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We investigate the singular limit for the solutions to the compressible gas dynamics
equations with damping term, after a parabolic scaling, in the one-dimensional isentropic
case. In particular, we study the convergence in Sobolev norms towards diffusive
prophiles, in case of well-prepared initial data and small perturbations of them. The
results are obtained by means of symmetrization and energy estimates.
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1. Introduction

The aim of this paper is to study the singular convergence of a class of solutions to

the one-dimensional compressible Euler flow through porous media. In particular,

we consider solutions to the system

ρτ + (ρu)x = 0 ,

uτ + uux +
p(ρ)x
ρ

= −u
ε
.

(1.1)

After the time-scaling τ = t/ε, we investigate the behaviour of the rescaled system

ρεt + (ρεuε)y = 0 ,

uεt + uεuεy +
p(ρε)y
ε2ρε

= −u
ε

ε2
,

(1.2)

as the parameter ε goes to zero, and show that, under some assumption on the

initial data and on the limiting states at infinity, the density in (1.2) converges in
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a suitable norm to a self-similar solution to the Porous Medium equation

ρ̃t = p(ρ̃)yy . (1.3)

This topic was first studied by Marcati and Milani in Ref. 9, in order to contribute

to the understanding of the hyperbolic nature of porous media flows. In the recent

paper by Marcati and Rubino,11 the case of inhomogeneous isentropic gas-dynamics

is studied in the framework of the Hypebolic to Parabolic Relaxation Theory. We

also mention the paper by Lattanzio and Yong,7 where the hyperbolic–parabolic

relaxation limits are studied in the framework of Hs-solutions, using the approach

of singular limits. This technique is the most natural to analyse the so-called initial

layer, which is one of the main issues of Ref. 7. Since we are not interested in this

kind of problems, we avoid initial layer phenomena by prescribing well-prepared

initial data.

The asymptotic behaviour of the damped compressible Euler flow in Lagrangian

coordinates has been studied by Hsiao and Liu in Refs. 1 and 2 and by Nishihara

in Ref. 12. Moreover, a result concerning the 2-D perturbation of this problem was

proved by Lattanzio and Marcati in Ref. 5. Recently in Ref. 13, Nishihara, Wang

and Yang proved a sharper result on the Lp-convergence (2 ≤ p ≤ ∞) by means

of a Green function technique. All the previously mentioned results deal with the

asymptotic analysis in Lagrangian coordinates and cannot be used to investigate

the asymptotic behaviour in the Eulerian framework. Our result can be seen as a

description of the large-time behaviour in Eulerian coordinates by carrying out the

parabolic scaling

x =
y

ε
, τ =

t

ε2
, uε(y, t) =

1

ε
u

(
y

ε
,
t

ε2

)
on the system

ρτ + (ρu)x = 0 ,

uτ + uux +
p(ρ)x
ρ

= −u .
(1.4)

We remark that although in both the Eulerian and the Lagrangian cases the limiting

prophiles satisfy the Porous Media equation, the two cases cover different physical

situations.

In the next section we provide a detailed explanation of the problem and

state the convergence results. In Sec. 3 we give the proof of the first theorem,

concerning the convergence of the density in L∞([0, T ], L∞(R)) and of the velocity

in L2([0, T ], L∞(R)) for any T > 0. In the last section we carry out a small pertur-

bation result for the Porous Medium equation, in order to extend the result in the

first theorem to the case of small perturbated initial datum for the density.
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2. Statement of the Problem and Results

Let us consider the one-dimensional, isentropic, compressible Euler equations

through a porous medium in Eulerian coordinates. In case of smooth solutions,

with ρ > 0, the system may be written as

∂τρ+ u∂xρ+ ρ∂xu = 0 ,

∂τu+ u∂xu+
p′(ρ)

ρ
∂xρ = −u

ε
.

(2.5)

Here, ρ > 0 is the density, u is the velocity, x ∈ R, τ > 0, p : R→ R+ is a smooth

function such that p′ > 0, and ε > 0 is a small parameter. After the time scaling

τ = t
ε , ρε(x, t) = ρ(x, tε), uε(x, t) = 1

εu(x, tε), the system (2.5) becomes

∂tρ
ε + uε∂xρ

ε + ρε∂xu
ε = 0 ,

∂tu
ε + uε∂xu

ε +
p′(ρε)

ε2ρε
∂xρ

ε = −u
ε

ε2
.

(2.6)

Thus, as ε goes to 0, we expect the solutions to (2.6) to be described by the solutions

to the following system

∂tρ̃+ ∂x(ρ̃ũ) = 0 ,

∂xp(ρ̃) = −ρ̃ũ ,
(2.7)

which is equivalent to the Porous Medium equation

ρ̃t = p(ρ̃)xx , (2.8)

where the relation between the pressure p and the velocity ũ is given by the well-

known Darcy’s law

ũ = −p(ρ̃)x
ρ̃

. (2.9)

For the system (2.6), we prescribe the following limiting conditions at infinity

ρε(±∞, t) = ρ± for any t ≥ 0

uε(±∞, 0) = u± ,

with ρ+, ρ− > 0. Since we expect the inertial terms of the second equation in (2.6)

to decay faster than the others, in addition we require

uε(±∞, t) = e−t/ε
2

u± for any t ≥ 0 .

Therefore, we assume the following behaviour at x→ ±∞ for the system (2.7)

ρ̃(±∞, t) = ρ± ,

ũ(±∞, t) = 0 ,

for any t ≥ 0. The initial datum on the density of the hyperbolic problem (2.6) is

assumed to be the same of (2.8), namely

ρε(x, 0) = ρ̃(x, 0) = ρ̃0(x) ,
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where ρ̃0 is a bounded smooth function (e.g. ρ̃0 ∈ H3(R)) such that

0 < µ0 ≤ ρ̃0(x) ≤ µ1 .

Moreover, we require the initial datum on the velocity uε to be given by the initial

value of ũ in the system (2.7) (which is determined by the Darcy’s law) plus a small

corrector, needed to match the limiting conditions, namely

uε0(x) = −p
′(ρ̃0(x))

ρ̃0(x)
ρ̃′0(x) + wε(x, 0) . (2.10)

The expression for the corrector wε is

wε(x, t) = e−t/ε
2

[u− + (u+ − u−)ψ(x)] , (2.11)

where

ψ(x) =

∫ x
−∞ φ(y)dy∫ +∞
−∞ φ(y)dy

,

for some φ ∈ C∞c (R), φ ≥ 0. We observe that wε satisfies the equation

∂tw
ε = − 1

ε2
wε .

This corrector does not affect the asymptotic analysis since it decays exponentially

fast. The well-prepared initial data condition (2.10) is prescribed in order to avoid

the problem of the initial layer.

As a consequence of the boundedness of ρ̃0 and of the comparison principle for

the parabolic Eq. (2.8), we have

µ0 ≤ ρ̃(x, t) ≤ µ1 . (2.12)

We will consider solutions (ρ̃, ũ) to (2.8) satisfying the time-asymptotic estimates∣∣∣∣∂α+β ρ̃(t)

∂xα∂tβ

∣∣∣∣
∞

= O(δ) 1

(t+1)
α
2

+β , α, β > 0

∫ +∞

−∞

∣∣∣∣∂α+β ρ̃(x, t)

∂xα∂tβ

∣∣∣∣2 dx = O(δ2) 1

(t+1)α+2β− 1
2
, α, β > 0

∣∣∣∣∂α+βũ(t)

∂xα∂tβ

∣∣∣∣
∞

= O(δ) 1

(t+1)
α
2

+β+ 1
2
, α, β ≥ 0 ,

∫ +∞

−∞

∣∣∣∣∂α+βũ(x, t)

∂xα∂tβ

∣∣∣∣2 dx = O(δ2) 1

(t+1)α+2β+ 1
2
, α, β ≥ 0 ,

(2.13)

where

δ = |ρ+ − ρ−|+ |u+ − u−| . (2.14)

In particular, these estimates are satisfied both by the caloric self-similar solutions

of (2.8) described in Refs. 1 and 12 and by a small perturbation of these solutions

w.r.t. initial datum (as we will show in Theorem 2).

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
02

.1
2:

13
17

-1
33

6.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 N

E
W

 Y
O

R
K

 U
N

IV
E

R
SI

T
Y

 o
n 

02
/2

1/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.



August 19, 2002 9:25 WSPC/103-M3AS 00214

Singular Convergence to Nonlinear Diffusion Waves 1321

Our first result concerns the asymptotic behaviour as ε ↘ 0 of the scaled hy-

perbolic system (2.6) with Sobolev norms. The time interval where the asymptotic

analysis is valid, is given by the condition εTα � 1, for some constant α > 0, which

allows, for small ε, to include the solutions at large time.

Theorem 1. Let 0 < ν < 1/2 be arbitrary. Suppose εT
1+ν

2 � 1, ε� 1 and δ � 1;

then, there exists a fixed constant ∆ > 0 such that

sup
0≤t≤T

{
1

(t+ 1)ν

[
1

ε2
‖ρε(t)− ρ̃(t)‖2H3θ + ‖uε(t)− ũ(t)− wε(t)‖2H3θ

+
1

ε2

∫ t

0

‖uε(s)− ũ(s)− wε(s)‖2H3θds

]}
≤ ∆ , (2.15)

for any θ ∈ (0, 1).

Corollary 1. Let t > 0 be arbitrary. Let β > 0 be arbitrarily small. Then, for small

values of δ, we have

‖ρε(t)− ρ̃(t)‖2L∞ + ‖ρεx(t)− ρ̃x(t)‖2L∞ ≤ O(ε2−β) . (2.16)

The proof of Theorem 1 will be given in Sec. 3.

The convergence result in Theorem 1 holds whenever ρ̃ is a caloric self-similar

solution. Our next goal is to show that (2.15) is true also when ρ̃ is replaced by a

small perturbation.

Let ρ̃ be the caloric self-similar solution of the Porous Medium equation (namely,

ρ̃(x, t) is a function of (x/
√
t+ 1)) with limiting conditions ρ̃(±∞, t) = ρ±. Let us

denote by ρ̌ the solution to the same equation with the same limiting conditions

and with the initial datum given by a small perturbation of ρ̃(x, 0). Let us denote

r(x, t) = ρ̌(x, t)− ρ̃(x+ x0, t) ,

where x0 will be determined later on. By integrating w.r.t. x the equation satisfied

by r, we get

d

dt

∫ +∞

−∞
r(x, t)dx = [p(ρ̌(x, t))− p(ρ̃(x+ x0, t))]x

∣∣∣∣+∞
−∞

= 0 .

Thus, if one has ∫ +∞

−∞
[ρ̌0(x)− ρ̃0(x+ x0)]dx = 0 ,

it follows both

x0 =
1

ρ+ − ρ−
∫ +∞

−∞
[ρ̌0(x) − ρ̃0(x)]dx (2.17)

and ∫ +∞

−∞
r(x, t)dx = 0 .
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Let us define the primitive variable

R(x, t) =

∫ x

−∞
r(ξ, t)dξ , (2.18)

which solves the following problem

Rt = p(ρ̃+Rx)x − p(ρ̃)x ,

R(x, 0) =

∫ x

−∞
[ρ̌0(ξ)− ρ̃0(ξ + x0)]dξ , (2.19)

R(±∞, t) = 0 .

Then, the small perturbation analysis with respect to the caloric self-similar solution

is given by the following result:

Theorem 2. Suppose that ‖R(0)‖25 is sufficiently small. Then, for any t ≥ 0, we

have
5∑
k=0

(t+ 1)k‖R(k)(t)‖2 +

∫ t

0

(τ + 1)k‖R(k+1)(τ)‖2dτ ≤ C‖R(0)‖25 . (2.20)

The proof of Theorem 2 will be given in Sec. 4. As a consequence of (2.20), the

result in Theorem 1 is also true when ρ̃ is replaced by ρ̌. Moreover, as a consequence

of both Theorems 1 and 2, we have the following asymptotic result.

Theorem 3. Let ρ̃(x, t) be the caloric self-similar solution to

ρ̃t = p(ρ̃)xx ,

ρ̃(x, 0) = ρ̃0(x) ,

ρ̃(±∞, t) = ρ± .

Let (ρε(x, t), uε(x, t)) be the solution to

ρεt + (ρεuε)x = 0 ,

uεt + uεuεx +
p(ρε)x
ε2ρε

= −u
ε

ε2
,

ρε(x, 0) = ρ0(x) = ρ̃(x+ x0) + r0(x) ,

uε(x, 0) = −p(ρ0(x))x
ρ0(x)

+ wε(x, 0) ,

ρε(±∞, t) = ρ± ,

uε(±∞, t) = e−t/ε
2

u± ,

with wε(x, t) given by (2.11), x0 given by (2.17). Suppose that ‖R(0)‖25, δ and ε are

sufficiently small (R(0) defined by (2.18)). Then, there exists a fixed Γ > 0 such that

sup
γT (ε)≤t≤ΓT (ε)

‖ρε(t)− ρ̃(t)‖L∞(R) ≤ O(ε
1

1+ν ) , (2.21)
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where

T (ε) = ε−
2

1+ν ,

ν > 0 is arbitrary small and γ is an arbitrary constant such that 0 < γ < Γ.

The proof of Theorem 3 is straightforward.

3. The Proof of the Main Theorem

We prove Theorem 1 by means of an iteration scheme. Let us define an approxi-

mating sequence (ρε(n), u
ε
(n)) by setting,

ρε0 = ρ̃ , uε0 = ũ+ wε ,

and let, for any n > 1, (ρε(n), u
ε
(n)) be the solution to the system

∂tρ
ε
(n) + ρε(n−1)∂xu

ε
(n) + uε(n−1)∂xρ

ε
(n) = 0 ,

∂tu
ε
(n) + uε(n−1)∂xu

ε
(n) +

p′(ρε(n−1))

ε2ρε(n−1)

∂xρ
ε
(n) = −

uε(n)

ε2
,

ρε(n)(x, 0) = ρ̃0(x) ,

uε(n)(x, 0) = −p
′(ρ̃0(x))

ρ̃0(x)
ρ̃′0(x) + wε(x, 0) ,

ρε(n)(±∞, t) = ρ± ,

uε(n)(±∞, t) = e−t/ε
2

u± .

(3.22)

We will prove the convergence of the approximating sequence (ρε(n), u
ε
(n)) to the

solution of the system (2.6) via the uniform boundedness of this sequence in some

weighted high Sobolev norm (namely H3(R)) and the contraction in some weighted

L2-norm. Thus, we obtain the desired estimate via interpolation. This strategy is

used in Refs. 3, 4 and 8.

Denote, for any T > 0,

Enε (T ) = sup
0≤t≤T

{
1

(t+ 1)ν

[
1

ε2
‖(ρε(n) − ρ̃)(t)‖2H3 + ‖(uε(n) − ũ− wε)(t)‖2H3

+
1

ε2

∫ t

0

‖(uε(n) − ũ− wε)(s)‖2H3ds

]}
. (3.23)

Hence, we have the following result

Proposition 1. Let us assume that δ + ε+ εT
1+ν

2 ≤ λ, where λ� 1. Then, there

exists a positive constant ∆ > 0 such that, for any n ∈ N,

Enε (T ) ≤ ∆ . (3.24)
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Proof. From now on, we denote

ρ = ρε(n) , u = uε(n) , ρ̂ = ρε(n−1) , û = uε(n−1)

ρ̄ = ρ− ρ̃ , ū = u− wε − ũ , ˆ̂ρ = ρε(n−2) ,
ˆ̂u = uε(n−2)

¯̄ρ = ρ̂− ρ̃ , ¯̄u = û− wε − ũ , ¯̄̄u = ˆ̂u− ũ− w , π(z) =
p′(z)

z
, for any z ∈ R+ .

The system (3.22) becomes

ρ̄t + ûρ̄x + ρ̂ūx = −(¯̄u+ w)ρ̃x − ¯̄ρũx − ρ̂wx , (3.25)

ūt + ûūx +
1

ε2
π(ρ̂)ρ̄x = −ūt − û(ûx + wx)− 1

ε2
(π(ρ̂)− π(ρ̃))ρ̃x

ū

ε2
. (3.26)

We now assume that the estimate (3.24) holds for (ρ̂, û) and show that it is true

for (ρ, u). In particular, we assume

sup
0≤t≤T

{
1

(t+ 1)ν

[
1

ε2
‖ ¯̄ρ(t)‖2H3 + ‖ ¯̄u(t)‖2H3 +

1

ε2

∫ t

0

‖ ¯̄u(s)‖2H3ds

]}
≤ ∆ , (3.27)

for any T > 0, ε > 0 and δ > 0 (δ defined by (2.14)) such that

δ + ε+ εT
1+ν

2 ≤ λ , λ� 1 . (3.28)

As usual in this framework, we determine the conditions on the constant ∆ in the

estimate at the nth step. As we will see, this constant depends only on the constant

λ in (3.28). Let us multiply (3.25) by (1/ε2)π(ρ̂)ρ̄ and (3.26) by ρ̂ū. Then, via

standard energy identity (as a consequence of symmetrization), we get

d

dt

∫ +∞

−∞

[
1

ε2
π(ρ̂)

ρ̄2

2
+ ρ̂

ū2

2

]
dx

=

∫ +∞

−∞
(π′(ρ̂)(ρ̂t + ρ̂xû) + π(ρ̂)ûx)

ρ̄2

2ε2
dx+

∫ +∞

−∞
(ρ̂t + ρ̂xû+ ρ̂ûx)

ū2

2
dx

+

∫ +∞

−∞

1

ε2
p′′(ρ̂)ρ̂xρ̄ūdx−

∫ +∞

−∞

1

ε2
π(ρ̂)ρ̄(¯̄u+ ρ̃xdx−

∫ +∞

−∞

1

ε2
π(ρ̂)ρ̄ ¯̄ρũxdx

−
∫ +∞

−∞

1

ε2
π(ρ̂)ρ̄ρ̂wxdx−

∫ +∞

−∞
ρ̂ũtūdx−

∫ +∞

−∞
ρ̂ūû(ũx + wx)dx

−
∫ +∞

−∞

1

ε2
ρ̂ū(π(ρ̂)− π(ρ̃))ρ̃xdx−

∫ +∞

−∞
ρ̂
ū2

ε2
dx

=:
3∑
k=1

J̃k(t) +
6∑
k=1

Ik(t)−
∫ +∞

−∞
ρ̂
ū2

ε2
dx . (3.29)

Remark 1. We remark that the function π(z) satisfies

0 < c0 ≤ π(z) ≤ c1 , as z ∈ (c2, c3) ,
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for some positive constants c0, c1, c2, c3. Now, from the assumption (3.27) and from

(2.12), it follows that ρ̂ satisfies

0 <
µ0

2
≤ ρ̂(x, t) ≤ µ1 +

µ0

2
, for any x ∈ R , 0 ≤ t ≤ T . (3.30)

(where µ0, µ1 are defined in (2.12)) provided that

ε(T + 1)ν/2 ≤ ∆−1/2µ0

2
,

(with ∆ as in (3.27)). Thus, from the condition (3.28) and by requiring ∆ < 1 and

λ
ν

1+ν ε
1

1+ν < µ0

2 (i.e. ε + λ � 1), there exist C1, C2 fixed positive constants such

that

C1 ≤ π(ρ̂) ≤ C2 . (3.31)

Moreover, from (3.30) it follows that

π′(ρ̂) + p′′(ρ̂) ≤ C3 , (3.32)

for some positive fixed C3.

Now, from (3.30)–(3.32), and after time integration of (3.29) in [0, t], for 0 <

t ≤ T , T satisfying (3.28), it follows that

1

ε2
‖ρ̄(t)‖2 + ‖ū(t)‖2 +

1

ε2

∫ t

0

‖ū(s)‖2ds

≤ O(1)

∫ t

0

[|ρ̂t|∞ + |ρ̂xû|∞ + |ûx|∞]

[‖ρ̄(s)‖2
ε2

+ ‖ū(s)‖2
]
ds

+
O(1)

ε2

∫ t

0

|ρ̂x|∞‖ρ̄(s)‖‖ū(s)‖ds+

∫ t

0

6∑
k=1

Ik(s)ds

=:
2∑

h=1

Jh(t) +
6∑
k=1

∫ t

0

Ik(s)ds . (3.33)

We devote ourselves to the estimate of the terms
∫ t

0
Ik(t)ds, k = 1, . . . , 6. In what

follows, we exploit (3.27), (3.28), the time asymptotic estimates (2.13) and the

estimates (2.12), (3.31), (3.32).∫ t

0

I1ds ≤
O(δ)

ε2

∫ t

0

‖ ¯̄u(s)‖‖ρ̄(s)‖ 1

(s+ 1)1/2
ds

+
O(1)

ε2

∫ t

0

e−
s

ε2 ‖ρ̄(s)‖‖ρ̃x(s)‖ds

≤ O(δ)

ε2

∫ t

0

‖ ¯̄u‖2ds+
O(δ)

ε2

∫ t

0

‖ρ̄(s)‖2
s+ 1

ds

+
O(1)

ε2

∫ t

0

e−
s

ε2 [‖ρ̄(s)‖2 + ‖ρ̃x(s)‖2]ds
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≤ O(δ)

(
∆(t+ 1)ν +

∫ t

0

En(s)

(s+ 1)1−ν ds+ 1

)
+En(t)(t + 1)νε2

≤ O(δ)(∆(t + 1)ν + 1) +En(t)(t + 1)ν(O(δ) +O(ε2)) .∫ t

0

I2ds ≤
O(δ)

ε2

∫ t

0

‖ρ̄(s)‖‖ ¯̄ρ(s)‖ 1

s+ 1
ds

≤ O(δ)

ε2

∫ t

0

[‖ρ̄(s)‖2 + ‖ ¯̄ρ(s)‖2]
1

s+ 1
ds

≤ O(δ)

∫ t

0

En(s)

(s+ 1)1−ν ds+O(δ)

∫ t

0

∆
1

(s+ 1)1−ν ds

≤ O(δ)En(t)(t + 1)ν +O(δ)∆(t + 1)ν .∫ t

0

I3ds =

∫ t

0

∫ +∞

−∞

π(ρ̂)

ε2
ρ̄ ¯̄ρwxdxds+

∫ t

0

∫ +∞

−∞

π(ρ̂)

ε2
ρ̃ρ̄wxdxds

≤ O(δ)

ε2

∫ t

0

‖ρ̄(s)‖‖ ¯̄ρ(s)‖e− s

ε2 ds+
O(δ)

ε2

∫ t

0

∫
supp(φ)

ρ̄e−
s

ε2 dxds

≤ O(δ)En(t)(t + 1)ν +O(δ)∆(t + 1)ν +
O(δ)

ε2

∫ t

0

|ρ̄|∞e−
s

ε2 ds

≤ O(δ) +En(t)O(δ)(1 + (t+ 1)ν) +O(δ)∆(t + 1)ν ,

where in the second inequality we have used the estimate for
∫ t

0 I2.∫ t

0

I4ds ≤ O(1)

∫ t

0

[‖ũt(s)‖2 + ‖ū(s)‖2]ds

≤ O(δ2)

∫ t

0

1

(s+ 1)5/2
ds+O(ε2)En(t)(t+ 1)ν

≤ O(δ2) +O(ε2)En(t)(t + 1)ν ,∫ t

0

I5ds ≤
∫ t

0

∫ +∞

−∞
¯̄uρ̂ū(ũx + wx)dxds +

∫ t

0

∫ +∞

−∞
(ũ+ w)(ũx + wx)ρ̂ūdxds

≤ O(1)

∫ t

0

[‖ ¯̄u(s)‖2 + ‖ū(s)‖2]ds+O(1)

∫ t

0

[‖ũx(s)‖2 + ‖ū(s)‖2]ds

+O(1)

∫ t

0

[‖wx(s)‖2 + ‖ū(s)‖2]ds

≤ O(ε2)(∆(t+ 1)ν +En(t)(t+ 1)ν +O(δ2)) +O(δ2)

∫ t

0

1

(s+ 1)3/2
ds

≤ O(δ2) +O(ε2)(∆(t+ 1)ν +En(t)(t+ 1)ν +O(δ2)) ,
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∫ t

0

I6ds ≤
O(δ)

ε2

∫ t

0

‖ ¯̄ρ(s)‖‖ū(s)‖ 1

(s+ 1)1/2
ds

≤ O(δ)

ε2

∫ t

0

‖ ¯̄ρ(s)‖2 1

s+ 1
ds+

O(δ)

ε2

∫ t

0

‖ū(s)‖2ds

≤ O(δ)(t + 1)ν(∆ +En(t)) .

Thus, by requiring ∆ < 1 and λ� 1, the estimates of these terms yield

6∑
k=1

∫ t

0

Ik(t) ≤ O(λ)(∆ +En(t))(t+ 1)ν +O(λ)(t + 1)ν .

Hence, we compute the integrals denoted by Jh, h = 1, 2.

J1(t) ≤ O(1)

∫ t

0

[| ˆ̂ρ(s)|∞|ûx(s)|∞ + | ˆ̂u(s)|∞|ρ̂x(s)|∞

+ |ρ̂x(s)|∞|û(s)|∞ + |ûx(s)|∞]

[
‖ρ̄(s)‖2
ε2

+ ‖ū(s)‖2
]
ds

≤ O(1)

∫ t

0

[|ûx(s)|∞ + |ρ̂x(s)|∞(|û(s)|∞ + | ˆ̂u(s)|∞)]

[
‖ρ̄(s)‖2
ε2

+ ‖ū(s)‖2
]
ds

≤ O(1)En(t)

∫ t

0

[|ûx(s)|∞ + |ρ̂x(s)|∞(|û(s)|∞ + | ˆ̂u(s)|∞)](s+ 1)νds

≤ O(1)En(t)

∫ t

0

[| ¯̄ux(s)|∞ + |ũx(s)|∞ + |wx(s)|∞ + (| ¯̄ρx(s)|∞ + |ρ̃x(s)|∞)

× (| ¯̄u(s)|∞ + | ¯̄̄u(s)|∞ + |ũ(s)|∞ + |w(s)|∞)](s+ 1)νds . (3.34)

We now estimate separately the following terms.∫ t

0

| ¯̄ux(s)|∞(s+ 1)νds ≤
∫ t

0

(
λ
| ¯̄ux(s)|2∞

ε2
+

1

λ
ε2(s+ 1)2ν

)
ds

≤ λ∆(t + 1)ν +
1

λ
ε2(t+ 1)1+2ν ≤ O(λ)(t + 1)ν , (3.35)

where λ is the fixed constant in (3.28).∫ t

0

(| ¯̄ρx(s)|∞ + |ρ̃x(s)|∞)(| ¯̄u(s)|∞ + | ¯̄̄u(s)|∞)(s+ 1)νds

≤
∫ t

0

(ε∆1/2(s+ 1)
3ν
2 +O(δ)(s+ 1)−1/2+ν)(| ¯̄u(s)|∞ + | ¯̄̄u(s)|∞)

≤ (O(λ) +O(δ))

∫ t

0

(| ¯̄u(s)|∞ + | ¯̄̄u(s)|∞) ≤ (O(λ) +O(δ))(t + 1)ν , (3.36)
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where the last inequality is justified by the preceding estimate (3.35), and where

we used ν < 1/2 and ∆ < 1.∫ t

0

(| ¯̄ρx(s)|∞ + |ρ̃x(s)|∞)(|ũ(s)|∞ + |w(s)|∞)(s+ 1)νds

≤
∫ t

0

(ε∆1/2(s+ 1)
3ν
2 +O(δ)(s + 1)−1/2+ν)O(δ)(s + 1)−1/2ds

+O(ε)∆1/2(t+ 1)ν/2 +O(δ)O(ε2) ≤ (O(λ) +O(δ))(t + 1)ν . (3.37)

Now we can complete the estimate of the integral J1 in (3.34), and obtain

J1(t) ≤ (O(δ) +O(λ) +O(ε2))(t+ 1)νEn(t) .

Let us estimate J2(t);

J2(t) ≤ O(1)

∫ t

0

[| ¯̄ρx(s)|∞ + |ρ̃x(s)|∞]
1

ε2
‖ρ̄(s)‖‖ū(s)‖ds

≤ O(1)

∫ t

0

[ε∆1/2(s+ 1)ν/2 +O(δ)(s + 1)−1/2]
1

ε2
‖ρ̄(s)‖‖ū(s)‖ds

≤ O(1)ε∆1/2

∫ t

0

[‖ρ̄(s)‖2
λε

(s+ 1)ν + λ
‖ū(s)‖2
ε3

]
ds

+O(δ)

∫ t

0

‖ρ̄(s)‖2
ε2

(s+ 1)−1ds+O(δ)

∫ t

0

‖ū(s)‖2
ε2

ds

≤ O(1)
ε2

λ
(t+ 1)1+2νEn(t) + (O(λ) +O(δ))En(t)(t+ 1)ν . (3.38)

By combining all these estimates, dividing both sides of (3.33) by (t+ 1)ν , taking

the sup0≤t≤T and by suitably choosing ∆ and λ such that

0 < ∆ < 1 , ∆ > C̃λ ,

for a fixed constant C̃, we obtain the following:

Lemma 1. Suppose δ + ε + εT
1+ν

2 ≤ λ � 1. Then, there exists a positive fixed

constant ∆ such that

sup
0≤t≤T

{
1

(1 + t)ν

[
1

ε2
‖ρ̄(t)‖2 + ‖ū(t)‖2 +

1

ε2

∫ t

0

‖ū(s)‖2ds
]}
≤ ∆

4
. (3.39)

In a similar fashion, we can derive L2 estimates for the derivatives of ρ̄ and ū.

By differentiatiting (3.25) and (3.26) w.r.t. x, we obtain

ρ̄xt + ûρ̄xx + ρ̂ūxx = −ûxρ̄x − ρ̂xūx − (¯̄ux + wx)ρ̃x − (¯̄u+ w)ρ̃xx

− ¯̄ρxũx − ¯̄ρũxx − ρ̂xwx − ρ̂wxx , (3.40)
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ūxt + ûūxx +
1

ε2
π(ρ̂)ρ̄xx = −ûxūx −

1

ε2
π′(ρ̂)ρ̂xρ̄x − ũxt − ûx(ũx + wx)

− û(ũxx + wxx)− 1

ε2
(π(ρ̂)− π(ρ̃))ρ̃xx

− 1

ε2
(π′(ρ̂)ρ̂x − π′(ρ̃)ρ̃x)ρ̃x −

1

ε2
ūx . (3.41)

It is clear that the system (3.40)–(3.41) has the same stucture as system (3.25)–

(3.26). Thus, by multiplying the first equation by 1
ε2
π(ρ̂)ρ̄x and the second equation

by ρ̂ūx, we obtain an energy identity similar to (3.29). Then, by integrating

w.r.t. time, and from the same considerations as those in Remark 1, we obtain

1

ε2
‖ρ̄x(t)‖2 + ‖ūx(t)‖2 +

1

ε2

∫ t

0

‖ūx(s)‖2ds

≤ O(1)

∫ t

0

[|ρ̂t|∞ + |ρ̂xû|∞ + |ûx|∞]

[
‖ρ̄x(s)‖2

ε2
+ ‖ūx(s)‖2

]
ds

+
O(1)

ε2

∫ t

0

|ρ̂x|∞‖ρ̄x(s)‖‖ūx(s)‖ds+

∫ t

0

G(s)ds+

∫ t

0

F (s)ds ,

where we denoted all the integrals involving ρ̃, ũ and w by
∫ t

0
F (s)ds, and where∫ t

0

G(s)ds =
O(1)

ε2

∫ t

0

∫ +∞

−∞
ûxρ̄

2
xdxds+

O(1)

ε2

∫ t

0

∫ +∞

−∞
ρ̂xūxρ̄xdxds

+O(1)

∫ t

0

∫ +∞

−∞
ûxū

2
xdxds . (3.42)

The terms (3.42) are to be treated as the terms
∑2
h=1 Jh of the previous lemma.

The integrals denoted by
∫ t

0
F (s)ds are made up by bilinear terms (in the variables

marked by ¯ and ¯̄), where the terms estimated in L∞ depends only on the corrector

w and on the derivatives of asymptotic prophile ρ̃, as in the estimates of the integrals∫ t
0 Ik(s) of the previous lemma (we also have a faster decay for these terms, which

involve second order derivatives). Hence, we easily obtain the following:

Lemma 2. Suppose δ + ε + εT
1+ν

2 ≤ λ � 1. Then, there exists a positive fixed

constant ∆ such that

sup
0≤t≤T

{
1

(1 + t)ν

[
1

ε2
‖ρ̄x(t)‖2 + ‖ūx(t)‖2 +

1

ε2

∫ t

0

‖ūx(s)‖2ds
]}
≤ ∆

4
, (3.43)

Remark 2. To complete the proof of Theorem 1, we differentiate w.r.t. x in order

to get estimates for second and third derivatives of (ρ̄, ū). The analogous of terms

(3.42) behave the same as above (there is always a coefficient with order of deriva-

tion less than or equal to 2, to be estimated in L∞(R)). Since these computations

are very similar to those concerning the preceding L2 estimates, we skip the details

about them. Hence, the proof of the proposition is complete.
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We now prove the contraction of the sequence (ρε(n), u
ε
(n)) in the following:

Proposition 2. Let us denote, for any ε > 0, n ∈ N, 0 < ν < 1/2,

Fnε (T ) = sup
0≤t≤T

{
1

(t+ 1)ν

[
1

ε2
‖ρε(n)(t)− ρε(n−1)(t)‖2L2

+ ‖uε(n)(t)− uε(n−1)(t)‖2L2

+
1

ε2

∫ t

0

‖uε(n)(s)− uε(n−1)(s)‖2L2
ds

]}
.

Then, under the condition δ + ε + εT
1+ν

2 ≤ λ, for λ � 1, there exists a positive

constant µ < 1 such that

Fnε (T ) ≤ µFn−1
ε (T ) . (3.44)

Proof. We denote

ρε(n−2) = ˆ̂ρ , ρε(n−1) = ρ̂ , ρε(n) = ρ ,

uε(n−2) = ˆ̂u , uε(n−1) = û , uε(n) = u

ρ̄ = ρ− ρ̂ , ¯̄ρ = ρ̂− ˆ̂ρ , ū = u− û , ¯̄u = û− ˆ̂u .

With this notation, we can write system (3.22) as

ρ̄t + ρ̂ūx + ûρ̄x = − ¯̄ρûx − ¯̄uρ̂x ,

ūt + ûūx +
1

ε2
π(ρ̂)ρ̄x = − ¯̄uûx −

(
1

ε2
π(ρ̂)− 1

ε2
π(̂̂ρ)

)
ρ̂x −

ū

ε2
.

(3.45)

As in the preceding proposition, we symmetrize the system (3.45) by 1

ε2
π(ρ̂) 0

0 ρ̂


and obtain the standard energy identity

d

dt

∫ +∞

−∞

[
p′(ρ̂)

ε2ρ̂

ρ̄2

2
+ ρ̂

ū2

2

]
dx

=

∫ +∞

−∞

[
(π′(ρ̂)(ρ̂t + ρ̂xû) + π(ρ̂)ûx)

ρ̄2

2ε2

]
dx

+

∫ +∞

−∞

[
(ρ̂t + ρ̂xû+ ρ̂ûx)

ū2

2
+

1

ε2
p′′(ρ̂)ρ̂xρ̄ū

]
dx

−
∫ +∞

−∞
π(ρ̂)ρ̄ ¯̄uρ̂xdx−

∫ +∞

−∞
π(ρ̂)ρ̄ ¯̄ρûxdx

−
∫ +∞

−∞
ρ̂ū¯̄uûxdx−

∫ +∞

−∞
ρ̂ū(π(ρ̂)− π(ˆ̂ρ))ρ̂xdx−

∫ +∞

−∞
ρ̂
ū2

ε
dx . (3.46)
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As a consequence of Proposition 1, after some considerations about the symmetriz-

ing coefficients (same as those in Remark 1), we obtain the same estimates as

(3.30)–(3.32), under the condition (3.28). After time integration in the interval

[0, t] for 0 < t < T , we obtain

1

ε2
‖ρ̄(t)‖2 + ‖ū(t)‖2 +

1

ε2

∫ t

0

‖ū(s)‖2ds

≤ O(1)

∫ t

0

[|ρ̂t|∞ + |ρ̂xû|∞ + |ûx|∞]

[
‖ρ̄(s)‖2
ε2

+ ‖ū(s)‖2
]
ds

+
O(1)

ε2

∫ t

0

|ρ̂x|∞‖ρ̄(s)‖‖ū(s)‖ds+
O(1)

ε2

∫ t

0

∫ +∞

−∞
ρ̄¯̄ρûxdxds

+
O(1)

ε2

∫ t

0

∫ +∞

−∞
ρ̄ ¯̄uρ̂x +O(1)

∫ t

0

∫ +∞

−∞
¯̄uûxūdxds

+
O(1)

ε2

∫ t

0

∫ +∞

−∞
¯̄ρūρ̂xdxds =:

6∑
k=1

Lk(t) .

We now consider each term separately, using the result of Proposition 1.

L1(t) ≤ O(1)Fn(t)

∫ t

0

[|ρ̂x(s)|∞(| ˆ̂u(s)|∞ + |û(s)|∞) + |ûx(s)|∞](s+ 1)νds

≤ O(1)Fn(t)

∫ t

0

[|(û− ũ− w)x(s)|∞ + |ũx(s)|∞ + |wx(s)|∞

+ (|(ρ̂− ρ̃)x(s)|∞ + |ρ̃x(s)|∞)(|(û− ũ− w)(s)|∞

+ |(ˆ̂u− ũ− w)(s)|∞ + |ũ(s)|∞ + |w(s)|∞)](s+ 1)νds .

We estimate this term as in (3.35)–(3.37) of Proposition 1 and obtain

L1(t) ≤ (O(δ) +O(λ) +O(ε2))(t + 1)νFn(t) .

Then, in a similar fashion, we estimate the term L2(t) as in (3.38). Let us compute

the remaining terms:

L3(t) ≤ O(1)

ε2

∫ t

0

|ûx(s)|∞‖ρ̄(s)‖‖ ¯̄ρ(s)‖ds

≤ O(1)

ε2

∫ t

0

[
‖ρ̄(s)‖2
(s+ 1)ν

+
‖ ¯̄ρ(s)‖2
(s+ 1)ν

]
|ûx(s)|∞(s+ 1)νds

≤ O(1)[Fn(t) + Fn−1(t)]

∫ t

0

[
λ|(û− ũ− w)x|2∞

ε2
+
ε2(s+ 1)2ν

λ

+O(δ)(s+ 1)ν−1

]
ds ≤ [O(λ) +O(δ)](t + 1)ν(Fn(t) + Fn−1(t)) ,
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where we have used the condition (3.28).

L4(t) ≤ O(1)

ε2

∫ t

0

|ρ̂x(s)|∞‖ρ̄(s)‖‖ ¯̄u(s)‖ds

≤ O(1)

∫ t

0

[
λ‖ ¯̄u(s)‖2

ε2
+
|ρ̂x(s)|2∞‖ρ̄(s)‖2
λε2(s+ 1)ν

(s+ 1)ν
]
ds

≤ O(λ)Fn−1(t)(t+ 1)ν +O(1)
1

λ
Fn(t)

∫ t

0

[|(ρ̂− ρ̃)x(s)|2∞(s+ 1)ν

+O(δ)(s+ 1)ν−1]ds

≤ [O(λ) +O(δ)](t + 1)ν(Fn(t) + Fn−1(t)) .

The integrals L5(t) and L6(t) can be treated as above. Thus, by suitably choosing

δ and λ small, the proof is complete.

We now devote ourseqlves to the convergence of the approximating sequence.

Let ν, ε and T be fixed in the usual way. Since (ρnε , u
n
ε ) is a Cauchy sequence in

the norm expressed by Fn, by interpolation we have

sup
0≤t≤T

{
1

(t+ 1)ν

[
1

ε2
‖(ρε(n) − ρε(m))(t)‖2H3θ + ‖(uε(n) − uε(m))(t)‖2H3θ

+
1

ε2

∫ t

0

‖(uε(n) − uε(m))(t)‖2H3θds

]}
→ 0 as n,m→∞ (3.47)

for any θ ∈ (0, 1). Thus, the approximating sequence (ρnε , u
n
ε ) converges in the norm

expressed by (3.47) to (ρ∗, u∗). By choosing θ ∈ (0, 1) large enough, we obtain

(ρnε , u
n
ε )→ (ρ∗, u∗) in L∞([0, T ];H2(R)) . (3.48)

Hence, we can identify the limit as the solution (ρε, uε) to the system (2.6) and

carry out the limit as n→∞ in the estimate (3.24), with H3θ in place of H3, and

the proof of Theorem 1 is complete.

4. The Proof of Theorem 2

In this section we prove the asymptotic stability result (2.20) by means of a

continuation principle. We start with the a priori condition

sup
0≤t≤T

5∑
k=0

(1 + t)k‖R(k)(t)‖2 ≤ σ . (4.49)

Lemma 3. Suppose σ � 1. Then

‖R(t)‖2 +

∫ t

0

‖Rx(s)‖2es ≤ O(1)‖R0‖2 . (4.50)
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Proof. By multiplying the first equation in (2.19) by R and after integration over

R, we obtain

d

dt

1

2
‖R(t)‖2 =

∫ +∞

−∞
[p(ρ̃+Rx)x − p(ρ̃)x]Rdx

= −
∫ +∞

−∞
[p(ρ̃+Rx)− p(ρ̃)]Rxdx

= −
∫ +∞

−∞
[p′(ρ̃)R2

x +R1(p, ρ̃, Rx)Rx]dx

≤ −O(1)‖Rx(t)‖2 +O(σ)‖Rx(t)‖2 .
We denoted by R1(p, ρ̃, Rx) the remainder in the first order Taylor expansion of p′

around ρ̃. The last inequality is due to the uniform boundedness of the coefficient

p′′(ζ) when ζ ∈ (ρ̃, ρ̃+Rx) (as a consequence of the maximum principle). Then, we

integrate over [0, t] and get the desired estimate (4.50).

Lemma 4. Suppose σ � 1. Then we have

(1 + t)‖r(t)‖2 +

∫ t

0

(1 + s)‖rx(s)‖2ds ≤ O(1)‖R0‖21 . (4.51)

Proof. By differentiating Eq. (2.19) w.r.t. x, we get

rt = p(ρ̌)xx − p(ρ̃)xx = (p′(ρ̌)ρ̌x − p′(ρ̃)ρ̃x)x

= [p′(ρ̌)rx + (p′(ρ̌)− p′(ρ̃))ρ̃x]x . (4.52)

We multiply (4.52) by (1 + t)r and integrate over R to obtain

d

dt

[
(1 + t)

‖r(t)‖2
2

]
− ‖r(t)‖2

= (1 + t)

∫ +∞

−∞
(p′(ρ̌)rx)xrdx+ (1 + t)

∫ +∞

−∞
((p′(ρ̌)− p′(ρ̃))ρ̃x)xrdx

= −(1 + t)

∫ +∞

−∞
p′(ρ̃)r2

xdx− (1 + t)

∫ +∞

−∞
(p′(ρ̌)− p′(ρ̃))ρ̃xrxdx .

Finally, by integrating w.r.t. time, we get

(1 + t)
1

2
‖r(t)‖2 +

∫ t

0

(1 + s)‖rx(s)‖2ds ≤ O(1)‖r(0)‖2

+O(1)

∫ t

0

‖r(s)‖2ds+O(δ)

∫ t

0

(1 + s)1/2‖r(s)‖‖rx(s)‖ds

≤ O(1)‖R(0)‖21 +O(1)

∫ t

0

[‖r(s)‖2 +O(δ)(1 + s)‖rx(s)‖2]ds

≤ O(1)‖R(0)‖21 +O(δ)

∫ t

0

(1 + s)‖rx(s)‖2ds ,
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where we have used (2.13) and Lemma 3. Thus, for δ � 1, we have the desired

estimate (4.51).

Let us write the equation satisfied by rx:

rxt = (p′(ρ̌)ρ̌x − p′(ρ̃)ρ̃x)xx . (4.53)

Hence, we obtain the following lemma.

Lemma 5. Let σ � 1. Then

(1 + t)2‖rx(t)‖2 +

∫ t

0

(1 + s)2‖rxx(s)‖2ds ≤ O(1)‖R(0)‖22 . (4.54)

Proof. From (4.53) we have

rxt − (p′(ρ̌)rx)xx = [(p′(ρ̌)− p′(ρ̃))ρ̃x]xx .

We multiply by (1 + t)2rx and integrate over R to get

d

dt

[
(1 + t)2 1

2
‖rx(t)‖2

]
− (1 + t)‖rx(t)‖2

+ (1 + t)2

∫ +∞

−∞
p′(ρ̌)r2

xxdx = −(1 + t)2

∫ +∞

−∞
[p′(ρ̌)ρ̌xrxrxx

+ (p′(ρ̌)− p′(ρ̃))ρ̃xxrxx + (p′(ρ̌)− p′(ρ̃))xρ̃xrxx]dx .

Then, by integrating w.r.t. time, we obtain

(1 + t)2‖rx(t)‖2 +

∫ t

0

(1 + s)2‖rxx(s)‖2ds

≤ O(1)‖rx(0)‖2 +O(1)

∫ t

0

(1 + s)‖rx(s)‖2ds

+O(1)

∫ t

0

(1 + s)2

∫ +∞

−∞
[r2
xrxx + ρ̃xrxrxx + rrxxρ̃xx

+ rxρ̃xrxx + rρ̃2
xrxx]dxds ≤ O(1)‖R(0)‖22

+O(1)

∫ t

0

(1 + s)1/2|rx(s)|∞[(1 + s)‖rx(s)‖2 + (1 + s)2‖rxx(s)‖2]ds

+O(δ)

∫ t

0

[(1 + s)‖rx(s)‖2 + (1 + s)2‖rxx(s)‖2

+ ‖r(s)‖2 + (1 + s)2‖rxx(s)‖2 +O(δ)(1 + s)‖rxx(s)‖2]ds ,
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where we have used Young inequality. Thus, using (4.49)–(4.51), together with

δ � 1, we get

(1 + t)2‖rx(t)‖2 +

∫ t

0

(1 + s)2‖rxx(s)‖2ds ≤ O(1)‖R(0)‖22

+O(σ)

∫ t

0

[(1 + s)2‖rxx(s)‖2 + (1 + s)‖rx(s)‖2]ds .

Finally, by means of (4.51) and since σ � 1, we get the desired result (4.54).

In order to complete the energy estimate (2.20) we have to carry out the time

dacay estimates for the higher order derivatives rxx, rxxx, rxxxx which can be

done by following the same technique as above. We omit the details about these

calculations.
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