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Abstract
The Lorentz gas is an important model in kinetic theory where one seeks to under-
stand the behavior of a single particle interacting with a fixed environment. In
certain scaling regimes, the complicated microscopic behavior of the particle can
be well-approximated by an effective equation or stochastic process. A descrip-
tion of the effective behavior usually does not rely on all details of the microscopic
dynamics. When the interactions are quantum mechanical, the model is referred
to as the quantum Lorentz gas. In this thesis, we study the quantum Lorentz gas in
a periodic, weakly-coupled environment. We show that for certain observables, the
limiting effective behavior in this regime is given by a transport equation, while for
certain other observables, we provide evidence that the existence of the limit hinges
on regularity properties of a certain phase space distribution that we introduce.
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Notation.

1. ℕ0 :=ℕ∪ {0}.

2. ℝ�0 := [0,+∞),ℝ+ :=(0,+∞).

3. 𝕋d :=ℝd /ℤd.

4. For X a Banach space and f : ℝ→X, we will sometimes use the notation ft :=
f (t). Furthermore we define δstt:ℝ×ℝ→X via

δstf := ft − fs.

5. For a function f ∈L1(ℝd) we use the following convention of the Fourier trans-
form: for ξ ∈ℝd

f̂ (ξ) :=�
ℝd
dxe−2πiξ ⋅xf (ξ)

For a function f ∈L1(𝕋d) we use the following convention for the coefficients of
the Fourier series: for n∈ℤd

f̂ (n) :=�
𝕋d
dxe−2πin⋅xf (x)

6. We use the following notation for the floor function ⌊⋅⌋:ℝ→ℤ,x→⌊x⌋, taking
any real number to the closest integer smaller than or equal to it. When applied
to x ∈ℝd, this is the floor function applied component-wise.

7. Let (S, Σ, μ) be a measure space. Let p ∈ [1,∞]. We denote Lp(S; μ) to be the
space of Lp functions on S with respect to the measure μ. For d ∈ℕ, we denote
Lp(ℝd) to be the space of Lp functions on ℝd with respect to the Lebesgue mea-
sure.

8. For d ∈ℕ,ℳ(ℝd) denotes the set of Radon measures on ℝd and ℳ+(ℝd) denotes
the set of positive Radon measures on ℝd. Cb(ℝd) denotes the Banach space
of bounded continuous functions on ℝd. 𝒮(ℝd) and 𝒮ʹ(ℝd) refer to the set of
Schwartz functions and tempered distributions on ℝd respectively.

9. By a<∼b, we mean that there exists C >0 such that a�Cb. By a<∼γ b, we mean
that there exists C(γ)>0 such that a�C(γ)b.

TABLE OF CONTENTS 11





Chapter 1
Introduction

1.1 Setup

The classical Lorentz gas is an important model in kinetic theory. Consider a single
particle moving in an environment of fixed obstacles. Assume that the moving par-
ticle obeys Newton's laws of motion and collides elastically with the obstacles. This
is like studying the trajectory of a moving cue ball that collides with an immov-
able configuration of billiard balls as in the pictures below. These images have been
sourced from [Erd10].

Figure 1.1. Two possible obstacle configurations for the Lorentz gas.

At this “microscopic” level, the time evolutions of the position and velocity of the
cue ball are complicated, and depend on its initial position and momenta, and the
position and geometry of the scatterers.
In kinetic theory, one is interested in situations where this complex behavior at

the microscopic scale can be approximated by effective behavior on a larger “macro-
scopic” scale. This effective macroscopic behavior usually does not depend on all the
details of the microscopic dynamics, and is therefore relatively easier to describe.
For many models in kinetic theory, two particular scaling regimes are especially
interesting, where an effective description is sometimes possible. They are the “low-
density scaling” and the “weak-coupling scaling”. In the Lorentz gas model, the low-
density scaling models a scenario where collisions happen rarely, but have a strong
effect on the cue ball's trajectory when they do happen. On the other hand, the weak
coupling scaling models a situation where the cue ball scatters frequently, but where
each collision only has a weak effect on the trajectory of the particle.
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There are situations in physics and probability theory where interactions in a
system are either “strong and rare” or “weak and osten” as above. In physics, the first
situation is common when working with dilute gases, while the second is common
when dealing with plasmas. In probability theory one has the Poisson and central
limit theorems. Roughly speaking, the Poisson limit theorem says that if one has
random variables that are usually zero, but sometimes non-zero, under an appro-
priate choice of the parameters, the sum of these random variables converges in dis-
tribution to the Poisson distribution. The central limit theorem says that a weighted
sum of random variables with bounded variance converges to a normal distribu-
tion, when the weights ensure that each random variable contributes weakly to the
sum. These are analogous to the low-density scaling and the weak-coupling scaling
regimes of the Lorentz gas. In all these cases, one expects to use only a small amount
of the total information in the “microscopic” system to be relevant to the descrip-
tion of the “macroscopic” system.
When the interactions of the particle with its environment are quantum mechan-

ical, one refers to the model as the quantum Lorentz gas. Mathematically, the particle
is modeled by the solution to a linear Schrödinger equation, with the environment
represented by a real-valued potential term V . For x ∈ℝd, t ∈ℝ+ consider

i∂tφ(t ,x)=−Δxφ(t ,x)+λV (x)φ(t ,x). (1.1)

The real constant λ � 0 is called the coupling constant. The solution to the free
Schrödinger equation with λ = 0 can be written down explicitly. In general, when
λ>0, describing the precise behavior of the particle can be very challenging. How-
ever, when λ is very small, the potential only has a weak effect on the particle, and
one expects that aster a small period of microscopic time has elapsed, the evolu-
tion of the particle is very similar to that of the free evolution (λ=0). If these weak
interactions with the environment occur osten, non-trivial behavior can be observed
if one waits for a sufficient amount of time. This is the weak coupling regime for
the quantum Lorentz gas.
Mathematically, one sets λ=ε1/2 for some 0<ε≪1 and studies the following rescaled

wavefunction, which is a function of macroscopic time and space:

φε(t ,x) :=φ� t
ε ,
x
ε�. (1.2)

This satisfies the following rescaled Schrödinger equation: for x ∈ℝd, t ∈ℝ+

i∂tφε(t ,x)=−εΔxφε(t ,x)+ ε−1/2V�xε�φε(t ,x). (1.3)

Note that the effect of the potential is no longer weak here.
Recall that in quantum mechanics, the wavefunction cannot be measured. How-

ever |φ(t , x)|2 corresponds to the probability of finding a particle at position x and
time t , and is a quantity that can be estimated from experimental measurements.
Before we characterize the measurable quantities that we are interested in, it is
convenient for us to switch to the phase-space formulation of quantum mechanics.
Unlike in classical mechanics, the Heisenberg uncertainty principle precludes the
existence of a phase space density, i.e., one cannot represent a particle via a Dirac
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delta in phase space. An object that has many of the properties one requires from
a phase space density is the Wigner transform Wφ of the wavefunction φ: for posi-
tion x ∈ℝd and momentum k ∈ℝd,

Wφ(x ,k) :=�
ℝd
e 2πik⋅yφ�x − y

2�φ ∗�x + y
2�dy.

For φ ∈𝒮(ℝd;ℂ), it is an easy computation to see that

�
ℝd
dkWφ(x ,k)= |φ(x)|2, �

ℝd
dxWφ(x ,k)= |φ̂(k)|2,

where φ̂ denotes the Fourier transform of φ. These two expressions correspond to
physically measurable quantities, namely the probabilities of finding a particle at
position x and momentum k respectively. An important class of measurable quan-
tities at the microscopic scale are of the form

�
ℝ2d

dxdkWφ(t ,x ,k)F(x ,k)=�
ℝ2d

dxdkWφ(t)(x ,k)F(x ,k),

for some Schwartz function F ∈𝒮(ℝ2d). To go from the microscopic to the macro-
scopic scale, we consider a rescaled version of the Wigner transform:

W ε(t ,x ,k) := ε−dWφ�
t
ε ,
x
ε ,k�. (1.4)

The rescaled observables related to the rescaled Wigner transform take the form

�
ℝ2d

dxdkW ε(t ,x ,k)F(x ,k). (1.5)

For the quantum Lorentz gas, we are interested in answering the following

Question 1. Given a certain potential V , can one describe the time evolution of

lim
ε→0

�
ℝ2d

dxdkW ε(t ,x ,k)F(x ,k). (1.6)
for any F ∈𝒮(ℝ2d)?

This is equivalent to asking for a description of the weak limit (in the space of
tempered distributions on ℝ2d) of the rescaled Wigner transform, if it exists. One
could then plausibly describe the dynamics with 0<ε≪1 as being a correction to this
limit behavior.
In this thesis, our goal is to tackle this question when V is a smooth ℤd-peri-

odic function. We refer to this model as the periodic quantum Lorentz gas. Before
describing our motivations for studying this problem with this choice of potential,
we review some key results that have been obtained in the study of the Lorentz gas.

Remark 1.1. This is one possible way to study the time evolution of measurable
quantities. Using theWeyl transform of theWigner function, one could equivalently
work with the time evolution of observables in the interaction picture of quantum
mechanics, as is also commonly done in quantum kinetic theory, as, for instance,
was done in [Spo77] and [GM19].
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1.2 Literature review

The classical random Lorentz gas was first investigated in the low density limit
in [Gal69] and then in greater generality in [Spo78] and [BBS83]. For d � 2, these
results show that under suitable assumptions on the initial data and the random
environment, the phase space density converges in the low density scaling limit to
a solution of a linear Boltzmann equation, which is the forward equation of a Markov
jump process. The weak coupling limit of the classical random Lorentz gas in d �
3 was studied in [KP80] and the case d =2 was handled in [DGL87] and [KR06]. For
d �2 the weak coupling limit of the phase space density is given by the solution of a
linear Landau equation. These results say that the complicated Schrödinger evolution
is well approximated by the solution to a linear Boltzmann or linear Landau equation,
in the low-density and weak-coupling regimes respectively. In both these situations,
the limit equations are not time-reversible, unlike the microscopic dynamics.
It is important to note that the result of Gallavotti [Gal69] was a precursor to the

first derivation of the (nonlinear) Boltzmann equation from a many-body system of
hard spheres, by O. Lanford [Lan75].
For the quantum random Lorentz gas, in [Spo77] it was shown that for small

enough times the weak coupling limiting behavior was given by a linear Boltzmann
equation. This was improved in [EY99], where the authors show that, in the weak-
coupling scaling, when V is a Gaussian random field with smooth covariance, that
for a certain family of initial data, and for all F ∈𝒮(ℝ2d), t ∈ℝ+

𝔼��
ℝd
dk�

ℝd
dxW ε(t ,x ,k)F(x ,k)�→→→→→→→→→→→→→→→→→→→→

ε→0
�
ℝd
dk�

ℝd
dx f (t ,x ,k)F(x ,k),

where f satisfies a linear Boltzmann equation and where W ε is the rescaled Wigner
transform introduced previously. The papers [Che06] and [But15] prove conver-
gence of moments of all orders, for an analogous problem on the lattice.
The low density limiting behavior in the quantum random Lorentz gas is also

given by a linear Boltzmann equation. The only difference from the weak coupling
behavior is in the collision kernel of the limiting linear Boltzmann equation. This
was proved in [EE05]. See [Mik23] for a recent generalization.
For the periodic Lorentz gas, fewer results are available, both in the classical and

quantum cases. For the classical periodic Lorentz gas in the low density limit, the
limiting behavior is not given by a linear Boltzmann equation. Instead, in [MS11], a
non-Markovian flight process was derived in the low density limit. The low density
limit of the periodic quantum Lorentz gas was investigated in [GM19] and [GM21].
Conditional on a certain version of the Berry–Tabor conjecture holding true, the
authors derive the limit dynamics, and show that it is not given by a linear Boltz-
mann equation. However, if one introduces a damping term in the Schrödinger
dynamics, one recovers a linear Boltzmann equation in the low density limit, as was
shown in [Gri23].
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To the best of our knowledge, the weak coupling limit in the full space for the
observables as in expression (1.6) has not yet been established for the periodic
quantum Lorentz gas. The following table summarizes the situation described above

Classical Quantum
Low density Weak coupling Low density Weak coupling

Random Lin. Boltzmann Lin. Landau Lin. Boltzmann Lin. Boltzmann
[Gal69], [BBS83], [KP80], [DGL87] [EE05] [Spo77], [EY99],
[Spo78] [KR06] [Che06], [But15]

Periodic Non-Markovian ? Random flight ?
flight process, [MS11] - process, [GM21] -

Table 1.1. Kinetic limits of the Lorentz gas

Below is a list of related investigations that is by no means exhaustive. We men-
tion only the aspects of the work that we feel are most directly connected to the
study of the periodic quantum Lorentz gas.

• A heuristic derivation of the linear Boltzmann equation in the weak coupling
regime for the random quantum Lorentz gas is given in [BFPR99]. We will
come back to this in Chapter 3, where we use this method to get an idea of
what the limit should be for the periodic quantum Lorentz gas. In [PR04],
the authors modify the equation for the rescaled Wigner transform in the
case of the periodic quantum Lorentz gas, and provide a different connec-
tion to the linear Boltzmann equation. We also refer the reader to Chapter 8
of [Spo91], for more heuristics related to the derivation of kinetic equations
for the Lorentz gas.

• In the works [Cas01] and [Cas02], a linear Boltzmann equation is obtained in
the low-density limit from the von-Neumann equationwith a periodic poten-
tial and a damping term. The period is taken to infinity before the damping
is sent to 0. This is similar in spirit to the work [PR04], which we discuss in
Chapter 3 of this thesis. In [CP02], it was shown that when working on the
torus, in a certain scaling regime where non-trivial limiting behavior can
be observed, the limiting behavior is not described by the linear Boltzmann
equation. In [Cas99] a different weak coupling limit was studied for the von-
Neumann equation on the torus, and the limiting behavior was shown to not
coincide with that of the linear Boltzmann equation.

• The periodic Schrödinger equation has been investigated in the so-called
semiclassical limit, which is when spacetime is rescaled as in the weak cou-
pling scaling, but the potential remains strongly coupled. See [MMP94]
and [GMMP98]. These and related works such as [LP93] were among the
first to use the rescaledWigner transform to pass frommicroscopic to macro-
scopic scales.
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• There are also works investigating the random quantum Lorentz gas with
time-dependent potentials. In these models the environment evolves in time,
and such problems are of relevance to understanding the propagation of
waves in random media. See for instance [BPR02] and [Gom13].

• One could ask about what happens to these systems on space and time scales
larger than the kinetic space and time scales discussed above. We refer the
reader to [ESY08] and [ESY07] where the authors derive a diffusion equa-
tion for the random quantum Lorentz gas. The lecture notes [Erd10] also
explain the connection of this problem to the extended states conjecture of
Anderson localization in d � 3. For the periodic quantum Lorentz gas, the
long time behavior is known to be ballistic as was demonstrated in [AK98]
and [dMS23]. We comment on this at the end of Chapter 4.

1.3 Motivation

We have two principal motivations for studying the periodic quantum Lorentz gas.

1. In the proof of the convergence to the linear Boltzmann equation in [EY99] the
authors work with the Duhamel iterates of the solutions to the Schrödinger
equation. They plug these expansions into the expressions for the rescaled
Wigner transform, and the rescaled observables, and proceed to show that
the resulting series remain summable in the scaling limit considered, by iden-
tifying which Duhamel integrals remain relevant in the limit. They carefully
estimate the size and number of those integrals which do not contribute, in
order to make the argument that the series containing all the terms is con-
vergent, and converges to the Neumann series representation of the solution
to a linear Boltzmann equation.
Now, one can compute the evolution equation for the rescaled Wigner

transform, to get that W ε must solve

∂tW ε +k⋅∇xW ε = iε−1/2�
ℝd
dξe 2πiε−1x ⋅ξV̂ω(ξ)[W ε(k+ ξ)−W ε(k− ξ)].

However, since one starts with the linear Schrödinger equation and ends
with the linear Boltzmann equation, one could ask if there is an argument
that uses PDE tools to prove this convergence. One could expect that the
right hand side in the expression above converges to the collision kernel of
a linear Boltzmann equation, as a consequence of the oscillations in the inte-
grand.
But, proving this is challenging: in early computations, we found it difficult

to work with the Fourier transform V̂ω of a Gaussian random field, which is
not in any Lebesgue space.
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Our approach was to switch to studying a random quantum Lorentz gas,
but where the randomness was (Lℤ)d-periodically repeated: certain compu-
tations were easier when working with a (Lℤ)d-periodic smooth Gaussian
random field. This is because such a field has, almost surely, a “nice” Fourier
series. Here we show some realizations of such a field in two dimensions:

Figure 1.2. Two different realizations of a smooth zero-mean periodic Gaussian
field in d =2.

But this changes the physics of the problem: for a fixed period L, one intu-
itively expects the physics to be different since the same source of randomness
is revisited by the particle. However, we expect that if one takes the period
L→∞ at an appropriate rate depending on ε, one should converge to the
linear Boltzmann equation as in [EY99]. The study of the weak coupling
limit for a fixed period is for us an intermediate step towards this larger goal.
Within this context, we sought to fix a period and develop a proof that does
not rely on the combinatorics of Duhamel iterations, and to then (hopefully)
extend it to the case where the period of the potential grows depending on ε.
Since the results we were able to prove for this model apply path-wise

(for almost every realization of the randomness), they apply also to the peri-
odic quantum Lorentz gas. In this thesis, we work with a fixed ℤd-periodic
smooth potential, but many results can be applied also to almost every real-
ization of a ℤd-periodic smooth Gaussian random field. In particular, here we
are looking at the challenges that arise when fixing L=1 and sending ε→0.
Summarizing: Looking for an alternative proof to [EY99] in the case of

the random Lorentz gas, we switched from studying a smooth, non-periodic
Gaussian field to a smooth, (Lℤ)d-periodic Gaussian field for convenience,
and sought to first investigate the limit ε→0 fixing L = 1. We are able to
prove certain statements for almost every realization of a smooth ℤd-periodic
Gaussian field, which is equivalent to proving statements for the periodic
quantum Lorentz gas.

1.3 MOTIVATION 19



2. As can be seen from Table 1.1 above, the kinetic limits for the random Lorentz
gas are much better understood than their periodic counterparts. However,
the results [MS11] and [GM21] show that one can obtain non-trivial lim-
iting stochastic processes that approximate the microscopic dynamics of the
Lorentz gas, at least in the case of the low-density scaling. It is natural to
ask if one can have effective descriptions of the periodic Lorentz gas also
in the weak coupling scaling. In this thesis, we provide partial answers in
the case of the weak coupling regime for the quantum mechanical version
of this model. To the best of our knowledge, the weak coupling limit of the
classical periodic Lorentz gas is also an open problem.

1.4 Structure of the thesis
In Chapter 2, which could be treated as an appendix, we collect some relevant infor-
mation about:

1. The Bloch–Floquet–Zak transform, which plays a role analogous to the
Fourier transform, when studying periodic operators. We will use it later
to derive a representation formula for the Wigner transform.

2. The Wigner and rescaled Wigner transforms introduced above.
3. The sewing lemma, which plays a key role in the theory of rough paths. We

also give a toy example of how we intend to use it in studying kinetic limits.
4. The linear Boltzmann equation's well-posedness theory, in particular the

uniqueness theory, will be important to our arguments. We also make some
comments on the result of [EY99].

In Chapter 3, we use an asymptotic expansion that was previously used to formally
derive a linear Boltzmann equation from the random quantum Lorentz gas. In the
case of the periodic quantum Lorentz gas, this method yields trivial transport equa-
tions in the limit for certain “non-resonant” observables (similar to the case V =0),
and hints at the difficulties one encounters when studying other observables.
In Chapter 4 we rigorously prove the first part of the previous statement. Here a

version of the Bloch–Floquet–Zak transform is used to restate the problem in terms
of “energy bands” (which are commonly used to describe the difference between con-
ductors and insulators). We derive a limit equation for observables supported away
from a certain zero measure set of momenta and comment on why this approach
does not completely answer Question 1.
Chapter 5 contains the most novel aspects of this thesis. It is structured as follows:

1. Using the BFZ transform, we derive a representation formula for the Wigner
transform. Motivated by this, we define a generalized Bloch–Wigner trans-
form, and derive its evolution equation.

2. We show that this evolution equation has the structure of a rough equation
for each ε > 0, and that in a certain topology one can obtain uniform in ε-
estimates for the rough operators involved.
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3. We then use the sewing lemma and the uniqueness theory of the linear
Boltzmann equation in order to pass to the limit, in a certain topology, and
explicitly characterize the limit equation.

4. We then comment on the weakness of this result, and why it does not permit
to characterize the weak coupling limit of all the observables.

5. We attempt to use the Bloch–Wigner transform to study observables, and
show that for observables supported on resonant momenta, the existence of
the limit is tied to regularity properties of the Bloch–Wigner transform.

We stress that this approach differs conceptually from the approach used in [EY99]
to derive the limit of the random quantum Lorentz gas. In particular it avoids dia-
grammatic expansions and combinatorics, and uses the sewing lemma instead.
We conclude by summarizing our results in Chapter 6 and highlight promising

directions for future research.
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Chapter 2
Our toolkit

2.1 The Bloch–Floquet–Zak decomposition
In this Section, we recall the Bloch–Floquet–Zak decomposition, introduced by J.
Zak in [Zak67] and [Zak68], and which is now a well-known tool in solid state
physics (see for instance [MP14]). For the reader's convenience, I collect here the
properties of the Bloch–Floquet–Zak decomposition that will be of use for our study
of the weak coupling limit of the periodic quantum Lorentz gas.

Definition 2.1. For φ∈𝒮(ℝd;ℂ),θ ∈ℝd,x ∈ℝd, define the Bloch–Floquet–Zak decom-
position of φ, or BFZ decomposition of φ as:

(𝒰BFZφ)θ(x) := φ̃(θ ,x) := �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x −m). (2.1)

Let us state a few basic properties of the BFZ decomposition:

1. φ̃(θ ,x) is ℤd-periodic in x : for n∈ℤd,

φ̃(θ ,x +n)= �
m∈ℤd

e 2πiθ ⋅(x+n−m)φ(x +n−m)

= �
mʹ∈ℤd

e 2πiθ ⋅(x−mʹ)φ(x −m ʹ)= φ̃(θ ,x).

Hence, we can identify φ̃(θ , x) with a complex valued function on ℝd ×𝕋d.
We also note that it is quasiperiodic in θ : for n∈ℤd,

φ̃(θ +n,x)= �
m∈ℤd

e 2πi(θ+n)⋅(x−m)φ(x −m)

=e 2πin⋅x �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x −m)= e 2πin⋅xφ̃(θ ,x).

By complex conjugation we have that

φ̃ ∗(θ ,x +n)= φ̃ ∗(θ ,x), φ̃ ∗(θ +n,x)= e−2πin⋅xφ̃ ∗(θ ,x).

Note that, similar to the Fourier transform, the BFZ transform does not com-
mute with complex conjugation.
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2. We have ℤd-periodicity in the θ-variable for the functions e−2πiθ ⋅xφ̃(θ ,x) and
|φ̃(θ ,x)|2 since

e−2πi(θ+n)⋅xφ̃(θ +n,x)= e−2πi(θ+n)⋅xe 2πin⋅xφ̃(θ ,x)= e−2πiθ ⋅xφ̃(θ ,x),
and so

|φ̃(θ +n,x)|2= φ̃ ∗(θ +n,x)φ̃(θ +n,x),

⇒|φ̃(θ +n,x)|2= e−2πin⋅xφ̃ ∗(θ ,x) e 2πin⋅xφ̃(θ ,x)= |φ̃(θ ,x)|2. (2.2)

3. For φ ∈𝒮(ℝd; ℂ) we can invert the BFZ transform. One has that for all φ ∈
𝒮(ℝd;ℂ),

φ(x)=�
𝕋d
e−2πiθ ⋅xφ̃(θ ,x)dθ . (2.3)

This can be seen from the following computation

�
𝕋d
e−2πiθ ⋅xφ̃(θ ,x)dθ =�

[0,1]d
e−2πiθ ⋅xφ̃(θ ,x)dθ =�

[0,1]d
�
m∈ℤd

e−2πiθ ⋅mφ(x −m)dθ

which, by Fubini's theorem, is

= �
m∈ℤd

�
[0,1]d

e−2πiθ ⋅mdθ|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
δm,0

φ(x −m)=φ(x).

4. If φ ∈𝒮(ℝd;ℂ) then φ̃ ∈L2��− 1
2 ,

1
2�×𝕋d;ℂ� since

�
�− 1

2 ,
1
2�d×𝕋d

dθdx |φ̃(θ ,x)|2=�
𝕋d×𝕋d

dθdxφ̃(θ ,x)φ̃ ∗(θ ,x)

=�
𝕋d×𝕋d

dθdx�
m,m ʹ

e 2πiθ ⋅(x−m)φ(x −m)e−2πiθ ⋅(x−mʹ)φ ∗(x −m ʹ)

=�
𝕋d×𝕋d

dxdθ�
m,mʹ

e−2πiθ ⋅(m−mʹ)φ(x −m)φ ∗(x −m ʹ).

Since ∑m |φ(x −m)|∑m ʹ |φ(x −m ʹ)|<∞, Fubini's theorem says this is

=�
𝕋d
dx�

m,mʹ

�
𝕋d
dθe−2πiθ ⋅(m−mʹ)|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

δm−m ʹ

φ(x −m)φ ∗(x −m ʹ)

=�
𝕋d
dx�

m

φ(x −m)φ ∗(x −m)=�
�− 1

2 ,
1
2�d
dx�

m

φ(x −m)φ ∗(x −m)

=‖φ‖L2(ℝd)
2 .

5. For φ ∈𝒮(ℝd;ℂ), we have that φ̃ ∈C(ℝd ×𝕋d;ℂ): Fix θ ∈ℝd,x ∈𝕋d, ε >0. Then
we then have that for δ1,δ2∈ℝd:

φ̃(θ +δ1,x +δ2)− φ̃(θ ,x)= �
m∈ℤd

(e 2πiδ1⋅(x−m)e 2πiθ ⋅δ2−1)e 2πiθ ⋅(x−m)φ(x −m).
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Since φ ∈𝒮(ℝd;ℂ), we can define a ball B such that

�
m∈ℤd∩Bc

|φ(x −m)|< ε
4 .

This then gives us that

|φ̃(θ +δ ,x)− φ̃(θ ,x)|� ||||||||||||||| �
m∈ℤd∩B

(e 2πiδ1⋅(x−m)e 2πiθ ⋅δ2−1)e 2πiθ ⋅(x−m)φ(x −m)|||||||||||||||
+||||||||||||||| �

m∈ℤd∩Bc

(e 2πiδ1⋅(x−m)e 2πiθ ⋅δ2−1)e 2πiθ ⋅(x−m)φ(x −m)|||||||||||||||

<||||||||||||||| �
m∈ℤd∩B

(e 2πiδ1⋅(x−m)e 2πiθ ⋅δ2−1)e 2πiθ ⋅(x−m)φ(x −m)|||||||||||||||+
ε
2 .

One can then conclude by choosing δ1, δ2 small enough such that the first
term is also smaller than ε /2. This can be done, since the sum is finite and the
terms are bounded. Note that here we only needed the continuity and decay
of the function itself, and not its derivatives.

6. Defining γmu(x) := e 2πim⋅xu(x), one can show that the Bloch–Floquet–Zak
transform extends to a unitary transformation (also called the Block–Flo-
quet–Zak transform) of L2(ℝd; ℂ) into ℋγ , the Hilbert space of L2(𝕋d; ℂ)
valued γ-equivariant functions, i.e.,

ℋγ := {u ∈Lloc
2 (ℝd;L2(𝕋d;ℂ)): ũ(θ +n, ⋅)=γnũ(θ , ⋅), ∀θ ∈ℝd,n∈ℤd}.

This is similar to how the Fourier transform extends from 𝒮(ℝd) to a unitary
transformation on L2(ℝd). The above Hilbert space can be endowed with the
scalar product

⟨u,v⟩ℋγ :=�
𝕋d
dθ⟨ũ(θ , ⋅), ṽ(θ , ⋅)⟩L2(𝕋d)=�

𝕋d
dθ�

𝕋d
dx ũ∗(θ ,x)ṽ(θ ,x),

and with the norm

‖u‖ℋγ :=��
𝕋d
dθ‖ũ(θ , ⋅)‖L2(𝕋d)

2 �1/2=��
𝕋d
dθ�

𝕋d
dx |ũ(θ ,x)|2�1/2.

The inverse BFZ transform is explicitly given by

(𝒰BFZ
−1 ũ)(x)=�

𝕋d
dθe−2πiθ ⋅xũ(θ ,x).

See [MP14] for more details.

Next we have a lemma that describes the regularity of the BFZ transform of a func-
tion with the regularity of a classical solution to the Schrödinger equation.

Lemma 2.2. Let φ∈C(ℝ;H 2(ℝd;ℂ))∩C1(ℝ;L2(ℝd;ℂ)), then φ̃∈C(ℝ;Lloc
2 (ℝd;H 2(𝕋d;

ℂ)))∩C1(ℝ;ℋγ). Furthermore, one has that

∂tφ(t)=∂tφ̃(t) (2.4)

Δφ(t ,θ ,x)=(Δx −4π 2|θ |2−4πiθ ⋅∇x)φ̃(t ,θ ,x) (2.5)
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and
(Δφ)∗(t ,θ ,x)=(Δx −4π 2|θ |2+4πiθ ⋅∇x)φ̃ ∗(t ,θ ,x) (2.6)

as functions in ℋγ.

Proof. First, we have that since UBFZ is a unitary transformation, it is a bounded
linear operator from L2(ℝd; ℂ) to Hγ , so in particular, it is a continuous linear oper-
ator. Hence using the linearity and continuity, one has that

∂tφ̃(t)=∂tUBFZφ(t)= lim
h→0

UBFZφ(t +h)−UBFZφ(t)
h

=lim
h→0

UBFZ((((((φ(t +h)−φ(t)h ))))))
=UBFZ((((((limh→0

φ(t +h)−φ(t)
h ))))))=UBFZ(∂tφ(t))=∂tφ(t)

The unitarity of UBFZ also immediately implies that φ̃ ∈C1(ℝ;ℋγ), since φ ∈C1(ℝ;
L2(ℝd; ℂ)). Next, we will show that φ̃ ∈C(ℝ;Lloc

2 (ℝd;H 1(𝕋d; ℂ))). One can proceed
by computing that for φ(t)∈H 2(ℝd;ℂ),ψ ∈Cc

∞(ℝd;ℂ), j ∈ {1, . . . ,d}

�
ℝd
∂xjψ ∗(x)φ(t ,x)dx =−�

ℝd
ψ ∗(x)vj(t ,x)dx =−�

𝕋d×𝕋d
(ψ̃)∗(θ ,x)ṽj(t ,θ ,x)dθdx

where vj(t) = ∂xjφ(t) weak is the unique function in C(ℝ; L2(ℝd; ℂ)) that satisfies
the first identity, and ṽj(t , θ ,x) is its BFZ transform. The lest hand side can also be
written as

�
ℝd
∂xjψ ∗(x)φ(t ,x)dx =�

𝕋d×𝕋d
(∂xjψ)∗(θ ,x)φ̃(t ,θ ,x)dθdx

since one has an explicit representation for the BFZ of ∂xjψ , this is

=�
𝕋d×𝕋d

φ̃(t ,θ ,x) �
m∈ℤd

e−2πiθ ⋅(x−m)∂xjψ ∗(x −m)

which by the chain rule is

=�
𝕋d×𝕋d

dθdxφ̃(t ,θ ,x)∂xj(((((((( �
m∈ℤd

e−2πiθ ⋅(x−m)ψ ∗(x −m)))))))))
−�

𝕋d×𝕋d
dθdx φ̃(t ,θ ,x) �

m∈ℤd

∂xj(e−2πiθ ⋅(x−m))ψ ∗(x −m)

=�
𝕋d×𝕋d

φ̃(t ,θ ,x)(∂xj(ψ̃)∗(θ ,x)+2πiθj(ψ̃)∗(θ ,x))dθdx

Hence for all t ∈ℝ one has

�
𝕋d×𝕋d

φ̃(t ,θ ,x)∂xj(ψ̃)∗(θ ,x)dθdx =

−�
𝕋d×𝕋d

[ṽj(t ,θ ,x)+2πiθjφ̃(t ,θ ,x)](ψ̃)∗(θ ,x)dθdx

Since ṽj(t) and 2πiθjφ̃(t) are functions in ℋγ for all t ∈ℝ, j ∈ {1, . . . ,d} one writes

∂xjφ̃(t)= ṽj(t)+2πiθjφ̃(t)weakonℋγ
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One deduces that φ̃ ∈C(ℝ;Lloc,θ
2 (ℝd;Hx

1(𝕋d;ℂ))). Rearranging it, one has

ṽj(t)=∂xjφ(t)=∂xjφ̃(t)−2πiθjφ̃(t)weakonℋγ (2.7)
Hence

∇φ(t)= ṽ(t)=((((((((((((((
((((
(
( ṽ1(t)

⋅⋅⋅
ṽd(t) )))))))))))

))))))))
)=∇φ̃(t)−2πiθφ̃(t)weakonℋγ

and by conjugating, one has

(∇φ)∗(t)= ṽ ∗(t)=∇(φ̃)∗(t)+2πiθ(φ̃)∗(t)weakonℋγ (2.8)

Similarly one can deduce that φ̃ ∈C(ℝ;Lloc,θ
2 (ℝd;H 2(𝕋d;ℂ))). For j,k ∈ {1, . . . ,d} and

ψ ∈Cc
∞(ℝd;ℂ)

�
ℝd
φ(t ,x)∂xjxk2 ψ ∗(x)dx =�

ℝd
vjk(t ,x)ψ ∗(x)dx =�

𝕋d×𝕋d
ṽjk(t ,θ ,x)(ψ̃)∗(θ ,x)dθdx

where vjk(t) is the unique function in L2(ℝd; ℂ) that satisfies the first identity, and
ṽjk(t) is its Bloch–Floquet–Zak transform. The lest hand side can also be written as

�
ℝd
φ(t ,x)∂xjxk2 ψ ∗(x)dx =�

𝕋d×𝕋d
φ̃(t ,θ ,x)(∂xj∂xkψ)

∗(θ ,x)dθdx

=�
𝕋d×𝕋d

dθdxφ̃(t ,θ ,x)(∂xj(∂xkψ)
∗(θ ,x)+2πiθj(∂xkψ)

∗(θ ,x))

and using equation (2.8) above, one has

=�
𝕋d×𝕋d

dθdxφ̃(t ,θ ,x)×

×(∂xjxk2 ψ̃ ∗(θ ,x)+2πiθk∂xjψ̃
∗(θ ,x)+2πiθj∂xkψ̃

∗(θ ,x)−4π 2θjθkψ̃
∗(θ ,x))

Now, we use that

�
𝕋d×𝕋d

dθdxφ̃(t ,θ ,x)∂xjψ̃
∗(θ ,x)=−�

𝕋d×𝕋d
dθdx(ṽj(t)+2πiθjφ̃(t))ψ̃

∗(θ ,x)

To write the above as
�
𝕋d×𝕋d

dθdxφ̃(t ,θ ,x)∂xjxk2 ψ̃ ∗(θ ,x)

−2πi�
𝕋d×𝕋d

dθdx(θk(ṽj(t)+2πiθjφ̃(t))+θj(ṽk(t)+2πiθkφ̃(t)))ψ̃
∗(θ ,x)

−4π 2�
𝕋d×𝕋d

dθdxθjθkφ̃(t ,θ ,x)ψ̃
∗(θ ,x)

Hence
�
𝕋d×𝕋d

dθdxφ̃(t ,θ ,x)∂xjxk2 ψ̃ ∗(θ ,x)=

�
𝕋d×𝕋d

ṽjk(t ,θ ,x)(ψ̃)∗(θ ,x)dθdx

+2πi�
𝕋d×𝕋d

dθdx(θk(ṽj(t)+2πiθjφ̃(t))+θj(ṽk(t)+2πiθkφ̃(t)))ψ̃
∗(θ ,x)

+4π 2�
𝕋d×𝕋d

dθdxθjθkφ̃(t ,θ ,x)ψ̃
∗(θ ,x)
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from which one deduces that φ̃ ∈C(ℝ;Lloc
2 (ℝd;H 2(𝕋d;ℂ))) and one has that

∂xjxk2 φ̃(t)= ṽjk(t)+2πi(θk(ṽj(t)+2πiθjφ̃(t))+θj(ṽk(t)+2πiθkφ̃(t)))+4π 2θjθkφ̃(t)

weak on ℋγ . Hence

Δφ̃(t)=�
j

(ṽjj(t)+2πi(θj(ṽj(t)+2πiθjφ̃(t))+θj(ṽj(t)+2πiθjφ̃(t)))+4π 2θj2φ̃(t))

=�
j

(ṽjj(t)+2πi(2θjṽj(t)+4πiθj2φ̃(t))+4π 2θj2φ̃(t))

=�
j

(ṽjj(t)+4πiθjṽj(t)−8π 2iθj2φ̃(t)+4π 2θj2φ̃(t))

=�
j

(ṽjj(t)+4πiθjṽj(t)−4π 2iθj2φ̃(t))

Finally, plugging in the expression for ṽj(t), this is

=�
j

(ṽjj(t)+4πiθj(∂xjφ̃(t)−2πiθjφ̃(t))−4π 2iθj2φ̃(t))

=�
j

(ṽjj(t)+4πiθj∂xjφ̃(t)+8π 2θj2φ̃(t)−4π 2iθj2φ̃(t))

=�
j

(ṽjj(t)+4πiθj∂xjφ̃(t)+4π 2θj2φ̃(t))

Rewriting it, one has

�
j

ṽjj(t)=Δφ(t)=Δxφ̃(t)−4π 2|θ |2φ̃(t)−4πiθ ⋅∇xφ̃(t)weakonℋγ

which is equation (2.5), and complex conjugation yields equation (2.6). □

Remark 2.3. Alternatively, one could compute directly for φ ∈𝒮(ℝd;ℂ) that

Δxφ(θ ,x)= �
m∈ℤd

e 2πiθ ⋅(x−m)Δxφ(x)=�
j=1

d

�
m∈ℤd

e 2πiθ ⋅(x−m)∂xjxj2 φ(x)

=�
j=1

d

∂xj(((((((( �
m∈ℤd

e 2πiθ ⋅(x−m)∂xjφ(x)))))))))−2πi�
j=1

d

θj �
m∈ℤd

e 2πiθ ⋅(x−m)∂xjφ(x)

=�
j=1

d

∂xjxj2 (((((((( �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x)))))))))−2πi�
j=1

d

θj∂xj(((((((( �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x)))))))))

−2πi�
j=1

d

θj∂xj(((((((( �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x)))))))))−4π 2�
j=1

d

θj2 �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x)

=�
j=1

d

∂xjxj2 φ̃(θ ,x)−4πi�
j=1

d

θj∂xjφ̃(θ ,x)−4π 2�
j=1

d

θj2φ̃(θ ,x)

=Δxφ̃(θ ,x)−4πiθ ⋅∇xφ̃(θ ,x)−4π 2|θ |2φ̃(θ ,x),

28 OUR TOOLKIT



and make a density argument using the unitarity of the BFZ transform. One might
shorten the computation for the second derivative by recursively using the compu-
tation for the first derivative.

Definition 2.4. Let φ∈𝒮(ℝd;ℂ). For θ ,x ∈ℝd define the classical Bloch–Floquet trans-
form 𝒰clφ of φ by

(𝒰clφ)(θ ,x) := �
m∈ℤd

e−2πiθ ⋅mφ(x −m) (2.9)

One has that
(𝒰BFZφ)(θ ,x)= e 2πiθ ⋅x(𝒰clφ)(θ ,x)

Remark 2.5. Note that 𝒰clφ is ℤd-periodic in θ and ℤd-quasiperiodic in x . For
certain applications, it is more useful to work with 𝒰cl than with 𝒰BFZ. The two
operators can be related by a unitary operator, and have the same spectrum. See
Remark 1 of [MP14] for the details.

We list some useful properties of 𝒰clφ here:

1. One has the following inversion formula for φ ∈𝒮(ℝd;ℂ):

φ(x)=�
𝕋d
dθ(𝒰clφ)(θ ,x).

2. (Plancherel) One has for ϕ1,ϕ2∈𝒮(ℝd;ℂ),

�
𝕋d
dθ�

�− 1
2 ,

1
2�d
dx(𝒰clϕ1)(θ ,x)(𝒰clϕ2)∗(θ ,x)

=�
𝕋d
dθ�

�−1
2 ,

1
2�d
dx �

m,m ʹ∈ℤd

e−2πiθ ⋅mϕ1(x −m)e 2πiθ ⋅mʹϕ2
∗(x −m ʹ)

=�
�−1

2 ,
1
2�d
dx �

m∈ℤd

ϕ1(x −m)ϕ2
∗(x −m)=�

ℝd
dxϕ1(x)ϕ2

∗(x).

One can extend 𝒰cl to a unitary map from L2(ℝd;ℂ)→Lloc,x
2 (ℝd;Lθ2(𝕋d;ℂ)).

2.2 The Wigner and rescaled Wigner transforms

We recall the definition of the Wigner transform for φ ∈L2(ℝd;ℂ): for x ,k ∈ℝd

Wφ(x ,k) :=�
ℝd
e 2πik⋅yφ�x − y

2�φ ∗�x + y
2�dy

This defines a real-valued function on ℝ2d.

Lemma 2.6. Assume φ ∈L2(ℝd;ℂ). Then Wφ ∈L∞(ℝ2d)∩L2(ℝ2d). Furthermore,

�
ℝd
dxWφ(x ,k)= |φ̂(k)|2, �

ℝd
dkWφ(x ,k)= |φ(x)|2. (2.10)
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almost surely.

These are well-known, but we include a direct proof below for the reader's conve-
nience.

Proof. We first show (2.6). To see this first assume φ ∈𝒮(ℝd;ℂ). Then

�
ℝd
dxWφ(x ,k)=�

ℝd
dx�

ℝd
dye 2πik⋅yφ�x − y

2�φ ∗�x + y
2�.

Perform the change of variables: u=x − y
2 ,v =x +

y
2 . Then x = u+v

2 ,y =v −u. The Jaco-
bian of this transformation is 1. Hence we rewrite

�
ℝd
dxWφ(x ,k)=�

ℝd
du�

ℝd
dve 2πik⋅(v−u)φ(u)φ ∗(v)

=�
ℝd
due−2πik⋅uduφ(u)�

ℝd
dve 2πik⋅vφ ∗(v)= |φ̂(k)|2.

Next, consider for ε ∈ (0, 1],

Iε(x)=�
ℝd
dke−ε 2|k|2Wφ(x ,k)=�

ℝd
dke−ε 2|k|2�

ℝd
dye 2πik⋅yφ�x − y

2�φ ∗�x + y
2�.

By the dominated convergence theorem, since �e−ε 2|k|2Wφ(x , k)�� |Wφ(x , k)| ∈ Lk1(ℝd)
we have that

lim
ε→0

Iε(x)=�
ℝd
dk lim

ε→0
e−ε 2|k|2Wφ(x ,k)=�

ℝd
dkWφ(x ,k).

By Fubini's theorem,

Iε(x)=�
ℝd
dyφ�x − y

2�φ ∗�x + y
2��

ℝd
dke−ε 2π |k|2e 2πik⋅y

=ε−d�
ℝd
dyφ�x − y

2�φ ∗�x + y
2�e− π

ε2
|y |2=�

ℝd
dzφ�x − εz

2 �φ ∗�x + εz
2 �e−π |z|2.

Putting this together,

�
ℝd
dkWφ(x ,k)= lim

ε→0
Iε(x)=�

ℝd
dz lim

ε→0
φ�x − εz

2 �φ ∗�x + εz
2 �e−π |z|2

=|φ(x)|2�
ℝd
dze−π |z|2= |φ(x)|2.

One can then use a density argument to extend this to φ ∈L2(ℝd;ℂ).
To see Wφ ∈L∞(ℝ2d), we compute

|Wφ(x ,k)|= ��
ℝd
dye 2πik⋅yφ�x − y

2�φ ∗�x + y
2����

ℝd
dy�φ�x − y

2�φ ∗�x + y
2��.

By using the Cauchy–Schwarz inequality, this is

���
ℝd
dy�φ�x − y

2��2�1/2��
ℝd
dy�φ ∗�x + y

2��2�1/2<∼ ‖φ‖L2
2
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For the L2 bound, consider φ ∈𝒮(ℝd;ℂ). Then

�
ℝd
dx�

ℝd
dk|Wφ(x ,k)|2= lim

ε→0
�
ℝd
dx�

ℝd
dke−ε 2π |k|2|Wφ(x ,k)|2

=lim
ε→0

�
ℝd
dx�

ℝd
dke−ε 2π |k|2��

ℝd
dye 2πik⋅yφ�x − y

2�φ ∗�x + y
2��2

=lim
ε→0

�
ℝd
dx�

ℝd
dk�

ℝd
dy�

ℝd
dze 2πik⋅(y−z)e−ε 2π |k|2

φ�x − y
2�φ ∗�x + y

2�φ ∗�x − z
2�φ�x + z

2�.

By using Fubini's theorem and the dominated convergence theorem, this is

=lim
ε→0

ε−d�
ℝd
dx�

ℝd
dy�

ℝd
dze−ε−2π |z−y |2φ�x − y

2�φ ∗�x + y
2�φ ∗�x − z

2�φ�x + z
2�

=lim
ε→0

ε−d�
ℝd
dx�

ℝd
dy�

ℝd
dz ʹe−ε−2π |zʹ|2φ�x − y

2�φ ∗�x + y
2�

φ ∗((((((x − y
2 − z ʹ

2 ))))))φ((((((x + y
2 + z ʹ

2 ))))))
=lim
ε→0

�
ℝd
dx�

ℝd
dy�

ℝd
dre−π |r |2φ�x − y

2�φ ∗�x + y
2�

φ ∗�x − y
2 − εr

2 �φ�x + y
2 + εr

2 �

=�
ℝd
dx�

ℝd
dy�φ�x − y

2��2�φ ∗�x + y
2��2

=�
ℝd
dx |φ(x)|2�

ℝd
dy|φ ∗(x +y)|2

=�
ℝd
dx |φ(x)|2‖φ‖L22 = ‖φ‖L24 . □

In kinetic theory, we pass from microscopic scales to macroscopic scales. As
explained in Chapter 1, an important object in quantum kinetic theory is rescaled
Wigner function W ε from expression (1.4). As we will subsequently explain, one
can equivalently work with the following definition:

Wφ
ε(t ,x ,k) :=Wφ� t

ε�
(x ,k)=�

ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�dy (2.11)

Note that this differs from expression (1.4) by a factor of ε−d.
Defining the scaling operator Sεf (x)= f ( xε ), one has

‖Sεf ‖L2(ℝd)= εd/2‖f ‖L2(ℝd), ‖Sεf ‖L∞(ℝd)= ‖f ‖L∞(ℝd).

So. writing Sε ,xf (t ,x ,k) := f � t
ε ,

x
ε ,k� one has

‖Wφ
ε(t)‖L2(ℝ2d)= ‖Sε ,xWφ(t)‖L2(ℝ2d)= εd/2�Wφ�

t
ε��

L2(ℝ2d)
= εd/2�φ� t

ε��
L2(ℝd;ℂ)

2
.
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On the other hand

‖Wφ
ε(t)‖L∞(ℝ2d)= ‖Sε ,xWφ(t)‖L∞(ℝ2d)= �Wφ�

t
ε��

L∞(ℝ2d)
� �φ� t

ε��
L2(ℝd;ℂ)

2
.

An important aspect for problems in kinetic theory is the following: one wants to
move from microscopic scales to macroscopic scales, and one needs to specify initial
data that interpolates between these scales. For instance, if one fixes a microscopic
data φ ∈Cc

∞(ℝd) supported in B1(0), then on the macroscopic scale this looks like
φε(x)=φ(

x
ε ) which is supported in Bε(0), and disappears in the limit.

Hence, in order to have a non-trivial macroscopic limit, one should not consider
Wφ

ε(x , k) for a fixed φ ∈ L2(ℝd; ℂ). Instead, one needs to consider Wφε
ε (x , k) for a

suitably chosen ε-dependent family φε(x).

Example 2.7. (WKB family) Let

φε(x)=h(εx)e 2πiS(εx)/ε

for h,S ∈𝒮(ℝd). Here
‖φε‖L22 =�

ℝd
dx |h(εx)|2= ε−d‖h‖L2(ℝd)

2 .

One then has that for any f ∈𝒮(ℝ2d)

lim
ε→0

�
ℝd
dk�

ℝd
dxWφε

ε (x ,k)f (x ,k)

=lim
ε→0

�
ℝd
dk�

ℝd
dx�

ℝd
dye 2πik⋅yh�x − εy

2 �h�x + εy
2 �e 2πiε−1�S�x− εy

2 �−S�x+ εy
2 ��f (x ,k)

Now, since S ∈𝒮(ℝd), one has that S(x − εy
2 )−S(x +

εy
2 )=−εy⋅∇S(x)+O(ε2), so this is

=lim
ε→0

�
ℝd
dk�

ℝd
dx�

ℝd
dye 2πi(k−∇S(x))⋅yeO(ε)h�x − εy

2 �h�x + εy
2 �f (x ,k).

By using Fubini's theorem and the dominated convergence theorem, this is

=lim
ε→0

�
ℝd
dx�

ℝd
dye−2πi∇S(x)⋅yeO(ε)h�x − εy

2 �h�x + εy
2 �ℱf (x , −y)

=�
ℝd
|h(x)|2dx�

ℝd
dye−2πi∇S(x)⋅yℱf (x , −y)

=�
ℝd
|h(x)|2dxf (x , ∇S(x)).

This computation shows that Wφε
ε (x , k) converges as a tempered distribution to a

positive Radon measure |h(x)|2δ∇S(x)(dk).

Example 2.8. (Mixture of states) Let us now introduce a source of randomness into
the initial family, via a Gaussian random vector q in ℝd with independent entries,
and for some h∈𝒮(ℝd) let

φε(x ,q)=h(εx)e 2πiq⋅x.
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Here for any q ∈ℝd,
‖φε(⋅,q)‖L22 =�

ℝd
dx |h(εx)|2= ε−d‖h‖L2(ℝd)

2 .

Now, defining the rescaled Wigner transform to average over the source of random-
ness via

Wφε
ε (x ,k) :=�

ℝd
dqe−π |q|2

2 φε
∗�xε +

y
2 ,q�φε�

x
ε −

y
2 ,q�,

one has
lim
ε→0

Wφε
ε (x ,k)

=lim
ε→0

�
ℝd
dy�

ℝd
dqe−π |q|2

2 e 2πik⋅yh�x − εy
2 �h�x + εy

2 �e−2πiq⋅�x
ε +

y
2�e 2πiq⋅�x

ε −
y
2�

=lim
ε→0

�
ℝd
dye 2πik⋅yh�x − εy

2 �h�x + εy
2 ��

ℝd
dqe−π |q|2

2 e−2πiq⋅y

=lim
ε→0

2d/2�
ℝd
dye 2πik⋅yh�x − εy

2 �h�x + εy
2 �e−2π |y |2.

By the dominated convergence theorem, this is

=|h(x)|2lim
ε→0

2d/2�
ℝd
dye 2πik⋅ye−2π |y |2= |h(x)|2 e−π |k|2

2

pointwise. This implies convergence in L2(ℝ2d) and L∞(ℝ2d) of Wφε
ε .

For the limits of other important families of initial data, see [LP93].
For families φε such that εd/2‖φε‖L2(ℝd;ℂ)�C for some C that is independent of ε, one

has that the rescaled Wigner transforms Wφε
ε are uniformly bounded as tempered

distributions, i.e., for any f ∈𝒮(ℝd), and

⟨Wφε
ε , f ⟩�C,

uniformly in ε. One can thus take weak limits along subsequences, and one can show
that any limit obtained must be a positive Radon measure. For instance, in [LP93],
the authors identified the Banach space

𝒜 := {f ∈C0(ℝx
d ×ℝk

d):ℱkf (x , ξ)∈L1(ℝξ
d;C0(ℝx

d))}, (2.12)

which is a Banach algebra when equipped with the norm

‖ℱkf ‖𝒜 :=�
ℝd
dξsup

x∈ℝd

|ℱkf |(x , ξ).

They show in Proposition III.1 that for φε(x)=uε(εx), with ‖uε‖L2(ℝd;ℂ)�C that

Wφε
ε (x ,k)=�

ℝd
e 2πik⋅yφε�

x
ε −

y
2�φε

∗�xε +
y
2�dy

=�
ℝd
e 2πik⋅yuε�x − εy

2 �uε
∗�x + εy

2 �dy
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is uniformly bounded in 𝒜 ∗. We include the explicit computation below for the
reader's convenience. For ϕ ∈𝒜 consider

�
ℝ2d

dxdkWφε
ε (x ,k)ϕ(x ,k)=�

ℝ2d
dxdk�

ℝd
e 2πik⋅yuε�x − εy

2 �uε
∗�x + εy

2 �dyϕ(x ,k)

=�
ℝd
dx�

ℝd
dyuε�x − εy

2 �uε
∗�x + εy

2 �ℱkϕ(x , −y)
Hence

��
ℝ2d

dxdkWφε
ε (x ,k)ϕ(x ,k)�

��
ℝd
dy sup

x∈ℝd

|ℱkϕ|(x , −y)�ℝd
dx �uε�x − εy

2 �uε
∗�x + εy

2 ��

��
ℝd
dy sup

x∈ℝd

|ℱkϕ|(x , −y)��
ℝd

�τ εy
2
uε�2(x)dx�1/2��

ℝd
�τ− εy

2
uε�2(x)dx�1/2

=�
ℝd
dy sup

x∈ℝd

|ℱkϕ|(x , −y)‖uε‖L22 �Cφ‖uε‖L22

In Theorem III.1 of [LP93], they show that any limit point of such a family {Wφε
ε }ε∈(0,1]

is a positive Radon measure.
They also show conditions for the convergence of the energy. For other related

early results on rescaled Wigner transforms and their limits, see [GMMP98]
and [Gér90].

Remark 2.9. There are some alternative definitions that one can find in the litera-
ture. Each of these definitions interpolates between themicroscopic andmacroscopic
definitions in slightly different but ultimately equivalent ways.
For instance, in [EY99], the authors work with expression (1.4), which we intro-

duced in Chapter 1.
W ε(t ,x ,k) := ε−dWφ�

t
ε ,
x
ε ,k�,

In this case one has

‖W ε‖(t)L∞(ℝ2d)= ε−d�Wφ�
t
ε��

L∞(ℝ2d)
� ε−d�φ� t

ε��
L2(ℝd;ℂ)

2
,

and
‖W ε(t)‖L2(ℝ2d)

2 = ε−2d�
ℝd
dk�

ℝd
dx ��

ℝd
dye 2πik⋅yφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2��

2

=ε−d�
ℝd
dk�

ℝd
dx ��

ℝd
dye 2πik⋅yφ� t

ε ,x − y
2�φ ∗� t

ε ,x + y
2��

2

=ε−d�Wφ�
t
ε��

L2(ℝ2d)

2
= ε−d�φ� t

ε��
L2(ℝd;ℂ)

4

⇒�Wφ
1,ε� t

ε��
L2(ℝ2d)

= ε−d/2�φ� t
ε��

L2(ℝd;ℂ)

2
.

One has that
‖Wφ

1,ε(t)‖L1(ℝ2d)= �Wφ�
t
ε��

L1(ℝ2d)
,
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but the RHS cannot be controlled using the L2-norm of φ. This inequality is thus
not very useful for quantum mechanics, but has some applications in areas of time-
frequency analysis. Another definition one can find in the literature (for instance
in [Gom13]) is, for φε ∈L2(ℝd;ℂ),

Wφε
2,ε(t ,x ,k) :=�

ℝd
e 2πik⋅yφε�t ,x − εy

2 �φε
∗�t ,x + εy

2 �dy

=ε−d�
ℝd
e 2πiε−1k⋅zφε�t ,x −

z
2�φε

∗�t ,x + z
2�dz= ε−dWφε((((((t ,x , kε)))))).

Once more one has that

‖Wφε
2,ε(t)‖L∞(ℝ2d)= ε−d‖Wφε(t)‖L∞(ℝ2d)� ε−d‖φε(t)‖L2(ℝd;ℂ)

2 ,
and

‖Wφε
2,ε(t)‖L2(ℝ2d)

2 = ε−2d�
ℝd
dk�

ℝd
dx �Wφε((((((t ,x , kε))))))�

2
= ε−d�

ℝd
dk�

ℝd
dx |Wφε(t ,x ,k)|2

=ε−d‖Wφε(t)‖L2(ℝ2d)
2 = ε−d‖φε(t)‖L2(ℝd;ℂ)

4 .
Hence

‖Wφε
2,ε(t)‖L2(ℝ2d)= ε−d/2‖φε(t)‖L2(ℝd;ℂ)

2 .

Finally, ‖Wφε
2,ε(t)‖L1(ℝ2d)= ‖Wφ(t)‖L1(ℝ2d).

We conclude this section by considering the time evolution of the rescaled Wigner
transform associated to the solution of the linear Schrödinger equation with a non-
zero potential term. Assume φ ∈C(ℝ�0;H 2(ℝd; ℂ)) ∩C1(ℝ+; L2(ℝd; ℂ)) satisfies the
linear Schrödinger equation (1.1). One has from (2.11) that

∂tWφ
ε(t ,x ,k)= ε−1�

ℝd
e 2πik⋅y∂tφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�dy

+ε−1�
ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2�∂tφ ∗� t

ε ,
x
ε +

y
2�dy

=ε−1�
ℝd
e 2πik⋅y�iε−2Δxφ� t

ε ,
x
ε −

y
2�− iλV�xε −

y
2�φ� t

ε ,
x
ε −

y
2��φ ∗� t

ε ,
x
ε +

y
2�dy

+ε−1�
ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2��−iε−2Δxφ ∗� t

ε ,
x
ε +

y
2�+λV�xε +

y
2�φ ∗� t

ε ,
x
ε +

y
2��dy.

Noting that

∂xjφ�xε −
y
2�=−ε

−1

2 ∂yjφ�xε −
y
2�,

the terms with the Laplacians are

= iε
−1

4 �
ℝd
e 2πik⋅yΔyφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�dy

− iε
−1

4 �
ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2�Δyφ ∗� t

ε ,
x
ε +

y
2�dy.
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Integrating by parts in y and using the product rule, this is

=− iε
−1

4 �
ℝd
e 2πik⋅y∇yφ� t

ε ,
x
ε −

y
2�∇yφ ∗� t

ε ,
x
ε +

y
2�dy

+ε
−1

4 2πk⋅�
ℝd
e 2πik⋅y∇yφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�dy

+ε
−1

4 �
ℝd
e 2πik⋅y∇yφ� t

ε ,
x
ε −

y
2�∇yφ ∗� t

ε ,
x
ε +

y
2�dy

−ε
−1

4 2πk�
ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2�∇yφ ∗� t

ε ,
x
ε +

y
2�dy

=−πk⋅�
ℝd
e 2πik⋅y∇xφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�dy

−πk⋅�
ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2�∇xφ ∗� t

ε ,
x
ε +

y
2�dy

=−πk⋅∇xWφ
ε(t ,x ,k).

Finally, the potential terms are

=−iλε−1�
ℝd
dye 2πik⋅y�V�xε −

y
2�−V� x

ε +
y
2��φ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�.

Formally, using the Fourier transform, V (x)=∫ℝde 2πiξ ⋅xV̂ (ξ) one has that this is

=−iλε−1�
ℝd
dξV̂ (ξ)e 2πiε−1ξ ⋅x

�
ℝd
dy�e 2πi�k− ξ

2�⋅y− e 2πi�k+ ξ
2�⋅y�φ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�

=iλε−1�
ℝd
dξV̂ (ξ)e 2πiε−1ξ ⋅x((((((Wφ

ε((((((t ,x ,k+ ξ
2))))))−Wφ

ε((((((t ,x ,k− ξ
2)))))))))))).

Hence, Wφ
ε satisfies the PDE

∂tWφ
ε +πk⋅∇xWφ

ε = iλε−1�
ℝd
dξV̂ (ξ)e 2πiε−1ξ ⋅x((((((Wφ

ε((((((k+ ξ
2))))))−Wφ

ε((((((k− ξ
2)))))))))))). (2.13)

This equation is known to conserve the L2-norm. Formally, this can be seen by mul-
tiplying this equation by Wφ

ε and integrating in x and k. One has that

�
ℝ2d

dxdk∂tWφ
ε(t ,x ,k)Wφ

ε(t ,x ,k)= 1
2∂t‖Wφ

ε‖L2(ℝ2d)
2 ,

π�
ℝ2d

dxdkk⋅∇xWφ
εWφ

ε =−π�
ℝ2d

dxdkWφ
εk⋅∇xWφ

ε =0
and

iλε−1�
ℝ2d

dxdk�
ℝd
dξV̂ (ξ)e 2πiε−1ξ ⋅xWφ

ε((((((t ,x ,k+ ξ
2))))))Wφ

ε(t ,x ,k)

=iλε−1�
ℝ2d

dxdk�
ℝd
dξV̂ (ξ)e 2πiε−1ξ ⋅xWφ

ε(t ,x ,k)Wφ
ε((((((t ,x ,k− ξ

2)))))).
Hence

‖Wφ
ε(t)‖L2(ℝ2d)= ‖Wφ

ε(0)‖L2(ℝ2d).
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In certain situations, the weak limits in L2(ℝ2d) of the solutions of Wφ
ε as ε→0 are

known to satisfy the linear Boltzmann equation, for which the L2-norm preservation
property above does not hold. See for instance [Gom13], where the mixed states
from Example 2.8 are used for the initial data.

2.3 The linear Boltzmann equation
In this Section we will collect some important aspects of the well-posedness theory
of linear Boltzmann equations. Let μ be a positive Radonmeasure on ℝd with μ({0})=
0 and supported on the closed set V . Let t ∈ℝ+,x ∈ℝd,k ∈V ⊂ℝd and consider

∂tf (t ,x ,k)+k⋅∇xf (t ,x ,k)=�
V
dμ(l)K(l,k)(f (t ,x , l)−(f (t ,x ,k))) (2.14)

with initial data f (0,x ,k)= f0(x ,k). The function K will be referred to as the collision
kernel. Equation (2.14) can be rewritten as

∂tf (t ,x ,k)=Tf (t ,x ,k) (2.15)

with initial data f0(x ,k) and T =A+G −Lwhere the terms A,G,L are the “transport”,
“gain” and “loss” terms which we now define.

A :=−k⋅∇x.

Gf (t ,x ,k) :=�
V
dμ(l)K(l,k)f (t ,x , l).

The “loss” term L is defined as the multiplication operator with the following func-
tion:

L(k)=��
V
dμ(l)K(l,k)�.

Our primary references for this section are Chapter XXI of [DL12] for the theory of
linear Boltzmann equations, and the book [EN00] for well known results from the
theory of semigroups. We will focus here on the L1 and L∞ theories, as this will be
required in Chapter 5.
We make the following assumptions:

1. L and K are measurable with respect to the measures dμ and dμ⊗dμ respec-
tively.

2. K �0, and there exist M such that

sup
v ʹ∈V

�
V
K(v ʹ,v)dμ(v)�M (2.16)

Next, we introduce some definitions from the theory of semigroups.

Definition 2.10. A semigroup on a Banach space X is a family of operators S: ℝ+→
ℒ(X) satisfying

1. S(0)=IdX.
2. S(t + s)=S(t)S(s), ∀s, t ∈ℝ+.
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Definition 2.11. A𝒞0-semigroup or strongly continuous semigroup on a Banach space
X is a semigroup S(t) such that ∀x ∈X,

‖S(t)x −x‖X →→→→→→→→→→→→→→→→→→→→
t→0

0.

Definition 2.12. Let S(t) be a 𝒞0-semigroup on a Banach space X. Let

D(T )={{{{{{{{{{{{x ∈X : lim
t↓0

S(t)x −x
t exists}}}}}}}}}}}}.

The infinitesimal generator T :D(T )→X is defined by

Tx = lim
t↓0

S(t)x −x
t , x ∈D(T )

Definition 2.13. Let S(t) be a 𝒞0-semigroup on a Banach space X. The adjoint
semigroup associated to S(t) is the semigroup on X ∗ formed by the adjoint operators
{S ∗(t)}t�0.

Definition 2.14. Let

D(P)={{{{{{{{{{{{y ∈X ∗: ∀x ∈X ,�lim
t→0

S ∗(t)y −y
t ,x�exists}}}}}}}}}}}}

The weak∗ infinitesimal generator of a weak∗-continuous adjoint semigroup S ∗(t) is
defined to be the map P :D(P)→X ∗ defined by

P(y) := lim
t→0

S ∗(t)y −y
t

Remark 2.15. The adjoint semigroup is always weak∗-continuous, in the sense that
for

ξx ,y(t)= ⟨S ∗(t)y,x⟩= ⟨y,S(t)x⟩,
the maps

t→ ξx ,y(t)

are continuous for all x ∈X ,y ∈X ∗. One has that

D(P)= {y ∈X ∗: ∃y ʹ ∈X ∗: ⟨y ʹ,x⟩= ⟨y,Tx⟩∀x ∈D(T )}

and P =T ∗ where T is the generator of the 𝒞0-semigroup S(t) whose adjoint semi-
group is S ∗(t). See section 2.5 in [EN00] for a discussion of these facts.

Definition 2.16. Let τ > 0. Let T be the infinitesimal generator associated to a 𝒞0-
semigroup S(t).

1. A function f ∈C1((0, τ);X) ∩C([0, τ];X) is called a classical solution in X to
equation (2.15) in [0, τ] with initial condition f0∈X, if f (t)∈D(T ), ∀t ∈ [0, τ],
f (0)= f0 and (2.15) holds ∀t ∈ (0, τ).
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2. A function f ∈C([0, τ];X) is called a mild solution in X to the linear equa-
tion (2.15) in [0, τ] with initial condition f0∈X, if for all t ∈ [0, τ] it holds that
∫0
tf (s)ds∈D(T ) and

f (t)=T�
0

t
f (s)ds+ f0.

Clearly, classical solutions are mild solutions.
Let us first consider in this subsection the Banach space X =L1(ℝd×V ;dx ×dμ). For

φ ∈Cc
∞(ℝd ×V ), define

Z(t)φ(x ,v) :=φ(x −vt ,v).

This can be extended to a 𝒞0-semigroup on X with

‖Z(t)φ‖X = ‖φ‖X ,

and the infinitesimal generator of this group is A with the domain

D(A)= {u ∈X : ∃v⋅∇u ∈X}.

Now for the perturbation result, which is Proposition 2 in [DL12].

Proposition 2.17. Let A be the infinitesimal generator of a 𝒞0-semigroup in X , L ∈
L∞(ℝd×V ) and G ∈ℒ(X). Then T =A+G −L,D(T )=D(A) is the infinitesimal gener-
ator of a 𝒞0-semigroup in X.

We now check that G ∈ℒ(X):

‖Gφ‖X =�
ℝd
dx�

V
dμ(k)��

V
dμ(l)K(l,k)φ(x , l)�.

By assumption (2.16) this

�M�
ℝd
dx�

V
dμ(l)|φ(x , l)|�M‖φ‖X .

Combining Propositions 6.2 and 6.4 in [EN00] with Proposition 2.17 above, we con-
clude that for every f0∈X , f (t)=S(t)f0 is the unique mild solution in X to the linear
Boltzmann equation. Furthermore, if f0∈D(T ), the mild solution is a classical solu-
tion.
Define T ∗ :=A∗+G ∗−L with domain

D(T ∗) :=D(A∗) := {u ∈X ∗:v⋅∇u ∈X ∗}.

i.e., the elements u in X ∗ whose weak derivative ∇u satisfies the property that v⋅∇u∈
X ∗.

Definition 2.18. We say that for τ >0, f ∈C([0, τ];X) is a weak solution in X to the
linear Boltzmann equation (2.15) in [0, τ] with initial condition f0∈X if

⟨f (τ),φ(τ)⟩− ⟨f0,φ(0)⟩=�
0

τ
dt⟨f (t),(∂t +T ∗)φ(t)⟩ (2.17)

for all φ ∈C1((0, τ);X ∗)∩C((0, τ);D(T ∗))∩C([0, τ];X ∗).
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Lemma 2.19. A function f ∈C([0, τ];X) is a mild solution in X to the linear Boltz-
mann equation (2.15) in [0, τ] iff it is a weak solution in X to the linear Boltzmann
equation (2.15) in [0, τ] with initial condition f0∈X.

Proof. Assume f ∈C([0, τ];X) is a mild solution. Let φ ∈C1((0, τ);X ∗) ∩C((0, τ);
D(T ∗))∩C([0, τ];X ∗). Then for any t ∈ (0, τ)

∂t⟨f (t),φ(t)⟩=∂t⟨S(t)f0,φ(t)⟩=∂t⟨f0,S ∗(t)φ(t)⟩

=⟨f0,S ∗(t)(T ∗+∂t)φ(t)⟩= ⟨S(t)f0,(T ∗+∂t)φ(t)⟩

=⟨f (t),(T ∗+∂t)φ(t)⟩.

Integrating in time we see that f is indeed a weak solution. Now, assume f is a
weak solution and consider r(t) = f (t) − S(t)f0. Since we showed mild solutions
are weak solutions, r(t) is a weak solution with r(0)=0. Let ψ ∈D(T ∗) and assume
φ(t)=S ∗(τ − t)ψ . Clearly, φ ∈C1((0, τ);X ∗)∩C((0, τ);D(T ∗))∩C([0, τ];X ∗). Now

∂tφ(t)=∂tS ∗(τ − t)ψ =−T ∗S ∗(τ − t)ψ =−T ∗φ(t)

so (T ∗(t)+∂t)φ(t)=0. Hence one has that

⟨r(τ),φ(τ)⟩− ⟨r(0),φ(0)⟩=0⇒ ⟨r(τ),φ(τ)⟩=0

But φ(τ)=ψ and so
⟨r(t),ψ ⟩=0

for a dense set of ψ in X ∗. Hence r(t)=0 and so the weak solution f (t) corresponds
to S(t)f0, the unique mild solution in X . □

Corollary 2.20. Let τ >0. There exists a unique weak solution f (t)∈C([0, τ];X) to
the linear Boltzmann equation (2.15) in [0, τ] with initial condition f0∈X.

Now, we will work with the Banach space Y =L∞(X ×V ; dx ×dμ). The point is that
cannot have an analogue of Proposition 2.17 on Y , i.e., the transport operator does
not generate a 𝒞0-semigroup on Y . Hence we cannot use Proposition 6.4 in [EN00]
to conclude the existence of mild solutions in Y . Despite this, we will use the fact
that we can construct 𝒞0-semigroups on X with weak∗-continuous adjoint semi-
groups on Y , and use this to define a weak solution on Y .

Definition 2.21. Define

Cw ∗([0, τ];Y) := {f : [0, τ]→Y : t→ ⟨f (t),ψ ⟩ is continuous∀ψ ∈X}

Definition 2.22. We say that for τ >0, f ∈Cw ∗([0,τ];Y) is a weak solution in Y to the
linear Boltzmann equation in [0, τ] with initial condition f0∈Y if

⟨f (τ),φ(τ)⟩− ⟨f0,φ(0)⟩=�
0

τ
dt⟨f (t),(∂t +T ∗)φ(t)⟩ (2.18)

for all φ ∈C1((0, τ);X)∩C((0, τ);D(T ∗))∩C([0, τ];X).
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Note that in this definition, the test functions take values in X , and not Y ∗.
Let us consider the dual equation

∂tf (t ,x ,k)=T ∗f (t ,x ,k) (2.19)

on X , with T ∗=A∗+G ∗−L as before. This generates a 𝒞0-semigroup S2(t) on X via
Proposition 2.17. There is an associated weak∗-continuous adjoint semigroup S2∗(t)
on Y with infinitesimal generator Q on the domain

D(Q)= {y ∈Y : ∃y ʹ ∈Y : ⟨y ʹ,x⟩= ⟨y,Tx⟩∀x ∈X}.

In particular, for ϕ ∈D(Q) one has that there exists ϕ ʹ ∈Y : ∀g ∈D(T ∗)

⟨ϕ ʹ,g⟩= ⟨ϕ,A∗g⟩=�
X×V

dxdμ(k)ϕ(t ,x ,k)k⋅∇xg(t ,x ,k)

Integrating by parts, we have that

ϕ ʹ =−k⋅∇xϕ=Aϕ

and so on D(Q) we have that Q=T .

Proposition 2.23. For any τ >0, there exists a unique weak solution in Y to the linear
Boltzmann equation in [0, τ] with initial condition f0∈Y.

Proof. (Uniqueness) Assume that there are two weak solutions f , f ʹ with initial
condition f0. Then their difference r = f − f ʹ is a weak solution with initial condition
0. Hence

⟨r(τ),φ(τ)⟩=�
0

τ
dt⟨r(t),(∂t +T ∗)φ(t)⟩

for all φ∈C1((0,τ);X)∩C((0,τ);D(T ∗))∩C([0,τ];X). Since we have existence and
uniqueness of mild solutions to equation (2.19) in X , let us consider φ(t)=S2(τ − t)ψ
for some ψ ∈D(T ∗). Then φ(t)∈D(T ∗), ∀t ∈ [0, τ] and for t ∈ (0, τ) one has that

∂tφ(t)=∂tS2(τ − t)ψ =−T ∗S2(τ − t)ψ =−T ∗φ(t).

Hence (∂t +T ∗)φ(t)=0,∀t . This implies that

⟨r(τ),φ(τ)⟩= ⟨r(τ),ψ ⟩=0.

By a density argument, r(τ)=0, and since τ is arbitrary, r =0 and we have unique-
ness of weak solutions.
(Existence) Define, for ψ ∈X ,

⟨f (t),ψ ⟩ := ⟨f0,S2(t)ψ ⟩.

The map t → ⟨f0, S2(t)ψ ⟩ is continuous. We now check condition (2.17). Let φ ∈
C1((0, τ);X)∩C((0, τ);D(T ∗))∩C([0, τ];X). Consider

⟨f (t),(∂t +T ∗)φ(t)⟩= ⟨f0,S2(t)(∂t +T ∗)φ(t)⟩.

Now since φ ∈C((0, τ);D(T ∗))∩C1((0, τ);X) one has

d
dt(S2(t)φ(t))=S2(t)T

∗φ(t)+S2(t)∂tφ(t).
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So
⟨f (t),(∂t +T ∗)φ(t)⟩= d

dt⟨f0,S2(t)φ(t)⟩.

Integrating in time, we have that

�
0

τ
dt⟨f (t),(∂t +T ∗)φ(t)⟩= ⟨f0,S2(τ)φ(τ)⟩− ⟨f0,φ(0)⟩

=⟨f (τ),φ(τ)⟩− ⟨f0,φ(0)⟩.

Hence we have verified that f is a weak solution. □

Lemma 2.24. Let τ >0. Assume that f ∈Cw ∗([0, τ];Y) satisfies

⟨f (t),ψ ⟩− ⟨f0,ψ ⟩=�
0

t
ds⟨f (s),T ∗ψ ⟩, ∀ψ ∈D(T ∗),

Then f (t) is a weak solution in Y to the linear Boltzmann equation (2.15) in [0,τ] with
initial condition f0∈Y.

Proof. Assume ϕ ∈C1((0, τ))∩C([0, τ]). Since for all ψ ∈D(T ∗) we have

⟨f (t),ψ ⟩− ⟨f0,ψ ⟩=�
0

t
ds⟨f (s),T ∗ψ ⟩,

we have that for a.e t ∈ (0, τ) that

d
dt⟨f (t),ψ ⟩= ⟨f (t),T

∗ψ ⟩.

Furthermore, for a.e t ∈ (0, τ),
d
dt(ϕ(t)⟨f (t),ψ ⟩)=ϕ ʹ(t)⟨f (t),ψ ⟩+ϕ(t)⟨f (t),T

∗ψ ⟩

Integrating in time,

⟨f (τ),ϕ(τ)ψ ⟩− ⟨f0,ϕ(0)ψ ⟩=�
0

τ
dt⟨f (t),(∂t +T ∗)ϕ(t)ψ ⟩,

and hence we proved the statement for φ(t) =ϕ(t)ψ ∈C1((0, τ);D(T ∗)) ∩C([0, τ];
D(T ∗)).
Now, let φ∈C1((0,τ);X)∩C((0,τ);D(T ∗))∩C([0,τ];X). For an arbitrary interval

[a, b] ⊂ (0, τ) we have that φ ∈C([a, b];D(T ∗)), ∂tφ ∈C([a, b];X). For any ε > 0, φ
can be approximated by functions of the form ρε(t) =∑j=1

Nε ϕj(t)ψj with ϕj ∈C1((a,
b))∩C([a,b]) and ψj ∈D(T ∗) such that

sup
s∈[a,b]

‖φ(s)−ρε(s)‖X �Cε, sup
s∈[a,b]

‖∂tφ(s)−∂tρε(s)‖X �Cε
and

sup
s∈[a,b]

‖T ∗φ(s)−T ∗ρε(s)‖X �Cε

for some constant C >0. By construction of ρε, it holds that

⟨f (b),ρε(b)⟩− ⟨f (a),ρε(a)⟩=�
a

b
dt⟨f (t),(∂t +T ∗)ρε(t)⟩
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and using the above information, one can pass to the limit in ε to get

⟨f (b),φ(b)⟩− ⟨f (a),φ(a)⟩=�
a

b
dt⟨f (t),(∂t +T ∗)φ(t)⟩.

Now we show the continuity of the map t→ ⟨f (t),φ(t)⟩. By the continuity of t→
⟨f (t),ψ ⟩,

sup
t∈[0,τ]

|⟨f (t),ψ ⟩|<∞.

By the uniform boundedness principle, supt∈[0,τ] ‖f (t)‖Y <∞. Now, choose t1, t2: |t2−
t1|�δ and one has

⟨f (t2),φ(t2)⟩− ⟨f (t1),φ(t1)⟩± ⟨f (t2),φ(t1)⟩

=⟨f (t2),φ(t2)−φ(t1)⟩+ ⟨f (t2)− f (t1),φ(t1)⟩

and one uses supt∈[0,τ] ‖f (t)‖Y <∞ and the continuity of φ for the first term, and the
continuity of the maps t→ ⟨f (t),ψ ⟩ for all ψ ∈X for the second term.
Finally, one can take limits a↓0,b↑τ to get that

⟨f (τ),φ(τ)⟩− ⟨f0,φ(0)⟩=�
0

τ
dt⟨f (t),(∂t +T ∗)φ(t)⟩,

thus showing that f is a weak solution. □

Remark 2.25. In the work [EY99], one encounters a linear Boltzmann equation
written in the form

∂tf (t ,x ,k)+k⋅∇xf (t ,x ,k)=�
ℝd
dlR̂(l −k)δ(|l |2− |k|2)(f (t ,x , l)− f (t ,x ,k)).

where R ∈𝒮(ℝd) and initial condition f0 ∈ℳ+(ℝ2d). The initial condition requires
the notion of a measure-valued solution to the linear Boltzmann equation. However
note that the RHS does not make sense if f (t)∈ℳ(ℝ2d), since we would be multi-
plying two measures.
The way to interpret the above equation is by duality. Above we introduced the

idea of duality using (Y ,X)=(L∞(ℝ2d),L1(ℝ2d)). Here one requires (Y ,X)=(ℳ(ℝ2d),
Cb(ℝ2d)) and one needs to understand also the equation by duality. Consider

∂tf (t ,x ,k)=T ∗f (t ,x ,k)

where T ∗=k⋅∇x +G ∗−L∗. The adjoint of the gain operator is given by

G ∗f (t ,x ,k)=�
S|k|
d−1
dlR̂(l −k)f (t ,x , l),

and L∗ is the multiplication operator defined by multiplication with the function
L∗(k) with

L∗(k)=�
S|k|
d−1
dlR̂(l −k).

One can then check that this defines a 𝒞0-semigroup on Cb(ℝ2d), and then give a
notion to weak solutions onℳ(ℝ2d) by the duality arguments introduced above. For
more details on this see the end of Section 3 in Chapter XXI in [DL12].
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2.4 The sewing lemma
Rough path theory was a theory originally developed by Terry Lyons ([Lyo98]) as an
alternative to Ito's construct solutions to SDEs. Recall that almost every realization
of a standard Brownian motion is Hölder continuous with Hölder exponent less than
1
2 . Unlike Ito's theory, rough path theory uses this Hölder regularity and certain
algebraic conditions in order to construct an integral solution to SDEs.
In this section, we first explain the statement of the sewing lemma in the real

valued case, and provide a toy example of how we intend to use it in order to take
kinetic limits. First, imagine that one seeks to give a meaning to the formal expres-
sion

I(T )= I(0)+�
0

T
Y(t)dX(t)

when Y ∈Cα([0,T ]) and X ∈C1((0,T )), for α >0 . We could write δIst := I(t)− I(s) as

δIst =�
s

t
Y(τ)Ẋ(τ)dτ =�

s

t
Y(s)Ẋ(τ)dτ +�

s

t
(Y(τ)−Y(s))Ẋ(τ)dτ

=Y(s)δXst + rst
where

rst =�
s

t
(Y(τ)−Y(s))Ẋ(τ)dτ .

One has
|rst|� sup

τ∈[s,t]
|Y(τ)−Y(s)|δXst �C |t − s|1+α

which vanishes by the continuity of X ,Y as |t − s|→0, hence |rst|=o(|t − s|). Hence,
for Ast =YsδXst we have an equation of the form

δIst =Ast + rst, |rst|=o(|t − s|) (2.20)

The sewing lemma says that if the “germ” Ast satisfies certain conditions, then there
is a unique combination (I , r) satisfying the equation (2.20).
Let us define the simplices

ΔT
2 := {(s, t): [0,T ]2: s� t},

and
ΔT

3 := {(s,u, t): [0,T ]3: s�u� t},

Denote Δ2 :=Δ1
2,Δ3 :=Δ1

3. For A∈C(ΔT
2 ) and (s,u, t)∈ΔT

3 define

δAsut :=Ast −Asu−Aut.

Next, recall the definition of the Hölder seminorm

⫴A⫴γ := sup
(s,t)∈ΔT

2 ,s<t

|Ast|
|t − s|γ , ‖δA‖γ := sup

(s,u,t)∈ΔT
3 ,s<u<t

|δAsut|
|t − s|γ ,

and the Banach space of Hölder continuous functions starting at 0:

Cγ([0,T ]) := {f ∈C([0,T ]):⫴f ⫴γ <∞, f (0)=0}
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with norm ‖f ‖γ =⫴f ⫴γ . Define

Cα ,β(ΔT
2 ) := {A:C(ΔT

2 ),Att =0,∀t ∈ [0,T ], ‖A‖α ,β :=⫴A⫴α +⫴δA⫴β<∞}.

Theorem 2.26. (Sewing lemma) Let 0<α �1<β. Then there exists a unique continuous
map I :Cα ,β(ΔT

2 )→Cα([0,T ]) such that (IA)0=0 and

|δst(IA)−Ast|�Cβ⫴δA⫴β|t − s|β,

where Cβ is a constant that only depends on β. Furthermore,

(IA)t = lim
|𝒫 |→0

�
i=0

#𝒫 −1

Atiti+1

along arbitrary sequences of partitions 𝒫 of [0, t] with vanishing mesh size.

This version of the sewing lemma is due to [Gub04]. For a proof, see Theorem 4.2
in [FH].

Remark 2.27. Defining rst :=δst(IA)−Ast, one has

|rst|�Cβ⫴δA⫴β|t − s|β.
We see that

δrsut := rst − rsu− rut =−Ast +Asu+Aut =−δAsut (2.21)

Putting this together, one has that

⫴r⫴β�Cβ⫴δr⫴β (2.22)

Remark 2.28. The sewing lemma applies to the germ in equation (2.20). Taking as
a germ

Ast =YsδXst

for X ∈C1((0,T )) and Y ∈Cα([0,T ]), with α >0, we have for (s,u, t)∈ΔT
3 that

δAsut =Ast −Asu−Aut =YsδXst −YsδXsu−YuδXut ±YsδXut

=δYsuδXut.
Hence

sup
(s,u,t)∈ΔT

3

|δAsut|
|t − s|1+α � sup

(s,u,t)∈ΔT
3

|δYsu|
|t − s|α sup

(s,u,t)∈ΔT
3

|δXut|
|t − s|

�⫴Y⫴α‖∂X ‖

The sewing lemma says there exists a unique map ℐt = (IA)t ∈Cα([0,T ]) such that
for all (s, t)∈ΔT

2 one has that the remainder term rst :=δℐst −YsδXst satisfies

⫴r⫴1+α �C1+α⫴Y⫴α‖∂X ‖.
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Furthermore, since

ℐt = lim
N→∞

�
i=0

N−1

A i
N
i+1
N
,

we have that
ℐt =�

0

t
Y(s)Ẋ(s)ds=ℐ0+�

0

t
Y(s)Ẋ(s)ds.

To see how one can give a meaning to the integral equation

Yt =Y0+�
0

t
Y(s)Ẋ(s)ds

when X ∈Cα([0,T ]) we refer the reader to Chapter 8 of [FH], but we will not need
such results in this document.

The sewing lemma can be generalized from real-valued paths to paths taking
values in an arbitrary Banach space. For details, we refer the reader to Corollary
2.4 in [GT10] or Theorem 4.2 in [FH]. We will omit rewriting the statement here,
and will present instead how we will make use of the theory.

Lemma 2.29. Let T ∈ℝ+. Consider a family of real valued functions {f ε}ε∈(0,1], f ε:
[0,T ]→ℝ. Let C ∈ℝ+ and γ ∈� 1

3 ,
1
2�. Assume one has the uniform bound

sup
ε∈(0,1],t∈[0,1]

|f ε(t)|�C (2.23)

and that for any 0� s< t �1 the increments δfstε := f ε(t)− f ε(s) satisfy

δfstε =𝕏st
1,εfsε +𝕏st

2,εfsε + rstε (2.24)

for functions 𝕏st
1,ε, 𝕏st

2,ε and rstε in C(ΔT
2 ) satisfying

⫴𝕏1,ε⫴γ �C, ⫴𝕏2,ε⫴2γ �C, ⫴rε⫴3γ �Cέ, (2.25)

where Cέ denotes an ε-dependent constant C ʹ that need not be uniformly bounded in ε.
Finally assume that Chen's relation holds

δ𝕏sut
1,ε =0, δ𝕏sut

2,ε =𝕏ut
1,ε𝕏su

1,ε. (2.26)

Then one has the following uniform in ε-bound for the remainder:

⫴rε⫴3γ �6C3γC3.

where C3γ is the constant Cβ appearing in Lemma 2.26 with β =3γ.

Remark 2.30. This lemma is the core of our idea to use the sewing lemma in order
to obtain kinetic limits. It shows that one can control a regular-in-time remainder
term if one establishes

• An a-priori bound of the form ‖f ε‖�C uniformly in ε and t;

• Uniform control of terms with low time regularity;

• Structure of a rough equation (Chen relation and Hölder bounds).
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Once one has uniform estimates in all terms of (2.24), one can extract converging
subsequences, and can then attempt to characterize all sub-sequential limits.
The lemma above could have been simplified if we had used more terminology

from the theory of rough paths. In this thesis, we avoid discussing the general theory
of rough paths, and focus only on the aspects that are most relevant to our study
of kinetic limits. For the general theory, we refer the reader to [FH] and [CGZ].

Proof. Let
Ast

ε =𝕏st
1,εfsε +𝕏st

2,εfsε.

Then equation (2.24) is of the same form as equation (2.20), but with the bound on
the remainders being non-uniform in ε. First restrict (s, t) to Δ2.
One has that

sup
(s,t)∈ΔT

2

|Ast
ε |

|t − s|γ �
|𝕏st

1,ε|
|t − s|γ |fs

ε|+ |𝕏st
1,ε|

|t − s|2γ
|fsε| |t − s|γ .

By our assumptions, we have
sup

(s,t)∈ΔT
2

|Ast
ε |

|t − s|γ �2C
2.

Next, we compute

δAsut
ε =𝕏st

1,εfsε +𝕏st
2,εfsε −𝕏su

1,εfsε −𝕏su
2,εfsε −𝕏ut

1,εfuε −𝕏su
2,εfuε.

Adding and subtracting 𝕏ut
1,εfsε and using the Chen relations, one has that

δAsut
ε =−𝕏ut

1,εδfsuε −𝕏ut
2,εδfsuε +𝕏ut

1,ε𝕏su
1,εfsε

=−𝕏ut
1,ε𝕏su

2,εfsε −𝕏ut
1,εrsuε −𝕏ut

2,ε𝕏su
1,εfsε −𝕏ut

2,ε𝕏su
2,εfsε −𝕏ut

2,εrsuε .
Hence

|δAsut|
|t − s|3γ

�
|𝕏ut

1,ε|
|t − s|γ

|𝕏su
2,ε|

|t − s|2γ
|fsε|+

|𝕏ut
1,ε|

|t − s|γ
|rsuε |

|t − s|3γ
|t − s|γ

+ |𝕏ut
2,ε|

|t − s|2γ
|𝕏su

1,ε|
|t − s|2γ

|fsε|+
|𝕏ut

2,ε|
|t − s|2γ

|𝕏su
2,ε|

|t − s|2γ
|fsε| |t − s|γ +

|𝕏ut
2,ε|

|t − s|γ
|rsuε |

|t − s|3γ
|t − s|γ .

By using the bounds (2.25), this is

|δAsut|
|t − s|3γ

�C3+C ⫴rε⫴3γ |t − s|γ +C3+C3|t − s|γ +C ⫴rε⫴3γ |t − s|γ

�3C3+2C ⫴rε⫴3γ |t − s|γ .

Hence Aε ∈ Cγ ,3γ(Δ2). Applying the sewing lemma and using the facts from
Remark 2.27, one has that

⫴rε⫴3γ �3C3γC3+2C3γ⫴rε⫴3γ |t − s|γ .

Choosing I ⊂[0, 1] such that 2C3γ |I |�
1
2 and restricting (s, t) to the 2-simplex defined

by I , one has that
⫴rε⫴3γ �3C3γC3+ 1

2⫴r
ε⫴3γ .
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Thus
⫴rε⫴3γ �6C3γC3.

Covering the time domain [0,T ] with such I , we have the claim for the entire time
interval. □
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Chapter 3
A formal derivation of the limit
In [BFPR99] a heuristic argument was introduced in order to derive the weak cou-
pling limit of a Schrödinger equation with a Gaussian random potential Vω. The key
to this heuristic derivation is a certain asymptotic expansion for the rescaledWigner
transform (that we introduced in Chapter 1). From the evolution equation of the
rescaled Wigner transform, a set of equations follows for each term in the asymp-
totic expansion, that can be successively solved. The coefficients of the leading order
term in the expansion satisfy a linear Boltzmann equation, whose collision kernel
depends on the covariance of the field Vω and has the energy conservation property.
In this chapter we adapt this heuristic method to the case of a weakly coupled

ℤd-periodic Gaussian field Vω. Differently from the non-periodic case, for certain
momenta, we obtain free transport in the weak coupling limit, while for certain other
momenta, there is an obstruction to taking the limit. We characterize the problem-
atic momenta in terms of energy bands associated to periodic Hamiltonians, using
Bloch theory. More precisely, these momenta are demonstrated to be associated
to energy band crossings of the free Hamiltonian. To conclude this section, we relate
this heuristic approach to the work [PR04], in which the evolution equation for the
rescaled Wigner transform is modified by the addition of a damping term, allowing
the weak coupling limit to be taken in a strong sense.
In the work [BFPR99], the authors consider a Schrödinger equation with a deter-

ministic ℤd-periodic potential V ʹ and a real, weakly coupled, zero-mean, translation
invariant, time-independent Gaussian random field Vω:

i∂tφ(t ,x)=−Δxφ(t ,x)+V ʹ(x)φ(t ,x)− ε1/2Vω(x)φ(t ,x) (3.1)

The covariance function of the Gaussian random field is characterized by

𝔼[V̂ω(n)V̂ω(m)]= ρ̂(m)δ(m+n), 𝔼[V̂ω(n)V̂ω
∗(m)]= ρ̂(m)δ(m−n) (3.2)

for all m,n ∈ℝd, and for some ρ ∈𝒮(ℝd) with ρ̂ � 0, ρ̂(ξ)= ρ̂ ∗(−ξ), ∀ξ ∈ℝd. The key
steps in their approach can be summarized as follows:

1. Write down the equation describing the time evolution of an asymmetric
rescaledWigner transform associated to the solution of the above Schrödinger
equation (3.1).

2. Introduce a formal expansion in ε for the solution of this equation, and derive
a system of equations order by order in ε.

3. Study the leading order terms in ε using the theory of Bloch bands for peri-
odic potentials.
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4. Obtain the dynamics of the leading order term in the expansion, which for-
mally should be the limiting equation as ε→0.

In the limit, they obtain a linear Boltzmann equation, for the coefficients σj of W0 in
a certain basis.

In this section, we follow this procedure, making two changes at the level of equa-
tion (3.1).

• We will set the background periodic potential V ʹ=0. This corresponds to the
quantum Lorentz gas model we introduced in Chapter 1. This will allow us
to use the Fourier transform in this section, and do computations explicitly,
instead of relying on the Bloch theory used in [BFPR99].

• We will use a real, ℤd-periodic zero-mean, translation invariant, time-inde-
pendent Gaussian field Vω instead of its non-periodic counterpart.

We note that if the covariance of Vω is chosen to be sufficiently smooth, then almost
every realization of Vω is a smooth periodic function. Stated differently, making a
statement about the periodic quantum Lorentz gas is equivalent to making a state-
ment about almost every realization of a ℤd-periodic Gaussian random field with
sufficiently smooth covariance.
In Subsection 3.1, we work with a ℤd-periodic random field rather than with a

fixed periodic function, since in principle this gives us the option to make a weaker
statement about averages, rather than almost sure statements. We will see however
that there are some challenges to establishing even such weak statements.
In Subsection 3.2 we will see that if one modifies the equation for the rescaled

Wigner transform in Step 1 of the procedure above by introducing a damping term
for the high frequencies, that one can take limits in a strong sense, and the problems
present in the undamped case can be overcome.
To improve readability, some computations that don't contribute to the main ideas

are presented in the form of lemmas in Subsection 3.3.

3.1 A two-scale asymptotic expansion
We will start from the usual non-rescaled Schrödinger equation, with a real, weakly
coupled, zero-mean, ℤd-periodic Gaussian random field Vω. Let (Ω,ℱ ,ℙ) be a proba-
bility space, and consider the following Schrödinger equation: for x ∈ℝd, t ∈ℝ+,ε ∈(0,
1],

i∂tφ(t ,x)=−Δxφ(t ,x)+ ε1/2Vω(x)φ(t ,x), φ(0,x)=ψε(εx) (3.3)

By definition, one has that for all x ∈ℝd

𝔼[Vω(x)]=0, Vω(x +n)=Vω(x), ∀n∈ℤd,ω∈Ω,

where 𝔼 is the expectation with respect to the probability measure ℙ. Fix some
R∈C∞(𝕋d) with R̂�0, R̂(n)= R̂∗(−n), ∀n∈ℤd and define the covariance of Vω by

𝔼[V̂ω(n)V̂ω(m)]= R̂(m)δ(m+n), 𝔼[V̂ω(n)V̂ω
∗(m)]= R̂(m)δ(m−n), (3.4)
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for all m, n ∈ ℤd. With this covariance, almost every realization of this Gaussian
random field is a function in ∩m∈ℕ0H

m(𝕋d).
We assume that the initial data is given by the ε-dependent family ψε(εx) where

1. The functions ψε are uniformly bounded in L2(ℝd;ℂ), i.e., ∃C s.t. for any ε∈(0,
1],

‖ψε‖L2(ℝd;ℂ)�C (3.5)

2. For any test function ϕ ∈Cc(ℝd)

limsup
ε→0

�
|k|�R/ε

|ϕψε(k)|2dk→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
R→+∞

0 (3.6)

3. Their tails satisfy the following condition

limsup
ε→0

�
|x |�R

|ψε(x)|2dx→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
R→+∞

0 (3.7)

Such a family is called an ε-oscillatory family. These are known to be necessary and
sufficient conditions to have weak convergence of the energy ∫ℝd |φ(t , x)|2dx . See
Proposition 1 in [RPK97] for details.
Summarizing our setup, we have that for any ε ∈ (0, 1], φ =φε is the solution of a

linear Schrödinger equation (3.3) with a weakly coupled potential ε1/2Vω and with
initial condition φ(0, x)=ψε(εx). We can view sending ε→0 as moving from the
microscopic to the macroscopic scale, and we need to rescale space and time appro-
priately in order to see a non-trivial limit.
We do this by studying the weak-coupling limit in phase space via the one-sided

rescaled Wigner transform, defined as follows: for t >0,x ,k ∈ℝd

WOS,ε(t ,x ,k)= ε−d�ℝd
e 2πik⋅yφ� t

ε ,
x
ε −y�φ ∗� t

ε ,
x
ε�dy (3.8)

The initial data for WOS,ε is obtained by replacing the φ in the above expression by
ψε. We will be interested in weak limits of WOS,ε, as explained in the introduction.
It is known (see [RPK97] or [GL93]) that for any t ∈ℝ+, up to the extraction of a

subsequence, a weak limit of WOS,ε(t) exists as a tempered distribution and coincides
with the corresponding weak limit of the usual rescaled Wigner transform:

W ε(t ,x ,k)= ε−d�
ℝd
e 2πik⋅yφ� t

ε ,
x
ε −

y
2�φ ∗� t

ε ,
x
ε +

y
2�dy (3.9)

Hence, as long as we care about weak limits, it is solely a matter of convenience
which version we choose to work with. We use the one-sided version here, since
it will produce a Laplacian term in the evolution equation for WOS,ε, which will be
convenient for the analysis.
A computation shows (see Lemma 3.6) that the rescaledWigner transform satisfies

the equation
(∂t + iεΔx +4πk⋅∇x)WOS,ε(t ,x ,k) (3.10)

=ε
−1/2

i �
n∈ℤd

e 2πiε−1n⋅xV̂ω(n)[WOS,ε(t ,x ,k−n)−WOS,ε(k)]. (3.11)
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Here is the key idea of this section: If one uses the two-scale asymptotic expansion
that

WOS,ε(t ,x ,k)=W0(t ,x ,z,k)+ ε1/2W1(t ,x ,z,k)+ εW2(t ,x ,z,k)+ ⋅ ⋅ ⋅ (3.12)

where z= x
ε andW0 is assumed to be ℤd-periodic in the fast variable z, then, replacing

∇x in equations (3.10) and (3.11) by ∇x + ε−1∇z and Δx by Δx +2ε−1∇x⋅∇z+ ε−2Δz one has

∂t(W0+ ε1/2W1+ εW2+ ⋅ ⋅ ⋅)

+iε(Δx +2ε−1∇x⋅∇z+ ε−2Δz)(W0+ ε1/2W1+ εW2+ ⋅ ⋅ ⋅)

+4πk⋅(∇x + ε−1∇z)(W0+ ε1/2W1+ εW2+ ⋅ ⋅ ⋅)

=ε
−1/2

i �
n∈ℤd

e 2πin⋅zV̂ (n)[W0(k−n)+ ε1/2W1(k+n)+ ⋅ ⋅ ⋅ −W0(k)− ε1/2W1(k)− ⋅ ⋅ ⋅].

Matching terms of the same order of ε, we have at the leading orders of ε the fol-
lowing equations, for ℒ(k) := iΔz+4πk⋅∇z,

ℒ(k)W0=0, (3.13)

ℒ(k)W1(t ,x ,z,k)=
1
i �
n∈ℤd

e 2πin⋅zV̂ω(n)[W0(t ,x ,z,k−n)−W0(t ,x ,z,k)], (3.14)

(∂t +2i∇x⋅∇z+4πk⋅∇x)W0+ℒ(k)W2=
1
i �
n∈ℤd

e 2πin⋅zV̂ω(n)[W1(k−n)−W1(k)]. (3.15)

For what follows, it will be useful to obtain the eigenfunctions of the operator ℒ .
Let C := �− 1

2 ,
1
2�d and the Brillouin zone B=�− 1

2 ,
1
2�d. Now decompose the variable k

in the Wigner transform as k=η+κ for η∈B,κ ∈ℤd and define for m,n∈ℤd

Qmn(z,κ)=δκ,me 2πi(m−n)⋅z, δκ,m={{{{{{{{{{{{ 1 κ =m
0 o.w.

SinceW0 is assumed to be periodic in z, it can be written in terms of the basis {Qmn(z,
κ)}m,n∈ℤd. This is equivalent to working with the usual basis for a Fourier series, and
we use it in this form to make convenient comparisons with what we present in
upcoming sections. Furthermore, Lemma 3.7 (see Subsection 3.3) says we have that
Qmn(z,κ) are eigenfunctions of ℒ(κ + η), with eigenvalue i(Em(η)−En(η)), where
Em(η) :=4π 2|η+m|2.
Define Qm(z,κ) :=Qmm(z,κ)= δκm. Assume that η is not involved in any energy-

band crossings, i.e., we consider η: ∄κ,κ ʹ ∈ℤd:Eκ(η)=Eκ ʹ(η). SinceW0 satisfies (3.13),
W0 can be constructed from just the Qm as follows

W0(t ,x ,z,η+κ)= �
m∈ℤd

σm(t ,x ,η)Qm(z,κ)=σκ(t ,x ,η). (3.16)

Having constructed a solution to equation (3.13), we are now ready to use this infor-
mation to construct a solution to equation (3.14). SinceW1 need not be periodic in z,
we will expand it in a general Fourier basis as follows

W1(t ,x ,z,k)= �
m∈ℤd

�
B
dqPm(z,q)cm(t ,x ,k,q),
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where form∈ℤd,z ∈ℝd,q∈B,Pm(z,q) :=e 2πi(m+q)⋅z. This is the usual basis involved in
the Fourier transform, except that we have decomposed the Fourier variable into an
integer and non-integer part. Then since Lemma 3.7 says

ℒ(κ +η)Pm(z,q)= i(Eκ(η)−Eκ−m(η−q))Pm(z,q)

we can obtain the Fourier coefficients by multiplying equation (3.14) by Pj∗(z,q0) and
integrating in z. The LHS gives

�
ℝd
dzℒ(k)W1(t ,x ,z,k)Pj∗(z,q0)

= �
m∈ℤd

�
B
dq�

ℝd
dzℒ(k)Pm(z,q)cm(t ,x ,k,q)Pj∗(z,q0)

=i �
m∈ℤd

�
B
dq�

ℝd
dz (Eκ(η)−Eκ−m(η−q))e 2πi(m+q)⋅zcm(t ,x ,κ +η,q)e−2πi(j+q0)⋅z

Using ∫dze 2πik⋅z=δk in the sense of distributions, this is

=i �
m∈ℤd

�
B
dqδ(m− j +q−q0) (Eκ(η)−Eκ−m(η−q))cm(t ,x ,κ +η,q)

=i �
m∈ℤd

�
B
dqδmjδq0(q) (Eκ(η)−Eκ−m(η−q))cm(t ,x ,κ +η,q)

=i(Eκ(p)−Eκ− j(p−q0))cj(t ,x ,κ +η,q0).

The RHS on the other hand yields,

−i�
ℝd
dz�

n∈ℤd

V̂ω(n)(σκ−n(t ,x ,η)−σκ(t ,x ,η))e−2πi(j−n+q0)⋅z.

To avoid dividing by 0 in an expression for the Fourier coefficients c, we introduce
a regularization parameter 0<θ ≪1 which will be taken to zero at the end of the
computations, and consider the regularized Fourier coefficients

cjθ(t ,x ,κ +η,q0)=−�
ℝd
dz�

n∈ℤd

V̂ω(n)
(σκ−n(t ,x ,η)−σκ(t ,x ,η))
Eκ(η)−Eκ− j(η−q0)+ iθ

e−2πi(j−n+q0)⋅z.

Similarly, defining W1
θ to be the regularization of W1 using the regularized coeffi-

cients cθ in place of c, one has that

W1
θ(t ,x ,z,η+κ)=− �

m∈ℤd

�
B
dq�

ℝd
dz ʹ�

n∈ℤd

e 2πi(m+q)⋅(z−zʹ)e 2πin⋅zʹV̂ω(n)

(σκ−n(t ,x ,η)−σκ(t ,x ,η))
Eκ(η)−Eκ−m(η−q)+ iθ

.

We now consider equation (3.15), with W1
θ in place of W1. The lest hand side when

tested against Qj
∗(z,κ)=δκj, integrating in z, summing over κ and averaging over the

noise yields (see Lemma 3.8 for the computation)

∂tσj(t ,x ,η)+
1
2π∇ηEj(η)⋅∇xσj(t ,x ,η).
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The RHS is I1θ + I2θ where

I1θ =−i�
κ∈ℤd

�
C
dz �

nʹ∈ℤd

e 2πinʹ⋅z⟨V̂ω(nʹ)[W1
θ(η+κ −nʹ)]⟩δκj, (3.17)

I2θ = i�
κ∈ℤd

�
C
dz �

nʹ∈ℤd

e 2πinʹ⋅z⟨V̂ω(nʹ)[W1
θ(η+κ)]⟩δκj. (3.18)

Lemma 3.9 shows that

I1θ + I2θ = i �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))

(((((( −1
Ej+nʹ(η)−Ej(η)+ iθ

+ 1
Ej+nʹ(η)−Ej(η)− iθ))))))

=−2 �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))
θ

(Ej+nʹ(η)−Ej(η))2+θ 2

Recall that θ was a regularization parameter that we introduced artificially, and we
would like to take θ→0. Putting this together with the LHS one has

∂tσj(t ,x ,η)+
1
2π∇pEj(p)⋅∇xσj(t ,x ,η)

=lim
θ→0

2�
q∈ℤd

R̂(q)[σj(t ,x ,η)−σj+q(t ,x ,η)][[[[[[ θ
(Ej+q(η)−Ej(η))2+θ 2]]]]]]. (3.19)

If η is not involved in energy-band crossings, i.e. ∄κ,κ ʹ ∈ℤd:Eκ(η)=Eκ ʹ(η), then

lim
θ→0

θ
(Ej+q(η)−Ej(η))2+θ 2 =0.

and there is no collisional-effect in the limit for these momenta. A rigorous version
of this statement is part of Theorem 4.10 in the next Section.
The procedure above does not provide us with information about what happens

for momenta involved in band crossings. Note that if η: ∃j,q∈ℤd:Ej+q(η)=Ej(η) then

lim
θ→0

θ
(Ej+q(η)−Ej(η))2+θ 2 =+∞.

so one cannot take the limit in (3.19) pointwise for these η. However since the
observables in expression (1.5) involve integrating over all momenta, it is impor-
tant to have some control also at these “resonant” momenta. We will deal with this
issue at the end of Chapter 5.
Before we go to the next section, we make some remarks on the result, the connec-

tion to the non-periodic random field, the work of [BFPR99] and the regularization
parameter θ .
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Remark 3.1. Since Vω is periodic, we have a Fourier series representation, and sum
over discrete Fourier modes. If one replaces the sum in equation (3.19) by an integral
over a continuum of Fourier modes and choose an appropriate R̂∈𝒮(ℝd) this would
be

∂tσj(t ,x ,η)+
1
2π∇ηEj(η)⋅∇xσj(t ,x ,η)

=lim
θ→0

2�
ℝd
dqR̂(q)[σj(t ,x ,η)−σj+q(t ,x ,η)][[[[[[ θ

(Ej+q(η)−Ej(η))2+θ 2]]]]]]. (3.20)

Hence since θ
((Ej+q(η)−Ej(η))2+θ 2)π is an approximation of the delta distribution, one for-

mally obtains the following linear Boltzmann equation

∂tσj(t ,x ,η)+
1
2π∇ηEj(η)⋅∇xσj(t ,x ,η)

=2π�
ℝd
dqR̂(q)[σj(t ,x ,η)−σj+q(t ,x ,η)]δ(Ej+q(η)−Ej(η)). (3.21)

This is the equation derived in [Spo77] and [EY99]. For certain V ʹ with no energy-
band crossings, the authors of [BFPR99] use the asymptotic expansion (3.4) to derive
appropriate linear Boltzmann equations, called radiative transport equations, when
working with a weakly coupled, non-periodic, smooth, zero-mean Gaussian field.
They also provide a formal derivation of the limit when multiplicities of the eigen-
value are greater than 1, but constant in p. This is relevant to the study of wave
propagation in random media.

Remark 3.2. Whenworking with a non-zero background potential V ʹ≠0, the Fourier
basis is not the most convenient for the analysis. In that case, one first finds solu-
tions to the following eigenvalue problem:

(−Δz+V ʹ)ψ(z,p)=E(p)ψ(z,p)

for p ∈ℝd fixed, and satisfying the following boundary conditions: for any n ∈ℤd,
i∈ {1, . . . ,d},z ∈ℝd

ψ(z+n,p)= e 2πin⋅pψ(z,p), ∂ziψ(z+n,p)= e 2πin⋅p∂ziψ(z,p).

It is known that there exists a countable, complete family of eigenfunctions {ψm(z,
p)}m∈ℤd satisfying this, that are orthonormal in Lz2(C), with corresponding eigen-
values Em(p). Then, one can construct Qmn via

Qmn(z,κ,η) :=�
C
e 2πi(η+κ)⋅yψm(z−y,η)ψn

∗(z,η)dy

for z ∈ 𝕋d, κ ∈ ℤd, η ∈ B, and one can check that Lemma 3.7 still holds. In general
for V ʹ ≠ 0, the Qm will be eigenfunctions of ℒ that are periodic in z, and so unlike
in the case V ʹ = 0, the W0 will not be constant in z. When V ʹ ≠ 0, the computations
below can be suitably modified using some results from Bloch theory, in order to
derive the limit equations. This is an important feature of the work [BFPR99]. When
V ʹ =0 one has that ψm are plain waves: for m∈ℤd,z,p ∈ℝd, ψm(z,p)=e 2πi(m+p)⋅z, with
Em(p)=4π 2|m+p|2.
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Remark 3.3. To the best of our knowledge, this procedure has not been made rig-
orous for any time-independent potential. The only rigorous derivations of the linear
Boltzmann equation from a Schrödinger equation with a time-independent Gaus-
sian random field are based on the control of Duhamel expansions of high order
(see [Spo77], [EY99], [Che06] and [But15]). See [Her24] for a recent approach where
many diagrams are avoided. The difficulty is that the regularization parameter was
introduced artificially, and is not part of the problem.
In the following Subsection we describe the main result of [PR04] where the authors

introduce a damping term into the evolution equation for the Wigner, and this nat-
urally introduces the parameter θ into the corrector equations. One can then derive
a kinetic equation in the limit ε→0, without taking the limit of θ →0, even for
a deterministic smooth periodic potential. A further comment on time-dependent
potentials is made at the end of the next subsection.

3.2 On the regularization parameter θ
In the above arguments we introduced a regularization parameter θ , and we see that
there is an issue interpreting the limit as θ→0. In [PR04], the authors modify the
equation satisfied by the usual rescaled Wigner transform as in (3.9) and study

∂tW ε(t ,x ,k)+k⋅∇xW ε(t ,x ,k)+ θ
ε (Wε − χε ∗Wε)(t ,x ,k)=ℒεWε(t ,x ,k). (3.22)

where the collision term is

ℒεf (x ,k) := iε−1/2�ℝd
V̂ (p)e 2πip⋅ xε�f �x ,k+ p

2�− f �x ,k− p
2��dp,

and where χε(x)= ε−dχ(
x
ε ) for some nice mollifier χ ∈𝒮(ℝd) satisfying

χ(x)= χ(|x |)�0, ‖χ‖L1(ℝd)=1, χ̂ ∈ℝ, |χ̂(p)|<1,∀p ≠0, χ̂(0)=1 (3.23)

The term involving θ is introduced into the equation to cut-off high frequencies.
Assume that the potential has a Fourier transform of the form

V̂ (p)=�
j=1

∞

αj[δ(p−pj)+δ(p+pj)]+Φ̂(p), (3.24)

where αj ∈ℝ and Φ̂(p) is smooth, decays rapidly and has Φ̂(0)=0. Any smooth ℤd-
periodic potential can be written in this form since the Fourier transform of a smooth
ℤd-periodic function is a tempered distribution of the formℱxV(ξ)=∑n∈ℤd V̂ (n)δ(ξ −
n), with V̂ (n) the coefficients in the Fourier series of V . One needs to ensure that
V̂ (n) = V̂ (−n), which can be done by assuming radial symmetry of V so V (x) =
V (|x |). Assume also that

�
j=1

∞ |αj|
|1− χ̂(pj)|

<∞, (3.25)

�
j,l=1

∞ |αj||αl|
|1− χ̂(pl)||1− χ̂(pj+pl)|

+�
j≠l

∞ |αj||αl|
|1− χ̂(pl)||1− χ̂(pj−pl)|

<∞. (3.26)
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So pj =0 is forbidden. These conditions are satisfied if αj ∈ l 1 and there exists ω0>0
such that

|pj|�ω0>0, |pj±pl|�ω0, j ≠ l.

Conditions (3.24) and (3.25) are clearly satisfied by a smooth zero-mean ℤd-periodic
potential. Let

Kθ(k,p)=
2θ(1− χ̂(p))

θ 2(1− χ̂(p))2+��k+ p
2�⋅p�2 .

This is analogous to the expression

2θ
θ 2+(Ej+q(η)−Ej(η))2

we derived by using the regularizedW1
θ. When modifying theWigner equation, this

regularization is introduced at the level of the equation, and one can then prove the
following

Theorem 3.4. Let the initial data Wε(0,x ,k)=W0(x ,k) of equation (3.22) belong to
L2(ℝd ×ℝd) and assume that V ∈ ∩m∈ℕ0H

m(𝕋d) is a zero mean ℤd-periodic function.
Assume that conditions (3.23) on the mollifier hold. Then ℒε is uniformly bounded on
L2(ℝd ×ℝd) and the solution of equation (3.22) converges in C([0,T ];L2(ℝd ×ℝd)) to
the solution of the kinetic equation

∂W0

∂t + 1
2πk⋅∇xW0= �

q∈ℤd\{0}

|αq|2Kθ(k,pq)[W0(k+pq)−W0(k)]. (3.27)

This is a direct corollary of Theorem 2.1 in [PR04]. In this article, the authors can
then also work with a series of potentials V δ with their Fourier transforms supported
on lattices with increasingly fine lattice spacing δ . Under some suitable assump-
tions on the family {V δ}δ one can recover a linear Boltzmann equation (analogous to
equation (3.21))by first taking δ→0 followed by taking the regularization parameter
θ→0. The limit does not depend on the choice of χ . See Theorems 2.2 and 2.3 in
[PR04] for the details. It is important to mention that there is no need to average
over any randomness using this approach, and so one can also get path-wise results
for random potentials whose Fourier transforms have almost surely the structure
described above.
When studying the weak-coupling limit of a Schrödinger equation with a peri-

odic potential, we cannot change the evolution equation for the rescaled Wigner
transform, since this is dictated by the Schrödinger equation. It would however
be interesting to see if a similar procedure can be made to work by introducing
a suitable damping term at the level of the Schrödinger equation as, for instance,
was done in [Gri23] for the low-density periodic quantum Lorentz gas. Further-
more, in Chapter 5 of this thesis we will present some results without introducing
any additional regularizing parameter, using techniques differ from these asymp-
totic expansions.
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The proof of Theorem 3.4 is similar in style to those in qualitative homogenization
theory and follows closely some parts of the heuristic derivation we did. Roughly
speaking, one makes an Ansatz of the form

W ε(t ,x ,k)=W0(t ,x ,k)+ ε√ W1(t ,x ,z,k)+ εW2(t ,x ,z,k)+Rε,

where z = x
ε and W0 satisfies the limit equation and one builds W1 and W2 one aster

the other from W0. Then one shows that
Rε =W ε −W0+ ε√ W1+ εW2 (3.28)

is of order ε√ . As a consequence of modifying the dynamics of the rescaled Wigner
transform, W1 is chosen to cancel terms that are formally of power ε−1/2, and hence
the equation for W1 reads as:

k⋅∇zW1+θ(W1− χ ∗W1)= i�ℝd
dne 2πin⋅zV̂ (n)�W0�t ,x ,k+

n
2�−W0�t ,x ,k−

n
2��.

Recall that when working with the usual rescaled Wigner transform (3.9) instead
of (3.8) one no longer has the Laplacian in the evolution equation, and the collision
term involves symmetric shists. Fourier transforming this in z, one has that

(2πik⋅ξ +θ(1− χ̂(ξ)))W1(ξ)= iV̂ (ξ)[[[[[[W0((((((t ,x ,k+ ξ
2))))))−W0((((((t ,x ,k− ξ

2))))))]]]]]]
where ξ is the dual variable to z. So

W1(t ,x ,z)= i�ℝd
dξe 2πiz⋅ξ V̂ (ξ)�W0�t ,x ,k+ ξ

2�−W0�t ,x ,k− ξ
2��

(2πik⋅ξ +θ(1− χ̂(ξ))) .

For the term involving W2, a simple computation shows that

k⋅∇zW2+θ(W2− χ ∗W2)=−(∂tW0+k⋅∇xW0)+�
ℝd
e 2πiξ ⋅zG(t ,x ,k, ξ)dξ ,

where

G(t ,x ,k, ξ)=�
ℝd
dξ ʹV̂ (ξ − ξ ʹ)V̂ (ξ ʹ)

W0�k− ξ
2 + ξ ʹ�−W0�k− ξ

2�

θ(1− χ̂(ξ ʹ))+ i��k− ξ − ξ ʹ
2 �⋅ξ ʹ�

+�
ℝd
dξ ʹV̂ (ξ − ξ ʹ)V̂ (ξ ʹ)

W0�k+ ξ
2 + ξ ʹ�−W0�k+ ξ

2�

θ(1− χ̂(ξ ʹ))+ i��k+ ξ − ξ ʹ
2 �⋅ξ ʹ�

See expressions (3.2) and (3.7) in [PR04]. Fourier transforming in z yields

(2πik⋅ξ +θ(1− χ̂(ξ)))W2(ξ)=−(∂tW0+k⋅∇xW0)δ(ξ)+G(ξ).

Averaging over the randomness one can show that

G(t ,x , ξ ,k)=G0(t ,x ,k)δ(ξ)+G ʹ(t ,x ,k, ξ),

where G ʹ(t ,x ,k,ξ) is regular at ξ =0, and an explicit computation shows that G0(t ,x ,
k) coincides with the right hand side of (3.27). Hence one has that the leading order
term W0 satisfies

∂tW0+k⋅∇xW0=G0(t ,x ,k).
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At this point, one has W0 defined as the solution of (3.27), and has defined W1 and
W2 in terms of it. One can bound W1 and W2 in L2 in terms of ‖W0‖L2 due to assump-
tions (3.25) and (3.26). The goal then is to show that the remainder term (3.28) is
small, and this involves writing an evolution equation for the remainder, using the
cancellations in the resulting terms due to how W1 and W2 were constructed from
W0, and finally using the estimates onW0,W1 andW2 in L2. The details of this can be
found in Section 4 of [PR04].

Remark 3.5. This program has also been carried out in the case of time dependent
random potentials in [BPR02] using martingale tools, without modifying the equa-
tion for the rescaled Wigner transform, and using the randomness in time instead
for the regularization. For further results in the case of time dependent random
potentials, see [Gom13].

3.3 Relevant lemmas
Lemma 3.6. When φ∈C(ℝ�0;H 2(ℝd;ℂ))∩C1(ℝ+;L2(ℝd;ℂ)) solves the free Schrödinger
equation from initial data in H 2(ℝd; ℂ), (which is equation (3.1), with V ʹ =V =0), the
time evolution of the rescaled one-sided Wigner transform WOS,ε(t ,x ,k) is given by

∂tWOS,ε(t ,x ,k)+ iεΔxWOS,ε(t ,x ,k)+4πk⋅∇xWOS,ε(t ,x ,k)=0

Hence for φ satisfying (3.3), the time evolution of the rescaled one-sided Wigner trans-
form WOS,ε(t ,x ,k) is given by equations (3.10) and (3.11).

Proof. We rewrite

WOS,ε(t ,x ,k)=�
ℝd
e 2πik⋅yφε(t ,x − εy)φε

∗(t ,x)dy,

where φε(t ,x)=φ� t
ε ,

x
ε �. Since φ satisfies the free Schrödinger equation we have that

∂tφ(t ,x)= iΔxφ(t ,x), so

∂tφε(t ,x)=∂t(φε(t ,x))=∂t�φ� t
ε ,
x
ε��= ε−1∂tφ� t

ε ,
x
ε�

=iε−1Δxφ� t
ε ,
x
ε�= iε−1�ε2Δx�φ� t

ε ,
x
ε���= iεΔxφε(t ,x).

Using this, we have that
∂tWOS,ε(t ,x ,k)

=iε�
ℝd
e 2πik⋅yΔxφε(t ,x − εy)φε

∗(t ,x)dy − iε�
ℝd
e 2πik⋅yφε(t ,x − εy)Δxφε

∗(t ,x)dy.

Now since
iεΔxWε(t ,x ,k)= iε�ℝd

e 2πik⋅yΔxφε(t ,x − εy)φε
∗(t ,x)dy

+iε�
ℝd
e 2πik⋅yφε(t ,x − εy)Δxφε

∗(t ,x)dy +2iε�
ℝd
e 2πik⋅y∇xφε(t ,x − εy)∇xφε

∗(t ,x)dy,
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one has that

∂tWε(t ,x ,k)=−iεΔxWε(t ,x ,k)+2iε�
ℝd
e 2πik⋅yΔxφε(t ,x − εy)φε

∗(t ,x)dy

+2iε�
ℝd
e 2πik⋅y∇xφε(t ,x − εy)∇xφε

∗(t ,x)dy.
Furthermore, since

∇xφε(t ,x − εy)=−ε−1∇yφε(t ,x − εy), Δxφε(t ,x − εy)= ε−2Δyφε(t ,x − εy),

one has that

∂tWε(t ,x ,k)=−iεΔxWε(t ,x ,k)+2iε−1�
ℝd
e 2πik⋅yΔyφε(t ,x − εy)φε

∗(t ,x)dy

−2i�
ℝd
e 2πik⋅y∇yφε(t ,x − εy)∇xφε

∗(t ,x)dy

=−iεΔxWε(t ,x ,k)−2iε−1(2πik)⋅�
ℝd
e 2πik⋅y∇yφε(t ,x − εy)φε

∗(t ,x)dy

+2i(2πik)⋅�
ℝd
e 2πik⋅yφε(t ,x − εy)∇xφε

∗(t ,x)dy

=−iεΔxWε(t ,x ,k)−4πk⋅�
ℝd
e 2πik⋅y∇xφε(t ,x − εy)φε

∗(t ,x)dy

−4πk⋅�
ℝd
e 2πik⋅yφε(t ,x − εy)∇xφε

∗(t ,x)dy

=−iεΔxWε(t ,x ,k)−4πk⋅∇xWε(t ,x ,k).
Hence, one has that

∂tWε(t ,x ,k)+ iεΔxWε(t ,x ,k)+4πk⋅∇xWε(t ,x ,k)=0.

When one includes the potential from (3.3), the potential terms contribute two addi-
tional terms, and one has

∂tWOS,ε(t ,x ,k)+ iεΔxWOS,ε +4πk⋅∇xWOS,ε

=−ε
−1/2

i Vω�xε�φε
∗(t ,x)�

ℝd
e 2πik⋅yφε(t ,x − εy)dy

+ε
−1/2

i φε
∗(t ,x)�

ℝd
e 2πik⋅yVω�xε −y�φε(t ,x − εy)dy.

By expanding the periodic potential in terms of its Fourier series, the RHS is

=−ε
−1/2

i �
n∈ℤd

e 2πiε−1n⋅xV̂ω(n)φε
∗(t ,x)�

ℝd
e 2πik⋅yφε(t ,x − εy)dy

+ε
−1/2

i φε
∗(t ,x)�

ℝd
e 2πik⋅y �

n∈ℤd

e 2πiε−1n⋅(x−εy)V̂ω(n)φε(t ,x − εy)dy,

which lead to equations (3.10) and (3.11). □

Lemma 3.7. For k=η+κ ∈B+ℤd,

ℒ(η+κ)Qmn(z,κ)= i(Em(η)−En(η))Qmn(z,κ),
and

ℒ(η+κ)Pm(z,q)= i(Eκ(η)−Eκ−m(η−q))Pm(z,q).
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Proof. (of Lemma 3.7) The proof is a simple computation. We first compute the LHS

ℒ(η+κ)Qmn(z,κ)= iΔzQmn(z,κ)+4π(η+κ)⋅∇zQmn(z,κ)

=4π 2iδκ,m(−|κ −n|2+2(η+κ)⋅(κ −n))e 2πi(m−n)⋅z

=4π 2iδκ,m(|κ|2− |n|2+2η⋅κ −2η⋅n)e 2πi(m−n)⋅z.

Next, since Em(η)=4π 2|m+η|2, one has that

Em(η)−En(η)=4π 2|m+η|2−4π 2|n+η|2

=4π 2(|m|2+ |η|2+2η⋅m− |n|2− |η|2−2η⋅n)

=4π 2(|m|2− |n|2+2p⋅m−2p⋅n)

from which we can conclude. Similarly,

ℒ(η+κ)Pm(z,q)=(iΔz+4π(η+κ)⋅∇z)e 2πi(m+q)⋅z

=(−4π 2i|m+q|2+8π 2i(η+κ)⋅(m+q))e 2πi(m+q)⋅z

=i(4π 2|η+κ|2−4π 2|(η+κ)−(m+q)|2)e 2πi(m+q)⋅z

=i(Eκ(η)−Eκ−m(η−q))Pm(z,q). □

Lemma 3.8. The LHS of equation (3.15) when multiplied by Qj
∗(z,κ), integrated in z,

summed over κ yields the term

∂tσj(t ,x ,η)+
1
2π∇ηEj(η)⋅∇xσj(t ,x ,η)

Proof. Consider the first term,

�
κ

�
C
dz∂tW0(t ,x ,z,η+κ)Qj

∗(z,κ)=�
κ

�
C
dz∂tσκ(t ,x ,η)δκj=∂tσj(t ,x ,η).

The second term is 0 since W0 does not depend on z. The third term, for k=η+κ is

�
κ

�
C
dz4π(η+κ)⋅∇xW0(t ,x ,z,η+κ)Qj

∗(z,κ)

=�
κ

�
C
dz4π(η+κ)⋅∇xσκ(t ,x ,η)δκj=4π(η+ j)⋅∇xσj(t ,x ,η)

= 1
2π∇ηEj(η)⋅∇xσj(t ,x ,η).

The last term vanishes, since we can integrate by parts in z and Qj
∗ ∈ kerℒ . This

concludes the proof. □

Lemma 3.9. One has that for I1θ, I2θ defined in (3.17), (3.18) that

I1θ =−i �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))Ej+nʹ(η)−Ej(η)+ iθ
,
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and

I2θ = i �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))Ej+nʹ(η)−Ej(η)− iθ

Proof. Consider the second term

I2θ = i�
κ∈ℤd

�
C
dz �

nʹ∈ℤd

V̂ω(nʹ)e 2πinʹ⋅zW1
θ(t ,x ,z,η+κ)δκj

=−i�
C
dz �

nʹ∈ℤd

�
m∈ℤd

�
B
dq�

ℝd
dz ʹ�

n∈ℤd

e 2πi(m+q)⋅(z−zʹ)e 2πin⋅zʹV̂ω(n)V̂ω(nʹ)e 2πinʹ⋅z

(σj−n(t ,x ,η)−σj(t ,x ,η))
Ej(η)−Ej−m(η−q)+ iθ

.

Since ⟨V̂ω(n)V̂ω(nʹ)⟩= R̂(nʹ)δ(n+nʹ), by averaging over the noise and shisting in z ʹ
this becomes

=−i �
nʹ∈ℤd

�
m∈ℤd

�
B
dq�

ℝd
dz ʹe−2πi(nʹ+m+q)⋅zʹR̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))Ej(η)−Ej−m(η−q)+ iθ

.

Let f2(q)=
1

Ej(η)−Ej−m(η−q)+ iθ
, then

�
ℝd
dz ʹe−2πi(nʹ+m)⋅zʹ�

B
dqf2(q)e−2πiq⋅zʹ=�

ℝd
dz ʹe−2πi(nʹ+m)⋅zʹ�

ℝd
f2(q)𝕀B(q)e−2πiq⋅zʹ

=�
ℝd
dz ʹf2𝕀B(z ʹ)e−2πi(nʹ+m)⋅zʹ= f2(nʹ +m)𝕀B(nʹ +m)

=f2(0)δnʹ+m.
Hence the above term is

=−i �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))Ej(η)−Ej+nʹ(η)+ iθ

=i �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))Ej+nʹ(η)−Ej(η)− iθ
.

Now, consider the first term

I1θ =−i�
κ∈ℤd

�
C
dz �

nʹ∈ℤd

V̂ω(nʹ)e 2πinʹ⋅zW1
θ(t ,x ,z,η+κ −nʹ)δκj

=i�
C
dz �

nʹ∈ℤd

�
m∈ℤd

�
B
dq�

ℝd
dz ʹ�

n∈ℤd

V̂ω(nʹ)e 2πinʹ⋅ze 2πi(m+q)⋅(z−zʹ)e 2πin⋅zʹV̂ω(n)

(σj−nʹ−n(t ,x ,η)−σj−nʹ(t ,x ,η))
Ej−nʹ(η)−Ej−nʹ−m(η−q)+ iθ

.

Averaging once more over the noise makes this

=i �
nʹ∈ℤd

�
m∈ℤd

�
B
dq�

ℝd
dz ʹR̂(nʹ)e−2πi(nʹ+m+q)⋅zʹ (σj(t ,x ,η)−σj−nʹ(t ,x ,η))

Ej−nʹ(η)−Ej−nʹ−m(η−q)+ iθ
.
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Let f1(q)=
1

Ej−nʹ(η)−Ej−nʹ−m(η−q)+ iθ
, then as before

�
ℝd
dz ʹe−2πi(nʹ+m)⋅zʹ�

B
dqf1(q)e−2πiq⋅zʹ= f1(0)δnʹ+m.

Hence the above expression becomes

=i �
nʹ∈ℤd

�
m∈ℤd

R̂(nʹ)(σj(t ,x ,η)−σj−nʹ(t ,x ,η))Ej−nʹ(η)−Ej−nʹ−m(η)+ iθ
δnʹ+m.

Assuming R̂(nʹ)= R̂(−nʹ), ∀nʹ ∈ℤd, this is

=−i �
nʹ∈ℤd

R̂(nʹ)(σj+nʹ(t ,x ,η)−σj(t ,x ,η))Ej+nʹ(η)−Ej(η)+ iθ
.

This concludes the computation. □
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Chapter 4
The non-resonant observables case
This Chapter will make precise the intuition gained from the previous heuristic
argument, that for the non-problematic momenta, free transport holds in the weak
coupling limit. This will be the content of Theorem 4.10. We will use the so-called
Wigner series, which was originally introduced in [MMP94] in order to derive New-
tonian equations, in the semiclassical scaling limit, from the Schrödinger equation
with a fixed periodic potential. Finally, in Subsection 4.4, we discuss how our problem
connects with the study of the long time behavior of the Schrödinger equation with
a fixed periodic potential.
Schrödinger operators with periodic potentials are common in solid state physics.

We refer the reader to Chapter 16 of [RS78] for an introduction to the functional
analysis of such operators. Key roles are played by the Bloch–Floquet–Zak trans-
form and the classical Bloch–Floquet transform introduced in Section 2. These tools
have been previously used to study semiclassical scaling limits for Schrödinger equa-
tions with periodic potentials in [MMP94] and [GMMP98]. In this section we adapt
these tools to the study of the weak coupling limit, and prove that for momenta
not associated to energy band crossings of the Laplacian, one has free transport in
the limit.
The contents of this chapter form the core of the preprint [San6+] currently in

preparation.

4.1 Summary of the section
Let C := �− 1

2 ,
1
2�d,B=�− 1

2 ,
1
2�d, as in the previous section. Let V be a real valued ℤd-

periodic potential with the properties

V ∈L∞(ℝd), V (x +n)=V (x), ∀n∈ℤd. (4.1)

Let ε ∈ (0, 1],λ∈ [0, 1], and define the Hamiltonian H ε ,λ as follows

H ε ,λ :=−ε2Δx +λV�xε�.

Consider φλ satisfying the Schrödinger equation with H 1,λ:

i∂tφλ(t ,x)=H 1,λφλ(t ,x), φ0,ε
λ (x)=ψε(εx), (4.2)

where ψε(x) is an ε-oscillatory family of initial data satisfying (3.5)- (3.7) as intro-
duced in the previous section.
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One can compute that the rescaled wavefunction φε
λ(t ,x) :=φλ� t

ε ,
x
ε � satisfies

iε∂tφε
λ(t ,x)=−ε2Δxφε

λ(t ,x)+λV�xε�φε
λ(t ,x)=H ε ,λφε

λ(t ,x) (4.3)

with initial data
φε ,0(x)=ψε(x). (4.4)

Recall the definition of the Bloch–Floquet transform 𝒰cl (Definition 2.4). One can
prove the following

Proposition 4.1. Assume V satisfies (4.1). Let θ ∈B and let Hcl
0(θ) be the operator −Δ

on L2(C;ℂ) with the boundary conditions

φ(x +n)= e 2πin⋅θφ(x), ∂φ
∂xl

(x +n)= e 2πin⋅θ ∂φ
∂xl

(x), l ∈ {1, . . . ,d} (4.5)
Then

𝒰clH 1,λ𝒰cl
−1=�

B
dθHcl

1,λ(θ) (4.6)
where

Hcl
1,λ(θ)=Hcl

0(θ)+λV

This is Theorem X111.97 from [RS78].
Since 𝒰cl is unitary, the formula (4.6) says one can obtain spectral information of

H 1,λ by integrating spectral information of H 1,λ(θ) over the Brillouin zone.
From Theorem X111.98 in [RS78] (see also [Wil78] and [Gér90]), one has the fol-

lowing properties for the eigenfunctions and eigenvalues of H 1,λ(θ):

1. For each θ ∈ B,H 1,λ(θ) has a complete set of measurable eigenfunctions
{Ψm

λ(x , θ)}m∈ℕ with associated eigenvalues Em
λ(θ). For each θ ∈ B, Ψm

λ(x , θ)
are orthonormed in Lx2(C;ℂ).

2. One can label the eigenvalues in increasing order, so one has

0�E1
λ(θ)�E2

λ(θ)� ⋅ ⋅ ⋅�Em
λ(θ)� ⋅ ⋅ ⋅, ∀θ ∈B,

and moreover Em
λ(θ)→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →

m→∞
∞. With this labeling, for each m∈ℕ,Em

λ is Lip-
schitz continuous. Clearly, the Em

λ are ℤd-periodic since they are eigenvalues
of a ℤd-periodic H 1,λ(θ), as a consequence of equation (4.5).

3. There exists a set of zero measure F0λ such that Em
λ are analytic on B\F0λ.

The function θ→En
λ(θ) is called the nth-Bloch band for the HamiltonianH 1,λ(θ), and

Ψn
λ(x ,θ) is called the nth-Bloch function. The eigenfunctions of H ε ,λ can be obtained

by rescaling the eigenfunctions of H 1,λ, as in the following

Lemma 4.2. Define the rescaled Bloch function

Ψm
ε ,λ(x ,θ) := ε−d/2Ψm

λ�xε ,θ�, x ∈ℝd,θ ∈B. (4.7)
One has that

H ε ,λΨm
ε ,λ(x ,θ)=Em

λ(θ)Ψm
ε ,λ(x ,θ), (4.8)
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and for any x ∈ℝd,n∈ℤd, l ∈ {1, . . . ,d}

Ψm
ε ,λ(x + εn,θ)= e 2πin⋅θΨm

ε ,λ(x ,θ), (4.9)

∂Ψm
ε ,λ

∂xl
(x + εn,θ)= e 2πin⋅θ ∂Ψm

ε ,λ

∂xl
(x ,θ). (4.10)

The proof is postponed to Subsection 4.3. One has that the rescaled Bloch func-
tions are orthonormal in Lx2(εC; ℂ). Using these eigenfunctions, one can define the
so-called band-spaces:

Definition 4.3. Let m∈ℕ. The m th-band space Sm
ε ,λ is defined to be

Sm
ε ,λ :=�f (x)∈L2(ℝd;ℂ): f (x)=�

B
σ(θ)Ψm

ε ,λ(x ,θ)dθ :σ ∈L2(B)� (4.11)

This is a subset of L2(ℝd; ℂ) which is invariant under the action of H ε ,λ. Further-
more, Sm1

ε ,λ⊥Sm2
ε ,λ form1≠m2 (see Proposition 4.20 and Lemma 4.21 for the details). Let

us denote the orthogonal projection onto this subspace by

Πm
ε ,λ:L2(ℝd;ℂ)→Sm

ε ,λ

The action of the Hamiltonian in the subspaces Smε ,λ is described by the following

Lemma 4.4. Let ψ ∈Smε ,λ. Then

(H ε ,λψ)(x)= �
n∈ℤd

ℰm
λ (n)ψ(x + εn),

where ℰm
λ (n) are the Fourier coefficients of Em

λ .

The proof is postponed to Subsection 4.3. This allows one to decompose the solu-
tion φε

λ to the rescaled Schrödinger equation (4.3) into a countable family of functions
{φm

ε ,λ}m∈ℕ, one in each band space. Each φm
ε ,λ satisfies

iε∂tφm
ε ,λ(t ,x)=−ε2Δxφm

ε ,λ(t ,x)+λV�xε�φm
ε ,λ(t ,x)=H ε ,λφm

ε ,λ(t ,x)

with initial conditions
φm
ε ,λ(0,x)=Πm

ε ,λψε(x). (4.12)

with ψε an ε-oscillatory family of initial data satisfying (3.5)-(3.4). The IVP for φm
ε ,λ

can, using Lemma 4.4, be rewritten as

iε∂tφm
ε ,λ(t ,x)= �

n∈ℤd

ℰm
λ (n)φm

ε ,λ(t ,x + εn), φm
ε ,λ(x , 0)=Πm

ε ,λψε(x). (4.13)

As in the previous section, it is convenient to work in phase space. Here, in order
to make use of the decomposition of the wavefunction, we work with the Wigner
series. Define for f ,g ∈𝒮(ℝd),x ∈ℝd,θ ∈B

wm
ε (f ,g)(x ,θ) := �

μ∈ℤd

f �x + ε
2μ�g�x − ε

2μ�e 2πiθ ⋅μ.
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And for t >0, we will study the m th-band Wigner function: for x ∈ℝd,θ ∈B, t >0,

wm
ε ,λ(t ,x ,θ) :=wm

ε (φm
ε ,λ,∗(t),φm

ε ,λ(t))(x ,θ).

The initial condition for m th band Wigner functions is obtained by replacing φm
ε ,λ(t)

by the initial wave functions φm
ε ,γ(0,x) from expression (4.12).

Remark 4.5. Recall that the usual rescaled Wigner transform (3.9) is defined in
terms of the wavefunction φλ. Equivalently, one could define it in terms of the
rescaled wavefunction as follows

W ε(t ,x ,k) :=�
ℝd
dye 2πik⋅yφε

λ�t ,x − εy
2 �φε

λ,∗�t ,x + εy
2 �

and rescaling the initial conditions appropriately. Here the rescaled Wigner series
is defined in terms of projections of the rescaled wavefunction, but this could also
have been done using the non-rescaled wavefunction.

Remark 4.6. One has the following connection of the Wigner series to the usual
Wigner transform: Define for f ,g ∈L2(ℝd),x ,k ∈ℝd,

W ε(f ,g)(x ,k)=�
ℝd
dμf �x + ε

2μ�g�x − ε
2μ�e 2πik⋅μ.

Then
wm

ε (f ,g)(x ,θ)= �
μ ʹ∈ℤd

W ε(f ,g)(x ,θ +μʹ).

We give a proof in Lemma 4.22 when f ,g ∈𝒮(ℝd).

Remark 4.7. One could also ask about the limit of the Wigner series with argu-
ments from different band spaces S ε ,λ. For instance, why not consider

ws,ml
ε ,λ (t ,x ,θ) := �

μ∈ℤd

φm
ε ,λ,∗�t ,x + ε

2μ�φl
ε ,λ�t ,x − ε

2μ�e 2πiθ ⋅μ ?

The reason is that the limit for these objects for ε→0 is 0 in 𝒟ʹ. This assertion
is proved in Lemma 4.13 in [GMMP98]. We discuss this after the proof of The-
orem 4.10, where the underlying mechanism becomes more transparent in light of
the preceding argument.

Next, we define the Banach space

ℬ :={{{{{{{{{{{{{{{{{{{{φ(x ,θ)= �
μ∈ℤd

ℱkφ(x ,μ)e 2πiμ⋅θ:ℱθφ ∈ l 1(ℤd;C0(ℝx
d))}}}}}}}}}}}}}}}}}}}},

equipped with the norm
‖φ‖ℬ := �

μ∈ℤd

‖ℱθφ(⋅,μ)‖L∞(ℝx
d).

This is actually a Banach algebra. It is useful to consider this space, as a consequence
of the following Lemma, which says that the rescaled band Wigner functions are
uniformly bounded in the dual of ℬ.

68 THE NON-RESONANT OBSERVABLES CASE



Lemma 4.8. Assume (4.12) holds. One then has the following uniform bound for wm
ε ,λ:

for all m∈ℕ, t �0
�wm

ε ,λ(t)�ℬ∗�D.

The proof is postponed to Subsection 4.3. The above bound is analogous to Propo-
sition III.1 in [LP93].
Finally, consider the following transport equation: Let Ω ⊂B open. For x , v ∈ℝd,

θ ∈Ω, t ∈ℝ+ consider

∂tf (t ,x ,θ)+v⋅∇xf (t ,x ,θ)=0, f (0,x ,θ)= f0(x ,θ). (4.14)

Definition 4.9. A function f ∈Dperʹ ([0,∞)×ℝx
d×Ω) is a distributional solution of (4.14)

with initial condition f0 if for any ϕ ∈Cc
∞([0,∞)×ℝx

d ×Ω) one has that

�
[0,∞)×ℝx

d×Ω
dxdθdtf (t ,x ,θ)∂tφ(t ,x ,θ)+�

ℝx
d×Ω

dxdθf0(x ,θ)ϕ(0,x ,θ)

+�
0

∞
dt�

ℝd×Ω
dxdθf (t ,x ,θ)v⋅∇xϕ(t ,x ,θ)=0.

Finally recall that F00 is the zero measure set where the Em
0 (θ) are not analytic.

We can now state our main result, which is the following

Theorem 4.10. Let assumptions (4.1) and (4.12) hold and let ε ∈ (0, 1] be a sequence
with limit zero. Let λ= ε1/2. Then one has that

wI ,m
ε ,λ ⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀ ⇀

∗,ε→0
wI ,m�0, inℬ∗, ∀m∈ℕ,

wm
ε ,λ⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀⇀ ⇀

∗,ε→0
wm�0, inL∞(ℝ+;ℬ∗), ∀m∈ℕ.

For anym∈ℕ, the limit wm=wm(t,x ,θ) is the unique distributional solution in Dperʹ ([0,
∞)×ℝx

d ×(B̄−F00)) in the sense of Definition 4.9, of the initial value problem

∂twm(t ,x ,θ)+
1
2π∇θEm

0 (θ)⋅∇xwm(t ,x ,θ)=0, wm(0,x ,θ)=wI ,m(x ,θ), (4.15)

and such that wm is ℤd-periodic in θ.

The proof of this is the content of Section 4.2.

Remark 4.11. Em
0 (θ) are the ordered Bloch bands from the operator Hcl

0(θ), for
which one can explicitly characterize the countable family of eigenfunctions (as we
did in the previous Section when constructing Qmn), which are just the plane waves:
for m∈ℤd,θ ∈B

Ψm
0(x ,θ)= e 2πi(θ+m)⋅x

which clearly form a complete orthonormal family in L2(C), with associated eigen-
values Em

0 (θ)=4π 2|θ +m|2. Undoing the relabelling, one has that

∂twm(t ,x ,θ)+4π(θ +m)⋅∇xwm(t ,x ,θ)=0,
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for any momenta θ , for which there do not exist n≠nʹ∈ℤd:En(θ)=Enʹ(θ). This is thus
a rigorous statement summarizing the discussion following equation (3.19) from the
previous Section. In the next chapter, we will introduce yet another phase space
object related to theWigner transform, for which one can view the problem of limits
at energy band crossings as a problem of regularity of a different phase space object
we will introduce.

Remark 4.12. In the article [MMP94] (on which this Subsection is primarily based),
one has a fixed λ, and in the limit equation (4.15), one has ∇kEm

λ(θ) in place of ∇kEm
0 (θ).

The corresponding equations are known as semiclassical equations, since quantum
effects disappear in this limit, leaving a family of decoupled transport equations in
each band, with no possibility of tunneling from one band to another.
Furthermore, for certain families of mixed states, one can show uniform bounds for

the initial rescaledWigner series in Lx ,k2 (ℝd×B), and for their evolutions in L∞([0,T ];
Lx ,k2 (ℝd ×B)). In this case, one can prove weak convergence of the rescaled Wigner
series to the transport equation (4.15) in L2, for test functions with support including
the momenta associated to band crossings. Note that the result does not allow us
to handle a general ε-oscillatory family of initial conditions such as theWKB family.
For fixed λ, under the assumption that one can obtain a mixture of states within a

single band space Smε ,λ, and that there are no energy band crossings associated to Em

(uniformly in ε) one can also prove convergence of the rescaled Wigner transform
associated to the wavefunction in the band. We remark that our mixture of states
from Example 2.8 does not automatically satisfy this requirement, since it does not
automatically lie in a single band space.
The analysis of Schrödinger operators in regimes where the band gap shrinks

in the scaling limit at rate ε1/2 is subtle, which is the case in the weak-coupling
regime. Using semiclassical tools similar to those presented here, transitions known
as Landau–Zener transitions have been shown in some toy models, for instance
in [CG02]. See [PST03] for the situation where the authors analyse band crossings
in the semiclassical limit for a finite number of bands that, for fixed λ, remain uni-
formly in-ε separated from all other bands.
In the article [MMP94], the authors also prove convergence of the charge density,

current density and energy density under further assumptions. Such results could
potentially also be derived in the weak coupling regime using the ideas presented
here, but we do not pursue this here.
A different perspective of the results of [MMP94] can be found in [GMMP98], where

certain other potentials are also treated, using Wigner measures and microlocal
analysis.

4.2 Proof of Theorem 4.10

Although the Wigner series need not be positive, its limits always are, as stated by
the following
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Lemma 4.13. Let wI ,m,wm be accumulation points of wI ,m
ε ,λ and wm

ε ,λ in the ℬ∗ and
L∞((0,∞);ℬ∗) topologies respectively. Then

wI ,m�0onℝd ×B, wm�0onℝd ×B×(0,∞),
in the sense of measures.

The proofs are the content of Lemmas 4.2, 4.3 and 4.4 in [MMP94].
Consider the time evolution of the band Wigner functions given by the following

Lemma 4.14. The m th-rescaled band Wigner function wm
ε ,λ solves

∂twm
ε ,λ(t ,x ,θ)+ i�

n∈ℤd

ℰm
λ (n)[[[[[[[[[[wm

ε ,λ(t ,x + ε
2n,θ)−wm

ε ,λ(t ,x − ε
2n,θ)

ε ]]]]]]]]]]e 2πiθ ⋅n=0 (4.16)

Proof. We compute

∂twm
ε ,λ(t ,x ,θ)= �

μ∈ℤd

∂t�φm
ε ,λ,∗�t ,x + ε

2μ�φm
ε ,λ�t ,x − ε

2μ��e 2πiθ ⋅μ.

By using the chain rule and equation (4.13), this is

=�
μ∈ℤd

∂tφm
ε ,λ,∗�t ,x + ε

2μ�φm
α ,λ�t ,x − ε

2μ�e 2πiθ ⋅μ

+�
μ∈ℤd

φm
ε ,λ,∗�t ,x + ε

2μ�∂tφm
ε ,λ�t ,x − ε

2μ�e 2πiθ ⋅μ

= iε �
μ∈ℤd

((((((((((�
n∈ℤd

ℰm
λ (n)φm

ε ,λ,∗�t ,x + ε
2μ+ εn�))))))))))φm

ε ,λ�t ,x − ε
2μ�e 2πiθ ⋅μ

− iε �
μ∈ℤd

φm
ε ,∗�t ,x + ε

2μ�((((((((((�
n∈ℤd

ℰm
λ (n)φm

ε ,λ�t ,x − ε
2μ+ εn�))))))))))e 2πiθ ⋅μ.

Exchanging sums and changing variables to μ=μʹ −n in the first sum and μ=μʹ +n in
the second sum respectively, this is

= iε �
n∈ℤd

ℰm
λ (n) �

μ ʹ∈ℤd

φm
ε ,λ,∗�t ,x + ε

2μʹ +
ε
2n�φm

ε ,λ�t ,x − ε
2μʹ +

ε
2n�e 2πiθ ⋅(μ ʹ−n)

− iε �
n∈ℤd

ℰm
λ (n) �

μ ʹ∈ℤd

φm
ε ,λ,∗�t ,x + ε

2μʹ +
ε
2n�φm

ε ,λ�t ,x − ε
2μʹ +

ε
2n�e 2πiθ ⋅(μ ʹ+n).

Using the definition of the Wigner series and regrouping, this is

= iε �
n∈ℤd

ℰm
λ (n)wm

ε ,λ�t ,x + ε
2n,θ�e−2πiθ ⋅n− i

ε �
n∈ℤd

ℰm
λ (n)wm

ε ,λ�t ,x + ε
2n,θ�e 2πiθ ⋅n

= iε �
n∈ℤd

�ℰm
λ (−n)wm

ε ,λ�t ,x − ε
2n,θ�−ℰm

λ (n)wm
ε ,λ�t ,x + ε

2n,θ��e 2πiθ ⋅n.
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Since we are working with real potentials, one has that ℰm
λ (−n)=ℰm

λ (n) so this is

=i�
n∈ℤd

ℰm
λ (n)[[[[[[[[[[wm

ε ,λ(t ,x − ε
2n,θ)−wm

ε ,λ(t ,x + ε
2n,θ)

ε ]]]]]]]]]]e 2πiθ ⋅n.

Hence we arrive at equation (4.16). □

Before we prove Theorem 4.10, we need one more ingredient, which is a conti-
nuity property of the energy bands with respect to the potential.

Lemma 4.15. One has the following continuity property for the energy bands. For two
potentials V ,V ʹ and m∈ℕ

sup
θ∈B

|Em
V(θ)−Em

V ʹ(θ)|� ‖V −V ʹ‖L∞(ℝd) (4.17)
and

sup
n∈ℤd

|ℰm
V(n)−ℰm

V ʹ(n)|� ‖V −V ʹ‖L∞(ℝd) (4.18)

Proof. Denote by HV(θ) and HV ʹ(θ) the fibered operators associated to V and V ʹ
respectively. The proof relies on the min-max theorem, which states that

Em
V(θ)= min

S⊂L2(C):dimS=m
max

ψ∈S :‖ψ‖L2=1
⟨ψ ,HV(θ)ψ ⟩.

Fix S anym-dimensional subspace of L2(C). One has that for any ψ ∈S, sinceHV(θ)−
HV ʹ(θ)=V −V ʹ, that

⟨ψ ,HV(θ)ψ ⟩= ⟨ψ ,HV ʹ(θ)ψ ⟩+ ⟨ψ ,(V −V ʹ)ψ ⟩.

Maximizing over unit norm functions in S and minimizing over all possible sub-
spaces S,

Em
V(θ)�Em

V ʹ(θ)+ ‖V −V ʹ‖L∞(ℝd).

This proves (4.17). Reversing the roles of V and V ʹ, we conclude, since the bound is
uniform in k. Taking the Fourier series, one has that

ℰm
V(n)−ℰm

V ʹ(n)=�
B
dθe−2πin⋅θ(Em

V(θ)−Em
V ʹ(θ)).

Using (4.17) one has (4.18). □

Corollary 4.16. Let χ be a smooth function bounded by 1, and periodic in B. One has
that

sup
θ∈B

�Em
V(θ)χm(θ)−Em

V ʹ(θ)χm(θ)�� ‖V −V ʹ‖L∞(ℝd), (4.19)

and for ℰm
V ,ℰm

V ʹ the Fourier coefficients associated to Em
Vχ and Em

V ʹχ respectively,

sup
n∈ℤd

�ℰm
V(n)−ℰm

V ʹ(n)�� ‖V −V ʹ‖L∞(ℝd). (4.20)
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Proof. This is trivial using Lemma 4.15 since

sup
θ∈B

�Em
V(θ)χm(θ)−Em

V ʹ(θ)χm(θ)�� sup
k∈B

|Em
V(θ)−Em

V ʹ(θ)|sup
k∈B

|χ(k)|,

and likewise, since

ℰm
V(n)−ℰm

V ʹ(n)=�
B
dθe−2πin⋅θ(Em

V(θ)−Em
V ʹ(θ))χ(θ),

one has by Lemma 4.15,

sup
n∈ℤd

�ℰm
V(n)−ℰm

V ʹ(n)�� ‖V −V ʹ‖L∞(ℝd). □

Proof. (of Theorem 4.10) For any subsequence εj→0, as a consequence of Lemma 4.8
one has a further subsequence that converges. As a consequence of Lemma 4.13, one
has that the limit is positive. If we can show the limit always satisfies equation (4.15),
then as a consequence of uniqueness of distributional solutions to this equation,
we have that the entire sequence converges to a solution of (4.15), thus proving the
Theorem. We are thus lest with showing that any limit must satisfy equation (4.15).
Multiplying equation (4.16) by a real test function φ(t ,x ,k) that is ℤd-periodic in

k and whose Fourier transform is in Cc
∞([0,∞)×ℝx

d ×(B̄−F0)) we get that

�
[0,∞)×ℝx

d×(B̄−F00)
dtdxdθ∂twm

ε ,λ(x ,k, t)φ(x ,k, t)

+i�
[0,∞)×ℝx

d×(B̄−F00)
dtdxdkθ

�
n∈ℤd

ℰm
λ (n)[[[[[[[[[[wm

ε ,λ(t ,x + ε
2n,θ)−wm

ε ,λ(t ,x − ε
2n,θ)

ε ]]]]]]]]]]e 2πiθ ⋅nφ(t ,x ,θ)=0.

Integrating the first term by parts in time, one gets that

0=�
[0,∞)×ℝx

d×(B̄−F00)
dtdxdθwm

ε ,λ(t ,x ,θ)∂tφ(t ,x ,θ)

+�
ℝx
d×(B̄−F00)

dxdθwI ,m
ε ,λ(x ,θ)φ(0,x ,θ)

−i�
[0,∞)×ℝx

d×(B̄−F00)
dtdxdθφ(t ,x ,θ)

�
n∈ℤd

ℰm
λ (n)[[[[[[[[[[wm

ε ,λ(t ,x + ε
2n,θ)−wm

ε ,λ(t ,x − ε
2n,θ)

ε ]]]]]]]]]]e 2πiθ ⋅n.

Now, Plancherel's formula says that for φ real

�
ℝx
d
f �x − ε

2n�φ(x)dx =�
ℝd
τ εn

2
f (x)φ ∗(x)dx

=�
ℝd
ℱxτ εn

2
f (ξ)(ℱxφ)∗(ξ)dξ =�

ℝd
e−2πi εn2 ⋅ξℱxf (ξ)(ℱxφ)∗(ξ)dξ .
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The third expression is thus

=i�
[0,∞)×ℝx

d×(B̄−F00)
dtdxdθℱxwm

ε ,λ(t , ξ ,θ)(ℱxφ)∗(t , ξ ,θ)

�
n∈ℤd

ℰm
λ (n)

�e 2πi�θ− εξ
2 �⋅n− e 2πi�θ+ εξ

2 �⋅n�
ε

=−i�
[0,∞)×ℝx

d×(B̄−F00)
dtdxdkθℱxwm

ε ,λ(t , ξ ,θ)(ℱxφ)∗(t , ξ ,θ)

�Em
λ�θ + εξ

2 �−Em
λ�θ − εξ

2 ��
ε .

Using the fact that φ has compact support, we know there exists a φ dependent open
set G0 on which φ is zero such that G0 contains the zero measure set F00 where the
band Em

0 is not analytic. Let H0 be an open set such that G0⊃−−? H0⊃−−? F00 and let χ be a
smooth function such that

χ ={{{{{{{{{{{{{{{{ 1 on B̄\G0,
0 inH0,

and set
Em
λ(θ) :=Em

λ(θ)χ(θ).

Then, since modifying the energy band on the set where the test function is zero
does not change the expression, the above term is

=�
[0,∞)×ℝx

d×(B̄−F00)
dtdξdθℱxwm

ε ,λ(t , ξ ,θ)(ℱxΘm
ε ,λ)∗(t , ξ ,θ),

where

(ℱxΘm
ε ,λ)(t , ξ ,θ)= i

�Em
λ�θ + εξ

2 �−Em
λ�θ − εξ

2 ��
ε ℱxφ(t , ξ ,θ).

We need to show that

Θm
ε ,λ→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →

λ=ε 1/2,ε→0 1
2π∇θEm

0 ⋅∇xφ inL1((0,∞);ℬ)

where Em
0 (θ) :=Em

0 (θ)χ(θ). Hence, we estimate

�
0

∞
dt�Θm

ε ,λ− 1
2π∇θEm

0 ⋅∇xφ�
ℬ

=�
0

∞
dt �

μ∈ℤd

�ℱθΘm
ε ,λ(t , ⋅,μ)− 1

2πℱθ(∇θEm
0 ⋅∇xφ)(t , ⋅,μ)�

L∞(ℝx
d)

��
0

∞
dt �

μ∈ℤd

�ℱx
−1ℱθΘm

ε ,λ(t , ⋅,μ)− 1
2πℱx

−1ℱθ(∇θEm
0 ⋅∇xφ)(t ,⋅,μ)�

L1(ℝξ
d)
.

We first compute for ξ ∈ℝd,μ∈ℤd

1
2πℱx

−1ℱθ(∇θEm
0 ⋅∇xφ)(t , ξ ,μ)=

1
2π�

j=1

d

ℱx
−1ℱθ(∂θjEm

0∂xjφ)(t , ξ ,μ)

= 1
2π�

j=1

d

(ℱθ(∂θjEm
0 ) ∗ℱx

−1ℱθ(∂xjφ))(t , ξ ,μ)

74 THE NON-RESONANT OBSERVABLES CASE



we have that ℱθ(∂θjEm
0 )(μ)=∫Bdθe

−2πiθ ⋅μ∂θjEm
0 (θ)=2πiμjℰm

0 (μ) so this is

=�
j=1

d

�
μ ʹ∈ℤd

iμ j́ℰm
0 (μʹ)ℱx

−1ℱθ(∂xjφ)(t , ξ ,μ−μʹ)

Now ℱx
−1ℱθ(∂xjφ)(ξ ,μ)=∫ℝddxe 2πiξ ⋅x∂xjℱθφ(x ,μ)=−2πiξjℱxℱθφ(−ξ ,μ) so this is

=2π�
j=1

d

�
μ ʹ∈ℤd

ξjμ j́ℰm
0 (μʹ)ℱxℱθφ(t , −ξ ,μ−μʹ)

=2π �
μ ʹ∈ℤd

ξ ⋅μʹℰm
0 (μʹ)ℱxℱθφ(t , −ξ ,μ−μʹ).

On the other hand
ℱx

−1ℱθΘm
ε ,λ(t , ξ ,μ)=ℱθℱxΘm

ε ,λ(t , −ξ ,μ)

=ℱθ((((((((((((i
Em
λ�θ − εξ

2 �−�Em
λ�θ + εξ

2 ��
ε φ̂(t , −ξ ,θ)))))))))))))

= iε�ℱθ��τ εξ
2
Em
λ�φ̂�−ℱθ��τ− εξ

2
Em
λ�φ̂��(t , −ξ ,μ)

=i((((((((((((((
((
(
(�
μ ʹ∈ℤd

�e−2πi εξ2 ⋅μ ʹ− e 2πi εξ2 ⋅μ ʹ�
ε ℰm

λ (μʹ)ℱθφ̂(t , −ξ ,μ−μʹ)))))))))))))))
))
)
)

=−i �
μ ʹ∈ℤd

ℰm
λ (μʹ)ℱθφ̂(−ξ ,μ−μʹ)((((((((e

πiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε )))))))).
Hence

�
0

∞
dt�Θm

ε ,λ−∇θEm
0 ⋅∇xφ�ℬ

��
0

∞
dt �

μ∈ℤd

�
μ ʹ∈ℤd

�
ℝd
dξ |ℱkφ̂(−ξ ,μ−μʹ, t)|

|||||||||||||||−iℰm
λ (μʹ)(((((((( eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε ))))))))−2πℰm
0 (μʹ)ξ ⋅μʹ|||||||||||||||.

We have that

|||||||||||||||−iℰm
λ (μʹ)(((((((( eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε ))))))))−2πℰm
0 (μʹ)ξ ⋅μʹ|||||||||||||||

=|||||||||||||||2πiℰm
0 (μʹ)ξ ⋅μʹ −ℰm

λ (μʹ)(((((((( eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε ))))))))|||||||||||||||.
Adding and subtracting 2πiℰm

λ (μʹ)ξ ⋅μʹ inside the absolute value, and using the tri-
angle inequality, this is

��ℰm
λ (μʹ)�|||||||||||||||((((((((2πiξ ⋅μʹ −(((((((( eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε ))))))))))))))))|||||||||||||||+2π �ℰm
λ (μʹ)−ℰm

0 (μʹ)�|ξ ⋅μʹ|.
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Since we set λ= ε1/2, �ℰm
λ (μʹ)−ℰm

0 (μʹ)�→→→→→→→→→→→→→→→→→→→→
ε→0

0 by Corollary 4.16 and

|||||||||||||||((((((((2πiξ ⋅μʹ −(((((((( eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε ))))))))))))))))|||||||||||||||=o(ε),
we can conclude if we can find a way to justify using the dominated convergence
theorem. We first consider

�
0

∞
dt �

μ∈ℤd

�
μ ʹ∈ℤd

�
ℝ3
dξ |ℱθφ̂(−ξ ,μ−μʹ, t)|�ℰm

λ (μʹ)�

|||||||||||||||((((((((2πiξ ⋅μʹ −(((((((( eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε ))))))))))))))))|||||||||||||||.
Now, since � eπiεξ ⋅μ ʹ− e−πiεξ ⋅μ ʹ

ε �= 2i sin(πεξ ⋅μ ʹ)
ε and sin(x)� |x |, this is

�4π �
μ ʹ∈ℤd

�ℰm
λ (μʹ)�|μʹ|�

0

∞
dt �

μ∈ℤd

�
ℝd
dξ |ℱθφ̂(−ξ ,μ−μʹ, t)||ξ |

=4π �
μ ʹ∈ℤd

�ℰm
λ (μʹ)�|μʹ|((((((((((((�

0

∞
dt �

μ∈ℤd

�
ℝd
dξ |ℱθφ̂(−ξ ,μ, t)||ξ |))))))))))))

<∼ �
μ ʹ∈ℤd

|ℰm
0 (μʹ)||μʹ|((((((((((((�

0

∞
dt �

μ∈ℤd

�
ℝd
dξ |ℱθφ̂(−ξ ,μ, t)||ξ |))))))))))))<∞,

for λ= ε1/2 small enough, due to the smoothness of the modified energy bands and
the test function. The final bound is uniform in ε. Hence dominated convergence
can be used. Similarly, for the second term, one has for λ small enough that by
Corollary 4.16

�
0

∞
dt �

μ∈ℤd

�
μ ʹ∈ℤd

�
ℝd
dξ |ℱθφ̂(−ξ ,μ−μʹ, t)|2π �ℰm

λ (μʹ)−ℰm
0 (μʹ)�|ξ ⋅μʹ|

<∼ �
μ ʹ∈ℤd

|ℰm
0 (μʹ)||μʹ|((((((((((((�

0

∞
dt �

μ∈ℤd

�
ℝd
dξ |ℱkφ̂(−ξ ,μ, t)||ξ |))))))))))))<∞,

and also for this term dominated convergence can be used. This concludes the
proof. □

Remark 4.17. If one had worked with ws,ml
ε ,λ (t ,x , θ)=ws

ε(φm
ε ,λ,φl

ε ,λ)(t ,x , θ) as intro-
duced in Remark 4.7, the evolution equation one would need to use would be different,
and one would have

∂tws,ml
ε ,λ (t ,x ,θ)= i�

n∈ℤd

[ℰm
γ (n)ws,ml

ε ,λ (t ,x − ε
2n,θ)−ℰl

γ(n)ws,ml
ε ,λ (t ,x + ε

2n,θ)]
ε e 2πiθ ⋅n

=i�
n∈ℤd

ℰm
γ (n)

[ws,ml
ε ,λ (t ,x − ε

2n,θ)−ws,ml
ε ,λ (t ,x + ε

2n,θ)]
ε e 2πiθ ⋅n

+i�
n∈ℤd

ws,ml
ε ,λ �t ,x + ε

2n,θ�[ℰm
γ (n)−ℰl

γ(n)]
ε e 2πiθ ⋅n.
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The second term can be approximated as

≈iws,ml
ε ,λ (t ,x ,θ)�

n∈ℤd

[ℰm
γ (n)−ℰl

γ(n)]
ε e 2πiθ ⋅n= iws,ml

ε ,λ (t ,x ,θ)[Em(θ)−El(θ)]
ε .

Hence, overall one has the evolution

∂tws,ml
ε ,λ (t ,x ,θ)≈ iws,ml

ε ,λ (t ,x ,θ)[Em(θ)−El(θ)]
ε +Qs,ml

ε ws,ml
ε ,λ (t ,x ,θ),

where

Qs,ml
ε ws,ml

ε ,λ (t ,x ,θ)= i�
n∈ℤd

ℰm
γ (n)

[ws,ml
ε ,λ (t ,x − ε

2n,θ)−ws,ml
ε ,λ (t ,x + ε

2n,θ)]
ε e 2πiθ ⋅n.

Treating the Qs,ml
ε ws,ml

ε ,λ (t ,x ,θ), one can use the Duhamel principle to write

ws,ml
ε ,λ (t ,x ,θ)= e i

[Em(θ)−El(θ)]
ε tws,ml

ε ,λ (0,x ,θ)+�
0

t
e i

[Em(θ)−El(θ)]
ε (t−s)Qs,ml

ε ws,ml
ε ,λ (s,x ,θ).

Away from band crossings, the term e i
[Em(θ)−El(θ)]

ε t is like e i
c
ε t for some c, and produces

oscillations that average to 0, yielding trivial limits for ws,ml
ε ,λ tested against some

nice test function φ. This can be shown for the first term for instance using the Rie-
mann–Lebesgue lemma. We omit the details here, and refer the reader to [GMMP98],
in particular to Lemma 4.13 for the details of an equivalent approach.

4.3 Proof of minor lemmas
Proof. (of Lemma 4.2) We compute

H ε ,λΨm
ε ,λ(x ,θ)= ε−d/2H ε ,λΨm

λ�xε ,θ�= ε−d/2�−ε2Δx +λV�xε��Ψm
λ�xε ,θ�

=ε−d/2�−ΔxΨm
λ�xε ,θ�+λV�xε�Ψm

λ�xε ,θ��

=ε−d/2Em
λ(θ)Ψm

λ�xε ,θ�=Em
λ(θ)Ψm

ε ,λ(x ,θ).

Next, we check that Ψm
ε ,λ satisfy the periodicity conditions:

Ψm
ε ,λ(x + εn,θ)= ε−d/2Ψm

λ�xε +n,θ�= e 2πin⋅θε−d/2Ψm
λ�xε ,θ�= e 2πin⋅θΨm

ε ,λ(x ,θ),
and

∂Ψm
ε ,λ

∂xl
(x + εn,θ)= ∂

∂xl
(Ψm

ε ,λ(x + εn,θ))= ε−d/2 ∂
∂xl

(Ψm
λ(y +n,θ)),

with y = x
ε . The chain rule says this is

=ε−(d+2)/2∂Ψm
λ

∂yl
(y +n,θ)= ε−(d+2)/2e 2πin⋅θ ∂Ψm

λ

∂yl
(y,θ)= e 2πin⋅θ ∂Ψm

ε ,λ

∂xl
(x ,θ). □
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To prove Lemma 4.4, it will be useful to have some machinery.

Definition 4.18. For ψ ∈𝒮(ℝd; ℂ), ε ∈ (0, 1], λ ∈ [0, 1], θ ∈ B,m ∈ℕ define the Bloch
coefficients, for

ψ ε ,λ(θ ,m) :=�
ℝd
ψ(x)Ψm

ε ,λ,∗(x ,θ)dx

Remark 4.19. The above definition extends unitarily to L2(ℝd;ℂ).

Proposition 4.20. One has that for ε ∈ (0, 1],λ∈ [0, 1],

1. (Reconstruction) ψ(x)=∑m=1
∞ ∫Bdθψ

ε ,λ(θ ,m)Ψm
ε ,λ(x ,θ)

2. (norm preservation) ‖ψ ‖L2(ℝd)
2 =∑m=1

∞ ∫B �ψ ε ,λ(θ ,m)�2dθ

3. (eigenvalue property) For θ ∈B,m∈ℕ, H ε ,λψ(θ ,m)=Em
λ(θ)ψ ε ,λ(θ ,m)

4. (Plancherel) For ψ1,ψ2∈L2(ℝd) one has that

�
ℝd
dxψ1(x)ψ2

∗(x)=�
m=1

∞

�
B
dθψ1

ε ,λ(θ ,m)ψ2
ε ,λ∗(θ ,m)

Proof. The proof reduces to using properties of the classical Bloch–Floquet Zak
transform that were proved in Section 2.1.

1. We begin by considering𝒰clψ(θ ,x) introduced in Definition 2.9. Since Ψm
ε ,λ(x ,

θ) is a basis of L2(C;ℂ), we can write

𝒰clψ(θ ,x)= �
m∈ℕ

cm(θ)Ψm
ε ,λ(x ,θ)

where
cm(θ)=�

C
𝒰clψ(θ ,x)Ψm

ε ,λ,∗(x ,θ)dx

=�
C

�
n∈ℤd

e 2πiθ ⋅nψ(x −n)Ψm
ε ,λ,∗(x ,θ)dx .

Changing variables, this is

=�
n∈ℤd

�
C−n

dye 2πiθ ⋅nψ(y)Ψm
ε ,λ,∗(y +n,θ)dy

=�
n∈ℤd

�
C−n

dyψ(y)Ψm
ε ,λ,∗(y,θ)dy

=�
ℝd
dyψ(y)Ψm

ε ,λ,∗(y,θ)=ψ ε ,λ(θ ,m).

The claim follows from the inversion formula for 𝒰clψ :

ψ(x)=�
B
dθ𝒰clψ(θ ,x)=�

B
dθ �

m∈ℕ
cm(θ)Ψm

ε ,λ(x ,θ)

=�
B
dθ �

m∈ℕ
ψ ε ,λ(θ ,m)Ψm

ε ,λ(x ,θ)= �
m∈ℕ

�
B
dθψ ε ,λ(θ ,m)Ψm

ε ,λ(x ,θ).
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2. One has that

�
m=1

∞

�
B
�ψ ε ,λ(θ ,m)�2dk=�

m=1

∞

�
B
|cm(θ)|2dk.

On the other hand by the unitarity of 𝒰cl,

‖ψ ‖L2(ℝd)
2 =�

B
dθ�

C
dx𝒰clψ ∗(θ ,x)𝒰clψ(θ ,x)

=�
B
dθ�

C
dx �

m,mʹ∈ℕ
cm(θ)cm ʹ(θ)Ψm

ε ,λ,∗(x ,θ)Ψm ʹ
ε ,λ(x ,θ).

We conclude using Fubini's theorem and the orthonormality of the family
{Ψm

ε ,λ}m∈ℕ, since this is
=�

B
dθ �

m∈ℕ
|cm(θ)|2.

3. This follows from the self-adjointness of H ε ,λ and Lemma 4.2:

H ε ,λψ(θ ,m)= �Ψm
ε ,λ(θ),H ε ,λψ�= �H ε ,λΨm

ε ,λ(θ),ψ�=Em
λ(θ)�Ψm

ε ,λ(θ),ψ�

=Em
λ(θ)ψ ε ,λ(θ ,m).

4. Let 𝒰clψi(θ ,x)=∑m∈ℕ ci,m(θ)Ψm
ε ,λ(x ,θ) for i∈ {1,2}. One has by the unitarity

of the classical Bloch–Floquet transform that

⟨ψ1,ψ2⟩L2(ℝd)=�
B
dθ⟨𝒰clψ1(θ , ⋅),𝒰clψ2(θ , ⋅)⟩L2(C;ℂ).

We can conclude since

⟨𝒰clψ1(θ , ⋅),𝒰clψ2(θ , ⋅)⟩L2(C;ℂ)= �
m,n∈ℕ

c1,m(θ)c2,n∗ (θ)�
C
Ψm

ε ,λ(x ,θ)Ψn
ε ,λ(x ,θ)dx

= �
m∈ℕ

c1,m(θ)c2,m∗ (θ)=�
m=1

∞

ψ1
ε ,λ(θ ,m)ψ2

ε ,λ∗(θ ,m) □

Lemma 4.21. Consider Smε ,λ defined in equation (4.11). For m, l ∈ℕ, fm ∈ Smε ,λ, fl ∈ Sl
ε ,λ

one has that

�
ℝd
dxfm(x)fl∗(x)=δml.

Proof. One has that fm(x)=∫Bdθσm(θ)Ψm
ε ,λ(x ,θ). As a consequence of the first part

of the previous Proposition fm(x) = ∑n=1
∞ ∫Bdθ fm(θ , n)Ψn

ε ,λ(x , θ). Hence fm(θ , n) =
σn(θ)δnk. Similarly, fl(x)=∑n=1

∞ ∫Bdθ fl̃(θ ,n)Ψn
ε ,λ(x , θ)=∫Bdθσl(θ)Ψl

ε ,λ(x , θ). Hence
fl̃(θ ,n)=σn(θ)δln. One can conclude using part 4. of Proposition 4.20. □

Proof. (of Lemma 4.4) Since ψ ∈Smε ,λ one has that

ψ(x)= 1
|B|�B

dθψ ε ,λ(θ ,m)Ψm
ε ,λ(x ,θ)
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Then by the eigenvalue property 3 of Proposition 4.20, one has that

H ε ,λψ(x)=�
B
dθψ ε ,λ(θ ,m)H ε ,λΨm

ε ,λ(x ,θ)

=�
B
dkψ ε ,λ(θ ,m)Em

λ(θ)Ψm
ε ,λ(x ,θ).

Using the periodicity of the Bloch bands, one uses a Fourier series representation, to
rewrite this as

=�
B
dθ �

n∈ℤd

ℰm
λ (n)e 2πin⋅θψ ε ,λ(θ ,m)Ψm

ε ,λ(x ,θ).

By using Fubini's theorem and the quasiperiodicity of the eigenfunctions, this is

=�
n∈ℤd

ℰm
λ (n)�

B
dθψ ε ,λ(θ ,m)Ψm

ε ,λ(x + εn,θ)

=�
n∈ℤd

ℰm
λ (n)ψ(x + εn). □

Lemma 4.22. For f ,g ∈𝒮(ℝd),x ∈ℝd,θ ∈B

ws
ε(f ,g)(x ,θ)= �

γ∈ℤd

W ε(f ,g)(x ,θ +γ)

Proof. Defining Φx
ε(μ) := f (x + ε

2μ)g(x −
ε
2μ), one has that for any x ∈ℝd,Φx

ε ∈𝒮(ℝμ
d).

Hence, since W ε(f , g)(x , k) =Φx
ε(−k), one has that W ε(f , g)(x , ⋅) ∈𝒮(ℝk

d) for any
x ∈ℝd. Hence for any θ ∈�− 1

2 ,
1
2�d,ϕ(x ,θ) :=∑μ ʹ∈ℤdW ε(f ,g)(x ,θ +μʹ) is well-defined,

and is periodic in the k-variable. Taking the Fourier series, one has for ξ ∈ℤd

�
B
ϕ(x ,θ)e−2πiξ ⋅θdθ =�

B
dθ �

μ ʹ∈ℤd

W ε(f ,g)(x ,θ +μʹ)e−2πiξ ⋅θ

=�
B
dθ �

μ ʹ∈ℤd

W ε(f ,g)(x ,θ +μʹ)e−2πiξ ⋅(θ+μ ʹ)

=�
ℝd
W ε(f ,g)(x ,k)e−2πiξ ⋅kdk

=�
ℝd
dkΦx

ε(−k)e−2πik⋅ξ =�
ℝd
dkΦx

ε(k)e 2πik⋅ξ =Φx
ε(ξ).

On the other hand, taking the Fourier series of wm
ε (f ,g)(x ,θ) gives

�
B
wm

ε (f ,g)(x ,θ)e−2πiξ ⋅θdθ =�
B
dθ �

μ∈ℤd

Φx
ε(μ)e 2πiθ ⋅(μ−ξ)

=�
μ∈ℤd

Φx
ε(μ)�

B
dθe 2πiθ ⋅(μ−ξ)=Φx

ε(ξ).

This identity can be extended to less regular f ,g, see Remark 4.4 in [GMMP98]. □
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Proof. (of Lemma 4.8) One has that for φ ∈ℬ that

�
B
dθ�

ℝd
dxwm

ε ,λ(t ,x ,θ)φ(x ,θ)=�
B
dk�

ℝd
dx �

μ∈ℤd

zm
ε ,λ�t ,x + ε

2μ,x −
ε
2μ�φ(x ,k)e 2πiθ ⋅μ,

where
zm
ε ,λ�t ,x + ε

2μ,x − ε
2μ�=ψm

ε ,λ,∗�t ,x + ε
2μ�ψm

ε ,λ�t ,x − ε
2μ�.

Hence

�
B
dθ�

ℝd
dxwm

ε ,λ(t ,x ,θ)φ(x ,θ)=�
ℝd
dx �

μ∈ℤd

zm
ε ,λ�t ,x + ε

2μ,x − ε
2μ�ℱθφ(x , −μ).

Taking absolute values

��
B
dk�

ℝd
dxwm

ε ,λ(t ,x ,θ)φ(x ,θ)�� ‖φ‖ℬ sup
μ∈ℤd

�
ℝd
dx �zmε ,λ�t ,x +

ε
2μ,x − ε

2μ��.

Now
�
ℝd
dx �zmε ,λ�t ,x + ε

2μ,x − ε
2μ��= ��

ℝd
dxψm

ε ,λ,∗�t ,x + ε
2μ�ψm

ε ,λ�t ,x − ε
2μ��

��
ℝ3
dx �ψm

ε ,λ,∗�t ,x + ε
2μ�ψm

ε ,λ�t ,x − ε
2μ��

��τ− εμ
2
ψm

ε ,λ,∗(t)�L2(ℝd)�τ εμ
2
ψm

ε ,λ(t)�L2(ℝd)

=�ψm
ε ,λ,∗(t , ⋅)�L2(ℝd)

2 = �ψm
ε ,λ,∗(0, ⋅)�L2(ℝd)

2 ,

and this concludes the proof. □

4.4 A remark on long time behavior

We end this chapter with a brief remark on the long time behavior of Schrödinger
equations with periodic potentials. We begin with equation (4.2). Similar to expres-
sion (4.6), one can obtain a direct integral decomposition of H 1,λ using 𝒰BFZ instead
of 𝒰cl:

𝒰BFZH 1,λ𝒰BFZ
−1 =�

B
dθHBFZ

1,λ (θ)

One has that HBFZ
1,λ (θ)= (−i∇x +2πθ)⋅(−i∇x +2πθ)+V on L2(𝕋d). HBFZ

1,λ (θ) is unitarily
related toHcl

1,λ(θ) from (4.6) (the details can be found in Remark 1 of [MP14]). Hence
HBFZ

1,λ (θ) has a discrete spectrum, and we can write

HBFZ
1,λ (θ)=�

n=1

∞

En
λ(θ)Pnλ(θ)

where En
λ(θ) are the eigenvalues in non-decreasing order, as introduced at the start

of this section and Pnλ(θ) are the corresponding eigenprojections. Using the notation

xmψ(x)=(x1
mψ(x), . . . ,xdmψ(x)), (∇θf )m :=((∂θ1f )m, . . . ,(∂θdf )m)
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for m∈ℕ, we state the following

Theorem 4.23. (Theorem 3.1 of [dMS23]) Assume we have an initial condition ψ ∈
H 2m(ℝd),ψ ≠0 and such that

‖xmψ ‖L2(ℝd)<∞
Then

lim
t→+∞

�xme itH
1,λ
ψ �L2(ℝd)

2

t 2m =�
𝕋d
dθ�

n=1

∞

|(∇θEn
λ(θ))m|2‖Pnλ(θ)UBFZψ(θ , ⋅)‖L2(𝕋d)

2 >0

This behavior is called ballistic transport, which is also exhibited by the free
Schrödinger equation. The casem=1 was proven earlier, see Theorem 2.3 in [AK98].
The proof reduces to showing that

lim
t→∞

�
B
dθ�

C
dx |||||||||||||||||

(𝒰BFZxm(t)ψ)(θ ,x)
tm −((((((((((�

B
dk�

n=1

∞

(∇kEn
λ(k))mPnλ(k)))))))))))𝒰BFZψ(θ ,x)|||||||||||||||||

2

=0

where xm(t) is the operator e itHxme−itH , as is common within the Heisenberg pic-
ture of quantum mechanics. One can compute for ψ satisfying 𝒰BFZψ(θ , x) =
∑n=1

N Pn(θ)𝒰BFZψ(θ ,x) that

(𝒰BFZxm(t)ψ)(θ ,x)
tm =�

B
dθ�

n=1

∞

(∇θEn
λ(θ))mPnλ(θ)𝒰BFZψ(θ ,x)+On,θ�

1
t �.

It remains unclear what implications the above information on the moments of the
wavefunction has for the weak-coupling scaling limit of the observables.
In the case of a Gaussian random potential V on the other hand, the limit

lim
ε→0

e iε
−1τH 1,ε1/2

A

is shown to exist, for A dependent only on momentum, in [Spo77]. Furthermore, the
limit operator is related to the semigroup of a linear Boltzmann equation. However,
understanding the long time behavior remains a major open goal. For instance, for
d =3, if one shows that for all ψ ∈L2(ℝ3;ℂ) one has that

lim
t→∞

‖x(t)ψ ‖L2
tα >0

for some real α > 0 and for a Gaussian random field with fixed coupling constant,
this would settle the extended states conjecture for the Anderson model. Roughly
speaking, the extended states conjecture says that there are no localized states for the
Anderson operator in d =3. The lecture notes [Erd10] explain one possible approach
towards the resolution of this conjecture, where the rigorous derivation of the weak
coupling limit is an important first step. One can currently go beyond kinetic time
scales and get diffusive behavior, but this is currently possible only for weakly cou-
pled potentials. We refer the reader to [ESY08] and [ESY07] for the original proof.
More recent advances can be found in [Her24], [BDH25] and [BDH].
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Chapter 5

Kinetic limit via the sewing lemma

We quickly recall the setting introduced in Chapter 1. Consider the linear
Schrödinger equation with periodic potential: for x ∈ℝd, t ∈ℝ,

i∂tφ(t ,x)=−Δxφ(t ,x)+ ε1/2V (x)φ(t ,x), φ(0,x)=φ0(x). (5.1)

Here 0< ε1/2≪1 is a small coupling constant. The time-independent potential V is
assumed to be ℤd-periodic, i.e., V (x + n) =V (x), ∀x ∈ℝd, ∀n ∈ℤd. We also assume
throughout this chapter that

V ∈∩m∈ℕ0H
m(𝕋d).

We will not actually need so much regularity. In practice, we need only that V ∈
∩m�MHm(𝕋d) for some sufficiently large M ∈ℕ0. Details of the initial data φ0 will be
mentioned in the next section, once we have introduced some more terminology.
In Section 2.2, we introduced the Wigner function as a tool to study the problem in
phase space. We recall its definition here: for φ ∈L2(ℝd;ℂ),x ,k ∈ℝd:

Wφ(x ,k) :=�
ℝd
dye 2πik⋅yφ�x − y

2�φ ∗�x + y
2�. (5.2)

To study the weak coupling regime, it is common to work with the rescaled Wigner
function:

W ε(t ,x ,k) :=Wφ� t
ε�

�xε ,k�=Wφ�
t
ε ,
x
ε ,k�, (5.3)

with initial conditions W0
ε(x , k) =Wφ0,ε(x , k), where φ is the solution to (5.1) with

initial data φ0,ε.
We are interested in the limit of time evolution of rescaled observables, which cor-
respond to quantities of the form

lim
ε→0

�
ℝd
dk�

ℝd
dxW ε(t ,x ,k)F(x ,k) (5.4)

for some F ∈𝒮(ℝ2d). We will not answer this question completely, but present some
partial progress towards this goal.
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In Theorem 4.10, we showed that for certain observables, the limiting behavior is
given by the transport equation. This was shown for observables supported away
from a zero measure set of resonant momenta. In this chapter, we introduce a gener-
alized phase space object via a representation formula of the Wigner transform, and
use it to study observables that are also supported on the resonant momenta. We
state the main result of this Chapter, Theorem 5.7 in Section 5.1. This result states
once again that one can obtain free transport in the limit for non-resonant momenta.
Importantly, the proof does not use the Wigner series, and provides a glimpse of
the structure we plan to exploit in the study of the rescaled observables. Section 5.2
contains the proof of Theorem 5.7. Section 5.3 is devoted to the study of the rescaled
observables. Finally in Section 5.4 we present the proofs of minor results used in the
previous sections.
The material presented in this chapter is the content of the work [GS].

5.1 Summary of the chapter

We quickly recall some well-posedness theory for the linear Schrödinger equa-
tion (5.1).

Definition 5.1. A mild solution to equation (5.1) is defined to be a function

φ ∈C([0,+∞);L2(ℝd;ℂ))∩C1((0,+∞);L2(ℝd;ℂ))∩C((0,+∞);H 2(ℝd;ℂ))

such that φ(t)=φ0 and ∂tφ(t)=Hφ(t) for all t ∈ℝ+
∗ .

By Theorem X .15 of [RS75] we know that for V satisfying the above assumptions
that H := −Δ + ε1/2V is self-adjoint on D(−Δ) =H 2(ℝd; ℂ). Stone's theorem (The-
orem 3.24 of [EN00]) then says that H is the infinitesimal generator of a 𝒞0-group
of unitary operators, S(t). By using standard results from the theory of semigroups,
one has that for any φ0 ∈H 2(ℝd; ℂ), that φ(t) = S(t)φ0 ∈ C1(ℝ+; L2(ℝd; ℂ)) ∩ C(ℝ+;
H 2(ℝd;ℂ)) is the unique mild solution to equation (5.1).
Recall the definition of the Bloch–Floquet–Zak decomposition introduced in Sec-
tion 2.1: For φ ∈𝒮(ℝd;ℂ),θ ∈ℝd,x ∈ℝd,

(𝒰BFZφ)θ(x) := φ̃(θ ,x) := �
m∈ℤd

e 2πiθ ⋅(x−m)φ(x −m).

In Section 5.4.1 we use these properties to prove the following representation for-
mula for the Wigner function:

Lemma 5.2. Let φ∈𝒮(ℝd;ℂ). Then for for Wφ(x ,k) defined in (5.2), decomposing the
momentum k=κ −η, with κ ∈�ℤ

2 �d and η∈�− 1
4 ,

1
4�d, we have the following representa-

tion:

Wφ(x ,k)=�
𝕋d
dy�

𝕋d
dθe−4πiθ ⋅xe−4πiκ⋅yφ̃(η+θ ,x +y)φ̃ ∗(η−θ ,x −y). (5.5)
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This can be extended by a density argument to L2(ℝd; ℂ). Noting that the variable
x is not just periodic in the overall integrand but individually as an argument of φ̃
and φ̃ ∗, due to the properties of the BFZ transform, we found it useful to introduce
the following generalization.

Definition 5.3. Let z∈𝕋d,p∈ℝd play the role of position variables and let η∈�− 1
4 ,

1
4�d,

κ ∈�ℤ
2 �d play the role of momentum variables. Then for φ ∈L2(ℝd; ℂ) with associated

BFZ decomposition φ̃ the Bloch–Wigner function is defined as

W̃φ(z,p,η,κ) :=�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y

φ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y). (5.6)

Note now that we break the periodicity of the integrand in the θ-variable. This
expression is well-defined as a consequence of the unitarity of the BFZ transform.
We see that for k=κ −η, with κ ∈�ℤ

2 �d,η∈�− 1
4 ,

1
4�d that

Wφ(x ,k)=W̃φ(x − ⌊x⌋,x ,η,κ). (5.7)

We study the time evolution of the Bloch–Wigner transform associated to a solution
of the Schrödinger equation. Denote

Lη,p,κ,z∞ :=Lη,p∞ lκ∞Lz∞((((((�−14,
1
4�

d
×ℝd ×((((((ℤ2 ))))))

d
×𝕋d)))))), (5.8)

and

Lη,p,κ∞ Lz2 :=Lη,p∞ lκ∞((((((((((((�−14,
1
4�

d
×ℝd ×((((((ℤ2 ))))))

d))))));Lz2(𝕋d))))))). (5.9)

We prove in Section 5.4.2 the following

Proposition 5.4. For φ∈C(ℝ�0;H 2(ℝd;ℂ))∩C1(ℝ+
∗ ;L2(ℝd;ℂ)) a mild solution of (5.1)

with initial data φ0∈H 2(ℝd;ℂ), one has that W̃φ∈C(ℝ�0;Lη,p,κ,z∞ )∩C1(ℝ+;Lη,p,κ,z∞ ). Fur-
thermore, (κ −η)⋅(∇p+∇z)W̃φ ∈C(ℝ+;Lη,p,κ,z∞ ) and W̃φ satisfies

∂tW̃φ=−4π(κ −η)⋅∇pW̃φ−4π(κ −η)⋅∇zW̃φ+ iε1/2QW̃φ, (5.10)

with initial data W̃φ0, where the collision operator Q is defined via

Qf (z,p,η,κ) := �
n∈ℤd

e 2πin⋅zV̂ (n)�f �z,p,η,κ + n
2�− f �z,p,η,κ − n

2��. (5.11)

In order to study the scaling limit, we define the rescaled Bloch–Wigner transform
to be

W̃φ
ε(t ,z,p,η,κ) :=W̃φ�

t
ε ,z,

p
ε ,η,κ�, (5.12)
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with initial data

W̃φ0,ε
ε (z,p,η,κ)=W̃φ0,ε�z,

p
ε ,η,κ�. (5.13)

Remark 5.5. In this chapter we will focus on initial data φ0,ε for (5.1) that are uni-
formly bounded in L2(ℝd; ℂ) so that by Proposition 5.4, expression (5.13) will be
uniformly bounded in Lη,p,κ,z∞ . For instance, one can pick φ0,ε =φ0, in which case the
limit in Lη,p,κ,z∞ is trivial. However, the equation for the evolution remains the same,
and we will see that even in the setting of initial data converging to something
trivial, there are challenges of proving convergence of the rescaled Bloch–Wigner
functions, in the topology relevant to the study of the observables. We will shortly
make another related remark aster stating our main theorem.

One can compute the time evolution of the rescaled Bloch–Wigner transform to be

∂tW̃φ
ε =−4πε−1(κ −η)⋅∇zW̃φ

ε −4π(κ −η)⋅∇pW̃φ
ε + iε−1/2QW̃φ

ε (5.14)

We work in a moving coordinate frame, and pullback the fast transport in the z-
variable via

U ε(t ,z,p,η,κ) :=W̃φ
ε(t ,z+4πε−1(κ −η)t ,p,η,κ). (5.15)

We study the Fourier transform of U ε in the periodic variable z. Define

T ε(t , ξ ,p,η,κ) :=ℱzU ε(t , ξ ,p,η,κ). (5.16)

One therefore has that

T0
ε ,η(ξ ,p,κ)=T0

ε(ξ ,p,η,κ)=ℱzW̃φ0,ε
ε (z,p,η,κ). (5.17)

The time evolution of T ε can be computed using equations (5.14)-(5.16). One has
that

∂tT ε(t , ξ ,p,η,κ)=Aκ−ηT ε(t , ξ ,p,η,κ)+Qt
εT ε(t , ξ ,p,η,κ), (5.18)

where

Aκ−ηG(ξ ,p,η,κ) :=−4π(κ −η)⋅∇pG(ξ ,p,η,κ)

and

Qt
εG(ξ ,p,η,κ) := iε−1/2 �

n∈ℤd

e 4π 2iε−1n⋅(2κ−2η+n−ξ)tV̂ (n)G�ξ −n,p,η,κ + n
2�

−iε−1/2 �
n∈ℤd

e 4π 2iε−1n⋅(2κ−2η−n+ξ)tV̂ (n)G�ξ −n,p,η,κ − n
2�.
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To make sense of the limit of equation (5.18), as ε →0, we will use some of the
machinery introduced in [BG17]. To this end, we introduce the following scale: for
m�0 define the Banach space

Em :={{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{ψ ∈Lp1lκ1lξ2: �

|β|�m

�
ℝd
dp �

κ∈�ℤ
2 �d

⟨κ⟩m�Dp
βψ(ξ ,p,κ)�lξ2<∞}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

}. (5.19)

with corresponding dual spaces E−m :=Em
∗ . In particular

E0=Lp1lκ1lξ2((((((ℝd ×((((((ℤ2 ))))))
d
×ℤd)))))), E−0=Lp∞lκ∞lξ2((((((ℝd ×((((((ℤ2 ))))))

d
×ℤd)))))).

This is motivated by the structure of the unbounded operator Aκ−η (which worsens
regularity in p and summability in k), and by the following a-priori bound on T ε ,η

esssupη∈�−1
4 ,

1
4�d‖T

ε ,η‖L∞([0,T ];E−0)�C (5.20)

This follows from Proposition 5.10, and equations (5.12), (5.15) and (5.16). Next, we
fix

δ ∈�0, 1
d +3�, (5.21)

and define

𝒜η :=�η∈�14 ,
1
4�

d
: |2n⋅η−a|−1≤ cδ(η)

1
1−δ⟨n⟩d+2∀a∈ℤ,n∈ℤd \{0}�, (5.22)

where cδ∈Lη1��− 1
4 ,

1
4�d� is a certain integrable function that will be constructed explic-

itly in Lemma 5.10. Lemma 5.10 also asserts that 𝒜η is a full measure subset of � 1
4 ,

1
4�d. Let

Y η,∗ψ(ξ ,p,κ) := i
4π 2 �

n∈ℤd\{0}

|V̂ (n)|2((((((ψ(ξ ,p,κ)−ψ(ξ ,p,κ −n)𝕀n⊥ξ
n⋅(2κ −2η− ξ −n) )))))) (5.23)

− i
4π 2 �

n∈ℤd\{0}

|V̂ (n)|2((((((ψ(ξ ,p,κ +n)𝕀n⊥ξ −ψ(ξ ,p,κ)
n⋅(2κ −2η+ ξ +n) )))))). (5.24)

Since the dynamics of (5.18) do not affect η, and 𝒜η is a full-measure set, we will
make a statement for almost every η∈�− 1

4 ,
1
4�d.

Definition 5.6. Let τ >0,η∈𝒜η. A weak solution in E−0 of the linear Boltzmann equa-
tion

∂tf (t , ξ ,p,κ)=Aκ−ηf (t , ξ ,p,κ)+Y ηf (t , ξ ,p,κ) (5.25)

with initial data f0, in the time interval [0,τ], is defined to be a function f ∈Cw ∗([0,τ];
E−0) such that

⟨f (τ),φ(τ)⟩− ⟨f0,φ(0)⟩=�
0

τ
dt⟨f (t),(∂t +Aκ−η,∗+Y η,∗)φ(t)⟩
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for all φ ∈C1((0, τ);E0)∩C((0, τ);E1)∩C([0, τ];E0).

We are now able to state our main result, which is the following

Theorem 5.7. Assume that we have initial data φ0,ε for the Schrödinger equation (5.1)
such that T0

ε ,η(ξ ,p,κ) defined in (5.17) converges weakly-∗ in E−0 to a limit T0
η(ξ ,p,κ).

Then, for any τ > 0, a.e. η ∈ �− 1
4 ,

1
4�d one has that T ε ,η(t , ξ , p, κ) converges weakly-∗

in L∞([0, τ];E−0) to a limit T η(t , ξ ,p,κ) and T η is the unique weak solution in E−0 of
equation (5.25) in [0, τ] with initial data T0

η.

The proof of this Theorem is contained in Section 5.2. This passage from rescaled
Wigner type dynamics to linear Boltzmann dynamics avoids estimates and combina-
torics of Duhamel iterates of equation (5.1), and uses the sewing lemma (Lemma 2.26)
instead. This is one of our main contributions.

Remark 5.8. Recalling equation (5.3), we were interested in

W ε(t ,p,k)=W� t
ε ,
p
ε ,k�=W̃φ�

t
ε ,�

p
ε �, pε ,η,κ�=W̃ ε�t ,�pε �,p,η,κ�,

i.e., the rescaled Bloch–Wigner transform with z = p
ε . Since z is a variable in the

torus, we had the intuition that setting z = p
ε would cause a homogenization effect

in this variable, leading to an average over z in the limit. We chose as a first step
to not rescale z in equation (5.12), and to just examine the zero Fourier mode aster
taking the limit. This will be remarked on further at the beginning of Section 5.3,
where we will be more precise about this intuition, when we heuristically use a
stationary phase argument to rewrite the expression for the observables in terms of
T ε, evaluated at ξ =0.
As Theorem 5.7 suggests, we work with the limit of T ε, instead of W̃ ε. Furthermore
at this stage, unlike in the expression for the observables, we do not integrate in η,
and consider fixed η∈𝒜η.

We now mention two important shortcomings of this result:

1. Theorem 5.7 does not say something conclusive about the evolution of observ-
ables, which involve integrating over η. It leaves open the possibility that
when we integrate in η and then pass to the limit, we could have concen-
tration at certain η's for the collision term. We report partial progress on
this in Section 5.3. We will make a heuristic stationary phase argument and
restrict to studying the case ξ =0, and will see that the term involving second
order resonant term 𝕐st

ε ,η,∗ requires continuity in η of T ε on the zero-mea-
sure set of momenta related to energy band crossings of the free Laplacian.
Since we do not currently have such information, this remains an obstruc-
tion to taking the limit ε→0. This set of problematic momenta is the same
as the one encountered in the previous chapters.
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2. Furthermore, we stress once more that we have results in E−0, since we have
an a priori bound and uniform estimates on scales Em. However, since we do
not expect to have a family of initial conditions that converge to a nontrivial
limit in E−0, this is a weak statement at the moment. However we believe that
the method of proof we will demonstrate here can be adapted to other scales
of Banach spaces in the future, once an appropriate a-priori bound has been
identified. We show that even in our simpler case, there is an issue trying to
prove a convergence for the observables.

5.2 Proof of Theorem 5.7

This section contains the proof of Theorem 5.7. In Subsection 5.2.1 we use the
Duhamel principle to derive a difference equation (5.28) for the time increments
of T ε, and our aim will then be to show that it has the structure of a rough difference
equation. Subsection 5.2.2 introduces some useful lemmas that will then be used
in Subsection 5.2.3 to prove uniform in ε-estimates for the operators arising in equa-
tion (5.28). This will then imply a naive ε-dependent bound for the remainder term in
the equation, using the sewing lemma from the theory of rough paths. Applying the
sewing lemma in this context will require certain ideas from the theory of unbounded
rough drivers introduced in [BG17]. Finally in Subsection 5.2.4, we will estimate
also the remainder uniformly in ε, and this will allow us to pass to and characterize
the limit equation, thus proving the theorem.

5.2.1 Deriving a rough difference equation

By using Proposition 5.4 and testing equation (5.18) against functions in E2, we have
that for every F ∈E2 that

⟨∂tTt
ε ,η,F⟩= ⟨Aκ−ηTt

ε ,η,F⟩+ ⟨Qt
ε ,ηTt

ε ,η,F⟩,

where ⟨⋅, ⋅⟩ means we are integrating and summing in p,κ and ξ . We write T ε ,η to
indicate that we fix η, noting that it is just a parameter in the equation and does not
get changed by the dynamics. In terms of the adjoint operators Aκ−η,∗ and Qt

ε ,η,∗ this
is

⟨∂tTt
ε ,η,F⟩= ⟨Tt

ε ,η,Aκ−η,∗F⟩+ ⟨Tt
ε ,η,Qt

ε ,η,∗F⟩, (5.26)

where Aκ−η,∗=−Aκ−η and

Qu
ε ,η,∗F(ξ ,p,κ)= iε−1/2 �

n∈ℤd

e 4π 2iε−1n⋅(2κ−2η−n−ξ)uV̂ (n)F�ξ +n,p,κ − n
2�

−iε−1/2 �
n∈ℤd

e 4π 2iε−1n⋅(2κ−2η+n+ξ)uV̂ (n)F�ξ +n,p,κ + n
2�.
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Integrating in time, one has that

�
s

t
du⟨∂tTu

ε ,η,F⟩= ⟨δstT ε ,η,F⟩. (5.27)

Using this and equation (5.26) once more, one has that the first term on the right
hand side is

�
s

t
du⟨Tu

ε ,η,Aκ−η,∗F⟩=�
s

t
du⟨Ts

ε ,η,Aκ−η,∗F⟩+�
s

t
du�

s

u
dv⟨Tv

ε ,η,Aκ−η,∗Aκ−η,∗F⟩

+�
s

t
du�

s

u
dv⟨Tv

ε ,η,Qv
ε ,η,∗Aκ−η,∗F⟩.

Finally, by using (5.27) and equation (5.26) twice more, the second term on the right
hand side is

�
s

t
du⟨Tuε,Qu

ε ,η,∗F⟩=�
s

t
du⟨Tsε,Qu

ε ,η,∗F⟩+�
s

t
du�

s

u
dv⟨Tvε,Aκ−η,∗Qu

ε ,η,∗F⟩

+�
s

t
du�

s

u
dv⟨Tvε,Qv

ε ,η,∗Qu
ε ,η,∗F⟩

=�
s

t
du⟨Tsε,Qu

ε ,η,∗F⟩+�
s

t
du�

s

u
dv⟨Tvε,Aκ−η,∗Qu

ε ,η,∗F⟩

+�
s

t
du�

s

u
dv⟨Tsε,Qv

ε ,η,∗Qu
ε ,η,∗F⟩+�

s

t
du�

s

u
dv�

s

v
dw⟨Twε,Aκ−η,∗Qv

ε ,η,∗Qu
ε ,η,∗F⟩

+�
s

t
du�

s

u
dv�

s

v
dw⟨Twε,Qw

ε ,η,∗Qv
ε ,η,∗Qu

ε ,η,∗F⟩.

Hence, overall, one has that

⟨δstT ε ,η,F⟩= ⟨Ts
ε ,η,(𝔸st

κ−η,∗+𝕏st
1,ε ,η,∗+𝕏st

2,ε ,η,∗)F⟩+ ⟨Tst
ε ,η,♮,F⟩ (5.28)

where

𝔸st
κ−η,∗F(ξ ,p,κ)=4π(t − s)(κ −η)⋅∇pF(ξ ,p,κ),

𝕏st
1,ε ,∗F(ξ ,p,κ)=�

s

t
duQu

ε ,η,∗F(ξ ,p,κ),

and

𝕏st
2,ε ,η,∗F(ξ ,p,κ)=�

s

t
du�

s

u
dvQv

ε ,η,∗Qu
ε ,η,∗F(ξ ,p,κ).

Tst
ε ,η,♮ is, for any fixed s, t , the unique linear functional in E−2 such that for all F ∈E2

we have

⟨Tst
ε ,η,♮,F⟩=�

s

t
du�

s

u
dv⟨Tv

ε ,η,Aκ−η,∗Aκ−η,∗F⟩ (5.29)

+�
s

t
du�

s

u
dv⟨Tv

ε ,η,(Qv
ε ,η,∗Aκ−η,∗+Aκ−η,∗Qu

ε ,η,∗)F⟩ (5.30)

+�
s

t
du�

s

u
dv�

s

v
dw⟨Twε,(Aκ−η,∗+Qw

ε ,η,∗)Qv
ε ,η,∗Qu

ε ,η,∗F⟩ (5.31)
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Lemma 5.19 below proves that the expression on the right hand side indeed defines
a linear functional on E2. Our goal is to use the structure of equation (5.28) and the
idea of Lemma 2.29 to obtain the limit as ε→0.
We now compute 𝕏st

1,ε ,∗ and 𝕏st
2,ε ,η,∗ explicitly.

𝕏st
1,ε ,∗F(ξ ,p,κ)=�

s

t
duQu

ε ,η,∗F(ξ ,p,κ)

=iε−1/2�
s

t
du�

n∈ℤd

e 4π 2iε−1n⋅(2κ−2η−n−ξ)uV̂ (n)F�ξ +n,p,κ − n
2�

−iε−1/2�
s

t
du�

n∈ℤd

e 4π 2iε−1n⋅(2κ−2η+n+ξ)uV̂ (n)F�ξ +n,p,κ + n
2�

=iε−1/2 �
n∈ℤd\{0}

V̂ (n)�
s

t
du�e ia1́uF�ξ +n,p,κ − n

2�− e ia2́uF�ξ +n,p,κ + n
2��,

where

a1́=4π 2ε−1n⋅(2κ −2η−n− ξ), (5.32)

a2́=4π 2ε−1n⋅(2κ −2η+n+ ξ). (5.33)

Next, consider

𝕏st
2,ε ,η,∗F(ξ ,p,κ)=�

s

t
du�

s

u
dvQv

ε ,η,∗Qu
ε ,η,∗F(ξ ,p,κ)

=�
s

t
du�

s

u
dviε−1/2 �

n∈ℤd

e ia1́vV̂ (n)Qu
ε ,η,∗F�ξ +n,p,κ − n

2�

−iε−1/2�
s

t
du�

s

u
dv �

n∈ℤd

e ia2́vV̂ (n)Qu
ε ,η,∗F�ξ +n,p,κ + n

2�.

We have that

Qu
ε ,η,∗F�ξ +n,p,κ − n

2�=

iε−1/2 �
nʹ∈ℤd

e 4π 2iε−1nʹ⋅(2κ−2n−2η−nʹ−ξ)uV̂ (nʹ)F((((((ξ +n+nʹ,p,κ − n
2 − nʹ

2 ))))))

−iε−1/2 �
nʹ∈ℤd

e 4π 2iε−1nʹ⋅(2κ−2η+nʹ+ξ)uV̂ (nʹ)F((((((ξ +n+nʹ,p,κ − n
2 + nʹ

2 )))))),
and

Qu
ε ,η,∗F�ξ +n,p,κ + n

2�=

iε−1/2 �
nʹ∈ℤd

e 4π 2iε−1nʹ⋅(2κ−2η−nʹ−ξ)uV̂ (nʹ)F((((((ξ +n+nʹ,p,κ + n
2 − nʹ

2 ))))))

−iε−1/2 �
nʹ∈ℤd

e 4π 2iε−1nʹ⋅(2κ+2n−2η+nʹ+ξ)uV̂ (nʹ)F((((((ξ +n+nʹ,p,κ + n
2 + nʹ

2 )))))).
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Hence
𝕏st

2,ε ,η,∗F(ξ ,p,κ)=−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)�
s

t
du�

s

u
dv

[[[[[[e ia1́ve ib1́uF((((((ξ +n+nʹ,p,κ − n
2 − nʹ

2 ))))))− e ia1́ve ib2́uF((((((ξ +n+nʹ,p,κ − n
2 + nʹ

2 ))))))]]]]]]
+ε−1 �

n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)�
s

t
du�

s

u
dv

[[[[[[e ia2́ve ib3́uF((((((ξ +n+nʹ,p,κ + n
2 − nʹ

2 ))))))− e ia2́ve ib4́uF((((((ξ +n+nʹ,p,κ + n
2 + nʹ

2 ))))))]]]]]],
where

b1́=4π 2ε−1nʹ⋅(2κ −2n−2η−nʹ − ξ), (5.34)

b2́=4π 2ε−1nʹ⋅(2κ −2η+nʹ + ξ), (5.35)

b3́=4π 2ε−1nʹ⋅(2κ −2η−nʹ − ξ), (5.36)

b4́=4π 2ε−1nʹ⋅(2κ +2n−2η+nʹ + ξ). (5.37)

We now split the four terms of 𝕏st
2,ε ,η,∗F(ξ , p, κ) into their “resonant” and “nonres-

onant” parts, where by resonant we mean that a and b in the double exponential
e iaue ibv are of the form a+b=0, for almost every η∈�− 1

4 ,
1
4�d. Note that

a1́+b1́=0⇔nʹ⋅(2κ −2n−2η−nʹ − ξ)+n⋅(2κ −2η−n− ξ)=0

⇔(n+nʹ)⋅(2κ −2η−n− ξ)−nʹ⋅(n+nʹ)=0

⇔(n+nʹ)⋅(2κ −2η−n−nʹ − ξ)=0

For this to be 0 for almost every η∈�− 1
4 ,

1
4�d, we need n+nʹ =0. Next, consider that

a1́+b2́=0⇔n⋅(2κ −2η−n− ξ)+nʹ⋅(2κ −2η+nʹ + ξ)=0

⇔(n+nʹ)⋅(2κ −2η)+(nʹ −n)⋅ξ + |nʹ|2− |n|2

For this to be 0 for almost every η∈ �− 1
4 ,

1
4�d, we need n+nʹ = 0 and n⊥ ξ . We argue

similarly for (a2́,b3́) and (a2́,b4́).
We now introduce the notation: a,b∈ℝ\{0},

φst(a,b) :=�
s

t
du�

s

u
dre iaue ibr (5.38)

Putting together what we have above, we decompose 𝕏st
2,ε ,η,∗=𝕐st

ε ,η,∗+ℤst
ε ,η,∗ where the

resonant term
𝕐st

ε ,η,∗F(ξ ,p,κ) :=

−ε−1 �
n∈ℤd\{0}

|V̂ (n)|2φst(−a1́,a1́)[F(ξ ,p,κ)−F(ξ ,p,κ −n)𝕀n⊥ξ]

+ε−1 �
n∈ℤd\{0}

|V̂ (n)|2φst(−a2́,a2́)[F(ξ ,p,κ +n)𝕀n⊥ξ −F(ξ ,p,κ)],
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and the nonresonant term
ℤst

ε ,η,∗F(ξ ,p,κ) :=

−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b1́,a1́)F((((((ξ +n+nʹ,p,κ − n
2 − nʹ

2 ))))))𝕀a1́≠b1́
+ε−1 �

n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b2́,a1́)F((((((ξ +n+nʹ,p,κ − n
2 + nʹ

2 ))))))𝕀a1́≠b2́
+ε−1 �

n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b3́,a2́)F((((((ξ +n+nʹ,p,κ + n
2 − nʹ

2 ))))))𝕀a2́≠b3́

−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b4́,a2́)F((((((ξ +n+nʹ,p,κ + n
2 + nʹ

2 ))))))𝕀a2́≠b4́.

5.2.2 Some useful lemmas
We will collect here some lemmas that will be useful in estimating terms that show
up when attempting to bound the rough drivers on a scale. The first lemma deals
with integrals involving two exponentials. We have

Lemma 5.9. Let γ ∈ (0, 1). For φst(a,b) as defined in expression (5.38) one has that

1. For a+b≠0,

|φst(a,b)|<∼
|t − s|2γ
|b| (((((( 1

|a|1−2γ
+ 1
|a+b|1−2γ)))))).

2. For a bound that is symmetric in a and b one has for a+b≠0

|φst(a,b)|<∼ |t − s|2γ((((((((((((
1

|a|1−γ |b|1−γ
+ 1

|b|1/2|a|1−γ |a+b|
1−2γ
2 ))))))))))))

+(t − s)2γ((((((((((((
1

|a|1/2|b|1−γ |a+b|
1−2γ
2

+ 1
|b|1/2|a|1/2|a+b|1−2γ)))))))))))).

3. When a+b=0, one has

|φst(a,b)|<∼
|t − s|
|a| .

Proof. First notice that for k ∈ℝ\{0} we have that

��
s

t
e ikudu�� |t − s|, ��

s

t
e ikudu�= |||||||||||||||

e ikt − e iks
ik |||||||||||||||<∼

1
|k| ,

which by interpolation gives

��
s

t
e ikudu�<∼

|t − s|2γ

|k|1−2γ
.
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Now, in the first case we have that

φst(a,b)=�
s

t
du�

s

u
dre iaue ibr =�

s

t
du((((((((e iaue

ibu− e ibs
ib ))))))))

= 1
ib�

s

t
due i(a+b)u− e ibs

ib �
s

t
due iau.

Applying the triangle inequality and the above interpolated estimate to each term,
we get

|φst(a,b)|≤
1
|b|���

s

t
e i(a+b)udu�+ ��

s

t
e iaudu��<∼

|t − s|2γ
|b| (((((( 1

|a|1−2γ
+ 1
|a+b|1−2γ)))))).

Now note that

φst(a,b)=�
s

t
du�

s

u
dre iaue ibr =�

s

t
dr�

r

t
due iaue ibr = e iat

ia �
s

t
dre ibr − 1

ia�
s

t
dre i(a+b)r.

Using the triangle inequality and the interpolated estimate as before, one has

|φst(a,b)|<∼
|t − s|2γ
|a| (((((( 1

|b|1−2γ
+ 1
|a+b|1−2γ)))))).

Interpolating between the two bounds obtained above, one has

|φst(a,b)|<∼ |t − s|2γ((((((((((((
1

|a|1−γ |b|1−γ
+ 1

|b|1/2|a|1−γ |a+b|
1−2γ
2 ))))))))))))

+|t − s|2γ((((((((((((
1

|a|1/2|b|1−γ |a+b|
1−2γ
2

+ 1
|b|1/2|a|1/2|a+b|1−2γ)))))))))))).

When a+b=0, we only have that

φst(a,b)=�
s

t
du�

s

u
dre ia(u−r)=�

s

t
due iau�

s

u
dre−iar =−�

s

t 1− e ia(u−s)
ia du,

from which we obtain the claim. □

This lemma is the reason why the resonant and nonresonant terms have different
effects. Next we have a lemma that allows us to deal with small divisors. Within
our problem, aster applying the lemma above, we will encounter terms where a and
b are of the form cn⋅(κ ʹ −ηʹ) for n∈ℤd \{0},κ ʹ ∈ℤd,ηʹ ∈�− 1

2 ,
1
2�d. So in order to bound

1
|a| , one will need to bound |a| away from 0.

Lemma 5.10. Let δ0=
1

d +3 . For any δ ∈ (0, δ0) there exists cδ ∈L1��− 1
2 ,

1
2�d� such that

for almost every η∈�− 1
2 ,

1
2�d one has

|n⋅η−a|−1≤ cδ(η)
1

1−δ⟨n⟩d+2<∞, ∀a∈ℤ,n∈ℤd \{0}.

Proof. Fix δ ∈ (0,δ0) and define

cδ́(η)= �
n∈ℤd\{0}

�
a:|a|≤2 d� |n|

⟨n⟩−d−1−δ|n⋅η−a|δ−1
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We claim

�
�− 1

2 ,
1
2�d
|n⋅η−a|δ−1dη≤Cd ,δ <∞

uniformly in n and a: |a|�2 d� |n|. To see this, consider

�
�−1

2 ,
1
2�d
|n⋅η−a|δ−1dη≤�

B d� (0)
dη|n⋅η−a|δ−1dη.

For any rotation matrix R, one can define ηʹ :=R−1η to get that this is

=�
B d� (0)

|n⋅Rηʹ −a|δ−1dηʹ =�
B d� (0)

|RTn⋅ηʹ −a|δ−1dηʹ.

Now, one can choose R≡R(n) such that RTn=(|n|, 0, . . . , 0). This then becomes

=�
B d� (0)

||n|η1́−a|δ−1dηʹ��2 d� �d−1�
− d�

d�
dηʹ||n|ηʹ −a|δ−1.

By a change of variables this is

=
�2 d� �d−1

|n| �
−|n| d� −a

|n| d� −a
dηʹ|ηʹ|δ−1.

Now, since |a|�2 d� |n| in the definition of cδ, one can estimate

max��|n| d� −a�, �|n| d� +a���3|n| d� .

So

�
�− 1

2 ,
1
2�d
|n⋅η−a|δ−1dη�

2�2 d� �d−1

|n| �
0

3|n| d�
dηʹ|η1́|δ−1

�

2�2 d� �d−1

|n| ��
0

1
ηδ−1dη+�

1

3|n| d�
dη�� C1(δ)

|n| +C2(d)�Cδ ,d,

for n∈ℤd \{0}. Hence we have that

�
�− 1

2 ,
1
2�d
cδ́(η)dη=�

�−1
2 ,

1
2�d

�
n∈ℤd\{0}

�
a∈ℤ:|a|≤2 d� |n|

⟨n⟩−d−1−δ|n⋅η−a|δ−1dη

By Tonelli's theorem and the dominated convergence this is

= �
n∈ℤd\{0}

�
a∈ℤ:|a|≤2 d� |n|

⟨n⟩−d−1−δ�
�−1

2 ,
1
2�d
|n⋅η−a|δ−1dη

≤Cd ,δ �
n∈ℤd\{0}

⟨n⟩−d−1−δ �
a∈ℤ:|a|≤2 d� |n|

1

�Cd ,δ �
n∈ℤd\{0}

⟨n⟩−d−1−δ⟨n⟩≤Cd ,δ �
n∈ℤd\{0}

⟨n⟩−d−δ <∞
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Hence we have that cδ́(η) is finite a.e., and hence, for almost every η, by the fact that
cδ́(η) consists of positive terms one has

⟨n⟩−d−1−δ|n⋅η−a|δ−1≤ cδ́(η)

⇒ ⟨n⟩d+1+δ|n⋅η−a|1−δ ≥ cδ́(η)−1

⇒ |n⋅η−a|≥ cδ́(η)−1/1−δ⟨n⟩−(d+1+δ)/1−δ

⇒ |n⋅η−a|−1≤ cδ́(η)1/1−δ⟨n⟩(d+1+δ)/1−δ,
which for 0<δ < 1

d +3

⇒|n⋅η−a|−1≤ cδ́(η)
1

1−δ⟨n⟩d+2.

In the case that |a|>2 d� |n| we have by the reverse triangle inequality that

|a−n⋅η|≥ |a|− |n⋅η|≥ |a|− d� |n|≥ d� |n|≥1

⇒|n⋅η−a|−1≤1.

Defining cδ(η)=max {cδ́(η), 1} we have the claim. □

Remark 5.11. Notice that ∫
�−1

2 ,
1
2�d
cδ(η)dη →→→→→→→→→→→→→→→→→→→→→→

δ→0
∞. On the right hand side of the

expression in the statement of the lemma, one has cδ(η)1/1−δ, which is not in Lη1��− 1
2 ,

1
2�d�. Clearly, there can never be an L1 function on the right hand side, because one
knows that η−1 is not integrable between 0 and 1.

From this point on, we fix some δ ∈�1, 1
d +3� and drop δ from the notation of cδ. We

write
c(η)= cδ(η) (5.39)

through the rest of the section.
The above lemma says that a.e η ∈ �− 1

4 ,
1
4�d belongs to 𝒜η. (Recall Definition 5.22).

We next have the following estimates on the double exponentials that show up in
the operators of the rough difference equation:

Lemma 5.12. It holds that ∀n∈ℤd \{0}, l ∈ℤd, 0≤ s< t ,η∈𝒜η and any γ ∈ (0, 1)

�ε−1/2�
s

t
due 4π 2iε−1n⋅(l−2η)u�<∼c(η)

1−γ
1−δε1/2−γ |t − s|γ⟨n⟩(d+2)(1−γ),

where c(η) is the one defined in (5.39).

Proof. We have by the same proof techniques as in Lemma 5.9 that

��
s

t
due 4π 2iε−1n⋅(l−2η)u�<∼

|t − s|γ

ε−1+γ |n⋅(l −2η)|1−γ
,

and by Lemma 5.10 and the fact that η∈𝒜η, this is

≤ε1−γ |t − s|γc(η)
1−γ
1−δ⟨n⟩(d+2)(1−γ).
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for some c ∈L1��− 1
4 ,

1
4�d�. Hence

�ε−1/2�
s

t
due 4π 2iε−1n⋅(l−2η)u�<∼c(η)

1−γ
1−δε1/2−γ |t − s|γ⟨n⟩(d+2)(1−γ). □

Note that when γ >δ one can integrate the expression on the right hand side over η
when 1−γ

1−δ <1, since c ∈L1.

Lemma 5.13. It holds that ∀n∈ℤd \{0}, l ∈ℤd, 0≤ s<u< t ,η∈𝒜η

�ε−1�
s

t
du�

s

u
dve 4π 2iε−1n⋅(l−2η)(u−v)�<∼(t − s)c(η)

1
1−δ⟨n⟩d+2,

where c(η) is the one defined in (5.39).

Proof. As in case 2 of Lemma 5.9 we set a=4π 2ε−1n⋅(l −2η) and see that

�ε−1�
s

t
�
s

u
e ia(u−r)drdu�<∼

ε−1(t − s)
|a|

and by plugging in the value of a and using Lemma 5.10 we get that

�ε−1�
s

t
�
s

u
e ia(u−r)drdu�<∼(t − s)c(η)

1
1−δ⟨n⟩d+2. □

Lemma 5.14. It holds that ∀n,nʹ ∈ℤd \{0}, l, l ʹ ∈ℤd,η∈𝒜η satisfying n⋅(l −2η)+nʹ⋅(l ʹ −
2η)≠0, and 0≤ s<u< t ,γ ∈ (0, 1) one has

�ε−1�
s

t
�
s

u
e 4π 2iε−1n⋅(l−2η)ue 4π 2iε−1nʹ⋅(l ʹ−2η)vdvdu�

<∼ε1−2γ |t − s|2γc(η)
2−2γ
1−δ (⟨n⟩⟨nʹ⟩)2(d+2),

where c(η) is the one defined in (5.39).

Proof. Considering the a+ b ≠ 0 case of Lemma 5.9 we set a=4π 2ε−1n⋅(l −2η) and
b=4π 2ε−1nʹ⋅(l ʹ −2η) and see that when a+b≠0,

�ε−1�
s

t
�
s

u
e iaue ibvdvdu�<∼ ε−1|t − s|2γ((((((((((((

1
|a|1−γ |b|1−γ

+ 1

|b|1/2|a|1−γ |a+b|
1−2γ
2 ))))))))))))

+ε−1|t − s|2γ((((((((((((
1

|a|1/2|b|1−γ |a+b|
1−2γ
2

+ 1
|b|1/2|a|1/2|a+b|1−2γ)))))))))))).

By Lemma 5.10 this is

<∼ε1−2γ |t − s|2γc(η)
2−2γ
1−δ ⟨n⟩(d+2)(1−γ)⟨nʹ⟩(d+2)(1−γ)

+ε1−2γ |t − s|2γc(η)
2−2γ
1−δ ⟨nʹ⟩(d+2)/2⟨n⟩(d+2)(1−γ)⟨n+nʹ⟩(d+2)(1−2γ)/2

+ε1−2γ |t − s|2γc(η)
2−2γ
1−δ ⟨n⟩(d+2)/2⟨nʹ⟩(d+2)(1−γ)⟨n+nʹ⟩(d+2)(1−2γ)/2

+ε1−2γ |t − s|2γc(η)
2−2γ
1−δ ⟨n⟩(d+2)/2⟨nʹ⟩(d+2)/2⟨n+nʹ⟩(d+2)(1−2γ).
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Combining these, one has that this is

<∼ε1−2γ |t − s|2γc(η)
2−2γ
1−δ ⟨n⟩d+2⟨nʹ⟩d+2⟨n+nʹ⟩d+2

<∼ε1−2γ |t − s|2γc(η)
2−2γ
1−δ ⟨n⟩2(d+2)⟨nʹ⟩2(d+2). □

5.2.3 Uniform operator norm and naive remainder estimates
This Subsection will be devoted to proving the following: For any m ∈ℕ0, η ∈𝒜η,
γ ∈� 1

3 ,
1
2�,κ ∈�ℤ

2 �d,η∈�− 1
4 ,

1
4�d, 0� s< t ,δ as in (5.21), we have for any ψ ∈Em,

‖𝕏st
1,ε ,η,∗ψ ‖Em<∼ ε1/2−γ |t − s|γ‖ψ ‖Em,

‖𝕐st
ε ,η,∗ψ ‖Em<∼(t − s)‖ψ ‖Em,

‖ℤst
ε ,η,∗ψ ‖Em<∼ ε1−2γ |t − s|2γ‖ψ ‖Em,

and ∀ψ ∈Em+1,
‖𝔸st

κ−η,∗ψ ‖Em<∼ |t − s|‖ψ ‖Em+1.

In the above bounds, the constants implicit in <∼ could depend on d,V ,γ ,m,δ ,η but
not on ε.
We will also prove the following naive bound on the remainder

‖Tst
ε ,η,♮‖E−2

<∼ ε−3/2|t − s|2.

Lemma 5.15. For any m∈ℕ0,η∈𝒜η,γ ∈� 1
3 ,

1
2�,ψ ∈Em, 0� s< t ,δ as in (5.21), we have

‖𝕏st
1,ε ,η,∗ψ ‖Em<∼c(η)

1−γ
1−δε1/2−γ |t − s|γ‖ψ ‖Em (5.40)

where c(η) is defined in (5.39).

Proof. Recall that
𝕏st ,η

1,ε ,η,∗ψ(ξ ,p,κ)=

iε−1/2 �
n∈ℤd\{0}

V̂ (n)�
s

t
du�e ia1́uψ�ξ +n,p,κ − n

2�− e ia2́uψ�ξ +n,p,κ + n
2��,

where a1́ and a2́ were defined in (5.32) and (5.33). Since we want to see where 𝕏st
1,ε ,η,∗

maps ψ ∈Em we first consider for β: |β|�m

�Dp
β𝕏st

1,ε ,η,∗ψ(ξ ,p,κ)�lξ2=((((((((((�
ξ∈ℤd

�Dp
β𝕏st

1,ε ,η,∗ψ(ξ ,p,κ)�2))))))))))
1/2
.

To this end, we use Young's inequality to get

|a−b|2= |a|2+ |b|2−2a ⋅b� |a|2+ |b|2+2(((((( |a|
2

2 + |b|2
2 ))))))=2|a|2+2|b|2.
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This allows us to estimate

�
ξ∈ℤd

�Dp
β𝕏st

1,ε ,η,∗ψ(ξ ,p,κ)�2

≤2�
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

V̂ (n)�ε−1/2�
s

t
e ia1́udu�Dp

βψ�ξ +n,p,κ − n
2�|||||||||||||||||||

|2

+2�
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

V̂ (n)�ε−1/2�
s

t
e ia2́udu�Dp

βψ�ξ +n,p,κ + n
2�|||||||||||||||||||

|2

=A+B.

We shall estimate just the first term, and the second term can be estimated the same
way. By Cauchy–Schwarz

A<∼ �
ξ∈ℤd (((((((((( �

n∈ℤd\{0}

|V̂ (n)|2⟨n⟩2M))))))))))

(((((((((((( �
n∈ℤd\{0}

⟨n⟩−2M �ε−1/2�
s

t
e ia1́udu�2�Dp

βψ�ξ +n,p,κ − n
2��2)))))))))))),

which by Lemma 5.12 and the expression for a1́ is, for η∈𝒜η

<∼c(η)
2(1−γ )
1−δ ε1−2γ |t − s|2γ

�
ξ∈ℤd

�
n∈ℤd\{0}

⟨n⟩−2M⟨n⟩2(d+2)(1−γ)�Dp
βψ(p, ξ +n,k−n)�2.

By using Tonelli's theorem to change the order of summation, this is

<∼c(η)
2(1−γ )
1−δ ε1−2γ |t − s|2γ �

n∈ℤd\{0}

⟨n⟩−2M⟨n⟩2(d+2)�Dp
βψ�⋅,p,κ − n

2��
lξ
2

2 .

So, we have that

�
κ∈�ℤ

2 �d
⟨κ⟩m�Dp

β𝕏st
1,ε ,η,∗ψ(p, ξ ,κ)�lξ2<∼ �

κ∈�ℤ
2 �

d

⟨κ⟩mA1/2+ �
κ∈�ℤ

2 �
d

⟨κ⟩mB1/2.

We estimate

�
κ∈�ℤ

2 �
d

⟨κ⟩mA1/2<∼c(η)
1−γ
1−δε1/2−γ |t − s|γ

�
κ∈�ℤ

2 �
d

⟨κ⟩m(((((((((((( �
n∈ℤd\{0}

⟨n⟩−2M⟨n⟩2(d+2)�Dp
βψ�⋅,p,κ − n

2��
lξ
2

2

))))))))))))
1/2
.
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The idea is to now show that for large M ,

�
κ∈�ℤ

2 �
d

⟨κ⟩m(((((((((((( �
n∈ℤd\{0}

⟨n⟩−2Mf 2�κ − n
2�))))))))))))

1/2
= �

κ∈�ℤ
2 �

d

⟨κ⟩m(((((((((((( �
n∈ℤd\{0}

⟨2κ −n⟩−2Mf 2�n2�))))))))))))
1/2

≈ �
κ∈�ℤ

2 �
d

⟨κ⟩m(f 2(κ))1/2= �
κ∈�ℤ

2 �
d

⟨κ⟩mf (κ).

Since the l 2-norm of a sequence is upper bounded by its l 1-norm, we get that

A<∼c(η)
1−γ
1−δε1/2−γ |t − s|γ

�
κ∈�ℤ

2 �
d

�
n∈ℤd\{0}

⟨κ⟩m⟨n⟩−M⟨n⟩(d+2)/2�Dp
βψ�ξ ,p,κ − n

2��
lξ
2.

By using Tonelli's theorem twice more and changing variables, this

<∼c(η)
1−γ
1−δε1/2−γ |t − s|γ �

κ∈�ℤ
2 �

d

�Dp
βψ(⋅,p,κ)�lξ2 �

n∈ℤd\{0}

�κ + n
2�

m
⟨n⟩−M⟨n⟩(d+2)/2

Let M ʹ =M − d +2
2 . Then

�
n∈ℤd\{0}

�κ + n
2�

m
⟨n⟩−M⟨n⟩(d+2)/2= �

n∈ℤd\{0}

�κ + n
2�

m
⟨n⟩−M ʹ,

and for M ʹ large enough, this is

�Cm �
n∈ℤd\{0}

(⟨κ⟩m+ ⟨n⟩m)⟨n⟩−M ʹ
�Cm,M⟨κ⟩m.

So we have

�
κ∈�ℤ

2 �
d

⟨κ⟩mA1/2<∼c(η)
1−γ
1−δε1/2−γ |t − s|γ �

κ∈�ℤ
2 �

d

�Dp
βψ(⋅,p,κ)�lξ2⟨κ⟩

m,

and similarly for ∑
κ∈�ℤ

2 �
d ⟨κ⟩mB1/2. Hence

�
κ∈�ℤ

2 �
d

⟨κ⟩m�Dp
β𝕏st

1,ε ,η,∗ψ(ξ ,p,κ)�lξ2<∼c(η)
1−γ
1−δε1/2−γ |t − s|γ �

κ∈�ℤ
2 �

d

�Dp
βψ(ξ ,p,κ)�lξ2⟨κ⟩

m.

Integrating in p and summing over β: |β|�m, we have

‖𝕏st
1,ε ,∗ψ ‖Em<∼c(η)

1−γ
1−δε1/2−γ |t − s|γ‖ψ ‖Em. □

Lemma 5.16. For κ ∈�ℤ
2 �d,η∈�− 1

4 ,
1
4�d,m∈ℕ0,ψ ∈Em+1, 0� s< t we have

‖𝔸st
κ−η,∗ψ ‖Em<∼ |t − s|‖ψ ‖Em+1 (5.41)
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Proof. We bound the operator 𝔸st
κ−η,∗ψ(ξ ,p,κ)=4π(t − s)(κ −η)⋅∇pψ(ξ , p,κ) in the

scale as follows, by first considering the quantity

�
ξ

�Dp
β𝔸st

κ−η,∗ψ �2=16π 2(t − s)2�
ξ

�Dp
β(κ −η)⋅∇pψ �2

=16π 2|t − s|2�
ξ

�Dp
β(κ −η)⋅∇pψ(ξ ,p,κ)�2

=16π 2|t − s|2�
ξ ||||||||||||||||||
||
|
|Dp

β�
j=1

d

(κ −η)jDp
ejψ(ξ ,p,κ)||||||||||||||||||

||
|
|2

=16π 2|t − s|2�
ξ ||||||||||||||||||
||
|
|�
j=1

d

(κ −η)jDp
β+ejψ(ξ ,p,κ)||||||||||||||||||

||
|
|2

<∼d|t − s|2⟨κ⟩2�
ξ

�
j=1

d

�Dp
β+ejψ(ξ ,p,κ)�2

=|t − s|2⟨κ⟩2�
j=1

d

�
ξ

�Dp
β+ejψ(ξ ,p,κ)�2.

By subadditivity of the square root function

4π(t − s)�
κ

⟨κ⟩m((((((((((�
ξ

�Dp
β(κ −η)⋅∇pψ(ξ ,p,κ)�2))))))))))

1/2

<∼|t − s|�
j=1

d

�
κ

⟨κ⟩m+1((((((((((�
ξ

�Dp
β+ejψ(ξ ,p,κ)�2))))))))))

1/2
.

Hence
‖𝔸st

κ−η,∗ψ ‖Em= �
|β|≤m

�
ℝd
dp�

κ

⟨κ⟩m((((((((((�
ξ

�Dp
β𝔸st

κ−η,∗ψ(ξ ,p,κ)�2))))))))))
1/2

<∼|t − s|�
|β|≤m

�
j=1

d

�
ℝd
dp�

κ

⟨κ⟩m+1((((((((((�
ξ

�Dp
β+ejψ(ξ ,p,κ)�2))))))))))

1/2

<∼|t − s| �
|β|≤m+1

�
ℝd
dp�

κ

⟨κ⟩m+1�Dp
βψ(⋅,p,κ)�lξ2<∼4π |t − s|‖ψ ‖Em+1.

So
‖𝔸st

κ−η,∗ψ ‖Em<∼ |t − s|‖ψ ‖Em+1. □

Recall that we had
𝕏st

2,ε ,η,∗=𝕐st
ε ,η,∗+ℤst

ε ,η,∗

We now estimate the two operators, and will see that the resonant term 𝕐st
ε ,η,∗ will

have a contribution in the limit ε→0 while the nonresonant term ℤst
ε ,η,∗ will vanish.

Lemma 5.17. For all m∈ℕ0,η∈𝒜η,ψ ∈Em, 0� s< t ,δ as in (5.21) we have

‖𝕐st
ε ,η,∗ψ ‖Em<∼(t − s)c(η)

1
1−δ‖ψ ‖Em, (5.42)
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where c(η) is defined in (5.39).

Proof. We recall
𝕐st

ε ,η,∗F(ξ ,p,κ) :=

−ε−1 �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ia1́(v−u)[F(ξ ,p,κ)−F(ξ ,p,κ −n)𝕀n⊥ξ]

+ε−1 �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ia2́(v−u)[F(ξ ,p,κ +n)𝕀n⊥ξ −F(ξ ,p,κ)].

where a1́ and a2́ were defined in (5.32) and (5.33). We would like to estimate how
𝕐st

ε ,η,∗ maps on the scale. To this end we first compute

�Dp
β𝕐st

ε ,η,∗ψ(⋅,p,κ)�lξ2=((((((((((�
ξ∈ℤd

�Dp
β𝕐st

ε ,η,∗ψ(ξ ,p,κ)�2))))))))))
1/2
.

We have that
�
ξ∈ℤd

�Dp
β𝕐st

ε ,∗ψ(ξ ,p,κ)�2

<∼�
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

|V̂ (n)|2�ε−1�
s

t
�
s

u
e ia1́(v−u)dvdu�Dp

βψ(ξ ,p,κ)|||||||||||||||||||
|2

+�
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

|V̂ (n)|2�ε−1�
s

t
�
s

u
e ia1́(v−u)dvdu�Dp

βψ(ξ ,p,κ −n)𝕀n⊥ξ|||||||||||||||||||
|2

+�
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

|V̂ (n)|2�ε−1�
s

t
�
s

u
e ia2́(v−u)dvdu�Dp

βψ(ξ ,p,κ +n)𝕀n⊥ξ|||||||||||||||||||
|2

+�
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

|V̂ (n)|2�ε−1�
s

t
�
s

u
e ia2́(v−u)dvdu�Dp

βψ(ξ ,p,κ)|||||||||||||||||||
|2

=A𝕐+B𝕐+C𝕐+D𝕐.
We have

�
κ∈�ℤ

2 �d
⟨κ⟩m�Dp

β𝕐st
ε ,η,∗ψ(⋅,p,κ)�lξ2<∼ �

κ∈�ℤ
2 �d

⟨κ⟩m(A𝕐
1/2+B𝕐

1/2+C𝕐
1/2+D𝕐

1/2).

We will see how to estimate the first two terms, and the last two are estimated
analogously. Beginning with the A𝕐 term we have by Cauchy Schwartz

A𝕐= �
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

|V̂ (n)|2�ε−1�
s

t
�
s

u
e ia1́(v−u)dvdu�Dp

βψ(ξ ,p,κ)|||||||||||||||||||
|2

<∼�
ξ∈ℤd

�
n∈ℤd\{0}

|V̂ (n)|4⟨n⟩2M

�
n∈ℤd\{0}

⟨n⟩−2M�ε−1�
s

t
�
s

u
e ia1́(v−u)dvdu�2�Dp

βψ(ξ ,p,κ)�2.
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Now, since V ∈∩M�0HM(𝕋d) we have that

�
n∈ℤd\{0}

|V̂ (n)|4⟨n⟩2M = �
n∈ℤd\{0}

|V̂ (n)|2⟨n⟩2M |V̂ (n)|2

�‖V̂ ‖l∞(ℤd)
2 ‖V ‖HM(𝕋d)

2 <∞.
So by Lemma 5.13

A𝕐<∼(t − s)2c(η)
2

1−δ �
ξ∈ℤd

�
n∈ℤd\{0}

⟨n⟩−2M⟨n⟩2d+4�Dp
βψ(ξ ,p,κ)�2,

which, for M large enough is

<∼(t − s)2c(η)
2

1−δ�Dp
βψ(⋅,p,κ)�lξ2

2 .
Hence

�
κ∈�ℤ

2 �d
⟨κ⟩mA𝕐

1/2<∼(t − s)c(η)
1

1−δ �
κ∈�ℤ

2 �d
⟨κ⟩m�Dp

βψ(⋅,p,κ)�lξ2.

Similarly, for the B𝕐 term, we have

B𝕐= �
ξ∈ℤd |||||||||||||||||||

| �
n∈ℤd\{0}

|V̂ (n)|2�ε−1�
s

t
�
s

u
e ia1́(v−u)dvdu�Dp

βψ(ξ ,p,κ −n)𝕀n⊥ξ|||||||||||||||||||
|2

<∼�
ξ∈ℤd

�
n∈ℤd\{0}

|V̂ (n)|4⟨n⟩2M

�
n∈ℤd\{0}

⟨n⟩−2M�ε−1�
s

t
�
s

u
e ia1́(v−u)dvdu�2�Dp

βψ(ξ ,p,κ −n)�2𝕀n⊥ξ.

Using Lemma 5.13 and the fact that V ∈∩M�0HM(𝕋d) this is

<∼(t − s)2c(η)
2

1−δ �
ξ∈ℤd

�
n∈ℤd\{0}

⟨n⟩−2M⟨n⟩2d+4�Dp
βψ(p, ξ ,κ −n)�2𝕀n⊥ξ.

Hence
�

κ∈�ℤ
2 �d

⟨κ⟩mB𝕐
1/2<∼(t − s)c(η)

1
1−δ �

κ∈�ℤ
2 �d

�
n∈ℤd\{0}

⟨n⟩−M⟨n⟩d+2

⟨κ⟩m�Dp
βψ(⋅,p,κ −n)�lξ2.

Using Tonelli's theorem twice the RHS is

=(t − s)c(η)
1

1−δ �
n∈ℤd\{0}

�
κ∈�ℤ

2 �d
⟨n⟩−M⟨n⟩d+2⟨κ +n⟩m�Dp

βψ(⋅,p,κ)�lξ2

=(t − s)c(η)
1

1−δ �
κ∈�ℤ

2 �d
�Dp

βψ(⋅,p,κ)�lξ2 �
n∈ℤd\{0}

⟨n⟩−M⟨n⟩d+2⟨κ +n⟩m.

As we did in the estimate for 𝕏st
1,ε ,∗ this can be bounded by

<∼(t − s)c(η)
1

1−δ �
κ∈�ℤ

2 �d
�Dp

βψ(⋅,p,κ)�lξ2⟨κ⟩
m.
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Estimating the C and D terms analogously and integrating in p and summing over
β: |β|�m we have that

‖𝕐st
ε ,η,∗ψ ‖Em<∼(t − s)c(η)

1
1−δ‖ψ ‖Em. □

Lemma 5.18. For all m∈ℕ0,η∈𝒜η,γ ∈� 1
3 ,

1
2�,ψ ∈Em, 0� s< t ,δ as in (5.21) one has

‖ℤst
ε ,η,∗ψ ‖Em<∼ ε1−2γ |t − s|2γc(η)

(2−2γ )
1−δ ‖ψ ‖Em (5.43)

Proof. Recall
ℤst

ε ,η,∗F(ξ ,p,κ) :=

−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)�
s

t
du�

s

u
dve ia1́ve ib1́uF((((((ξ +n+nʹ,p,κ − n

2 − nʹ
2 ))))))𝕀a1́≠b1́

+ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)�
s

t
du�

s

u
dve ia1́ve ib2́uF((((((ξ +n+nʹ,p,κ − n

2 + nʹ
2 ))))))𝕀a1́≠b2́

+ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)�
s

t
du�

s

u
dve ia2́ve ib3́uF((((((ξ +n+nʹ,p,κ + n

2 − nʹ
2 ))))))𝕀a2́≠b3́

−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)�
s

t
du�

s

u
dve ia2́ve ib4́uF((((((ξ +n+nʹ,p,κ + n

2 + nʹ
2 ))))))𝕀a2́≠b4́

where a1́ and a2́ were defined in (5.32) and (5.33), and b1́, b2́,b3́ and b4́ were defined
in (5.34)-(5.37). As usual, we first compute

�Dp
βℤst

ε ,η,∗ψ(⋅,p,κ)�lξ2=((((((((((�
ξ∈ℤd

�Dp
βℤst

ε ,η,∗ψ(ξ ,p,κ)�2))))))))))
1/2

We have that

�
ξ∈ℤd

�Dp
βℤst

ε ,η,∗ψ(ξ ,p,κ)�2<∼ �
ξ∈ℤd

�Dp
βAZ �2+ �Dp

βBZ �2+ �Dp
βCZ �2+ �Dp

βDZ �2

Hence
�

κ∈�ℤ
2 �d

⟨κ⟩m�Dp
βℤst

ε ,∗ψ(⋅,p,κ)�lξ2

<∼ �
κ∈�ℤ

2 �d
⟨κ⟩m��Dp

βAZ�lξ2+ �Dp
βBZ�lξ2+ �Dp

βCZ�lξ2+ �Dp
βDZ�lξ2�.

We will estimate the first term, and the rest are estimated analogously. We have by
using the Cauchy–Schwartz inequality that

�Dp
βAZ�lξ2

2 = �
ξ∈ℤd

�Dp
βAZ �2<∼ �

ξ∈ℤd (((((((((( �
n,nʹ∈ℤd\{0}

|V̂ (n)V̂ (nʹ)|2⟨n⟩2M⟨nʹ⟩2M))))))))))
�

n,nʹ∈ℤd\{0}

(⟨n⟩⟨nʹ⟩)−2M�ε−1�
s

t
�
s

u
e ia1́ve ib1́udvdu�2

�Dp
βψ((((((ξ +n+n1,p,κ −

n
2 − nʹ

2 ))))))�
2
𝕀n+nʹ≠0.
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Since we have V ∈∩M�0HM(𝕋d), one has that

�
n,nʹ∈ℤd\{0}

|V̂ (n)V̂ (nʹ)|2⟨n⟩2M⟨nʹ⟩2M = ‖V ‖HM(𝕋d)
4 <∞.

So
�Dp

βAZ�lξ2
2 <∼ �

ξ∈ℤd

�
n,nʹ∈ℤd\{0}

(⟨n⟩⟨nʹ⟩)−2M�ε−1�
s

t
�
s

u
e ia1́ve ib1́udvdu�2

�Dp
βψ((((((ξ +n+nʹ,p,κ − n

2 − nʹ
2 ))))))�

2
𝕀n+nʹ≠0.

Due to the presence of 𝕀n+nʹ≠0, by Lemma 5.14 we have

�Dp
βAZ�lξ2

2 <∼ ε2−4γ |t − s|4γc(η)
2⋅(2−2γ )

1−δ

�
ξ∈ℤd

�
n,nʹ∈ℤd\{0}

(⟨n⟩⟨nʹ⟩)−2M+2(d+2)�Dp
βψ((((((ξ +n+nʹ,p,κ − n

2 − nʹ
2 ))))))�

2
𝕀n+nʹ≠0

<∼ε2−4γ |t − s|4γc(η)
2⋅(2−2γ )

1−δ

�
n,nʹ∈ℤd\{0}

(⟨n⟩⟨nʹ⟩)−2M+2(d+2)�Dp
βψ((((((⋅,p,κ − n

2 − nʹ
2 ))))))�

lξ
2

2
𝕀n+nʹ≠0.

This implies that
�

κ∈�ℤ
2 �d

⟨κ⟩m�Dp
βAZ�lξ2<∼ ε

1−2γ |t − s|2γc(η)
(2−2γ )
1−δ

�
κ∈�ℤ

2 �d
⟨κ⟩m �

n,nʹ∈ℤd\{0}

(⟨n⟩⟨nʹ⟩)−M+(d+2)�Dp
βψ((((((⋅,p,κ − n

2 − nʹ
2 ))))))�

lξ
2
𝕀n+nʹ≠0.

By using Tonelli's theorem twice we have that this is

<∼ε1−2γ |t − s|2γc(η)
(2−2γ )
1−δ �

κ∈�ℤ
2 �d

�Dp
βψ(p, ξ ,κ)�lξ2

�
n,nʹ∈ℤd\{0}

(⟨n⟩⟨nʹ⟩)−M+(d+2)�κ + n
2 + nʹ

2 �
m

𝕀n+nʹ≠0,

which for M large enough is bounded by

<∼ε1−2γ |t − s|2γc(η)
(2−2γ )
1−δ �

κ∈�ℤ
2 �d

�Dp
βψ(⋅,p,κ)�lξ2⟨κ⟩

m.

By arguing similarly for the other terms BZ,CZ and DZ one has that

‖ℤst
ε ,η,∗ψ ‖Em<∼ε1−2γ |t − s|2γc(η)

(2−2γ )
1−δ ‖ψ ‖Em. □

Lemma 5.19. Tst
ε ,η,♮ defined by equations (5.29), (5.30) and (5.31) is a bounded linear

functional on E2, and we have the naive bound

‖Tst
ε ,η,♮‖E−2

<∼ ε−3/2|t − s|2. (5.44)
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Proof. The proof reduces to showing that for m∈ {0, 1},

‖Aκ−η,∗‖ℒ(Em+1→Em)<∼1
and

‖Qt
ε ,η,∗‖ℒ(Em→Em)<∼ ε−1/2

As an example, take the first term, for F ∈E2, one has

|⟨Tt
ε ,η,Aκ−η,∗Aκ−η,∗F⟩|� ‖Tt

ε ,η‖E−0‖Aκ−η,∗Aκ−η,∗F‖E0

and
‖Aκ−η,∗F‖E0� ‖Aκ−η,∗‖ℒ(E2→E0)‖Aκ−η,∗‖ℒ(E1→E0)‖F‖E1

<∼ ‖F‖E1
<∼ ‖F‖E2<∞

The bound for Aκ−η,∗ follows from Lemma 5.41. We now compute for Qt
ε ,η,∗: Let m ∈

ℕ0, we then have

‖Qt
ε ,η,∗F‖Em= �

|β|�m

�
ℝd
dp �

κ∈�ℤ
2 �d

⟨κ⟩m((((((((((�
ξ∈ℤd

�Dp
βQt

ε ,η,∗F(ξ ,p,κ)�2))))))))))
1/2
.

∑ξ∈ℤd �Dp
βQt

ε ,η,∗F(ξ ,p,κ)�2 can be naively estimated as

<∼ε−1�
ξ∈ℤd |||||||||||||||||�n∈ℤd

e 4π 2iε−1n⋅(2κ−2η−n−ξ)tV̂ (n)Dp
βF�ξ +n,p,κ − n

2�|||||||||||||||||
2

+ε−1�
ξ∈ℤd |||||||||||||||||�n∈ℤd

e 4π 2iε−1n⋅(2κ−2η+n+ξ)tV̂ (n)Dp
βF�ξ +n,p,κ + n

2�|||||||||||||||||
2
= c1+ c2.

We estimate just the first term by Cauchy–Schwartz, the second is estimated the
same way.

c1<∼ ε−1�
ξ∈ℤd

((((((((�
n∈ℤd

|V̂ (n)|2⟨n⟩2M))))))))((((((((((�
n∈ℤd

⟨n⟩−2M(Dp
βF)2�ξ +n,p,κ − n

2�))))))))))
<∼ε−1‖V ‖HM(𝕋d)

2 �
ξ∈ℤd

�
n∈ℤd

⟨n⟩−2M(Dp
βF)2�ξ +n,p,κ − n

2�.

By Tonelli's theorem this is

<∼ε−1‖V ‖HM(𝕋d)
2 �

n∈ℤd

⟨n⟩−2M �
ξ∈ℤd

(Dp
βF)2�ξ +n,p,κ − n

2�

=ε−1‖V ‖HM(𝕋d)
2 �

n∈ℤd

⟨n⟩−2M�Dp
βF�⋅,p,κ − n

2��
lξ
2

2 .

Using that the l 2-norm of a sequence is upper bounded by its l 1-norm,

�
κ∈�ℤ

2 �d
⟨κ⟩m((((((((((�

ξ∈ℤd

�Dp
βQt

ε ,η,∗F(ξ ,p,κ)�2))))))))))
1/2

<∼ ε−1/2‖V ‖HM(𝕋d)

�
κ∈�ℤ

2 �d
⟨κ⟩m�

n∈ℤd

⟨n⟩−M�Dp
βF�⋅,p,κ − n

2��
lξ
2.
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Tonelli's theorem says this is

<∼ε−1/2‖V ‖HM(𝕋d) �
κ∈�ℤ

2 �d
�Dp

βF(⋅,p,κ)�lξ2 �
n∈ℤd

�κ + n
2�

m
⟨n⟩−M

<∼ε−1/2‖V ‖HM(𝕋d) �
κ∈�ℤ

2 �d
⟨κ⟩m�Dp

βF(⋅,p,κ)�lξ2.

Hence
‖Qt

ε ,η,∗F‖Em<∼ ε−1/2‖V ‖HM(𝕋d)‖F‖Em.

So we have the claim that
‖Qt

ε ,η,∗‖ℒ(Em→Em)<∼ ε−1/2

Hence by chaining the above estimates together with the fact that each time integral
gives a |t − s| in the bound, we have proved the claim. □

5.2.4 Passing to the limit
At this stage, we have established that for almost every η∈ �− 1

4 ,
1
4�d, there exists a

family of solutions {T ε ,η}ε∈(0,1) uniformly bounded in L∞([0,T ];E−0)which satisfy for
all ψ ∈E2:

⟨δTst
ε ,η,ψ ⟩= ⟨Ts

ε ,η,𝔸st
κ−η,∗ψ ⟩+ ⟨Ts

ε ,η,𝕏st
1,ε ,η,∗ψ ⟩+ ⟨Ts

ε ,η,𝕏st
2,ε ,η,∗ψ ⟩+ ⟨Tst

ε ,η,♮,ψ ⟩,

where Tst
ε ,η,♮ is an E−2 valued 3γ-Hölder map which for any ψ : ‖ψ ‖E2�1 has the prop-

erty that ⟨Tst
ε ,η,♮,ψ ⟩� ε−3/2|t − s|2.

We now use the machinery of unbounded rough drivers introduced in [BG17]
and [DGHT18] to obtain a bound on this remainder term that is uniform in ε, which
will allow us to pass to the limit. This will use the uniform bounds on the drivers.
Recall that from estimates (5.40)-(5.43) we have for η ∈𝒜η, uniformly in ε, and for
any m∈ℕ0 that

‖𝕏st
1,ε ,η,∗ψ ‖Em <∼ |t − s|γ‖ψ ‖Em,

‖𝔸st
κ−η,∗ψ ‖Em <∼ |t − s|‖ψ ‖Em+1,

‖ℤst
ε ,η,∗ψ ‖Em <∼ |t − s|2γ‖ψ ‖Em,

‖𝕐st
ε ,η,∗ψ ‖Em <∼ |t − s|‖ψ ‖Em.

In these bounds, the constant c in <∼ depends on η,δ ,γ ,m,V ,d but not on ε. We then
define for ψ ∈E1,

⟨Tst
ε ,η,♯,ψ ⟩ := ⟨δTst

ε ,η,ψ ⟩− ⟨Ts
ε ,η,𝕏st

1,ε ,η,∗ψ ⟩.

For ψ ∈E2 we have that

⟨Tst
ε ,η,♯,ψ ⟩= ⟨Ts

ε ,η,(𝔸st
κ−η,∗+𝕏st

2,ε ,η,∗)ψ ⟩+ ⟨Tst
ε ,η,♮,ψ ⟩.

Next, define the smoothing operators, for ν ∈ (0, 1):

Jνφ(p,κ) := e−ν 1/2⟨κ⟩(φ ∗pϕν), (5.45)
where

ϕν(p)=ν−d/2ϕ� p
ν1/2�, (5.46)
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for some mollifier ϕ ∈Cc
∞(ℝd):∫dxϕ(x)=1. We have that for (m,n)∈ {(1, 1), (1, 2),

(2, 2)}
‖Jν‖ℒ(Em→En)<∼ν−(n−m), (5.47)

and
‖Jν −Id‖ℒ(E2→E1)<∼ν1/2. (5.48)

See Lemmas 5.29 and 5.30 for proofs of these claims. Now, we can prove the fol-
lowing

Lemma 5.20. Fix T > 0. One has that for any ε > 0, γ ∈ � 1
3 ,

1
2� a.e. η ∈ �− 1

4 ,
1
4�d and

0� s< t �T that
‖Tst

ε ,η,♮‖E−2
<∼C3γM |t − s|3γ (5.49)

uniformly in ε, where C3γ is the constant appearing in the sewing lemma, and M :=
‖T ε ,η‖L∞([0,T ];E−0).

Remark 5.21. The core idea of the proof is contained in Lemma 2.29. Here we deal
with the additional difficulty of working with an unbounded operator that moves us
from one space in the scale Em to another.

Proof. Assume ‖ψ ‖E2�1. Let 0< min {1,L}
2 � |I |�min {1,L} where L>0 will be defined

below in the argument. We compute the increments for the remainder term : for
0� s<u< t � |I |, we have

⟨δTsut
ε ,η,♮,ψ ⟩= ⟨Tst

ε ,η,♮,ψ ⟩− ⟨Tsu
ε ,η,♮,ψ ⟩− ⟨Tut

ε ,η,♮,ψ ⟩.

Using equation (5.28), this is

=⟨δTst
ε ,η,ψ ⟩− ⟨Ts

ε ,η,(𝔸st
κ−η,∗+𝕏st

1,ε ,η,∗+𝕏st
2,ε ,η,∗)ψ ⟩

−⟨δTsu
ε ,η,ψ ⟩+ ⟨Ts

ε ,η,(𝔸su
κ−η,∗+𝕏su

1,ε ,η,∗+𝕏su
2,ε ,η,∗)ψ ⟩

−⟨δTut
ε ,η,ψ ⟩+ ⟨Tu

ε ,η,𝔸ut
κ−η,∗+𝕏ut

1,ε ,η,∗+𝕏ut
2,ε ,η,∗ψ ⟩.

By adding and subtracting ⟨Ts
ε ,η,(𝔸ut

κ−η,∗+𝕏ut
1,ε ,η,∗+𝕏ut

2,ε ,η,∗)ψ ⟩ and using the Chen rela-
tions, this is

=⟨δTsuε ,(𝔸ut
κ−η,∗+𝕏ut

1,ε ,η,∗+𝕏ut
2,ε ,η,∗)ψ ⟩− ⟨Ts

ε ,η,𝕏su
1,η,∗𝕏ut

1,η,∗ψ ⟩.

Adding and subtracting the smoothing operators from (5.45) to the transport term,
this is

=⟨Tsu
ε ,η,♯,𝕏ut

1,ε ,η,∗ψ ⟩+ ⟨δTsu
ε ,η,(𝕀± Jν)𝔸ut

κ−η,∗ψ ⟩+ ⟨δTsu
ε ,η,𝕏ut

2,ε ,η,∗ψ ⟩.

Since 𝕏ut
1,ε ,η,∗ψ ∈E2 this is

=⟨Ts
ε ,η,𝔸su

κ−η,∗𝕏ut
1,ε ,η,∗ψ ⟩+ ⟨Ts

ε ,η,𝕏su
2,ε ,η,∗𝕏ut

1,ε ,η,∗ψ ⟩+ ⟨Tsu
ε ,η,♮,𝕏ut

1,ε ,η,∗ψ ⟩

+⟨Ts
ε ,η,(𝔸su

κ−η,∗+𝕏su
1,ε ,η,∗+𝕏su

2,ε ,η,∗)Jν𝔸ut
κ−η,∗ψ ⟩+ ⟨Tsu

ε ,η,♮, Jν𝔸ut
κ−η,∗ψ ⟩

+⟨δTsu
ε ,η,(𝕀− Jν)𝔸ut

κ−η,∗ψ ⟩

+⟨Ts
ε ,η,(𝔸su

κ−η,∗+𝕏su
1,ε ,η,∗+𝕏su

2,ε ,η,∗)𝕏ut
2,ε ,η,∗ψ ⟩+ ⟨Tsu

ε ,η,♮,𝕏ut
2,ε ,η,∗ψ ⟩

=I1+ ⋅ ⋅ ⋅ + I12.
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We have that

|I1|+ |I2|�M(‖𝔸su
κ−η,∗𝕏ut

1,ε ,η,∗‖ℒ(E2→E1)+ ‖𝕏su
2,ε ,η,∗𝕏ut

1,ε ,η,∗‖ℒ(E2→E2)),

|I4|+ |I5|<∼M(‖𝔸su
κ−η,∗Jν𝔸ut

κ−η,∗‖ℒ(E2→E0)+ ‖𝕏su
1,ε ,η,∗Jν𝔸ut

κ−η,∗‖ℒ(E2→E1)),

|I6|+ |I9|<∼M(‖𝕏su
2,ε ,η,∗Jν𝔸ut

κ−η,∗‖ℒ(E2→E1)+ ‖𝔸su
κ−η,∗𝕏ut

2,ε ,η,∗‖ℒ(E2→E1)),

|I10|+ |I11|<∼M(‖𝕏su
1,ε ,η,∗𝕏ut

2,ε ,η,∗‖ℒ(E2→E2)+ ‖𝕏su
2,ε ,η,∗𝕏ut

2,ε ,η,∗‖ℒ(E2→E2)),

|I8|<∼M‖(𝕀− Jν)𝔸ut
κ−η,∗‖ℒ(E2→E0),

|I3|+ |I12|<∼ ‖Tsu
ε ,η,♮‖E−2(‖𝕏ut

1,ε ,η,∗‖ℒ(E2→E2)+ ‖𝕏ut
2,ε ,η,∗‖ℒ(E2→E2)),

|I7|<∼ ‖Tsu
ε ,η,♮‖E−2‖Jν𝔸ut

κ−η,∗‖ℒ(E2→E2).

Using the ε-independent bounds on the drivers, and properties (5.47) and (5.48) of
the smoothing operator Jν, we have

|I1|+ |I2|+ |I4|+ |I5|<∼M(|t − s|1+γ + |t − s|3γ + |t − s|2+ |t − s|1+γ),

|I6|+ |I9|+ |I10|+ |I11|<∼M(|t − s|1+2γ + |t − s|1+2γ + |t − s|3γ + |t − s|4γ),

|I3|+ |I7|+ |I12|<∼ ‖Tsu
ε ,η,♮‖E−2(|t − s|γ +ν−1|t − s|+ |t − s|2γ),

|I8|<∼Mν1/2|t − s|.

Pick ν = |t − s|2γ

|I |2γ
∈ (0, 1), so ν−1|t − s|= |I |2γ |t − s|1−2γ � |I |, to get that

|I1|+ |I2|+ |I4|+ |I5|+ |I6|+ |I8|+ |I9|+ |I10|+ |I11|<∼M |t − s|3γ ,

|I3|+ |I7|+ |I12|<∼ ‖Tsu
ε ,η,♮‖E−2|I |γ .

Hence
|⟨δTsut

ε ,η,♮,ψ ⟩|<∼M |t − s|3γ + ‖Tsu
ε ,η,♮‖E−2|I |γ .

Consider the germ Gst
ε ,η,ψ := ⟨Ts

ε ,η,(𝔸st
κ−η,∗+𝕏st

1,ε ,η,∗+𝕏st
2,ε ,η,∗)ψ ⟩. One has that

δGsut
ε ,η,ψ = ⟨δTsut

ε ,η,ψ ⟩− ⟨δTsut
ε ,η,♮,ψ ⟩=−⟨δTsut

ε ,η,♮,ψ ⟩

By what we have shown above, we have that for each ψ ∈ E2, Gsut
ε ,η,ψ is a germ to

which the sewing lemma can be applied. By the sewing lemma (see Lemma 2.26 and
Remark 2.27), we have that

‖Tst
ε ,η,♮‖E−2

<∼C3γ(M |t − s|3γ + ‖Tsu
ε ,η,♮‖E−2|I |γ),

where C3γ is the constant appearing in Lemma 2.26 with β = γ . Now the <∼ means
there is a constant cη,δ ,γ ,d ,V depending on V ,γ ,d,η but not on ε such that

‖Tst
ε ,η,♮‖E−2� cη,δ ,γ ,d ,VC3γ(M |t − s|3γ + ‖Tsu

ε ,η,♮‖E−2|I |γ)

Choosing L such that cη,δ ,γ ,d ,VCγLγ <
1
2 and recalling that I is such that 0< |I |�min {1,

L} one has
‖Tst

ε ,η,♮‖E−2� cη,δ ,γ ,d ,VCγCT |t − s|3γ
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Covering the interval [0,T ] with small intervals of the above size, we have the uni-
form bound for the remainder on [0,T ]. This concludes the proof. □

Next, recall equations (5.23) and (5.24). We have the following

Lemma 5.22. Let T >0. For η∈𝒜η,ψ ∈E0 and 0� s< t �T it holds that

lim
ε→0

‖(𝕐st
ε ,η,∗−𝕐st

η,∗)ψ ‖E0=0.

Proof. Recall that
𝕐st

ε ,η,∗ψ(ξ ,p,κ) :=

−ε−1 �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ia1́(v−u)[ψ(ξ ,p,κ)−ψ(ξ ,p,κ −n)𝕀n⊥ξ]

+ε−1 �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ia2́(v−u)[ψ(ξ ,p,κ +n)𝕀n⊥ξ −ψ(ξ ,p,κ)].

where a1́=4π 2ε−1n⋅(2κ−2η−n−ξ) and a2́=4π 2ε−1n⋅(2κ−2η+n+ξ). We have that for

ε−1�
s

t
du�

s

u
dve ia1́(v−u)= ε−1�

s

t
du 1− e ia1́(s−u)

ia1́
= ε−1(((((((((((t − s)ia1́

+ e ia1́(s−t)

(ia1́)2
− 1
(ia1́)2))))))))))

= (t − s)
4π 2in⋅(2κ −2η−n− ξ) +o(ε)

Hence in the limit as ε→0 we have that the first term is

= i(t − s)4π 2 �
n∈ℤd\{0}

|V̂ (n)|2ψ(ξ ,p,κ)−ψ(ξ ,p,κ −n)𝕀n⊥ξ
n⋅(2κ −2η− ξ −n)

Computing the other terms similarly, we have (5.23) and (5.24). □

Finally, we are ready to prove Theorem 5.7.

Proof. (of Theorem 5.7) Recall the weak formulation of the rough equation, for
ψ ∈E2: ‖ψ ‖E2�1

⟨δTst
ε ,η,ψ ⟩= ⟨Ts

ε ,η,𝔸st
κ−η,∗ψ ⟩+ ⟨Ts

ε ,η,𝕏st
1,ε ,η,∗ψ ⟩+ ⟨Ts

ε ,η,𝕏st
2,ε ,η,∗ψ ⟩+ ⟨Tst

ε ,η,♮,ψ ⟩

one has for a.e. η∈�− 1
4 ,

1
4�d that for M := ‖T ε ,η‖L∞([0,T ];E−0)

|⟨δTst
ε ,η,ψ ⟩|<∼M(|t − s|+ |t − s|γ + |t − s|2γ)+ ‖Tst

ε ,η,♮‖E−2

which by the uniform a-priori bounds is

|⟨δTst
ε ,η,ψ ⟩|<∼ |t − s|γM + ‖Tst

ε ,η,♮‖E−2
<∼ |t − s|γM +M |t − s|3γ <∼M |t − s|γ

uniformly in ε. This argument works for any subinterval of [0, T ] that is shorter
than 1, and so it works for the entire interval [0,T ] by a covering argument. Hence,
for any ψ ∈ E2: ‖ψ ‖E2 � 1, the family ⟨T ε ,η(t), ψ ⟩ which form a uniformly bounded
sequence of ℝ-valued γ-Hölder paths, are uniformly equicontinuous in time, which
means by the theorem of Arzela–Ascoli and standard analysis arguments that there
exists a subsequence which converges uniformly to some γ-Hölder real valued func-
tion on [0,T ].
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Next, we note that by the uniform bound ‖T ε ,η(t)‖E−0
<∼CT

η =‖T ε ,η‖L∞([0,T ];E−0) and by the
Banach–Alaoglu theorem that there exists a subsequence T εj converging weakly-*
to a function T η∈L∞([0,T ];E−0). In particular, for any ψ ∈E2, ⟨T ε j,η,ψ ⟩→ ⟨T η,ψ ⟩∈
L∞([0,T ]; ℝ) and by the fact that there exists a uniformly converging subsequence
from the previous paragraph, the limit ⟨T η(t),ψ ⟩ is also a γ-Hölder path.
Now for ψ ∈E2, this allows passing to the limit (along the subsequence) in the term
on the lest hand side of the rough equation, and the first three terms on the right
hand side, and this defines the term ⟨Tst

η,♮,ψ ⟩. We have

⟨Ts
ε j,η,𝔸st

κ−η,∗ψ ⟩→ ⟨Ts
η,𝔸st

∗ ψ ⟩,

|⟨Ts
ε j,η,𝕏st

1,ε j,η,∗ψ ⟩|� ‖Ts
εj,η‖E−0‖𝕏st

1,ε j,η,∗ψ ‖E0
<∼ εj

1/2−γ →0.
For the term

⟨Ts
ε j,η,𝕏st

2,εj,∗ψ ⟩= ⟨Ts
εj,η,𝕐st

ε j,η,∗ψ ⟩+ ⟨Ts
εj,η,ℤst

εj,η,∗ψ ⟩,
one has that

|⟨Ts
ε j,η,ℤst

ε j,η,∗ψ ⟩|� ‖Ts
ε j,η‖E−0‖ℤst

ε j,η,∗ψ ‖E0
<∼εj

1−2γ →0
Finally, consider

⟨Ts
ε j,η,𝕐st

ε j,η,∗ψ ⟩= ⟨Ts
ε j,η,𝕐st

η,∗ψ ⟩+ ⟨Ts
εj,η,(𝕐st

εj,η,∗−𝕐st
η,∗)ψ ⟩.

We see that the first term
Ts

ε j,η(𝕐st
η,∗ψ)→Ts

η(𝕐st
η,∗ψ).

The second term goes to 0, as a consequence of Lemma 5.22.
Hence one has

⟨Tst
η,♮,ψ ⟩= ⟨δTst

η,ψ ⟩− ⟨Ts
η,𝔸st

κ−η,∗ψ ⟩− ⟨Ts
η,𝕐st

η,∗ψ ⟩= lim
j→∞

Tst
ε j,η,♮(ψ),

and we have
|⟨Tst

η,♮,ψ ⟩|<∼M‖ψ ‖E2|t − s|3γ ,

as a consequence of the fact that the a-priori bounds are uniform in ε. Hence we
have the existence of an E−0 valued path T (t) satisfying, for all ψ ∈ E2, the rough
difference equation

⟨δTst
η,ψ ⟩= ⟨Ts

η,𝔸st
κ−η,∗ψ ⟩+ ⟨Ts

η,𝕐st
η,∗ψ ⟩+ ⟨Tst

η,♮,ψ ⟩.

Now, since 𝔸st
κ−η,∗ and 𝕐st

η,∗ are of order |t − s|, we deduce that

⟨TT
η,ψ ⟩− ⟨T0

η,ψ ⟩=�
0

T
ds⟨Ts

η,(Aκ−η,∗+Yst
η,∗)ψ ⟩,

where Y η,∗= 𝕐st
η,∗

(t − s) . In fact, for a.e. t ∈ [0,T ] it holds that

∂tTt
η(ψ)=Tt

η(Aκ−η,∗ψ)+Tt
η(Y η,∗ψ), (5.50)

Finally, by the fact that every subsequence of equation (5.28) has a further subse-
quence converging to a limit that also satisfies equation (5.50), and by the uniqueness
of solutions to this equation in E−0 (see Section 2.3), we have that the entire sequence
T ε ,η converges to T η. This concludes the proof. □
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5.3 Observables
This section contains estimates for the observables, aster making a heuristic sta-
tionary phase argument to restrict to the term ξ = 0. When attempting to use the
same strategy using the sewing lemma as in Section 5.2, we show in Subsection 5.3.1
that one can prove uniform in ε-estimates for the terms involving the non-resonant
drivers from (5.28). In Subsection 5.3.2, we characterize the obstruction to the con-
vergence of the resonant term, and make the connection to energy band crossings
of the free Laplacian, which we encountered in the previous chapters.
Recall the problem of understanding the weak coupling limit of the observables: For
F ∈𝒮(ℝ2d), consider

�
ℝ2d

dxdkW ε(t ,x ,k)F(x ,k)=�
ℝ2d

dxdkW� t
ε ,
x
ε ,k�F(x ,k).

Using equations (5.7) and (5.12), this is

=�
ℝd
dx�

�−1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
W̃φ�

t
ε ,�

x
ε �, xε ,η,κ�F(x ,κ −η)

=�
ℝd
dp�

�−1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
W̃φ

ε�t , pε ,p,η,κ�F(p,κ −η).

Now using equations (5.15) and (5.16), this can be rewritten as

=�
ℝd
dp�

�−1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
U ε(t , ε−1p−4πε−1(κ −η)t ,p,η,κ)F(p,κ −η)

=�
ℝd
dp�

�−1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
�
ξ∈ℤd

e 2πiε−1ξ ⋅(p−4π(κ−η)t)T ε(t , ξ ,p,η,κ)F(p,κ −η).

Consider the mode ξ = 0, which we expect to be the only one contributing to the
limit by a stationary phase argument (we are being formal here). Hence we restrict
to considering

Ot
ε =�

�−1
4 ,

1
4�d

dη⟨Ttε, 𝕀ξ=0F⟩=�
�− 1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

T ε(t , 0,p,η,κ)F(p,κ −η).

Then, equation (5.28) and the fact that 𝕏st
2,ε ,η,∗=𝕐st

ε ,η,∗+ℤst
ε ,η,∗ gives that

δOst
ε =�

�−1
4 ,

1
4�d

dη⟨δTst
ε ,η, 𝕀ξ=0F⟩

=�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,Ast

κ−η,∗𝕀ξ=0F⟩+�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,𝕏st

1,ε ,η,∗𝕀ξ=0F⟩

+�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,𝕐st

ε ,η,∗𝕀ξ=0F⟩+�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,ℤst

ε ,η,∗𝕀ξ=0F⟩

+�
�−1

4 ,
1
4�d

dη⟨Tst
ε ,η,♮, 𝕀ξ=0F⟩.
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We will now attempt to use the same strategy as the previous section - prove uni-
form in ε-estimates for the leading order terms, and a naive bound on the remainder.
We will show that

��
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,𝕏st

1,ε ,η,∗𝕀ξ=0F⟩�<∼ ε1/2−γ |t − s|γ‖Tsε‖Lη,p,κ∞ lξ
2‖F‖Wp,k

1,1(ℝ2d), (5.51)

and

��
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,ℤst

ε ,η,∗𝕀ξ=0F⟩�<∼ |t − s|2γε1−2γ‖Tsε‖Lη,p,κ∞ lξ
2‖F‖Wp,k

1,1(ℝ2d), (5.52)

and that the terms with Ast
κ−η,∗ and 𝕐st

ε ,η,∗are uniformly bounded in ε, and have time
regularity |t − s|, but do not decay as ε→0. This is similar to what we did in the case
of fixed η. However, we will see that the limit ε→0 cannot be taken for the resonant
term without having continuity in the η-variable for T ε and any potential limit T .
The transport term is the easiest to handle. We have that

�
�−1

4 ,
1
4�d

dη⟨Tsε,Ast
∗ 𝕀ξ=0F⟩=�

�− 1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dpTsε(0,p,η,κ)Ast

∗ F(p,κ −η)

=4π(t − s)�
�− 1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dpTsε(0,p,η,κ)(κ −η)⋅∇pF(p,κ −η).

Hence

��
�−1

4 ,
1
4�d

dη⟨Tsε,Ast
∗ 𝕀ξ=0F⟩�

<∼|t − s|‖Tsε‖Lη,p,κ∞ lξ
2�

�−1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp |(κ −η)⋅∇pF(p,κ −η)|.

5.3.1 Uniform bounds on the non-resonant terms
In this section we prove the bounds in equations (5.51) and (5.52). First consider the
term with 𝕏st

1,ε ,∗.
�

�−1
4 ,

1
4�d

dη⟨Tsε,𝕏st
1,ε ,∗𝕀ξ=0F⟩.

We will now see that this can be bounded uniformly in ε. This is

=�
�−1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp �

ξ∈ℤd

Tsε(ξ ,p,η,κ)𝕏st
1,ε ,∗(𝕀ξ=0F(p,κ −η))

Since
=iε−1/2�

�− 1
4 ,

1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp �

ξ∈ℤd

Tsε(ξ ,p,η,κ)

�
n∈ℤd\{0}

V̂ (n)�
s

t
du�e ia1́uF�p,κ −η− n

2�− e ia2́uF�p,κ −η+ n
2��𝕀ξ+n=0,

5.3 OBSERVABLES 113



where we recall that a1́ and a2́ are given by expressions (5.32) and (5.33). Simplifying,
this is

=iε−1/2�
�− 1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp �

n∈ℤd\{0}

V̂ (n)Tsε(−n,p,η,κ)

�F�p,κ −η− n
2�−F�p,κ −η+ n

2���
s

t
due 8π 2iε−1n⋅(κ−η)u

Splitting terms, and taking absolute values, the first term can be bounded by

��
�−1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp

|||||||||||||||||||
| �
n∈ℤd\{0}

V̂ (n)Tsε(−n,p,η,κ)F�p,κ −η− n
2��ε−1/2�

s

t
due 8π 2iε−1n⋅(κ−η)u�|||||||||||||||||||

|.
Using the Hölder's inequality, this is

��
�−1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp(((((( sup

n∈ℤd\{0}
|V̂ (n)|⟨n⟩M))))))

�
n∈ℤd\{0}

⟨n⟩−M |Tsε(−n,p,η,κ)|F�p,κ −η− n
2��ε−1/2�

s

t
due 8π 2iε−1n⋅(κ−η)u�

<∼V‖Tsε‖Lη,p,κ∞ lξ∞�
�−1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp

�
n∈ℤd\{0}

F�p,κ −η− n
2�⟨n⟩−M �ε−1/2�

s

t
due 8π 2iε−1n⋅(κ−η)u�.

By Lemma 5.12, this is
<∼V‖Tsε‖Lη,p,κ∞ lξ

2�
�−1

4 ,
1
4�d

dη �
κ∈�ℤ

2 �d
�
ℝd
dp

�
n∈ℤd\{0}

⟨n⟩−MF�p,κ −η− n
2�c(η)

1−γ
1−δε

1
2−γ |t − s|γ⟨n⟩(d+2)(1−γ).

By Tonelli's theorem, this is
<∼Vε1/2−γ |t − s|γ‖Tsε‖Lη,p,κ∞ lξ

2 �
n∈ℤd\{0}

⟨n⟩−M⟨n⟩(d+2)(1−γ)

�
ℝd
dp �

κ∈�ℤ
2 �d

sup
η∈�− 1

4 ,
1
4�d
F�p,κ −η− n

2��
�− 1

4 ,
1
4�d

dηc(η)
1−γ
1−δ .

Now, choosing δ <min �γ , 1
d +3�, the integral in η is finite, since c(η) ∈L1. The sum

over n is finite choosingM large enough and the regularity of F says that the above
expression is uniformly bounded in ε, i.e.,

�
�−1

4 ,
1
4�d

dη⟨Tsε,𝕏st
1,ε ,∗𝕀ξ=0F⟩<∼V ε1/2−γ |t − s|γ‖Tsε‖Lη,p,κ∞ lξ

2‖F‖Wp,k
1,1(ℝ2d)
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This is equation (5.51). Next we consider the term with ℤst
ε ,η,∗

�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,ℤst

ε ,η,∗𝕀ξ=0F⟩

=�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ)ℤst
ε ,η,∗(𝕀ξ=0F(p,κ −η)),

where
ℤst

ε ,η,∗(𝕀ξ=0F(p,κ −η))=

=−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b1́,a1́)F((((((p,κ −η− n
2 − nʹ

2 ))))))𝕀a1́≠b1́𝕀ξ+n+nʹ=0
+ε−1 �

n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b2́,a1́)F((((((p,κ −η− n
2 + nʹ

2 ))))))𝕀a1́≠b2́𝕀ξ+n+nʹ=0
+ε−1 �

n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b3́,a2́)F((((((κ −η+ n
2 − nʹ

2 ))))))𝕀a2́≠b3́𝕀ξ+n+nʹ=0
−ε−1 �

n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(b4́,a2́)F((((((κ −η+ n
2 + nʹ

2 ))))))𝕀a2́≠b4́𝕀ξ+n+nʹ=0.
Recalling expressions (5.32)-(5.38), for

α1=4π 2ε−1n⋅(2κ −2η+nʹ), α2=4π 2ε−1n⋅(2κ −2η−nʹ),

β1=4π 2ε−1nʹ⋅(2κ −2η−n), β2=4π 2ε−1nʹ⋅(2κ −2η+n),
and

G1(p,κ,η,n,nʹ)=F((((((p,κ −η− n
2 − nʹ

2 ))))))−F((((((p,κ −η− n
2 + nʹ

2 )))))),
G2(p,κ,η,n,nʹ)=F((((((p,κ −η+ n

2 − nʹ
2 ))))))−F((((((p,κ −η+ n

2 − nʹ
2 )))))),

one has that
ℤst

ε ,η,∗(𝕀ξ=0F(p,κ −η))=

=−ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(β1,α1)G1(p,κ,η,n,nʹ)𝕀α1≠β1

+ε−1 �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(β2,α2)G2(p,κ,η,n,nʹ)𝕀α2≠β2

=OZ
1 +OZ

2 .

Both terms can be estimated the same way. We will show how to bound OZ
1 . Con-

sider now
OZ

1 =−ε−1�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)

φst(β1,α1)G1(p,κ,η,n,nʹ)𝕀α1≠β1.
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So

|OZ
1 |� ε−1‖Tsε‖Lη,p,κ∞ lξ∞�

�−1
4 ,

1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

||||||||||||||||| �
n,nʹ∈ℤd\{0}

V̂ (n)V̂ (nʹ)φst(β1,α1)G1(p,κ,η,n,nʹ)𝕀α1≠β1|||||||||||||||||.
By Hölder's inequality, this is

�ε−1‖Tsε‖Lη,p,κ∞ lξ
2�

�−1
4 ,

1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

�sup
n

|V̂ (n)|⟨n⟩M�
2

�
n,nʹ∈ℤd\{0}

⟨n⟩−M⟨nʹ⟩−Mφst(β1,α1)|G1(p,κ,η,n,nʹ)|𝕀α1≠β1

<∼ε−1‖Tsε‖Lη,p,κ∞ lξ
2�

ℝd
dp �

κ∈�ℤ
2 �d

�sup
n

|V̂ (n)|⟨n⟩M�
2

�
n,nʹ∈ℤd\{0}

⟨n⟩−M⟨nʹ⟩−Msup
η
|G1(p,κ,η,n,nʹ)|�

�− 1
4 ,

1
4�d

dηφst(β1,α1)𝕀α1≠β1

<∼Vε−1‖Tsε‖Lη,p,κ∞ lξ
2�

ℝd
dp �

κ∈�ℤ
2 �d

sup
η∈�− 1

4 ,
1
4�d
F(p,κ −η)

�
n,nʹ∈ℤd\{0}

⟨n⟩−M⟨nʹ⟩−M�
�−1

4 ,
1
4�d

dηφst(β1,α1)𝕀α1≠β1.

By Lemma 5.9 we have that

�
�−1

4 ,
1
4�d

dη|φst(β1,α1)|𝕀α1≠β1

<∼
|t − s|2γ

ε2γ−2
�

�−1
4 ,

1
4�d

dη((((((((((((((
1

|β1|1−γ |α1|1−γ
+ 1

|α1|1/2|β1|1−γ |β1+α1|
1−2γ
2 ))))))))))))))𝕀α1≠β1

+ |t − s|
2γ

ε2γ−2
�

�− 1
4 ,

1
4�d

dη((((((((((((((
𝕀α1≠β1

|β1|1/2|α1|1−γ |β1+α1|
1−2γ
2

+ 𝕀α1≠β1

|α1|1/2|β1|1/2|β1+α1|1−2γ)))))))))))))).

If we can show that each of the integrals in η can be bounded by C(d,γ)⟨n⟩4⟨nʹ⟩4, we
will have that

|OZ
1 |<∼ |t − s|2γε1−2γ‖Tsε‖Lη,p,κ∞ lξ

2‖F‖Wp,k
1,1(ℝ2d),

which is uniformly bounded in ε, and vanishes as ε→0. To show the bound on the
integrals in η, we need to modify the argument used in Lemma 5.10, by noticing
that each singular term is integrable when isolated from the others. This will be the
content of the following
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Lemma 5.23. For i∈ {1,2}, we have that for α +β +σ =2−2γ , 0<α ,β <1,0�σ <1 that

�
�−1

4 ,
1
4�d

dη 1
|βi|α|αi|β|βi+αi|σ

𝕀αi≠βi<∼d ,γ ⟨n⟩4⟨nʹ⟩4

Proof. We will prove it for the case i = 1, the case i =2 is the done the same way.
Note that σ <α and σ <β in each expression. Using the form of α1 and β1, this can be
rewritten as

�
�− 1

2 ,
1
2�d

dη 1
|n⋅η−k1|α|nʹ⋅η−k2|β|n⋅η−k1+nʹ⋅η−k2|σ

𝕀n⋅η−k1+nʹ⋅η−k2≠0,

for some k1,k2∈ℤ. We break this down into two cases, one where n,nʹ are collinear
and one where they aren't. For the collinear case, assume without loss of generality
that nʹ = cn, c ∈ℤ\{0}. Hence |c|� 1. Note also that in the collinear case, we cannot
then have k2= ck1, since if we use the actual form of k1 and k2 from α1,β1 we would
have that k2= ck1 would mean that

nʹ⋅2κ −nʹ⋅n=k2⇒⇐⇒⇐
!
ck1= c(2n⋅κ +n⋅nʹ)⇔2cn⋅κ − cn⋅n=2cn⋅κ + c2n⋅n

⇔c2=−c⇔ c=−1.

But in this case n⋅η − k1 + nʹ⋅η − k2 = n⋅η − k1 − nʹ⋅η + k1 = 0 which violates the non-
resonance condition. Hence we have that k2≠ ck1 in the collinear case where nʹ=cn.
Then writing k2= ck1+ l for some l ∈ℤ\{0} the above expression becomes

�
�− 1

2 ,
1
2�d

dη 1
|n⋅η−k1|α|cn⋅η− ck1− l |β|n⋅η−k1+ cn⋅η− ck1− l |σ

=�
�− 1

2 ,
1
2�d

dη 1
|n⋅η−k1|α|c|β�n⋅η−k1−

l
c �
β|n⋅η−k1+ cn⋅η− ck1− l |σ

If c =−1 then |n⋅η−k1+ cn⋅η− ck1− l |σ = |l |σ and one adapts the steps we show below
in the case c ≠−1. For c ≠−1, this is

=�
�−1

2 ,
1
2�d

dη 1
|n⋅η−k1|α|c|β�n⋅η−k1−

l
c �
β|1+ c|σ�n⋅η−k1−

l
1+ c �

σ .

Let R be a rotation matrix such that Rn= |n|e1. Then changing variables via ηʹ =RTη
this is

��
B d� (0)

dηʹ 1
||n|η1́−k1|α|c|β� |n|η1́−k1−

l
c �
β|1+ c|σ�|n|η1́−k1−

l
1+ c �

σ

<∼�
− d�

d�
dηʹ 1

||n|η1́−k1|α|c|β� |n|η1́−k1−
l
c �
β|1+ c|σ�|n|η1́−k1−

l
1+ c �

σ .
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Changing variables once more η= |n|η1́ and since |c|�1, |1+ c|�1 this is

<∼
1
|n|�−|n| d�

|n| d�
dη 1

|η−k1|α�η−k1−
l
c �
β�η−k1−

l
1+ c �

σ .

We have singularities therefore at η=k1,η=k1+
l
c ,η=k1+

l
1+ c . (In the case c=−1 this

important point would still be true for the two denominator terms). Since l ∈ℤ\{0}
the singularities never occur at the same point. We can therefore rewrite this as

1
|n||c|β|1+ c|σ

�
−|n| d�

|n| d�
dη 1

|η−k1|α|η−k2|β|η−k3|σ
,

for k1<k2<k3. We assume that k1,k2,k3 lie in �−|n| d� , |n| d� �, if not we would have
a constant which the term lying outside would be upper bounded by, and we could
estimate the remaining integral as we will do below. Now let r =min�1, k2−k12 , k3−k22 �
and let Skj = [kj − l,kj + l]∩ �−|n| d� , |n| d� � for j ∈ {1, 2, 3} and let N = �−|n| d� , |n| d� �\
∪j=13 Skj. On N , each of the denominators is greater than r

2 , so

�
N
dη dη

|η−k1|α|η−k2|β|η−k3|σ
�

|N |
r2−2γ

<∼d ,γ
|n|
r2−2γ

.

On any of the Skj for instance, Sk1 one has that

�
Sk1
dη dη

|η−k1|α|η−k2|β|η−k3|σ
<∼

1
rβ+σ

�
Sk1
dη dη

|η−k1|α
<∼

1
r2−2γ

�
−1

1
dη dη

|η|α
<∼

1
r2−2γ

.

Hence overall we have that

1
|n|�−|n| d�

|n| d�
dη 1

|η−k1|α|η−k2|β|η−k3|σ
<∼

1
r2−2γ

.

Now plugging in that k2−k1=
l

1+ c and k3−k2=
l
c −

l
1+ c =

l
c(1+ c) we have that for c∉{0,1}

that r � 1
|c||1+ c| hence,

1
|n|�−|n| d�

|n| d�
dη 1

|η−k1|α|η−k2|β|η−k3|σ
<∼ |c|4−4γ .

Finally using that |c|= |nʹ|
|n| � |nʹ|� ⟨nʹ⟩ we have that this is

<∼⟨nʹ⟩4−4γ <∼ ⟨nʹ⟩4⟨n⟩4,

as claimed. We next consider the non-collinear case. Here, since nʹ ≠ cn, we have
that n,nʹ span a two dimensional plane Pn,nʹ. We define two orthogonal vectors on
this plane via the Gram–Schmidt procedure

u1 :=
n
‖n‖ , u2 :=

ñ
‖ñ‖ , ñ=nʹ −(nʹ⋅u1)u1.
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We then create an orthogonal matrix R of the form

R=

((((((((((((((
((((((((((((((
((((((
(
( u1

T

u2
T

⋅⋅⋅
udT ))))))))))
))))))))))))))
))))))))))
)
)
.

Defining s=Rη⇔η=RTs= s1u1+ s2u2+∑j=3
d sjuj we have that n⋅η= ‖n‖u1⋅η= ‖n‖s1 and

since nʹ ∈ span{u1,u2},nʹ⋅η=(nʹ⋅u1)s1+(nʹ⋅u2)s2. Then

�
�− 1

2 ,
1
2�d

dη 1
|n⋅η−k1|α|nʹ⋅η−k2|β|n⋅η−k1+nʹ⋅η−k2|σ

��
B d� (0)

ds 1
|‖n‖s1−k1|α|(nʹ⋅u1)s1+(nʹ⋅u2)s2−k2|β

1
|‖n‖s1−k1+(nʹ⋅u1)s1+(nʹ⋅u2)s2−k2|σ

<∼�
B d� (0)

ds2ds1
1

|‖n‖s1−k1|α|(nʹ⋅u1)s1+(nʹ⋅u2)s2−k2|β

1
|‖n‖s1−k1+(nʹ⋅u1)s1+(nʹ⋅u2)s2−k2|σ

,

where now we are in a two dimensional ball. Let us define

(((((( v1
v2 ))))))=C(((((( s1

s2 )))))), C =(((((((( ‖n‖ 0
(nʹ⋅u1) (nʹ⋅u2) )))))))).

Then detC = ‖n‖(nʹ⋅u2).

nʹ⋅u2=nʹ⋅
ñ
‖ñ‖ =nʹ⋅

nʹ
‖ñ‖ −(nʹ⋅u1)

(nʹ⋅u1)
‖ñ‖ = ‖nʹ‖2

‖ñ‖ − ‖nʹ⋅u1‖2
‖ñ‖

=‖nʹ‖
2

‖ñ‖ − ‖nʹ⋅n‖2
‖n‖2‖ñ‖ =

‖nʹ‖2
‖ñ‖ − ‖nʹ‖2

‖ñ‖ cos2(θ)= ‖nʹ‖2
‖ñ‖ sin2(θ)= ‖nʹ‖|sinθ |,

since by construction ñ=nʹsinθ⇒ ‖ñ‖= ‖nʹ‖|sinθ |. Here θ is the angle between n and
nʹ in P . Hence

detC = ‖n‖‖nʹ‖|sinθ |
Hence

�
B d� (0)

ds2ds1
1

|‖n‖s1−k1|α|(nʹ⋅u1)s1+(nʹ⋅u2)s2−k2|β

1
|‖n‖s1−k1+(nʹ⋅u1)s1+(nʹ⋅u2)s2−k2|σ

<∼
1

‖n‖‖nʹ‖|sinθ |�C�B d� (0)�
dv2dv1

1
|v1−k1|α|v2−k2|β|v1−k1+v2−k2|σ

<∼
1

‖n‖‖nʹ‖|sinθ |�B d� (|n|+|nʹ|)(0)
dv2dv1

1
|v1−k1|α|v2−k2|β|v1−k1+v2−k2|σ

.
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We see that there are singularities at v1=k1,v2=k2, but if these singularities lie out-
side the ball they are harmless, since we then just need to estimate the volume of the
ball in two dimensions and we are done. Hence we can bound the above by

<∼
1

‖n‖‖nʹ‖|sinθ |�B d� (|n|+|nʹ|)(0)
dv2dv1

1
|v1|α|v2|β|v1+v2|σ

.

Changing to polar coordinates and writing R= d� (|n|+ |nʹ|), this is

<∼
1

‖n‖‖nʹ‖|sinθ |�0

R r
r2−2γ

dr�
0

2π
dθ 1

|cosθ |α|sinθ |β|cosθ +sinθ |σ

= 1
‖n‖‖nʹ‖|sinθ |

R2γ

2γ �
0

2π dθ

|cosθ |1/2|sinθ |1−γ |cosθ +sinθ |
1−2γ
2

.

Now the problematic points in θ are when one of the denominators becomes 0. The
important point is they cannot all be 0 at the same θ . cos θ =0 at θ1=

π
2 and θ2=

3π
2 .

sinθ =0 at θ3=0,θ4=π ,θ5=2π and sinθ +cosθ =0 at θ6=
3π
4 ,θ7=

7π
4 . By picking 0<δθ≪1

and defining Sθj = (θj + [−δ , δ]) ∩ [0, 2π] we can decompose the integral onto each
Sθj and C \∪j=17 Sθj. On C \∪j=17 Sθj each of the denominators is bounded away from 0
and then the integral can be easily estimated. On each Sθj, there is only singular
contribution. For instance, for Sθ1 we have that there exists a constant c such that

1
|sinθ | ,

1
|cosθ +sinθ | � c. Then

�
Sθj

dθ

|cosθ |1/2|sinθ |1−γ |cosθ +sinθ |
1−2γ
2

<∼c
3
2−2γ�π

2−δθ

π
2+δθ dθ

|cosθ |1/2

<∼c
3
2−2γ�

0

δθ dθ
θ 1/2

<∼c
3
2−2γδθ

1−1/2<∼c2−2γδθ
1−min�1

2 ,1−γ ,
1
2−γ�,

and this constant c only depends on δθ. Hence, overall the term is bounded by

<∼
R2γ

‖n‖‖nʹ‖|sinθ |
<∼
‖n‖2γ−1+ ‖nʹ‖2γ−1

|sinθ |
<∼ ‖n‖‖nʹ‖(‖n‖2γ−1+ ‖nʹ‖2γ−1)

<∼‖n‖2γ‖nʹ‖+ ‖n‖‖nʹ‖2γ <∼ ‖n‖‖nʹ‖<∼ ⟨n⟩4⟨nʹ⟩4.

Hence we can conclude. □

5.3.2 The resonant term
Next consider

�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,𝕐st

ε ,η,∗𝕀ξ=0F⟩

=�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ)𝕐st
ε ,η,∗(𝕀ξ=0F(p,κ −η)).
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We recall that

𝕐st
ε ,η,∗f (ξ ,p,κ)=

−ε−1 �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ia1́(v−u)[f (ξ ,p,κ)− f (ξ ,p,κ −n)𝕀n⊥ξ]

+ε−1 �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ia2́(v−u)[f (ξ ,p,κ +n)𝕀n⊥ξ − f (ξ ,p,κ)].

So, the expression concerned becomes

−ε−1�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ic1(v−u)

[F(p,κ −η)−F(p,κ −η−n)]

+ε−1�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ic2(v−u)

[F(p,κ −η+n)−F(p,κ −η)],

where now

c1=4π 2ε−1n⋅(2κ −2η−n), c2=4π 2ε−1n⋅(2κ −2η+n).

Changing variables in the second expression, this is

=−ε−1�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\{0}

|V̂ (n)|2�
s

t
du�

s

u
dve ic1(v−u)

[F(p,κ −η)−F(p,κ −η−n)]

−ε−1�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\{0}

|V̂ (−n)|2�
s

t
du�

s

u
dve−ic1(v−u)

[F(p,κ −η)−F(p,κ −η−n)].

Recalling that |V̂ (n)|2= |V̂ (−n)|2, and using that

e ic1(v−u)+ e−ic1(v−u)=2cos(c1(v −u)),

this simplifies to

=2�
�− 1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\{0}

|V̂ (n)|2

�
s

t
du�

s

u
dv(ε−1cos(c1(v −u)))[F(p,κ −η−n)−F(p,κ −η)].
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We next perform the time integration:

ε−1�
s

t
du�

s

u
dv cos(c1(v −u))=−ε

−1

c1
�
s

t
du sin(c1(s−u))=

ε−1

c1
�
s

t
du sin(c1(u− s))

=−ε
−1

c12
(cos(c1(t − s))−1)

= ε−1

|4π 2ε−1n⋅(2κ −2η−n)|2(1−cos(4π 2ε−1n⋅(2κ −2η−n)(t − s))).

A computation shows that this is an approximation of the delta function on the
hyperplane n⋅(2κ −2η−n)=0, up to a constant factor. We can show the concentra-
tion on this set as follows: Let Hn,k,η(r)=�(n,k,η)∈ℤd \{0}×�ℤ

2 �d ×�− 1
4 ,

1
4�d: |n⋅(2κ −

2η−n)|� r�. Fix r >0. Let c1́= εc1. From the above computations we have that

�
�−1

4 ,
1
4�d

dη⟨Ts
ε ,η,𝕐st

ε ,η,∗𝕀ξ=0F⟩

=2(t − s)�
�− 1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\{0}

|V̂ (n)|2

((((((ε−1(t − s)1−cos(ε−1c1́(t − s))
|ε−1c1́(t − s)|2 ))))))[F(p,κ −η−n)−F(p,κ −η)]

(𝕀Hn,k,η(r)+𝕀Hn,k,η
c (r)).

For the term containing 𝕀Hn,k,η
c (r), we have that c1́>

r
4π 2 . Hence, we can bound that term

in absolute value by

<∼
ε
r ‖Ts

ε‖Lη,p,κ,z∞ �
n∈ℤd\{0}

|V̂ (n)|2�
�−1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

|F(p,κ −η)−F(p,κ −η−n)|

<∼
ε
r ‖Ts

ε‖Lη,p,κ,z∞ ‖F‖L1(ℝ2d),

which for any positive r , in the limit ε→0 is 0.
However, the difficulty in concluding is that on the zero measure set, we do not
know continuity of T ε in η, hence we do not know yet if the limit exists.

Remark 5.24. Note that using the notation from Chapter 3

4π 2n⋅(2κ −2η−n)=4π 2(2n⋅(κ −η)− |n|2)=4π 2|κ −η|2−4π 2|κ −η−n|2

=Eκ(η)−Eκ−n(η).
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So we see how the crossing of energy bands appears naturally in the resonant term.
When working with the Bloch–Wigner transform, the problem is no longer in the
definition of the derivative of the energy bands, as was the case when working with
the Wigner series, it is rather a matter of knowing that there is sufficient regularity
at certain momenta of the Bloch–Wigner in order to pass to the limit.

We have the following image in d = 2, of what the problematic zero-measure set
looks like

Figure 5.1. The set of resonant momenta in ℝ2 for a generic smooth periodic potential.

The image is generated purely with straight lines as follows: Since 2κ−2η are repre-
sentations for a momenta k ∈ℝd, we are looking for momenta k ∈ℝd such that there
exists a non-zero lattice vector n ∈ℤd \{0} for which n⋅(κ − n) = 0. The diagram is
generated by looping over lattice vectors n and drawing a line perpendicular to the
line segment [0,n], passing through n. Any vector k on this line has the property
that n⋅k= |n|2.

Example 5.25. (Single mode potential) Let's demonstrate what the resonant term
looks like when the potential has only one mode. Assume and V̂ (n)=0 unless n=(((((( σ

0 ))))))
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for σ ∈ {±1}. Then we have an expression of the form

�
�− 1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

�
σ∈{±1}

Tsε(0,p,η,κ)δε(2κ1−2η1−σ)

[[[[[[F((((((p,κ −η−(((((( σ
0 ))))))))))))−F(p,κ −η)]]]]]].

If we assume suppF ⊂S1×ℝd−1, where S1=��− 1
2 −ρ, −

1
2 +ρ�∪� 1

2 −ρ,
1
2 +ρ��c, for some

ρ≪1, then the systems

(((((( 2 −2
1 −1 ))))))(((((( κ1

η1 ))))))=(((((( σ
d )))))), (((((( 2 −2

1 −1 ))))))(((((( κ1
η1 ))))))=(((((( σ

d +σ ))))))
have no solution for any d ∈S1. One has that for any ε ʹ >0,σ ∈ {±1}, there exists ε >0
such ∫�σ2−ρ,

σ
2+ρ�cδε(2κ1−2η1−σ)<ε ʹ. Then the above term is bounded in absolute value

by

<∼‖Tsε‖Lη,p,κ∞ Lξ
2�

�−1
4 ,

1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

�
σ∈{±1}

δε(2κ1−2η1−σ)

�F((((((p,κ −η−(((((( σ
0 ))))))))))))−F(p,κ −η)��𝕀κ1−η1∈�σ2−ρ,

σ
2+ρ�+𝕀κ1−η1∉�σ2−ρ,

σ
2+ρ��.

When κ1−η1∉ [
σ
2 −ρ,

σ
2 +ρ], one can bound this by

<∼‖Tsε‖Lη,p,κ∞ Lξ
2‖F‖Lp1Lk∞�

�σ2−ρ,
σ
2+ρ�c

δε(2κ1−2η1−σ)

<∼ε ʹ‖Tsε‖Lη,p,κ∞ Lξ
2‖F‖Lp1Lk∞.

Since ε ʹ was arbitrary, this part is 0. On the other hand, for the term

‖Tsε‖Lη,p,κ∞ Lξ
2�

�−1
4 ,

1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

�
σ∈{±1}

δε(2κ1−2η1−σ)

�F((((((p,κ −η−(((((( σ
0 ))))))))))))−F(p,κ −η)�𝕀κ1−η1∈�σ2−ρ,

σ
2+ρ�,

one has that κ1− η1∈ [
σ
2 − ρ,

σ
2 + ρ] hence both κ1− η1∈ S1c and κ1− η1−σ ∈ S1c. Hence

F�p, κ − η− (((((( σ
0 ))))))�= F(p, κ − η)= 0 and also this part is 0. Hence, for any F ∈Cc

∞(S1×
ℝd−1), the entire term is zero, and we expect only trivial transport in the limit for its
corresponding observable. For this potential, in the picture below, the problematic
zero-measure set reduces to the two red vertical lines passing through (((((( 1

0 )))))) and (((((( −1
0 ))))))

respectively.
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Figure 5.2. The resonant set of momenta for a single mode potential (in red).

5.4 Proofs of auxiliary results

5.4.1 Proof of Lemma 5.2

In the proof of Lemma 5.2 below, we will use several properties of the BFZ transform
that we have listed in Appendix 2.1.

Proof. For x ,k ∈ℝd,φ ∈𝒮(ℝd;ℂ),

Wφ(x ,k)=�
ℝd
dye 2πik⋅yφ�x − y

2�φ ∗�x + y
2�.

We now regularize this expression. This is

=�
ℝd
dy lim

ε→0
e 2πik⋅ye−πε |y |2φ�x − y

2�φ ∗�x + y
2�.

By the dominated convergence theorem, this is

=lim
ε→0

�
ℝd
dye 2πik⋅ye−πε |y |2φ�x − y

2�φ ∗�x + y
2�.
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Plugging in expression (2.3) and its complex conjugate into this equation, this is

=lim
ε→0

�
ℝd
dy�

𝕋d
dθ�

𝕋d
dθ ʹe 2πik⋅ye−πε |y |2

e−2πiθ ⋅�x− y
2�φ̃�θ ,x − y

2�e 2πiθ ʹ⋅�x+ y
2�φ̃ ∗�θ ʹ,x + y

2�

=lim
ε→0

�
ℝd
dy�

𝕋d
dθ�

𝕋d
dθ ʹe 2πi�k+ θ

2+
θ ʹ
2 �⋅ye−πε |y |2e−2πi(θ−θ ʹ)⋅xφ̃�θ ,x − y

2�φ̃ ∗�θ ʹ,x + y
2�.

We decompose ℝd ∋y =y +m∈ [−1, 1]d +(2ℤ)d to get that this is

=lim
ε→0

�
[−1,1]d

dy �
m∈(2ℤ)d

�
𝕋d
dθ�

𝕋d
dθ ʹe 2πi�k+ θ

2+
θ ʹ
2 �⋅(y+m)e−πε |y+m|2e−2πi(θ−θ ʹ)⋅x

φ̃�θ ,x − y
2 −m

2 �φ̃ ∗�θ ʹ,x + y
2 +m

2 �,

which, by the ℤd-periodicity of the BFZ transform in the second variable, and a
change of variables, is

=lim
ε→0

�
�−1

2 ,
1
2�d
dy �

m∈ℤd

�
𝕋d
dθ�

𝕋d
dθ ʹe 2πi�k+ θ

2+
θ ʹ
2 �⋅(2y+2m)e−πε |2y+2m|2e−2πi(θ−θ ʹ)⋅x

φ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y).

Since we introduced the regularization, Fubini's theorem says that this is

=lim
ε→0

�
�− 1

2 ,
1
2�d
dy�

𝕋d
dθ�

𝕋d
dθ ʹ �

m∈ℤd

e 2πi(2k+θ+θ ʹ)⋅(y+m)e−4πε |y+m|2e−2πi(θ−θ ʹ)⋅x

φ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y).

We let g(z)= e−4πε |z|2, h(m)= e 2πi(2k+θ+θ ʹ)⋅zg(z). Let f (z)= τ−yh(z), where τ−yF(x) :=
F(x +y). Then f̂ (ξ)= e 2πiy⋅ξĥ(ξ) and

ĥ(ξ)=�
ℝd
e−2πiξ ⋅ze 2πi(2k+θ+θ ʹ)⋅zg(z)dz= ĝ(ξ −2k−θ −θ ʹ)

= 1

(4ε)
d
2

e−π |ξ−2k−θ−θ ʹ|
4ε

2

.

Hence

f̂ (ξ)= 1

(4ε)
d
2

e−π |ξ−2k−θ−θ ʹ|
4ε

2

e 2πiy⋅ξ.

Using the Poisson summation formula, we get that

Wφ(x ,k)= lim
ε→0

�
�−1

2 ,
1
2�d
dy�

𝕋d
dθ�

𝕋d
dθ ʹ �

m∈ℤd

e 2πiy⋅me
−π |m−2k−θ−θ ʹ|

4ε
2

(4ε)d/2

e−2πi(θ−θ ʹ)⋅xφ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y).
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Notice that as ε→0, the Gaussian better approximates the delta and we expect only
certain terms to survive in the limit. To see this rigorously, we split the sum over m
as

=lim
ε→0

�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθ�

�−1
2 ,

1
2�d

dθ ʹ φ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y)

�
m∈ℤd

e 2πiy⋅me
−π |m−2k−θ−θ ʹ|

4ε
2

(4ε)d/2 e−2πi(θ−θ ʹ)⋅x𝕀[−1,1]d+2k+θ(m)

+lim
ε→0

�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθ�

�−1
2 ,

1
2�d

dθ ʹ φ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y)

�
m∈ℤd

e 2πiy⋅me
−π |m−2k−θ−θ ʹ|

4ε
2

(4ε)d/2 e−2πi(θ−θ ʹ)⋅x(1−𝕀[−1,1]d+2k+θ(m)).

Since ∑m∈ℤd
e
−π |m−2k−θ−θ ʹ|

4ε
2

(4ε)d/2
(1− 𝕀[−1,1]d+2k+θ(m))�C uniformly in ε ∈ (0, 1) and θ , θ ʹ ∈ �− 1

2 ,
1
2�d, the dominated convergence says the second sum is

=�
�−1

2 ,
1
2�d
dy�

�− 1
2 ,

1
2�d
dθ�

�−1
2 ,

1
2�d

dθ ʹ φ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y)

�
m∈ℤd

e 2πiy⋅mlim
ε→0

e−π |m−2k−θ−θ ʹ|
4ε

2

(4ε)d/2 e−2πi(θ−θ ʹ)⋅x(1−𝕀[−1,1]d+2k+θ(m)).

Let c=dist���− 1
2 ,

1
2�d,([−1,1]d)c��, so c>0, and the above term is bounded in absolute

value by
≤�

�−1
2 ,

1
2�d
dy�

�− 1
2 ,

1
2�d
dθ�

�−1
2 ,

1
2�d

dθ ʹ |φ̃(θ ,x −y)φ̃ ∗(θ ʹ,x +y)|

�
m∈ℤd

lim
ε→0

e−cπ/4ε

(4ε)d/2||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
=0

(1−𝕀[−1,1]d+2k+θ(m))=0.

For a fixed k,θ the sum in the first term becomes a finite sum and hence we can use
the linearity of the Lebesgue integral to write it as

lim
ε→0

�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθφ̃(θ ,x −y) �

m∈ℤd

e 2πiy⋅m𝕀[−1,1]d+2k+θ(m)

�
�−1

2 ,
1
2�d

dθ ʹe
−π |m−2k−θ−θ ʹ|

4ε
2

(4ε)d/2 e−2πi(θ−θ ʹ)⋅xφ̃ ∗(θ ʹ,x +y)

=lim
ε→0

�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθφ̃(θ ,x −y) �

m∈ℤd

e 2πiy⋅m𝕀[−1,1]d+2k+θ(m)

�
ℝd
dθ ʹe

−π |m−2k−θ−θ ʹ|
4ε

2

(4ε)d/2 e−2πi(θ−θ ʹ)⋅xφ̃ ∗(θ ʹ,x +y)𝕀�−1
2 ,

1
2�d(θ ʹ).
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We make the following change of variables

θ̄ = (m−2k−θ −θ ʹ)
4επ −1�

⇒θ ʹ =m−2k−θ − 4επ −1� θ̄ , dθ ʹ =−(4επ −1)d/2dθ̄ .

Hence the above expression is

=−lim
ε→0

�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθφ̃(θ ,x −y) �

m∈ℤd

e 2πiy⋅m𝕀[−1,1]d+2k+θ(m)×

×�
ℝd

dθ̄
(π)d/2

e−|θ̄ |2e−2πi�2θ−m+2k+ 4επ −1� θ̄�⋅x

φ̃ ∗�m−2k−θ − 4επ −1� θ̄ ,x +y�𝕀�−1
2 ,

1
2�d+2k+θ−m�m− 4επ −1� θ̄�.

The continuity of φ̃ ∗ implies that supθ ,x∈�−1
2 ,

1
2�dφ̃

∗(θ , x)�C and also allows us to use
dominated convergence once more, to get that

Wφ(x ,k)=−�
�−1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθφ̃(θ ,x −y) �

m∈ℤd

e 2πiy⋅m𝕀[−1,1]d+2k+θ(m)

�
ℝd

dθ̄
(π)d/2

e−|θ̄ |2e−2πi(2θ−m+2k)⋅xφ̃ ∗(m−2k−θ ,x +y)𝕀�− 1
2 ,

1
2�d+2k+θ(m).

Taking the product of the indicator functions, and using the fact that ∫ℝd dxe−|x |2=
(π)d/2, this is

=−�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθφ̃(θ ,x −y) �

m∈ℤd

e 2πiy⋅m𝕀�− 1
2 ,

1
2�d+2k+θ(m)

e−2πi(2θ−m+2k)⋅xφ̃ ∗(m−2k−θ ,x +y).

By ℤd-quasiperiodicity of φ ∗ in the first variable, this is

=−�
�− 1

2 ,
1
2�d
dy�

�−1
2 ,

1
2�d
dθφ̃(θ ,x −y) �

m∈ℤd

e 2πiy⋅m𝕀�− 1
2 ,

1
2�d+2k+θ(m)

e−2πi(2θ−m+2k)⋅xφ̃ ∗(−2k−θ ,x +y)e−2πim⋅(x+y)

=−�
�−1

2 ,
1
2�d
dy�

�− 1
2 ,

1
2�d
dθφ̃(θ ,x −y)e−4πi(θ+k)⋅xφ̃ ∗(−2k−θ ,x +y)

�
m∈ℤd

𝕀�−1
2 ,

1
2�d+2k+θ(m).

Since ∑m∈ℤd 𝕀�−1
2 ,

1
2�d+2k+θ(m)=1,θa.s. this is

=−�
�−1

2 ,
1
2�d
dy�

�− 1
2 ,

1
2�d
dθφ̃(θ ,x −y)e−4πi(θ+k)⋅xφ̃ ∗(−2k−θ ,x +y).

By the ℤd-periodicity of the integrands in y and θ , this is

=−�
𝕋d
dy�

𝕋d
dθφ̃(θ ,x −y)e−4πi(θ+k)⋅xφ̃ ∗(−2k−θ ,x +y).
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Now by splitting k=κ −η∈�ℤ
2 �d +�− 1

4 ,
1
4�d we have

Wφ(x ,k)=−�
𝕋d
dy�

𝕋d
dθe−4πi(θ+κ−η)⋅xφ̃(θ ,x −y)φ̃ ∗(−2κ +2η−θ ,x +y).

Using ℤd-quasiperiodicity in the first variable of φ ∗ once more

=−�
𝕋d
dy�

𝕋d
dθe−4πi(θ−η)⋅xe 4πiκ⋅yφ̃(θ ,x −y)φ̃ ∗(2η−θ ,x +y).

Finally by shisting by η in the θ-variable

=−�
𝕋d
dy�

𝕋d
dθe−4πiθ ⋅xe 4πiκ⋅yφ̃(η+θ ,x −y)φ̃ ∗(η−θ ,x +y).

We conclude by a change of variables that

Wφ(x ,k)=�
𝕋d
dy�

𝕋d
dθe−4πiθ ⋅xe−4πiκ⋅yφ̃(η+θ ,x +y)φ̃ ∗(η−θ ,x −y). □

Remark 5.26. By another change of variables, we see that

Wφ(x ,k)=22d�
𝕋d
dy�

𝕋d
dθe 2πiθ ⋅xe 2πiκ⋅yφ̃((((((η− θ

2 ,x − y
2))))))φ̃ ∗((((((η+ θ

2 ,x + y
2)))))).

In this form, the similarity to the usual Wigner transform is even more apparent.

5.4.2 Proof of Proposition 5.4
Similar to the L∞ estimate on the Wigner function (see Lemma 2.6) we have an a-
priori bound on the Bloch–Wigner function. Denote

Lη,p,κ,z∞ :=Lη,p∞ lκ∞Lz∞((((((�−14,
1
4�

d
×ℝd ×((((((ℤ2 ))))))

d
×𝕋d)))))),

and

Lη,p,κ∞ Lz2 :=Lη,p∞ lκ∞((((((((((((�−14,
1
4�

d
×ℝd ×((((((ℤ2 ))))))

d))))));Lz2(𝕋d))))))).

Lemma 5.27. For φ ∈L2(ℝd;ℂ) one has that W̃φ ∈Lη,p,κ,z∞

Proof. We compute

|W̃φ(z,p,η,κ)|= ��
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y)�

≤�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθ |φ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y)|.

By using Cauchy–Schwartz inequality, this is

≤((((((�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθ |φ̃(η+θ ,z+y)|2))))))

1/2

((((((�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθ |φ̃ ∗(η−θ ,z−y)|2))))))

1/2
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Using equation (2.2), this is

=��
𝕋d
dy�

𝕋d
dθ |φ̃(η+θ ,z+y)|2�1/2��

𝕋d
dy�

𝕋d
dθ |φ̃ ∗(η−θ ,z−y)|2�1/2.

Hence we can shist in the θ and y variables and use the fact that 𝒰BFZ is a unitary
transformation, to have that this is

=��
𝕋d
dy�

𝕋d
dθ |φ̃(θ ,y)|2�1/2��

𝕋d
dy�

𝕋d
dθ |φ̃ ∗(θ ,y)|2�1/2= ‖φ̃‖ℋγ

2 = ‖φ‖L2(ℝd)
2

□

Hence
W̃φ(z,p,η,κ)∈Lη,p,κ,z∞ ⊂Lη,p,κ∞ Lz2. (5.53)

We will now consider now W̃φ(t , z,p,η,κ) associated to φ(t , x), the solution of the
Schrödinger equation (5.1).
First, we define a Hermitian form

F[φ̃, ψ̃](z,p,η,κ) :=�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃(η+θ ,x +y)ψ̃ ∗(η−θ ,x −y),

and
G[φ̃](z,p,η,κ) :=F[φ̃, φ̃](z,p,η,κ).

Lemma 5.28. F :ℋγ ×ℋγ →Lη,p,κ,z∞ and G:ℋγ →Lη,p,κ,z∞ are continuous maps.

Proof. By picking φ̃, ψ̃ , φ̃1, ψ̃1∈ℋf one has that

F[φ̃, ψ̃](z,p,η,κ)−F[φ̃1, ψ̃1](z,p,η,κ)

=�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃(η+θ ,z+y)ψ̃ ∗(η−θ ,z−y)

−�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃1(η+θ ,z+y)ψ̃1

∗(η−θ ,z−y)

±�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃1(η+θ ,z+y)ψ̃ ∗(η−θ ,z−y).

By rearranging the terms, this is

=�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y(φ̃− φ̃1)(η+θ ,z+y)ψ̃ ∗(η−θ ,z−y)

+�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃1(η+θ ,z+y)(ψ̃ ∗− ψ̃1

∗)(η−θ ,z−y).
Hence

|F[φ̃, ψ̃](z,p,η,κ)−F[φ̃1, ψ̃1](z,p,η,κ)|

�‖(φ̃− φ̃1)(η+ ⋅,z+ ⋅)ψ̃ ∗(η− ⋅,z− ⋅)‖L1��−1
2 ,

1
2�d×𝕋d�

+‖φ̃1(η+ ⋅,z+ ⋅)(ψ̃ ∗− ψ̃1
∗)(η− ⋅,z− ⋅)‖L1��−1

2 ,
1
2�d×𝕋d�
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By the Cauchy–Schwartz inequality and (2.2) this is

�‖(φ̃− φ̃1)(η+ ⋅,z+ ⋅)‖L2(𝕋d×𝕋d)‖ψ̃
∗(η− ⋅,z− ⋅)‖L2(𝕋d×𝕋d)

+‖φ̃1(η+ ⋅,z+ ⋅)‖L2(𝕋d×𝕋d)‖(ψ̃
∗− ψ̃1

∗)(η− ⋅,z− ⋅)‖L2(𝕋d×𝕋d).

By the shist invariance of the L2 norm, this is

�‖φ̃− φ̃1‖ℋγ‖ψ̃
∗‖ℋγ + ‖φ̃1‖ℋγ‖ψ̃

∗− ψ̃1
∗‖ℋf .

One can deduce continuity of the map from here, and also for G[φ̃], by replacing ψ̃
and ψ̃1 by φ̃ and φ̃1 respectively in the above computations. □

Proof. (of Proposition 5.4) One can compute for φ∈C(ℝ�0;H 2(ℝd;ℂ))∩C1(ℝ+;L2(ℝd;
ℂ)):

W̃φ(t +h)−W̃φ(t)
h = F[φ̃(t +h), φ̃(t +h)]−F[φ̃(t), φ̃(t)]

h ± F[φ̃(t), φ̃(t +h)]
h .

Since F is a Hermitian form by Lemma 5.28, this is

=F[[[[[[(φ̃(t +h)− φ̃(t))h , φ̃(t +h)]]]]]]+F[[[[[[φ̃(t), φ̃(t +h)− φ̃(t)h ]]]]]].
By the continuity of F one has

∂tW̃φ(t)= lim
h→0

W̃φ(t +h)−W̃φ(t)
h

=F[∂tφ̃(t), φ̃(t)]+F[φ̃(t), ∂tφ̃(t)].
Thus, we have

∂tW̃φ(t)=F[∂tφ̃(t), φ̃(t)]+F[φ̃(t), ∂tφ̃(t)] (5.54)

Similarly, by using Lemma 2.6, one has that,

∂zjW̃φ(t)=F[∂zjφ̃(t), φ̃(t)]+F[φ̃(t), ∂zjφ̃(t)],
and

∂zizjW̃φ(t)=F[∂zizjφ̃(t), φ̃(t)]+F[φ̃(t), ∂zizjφ̃(t)]

+F[∂ziφ̃(t), ∂zjφ̃(t)]+F[∂zjφ̃(t), ∂ziφ̃(t)].

Since φ̃∈C1(ℝ+;ℋf )∩C(ℝ�0;Lloc
2 (ℝd;H 2(𝕋d;ℂ))), one has using Lemma 5.28 that for

i, j ∈ {1, . . . ,d} and t ∈ℝ,
∂tW̃φ, ∂zjW̃φ, ∂zizjW̃φ ∈C(ℝ�0;Lz,p,η,κ∞ ).

Furthermore
|F[Vφ̃(t), φ̃(t)](z,p,η,κ)|

=��
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yV (z+y)φ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y)�

�‖V ‖L∞(ℝd)‖W̃φ‖Lz,p,η,κ∞ � ‖V ‖L∞‖φ̃‖ℋγ
2 .
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A similar bound holds for |F[φ̃(t),Vφ̃(t)](z,p,η,κ)|. Hence also

F[Vφ̃, φ̃],F[φ̃,Vφ̃]∈C(ℝ�0;Lz,p,η,κ∞ ).

Now, assume that φ∈C(ℝ�0;H 2(ℝd;ℂ))∩C1(ℝ+;L2(ℝd;ℂ)) satisfies the Schrödinger
equation (5.1). We have that by applying the BFZ transform to both sides of the
Schrödinger equation that

i∂tφ=−Δφ+ ε1/2Vφ.

Multiplying by −i on both sides
∂tφ= iΔφ− iε1/2Vφ.

Using Lemma 2.6 and

Vφ(θ ,x)= �
m∈ℤd

e 2πiθ ⋅(x−m)V (x −m)φ(t ,x −m)

=V (x) �
m∈ℤd

e 2πiθ ⋅(x−m)φ(t ,x −m)=V (x)φ̃(θ ,x),

we get that
∂tφ̃(t ,θ ,x)= iΔφ(t ,θ ,x)− iε1/2V (x)φ̃(t ,θ ,x).

Plugging this into equation (5.54) one has

∂tW̃φ(t)=F[∂tφ̃(t), φ̃(t)]+F[φ̃(t), ∂tφ̃(t)]

=F[iΔφ(t), φ̃(t)]+F[−iε1/2Vφ̃(t), φ̃(t)]+F[φ̃(t), iΔφ(t)]+F[φ̃(t), −iε1/2Vφ̃(t)].

Since F is a Hermitian form, this is

=i [F[Δφ(t), φ̃(t)]−F[φ̃(t),Δφ(t)]]+ iε1/2[F[φ̃(t),Vφ̃(t)]−F[Vφ̃(t), φ̃(t)]].

The terms with the potential can be computed first:

iε1/2[F[φ̃(t),Vφ̃(t)]−F[Vφ̃(t), φ̃(t)]](z,p,η,κ)

=iε1/2�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y)

[V (z−y)−V (z+y)]

=iε1/2�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y)

[[[[[[[[�
n∈ℤd

e 2πin⋅(z−y)V̂ (n)− e 2πin⋅(z+y)V̂ (n)]]]]]]]].
By using Fubini's theorem to interchange the sum and integrals, this is

=iε1/2 �
n∈ℤd

e 2πin⋅zV̂ (n)�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pφ̃(η+θ ,z+y)φ̃ ∗(η−θ ,z−y)

�e−4πi�κ+ n
2�⋅y− e−4πi�κ− n

2�⋅y�

=iε1/2 �
n∈ℤd

e 2πin⋅zV̂ (n)�W̃φ�t ,z,p,η,κ + n
2�−W̃φ�t ,z,p,η,κ −

n
2��.
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Now, consider the terms with the Laplacian,

i [F[Δφ(t), φ̃(t)]−F[φ̃(t),Δφ(t)]](z,p,η,κ).

We temporarily leave t out of the notation, and shorten φ̃(η+θ ,z+y) to φ̃ and φ̃ ∗(η−
θ ,z−y) to φ̃ ∗ to improve legibility in the computations below. The above expression
is then

=i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yΔφ(η+θ ,z+y)φ̃ ∗

−i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃Δφ ∗(η−θ ,z−y).

Using equations (2.5) and (2.6) this is

=i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃ ∗[(Δz−4π 2|η+θ |2−4πi(η+θ)⋅∇z)φ̃]

−i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅yφ̃[(Δz−4π 2|η−θ |2+4πi(η−θ)⋅∇z)φ̃ ∗].

Splitting this into three parts, one has

i [F[Δφ, φ̃]−F[φ̃,Δφ]](z,p,η,κ)=A1+A2+A3,
where

A1=−4π 2i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[|η+θ |2− |η−θ |2]φ̃φ̃ ∗,

A2= i�𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[Δzφ̃φ̃ ∗− φ̃Δzφ̃ ∗],

A3=4π�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y(((η+θ)⋅∇zφ̃)φ̃ ∗+((η−θ)⋅∇zφ̃ ∗)φ̃).

One can compute that

A1=−4π 2i�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[|η|2+ |θ |2+2η⋅θ − |η|2− |θ |2+2η⋅θ]φ̃φ̃ ∗

=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y(−4πiη⋅θ)φ̃φ̃ ∗

=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθη⋅∇p(e−4πiθ ⋅p)e−4πiκ⋅yφ̃φ̃ ∗

=4πη⋅∇pW̃φ(t ,z,p,η,κ).
Next, consider

A2= i�𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[Δzφ̃φ̃ ∗− φ̃Δzφ̃ ∗].

We note that
∇zφ̃=∇zφ̃(η+θ ,z+y)=∇yφ̃(η+θ ,z+y),

and similarly
∇zφ̃ ∗=−∇yφ̃ ∗, Δzφ̃=Δyφ̃, Δzφ̃ ∗=Δyφ̃ ∗.
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So
A2= i�𝕋d

dy�
�− 1

2 ,
1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[Δyφ̃φ̃ ∗− φ̃Δyφ̃ ∗]

=i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[(div∇yφ̃)φ̃ ∗− φ̃(div∇yφ̃ ∗)]

Since adiv (v)=div (av)−v⋅∇a, we have that

a∗div (v)−adiv (v ∗)=div (a∗v −av ∗)−v⋅∇a∗+v ∗⋅∇a,

and since in our case a= φ̃,v =∇yφ̃, the last two terms cancel since

−v⋅∇a∗+v ∗⋅∇a=−∇yφ̃⋅∇yφ̃ ∗+∇yφ̃ ∗⋅∇yφ̃=0.
Hence

A2= i�𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅ydiv [(∇yφ̃)φ̃ ∗− φ̃(∇yφ̃ ∗)].

Integrating by parts in y, this is

=−i�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅p∇y(e−4πiκ⋅y)[(∇yφ̃)φ̃ ∗− φ̃(∇yφ̃ ∗)]

=−4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[(κ⋅∇yφ̃)φ̃ ∗− φ̃(κ⋅∇yφ̃ ∗)]

=−4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[(κ⋅∇zφ̃)φ̃ ∗+ φ̃(κ⋅∇zφ̃ ∗)]

=−4πκ⋅∇zW̃φ(t ,z,p,η,κ).
Finally, consider the term

A3=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[((η+θ)⋅∇zφ̃)φ̃ ∗+((η−θ)⋅∇zφ̃ ∗)φ̃]

=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[((η+θ)⋅∇yφ̃)φ̃ ∗+((θ −η)⋅∇yφ̃ ∗)φ̃].

Using integration by parts for the first term in the sum, this is

=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[φ̃((−η−θ)⋅∇yφ̃ ∗)+((θ −η)⋅∇yφ̃ ∗)φ̃]

−4π�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅p(η+θ)⋅∇y(e−4πiκ⋅y)φ̃φ̃ ∗.

The terms with θ in the first expression cancel. Hence

A3=−4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[φ̃(η⋅∇yφ̃ ∗)]

−4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[φ̃(η⋅∇yφ̃ ∗)]

+16π 2i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅p(η+θ)⋅κe−4πiκ⋅yφ̃φ̃ ∗.
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Using integration by parts once more, this is

=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[(η⋅∇yφ̃)φ̃ ∗− φ̃(η⋅∇yφ̃ ∗)]

+16π 2i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅p(η+θ)⋅κe−4πiκ⋅yφ̃φ̃ ∗

+4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pη⋅∇y(e−4πiκ⋅y)φ̃φ̃ ∗

=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[(η⋅∇yφ̃)φ̃ ∗− φ̃(η⋅∇yφ̃ ∗)]

+16π 2i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅p(η+θ)⋅κe−4πiκ⋅yφ̃φ̃ ∗

−16π 2i�
𝕋d
dy�

�− 1
2 ,

1
2�d
dθe−4πiθ ⋅pη⋅κe−4πiκ⋅yφ̃φ̃ ∗.

The η terms in the last two expressions cancel to give

A3=4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pe−4πiκ⋅y[(η⋅∇zφ̃)φ̃ ∗+ φ̃(η⋅∇zφ̃ ∗)]

+16π 2i�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅pθ ⋅κe−4πiκ⋅yφ̃φ̃ ∗

=4πη⋅∇zW̃φ(t ,z,p,η,κ)−4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθe−4πiθ ⋅p(−4πiθ ⋅κ) e−4πiκ⋅yφ̃φ̃ ∗

=4πη⋅∇zW̃φ(t ,z,p,η,κ)−4π�
𝕋d
dy�

�−1
2 ,

1
2�d
dθκ⋅∇p (e−4πiθ ⋅p) e−4πiκ⋅yφ̃φ̃ ∗

=4πη⋅∇zW̃φ(t ,z,p,η,κ)−4πκ⋅∇pW̃φ(t ,z,p,η,κ).
Overall, one has

∂tW̃φ(t ,z,p,η,κ)=4πη⋅∇pW̃φ(t ,z,p,η,κ)−4πκ⋅∇zW̃φ(t ,z,p,η,κ)

+4πη⋅∇zW̃φ(t ,z,p,η,κ)−4πκ⋅∇pW̃φ(t ,z,p,η,κ)

+iε1/2 �
n∈ℤd

e 2πin⋅zV̂ (n)�W̃φ�t ,z,p,η,κ + n
2�−W̃φ�t ,z,p,η,κ −

n
2��,

and this proves the claim. □

5.4.3 Estimates on smoothing operators

Lemma 5.29. For Jν defined in expression (5.45), we have that estimate (5.47) holds.

Proof. Let (m,n)∈ {(1, 1),(1, 2),(2, 2)}. Consider

‖Jνφ‖En= �
|β|�n

�
ℝd
dp �

κ∈�ℤ
2 �d

⟨κ⟩n�Dp
βJνφ(⋅,p,κ)�lξ2.
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We have that

�
κ∈�ℤ

2 �d
⟨κ⟩n�Dp

βJνφ(⋅,p,κ)�lξ2= �
κ∈�ℤ

2 �d
⟨κ⟩n((((((((((�

ξ∈ℤd

�Dp
βJνφ(ξ ,p,κ)�2))))))))))

1/2

= �
κ∈�ℤ

2 �d
⟨κ⟩n((((((((((�

ξ∈ℤd

�Dp
β(e−ν 1/2⟨κ⟩(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p))�2))))))))))

1/2

= �
κ∈�ℤ

2 �d
e−ν 1/2⟨κ⟩⟨κ⟩n�Dp

β((φ(ξ , ⋅,κ) ∗pϕν(⋅))(p))�lξ2.

Distributing the derivatives between the terms, we split β = α1(β)+ α2(β)= α1+ α2,
such that |α1(β)|=min(|β|,m). So

Dp
β((φ(ξ , ⋅,κ) ∗pϕν(⋅))(p))=(Dp

α1φ(ξ , ⋅,κ) ∗pDp
α2ϕν(⋅))(p).

Hence by the triangle inequality for the l 2-norm

�Dp
β((φ(ξ , ⋅,κ) ∗pϕν(⋅))(p))�lξ2� ‖(Dp

α1φ(ξ , ⋅,κ) ∗pDp
α2ϕν(⋅))(p)‖lξ2.

By Minkowski's inequality, this is

��
ℝd
dq‖Dp

α1φ(⋅,q,κ)‖lξ2|Dp
α2ϕν(p−q)|.

Hence

�
κ∈�ℤ

2 �d
⟨κ⟩n�Dp

βJνφ(⋅,p,κ)�lξ2= �
κ∈�ℤ

2 �d
⟨κ⟩m⟨κ⟩n−m�Dp

βJνφ(⋅,p,κ)�lξ2.

By Tonelli's theorem, this is

��
ℝd
dq sup

κ∈�ℤ
2 �d
e−ν 1/2⟨κ⟩⟨κ⟩n−m �

κ∈�ℤ
2 �d

⟨κ⟩m‖Dp
α1φ(⋅,q,κ)‖lξ2|Dp

α2ϕν(p−q)|.

Integrating in p, and using Tonelli's theorem once more, we have that this is

�
ℝd
dp �

κ∈�ℤ
2 �d

⟨κ⟩n�Dp
βJνφ(⋅,p,κ)�lξ2� sup

κ∈�ℤ
2 �d
e−ν 1/2⟨κ⟩⟨κ⟩n−m

�
ℝd
dq �

κ∈�ℤ
2 �d

⟨κ⟩m‖Dp
α1φ(⋅,q,κ)‖lξ2�ℝd

dp|Dp
α2ϕν(p−q)|.

Next we estimate

�
ℝd
dp|Dp

α2ϕν(p−q)|=�
ℝd
dr |Dp

α2ϕν(r)|=ν
−d
2�

ℝd
dr �Dp

α2�ϕ� r
ν1/2���

=ν−d+|α2|
2 �

ℝd
dr �Dp

α2ϕ� r
ν1/2��=ν− |α2|

2 �
ℝd
dr ʹ|Dp

α2ϕ(r ʹ)|<∼ν
− |α2|

2 <∼ν
−n−m

2 .
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Since |α2|= |β|− |α1| due to how we choose to split the derivative and since we also
have that

sup
κ∈�ℤ

2 �d
e−ν 1/2⟨κ⟩⟨κ⟩n−m=sup

x
e−x⟨xν−1/2⟩n−m<∼ν

−n−m
2 sup

x
e−x⟨x⟩n−m<∼ν

−n−m
2 ,

�
ℝd
dp �

κ∈�ℤ
2 �d

⟨κ⟩n�Dp
βJνφ(⋅,p,κ)�lξ2<∼ν

−(n−m)�
ℝd
dq �

κ∈�ℤ
2 �d

⟨κ⟩‖Dp
α1φ(⋅,q,κ)‖lξ2.

Hence summing over β, one has that

‖Jνφ‖En<∼ν−(n−m) �
|β|�n

�
ℝd
dq �

κ∈�ℤ
2 �d

⟨κ⟩m�Dp
α1(β)φ(⋅,q,κ)�lξ2.

since for every β we chose α1: |α1|�1, at the price of worsening the constant, this is

<∼ν−(n−m) �
|α1|�m

�
ℝd
dq �

κ∈�ℤ
2 �d

⟨κ⟩m‖Dp
α1φ(⋅,q,κ)‖lξ2

<∼ν−(n−m)‖φ‖E1. □

Lemma 5.30. For Jν defined in expression (5.45), we have that estimate (5.48) holds.

Proof. Consider
‖(Jν −Id)φ‖E0=�

ℝd
dp �

κ∈�ℤ
2 �d

‖(Jν −Id)φ(⋅,p,κ)‖lξ2.

Now
(Jν −Id)φ(ξ ,p,κ)= e−ν 1/2⟨κ⟩(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)−φ(ξ ,p,κ)

=(e−ν 1/2⟨κ⟩−1)(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)−(φ(ξ ,p,κ)−(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)).

We handle the two terms separately, beginning with

�
ℝd
dp �

κ∈�ℤ
2 �d

�(e−ν 1/2⟨κ⟩−1)(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)�lξ2

=�
ℝd
dp �

κ∈�ℤ
2 �d

�e−ν 1/2⟨κ⟩−1�‖(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)‖lξ2.

Now using that |e−x −1|�x for x >0, this is

�ν1/2�
ℝd
dp �

κ∈�ℤ
2 �d

‖(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)‖lξ2.

By Minkowski's inequality, this is

�ν1/2�
ℝd
dp �

κ∈�ℤ
2 �d

�
ℝd
dq‖φ(⋅,q,κ)‖lξ2ϕν(p−q).
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By using Tonelli's theorem, this is

�ν1/2 �
κ∈�ℤ

2 �d
�
ℝd
dq‖φ(⋅,q,κ)‖lξ2�ℝd

dpϕν(p−q)

�ν1/2�
ℝd
dq �

κ∈�ℤ
2 �d

‖φ(⋅,q,κ)‖lξ2=ν
1/2‖φ‖E0

�ν1/2‖φ‖E1.
For the second term, we consider

�
ℝd
dp �

κ∈�ℤ
2 �d

‖φ(⋅,p,κ)−(φ(⋅, ⋅,κ) ∗pϕν(⋅))(p)‖lξ2.

Now
φ(ξ ,p,κ)−(φ(ξ , ⋅,κ) ∗pϕν(⋅))(p)=�

ℝd
dq(φ(ξ ,p−q,κ)−φ(ξ ,p,κ))ϕν(q)

=�
ℝd
dr(φ(ξ ,p−ν1/2r ,κ)−φ(ξ ,p,κ))ϕ(r).

Hence

‖φ(⋅,p,κ)−(φ(⋅, ⋅,κ) ∗pϕν(⋅))(p)‖lξ2��
ℝd
dr‖φ(⋅,p−ν1/2r ,κ)−φ(⋅,p,κ)‖lξ2ϕ(r)

��
ℝd
dr��

0

ν 1/2

dtr⋅∇φ(⋅,p− tr ,κ)�
lξ
2
ϕ(r)��

ℝd
dr�

0

ν 1/2

dt‖ r⋅∇φ(⋅,p− tr ,κ)‖lξ2

��
ℝd
dr |r |ϕ(r)�

0

ν 1/2

dt‖∇φ(⋅,p− tr ,κ)‖lξ2.

Hence by Tonelli's theorem

�
ℝd
dp �

κ∈�ℤ
2 �d

‖φ(⋅,p,κ)−(φ(⋅, ⋅,κ) ∗pϕν(⋅))(p)‖lξ2

��
ℝd
dr |r |ϕ(r)�

0

ν 1/2

dt�
ℝd
dp �

κ∈�ℤ
2 �d

‖∇φ(⋅,p− tr ,κ)‖lξ2

��
ℝd
dr |r |ϕ(r)�

0

ν 1/2

dt‖φ‖E1�ν
1/2‖φ‖E1.

This concludes the proof. □
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Chapter 6

Perspectives

To summarize, our main results have been the following:

1. In Chapter 3 we used an asymptotic expansion that heuristically gives the
correct limit equation in the case of the random quantum Lorentz gas. In the
case of the periodic quantum Lorentz gas, this method yields trivial transport
equations in the limit for certain observables (similar to the case V =0), and
hints at the obstructions one encounters when studying other observables.

2. In Chapter 4, we used Wigner series tools to make precise the notion that
for observables supported away from energy band crossings of the Lapla-
cian, the weak coupling limit behavior is free transport. In particular, no
collisional effects remain. These tools were insufficient to study observables
supported on problematic momenta related to the band crossings, except for
a restricted class of initial data.

3. In order to study what happens for observables supported on energy band
crossings in Chapter 5 we used the Bloch–Floquet–Zak transform to derive
a new representation formula for the Wigner transform. Generalizing this
representation, we define a rescaled Bloch–Wigner transform and demon-
strate once more that for certain observables, there is no collisional effect in
the limit. For certain other observables, we provide evidence that the exis-
tence of a weak coupling limit depends on certain regularity properties of the
Bloch–Wigner transform introduced. The existence (and characterization) of
a limit remains open.

More precisely, to connect the first and third point above, in the first result, using
the homogenization Ansatz, we arrived at expression (3.19)

∂tσκ(t ,p,η)+
1
2π∇ηEj(η)⋅∇pσκ(t ,p,η)

=lim
θ→0

2�
n∈ℤd

R̂(n)[σκ(t ,p,η)−σκ+n(t ,p,η)][[[[[[ θ
(Eκ+n(η)−Eκ(η))2+θ 2]]]]]]
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Then, working with the Wigner series, we proved in Theorem 4.10 that for observ-
ables supported away from band crossings one has trivial transport in the weak-cou-
pling limit. Working with the Bloch–Wigner transform, we proved in Theorem 5.7
a (weak) version of the same statement once more, without needing to work within
energy bands. Working with the observables using the Bloch–Wigner transform,
we arrived at an expression involving the resonant operator 𝕐st

ε ,η,∗ that simplified
to an expression very reminiscent of the right hand side of the equality in the above
expression from the asymptotic analysis:

=2�
�− 1

4 ,
1
4�d

dη�
ℝd
dp �

κ∈�ℤ
2 �d

Tsε(0,p,η,κ) �
n∈ℤd\\{0}

|V̂ (n)|2

�
s

t
du�

s

u
dv(ε−1cos(c1(v −u)))[F(p,κ −η−n)−F(p,κ −η)]

We see that Tsε(0,p,η,κ) plays a role analogous to σκ(s,p,η). Instead of the Fourier
transform of the covariance R̂(n) (which we got from taking expectations), we have
|V̂ (n)|2. We have different approximants to the delta in each expression, and the gain
term minus the loss term. Hence we see the extent to which the asymptotic expan-
sion captures the difficulties in the problem. Furthermore, we see that although the
final expression we get in the asymptotic expression does not make sense point-
wise, it could make sense when integrating over the η's, as is the case when working
with the observables. Therefore, if a limit exists, it is not expected to be the solu-
tion of a linear Boltzmann equation, and requires a different interpretation.
We end this thesis by highlighting some promising future directions for further

research:

1. Staring at the expression above for the problematic term in the observables,
one realizes that if the sum over n is a Riemann sum, one formally obtains
a linear Boltzmann equation. One could then ask what happens if one con-
siders the period of the potential going to infinity depending on ε. This relates
to the first motivation we wrote in the introduction, i.e., to find a different
proof of the result of [EY99]. One way to do this this would be to introduce
an additional parameter L to our Bloch–Wigner transform, and find a way to
ensure uniform estimates in both ε and L on the non-resonant terms. Then,
one could repeat the argument with the sewing lemma to pass to the limit.
This could be a way to move towards our first goal of providing an alter-
nate proof to the derivation of the linear Boltzmann equation. However, one
will need to find a way to relate the potentials that are periodic with different
periods, and proving the uniform estimates will probably require additional
ideas. Working directly with the evolution equation of the rescaled Wigner
transform instead of the rescaled Bloch–Wigner transform was challenging,
since it was not clear how to prove the uniform in ε estimates for the terms
with low time regularity. Our view is that the ideas in this thesis are a first
step towards this larger goal.
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2. As mentioned aster the statement of the main theorem, working in the L∞-
based Banach space E−0 is not the correct framework for most families of
initial data that go from the microscopic to macroscopic scale. Eventually, if
one manages to make the point above work, one would need to identify the
analogue for the rescaled Bloch–Wigner transform, of the Banach algebra in
whose dual the usual rescaled Wigner transform is uniformly bounded.

3. As mentioned in the literature review, the limiting behavior of the peri-
odic quantum Lorentz gas has been identified in the low-density scaling
regime, assuming that a certain generalized Berry-Tabor conjecture holds,
see [GM19], [GM21]. This complements the result of [Cas01], [Cas02], [Gri23]
and [PR04], where the authors obtain linear Boltzmann equations by intro-
ducing damping terms in various manners. It would be interesting to see
if the introduction of damping leads to a linear Boltzmann equation also in
the weak coupling regime, and if one can prove such a result using the tech-
niques introduced here. Another potential direction of research is to extend
these techniques to the case of the low-density scaling.

4. The results presented in this thesis were all done in the Wigner function
picture, and should have a dual version in theWeyl formalismwhen working
with time evolution of operators in the interaction picture of quantum
mechanics, as was done for example in [Spo77] and [GM19]. It would be
interesting to prove the convergence in operator norm of the series defining
the time evolution of the observables. This might require some of the ideas
that were developed in this thesis, since one cannot use anymore Gaussian
cancellations that were used in [Spo77]. It would be intriguing to see how
one encounters the problem of energy-band crossings in this framework.

5. Recently, another approach was developed in the works [Her24], [BDH25]
and [BDH] in order to derive the linear Boltzmann equation from the random
quantum Lorentz gas in the kinetic regime, and the heat equation from the
Schrödinger equation on time scales beyond the kinetic time scale. It would
be interesting to establish how this connects to the proof strategy in this
thesis.
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