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Abstract
We propose here a new symplectic quantization scheme, where quantum fluctua-
tions of a scalar field theory stem from two main assumptions: relativistic invariance 
and equiprobability of the field configurations with identical value of the action. In 
this approach the fictitious time of stochastic quantization becomes a genuine addi-
tional time variable, with respect to the coordinate time of relativity. This intrinsic 
time is associated to a symplectic evolution in the action space, which allows one to 
investigate not only asymptotic, i.e. equilibrium, properties of the theory, but also its 
non-equilibrium transient evolution. In this paper, which is the first one in a series 
of two, we introduce a formalism which will be applied to general relativity in its 
companion work (Gradenigo, Symplectic quantization II: dynamics of space-time 
quantum fluctuations and thecosmological constant, 2021).

1  Introduction

Beyond the notion that there is no absolute time flowing identically for observ-
ers in different reference frames of the universe, special relativity has challenged 
the classical concept of elementary particle, through the equivalence between 
mass and energy. In fact, fields rather than particles are the fundamental objects, 
which are consistent with a genuine relativistic description. They are represented as 
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non-smooth functions, characterized by infinitely-many degrees of freedom, which 
describe the distribution of matter and/or radiation in the space-time continuum. In 
this manuscript we discuss a new pathway for inferring the origin of quantum fluc-
tuations in a relativistic field theory, making use of concepts borrowed from statisti-
cal mechanics. More precisely, we are going to argue that quantum fluctuations in 
a relativistic field theory can be derived from a statistical description relying upon 
a microcanonical formulation, where the conserved quantity is the action, which is 
the only relativistically invariant scalar quantity. Due to some additional “kinetic” 
degrees of freedom of the quantum field, which is our care to introduce and motivate 
in the following discussion, one is able te set up a formalism where the sequence of 
quantum fluctuations experienced by a relativistic quantum field stems from a sym-
plectic dynamics parametrized by an additional time variable, rather than from the 
stochastic process of the Parisi–Wu formalism [2].

There are multiple reasons to support this approach. The microcanonical generat-
ing function, i.e. the entropy functional, provides the same predictions of the stand-
ard path-integral formulation (e.g. see [3–5]), by which one can estimate the equi-
librium correlation functions of the field at different points in space-time, provided 
one can establish the formal equivalence between a microcanonical formulation and 
a canonical one. Notice that this “ensemble equivalence” is not granted a priori for 
any relativistic field theory, in analogy with what happens in models of classical sta-
tistical mechanics: for instance, violations of this equivalence may emerge as a con-
sequence of localization/condensation phenomena, induced by some peculiar form 
or symmetries of the interaction potential [6]. On the other hand, a microcanonical 
formulation which keeps the total action constant has no conceptual and physical 
contraindications for being adopted, independently of the interaction potential, as 
long as we make reference to an isolated system, as, for instance, it is the case of a 
closed universe. Moreover, in the natural Minkowski metric the action functional is 
not positive definite and this prevents the possibility of establishing a formal cor-
respondence between the microcanonical entropy and the corresponding canonical 
potential (the equivalent of the free-energy) by a Laplace-transform. Conversely, one 
can always define a Fourier-transform of the entropy functional, which straightfor-
wardly yields the standard Feynman path-integral formulation, once the Fourier dual 
variable of the action is attributed the value ℏ−1 . It is for this necessity to use the 
Fourier integral transform rather than the Laplace one that, at variance with ordinary 
statistical mechanics, the building blocks of quantum field theory are probability 
amplitudes rather than probabilities.

The main conceptual implication of our microcanonical approach is that the 
action can be used as the generator of a symplectic dynamics, associated to an intrin-
sic time � , replacing the fictitious time introduced by stochastic quantization [2, 4]. 
This intrinsic time governs the evolution of quantum fluctuations and it has to be 
distinguished from the fourth coordinate of the relativistic space-time.

The main advantage of introducing symplectic dynamics in intrinsic time is that this 
provides a consistent (Lorentz invariant) and natural framework to study the non-equi-
librium relaxational dynamics for a relativistic field quantum fluctuations. Symplectic 
quantization is free from the arbitrariness usually hidden in the choice of a noise term, 
typical of any Langevin-type dynamics, an arbitrariness which is particularly disturbing 
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when noise is used to model the quantum fluctuations of relativistic fields. Moreover, 
symplectic quantization allows to define a functional approach to quantum field theory 
[see, e.g., Eqs. (22) and (28)] which is well defined and physically motivated irrespec-
tively to the appearance of infinities from the path integral.

In what follows we provide a mathematical illustration of the program just outlined. 
In Sect. 2 we go through the main steps of the standard stochastic quantization, making 
reference, for the sake of simplicity, to the basic example of a scalar field, subject to a 
self-interaction potential. In Sect. 3 we discuss how a symplectic dynamical formalism 
can be introduced for the Euclidean formulation of the Lagrangian density and show 
that one can pass to the more natural formulation in terms of the action, expressed in its 
natural Minkowski metric. Comments and perspectives are contained in Sect. 4.

2 � Stochastic Quantization

Since our method is inspired by the Parisi–Wu [2] stochastic quantization approach, we 
first summarize it by exploiting the elementary example of a neutral relativistic invari-
ant scalar field subject to a self-interaction potential V(�) . The Lagrangian density of 
this model is:

where x0 = ct denotes the  coordinate time. The textbook case is the nonlinear 
Klein–Gordon model, where V(�) = 1

2
m�2 +

�

4!
�4 . The integral over the space-time 

continuum of the Lagrangian density in Eq. (1) is a relativistic invariant, the action

Due to the Maupertuis least action principle, the classical configurations of the field 
are those which extremize the action:

According to the path-integral formalism, the generating function for all the correla-
tions among quantum fluctuations of the theory is the partition function

If one then considers the coordinate time x0 as a variable in the complex plane 
and performs a Wick rotation, introducing the new variable x̃0 = ei𝜋∕2x0 = ix0 the 
Lagrangian density changes to
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where we have denoted the term between square brackets on the right hand side 
of Eq. (5) as L(+)(�, ���) , to indicate that it corresponds to a Lagrangian with the 
wrong sign of the potential energy. In fact, if we really regard x̃0 just as an additional 
spatial coordinate, L(+)(�, ���) corresponds to a Hamiltonian density without the 
kinetic energy, since all terms with derivatives formally belong to a potential energy 
term. After Wick’s rotation the action reads

and the corresponding partition function has the form

From Eq. (7) it is clear the formal analogy with a statistical mechanics model where 
S(+)[�] plays the role of the Hamiltonian and ℏ the one of temperature. The multi-
point correlation functions read:

The main argument for establishing a relation between the Euclidean path-inte-
gral of Eqs.  (7) and  (8) and stochastic quantization [2] is very simple (e.g., see 
[2, 4, 7]). In order to sample the configurations of the field �(x) with probability 
exp{−(1∕ℏ)S(+)[�]} one usually sets up a Monte Carlo simulation exploiting the 
above Boltzmann weight to build a Metropolis update rule. On the other hand, this 
fictitious stochastic process is essentially equivalent to define a stochastic dynamics 
based on a Langevin equation, where it appears a new time variable � , which in [2] 
was attributed the interpretation of a fictitious time. Since � parametrizes the “inter-
nal” dynamics of quantum fluctuations independently to the choice of the reference 
frame, here we prefer to call it intrinsic time. Stochastic quantization amounts to 
introduce the following Langevin dynamics

where we have made explicit the dependence of the field also on � and �(x, �) is a 
Gaussian random field, defined by its mean value and by its correlation function:
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The stochastic equation (9) was proposed in [2] as an alternative approach for sam-
pling in the limit � → ∞ the relativistic quantum fields according to their Euclidean 
equilibrium probability measure. In particular the main motivation of the stochastic 
quantization approach was that, when dealing with gauge fields, it does not require 
any gauge-fixing procedure [2]. This is why attempts in the direction of quantizing 
also gravity with this approach [8] were made shortly after the original proposal of 
the method for non-abelian gauge theories [2]. The generalization of the symplectic 
quantization method presented in this paper to gravity will be the main topic of [1]. 
The most important prescription of stochastic quantization is that multipoint cor-
relation functions such as ⟨�(x)�(y)…�(z)⟩ can be obtained by averaging over the 
stochastic trajectories generated by the Langevin dynamics (9) in the limit of infinite 
time, � → ∞ : in formulae

where the subscript D denotes the averages over stochastic trajectories. The task of 
performing explicit calculations by this method can be accomplished making use 
of the Martin–Siggia–Rose–DeDominicis–Janssen formalism [5, 9–11]: in practice 
the procedure amounts to solve the problem of a Fokker–Planck operator which, for 
� = ∞ , projects onto the stationary Euclidean weight in Eq. (7) (for details see [2]).

3 � Symplectic Quantization

In order to proceed in the direction of an alternative approach to stochastic quantiza-
tion, let us observe that the stochastic formalism of Eq. (9) allows one to introduce 
a key concept: the non-equilibrium relaxation dynamics for a relativistic quantum 
field, which asymptotically approaches an equilibrium value of the field correlation 
functions. The dynamical process of quantum fluctuations which brings the relativ-
istic field across its phase-space with probability exp(−S(+)[�]∕ℏ) is clearly para-
metrized only by the intrinsic time � , while x0 = ct can be formally considered as a 
standard coordinate.

In order to illustrate what we mean by non-equilibrium in the context of quantum 
field theory let us recall first the physical meaning of the equilibrium propagator:

The expression in Eq. (12) represents a measurement of how much a certain value of 
the field at coordinate time x0 and position � is correlated to a value of the same field 
at another coordinate time y0 > x0 and position � . This correlation in space-time is 
usually evaluated assuming the equilibrium distribution exp(−S(+)[�]∕ℏ) . But there 
might be special situations, e.g. relaxation from very unlikely configurations follow-
ing the dynamics of Eq. (9), where, by repeating many times the measurements at 

(10)
⟨�(x, �)⟩ = 0

⟨�(x, �)�(y, ��)⟩ = 2ℏ �(4)(x − y) �(� − ��)

(11)lim
�→∞

⟨�(x, �)�(y, �)…�(z, �)⟩D = ⟨�(x)�(y)…�(z)⟩,

(12)G(y0, ��x0, �) = ⟨�(x0, �)�(y0, �)⟩.
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time x0 and position � and comparing them with the measurements of the same field 
at the following time y0 and position � (it could have been even � = � ), one may pos-
sibly find results not in agreement with the probability measure exp(−S(+)[�]∕ℏ) . 
Assuming that the theory is correct, a possible explanation of such a behavior is 
that the field has not yet reached typical configurations with respect to the euclidean 
path integral measure. Of course this situation, where the field has not yet reached 
equilibrium, must be parametrized by another time variable, different from the coor-
dinate time that we use to locate events in the space-time continuum. Such a variable 
cannot be anything else than the intrinsic time � of stochastic quantization. Such 
a non-equilibrium regime would be described by the full time-dependent solution 
(usually out of reach) of the Fokker-Planck equation associated to Eq.  (9). From 
the knowledge of this solution we would have a knowledge of the time-dependent 
propagator:

Coming back to what described in the previous section, one can interpret 
L
(+)(�, ���) in Eq.  (5) as the potential part of the following Hamiltonian density 

(see also [12]):

where the momentum

is canonically conjugated to �(x, �) and the subscript E in HE(�,�) denotes the 
Euclidean version of our effective Hamiltonian. The constant cm , which has to be 
made explicit for dimensional reasons, is a velocity. In this framework, it can be 
assumed as a free parameter of the theory. On the other hand, lacking in a relativistic 
invariant scalar field theory physical parameters other than c and ℏ , there is a priori 
no reason for preventing the equivalence cm = c , which therefore we will consider in 
what follows.

We can thus introduce the Euclidean action associated to the effective Hamiltonian 
density HE(�):

(13)G(y0, �;� � x0, �;�) = ⟨�(y0, �;�) �(x0, �;�)⟩.
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(16)
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c2

2 ∫ d4x �2(x, �)
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In analogy with a classical Hamiltonian formulation, one can define the symplectic 
dynamics generated by the action AE as follows

Thus, it turns out that the dynamics of quantum fluctuations in a relativistic field 
theory is ultimately ruled by a symplectic dynamics. Then, on the basis of the same 
assumption of “bona fide” ergodicity, which is usually taken for granted in most 
Hamiltonian systems, we can postulate the existence of a microcanonical ensemble 
for the fluctuations of the relativistic field �(x) . That is, we assume the following 
“microcanonical” postulate:

“All the configurations of the field �(x) and the conjugated momentum �(x) 
corresponding to an identical value of the action AE(�,�) are attained with iden-
tical probability”.

Accordingly, the equilibrium field theory can be obtained from a microcanoni-
cal statistical ensemble with partition volume:

where A denotes a given value of the action. The entropy, i.e. the generating func-
tional of all connected diagrams of the relativistic field theory, reads

On the other hand, after having sketched above the construction of a relativis-
tic invariant microcanonical approach to field-theory, one can realize that Wick’s 
rotation, introduced for obtaining a statistical measure analogous to the Boltz-
mann–Gibbs canonical measure, is unnecessary in this context. Accordingly, noth-
ing prevents us from making a step backward to the original field theory, equipped 
with its natural Minkowski metric, and considering the corresponding Hamiltonian 
density

yielding the Minkowski generalized action

(17)
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,
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which allows us to define the corresponding partition volume

with the entropy

Analogously, the symplectic dynamics (17) changes to

Some important remarks are necessary. First of all, we have to point out that, at vari-
ance with AE , the Minkowski action AM is not a definite sign quantity, as one can 
immediately infer from (20) and (21). Accordingly, in principle one is not allowed to 
follow the formal classical pathway to recover a canonical partition function Z(�) by 
Laplace-transforming ΩM(A):

The Laplace transform of Eq.  (25) is well defined, for either positive or negative 
values of � , only when the variable A has a definite sign, which is not the case for a 
relativistic field theory. As a consequence, the only transform that one can consist-
ently define in complete generality (i.e., not limited to a specific interval of values of 
A) is the Fourier-transform Z(z):

It is for this reason that the building blocks of quantum field theory are probabil-
ity amplitudes rather than probabilities. Due to the separable form of AM(�,�) , the 
integration over momenta can be straightforwardly performed because of its quad-
ratic dependence on �(x) and the result can be hidden inside the infinite normaliza-
tion constant N  , typical of field theories. Now, if we fix z = 1∕ℏ , we recover the 
standard form of the Feynman path integral:

(22)ΩM(A) = ∫ D�D� �
(
A −AM(�,�)

)
,

(23)ΣM = k log[ΩM(A)].
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The role played by ℏ is analogous, with respect to the conservation of the general-
ized action in Eq.  (21), to the one played by temperature in the canonical ensem-
ble of statistical mechanics with respect to the conservation of energy. Accordingly, 
the role of the canonical partition function is played by the Feynman path-integral, 
while the role of the microcanonical partition sum is played by the expression in 
Eq. (22). Let us point out that the microcanonical partition function in Eq. (22) is not 
merely an equivalent way to write the Feynman path integral, but it has a completely 
new probabilistic interpretation as a field-theoretic functional integral. This is par-
ticularly clear if we put the theory on a lattice: while the Feynman path integral still 
lacks an interpretation in terms of probability, unless we consider the corresponding 
Euclidean field theory by rotating time to the imaginary axis, the microcanonical 
partition function ΩM(A) yields immediately a probability for the field configura-
tions while keeping AM[�,�] with its original Lorentzian metric:

Just to mention one possible application, the symplectic quantization approach 
allows one to evaluate by means of lattice field theory techniques the “equilibrium” 
(with respect to the above mentioned symplectic dynamics) correlations between 
light-cone events, typically occurring in the study of parton distribution functions 
[13], which are typically unaccessible in Euclidean field theory. Moreover, one has 
the possibility of studying the physical dynamics of quantum fluctuations by means 
of Eq. (24), making use, for instance, of a lattice version of the theory. Note that an 
approach allowing one to study the relaxation of quantum fluctuations in relativistic 
fields by means of a deterministic dynamics might be particularly relevant in the 
context of inflation theory [14–17]. In this perspective it is worth mentioning the 
recent results on the stochastic quantization approach to the gravitational field dis-
cussed in [18]: according to these results, the whole era before the end of inflation is 
characterized by the impossibility to rotate coordinate time from immaginary back 
to the real axis, so that the only variable which governs the dynamics is the fictitious 
time of stochastic quantization, corresponding to our intrinsic time.

It thus happens that, while in statistical mechanics ensembles at fixed temperature 
or fixed energy are usually equivalent, this is not apparently true for quantum field 
theories, with action taking the place of energy. In quantum field theory it seems 
that the “pseudo-microcanonical fixed-action ensemble” introduced here [Eq. (22)] 
provides a more robust description of the system, in particular it looks like that the 
path-integral formulation is more severly plagued by the appearance of divergences 
with respect to symplectic quantization. The reason is the following: while the 
renormalization procedure in quantum field theories results in the existence of an 
additional action scale to be fixed by hand (the invariant energy scale at which the 
predictions of the theory are compared with experiments) [3, 5], symplectic quanti-
zation fixes such a scale from the very beginning. Moreover, in the context of sym-
plectic quatization, functional integrals such as the partition function in Eq. (22) are 
well defined irrespectively to the renormalizability of the theory.

(28)PA[�,�] =
1

ΩM(A)
�
(
A −AM[�,�]

)
.
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In summary, the path-integral formulation of quantum field theory can be viewed 
as a representation dual to symplectic quantization. Within the path-integral the role 
of quantum fluctuations is assumed to be reduced to a natural scale factor, ℏ , thus 
epitomizing the role of the dynamical degrees of freedom �(x) into a normalization 
constant. The overall procedure taking from symplectic quantization to the Feynman 
path integral looks similar to the ergodicity assumption in the Boltzmann theory of 
an ideal gas. But there is an important difference: in the case of symplectic quantiza-
tion the dynamical degrees of freedom �(x) really seem to play the role of the hidden 
variables invoked by Einstein to allow for a complete causal description of quantum 
phenomena.

4 � Conclusions and Perspectives

The approach illustrated in this manuscript aims at recasting the relations among 
relativistic field theory, quantum fluctuations and statistical mechanics. By assum-
ing the agnostic point of view according to which it is not assumed the existence of 
elementary degrees of freedom for matter (although our theory might be consistent 
with this hypothesis) we have proposed an approach to relativistic fields based on a 
statistical ensemble characterized by a fixed value of the action, rather than of the 
energy. Our approach was inspired by Parisi–Wu stochastic quantization [2], where 
the dynamics of quantum fluctuations for a relativistic field is parametrized by a fic-
titious time.

We have discussed how the Parisi–Wu stochastic quantization procedure is based 
on an extension of the statistical mechanics ensemble theory, through the strict anal-
ogy between the canonical partition function and the path-integral formalism, where 
the role of the temperature is taken by Planck’s constant and the one of the Ham-
iltonian by the action of the field theory. On the other hand, when dealing with a 
relativistic field-theory the original action (the one defined in Minkowski space) is 
not positive definite and this implies that it would be much more natural to construct 
a statistical mechanics approach exploiting the analogy with a microcanonical equi-
librium ensemble, where the value of the total action fixes the physical scale of the 
system, without allowing this quantity to fluctuate over all its possible values as it 
happens in a canonical framework. The most relevant outcome of our analysis is 
that, once we assume a microcanonical description, the fictitious time introduced by 
Parisi and Wu [2] can be regarded as a true physical entity: it is the parameter which 
rules the evolution of quantum fluctuations and allows us to consistently extend to 
quantum field theory concepts as non-equilibrium dynamics, relaxation to equilib-
rium and irreversibility. Since this variable is related to the “internal” dynamics 
of quantum fluctuations at each point of space-time and its definition comes irre-
spectively to any choice of reference frame we called it intrinsic time. Of course, 
coordinate time is still there, but, as the name says, it simply plays the role of a 
coordinate to locate events. Clearly, time intervals along the relaxational dynamics 
parametrized by the intrinsic time has to be measured in terms of the coordinate 
time. In order to dispel any doubt about this point, we want to stress that symplectic 
quantization does not imply the existence of any universal time-scale for dynamics. 
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In other words, symplectic quantization is not associated to the existence of a uni-
versal clock, which would violate the principles of relativity, for the simple reason 
that the characteristic time-scale for the dynamics of �(x, �) can fluctuate across 
different regions of the space-time continuum. In addition, let us point out that the 
elapsing of intrinsic time can be measured only indirectly, for instance looking at 
the irreversible relaxation from very atypical configurations of the fields to typical 
ones. A problem of this kind is the one studied in [20] in the context of inflationary 
cosmology.

The notion of intrinsic time that we propose here is quite close to that of thermal 
time proposed in [19]. We have simply highlighted that, in the case of a relativistic 
field, a definition of time conceptually analogous to that of [19] is perfectly consist-
ent for a relativistic system without any need to consider a finite temperature.

As a test of the new symplectic quantization formalism ideas, we have applied 
them to the study of the gravitational field quantum fluctuations in [1], a work where 
the presence of a cosmological constant term in Einstein equations is put in relation 
with the existence of “kinetic” degrees of freedom (in the sense of intrinsic time) for 
the metric field.
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