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Abstract

The Lorentz gas is an important model in kinetic theory where one seeks to under-
stand the behavior of a single particle interacting with a fixed environment. In
certain scaling regimes, the complicated microscopic behavior of the particle can
be well-approximated by an effective equation or stochastic process. A descrip-
tion of the effective behavior usually does not rely on all details of the microscopic
dynamics. When the interactions are quantum mechanical, the model is referred
to as the quantum Lorentz gas. In this thesis, we study the quantum Lorentz gas in
a periodic, weakly-coupled environment. We show that for certain observables, the
limiting effective behavior in this regime is given by a transport equation, while for
certain other observables, we provide evidence that the existence of the limit hinges
on regularity properties of a certain phase space distribution that we introduce.






Acknowledgements

I am deeply grateful to you, Max, for introducing me to this problem and to your
perspective on it. I thank you for the patience with which you supervised my pro-
gress over these past years, and especially for your advice and encouragement during
discouraging times. It was a privilege to have had many long discussions with you
and to witness firsthand your simultaneously creative and commonsensical approach
to solving problems, which I continue to strive to cultivate in myself. Thank you
for the freedom to pursue directions I found interesting, and for TeXmacs.

Thank you, Stefano, for initiating this collaboration, for your encouragement and
calm optimism during difficult moments, and for your constant interest in the devel-
opment of the project. I am also grateful for the opportunities you gave me to discuss
my work with experts in the field.

Thank you, Alessia, for your interest in my work, for your generosity with the
time you devoted to our discussions, for introducing me to numerous fascinating
problems within kinetic theory, and for your confidence in my abilities.

I thank Prof. Lenya Ryzhik and Prof. Jani Lukkarinen for their careful reading of
this thesis and for their valuable and encouraging comments.

I thank Prof. Paolo Antonelli for his active support of my research interests and
for always making time to discuss mathematics with me. I thank Prof. Gabriele
Benomio for his course on relativity, which was a refreshing diversion during the
writing of this thesis. I thank Prof. Serena Cenatiempo for her constant encour-
agement and positivity, for her considerate help with matters of bureaucracy and
workspace, and for her valuable career advice.

I thank the people of SMAQ for the many interesting seminars and discussions
we shared. I thank in particular Vincenzo Rossi and Anastasiia Trofimova for the
discussions within our reading group, which helped me reconnect with the joy of
doing mathematics during a lull in progress on my thesis project.

I thank the Angry Laundry People, the Math 37 cohort, and the Home Boys for
years filled with shared lunches and dinners, common room festivities, laughter,
football, and pawed visitors.

Thank you, Peppe, for being such a supportive friend and office-mate, for always
being keen to hear how things were going with my project, and for all the conver-
sations we shared in and out of the office.

Thank you, Marti. It is hard to put into words how much more enjoyable this
experience in L'Aquila has been with you as a friend, and any attempt to list all the
reasons would far exceed the small space available here.

Thank you, Andrea, for these wonderful years together. Thank you for the patience
with which you listened to me ramble on about this project and its ups and downs
a zillion times, and for being a constant reminder of what matters. I am so grateful
that I get to spend my days with you. Ich lieb dich sehr doll.



8 ACKNOWLEDGEMENTS

Thanks, Dad, for your constant support, and for always checking in on how I was
doing. Thank you, Sam and Ma, for all the love, and for shaping so much of who
I am today. I would dedicate this to you, but you might feel yourselves slightly
besmirched by such proximity to a work involving calculus.



Table of contents

Abstract . ... ... ... 5
Acknowledgements . .. ... ... .. ... 7
1 Introduction . . ... ... ... ... ... 13
1.1 Setup . ..o 13
1.2 Literaturereview . ....... .. ... ... ... ... ... 16
1.3 Motivation . .. ...... .. ... . ... 18
1.4 Structure of thethesis .. ... ... ... .. ... .. ... ... ... ... .. 20
2 Ourtoolkit . ..... ... ... .. .. 23
2.1 The Bloch-Floquet-Zak decomposition . ..................... 23
2.2 The Wigner and rescaled Wigner transforms . ... ............... 29
2.3 The linear Boltzmann equation . ........................... 37
24 Thesewinglemma . ... ...... ... . ... ... . .. . ... 44
3 A formal derivation of the limit . ... ... ... ... ... ... ... .... 49
3.1 A two-scale asymptotic expansion . ... ......... ... . ... 50
3.2 On the regularization parameter 6 . .. ....................... 56
3.3 Relevantlemmas .. ... ... ... ... ... ... . 59
4 The non-resonant observablescase . ....................... 65
4.1 Summary of thesection . . ... ... ... ... . ... .. ... . .. . ... 65
4.2 Proof of Theorem 4.10 . . . . ... .. .. ... 70
4.3 Proof of minor lemmas .. ........... .. . ... . ... . . .. ... 77
4.4 A remark onlong time behavior .. ......... ... ... .. .. ... 81
5 Kinetic limit via the sewinglemma . . ... ... ... ... .......... 83
5.1 Summary of the chapter . ... ....... ... ... . ... .. ... . ... 84
5.2 Proof of Theorem 5.7 . ... ... ... ... .. 89

5.2.1 Deriving a rough difference equation . . . ... ............... 89

5.2.2 Some useful lemmas . ....... .. ... L L L 93

5.2.3 Uniform operator norm and naive remainder estimates . ... ... .. 98

5.2.4 Passingtothelimit ... ........ ... .. ... ... ... . ... 107
5.3 Observables . ... ... ... ... 112

5.3.1 Uniform bounds on the non-resonant terms . ............... 113



10 TABLE OF CONTENTS

5.3.2 Theresonantterm ... .............. ... . ... ... 120
5.4 Proofs of auxiliaryresults . ........ ... ... .. ... ... . . ..., 125
54.1 Proofof Lemma 5.2 . ... ... ... ... ... ... . 125
5.4.2 Proof of Proposition 5.4 . . ... ... ... ... ... 129
5.4.3 Estimates on smoothing operators . ..................... 135
6 Perspectives . . ... ... .. 139

Bibliography . . . . . ... ... 143



TABLE OF CONTENTS 11

Notation.
1. Ny:=IN u{0}.
2. Ryp:=[0,+0),R, := (0, +00).
3. T4:=R%/Z".
4. For X a Banach space and f:R — X, we will sometimes use the notation f,:=

f(t). Furthermore we define 5,t:R x R — X via
Osef = fi= f

For a function f € L'(R?) we use the following convention of the Fourier trans-
form: for £ ER?

f(&):= | dxemexf ()

For a function f € L'(T%) we use the following convention for the coefficients of
the Fourier series: for n€ Z*

Fny:= | dxe™mm5f (x)

We use the following notation for the floor function |- |:R — Z,x — | x|, taking
any real number to the closest integer smaller than or equal to it. When applied
to x €RY, this is the floor function applied component-wise.

Let (S,%, u) be a measure space. Let p€[1,00]. We denote LP(S; ) to be the
space of L functions on S with respect to the measure . For d€IN, we denote
LP(R?) to be the space of L¥ functions on RY with respect to the Lebesgue mea-
sure.

For deIN, 4 (R?) denotes the set of Radon measures on R? and 4. (R?) denotes
the set of positive Radon measures on RY. C,(R?) denotes the Banach space
of bounded continuous functions on R%. $(R?Y) and &' (RY) refer to the set of
Schwartz functions and tempered distributions on R¢ respectively.

By a< b, we mean that there exists C>0 such that a< Cb. By a<,b, we mean
that there exists C(y) >0 such that a< C(y)b.






Chapter 1

Introduction

1.1 Setup

The classical Lorentz gas is an important model in kinetic theory. Consider a single
particle moving in an environment of fixed obstacles. Assume that the moving par-
ticle obeys Newton's laws of motion and collides elastically with the obstacles. This
is like studying the trajectory of a moving cue ball that collides with an immov-
able configuration of billiard balls as in the pictures below. These images have been
sourced from [Erd10].

® ® ® ®
® ¢ ® @ =
@
L ® ®
Lorenz gas (random scat.) Periodic Lorenz gas (billiard)

Figure 1.1. Two possible obstacle configurations for the Lorentz gas.

At this “microscopic” level, the time evolutions of the position and velocity of the
cue ball are complicated, and depend on its initial position and momenta, and the
position and geometry of the scatterers.

In kinetic theory, one is interested in situations where this complex behavior at
the microscopic scale can be approximated by effective behavior on a larger “macro-
scopic” scale. This effective macroscopic behavior usually does not depend on all the
details of the microscopic dynamics, and is therefore relatively easier to describe.
For many models in kinetic theory, two particular scaling regimes are especially
interesting, where an effective description is sometimes possible. They are the “low-
density scaling” and the “weak-coupling scaling”. In the Lorentz gas model, the low-
density scaling models a scenario where collisions happen rarely, but have a strong
effect on the cue ball's trajectory when they do happen. On the other hand, the weak
coupling scaling models a situation where the cue ball scatters frequently, but where
each collision only has a weak effect on the trajectory of the particle.

13
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There are situations in physics and probability theory where interactions in a
system are either “strong and rare” or “weak and often” as above. In physics, the first
situation is common when working with dilute gases, while the second is common
when dealing with plasmas. In probability theory one has the Poisson and central
limit theorems. Roughly speaking, the Poisson limit theorem says that if one has
random variables that are usually zero, but sometimes non-zero, under an appro-
priate choice of the parameters, the sum of these random variables converges in dis-
tribution to the Poisson distribution. The central limit theorem says that a weighted
sum of random variables with bounded variance converges to a normal distribu-
tion, when the weights ensure that each random variable contributes weakly to the
sum. These are analogous to the low-density scaling and the weak-coupling scaling
regimes of the Lorentz gas. In all these cases, one expects to use only a small amount
of the total information in the “microscopic” system to be relevant to the descrip-
tion of the “macroscopic” system.

When the interactions of the particle with its environment are quantum mechan-
ical, one refers to the model as the quantum Lorentz gas. Mathematically, the particle
is modeled by the solution to a linear Schrodinger equation, with the environment
represented by a real-valued potential term V. For x€R? t€R, consider

i0;0(t,x) =-Ayp(t,x) + AV (x)p(t,x). (1.1)

The real constant A =0 is called the coupling constant. The solution to the free
Schrédinger equation with =0 can be written down explicitly. In general, when
A>0, describing the precise behavior of the particle can be very challenging. How-
ever, when A is very small, the potential only has a weak effect on the particle, and
one expects that after a small period of microscopic time has elapsed, the evolu-
tion of the particle is very similar to that of the free evolution (1 =0). If these weak
interactions with the environment occur often, non-trivial behavior can be observed
if one waits for a sufficient amount of time. This is the weak coupling regime for
the quantum Lorentz gas.

Mathematically, one sets A= ¢! for some 0 < £<1 and studies the following rescaled
wavefunction, which is a function of macroscopic time and space:

@e(,x) :=<p(—t x)- (1.2)

ee
This satisfies the following rescaled Schrédinger equation: for x€RY, tER,

01 (£,%) = =eDagpe(£,) + 72V (Z ) o8, ). (1.3)

Note that the effect of the potential is no longer weak here.

Recall that in quantum mechanics, the wavefunction cannot be measured. How-
ever |¢(t, x)|* corresponds to the probability of finding a particle at position x and
time ¢, and is a quantity that can be estimated from experimental measurements.
Before we characterize the measurable quantities that we are interested in, it is
convenient for us to switch to the phase-space formulation of quantum mechanics.
Unlike in classical mechanics, the Heisenberg uncertainty principle precludes the
existence of a phase space density, i.e., one cannot represent a particle via a Dirac
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delta in phase space. An object that has many of the properties one requires from
a phase space density is the Wigner transform W, of the wavefunction ¢: for posi-
tion x € R¢ and momentum k€RY,

W,(x,k):= LRdeZ”ik'y(p<x - %) <p*<x + %)dy.

For g€ (R4 C), it is an easy computation to see that

dede¢<x, k) =1p(x)P, j}Rdde(,,(x, k) =16k,

where ¢ denotes the Fourier transform of ¢. These two expressions correspond to
physically measurable quantities, namely the probabilities of finding a particle at
position x and momentum k respectively. An important class of measurable quan-
tities at the microscopic scale are of the form

[ i dk Wy (£, k) F(x, k) = [ dxed Wi (x, K)F (x, k),

for some Schwartz function F€ §(R??). To go from the microscopic to the macro-
scopic scale, we consider a rescaled version of the Wigner transform:

We(t, %, k) i= g-dwq,(—z, z k). (1.4)

The rescaled observables related to the rescaled Wigner transform take the form
fdedxdk We(t,x, k)F(x, k). (1.5)

For the quantum Lorentz gas, we are interested in answering the following

Question 1. Given a certain potential V, can one describe the time evolution of

lim ]dedxdeE(t, x,k)F(x, k). (1.6)

e—0

for any F€ §(R??)?

This is equivalent to asking for a description of the weak limit (in the space of
tempered distributions on R??) of the rescaled Wigner transform, if it exists. One
could then plausibly describe the dynamics with 0 < e <1 as being a correction to this
limit behavior.

In this thesis, our goal is to tackle this question when V is a smooth Z%-peri-
odic function. We refer to this model as the periodic quantum Lorentz gas. Before
describing our motivations for studying this problem with this choice of potential,
we review some key results that have been obtained in the study of the Lorentz gas.

Remark 1.1. This is one possible way to study the time evolution of measurable
quantities. Using the Weyl transform of the Wigner function, one could equivalently
work with the time evolution of observables in the interaction picture of quantum
mechanics, as is also commonly done in quantum kinetic theory, as, for instance,
was done in [Spo77] and [GM19].
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1.2 Literature review

The classical random Lorentz gas was first investigated in the low density limit
in [Gal69] and then in greater generality in [Spo78] and [BBS83]. For d =2, these
results show that under suitable assumptions on the initial data and the random
environment, the phase space density converges in the low density scaling limit to
a solution of a linear Boltzmann equation, which is the forward equation of a Markov
jump process. The weak coupling limit of the classical random Lorentz gas in d =
3 was studied in [KP80] and the case d =2 was handled in [DGL87] and [KR06]. For
d =2 the weak coupling limit of the phase space density is given by the solution of a
linear Landau equation. These results say that the complicated Schrédinger evolution
is well approximated by the solution to a linear Boltzmann or linear Landau equation,
in the low-density and weak-coupling regimes respectively. In both these situations,
the limit equations are not time-reversible, unlike the microscopic dynamics.

It is important to note that the result of Gallavotti [Gal69] was a precursor to the
first derivation of the (nonlinear) Boltzmann equation from a many-body system of
hard spheres, by O. Lanford [Lan75].

For the quantum random Lorentz gas, in [Spo77] it was shown that for small
enough times the weak coupling limiting behavior was given by a linear Boltzmann
equation. This was improved in [EY99], where the authors show that, in the weak-
coupling scaling, when V is a Gaussian random field with smooth covariance, that
for a certain family of initial data, and for all F€ S(R??),t€R,

B[ [ dk[ deWe(t,x k)F(x, k)] A [ dk[ dxf(tx k)F(x,k),

where f satisfies a linear Boltzmann equation and where W* is the rescaled Wigner
transform introduced previously. The papers [Che06] and [Butl5] prove conver-
gence of moments of all orders, for an analogous problem on the lattice.

The low density limiting behavior in the quantum random Lorentz gas is also
given by a linear Boltzmann equation. The only difference from the weak coupling
behavior is in the collision kernel of the limiting linear Boltzmann equation. This
was proved in [EE05]. See [Mik23] for a recent generalization.

For the periodic Lorentz gas, fewer results are available, both in the classical and
quantum cases. For the classical periodic Lorentz gas in the low density limit, the
limiting behavior is not given by a linear Boltzmann equation. Instead, in [MS11], a
non-Markovian flight process was derived in the low density limit. The low density
limit of the periodic quantum Lorentz gas was investigated in [GM19] and [GM21].
Conditional on a certain version of the Berry—-Tabor conjecture holding true, the
authors derive the limit dynamics, and show that it is not given by a linear Boltz-
mann equation. However, if one introduces a damping term in the Schrodinger
dynamics, one recovers a linear Boltzmann equation in the low density limit, as was
shown in [Gri23].
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To the best of our knowledge, the weak coupling limit in the full space for the
observables as in expression (1.6) has not yet been established for the periodic
quantum Lorentz gas. The following table summarizes the situation described above

Classical

Quantum

Low density

Weak coupling

Low density

Weak coupling

Random

Lin. Boltzmann
[Gal69], [BBS83],
[Spo78]

Lin. Landau
[KP80], [DGL87]
[KRO6]

Lin. Boltzmann
[EE05]

Lin. Boltzmann
[Spo77], [EY99],
[Che06], [But15]

Non-Markovian ?
flight process, [MS11] |-

Periodic Random flight [?

process, [GM21] | -

Table 1.1. Kinetic limits of the Lorentz gas

Below is a list of related investigations that is by no means exhaustive. We men-
tion only the aspects of the work that we feel are most directly connected to the
study of the periodic quantum Lorentz gas.

+ A heuristic derivation of the linear Boltzmann equation in the weak coupling
regime for the random quantum Lorentz gas is given in [BFPR99]. We will
come back to this in Chapter 3, where we use this method to get an idea of
what the limit should be for the periodic quantum Lorentz gas. In [PR04],
the authors modify the equation for the rescaled Wigner transform in the
case of the periodic quantum Lorentz gas, and provide a different connec-
tion to the linear Boltzmann equation. We also refer the reader to Chapter 8
of [Spo91], for more heuristics related to the derivation of kinetic equations
for the Lorentz gas.

+ Inthe works [Cas01] and [Cas02], a linear Boltzmann equation is obtained in
the low-density limit from the von-Neumann equation with a periodic poten-
tial and a damping term. The period is taken to infinity before the damping
is sent to 0. This is similar in spirit to the work [PR04], which we discuss in
Chapter 3 of this thesis. In [CP02], it was shown that when working on the
torus, in a certain scaling regime where non-trivial limiting behavior can
be observed, the limiting behavior is not described by the linear Boltzmann
equation. In [Cas99] a different weak coupling limit was studied for the von-
Neumann equation on the torus, and the limiting behavior was shown to not
coincide with that of the linear Boltzmann equation.

+ The periodic Schrodinger equation has been investigated in the so-called
semiclassical limit, which is when spacetime is rescaled as in the weak cou-
pling scaling, but the potential remains strongly coupled. See [MMP94]
and [GMMP98]. These and related works such as [LP93] were among the
first to use the rescaled Wigner transform to pass from microscopic to macro-
scopic scales.
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« There are also works investigating the random quantum Lorentz gas with
time-dependent potentials. In these models the environment evolves in time,
and such problems are of relevance to understanding the propagation of
waves in random media. See for instance [BPR02] and [Gom13].

+ One could ask about what happens to these systems on space and time scales
larger than the kinetic space and time scales discussed above. We refer the
reader to [ESY08] and [ESY07] where the authors derive a diffusion equa-
tion for the random quantum Lorentz gas. The lecture notes [Erd10] also
explain the connection of this problem to the extended states conjecture of
Anderson localization in d =3. For the periodic quantum Lorentz gas, the
long time behavior is known to be ballistic as was demonstrated in [AK98]
and [dMS23]. We comment on this at the end of Chapter 4.

1.3 Motivation

We have two principal motivations for studying the periodic quantum Lorentz gas.

1. Inthe proof of the convergence to the linear Boltzmann equation in [EY99] the
authors work with the Duhamel iterates of the solutions to the Schrodinger
equation. They plug these expansions into the expressions for the rescaled
Wigner transform, and the rescaled observables, and proceed to show that
the resulting series remain summable in the scaling limit considered, by iden-
tifying which Duhamel integrals remain relevant in the limit. They carefully
estimate the size and number of those integrals which do not contribute, in
order to make the argument that the series containing all the terms is con-
vergent, and converges to the Neumann series representation of the solution
to a linear Boltzmann equation.

Now, one can compute the evolution equation for the rescaled Wigner
transform, to get that W* must solve

AWE + -V We = je1/2 f AEP ([ WE(k+ ) - Wi (k- )],

However, since one starts with the linear Schrodinger equation and ends
with the linear Boltzmann equation, one could ask if there is an argument
that uses PDE tools to prove this convergence. One could expect that the
right hand side in the expression above converges to the collision kernel of
a linear Boltzmann equation, as a consequence of the oscillations in the inte-
grand.

But, proving this is challenging: in early computations, we found it difficult
to work with the Fourier transform Vw of a Gaussian random field, which is
not in any Lebesgue space.
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Our approach was to switch to studying a random quantum Lorentz gas,
but where the randomness was (LZ)%periodically repeated: certain compu-
tations were easier when working with a (LZ)“-periodic smooth Gaussian
random field. This is because such a field has, almost surely, a “nice” Fourier
series. Here we show some realizations of such a field in two dimensions:

Figure 1.2. Two different realizations of a smooth zero-mean periodic Gaussian

field in d=2.

But this changes the physics of the problem: for a fixed period L, one intu-
itively expects the physics to be different since the same source of randomness
is revisited by the particle. However, we expect that if one takes the period
L— oo at an appropriate rate depending on ¢, one should converge to the
linear Boltzmann equation as in [EY99]. The study of the weak coupling
limit for a fixed period is for us an intermediate step towards this larger goal.
Within this context, we sought to fix a period and develop a proof that does
not rely on the combinatorics of Duhamel iterations, and to then (hopefully)
extend it to the case where the period of the potential grows depending on «.

Since the results we were able to prove for this model apply path-wise
(for almost every realization of the randomness), they apply also to the peri-
odic quantum Lorentz gas. In this thesis, we work with a fixed Z%-periodic
smooth potential, but many results can be applied also to almost every real-
ization of a Z4-periodic smooth Gaussian random field. In particular, here we
are looking at the challenges that arise when fixing L=1 and sending ¢ — 0.

Summarizing: Looking for an alternative proof to [EY99] in the case of
the random Lorentz gas, we switched from studying a smooth, non-periodic
Gaussian field to a smooth, (LZ) d—periodic Gaussian field for convenience,
and sought to first investigate the limit ¢ — 0 fixing L=1. We are able to
prove certain statements for almost every realization of a smooth Z¢-periodic
Gaussian field, which is equivalent to proving statements for the periodic
quantum Lorentz gas.



20 INTRODUCTION

2. As can be seen from Table 1.1 above, the kinetic limits for the random Lorentz
gas are much better understood than their periodic counterparts. However,
the results [MS11] and [GM21] show that one can obtain non-trivial lim-
iting stochastic processes that approximate the microscopic dynamics of the
Lorentz gas, at least in the case of the low-density scaling. It is natural to
ask if one can have effective descriptions of the periodic Lorentz gas also
in the weak coupling scaling. In this thesis, we provide partial answers in
the case of the weak coupling regime for the quantum mechanical version
of this model. To the best of our knowledge, the weak coupling limit of the
classical periodic Lorentz gas is also an open problem.

1.4 Structure of the thesis

In Chapter 2, which could be treated as an appendix, we collect some relevant infor-
mation about:

1. The Bloch-Floquet-Zak transform, which plays a role analogous to the
Fourier transform, when studying periodic operators. We will use it later
to derive a representation formula for the Wigner transform.

2. The Wigner and rescaled Wigner transforms introduced above.

3. The sewing lemma, which plays a key role in the theory of rough paths. We
also give a toy example of how we intend to use it in studying kinetic limits.

4. The linear Boltzmann equation's well-posedness theory, in particular the
uniqueness theory, will be important to our arguments. We also make some
comments on the result of [EY99].

In Chapter 3, we use an asymptotic expansion that was previously used to formally
derive a linear Boltzmann equation from the random quantum Lorentz gas. In the
case of the periodic quantum Lorentz gas, this method yields trivial transport equa-
tions in the limit for certain “non-resonant” observables (similar to the case V =0),
and hints at the difficulties one encounters when studying other observables.

In Chapter 4 we rigorously prove the first part of the previous statement. Here a
version of the Bloch-Floquet-Zak transform is used to restate the problem in terms
of “energy bands” (which are commonly used to describe the difference between con-
ductors and insulators). We derive a limit equation for observables supported away
from a certain zero measure set of momenta and comment on why this approach
does not completely answer Question 1.

Chapter 5 contains the most novel aspects of this thesis. It is structured as follows:

1. Using the BFZ transform, we derive a representation formula for the Wigner
transform. Motivated by this, we define a generalized Bloch—-Wigner trans-
form, and derive its evolution equation.

2. We show that this evolution equation has the structure of a rough equation
for each £>0, and that in a certain topology one can obtain uniform in e-
estimates for the rough operators involved.



1.4 STRUCTURE OF THE THESIS 21

3. We then use the sewing lemma and the uniqueness theory of the linear
Boltzmann equation in order to pass to the limit, in a certain topology, and
explicitly characterize the limit equation.

4. We then comment on the weakness of this result, and why it does not permit
to characterize the weak coupling limit of all the observables.

5. We attempt to use the Bloch—-Wigner transform to study observables, and
show that for observables supported on resonant momenta, the existence of
the limit is tied to regularity properties of the Bloch-Wigner transform.

We stress that this approach differs conceptually from the approach used in [EY99]
to derive the limit of the random quantum Lorentz gas. In particular it avoids dia-
grammatic expansions and combinatorics, and uses the sewing lemma instead.

We conclude by summarizing our results in Chapter 6 and highlight promising
directions for future research.






Chapter 2
Our toolkit

2.1 The Bloch-Floquet-Zak decomposition

In this Section, we recall the Bloch-Floquet-Zak decomposition, introduced by ]J.
Zak in [Zak67] and [Zak68], and which is now a well-known tool in solid state
physics (see for instance [MP14]). For the reader's convenience, I collect here the
properties of the Bloch-Floquet-Zak decomposition that will be of use for our study
of the weak coupling limit of the periodic quantum Lorentz gas.

Definition 2.1. For € 6’(]Rd; C), 0eR? xeRY, define the Bloch-Floquet-Zak decom-
position of ¢, or BFZ decomposition of ¢ as:

(Usrz0)o(x) = @(6,x):= Y ™M p(x—m). (2.1)
mez4
Let us state a few basic properties of the BFZ decomposition:
1. ¢(0,x) is Z-periodic in x: for n€ Z¢,

@(9,X+ Tl) — Z ezm9~(x+n—m)¢(x+ n— m)

mezZ4
_ Z ezme-(xfm')q,(x_ m’)=¢(6,x).
m'ezZ4
Hence, we can identify ¢(6, x) with a complex valued function on R?x T¢,
We also note that it is quasiperiodic in 6: for n€ Z¢,

@(9_‘_ n,x) _ Z eZm‘(9+n)»(x—m)(p(x_ m)

mezZ4

= p2rin-x Z 627Ti9'(x_m)(p(x— m) = eZﬂin-x(p(Q’x).

mezd

By complex conjugation we have that
P (0,x+n)=¢"(0,x), ¢ (0+nx)=e "¢ (0,x).

Note that, similar to the Fourier transform, the BFZ transform does not com-
mute with complex conjugation.

23
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2. We have Z%periodicity in the §-variable for the functions e ?"%*(, x) and
|9(6, x)|* since

e—2m(9+n X (9+n x) e -27i(0+n)-x Zmnx(p(g X) ZmG x(p(g X)
and so
1p(0+n,x)?=¢ (0+n,x)p(0+n,x),

=|p(0+n,x)>=e 2P (0,x) e (0, x) =1p(0, x) |~ (2.2)

3. For g€ S(RY C) we can invert the BFZ transform. One has that for all €
S(R%C),

o(x) = jw 20355, x)d . (2.3)
This can be seen from the following computation

dee‘Z”"e'xqb(Q,x)d0=f[ e 2M0x5(0, x)d0 = f Z e~ 20 my(x — m)do

mEZ

0,1}¢

which, by Fubini's theorem, is

=D Jg A0 (x = m) = p(x).

mez4 ﬁ_/
4. If p€ S(R%C) then (Z)ELZ([—%,%] de;€> since
. o
| [_%%]Wdedx|<p(9,x)| = [, d6dx3(6,%)§(6,x)

=], d0dx Yy e g m)e O g (- )
:L;wddXdQZ e 201 (x — m) @7 (x - m).

Since )" |@(x-m)|Y. .1¢(x—m’)|<co, Fubini's theorem says this is

f def d Qe 20 (m=m) (x m)e (x-m’)

m,m’ N\

~\~
§m— m’

=erdxz e(x-m)e*(x-m) f_ de (x-m)p* (x-m)

m
:||(P||L2(]Rd)-

5. For € S(R%C), we have that p€ C(R?x T%C): Fix € R, x€T% £>0. Then
we then have that for §,, 5,€ R%

@(04_ 51’x+ 52) _ qND(Q,X) — Z (ezm51-(x—m)627ri9-52_ 1)627ri9‘(x—m)(p(x_ m)

mezd
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Since g€ oS’(le; C), we can define a ball B such that
£
Z lo(x—m)| T

. X Zd Be
This then gives us that mes

|(,b(€+ &x) _ @(Q’XN < Z (eZni5l-(x—m)eZ7ri9-6z_ 1)62m'9-(x—m)(p(x_ m)‘

meZ4nB

Z (62ni51~(x—m)ezm9»5z _ 1)62ﬂi9~(x—m)qo(x _ m)‘
meZ4n B¢

+

<

Z (627ri§1~(x—m)627ri9~(52 _ 1) ezm(9~(x—m)(p(x _ m)
meZ4nB

€
+
2

One can then conclude by choosing 8, §; small enough such that the first
term is also smaller than ¢/2. This can be done, since the sum is finite and the
terms are bounded. Note that here we only needed the continuity and decay
of the function itself, and not its derivatives.

6. Defining y,u(x) := e*™™*u(x), one can show that the Bloch-Floquet-Zak
transform extends to a unitary transformation (also called the Block-Flo-
quet-Zak transform) of L?*(R% C) into %, the Hilbert space of L*(T% C)
valued y-equivariant functions, i.e.,

K= {u€ Lo (R L2(T% C)): t(0+n, ) = yuii(6, ), VOER?, ne Z4).

This is similar to how the Fourier transform extends from §'(RR¢) to a unitary
transformation on L?(R%). The above Hilbert space can be endowed with the
scalar product

(u, v)ygyzzdedG(ﬁ(e,.),0(9,.))L2(Td):dedGJTddxﬁ*(G,x)ﬁ(G,x),

and with the norm

1/2

lullg, = (fwdellﬁ(é, -)||§Z(Td)>“2= (dedQLTddxm(Q,x)F) .

The inverse BFZ transform is explicitly given by

(ki) (x) = [_ A0 50(6, x).
See [MP14] for more details.

Next we have a lemma that describes the regularity of the BFZ transform of a func-
tion with the regularity of a classical solution to the Schrédinger equation.

Lemma 2.2. Let o€ C(R; HX(R%C)) n CY(R; L*(R%;,C)), then p€ C(R; LE (R4 HY(TY,
C)))nC'(R; %#,). Furthermore, one has that

3ip(t) =3:p(t) (2.4)
Ao(t,0,x) = (A, 47 0)* - 47i0-V,) (1, 0, x) (2.5)
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and
(Ap)*(t,0,x) = (A — 41?07 + 47i0-V,) ¢’ (t, 0, x) (2.6)
as functions in 7.

Proof. First, we have that since Ugg; is a unitary transformation, it is a bounded
linear operator from Lz(]Rd; C) to Hy, so in particular, it is a continuous linear oper-
ator. Hence using the linearity and continuity, one has that

m Usrzo(t+ h) — Usrzo(t)

0:p(t) =0:Uppzp(t) = %Lo >
=lim UBFZ(M)
h—0 h

Ui i P =D ) Ui 000)) =85

The unitarity of Uppz also immediately implies that ¢ € C'(R; #,), since 9 € C'(R;
I*(R%C)). Next, we will show that $€ C(R; L% .(R% H(T%C))). One can proceed
by computing that for ¢(t) € H*(R%C), ¥ € C°(R%C), j€{1,...,d}

[ oV (0t x)dx= [ ¥ (x)vi(t.x)dx=-

TdxTd

()" (6, x)9(t, 0, x)dOdx

where v;(t) = d,,¢(t) weak is the unique function in C(R; L*(R%C)) that satisfies
the first identity, and V;(t, 0, x) is its BFZ transform. The left hand side can also be
written as

fRdaxj¢*(x)¢(t,x)dx= dede(a;:l/;)*(Q,x)é(t, 0,x)d0dx

since one has an explicit representation for the BFZ of 9, 1/, this is

de Td(p(t 0,x) Z g 2ri0-(x=mg W (x-m)

mezZ4

which by the chain rule is
=erx d0dxp(t,0,x) ( Z e 270 Cemm) e (5 — m))

mez4

- erxwdedxgb(t, 0,x) Y ay(e 0Oy Y (x— m)

mez4
= B(40,2) (3 () (6,%) + 27i6)(§)"(6,x))dOdx
Hence for all t€R one has

erxw‘i’(t’ 0, x)0x( l/~/)*(9, x)dOdx =

= [ L8 6.2) + 2702, 6,) | ()" (6, x)dOdx
Since V;(t) and 27i0;¢(t) are functions in #, for all t€R, j€{1,...,d} one writes
Ay, (t) =V(t) +27mi0;p(t) weakon 7,
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One deduces that € C(R; L}, (R%; H(T%C))). Rearranging it, one has

Vi(t) = a;@(t) =0y,@(t) - 27ib;p(t) weak on 7,

Hence
Vi(t)
Vo(t)=v(t)= =V(t) - 2mibp(t) weakon 7,

V(1)
and by conjugating, one has

(V@) (£) = 7 (£) = V()" (t) + 27i6($)" (1) weak on 7,

Similarly one can deduce that € C(]R;leoc’g(]Rd; H*(T%C))). For j, ke {1,...,

Y € CX(R%C)

27

(2.8)

d} and

f 0(£,%) 02 Y (x)dx = f]Rdvjk(t,x)l//*(x)dx=erﬂrdfljk(t, 0,x) () (6,x)d0dx

where vj(t) is the unique function in L*(R%C) that satisfies the first identity, and
Vir(t) is its Bloch-Floquet-Zak transform. The left hand side can also be written as

[ ot 003y (x)dx= [, 5(t6,x){0,949) (6, x)d0dx

- dededexgb(t, 0, x) (3(3x) (0, x) +27i0,(35, %) (6, %))
and using equation (2.8) above, one has

=], d0dxi(t,0,x) x

x (a,%jxkg}*(e, x) + 2ﬂi9k8le}*(9, x) + 2ﬂi9jaxkl}*(9, x) - 47129]-9“}*(9, x))

Now, we use that

dedededxq)(t, 0,x)3,Y (0,x) =~ dededde(ﬁj(t) +27i0p(1)) ¥ (6, x)

To write the above as
[, 40dxp(L,6,x)9% 0 (6,%)

—Znijwmdedx(@k(f/j(t)+2ni9j(f)(t))+9(vk(t)+2m€k<p )Y (6

—ar? [ d0dx60(t, 6.x) P (6, )
Hence
[ d6dxi(t, 0,087 (6,x) =

f%wﬁjk(t, 0,x) () (0,x)d0dx

+271:ifT T d0dx (Or(v(t) +27i6p(1)) + 0;(Vi (1) +27Ti9k¢(t)))l}*(9,

+dr jw d0dx0,0,9(t,0,x) ' (6

x)
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from which one deduces that € C(R; L (R% H?(T¢ C))) and one has that
82, @ (1) = (1) + 2i( Ou( (1) + 2mi0p(1)) + O((1) + 27iH(1)) ) + 47260, 1)

weak on Z,. Hence
AG(t) =" (Ty(t) +2mi(G,(F(t) +27i8p(1)) + O(F,(1) + 271G (1))) + 47 (1))
j =Y (Vy(t) +2mi(20,7,(t) + 4mi6?p(t)) + 4w 07 (1))
=3 (V(t) + 4mifyy(£) - 820} p(t) + 420} ()
j =) (1) + 46y (t) - 4m*i6} (1))
Finally, plugging in the eXJpression for ¥(t), this is
=) (Ty(t) +4mif (0, G (t) - 2mib)H(1)) - 4m2i6p(t))
=Y (1) +4mifd, @ (1) + 8267 p(t) - 4 if} (1))
j =Y (1) + 4mifd, o (1) + 4?07 (1))

Rewriting it, one has !

Z V(t) =A@(t) = Ap(t) - 4m%012p(t) - 4miO-V,((t) weak on F,
J
which is equation (2.5), and complex conjugation yields equation (2.6). O

Remark 2.3. Alternatively, one could compute directly for g€ (R%C) that

qu) 9 X)_ Z eZm@ x-m)A QD Z Z eZmG (x-m aazc]xj (X)

mez4 j=1 mezd
d d
:Z axj( Z ezme-(xm)aquo(x)) —Zﬂiz 0; Z ez”ie'(x’m)aquo(x)
J=1 mez! j=1  mezd
d
:Z ayquj( Z e m)(P ) Zﬂlz 98 ( Z g2t (x=m) )
J=1 mezZ4 mezd
d
_zmz anj( Z o 2mif-(x- m) ) 4”22 92 Z eZﬂi6~(x—m)(p<x)
mezZ4 j=1 mezd

d
—Z 92.9(0,x) —4mZ 005,@(0,x) —41*) " 674(6,x)

j=1 J=1

=A,p(0,x) - 4mif-Vep( 0, x) — 4% 01*p( 6, x),
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and make a density argument using the unitarity of the BFZ transform. One might
shorten the computation for the second derivative by recursively using the compu-
tation for the first derivative.

Definition 2.4. Let p€ S(R%C). For 6, xR define the classical Bloch-Floquet trans-
form ¢ of ¢ by
(Uap)(0,%):= ) e Mp(x—m) (2.9)

mezZ4
One has that

(Urrz9) (0, x) = €™ (Ua9) (6, %)

Remark 2.5. Note that % ¢ is Z%periodic in 6 and Z‘-quasiperiodic in x. For
certain applications, it is more useful to work with %, than with %g;. The two
operators can be related by a unitary operator, and have the same spectrum. See
Remark 1 of [MP14] for the details.

We list some useful properties of % ¢ here:

1. One has the following inversion formula for p€ S(R%C):
o(x) = [ 40(%ag)(0.%).
2. (Plancherel) One has for ¢;, p,€ S (R%0),

| 48] o 85 (Yaa) (0 (W) (8:3)

:J‘Tdde.].[_%%]ddx Z e—2m‘9~m¢1<x - m) ezme‘m'(%(x_ m')

m,m'€Z4
=[ . 4x Y G- m)gi(x—m)= [ dxgi(x)gi(x).
1 - R
One can extend %, to a unitary map from L*(R%;,C) — L},. . (R% L5(T%C)).

2.2 The Wigner and rescaled Wigner transforms

We recall the definition of the Wigner transform for ¢€ L*(R%C): for x, keR?

- 2mik-y _z « z
W,(x,k): I]Rde (p(x 2)(p <x+ 2)dy

This defines a real-valued function on R%¢,

Lemma 2.6. Assume p€L*(R%C). Then W, € L™(R?*®) n L*(R*®). Furthermore,

[ Wy k) =190k [ dkW(x.k) =lp(x)P (2.10)
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almost surely.

These are well-known, but we include a direct proof below for the reader's conve-
nience.

Proof. We first show (2.6). To see this first assume @€ §(R%C). Then

f dxW,(x, k) = f deRddyez’”ky(p< y)(p*(x+%)>.

Perform the change of variables: u=x- 1 SVEX+S Y Then x="", y=v-u. The Jaco-

bian of this transformation is 1. Hence We rewrlte
LRddeq,(x, k)= dedufRddvez”ik'(V’“)Q(u) @ (v)
= [ due ™ tdug(u) [ dve?™ g (v) = 1p(k)P
Next, consider for € (0,1],
= fRddke‘EZ'k'ZW(p(x, k)= f[Rddke‘fz‘k'zf]RddyeZ”ikWp(x - %) qo*(x + %)

By the dominated convergence theorem, since |e'52'k'2W¢,(x, k)| <IW,(x, k)l € Li(R?)
we have that

liml,(x) = [ dklime™" "W, (x, k) j}Rdde(,,(x, k).

e—0 e—0

By Fubini's theorem,

B IRddYQl?(x - %) @ (x + %) fRddke‘EZ”‘k‘zeZ”ik‘y

:g—df]Rddy(P<X—%)(p*(x+%)e_%ly\zz I}Rddz(p<x_%) (p*<x+%)e_”lz‘2.

Putting this together,

dedeqo(x,k)ﬂigéIE(x f dzhmq)(x__)q,*(“%)e_m

e—0
=g (x)* fRddZE’”‘Z'2= lp(x)I.

One can then use a density argument to extend this to € L*(R%C).
To see W, € L*(R*?), we compute

|W¢,(x,k)|=|fRddyez”ik'y(p<X—%)<p (x+%})| f y| ( )(p*<x+%)|.

By using the Cauchy-Schwarz inequality, this is

<(futo(==3)[) " (Judrlo (x+3)[) <ot
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For the L? bound, consider p€ & (le; C). Then

] 8 0 0

iy e ke v ox-F)o - )

e—0 2

_1; rik-(y-z) ,—e*mlk|?
=lim Rddxfﬂddkfwdyfwdzez (y=2) gerlk

e—0

oD e+ e Delx+3)
By using Fubini's theorem and the dominated convergence theorem, this is
i oz (e Do (Do (ol
w0, ], e 2o ()
o (x-3-2)o(x+2+3)
[l o e o P
(e3Pl 1)
=Juds [ e (=)l (x+3)f
=fRddx|<p(x)I2fRddyI¢*(x+ I
= [ Axlo(x)PllE:= it 0

In kinetic theory, we pass from microscopic scales to macroscopic scales. As
explained in Chapter 1, an important object in quantum kinetic theory is rescaled
Wigner function W* from expression (1.4). As we will subsequently explain, one
can equivalently work with the following definition:

. ik I x St x
Wi (k) 1= Wy (k) = [ (555 o (5545 )ay 211)

Note that this differs from expression (1.4) by a factor of 7.
Defining the scaling operator S.f(x) = f (g), one has

I1Sef l2(ray = €d/2||f||L2(1Rd), ISef llzoway = 1 f ll ooy

o(z)

So. writing S, .f (,x,k) := f(+,%, k) one has

e e’
_ g2 2

LZ(]RZd)

t
IWEOlzaen = IS0 Wl Dllzgren = £ W £

I2(RéC)
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On the other hand

2
<

L= (R%)

t
W ()l ety = 1o Wy (£l = H Wq,(;)

(%)
\e
An important aspect for problems in kinetic theory is the following: one wants to

move from microscopic scales to macroscopic scales, and one needs to specify initial
data that interpolates between these scales. For instance, if one fixes a microscopic

I2(REC)

data @ € C°(RY) supported in B;(0), then on the macroscopic scale this looks like
Pe(x) = ( ) which is supported in B,.(0), and disappears in the limit.

Hence, in order to have a non-trivial macroscopic limit, one should not consider
W, (x, k) for a fixed g€ L*(R% C). Instead, one needs to consider W (x, k) for a
suitably chosen e-dependent family ¢, (x).

Example 2.7. (WKB family) Let

0:(x) = h(ex) eSEe
for h,S€ S(RY). Here

Ieli= [ dxlh(ex)= e Al o,
One then has that for any f € §(R?9)

lim | dk f AW k) £ (x,K)

e—0

=lim | | kf dx[ dyeron(x-2 )h(x+%)ez’”'f’l<5<"‘%>‘5<’”%))f(x, k)

Now, since S€ §(R?), one has that S(x—%) —S(x+%) =—£ey-VS(x) + O(£?), so this is

=lim | dk [Rddxfwdyez”i(k‘vs(x))'yeo(g)h(x—%)h(x+%)f(x k).

e—0

By using Fubini's theorem and the dominated convergence theorem, this is

=lim dxf dye” ~2mivS( ")yeo(f)h( )h(x+—)d*f x,-y)

e—0

f |h dej dye 27nVS(x)y9f(x y

- [ JGo)Pdxf (x9S (x).

This computation shows that W, (x, k) converges as a tempered distribution to a
positive Radon measure |h(x)|*8ys(x)(dk).

Example 2.8. (Mixture of states) Let us now introduce a source of randomness into
the initial family, via a Gaussian random vector q in R¢ with independent entries,
and for some h€ S(RY) let

@:(x,q) = h(ex)e*™™,
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Here for any g€R?,
llo:(-, q) 132 = f]Rddx|h(£x) |°= g_d||h||i2(]Rd).

Now, defining the rescaled Wigner transform to average over the source of random-

ness via
Wi k)i= [ dge ™t gi(Z+ 2 q)p(2-2q),
one has

lim Wy, (x, k)

e—0

_I1m ]Rddyfwdqe 22 ezmk'yh<x—%)h(x+ €2y> ~2nmiq-(X+ y) 2mig-(3-5

=limj dyez’”kyh( ) (x+—)j dge” %qze—zﬂiqy

e—0

:Iimzd/ZfRddyez”ik'yh<x - %) h(x + %) e,

e—0
By the dominated convergence theorem, this is

ik

=|h( ) lemzd/zj dyeka ye—Zﬂ\y\ |h( )| —
pointwise. This implies convergence in L?(R??) and L(R??) of W

For the limits of other important families of initial data, see [LP93].

For families ¢, such that e 2| el préc) < C for some C that is independent of ¢, one
has that the rescaled Wigner transforms W, are uniformly bounded as tempered
distributions, i.e., for any f€S§ (]Rd), and

‘Pf’f> C

uniformly in . One can thus take weak limits along subsequences, and one can show
that any limit obtained must be a positive Radon measure. For instance, in [LP93],
the authors identified the Banach space

o :={f€ Cy(RIxRY): Ff (x,£) €L'(RE Co(RY)) ), (2.12)

which is a Banach algebra when equipped with the norm

1F4f L= [ dEsuplFif I(x,€).

x€R4

They show in Proposition IIL.1 that for ¢,(x) = u.(ex), with [|ul2rec) < C that

W)= [ (2 D)o (2 D)o

S e
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is uniformly bounded in &*. We include the explicit computation below for the
reader's convenience. For §€ &/ consider

| o dxd W (. k) p(x, ) = | o dxdk | e (x- %) u(x+ %)dygb(x, k)

=fRddfoddyug(x - %) HE(X + %)9@(3@ -¥)
Hence

ek W e R g )

w3 Ju(xe )

(@78 —
<[t n o J

1/2

szddstC;g |Frdl(x,-y) (fRd| T%ug|2(x)dx> 1/2(LRd|T_%u€|2(x)dx)

f dy sup |Fidl (x, —y)luell < Cyll 32
x€R?
In Theorem IIL.1 of [LP93], they show that any limit point of such a family { W;; }.¢(0,1]
is a positive Radon measure.
They also show conditions for the convergence of the energy. For other related

early results on rescaled Wigner transforms and their limits, see [GMMP98]
and [Gér9o0].

Remark 2.9. There are some alternative definitions that one can find in the litera-
ture. Each of these definitions interpolates between the microscopic and macroscopic
definitions in slightly different but ultimately equivalent ways.

For instance, in [EY99], the authors work with expression (1.4), which we intro-
duced in Chapter 1.

€ ._ o—d _tf
We(Lx, k) i=e an(g,g,k),

t
<ozl
L®(R2%) £

In this case one has

IWEN(E) 1o ey = Hw( )

2(Ré:C)
and
c _ ik I x t x
”W (t)”iZ(]de) =€ de]Rddk ]Rdde]Rddyez ky(p(z ;—%> (E z‘i‘ g)
_g-df dkj de dyez’”ky(p( x—g)q;( y)z
=9 = T
\ e ) llzmeey IZ(R4C)
o 6| I VU6 |
LZ(]RZ”’) &/ lL2(R, C)
One has that

¢ t
|| Wlpl’ (t) ”Ll(le‘i) = H W(p(;)

bl
Ll(]de)
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but the RHS cannot be controlled using the L*norm of ¢. This inequality is thus
not very useful for quantum mechanics, but has some applications in areas of time-
frequency analysis. Another definition one can find in the literature (for instance
in [Gom13]) is, for ¢,€ L*(R%C),

Wre(t, x, k) := fwezmk'y<pg(t, x- %) (p’;(t, X+ %)dy

_-d [ 2me 'k AP AV T k
=¢ I]Rde ie zq,g(t,x—g)(pg(t,x+§)dz—e W(Pg(t,x,z).
Once more one has that

Wt () ey = €N W, (D)l (reay < €@ () 72y

and
W2E(1)|? =¢ 2| dk| dx|w, |t \[ 2 o dk| dx|W, (t,x, k)P
W, () Iz (reay = € fRd f]Rdx | bX | =€ fle f]Rd x| W, (L, x, k)l
=& I W, ()12 (eay = € N0 (1)l wac)-
Hence

IW2E () lrzredy = € “Ple ()22 gesc)-

Finally, W, (£)llp ety = | Wy (£) 12 reay.

We conclude this section by considering the time evolution of the rescaled Wigner
transform associated to the solution of the linear Schrédinger equation with a non-
zero potential term. Assume @€ C(R.q; H3(R% C)) n C}(R.; L*(R%; C)) satisfies the
linear Schrodinger equation (1.1). One has from (2.11) that

- t x St x
oWi(x k)= [ oo 5o e (2503

_ ikl o - t x . X
e e a5 ) w2

- k- It x y - St X y) Xy *<tx y))
1 2 ky - r_r _ 2 e e .
+& LRde (p(g,g 2)( ie Ax<p(€,g+2 +)LV<€+2)(p g,€+2 dy.

Noting that

the terms with the Laplacians are

. -1

¥ emiky (E E_X> *<Ef Z)
1 Jrd Ayp e 2 ¢ £’£+2 dy

. -1

_¥ [ emiky (_t x_Yy
4 JRde ¢ e 2
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Integrating by parts in y and using the product rule, this is

1

3 ie” o2k tx y
v YL y¢( “EW’

+—2nrkf e2mik-yy; y(p<

:—ﬂk-VxW;(t, x, k).
Finally, the potential terms are
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e f e (D) VAR EFo (543)

Formally, using the Fourier transform, V(x) = [, eZEXV () one has that this is

l

=il dEV(&)ermEx
[ ey 12yt x

X
€
:i)tg‘ljwdfff(f)e””15"‘( qu( t, X, k+§) - W (t x, k- 5) )
Hence, W satisfies the PDE

oW, + k-V, W = i/’lg"lJ.]Rddff/(f) ez’”gl-f'x( W(;(k+ g) - I/V;(k - g) )

(2.13)

This equation is known to conserve the L*-norm. Formally, this can be seen by mul-

tiplying this equation by W, and integrating in x and k. One has that
1
j o kW (8,3, ) W (1%, k) = S0l Wil ey
7 [ Axdkk VWS Wy == [ dxdk Wy kv Wi =0

and

ile! f . dxdk j AV (&) eszls‘xwg(t, X, k+ %Z) WE(t,x, k)

Hence
IWE ()l 2qreay =1 Wig (0) [l z2(geay-

—ile! fRdexdkfwd§V(§ 2T EXWE (1 x, k)Wf(tx k- 5).
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In certain situations, the weak limits in L*(R*?) of the solutions of W as ¢ — 0 are
known to satisfy the linear Boltzmann equation, for which the L*-norm preservation
property above does not hold. See for instance [Gom13], where the mixed states
from Example 2.8 are used for the initial data.

2.3 The linear Boltzmann equation

In this Section we will collect some important aspects of the well-posedness theory
of linear Boltzmann equations. Let y1 be a positive Radon measure on R¢ with p({0}) =
0 and supported on the closed set V. Let t€R,,x€R? k€ VcR? and consider

of (t,x, k) +k-Vif (t,x, k) = fvdp(l)K(l, kKY(f(t,x,])-(f(t,x,k))) (2.14)
with initial data f(0,x, k) = fo(x, k). The function K will be referred to as the collision
kernel. Equation (2.14) can be rewritten as

of (t,x,k)=Tf(t,x,k) (2.15)
with initial data fy(x, k) and T=A+ G- L where the terms A, G, L are the “transport”,

“gain” and “loss” terms which we now define.
A:=-kV,.
Gf (t,x,k) :=de,u(l)K(l,k)f(t, x,1).
The “loss” term L is defined as the multiplication operator with the following func-
tion:
L(k) = (fvdy(l)K(l, k)).

Our primary references for this section are Chapter XXI of [DL12] for the theory of
linear Boltzmann equations, and the book [EN00] for well known results from the
theory of semigroups. We will focus here on the L' and L™ theories, as this will be

required in Chapter 5.
We make the following assumptions:

1. L and K are measurable with respect to the measures dy and du® du respec-
tively.

2. K=0, and there exist M such that

sup fVK(v', v)du(v)sM (2.16)

vev
Next, we introduce some definitions from the theory of semigroups.

Definition 2.10. A semigroup on a Banach space X is a family of operators S:R, —
L (X) satisfying
2. S(t+5)=5(t)5(s),Vs,teR.,.
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Definition 2.11. A 6,,-semigroup or strongly continuous semigroup on a Banach space
X is a semigroup S(t) such that Vx€X,

t—0
1S(t)x - xllx — 0.
Definition 2.12. Let S(t) be a 6,-semigroup on a Banach space X. Let
D(T)= {xEX:Iimmexists}.
t]o t
The infinitesimal generator T: D(T) — X is defined by

Ty lim DX =%

in ; , x€D(T)

Definition 2.13. Let S(t) be a 6,-semigroup on a Banach space X. The adjoint
semigroup associated to S(t) is the semigroup on X* formed by the adjoint operators

{5(1) }i=0-

Definition 2.14. Let

D(P) = {yEX*: Vx€eX, <lim &ty_y, x>exists}

t—0

The weak« infinitesimal generator of a weakx-continuous adjoint semigroup S*(t) is
defined to be the map P: D(P) — X" defined by

P(y):=lim DY

t—0 t

Remark 2.15. The adjoint semigroup is always weaks-continuous, in the sense that
for

‘fx,y(t) = <S*(t)y’x> = (J/:S(t) x>;
the maps

t— &y (1)
are continuous for all x€ X, y€ X*. One has that
D(P)={y€X":3y €X":(y,x)=(y, Tx)Vx€D(T)}
and P=T" where T is the generator of the 6)-semigroup S(¢) whose adjoint semi-
group is S*(t). See section 2.5 in [EN00] for a discussion of these facts.
Definition 2.16. Let 7>0. Let T be the infinitesimal generator associated to a 6,-
semigroup S(t).

1. A function f € C*((0,7); X) n C([0, 7]; X) is called a classical solution in X to
equation (2.15) in [0, T] with initial condition fy€ X, if f(t)€D(T),vt€ [0, 7],
f(0)=fy and (2.15) holds vt € (0, 7).
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2. A function f € C([0,7];X) is called a mild solution in X to the linear equa-
tion (2.15) in [0, r] with initial condition fy€ X, if for all t€[0, 7] it holds that
fo s)ds€D(T) and

= Tfotf(s)ds+fo.

Clearly, classical solutions are mild solutions.
Let us first consider in this subsection the Banach space X =L!'(R¢x V;dx x du). For
@€ CZ(R¥x V), define

Z(t)o(x,v):=p(x-vt,v).
This can be extended to a 6)-semigroup on X with
I1Z () @lix =ll@llx
and the infinitesimal generator of this group is A with the domain
D(A)={u€eX:3v-VueX}.

Now for the perturbation result, which is Proposition 2 in [DL12].

Proposition 2.17. Let A be the infinitesimal generator of a 6,-semigroup in X,L€
L°(R¢x V) and GEZL(X). Then T=A+G-L,D(T)=D(A) is the infinitesimal gener-
ator of a 6,-semigroup in X.

We now check that G€ Z(X):

IGollx= [, dx [ du(k)| [ du() K (L K)p(x, D)
By assumption (2.16) this
M| x| du(Dlg(x, i< Migll.

Combining Propositions 6.2 and 6.4 in [EN00] with Proposition 2.17 above, we con-
clude that for every fo€X, f(t)=S(t) fo is the unique mild solution in X to the linear
Boltzmann equation. Furthermore, if f,€ D(T), the mild solution is a classical solu-
tion.

Define T*:= A"+ G" - L with domain

D(T"):=D(A"):={u€X:v-VueX'}.

i.e., the elements u in X" whose weak derivative Vu satisfies the property that v-Vue
X,

Definition 2.18. We say that for >0, f € C([0,7]; X) is a weak solution in X to the
linear Boltzmann equation (2.15) in [0, T] with initial condition f,€ X if

(0. (0) = o 0(0)) = [T AEf (1), 3+ T (1)) (2.17)
forall g€ C*((0,7); X*)nC((0,7); D(T*)) n C([0,7]; X*).
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Lemma 2.19. A function f € C([0,7];X) is a mild solution in X to the linear Boltz-
mann equation (2.15) in [0, 7] iff it is a weak solution in X to the linear Boltzmann
equation (2.15) in [0, 7] with initial condition f,€ X.

Proof. Assume f € C([0,7];X) is a mild solution. Let € C*((0,7); X*) n C((0, 7);
D(T"))nC([0,7];X"). Then for any t€ (0, 7)

t<f (1)) =0,(S(t ﬁ), t))= at<ﬁ), (B)oe(t))
=(fo. S () (T"+0:) (1)) =(S(t) fo, (T"+3:) (1))
=(f (1), (T"+3,) p(1)).

Integrating in time we see that f is indeed a weak solution. Now, assume f is a
weak solution and consider r(t) = f(t) - S(t) f,. Since we showed mild solutions
are weak solutions, r(t) is a weak solution with r(0) =0. Let € D(T") and assume
@(t)=S(r-1t)y. Clearly, p€ C'((0,7); X")nC((0,7); D(T*)) n C([0,7]; X*). Now

Bup(t) =S (r= )Y ==T"S (= )Y =-To(1)
so (T*(t) +9;)¢(t)=0. Hence one has that

(r(7), ¢(7)) = (r(0), 9(0)) =0=(r(7), ¢(7)) =
But ¢(7) =1 and so

(r(t), ¥)=0
for a dense set of 1 in X*. Hence r(t) =0 and so the weak solution f(t) corresponds
to S(t) fo, the unique mild solution in X. O

Corollary 2.20. Let 7>0. There exists a unique weak solution f(t) € C([0,7];X) to
the linear Boltzmann equation (2.15) in [0, t] with initial condition f,€ X.

Now, we will work with the Banach space Y =L*(X x V;dx xdy). The point is that
cannot have an analogue of Proposition 2.17 on Y, i.e., the transport operator does
not generate a 6)-semigroup on Y. Hence we cannot use Proposition 6.4 in [EN00]
to conclude the existence of mild solutions in Y. Despite this, we will use the fact
that we can construct @,-semigroups on X with weaks-continuous adjoint semi-
groups on Y, and use this to define a weak solution on Y.

Definition 2.21. Define

Cy([0,7];Y):={f:[0,7] = Y:t—(f (%), ¥)iscontinuous V¢ € X }

Definition 2.22. We say that for >0, f€C,,:([0,7];Y) is a weak solution in Y to the
linear Boltzmann equation in [0, r] with initial condition f,€ Y if

(F(D),0(0) = for 0(0)) = [ dEF (1), 3+ T (1)) (2.18)

forall pe C*((0,7); X)nC((0,7); D(T*)) n C([0, 7]; X).
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Note that in this definition, the test functions take values in X, and not Y*.
Let us consider the dual equation

af (t,x,k)=T'f(t,x,k) (2.19)

on X, with T"= A"+ G" - L as before. This generates a 6,-semigroup S,(t) on X via
Proposition 2.17. There is an associated weaks-continuous adjoint semigroup S;(t)
on Y with infinitesimal generator Q on the domain

D(Q)={y€Y:3y e Y:(y,x)=(y, Tx)Vx€X}.
In particular, for ¢ € D(Q) one has that there exists ¢’ € Y:Vge€ D(T")
(¢.9)=(A g = dxdu(k)p(t,x,k)kVeg(t,x, k)
Integrating by parts, we have that
¢’ =-kVip=A¢
and so on D(Q) we have that Q=T.

Proposition 2.23. For any 7 >0, there exists a unique weak solution in Y to the linear
Boltzmann equation in [0, 7] with initial condition fy€Y.

Proof. (Uniqueness) Assume that there are two weak solutions f, f with initial
condition fy. Then their difference r=f - f" is a weak solution with initial condition
0. Hence

(r(2),0(1)) = [[dKr(2), (3+ T)g(t)

for all p€ C'((0,7);X)nC((0,7); D(T*))nC([0,7]; X). Since we have existence and
uniqueness of mild solutions to equation (2.19) in X, let us consider ¢(t)=S,(7-t) ¢
for some Y€ D(T"). Then ¢(t)€D(T"),vt€[0, 7] and for t€ (0, 7) one has that

9p(t) =0:Sp(T-1) Y ==-T"S(r-1) Y =-T o(t).
Hence (9;+ T*)¢(t) =0,Vt. This implies that
(r(7), (1)) =(r(z), ¥ =0.

By a density argument, r(7) =0, and since 7 is arbitrary, r=0 and we have unique-
ness of weak solutions.
(Existence) Define, for Y € X,

(fF(0), ¥y :={fo, Sa() ).

The map t — (fy, S2(t) ) is continuous. We now check condition (2.17). Let g€
C'((0,7); X)nC((0,7); D(T*)) n C([0,7];X). Consider

(F (1), B+ T) (1)) = fo, S2(1) (3 + T") (1))
Now since € C((0,7); D(T*)) nC'((0,7); X) one has

%(Sz(t)qv(t)) =52(8) T"(t) + S2(1) 9 (2).
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So
(), @+ T)p(t) = <ﬁ> Sa(1) @(1))-
Integrating in time, we have that
J A (@), (@ (D) = (o ST 0 (7)) = (o 9(0))
=(f(1), (1)) = (oo 0(0))

Hence we have verified that f is a weak solution. m

Lemma 2.24. Let 7>0. Assume that f€C,,([0,7];Y) satisfies

SO0~ =[[ds(f(5), T'y),  vyeD(T),

Then f(t) is a weak solution in Y to the linear Boltzmann equation (2.15) in [0, 7] with
initial condition fy€Y.

Proof. Assume ¢€C'((0,7))nC([0,7]). Since for all € D(T*) we have

SO = So )= [ dSCF (), T'9),

we have that for a.e t€ (0, 7) that

d *
TLOH =@, T,

Furthermore, for a.e t€(0, 1),

%(sf)(t)(f(t), YN =¢ (O (), )+ () f (1), T'Y)
Integrating in time,

(D), S~ (o $O) ) = [[dEF (1), @i+ T)$(1) ),

and hence we proved the statement for ¢(t) = ¢(t)y € C*((0,7); D(T*)) n C([0, 7];
D(T)).

Now, let € C'((0,7);X)nC((0,7); D(T*)) nC([0,7];X). For an arbitrary interval
[a,b] < (0,7) we have that o€ C([a, b]; D(T")),d:p€ C([a, b]; X). For any £>0, ¢
can be approximated by functions of the form p,(t) = ij\fl $i(t)y; with ¢;€ C'((a,
b))nC([a,b]) and ;€ D(T") such that

sup [lo(s) —pe(s)lx< Ce, sup [19:¢(s) —9p:(s)lx < Ce
d s€[a,b] s€[a,b]
an

sup 1T (s) - T"p.(s)llx < Ce
s€[a,b]

for some constant C>0. By construction of p,, it holds that

(F(B),pe(B) = (f (@), pel@) = [ K F (1), 31+ T)pu(1))
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and using the above information, one can pass to the limit in ¢ to get

(F(B),p(b) - (f (@), (@)= [ A F(1), B+ T p(1)).

Now we show the continuity of the map t— (f(t), ¢(t)). By the continuity of ¢t —

(f (). ¥,
sup [(f (), )< 0.

te[0,7]

By the uniform boundedness principle, sup;ejo - lf ()lly < oo. Now, choose #, t5: |t, -
/< 6 and one has

(f(t2), @(L2)) = (f (1), p(t1)) ([ (L2), 0(11))
=(f (£2), @(t2) = (1)) + (f (£2) = f (1), (1))

and one uses sup;efo,-] I f (¢)lly < oo and the continuity of ¢ for the first term, and the
continuity of the maps t — (f(t), ) for all ¥ € X for the second term.
Finally, one can take limits a0, bt to get that

(F(D).0(T) = (oo (0 = [ A1 F (1), 8+ T (1)),

thus showing that f is a weak solution. m

Remark 2.25. In the work [EY99], one encounters a linear Boltzmann equation
written in the form

of (t,x,k) + k-Vif (£, x, k) :fRddlﬁ(l—k)5(|l|2—|k|2)(f(t,x, D-f(t,xk)).

where R€ &(R?) and initial condition f; € .Z.(R??). The initial condition requires
the notion of a measure-valued solution to the linear Boltzmann equation. However
note that the RHS does not make sense if f(t)€.#(R??), since we would be multi-
plying two measures.

The way to interpret the above equation is by duality. Above we introduced the
idea of duality using (Y, X) = (L*(R??), L}(R??)). Here one requires (Y, X) = (/ (R*?),
Cp(R%%)) and one needs to understand also the equation by duality. Consider

of (t,x, k) =T"f(t,x, k)

where T"=k-V,+ G- L". The adjoint of the gain operator is given by
Gf(t,x, k)= fsd_ldle(l— k) f(t,x,1),
k|

and L' is the multiplication operator defined by multiplication with the function
L' (k) with

L'(k)y=|  dIR(I-k).

(k)= [ AIRCL= K

One can then check that this defines a %,-semigroup on C,(R??), and then give a

notion to weak solutions on .# (R??) by the duality arguments introduced above. For
more details on this see the end of Section 3 in Chapter XXI in [DL12].
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2.4 The sewing lemma

Rough path theory was a theory originally developed by Terry Lyons ([Ly098]) as an
alternative to Ito's construct solutions to SDEs. Recall that almost every realization
of a standard Brownian motion is Holder continuous with Holder exponent less than
%. Unlike Ito's theory, rough path theory uses this Holder regularity and certain
algebraic conditions in order to construct an integral solution to SDEs.

In this section, we first explain the statement of the sewing lemma in the real
valued case, and provide a toy example of how we intend to use it in order to take
kinetic limits. First, imagine that one seeks to give a meaning to the formal expres-
sion

T
1(T)=1(0)+f0 Y(£)dX ()
when YE€C*([0,T]) and X€C'((0,T)), for >0 . We could write 8I;,:=1(t) - I(s) as
5Ist:fStY(T)X(T)dT=LtY(s)X(T)dT+Lt(Y(T)— Y(s)X(r)dz

=Y (s)0X+ 1y
where
ra= (Y (1) - Y ()X (r)dr.
One has
Irgl < sup |Y(7) - Y(s)|6X, < Clt—s|**®

T€[s,t]

which vanishes by the continuity of X, Y as |t -s|— 0, hence |ry|=0(|t - s|). Hence,
for A, = Y,0X;; we have an equation of the form

Ol,=Ag+ry, [rsl = o(|t—s]) (2.20)

The sewing lemma says that if the “germ” Aj, satisfies certain conditions, then there
is a unique combination (I, r) satisfying the equation (2.20).
Let us define the simplices
N%:={(s,1):[0, T]*s<t},
and
As:={(s,u,t):[0,T]*s<us<t},
Denote A?*:=A3,A*:=A3. For A€ C(A%) and (s, u, t) € A define
5Asut =Ag— A~ Aur.
Next, recall the definition of the Holder seminorm
As
hAll = sup 20 1SAl=  sup

—_qr
(s,t)EAZT,s<t|t S| (s,u,t)€A3T,3<u<t

|5Asut|
|t -’

and the Banach space of Holder continuous functions starting at 0:

Cr([0, T]):={f € C([0, T]):Illfllly <o, £(0) =0}
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with norm | 1, =[l|flll,. Define
CHP(AT) = {A: C(AT), Ay=0,YtE€[0, T], | Allepi=IAlll + 16Alllp < oo}
Theorem 2.26. (Sewing lemma) Let 0< <1< 8. Then there exists a unique continuous
map I: C*P(A%) — C*([0, T]) such that (IA),=0 and
|84t(IA) = Ayl < Cylll SAlllgt - 517,

where Cg is a constant that only depends on . Furthermore,

#P-1

(TA),= lim Z Ast

along arbitrary sequences of partitions &P of [0, t] with vanishing mesh size.

This version of the sewing lemma is due to [Gub04]. For a proof, see Theorem 4.2
in [FH].
Remark 2.27. Defining ry;:= §;,(IA) - Ay, one has
I7sdl < GylllSANlglt ~ 1.
We see that
5rsut == Vsy— Ty = _Ast + Asu + Aut = _5Asut (221)
Putting this together, one has that
llIrllls< CalllSrlllg (2.22)

Remark 2.28. The sewing lemma applies to the germ in equation (2.20). Taking as
a germ

Ast: Y55Xst
for X€C'((0,T)) and Y€ C%([0, T]), with a >0, we have for (s,u,t) € A that
5Asut = Ast - Asu - Aut = Y55Xst - Y;5Xsu - Yu5Xut * Yséxut

=5Y;u(qut
Hence
|5Asut| u |5Ysu| su |5Xut|
1 —
(s,u,t)ENY |t = +Ol (s, u,t)€A3T|t S| (s,u,t)EA% |t =
<lIY]llllo X

The sewing lemma says there exists a unique map %, = (IA),€ C*([0, T]) such that
for all (s,t) € A% one has that the remainder term r,:= 5.7, - Y,0X,, satisfies

I7llli+e < CrralllYlllalOX.
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Furthermore, since
N-1

;= lim A,
N—oo ~ o N N
i=
we have that

JtzIOtY(s)X(s)ds=Jo+fOtY(s)X(s)ds.
To see how one can give a meaning to the integral equation
t .
Y=Y+ fOY(s)X(s)ds

when X € C*([0, T]) we refer the reader to Chapter 8 of [FH], but we will not need
such results in this document.

The sewing lemma can be generalized from real-valued paths to paths taking
values in an arbitrary Banach space. For details, we refer the reader to Corollary
2.4 in [GT10] or Theorem 4.2 in [FH]. We will omit rewriting the statement here,
and will present instead how we will make use of the theory.

Lemma 2.29. Let T€R,. Consider a family of real valued functions {f}.c0.1], f*:
[0,T]—R. Let CER, and y € (%,%) Assume one has the uniform bound

sup |f°(t)IsC (2.23)

€€(0,1],t€[0,1]
and that for any 0< s<t<1 the increments 6f;;:= f*(t) - f*(s) satisfy
S =XG i+ X f+ 18 (2.24)
for functions XY, X%° and ré in C(A%) satisfying
X, <C o XNy <G, sy < G, (2.25)

where C, denotes an e-dependent constant C' that need not be uniformly bounded in «.
Finally assume that Chen's relation holds
5X5h=0,  SXE =XyiXYr (2.26)

sut

Then one has the following uniform in e-bound for the remainder:
7lllsy < 6Cs,C°.
where Cs, is the constant Cg appearing in Lemma 2.26 with =3y.
Remark 2.30. This lemma is the core of our idea to use the sewing lemma in order

to obtain kinetic limits. It shows that one can control a regular-in-time remainder
term if one establishes

« An a-priori bound of the form | f*|| < C uniformly in ¢ and ¢;
+ Uniform control of terms with low time regularity;

« Structure of a rough equation (Chen relation and Hélder bounds).
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Once one has uniform estimates in all terms of (2.24), one can extract converging
subsequences, and can then attempt to characterize all sub-sequential limits.

The lemma above could have been simplified if we had used more terminology
from the theory of rough paths. In this thesis, we avoid discussing the general theory
of rough paths, and focus only on the aspects that are most relevant to our study
of kinetic limits. For the general theory, we refer the reader to [FH] and [CGZ].

Proof. Let
st - X;tg N Xif sE~
Then equation (2.24) is of the same form as equation (2.20), but with the bound on

the remainders being non-uniform in ¢. First restrict (s,t) to A%
One has that

| §t| st | st |
sup £+ |f;||t s”.

(snens £~ 7S It s’

By our assumptions, we have

sup A <2C%
( )EAZ | t |
Next, we compute

OAGu =X + X - Xy - XGfy - Xuifi - XGifd
Adding and subtracting X;/f and using the Chen relations, one has that
OATu =~ Xt Ofse— X O+ X Xy

_ l,ene 2,6 1,¢ 2, e l,eLe 2,67 2,E 2,
__Xutxs Xut rsu Xut Xsu s _Xut Xsuf; Xut rsu

Hence
|5Asut| |Xut| |Xsu| |f 14’t€| |sgu| |t—3|y
[T It s\t - s>
X Xl £+ |Xif| |Xsu| L s+ Xl 1, oy
s s e s |t = sl |t s
By using the bounds (2.25), this is
A
L CO o Cll It =57+ € Clt =l + CIlly -
)

<3C°+2C|Irllsy 1t - sI".
Hence Af€ C"*'(A?). Applying the sewing lemma and using the facts from
Remark 2.27, one has that
Illlsy < 3C5,C° + 2Cs llrllls £ = 51

Choosing I <[0,1] such that 2GC;,|I| s% and restricting (s, t) to the 2-simplex defined
by I, one has that

1
llrlllsy < 3Cs,C°+ S llIrlly.-



48 OUR TOOLKIT

Thus
175, < 6C5,C>.

Covering the time domain [0, T| with such I, we have the claim for the entire time
interval. O



Chapter 3
A formal derivation of the limit

In [BFPR99] a heuristic argument was introduced in order to derive the weak cou-
pling limit of a Schrédinger equation with a Gaussian random potential V,,. The key
to this heuristic derivation is a certain asymptotic expansion for the rescaled Wigner
transform (that we introduced in Chapter 1). From the evolution equation of the
rescaled Wigner transform, a set of equations follows for each term in the asymp-
totic expansion, that can be successively solved. The coefficients of the leading order
term in the expansion satisfy a linear Boltzmann equation, whose collision kernel
depends on the covariance of the field V, and has the energy conservation property.

In this chapter we adapt this heuristic method to the case of a weakly coupled
Z¢-periodic Gaussian field V,,. Differently from the non-periodic case, for certain
momenta, we obtain free transport in the weak coupling limit, while for certain other
momenta, there is an obstruction to taking the limit. We characterize the problem-
atic momenta in terms of energy bands associated to periodic Hamiltonians, using
Bloch theory. More precisely, these momenta are demonstrated to be associated
to energy band crossings of the free Hamiltonian. To conclude this section, we relate
this heuristic approach to the work [PR04], in which the evolution equation for the
rescaled Wigner transform is modified by the addition of a damping term, allowing
the weak coupling limit to be taken in a strong sense.

In the work [BFPR99], the authors consider a Schréodinger equation with a deter-
ministic Zd—periodic potential V' and a real, weakly coupled, zero-mean, translation
invariant, time-independent Gaussian random field V,,:

i0:p(t,x) ==As(t,x) + V' (x)p(t,x) - V>V, (x) o(t, %) (3.1)
The covariance function of the Gaussian random field is characterized by
E[Vo(n)Vo(m)]=p(m)§(m+n),  E[V,(n)Va(m)]=p(m)(m~n) (3.2)
for all m, n€R?, and for some p€ S(R?) with p=0,p(&) = p"(-&),vE€R. The key
steps in their approach can be summarized as follows:

1. Write down the equation describing the time evolution of an asymmetric
rescaled Wigner transform associated to the solution of the above Schrodinger
equation (3.1).

2. Introduce a formal expansion in ¢ for the solution of this equation, and derive
a system of equations order by order in &.

3. Study the leading order terms in ¢ using the theory of Bloch bands for peri-
odic potentials.

49
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4. Obtain the dynamics of the leading order term in the expansion, which for-
mally should be the limiting equation as ¢ — 0.

In the limit, they obtain a linear Boltzmann equation, for the coefficients o; of Wj in
a certain basis.

In this section, we follow this procedure, making two changes at the level of equa-
tion (3.1).

«  We will set the background periodic potential V' =0. This corresponds to the
quantum Lorentz gas model we introduced in Chapter 1. This will allow us
to use the Fourier transform in this section, and do computations explicitly,
instead of relying on the Bloch theory used in [BFPR99].

« We will use a real, Zd-periodic zero-mean, translation invariant, time-inde-
pendent Gaussian field V,, instead of its non-periodic counterpart.

We note that if the covariance of V,, is chosen to be sufficiently smooth, then almost
every realization of V,, is a smooth periodic function. Stated differently, making a
statement about the periodic quantum Lorentz gas is equivalent to making a state-
ment about almost every realization of a Z%periodic Gaussian random field with
sufficiently smooth covariance.

In Subsection 3.1, we work with a Zd-periodic random field rather than with a
fixed periodic function, since in principle this gives us the option to make a weaker
statement about averages, rather than almost sure statements. We will see however
that there are some challenges to establishing even such weak statements.

In Subsection 3.2 we will see that if one modifies the equation for the rescaled
Wigner transform in Step 1 of the procedure above by introducing a damping term
for the high frequencies, that one can take limits in a strong sense, and the problems
present in the undamped case can be overcome.

To improve readability, some computations that don't contribute to the main ideas
are presented in the form of lemmas in Subsection 3.3.

3.1 A two-scale asymptotic expansion

We will start from the usual non-rescaled Schrédinger equation, with a real, weakly
coupled, zero-mean, Zd—periodic Gaussian random field V,,. Let (Q, #,P) be a proba-
bility space, and consider the following Schrédinger equation: for x€RY tER,,c€ (0,
1],

i0,0(t,x) =-A(t,x) + V2V, (x)p(t, x), ¢(0,x) = Y, (ex) (3.3)

By definition, one has that for all x€R?
E[V,(x)]=0, V,(x+n)=V,(x),Vvn€Z weQ,

where E is the expectation with respect to the probability measure P. Fix some
ReC=(T?) with R=0,R(n) =R (-n),vn€ Z? and define the covariance of V, by

E[V,(n)V,(m)]=R(m)8(m+n),  E[V,(n)V,(m)]=R(m)§(m-n), (3.4)
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for all m, n€ Z% With this covariance, almost every realization of this Gaussian
random field is a function in nen H m(TY).
We assume that the initial data is given by the e-dependent family i.(ex) where

1. The functions ¢, are uniformly bounded in L*(R%C),i.e., 3Cs.t. for any €€ (0,
1],
Vel 2ra.c) < C (3.5)

2. For any test function ¢€ C,(R%)

hmsupf |(/5/\1//g(k)|2dkm>0 (3.6)

e—0 Iki=R

3. Their tails satisfy the following condition

limsup f Igbg(x) [*dx 0 (3.7)
e—0
Such a family is called an e-oscillatory family. These are known to be necessary and
sufficient conditions to have weak convergence of the energy [..l¢(t, x)[’dx. See
Proposition 1 in [RPK97] for details.

Summarizing our setup, we have that for any €€ (0,1], ¢ = ¢, is the solution of a
linear Schrédinger equation (3.3) with a weakly coupled potential £'/2V,, and with
initial condition ¢(0, x) = ¥.(ex). We can view sending ¢ — 0 as moving from the
microscopic to the macroscopic scale, and we need to rescale space and time appro-
priately in order to see a non-trivial limit.

We do this by studying the weak-coupling limit in phase space via the one-sided
rescaled Wigner transform, defined as follows: for ¢ >0, x, keR¢

Wos.«(t, x, k) =f‘dedez””"y<p<—t J—C—y><p (; j)dy (3.8)

The initial data for Wys, is obtained by replacing the ¢ in the above expression by
.. We will be interested in weak limits of Wys ., as explained in the introduction.

It is known (see [RPK97] or [GL93]) that for any ¢t €R,, up to the extraction of a
subsequence, a weak limit of Wys .(t) exists as a tempered distribution and coincides
with the corresponding weak limit of the usual rescaled Wigner transform:

txy

x

Hence, as long as we care about weak limits, it is solely a matter of convenience
which version we choose to work with. We use the one-sided version here, since
it will produce a Laplacian term in the evolution equation for Wos ., which will be
convenient for the analysis.

A computation shows (see Lemma 3.6) that the rescaled Wigner transform satisfies
the equation

(0 + ieA +4mk-V,) Wos «(t, x, k) (3.10)
e-1/2

Z 2T XY () [ Wose (£, %, k—n) = Wos..(k)]. (3.11)

nezd
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Here is the key idea of this section: If one uses the two-scale asymptotic expansion
that

Wos.e(t,x, k) = Wo(t, x, 2, k) + €2 Wi (t, x, 2, k) + eW(t, x, 2, k) + - -- (3.12) |

where z =§ and W, is assumed to be Z?-periodic in the fast variable z, then, replacing
V, in equations (3.10) and (3.11) by V, + ¢7'V, and A, by A, +2e7'V,-V,+ £ 7?A, one has

A(Wo+eP Wi+ eWy+ )
+ie(A g+ 26" WV, + €720 (W + 2 W + eWy+ -+ -)
+45rk- (Ve + €7 WV,) (W + 2 W + Wy + -+ -)

2”i"'2‘7(n)[%(k—n)+€1/2M(k+n)+~'—M(k)—EI/ZM(k)_"']-

nezd

Matching terms of the same order of ¢, we have at the leading orders of ¢ the fol-
lowing equations, for &£ (k) :=iA,+4nk-V,,

Z(k)yW,=0, (3.13)
ZL(k)Wi(t,x,z,k) = Z e 2V (n)[Wo(t, x, z, k- n) = Wy(t,x,2, k)], (3.14)
nEZd
(84+ 21V,V, + 47k, W + L (k) wz=liz 2 () [Wi(k-n) - Wi(k)].  (3.15)
nezd

For what follows, it will be useful to obtain the eigenfunctions of the operator Z.

11

Let C:= [—— —] and the Brillouin zone B= (—5 —) Now decompose the variable k

in the Wigner transform as k=n+k for n€B, k€ Z¢ and define for m, n€ Z¢

1 xk=m

an(Z’ K) = 5K’m627ﬂ'(m‘")‘z, 5K’m: { 0 o.w.

Since W, is assumed to be periodic in z, it can be written in terms of the basis { Q,,,(z,
K) } mneze. This is equivalent to working with the usual basis for a Fourier series, and
we use it in this form to make convenient comparisons with what we present in
upcoming sections. Furthermore, Lemma 3.7 (see Subsection 3.3) says we have that
Qmn(z, k) are eigenfunctions of & (x + ), with eigenvalue i(E,,(n) - E,(7n)), where
En(n) :=4r%n+ m/

Define Qn(z, k) := Qmm(z, k) = 6xm. Assume that 7 is not involved in any energy-
band crossings, i.e., we consider 7: 3k, k'€ Z%: E,() = E, (7). Since W, satisfies (3.13),
W, can be constructed from just the Q,, as follows

Wo(t,x,z,n+ k)= Z om(t,%,1)Om(z, k) =0c(t,x,1). (3.16)
mezZ4

Having constructed a solution to equation (3.13), we are now ready to use this infor-
mation to construct a solution to equation (3.14). Since W, need not be periodic in z,
we will expand it in a general Fourier basis as follows

Wi(t,x,z,k) = quPm(z q)em(t,x, k, q),

mezd
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where for me€ Z4,z€R?, g€ B, P,(z, q) := e?™(™* 9% This is the usual basis involved in
the Fourier transform, except that we have decomposed the Fourier variable into an
integer and non-integer part. Then since Lemma 3.7 says

ZL(k+1)Pu(z,q) =i(Ec(n) = Ex-m(1-q)) Pu(z, q)

we can obtain the Fourier coefficients by multiplying equation (3.14) by P;(z, q,) and
integrating in z. The LHS gives

jddzsf(k)wl(t,x,z, k)P;(z,qo)

Z jdqf dzZL(k)Pu(z, q)cm(t, x, k, q)P; (2, qo)

mezZ4

=iy [ dg | dz (Ec(n) = Ecm(n-q))e*™ ™ e, (b x, k+ 1, q)e 20 0

mezZ4

Using [ dze?™*?=§; in the sense of distributions, this is

=iy [ dg8(m=j+q- o) (Bu(n) = Exm(n-))m(t, X, K +1,)

mezZd

=iy [ dq8m0u(q) (B(n) = Ecom(n=q))em(t, x5+ 11,)

mez4
=i(Ex(p) —Ex-j(P— qo)) cj(t, x, K+ 1, Go).
The RHS on the other hand yields,
—iLRddzZ Vo (n) (0-n(t, x,7) - o(t, x, 1) ) e 27U+ 002
nezd

To avoid dividing by 0 in an expression for the Fourier coefficients ¢, we introduce
a regularization parameter 0<6 <1 which will be taken to zero at the end of the
computations, and consider the regularized Fourier coefficients

g . N (oK,n(t,x,U)—UK(t,XaU)) —2mi(j-n+qo)-z
¢j (X, K+ 11, G0) = fRddzZ Vo(m) E(1) = Ex-j(1- qo) + 10 ¢ .

nezd

Similarly, defining WY to be the regularization of W; using the regularized coeffi-
cients ¢? in place of ¢, one has that

W(tXZI’]+K Z quf dzz g 2mi(m=+q)- (z-2) 2mnzV( )
mezZ4 nezd
(kan(t’x’ U)_Gk(tax> ’7))
EK(’7>_EK—m(’7_q)+i9

We now consider equation (3.15), with WY in place of W;. The left hand side when
tested against Qj(z, k) = §,;, integrating in z, summing over k and averaging over the
noise yields (see Lemma 3.8 for the computation)

90i(t,x,1) +5 VE(n) Veai(1, X, 17).
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The RHS is I? + IY where
B=-iy [ dz) =V m)[W(n+k-n)])d, (3.17)
Kk€Z4 n'ezd
=iy j dz Yy e () [ W+ 1) ]S (3.18)
K€Z4 n'ezd

Lemma 3.9 shows that

H+=1Y R(n)(0un(txn) - ot x.))

n'ezd

(e Em o B 5w n)
Eyen () EX) <10 By ()~ E() 10
2 Y R (Gt =650 (e

nezd J

Recall that 0 was a regularization parameter that we introduced artificially, and we
would like to take 8 — 0. Putting this together with the LHS one has

1
9,0(t,x, 1) + Evaj(p)'vxo'j(t, x, 1)

. - 0
=é11)1’%)22 R(q)[o}(t’ X, ’7) _O—j+q(t’ X, ’7)] (Ej+q(’7> _Ej(n))2+ 02 | (3-19)

qez

If 5 is not involved in energy-band crossings, i.e. Ak, k'€ Z% E(n) = E.(7), then

lim 0 =0
6—0 (Ejiq(m) —Ej(n))?+ 0%

and there is no collisional-effect in the limit for these momenta. A rigorous version
of this statement is part of Theorem 4.10 in the next Section.

The procedure above does not provide us with information about what happens
for momenta involved in band crossings. Note that if :3j, g€ Z%: E;, ,() = E;(n) then

0
li =
020 (Ejg(1)) — E;(7))2+ 02

+00,

so one cannot take the limit in (3.19) pointwise for these . However since the
observables in expression (1.5) involve integrating over all momenta, it is impor-
tant to have some control also at these “resonant” momenta. We will deal with this
issue at the end of Chapter 5.

Before we go to the next section, we make some remarks on the result, the connec-
tion to the non-periodic random field, the work of [BFPR99] and the regularization
parameter 6.
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Remark 3.1. Since V, is periodic, we have a Fourier series representation, and sum
over discrete Fourier modes. If one replaces the sum in equation (3.19) by an integral

over a continuum of Fourier modes and choose an appropriate R€ §(R?) this would
be

1
0:0;(t, x,17) + 5Ny (1) Vi (£, x,7)
i R 0
_gl—r{(l)ZJ‘]RddqR(q) [O.j(t’ Xs ’7) - Gj+q(t’ X, ’7)] (Ej+q(’7) _Ej(’]))z +02 | (3.20)

9
((Ejuq(m) = Ej(m)?+ 6% 7
mally obtains the following linear Boltzmann equation

Hence since

is an approximation of the delta distribution, one for-

9,0(t, x,n) + %TVUEM)-V»CG;( t,x,n)
=2ﬂfwdqﬁ(q)[@~(t, x,1) = 0y (£, %, 1) 16(Eji g (1) — E(11)).- (3.21)

This is the equation derived in [Spo77] and [EY99]. For certain V' with no energy-
band crossings, the authors of [BFPR99] use the asymptotic expansion (3.4) to derive
appropriate linear Boltzmann equations, called radiative transport equations, when
working with a weakly coupled, non-periodic, smooth, zero-mean Gaussian field.
They also provide a formal derivation of the limit when multiplicities of the eigen-
value are greater than 1, but constant in p. This is relevant to the study of wave
propagation in random media.

Remark 3.2. When working with a non-zero background potential V' #0, the Fourier
basis is not the most convenient for the analysis. In that case, one first finds solu-
tions to the following eigenvalue problem:

(=M + V)Y (z,p)=E(P)¥(2,p)

for p€R? fixed, and satisfying the following boundary conditions: for any n€ Z¢,
i€{1,...,d},zeR?

Y(ztnp) =Y (z,p),  .Y(z+mp)=e""P0, Y (z,p).

It is known that there exists a countable, complete family of eigenfunctions {¥/,(z,
D)} meze satisfying this, that are orthonormal in L%(C), with corresponding eigen-
values E,(p). Then, one can construct Q,,, via

Qun(z, K, 1) = [ Ty (2= y,m) Yz, ) dy

for zeT¢ ke Z¢, n€ B, and one can check that Lemma 3.7 still holds. In general
for V' #0, the Q,, will be eigenfunctions of Z that are periodic in z, and so unlike
in the case V' =0, the W, will not be constant in z. When V' #0, the computations
below can be suitably modified using some results from Bloch theory, in order to
derive the limit equations. This is an important feature of the work [BFPR99]. When
V' =0 one has that 1, are plain waves: for m€ Z¢, z, p€R?, ,,(z, p) = e*™ (™) with
En(p) =47 m+ pl.
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Remark 3.3. To the best of our knowledge, this procedure has not been made rig-
orous for any time-independent potential. The only rigorous derivations of the linear
Boltzmann equation from a Schrodinger equation with a time-independent Gaus-
sian random field are based on the control of Duhamel expansions of high order
(see [Spo77], [EY99], [Che06] and [But15]). See [Her24] for a recent approach where
many diagrams are avoided. The difficulty is that the regularization parameter was
introduced artificially, and is not part of the problem.

In the following Subsection we describe the main result of [PR04] where the authors
introduce a damping term into the evolution equation for the Wigner, and this nat-
urally introduces the parameter 0 into the corrector equations. One can then derive
a kinetic equation in the limit ¢ — 0, without taking the limit of 6 — 0, even for
a deterministic smooth periodic potential. A further comment on time-dependent
potentials is made at the end of the next subsection.

3.2 On the regularization parameter 6

In the above arguments we introduced a regularization parameter 6, and we see that
there is an issue interpreting the limit as 8 — 0. In [PR04], the authors modify the
equation satisfied by the usual rescaled Wigner transform as in (3.9) and study

IWE(t,x, k) + k-V,We(t,x,k) +§(WE—)(E* W) (t,x, k) =ZLW,(t,x, k). (3.22)

where the collision term is
127 2mip-= p p
Lf(x,k) = ie f T (f(xk+2) - f(xk-2) )ap,
and where y,(x)=¢" )(( ) for some nice mollifier y € $(RY) satisfying

x()=x(x) =0, lxlpws=1,  J€Rx(p)I<1,¥p#0,(0)=1 (3.23)

The term involving 0 is introduced into the equation to cut-off high frequencies.
Assume that the potential has a Fourier transform of the form

(o8]

Z% (p-p) +8(p+p)]+®(p). (3.24)

J=
where a;€R and &(p) is smooth, decays rapidly and has ®(0) =0. Any smooth Z-
periodic potential can be written in this form since the Fourier transform of a smooth
Z“-periodic function is a tempered distribution of the form F .V (&)=Y o V(n)s(&-
n), with V(n) the coefficients in the Fourier series of V. One needs to ensure that
V(n) = V(-n), which can be done by assuming radial symmetry of V so V(x) =
V(|x|). Assume also that

leg]
Z =2~ (3.25)

= ol el |yl
<00, 3.26
Z X1 =x(pi+po)l Z 11-x(p)l1=x(pi—p1)l > (3.26)
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So p;=0 is forbidden. These conditions are satisfied if «;€ ' and there exists w;>0
such that

|pjl = wo >0, |Pjipl|?w0>j¢l~

Conditions (3.24) and (3.25) are clearly satisfied by a smooth zero-mean Z%periodic
potential. Let

2001-2(p))
0°(1-2(p))+ ((k+5)-p)?

This is analogous to the expression

Ko(k,p) =

20
02+ (Ej.q(n) ~Ej(1))?

we derived by using the regularized W. When modifying the Wigner equation, this
regularization is introduced at the level of the equation, and one can then prove the
following

Theorem 3.4. Let the initial data W,(0, x, k) = Wy(x, k) of equation (3.22) belong to
I*(R?x R?) and assume that V € npen H™(TY) is a zero mean Z -periodic function.
Assume that conditions (3.23) on the mollifier hold. Then &, is uniformly bounded on
L*(RY = RY) and the solution of equation (3.22) converges in C([0, T]; L*(R?xR%)) to
the solution of the kinetic equation

oW 1
atO +Ek-vxm/v0= Z |0(q|2K9<k,pq)[%(k+pq) - I/V()(k)] (3.27)

qeZ4\{0}

This is a direct corollary of Theorem 2.1 in [PR04]. In this article, the authors can
then also work with a series of potentials V' with their Fourier transforms supported
on lattices with increasingly fine lattice spacing §. Under some suitable assump-
tions on the family { V°} 5 one can recover a linear Boltzmann equation (analogous to
equation (3.21))by first taking § — 0 followed by taking the regularization parameter
0 — 0. The limit does not depend on the choice of y. See Theorems 2.2 and 2.3 in
[PRO4] for the details. It is important to mention that there is no need to average
over any randomness using this approach, and so one can also get path-wise results
for random potentials whose Fourier transforms have almost surely the structure
described above.

When studying the weak-coupling limit of a Schrodinger equation with a peri-
odic potential, we cannot change the evolution equation for the rescaled Wigner
transform, since this is dictated by the Schréodinger equation. It would however
be interesting to see if a similar procedure can be made to work by introducing
a suitable damping term at the level of the Schrodinger equation as, for instance,
was done in [Gri23] for the low-density periodic quantum Lorentz gas. Further-
more, in Chapter 5 of this thesis we will present some results without introducing
any additional regularizing parameter, using techniques differ from these asymp-
totic expansions.
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The proof of Theorem 3.4 is similar in style to those in qualitative homogenization
theory and follows closely some parts of the heuristic derivation we did. Roughly
speaking, one makes an Ansatz of the form

We(t,x, k) =Wy(t,x, k) + Ve Wi(t,x,z,k) + eWy(t, x,z,k) + R,,
where z =§ and W, satisfies the limit equation and one builds W; and W, one after
the other from W,. Then one shows that
R, = Wi - Wy+ JEW, + W, (3.28)
is of order /€. As a consequence of modifying the dynamics of the rescaled Wigner

transform, W; is chosen to cancel terms that are formally of power £"/%, and hence
the equation for W] reads as:

k-, Wi+ 0( Wi -y« Wy) = ifRddnez”i”'ZV(n)[M<t,x, k+;) - Wo(tx, k—;)],

Recall that when working with the usual rescaled Wigner transform (3.9) instead
of (3.8) one no longer has the Laplacian in the evolution equation, and the collision
term involves symmetric shifts. Fourier transforming this in z, one has that

(2l + 001 1(E) (&) = 17(6)| o ks 5 ) - wa( rox k£ )|

where ¢ is the dual variable to z. So

V(f)[Wo(t,x,k+§> - Wo(t,x,k—g)]
(27ik-&+0(1-x(£)))

Wi(t,x,z) = iLRddfez”"Z'g

For the term involving W,, a simple computation shows that

k-V,Wy+ (W~ x+ Wy) = —(3,Wy + k-V, W) + LRdez’”'g'zG(t, x, k, &)dé¢,

where

G(tx k&)= dEVE-EV(E)

Waks 5+ ) - Wilk+3)

6(1- 7 (& >> i (ke 55)€)

See expressions (3.2) and (3.7) in [PR04]. Fourier transforming in z yields
(27ik-E+0(1-7(£))) Wa(€) = (3 Wy + kV:Wo) 8(€) + G(§).

Averaging over the randomness one can show that

G(t,x,£, k) = Go(t,x,k)5(&) + G (1, x, k, &),

[ AEVE-EV(E)

where G'(t,x,k,£) is regular at £=0, and an explicit computation shows that Gy(t, x,
k) coincides with the right hand side of (3.27). Hence one has that the leading order
term W, satisfies

Wy + k- ViWy=Gy(t, x, k).
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At this point, one has W, defined as the solution of (3.27), and has defined W, and
W, in terms of it. One can bound W; and W, in L? in terms of || Wy||;z due to assump-
tions (3.25) and (3.26). The goal then is to show that the remainder term (3.28) is
small, and this involves writing an evolution equation for the remainder, using the
cancellations in the resulting terms due to how W, and W, were constructed from
W, and finally using the estimates on W,, W; and W; in L% The details of this can be
found in Section 4 of [PR04].

Remark 3.5. This program has also been carried out in the case of time dependent
random potentials in [BPR02] using martingale tools, without modifying the equa-
tion for the rescaled Wigner transform, and using the randomness in time instead
for the regularization. For further results in the case of time dependent random
potentials, see [Gom13].

3.3 Relevant lemmas

Lemma 3.6. When ¢€ C(R.o; H(R%;,C))n C'(R,;L*(R%C)) solves the free Schrodinger
equation from initial data in Hz(]Rd;C), (which is equation (3.1), with V"=V =0), the
time evolution of the rescaled one-sided Wigner transform Wos .(t, x, k) is given by

atWOS,E<t, X, k) + iEAxWOS,E<t, X, k) +47l'k'vaos’g(t, X, k) =0

Hence for ¢ satisfying (3.3), the time evolution of the rescaled one-sided Wigner trans-
form Wos ((t, x, k) is given by equations (3.10) and (3.11).

Proof. We rewrite
Wos.e(t,x, k) = fwez”ik'y(pg( t,x—ey)@i(t,x)dy,

where ¢.(t,x) = (p(—i%) Since ¢ satisfies the free Schrodinger equation we have that
2p(t,x) =iA,p(t,x), so

0. (1.%) =0u(pu(1:3)) =09 1.5 ) ) =0 .7 )

=i£‘1Axgo(—£, g) =je ! (ezAx<qo<—£, %) ) ) =ieN @ (1, x).

Using this, we have that
atWOS,é‘( t) x; k)

= ingdez”ik'yAx(pE( t,x—ey)i(t,x)dy- ief]Rdez”ik'yqog( t,x—ey)Api(t,x)dy.

Now since
iAW (£, K) = ie [ ™A (1 x - ey) pi(£,x)dy

+ iefRdeZ”ik'y(pE( t,x—ey)Api(t,x)dy+2 ief[Rdez”ik'ny(pE( t,x - ey)Vyi(t, x)dy,
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one has that
oW, (t,x,k)=-ieAW.(t,x, k) + ZiELRdez”ik'yquog( t,x—ey)pi(t,x)dy
+2 iefRdez”ik'nyqog( t,x—ey)Vepi(t,x)dy
Furthermore, since
Vepe(t,x—ey) ==V (t,x—€y),  Acpe(t,x—ey) =€ Ay (t,x-¢y),
one has that

W, (t,x, k) =-ieAW,(t,x, k) + ZiE‘IJRdez”ik'yquog(t, x-ey)pi(t,x)dy
—ZiIRdez”ik'yVy¢g( t,x —ey)Vei(t,x)dy

=—ieA W, (t,x,k) - 2i£‘1(2ﬂik)-f]Rdez”ik'yVy(pg( t,x—¢ey)@i(t,x)dy

+2i(2ﬂik)-fwez”""‘y<pg(t,x— £y) Ve (t, x)dy

=—ieA W, (t,x,k) - 4ﬂk-fRdez”ik'nygog( t,x—ey)s(t,x)dy

~4rk- f £V, (1 x = ey)Vepi (£ x)dy
=—ieAW,(t,x, k) - 4rk-V,W,(t, x, k).

Hence, one has that
IW.(t,x, k) +ieAN W, (t,x, k) +4rxk-V,W,(t,x,k)=0.
When one includes the potential from (3.3), the potential terms contribute two addi-
tional terms, and one has
O Wos. o (t,x, k) + ieA,Wos . + 4mk-V, Wos
e 1/2

= Vw(%) Qz(t,x)fRdeZ”ik'y¢g(t, x-ey)dy

1

571/2

0i(t.x) [ eV (Z-y)putx-ey)dy.

By expanding the periodic potential in terms of its Fourier series, the RHS is

27ie™! nxV (Pg(t x)f Zﬂik'y<pg(t,x—£y)dy

nezd
-1/2 _ » .
(p;( t, x) j]RdeZHIk‘y Z ezﬂlé‘ n-(x—ey) Vm( n) (pg( t’ X - gy)dy’
nezd
which lead to equations (3.10) and (3.11). O

Lemma 3.7. For k=n+ KEB+Z¢4
ZL(n+K) Qmn(z, k) = i(Em(n) = En(1)) Omn(z, ),

and
L (n+K)Pu(z,q) =i(Ec(n) = Ex-m(n-q)) Pu(z, q).
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Proof. (of Lemma 3.7) The proofis a simple computation. We first compute the LHS
L(n+K)Qmn(z, k) =iA,Qmn(z, ) +47(n+K)V,Qpn(z, k)

=47%18 m(~K - N>+ 2(n+K)-(k — n) ) e2mim=n)z
=428, m(IKI> = |n? + 21K - 21-n) 2712
Next, since E,,(7) =47%m+ n°, one has that
En(n) = En(n) =4x’im+n* - 47’|n+ nf*
=4n2(|mP + |y +2n-m~|nf? - |n - 2n-n)
=47*(Iml* = |n* + 2p-m—2p-n)
from which we can conclude. Similarly,
L (n+K)Pu(z,q) = (iN,+4m(n+K)-V,) e?m(mra)=
=(~4m2ilm+ q*+8m%i(n+K)-(m+ q)) e* (M9
=i(4?n+ k- 4m?|(n+ k) - (m+ q)[?) 27 (m+ )=
=i(Ex(n) = Ec-m(n=q)) Pm(z. q). 5

Lemma 3.8. The LHS of equation (3.15) when multiplied by Q;j(z, k), integrated in z,
summed over K yields the term

90, %, 1) + VE(’?) Vioj(t, x, 1)

Proof. Consider the first term,

f dzo,Wy(t,x,z,n+x)Qj(z, k) f dzo0,(t,x, 1) 8yj=0,0i(t, x, 7).

The second term is 0 since W, does not depend on z. The third term, for k=n+k is

Z jcdz47[(17+ K)-ViWo(t,x,z,n+ k) Qj(z, k)

=) fcdz47r(n+ K)-Vaoi (£, %, 1) 85 =47 (1 + j)-Vxoj(t, x, 1)

1
=5 ViEi () Vxoy(t, x, 7).

The last term vanishes, since we can integrate by parts in z and Q; €kerZ. This
concludes the proof. O

Lemma 3.9. One has that for I?, I defined in (3.17), (3.18) that

(gjn (t,x,1) = 0j(L, X, 7))
H=-i), ROO= g e e

n'ezd
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and

a+,, (t,x,n)—oi(t,x,n))
= ’ -
f=i) R Ejn(n) ~Ej(n) -0

n'ezd

Proof. Consider the second term

IZ—ZZ fdz Vo, (n) e ™ W (t, x, z,n+ k) 8y

k€Z? nezd
=—lf dz Z Z J. dqf dz’ Z eZm m+q)-(z- Z)eZIUnzV (Tl)V ( ) 2rin’-z
nezd mezd nezd

(g5-n(t, X, '7) a;(t,x,1))
E(n)~Ej-m(n-q)+i0 -
Since (V,,(n)V,,(n))=R(n')8(n+n'), by averaging over the noise and shifting in z
this becomes

i r=2mi(nAm+q)Z D (O'j+n’(t,x,l’])—0j(t,x,77>)
'L L Jidafae KO B -~ Bonln-a)+ 8

1

= B g then

Let f2(q)

J']Rddz'e—zm(n#m)‘z'J.quﬁ(q) e—2niq~z' — fRddZ’e—Z”i(”'“fm)‘Z’f]Rﬁ(q)]IB(q) e—zmq-z'

[ 42 () e ™ < o+ )L+ m)
:ﬁ(o) 5n’+ me

Hence the above term is

iy R(m) LG (B 1) = 0t x.1))

Ei(n) - Ejnw(n) +i0

_ (gjen (t,x,1) = 0i(t.x,17))
=) RO E -8

n'ezd

Now, consider the first term

=—zZ fdz V(1) e 2 W (t, x, z,n+ k- 1) 8
k€Z4 nezd
s ’ % N p2min’ -z, 2mi(m+q)-(z-2) ,2minz Y7
—zfcdz Z Z deq fRddz Z Vo(n)e e e V,(n)
nezd mezd nezd

(Gj-n- n(txn) oj-n (8, x,1))
Ei w(n)-Ejin- m(n—q)+i0

Averaging once more over the noise makes this

— d d R -27i(n'+m+q)-Z (O-](tx r’) 0j- n(tx ’7))
"L L il aekone B () ~Eu-n(n-4) +i0
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1
T Ejew(n) ~Ejow-m(n-q) + 6’

[ Az e [ dgfi(q)e ™ = £,(0)Sym

then as before

Let fi(q)

Hence the above expression becomes

_ ca(txn) oj-n' (£, %, 7))
i) ) K NOE j,n,,m(q)+i05

nezZd mezd

Assuming R(n') =R(-n'),vn' € Z¢, this is

__ (cw t,x,n) - oi(t, %, 7))
=1 RO By

n'ezd

This concludes the computation.

n'+me
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Chapter 4
The non-resonant observables case

This Chapter will make precise the intuition gained from the previous heuristic
argument, that for the non-problematic momenta, free transport holds in the weak
coupling limit. This will be the content of Theorem 4.10. We will use the so-called
Wigner series, which was originally introduced in [MMP94] in order to derive New-
tonian equations, in the semiclassical scaling limit, from the Schrédinger equation
with a fixed periodic potential. Finally, in Subsection 4.4, we discuss how our problem
connects with the study of the long time behavior of the Schrodinger equation with
a fixed periodic potential.

Schrodinger operators with periodic potentials are common in solid state physics.
We refer the reader to Chapter 16 of [RS78] for an introduction to the functional
analysis of such operators. Key roles are played by the Bloch-Floquet-Zak trans-
form and the classical Bloch-Floquet transform introduced in Section 2. These tools
have been previously used to study semiclassical scaling limits for Schrédinger equa-
tions with periodic potentials in [MMP94] and [GMMP98]. In this section we adapt
these tools to the study of the weak coupling limit, and prove that for momenta
not associated to energy band crossings of the Laplacian, one has free transport in
the limit.

The contents of this chapter form the core of the preprint [San6+] currently in
preparation.

4.1 Summary of the section

Let C:= [—%,%]d, B= (—%,%)d, as in the previous section. Let V be a real valued Z8-

periodic potential with the properties
VeL®(RY), V(x+n)=V(x),vneZq (4.1)
Let e€(0,1],A€[0,1], and define the Hamiltonian H &2 as follows
Hoh = -\ + AV(;).
Consider ¢” satisfying the Schrédinger equation with H*:

10 (t,x) =H" 9 (1,x),  @h.e(x) = Yie(ex), (4.2)

where 1/.(x) is an e-oscillatory family of initial data satisfying (3.5)- (3.7) as intro-
duced in the previous section.

65
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One can compute that the rescaled wavefunction ¢ (t,x) := (pA(—zg) satisfies
ied,pl(t, x) = -2 Aol (1, x) + AV(%) @l(t,x) = H @} (t,x) (4.3)
with initial data
Pe0(x) = V(). (4.4)

Recall the definition of the Bloch—Floquet transform %, (Definition 2.4). One can
prove the following

Proposition 4.1. Assume V satisfies (4.1). Let 0€ B and let Hj(0) be the operator -A
on L*(C;C) with the boundary conditions

_ ,2min0 ¢ _ 27in09¢
o(x+n)=e""%(x), ax,(’” n)=e axl(x), le{1,...,d} (4.5)
Then
U Ut = [ dOH(0) (46)
where

HI*(0) = HY(8) + AV

This is Theorem X111.97 from [RS78].

Since %, is unitary, the formula (4.6) says one can obtain spectral information of
H'“ by integrating spectral information of H"*(6) over the Brillouin zone.

From Theorem X111.98 in [RS78] (see also [Wil78] and [Gér90]), one has the fol-
lowing properties for the eigenfunctions and eigenvalues of H*(9):

1. For each 6 € B, H**(0) has a complete set of measurable eigenfunctions
(WY1 (x, 0)}mew With associated eigenvalues EJ(0). For each 6€ B, ¥} (x, 0)
are orthonormed in L%(C;C).

2. One can label the eigenvalues in increasing order, so one has
0<E}(0)<E}(0)<---<EAfO)s---, VOEB,

and moreover E}(6) %, oo, With this labeling, for each me N, E}, is Lip-
schitz continuous. Clearly, the E;, are Z%-periodic since they are eigenvalues
of a Z%-periodic H*(0), as a consequence of equation (4.5).

3. There exists a set of zero measure F} such that E} are analytic on B\F}.

The function 6 — E}(0) is called the n-Bloch band for the Hamiltonian H**(6), and
¥ (x,0) is called the n'"-Bloch function. The eigenfunctions of H** can be obtained
by rescaling the eigenfunctions of H'*, as in the following

Lemma 4.2. Define the rescaled Bloch function

Wi (x,0) = e-dlepg,(i;, 0), xeR%0€B. (4.7)
One has that
HYWE N (x,0) = ER(0)WE N (x, 6), (4.8)
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and for anyxEle,nGZd,le{l,...,d}

Yel(x + en, 0) = e2 M OPEN (i 0), (4.9)
a\PfY;A IZ;rin-@a\PfY;/1
X (x+en,0)=e a—xl(x, 0). (4.10)

The proof is postponed to Subsection 4.3. One has that the rescaled Bloch func-
tions are orthonormal in L2(eC;C). Using these eigenfunctions, one can define the
so-called band-spaces:

Definition 4.3. Let m€IN. The m™-band space S5 is defined to be

Sii={f(x) €PREC): £ (x) = [ 0(0) 3 (x, 6)d6: o€ [X(B)) (4.11)

This is a subset of L?(R% C) which is invariant under the action of H**. Further-
more, S;, AJ_SS * for m; # m; (see Proposition 4.20 and Lemma 4.21 for the details). Let
us denote the orthogonal projection onto this subspace by

5% L(R% €) — S5
The action of the Hamiltonian in the subspaces S&; is described by the following

Lemma 4.4. Let y€S5". Then

(HY) (x)= Y Sh(n) i (x+en),

nezd

where &},(n) are the Fourier coefficients of E..

The proof is postponed to Subsection 4.3. This allows one to decompose the solu-
tion ¢ to the rescaled Schrédinger equation (4.3) into a countable family of functions
{¢%"} men, one in each band space. Each ¢¢ satisfies

iedups (1, x) = —e2 A5 (8, x) + AV(%) =Mt x) = Ho 9% (t, x)
with initial conditions
@10, x) =I5 M) (x). (4.12)

with 1/, an e-oscillatory family of initial data satisfying (3.5)-(3.4). The IVP for ¢
can, using Lemma 4.4, be rewritten as

ied,p5 (1, %) Z &Eh(n) st x + en), “A(x,0) =I5 g (x). (4.13)
nezd

As in the previous section, it is convenient to work in phase space. Here, in order
to make use of the decomposition of the wavefunction, we work with the Wigner
series. Define for f,g€ S(R?),x€R? 0€B

wi(f.8)(x.0):= ) f(x+—#) ( ﬂ>ezm9.,,.

uezd
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And for t >0, we will study the m™-band Wigner function: for x € R 6€B,t>0,

Wi (8%, 0) 1= wh(05 ™ (1), 03 (1)) (x, 6).

The initial condition for m™ band Wigner functions is obtained by replacing @& (t)
by the initial wave functions ¢’ (0, x) from expression (4.12).

Remark 4.5. Recall that the usual rescaled Wigner transform (3.9) is defined in
terms of the wavefunction ¢”. Equivalently, one could define it in terms of the
rescaled wavefunction as follows

We(t, x, k) := f]Rddyez”ik'ywﬁ(t, x- %) (p?’*(t, X+ %)

and rescaling the initial conditions appropriately. Here the rescaled Wigner series
is defined in terms of projections of the rescaled wavefunction, but this could also
have been done using the non-rescaled wavefunction.

Remark 4.6. One has the following connection of the Wigner series to the usual
Wigner transform: Define for f, gELZ(]Rd),x, keR®,

We(f,g)(x, k)= _f]Rddﬂf<x+gﬂ)g(JC—gu)ez”ik'ﬂ,
Then
wi(f,8)(x,0)= ) W(f,g)(x,0+p).
WEeZd

We give a proof in Lemma 4.22 when f, g€ S(R?).

Remark 4.7. One could also ask about the limit of the Wigner series with argu-
ments from different band spaces S®*. For instance, why not consider

Wi’r’}ll(t, x,0):= Z Gﬂfﬁ/l’*(t,fog/l) (pls,/l(t’x_%u) 20 o

HEZA

The reason is that the limit for these objects for ¢ — 0 is 0 in &'. This assertion
is proved in Lemma 4.13 in [GMMP98]. We discuss this after the proof of The-
orem 4.10, where the underlying mechanism becomes more transparent in light of
the preceding argument.

Next, we define the Banach space
B = {go(x, 0)= Z Fop(x, 1) €20 Frp € 1N(Z5, CO(]Rﬁ))},
uezd
equipped with the norm
lollea:=Y  1F00 (1)l

uezd

This is actually a Banach algebra. It is useful to consider this space, as a consequence
of the following Lemma, which says that the rescaled band Wigner functions are
uniformly bounded in the dual of %.



4.1 SUMMARY OF THE SECTION 69

Lemma 4.8. Assume (4.12) holds. One then has the following uniform bound for w&’:
forallmeN,t=0

A
[wp” ()l - < D.

The proof is postponed to Subsection 4.3. The above bound is analogous to Propo-
sition I1I.1 in [LP93].

Finally, consider the following transport equation: Let Qc B open. For x, v€RY,
0eQ,teR, consider

of (t,x,0) +v-Vif (t,x,0) =0, £(0,x,0) = fo(x,0). (4.14)

Definition 4.9. A function f € Dy, ([0,00) x R%x Q) is a distributional solution of (4.14)
with initial condition f; if for any ¢ € C°([0,00) x REx Q) one has that

f ot XAOALF (1,3, 0)p(1,3, 0) + f[Rngddeﬁ)(x, 0)¢(0, x, 0)

N jo“’dt fRdXdedef(t, x,0) vV (t, x,0) = 0.

Finally recall that F is the zero measure set where the E{,(0) are not analytic.
We can now state our main result, which is the following

Theorem 4.10. Let assumptions (4.1) and (4.12) hold and let e€ (0,1] be a sequence
with limit zero. Let A= ¢, Then one has that

*e—0
A

W' Wrm=0, in%,VvmeNN,

*,e—0

wf;;l—‘wmzo, inL*(R,; %#"),ymeNN.
For any me€IN, the limit w,,=w,,(t,x,0) is the unique distributional solution in D{Der( [0,
o) xREx (B~ FY)) in the sense of Definition 4.9, of the initial value problem

dewn(,x,0) + %TVgE%(Q)wam(t, %0)=0,  wn(0,x,0) = wy n(x, 0), (4.15)

and such that w,, is Z*-periodic in 6.
The proof of this is the content of Section 4.2.

Remark 4.11. E}(0) are the ordered Bloch bands from the operator Hj(9), for
which one can explicitly characterize the countable family of eigenfunctions (as we
did in the previous Section when constructing Q,,,), which are just the plane waves:
for meZ% 0€B

\PP,I(X', 9) — eZni(9+m)-x

which clearly form a complete orthonormal family in L*(C), with associated eigen-
values EJ(0) =47% 60+ m|>. Undoing the relabelling, one has that

OWn(t,x,0) +4m(0+ m)-Viw,(t, x,0) =0,
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for any momenta 6, for which there do not exist n#n € Z%:E,(0) = E,(0). This is thus
a rigorous statement summarizing the discussion following equation (3.19) from the
previous Section. In the next chapter, we will introduce yet another phase space
object related to the Wigner transform, for which one can view the problem of limits
at energy band crossings as a problem of regularity of a different phase space object
we will introduce.

Remark 4.12. In the article [MMP94] (on which this Subsection is primarily based),
one has a fixed A, and in the limit equation (4.15), one has V;E,(0) in place of ViES ().
The corresponding equations are known as semiclassical equations, since quantum
effects disappear in this limit, leaving a family of decoupled transport equations in
each band, with no possibility of tunneling from one band to another.

Furthermore, for certain families of mixed states, one can show uniform bounds for
the initial rescaled Wigner series in L2 (R¢ x B), and for their evolutions in L*([0, T];
L2 «(R%x B)). In this case, one can prove weak convergence of the rescaled Wigner
series to the transport equation (4.15) in L for test functions with support including
the momenta associated to band crossings. Note that the result does not allow us
to handle a general e-oscillatory family of initial conditions such as the WKB family.

For fixed A, under the assumption that one can obtain a mixture of states within a
single band space S&;, and that there are no energy band crossings associated to E,,,
(uniformly in ¢) one can also prove convergence of the rescaled Wigner transform
associated to the wavefunction in the band. We remark that our mixture of states
from Example 2.8 does not automatically satisfy this requirement, since it does not
automatically lie in a single band space.

The analysis of Schrédinger operators in regimes where the band gap shrinks
in the scaling limit at rate /2 is subtle, which is the case in the weak-coupling
regime. Using semiclassical tools similar to those presented here, transitions known
as Landau-Zener transitions have been shown in some toy models, for instance
in [CGO02]. See [PST03] for the situation where the authors analyse band crossings
in the semiclassical limit for a finite number of bands that, for fixed A, remain uni-
formly in-¢ separated from all other bands.

In the article [MMP94], the authors also prove convergence of the charge density,
current density and energy density under further assumptions. Such results could
potentially also be derived in the weak coupling regime using the ideas presented
here, but we do not pursue this here.

A different perspective of the results of [MMP94] can be found in [GMMP98], where
certain other potentials are also treated, using Wigner measures and microlocal
analysis.

4.2 Proof of Theorem 4.10

Although the Wigner series need not be positive, its limits always are, as stated by
the following
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Lemma 4.13. Let wy ,, wy, be accumulation points of wf,’; and w& in the B* and
L*((0,00); 98") topologies respectively. Then

Wi m=00onR?x B, W =00nR?x Bx (0,00),

in the sense of measures.

The proofs are the content of Lemmas 4.2, 4.3 and 4.4 in [MMP9%4].
Consider the time evolution of the band Wigner functions given by the following

Lemma 4.14. The m™-rescaled band Wigner function w&"* solves

dw (t,x,0)+i)  &h(n)

nezd

[wf,;/l(t,x+§n, 0) —wf,;A(t,x—gn, 0)
€

lezﬂ“‘)‘% 0 (416)

Proof. We compute
e _ &A% E £ _ E 27i0-p
atwm(t,x,e)—z at((pm (t,x+2y>g0m (t,x 2;1))6 .
uezd
By using the chain rule and equation (4.13), this is
_ £,Ax E al _ E 27i0-p
= Z I (t,x+ 2'”)('0’" (t,x zy)e

uezd

+ Z (Pfﬁb< t,x+ g:u)atfpfﬁ/% tx— glu) p2mi0p

uezd

=—LZ (Z %fn(n)(pfﬁl,*<t,x+§y+gn))(Pfr,lfl(t’x_gﬂ)ezﬂig.ﬂ

pueZd \nezd
——ZZ qf”(t x+£y) Z %A(n)(p”(t x—£y+ £n> e?ritn,
£ mA T2 " mATT 2
uezd nezd

Exchanging sums and changing variables to y=p - n in the first sum and y=y '+ nin
the second sum respectively, this is

:_;Z En(n) Z ¢%A’*(t’x+§ﬂ’+§”)(pfr’,’l(t,x—§p'+§n>ezﬂi(9-(ﬂ'*n>

nezd yezd
__i A £, E ’ E & _E ' E 27i0-(y +n)
gZ %m(n)z Om (t,x+2,u+2n)<pm (t,x 2y+2n>e .

nezd yezd

Using the definition of the Wigner series and regrouping, this is

i A £ —omif- i A & i0-
:EZ Eh(n)ws (t,x+§n,9)e Z”’Q"—Ez Eh(n)ws (t,x+—n, 9)62’”9”

2
nezd nezd

:_;Z [%fn(—n)wf,;l(t,x—gn, 9) - %fn(n)wf,;j(t,x+£n, 9)]egm~g.n‘

2
nezd
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Since we are working with real potentials, one has that &/,(-n) = &(n) so this is

&M £ Iy €
] wp (t,x==n,0) —wy," (t,x+=n,0) o
:lZ %fn(n) 2 - 2 627110 n
nezd4
Hence we arrive at equation (4.16). O

Before we prove Theorem 4.10, we need one more ingredient, which is a conti-
nuity property of the energy bands with respect to the potential.

Lemma 4.15. One has the following continuity property for the energy bands. For two
potentials V,V' and meN

sup En(60) = Ey, (0)| <1V = Vllsorey (4.17)
and 0€B

sup |En(n) = &% (M) <V = V'l =ge (4.18)

nezd

Proof. Denote by H"(0) and H" () the fibered operators associated to V and V'
respectively. The proof relies on the min-max theorem, which states that

E% 0) = min ma ,HV 0 )
©) ScLZ(C):dimS=mz//€S:H¢H)L(2:1<¢ (0)¥)

Fix S any m-dimensional subspace of L*(C). One has that for any /€S, since H" (0) -
H"(6)=V -V that

(W, HY(0) Yy =, HY (0) )+ (), (V-V) ).

Maximizing over unit norm functions in S and minimizing over all possible sub-
spaces S,
EV(0)<EY(0)+|V- VI (r)-

This proves (4.17). Reversing the roles of V and V', we conclude, since the bound is
uniform in k. Taking the Fourier series, one has that

Enn) - En(n) = [ d0e ™ (EL(0) - E (0)).
Using (4.17) one has (4.18). O

Corollary 4.16. Let y be a smooth function bounded by 1, and periodic in B. One has
that

sup |[En(0) xm(0) = Exn (0) xm( D)< 1V = V[l (g, (4.19)
0€B

and for &Y &Y the Fourier coefficients associated to Eyy and E,Z')( respectively,

sup [E1,(n) = &1 ()| <1V = Voo (4.20)

nezd
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Proof. This is trivial using Lemma 4.15 since

sup |Ey(8) xm(8) — Ex (8) xm(6)| < supEn(8) — Ey, (8)Isuply (k)I,
0eB keB keB

and likewise, since
En(n)— &N (n) = [ d0e " 0(EY(60) - L (0))x(0),

one has by Lemma 4.15,

sup &Y (n) - &Y (n)|<||V - V|l (ray- O

nezd

Proof. (of Theorem 4.10) For any subsequence ¢;— 0, as a consequence of Lemma 4.8
one has a further subsequence that converges. As a consequence of Lemma 4.13, one
has that the limit is positive. If we can show the limit always satisfies equation (4.15),
then as a consequence of uniqueness of distributional solutions to this equation,
we have that the entire sequence converges to a solution of (4.15), thus proving the
Theorem. We are thus left with showing that any limit must satisfy equation (4.15).

Multiplying equation (4.16) by a real test function ¢(t, x, k) that is Z?-periodic in
k and whose Fourier transform is in C°([0,00) x R¢x (B~ F,)) we get that

J‘[O oo)x]Rdx(B_FO)dtdxdeath;lA(x’ k’ t) (P(x; ka t)

+ij  dtdxdk
[0,00)xR¢x (B-F7)
wir it x+5n,0) - wil(t,x-<n, 0 .
Y | PRI eong ) -0
nezd

Integrating the first term by parts in time, one gets that

)dtdxd@wf,;’l(t, x,0)0,0(t,x,0)

f [0,00) xRYx (B~Ff
+ dxdOw; 2k (x, 0) (0, x, 0
a1, X AOWER(,0) (0, x,0)

_l-r[O,m) x]Rgx (B,Fé))dthdQ(p( t,x, 0)

Y &(n)

nezd

lwf,;’l(t,x+§n, 0) - wf;;’l(t,x—gn, 0)
€

]ezmﬂn_
Now, Plancherel's formula says that for ¢ real
[ (x=3n)0(0)dx= [ af ()¢ (x)dx
= [ Feraf () (Fap) (D)dE=[ P TEFL (E)(Fap) (£)dE.
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The third expression is thus

_ &A *
_lf[w) e dtdxd@a‘vxw (,£,0)(Fep) (1, E,6)
2ﬂi(9—%)-n_ 2ﬂi(9+%)‘n
Y s )
nezd €

. e/l *
- lf[w) e dtdxdkO Fwi (1, &, 0) (Frp) (1, E, 0)

(Fa(0+5)-FA(0-))

£

Using the fact that ¢ has compact support, we know there exists a ¢ dependent open
set G, on which ¢ is zero such that G, contains the zero measure set F; where the
band EJ, is not analytic. Let Hy be an open set such that Gy Hy> F§ and let y be a
smooth function such that )

={ 1 onB\G,,

0 in Ho,
and set

EL(0):=EL(0)x(0).

Then, since modifying the energy band on the set where the test function is zero
does not change the expression, the above term is

dtdédOF wil (1, €, 0) (FL05M) (1, £,0),

f[o,oo)leﬁx (B-EY)
-~ &\ pifp_ &
(&VXQEA)(t,g,e):Z‘(Em(G_‘_ 2> Em(9 2>>gx¢(t,§’0)'

3

where

We need to show that
er A=eheo0 1 oy .
Q) —)EVQE,,,-VX(me ((0,00); AB)
where E% () :=E%(0) x(6). Hence, we estimate

oo 1 —_
dtH@i;f - —V{;EP,,-VX(/)

@E/l t, ,u)——ge(VaEm x(p)( s ’:u)

f dtZZd
f ity %

L=(RY)

199®€A [ ,,U) __37; 190(v0Em x(p)( > :/1)

pez LRD
We first compute for £ €RY, u€ Z?
d
. 1
5= Fo(VeEnVag) (1€, ) =§Z Fo(94Endx ) (£,E,11)

d Jj=

Z (Fo(39ED) » Fi Fg(3,0)) (1, £, )
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we have that 99(8913 V() =[5 d@e'z”"g"‘agﬁ?ﬂw) = Zﬁiyj%?n(,u) so this is

Z S & () Fi Fo(0x) (. Epr— i)

j=1 yezd

Now Fy ' Fo(3x) (€,11) = [udxe”™*d, Fop(x, 1) = -27i&;F Fop(~&, 1) so this is

—2nZ Y. EEN) FFop(t,~E = i)

j=1 ypezd

=21y Ep L) FeFop(t,~E,p- i)
yezd

On the other hand
F FOM (1, E ) = FoF O (1, -E, 1)

o BOD B, o)

o €

= (Fo( (v2ER)9) - Fl (v<ER) ) ) (1, -E.1)

=2misep  2misepr
_i(Z e >%%n<u'>%¢<t,§,uu'>]
yezd

emeéy _ e—mgéﬁp )

=i ERG) Fab(~Eoh- u>(f

d
Hence ez
[t -V Vil
<[lary. Y [ AAFib(-Ep-p0))
ueZd y'ezd
— [ eTiEEH _ grmiebH — ,
_1%fn(ll ) (f) -2 & (1) EL ).

We have that

— eﬂi£§~p _ e—ﬂiefﬂ' — )
—i&h(1) (f) —27xEn(1)Ep ‘

TG T em’ef-,u _ -migkp
~|2miBY () 4 - EL(H) (f) .

Adding and subtracting Zﬂi@n(y')f -1/ inside the absolute value, and using the tri-
angle inequality, this is
— wieEy _ -mieEyl
. R e
)

- +27(E (1) = ERGOIER
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Since we set A=¢'?, |@n(,u') &) %0 by Corollary 4.16 and

wiek-y _ —miekyl
(=

we can conclude if we can find a way to justify using the dominated convergence
theorem. We first consider

[yt 3 [ daFop(-Ep OIS

uezd ezl

wieky _ —miekyl
S )|

eﬂiff«}['_e—ﬂigf«}[') _ 2isin(mefyr)
£

and sin(x) <|x|, this is

Now, since ( .

<an ) (LGOI de) [ AEFob(-E =it DI

yezd uezd

“axy. |%Z,<u'>uu'|( [Fary. [ eF-Em t)||§|)

yezd uezd
> |%?n(u')||u’|(jo°°dtz [ AEFo (. t>||§|)<oo,
Hezd uezd

for A=¢"? small enough, due to the smoothness of the modified energy bands and
the test function. The final bound is uniform in . Hence dominated convergence
can be used. Similarly, for the second term, one has for A small enough that by
Corollary 4.16

[y aey 3 [ AEFop(-E gt D2l () - ER)E)

uezd ez
=) 180G IIuI( Jrary dedsfi%@(—&,u,t)nfl)<<>o,
yezd uezd

and also for this term dominated convergence can be used. This concludes the
proof. O

Remark 4.17. If one had worked with w; S (8 x, 0) = wi(9%h M) (¢, x, 0) as intro-
duced in Remark 4.7, the evolution equation one would need to use would be different,
and one would have

[En(m) wimi(t,x=5n,0) = &l (n)wyi(t,x +3n,6)]

27ri9-n

e (t,x,0) = iZ

nezd £
A £
mi(t,x =51, 0) = wu(t, N
LY gy enb X5 >€ x5 0]
nezd
Y _ Y
+ZZ Sml(t X+ gn 9) [%pm(n)ggl(n)]ezﬂiﬂn‘

nezd
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The second term can be approximated as

ciwih (63, 0)Y [%L(n);%f(n)]ezmen_lwfil(t’x’w[Emw);E,(e)l

nezd

Hence, overall one has the evolution

[Em(0) - Ei(0)]

afws ml(t X, 9) ~ lws ml(t X, 9) €

+ ng,mlws‘i,r/}ll<t’ x,0),

where

[Wi’rﬁl(t,x—énﬁ) Wf,’}l,(t X+= n 0)]
£

eZmG-n.

QfmiWemi(£,x,0) =1 &h(n)

nezd

Treating the Q5w

N &4 (t,x,6), one can use the Duhamel principle to write

LEm(0)-E(6)] t EmO)-E(O)]

—, toed t- A
win(tx,0)=e ™ win(0,x,0)+ [ e T TI0luwin(s,x,0).

[Em(G) E1(0)] .c
. . -t
Away from band crossings, the term e” - is like "¢ for some c, and produces

oscillations that average to 0, yielding trivial limits for ws‘f’,’},, tested against some
nice test function ¢. This can be shown for the first term for instance using the Rie-
mann-Lebesgue lemma. We omit the details here, and refer the reader to [GMMP98],
in particular to Lemma 4.13 for the details of an equivalent approach.

4.3 Proof of minor lemmas

Proof. (of Lemma 4.2) We compute

A )= 0) e () ()

_o-di2( _p wr(X X\gr (X

-¢ ( AX‘I’m( e 9) +AV( 6)\11'”( e 9))

= 2EL(0)Wh(2.0) = ER(6) Y5 (x,6).
Next, we check that W5* satisfy the periodicity conditions:

e _ —dingh 2in-0=d/ 2 X\ _ 2minOgel
V., (x+en,0)=¢ ‘I’(£+n0> € ‘Pm(g,e)—e ¥, (x,0),

and
e,

8;1’; (x+sn,9)=aim(‘ll,§;’l(x+en,9)) ‘d/z (‘I’,’}l(y+n 0)),

with y= % The chain rule says this is

v} ) s ) et
—-(d+2)/2Y tm -(d+2)/2 ,27in-0 m — p2min-0 m
=¢ ) Z(y+n,0)=¢ e e (y,0)=e “xs (x,0). m
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To prove Lemma 4.4, it will be useful to have some machinery.
Definition 4.18. For € oS’(]Rd; C),e€(0,1],A€[0,1],0€ B,meIN define the Bloch
coefficients, for
e (0, m) = I]Rdlp(x)‘lfﬁf’*(x, 0)dx

Remark 4.19. The above definition extends unitarily to L?(R¢; C).

Proposition 4.20. One has that for e€(0,1],A€[0,1],
1. (Reconstruction) y(x)=3"_, de9¢~“(9, m)¥t(x, 0)
2. (norm preservation) |||fgay= Y _, fB|l/r/?’J’l(9, m)[*d0

3. (eigenvalue property) For 0€ B, meIN, H**(0, m) = E;(0) W(G, m)
4. (Plancherel) For i, J, € L*(R?) one has that

Judxts i = X [ 20970, m G 0.

Proof. The proof reduces to using properties of the classical Bloch-Floquet Zak
transform that were proved in Section 2.1.

1. We begin by considering %.;1/(6, x) introduced in Definition 2.9. Since ¥&*(x,
0) is a basis of L*(C;C), we can write

Uy (0,%)= ) cm(0)¥5(x,0)

mEN
where

em() = f Uy (0, %) W3 (x, 0)dx
:.[c Z ™0y (x - n) M (x, 0)dx.
nezd
Changing variables, this is

=Y [ dyer () Ut (y+n, 0)dy

nezd

=) fc,ndyl//(y)‘l’f,;“( y,0)dy

nezd
:fdeE”(y)‘I’if’*(y, 0)=y°*(6,m).
The claim follows from the inversion formula for %y

V()= [ d0%ap(0.)= [ dO ) cn(0)¥;(x.0)

meN

:de()Z PO, my¥s (x,0) = Y deelﬁ(e, m)¥eA(x, 0).

meN meN
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2. One has that ) i
Z IBW’/T’A(@, m)|2dk= Z fB|Cm(9>|2dk.
m=1 m=1

On the other hand by the unitarity of %,
1o = [ 40 [ dxWayy (6, ) %p(6,)

= deedex S en(0)cw (0)¥5™ (x,0) ¥ (x.6).

m,m €N

We conclude using Fubini's theorem and the orthonormality of the family

{‘I’f,;’l}meN, since this is
— 2
_dee Y len(O)P.

meN

3. This follows from the self-adjointness of H** and Lemma 4.2:

HOM (0, m) = (¥51(0), H ) = (HHEA(0), ) =EL(0) (¥51(0), ¥)
=EA(0) (6, m).

4. Let Ui(0,x) =3 o ¢ m(0)¥5 (x,0) for i€{1,2}. One has by the unitarity
of the classical Bloch-Floquet transform that
Y Yz = [ AOWat(0,), Lo (0, rzcioy

We can conclude since

Uath(0,), U0, Nzicr= . cum(0)¢5(0) [ Wi (x, 0) Wi (x, 0)dx

m,n€EIN

= an(@ca(0)= UH0.m) Y5 (6,m) o

meN

Lemma 4.21. Consider S5 defined in equation (4.11). For m, €N, f,,€ S5, fi€ S;*
one has that

[ () (%) = .

Proof. One has that f,,(x) = deGGm(G)‘I’f,;’l(x, 0). As a consequence of the first part
of the previous Proposition f,(x) =", deQﬁn(G, n)¥o (x, 0). Hence f,(6,n) =
04(0) Oy Similarly, fi(x)=Y"", deHﬁ(H, n)¥et(x, 0) = deQO'l(Q)‘Pf’A(x, 0). Hence

£1(0,n) =0,(0) 6. One can conclude using part 4. of Proposition 4.20. m

Proof. (of Lemma 4.4) Since /€ S5* one has that

¥(x) = [ dOP7H0,m) Wi (x,0)
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Then by the eigenvalue property 3 of Proposition 4.20, one has that

Ho Y (x) = deel/??(e, m)HeMPE (x, 0)

- [ dk U540, m)EA(0) ¥ (x, 6).

Using the periodicity of the Bloch bands, one uses a Fourier series representation, to
rewrite this as

= A 27in-0.1 £, e
= [0y Eh(m)e (0, m) ¥y (x,6).

nez4
By using Fubini's theorem and the quasiperiodicity of the eigenfunctions, this is

=" &h(m) [ A0S0, )W (x+ en, 0)

nezd

=Z &L(n) Y (x+en). m

nezd

Lemma 4.22. For f,g€ S(R%),x€R?, 0€B

wi(f.8)(x.0)=) W(f.8)(x.0+y)

yezd

Proof. Defining O () :=f(x+§;1)g(x— é,u), one has that for any x€R% ®5e S(RY).
Hence, since W*(f, g)(x, k) = ®i(~k), one has that W*(f,g)(x,-) € S(R{) for any
x€R?. Hence for any 0€ [—%,l]d, d(x,0):= Zp'ezd WE(S, g)(x,0+ ) is well-defined,

2
and is periodic in the k-variable. Taking the Fourier series, one has for £ € Z4

fng(x, 0)e 040 = deQ Z We(F,g)(x, 0+ ) e 2mE0

yezd

=de9 Z We(f,8)(x,0+ ) e 275 0)

yezd

=[ W0 (k) etk

= [ ARBR) = [ QB (R) e =0i(2),

On the other hand, taking the Fourier series of wy,(f,g)(x,0) gives

[ wi(f.0)(x,0)e 25040 = [ d0Y" @5(p)ermd -0

uezd

=Y ®i(p) [ A0 0O = di(§).

uezd

This identity can be extended to less regular f,g, see Remark 4.4 in [GMMP98]. o
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Proof. (of Lemma 4.8) One has that for ¢ € 9 that

fd@f dxw‘”1 t,x,0)p(x,0) fdkj dxz ”(txJ,z’u’x —ﬂ)(P(x k) e2mioH,

pezd
where
zf;f(t,x+§y,x—§y)= (t x+—y) (t x——y)
Hence
deOJ.]Rddxwf,;A( t,x,0)p(x,0)= fRddx Z zf;l’l(t, X+ gy, x- §u> Fop(x,—p).
uezd

Taking absolute values

U dkf dxw”(t x, 0) p(x, 9)’<||q)||%supf dx|z

(o gu=).

uezd
Now
A £ £ _ A & A £
[tz (g = )| = [ oyt (1w g i (60— 5|
SLRde (tx+—y) (t x——,u)’

s||r_s_:1//f,;’1’*(t)||L2(Rd) Tz ;A(t)”LZ(]Rd)

=19 (b MEaray = 19 (0, ) [ ey
and this concludes the proof. O

4.4 A remark on long time behavior

We end this chapter with a brief remark on the long time behavior of Schrodinger
equations with periodic potentials. We begin with equation (4.2). Similar to expres-
sion (4.6), one can obtain a direct integral decomposition of H LA using pgrz instead

of %cl:
CZZBFZI-I A%BFZ fd@ BFZ 9)

One has that Hﬁi:’lz(é) = (=iVy +2710) - (- iV + 2710) + V on L*(T%). Hgi(8) is unitarily
related to H*(0) from (4.6) (the details can be found in Remark 1 of [MP14]). Hence
Hiis(0) has a discrete spectrum, and we can write

o0

Hyiz(0) =) Ef(6)P}(6)

n=1

where E}(0) are the eigenvalues in non-decreasing order, as introduced at the start
of this section and P} (0) are the corresponding eigenprojections. Using the notation

X" (x) = ('Y (x),nxd (%)), (Vof )™= ((90f)™, -, (d0f)™)
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for meIN, we state the following

Theorem 4.23. (Theorem 3.1 of [dMS23]) Assume we have an initial condition €
H?™(RY), ¥ #0 and such that

||xm¢||L2([Rd) <o
Then

||xmeitHM‘//”i2(1Rd)

lim o - fwdez |(VoEA(0))™PIPH0) Uz (6, )12 pay >0
n=1

t—+00

This behavior is called ballistic transport, which is also exhibited by the free
Schrodinger equation. The case m=1 was proven earlier, see Theorem 2.3 in [AK98].
The proof reduces to showing that

lim def ‘%sz (H)y)(0.x) ( f dkz (ViEA(K) mP,f(k))%thﬁ(e,x)

t—o0

2

where x™(t) is the operator e"x™e ", as is common within the Heisenberg pic-

ture of quantum mechanics. One can compute for ¢ satisfying %prz 1/ (0, x) =
Zn 1P %szl//(e X) that

(Usrzx™(
tm

DY)(6.%) jdez (VaEL(8))"PH(0) Uit (0, x)+O,,9( )

It remains unclear what implications the above information on the moments of the
wavefunction has for the weak-coupling scaling limit of the observables.
In the case of a Gaussian random potential V on the other hand, the limit

lime ™" A

e—0
is shown to exist, for A dependent only on momentum, in [Spo77]. Furthermore, the
limit operator is related to the semigroup of a linear Boltzmann equation. However,
understanding the long time behavior remains a major open goal. For instance, for

d =3, if one shows that for all i/ € L*(R* C) one has that
i X (O Ve llx (1) ¥l -0

t—o0 ta

for some real « >0 and for a Gaussian random field with fixed coupling constant,
this would settle the extended states conjecture for the Anderson model. Roughly
speaking, the extended states conjecture says that there are no localized states for the
Anderson operator in d=3. The lecture notes [Erd10] explain one possible approach
towards the resolution of this conjecture, where the rigorous derivation of the weak
coupling limit is an important first step. One can currently go beyond kinetic time
scales and get diffusive behavior, but this is currently possible only for weakly cou-
pled potentials. We refer the reader to [ESY08] and [ESY07] for the original proof.
More recent advances can be found in [Her24], [BDH25] and [BDH].



Chapter 5

Kinetic limit via the sewing lemma

We quickly recall the setting introduced in Chapter 1. Consider the linear
Schrédinger equation with periodic potential: for x€R% t€R,

i0,0(t,x) =-A(t,x) + 2V (x)p(t, x), @(0,%) = @o(x). (5.1)

Here 0 < ¢ <1 is a small coupling constant. The time-independent potential V is
assumed to be Zd—periodic, ie, V(x+n)= V(x),VxE]Rd,VnE 74, We also assume
throughout this chapter that

V €N pmen, H™(TY).

We will not actually need so much regularity. In practice, we need only that V€
NmepH™(T?) for some sufficiently large M €N . Details of the initial data ¢, will be
mentioned in the next section, once we have introduced some more terminology.
In Section 2.2, we introduced the Wigner function as a tool to study the problem in
phase space. We recall its definition here: for € L*(R%;C), x, k€ R?:

W,(x, k) :=fRddyez”ik‘y¢(x—%))¢*<x+%). (5.2)

To study the weak coupling regime, it is common to work with the rescaled Wigner
function:
. = ) =w/(lX

w (t,x,k)._W(p(?)(g,k)—W(p(g, g,k), (5.3)
with initial conditions Wy (x, k) = W,, .(x, k), where ¢ is the solution to (5.1) with
initial data ¢ .
We are interested in the limit of time evolution of rescaled observables, which cor-
respond to quantities of the form

lim j Ak f AXWE (L k) F(x, k) (5.4)

for some F€ $(R??). We will not answer this question completely, but present some
partial progress towards this goal.

33
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In Theorem 4.10, we showed that for certain observables, the limiting behavior is
given by the transport equation. This was shown for observables supported away
from a zero measure set of resonant momenta. In this chapter, we introduce a gener-
alized phase space object via a representation formula of the Wigner transform, and
use it to study observables that are also supported on the resonant momenta. We
state the main result of this Chapter, Theorem 5.7 in Section 5.1. This result states
once again that one can obtain free transport in the limit for non-resonant momenta.
Importantly, the proof does not use the Wigner series, and provides a glimpse of
the structure we plan to exploit in the study of the rescaled observables. Section 5.2
contains the proof of Theorem 5.7. Section 5.3 is devoted to the study of the rescaled
observables. Finally in Section 5.4 we present the proofs of minor results used in the
previous sections.

The material presented in this chapter is the content of the work [GS].

5.1 Summary of the chapter

We quickly recall some well-posedness theory for the linear Schrodinger equa-
tion (5.1).

Definition 5.1. A mild solution to equation (5.1) is defined to be a function
@€ C([0,+00); L2 (R%C)) n C((0,+00); LX(R%C)) n C((0,+00); H* (R4 C))
such that ¢(t) = @y and 3,p(t) = Hp(t) for all tER;.

By Theorem X.15 of [RS75] we know that for V satisfying the above assumptions
that H:=-A + 2V is self-adjoint on D(-A) = H(R% C). Stone's theorem (The-
orem 3.24 of [EN00]) then says that H is the infinitesimal generator of a &,-group
of unitary operators, S(t). By using standard results from the theory of semigroups,
one has that for any ¢,€ H*(R% C), that ¢(t) = S(t)¢@, € C'(R.; L*(R% C)) n C(R,;
H?(R%C)) is the unique mild solution to equation (5.1).

Recall the definition of the Bloch-Floquet-Zak decomposition introduced in Sec-
tion 2.1: For g€ S(R%C),0€R?, xeRY,

(%BFZ(P)9<X> . @(Q,X) = Z ezirie-(x—m)(p(x_ m)

mezZ4

In Section 5.4.1 we use these properties to prove the following representation for-
mula for the Wigner function:

Lemma 5.2. Let p€ S(R% C). Then for for W,(x, k) defined in (5.2), decomposing the
momentum k=k -, with k€ (%)d and n€ [—%,%)d, we have the following representa-
tion:

Wyl k)= [ dy [ 40705 G+ 6,54 )§ (- 0,x- ). (55)
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This can be extended by a density argument to L?(R¢;C). Noting that the variable
x is not just periodic in the overall integrand but individually as an argument of ¢
and ¢, due to the properties of the BFZ transform, we found it useful to introduce
the following generalization.

Definition 5.3. Let z€ T% p€ R play the role of position variables and let n€ [—%,%)d,
KE (%)d play the role of momentum variables. Then for ¢ € L*(R%;C) with associated
BFZ decomposition ¢ the Bloch—Wigner function is defined as

e pe [ o g0
Pp(n+0,z+y)¢'(n-0,z-y). (5.6)

Note now that we break the periodicity of the integrand in the 6-variable. This

expression is well-defined as a consequence of the unitarity of the BFZ transform.
We see that for k=« -, with k€ (%)d, ne [—%,%)d that

W,(x, k)= I/V(p(x— |x],x,n,x). (5.7)

We study the time evolution of the Bloch—-Wigner transform associated to a solution
of the Schrédinger equation. Denote

LT],P>K:Z::L}],PIKLZ ([—Z,Z> x]Rdx (?) XTd), (58)

. o 700 1 1\d Z\1
L5, 2= L (([‘Z’Z) <R x (?) );Lﬁ(w)), (5.9)

We prove in Section 5.4.2 the following

and

Proposition 5.4. For p€ C(R.o; H*(R%C)) n C}(R:; L2(R%;C)) a mild solution of (5.1)
with initial data g,€ H*(R%;C), one has that W,€ C(Ro¢; Ly .2) 0 CY(R.; Ly . ). Fur-
thermore, (k—1)-(Vp+V;) Wq,e C(R.;Lyp«z) and Wq, satisfies

atW(p =-4m(k-1) -Vqu, -4 (k- ry)-VZW(p +ie2QW,, (5.10)

with initial data Wq,o, where the collision operator Q is defined via

Of (z,p,n, k) := Z ezm-n.ZV(n)[f<z,p, r;,zc+;> —f(z,p, U,K—;)], (5.11)

nezd

In order to study the scaling limit, we define the rescaled Bloch—-Wigner transform
to be

- e
W, (t,z,p,n,K):= Ww(?z’% 1, K), (5.12)
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with initial data

W(;O,L'(Z’p’ ’7’ K>=W(p0,[(zs€3 ’73 K>' (5.13)

Remark 5.5. In this chapter we will focus on initial data ¢, . for (5.1) that are uni-
formly bounded in L*(R% C) so that by Proposition 5.4, expression (5.13) will be
uniformly bounded in L7, . .. For instance, one can pick ¢, = ¢o, in which case the
limit in Ly, . ; is trivial. However, the equation for the evolution remains the same,
and we will see that even in the setting of initial data converging to something
trivial, there are challenges of proving convergence of the rescaled Bloch-Wigner
functions, in the topology relevant to the study of the observables. We will shortly
make another related remark after stating our main theorem.

One can compute the time evolution of the rescaled Bloch-Wigner transform to be
AW, =—4me (k- )V, W, -4 (k - )V, W, + ie 2 QW (5.14)

We work in a moving coordinate frame, and pullback the fast transport in the z-
variable via

Ut(t,z,p,n, k) := W;(t,z+47{€_l(K— mt,p,n,x). (5.15)
We study the Fourier transform of U® in the periodic variable z. Define

Té(t, & p.m, k) :=F U (L E po1,x). (5.16)

One therefore has that
T"(E.p. k) = T (E.p. 1. ) = F Wy, (2.1, K). (5.17)

The time evolution of T* can be computed using equations (5.14)-(5.16). One has
that

O, T*(t, &, p,m k) =A"T(t, &, p,m. k) + QT (8, €, p, M. k), (5.18)
where
A*G(E p,m, k) =4 (k- 1) V,G(&, p, 1, k)

and

€ RSV 4r?ie”In-(2x-2n+n-E) Yy _ n
QiG(E,p.nk):=ie ) e V(m)G(E-npnr+z)

nezd

—je”1/2 Z e4”2i€_1”'(2"’2’7‘"+§>t17(n) G(§ -n,p,n K- g)

nezd
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To make sense of the limit of equation (5.18), as ¢ — 0, we will use some of the
machinery introduced in [BG17]. To this end, we introduce the following scale: for
m=0 define the Banach space

{wevllg Y [ Y <K>m||Dﬁw<§p,x>||,z<oo} (5.19)
ey

with corresponding dual spaces E_,,:=E;,. In particular

Z\4 Z\¢
EO:L},l,ilg(]Rdx(E) xzd), E_O:L;’;’l,‘;"l?(JRdx(?) xzd).

This is motivated by the structure of the unbounded operator A*"7 (which worsens
regularity in p and summability in k), and by the following a-priori bound on T*"

CSSSUP 1 1)d||T Moo, 130 < C (5.20)

This follows from Proposition 5.10, and equations (5.12), (5.15) and (5.16). Next, we
fix

1
5e(o,m), (5.21)
and define
oA,:= {176 H i) 12n-n-al " <cs(n) T (n)¥*Va€eZ, nEZd\{O}}, (5.22)
where cs€ Ly ( [_Z %) d) is a certain integrable function that will be constructed explic-

itly in Lemma 5.10. Lemma 5.10 also asserts that &/, is a full measure subset of [%,
%)d. Let

X i
YIY(E P K) =

R e IECED

nez4\{0}

] + ]InJ_
7y V()P (‘NP ’szn)zqigf%p K)) (5.24)

nez4\{0}

Since the dynamics of (5.18) do not affect 7, and &, is a full-measure set, we will

make a statement for almost every n€ [ 1 l)d.

Definition 5.6. Let 7>0,n€%,. A weak solution in E_y of the linear Boltzmann equa-
tion

of (1.8, p. k) = A f (1,6, p, 1) + Y'f (1., p, ) (5.25)

with initial data fq, in the time interval [0, 7], is defined to be a function f € C,,-([0, 7];
E_y) such that

(0. 0(0) = for0(0)) = [ AEF (1), (3 + A + YT (1))
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forall g€ C*((0,7);Ey) nC((0,7); E1) nC([0, 7]; Ey).
We are now able to state our main result, which is the following

Theorem 5.7. Assume that we have initial data ¢, . for the Schrodinger equation (5.1)
such that T;""(&, p, k) defined in (5.17) converges weakly- in E_ to a limit T)'(&, p, k).
Then, for any >0, a.e. n€ [—%,%)d one has that T®"(t, &, p, k) converges weakly-«
in L*([0, t]; E-y) to a limit T"(t,&,p, k) and T" is the unique weak solution in E_, of
equation (5.25) in [0, t] with initial data T;).

The proof of this Theorem is contained in Section 5.2. This passage from rescaled
Wigner type dynamics to linear Boltzmann dynamics avoids estimates and combina-
torics of Duhamel iterates of equation (5.1), and uses the sewing lemma (Lemma 2.26)
instead. This is one of our main contributions.

Remark 5.8. Recalling equation (5.3), we were interested in

(B (42} 2) 5 s 2 ),
i.e., the rescaled Bloch-Wigner transform with z = % Since z is a variable in the
torus, we had the intuition that setting z =€ would cause a homogenization effect
in this variable, leading to an average over z in the limit. We chose as a first step
to not rescale z in equation (5.12), and to just examine the zero Fourier mode after
taking the limit. This will be remarked on further at the beginning of Section 5.3,
where we will be more precise about this intuition, when we heuristically use a
stationary phase argument to rewrite the expression for the observables in terms of

T¢, evaluated at £=0.

As Theorem 5.7 suggests, we work with the limit of T¢, instead of WF¢. Furthermore
at this stage, unlike in the expression for the observables, we do not integrate in 7,
and consider fixed n€ o,

We now mention two important shortcomings of this result:

1. Theorem 5.7 does not say something conclusive about the evolution of observ-
ables, which involve integrating over 7. It leaves open the possibility that
when we integrate in 1 and then pass to the limit, we could have concen-
tration at certain 5's for the collision term. We report partial progress on
this in Section 5.3. We will make a heuristic stationary phase argument and
restrict to studying the case £=0, and will see that the term involving second
order resonant term Y;;”" requires continuity in  of T* on the zero-mea-
sure set of momenta related to energy band crossings of the free Laplacian.
Since we do not currently have such information, this remains an obstruc-
tion to taking the limit ¢ — 0. This set of problematic momenta is the same
as the one encountered in the previous chapters.
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2. Furthermore, we stress once more that we have results in E_,, since we have
an a priori bound and uniform estimates on scales E,,. However, since we do
not expect to have a family of initial conditions that converge to a nontrivial
limit in E_, this is a weak statement at the moment. However we believe that
the method of proof we will demonstrate here can be adapted to other scales
of Banach spaces in the future, once an appropriate a-priori bound has been
identified. We show that even in our simpler case, there is an issue trying to
prove a convergence for the observables.

5.2 Proof of Theorem 5.7

This section contains the proof of Theorem 5.7. In Subsection 5.2.1 we use the
Duhamel principle to derive a difference equation (5.28) for the time increments
of T¢, and our aim will then be to show that it has the structure of a rough difference
equation. Subsection 5.2.2 introduces some useful lemmas that will then be used
in Subsection 5.2.3 to prove uniform in e-estimates for the operators arising in equa-
tion (5.28). This will then imply a naive e-dependent bound for the remainder term in
the equation, using the sewing lemma from the theory of rough paths. Applying the
sewing lemma in this context will require certain ideas from the theory of unbounded
rough drivers introduced in [BG17]. Finally in Subsection 5.2.4, we will estimate
also the remainder uniformly in ¢, and this will allow us to pass to and characterize
the limit equation, thus proving the theorem.

5.2.1 Deriving a rough difference equation

By using Proposition 5.4 and testing equation (5.18) against functions in E,, we have
that for every F€E, that

(TS, Fy = (AT, F) +(Q "I, F),

where (:,-) means we are integrating and summing in p,x and £&. We write T%" to
indicate that we fix 5, noting that it is just a parameter in the equation and does not
get changed by the dynamics. In terms of the adjoint operators A* ?* and Q;"" this
is

(DT, Fy = (T, AW F) + (TS, Q1 F), (5.26)

where A" =-A*""and

&1, — o172 4m2ie ™ n-(2x-2n-n-&)uyy _ﬁ
Q,VF(& p,x)=ie Z e V(n)F(§+n,p,K 2)

nezd

—ig2y edri ez Oy () F( o, pc+ ).

nezd
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Integrating in time, one has that
j "du(d, T, Fy = (8, T, F. (5.27)

Using this and equation (5.26) once more, one has that the first term on the right
hand side is

f :d“< T," A“"F) = f :du(irf"’,A""?’*F )+ Ltdu f sudv<Tf AR AR F

+f:dufs"dv< TEN, QM AXIFy,

Finally, by using (5.27) and equation (5.26) twice more, the second term on the right
hand side is

[fau(s, 057 Py = ['au(re, 7By + [ 'du “dvers, ar Qi)
+[Cdu dw(Ts, 057 Q" Py
=f:du< TE, Q0 Py + [ du "dw(Ts, A1 QL F)
[ AT Qe QL+ [ T A Q)

fduf dvf dw(TE, Q.7 0™ Q7 F).

Hence, overall, one has that

(8 TEN Fy=(To" (A + X5 + X5V Fy + (TS™ F) (5.28)
where
AGTF(E pox)=4m(t-5)(k=n)VF (&, p.x),
XiF(EpK) = [[duQi F(E pov).
and

E.N* t u E,N* E,.N,*
XEF(Epor) = [ du vy Qi F (€, p. k).

TS™ is, for any fixed s, t, the unique linear functional in E_, such that for all FEE,
we have

(TS F) = j tdufudv(Tj’”,AK‘”’*AK‘”’*F) (5.29)

[ duf"dw T Qg AT+ AT QL) Fy (5.30)

+ f tdufudvadwma, (AR 4 Q51 Q5™ QL F) (5.31)
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Lemma 5.19 below proves that the expression on the right hand side indeed defines
a linear functional on E,. Our goal is to use the structure of equation (5.28) and the
idea of Lemma 2.29 to obtain the limit as ¢ — 0.

We now compute X4 and X% explicitly.
t
XEF(E,p,x) = [ duQf"F(E p,x)

t 2. -1 A n
_ia-1/2 4r%ie” " n-(2xk-2n-n-&)u _
ie Ldu E e V(n)F(§+ n,p, K —2>

nezd

ze‘”zf ‘du Z e4”2i€_1”'(2"’2’7+”*§)”17( n)F<§ +n,p, K+ g)
S

nezd4
_a-1/2 ¥ t iaiu _2 _ iabu E
=ie Z V(n)fsdu[e F<§+n,p,1< 2> e F<§+n,p,x+2)],
nez4\{0}
where
aj=4r*e'n-(2xk-2n-n-¥§), (5.32)
ay=4r’e'n-(2k-2n+n+§). (5.33)

Next, consider

LVF(E pe) = [ du [ dvl QI F(E o)
=LtduLudvi€’”2 Z eV (n) QZ’””’F(g* +n,p K- g)

nezd4

15’”2LtduLudv Z eV (n) QZ’”’*F<§ +n,p K+ ;)
nez4

We have that
£, _ E _
Q,"F (§ +1n,p,K 5 )

I/ZZ 647[215_1" (2k-2n-2n-n'- E)uv(n) (§+n+n"p’K_g_%)

nezd

I/ZZ e4n21£'1n (2x- 2;7+n+§)uV(n)F(§+ n+n D, K_E+i)’
nezd 2 2
and

Z’”’*F(§+ n,p, K+;) =

je1/? Z 64”2"51""(2’“2”‘"1_'5)"‘7(n’)F(g+ n+n,p,K+ ; - %)
n'ezd
ey e4”2if‘1"“<2K+2"-2'7+"'+§>“V(n’)F(§+ nen,p,x +g+%).

n'ezd
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Hence

XETFEp ) ==t ) VmP () [[duf dv

n,n' €Z4\{0}
eiaiveibqu §+n+ n',p,x—ﬁ—l _eiaiveibéuF §+n+ n',p,lc—£+l
2 2 2 2
~ ~ , t u
+e7! Z V(n)V(n )LduL dv
n,n'€Z4\{0}

Tl,

[ei“éveibé“F(§+ n+n,p, K+g—%) - ei“éveib4“F(§+ n+n,p, K+%+?) ],

where
bi=4n?e'n-(2k-2n-2n-n'-¥§), (5.34)
by=4r*e'n-(2k-2n+n' + &), (5.35)
by=4r’e'n’-(2k-2n-n'-§), (5.36)
by=4m’e'n-(2k+2n-2n+n +§). (5.37)

We now split the four terms of X%>"F(&, p, k) into their “resonant” and “nonres-

onant” parts, where by resonant we mean that a and b in the double exponential
iau ,ibv

e'e™" are of the form a+ b=0, for almost every 776[—— —) Note that
aj+bj=0=n"-2x-2n-2n-n-&+n(2xk-2n-n-£)=0
<= (n+n)-(2k-2n-n-&)-n"-(n+n’)=0
= (n+n)-(2k-2n-n-n'-§)=0
For this to be 0 for almost every ne€ [—%,%)d, we need n+n =0. Next, consider that
ai+by;=0=n(2k-2n-n-&)+n-(2k-2n+n +§&)=
= (n+n)-(2k-2n) + (0 = n)-E+|n)> - |nf?

For this to be 0 for almost every n€ [—%,%)d, we need n+n =0 and n1 & We argue
similarly for (a3, bs) and (ay, by).
We now introduce the notation: a, b€ R\{0},

0s(a,b): f du| dreie™ (5.38)

. 2 * * *
Putting together what we have above, we decompose X;;""" =Y,"" + Z;,"" where the
resonant term

YV F(E pox) =
e Y V() Ppa(-an, @) [F(E,p, ) = F(E,pc=m)Lyy ]

nezZ4\(0}

vt ) V() Ppa(=ah, @) [F(E p.k+m)Lue~F(E,p,x)],

nezZ\{0}
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and the nonresonant term

N A o , -
—e” Z V(n)V(n)es(bi,a1)F §+n+n,p,1c—5_7 L2,

n,n' €Z4\{0}

Z V(n) V(1) gy (b, )

(
d
(

E+n+n,p, K—— %

§+n+n',p,1c+£—i
2 2

+e7! Z V(n)V( Ys:( b3, az)

n,n' €Z4\{0}

A A n,
Z V(n)V(n)@s(bs, ay)F §+n+n,p,1<+E > Layst;

n,n' €Z4\{0}

5.2.2 Some useful lemmas

We will collect here some lemmas that will be useful in estimating terms that show
up when attempting to bound the rough drivers on a scale. The first lemma deals
with integrals involving two exponentials. We have

Lemma 5.9. Let y€(0,1). For ¢y (a,b) as defined in expression (5.38) one has that
1. For a+b+0,

t—s?( 1 1
pu(@ D)1= (|a|”y+ ”Y)'

la+ b

2. For a bound that is symmetric in a and b one has for a+ b+0

1 1
a(a, b)|<|t—s* + —
lpsi(a, b)| <t s (Iallylblly _y)

[bl"al |+ b

1 1
+(t-3s)¥ = + = |-
a2 b g+ b b1Ylal e BT

3. When a+b=0, one has
|t -]

lal

lpsi(a, b)| <

Proof. First notice that for k€ R\{0} we have that

t iku t iku elkt
U e du|s|t—s|, U e du|= _—
s s lk

_ eiks

ks

A

which by interpolation gives
|- s

|k|1—2}/ :

t .
elk“du‘ <
S
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Now, in the first case we have that

¢s(a,b) f duj dreiaueibr — Ltdu (eiau#)

_1 ! i(a+b)u eibsjt iau
‘ibfsd”e i), due™

Applying the triangle inequality and the above interpolated estimate to each term,

we get
[t —s|?Y 1 1
lau
du D |bl (Iall‘zy+|a+bll‘2y)'

oatab)is (][]

i(a+b)udu‘ +

Now note that
iat
¢u(a,b)= fduj dreiaueitr = ftdrftduei“”eib’=e—ftdreibr—iftdre"(“b)’.
s r iaJs ials

Using the triangle inequality and the interpolated estimate as before, one has

lt-s?( 1 1
|¢st(a: b)li (|b|1—2y+ 1—2)/)'

lal la+ b

Interpolating between the two bounds obtained above, one has

1 1
—g2v
|(Pst(aa b)|5|t s| (|a|1_y|b|1_y+ 12)/)

[blal' Va+ b T

+|t—s?Y ! + 1
-s — — |-
|a|1/2|b|1*)’|a+ b| zy |b|1/2|a|1/2|a+b| v

When a+ b=0, we only have that

tl _ eia(u—s)

¢st(a, b) f duf drein) f due’““f dre = f ——du,

s 1a

from which we obtain the claim. ]

This lemma is the reason why the resonant and nonresonant terms have different
effects. Next we have a lemma that allows us to deal with small divisors. Within
our problem, after applying the lemma above, we will encounter terms where a and
b are of the form cn-(x'-n') for n€ Z*\{0}, k' €Z¢ 1’ € [—— —] So in order to bound
m ‘, one will need to bound la| away from 0.

1

. For any §€(0,6,) there exists C5€L1([—— —] ) such that

> 2

Lemma 5.10. Let 50— o

11

for almost every ne [— E]d one has

In-n-al™ < cs(n) T (ny? <o,  Va€Z,n€Z\{0}.

Proof. Fix 6€ (0, ) and define

am= > Y w1 ng-al

ne€ZN\0} a:|al<2,/d|n|
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We claim

f - al?ldn s Cyp<o
7]
uniformly in n and a:|al| < 2\/3 |n|. To see this, consider
5-1 o 15-1

f[ . 1]d|” n-al dn<f B O)dr]|n n-al° 'dn.

For any rotation matrix R, one can define n':= R™'5j to get that this is
_ 161 o 113,

fo( In-Ry’ - al°"'dn' = f R'n-p' - a°'dn’.

Now, one can choose R=R(n) such that R’n=(|n|,0,...,0). This then becomes

:jBﬁ(O)nnm; —a®ldn' < (Zﬁ)dlj_‘/\/édry'llnlry' —a)’
By a change of variables this is
_(2\/_) f‘"‘ﬁ ‘AP
|n| Inlyd-a
Now, since |a| < 2\/3 |n| in the definition of cs, one can estimate

max{||n|\/3— a|,||n|\/a+ al} <3|nly/d.

So

2(2f0) oy

N - 5-1 <
Jp = dne =S d

2(2d)7 l[j g [ ) < S0 < G

nl |n|
for n€ Z%\{0}. Hence we have that
f . C§(’7 d’7 J. Z Z <n>—d—l—5|n,’7_a|5—ldr’
[ 2 ] 7? nEZd\{O} aEZ\a\<2\/_\n\
By Tonelli's theorem and the dominated convergence this is

_ Z Z <n>—al—1—§f[_l l]d|n.n_ alé—ld’7

neZ4\{0} acZ:|a|<2+/d|n|

<Cis p. (w0 Y1

nez4\{0} a€Z:|al<2+/d|n|

<Cas ) (WM< Cas Y (M 0<o0

nezZ4\(0} neZ4\{0}
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Hence we have that cs(n) is finite a.e., and hence, for almost every 7, by the fact that
cs(n) consists of positive terms one has

<n>fd7175|n.’7_ al(sfl < Cé("))

= (M np-a'?=c5(n)"

— |n.’7_ a| 2C('s(r])—1/1—5<n>—(d+1+5)/1—(5

— |n"7_ a|71S Cé(’7)1/175<n>(d+1+5)/1—5’

which for 0< < ﬁ
=|n-n-alt=<cs(n) T (n)yd*2

In the case that |a| > 2+/d|n| we have by the reverse triangle inequality that

la—n-yl=lal-n-y =|al - Jdnl = Jd|n| > 1
=lnn-a <1

Defining cs(n) =max{cs(n),1} we have the claim. a]

S—
Remark 5.11. Notice that |, L ,cs(n)dn A co. On the right hand side of the

2’ 2]
expression in the statement of the lemma, one has c5(#)*~%, which is not in L}7( [—%,
%]d). Clearly, there can never be an L' function on the right hand side, because one

knows that 7! is not integrable between 0 and 1.

From this point on, we fix some § € (1, ﬁ) and drop & from the notation of c5. We
write

c(n) =cs(n) (5.39)

through the rest of the section.
The above lemma says that a.e n€ [—%,ﬂd belongs to «/,. (Recall Definition 5.22).
We next have the following estimates on the double exponentials that show up in

the operators of the rough difference equation:
Lemma 5.12. It holds that Yne Z\{0},1€ Z¢,0 < s< t,n€ o, and any y€ (0,1)

|€—1/2ftdue4ﬂ2ie'1n~(l—2n)u < C(l])%é‘l/z_yﬂ— s|}’<n>(d+2)(1—)/)’
s

where c(1) is the one defined in (5.39).

Proof. We have by the same proof techniques as in Lemma 5.9 that

- |t -l
T e n-(1-2n) "7

j tdue4ﬂ2ie'1n‘(l—2ty)u
s

and by Lemma 5.10 and the fact that n€ &/, this is
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11

for some c€L1<[—Z,Z]d). Hence

|€—1/2ftdue4n2i£'1n»(l—2n)u < c(ry)%gl/zf’/lt— s|y<n>(d+2)(1—y)_ O
S

Note that when y > one can integrate the expression on the right hand side over 5
when %< 1, since c€ L.

Lemma 5.13. It holds that Yvne Z\{0},1€ Z¢,0 <s<u<t,ne o,

|£—1jtduf udve4n2is’1n-(1—2q)(u—v) < (t— S)C(T])%5<Tl>d+2,
s s

where c(1) is the one defined in (5.39).

Proof. As in case 2 of Lemma 5.9 we set a=4m% "' n-(I-2n) and see that

-1
‘g’lftfuei“(”")drdu|s—€ (£-5)
sJs |a|

and by plugging in the value of a and using Lemma 5.10 we get that

|€’1Istfsuei“(“")drdu|5 (t—s)c(r])%(n)d”. O

Lemma 5.14. It holds that Yn,n' € Z\{0},1,1'€ Z*, ne o, satisfying n-(1-2n) +n"-(I' -
21n)#0,and 0<s<u<t,y€(0,1) one has

|€—lftj ue47r2i£’1n-(l—2r7)ue4ﬂ2i5’ln'~(l'—2r7)vdvdu|
SJS
2-2y ,
561—2)/“._ s|2yc(’7)ﬁ(<n><n >)2(d+2),
where c(1) is the one defined in (5.39).

Proof. Considering the a+ b#0 case of Lemma 5.9 we set a=4m%"" n-(I-2n) and
b=4m%"'n"-(I' - 2n) and see that when a+ b#0,

tru . . 1 1
|€‘1j f e“’“e’b"dvdu’fe‘llt—slzy( y)
S S

+
lal' B gy gt -
|bI"?|al” " Y|a+ bI 2

+e !t - s|* ! R 1/21 — |
|a|1/2|b|1*}’|a+ b2 |bIV?al?la+ b~
By Lemma 5.10 this is

<612t = sPYe(n) T (ny @ D)y @D ()
+£172Y|t_ S|2}/c(n)21+25y<n’>(d+2)/2<n>(d+2)(17}/)<n+ n’)(d+2)(1*2)/)/2

22y ’ ’
+€1—2y|t_ S|2yc(’,’)ﬁ<n>(d+2)/2<n >(d+2)/2<n+ n )(d+2)(1—2y)‘
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Combining these, one has that this is
2y , ,
581—2y|t_ S|ZYC<I]) 15 <n>d+2<n >d+2<n+ n >d+2

2-2y ,
581_2Y|t_ SlZyc(n)ﬁ<n>2(d+2)<n )2(d+2)‘ O

5.2.3 Uniform operator norm and naive remainder estimates
This Subsection will be devoted to proving the following: For any m€IN, n€ &,
Y€ (%%) K€ (%)d, ne [—%,%)d,OS s<t,d as in (5.21), we have for any y €E,,
G Yllg,, < €27 = s,
NG Y, < (£ = )IYIE,,
1Z3"™ Y, s &'t = sV 1Y,
and VY €E,,,1,
A" Ylle, <1t = Sl Iz,

In the above bounds, the constants implicit in < could depend on d, V,y, m, §, n but
not on ¢.
We will also prove the following naive bound on the remainder

£,n,4 -3/2 2
I T ™ g, < e 2t - s

Lemma 5.15. For any me€IN ,, n€gf,, y € (%%) VEE,,0ss<t,dasin (521), we have

iy
X Yllg,, < c(n) =oeV2 Nt = s, (5.40)

where c(n) is defined in (5.39).

Proof. Recall that
X W (E p,x) =

ie™1/? Z V(n)j:du[ei“i“l//(§+n,p,K—g)—eiaéu¢<§+”’P”<+g)]’

neZ4\{0}

where a; and @) were defined in (5.32) and (5.33). Since we want to see where X_>"*"

maps | € E,, we first consider for f:|f|<m

1/2
IDEX (. py ) s = ( S DI Y (Ep, x>|2) .

tezd
To this end, we use Young's inequality to get

la* 16

la-b>=|al*+|b*-2a-b<|al*+ |b|2+2(7+7) =2|al’+2|b.
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This allows us to estimate

Y DX Y (€, px) P

tezd

SZZ Z V(n)(5’1/Zfstei“3“du)D5tﬁ<§+n,p,K—%)

&ezd |nezd\{(0}

+2 Z Z V(n) (e’l/zfstei“é“du>D£¢(§+ n,p, K+ g)

Eezd |nez\{(0}

=A+B.

We shall estimate just the first term, and the second term can be estimated the same
way. By Cauchy-Schwarz

ASZ( > |V(n)|2<n>2M)

Eezd \ nezd\{0}
t .. 2 n\|2
-2M| -1/2 iaiu s -
( Z (n) |€ Le du‘ |Dp¢(§+ n,p, K 2)| )

nez4\(0}

which by Lemma 5.12 and the expression for da; is, for n€ o/,
2(1-y)
<c(n) 0 A |- g

Z Z (Tl>_2M(n)z<d+2)(1_Y)|Dgl//(p, §+ n, k- n)|2.

£ezd nezd\(0}
By using Tonelli's theorem to change the order of summation, this is

2

2(1-y)
se(n) e M-Sty ()M (mA ) p

nezZ\{0}

PR (- pr-3)

So, we have that

. MDY (p LS ) (mAYE S (B
2 @ G
We estimate

S (mAVE s c(n) e - sl

m —2M ;o\ 2(d+2)|| 8.1 (. _ny)2 1z
Yool Y @m0y (L p- )|
()’ neZA\(o} i
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The idea is to now show that for large M,

Z)dmm( )3 <n>‘2Mf2(K—§))1/Z= Z>d<r<>’”( y <2’<—n>‘2Mfz(g))l/2

Ke(% nez4\{0} € (% nez\{0}

= ) 0T Y 0" (K).
oE) e}
Since the [*-norm of a sequence is upper bounded by its I'-norm, we get that

u
As<c(n)oe® Y|t

YooY womm Mm@ Dl (& p )

we(Z)" nez\0)

¥

By using Tonelli's theorem twice more and changing variables, this

se(m e = Y DM Cp)lle Y (e o)y Mm@
d

KE@) nez4\(0}
Let M'=M~%2 Then
MA™ Mo\ (d+2)/2 n\m™
Y (i) m Mm@ Y (e 2 M,
nez4\(0} nezZ\(0}

and for M large enough, this is

<Cn Y (Y™ +(m)™) ()™M < Copar(K)™.
nezZ4\{0}
So we have

Y omAYEs ()T s Y DR ()™
o) o)

and similarly for 3 €(Z)i(lc)mBl/z. Hence

> RTIDIXE Y (E por)lps () Toe A =S Y DS (E, p ) li() ™
(%)’ <(5)

Integrating in p and summing over f: || < m, we have

L -
X5 Yllg, < c(m) =0 >t = s Yllg,. O

11

Lemma 5.16. For k€ <%)d, ne [_Z’Z>d’ meEWN o, Y €E,;,.1,0< s<t we have

IAS ™ Ylg, <1t = s YE,,., (5.41)
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Proof. We bound the operator A, ™ ¢ (&, p, k) =4n(t-s)(k-n)-V,¥ (& p, k) in the
scale as follows, by first considering the quantity

Y IDSAS YR =167%(t=-5)) " Dy (k= 1)Vp
4 4

=167t =) [Dh(x= 1)V (£, p, k)]
4
=167t - 3| Z Dﬁz (k-n) De’¢(§p K)

Jj=1

(= m);DY Y (&, p, k)

=167t - | Z

<dt - si3(K) Z Z DL Y (£, p, 1)

Jj=1

d
=lt=sP(0)?y Y DL Y (E,px)
¢

Jj=1

By subadditivity of the square root function

an(t-5)Y <K>m(Z DL (= ) V(o r<>|2)
K 14
d 1/2
st=sl) ) <K>’"”(Z DY Y (. p, x>|2) /
= ;

1/2

Hence /
1/2
1A Yls, = Y | de <:<>’"(Z|D”A fp,x)lz)
|Bl=m
/2
slt=s1 ) Zf dPZ <r<>'””(ZIDﬂ”’¢(§p K)|2)
Bl=m j=1
S R L L
So Bl=m+1
A Yllg, <1t = s, o
Recall that we had

2,6, _ NyE N+ £,1),*
Xst Yst +Z

We now estimate the two operators, and will see that the resonant term Y:,»" will
have a contribution in the limit ¢ — 0 while the nonresonant term Z;;"" will vanish.

Lemma 5.17. For all m€N ,n€d,, Yy €E,,0<s<t,8 as in (5.21) we have

Y5 Wle, < (£=5)c(n) N ls,, (5.42)
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where c(n) is defined in (5.39).

Proof. We recall
YVF(E poc) =

—e”! Z |V(n)szstdufsudvei“i(”‘“) [F(&,p.x)—F(& p,k—n)l,i¢]

nez4\{0}

et Y V()R [ du "dve O F(E, s mLue- F(E p,x)]

nez4\{0}

where a; and a, were defined in (5.32) and (5.33). We would like to estimate how
Y:,” maps on the scale. To this end we first compute

1/2
IDEYE™ Yoo = ( Y DAY (e, K>|2) .

d
We have that <
> DY Y (€, poxo) P
tezd
u .. 2
52 Z |V(n)|2(g—1J'tJ‘ ezm(v—u)dvdU)Dg?ﬁ(g,p, K)
Eezd |nez\(0} o

" Z Z ”}(n)'z(€—1LtLueia'1(v—u)dvdu)Dﬁlﬁ(f,p, K- n)]InJ_g

£ezd |nezd\ (0}

+ Z Z |V(n)|2<6—1LtLueia'z(v—u)dvdu)Dﬁlﬁ(f,p, K+ n)]Inlg

Eezd |nez\{(0}

")

2

Z \V(n) |2(f'lfstfsuei“é(”'“)dvdu)Dﬁlﬁ(g, P, K)

Eezd |nez\(0}
IAY'FBY-"CY'FDy.
We have
Y MDY Y )llps Y (OM(AY+ By + G+ DY?).
<) <G

We will see how to estimate the first two terms, and the last two are estimated
analogously. Beginning with the Ay term we have by Cauchy Schwartz

Ay= Z Z |V(n)|2(8—1J'Stfsueiai(v—u)dvdu>D£¢(§,p, K) Z

£ezd |nezd\{0}
Y ) WVmikm™

£ezd nezd\ (0}

Z <n>’2M<5’1fstfsuei“i(”‘”)dvdu)2|Dgtﬁ(§,p, K)[%.

nezZ4\(0}
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Now, since V€ nMBOHM(Td) we have that
Yo V(K™= Y V()M V(n)P
nez4\{0} nezA\{0}
<NV ezt | VIt < 00
So by Lemma 5.13
2
Ays(t-9)%e(m™Y Y (my M2 Diy (&, p. k)P,
&ezd nezd\{0}
which, for M large enough is

2
S(t=5)°c() DY (-, p )
Hence

Y. RmAE s (t=s)e(m) ™ Y IDLY i)l

ke (%)d K€ (%)d

Similarly, for the By term, we have

By=)

tezd

Z |V(n)|2(8—1J‘stfsueiai(vfu)dvdu)Dgl//(f,p, K- n)HnLg 2
nez4\{0}
>0 VM

£ezd nez\ (0}
T I iai(v-u) 2B _ 2
S (m (g fje dvdu> DAY (£, p, k= m)[ L.
neZA\{0}

Using Lemma 5.13 and the fact that V € nyoHY(T?) this is

<(t-9)2(m™Y > (myPUmP DY (p, £ k- n) L,

£ezd nezd\{0}

Y B (t-s)e(m) ™ Y Y (Mt

K€ (%)d K€ (%)d nez4\{0}
() IDpY o p = 1)
Using Tonelli's theorem twice the RHS is

=(t=9)e(m™ Y Y (M )DL (- p, <)z

nez4\{0} KE (%)d

Hence

=(t=5)e(m™ Y DG Cp)lle Y (mMm e my™

ce(Z) nezA\(0}

As we did in the estimate for X" this can be bounded by

<(t-9)e(m™ Y DY p )l

K€ (%)d

103
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Estimating the C and D terms analogously and integrating in p and summing over
B:18l< m we have that

5™ Yllg,, < (t =) e(n) =Yg, . o
Lemma 5.18. ForallmeN y,nedf,, y€ (%,%), VEE,,0ss<t,dasin (521)one has

(2-2y)
1Z5™ Yllg,, s €21t = s1*e(n) T (1Y, (5.43)

Proof. Recall
Z;VF(E pox) =

Y Vimv(n) jduj dveidive lbl“F(§+n+n p.x- 3 %)H“i”’i
n,n'€Z4\{0}

Y Vimv(n) jduj dveidive lbzuF(§+n+n p.x- 3 %)HM
n,n'€Z4\{0}

n n

V(n)V(n) | du| dvei@ve ’%”F(§+”+” pK+o _)]I“'“”

nn;\{o} f f : : B

Z V( n)j duf dvelazv lb4uF(§+n+n p, K+£+’;)]Ia'2#b[;

n,n' €Z4\{0}

where a; and a, were defined in (5.32) and (5.33), and b3, by, b; and b; were defined
in (5.34)-(5.37). As usual, we first compute

1/2
IDLZE™ Yoo = ( Y DLz e, K>|2)

d
We have that £z
> IDRZE (€ prc)Ps Y IDJAZ + [DhB* +|DYCA? + DD
Hence gezt fez
Y OMIDZE Y p k)l
KE(%)d
s Y (O"(IDyAZle+ID)Bz + DCrlz + DDAl e).
xe(%)d

We will estimate the first term, and the rest are estimated analogously. We have by
using the Cauchy-Schwartz inequality that

ID,AZIE=) " IDjALN < ) ( > |V(n)V(n’>|2<n>2M<n’>2M)

Eezd &ezd \ n,n'ezd\{0}
Z <<n><n 2M< f f ialv lbludvdu>
n,n'€Z4\{0}

2
]Im- n'#0-

n n
Dﬁ¢(§+ n+ nl,p,K—§—7)
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Since we have V€n HY (Td), one has that

ST V() V()M M = [V < 0.

n,n' €Z4\{0}

IDSAAES Y Y () (e [ [ Metivetingvdu)’

£ezd n,nezd\|(0}

So

n \|?

B , n
Dp¢(§+ n+n,p,K—§—?)

]In+ n'#0-

Due to the presence of I, 4, by Lemma 5.14 we have

2:(2-2y)

ID,A s €t =se(n) =

’ +2(d+ , n n
} } ((ny(n'y)2M2d 2)D£¢(§+n+n,p,x—5—7)
£ezd nn'ezZ\{(0}
2-(2-2y)
<e¥ Mt -se(n) 0

N\ + + B n n’

n,n'€Z4\{0}

2

]In+ n'+0

]I-n+n'¢0-

2
2
g

This implies that

(2-2y)
1-6

Z <K>m||D£AZ||l§ et -sPe(n)

K€ (%)d

Z (k)™ Z (<n><n’>)—M+(d+2)

K€ (%)d n,n' €Z4\{0}

]In+n'¢0-

bl g T
DP‘/’(’p’K 2 2)

1

By using Tonelli's theorem twice we have that this is

=2
e He-sPe(n) Y IDpY(p )l

Z (<n><n’>)M+(d+Z)<K+g+%> ]In+n'¢0,

n,n'€Z4\{0}
which for M large enough is bounded by
@)
e He=sPle(n) Y IDRY G p i) o™
e

By arguing similarly for the other terms Bz, C; and D  one has that
€,1),% 1-2y 2y £m
1Z" Yll,, < et = sI%e(n) = 11Yllg,. O

Lemma 5.19. T;"" defined by equations (5.29), (5.30) and (5.31) is a bounded linear
functional on E,, and we have the naive bound

ITS™ 1, < €732t - 5% (5.44)
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Proof. The proof reduces to showing that for me€{0,1},

A "2 Ep—E) S 1
and
107 ™ |2 (Ep—sEmy S €2
As an example, take the first term, for F € E,, one has
KT, A Ay < | T g JJA ™ A" F|g,
and
IA " Fllg, < 1A " | 2(B,— E)IA" ™ " | (B — E) IFllE, < 1FllE, S IFllg, < 00

The bound for A*"" follows from Lemma 5.41. We now compute for Q;""": Let me
IN, we then have

10 Fie,= Y fdp 3 00 3 IDHOE R K>|2)”2.

Blsm KE(%)d fezd

Y ez |D£Qf’”’*F(§, P, k)| can be naively estimated as

2
5&‘_1 Z e4n2ie-1n.(2x—2ry—n—§)t"‘/<n)DgF(§+ n,p, K- g)
tezd Inezd
5. _ A 2
+€71 Z e4nllg ln-(2K—2q+n+§)tV<n)D£F(§+ n,p, K+ ;) =C1+ Co.
tezd Inezd

We estimate just the first term by Cauchy-Schwartz, the second is estimated the
same way.

CISE_IZ (Z |V(n)|2(n)2M)(Z <n>‘2M(D£F)2<§+n,p,K—g))

Eezd \nezd nezd

<MWl T T 0 MO (Eenp-5)

fezd nezd
By Tonelli's theorem this is
n
e Vilera y (7MY (DJF)(E+n,pac— 5)

nezd tezd

=& VI ray Zd my M |DGE (- pox - 5)

nezZ

2

17

Using that the [-norm of a sequence is upper bounded by its I'-norm,

1/2
)3 <:<>m( S IDSQIF(E.p, K>|2) < Vigors

xe(%)d tezd

wm Y ool 2)
d

i
nezd4 :

)3
xe(3)
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Tonelli's theorem says this is

— - i
eV Virsy Yy IDFCple Y (k) (w7

KE (%)d nEZd

e V2 Vligues Y (K)"IDIFCpoK)

K€ (%)d

&,1,* -1/2
1Q; ™ Fllg,, < € V21 V| gt x4 g, -

Hence

So we have the claim that

£,y 12
10y ™l (Ep—sEm) S €

Hence by chaining the above estimates together with the fact that each time integral
gives a |t - 5| in the bound, we have proved the claim. m

5.2.4 Passing to the limit
11

At this stage, we have established that for almost every ne€ [_Z’Z>d’ there exists a
family of solutions {T"}.¢(o,1) uniformly bounded in L*([0, T]; E_y) which satisfy for

all ¢ E Ez:
(ST Wy = (T, A ™ Yy + (T XES Y) + (TE XG0 gy + (TS, ¥y,

where T;;"" is an E_, valued 3y-Holder map which for any ¢/:||¢/|lz,< 1 has the prop-
erty that (T.;"", ) < e 2|t - 5.

We now use the machinery of unbounded rough drivers introduced in [BG17]
and [DGHT18] to obtain a bound on this remainder term that is uniform in ¢, which
will allow us to pass to the limit. This will use the uniform bounds on the drivers.
Recall that from estimates (5.40)-(5.43) we have for n€ </, uniformly in ¢, and for
any m€IN  that

1,6,m,%
X" Vi,
K—h,x
IAS " VI,

A

It = s Yllg,
It = sl Yl
1Z™ Yllg,, < 1t= s 1YllE,,
IS Yllg, < 1= sV,

In these bounds, the constant c in < depends on 7,8, y, m, V, d but not on ¢. We then
define for Y € E,

NN

A

(T 9y i= (ST ) (T X ),
For {y € E, we have that
(T ) = (T (A + X)) + (T ).
Next, define the smoothing operators, for v€ (0,1):

Jop(p. ) =" (px, 8,), (5.45)
where

$u(p)=v¥ Z¢(%), (5.46)
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for some mollifier g€ C(R?): [ dx@(x) =1. We have that for (m, n) €{(1,1),(1,2),
(2,2)}

1 Fullsp(Eporn S v, (5.47)
and

13y~ 1dll g,y S VY2 (5.48)

See Lemmas 5.29 and 5.30 for proofs of these claims. Now, we can prove the fol-
lowing

Lemma 5.20. Fix T >0. One has that for any ¢>0, y€ (E %) ae ne [_%&)d and
0s<ss<ts<Tthat
1T ™ N, < CayMit = s (5.49)

uniformly in &, where Cs, is the constant appearing in the sewing lemma, and M :=
1T ([0, 73:E-0)-

Remark 5.21. The core idea of the proof is contained in Lemma 2.29. Here we deal
with the additional difficulty of working with an unbounded operator that moves us
from one space in the scale E,, to another.

Proof. Assume |{/|lp,<1. Let 0< M <|I|smin{1,L} where L>0 will be defined

below in the argument. We compute the increments for the remainder term : for
0<s<u<t<|I|, we have

OTul ) =(T™ ) = (T ) —(T™, ).
Using equation (5.28), this is
=0T ) (T (A + X+ X))

st

(6T Wy + (TS, (AS,™ +X15’7 +X2”7 V)

su

~(OT" )+ (T AL X+ X,

ut >
adding and subtracting (1.7, + + ) and using the en rela-
By adding and subtracting (T."", (A%, ™ + XLo™ + X505 d using the Chen rel
tions, this is
=(OTS, (ALY + X0+ X200 iy — (TO XEP XU ).

Adding and subtracting the smoothing operators from (5.45) to the transport term,
this is

(T X ™ ) + (ST (L 7)™ ) + (ST XG0 ).
Since X 5" 1/ € E, this is

_<Ter7 AK n, Xlsr] l//)+<T“7 XZEU Xlsr] l//>+<TsZm; 1517 lﬁ)

+<T€r](Akq +X1£17*+X2£n) VAZ;q,*¢>+<TSZ,;7h K}7*¢>

+(OT,,", (T=F0) Ay ™)

+<T€U(AKU +X1£r] +X2£r7 25;7 ¢)+(Ti’”h, 25}7 l//)
=Il+"'+112.



5.2 PROOF OF THEOREM 5.7 109

We have that

K-~ L, €, 1,* 2,6,n,xxe 1,6, 1%
L]+ L < M(ILAS, ™ X0 o 5,— ) + IXG " X0 M 28, E))

u su
K=1,% K=1,x 1enx K=1,%
|I4| + |IS| 5 M(||Asu b jVAut b ||g(E2—>E0) + ”Xsu ! jVAut b ||3(E2—>E1))3

2,6, K—1,* K— 1,52, E, 1%
|16|+|19|5M(”X 7 jVAut” ”3’(E2—>E1)+“As L Xut 0 ”ff(Ez—»El))’

su u

1,6,0,57 2, €, 1y% 2,6,1,50 2, €51, *
Lol + Ll = M(IXG " XG0 M - ) + I T XE M N 28, E2))»

su su
K—1,*
|I8|f«]\/I”(]I_31/)#‘141}'7 ||3(Ez—>Eo)’
£,1,4 1,e,n,* 2,6,
1+ 12l S I T e, (I Yl (s ) + I I 2By ) )

£,n,h K—1,*
LN T3 e N F A 2 Ey— Ey)-

Using the e-independent bounds on the drivers, and properties (5.47) and (5.48) of
the smoothing operator 7,, we have

L+ L)+ L) + 1 Is| S M([E = s]"Y + |t = PV + [t = s+ [t - s|'),
Ll + 1Io| + | Lol + 1I1] S M ([t = sI'*2 + [t = s|' 2V + |0 = sV + ]2 - 5|*),
Ll + 1]+ Lol SHTS g, (1= Y + v e = 5|+t = s2Y),

[Is| < MVt — .

i

Pick w%e (0,1), so vt —s|=|I]*"|t - s|'""*' < |I|, to get that
[[1] + L] + | Lg] + |Is| + |Lg| + Ls| + |Lo| + | I10l + |I11] < M|t - S|3Y,
L) + 1L + Ll S I Ty ™ e, 1Y
Hence

KSTEP , Y < Mt = sPY + | TS I Y.

sut

Consider the germ G5™V:= (T, (A5 " + X5 + X5™) ). One has that

SGEMY = (STEN )~ (STED" ) = ~(STSP ¥

sut sut > sut > sut >

By what we have shown above, we have that for each € E,, Go™ is a germ to

sut

which the sewing lemma can be applied. By the sewing lemma (see Lemma 2.26 and
Remark 2.27), we have that

£,1,4 3 £,1,4
1T ™ e, S Cay (Mt = sPY + 1 T, ™ I,

where GC;, is the constant appearing in Lemma 2.26 with f=y. Now the < means
there is a constant ¢, 5, 4 v depending on V, y, d, n but not on ¢ such that

£,1,4 3 £,1,4
1T e, < Cpo,y,a, vCay (M1t = sPY + I T, [l 11Y)

Choosing L such that ¢, s, y,q4vC,/L" <% and recalling that I is such that 0 <|I|<min {1,
L} one has

10,5 3
”Tgt’7 ”E,zs Cr],J,y,d,VCyCT“_ S| v
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Covering the interval [0, T] with small intervals of the above size, we have the uni-
form bound for the remainder on [0, T]. This concludes the proof. m

Next, recall equations (5.23) and (5.24). We have the following
Lemma 5.22. Let T>0. For n€d,, y €E, and 0<s<t< T it holds that
lm | =) Ylle, =0,
Proof. Recall that
Y™y (& px) =

Y VP [ duf Qe O Y (E ) Y (E pore- )]

nez\{0}

et Y V()P [ duf "dve LY (8 pocr Mg - P(E o) ).

nezZ4\(0}

where a;=4r%c'n-(2xk-2n-n-¢) and ay=47%'n-(2xk - 2n+n+¢). We have that for

o [du averitn o [lgu L (29 0
et T @ ay iy

B (t-5)
“4rlin-(2k-2n-n-¥§)

+o(¢)

Hence in the limit as ¢ — 0 we have that the first term is

_i(t-s) 5o V(P K) - Y (Epk—n)nie
= L W

nez4\{0}
Computing the other terms similarly, we have (5.23) and (5.24). m
Finally, we are ready to prove Theorem 5.7.

Proof. (of Theorem 5.7) Recall the weak formulation of the rough equation, for
YEeE:Ylr,<1

(O ) = (T AL Y+ (T Xy + (T XYy + (T )

1

one has for a.e. € [—%,Z)d that for M:= || T*"|r=([0,13:E.)

KOT" Yy < M(Jt = sl +1t = s + 1t =) + 1 T I,
which by the uniform a-priori bounds is

(ST <1t = SPM+ TS g, S 1t - sI'M+ Mt = sPY < Mt - s|”

st

uniformly in e. This argument works for any subinterval of [0, T] that is shorter
than 1, and so it works for the entire interval [0, T] by a covering argument. Hence,
for any ¥ € E: |¥llg, < 1, the family (T*"(¢), ) which form a uniformly bounded
sequence of R-valued y-Hoélder paths, are uniformly equicontinuous in time, which
means by the theorem of Arzela—Ascoli and standard analysis arguments that there
exists a subsequence which converges uniformly to some y-Holder real valued func-
tion on [0, T].
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Next, we note that by the uniform bound [IT*"(t)llg ,< CF= I T*"l1=([0,73:£ ) and by the
Banach-Alaoglu theorem that there exists a subsequence T“ converging weakly-*
to a function T7€ L*([0, T]; Ey). In particular, for any ¢ € E,,(T%", ¢y —(T", ) €
L*([0, T];R) and by the fact that there exists a uniformly converging subsequence
from the previous paragraph, the limit (T"(t), {) is also a y-Holder path.

Now for i) € E,, this allows passing to the limit (along the subsequence) in the term
on the left hand side of the rough equation and the first three terms on the right
hand side, and this defines the term (T.?", /). We have

(T ALYy — (T A,

KT X YN < T e JXG 2™ Yllg, < 627 — .
For the term
(TP X7 = (T Y G Yy + (T Z ™ ),
one has that
KT Zg ™ PN < I TN JZ™ Yl s & —0
Finally, consider
(T Y™ ) = (TP Y +(T (Y™ =Y ) ).
We see that the first term
T(YE ) — T(Y S ).

The second term goes to 0, as a consequence of Lemma 5.22.
Hence one has

(T ) = (8T ) — (T A" )y — (T Y ¢>—11st?”“<¢>,
and we have
KT, Yy s MYl 1t - sI*,

as a consequence of the fact that the a-priori bounds are uniform in ¢. Hence we
have the existence of an E_, valued path T(t) satisfying, for all € E,, the rough
difference equation

Ty = (T A" Yy + (T YLy + (T ).

Now, since A%, ™ and YZ{’ are of order |t - s|, we deduce that

(T )= (T ) = [ ST (A ),
where Y7 = % In fact, for a.e. t€[0, T] it holds that
T (Y) =T (A ™) + T(Y™), (5.50)

Finally, by the fact that every subsequence of equation (5.28) has a further subse-
quence converging to a limit that also satisfies equation (5.50), and by the uniqueness
of solutions to this equation in E_ (see Section 2.3), we have that the entire sequence
T" converges to T". This concludes the proof. O
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5.3 Observables

This section contains estimates for the observables, after making a heuristic sta-
tionary phase argument to restrict to the term £ =0. When attempting to use the
same strategy using the sewing lemma as in Section 5.2, we show in Subsection 5.3.1
that one can prove uniform in e-estimates for the terms involving the non-resonant
drivers from (5.28). In Subsection 5.3.2, we characterize the obstruction to the con-
vergence of the resonant term, and make the connection to energy band crossings
of the free Laplacian, which we encountered in the previous chapters.

Recall the problem of understanding the weak coupling limit of the observables: For
Fe S(R?*?), consider

[ dxdkWe(t,x )F(x. k)= dxde(— x k)F(x k).

Using equations (5.7) and (5.12), this is

fdxf n dl] Z W( H H, — K )F(X,K‘U)

= 4P Hddnz W, ,p,p,m F(p,x-n).
LR f[‘w] )

Now using equations (5.15) and (5.16), this can be rewritten as

“Justel sy %, Ut(t e p=de (k= )t pa ) F(po =)
KE >
j dpf 11] dr, Z Z eng ptte r]t)Ts tgp,l’], (p,K_T]).

KE( ) EeZd

Consider the mode & =0, which we expect to be the only one contributing to the
limit by a stationary phase argument (we are being formal here). Hence we restrict
to considering

Of:f[_ll]dd77<7}€,]l§—0F>=f[_l di]ﬁRddp Z d T(t,0,p,n,k)F(p,k-n).
4’4 1 KE( )

Then, equation (5.28) and the fact that X%°"" = Y5 + Z5"" gives that

5Osgt= [_ll] d’7<5 st >]I§ 0F>

:f[_l 1]dd’7<ng’n’A’§t_”’*]Ig—oF>+f AT, X" T F)

7

[-33]°
+f[%%]dd;7< T, YE;’“Hg:oF) + I[ﬁ]ddlﬂ T, Z;w]Ig:OF)

+J‘[_%&]dd’7< ngt,w, ]I§:0F>‘
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We will now attempt to use the same strategy as the previous section - prove uni-
form in e-estimates for the leading order terms, and a naive bound on the remainder.
We will show that

N = ST gy, el Pl oy, (5:51)
and

U[_il]dmef”’,Zi;”’* —oF)| 1t = s P T g, il Fll g s (5.52)
4’4

and that the terms with A}, ”" and Y;,;”"are uniformly bounded in ¢, and have time
regularity |t - s|, but do not decay as ¢ — 0. This is similar to what we did in the case
of fixed n. However, we will see that the limit e — 0 cannot be taken for the resonant
term without having continuity in the n-variable for T* and any potential limit T.
The transport term is the easiest to handle. We have that

f[_ll]dd77<Tf,A§t]I§=oF>=f[_l i Ldn Z J ApT(0,p, 1, k) AuF (p, k- 1)
44 14 KE( )

=4n<t—s>j[ 41 ) [ APTE(O,pum, 1) (1= 1) VF (py = ).
e KE( )

Hence

U -5 i]dd”<Tf’A’%tﬂg—oF>‘

4’4

5|t—s|||Tf|IL;o’p7K1§f7_ f Ap1(k=m)-VpF(p, k= m)l.

[ 4’4] KG( )

5.3.1 Uniform bounds on the non-resonant terms

In this section we prove the bounds in equations (5.51) and (5.52). First consider the
term with X%

J 0T X

7

We will now see that this can be bounded uniformly in e. This is

=f el Z fdpz TE(E o1 1) X" (Lo F (P = 17))

tezd

“Zj o an jde TS (E,p. )

tezd

Z V(n)fstdu[e"“i“F<p,K—ry—a)—e’“Z“F(p,K n+— )]]Igm o

nez4\{0}

Since
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where we recall that a) and a; are given by expressions (5.32) and (5.33). Simplifying,

this is
”2f o di]Z fdp Z V(n)T¢ (-n, p, 1, k)

nez4\{0}

S

Splitting terms, and taking absolute values, the first term can be bounded by

sf[l l]ddﬂ Z fwdp
4’4 KE(%)d

Z V(n) ng(—n,p, n, K)F(p, K- ;7_;) (6—1/2J':duegﬁzig—ln.(,{,”)u> .

nez\{0}

Using the Holder's inequality, this is

S DI dp( sup [V(n )|<n>M)

(@) ezd\(0}
Y T -n o 0)IF(pok - -5 ) (67 [ duesri )

neZa\{0}
STl [, dn Y [ dp
S &

Z F(p, - ’7_;)<n>—M|g—1/2fstdu68n2i£’ln<(1<—r])u'

nez4\{0}

By Lemma 5.12, this is
vl T e

“,,CIJ 11dd’7 Z f dp

KE—

1

Z <n>_MF<p,K—}7—;)c(U)_g 77V [t — S|Y<n> (d+2)(1- y).

nez4\(0}
By Tonelli's theorem, this is

<y 1/2 Y YITEN o
<ye! Nt = ST g, g2

Z <n>-M<n>(d+2)(1*Y)

nez4\(0}

Now, choosing § < min {y,ﬁ}, the integral in 7 is finite, since ¢(n) € L'. The sum
over n is finite choosing M large enough and the regularity of F says that the above
expression is uniformly bounded in ¢, i.e.,

o, Kl?||F|| Wl 1(Jde)

f[ {1 d’7<T§,Xst TeooF) sve 2t = s TN
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This is equation (5.51). Next we consider the term with Z:;"

J e d T 23" Tg-oF)

Japtrhde L TOpROZE TeroF )
' ce(%)

where
7" (TeeoF (p,x—1)) =

B . N . n n
et Y V(n)V(n)¢st<bl,a1>F(p,K—n—g—g)na#bmgwf_o

n,n'€Z4\(0}

- o Ny . n n
e Z V(n)V(n)¢St(b2’a1)F(p>K_U_E+7)]Iai#béﬂg+n+n’—0
n,n'€Z4\{0}
. o Ny ;o n n
+e! Z V(n)V(n') ey (bs, az)F(K—’7+E—7)]Ia’2¢bé]léf+n+n,:0
n,n'€Z4\(0}
-t Z V(n)V(n')q) (b, a3)F 1<—17+£+i Lol .
st > 2 2 ar# bt E+n+n'=0-
n,n'€Z4\{0}

Recalling expressions (5.32)-(5.38), for
o =4re'n-(2k-2n+n),  a=4r’c'n-(2xk-2n-n),
Pi=4rte'n-(2xk-2n-n),  Py=4r’e'n-(2k-2n+n),
and
Gi(p,x,n,n,n) =F(p,l<—17—g—7

one has that
Z5" (TeeoF(p, k= 1)) =
==t Y V(m) V() pul(Biar) Gi(p,,m, 01 ) ayp,
n,n €Z4\{0}
vty V)V @B a2) Go(pste, 1 m 1)Ly,

n,n'€Z4\{0}
=04+ 0%.
Both terms can be estimated the same way. We will show how to bound O}. Con-

sider now

K€ (%) n,n'€Z4\{0}

(pSt(ﬂl’ al) Gl (p’ K, ’79 n, n’)Ha1¢ﬁ1~
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So

02l < e N TN, s |, .. dn| dp
52 gI[Z’Z]d I]Rd Ke(Xz:)d
2

Y V() V() ps(Br ) Ga(p, 11,11 ) e,

n,n' €Z4\{0}

By Holder's inequality, this is

<e TN, e e [, - (supIV(mim™ )
KG(;)
Z (ny™Mn"y Mo (B1, 1) IGi(p, k, 1, 1) Ly,

n,n' €Z4\{0}

e Nl dp D (supVimiom)

K€ (%)d

Z (n)"M<n')’Msup|G1(p,K,r],n,n')|f
n

n,n' €Z4\{0}

ddU(Pst(ﬁls a1)lo,2p,

[-53]
Sve T, dp Y sup F(px=n)
ce(Z)* e[l
> <n>‘M<n'>‘MI 11,005t (Br 1) Ly,
n,n'€Z4\{0} [71’7]
By Lemma 5.9 we have that
f[l l]dd’ﬂ(Pst(ﬂl, al)mm;&ﬁl

4’4

|t_s|2yJ, 1 1

< dl] + — I
S — — 1-2 a#f
e [-+3]* 1Bl eyl o) 211 Y1 By + et =)

2
n It —s| yf d’?( ]Iaﬁtﬁl 4 ]Ia1¢ﬁ1 )
2y-2 1174 T2y 12131172 12y |-
€ -1 1- a +a

[ 4 4] |ﬁ1|1/2|a1| Y|ﬁ1+a1| 2 lo] |ﬁ1| |,Bl 1l

If we can show that each of the integrals in 5 can be bounded by C(d, y){(n)*(n’)*, we
will have that

|0zt - 5! ™) EEIIL%K@HFIIW;vkl(de),

which is uniformly bounded in ¢, and vanishes as ¢ — 0. To show the bound on the
integrals in 1, we need to modify the argument used in Lemma 5.10, by noticing
that each singular term is integrable when isolated from the others. This will be the
content of the following
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Lemma 5.23. Fori€{1,2}, we have that fora+f+0c=2-2y,0<a,<1,0s0<1 that

1 ’
J 2 B B e (m(n)*

4

Proof. We will prove it for the case i=1, the case i=2 is the done the same way.
Note that o< @ and o < f in each expression. Using the form of «; and S, this can be
rewritten as

1
j[%%]d driln-ry O " R kzloﬂn-mkﬁn N-k2#05
for some ki, k,€Z. We break this down into two cases, one where n, n’ are collinear
and one where they aren't. For the collinear case, assume without loss of generality
that n'=cn, c€ Z\{0}. Hence |c| = 1. Note also that in the collinear case, we cannot
then have k, = ck,, since if we use the actual form of k; and k, from «;, f; we would
have that k, = ck; would mean that

! ’
n'-2k-n-n=ky,=ck,=c(2n-x+nn’)<2cnk-cnn=2cnk+c‘nn

2

<=c‘=-ce=c=-1.

But in this case n-n-k;+n'-n-ky=nn-k;-n-n+k; =0 which violates the non-
resonance condition. Hence we have that k,# ck; in the collinear case where n'=cn.
Then writing k, = ck; + [ for some /€ Z\{0} the above expression becomes

1
f a7 7
[-33]* Inn=ki%cn-n-cky-lIn-np—ky+cn-n—ck,-1|°

1
:j 11 ddl’,‘ B lﬁ
22" Inp=ky?cl |n-17—k1—;| In-n—ki+cn-n-ck;-1°

If c=-1then |n-n-k;+cn-np—-ck,—1°=11|° and one adapts the steps we show below
in the case c#-1. For c¢# -1, this is

1
= d .
f[—%%]“ inen— kel g~k — P el k|

1+c

Let R be a rotation matrix such that Rn=|n|e;. Then changing variables via r’ = Ry

this is

sf dn 11 I
Ba® " \injr; - kyllclf| Ininy = ky =<1+ clefinini - ky -+

<Iﬁd’7’ 1

< , , 1 , —
a7 inin; = kyl<lel] Inln; - k= <11+ dlefinini - k- =
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Changing variables once more n=|n|n; and since |c| = 1,|1 +¢| =1 this is

J‘\nh/_ 1
|Tl| Inlyd m ki|® |l’] kl__|,5|’7 k- s

1+c

We have singularities therefore at n=ky, n=k; + —i n=k+ 1Tlc (In the case c=-1 this
important point would still be true for the two denominator terms). Since /€ Z\{0}
the singularities never occur at the same point. We can therefore rewrite this as

1 Inlﬁ 1
T e AL 7 :
Inllel[1+ ¢l -mvd i =kl n = kel = ksl

for k; <k, < ks. We assume that ki, k,, ks lie in [—lnl\/a, |n|\/a], if not we would have

a constant which the term lying outside would be upper bounded by, and we could
ki o=k
R

and let S =[k;- L kj+1]n[- |n|\/_|n|\/_] for j€{1,2,3} and let N=[- Inl\/d, |n|\/_]

uleskj. On N, each of the denominators is greater than < 5> SO

estimate the remaining integral as we will do below. Now let r=min {1

f dp _ NI < In|
N |l’] k1|a|’7 kzlﬁ“] k3|0' 2y~ YrZ 2y°

On any of the Sy, for instance, Sy, one has that

dny 1 dp 1 o dp_ 1
< dn < dn—=-<
fskl |,7 k| n- k2|ﬁ|,7 ks|° ﬂ+0fsk |17 k |0f re- Zyj ’| |a re-2y’

Hence overall we have that

" oa TR P~ P

1
P c(1+)

Now plugglng in that k;— k=7~ and k3~ k,= we have that for c€{0,1}

that r= T hence,

nlyd
LJ'\ \\/_d’7 1 5|CI4_4Y.
InlJ-inva " |- kgl - kolPin - ksl®

Finally using that |c|= % <|n'|<(n’) we have that this is
<(n)Y* Y s (nyXn)*,

as claimed. We next consider the non-collinear case. Here, since n' # cn, we have
that n, n’ span a two dimensional plane P, . We define two orthogonal vectors on
this plane via the Gram-Schmidt procedure

n n

Uy i=——
Inll”
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We then create an orthogonal matrix R of the form
uf
R=| “
uz
Defining s=Rp<> n=RTs=s;u; + syu, + Z}g sjuj we have that n-n=||nllu;-n=|lnlls; and

since n' € span{uy, us}, n"-n=(n"u;)s;+ (n"uy)s,. Then

1
I 11 ddri aln’ b ’ o
[-33]* Inn=ki|*n' -n-kolPln-n—k;+n'-n-k

1
sf ds - - ;
B Inllsy = kql%(n'-uq) s+ (n'-uz) s2 - kol
1
linlls;—ky+ (n'-uy) s;+ (' uz) 53— kol®
1
sf ds,ds; p ; 7
B a(0) lnllsy = kl®1(n'-up) s+ (0" uz) s, - kol

1
inlls;— ki + (0 uy) sy + (0 uz) s2— kol

where now we are in a two dimensional ball. Let us define

Vi) _ ~f S1 | linll 0
(n)=e() C‘( () () )
Then det C=|n||(n" uy).

~ ’ ’ ’2 ’ 2

, ., n _ ., n , (n-ur) nll® lln-wl

Nlpg=N-——=n———(NU)—>-=—F———=
lInll lInll Inll lInll lInll

12 ’ 2 112 12 112
_indll®Alnen® indl® lindl” I

- ~ ~ - ~ ~ ©
2 1 I 7 12

In
7l

0s*(0) = sin?(0) =||n'|||sin 6),

since by construction 7i=n'sinf= ||7|| =||n|||sin 6]. Here 6 is the angle between n and
n’ in P. Hence
det C=nlll|n'|l|sin 6|

Hence
1

j dSzdSl - " i
B a(0) nlls: = kal®1(n'-uy) 1+ (0 uy) 52— ko

1
lnlls; — ki + (n'-up)s;+ (n'-uz) s, — kal®

1
vy = kgl vy = kalPlvy = Ky + vy — Kol

1 1
S dv,dv, .
”n””n |||Sln 0' Bﬁ(\n\ﬂn'\)(o) |v1—k1|“|v2—k2|ﬁ|v1—k1+v2—k2|"

dVZdvl

=)
< @ O
“inllin’|llsin 0] J ¢ (B z(0))
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We see that there are singularities at v; = k;, v, = k,, but if these singularities lie out-
side the ball they are harmless, since we then just need to estimate the volume of the
ball in two dimensions and we are done. Hence we can bound the above by

1 dv,dv !

=
|

AT 1 .
Il lIsin 018 . (© Vil volPl vy + vyl

Changing to polar coordinates and writing R= ﬁ (In|+|n’]), this is

- 1 r jzﬂ 1
< — —dr _ ,
Inllin’lisin 6] Jo 2= =" Jo " |cos 6)9sin 6}F|cos O + sin 6|°

B 1 RZYJ'ZH dé
Inlllin’lsin 0] 2y

-2y °
0 . _ . il &
Icos 0]'2|sin 0*¥|cos @ + sin 6| 2

Now the problematic points in 6 are when one of the denominators becomes 0. The

important point is they cannot all be 0 at the same 0. cos0=0 at 6;=2 and 6,= =

sinf=0 at 6;=0,0,=,05=2 and sinf +cosf=0 at 96=¥, (97:%. By picking 0< 59«21
and defining Sg,= (0;+ [-J, 5]) n [0,27] we can decompose the integral onto each
S, and C\u}Zngj. On C\UZZISQJ. each of the denominators is bounded away from 0
and then the integral can be easily estimated. On each Sy, there is only singular
contribution. For instance, for Sy we have that there exists a constant ¢ such that

1 1
<c. Then

|sin ]’ |cos 0 +sinf)|
3 IS
[ d6 e
s -2y ~

j in 01" 0T Z_89 |cos 0|12
%cos 0)V2|sin O]'Y|cos O + sinf)| 2 v |cos 0]

o

3 s do 3 Cmin{i1oy Lo
~-2y ("% —-2y¢1-1/2 2_9y ol 1n{ 1=y, y}
<c? < 2 < Y 2 2
=C fo g1z ~ C 59 =C 59 s

and this constant ¢ only depends on Jy. Hence, overall the term is bounded by

R% AP~ + [ 2!
< < :
Inlllinll|sin O] |sin 0]

’ 2y-1 2y-1
Sl [l ="+ =)

2 ’ "2 ’ 4,..'\4
SInl i+ allin Y < linfliin’ll < (n)*(n)".

Hence we can conclude. O

5.3.2 The resonant term

Next consider
f[—l 1]dd’7< I Y Lo F)
gl e Jodp 2 TP Y LecoF (p = ).

KE(%)d
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We recall that
Y7 f(Ep.x)=

et Y V()R [ dve O£ (E, pox) - F(E - )]

nez\{0}
A t u .
et Y V()R du dve I £(E prcr m)ug- f(Ep)].
nez4\{0}
So, the expression concerned becomes

_g_lf[_%ﬂddﬂfwdp Z TS (0,p, 1, k) Z |V(n)|zjstdujsudveicl(v—u)

KE(%)d nezA\{0}

[E(p,x=n) - F(p,x-n-n)]
+£’1f - ddﬂfRddP Z I$(0,p, 0, k) Z IV(n)|zftduf “dveiev-w
[_Z’Z] KG(%)d nEZd\{O} s s
[F(p,k=n+n)-F(p,x-n)],
where now
ci=4r*e'n-(2xk-2n-n), ;=4 'n-(2xk-2n+n).
Changing variables in the second expression, this is

et 2

xe(3)

TS(0,p,m, ) Z |V(n)|2fstduf$udveicl(v—u)
d

nez4\{0}
[F(p,k-n)-F(p,k-n-n)]

—glf[_ll]ddeRddp Z TS(0,p,1, k) Z |V(_n)|Zf:dujsudve—icl(v—u)

Ke(%)d nez4\{0}
[E(p,kx=n) - F(p,k=n-n)].

Recalling that \V(n)2=|V(-n)? and using that

ici(v-u) —ici(v-u

e +e )=2cos(c;(v-u)),

this simplifies to

=2J‘[_%’ﬂdd’7J‘Rddp Z ng(0>p»’75K) Z |V(Tl)|z

Ke(é)”’ nez4\{0}

Ltdufsudv(e’lcos(cl(v— w))[F(p,xk-n-n)-F(p,xk-1n)].
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We next perform the time integration:

6‘1fstdufsudv cos(ci(v-u))= —gc—_llJ.:du sin(ci(s-u))= gc—_llJ.:du sin(c;(u-s))

-1

:—gc—z(cos(cl(t—s))—l)

g_l

:|47r2€’1n'(21c— 2n- n)|2<

1-cos(4r?e'n-(2x-2n-n)(t-5s))).

A computation shows that this is an approximation of the delta function on the

hyperplane n-(2x-2n-n) =0, up to a constant factor. We can show the concentra-
. : Z\d 1 1\d

tion on this set as follows: Let H, . ,(7) = {(n, k,n) € Z4\{0} x (?> x (_Z’Z> In-(2k -

2n-n)|< r}. Fix r>0. Let ¢; = ec;. From the above computations we have that

J E 1]ddn< T90 Y TeoF)
7

=2(t-5) j[_l’i]ddnfwdp Y TOpnx) Y V(mP
1 Ke@)"‘ nezA\{0}

(-9 DN (=) Fepore—n)]

(T, )+ Larg, () -

For the term containing Iy (1) WE have that c; >4—;2. Hence, we can bound that term
in absolute value by

£ A
AT, Y, V)P j[_%’ﬂddnfwdp Y. \E(p.x=n)~F(p.k=n-n)

nEZd\{O} Ke(%)d

€
£
57I|Ts e, o NE N1 (r22),

which for any positive r, in the limit ¢ — 0 is 0.

However, the difficulty in concluding is that on the zero measure set, we do not
know continuity of T¢ in 5, hence we do not know yet if the limit exists.

Remark 5.24. Note that using the notation from Chapter 3
47*n-(2x - 2n-n) =4x*(2n-(k - n) - |nf*) =4x?k - n* - 47k - n-nf*

=Ex(n) = Ex-n(n).
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So we see how the crossing of energy bands appears naturally in the resonant term.
When working with the Bloch-Wigner transform, the problem is no longer in the
definition of the derivative of the energy bands, as was the case when working with
the Wigner series, it is rather a matter of knowing that there is sufficient regularity
at certain momenta of the Bloch—-Wigner in order to pass to the limit.

We have the following image in d =2, of what the problematic zero-measure set

looks like

0.0 s

z e — : — T
o T g A e T i R U T
.s.;:l‘i'”-' L e S ey - ST T N . R
7.0 sy r® £ T . s, e TR e s
*,-— e - > - - e - -?1 g
? A '-:. — - % e 3 .
5.0 0 e e . - . S -
=1 ‘{\
25 2 | | e
=) =
& (IR
o .= r.*l- H
"r § = = L 4 1:‘
—J{l-"& i . e - »
v, LT T v -
S AR R - - o WYt el
—?T]—._ - = - ' ol -
= '-:l;_‘_ -\T_ i = A i - ‘_‘;_;l-,i
e AR g S A ¥
i|--—“::“ e i - o= = i P 2 -
—10.0 2 s T T T T T ] z
—10.0 —T7.5 —5.10 —2.5 0.1 2.5 5.0 7.5 10.0
fey

Figure 5.1. The set of resonant momenta in R? for a generic smooth periodic potential.

The image is generated purely with straight lines as follows: Since 2k - 27 are repre-
sentations for a momenta k€R?, we are looking for momenta k€R? such that there
exists a non-zero lattice vector n€ Z\{0} for which n-(x - n) =0. The diagram is
generated by looping over lattice vectors n and drawing a line perpendicular to the
line segment [0, n], passing through n. Any vector k on this line has the property
that n-k=|n/%.

Example 5.25. (Single mode potential) Let's demonstrate what the resonant term
looks like when the potential has only one mode. Assume and V(n) =0 unless n= ( g)
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for c€{£1}. Then we have an expression of the form

f I dﬂfwdp Z Y T, pnx) 8. (21 - 2 - 0)

)d ce{1}

oeer(3)) )

If we assume supp Fc S; x R}, where S, = ([—% - p, —% + p] [— —p, p] )C, for some
p <1, then the systems

2 -2 Ki\ (o0 2 -2 Ki\ _ o

1-1)\n) \d) 1-1)\{nm) \d+o
have no solution for any d€ S;. One has that for any ¢ >0, 0 € {1}, there exists £¢>0
such f[g,p 5+p]c55(21<1 -2n,-0) <& Then the above term is bounded in absolute value

by

ST, 2 j . dryfwdp (Z)d ;1}5 2k, - 201 - 0)

‘F(p,x—n—( g)) ~F(p.x-n)

When x; -1, ¢ [; - p,~+ p], one can bound this by

2

]+]I

(]IKI—ThE[%—P)%*P Kl—fhe[%—l)’%ﬁ()])‘

ST, Pl oo, 8e(201=20-0)

<EN TN, 22l Pl

K=&

Since ¢ was arbitrary, this part is 0. On the other hand, for the term

||T||Lf;;’pKL§f 1 Uf]RddP Z Z 0. (2K1 =211 - 0)

)d o€{+1}

’F(p,x—n—( g))—F(p,K—n)H

one has that x; -1, € [ -ps5 7+ p] hence both ;- 7, € 5{ and k, - 5, - 0 € S{. Hence
F(p, K-1- ( g)) =F(p,k—n)=0 and also this part is 0. Hence, for any F€ C°(S; x

Ki-me[5-p.a+p)

R4-1), the entire term is zero, and we expect only trivial transport in the limit for its
corresponding observable. For this potential, in the picture below, the problematic
zero-measure set reduces to the two red vertical lines passing through ( (1) ) and ( ‘01 )
respectively.
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Figure 5.2. The resonant set of momenta for a single mode potential (in red).

5.4 Proofs of auxiliary results

5.4.1 Proof of Lemma 5.2

In the proof of Lemma 5.2 below, we will use several properties of the BFZ transform
that we have listed in Appendix 2.1.

Proof. For x,k€RY, PE S(R40),

W,(x, k)= f]Rddyez”ik'Wp(x - %) (p*(x + %)

We now regularize this expression. This is

=fRddy lim ez”ik'ye‘”f'y‘zqo(x - %) @ (x + %)

e—0

By the dominated convergence theorem, this is

=lim fRddyez”ik'ye‘”f‘y‘2¢<x - %) (p*(x + %)

e—0
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Plugging in expression (2.3) and its complex conjugate into this equation, this is

:llm ddydededede'eZEik-ye—]Tg‘y‘z

e—0

e_z,ng (x-2) ~ (0 x——) zmeﬂ(x%)(z)*(e"x_,_%/)

=lim Rddijdgfwdg'ezﬂi(“g*%)ye—myze-zmw-e'»x@(a o %’) @*(9" + Z)_

e—0 2
We decompose R?2 y=y+mée[-1,1]¢+ (2Z)? to get that this is

=lim dy Z f dej do'e 27Tl<k+ +—) (y+m) _ﬂg‘y+m|2 —2mi(0-0')-x

£—0 [ 1, 1 d
me (2Z)4

o(0x-5-3)7 (0 xr3+7)

which, by the Z%periodicity of the BFZ transform in the second variable, and a
change of variables, is

=lim 1 dyZ f def doe 27i k+ = ) (2y+2m) fns\2y+2m\ o 2i(0- 0)x

e—0
mezd

¢(0.x-y)¢' (0, x+y).

Since we introduced the regularization, Fubini's theorem says that this is

=lim llddyj def de’ Z ezn'l k+6+6)(y+m)e—4ﬂ£\y+m|2 —27i(0-6)-x

e—0
mezZ4

¢(0,x-y)¢"(0',x+y).

We let g(z) = e ¥ h(m) = 2700 2g(2). Let f(z) = r.,h(z), where 7 ,F(x) :=
F(x+y). Then f (&) = e?™h(¢) and

il(é’() — fJRde—Zﬂi§‘2627ri(2k+9+9')-zg(z)dz=g(g_ 2k-0- 9’)

1 _ nE-2k-0-02
— iie 4e
(4¢€)”
Hence
~ 1 77z\§—2k—9—9’\2 X
foy=—ge T e,
(4¢)
Using the Poisson summation formula, we get that
_mm-2k-0-02
. 2miy- me *
W, (x, k) =lim o dyf def o'y e T

mezZ4

e 7 O0-0%500, x - ) § (0, x+y).
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Notice that as e— 0, the Gaussian better approximates the delta and we expect only
certain terms to survive in the limit. To see this rigorously, we split the sum over m
as

=lim oy dyf I dej d@(p (0, x-y)P (0, x+7y)

e—0

_ mlm-2k-0- 02
4e

e .
Z ezmym (4€)d/2 € #i(6-0) X]I -1,1]4 +2k+9( )

mezd

+lim dyf n def dQ(p 0,x-y)¢ (0,x+y)

e—0

_mlm-— 2k-6-6'|2

e i B
Z eZmymWe 2mi(0- Q)X(l ]I 11d+2k+9( ))

mezZ4

n|m—zk—€—€’\2
4¢

mezd (45){1/2

Since ) (1-I_; 1jis26+0(m)) < C uniformly in € (0,1) and 0,6 € [—%
1

—] , the dominated convergence says the second sum is

2
=f o dyj ) dej 48 P(0.x-2)F (6 x+)

n\m Zk 0-02

—271'1(9 e)x(l ]I -1,1 d+2k+9( >)'

Z e 2miy- mhm

—7d e—0 4E)d/2
m

Letc= dist({ [—%,%] d, ([-1, 1]d)c}), so ¢>0, and the above term is bounded in absolute

value by
Sf[_;’l ddyf d@f d@ 1p(0,x-y)p (6, x+7)|

—cm/4e

Z ll_l’)l’(l)w(l _]I[—l,l]d+2k+9(m)> =0.

For a fixed k, 6 the sum in the first term becomes a finite sum and hence we can use
the linearity of the Lebesgue integral to write it as

lirr(l) o dyj dGq) (0,x-7y) Z eV M1y 11z p( 1)
o 2 meZ4
_n\m-2k—9—9’|2

€ . =27 X
J‘[_l,l]ddewe 2mi(0- 9) (9 x+y)

—ll_rg) L dyf d9<p(9x Y)Y €™ piakep(m)
E’E mez4d

B nlm-2k-0-0'12
4e

e 2= x5 (0 x4+ Y)I - ](9').

,e
fRdde (4¢)d2
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We make the following change of variables

p=\m"2k070) g omo2k-0-VEer 6, d0'=(4en)¥d0.

4er!

Hence the above expression is
=lim [ [ 4000x-) Y sjsaka(m) >
mez4

XJ‘ d@ _49v . _16P —271'1(29 m+2k+Vden~ 9)
JRd( )d/Z

¢'(m-2k-0-4aer 9x+y) g - n(m—aer™0).

The continuity of ¢ implies that Supe’xe[il)l]de*(e,X) < C and also allows us to use

dominated convergence once more, to get that

W(p(x,k)z—f dyf 5 d@(p 0,x-7y) Z ez’”y’"]I _1apdszkeo( )

mez4

dé _101% —27i m+ X
fwwe 101 ~27i(26~ m+2K)- @ (m-2k-0, x+y)]1[ 1 dyoprp(TM).

2
“Ixl? _

Taking the product of the indicator functions, and using the fact that [ ,dxe
(m)%2, this is

| LY J 2140000 =) 2 L (M)

mezd

o ~2mi(20-m+2k)-x ;5 o' (m- 2k-0, x+7y).

By Z?-quasiperiodicity of ¢ in the first variable, this is

:_f[_ll]ddyf[_l A0p(0,x-) ) €™M s 31,y o()

mezZ4

e—2m(20 m+2k)- ( 2k - 9 x+y)e 2mim-(x+y)

=—f dyf d@qo (6,x-y)e O RxG(_2k-0,x+y)

Z ]I[_%,%]hzkw(m)‘

mezZ4

Since ;.1 11]d+2k+9(m) =1, fa.s. this is
:_f[_ll]ddyf[_l l]dde‘.b(@»x_ }’)374m(0+k)'x¢*(—2k— 0, X+ y)

By the Z%periodicity of the integrands in y and 6, this is

=_dedyded9¢< 0,x- y) e—4ni(9+k)-xq~0*(_2k —0,x+ y) .
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Now by splitting k=x-n€ (%)d+ [—%,%)d we have
- _ —-4mi(0+x-1n)-x 7, _ LY _
W,(x, k) dedydedQe P(0,x-y)¢"(-2k+2n-0,x+y).
Using Z’-quasiperiodicity in the first variable of ¢* once more
=— [ dy [ d6e e myG(6,x - y) (20— 6,x+ y).
Finally by shifting by 7 in the 6-variable

=_erdyjjrddQe—4ni9-xe4nik-y¢(,7+ e’x_ y) (0*(’7_ 0’x+ y)

We conclude by a change of variables that
Wy(x k)= [ dy [, dOem0%e =+ 6,5+ ) (11- 0. y). :
Remark 5.26. By another change of variables, we see that
0% 27tiK-y ~ 0 AP 0 y
_n2d 27if-x , 2miK-y 2 ) hd v
W,(x,k)=2 erdyfrddee e (p(ry X 2)¢(q+2,x+2).

In this form, the similarity to the usual Wigner transform is even more apparent.

5.4.2 Proof of Proposition 5.4

Similar to the L™ estimate on the Wigner function (see Lemma 2.6) we have an a-
priori bound on the Bloch-Wigner function. Denote

(=] 00 JooT oo 1 1\d Z d
LU’P,K,ZZZLU,le L7 ([—Z,Z> x R? (?) XTd),

0 00 Joo 1 1 d Z d
(42 w2 o)

Lemma 5.27. For o€ L*(R%C) one has that W(,,ELZTP,K,Z

and

Proof. We compute
W, (2, 0,1, ’<>'=deﬂ B i]dd(?e‘”"@'f’e“‘”"”y@(n+e,z+y>¢*<n—9,z—y>‘

Serdyf[%%]ddg p(n+0,z+y)p" (n-0,z-y)|.

By using Cauchy-Schwartz inequality, this is

1/2
([oar] ., aopre 0.2 08) (v, a0 -0z )

1/2
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Using equation (2.2), this is

=([,.dy[ 405(n+0.z+ 1) ([ dy[ 016" (n-0.2-y)?)

Hence we can shift in the 6 and y variables and use the fact that %gp; is a unitary
transformation, to have that this is

=([..av[, 0130 »R) ([ dy[ 4016 (6,3)F)" =11, = ol

1/2

Hence
W, (2,1, K) €Ly 2 Lipp L2 (5.53)

We will now consider now W(p(t, z, p, 1, k) associated to ¢(t, x), the solution of the
Schrodinger equation (5.1).
First, we define a Hermitian form

Fp )= [LAy[ |, @0 e G+ 6,5+ ) (n-0,x-)

and

G[@](z p. . k) := F[ 9, ¢1(2, p, 1, k).
Lemma 5.28. F: %, » #,— L3, . and G: #',— L3, . . are continuous maps.
Proof. By picking ¢, 1} o1, 1/~/1 € #Zr one has that
F@.9)(z.p.1.6) = F[ 1. $h] (2. p, 1.%)

— —47if-p ,—-4miK-y T _
erdyf[_%’%]ddee e Yop(n+0,z+ Y)Y (n-6,z-y)

_ —47if-p ,-4mik-y T (1 — —
erdyj[%%]ddée e P1(n+6,z+y) U (n-0,z-y)

—47if-p ,-47wik-y Teoo B
idedyf[_%,%]ddee e (p1<}7+ 9;Z+y)¢(r] G,Z y)
By rearranging the terms, this is

=J oy, 40T G ) (4 2 )Y (1= 0,2-)

+dedyf[_%’%]ddge—me-pe4m‘;<.y¢1(n+ 9,Z+y)(l}*— l};)(’?_ 6,2-).

Hence

IF[8.¥1(z.p.1.%) = Fl 1. i (2. p. .K)]
<= @) (n+ 2+ )P (1= 2= lp(2 1poere)

2

g1+ 24 ) (P =90 (=2 2= gy 2 2
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By the Cauchy-Schwartz inequality and (2.2) this is
<U(@= @) (n+- 2+ el (1= 2= lzrecrey

HI1(n+- 2+ Mzeraerol (F = 93) (1= 2 = lzroeray-

By the shift invariance of the L* norm, this is

<@ = @illae 1 e, +1@alls I = Yille-
One can deduce continuity of the map from here, and also for G[ @], by replacing i/

and 1, by ¢ and @, respectively in the above computations. O

Proof. (of Proposition 5.4) One can compute for ¢€ C(R.; H*(R%C)) n C!(R,; L*(RY
C)):

Wo(t+h) - Wo(t) _ FL(t+h),§(t+h)]-F[§(1).4(1)] , F[@(t), p(t+h)]

h h h '

Since F is a Hermitian form by Lemma 5.28, this is

By the continuity of F one has

. _ Wo(t+h) - Wy(t
atWﬁ”(t)z}lli)‘I}) 4’( +})l ‘P()

=F[9:p(1), p(1) ]+ F[¢(1),0:0(1)].

Thus, we have

W, (1) =F[3,¢(t), p(t)]+F[p(t),0,:9(1)] (5.54)
Similarly, by using Lemma 2.6, one has that,

3 W, () = F[0,¢(t), (1) ]+ F[@(1),0,,(1)],
and

8z Wo((1) = F[3:0 (1), (1)1 + F[§(1).8:,5(1) ]
+F[0:¢0(t),0,¢(t)] + F[0,p(1),9:,p(1) ].
Since $€ C'(R.; #7) n C(Rsp; L, (R4 HA(T%C))), one has using Lemma 5.28 that for
i,j€{1,...,d} and t€R,
0 Wy, 35, Wy, 8,2, W € C(Rs5 LS 1.1
Furthermore
IF[Ve(t), ¢(t)](z p. 1, k)]

erdyf[l l]ddge—zlni@pe—élm'x‘yv(z+ )’)(Z)(U’L 0,z+ y) (Z)*(U_ 0,z- y)

: =2
SVl gl Wllzs,, < 1V Il @15, -
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A similar bound holds for |F[(t), Vp(t)](z, p,n,k)|. Hence also
F[Vp,¢],F[9, V@l € C(Roo; LZp p.x)-

Now, assume that g€ C(R.; H*(R%;C)) n C'(R,; L*(R¢; C)) satisfies the Schrodinger
equation (5.1). We have that by applying the BFZ transform to both sides of the
Schrédinger equation that

id,p=—-Ag+ V.
Multiplying by -i on both sides

dp=iAg-ie"*Vo.
Using Lemma 2.6 and

Vo(0,x) = Z e MY (x — m)p(t, x - m)

mezd

=V(x) ) gt x-m)=V(x)@(6,x),

we get that mez!
3,¢p(t,0,x) =iAo(t,0,x) - e V(x)p(t, 0,x).
Plugging this into equation (5.54) one has
O W, (1) = F[3ip(t), ()] + FLH(1),0,(t)]

=F[iAp(t), @(t)] + F[-ie"* Vp(t), p(t) ]+ F[p(1), ihp(1)] + F[p(1), ~ie"* V(1) ].

Since F is a Hermitian form, this is
=i[F[Ap(t), p(1)] - F[o(t), Ap(t)]]+ ie *[F[((t), V(1)1 - F[Va(t), d(1)]].

The terms with the potential can be computed first:

ie" *[F[@(1), V()] - F[V@(t), (1) 11(2, p, 1, k)

e[ dy[ A0+ 0,24 )5 (- 0.2-)

[V(z-y)-V(z+y)]

e[ dyf L, 40T 24 ) (- 0.2-)

I:Z eZm‘n-(z—y)‘A/(n) _ ezmn»(z+y)‘7(n) ]

nezd4
By using Fubini's theorem to interchange the sum and integrals, this is

=iel/? Z e*mm 2V () erdyf[_l l]ddee""”ﬁ'p([)(17 +0,z2+y)¢ (n-0,z-y)

nezd

[e—4m‘(1<+%)»y _ e—4m‘(i<—g)-y]

:igl/zz ez”i"‘ZV(n)[W¢(t, z,p, 1, K+;) - W(P(t, z,p, 1, K—;)].

nezd
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Now, consider the terms with the Laplacian,

i[F[Ap(1), p(1)]1-F[§(t), Ap()]1 (2. p, 1. k).

We temporarily leave t out of the notation, and shorten ¢(n+6,z+y) to p and ¢*(n-
0,z-y) to ¢ to improve legibility in the computations below. The above expression
is then

=1 —-47i0-p  -4miK-y A A ~
_lj']rddyj[_%,%]ddge 4 pe 4 yAqo(’7+9,Z+y)qD
1 —-47i0-p ,—4TiK-y 2 A
_lfjrddyf[%’%]ddge 4mif-p o4 Yohe'(n-0,z-7y).
Using equations (2.5) and (2.6) this is

[ Y[, 40 G [ (B a0 -4+ 0)V) )

. —47i0-p 4Ky _ 210 02 i(n—0)- 0"
szdyf[_%%]ddee e o[ (A, —4x*|ln- 01 +4mi(n-0)-V,)¢"].

Splitting this into three parts, one has

i[F[Ap,p]-F[@,A@]](z.p. 1, k) = A; + Ay + As,
where

A= —4ﬂ2iJ‘TddyJ‘[1 1]dd9€74m9'pe_4”"’c'y[|17 +0)? - In- 9|2] PP’
Ap=if dy[ | 40 0PI GG - AL ]
RGeS ’

Av=dn Ay 2 40T (n+ V07 + (1= 0) V7))
One can compute that

Al = —4ﬂ2ifrddyf[ 1 1]ddee—4m9‘1)e—4nil<'y[|’7|2 + |9|2 + 2’70 _ |’7|Z _ |9|Z + 2’79] (,b(f)*
=anf v 80T (i 0) 9
= . —47Ti€‘p —477,’iK‘y~ ~ %
4njwdyj[%é]dd917 V(e )e PP

=47V, W, (t, 2, p, 11, K).
Next, consider
Av=if Ay o TP A G - PO,
We note that v
V:p=Vp(n+0,z+y)=V,p(n+0,z+y),
and similarly

V0" =-V,p’, Ap=A,0, A =A,¢p".
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So
Au=if Ay, 400 0P A - )
if Ay, A0 A7 - (i)

Since adiv (v) =div (av) - v-Va, we have that
a div (v) —adiv (v") =div (a'v-av’) - v-Va + v'-Va,
and since in our case a= ¢, v="V,@, the last two terms cancel since

-v:Va +v-Va=-V,p-V,p" + V0"V, =0.
Hence
A=if dy| Ly J0TTETIV (%) - (%40,

Integrating by parts in y, this is

I I e B I LR U]
:_4”J.TddyJ.[_%)%]dd96_4”i9'pe4”i’<'y[ (KV,0) 3" — (kY ]

i Ay, A0 (0 ()]

=_4JTK'VZW(/)( t, Z,ps ’73 K)'

Finally, consider the term

Av=dn [ dy[ |, @0 T (O V9)7 + (1-6) V)]

— -47i0-p ,-4mik-y RvAAY T S 5
anf Ay[ B0 I+ ) %) § + (8- 1) V) )
Using integration by parts for the first term in the sum, this is

=i [ Ay L, 406 G- 0) Vi) + (0= 1) V)

_477__f dyf 1 1 47!191) ’7+ 9)_vy<e—4nik-y) (qu*
The terms with 6 in the first expression cancel. Hence

Av==tn [ dy| Ly 80T 0]
‘4”erdyf[_%’%]dd9€_4m9'[’e4’”’<'Y[¢(,7 )]

+167t2ifwdyf[l 1 e 0P (4 0)- ke RV
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Using integration by parts once more, this is
“arf Ay, @00 ) Pl
+167r2iJ.TddyJ.[_;);]dd@e—‘lﬂi@p( N+ 0)-ke VY o
+4njwdyj[_l,l]dd96‘4”ie'pry~vy( e Yo"
“arf Ay, @00 () Pl
+167r2iJ.TddyJ.[_;);]dd@e—‘lﬂi@p( N+ 0)-ke VY o

1672 ~4i0-p, . =TIy o
167 ldedyf[_%,%]ddGe T Ppxe MY .
The 1 terms in the last two expressions cancel to give

Avman[ dy[ |, 4000 T (1NG) (V)]
+16”2iJ.TddyJ.[_l l]ddee—mi&pg. Ke’4”i’<'y¢(p*
=4ﬂl]'vz%(t, 2P K 477_[ dyJ‘ . 1 4t P -47i6-x) e—4m‘1<-y¢(p*
=47TT7'VZW¢(ts zZ,p, 1, K 4]Tj dyj d@K V 47ri9-p) e—4ﬂik‘y¢(p*

=47T77'VZW¢( t,z,p,n,K) —4mK-V, %(t, Z,p, 1, K).

Overall, one has
atW(p( tz,p,n,K)= 47r17-VpW¢,( tz,p,n,K)— 47TK'VZW¢,( t,z,p, 1K)

+47TI7'VZW¢(Z‘, z,p, 1, K) — 4k Vp o(tz,p,1,K)

1/22 eZmnzV [ (t Z,p,n, K+ ’21) (,,(t,Z,P,U,K—%)],
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and this proves the claim. m

5.4.3 Estimates on smoothing operators
Lemma 5.29. For J, defined in expression (5.45), we have that estimate (5.47) holds.

Proof. Let (m,n)€{(1,1),(1,2),(2,2)}. Consider

17l = Y [ dp Y 1D ) e
e ey
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We have that

S IDeC = Y <K>"(Z |D£7v<o<f,p,x>|2)”z

(%)’ By e

=Y <K>"(Z D" ,~,K>*p¢v<'>><p>>|2)”2

KE(%)d cez?
= Y e IDY((@(E k) 5 $u() (P))
KE(%)d

Distributing the derivatives between the terms, we split f=a;(f) + @ (f) = a1 + @,
such that |a;(f)|=min (|f], m). So

Dy(((E, 1) #p$u()) (P)) = (D p(&, -, 6) #p Dy2u(-)) ().
Hence by the triangle inequality for the /*-norm

ID((@(E 1) +p$u(-)) (PN < I(D5 (&, ) %5 Dyh () (P)

By Minkowski's inequality, this is

<[, 441D 0 (- ¢ )5 P (P~ ).

Hence

Y DT )= Y (™) DT, p ) o
KE(%)d xe(%)d

By Tonelli's theorem, this is

f dq sup e ®a)nm N ()MIDE (- g <) EDy b (- )l
xe(Z)! ce(Z)* '

Integrating in p, and using Tonelli's theorem once more, we have that this is

[0 Y DTG pollss sup e @y
KE( )d E(—)
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Next we estimate

_4
fRddpngzq’)v(p— q)= fRddrngngv(r)l =y fRddr

_, d+m2|J- dr

Dy (4(5m))]

lagl n-m

j drIDEG(r)sv 2 sv 7,

Ial

Dr¢(m)| =7
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Since |a;| = |f] - || due to how we choose to split the derivative and since we also
have that

_ 12 _ _ _ _ _nm _ _ _nm
sup e 1% (K)<K>n mzsupe x<xv 1/Z>n me P supe x<x>n me 7,
xe(%)d x x

[ 9 3 w0 IDLTeCp 0l v | dg Y D0 g g
KE( ) 7

Hence summing over f, one has that

17l = vy [ dg Y 0mIDy Pl g x) g
e ()

since for every f we chose a;:|a| < 1, at the price of worsening the constant, this is

s | dg Z ()"ID; (-, . )l

lglsm
sv‘<""">||<p||El. O

Lemma 5.30. For j, defined in expression (5.45), we have that estimate (5.48) holds.

Proof. Consider

I(Fo=1d)ele= [ dp Y 1(F-1d)e(.p. 0l

KG(%)d
(Jo-1d) (£, p.x) =™ (@£, k) %p $u () (P) — (&, P, K)
=(e™" 1) (@(&,, 1) p$u()) () = (P(£,p. ) = (9(£,,K) %p $u () (D))

We handle the two terms separately, beginning with

Jusde X, M -0 () 0D Pl

Now

=Judp (Z) e~ 11 1) (Pl

Now using that |e™ - 1| < x for x >0, this is

<2 dp Z 1) 5 $()) (D) g
()

By Minkowski's inequality, this is

svuszdp Z fRddqllfp(-,q,K)llzgsév(p-q)~

xe(3)
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By using Tonelli's theorem, this is

v Y [ ddlleC.q.0)le[ dpd.(p-q)

KE(%)d

1/2 172
<[40 Y o 0)l= ol
KE(E)
<3¢l

For the second term, we consider

Jute Y
Now <)
(5,0, K) = (@(&, k) +p §u(-)) (P) = fRddq(rp(ﬁ,p— 0, %) = (5, . %)) $u(q)
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Hence
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stRddr l o(r)< f]Rddrfo dtl r-Ve(,p-tr, K)||,§

2
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VI/Z
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Hence by Tonelli's theorem

dedp %)d lo( p, k) = (@(5 k) *p ¢V('))(P)||l§

sLRddrlrlfﬁ(r)J'Ovl/zdtf]Rddp Z V(- p-tr, K)llzg
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V1/2
<[ dring(r) [ dtlls < v 2 pls,

This concludes the proof. O



Chapter 6

Perspectives

To summarize, our main results have been the following:

1. In Chapter 3 we used an asymptotic expansion that heuristically gives the
correct limit equation in the case of the random quantum Lorentz gas. In the
case of the periodic quantum Lorentz gas, this method yields trivial transport
equations in the limit for certain observables (similar to the case V' =0), and
hints at the obstructions one encounters when studying other observables.

2. In Chapter 4, we used Wigner series tools to make precise the notion that
for observables supported away from energy band crossings of the Lapla-
cian, the weak coupling limit behavior is free transport. In particular, no
collisional effects remain. These tools were insufficient to study observables
supported on problematic momenta related to the band crossings, except for
a restricted class of initial data.

3. In order to study what happens for observables supported on energy band
crossings in Chapter 5 we used the Bloch-Floquet-Zak transform to derive
a new representation formula for the Wigner transform. Generalizing this
representation, we define a rescaled Bloch-Wigner transform and demon-
strate once more that for certain observables, there is no collisional effect in
the limit. For certain other observables, we provide evidence that the exis-
tence of a weak coupling limit depends on certain regularity properties of the
Bloch-Wigner transform introduced. The existence (and characterization) of
a limit remains open.

More precisely, to connect the first and third point above, in the first result, using
the homogenization Ansatz, we arrived at expression (3.19)

1
9,0 (t,p,m) + EVUEJ-( 1n)-Vyo, (L, p, 1)

:(1913})22 R(”)[O'K(t»P’ 1n) = Ocin(t,p,1)] (EK+n(’7)_gK(’7))2+02

nezd
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Then, working with the Wigner series, we proved in Theorem 4.10 that for observ-
ables supported away from band crossings one has trivial transport in the weak-cou-
pling limit. Working with the Bloch-Wigner transform, we proved in Theorem 5.7
a (weak) version of the same statement once more, without needing to work within
energy bands. Working with the observables using the Bloch-Wigner transform,
we arrived at an expression involving the resonant operator Y;,”" that simplified
to an expression very reminiscent of the right hand side of the equality in the above
expression from the asymptotic analysis:

:Zf[_%&]dd’ifwdp %)d ng(O,p, n K) Z |V(I’L)|2

nez4\{(0}

Ltdufsudv(g‘lcos(cl(v— w))[F(p,xk-n-n)-F(p,x-1n)]

We see that T (0, p, n, k) plays a role analogous to o.(s, p, ). Instead of the Fourier

transform of the covariance R(n) (which we got from taking expectations), we have
|V (n)|%. We have different approximants to the delta in each expression, and the gain
term minus the loss term. Hence we see the extent to which the asymptotic expan-
sion captures the difficulties in the problem. Furthermore, we see that although the
final expression we get in the asymptotic expression does not make sense point-
wise, it could make sense when integrating over the n's, as is the case when working
with the observables. Therefore, if a limit exists, it is not expected to be the solu-
tion of a linear Boltzmann equation, and requires a different interpretation.

We end this thesis by highlighting some promising future directions for further
research:

1. Staring at the expression above for the problematic term in the observables,
one realizes that if the sum over n is a Riemann sum, one formally obtains
a linear Boltzmann equation. One could then ask what happens if one con-
siders the period of the potential going to infinity depending on ¢. This relates
to the first motivation we wrote in the introduction, i.e., to find a different
proof of the result of [EY99]. One way to do this this would be to introduce
an additional parameter L to our Bloch-Wigner transform, and find a way to
ensure uniform estimates in both ¢ and L on the non-resonant terms. Then,
one could repeat the argument with the sewing lemma to pass to the limit.
This could be a way to move towards our first goal of providing an alter-
nate proof to the derivation of the linear Boltzmann equation. However, one
will need to find a way to relate the potentials that are periodic with different
periods, and proving the uniform estimates will probably require additional
ideas. Working directly with the evolution equation of the rescaled Wigner
transform instead of the rescaled Bloch—-Wigner transform was challenging,
since it was not clear how to prove the uniform in ¢ estimates for the terms
with low time regularity. Our view is that the ideas in this thesis are a first
step towards this larger goal.
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2. As mentioned after the statement of the main theorem, working in the L*-
based Banach space E_, is not the correct framework for most families of
initial data that go from the microscopic to macroscopic scale. Eventually, if
one manages to make the point above work, one would need to identify the
analogue for the rescaled Bloch-Wigner transform, of the Banach algebra in
whose dual the usual rescaled Wigner transform is uniformly bounded.

3. As mentioned in the literature review, the limiting behavior of the peri-
odic quantum Lorentz gas has been identified in the low-density scaling
regime, assuming that a certain generalized Berry-Tabor conjecture holds,
see [GM19], [GM21]. This complements the result of [Cas01], [Cas02], [Gri23]
and [PR04], where the authors obtain linear Boltzmann equations by intro-
ducing damping terms in various manners. It would be interesting to see
if the introduction of damping leads to a linear Boltzmann equation also in
the weak coupling regime, and if one can prove such a result using the tech-
niques introduced here. Another potential direction of research is to extend
these techniques to the case of the low-density scaling.

4. The results presented in this thesis were all done in the Wigner function
picture, and should have a dual version in the Weyl formalism when working
with time evolution of operators in the interaction picture of quantum
mechanics, as was done for example in [Spo77] and [GM19]. It would be
interesting to prove the convergence in operator norm of the series defining
the time evolution of the observables. This might require some of the ideas
that were developed in this thesis, since one cannot use anymore Gaussian
cancellations that were used in [Spo77]. It would be intriguing to see how
one encounters the problem of energy-band crossings in this framework.

5. Recently, another approach was developed in the works [Her24], [BDH25]
and [BDH] in order to derive the linear Boltzmann equation from the random
quantum Lorentz gas in the kinetic regime, and the heat equation from the
Schrédinger equation on time scales beyond the kinetic time scale. It would
be interesting to establish how this connects to the proof strategy in this
thesis.
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