presented in [17] by

Sviridenko. In this problem we have a cost for any element, and the goal is selecting

a set X of elements that maximizes f(X), where f is a monotone submodular func-

tion subject to the constraint that the sum of the costs of the selected elements is at

most equal to the budget. This problem admits a polynomial time algorithm that is

an
(
1− 1

e

)
-approximation. Since the Maximum Coverage problem is a special case of

SFKC problem, this result is tight.

In 2013, Iyer and Bilmes ([18]) introduced a more general setting, called Submodu-

lar Cost Submodular Knapsack (SCSK). In this problem we are given a set of ele-

ments V = {1, 2, . . . , n}, two monotone non-decreasing submodular functions g and f

(f, g : 2V → R), and a budget b, the goal is finding a set of elements X ⊆ V that

maximizes the value g(X) under the constraint that f(X) ≤ b. Their two main results
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are to show that the problem cannot be approximated within any constant bound and

providing a 1/n approximation algorithm and they mainly focus on bi-criterion approx-

imation.

Another relevant problem which is related to submodular optimization and is related to

the problems that we show in this thesis is the Influence Maximization. In this problem

we are given a graph where each node represents a potential customer of a product and

we are interested in finding a set of people that maximizes the expected number of ac-

tive nodes through a diffusion process. Initially we have access only to a subset of nodes

called core set. Given a budget k, we can activate a node in the core set with unitary

cost. The active nodes initiate the diffusion process (i.e. via the independent cascade

model). The influence of a set A of nodes, denoted σ(A), is the expected number of

active nodes at the end of the diffusion process, given that A is this initial set of active

nodes chosen in the core set. Formally, σ(A) = E[|At|], where At is the (random) time

of quiescence.

Definition 2.10. (Influence Maximization) [41] Given a budget k, select a k-set of nodes

A such that A ⊆ J and σ(A) is maximized.

As reported in section 2.2.1, Kempe et al. [41, 42] used the properties of submodular

functions to achieve interesting results in different diffusion models. Their strategy con-

sists in showing that for several diffusion models the resulting influence function σ(·) is

submodular. An influence function quantifies the expected number of nodes that are

influenced when a set of individuals initiates a cascade. Based on this research, numer-

ous techniques and improvements were developed, ranging from sophisticated predictive

models of influence [43–47] to fast approximation methods [48–51]. Kempe et al. shows

that the greedy algorithm may not evaluate the influence function exactly. However,

by simulating the diffusion process and sampling the resulting active sets, it is possible

to obtain arbitrarily close approximations to σ(A), with high probability. For the most

common diffusion models the problem is intractable, but there are some basic algorithms

that provide (1− 1/e)-approximation results [41].

2.2.3 Multi-agent problems

In the next chapters we will address multi-agent coverage problems. There is a growing

body of literature that recognizes the importance of analyzing optimization problems

with multiple agents. The first setting that we consider is presented in [10], where

the authors study a class of combinatorial problems with multi-agent submodular cost

functions. In such problems we are given a set of elements X and a collection of sets

over the elements. We are also given k agents, where each agent i specifies a normalized
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monotone submodular cost function fi : 2X → R+. The goal is to find a set S in

the collections and a partition S1, . . . , Sk of S such that
∑

i fi(Si) is minimized. The

authors manage to fix the collection to some combinatorial structures, the authors define

a subclass of fundamental optimization problems: vertex cover, shortest path, perfect

matching and spanning tree. The authors provide bounds for all these problems., and

the results are extended in [11] and in [12].

Another relevant setting that we mention which is related to multiple agents coverage

problems is the general covering problem. We are given a set of elements X where each

x ∈ X is associated to a positive integer weight. Moreover, we are given n collections

S1, . . . , Sn of subsets of X where Si ⊂ 2X is a subset of the power-set of the elements.

The goal is to choose one subset si from each collection Si such that their union ∪i∈[n]Si

has maximum total weight. In [52] the authors consider the general covering problem

where the choice in each collection is made by an independent agent. For covering

an element, the agents receive a revenue defined by a non-increasing revenue sharing

function. This function defines the fraction that each covering agent receives from the

elements. They study how to define a revenue sharing function such that every Nash

equilibrium approximates the optimal solution by a factor of 1 − 1
e . They also show a

centralized 1− 1
e approximation algorithm for the general covering problem.

Chekuri and Kumar in [53] introduce a variant of the maximum coverage problem called

maximum coverage with group budget constraints (MCG). In this problem we are given

a collection of sets S = {S1, . . . , Sn} where each set Si is a subset of a given ground set

X. The collection S is partitioned into groups G1, . . . , Gl. In MCG the goal is to pick

k sets from S in order to maximize the cardinality of their union, with the additional

constraint of picking at least one set from each group. For this setting the authors

provide a 1
2 -approximation algorithm. Even if this is not a paper about multi-agent

settings, MCG can model a variety of multi-agent problems related to coverage. The

authors also present a cost version of the problem where each set Si has an associated

cost c(Si), there is a budget Bj for each group Gj , and an overall budget B. In the

cost version the goal is to maximize the cardinality of the union of the selected sets,

respecting also the budget constraints: the total cost of the sets selected in each group

cannot exceed the group’s budget and the overall cost of the selected sets cannot exceed

B. The authors give a 1
12 -approximation algorithm for the cost version of the problem.

This factor was improved to 1
5 by Farbstein and Levin [54].

Chakrabarty and Goel [13] consider the maximum budgeted allocation problem where

we are given a set of indivisible items and agents. Each agent i is willing to pay bij on

item j and has a budget bi. The goal is to allocate items to agents to maximize the

revenue, that is, the sum, over all the agents, of the price for the items she bought. The

main results described in the paper are: a 3/4-approximation algorithm that exploits a

natural LP relaxation of the problem, and a 15/16 hardness of approximation result.

19



Chapter 2 Preliminaries

We also consider the setting proposed by Vondrak ([14]). This problem considers the

submodular welfare problem: m items are to be distributed among n agents with utility

functions wi : 2[m] → R+. Assuming that agent i receives a set of items Si, the goal

is to maximize the total utility
∑n

i=1wi(Si). In this paper, the authors work in the

value oracle model where the only access to the utility functions is through a black

box returning wi(S) for a given set S. They develop a randomized continuous greedy

algorithm which achieves a (1−1/e)-approximation for their problem in the value oracle

model. A last work that is worth to mention is [55] where the authors consider a class

of games, called the distributed welfare games, that can be utilized to model the game

theoretical version of the our distributed multi-agent coverage problem, that will be

introduced and discussed in Chapter 3.

2.3 Bin Packing

Bin packing is a classical problem in combinatorial optimization, where we want to pack

items of different sizes in [0, 1] into the smallest possible number of unit capacity bins.

During the 1970s was one of the first problems where computer scientists investigated

the worst-case performance guarantees. This problem has been addressed in many works

in the literature (see [19] for a survey) and countless sub-problems were derived from

it. Bin packing has a variety of real-world applications, such as the optimization of

trucks space or the schedule of television series and commercial. If we consider further

constraints, e.g. the impossibility of packing similar categories of items into the same

bin we can capture a broader set of real-life scenarios. Following in the section, we will

introduce two relevant examples of such subproblems: the colorful Bin Packing and the

black&white Bin Packing. Furthermore, we will introduce some game theoretical settings

derived from the bin packing that are known in the literature as selfish Bin Packing.

Definition 2.11 (Bin Packing). In the bin packing problem, we are given a set of items

X = {x1, . . . , xn} where the element xi has size si ∈ (0, 1] and a set of unitary capacity

bins B = {B1 . . . , Bn}. The goal is to pack the items into a minimum number of bins

without exceeding their capacity, i.e. ∀Bj ,
∑

xi∈Bj si ≤ 1.

2.3.1 Algorithms for Bin Packing

The simplest algorithm considered for bin packing is the Next Fit [56]. In this straight-

forward online algorithm, there is a currently open bin, and any new element is placed

into this bin. When an item does not fit into the bin, a new empty bin is opened and be-

came the current bin. The algorithm stops when all the items are placed. Next Fit runs
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in polynomial time and it is not difficult to prove that the algorithm is 2-approximating.

A natural improvement to the Next Fit algorithm is to consider all the bins with some

empty space as open bins. We consider a new rule where we place an item in the first

bin into which it will fit, otherwise we open a new bin and we place the current item as

first item of the new bin. This algorithm is known as First Fit. The trivial implemen-

tation of this algorithm achieves a quadratic-time, but as shown in [56] it is possible to

develop a O(n log n) running time implementation of the First Fit using an appropriate

data structure. The wider range of destinations for each item results in a better approx-

imation respect the the Next Fit. As Ullman proved in the early 70s ([57]) the Next

Fit strategy achieves a 1.7-approximation. This approximation is tight since it possible

build a queue of an arbitrarily large number of items with a 1.7-approximation using

First Fit.

The packing rules that we considered for Next Fit and First Fit are only two of the

many possible rules that were considered in the literature. A very interesting packing

rule is used in the Best Fit algorithm. As in the First Fit, any bin with some empty

space is considered as open, and the current item is placed inside the bin with the

minimum empty space left which is enough to store the current item. Johnson shows

that Best Fit has a tight 1.7-approximation ratio ([56]). Despite this algorithm does

not give any theoretical improvement respect to First Fit, the two algorithms can give

significantly different results on individual lists. Johnson introduced several examples

where differently structured lists of items results in a 50% difference between the two

packing rules. Similar results are given for Almost Any Fit : a tight 1.7-approximation

algorithm that can be used to achieve better results on individual lists respect to the

previous algorithms. All the previous algorithm shares an interesting property, namely

the approximation ratio of each algorithm improves significantly as the maximum item

size declines ([56]).

When the online restriction is removed, it is possible to improve dramatically the effi-

ciency of the algorithms. A simple and effective idea is to adapt the First Fit to the

offline case, applying a sorting step before applying the packing rule. Sorting the items

in size-decreasing order leads us to the First Fit Decreasing. This algorithm achieves

a 1.22-approximation factor ([56]). In an example proposed by Johnson, this ratio is

shown to be tight. Note that there are two more algorithms called Best Fit Decreasing

and Next Fit Decreasing, which are defined analogously: after a decreasing sorting of

the items, the Best Fit or First Fit packing is applied. For these algorithms the same

results are given. As with the earlier algorithm, the approximation factor of the De-

creasing algorithms improves when the size of the maximum element decreases.
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2.3.2 Colorful Bin Packing

To provide a consistent background for the results proposed in the next chapters we need

to introduce two recent variants of Bin Packing problem: the Black&White Bin Packing

(B&W BP) and its generalization Colorful Bin Packing (CBP). Both these problems

can be considered in the online ([58], [27]) and offline([59],[60]) version. In the CBP each

item has a color and a size and the goal is to pack those items in the minimum number

of unitary size bins. To have a valid packing, two consecutive items in a bin cannot have

the same color. Note that the offline CBP is a generalization of the classical Bin Packing

if each item has a different color. Clearly, this implies that CBP is NP-hard. The B&W

BP is a special case of CBP where the items have only two colors. This problem has

been introduced in 2012 by Balogh et al. ([61]). It is important to notice that one of the

main differences between this problems and the original Bin Packing is that the order

in which items are packed matters, and this restriction makes the previous algorithms

less efficient, especially in the online case. For the online case of B&W BP Balogh et

al. ([58]) shows that the previous algorithms ”Fit-like” have a competitive ratio which

is lower-bounded by 3. At the same time they give a 3-competitive algorithm. More-

over, they show that the competitive ratio for any deterministic online algorithm for

this problem has a lower bound of 1.7213. This bound has been improved by Dósa and

Epstein [27] showing a lower bound of 2.

Moving to the offline setting, Balogh et al. [59] show a variety of results. The first one

is a 2-approximating heuristic that runs in O(n log n)-time where n is the number of

items to pack. Moreover, they propose an asymptotic PTAS (APTAS) algorithm, which

is lately improved as asymptotic FPTAS (AFPTAS). Using the APTAS it is possible to

reach an 3
2 -approximation algorithm with a bad running time respect to the heuristic.

Contrariwise the AFPATS allows a faster running time algorithm with a worse constant

additive error.

The Colorful Bin Packing problem is studied in recent works. Introduced by Dósa and

Epstein in 2014 [27], they propose a series of results: they start showing that each

combinatorial algorithm commonly used for the Bin Packing problem (such as First Fit,

Next Fit and so on) have unbounded asymptotic competitive ratios for CBP. Then they

propose a new algorithm called Balanced-Pseudo which is 4−competitive. Furthermore,

they show that the lower bound for any algorithm for CBP is 2. Finally, they introduce

the sub-setting in which every item has size zero. For this particular setting they show

that the lower bound for every possible competitive algorithm is 3
2 .

In follow-up research, Böhm et al. [25] extended and improved the results given by Dósa

and Epstein. In this work they give a 3.5-competitive online algorithm and an higher
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2.5 lower bound for any competitive algorithm on the online CBP. They studied also the

zero-size setting, giving a 5/3-competitive algorithm. They improve the lower bound

for zero-size, matching the value of 5/3 and concluding that their algorithm is optimal

for this problem. Finally in the black&white zero-size setting they proposes an optimal

1-competitive online algorithm.

A significant improvement is given by Matsakis in [60], with a new offline algorithm for

the CBP problem. He propose a 2-approximating algorithm that runs in O(n log n)-time

where n is the number of items to pack.

2.3.3 Selfish Bin Packing

The study of Bin Packing in a game theoretical context has been introduced in 2006

by Bilò ([20]). In a Bin Packing game each item is handled by a selfish agent, and the

agents shares the costs of the chosen bin with the other agents in the same bin. Three

main sharing functions are considered in the literature:

• proportional game: the cost of the bin is split among the items it contains propor-

tionally to their size.

• egalitarian (or unit) game: the cost of the bin is equally shared among the items

it contains.

• general weight game: in this game each item is associated with a positive weight,

which is not related to its size. Similarly with the proportional case, the cost of

the bin is split among the items it contains proportionally to their weight.

In 2013, Epstein published a survey ([62]) on the know results about bin packing with

selfish items. As we introduced before, Bilò ([20]) published the first paper regarding a

game theoretical approach on Bin Packing. In the same paper he introduces the propor-

tional setting, showing a variety of results regarding the study of the Nash equilibrium.

First of all, he shows that a proportional game always converges to a Nash equilibrium

through the potential function method. Moreover, exploiting the same potential func-

tion, he derives a bound on the number steps needed to reach an approximate Nash

equilibrium. Finally, he considered the quality of such Nash equilibrium, giving upper

and lower bounds for the price of anarchy, respectively 5
3 and 8

5 .

Those results have been improved multiple times during the last decade. In 2008, Yu and

Zhang ([63]) give a polynomial time algorithm to find a Nash equilibrium in a propor-

tional game, showing that computing a Nash equilibrium is an easy problem. Moreover,

they improve the bounds for the price of anarchy of the game, showing a lower bound

of 1.6416 and an upper bound of 1.6575.
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In 2011, Epstein and Kleiman ([21]) improve those results to nearly tight lower and

upper bounds of 1.6416 and 1.6428, respectively. Furthermore, they consider the Strong

Nash equilibrium2(SNE) showing that a packing is a Strong Nash equilibrium if and only

if it is produced by the Subset Sum algorithm for Bin Packing. From this result, they are

able to prove that in such bin packing games SPoA (strong PoA) = SPoS (strong PoS).

Finally they show that there is no polynomial time algorithm to compute the Strong

Nash equilibria, unless P = NP.

The most relevant paper regarding the egalitarian bin packing games has been published

by Ma et al. in 2012 ([23]). The authors firstly introduce the setting, then they show

that Next Fit Increasing (see Section 2.3.1 for related algorithms) creates an NE for

every input. The approximation ratio of Next Fit Increasing is equal approximately to

1.69103. This value is the approximation ratio of a number of algorithms, such as Next

Fit Increasing and Next Fit Decreasing (see [23]). Regarding the quality of the Nash

equilibrium, the authors shows that the PoA is at least 1.7 (since the NE packing is the

output of a First Fit algorithm) and they give an example where the PoA is exactly 1.7,

concluding that their bound is tight for the egalitarian setting. In [24], Dòsa and Epstein

gives further results about this setting. They shows that SPoA is equal to 1.69103, since

Next Fit Increasing creates the worst possible strong Nash equilibrium. Moreover, in

this case the result is not tight, since the SPoS is lower, and its value is approximately

1.611824.

The general weight games have been addressed by Dòsa and Epstein ([24]). Firstly, they

show that any game with general weights admit a Nash equilibrium and they show that

those games converge to Nash equilibria. Then, they consider several measures of types

of Nash equilibria: strong Nash equilibria but also strictly Pareto optimal equilibria and

weakly Pareto optimal equilibria. They prove that any game of this class admits all

these types of equilibria. Finally, they show that the case of general weights is strongly

related to the First Fit algorithm (see Section 2.3.1), and all the four PoA values are

equal to 1.7. Regarding the PoS, in any game of this class the values are equal to 1,

except for those of strong equilibria, which is equal to 1.7.

2A Strong Nash equilibrium is a packing where there exists no subset of agents, all agents in which
can profit from jointly moving their items to different bins.
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Multi-Agent Coverage Problems

3.1 Model and Preliminaries

In the multi-agent coverage problem we are given a set A of k autonomous agents, a

set X of n elements, and a set S of m containers, where, for any S ∈ S, S ⊆ X.

We denote as cS ∈ R+ the cost of S ∈ S, and as ux ∈ R+ the utility of the element

x ∈ X. Given any Y ⊆ X, we define the total utility of elements belonging to Y as

UY =
∑

x∈Y ux. We are also given a set of k budgets B = {b1, . . . , bk}, where bi is the

budget of agent i. An outcome of the problem is a vector O = (O1, . . . , Ok) where, for

any i = 1, . . . , k, the strategy Oi ⊆ S of agent i is such that
∑

S∈Oi cS ≤ bi. That is,

each agent buys a subset of elements of S which overall cost is at most her own budget

(sometimes we say that a container is assigned to an agent). We say that an agent i

covers an element x ∈ X if there exists a container S ∈ Oi such that x ∈ S. Moreover,

we define as Ci(O) =
⋃
S∈Oi S the set of elements covered by agent i in the outcome O.

We call px(O) the number of agents that cover the element x ∈ X in the outcome O, i.e.,

px(O) = |{i ∈ A : x ∈ Ci(O)}|. Furthermore, for any element x ∈ X and agent i ∈ A,

we denote by tix(O) the number of times that a container containing x is bought by i in

the outcome O, formally, tix(O) = |{S ∈ Oi : x ∈ S}|. We denote the overall number of

times that a container containing x is bought in the outcome O as tx(O) =
∑k

i=1 t
i
x(O).

We consider two different settings which differ only in the definition of the revenue

of each agent. In the first setting, that we call the distributed multi-agent coverage

problem (DMCP), given an outcome O, the utility of each element is equally split among

all the agents covering it in O. Formally, the revenue of agent i in the outcome O is

rDi (O) =
∑

x∈Ci(O)
ux

px(O) .

In the second setting, that we call proportional multi-agent coverage problem (PMCP),

given an outcome O, the utility of each element is equally split among all the containers
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covering it in O, that is, for each element x ∈ Ci(O), the agent i gets revenue equal to
tix(O)
tx(O)ux. The overall revenue of agent i in the outcome O is defined as

rPi (O) =
∑

x∈Ci(O)

tix(O)

tx(O)
ux =

∑
S∈Oi

∑
x∈S

ux
tx(O)

.

For this problem we consider two different scenarios. The first one is the classical

centralized approach where the objective is computing an outcome that maximizes the

sum of the revenues of the agents which we call the total revenue. We remark that, since

the agents are autonomous, they have to satisfy their own budget constraints. We also

observe that the sum of the player’s revenue is the same for DMCP and PMCP. In fact,

for any outcome O, we have that
∑

i∈A r
D
i (O) =

∑
i∈A r

P
i (O), which corresponds to the

sum of the utilities of all the elements bought by at least one agent. We denote this sum

as R(O).

As we introduced in Section 2.2.3, there are several relevant works regarding the field.

We emphasize that our centralized multi-agent setting is not captured by any research in

the literature. The problem considered by Goel et al. ([10–12]) differs from our setting,

since here agents have budget constraints to satisfy. Moreover, we have that a single

element can belong to more than one container. Finally, we are interested in maximizing

the sum of the utilities of the covered elements. We notice that our problem also differs

from the one considered in [13]. In fact, in our setting, we have bins and a single element

can belong to more than one container, i.e., an element can give revenue to more than

one agent. Moreover, we have costs for the containers and utilities for the elements.

Our setting differs from the one presented by Vondrak ([14]): our problem is different

because we have bins with their own costs, a single element can belong to more than

one bin, and agents have a budget constraint to satisfy. With respect to the setting

presented by Chekuri and Kumar ([38]) we notice that the cost version of MCG cannot

be used to model our setting since the assumption is that the groups are disjoint. As

shown in [54], if the sets in the groups are not disjoint the MCG problem cannot be

approximated within any constant factor. Finally, our multi-agent coverage problem is

a special case of the general covering problem ([52]). Indeed, for each agent i, Si can be

defined has the different subsets of elements that can be covered by using budgets bi.

However, notice that Si can be exponential in |X|, which implies that the centralized

algorithm proposed in [52] is not polynomial in our setting.

The second scenario considers distributed multi-agent coverage games (DMCG) and the

proportional multi-agent coverage games (PMCG) where autonomous and selfish agents

are concerned about maximizing their own revenue. Formally, a distributed multi-agent

coverage game or a proportional multi-agent coverage game G = (A,X,S) is defined by
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the setA of k agents, the setX of n elements, and the set S ofm containers. Let (O−i, O
′
i)

denote the outcome O′ obtained from O by changing the strategy of agent i from Oi

to O′i. In DMCG (PMCG, resp.), given an outcome O = (O1, . . . , Ok), an improving

deviation of agent i in the outcome O is a strategy O′i such that rDi ((O−i, O
′
i)) > rDi (O)

(rPi ((O−i, O
′
i)) > rPi (O), resp.). An outcome is a pure Nash equilibrium (NE) for G if

and only if no agent can perform an improving deviation. Formally, an outcome O is a

NE for DMCG (PMCG, resp.) if rDi (O) ≥ rDi ((O−i, O
′
i)) (rPi (O) ≥ rPi ((O−i, O

′
i)), resp.)

for any possible strategy O′i and for any agent i ∈ A.

We notice that DMCG and PMCG in general yield two different games. However, when

all the agents have the same budget b and all the containers have the same cost b, the

two games are equivalent, since each player can only choose exactly one container. The

distributed setting of our multi-agent coverage game can be modeled via a distributed

welfare game with anonymous resource specific welfare function([55]). We report the

results in the next sections and show some relevant proofs. To our knowledge we are

the first to consider proportional multi-agent coverage games.

3.2 Centralized case

In this section we address the centralized case where we look for an outcome O that

maximizes the total revenue R(O) =
∑

i∈A r
D
i (O) =

∑
i∈A r

P
i (O), while satisfying the

agents’ budget constraints.

We first introduce the case of a single agent, which corresponds to the budgeted maxi-

mum coverage problem, and that can be optimally approximated to within a constant

factor. We then show how to exploit the algorithm for single agent to obtain a constant

factor approximation for the case in which the maximum cost of a container is upper-

bounded by the minimum budget of an agent (i.e. the case in which each agent in A

can buy any container in S). Finally, we give a randomized algorithm for the general

case that guarantees a constant factor approximation in expectation.

3.2.1 Single-agent case

The single-agent case corresponds to the budgeted maximum coverage problem for which

an algorithm that guarantees a 1 − 1
e approximation factor has been proposed in [8].

The problem generalizes the maximum coverage problem which is known to be NP -hard

to approximate to within a factor greater than 1 − 1
e , therefore the algorithm in [8] is

optimal from the approximation point of view.
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Algorithm 1: Greedy algorithm for single-agent case.

Input : S, X, b1
1 O1 := ∅; X ′ := X; S ′ := S;
2 repeat

3 Select S′ ∈ S that maximizes
∑
x∈S′∩X′ ux
cS′

;

4 if
∑

S∈O1
cS + cS′ ≤ b1 then

5 O1 := O1 ∪ {S′};
6 X ′ := X ′ \ S′;
7 S ′ := S ′ \ {S′}
8 until S ′ = ∅;
9 return O = (O1);

Two algorithms are given in [8]: the former one is a greedy algorithm that achieves an

approximation factor of 1 − 1√
e
; the latter one improves the approximation factor to

1 − 1
e by first guessing three containers that are contained in an optimal solution, and

then completing the solution with the greedy algorithm.

In the following we describe the greedy algorithm and show a property that will be

used in the next section to prove an approximation bound on the multi-agent case. The

pseudo-code is reported in Algorithm 1. The algorithm starts with an empty solution

O1 and, at each iteration selects the container S′ that maximizes the ratio between the

utility of the elements in S′ that are not yet covered and the cost of S′ (line 3). If

the sum of the cost of S′ and that of the solution computed so far does not exceed the

budget b1, then S′ is added to O1 (lines 4–5).

Let O∗ be an optimal solution. Let h be the number of iterations of Algorithm 1 until

the first container is not added to O1 because it violates the budget constraint (i.e.

either h+1 is the first iteration in which the condition at line 4 is not satisfied, or all the

containers in S are added to O1). For each j = 1, . . . , h, let Sj be the container selected

at iteration j and Oj1 be the set of containers O1 computed at the end of iteration j.

The next lemma is used in [8] to show the approximation ratio of Algorithm 1.

Lemma 3.1. [8] For each j = 1, . . . , h, the following holds:

R(Oj1) ≥

[
1−

j∏
`=1

(
1− cS`

b1

)]
R(O∗).

The following proposition will be used in the next section to prove an approximation

guarantee in the multi-agent case.

Proposition 3.2. Let O∗ be an optimal solution for the single-agent case and let α ∈
[0, 1]. For each j = 1, . . . , h, if the agent spends at least αb1 budget by iteration j, then

R(Oj1) ≥
(
1− 1

eα

)
R(O∗).
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Algorithm 2: Algorithm for the case cmax ≤ bmin.

Input : S, X,B
1 Run Algorithm 1 with input (S, X,

∑k
i=1 bi);

2 Let O′1 = {S1, . . . , Sg} be the output of Algorithm 1, where Sj is the container chosen
at iteration j, for j = 1, . . . , g;

3 Oi := ∅, for each i = 1, . . . , k;
4 for j = 1, . . . , g do
5 if There exists an index i ≤ k such that

∑
S∈Oi cS + cSj ≤ bi then

6 Let i be the smallest index such that
∑

S∈Oi cS + cSj ≤ bi;
7 Oi := Oi ∪ {Sj};

8 return O = (O1, . . . , Ok);

Proof. By hypothesis,
∑

S∈Oj1
cS ≥ αb1. Then, by Lemma 3.1, we have:

R(O) ≥

[
1−

j∏
`=1

(
1− cS`

b1

)]
R(O∗)

≥

[
1−

j∏
`=1

(
1− αcS`∑

S∈Oj1
cS

)]
R(O∗)

≥

[
1−

(
1− α

j

)j]
R(O∗)

≥
(

1− 1

eα

)
R(O∗),

where the last two inequalities are due to the following observation (see [1]): For a se-

quence of numbers a1, . . . , an such that
∑n

`=1 a` = A, the function
[
1−

∏n
`=1

(
1− a`·α

A

)]
achieves its minimum when a` = A

n and[
1−

n∏
`=1

(
1− a` · α

A

)]
≥ 1−

(
1− α

n

)n
≥ 1− e−α.

3.2.2 Smallest budget greater than or equal to the highest cost

In this section, we consider the multi-agent case in which all the agents have enough

budget to be able to buy any container in S. Formally, if cmax = maxS∈S cS and

bmin = mini∈A bi, then cmax ≤ bmin. Without loss of generality, we assume that the

agents are sorted in non-increasing order of budget, that is b1 ≥ b2 ≥ · · · ≥ bk = bmin,

ties are broken arbitrarily.
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We give an algorithm that achieves a 1− 1√
e

approximation ratio. The algorithm, whose

pseudo-code is given in Algorithm 2, first defines an instance of the single-agent case

which has the same elements X and containers S, while the budget of the unique agent

is equal to
∑k

i=1 bi, which is the sum of the budgets of all the agents in the multi-agent

instance. Algorithm 2 approximately solves this instance by means of Algorithm 1,

and then assigns some of the containers returned to the k agents in such a way that

the budget constraints are not violated. In detail, let {S1, . . . , Sg} be the containers

returned by Algorithm 1, where Sj is the container chosen at iteration j of Algorithm 1,

for j = 1, . . . , g. Iteratively, for each j = 1, . . . , g, the algorithm assigns Sj to the agent

i such that i is minimum (i.e. her budget is maximum) and the cost of Sj plus that of

the partial solution Oi does not exceed budget bi, if such an agent exists, otherwise it

discards Sj (lines 4–7).

The next theorem shows a constant approximation bound for Algorithm 2. The assump-

tion that cmax ≤ bk allows us to show that the cost of the containers assigned to the

agents is at least half of the entire budget
∑k

i=1 bi. Moreover, these assigned containers

satisfy the hypotheses of Proposition 3.2, therefore, we can exploit it with α = 1
2 to

show the statement.

Theorem 3.3. Let O∗ be an optimal solution and O be the solution returned by Algo-

rithm 2, then R(O) ≥
(

1− 1√
e

)
R(O∗).

Proof. Let us consider the last iteration h of Algorithm 1 for which the budget constraint

is not violated (i.e. either h + 1 is the first iteration in which the condition at line 4 is

not satisfied or Algorithm 1 includes all the containers in O′1).

We first show that the cost of containers S1, . . . , Sh is at least a fraction 1 − 1
k of the

entire budget
∑k

i=1 bi or Algorithm 1 includes all the containers in S to O′1 by iteration

h. Then, we show that there exists a j ≤ h such that Algorithm 2 is able to assign to the

k agents all the containers S1, . . . , Sj and which the overall cost of these containers is at

least half of the entire budget used by Algorithm 1. Finally, we exploit Proposition 3.2

to show the statement.

If Algorithm 1 does not include all the containers in S to O′1 by iteration h, then at

iteration h+ 1 the budget
∑k

i=1 bi is violated, that is
∑h+1

j=1 cSj >
∑k

i=1 bi. Therefore,

h∑
j=1

cSj >

k∑
i=1

bi − cSh+1
≥

k∑
i=1

bi − cmax ≥
k∑
i=1

bi − bk≥
(

1− 1

k

) k∑
i=1

bi,

where the third inequality is due to the hypothesis that cmax ≤ bk, and the last one is

implied by the fact that bk is the minimum budget, which implies that bk ≤ 1
k

∑k
i=1 bi.
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Therefore, the cost of S1, . . . , Sh is at least a fraction 1− 1
k of the entire budget

∑k
i=1 bi

or Algorithm 1 includes all the containers in S to O′1 by iteration h.

We now show that there exists a j ≤ h such that Algorithm 2 is able to assign to the

k agents all the containers S1, . . . , Sj and that the overall cost of these containers is at

least half of the entire budget.

If Algorithm 2 is able to assign all the containers S1, . . . , Sh to the agents, then either

the overall cost of these containers is at least
(
1− 1

k

)∑k
i=1 bi ≥

1
2

∑k
i=1 bi, for k ≥ 2, or

we found an optimal solution which assigns all the containers in S to the agents. In this

case j = h.

Otherwise, let j < h be an index such that containers S1, . . . , Sj are all assigned to

the agents and j + 1 ≤ h is the first iteration of the cycle at lines 4–7 of Algorithm 2

such that the condition at line 5 does not hold, that is Sj+1 is the first container in the

greedy ordering that is not assigned to an agent because
∑

S∈Oi cS + cSj+1 > bi, for each

i = 1, . . . , k, at iteration j + 1. Note that j ≥ 1 because at least one container is always

assigned, assuming that cmax ≤ bk.

We show that
∑j

f=1 Sf ≥
1
2

∑k
i=1 bi. Equivalently, we show that at the beginning of

iteration j + 1 (at the end of iteration j),
∑k

i=1

∑
S∈Oi cS ≥

1
2

∑k
i=1 bi.

Since Sj+1 is not assigned to any agent and cSj+1 ≤ bi, for each agent i, then all the

agents are assigned with at least one container before iteration j + 1, that is Oi 6= ∅, for

each i. Formally,
∑

S∈Oi cS + cSj+1 > bi and cSj+1 ≤ bi, imply
∑

S∈Oi cS > 0, that is

Oi 6= ∅, for each i = 1, . . . , k.

If
∑

S∈Oi cS ≥
1
2bi, for each agent i, then the statement holds. Otherwise, let ` be the

smallest index such that
∑

S∈O` cS <
1
2b`. We analyze two cases:

• If ` = k, then the containers assigned to Ok in previous iterations have not been

assigned to any agent i < k, which implies that

∑
S∈Oi

cS +
∑
S∈Ok

cS > bi ≥
1

2
(bi + bk).

This holds in particular for agent k−1. For any other agent i < k−1, by hypothesis

we have
∑

S∈Oi cS ≥
1
2bi. Therefore, the overall cost of assigned containers is then

k−2∑
i=1

∑
S∈Oi

cS +
∑

S∈Ok−1

cS +
∑
S∈Ok

cS ≥
k−2∑
i=1

1

2
bi +

1

2
(bk−1 + bk) =

1

2

k∑
i=1

bi.
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• If ` < k, let us split the agents different from ` into two groups according to their

ordering. For each agent i > `, the containers assigned to Oi in previous iterations

have not been assigned to agent `, which implies that

∑
S∈O`

cS +
∑
S∈Oi

cS > b`.

From
∑

S∈O` cS <
1
2b`, follows that

∑
S∈Oi

cS > b` −
∑
S∈O`

cS >
1

2
b` ≥

1

2
bi.

In particular, let us consider agent i = ` + 1 (note that this agent always exists,

as ` < k). From
∑

S∈O` cS +
∑

S∈Oi cS > b` and b` ≥ b`+1 follows that

∑
S∈O`

cS +
∑

S∈O`+1

cS >
1

2
(b`+1 + b`).

Finally, for any agent i < `, by hypothesis we have
∑

S∈Oi cS ≥
1
2bi. Therefore,

the overall cost of the assigned containers is

`−1∑
i=1

∑
S∈Oi

cS +
∑
S∈O`

cS +
∑

S∈O`+1

cS +

k∑
i=`+2

∑
S∈Oi

cS

≥
`−1∑
i=1

1

2
bi +

1

2
(b` + b`+1) +

k∑
i=`+2

1

2
bi =

1

2

k∑
i=1

bi.

Let O′′1 = {S1, . . . , Sj}. We have just proved that the cost of O′′1 is a fraction 1
2 of

the budget given to Algorithm 1. Therefore, we can apply Proposition 3.2 with α = 1
2

to obtain R(O′′1) ≥
(

1− 1√
e

)
R(O∗∗). Where O∗∗ is an optimal solution to the single-

agent instance that has elements X, containers S, and budget
∑k

i=1 bi. Since this is a

relaxation of the original multi-agent instance in which the assignment constraints are

relaxed, then R(O∗∗) ≥ R(O∗). As Algorithm 2 assigns all the containers in O′′1 to the

k agents, the statement holds.

3.2.3 Randomized algorithm for the general case

In this section, we give a randomized algorithm for the general case that returns a

solution that satisfies the budget contraints in expectation and achieves an expected
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Algorithm 3: Randomized algorithm for the general case.

Input : S, X,B
1 Solve the relaxation of (IP) where Constr. (3.4) are replaced with yx, z

i
S ∈ [0, 1], for

x ∈ X, (S, i) ∈ D, and let (y∗, z∗) be an opt. fractional solution;
2 For each S ∈ S, independently, select at most one variable ziS , (S, i) ∈ D, to be set to

1. Each variable is selected with probability zi∗S and no variable is selected with
probability 1−

∑
(S,i)∈D z

i∗
S ;

3 Let O = (O1, . . . , Ok), where Oi = {S | ziS = 1};
4 return O = (O1, . . . , Ok);

approximation ratio of 1 − 1
e . We leave open the deterministic approximation for the

general case.

We start by defining an integer program for the general multi-agent case. Let D be all

the pairs of a single container and a single agent that satisfies the budget constraint,

that is, D := {(S, i) ∈ S × A | cS ≤ bi}. We define two types of binary variables: yx

indicates whether element x is covered by any agent, for each x ∈ X, and ziS , indicates

whether container S is assigned to agent i, for each (S, i) ∈ D.

The integer program is then as follows.

max
∑
x∈X

uxyx (IP)

∑
(S,i)∈D

cSz
i
S ≤ bi for i ∈ A (3.1)

∑
(S,i)∈D

ziS ≤ 1 for S ∈ S (3.2)

∑
S:x∈S

∑
(S,i)∈D

ziS ≥ yx for x ∈ X (3.3)

yx, z
i
S ∈ {0, 1} for x ∈ X, (S, i) ∈ D (3.4)

Constraints (3.1) guarantee that the cost of the containers assigned to an agent does

not exceed her budget. Constraints (3.2) guarantee that each container is assigned to

at most one agent. Note that this is not required by the problem definition, however,

in the centralized setting, any optimal solution satisfy this condition. Indeed, for any

solution that does not satisfy this condition it is possible to define another solution that

satisfy it and that does not decrease the value of the objective function. Therefore we

can add this constraint without loss of generality. Constraints (3.3), guarantee that,

if an element x is covered (i.e. yx = 1), then there exists at least a container S that

contains x and that is assigned to some agent i (i.e. ziS = 1, for some (S, i) ∈ D such

that x ∈ S).

33



Chapter 3 Multi-Agent Coverage Problems

The randomized algorithm is reported in Algorithm 3. It first solves the linear relaxation

of (IP) where the integrality constraints are replaced with bounds between 0 and 1 on

the variables. Let (y∗, z∗) be an optimal fractional solution of this relaxation. To round

this fractional solution to binary values, variables ziS are interpreted as probabilities. In

detail, let us consider each container S ∈ S, independently. Among all variables ziS ,

(S, i) ∈ D, we set at most a variable to 1 and all the other ones to 0. The probability

that ziS is set to 1 is proportional to the value of the optimal fractional variable zi∗S ,

while the probability that all variables ziS , (S, i) ∈ D, are set to 0 is 1 −
∑

(S,i)∈D z
i∗
S .

Eventually, Algorithm 3 defines Oi as Oi = {S | ziS = 1}.

By the above process, we have that the probability that a container S belongs to Oi,

for each (S, i) ∈ D, is P[S ∈ Oi] = P[ziS = 1] = zi∗S ; the probability that a container

S ∈ S is assigned to some agent is equal to P[S ∈
⋃

(S,i)∈D Oi] =
∑

(S,i)∈D z
i∗
S , and the

probability that S is not assigned to any agent is P[S 6∈
⋃

(S,i)∈D Oi] = 1−
∑

(S,i)∈D z
i∗
S .

The next lemma shows that the solution O = (O1, . . . , Ok) returned by Algorithm 3

satisfies the budget constraints in expectation.

Lemma 3.4. For each agent i, E[
∑

S∈Oi cS ] ≤ bi.

Proof. E[
∑

S∈Oi cS ] =
∑

(S,i)∈D cSP[S ∈ Oi] =
∑

(S,i)∈D z
i∗
S ≤ bi, where the last in-

equality is due to Constraint (3.1).

The solution O = (O1, . . . , Ok) returned by Algorithm 3 satisfies the budget constraints

in expectation.

The following theorem shows the expected approximation ratio of Algorithm 3.

Theorem 3.5. Let O∗ be an optimal solution and O be the solution returned by Algo-

rithm 3, then E[R(O)] ≥
(
1− 1

e

)
R(O∗).

Proof. For each x ∈ X, let us denote by wx the random binary variable that is equal to

1 if element x is covered. The probability that wx = 1 is equal to the probability that

x belongs to ∪i∈ACi(O), that is,

P[wx = 1] = P[x ∈ ∪i∈ACi(O)] = 1−P[x 6∈ ∪i∈ACi(O)].

The probability that x does not belong to ∪i∈ACi(O) is equal to the probability that

each container S that contains x is not selected by Algorithm 3. Since containers are
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selected independently, this is equal to

P[x 6∈ ∪i∈ACi(O)] =
∏
S:x∈S

P[S 6∈
⋃

(S,i)∈D

Oi] =
∏
S:x∈S

1−
∑

(S,i)∈D

zi∗S

 .

Since 1 − p ≤ e−p, for any p ∈ [0, 1] and
∑

(S,i)∈D z
i∗
S ∈ [0, 1] by Constraint (3.2), then

this value is equal to

∏
S:x∈S

exp

− ∑
(S,i)∈D

zi∗S

 = exp

− ∑
S:x∈S

∑
(S,i)∈D

zi∗S

 .

By Constraint (3.3),
∑

S:x∈S
∑

(S,i)∈D z
i∗
S ≥ y∗x hence P[x 6∈ ∪i∈ACi(O)] ≤ exp(−y∗x).

Therefore,

P[wx = 1] ≥ 1− e−y∗x ≥
(

1− 1

e

)
y∗x,

where the last inequality is due to the fact that 1− e−p ≥ (1− e−1)p, for any p ∈ [0, 1], 1

and y∗x ∈ [0, 1].

The expected value of R(O) is equal to

E[R(O)] = E

[∑
x∈X

uxwx

]
=
∑
x∈X

uxP[wx = 1] ≥
∑
x∈X

ux

(
1− 1

e

)
y∗x ≥

(
1− 1

e

)
R(O∗),

since
∑

x∈X uxy
∗
x is the optimum value for the linear relaxation of IP.

3.3 Game theoretical setting

In this section we consider the strategic versions of the multi-agent coverage problems.

We first focus on the distributed multi-agent coverage games (DMCG) and then discuss

the proportional multi-agent coverage games (PMCG).

3.3.1 Distributed multi-agent coverage games

We recall that in DMCG the utility of an element is equally shared among all the

agents that are covering it. In 2013 Marden and Wierman introduced a class of games

called Distributed Welfare Games ([55]). One of the settings they proposed, is called the

1To see this, observe that function 1− e−p is concave for p > 0 and it is equal to 0 when p = 0 and
to 1− e−1 when p = 1.
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distributed welfare game with anonymous resource specific welfare function, can be used

to model DMCG games, then our setting shares the same results as theirs. As shown

in their paper (Proposition 1), the DMCG are convergent and the existence of a Nash

equilibria is always guaranteed. DMCG are potential games [64], that is, they admit a

potential function φ which assigns to each possible outcome a non-negative real value,

such that, from any outcome O, if a single agent i performs an improving deviation

leading the dynamics to the new outcome O′, then the change in the potential value

φ(O′)− φ(O) is exactly the change in the revenue of agent i, which is rDi (O′)− rDi (O).

This implies that any improving deviation increases the value of φ in a proportional

way. Thus, since our games are finite, after a finite number of improving deviations the

dynamics reaches a Nash equilibrium.

Theorem 3.6. [55] DMCG are potential games.

Proof. Given any outcome O, we define the potential function φ as follows:

φ(O) =
∑
x∈X

px(O)∑
h=1

fx(h)

where fx(h) = ux
h .

Consider any agent i that can perform an improving deviation in the outcome O. The

change in the potential value only concerns the new elements covered by agent i in the

outcome O′, and the ones that agent i were covering in O and that she is not covering

anymore in O′. Formally:

φ(O′)− φ(O) =
∑
x∈X

px(O′)∑
h=1

fx(h)−
∑
x∈X

px(O)∑
h=1

fx(h)

=
∑

x∈Ci(O′)

ux
px(O′)

−
∑

x∈Ci(O)

ux
px(O)

= rDi (O′)− rDi (O).

We now analyze the performance of Nash equilibria in DMCG. We start by showing an

upper bound to the price of anarchy. We remark that the same result can be found in

[55] and holds for a more general case. Anyway, we show our proof which is simpler in

our setting with respect to the one used by Marden and Wierman.

Theorem 3.7. [55] The price of anarchy of DMCG is at most 2− 1
k .
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Proof. Fix a distributed multi-agent coverage game G and a pair of outcomes O∗ =

{O∗1, . . . , O∗k} and O = {O1, . . . , Ok} such that O∗ is an optimum and O is a Nash

equilibrium for G, respectively. Let us define C(O) =
⋃
i=1,...,k Ci(O) as the set of

elements covered in the outcome (Nash equilibrium) O, and with C(O) = X \C(O) the

set of elements not covered by O.

For any agent i = 1, . . . , k, let us partition the elements that i covers in the optimum. In

particular, let Ĉi(O
∗) = Ci(O

∗) ∩C(O) be the set of elements covered by agent i in the

optimum and also covered in the Nash equilibrium O, and let Ci(O
∗) = Ci(O

∗) ∩C(O)

be the set of elements covered by agent i in the optimum and not covered in the Nash

equilibrium O. It is easy to see that, for any i = 1, . . . , k, Ci(O
∗) = Ĉi(O

∗) ∪ Ci(O∗)
and Ĉi(O

∗) ∩ Ci(O∗) = ∅.
Let C(O∗) =

⋃
i=1,...,k Ci(O

∗), Ĉ(O∗) =
⋃
i=1,...,k Ĉi(O

∗), and C(O∗) =
⋃
i=1,...,k Ci(O

∗).

We notice that the optimum total revenue is such that

R(O∗) =

k∑
i=1

rDi (O∗) = UC(O∗) = UC(O∗) + UĈ(O∗).

Since O is a Nash equilibrium, it holds that, for any i = 1, . . . , k, the revenue of agent i

in O is such that:

rDi (O) ≥ rDi ((O−i, O
∗
i )) ≥ UCi(O∗) +

UĈi(O∗)

k
,

because in the outcome (O−i, O
∗
i ), the elements in Ci(O

∗) are covered only by agent i

and the elements in Ĉi(O
∗) are covered by at most k agents. We get that

R(O) =

k∑
i=1

rDi (O)

≥

(
UC(O∗) +

UĈ(O∗)

k

)

= UC(O∗) + UĈ(O∗) −
k − 1

k
UĈ(O∗)

≥ R(O∗)− k − 1

k
R(O),

where the last inequality holds because Ĉ(O∗) ⊆ C(O). It follows that
(
2− 1

k

)
R(O) ≥

R(O∗), and the theorem holds.

As shown in [55](Example 2), the price of stability of DMCG is at least 2 − 1
k − ε, for

any (small) ε > 0, even for very simple instances where the budgets and the cost of the

containers are all equal to 1 and each element is contained in exactly one container. We
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notice that this result is tight due to the upper bound to the price of anarchy proved in

Theorem 3.7.

Theorem 3.8. [55] The price of stability of DMCG is at least 2− 1
k − ε, for any (small)

ε > 0.

3.3.2 Proportional multi-agent coverage game

We now consider the proportional multi-agent coverage game (PMCG), where the utility

of an element is equally shared among all the subsets covering it. For this setting we

show that the existence of a Nash equilibrium is not guaranteed even for a very simple

instance with only 2 agents with identical budget and where all the containers have cost

1.

Theorem 3.9. The existence of a NE for PMCG is not guaranteed.

Proof. Consider the following instance G of PMCG with only two agents (i.e., |A| = 2)

who we call i and j, and five elements X = {x1, x2, x3, x4, x5} with utilities u1 =

9, u2 = 6, u3 = 7, u4 = 6, u5 = 8, respectively. Moreover, we have four containers

S = {A,B,C,D}, all of cost 1, where A = {x1, x2, x4}, B = {x2, x3}, C = {x1, x5} and

D = {x2, x4, x5}. Finally, b1 = b2 = 2. A graphical description of the containers and

elements of the game G is reported in the Figure 3.1.

Figure 3.1: An instance of PMCG admitting no Nash equilibrium.

We will show that, for any possible outcome of G, there exists at least one agent that can

perform an improving deviation. It implies that G does not admit any Nash equilibrium.

We begin by noticing that both agents are willing to use their entire budget by buying

exactly two containers. It implies that any outcome where an agent buys only one

container can not be a Nash equilibrium since she can increase her revenue by buying

a second one. Clearly this is true independently from the other agent’s strategy. As a

consequence, we only need to consider all the possible outcomes where each agent buys

exactly two containers. We first show that any outcome where an agent i chooses a

strategy of the form Oi = {S, S}, for any S ∈ S, is not a NE (the same is true for agent

j). In particular, we prove that, independently from the other agent’s strategy, moving
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from the strategy Oi to O′i = {A,D} is always an improving deviation. In the following

we assume that O (resp. O′) is the outcome formed by Oi (resp. O′i) for agent i and an

arbitrary fixed strategy for agent j. Formally, we want to show that rPi (O′) > rPi (O).

We distinguish among four different cases.

• Oi = {A,A}. In this case we have that tix2(O) = tix2(O′) and tix4(O) = tix4(O′).

Therefore, x2 and x4 give the same revenue to agent i in both outcomes, and we

ignore them in our analysis. In O′ the agent i gets revenue at least u5
3 from x5.

In the outcome O we have that tix1(O) = 2 and 0 ≤ tjx1(O) ≤ 2. If in O the agent

i gets revenue u1
2 from x1 (that is tjx1(O) = 2), since u1

2 < u1
3 + u5

3 , we have that

rPi (O′) > rPi (O). If in O the agent i gets revenue 2
3u1 from x1, since 2

3u1 <
u1
2 + u5

3 ,

it holds that rPi (O′) > rPi (O). Finally, if in O the agent i is the only one who

covers x1, obviously u1 < u1 + u5
3 and thus rPi (O′) > rPi (O).

• Oi = {B,B}. Also in this case tix2(Oi) = tix2(O′i) (and we ignore x2). In O′ the

agent i gets revenue at least u1
3 , u4

3 and u5
3 from x1, x4 and x5, respectively. We

conclude that rPi (O′) > rPi (O) because u1
3 + u4

3 + u5
3 > u3.

• Oi = {C,C}. In this case, in O′, the agent i gets revenue at least u2
2 and u4

2 from

x2 and x4, respectively. If in O the agent i gets revenue u1
2 and u5

2 from x1 and x5

respectively, we have u1
2 + u5

2 < u1
3 + u5

3 + u2
2 + u4

2 . If she gets revenue 2
3u1 + 2

3u5

from x1 and x5 respectively, it holds that 2
3u1 + 2

3u5 <
u1
2 + u2

2 + u4
2 + u5

2 . Finally, if

i is the only agent who covers x1 and x5, we have that u1 +u5 < u1 +u5 + u2
2 + u4

2 .

In all the cases it holds that rPi (O′) > rPi (O).

• Oi = {D,D}. As in the first previous case, we have that tix2(O) = tix2(O′) and

tix4(O) = tix4(O′) (and we ignore them). In O′ the agent i gets revenue at least u1
3

from x1. In the outcome O we have that tix5(O) = 2 and 0 ≤ tjx5(O) ≤ 2. If in

O the agent i gets revenue u5
2 from x5 (that is tjx5(O) = 2), since u5

2 < u1
3 + u5

3 ,

we have that rPi (O′) > rPi (O). If in O the agent i gets revenue 2
3u5 from x5, since

2
3u5 <

u1
3 + u5

2 , it holds that rPi (O′) > rPi (O). Finally, if in O the agent i is the

only one who covers x5, obviously u5 < u5 + u1
3 and thus rPi (O′) > rPi (O).

We proved that any outcome where an agent buys only one container or two identical

containers is not a Nash equilibria. It remains to consider any other possible outcome

where each of the two agents chooses a pair of different containers. In Table 3.1 we

provide an enumeration of each possible outcome of this kind. In the table we show

that for any outcome there exists at least an improving deviation for an agent, and this

concludes the proof.
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ID O = (Oi, Oj) rPi (O) rPj (O) ID of improving deviation

1 ({A,B},{A,C}) 17 19 2

2 ({A,B},{A,D}) 16,5 19,5 31

3 ({A,B},{B,C}) 18 18 2

4 ({A,B},{B,D}) 18,5 18,5 2

5 ({A,B},{C,D}) 18,5 17,5 2

6 ({A,C},{A,D}) 14 15 8

7 ({A,C},{B,C}) 19 17 8

8 ({A,C},{B,D}) 18 18 4

9 ({A,C},{C,D}) 14,6 14,3 5

10 ({A,D},{B,C}) 18,5 17,5 35

11 ({A,D},{B,D}) 20 16 10

12 ({A,D},{C,D}) 15,1 13,8 10

13 ({B,C},{B,D}) 18,5 17,5 14

14 ({B,C},{C,D}) 17,1 18,8 5

15 ({B,D},{C,D}) 16,6 19,3 14

16 ({A,B},{A,B}) 14 14 1

17 ({A,C},{A,C}) 14,5 14,5 1

18 ({A,D},{A,D}) 14,5 14,5 2

19 ({B,C},{B,C}) 15 15 3

20 ({B,D},{B,D}) 13,5 13,5 4

21 ({C,D},{C,D}) 14,5 14,5 5

22 ({A,C},{A,B}) 19 17 23

23 ({A,D},{A,B}) 19,5 16,5 10

24 ({B,C},{A,B}) 18 18 23

25 ({B,D},{A,B}) 18,5 18,5 23

26 ({C,D},{A,B}) 17,5 18,5 23

27 ({A,D},{A,C}) 15 14 29

28 ({B,C},{A,C}) 17 19 29

29 ({B,D},{A,C}) 18 18 25

30 ({C,D},{A,C}) 14,3 14,6 29

31 ({B,C},{A,D}) 17,5 18,5 28

32 ({B,D},{A,D}) 16 20 31

33 ({C,D},{A,D}) 13,8 15,1 31

34 ({B,D},{B,C}) 17,5 18,5 32

35 ({C,D},{B,C}) 18,8 17,1 26

36 ({C,D},{B,D}) 19,3 16,6 26

Table 3.1: All the remaining possible outcomes and the corresponding improving
deviations.
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Generalized budgeted

Submodular set function

maximization

4.1 Model and Preliminaries

We are given a set X of n elements and a set S of m containers. Let us denote the cost

of a container s ∈ S by c(s) ∈ R≥0. For each container s ∈ S and element x ∈ X, we

denote by c(s, x) the cost of associating x to s. Given a budget k ∈ R≥0, and a monotone

submodular function f : 2X → R≥0
1, our goal is to find a subset X ′ of X and a subset

S′ 6= ∅ of S such that c(S′, X ′) =
∑

s∈S′ c(s) +
∑

x∈X′ mins∈S′ c(s, x) ≤ k, and f(X ′)

is maximum. We call this problem the Generalized Budgeted Submodular set function

Maximization problem (GBSM).

Our problem generalizes several well-known problems, most of which have been intro-

duced in Chapter 2. Indeed, by setting c(s, x) = ∞, we do not allow the association

of element x to container s, while by setting c(s, x) = 0 we allow to assign element

x to container s with no additional cost. Moreover, we relax the constraints related

to the association of elements to containers by setting c(s) = 0 for each s ∈ S, and

c(s1, x) = c(s2, x), for each s1, s2 ∈ S and x ∈ X. By suitably combining these conditions

we can capture the following problems: the budgeted maximum coverage problem [8];

the non-stochastic adaptive seeding problem [15] (also with knapsack constraints [65]);

monotone submodular set function subject to a knapsack constraint maximization [17].

1For a ground set X, a function f : 2X → R≥0 is submodular if for any pair of sets S ⊆ T ⊆ X and
for any element x ∈ X \ T , f(S ∪ {x})− f(S) ≥ f(T ∪ {x})− f(T ).
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Moreover, our cost function is not submodular and thus the setting considered in [18]

does not generalize our model.

Let us consider a partial solution (S′, X ′). Given a set T ⊆ X \ X ′, we denote by

cmin(T ) the minimum cost of associating the elements in T with a single container in S,

considering that the cost of containers in S′ has been already paid, formally:

cmin(T ) = min
s∈S

{
cS′(s) +

∑
x∈T

c(s, x)

}
,

where cS′(s) = c(s) if s 6∈ S′, and cS′(s) = 0 if s ∈ S′. We call cmin(T ) the marginal cost

of T with respect to the partial solution (S′, X ′). We define smin(T ) as the container

s ∈ S needed to cover T with cost cmin(T ). Moreover, we denote by c̄(T ) the cost of

associating the elements in T to smin(T ), c̄(T ) = cmin(T )− cS′(smin(T )).

The marginal increment of T ⊆ X with respect to the partial solution (S′, X ′) is defined

as f(X ′ ∪ T ) − f(X ′). To simplify the notation, we use g(T ) = f(X ′ ∪ T ) − f(X ′) to

denote the marginal increment.

In the algorithm in the next section, we will look for subsets of X that maximize the

ratio between the marginal increment and the marginal cost with respect to some partial

solution. In the following we define a family of subsets of X containing a set that

approximates such maximal ratio. Given a partial solution (S′, X ′), we denote by F the

family of subsets T of X that can be associated to containers in S′∪{s}, for some single

container s ∈ S, with a cost such that c(S′ ∪ {smin(T )}, T ) ≤ k, formally:

F =
{
T ∈ 2X\X

′ | c(S′ ∪ {smin(T )}, T ) ≤ k
}
.

A sub-family of F is an α-list with respect to (S′, X ′) if it contains a subset T whose

ratio between marginal increment and marginal cost is at least α times the optimal such

ratio amongst all the subsets F . Formally, L ⊆ F is an α-list with respect to (S′, X ′) if

max

{
g(T )

cmin(T )
| T ∈ L, cmin(T ) > 0

}
≥ α ·max

{
g(T )

cmin(T )
| T ∈ F , cmin(T ) > 0

}
.

Note that the sets that maximize the above formula are not necessarily singletons due

to the container opening cost. Moreover, the algorithm given in the next section build

partial solutions (S′, X ′) in such a way that cmin(T ) > 0, for each T ∈ F .
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4.2 Greedy Algorithm

In this section we give an algorithm that guarantees a 1
2

(
1− 1

eα

)
-approximation to the

GBSM problem, if we assume that we can compute, in polynomial time, an α-list of

polynomial size. In the next sections we will give two algorithms to compute such lists

for bounded values of α.

The pseudo-code is reported in Algorithm 4. In the first step (line 3) we add all zero-cost

containers to the solution. Then, the algorithm finds two candidate solutions. The first

one is found at lines 4–11 with a greedy strategy as follows. The algorithm iteratively

constructs a partial solution (S′, X ′) by adding a subset T̂ to X ′ and a container smin(T̂ )

to S′. In particular, at each iteration, it first adds all the elements that can be associated

to S′ with cost 0 (line 5). Then, it selects a subset T̂ that maximizes the ratio between

the marginal increment and the marginal cost amongst the elements of an α-list L.

Here, we assume that we have an algorithm to compute an α-list L w.r.t. (S′, X ′) (see

line 6). In the next sections, we will show how to compute L in polynomial time for

some bounded α. The algorithm stops when adding the element with the maximum

ratio would exceed the budget k or when X ′ = X. Without loss of generality, we can

assume that at each iteration, the sets in the α-list L do not contain any element in X ′,

since such elements do not increase the value of the marginal increment and possibly

increase the marginal cost. This implies that at each iteration of the greedy procedure

at least a new element in X is added to X ′ and then the number of iterations is O(n).

Let (SG, XG) be the first candidate solution computed at the end of the greedy procedure.

The second candidate solution (lines 12–14) is computed by using the set T̂ that is

discarded in the last iteration of the greedy procedure because adding {smin(T̂ )} and T̂

to (SG, XG) would exceed the budget. Indeed, the second candidate solution is (SG ∪
{smin(T̂ )}, T̂ ). Note that this solution is feasible because T̂ is contained in the α-list L

computed in the last iteration of the greedy algorithm. Therefore, by definition of α-list,

c(SG ∪ {smin(T̂ )}, T̂ ) ≤ k.

The algorithm returns one of the two candidate solutions that maximizes the objective

function.

The computational complexity of Algorithm 4 is O(n · (|Lmax|+ cl)), where Lmax is the

largest α-list computed and cl is the computational complexity of the algorithm at line 6.

In the next sections we will show that our algorithms construct the α-lists in such a way

that both |Lmax| and cl are polynomially bounded in the input size.

In what follows we analyze the approximation ratio of Algorithm 4. The proof generalizes

known arguments for monotone submodular maximization, see e.g. [8, 9, 17].
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Algorithm 4: General Algorithm

Input : S,X
1 S′ := ∅;
2 X ′ := ∅;
3 foreach s ∈ S s.t. c(s) = 0 do S′ := S′ ∪ {s};
4 repeat
5 foreach x ∈ X \X ′ s.t. c(s′, x) = 0 and s′ ∈ S′ do X ′ := X ′ ∪ {x};
6 Build an α-list L w.r.t. (S′, X ′);

7 T̂ := arg maxT∈L
f(X′∪T )−f(X′)

cmin(T ) ;

8 if c(S′ ∪ {smin(T̂ )}, X ′ ∪ T̂ ) ≤ k then

9 S′ := S′ ∪ {smin(T̂ )};
10 X ′ := X ′ ∪ T̂ ;

11 until c(S′ ∪ {smin(T̂ )}, X ′ ∪ T̂ ) > k or X ′ = X;

12 if f(T̂ ) ≥ f(X ′) then

13 S′ := S′ ∪ {smin(T̂ )};
14 X ′ := T̂ ;

15 return (S′, X ′);

We give some additional definitions that will be used in the proof. We denote an optimal

solution by (S∗, X∗). Let us consider the iterations executed by the greedy algorithm.

Let l + 1 be the index of the iteration in which an element in the α-list is not added

to X ′ because it violates the budget constraint2. For i = 1, 2, . . . , l, we define X ′i and

S′i as the sets X ′ and S′ at the end of the i-th iteration of the algorithm, respectively.

Moreover, let X ′l+1 = X ′l ∪ {T̂} and S′l+1 = S′l ∪ {smin(T̂ )}, where T̂ is the element

selected at line 7 of iteration l + 1 (see Algorithm 4). Let ci be the value of cmin(T̂ ) as

computed at iteration i of the greedy algorithm. The next lemma will be used in the

proof of Theorem 4.3.

Lemma 4.1. After each iteration i = 1, 2, . . . , l + 1,

f(X ′i) ≥

1−
i∏

j=1

(
1− αcj

k

) f(X∗).

The next lemma will be used in the proof of the Lemma 4.1.

Lemma 4.2. After each iteration i = 1, 2, . . . , l + 1, the following holds

f(X ′i)− f(X ′i−1) ≥ ci
k
α(f(X∗)− f(X ′i−1)).

2We can assume that this iteration exists, as otherwise the algorithm is able to select X ′ = X, which
is the optimum.
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Proof. Let us consider a partition of the elements inX∗\X ′i−1 according to the containers

they are assigned to in the optimal solution (S∗, X∗), that is the elements of each set

Tj in the partition are associated to the same container in (S∗, X∗) Formally, X∗ \
X ′i−1 = T1 ∪ T2 ∪ . . . ∪ T` such that for each j = 1, 2, . . . , ` and for each x1, x2 ∈ Tj ,

arg mins∈S∗{c(s, x1)} = arg mins∈S∗{c(s, x2)} and Tj is maximal.

We first show the following:

f(X∗)− f(X ′i−1) ≤
∑̀
j=1

(f(X ′i−1 ∪ Tj)− f(X ′i−1)).

Indeed,

f(X∗)− f(X ′i−1) ≤f(X∗ ∪X ′i−1)− f(X ′i−1)

=
∑̀
j=1

(
f(X ′i−1 ∪ T1 ∪ . . . ∪ Tj)− f(X ′i−1 ∪ T1 ∪ . . . ∪ Tj−1)

)
≤
∑̀
j=1

(f(X ′i−1 ∪ Tj)− f(X ′i−1)),

where the last inequality follows from submodularity of f .

Let us denote by c∗i (Tj) the marginal cost of adding the elements Tj to solution (S′i−1, X
′
i−1),

that is c∗i (Tj) = c(S′i−1 ∪ {s∗(Tj)}, X ′i−1 ∪ Tj) − c(S′i−1, X
′
i−1), where s∗(Tj) is the con-

tainer in S∗ which all the elements of Tj are associated with. By definition of α-list and

the maximum at line 7 it follows that, for each j = 1, 2, . . . , `,

f(X ′i)− f(X ′i−1)

ci
≥ α

f(X ′i−1 ∪ Tj)− f(X ′i−1)

c∗i (Tj)
.

Therefore,

∑̀
j=1

(f(X ′i−1 ∪ Tj)− f(X ′i−1)) ≤
∑̀
j=1

c∗i (Tj)

α

f(X ′i)− f(X ′i−1)

ci

=
f(X ′i)− f(X ′i−1)

αci

∑̀
j=1

c∗i (Tj)

≤
f(X ′i)− f(X ′i−1)

αci
k.

It follows that:

f(X∗)− f(X ′i−1) ≤ k

ciα

(
f(X ′i)− f(X ′i−1)

)
,

which implies the statement.
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Proof of Lemma 4.1. For i = 1 from Lemma 4.2 follows that f(X ′1) ≥ α c1k f(X∗).

Applying Lemma 4.2 and the inductive hypothesis we obtain:

f(X ′i) = f(X ′i−1) + (f(X ′i)− f(X ′i−1))

≥ f(X ′i−1) + α
ci
k

(f(X∗)− f(X ′i−1))

= f(X ′i−1)
(

1− αci
k

)
+ α

ci
k
f(X∗)

≥

1−
i−1∏
j=1

(
1− αcj

k

) f(X∗)
(

1− αci
k

)
+ α

ci
k
f(X∗)

=

1−
i∏

j=1

(
1− αcj

k

) f(X∗).

Based on Lemma 4.1, we can prove Theorem 4.3.

Theorem 4.3. Algorithm 4 guarantees an approximation factor of 1
2

(
1− 1

eα

)
for GBSM.

Proof. We observe that since (S′l+1, X
′
l+1) violates the budget, then c(S′l+1, X

′
l+1) > k.

Moreover, for a sequence of numbers a1, a2, . . . , an such that
∑n

`=1 a` = A, the function[
1−

∏n
i=1

(
1− ai·α

A

)]
achieves its minimum when ai = A

n and that[
1−

n∏
i=1

(
1− ai · α

A

)]
≥ 1−

(
1− α

n

)n
≥ 1− e−α.

Therefore, by applying Lemma 4.1 for i = l+1 and observing that
∑l+1

`=1 c` = c(S′l+1, X
′
l+1),

we obtain:

f(X ′l+1) ≥

[
1−

l+1∏
`=1

(
1− c` · α

k

)]
f(X∗) (4.1)

>

[
1−

l+1∏
`=1

(
1− c` · α

c(S′l+1, X
′
l+1)

)]
f(X∗) (4.2)

≥

[
1−

(
1− α

(l + 1)

)l+1
]
f(X∗) ≥

(
1− 1

eα

)
f(X∗). (4.3)

Since, by submodularity, f(X ′l+1) ≤ f(X ′l)+f(T̂ ), where T̂ is the set selected at iteration

l + 1, we get

f(X ′l) + f(T̂ ) ≥
(

1− 1

eα

)
f(X∗).

Hence, max{f(X ′l), f(T̂ )} ≥ 1
2

(
1− 1

eα

)
f(X∗). The theorem follows by observing that

T̂ is the set selected as the second candidate solution at lines 12–14 of Algorithm 4.
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4.3 Computing an α-list for a particular case

In this section, we give a polynomial time algorithm to find a (1−ε)-list with respect to a

partial solution (S′, X ′) for the particular case in which, for a given parameter ε ∈ (0, 1),

the following condition holds:

∑
x∈T

c(s, x) ≥ 1

ε
c(s), (4.4)

for each s ∈ S and for each T ⊆ X such that |T | = 1
ε . We observe that this condition is

fulfilled for any ε ∈ (0, 1) in the case in which c(s) = 1 and c(s, x) ≥ 1, for each s ∈ S
and for each x ∈ X, which generalizes the non-stochastic adaptive seeding problem [15].

Indeed, in this case
∑

x∈T c(s, x) ≥ |T | = 1
ε c(s), for each s ∈ S and for each T ⊆ X,

such that |T | = 1
ε .

We give a simple algorithm that returns a (1− ε)-list with respect to a partial solution

(S′, X ′). The algorithm works as follows: build a list which contains all the subsets T

of X \X ′ such that |T | ≤ 1
ε and c(S′ ∪ {smin(T̂ )}, T̂ ) ≤ k.

Plugging this algorithm into line 6 of Algorithm 4, we can guarantee an approximation

factor of 1
2

(
1− 1

e

)
− ε′, where ε′ = 1

2e (eε − 1) for GBSM.

We observe that the case in this section contains the problem of maximizing a submod-

ular set function under a knapsack constraint as a special case. Indeed, it is enough to

set c(s) = 0, for each s ∈ S, and c(s1, x) = c(s2, x), for each s1, s2 ∈ S and x ∈ X.

Note that in this case Condition 4.4 is satisfied for any ε ∈ (0, 1). A special case of sub-

modular set function maximization is the maximum coverage problem, and since this

latter is NP -hard to be approximated within a factor greater than
(
1− 1

e

)
[3], then the

gap between the approximation factor of our algorithm and the best achievable one in

polynomial time is 1
2 , unless P = NP .

It is easy to see that the computational complexity required by the algorithm in this

section is O(n
1
ε ) and that |Lmax| = O(n

1
ε ).

In what follows, we assume that any set T ∗ that maximizes the ratio between marginal

increment and marginal cost has size greater than 1
ε , as otherwise the α-list returned

by our algorithm would contain such set. The following two technical lemmata will be

used in the analysis of the algorithm.

Lemma 4.4. Given a monotone submodular set function f : 2X → R≥0, then, for any

X ′ ⊆ X, the function g(T ) = f(X ′ ∪ T )− f(X ′) is monotone and submodular.
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Proof. It is easy to prove that g is monotone. We show that for each pair of sets T, S

such that T ⊆ S ⊆ (X \X ′) and for each x ∈ X \ (X ′∪S), the increment in the value of

g that element x causes in S ∪{x} is smaller than the increment it produces in T ∪{x},
that is

g(T ∪ {x})− g(T ) ≥ g(S ∪ {x})− g(S).

By applying the definition we have:

f(X ′∪T ∪{x})−f(X ′)−f(X ′∪T )+f(X ′) ≥ f(X ′∪S∪{x})−f(X ′)−f(X ′∪S)+f(X ′),

which is equivalent to:

f(X ′ ∪ T ∪ {x})− f(X ′ ∪ T ) ≥ f(X ′ ∪ S ∪ {x})− f(X ′ ∪ S).

The statement follows because f is submodular.

Lemma 4.5. Let us consider a monotone submodular set function f : 2X → R≥0 and

a cost function c : 2X → R≥0 such that c(T ) =
∑

x∈T c({x}), for each T ⊆ X. For each

set T ⊆ X, if Ty denotes the subset of T such that
f(Ty)
c(Ty) is maximum and |Ty| = y, then

f(T )
c(T ) ≤

f(Ty)
c(Ty) , for any y ≤ |T |.

Proof. We show the following equivalent statement: given a set T ⊆ X, there exists a

set T ′ ⊆ T , such that |T ′| = |T | − 1 and f(T )
c(T ) ≤

f(T ′)
c(T ′) . Let T = {t1, t2, . . . , t`}, where

c({ti}) ≤ c({tj}), for each i < j, and let δi denote the marginal increment given by adding

element ti to the set {t1, t2, . . . , ti−1}, that is, δi = f({t1, t2, . . . , ti})−f({t1, t2, . . . , ti−1}).
We have that f(T ) =

∑`
i=1 δi and c(T ) =

∑`
i=1 c({ti}). We define T ′ = T \ {t`}, i.e.

we remove from T an element with the maximum cost. We obtain f(T ′) =
∑`−1

i=1 δi and

c(T ′) =
∑`−1

i=1 c({ti}). Since c({t`}) is maximum, then

c({t`}) ≥
∑`−1

i=1 c({ti})
`− 1

=
c(T ′)

`− 1
.

Moreover, by submodularity of f , δ` ≤
∑`−1
i=1 δi
`−1 = f(T ′)

`−1 . Therefore:

f(T )

c(T )
=

f(T ′) + δ`
c(T ′) + c({t`})

≤
f(T ′) + f(T ′)

`−1

c(T ′) + c(T ′)
`−1

=
f(T ′)

c(T ′)
.

The next theorem shows the approximation ratio of the algorithm. The main idea is

to consider the subset T̂ that maximizes the ratio between the marginal increment and

marginal cost in L and to derive a series of inequalities to lead us state that this value is
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greater than the ratio given by the optimal subset T ∗ times the factor (1− ε). We first

compare the ratio computed for T̂ with that for T ∗1
ε

that is a subset of cardinality 1
ε of

maximal ratio, then, by rewriting the marginal cost formula according to its definition

and by exploiting Lemmata 4.4 and 4.5, and Condition (4.4) we compare this ratio to

that given by the subset T ∗ and this last inequality concludes the theorem.

Theorem 4.6. If for each T ⊆ X such that |T | = 1
ε and for each s ∈ S we have∑

x∈T c(s, x) ≥ 1
ε c(s), then the list L made of all the subsets of X \X ′ of size at most 1

ε

and cost at most k is a (1− ε)-list.

Proof. We recall that g(T ) = f(X ′ ∪T )− f(X ′). Given a subset T of X \X ′, we denote

by Ty a subset of T such that |Ty| = y and
f(Ty)
c̄(Ty) is maximum. Let T ∗ be the subset of

X \X ′ that maximizes the ratio between the marginal increment and the marginal cost.

Let T̂ be the set containing the element of L that maximizes g(T̂ )

cmin(T̂ )
. Since |T̂ | ≤ 1

ε ,

then

g(T̂ )

cmin(T̂ )
≥

g
(
T ∗1
ε

)
cmin

(
T ∗1
ε

) =
g
(
T ∗1
ε

)
cS′

(
smin

(
T ∗1
ε

))
+ c̄

(
T ∗1
ε

) .
By the hypothesis of the theorem, c̄

(
T ∗1
ε

)
≥ 1

ε c
(
smin

(
T ∗1
ε

))
, moreover, c

(
smin

(
T ∗1
ε

))
≥

cS′
(
smin

(
T ∗1
ε

))
and then cS′

(
smin

(
T ∗1
ε

))
≤ εc̄

(
T ∗1
ε

)
. Therefore,

g
(
T ∗1
ε

)
cS′

(
smin

(
T ∗1
ε

))
+ c̄

(
T ∗1
ε

) ≥ g
(
T ∗1
ε

)
εc̄

(
T ∗1
ε

)
+ c̄

(
T ∗1
ε

) =
g
(
T ∗1
ε

)
(ε+ 1)c̄

(
T ∗1
ε

) .

Since f is monotone and submodular, then, by Lemma 4.4, also g
(
T ∗1
ε

)
is submodular.

By Lemma 4.5 it follows that

g
(
T ∗1
ε

)
(ε+ 1)c̄

(
T ∗1
ε

) ≥ g(T ∗)

(ε+ 1)c̄(T ∗)
.

We now focus on the denominator, and we obtain that:

1

(ε+ 1)c̄(T ∗)
=

1 + ε− ε
(ε+ 1)c̄(T ∗)

=
1

c̄(T ∗)
− ε

(ε+ 1)c̄(T ∗)
≥

1

c̄(T ∗) + cS′(smin(T ∗))
− ε

εc̄(T ∗) + c̄(T ∗)
.

By applying the hypothesis c̄(T ∗) ≥ 1
ε c(smin(T ∗)), it follows that:

1

c̄(T ∗) + cS′(smin(T ∗))
− ε

εc̄(T ∗) + c̄(T ∗)
≥
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1

c̄(T ∗) + cS′(smin(T ∗))
− ε

c(smin(T ∗)) + c̄(T ∗)
≥

1

c̄(T ∗) + cS′(smin(T ∗))
− ε

c̄(T ∗) + cS′(smin(T ∗))
=

1− ε
cmin(T ∗)

.

To conclude:
g(T̂ )

cmin(T̂ )
≥ (1− ε) g(T ∗)

cmin(T ∗)
.

4.4 Computing an α-list for the general case

In this section we give a polynomial time algorithm that builds a
(
1− 1

e

)
(1 − ε)-list

with respect to a partial solution (S′, X ′), for any ε ∈ (0, 1). Using this algorithm as a

subroutine at line 6 of Algorithm 4, we can guarantee an approximation factor of

1

2

(
1− 1

e(1− 1
e)(1−ε)

)
for GBSM. We observe that this case generalizes the non-stochastic adaptive seed-

ing with knapsack constraints problem, which cannot be approximated within a fac-

tor greater than
(

1− 1

e1−
1
e

)
, unless P = NP [65]. Then, the gap between the ap-

proximation factor of our algorithm and the best achievable one in polynomial time

is 1
2 , unless P = NP . In the algorithm of this section we make use of a proce-

dure called GreedyMaxCover to maximize the value of a monotone submodular func-

tion g : 2X → R≥0, given a certain budget and costs associated to the elements of

X. It is well-known that there exists a polynomial-time procedure that guarantees a(
1− 1

e

)
-approximation for this problem [17]. Let us denote by ĉ the minimum possible

positive value of functions c(s) and c(s, x), amongst all elements x and containers s, i.e.

ĉ = min{min{c(s) : s ∈ S, c(s) > 0},min{c(s, x) : s ∈ S, x ∈ X, c(s, x) > 0}}. The

main idea is to build an α-list L which contains approximate solutions to the problem

of maximizing a monotone submodular set function subject to a knapsack constraint in

which the budget increases by a factor 1+ε starting from ĉ, and the cost of the elements

are given by the cost of associating them to a single container. In particular, we consider

q =
⌊
log1+ε

(
k
ĉ

)⌋
+ 1 different budgets Bi that iteratively increase by a factor 1 + ε, i.e.

B0 = ĉ and Bi = (1 + ε)Bi−1, for i = 1, . . . , q. Moreover we define Bq+1 = k. For

each i = 0, . . . , q+ 1 and for each container s ∈ S, we apply procedure GreedyMaxCover

with ground set X, budget Bi, and the cost of associating the elements to container s

as cost function. Then, we add the set returned by GreedyMaxCover to L. In this way

we consider a budget that is at most a factor 1 + ε greater than the cost of an optimal
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. . .

0 k

ĉ ĉ(1 + ε) ĉ(1 + ε)iĉ(1 + ε)2 ĉ(1 + ε)3

Figure 4.1: Growth of the budget Bi in the inner cycle of the algorithm.

Algorithm 5: Exponential Budget Greedy

Input : S,X, S′, X ′, k, ε
1 L := ∅;
2 foreach s ∈ S do
3 i := 0;
4 while ĉ(1 + ε)i < k do
5 Bi := ĉ(1 + ε)i;
6 Ti(s) := GreedyMaxCover(X, s,Bi − cS′(s));
7 L := L ∪ {Ti(s)};
8 i := i+ 1

9 Bi := k;
10 Ti(s) := GreedyMaxCover(X, s,Bi − cS′(s));
11 L := L ∪ {Ti(s)};
12 return L;

solution and the solution returned by GreedyMaxCover for this budget has a value that

is at most 1− 1
e times smaller than that of the optimal solution.

The pseudo-code of the algorithm is reported in Algorithm 5. The outer cycle at lines 2–

11 iteratively selects a container s in S and finds a list of sets of elements assigned to con-

tainer s. The inner cycle at lines 4–8, at each iteration i, calls procedure GreedyMaxCover

which uses g as function to maximize, ĉ(1 + ε)i − cS′(s) as budget and the cost of as-

sociating the elements to container s as cost function (to compute these costs, we need

only to pass s as a parameter to GreedyMaxCover). The budget is increased by a factor

(1 + ε) until ĉ(1 + ε)i ≥ k. Finally the algorithm runs GreedyMaxCover with the full

budget k. See Figure 4.1 for an illustration.

We call q the value of i at the end of the last iteration in the inner cycle of the algorithm.

Let Tj be the set in L that maximizes the ratio between g(Tj) and its assigned budget,

that is:

Tj = arg max

{
g(Ti(s))

Bi
: s ∈ S, i = 0, 1, . . . , q + 1

}
. (4.5)

In order to bound the approximation ratio, we consider X̄∗ as the set with the optimal

ratio g(X̄∗)
cmin(X̄∗)

amongst any possible subset of items. Let Bl be the smallest value of Bi,

for i ∈ {0, 1, . . . , q + 1}, that is greater than or equal to the cost of an optimal solution,

that is the smallest Bl such that Bl ≥ cmin(X̄∗). See figure 4.2 for an illustration.

We call T ∗l the set in L that has the highest ratio g(Tl)
Bl

amongst those computed by
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. . .

0 k

B0 Bl−1 Bl
c(X̄∗)

1 + ε

Figure 4.2: Notation used in Theorem 4.7.

GreedyMaxCover with budget Bl, i.e. T ∗l = max
{
g(Tl(s))
Bl

: s ∈ S
}

. We also denote the

set that maximizes g(X∗l ) with budget Bl by X∗l .

The idea of the approximation analysis is that an optimal solution X̄∗ has a value of g

that is at most g(X∗l ) and a cost that is at most 1 + ε times smaller than Bl, while the

number of iterations remains polynomial since the size of the intervals grows exponen-

tially. The next two theorems show the bounds on approximation ratio, computational

complexity and size of L.

Theorem 4.7. The list L built by Algorithm 5, is a
(
1− 1

e

)
(1− ε)-list.

Proof. Since, by construction, cmin(Tj) ≤ Bj , and, by Equation 4.5,
g(Tj)
Bj

is maximum,

then
g(Tj)

cmin(Tj)
≥ g(Tj)

Bj
≥
g(T ∗l )

Bl
.

Procedure GreedyMaxCover guarantees a
(
1− 1

e

)
-approximation, then

g(T ∗l )

Bl
≥
(

1− 1

e

)
g(X∗l )

Bl
.

Moreover, since function g is monotone and cmin(X̄∗) ≤ Bl, then g(X∗l ) ≥ g(X̄∗), and

therefore: (
1− 1

e

)
g(X∗l )

Bl
≥
(

1− 1

e

)
g(X̄∗)

Bl
.

We defined Bl as the smallest value of Bi that is at least cmin(X̄∗), this implies that

Bl−1 ≤ cmin(X̄∗). Moreover the ratio between Bl and Bl−1 is 1 + ε. It follows that

Bl ≤ (1 + ε)cmin(X̄∗), which implies:(
1− 1

e

)
g(X̄∗)

Bl
≥
(

1− 1

e

)(
1

1 + ε

)
g(X̄∗)

cmin(X̄∗)
≥
(

1− 1

e

)
(1− ε) g(X̄∗)

cmin(X̄∗)

The last inequality holds since 1
1+ε = 1− ε

1+ε ≥ 1− ε, for any ε > 0, and this concludes

the proof.

Theorem 4.8. Algorithm 5 requires O
(

1
εm · gr(n) · log k

ĉ

)
computational time, where

gr(n) is the best known computational time of GreedyMaxCover, and |Lmax| = O
(

1
εm log k

ĉ

)
.
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Algorithm 6: Bi-criterion Algorithm

Input : S,X
1 S′ := ∅;
2 X ′ := ∅;
3 foreach s ∈ S s.t. c(s) = 0 do S′ := S′ ∪ {s};
4 repeat
5 foreach x ∈ X \X ′ s.t. c(s′, x) = 0 and s′ ∈ S′ do X ′ := X ′ ∪ {x};
6 Build an α-list L w.r.t. (S′, X ′);

7 T̂ := arg maxT∈L
f(X′∪T )−f(X′)

cmin(T ) ;

8 if c(S′ ∪ {smin(T̂ )}, X ′ ∪ T̂ ) ≤ βk then

9 S′ := S′ ∪ {smin(T̂ )};
10 X ′ := X ′ ∪ T̂ ;

11 until c(S′ ∪ {smin(T̂ )}, X ′ ∪ T̂ ) > βk or X ′ = X;

12 if f(T̂ ) ≥ f(X ′) then

13 S′ := S′ ∪ {smin(T̂ )};
14 X ′ := T̂ ;

15 return (S′, X ′);

Proof. The outer for cycle requiresm iterations. We now bound the number q of iteration

of the inner cycle of the algorithm. By the exit condition of the cycle, we have: ĉ · (1 +

ε)q < k, which is equivalent to: q < log1+ε

(
k
ĉ

)
. Since for ε < 1, log1+ε

(
k
ĉ

)
= O

(
1
ε log k

ĉ

)
,

the statement follows.

We observe that O(log k
ĉ ) is polynomially bounded in the size of the input.

4.5 Bi-criterion approximation algorithm

In this section we extend the results given in Section 4.2 providing a bi-criterion approx-

imation algorithm that guarantees a 1
2

(
1− 1

eαβ

)
-approximation to the GBSM problem,

if we allow an extra budget up to a factor β ≥ 1. We notice that, if β = 1, i.e. we do

not increase the budget, the approximation factor is 1
2

(
1− 1

eα

)
, while if β = 1

α ln
(

1
2ε

)
the algorithm achieves an approximation factor of 1

2 − ε, for any arbitrarily small ε > 0.

The algorithm is slightly different from Algorithm 4 and it is reported in Algorithm 6.

In this algorithm, we allow to exceed the given budget k by a factor β. In particular we

modify lines 8 and 11, admitting a greater budget respect to Algorithm 4.

In the next theorem we show the approximation ratio of this algorithm.

Theorem 4.9. There exists an algorithm that guarantees a
[

1
2

(
1− 1

eαβ

)
, β
]

bi-criterion

approximation for GBSM, for any β ≥ 1.
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Proof. We observe that since (S′l+1, X
′
l+1) violates the budget, then c(S′l+1, X

′
l+1) > βk.

Moreover, for a sequence of numbers a1, a2, . . . , an such that
∑n

`=1 a` = A, the function[
1−

∏n
i=1

(
1− ai·α

A

)]
achieves its minimum when ai = A

n and that[
1−

n∏
i=1

(
1− ai · α

A

)]
≥ 1−

(
1− α

n

)n
≥ 1− e−α.

Therefore, by applying Lemma 4.1 for i = l+1 and observing that
∑l+1

`=1 c` = c(S′l+1, X
′
l+1),

we obtain:

f(X ′l+1) ≥

[
1−

l+1∏
`=1

(
1− c` · α

k

)]
f(X∗) (4.6)

>

[
1−

l+1∏
`=1

(
1− c` · α · β

c(S′l+1, X
′
l+1)

)]
f(X∗) (4.7)

≥

[
1−

(
1− α · β

(l + 1)

)l+1
]
f(X∗) ≥

(
1− 1

eαβ

)
f(X∗). (4.8)

Since, by submodularity, f(X ′l+1) ≤ f(X ′l)+f(T ), where T is the set selected at iteration

l + 1, we get

f(X ′l) + f(T ) ≥
(

1− 1

eαβ

)
f(X∗).

Hence, max{f(Xl), f(T )} ≥ 1
2

(
1− 1

eαβ

)
f(X∗). The theorem follows by observing that

T is the set selected as the second candidate solution at lines 12–14 of Algorithm 6.
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Chapter 5

On colorful Bin Packing games

5.1 Model and Preliminaries

In a colorful bin packing game G = (N,C,B, (si)i∈N , (ci)i∈N ) we have a set of n agents

N = {1, . . . , n}, a set of m ≥ 2 colors C = {1, . . . ,m} and a set of n unit capacity bins

B = {B1 . . . , Bn}. Each agent i ∈ N controls an indivisible item, denoted for convenience

as xi (i.e., we denote by X = {x1, . . . , xn} the set of items), having size si ∈ [0, 1] and

color ci ∈ C which needs to be packed into one bin in B without exceeding its capacity.

Game G has uniform sizes if si = sj for every i, j ∈ N . The special case in which G

has m = 2 colors is called the black and white bin packing game; we shall define color 1

as black, color 2 as white and denote by #B and #W the number of black and white

items in G, respectively.

A strategy profile is modeled by an n-tuple σ = (σ1, . . . , σn) such that, for each i ∈ N ,

σi ∈ B is the bin chosen by agent i. We denote by Bj(σ) = {xi ∈ X : σi = Bj} the

set of items packed into Bj according to the strategy profile σ. Similarly, we also write

σi(σ) = {xl ∈ X : σl = σi} to indicate the set of items packed in the same bin as xi (i.e.,

the bin chosen by agent i), according to σ. Given any bin Bj , we assume to pack the

items in a fixed internal order, going from bottom to top, that is the sequential order

in which agents have chosen the bin Bj as strategy. This is what basically happens

in queue systems. Namely, for any pair of items xi and xl in Bj(σ), we say that xi

precedes xl inside the bin Bj , and we write xi ≺σ xl, if agent i chose bin Bj before

l. Formally, given any strategy profile σ, each item xi occupies a precise position pi

in the sequential order of items in bin σi, counting from bottom to top, computed as

pi(σ) = 1 + |{xl ∈ σi(σ) : xl ≺σ xi}|. We notice that with such packing, the last agent

(say i), choosing the bin σi, occupies the top position in σi.
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Denoted by `Bj (σ) =
∑

xi∈Bj(σ) si the total size of items packed into Bj(σ), we always

assume that `Bj (σ) ≤ 1, so that every strategy profile induces a packing of items in B
and vice versa. We say that an item xi is misplaced if there exists an item xl with ci = cl

such that σi = σl and |pi − pl| = 1, that is, xi is adjacent to an item of the same color

in the bin. A bin is feasible if it stores no misplaced items. In particular, an empty bin

is feasible. A strategy profile is feasible if so are all of its bins. For games with uniform

sizes si = s for every i ∈ N , we denote by κ =
⌊

1
s

⌋
the maximum number of items that

can be packed into any (even non-feasible) bin. We only consider the cases in which

κ > 1 as, otherwise, the game is trivial.

We shall denote by costi(σ) the cost that agent i ∈ N pays in the strategy profile σ

and each agent aims at minimizing it. We consider two different cost functions: the

egalitarian cost function and the proportional cost function. We have costi(σ) = ∞
under both cost functions when xi is a misplaced item, while, for non-misplaced ones,

we have costi(σ) = 1
|σi(σ)| under the egalitarian cost function and costi(σ) = si

`σi (σ)

under the proportional one. Note that, for games with uniform sizes, the two cost

functions coincide. For a fixed strategy profile σ, we say that a bin is a singleton bin if

it stores only one item. Moreover, when considering the egalitarian (resp. proportional)

cost function, we denote by Bσ the bin storing the maximum number of items (resp.

the fullest bin) in the packing corresponding to σ, breaking ties arbitrarily.

A deviation for an agent i in a strategy profile σ is the action of changing the selected bin

σi in favor of another bin, say Bj , such that `Bj (σ)+si ≤ 1. We shall denote as (σ−i, Bj)

the strategy profile realized after the deviation. Formally, σ′ = (σ−i, Bj) = (σ′1, , . . . , σ
′
n)

is defined as follows: σ′i = Bj and σ′l = σl for each agent l 6= i. We consider deviations

of the following form: xi is removed from σi and packed on top of Bj , consistently

with the sequential order of items in a bin. An improving deviation for an agent i in a

strategy profile σ is a deviation towards a bin Bj such that costi(σ−i, Bj) < costi(σ).

Fix a feasible strategy profile σ. Under the egalitarian cost function, agent i admits an

improving deviation in σ if there exists a bin Bj ∈ B\{σi} such that (i) the item on top

of Bj has a color different than ci and (ii) |σi(σ)| ≤ |Bj(σ)|. Under the proportional

cost function, agent i admits an improving deviation in σ if there exists a bin Bj ∈
B \ {σi} such that (i) the item on top of Bj has a color different than ci and (ii)

`σi(σ) < `Bj (σ) + si. Conversely, when a strategy profile σ is unfeasible, under both

cost functions, an agent controlling a misplaced item x always possesses an improving

deviation, for instance, by moving x to an empty bin which is always guaranteed to exist

as there are n items, n bins and the bin storing x is non-singleton. We note that, as a

side-effect of an improving deviation, (σ−i, Bj) may be unfeasible even if σ is feasible:

this happens when xi separates two items of the same color. We say that an improving

deviation is valid whenever the destination bin is feasible before the deviation.
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A strategy profile σ is a (pure) Nash equilibrium if costi(σ) ≤ costi(σ−i, Bj) for each

i ∈ N and Bj ∈ B, that is, no agent has an improving deviation in σ. Let NE(G) denote

the set of Nash equilibria of game G. It is easy to see that any Nash equilibrium is a

feasible strategy profile. This implies that m = 1 would force each item to be packed into

a different bin: this justifies our choice of m ≥ 2. A game G has the finite improvement

path property if it does not admit an infinite sequence of improving deviations. Clearly,

if G enjoys the finite improvement path property, it follows that NE(G) 6= ∅. Given a

strategy profile σ, let Ø(σ) ⊆ B be the set of open bins in σ, where a bin is open if it

stores at least one item. Let F(σ) be the number of open bins in σ, i.e., F(σ) = |Ø(σ)|.
We shall denote with σ∗(G) the social optimum, that is, any strategy profile minimizing

function F. It is easy to see that any social optimum is a feasible strategy profile.

Let Gm denote the set of all colorful bin packing games with m colors and Uoddm (resp.

Uevenm ) denote the set of all colorful bin packing games with m colors and uniform sizes

for which κ is odd (resp. even). Finally, denote Um = Uevenm ∪ Uoddm .

As we show in Section 2.3, the literature contains plenty of works regarding the colorful

bin packing and the classical bin packing from a game theoretical perspective. However,

to the best of our knowledge, this thesis is the very first study of Nash equilibria in

colorful bin packing games. Notice that, if all the items have different colors, these

games correspond to the classical bin packing ones. However, when there are items

with the same color, the stable outcomes of the games are structurally different than

bin packing ones. In fact, we show that in our games, Nash equilibria perform very

differently than in bin packing ones.

5.2 Existence and Efficiency of Nash equilibria in General

Games

In this section, we first show that, without any particular restriction on the type of

improving deviations performed by the agents, even games with uniform sizes and only

two colors may not admit the finite improvement path property (Proposition 5.1). How-

ever, if one allows the agents to perform only valid improving deviations, then any game

possesses the finite improving path property under both cost functions (Theorems 5.2

and 5.3). These two theorems, together with the fact that in any strategy profile which

is not a Nash equilibrium there always exists a valid improving deviation, imply the

existence of Nash equilibria for colorful bin packing games under both cost functions.

Proposition 5.1. There exists a black and white bin packing game with uniform sizes

not possessing the finite improvement path property.
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Proof. Let G be a black and white bin packing game with uniform sizes defined by three

black items, denoted as b1, b2 and b3, and three white items, denoted as w1, w2 and w3.

All items have size 1/4, so that κ = 4. Figure 5.1 depicts a cyclic sequence of (non-valid)

improving deviations which shows the claim.

Figure 5.1: A cyclic sequence of (non-valid) improving deviations.

As we show in the next theorem, the previous result does not rule out the existence of

a Nash equilibria in colorful bin packing games.

Theorem 5.2. If agents are restricted to perform only valid improving deviations, then

each colorful bin packing game under the egalitarian cost function admits the finite im-

provement path property.

Proof. To prove the claim, we define a suitable potential function which strictly increases

each time an agent performs a valid improving deviation. Given a strategy profile σ,

consider the potential function

Φ(σ) =
∑

Bj∈Ø(σ):Bj is feasible

|Bj(σ)||Bj(σ)|

and assume that an agent i performs a valid improving deviation by moving xi onto bin

Bj 6= σi. We distinguish between two cases.
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If bin σi is not feasible since both Bj(σ) and Bj(σ−i, Bj) can be placed in feasible bins,

we obtain

Φ(σ−i, Bj)− Φ(σ) ≥ (|Bj(σ)|+ 1)|Bj(σ)|+1 − |Bj(σ)||Bj(σ)| > 0

when Bj(σ) is open and Φ(σ−i, Bj)− Φ(σ) ≥ 11 − 0 > 0 otherwise.

If σi is feasible, under the egalitarian cost function, this implies that |Bj(σ)| ≥ |σi(σ)|.
Observe that, since σi is feasible, costi(σ) ≤ 1, which implies that it must be |Bj(σ)| ≥ 1.

For the ease of notation, set |σi(σ)| = α and |Bj(σ)| = β, so that β ≥ α and β ≥ 1; we

get

Φ(σ−i, Bj)− Φ(σ) ≥ (β + 1)β+1 − αα − ββ = (β + 1)(β + 1)β − αα − ββ

≥ 2(β + 1)β − αα − ββ ≥ 2(β + 1)β − 2ββ > 0,

where the second inequality comes from β ≥ 1 and the third one comes from β ≥ α.

Thus, in any case, Φ(σ−i, Bj) > Φ(σ) which, since the number of possible strategy

profiles is finite, implies the claim.

The next proof uses a different function than the one used above.

Theorem 5.3. If agents are restricted to perform only valid improving deviations, then

each colorful bin packing game under the proportional cost function admits the finite

improvement path property.

Proof. To prove the claim, we define a suitable potential function which strictly increases

each time an agent performs a valid improving deviation. Denote P(N) as the power

set of N and, given a set X ∈ P(N), denote S(X) =
∑

i∈X si. Define

δ = min
X,Y ∈P(N):S(X)6=S(Y )

|S(X)− S(Y )| > 0

and let ρ >> 1 be a number such that ρδ > 2. Given a strategy profile σ, consider the

potential function

Φ(σ) =
∑

Bj∈Ø(σ):Bj is feasible

ρ
`Bj(σ)

and assume that an agent i performs a valid improving deviation by moving xi onto bin

Bj 6= σi, which implies si > 0. We distinguish between two cases.

If bin σi is not feasible, since both Bj(σ) and Bj(σ−i, Bj) are feasible, we obtain

Φ(σ−i, Bj)− Φ(σ) ≥ ρ`Bj(σ)+si − ρ`Bj(σ) > 0
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.

If σi is feasible, under the proportional cost function, this implies that `Bj (σ) + si >

`σi(σ). For the ease of notation, set `σi(σ) = α and `Bj (σ) = β, so that β + si > α,

which, by the definition of δ, implies that β + si ≥ max{α, β}+ δ; we get

Φ(σ−i, Bj)− Φ(σ) ≥ ρβ+si − ρα − ρβ

≥ ρmax{α,β}+δ − 2ρmax{α,β} = ρmax{α,β}
(
ρδ − 2

)
> 0,

where the last inequality comes from the definition of ρ. Thus, in any case, Φ(σ−i, Bj) >

Φ(σ) which, since the number of possible strategy profiles is finite, implies the claim.

In the following we give a tight characterization of the efficiency of Nash equilibria in

colorful bin packing games under both cost functions. For games with at least three

colors, Theorems 5.4 and 5.5 show that, under both cost functions, the PoS can be

unbounded, thus, in the worst-case, no efficient Nash equilibria are guaranteed to exist.

Theorem 5.4. Under the egalitarian cost function, PoS(Gm) is unbounded for each

m ≥ 3.

Proof. Fix a value m ≥ 3. We show the theorem by proving that there exists a game

Gm ∈ Gm with n agents such that

PoS(Gm) ≥


n
32 if m = 3,

n(2m−5)
18(m−1) if m ∈ {4, 5, 6},
n(m−3)
8(m−1) if m ≥ 7.

By taking the limit for n going to ∞, the theorem will follow.

We construct game Gm as follows. There are:

• hk white items of size 1/k − hδ,

• for every color other than white, h(k−1)
m−1 items of size δ,

where h and k are suitable integers such that h ≥ 2 and k is a multiple of m, while

δ > 0 is an arbitrarily small real value such that δ < (hk(k+ 1))−1. Observe that, since

a combination of k white items and k − 1 non-white items can be feasibly packed into

the same bin, and there are exactly hk white items and h(k− 1) non-white items, there

exists a feasible strategy profile using exactly h bins. Moreover, note that k + 1 white
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items do not fit into a bin, as their total size is equal to 1 + 1/k − h(k + 1)δ > 1 by the

definition of δ.

We proceed by showing that any Nash equilibrium for Gm needs to use at least

k

(
h− 1− h

m− 1

)
bins. To this aim, fix a Nash equilibrium σ for Gm and consider bin Bσ

1. If the item on

top of Bσ is white, then all non-white items have to be stored in Bσ. In fact, since Bσ

can contain at most k white items, for an overall occupation of 1− hkδ, it follows that

Bσ has enough space to accommodate all the h(k− 1) non-white items. Thus, since Bσ

stores all the non-white items and can store at most k white items, it follows that σ

needs to use at least k(h− 1) singleton bins to feasibly store all white items not stored

in Bσ, so that

F(σ) ≥ 1 + k(h− 1) ≥ k
(
h− 1− h

m− 1

)
.

Hence, assume that the item on top of Bσ has a color c which is not white. By the

same arguments exploited above, it follows that Bσ have to contain all non-white items

having color different than c. Again, since Bσ can contain at most k white items, σ

needs to pack at least k(h−1) white items outside bin Bσ. To do this, at most h(k−1)
m−1 −1

non-white items (the ones having color c) can be used. The only way to pack these items

so that σ results in a Nash equilibrium is to use a first-fit-like algorithm. Note that, in

order to pack k white items in the same bin, at least k − 1 item of color c are needed.

Hence, by using h(k−1)
m−1 − 1 items of color c, at most hk

m−1 white items can be packed in

a non-singleton bin, so that at least k
(
h− 1− h

m−1

)
white items need to be stored in

a singleton bin.

Thus, we can conclude that

PoS(Gm) ≥ k

h

(
h− 1− h

m− 1

)
.

Set h = 4 for m = 3, h = 3 for m ∈ {4, 5, 6}, and h = 2 for m ≥ 7. For sufficiently high

values of k, by using k > n
2h , the claim follows.

Theorem 5.5. Under the proportional cost function, PoS(Gm) is unbounded for each

m ≥ 3.

Proof. We prove the claim under the hypothesis of m = 3. It is easy to adapt the proof

so as to deal with any number of colors m ≥ 3.

1Recall that we denote by Bσ the bin storing the maximum number of items (resp. the fullest bin)
in the packing corresponding to σ, breaking ties arbitrarily.
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Consider the following instance with n agents, where n is a multiple of 4. There are n
2

items of color c1, n
4 of color c2, and n

4 of color c3. The sizes are such that, one item of

color c1 has size a, while all the others n
2 −1 ones have size b. Finally, each item of color

c2 or c3 has size c. The values of the sizes a, b, c are as follows:

• a = 1− 2
n + ε, for any 0 < ε < 2

n (i.e., a < 1).

• b = 1− a

• 0 < c ≤ 2
n( 2

n − ε)

Notice that
∑n

i=1 si > 1, therefore any solution cannot use less than two bins. An

optimal solution can be achieved by assigning the item of size a to one bin, and all the

other items to a second bin, as depicted in Figure 5.2. Notice that, (i) the total size of

items packed in the second bin is at most a. Moreover, (ii) a+ cn2 ≤ 1, i.e., the item of

size a and all the items of size c can be packed together in a bin. We further notice that,

the item of size a cannot be packed with any other item of the same color c1, because

at least one element of different color is needed between them, and a+ b+ c > 1.

Consider any Nash equilibrium where the item of size a is packed in a bin B. We

now show that at most two items of size c, are not packed in B. Let us suppose, by

contradiction, that there exist at least three items of size c that are not packed in the

bin B. If among such three items, there exist one of color c2 and another one of color

c3, then, by properties (i) and (ii), we get a contradiction with the fact that it is a

Nash equilibrium. Thus, the three items must have the same color, and without loss of

generality, suppose that it is c2. In this case we also get a contradiction. Indeed, it is

easy to see that, it is not possible to pack n
2 items of color c3 in the bin B, by using at

most n
2 − 3 items of color c2. We conclude by noticing that, at least n

2 − 5 items of sizes

b must be packed into singleton bins, and this concludes the proof.

Figure 5.2: An optimal configuration for the instance considered in Theorem 5.5.

We conclude the section by presenting a simple algorithm, namely Algorithm 7, for

computing a Nash equilibrium in colorful bin packing games under both cost functions.
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Algorithm 7:

Input : A colorful bin packing game G
1 X ← {x1, . . . , xn};
2 while (X 6= ∅) do
3 if (G is defined under the egalitarian cost function) then
4 Let B be a solution to Max Cardinality Colorful Packing(X);

5 else
6 Let B be a solution to Colorful Subset Sum(X);

7 Open a new bin and assign it the set of items B;
8 X ← X \B;

9 return the strategy profile induced by the set of open bins

In particular, we shall prove that its running time is polynomial for the egalitarian cost

function and pseudo-polynomial for the proportional one for the special case of constant

number of colors. Algorithm 7 is based on the computation of a solution for the following

two optimization problems.

Max Cardinality Colorful Packing: Given a set of items X = {x1, . . . , xn}, where each

item xi has size si ∈ [0, 1] and color ci, compute a set of items of maximum cardinality

which can be packed into a feasible bin without exceeding its capacity.

Colorful Subset Sum: Given a set of items X = {x1, . . . , xn}, where each item xi has size

si ∈ [0, 1] and color ci, compute a set of items, of maximum total size, which can be

packed into a feasible bin without exceeding its capacity.

Algorithm 7 is defined as follows.

Next lemma shows the correctness of the algorithm.

Lemma 5.6. Algorithm 7 computes a Nash equilibrium for any colorful bin packing

game G.

Proof. Consider the strategy profile σ returned by Algorithm 7 and assume, for the

sake of contradiction, that it is not a Nash equilibrium. Then, there exist an item xi

packed into a bin Bj and a bin Bk 6= Bj such that xi can be feasibly packed into Bk

and |Bj(σ)| ≤ |Bk(σ)| under the egalitarian cost function, while `Bj (σ) < `Bk(σ) + si

under the proportional one. Now, if Bj is opened before Bk by Algorithm 7, we have

that the set of items packed into Bk together with xi is a better packing than Bj , thus

contradicting its optimality. Conversely, if Bk is opened before Bj by Algorithm 7, we

have that the set of items packed into Bk together with xi is a better packing than Bk,

thus contradicting its optimality. Hence, in both cases, we get a contradiction.

Lemma 5.7. Max Cardinality Colorful Packing can be solved in polynomial time.
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Proof. Our proof is based on the following two fundamental observations: (i) a set B

of colored items can be feasibly packed into a bin without exceeding its capacity if and

only if the frequency of the dominant color in B is at most d|B|/2e, (ii) if there exists

a set B of colored items that can be feasibly packed into a bin without exceeding its

capacity whose dominant color c∗ has frequency k∗, then the set of items computed as

follows:

• choose the k∗ items of color c∗ having minimum size;

• let Y be the set of items obtained by choosing from X, for each color other than

c∗, the k∗ items of minimum size (or all items if there are less than k∗ items of

that color);

• number all items in Y in non-decreasing order of sizes;

• choose the first |B| − k∗ items in Y ;

can also be feasibly packed into a bin without exceeding its capacity.

Let B∗ be an optimal solution to the problem, c∗ be the dominant color in B∗ and k∗

be the frequency of the items of color c∗ in B∗. If we knew both c∗ and k∗, because

of observation (ii), a solution B′ such that |B′| = |B∗| can be constructed in time

O(n log n). Thus, the claim follows by guessing all possible n3 pairs (c∗, k∗, |B∗|), with

k∗ ≤ d|B∗|/2e, and then returning the best feasible solution.2

Lemma 5.8. Colorful Subset Sum can be solved in pseudo-polynomial time as long as

the number of colors is constant.

Proof. Assume to know the exact number of items of each color c∗1, . . . , c
∗
m that belong

to an optimal solution. Note that Colorful Subset Sum becomes a variant of a Knap-

sack problem in which item are partitioned into m sets according to their colors and

one wants to maximize the sum of the volumes of the items packed in the knapsack

without exceeding its capacity by choosing exactly c∗i items from each set. By suitably

extending the dynamic programming algorithm for the knapsack problem and guessing

the O(nm) possible tuples c∗1, . . . , c
∗
m such that c∗ = max{c∗1, . . . , c∗m} ≤

⌈∑
i c
∗
i−c∗
2

⌉
, the

claim follows.

As a consequence of Lemmas 5.6, 5.7 and 5.8, we obtain the following result.

2Indeed, it is possible to lower the computational complexity of the algorithm by considering only
the n2 pairs (c∗, k∗) by noting that the algorithm used within observation (ii) can be easily adapted to
deal with the case in which |B| is not known.
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Theorem 5.9. A Nash equilibrium for colorful bin packing games can be computed in

polynomial time under the egalitarian cost function and in pseudo-polynomial time for

a constant number of colors under the proportional one.

5.3 Efficiency of Nash equilibria in Black and White Games

For black and white bin packing games, things get much more interesting, as we show an

upper bound of 3 on the PoA and a corresponding lower bound on the PoS. To address

this particular case, given a black and white bin packing game G, we make use of the

following additional notation. Given a strategy profile σ, we denote by Sb(σ) the set of

singleton bins storing a black item, by Sw(σ) the set of singleton bins storing a white

item, by Mb(σ) the set of non-singleton bins having a black item on top, and by Mw(σ)

the set of non-singleton bins having a white item on top.

The following lemma relates the set of open bins of a feasible strategy profile with that of

a social optimum. Recall that F(σ) is the number of open bins in σ, i.e., F(σ) = |Ø(σ)|.

Lemma 5.10. Fix a feasible strategy profile σ and a social optimum σ∗ for a black and

white bin packing game G. Then, |Sb(σ)| − |Sw(σ)| − |Mw(σ)| ≤ F(σ∗).

Proof. First, we observe that, since in any open bin of σ∗ the absolute value of the

difference between the number of black and white items is at most 1, we have

#B ≤ #W + F(σ∗). (5.1)

Now, let us denote with zb the number of black items packed into bins belonging to

Mb(σ) ∪Mw(σ) and with zw the number of white items packed into bins belonging to

Mb(σ) ∪Mw(σ). We have zb = #B − |Sb(σ)| and zw = #W − |Sw(σ)|. Moreover,

the number of black items packed into bins belonging to Mb(σ)∪Mw(σ) is at least the

number of white items packed into bins belonging to Mb(σ) ∪Mw(σ) minus |Mw(σ)|,
so that, by putting all together, we obtain

#B ≥ #W + |Sb(σ)| − |Sw(σ)| − |Mw(σ)|. (5.2)

By combining inequalities (5.1) and (5.2), the claim follows.

The following theorem gives an upper bound on the PoA of black and white bin packing

games under both cost functions.

Theorem 5.11. Under both cost functions, PoA(G2) ≤ 3.
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Proof. Given a black and white bin packing game G under a certain cost function, i.e.

with both of the two cost functions, fix a Nash equilibrium σ and a social optimum σ∗.

Let S =
∑

i∈N si be the sum of the sizes of all the items. Notice that F(σ∗) ≥ dSe.
Assume without loss of generality that |Sb(σ)| ≥ |Sw(σ)| (if this is not the case, we

simply swap the two colors).

Let P be the set of pairs of bins constructed as follows: each bin in Sw(σ) is paired

with a bin in Sb(σ), each remaining bin in Sb(σ) is paired with a bin in Mw(σ), finally,

all the remaining bins in Mw(σ) and all the bins in Mb(σ) are joined into pairs until

possible. It is easy to check that, for each created pair of bins (Bj , Bk), it must be that

`Bj (σ) + `Bk(σ) > 1 (5.3)

under both cost functions, otherwise the hypothesis that σ is a Nash equilibrium would

be contradicted. Moreover, by (5.3), it follows that S > |P | which implies that F(σ∗) ≥
dSe ≥ |P |+ 1.

Now two cases may occur:

• no bin in Sb(σ) is left unmatched by P , which implies that |Sb(σ)| + |Sw(σ)| +
|Mb(σ)| + |Mw(σ)| ≤ 2|P | + 1, as at most one bin from the set Mw(σ) ∪Mb(σ)

may remain unmatched. Thus, we obtain

F(σ) = |Sb(σ)|+ |Sw(σ)|+ |Mb(σ)|+ |Mw(σ)| ≤ 2|P |+ 1 < 2F(σ∗);

• at least one bin in Sb(σ) is unmatched by P , which implies that |Sb(σ)|+|Sw(σ)|+
|Mb(σ)|+ |Mw(σ)| ≤ 2|P |+ 1 + |Sb(σ)| − |Sw(σ)| − |Mw(σ)|. Thus, we obtain

F(σ) = |Sb(σ)|+ |Sw(σ)|+ |Mb(σ)|+ |Mw(σ)|

≤ 2|P |+ 1 + |Sb(σ)| − |Sw(σ)| − |Mw(σ)|

≤ 2|P |+ 1 + F(σ∗) < 2F(σ∗) + F(σ∗) = 3F(σ∗),

where the second inequality comes from Lemma 5.10.

In the next two theorems, we show a matching lower bound on the PoS of black and

white bin packing games under both cost functions.

Theorem 5.12. Under the egalitarian cost function, PoS(G2) ≥ 3.
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Proof. We prove the theorem by showing that, for any ε > 0, there exists a black and

white bin packing game Gε ∈ G2 such that PoS(Gε) ≥ 3 − ε. Gε is defined by the

following set of items:

• 2k white items having size 1
k − 2δ, denoted as items of type (1);

• k/2 black items having size 1, denoted as items of type (2);

• 2k black items having size δ, denoted as items of type (3);

• k white items having size 0, denoted as items of type (4);

where k is an even integer such that k ≥ max
{

10−4ε
ε , 19

}
and δ > 0 is arbitrarily small.

Denote with σ the strategy profile such that Ø(σ) = (B1, . . . , Bh) with h = 3k
2 + 1 and

such that

• bin B1 contains k items of type (1), k items of type (4) and 2k items of type (3),

• each bin from B2 to Bk+1, for a total of k bins, contains one item of type (1),

• each bin from Bk+2 to Bh, for a total of k/2 bins, contains one item of type (2).

In the definition of σ, we avoid considering the order in which the items are packed

within each bin as it is irrelevant to our purposes. We only stress the fact that there

exists a proper ordering of the items which makes σ a feasible strategy profile.

Now, denote with σ∗ the strategy profile such that Ø(σ∗) = (B∗1 , . . . , B
∗
h∗) with h∗ =

k
2 + 2 and such that

• bins B∗1 and B∗2 both contain k items of type (1) and k items of type (3),

• each bin from B∗3 to B∗h∗ , for a total of k/2 bins, contains one item of type (2) and

2 items of type (4).

Also in this case, we avoid considering the order in which the items are packed within

each bin and stress the fact that there exists a proper ordering of the items which makes

σ∗ a feasible strategy profile.

In order to show the claimed lower bound on PoS(Gε), we proceed by proving that the

packing of items corresponding to any Nash equilibrium for Gε coincides with the one

corresponding to Ø(σ). This is achieved by exploiting a sequence of results.

First of all, we observe the following basic fact.
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Fact 5.13. In any Nash equilibrium for Gε, any bin containing an item of type (2) can

store at most 3 items.

We continue by proving some basic properties possessed by bin Bτ , for any Nash equi-

librium τ for Gε.

Lemma 5.14. Fix a Nash equilibrium τ for Gε. Then, Bτ stores at least 4 items.

Proof. Assume, for the sake of contradiction, that Bτ stores at most 3 items. Since the

total number of items is 11k
2 , it follows that τ is made up of at least

⌈
11k
6

⌉
bins. This

implies that

PoA(Gε) ≥
F(τ )

F(σ∗)
≥
⌈

11k
6

⌉
k
2 + 2

≥
11k
6

k
2 + 2

=
11

3
− 44

3(k + 4)
= 3 +

2

3
− 44

3(k + 4)
> 3.

Since k > 18: a contradiction to Theorem 5.11.

As a consequence of Fact 5.13 and Lemma 5.14, we get the following corollary.

Corollary 5.15. Fix a Nash equilibrium τ for Gε. No item of type (2) is packed into

Bτ .

Lemma 5.16. Fix a Nash equilibrium τ for Gε. All items of type (4) are packed into

Bτ .

Proof. Assume, for the sake of contradiction, that there exists an item of type (4), say

xi, which is not packed into Bτ . Since τ is a Nash equilibrium, the item on top of Bτ

must be white, otherwise agent i would lower her cost by migrating to Bτ . By Corollary

5.15, Bτ can only store items of type (1), (3) and (4). The load coming from items of

type (1) packed into Bτ can be at most 1− 2kδ (since at most k items of type (1) can

be packed into the same bin), so that bin Bτ can potentially store all items of type (3).

This implies that all of these items must indeed be packed into Bτ , otherwise the agent

owning any of the leftover ones would lower her cost by migrating to Bτ . Hence, we

can conclude that Bτ stores 2k black items and the item on top of Bτ is white. This

implies that Bτ has to store at least 2k white items. Now, since at most k items of type

(1) can be packed into the same bin, Bτ needs to store all items of type (4).

Lemma 5.17. Fix a Nash equilibrium τ for Gε. All items of type (3) are packed into

Bτ .
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Proof. Assume, for the sake of contradiction, that there exists an item of type (3), say

xi, which is not packed into Bτ . Again, by Corollary 5.15, Bτ can only store items of

type (1), (3) and (4) and the load coming from items of type (1) packed into Bτ can be

at most 1− 2kδ, so that bin Bτ can potentially store all items of type (3). Hence, since

τ is a Nash equilibrium, the item on top of Bτ must be black, otherwise agent i would

lower her cost by migrating to Bτ . This implies that the total load of Bτ has to exceed

1 − 1/k + 2δ, otherwise any agent owning an item of type (1) would lower her cost by

migrating to Bτ . Given that no item of type (2) can be stored in Bτ , we have that, in

order to achieve a load of more than 1 − 1/k + 2δ, Bτ has to store exactly k items of

type (1). Moreover, by Lemma 5.16, all items of type (4) are packed in Bτ . Hence, we

can conclude that Bτ stores exactly 2k white items and the item on top of Bτ is black.

This implies that Bτ has to store at least 2k black items none of which belonging to

type (2), that is, Bτ has to store all items of type (3).

We can finally prove that all Nash equilibria for Gε correspond to the same packing of

items.

Lemma 5.18. Fix a Nash equilibrium τ for Gε. Then, Ø(τ ) and Ø(σ) are equal up to

a renumbering of the bins.

Proof. Fix a Nash equilibrium τ for Gε. By Lemmas 5.16 and 5.17, it follows that Bτ

stores all items of type (3) and (4), that is, 2k black items and k white items. Hence, in

order to obtain a feasible strategy profile, Bτ needs to store at least k− 1 items of type

(1). Moreover, Bτ cannot store more than k items of type (1). If Bτ stores k− 1 items

of type (1), the agent owning any of the leftover items of type (1) would lower her cost

by migrating to Bτ . This implies that Bτ needs to store exactly k items of type (1).

Since the remaining k items of type (1) and all items of type (2) can only be packed into

different bins, it follows that there exists a suitable renumbering of the bins in τ which

gives Ø(τ ) = Ø(σ).

We can conclude our proof by lower bounding the price of stability of Gε. Because of

Lemma 5.18, we get

PoS(Gε) ≥
F(σ)

F(σ∗)
=

3k
2 + 1
k
2 + 2

= 3− 10

k + 4
≥ 3− ε,

since k ≥ 10−4ε
ε implies that ε ≥ 10

k+4 .

Theorem 5.19. Under the proportional cost function, PoS(G2) ≥ 3.
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Proof. We prove the theorem by showing that, for any ε > 0, there exists a black and

white bin packing game Gε ∈ G2 such that PoS(Gε) ≥ 3 − ε. Gε is defined by the

following set of items:

• 2k white items having size 1
k − 3δ, denoted as items of type (1);

• k/2 black items having size 1− 5kδ, denoted as items of type (2);

• 2k black items having size δ, denoted as items of type (3);

• k white items having size δ, denoted as items of type (4);

where k is an even integer such that k ≥ max
{

10−4ε
ε , 2

}
and δ > 0 is an arbitrarily small

number satisfying δ < (k(5k + 3))−1.

Denote with σ the strategy profile such that Ø(σ) = (B1, . . . , Bh) with h = 3k
2 + 1 and

such that

• bin B1 contains k items of type (1), k items of type (4) and 2k items of type (3),

• each bin from B2 to Bk+1, for a total of k bins, contains one item of type (1),

• each bin from Bk+2 to Bh, for a total of k/2 bins, contains one item of type (2).

In the definition of σ, we avoid considering the order in which the items are packed

within each bin as it is irrelevant to our purposes. We only stress the fact that there

exists a proper ordering of the items which makes σ a feasible strategy profile.

Now, denote with σ∗ the strategy profile such that Ø(σ∗) = (B∗1 , . . . , B
∗
h∗) with h∗ =

k
2 + 2 and such that

• bins B∗1 and B∗2 both contain k items of type (1) and k items of type (3),

• each bin from B∗3 to B∗h∗ , for a total of k/2 bins, contains one item of type (2) and

2 items of type (4).

Also in this case, we avoid considering the order in which the items are packed within

each bin and stress the fact that there exists a proper ordering of the items which makes

σ∗ a feasible strategy profile.

In order to show the claimed lower bound on PoS(Gε), we proceed by proving that the

packing of items corresponding to any Nash equilibrium for Gε coincides with the one

corresponding to Ø(σ). This is achieved by exploiting a sequence of results.
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Fact 5.20. No bin can store more than k items of type (1).

Proof. k + 1 items of type (1) require a total space of (k + 1)(1/k − 3δ) = 1 + 1/k −
3(k + 1)δ > 1 since δ < (k(5k + 3))−1 < (3k(k + 1))−1.

Fact 5.21. No bin can store more than 1 item of type (2).

Proof. Two items of type (2) require a total space of 2 − 10kδ > 1 since δ < (k(5k +

3))−1 < (10k)−1.

Fact 5.22. No bin can simultaneously store items of types (1) and (2).

Proof. One item of type (1) and one item of type (2) require a total space of 1/k− 3δ+

1− 5kδ = 1 + 1/k − (5k + 3)δ > 1 since δ < (k(5k + 3))−1.

Fact 5.23. For any strategy profile τ , Bτ either contains exactly one item of type (2)

and no items of type (1) or exactly k items of type (1) and no items of type (2).

Proof. Clearly, we have

`Bτ
(τ ) ≥ 1− 5kδ (5.4)

(a bin containing an items of type (2) has at least this occupation) which, given that

δ < (k(5k + 3))−1 < (8k)−1, Bτ cannot contain only items of types (3) and (4). If Bτ

contains items of type (2), then, by Facts 5.21 and 5.22, it has to contain exactly one

item of this type. On the contrary, if Bτ contains items of type (1), then by Facts 5.20

and 5.22, it can only contain k items of this time, but no more than k of them. If Bτ

contains at most k − 1 items of type (1), then, as Bτ can additionally contain all items

of types (3) and (4), we have `Bτ
(τ ) ≤ (k− 1)(1/k− 3δ) + 3kδ = 1− 1/k+ 3δ < 1− 5kδ

as δ < (k(5k + 3))−1, thus contradicting inequality (5.4).

Fact 5.24. For any strategy profile τ , Bτ has enough unused space to store all items of

types (3) and (4) which are not packed into Bτ .

Proof. Fix a strategy profile τ . By Fact 5.23, we need to distinguish between two cases

only. If Bτ contains an item of type (2) and no items of type (1), since all items of

types (3) and (4) can be packed into the leftover space of 5kδ, the claim follows. If Bτ

contains k item of type (1) and no items of type (2), since all items of types (3) and (4)

can be packed into the leftover space of 3kδ, the claim follows.

We continue by showing a fundamental structural property.

Lemma 5.25. Fix a Nash equilibrium τ for Gε. Then, Bτ stores all items of type (4).
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Proof. Fix a Nash equilibrium τ for Gε and assume, by way of contradiction, that at

least one item xj of type (4) is not packed into Bτ . By Fact 5.24, it follows that the

item on top of Bτ is white, otherwise agent j would lower her cost by migrating to Bτ .

Again, by Fact 5.24, this implies that all items of type (3) are packed into Bτ , otherwise

the agent owing a leftover item would lower her cost by migrating to Bτ . Thus, we have

that Bτ stores at least 2k black items. As, by hypothesis Bτ does not store all items

of type (4), by Fact 5.23, the number of white items packed into Bτ is at most 2k − 1.

Thus, we get a contradiction as it is not possible to feasible pack 2k black items and

2k − 1 white items in such a way that the item of top of the bin is white.

We can now prove that all Nash equilibria for Gε correspond to the same packing of

items.

Lemma 5.26. Fix a Nash equilibrium τ for Gε. Then, Ø(τ ) and Ø(σ) are equal up to

a renumbering of the bins.

Proof. Fix a Nash equilibrium τ for Gε. We show the claim by proving that Bτ contains

k items of type (1) and all items of types (3) and (4). By Fact 5.23, we have to distinguish

between two cases only.

Assume first that Bτ contains an item of type (2) and no items of type (1). As Bτ

can feasibly store all items of type (4) and no more than k items of type (3), we get

`Bτ
(τ ) ≤ 1 − 5kδ + 2kδ = 1 − 3kδ. Now, let B̃τ be the bin containing the maximum

number of items of type (1) in τ . We claim that B̃τ contains k items of type (1).

Assume, by way of contradiction, that B̃τ contains at most k − 1 items of type (1). If

the item on top of B̃τ is black, we get a contradiction as the agent owning an item of

type (1) not packed into B̃τ would lower her cost by migrating to B̃τ . If the item on top

of B̃τ is white, it follows that B̃τ can store at most k − 1 items of type (3). Given that

Bτ contains at most k items of type (3), it follows that there is an item of this type,

say xj which is packed neither into Bτ nor into B̃τ . Hence, we get a contradiction as

agent j would lower her cost by migrating to B̃τ . Thus, B̃τ contains k items of type (1).

By the same argument exploited above, it also follows that B̃τ also contains k items of

type (3). Hence we get `
B̃τ

(τ ) = k(1/k− 3δ) + kδ = 1− 2δ > `Bτ
(τ ) thus contradicting

the fact that Bτ contains an item of type (2) and no items of type (1). So, we conclude

that this case cannot occur.

Now assume that Bτ contains k items of type k and no items of type (2). By Lemma 5.25,

Bτ also contains all k items of type (4), so that it contains 2k white items. Moreover, if

Bτ does not contain all items of type (3), by Fact 5.24, the item on top of Bτ must be

black, otherwise the agent owing any leftover item would lower her cost my migrating
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to Bτ . But this raises a contradiction, since it is not possible to feasible pack 2k white

items and 2k−1 black one in such a way that the item on top of the bin is black. Hence,

we have that Bτ contains all items of type (3) which shows the claim.

We can conclude our proof by lower bounding the price of stability of Gε. Because of

Lemma 5.26, we get

PoS(Gε) ≥
F(σ)

F(σ∗)
=

3k
2 + 1
k
2 + 2

= 3− 10

k + 4
≥ 3− ε,

since k ≥ 10−4ε
ε implies that ε ≥ 10

k+4 .

5.4 Efficiency of Nash equilibria in Games with Uniform

Sizes

In this section, we provide a complete picture of the efficiency of Nash equilibria for

games with uniform sizes. We remind the reader that, in this setting, the egalitarian

and proportional cost functions are equivalent. For the sake of simplicity, we say that a

bin is full if it contains κ items.

First, we give a lower bound of 2 on the PoS for games with any number of colors under

the hypothesis that κ is an even number.

Theorem 5.27. 3 For each m ≥ 2, PoS(Uevenm ) ≥ 2.

Proof. We prove the claim under the hypothesis of m = 2. It is easy to adapt the proof

so as to deal with any number of colors m ≥ 2. In particular, we show that, for any

fixed ε > 0, there exists a game Gε ∈ Ueven2 such that PoS(Gε) ≥ 2− ε.

Game Gε is defined as follows: there are n = k(k + 1)/2 items, of which k2/4 + k/2

are white and the remaining k2/4 are black, where k is an even number such that

k ≥ 2(2− ε)/ε. The size of each item is set in such a way that κ = k.

Let σ∗ be the strategy profile such that Ø(σ∗) = (B1, . . . , Bk/2+1) where

• each of the first k/2 bins contains k/2 white items and k/2− 1 black items;

• bin Bk/2+1 contains k/2 white items and k/2 black items.

3Recall that Uoddm (resp. Uevenm ) denote the set of all colorful bin packing games with m colors and
uniform sizes for which κ is odd (resp. even). Finally, Um = Uevenm ∪ Uoddm .
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We continue by proving that each Nash equilibrium for Gε uses k open bins. Towards

this end, assume, by way of contradiction, that there exists a Nash equilibrium with

less than k/2 full bins. As k is even, each full bin stores exactly k/2 white items and

k/2 black items, so that the set of full bins can store at most k2

4 −
k
2 items of the same

color. It follows that the set of non-full bins have to store at least k white items and at

least k/2 black ones. Call these items leftover items. Let B̃ be the non-full bin with the

highest number of items. Clearly, it contains at most k − 1 items and we consider two

cases: if B̃ has a black item on top, as k−1 is odd, B̃ contains at most k
2−1 white items.

An agent owning a leftover white item not packed into B̃ (there are at least k/2+1 such

items) has an improving deviation to B̃ which raises a contradiction. If B̃ has a white

item on top, as k − 1 is odd, B̃ contains at most k
2 − 1 black items. An agent owning

the only leftover black item not packed into B̃ has an improving deviation to B̃ which,

again, raises a contradiction. Thus, each Nash equilibrium for Gε uses at least k/2 full

bins.

Now note that there are not enough black items in Gε to create k/2+1 feasible full bins.

Hence, since every Nash equilibrium is feasible, it follows that each Nash equilibrium σ

has exactly k/2 full bins, where a total number of k2/4 white items and k2/4 black ones

are packed. The remaining k/2 white items can be feasibly packed only into singleton

bins, thus yielding F(σ) = k. By the definition of k, we get PoS(Gε) ≥ k
k/2+1 ≥ 2−ε.

We show that, unlike the case of general games considered in the previous section,

under the hypothesis of uniform sizes, efficient Nash equilibria are always guaranteed

to exist for any number of colors. In particular, we design an algorithm which, given a

colorful bin packing game G with uniform sizes, returns a Nash equilibrium σ such that

F(σ) ≤ 2F(σ∗(G)) when κ is even and F(σ) = F(σ∗(G)) when κ is odd. Given the result

on the price of stability of Theorem 5.27, these is the best achievable performance.

Theorem 5.28. For each m ≥ 2, PoS(Uevenm ) ≤ 2 and PoS(Uoddm ) = 1. Moreover, for

any game G ∈ Um, a Nash equilibrium σ such that F(σ) ≤ 2F(σ∗(G)) if G ∈ Uevenm and

such that F(σ) = F(σ∗(G)) if G ∈ Uoddm can be computed in pseudo-polynomial time.

Proof. Fix an integer m ≥ 2 and a game G ∈ Um. We prove the claim by showing

that Algorithm 8 computes a Nash equilibrium σ for G such that F(σ) ≤ 2F(σ∗(G)) if

G ∈ Uevenm and such that F(σ) = F(σ∗(G)) if G ∈ Uoddm .

We start by showing that the strategy profile σ returned by Algorithm 8 is a Nash

equilibrium for G. Let us partition σ into three sets, namely Γ,∆,Θ, where Γ contains

all the full bins, ∆ contains all the non-full and non-singleton bins and Θ contains all

the singleton bins. It is not difficult to see that, by the definition of Algorithm 8, ∆ and
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Algorithm 8:

Input : A colorful bin packing game G
1 X ← {x1, . . . , xn};
2 i← 1;
3 cold ← 0;
4 while (X 6= ∅) do
5 if (|Bi| < κ) && (∃xj ∈ X s.t. cj 6= cold)) then
6 c← most frequent color among the items in X having color other than cold;
7 Select an item xj of color c;
8 X ← X \ {xj};
9 cold ← c;

10 σj ← Bi;

11 else
12 i← i+ 1;
13 cold ← 0;

14 return σ

Θ are such that (i) ∆ is either empty or contains only one bin, (ii) all items stored into

bins belonging to Θ have the same color, denoted as cΘ, (iii) the item on top of the bin

in ∆ (if any) has color cΘ.

Now assume, by way of contradiction, that there exists an agent j possessing an improv-

ing deviation in σ towards a bin Bi. Clearly, this can only be possible if xj is packed into

a singleton bin and Bi ∈ ∆∪Θ, but properties (ii) and (iii) above imply a contradiction.

So, σ is a Nash equilibrium.

Let nz(c) be the number of items of color c belonging to X at the zth iteration of

Algorithm 8.

Lemma 5.29. If either |Θ| ≥ 2 or |∆| = |Θ| = 1, then the color of each item occupying

an odd position in a bin belonging to Γ ∪∆ is cΘ.

Proof. Consider an iteration z of Algorithm 8 such that cold 6= cΘ and an item of color

c 6= cΘ is selected. As color cΘ is a candidate color among the ones considered at line 6

of the algorithm, it must be nz(c) ≥ nz(cΘ). For the case of |Θ| ≥ 2, let z be the first

iteration at which the algorithm starts constructing singleton bins, while, for the case of

|∆| = |Θ| = 1, let z be the iteration at which the algorithm selects the last item packed

into the unique bin in |∆|. In both cases, it follows that nz(cΘ)− nz(c) ≥ 2.

Let z′ be the first iteration, among the ones realized after iteration z, in which an item of

color cΘ is selected and such that nz′(cΘ)−nz′(c) ≥ 2. Clearly, z′ is well-defined because

iteration z meets the required conditions. This implies that the difference between the

number of items of color c and the number of items of color cΘ selected by Algorithm
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8 during all iterations going from z to z′ − 1 is at least 2. Hence, there is an iteration

z′′ at which an item of color c is selected despite the fact that nz′′(cΘ) = nz′′(c) + 1. By

line 5 of the algorithm, this can happen only if cold = cΘ which implies that, at iteration

z′′− 1, an item of color cΘ is selected which gives nz′′−1(cΘ) = nz′′(cΘ) + 1 = nz′′(c) + 2

which contradicts the minimality of z′.

Hence, we have proved that, at each iteration such that cold 6= cΘ, Algorithm 8 selects

an item of color cΘ which implies the claim.

By the previous lemma, we get the following corollary which gives us the number of

items of color cΘ and the number of items of color different that cΘ.

Corollary 5.30. If either |Θ| ≥ 2 or |∆| = |Θ| = 1, then each bin in Bj ∈ Ø(σ)

contains d|Bj(σ)|/2e items of color cΘ.

Let #cΘ be the number of items having color cΘ. We conclude by showing that F(σ) ≤
2F(σ∗(G)) when κ is even and that F(σ) = F(σ∗(G)) when κ is odd. Towards this end,

we use Corollary 5.30 together with the simple basic fact.

Fact 5.31. 2#cΘ ≤ n+ F(σ∗(G)).

Let us start with the cases not covered by Corollary 5.30, that is, |Θ| = 0 and |Θ| =

1 ∧ |∆| = 0. In both cases, we have F(σ) = F(σ∗(G)) independently of the parity of κ,

as Ø(σ) contains at most one non-full bin. Thus, in the remaining of the proof, we can

assume that Corollary 5.30 holds. Let δ ∈ {0, . . . , κ− 1} be the number of items stored

into the bin belonging to ∆ (δ = 0 models the case in which this bin does not exist).

For the case in which κ is odd, by Corollary 5.30, we have #cΘ = |Γ|κ+1
2 +

⌈
δ
2

⌉
+ |Θ|

and n = |Γ|κ + δ + |Θ|. Assume, by way of contradiction, that F(σ∗(G)) < F(σ), that

is, F(σ∗(G)) ≤ |Γ|+ |∆|+ |Θ| − 1. By Fact 5.31, we obtain

2

⌈
δ

2

⌉
≤ δ + |∆| − 1. (5.5)

Now observe that, for |∆| = 0, which implies δ = 0, (5.5) is not satisfied. Hence, it must

be that |∆| = 1 which, as |Θ| ≥ 1 (recall that we are under the hypothesis in which

Corollary 5.30 holds), implies that δ > 1. Now, if δ is even, by Corollary 5.30, the item

on top of the unique bin in ∆ has color different than cΘ. This means that an agent

controlling an item packed into any bin in Θ has an improving deviation by migrating

to the unique bin in ∆, thus contradicting the fact that σ is a Nash equilibrium. Thus,

under the hypothesis of |∆| = 1 and δ odd, (5.5) is again not satisfied, thus rising a

contradiction. Hence, it follows that F(σ∗(G)) = F(σ).
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For the case in which κ is even, by Corollary 5.30, we have #cΘ = |Γ|κ2 +
⌈
δ
2

⌉
+ |Θ| and

n = |Γ|κ+ δ + |Θ|. As F(σ∗(G)) ≥ |Γ|+ |∆|, if |Γ| ≥ |Θ|, it follows that

F(σ) = |Γ|+ |∆|+ |Θ| ≤ 2|Γ|+ |∆| ≤ 2F(σ∗(G)).

Thus, in the remaining of the proof, we assume that |Θ| > |Γ|. Assume now, by way of

contradiction, that F(σ∗(G)) < F(σ)/2, which implies F(σ∗(G)) ≤ |Γ|+|∆|+|Θ|
2 − 1

2 . By

Fact 5.31, we obtain

2

⌈
δ

2

⌉
+
|Θ|
2
≤ δ +

|Γ|+ |∆| − 1

2
. (5.6)

Using the hypothesis that |Θ| > |Γ| within (5.6), we obtain

2

⌈
δ

2

⌉
≤ δ +

|∆|
2
− 1 (5.7)

which is never satisfied, thus rising a contradiction. Hence, it follows that F(σ) ≤
2F(σ∗(G)).

We now argue the complexity of Algorithm 8. We first notice that, for uniform sizes, the

compact representation of the input has size Ω(m+log n). Moreover, it is easy to see that

Algorithm 8 has complexity O(n). It turns out that when, for instance, m = Ω(n
1
h ),

for some constant h, the algorithm has polynomial time complexity. However, when

m = O(log n), the complexity is pseudo-polynomial.

Theorems 5.27 and 5.28 completely characterize the PoS of colorful bin packing games

with uniform sizes. For what concerns the PoA, we also obtain a complete picture by

means of the following results.

For the case of at least three colors, the PoA can be arbitrarily high.

Theorem 5.32. For each m ≥ 3, both PoA(Uoddm ) and PoA(Uevenm ) are unbounded.

Proof. We show that there exist two colorful bin packing games G ∈ Ueven3 and G′ ∈ Uodd3

whose PoA grows asymptotically with the number of their agents. It is easy to adapt

the proof so as to deal with any number of colors m ≥ 3. Game G is as follows: there

are n = 4k agents, all of them of size ε, where k ≥ 1 is a suitable integer, and ε > 0 is an

arbitrary small real value such that
∑n

i=1 si ≤ 1, so that κ = 4k is even. There are 2k

items of color c1 denoted as b1, . . . , b2k, k items of color c2 denoted as w1, . . . , wk, and

k items of color c3 denoted as r1, . . . , rk. Notice that F(σ∗) = 1, since all items can be

feasibly packed into the same bin, as depicted in Figure 5.3 on the left side. In the same

figure, on the right side, is also depicted a packing corresponding to a Nash equilibrium

σ ∈ NE(G) with social cost F(σ) = 2k = n
2 , which yields PoA(G) = Ω(n).
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Game G′ can be obtained by adding item b0 of color c1 to game G. This item can be

feasibly packed at the bottom of both bins B1 depicted in Figure 5.3, so that we get

κ = 4k + 1, which is odd, and PoA(G′) = Ω(n).

Figure 5.3: A colorful bin packing game G ∈ U3 with PoA(G) ≥ n
2 : on the left

side the packing corresponding to a social optimum and on the right side the packing
corresponding to a Nash equilibrium with social cost 2k.

For the case of black and white bin packing games, we show a lower bound of 3 on the

PoA of games for which κ is an odd number, thus matching the upper bound showed in

Theorem 5.11 which holds for general sizes.

Theorem 5.33. PoA(Uodd2 ) ≥ 3.

Proof. We prove the claim by showing that, for any fixed ε > 0, there exists a game

Gε ∈ Uodd2 such that PoA(Gε) ≥ 3− ε.

Game Gε is defined as follows: there are n = k(k+ 3)/2 items, of which (k2 + 4k− 1)/4

are white and the remaining (k + 1)2/4 are black, where k is an odd number such that

k ≥ (8− 3ε)/ε. The size of each item is set in such a way that κ = k.

Let σ∗ be the strategy profile such that Ø(σ∗) = (B1, . . . , B(k+1)/2+1) where

• each of the first (k+ 1)/2 bins contains (k+ 1)/2 white items and (k− 1)/2 black

items;

• bin B(k+1)/2+1 contains (k − 1)/2 white items and (k + 1)/2 black items.

Since, by definition, at most k items can be packed into a bin and k is odd, we have

F(σ∗(Gε)) ≥
⌈
n
k

⌉
=
⌈
k+3

2

⌉
= (k + 1)/2 + 1, so that σ∗ is a social optimum.

Let σ be the strategy profile such that Ø(σ∗) = (B1, . . . , B(3k+1)/2) where
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• each of the first (k+ 1)/2 bins contains (k− 1)/2 white items and (k+ 1)/2 black

items;

• each of the remaining k bins contains a single white item.

Since all of the first (k + 1)/2 bins are full and the remaining k bins are singletons and

contain only white items, it follows that σ is a Nash equilibrium. By the definition of

k, we get PoA(Gε) ≥ 3k+1
k+3 ≥ 3− ε.

For the leftover case of black and white bin packing games for which κ is even, we show

that the upper bound on the PoA drops to 2 which matches the lower bound given in

Theorem 5.27 for the PoS.

Theorem 5.34. PoA(Ueven2 ) ≤ 2.

Proof. Fix a game G ∈ Ueven2 and a Nash equilibrium σ for G. Let us partition σ into

three sets, namely Γ,∆,Θ, where Γ contains all the full bins, ∆ contains all the non-full

and non-singleton bins and Θ contains all the singleton bins. It is not difficult to see

that, by the fact that σ is a Nash equilibrium, ∆ and Θ are such that (i) ∆ is either

empty or contains only one bin, (ii) all items stored into bins belonging to Θ have the

same color, which we assume without loss of generality to be black, (iii) the item on top

of the bin in ∆ (if any) is black. Let δ ∈ {0, . . . , κ− 1} be the number of items packed

into the unique bin in ∆ (δ = 0 model the case in which ∆ = ∅). Since κ is even and

the item on top of the bin in ∆ (if any) is black, we have #B = |Γ|κ2 +
⌈
δ
2

⌉
+ |Θ| and

#W = |Γ|κ2 +
⌊
δ
2

⌋
. By substituting the values within inequality (5.1), we obtain

|Γ|κ
2

+

⌈
δ

2

⌉
+ |Θ| ≤ |Γ|κ

2
+

⌊
δ

2

⌋
+ F(σ∗(G))

which implies F(σ∗(G)) ≥ |Θ|. Moreover, as all bins in Γ is full, we have F(σ∗(G)) ≥
|Γ|+ |∆|, so that F(σ∗(G)) ≥ max{|Θ|, |Γ|+ |∆|}. By the arbitrariness of σ, we obtain

PoA(G) =
F(σ)

F(σ∗(G))
≤ |Γ|+ |∆|+ |Θ|

max{|Θ|, |Γ|+ |∆|}
≤ 2.
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Conclusion

In the era of networks and distributed systems, there is a growing interest among com-

puter scientists on the study of problems motivated by the social and technological

development of the recent years, such as social networks and internet of things. There is

a massive amount of real-life scenarios where we need to optimize resources which can be

physically distributed in different places, or needs to be used by a large number of users

or eventually can be managed by independent agents. Moreover, those agents could

be either selfish or can act in a cooperative manner. To tackle all these problems, the

research community developed a considerable body of literature. Part of the literature

involves new problems, but many results are based on variation of classical optimization

problems, which are now considered in their applications in network scenarios. In this

dissertation the main focus is on multi-agent problems and algorithmic game theory. In

particular, we tackle settings related to two well-known NP-hard problems: the Maxi-

mum Coverage problem and the Bin Packing problem.

The first contribution of the thesis regards a problem that we call multi-agent coverage.

In this setting we begin by considering the optimization problem of maximizing the sum

of the agents’ revenue. For this problem we provide a polynomial algorithm that achieves

an approximation factor of 1− 1√
e

if the maximum cost of a container is upper-bounded

by the minimum budget of an agent, and provide a polynomial Monte-Carlo algorithm

with an expected approximation factor of 1 − 1
e . We also define distributed and pro-

portional multi-agent coverage games, and investigate the existence and the quality of

Nash equilibria. We show that the distributed game can be modeled as a distributed

welfare game ([55]) and the existence of a Nash equilibrium is always guaranteed. We

show a tight bound of 2 − 1
k for price of anarchy and stability. We prove that in the

proportional game the existence of a Nash equilibrium is not guaranteed.

The main open problems are that of finding a deterministic constant approximation al-

gorithm for the general case and, in the case when cmax ≤ bmin, closing the gap between
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our deterministic
(

1− 1√
e

)
-approximation algorithm and the 1− 1

e hardness of approx-

imation for the maximum coverage problem ([3]). One possible direction could be that

of exploiting the framework of multilinear relaxation and contention resolution schemes

given in [66]. We observe that the centralized multi-agent coverage problem cannot be

directly reduced to any of the problems solved in [66], as the constraints of our prob-

lem cannot be directly modeled as knapsack, matroid, or sparse packing constraints (or

their intersection). However, this does not exclude the existence of a suitable contention

resolution scheme for our problem. Moreover, extending the definition of multi-agent

coverage to more general utility functions (e.g. general submodular functions) is worth

further investigation. Another interesting research direction regards the possibility of

studying the existence of approximate Nash equilibria in proportional games.

In chapter 4 we consider the generalized budgeted submodular set function maximiza-

tion problem (GBSM), where the goal is maximizing the value of a submodular function

defined over the covered elements, with the constraint that the overall cost of the cov-

ered elements is at most a given budget. We introduce an algorithm that achieves an

approximation factor of 1
2

(
1− 1

eα

)
, where α ≤ 1 is the approximation factor of an algo-

rithm for a sub-problem. To cope with the sub-problem we show two polynomial-time

algorithms. The first one guarantees α = 1 − ε if the costs satisfy a specific constraint

that is often fulfilled in relevant scenarios. For the general case we give an algorithm

that guarantees α = 1− 1
e − ε. Finally we give a 1

2

(
1− 1

eαβ

)
-approximating bi-criterion

algorithm, in which we are allowed to spend an extra budget up to a factor β ≥ 1. We

are able to achieves an approximation factor of 1
2 − ε, for any arbitrarily small ε > 0,

setting β = 1
α ln

(
1
2ε

)
.

The main open problem is to close the gap between the known hardness result of 1− 1
eα ,

where α = 1 for the MC problem [3] and α = 1 − 1
e for the non-stochastic adaptive

seeding problem with knapsack constraint problem [65], and our approximation bound

of 1
2

(
1− 1

eα

)
. One possibility to get rid of the 1

2 factor could be to use the partial enu-

meration technique exploited in specific subproblems (e.g. budgeted maximum coverage

problem [8] and monotone submodular set function subject to a knapsack constraint

maximization problem [17]). However, this requires that each greedy step selects a sin-

gle element of X, to be added to a partial solution X ′, while our greedy algorithm

selects a subset of X \ X ′ that maximizes the ratio between its marginal increment in

the objective function and its marginal cost. Note that this set can contain more than

one element in order to ensure that the ratio is non-increasing at each iteration of the

greedy algorithm, which is needed to apply the analysis in [8] and [17]. Other research

directions, that deserve further investigation, include the study of the GBSM consider-

ing different cost functions and also different objective functions where the profit given

by an element x depends on the container s which it is associated with.

The last problem considered in the thesis are Colorful Bin Packing games, where each
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agent controls an indivisible item and the items are to be packed in unitary bins. We

consider two different cost functions, called proportional and egalitarian, and we show

that in either case the game do not converge in general to a Nash equilibrium. However,

the Nash equilibria are always guaranteed to exist. We give algorithms to build Nash

equilibria: for the egalitarian function we show a polynomial time algorithm, while we

show a pseudo-polynomial algorithm for the proportional function. We investigate the

quality of the equilibria showing that the prices of anarchy and stability are unbounded

under both cost functions with at least 3 colors. However, the price of anarchy and

stability are equal to 3 in the case of black and white games. Finally, we cope with

the subcase of games with uniform sizes and give a complete characterization of the

efficiency of Nash equilibria. We also give an algorithm that returns Nash equilibria

with the best achievable performance.

83





Bibliography

[1] Francesco Cellinese, Gianlorenzo D’Angelo, Gianpiero Monaco, and Yllka Velaj.

Generalized budgeted submodular set function maximization. In Proceedings of the

43rd International Symposium on Mathematical Foundations of Computer Science

(MFCS), volume 117 of LIPIcs, pages 31:1–31:14, 2018.
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