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Abstract

We consider an open interacting particle system on a finite lattice. The particles perform
asymmetric simple exclusion and are randomly created or destroyed at all sites, with rates
that grow rapidly near the boundaries. We study the hydrodynamic limit for the particle
density at the hyperbolic space-time scale and obtain the entropy solution to a boundary-
driven quasilinear conservation law with a source term. Different from the usual boundary
conditions introduced in Bardos et al (Commun Partial Differ Equ 4(9):1017-1034, https://
doi.org/10.1080/03605307908820117, 1979) and Otto (C R Acad Sci Paris 322(1):729-734,
1996), discontinuity (boundary layer) does not formulate at the boundaries due to the strong
relaxation scheme.

Keywords Asymmetric simple exclusion process - Hydrodynamic limit - Open dynamics -
Hyperbolic balance law - Entropy solution

1 Introduction

In the past decades, hydrodynamic limit for interacting particle system with boundary effect
has attracted a lot of attention [1, 2, 4-6, 8, 11, 15, 24]. The limit captures the evolution of the
conserved field of the microscopic dynamics as hydrodynamic equation, at the macroscopic
time scale that the dynamics is equilibrated locally. Most of these works focus on symmetric
dynamics and the Fick’s law of diffusion or fractional diffusion with various types of boundary
conditions, see, e.g., [2, 4-6, 8, 15].
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For asymmetric mass-conserving systems, the dynamics reaches local equilibrium at the
hyperbolic time scale, and the hydrodynamic equations are given by hyperbolic transport
equations [22]. When nonlinear interaction exists, these equations are featured by discon-
tinuous phenomenon both inside the domain (shock wave) and at the boundary (boundary
layer). The non-regularity becomes the main obstacle in deducing the hydrodynamic limit.
Asymmetric simple exclusion process (ASEP) with open boundaries is the simplest model.
In its dynamics, each particle performs an asymmetric random walk on the finite lattice
{1,..., N — 1} under the exclusion rule: two particles cannot occupy the same site simul-
taneously. Particles are created and annihilated randomly at sites 1 and N — 1, modeling
the exchange of mass between the system and two external reservoirs at given densities.
In [1, 24, 25], the hydrodynamic limit for the mass density of open ASEP is proved to be
Burgers equation with boundary conditions introduced in [3, 20]. Due to the discontinuous
nature, these boundary conditions do not prescribe the density at boundary, even when the
reservoir dynamics is overwhelmingly accelerated compared to the exclusion [25]. Instead,
they impose a set of possible values for the boundary density. The hydrostatic limit for the
same dynamics is studied in [1, 9]: the stationary density profile is the stationary solution
to the hydrodynamic equation. It is determined by the boundary data through a variational
property [21]: the stationary flux is maximized if the density gradient is opposite to the drift,
and is minimized otherwise. The result is generalized in [7] to the quasi-static transform: if
the reservoir densities are changing slowly at a time scale that is larger than the hyperbolic
one, the profile evolves with the corresponding quasi-static solution [17].

The motivation of this article is to study the hydrodynamic limit for a hyperbolic system
disturbed by a nonlocal external field. We are particularly interested in the macroscopic
behavior when the perturbation is extremely strong at the boundary. Consider the ASEP on
{1,..., N — 1} where particles are created (resp. annihilated) at each site i with rate V; p;
(resp. Vi (1 — p;)). Assume two profiles (V, p) : (0, 1) — Ry x [0, 1] such that

WVip)=(V.p) (). lim V()= lim V()= oo (L1)

In other words, a reservoir of density p; is placed at each site i, and the system exchanges
particles with it with frequency V; that is growing rapidly near the boundaries. When the
exclusion dynamics is accelerated by N, the density profile shall evolve with the L°° entropy
solution to the following quasilinear balance law in the [0, 1]-interval:

o+ 0x(u(l —u) +Gx,u)=0, G=Vx)(u-—pk))), (1.2)

with proper boundary conditions. We prove in Theorem 2.8 that, when the integrals of V are
infinity around both 0 and 1, the boundary conditions are u|,—o = p(0), u|y=1 = p(1). In
sharp contrast to the equations obtained in [ 1, 24, 25], the boundary values of u are fixed by p in
a weak sense, see Proposition 2.11. Hence, any shock wave is attenuated while approaching
the boundaries, and no boundary layer is observable at any positive macroscopic time. A
consequence of the hydrodynamic limit is the L'-weak continuity in time of the entropy
solution obtained in Corollary 2.10.

The term G in (1.2) acts as a source (resp. sink) where u is less (resp. greater) than
p, so it can be viewed as a relaxation scheme to the profile p. When p is a constant, it is a
conservation system with relaxation introduced in [16], with the first component degenerated
to a stationary solution. Such system is widely used to model non-equilibrium transport in
kinetic theory and fluid dynamics. In our situation, the entropy solution to the initial-boundary
problem of (1.2) is constructed in different ways depending on the integrability of V, see
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Definition 2.1 and 2.7. We focus on the non-integrable case and discuss the integrable case
briefly in Sect.2.4.

The proof in this article is proceeded in two main steps. First, we prove that in the space-
time scaling limit, the empirical Young measure of the particle field is concentrated on the
space of Dirac-type Young measures. Then, we show that the limit is a measure-valued
entropy solution to (1.2) with proper boundary conditions. The hydrodynamic limit then
follows from the uniqueness of the entropy solution. Both steps are proved through delicate
analyses of the microscopic entropy production associated with Lax entropy—flux pairs.

The use of Young measure and microscopic entropy production is present in the seminal
paper [22]. It is combined with the compensated compactness method to prove the concen-
tration property of the Young measure in [12, 13]. To use this method, additional oscillating
dynamics is added to ASEP to create microscopic viscosity. Finally, we point out that although
the process studied in this article is attractive, we cannot apply the coupling argument used
in [1] because the invariant measure is not product in general.

2 Model and Results
2.1 Model

For a scaling parameter N € N_, consider the configuration space

Qv = {n = mo<i<n, mi € {0, 1}}.

The dynamics on Q2 consists of three parts: the nearest-neighbor asymmetric exclusion, the
external Glauber field and the boundary dynamics. The exclusion is generated by

N-1

ON ..
Lol 00 = 3 (cronm+Z5) [fa D = rm].
1=l
for any function f on Qy, where, for constant p € (%, 1],
ciit1(m) = pni(1 —niv1) + (1 = p)nip1 (1 —mi), (2.1
o is a parameter that grows to infinity slower than N, and n+**! is the configuration obtained
from 1 by swapping the values of n; and ;1. The factor o stands for a strong microscopic

viscosity, which is necessary for the technique used in Sect.5. The Glauber dynamics is
generated by

| N A
Lol =53 ca| fa = fm)
where, for parameters V; > 0 and p; € (0, 1),
ci.c(m) = Vilpi(1 —n;) + (1 — pi)nil, 2.2)

and ' is the configuration obtained from 7 by flipping the value of #;. Finally, the sites
i = 0 and N are attached to two extra birth-and-death dynamics, interpreted as boundary
reservoirs. The corresponding generator reads

Leaf ) = con £ 0" = f ] +en | fa™) = rm)
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where, for boundary rates ci, cfm >0,
co(m) = ¢y (1 = 110) + couentos en(m) = cip (1 = nx) + coyv - 2.3)

Assume two profiles V : (0, 1) — Ry and p : [0, 1] — (0, 1) such that V; = V(ﬁ) and
pi = ,0(1’\,—') fori =1,.., N — 1. Suppose that V € clo, 1); Ry),V - +o0casx — 0,1,
and p € C1([0, 1]; (0, 1)) with Lipschitz continuous p’. In particular,

inf V(x) >0, inf x) >0, su x) < 1. 2.4
ot ) Xe[o’up( Xelol?”p( ) (2.4)

The generator of the process then reads
Ly = N(Lexe + LG + Lua), (2.5)

where the factor N corresponds to the hyperbolic time scale.

2.2 Scalar Balance Law in a Bounded Domain
In this part, we introduce the partial differential equation that is obtained in the hydrodynamic
limit for the model defined in the previous section. Let

J@) = Q2p—Du(l —w), G, u):=Vx)u-—pkx)) (2.6)

be the macroscopic flux and the source term corresponding to Lexe and Lg, respectively.
Given measurable function ug : (0, 1) — [0, 1], consider the following balance law: for
(t,x) e X:=R4 x (0, 1),

oru(t,x)+ 0 [J(u(t, x)]+ Gx,u(t,x)) =0, ul;— = uop, 2.7

with proper boundary conditions that will be specified later.

The weak solution to (2.7) is in general not unique, so we are forced to consider the entropy
solution. Recalling (1.1), our aim is to examine the case when the strength of the source is
extremely strong at the boundaries. We see in Definitions 2.1 and 2.7 that the definition of
entropy solution is different when V is integrable or not at the boundaries.

We begin with the case that V is non-integrable at 0 and 1, i.e., for any small y,

1
/y V(x)dx = +o0, / V(x)dx = +o0. (2.8)
0 1—-y

Recall that a Lax entropy—flux pair of (2.7) is a pair of functions f, g € C*(R) such that
f"=0andq' =J'f =Q2p— 1A —2u)f (u) forallu € R.

Definition 2.1 Suppose that V satisfies (2.8). We call u = u(z, x) an entropy solution to (2.7)
with the compatible boundary conditions

u-0)=p©0), u(, 1) =p), 2.9

ifu : ¥ — [0, 1] is measurable and satisfies the generalized entropy inequality
1
/ S o)p(0, ) dx + // [/ @dp +q)dvp] dxdt
0 D)

> // F @)V (@) — p)pdxdt. (2.10)
)]

for any Lax entropy—flux pair (f, ¢) and any ¢ € Ccz(R x (0, 1)), ¢ > 0.
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Remark 2.2 When p € C!, u in Definition 2.1 satisfies the energy estimate

T 1
/ / V()lut, x) — p(x)Pdxdt < oo, VT > 0. (2.11)
0 0

Indeed, suppose that p is smooth. For any ¢ > 0, choose ¥, € C2°((0, 1)) such that . (x) €
[0, 11, Yelfe.1—e) = 1 and [¥)(x)] < 2¢~!. Fixing any ¢ € C°(R) such that ¢ > 0 and
applying (2.10) with f1 = %uz, 01 = ¢ ()Y (x) and fo = —u, 2 = @ p respectively, we
obtain the upper bound

/ fz VOt x) — p()Pd (0¥ (v)dxds
= //E Fl)V(x)(u — p)gr dxdt + //E F)V(x)(u — p)gr dxdt
1
< ¢>(0)/0 [ f1(uo) — uop]vre dx

+ //2 [ /1301 + g1 ()0xp1 — udrpa — J ()02 |dxdt,

where ¢ is the flux corresponding to f;. Since || < 1, the first term on the right-hand side
is bounded by |¢ ||l f1(10) — uop| L. The second term reads

//;:[(fl(u) —up)orpr + (g1 () — J(u)p)orpr — J(“),O/(pl]dxdt
= C//E (16" O]+ [ ()P D] + 10/ ()P () e (x)|)dxdt,

where C = || fi(u)—up||L+Ilg1 () —J @)pl oo+ (u) || . Since [re| < 1, [9f] < 267!
and is non-zero if and only if x € (0, €) U (1 — ¢, 1), it is bounded by Cy(1 + [p'|oc) With
a constant Cy that is independent of ¢. Taking ¢ — 0 and using monotone convergence
theorem,

//2 VLu(t, x) — p(0) ¢ (1)dxdi < Co(1+10|o)-

Since ¢ € C2°(R; R4) is arbitrary, (2.11) holds for any finite 7 > 0. By standard argument
of compactness, the estimate can be extended to any p € C Lo, 1D).

Remark 2.3 1If u is continuous in space, (2.11) together with (2.8) implies that u (¢, 0) = p(0)
and u(t, 1) = p(1) for almost all + > 0. Hence, (2.9) turns out to be the reasonable choice
of the boundary conditions, see also Proposition 2.11 below.

The following uniqueness criteria is taken from [26, Theorem 2.12].

Proposition 2.4 Assume further that

, 1l 1
imaw < [ [+ v | o < e e
y 1
lim [/O V) [px) — p(0)] dx +/1 V) [px) — p(l)]zdx:| =0. (213
y— -y

Then, there is at most one function u € L*°(X) that fulfills Definition 2.1.
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Remark 2.5 Suppose that V > 0 satisfies (2.12). By Cauchy—Schwarz inequality,

y IR !
lim inf/ V(x)dx > liminf —/ —dx > 0,
y—0+ Jo y—0+ \yZ Jo V(x)
which means that V is not integrable at 0. The same argument holds for the integration on
(1 — y, 1). Therefore, (2.12) contains the non-integrable condition (2.8).

Now we turn to the integrable case: V € L' ((0, 1)). The next definition is first introduced
by E. Otto, see [20, Eq. 9].

Definition 2.6 We call (F, Q) € C2([0, 1]%; R?) a boundary entropy—flux pair if

(i) forallk € [0, 1], (F, Q)(:, k) is a Lax entropy-flux pair, i.e., 8, Q (-, k) = J'9, F (-, k);
(i) forallk € [0, 1], F(k, k) = 0, F (u, k)|y=r = Q(k, k) = 0.

For V integrable, the definition of entropy solution is the same as [20, Proposition 2] for
V = 0 and [18, Definition 1] for V bounded and smooth.

Definition 2.7 Let «, B € [0, 1] be two constants and suppose that V € L'((0, 1)). We call
u = u(t, x) an entropy solution to (2.7) with the boundary conditions given by

u(t,0) =a, u(t, 1) =8B, (2.14)

if u : ¥ — [0, 1] is a measurable function such that for any boundary entropy—flux pair
(F, Q),any k € [0, 1], and any ¢ € C?(]RZ) such that ¢ > 0,

1
f Felu)p(0, ) dx + / f L3k + qu(u)dse] dxds
0 z (2.15)

> //2 fi@V @) (u — p)g dxdt —/O [feB)o(, D) + fi(@e(-, 0)]dr,

where (fi, qr) = (F, Q)(-, k).

Since the integrable case is not the focus of this paper, we omit the uniqueness and other
properties and refer to [26] and the references therein.

2.3 Hydrodynamic Limit

Let {nN(t) € Qn:;t > 0} be the Markov process generated by Ly in (2.5) and initial
distribution 1. Through this article, the superscript N in % is omitted when there is no
confusion. Denote by IP,,, the distribution of 1(-) on D([0, 00), 2), the space of all cadlag
paths on Qp, and by E,,,, the expectation of P, , .

Suppose that the sequence of uy is associated with a measurable function ug : (0, 1) —
[0, 1] in the following sense: for any ¥ € C(R),

N—o0

N 1
lim MNH;ZTN(O)V/ (ﬁ)—/o uo(x) Y (x)dx >8}:0, V8 >0. (2.16)
i=0

Our main result shows that in the non-integrable case, the empirical density of the particles
converges, as N — 00, to the entropy solution to (2.7) and (2.9).
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Theorem 2.8 Assume (2.12), (2.13) and (2.16). Also assume that
lim N~ lo} =00, lim N loy =0. (2.17)

N—o0 N—o00

Then, for any ¥ € C(R) and almost all t > 0,

N—o00

1
lim PMNH Zn,(mp ) —/0 ult, )y (x)dx >5}=0, Vs >0, (2.18)

where u is the unique entropy solution in Definition 2.1.

Remark 2.9 Below we list two important remarks concerning Theorem 2.8.

(i) We assume (2.12) and (2.13) only for the uniqueness in Proposition 2.4. If V satisfies
only (2.8), our argument proves that the empirical distribution of 7% is tight and all
limit points are concentrated on the possible entropy solutions.

(ii) Observe that the rates in Lyg do not appear in the limit. Indeed, let F¢ () = ZO<i <N i
be the cumulative mass on {1, . .., neny}- Then, o

Ly Fe(n) = N[egy = ey + cqudno] = Niew)
— NI = p+on)ent — nenp) + Y Viloi = ni),

1<i<eN

where J; = 2p — )5 (1 — n;i41). From (2.8), leisd\, Vi > N. Hence, to make the
contribution of the last term be of order O(N), the mass density of the boundary block
{1, ..., eN} should be near to p(0).

As a corollary of Theorem 2.8, the regularity of the entropy solution is improved.

Corollary 2.10 Assume (2.12) and (2.13). Let u be the unique entropy solution to (2.7) and
(2.9) in Definition 2.1. Then,

u € L®((0, 00) x (0, 1)) N C([0, 00); LY,

where L' = L'((0, 1)) is endowed with the weak topology. In particular, the convergence in
Theorem 2.8 holds for all t > 0.

Under (2.12), the macroscopic density near the boundary is prescribed by the reservoir in
the following sense: for any ¢ > 0,

t LyN]
lim lim / N 2(‘: ni(s)ds =tp(0) inP,, — probability, (2.19)
i=

y—=>0+N—oo Jg ¥

and similarly for the right boundary. Indeed, for any r > 0, y € (0, 1) and § > O,

|
ff/ lu(s, x) — p(x)|dxds

— )2 e
_48// V(x)(u — p) dxds + /V(x)

Taking y — 0+, (2.11) together with (2.12) yields that

lim f/ / lu(s, x) — p(x)|dxds < Ct$.

y—=>0+Yy
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As § is arbitrary, the limit is 0. Recall that p is continuous, so we have

lim 7// lu(s,x) — p0)|dxds =0, Vt>0.

Combining this with Theorem 2.8, we obtain (2.19) for all positive time ¢. These limits can
be derived directly from the microscopic dynamics by imposing a slightly stronger growth
condition on V, see the next proposition.

Proposition 2.11 Suppose that V satisfies the following condition:
lim { inf Vv } = . 2.20
Jm Yt () (2.20)

Then, (2.19) and the similar limit for the right boundary hold for all t > 0.

Example Fix some y > 0, pp and p; € (0, 1). By taking

1 1 po(l —x)” + p1x”
V = — —_ = s
W=ty YT Ty
we obtain the source term given by
Gy = =P Hmp
xV (1 —x)Y

In this case, the dynamics of Lg can be interpreted as two infinitely extended reservoirs [4-6]
placed respectively at the sites {—1, —2,...,}and {N + I, N +2,...}. Wheny > 1,V
satisfies (2.12), so the hydrodynamic limit can apply.

2.4 Discussion on the Integrable Case

When V e L((0, 1)), we expect that Theorem 2.8 holds with the entropy solution in
Definition 2.7. Since the dynamics of Lg is no more dominating at the boundaries, the
boundary data (o, ) may depend on cm, ;EH as well as V, p. In particular when V = 0, we
expect that «, B are determined by

J@) =c,(1—a)—coua, J(B) =couB —cit(1 —p).

This is proved in [1] for microscopic dynamics without extra symmetric regularization and
the special choice of reservoirs such that

=P Cou=U0=p(l—a), cf=010=pB, co=pdl-p.

We underline that the problem remains open for general reservoirs even when V = 0.
The situation is easier when further speed-up is imposed on the boundary reservoirs. Let
vV e LY((0, 1) satisfy (1.1) and assume the compatibility conditions

- +
C c
p(0) = —"—, p(l) = %
Cin + Cout + Cout

Fix a > 0 and consider the process generated by L/N = N(Lexe + Lg + N%Lpq). In this
case, the hydrodynamic equation is still given by (2.7) and (2.9), but the solution should be
understood in the sense of Definition 2.7. This can be proved with the argument in [25].
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3 Outline of the Proof

Hereafter, we fix an arbitrary 7 > 0 and restrict the argument within the finite time horizon
[0, T']. Let M4([O, 1]) be the space of finite, positive Radon measures on [0, 1], endowed
with the weak topology. Define the empirical distribution 7 = 7™ (¢, dx) as

N
N, dx) = ]172;: m(t)zS%(dx), VvVt e[0,T], (3.1)
i=
where 8, (dx) stands for the Dirac measure at u. Denote by D = D([0, T']; M([0, 1]))
the space of cadlag paths on M ([0, 1]) endowed with the Skorokhod topology. To prove
Theorem 2.8, it suffices to show that the distribution of 7V on D converges weakly as N — oo
and the limit is concentrated on the single path 7z (¢, dx) = u(t, x)dx. However, to formulate
the evolution equation (2.7) of u we need a type of convergence that also applies to nonlinear
functions. The idea is to introduce the Young measure corresponding to the mesoscopic block
average, cf. [12, 13, 22] and [14, Chapter 8].
Let X7 = (0, T) x (0, 1). Recall that a Young measure on X7 is a measurable map
v : X7 — P(R), where P(R) is the space of probability measures on R endowed with
the topology defined by the weak convergence. Denote by J = Y (27) the set of all Young
measures on X7, and by v = {v; y; (¢, x) € X7} the element in Y. A sequence {v";n > 1}
of Young measures is said to converge to v € ) if for any bounded and continuous function
fonXr xR,

lim /f dxdtff(t,x,k)v{’x(dx)=// dxdt/f(t,x,)n)vt,x(dk). (3.2)
n—oo J Jy, R ’ sr R

Any measurable function # on X7 is naturally viewed as a Young measure:
Vi (dR) 7= Sugr)(dh), Y (1,x) € Tr. (3.3)

Denote by ), the set of all v € Y of this kind.
Hereafter, we fix some mesoscopic scale K = K (N) such that

K <oy, Noy < K3 oy < NK. (3.4)

The existence of such K is guaranteed by (2.17). Forn € Qy andi = K,..., N — K, define
the smoothly weighted block average as

- K —1j|
ﬁi,K = A Z wini—j, W;j = K2 . (35)
j=—K+1

Consider the space-time empirical density
N-K

WN(,x) =Y Ak Oxni(x), V@, x) €Ty, (3.6)
i=K
where y ;(-) is the indicator function of the interval [% — ﬁ, IN + ﬁ).

Lemma 3.1 (Tightness) Let Qy be the distribution of(rrN, v, where N is definedin (3.1)
and vN is the Young measure corresponding to u” in (3.6) in the sense of (3.3). Then, the
sequence of Qy is tight with respect to the product topology on D x ).
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Let Q be a limit point of Q. With some abuse of notations, we denote the subsequence
converging to Q still by Q. Below we characterize QQ by three propositions.

Proposition 3.2 The following holds for Q-almost every (m, v).

(1) m(t,dx) = @ (t,x)dx for every t € [0, T] with some w (t,-) € L0, 1)), and t >
w(t, -) is a continuous map with respect to the weak topology of L.
(i) v x([0, 1]) = 1 for almost all (t, x) € .
(i) @ (t,x) = f)»vtyx(d)\)for almost all (t,x) € X7.

Proposition 3.3 Q(D x YV;) = 1, where Yy is the set of delta-Young measures in (3.3).

To state the last proposition, define the entropy production

XUD(, ) = — / / dxdi [a,so f Fdvp + 09 f qdv,,x], 3.7)
7 R R

forv e Y, ¢ € C'(R?) and Lax entropy—flux pair (£, g).

Proposition 3.4 It holds Q-almost surely that
1
XD (0, ) + f / dxd [w f f/mc(x,x)v,,x(dx)} < f Fu0)p(0, x)dx, (3.8)
or R 0

for any Lax entropy—flux pair (f, q) and any ¢ € Cg([O, T) x (0, 1)) such that ¢ > 0, where
G(x,2) = V@I —px)]

Remark 3.5 Similarly to Remark 2.2, one can obtain a measure-valued energy bound: it holds

Q-almost surely that
// dxdt [V(x)/ [ —p(x)]zdv,,x] < 0. (3.9)
Sr R

This can be derived directly from the microscopic dynamics, see Sect. 6.

Remark 3.6 The arguments we used to prove Lemma 3.1 and Proposition 3.2, 3.3 and 3.4
do apply to all V e C'((0, 1)), bounded or unbounded. However, only in the non-integrable
case are they sufficient to identify the limit equation.

‘We organize the remaining contents as follows. Lemma 3.1 and Proposition 3.2 are proved
in Sect. 4. Proposition 3.3 is proved in Sect. 5 and Proposition 3.4 is proved in Sect. 6.1. With
these results, the proofs of Theorem 2.8 and Corollary 2.10 are straightforward and are stated
right below. The direct proofs of Proposition 2.11 and (3.9) using the relative entropy method
[27] are stated in Sect.6.2 and 6.3.

Proof of Theorem 2.8 and Corollary 2.10 Recall that Q is a probability measure on D x ). In
view of Proposition 3.2 (i) and 3.3, w(¢t) = @w (¢, x)dx and v; x = 8y, x), Q-almost surely.
Proposition 3.2 (iii) then yields that Q is concentrated on the trajectories such that & = u.

To prove Theorem 2.8, we need to show that u, and hence @, is the entropy solution to
(2.7) and (2.9). By Proposition 3.2 (ii), u(t, x) € [0, 1] so that u € L°°(X7). Furthermore,
by substituting v; » = 8,(;,x)(dA) in Proposition 3.4, we obtain that u satisfies the generalized
entropy inequality in Definition 2.1. The proof is then concluded by the uniqueness of the
entropy solution, see Proposition 2.4.

Finally, Corollary 2.10 follows directly from the argument above and the sample path
regularity of & obtained in Proposition 3.2 (i). O
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We close this section with some useful notations. For a function ¢ = ¢(t, x), let

] 1
. i 1 -y Nty
o) =9ty =) BO=N [ 7 etxdx. (3.10)

Recall the mesoscopic scale K = K (N) in (3.4). For a sequence {a;;i = 0, ..., N}, a; g
stands for the smoothly weighted average in (3.5). Since K is fixed through the paper, we
write a; when there is no confusion. We shall frequently use the notions of discrete gradient
and Laplacian operators, which are defined as usual:

Va; = ajq1 —ai, V'a =ai—1 —aj, Aai =aj41 —2a; +ai_1. 3.11)

Notice that A = —VV* = —V*V.

4 Tightness

Recall that Qy is the distribution of (7", vV) on D x Y. Here D = D([0, T'], M ([0, 1]))
is the space of cadlag paths endowed with the Skorokhod topology and YV = Y(X7) is the
space of Young measures endowed with the topology defined by (3.2).

Proof of Lemma 3.1 1t suffices to show that both {7} and {v"} are tight. The coordinate vV
is easy. Since u™ €0, 1], for all N we have QN{\)N € V.} = 1, where

Vi :={v € Y| v«([0,1]) = 1forall (¢, x) € Tr}.

Because ), is compact in ), {vN} is tight.
For the coordinate 7, by [14, Chapter 4, Theorem 1.3 & Proposition 1.7], we only need
to show that for any ¥ € C([0, 1]), some constant Cy, and any § > 0,

supQN: sup | @0, 9| < c],,} =1, 4.1)
N tel0,T

lim lim QN{ sup [N (@), ¥) — (2N (), )| > a} =0, (4.2)
e}0 N—oo [t—s|<e

where (-, - ) is the scalar product between M and C([0, 1]). The first one is obvious:

<f2|w

For the second one, choose ¥, € Cf((O, 1)) such that |[¢ — ¥«|l1 < 4~1s. Note that

[N @), v)| = —

=N (Y ’ﬁ , Ytel0,T]. (4.3)

1 & : 5
[T .9 =) = 7N v =] < 2 DI () v ()] < 5
i=0

uniformly in s, ¢# and all sample paths. Hence, it suffices to show (4.2) with v replaced by
¥, Without loss of generality, let s < 7. Then,

t
(TN @), ) — (7N (), w*>=/ L[N @), v Jdr + My, (t —5),  (44)

N

@ Springer



78 Page 12 of 30 L. Xuetal.

where My y, is the Dynkin’s martingale. As . is compactly supported, 179 or ny does not
appear in (7N (r), ), so that

i ] =0 = ) T o (41 + 92 (5 - 20 (1)
+ @2p-1) NZ_I i (1 =iz [Ye (F1) = ¥ ()]
E V@ - (s (7).

Using the fact that oy < N and ¥, € C2((0, 1)), Ly[(n", ¥,)] is uniformly bounded.
Therefore, the first term in (4.4) vanishes uniformly when |t — 5| — 0. We are left with the
martingale in (4.4). Dy Dynkin’s formula, the quadratic variation reads

t
(M)t —5) = / (LnleY wa?] =26,y La[ Y, v ) dr

Recall that ¢, € CZ((O, 1)), direct calculation shows that

N—-1

1
L[, va?] = 2™ ) L[, v = 15 D a0 = 200% v ()
i=0
RS . ONN () 32 it i \12
+ﬁ;(cu+1(n)+7) O — mi)? [0 (51) — v ()]
By (2.17), it is bounded from above by CN ~1. Therefore,
EW[|(My )t — )] < Ct —s)N~". 4.5)

We only need to apply Doob’s inequality.

Proof of Proposition 3.2 For (i), notice that (4.3) and the weak convergence yield that for any
fixed ¥ € C([0, 11), Q{sup,cpo. 7 (7w @), ¥}| < CllY¥liL1} = 1. Since C([0, 1]) is separable,
by standard density argument it holds Q-almost surely that

sup [(m(0), ¥)| < Clylp, V¢ €Cqo, 1D,
tel0,T]
So 7 (¢) is absolutely continuous with respect to the Lebesgue measure on [0, 1] and can then
be written as @ (¢, x)dx. Moreover, (4.2) assures that Q is concentrated on continuous paths,
see [14, Chapter 4, Remark 1.5]. The continuity of ¢ +— @ (¢, -) is then proved.
Since (ii ) is a direct result from the proof of the tightness of {vV}, we are left with (iii).
Pick ¢ € CY(=7). From the definition of v¥

t,x>

1 1 1 N—-K
/0 o(t, )dx [ /O xv,’Yx(dm}le; ik (@i (1),

where ¢; (¢) is given by (3.10). By the regularity of ¢,

1 T
’// dxdt |:g0/ kv,lyx(d)»)] —/ (nN, o(t,))dt| <
s r 0 ' 0

C,TK
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Since K = K(N) < N, the right-hand side above vanishes as N — oo. From the weak
convergence, this yields that for any 8§ > 0 and fixed ¢ € C!'(Z7),

1 T
QH// dxdt |:90/ )Lv,,x(dk)] —/ (m, @(t,-))dt
=r 0 0

By choosing a countable and dense subset of C!' (£7) and applying (i),

1
Q{f/ <P|:/ )»Vt,x(d)»)—w]dxdtzo, V(pecl(ET)}zl,
X7 0

The conclusion in (iii) then follows. O

>8}:0.

5 Compensated Compactness

Given a Lax entropy—flux pair (f, g), recall the entropy production defined in (3.7). To
simplify the notations, we will write X (v, ¢) when the choice of (f, ¢) is clear. Without loss
of generality, we also fix p = 1 to shorten the formulas.

This section is devoted to the proof of Proposition 3.3. Note that )/, the subset of delta-
type Young measures, is not closed in ), so Qx ()7) = 1 for all N does not guarantee that
Q) = 1. From [12, Proposition 2.1 & Lemma 5.1], Proposition 3.3 follows from the next
result, see also [13, Section 5.6].

Proposition 5.1 Fixan arbitrary Lax entropy—flux pair (f, q). Letp = ¢y with¢ € C2°(XZr)
and € C®(R?). Then, we have the following decomposition:

XN, 9) = Yn(9) + Zn(9),

and there exist random variables Ay ¢, By ¢ independent of ¥, such that

[Yn(@) < AN gll¥lligr, limsupE,,[Ay 6] =0; 5.1
N—o0
[ Zy(@)| < Bngll¥llLe, supE,[Bygl < oo. (5.2)
N>1
Here, || - |1 and || - || Lo are the H'- and L®-norm computed on 1 = (0, T) x (0, 1).

Remark 5.2 Proposition 5.1 is a microscopic (stochastic) synthesis of the Murat—Tartar theory
established in [19, 23]. The role of the function ¢ € C2°(X7) is to localize the estimates in
(5.1) and (5.2) away from the boundaries where the potential V' is unbounded.

5.1 Basic Decomposition

We first prove a basic decomposition for the microscopic entropy production. Given a bounded
function ¢ = @(¢, x), recall the notations ¢; = ¢; (t) and ¢; = ¢; () defined in (3.10). Denote
by 7i (t) = 1.k (1), Ji(t) = JA,-,K(I) and G, (1) = Gi,K(t) the smoothly weighted averaged
averages introduced in (3.5) of ; (¢), Ji (t) = n; (#)(1 — n;41(¢)) and G; () = Vi (ni(¢) — pi).
We shall abbreviate them to 7;, JA, and é,- when there is no confusion.

Lemma 5.3 Fix a Lax entropy—flux pair (f, q). For ¢ € C'(R?) such that (T, -) = 0,

N—-K

1
XN, ) = 3 FGiO)G0) + Ay + Sy + Gy + My + € (5.3)
i=K
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The terms in (5.3) are defined below. Ay, Sy and Gy are given by

7 N-K

Ay = Ay(g) == /0 2 #Of @V [Ji = i) ar

TNK

Sy = Sn(p) = oN/ Z @ () f'(hi) Afidt,
N—K

T .
on =ontw) == [ = 3 a1 GG
i=K

My is a martingale given by

1
My =Mty == [ = 3 giomwar,
i=K

where M; = M;(t) is the Dynkin’s martingale associated with f(1);(t)), see (5.5) below.
Finally, Ey = En,1 + En 2 + EN 3 is defined through

En1 = Ex(9) i= —f<0)/f3 By dxdi — q(0>//B dyp dxd,

7 N-K

Eny2 =En2(p) —/ Z @iV*iq(hi) —qMi)Veidt,

N—K
1 - T a 2
Ens =Ens(9) 1=/ N > <Pi ,(1)< +€1(I)(] dt,
0 :
i=K

where By is the regiont € [0, T] and x € [0, 2 ) Ull — W’ 1],

= Ly f() — f'G)Lnii. €y = N[f GV IGi) — Viq(@n)-
Proof By the definition of v,

7 N-K

v, ) = / Z f@ipe; dt — / Z q(i)Veidt +En1(p).  (5.4)
By Dynkin’s formula, for K <i < N — K,

t
Mi(t) == f@i() — f(#:(0)) —/0 Ly[f(i(s)]ds, 1€10,T], (5.5)

defines a martingale. Since ¢ vanishes at r = T, My (¢) satisfies that

T NK | N-K
- -~ fOng;dr = — S (@i (0))@; (0)
o N =X N =

- (5.6)
/ Z N[fG)]dr + My (@).
0 i=K
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Recall the definition of Ly in (2.5). Note that, for K <i < N — K, 1j; does not depend on
no or ny, and thus Lbdﬁi = Lbdﬁi = 0. Notice that

LylAil = NV*J; + NoyAfi — G, Yi=K,...,N—K.
Therefore, fori = K,..., N — K, Ly[f(17;)] is equal to
ey + 1'Gi) (NV*Ji + Nowaiy = Gi) = €'y + %
+ NFGOV [ J; = 1G] + NV*qGi) + 1 G (Now Al = Gi)
From the above formula of L[ f(1;)]
T N—K

T 1 e
f Z GiLy[fGip]dt = f i:ZKw q () dt 57

+ An (@) + Sy (@) + Gn (@) + En 3 ().

We then conclude the proof by inserting (5.6) and (5.7) into the first term on the right-hand
side of (5.4). ]

5.2 Dirichlet Forms

Given a function « : [0, 1] — (0, 1), denote by vollv(_) the product measure on Qy with
marginals

va, @) =1) =a(/N), Vi=0,1,....,N
When o(-) = « is a constant, we shorten the notation as viv(_) = vY. Given two probability

measures v and p on Qy, let f := /v be the density function. Define

N-1
D=5 Y 3 (Jror - Vrm) von, 58)

2 =
DY Guiv) = 5o ZQ Zlc, s (1o —VTIm) v, 59
'IE N i
DYiv =3 3 > o (/700 T v, (5.10)
'IE N
PYGiv=5 3 > evin(yrm — ) vo. (5.11)
’76 N

with ¢; g in (2 2) and cg, ¢y in (2.3). Note that DY = 0 if Cin = Cour = 0, and similarly for
DN Let M; be the distribution of the process at time ¢. Deﬁne

exc(t) - exc(:u'N N)’ DIGv(t) = DIGV(“’?/» v:)v(.))y Vt Z 0-
Letc_ = ¢ (c;, + cou) " when at least one of ¢;; and ¢, is positive. Define
DY) =D vY), vi=o.

If ¢, = copy = 0 we fix DN (1) = 0. Let cy and Div (t) be defined similarly.
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Lemma 5.4 Foranyt > 0, there is a constant C independent of N, such that
t
f [ow DYe(s) + DY) + DY () + DY ()] ds < €.
0

Proof Let v = v with o = % For a probability measure © = fv on Qp, from the
calculation in Appendlx A,

(. Lexellog 1), = =(on + DD (i ) + c. (5.12)
(. Lollog f1), = =2DY (ui vl + Z Vitog (1) (or — E'nil), (5.13)
(f. Loallog 1), < =2[DN (u: v)) + Dﬁ (m:vM)H]+cC. (5.14)

Fors € [0, ], let fN := u! /v, then
(FN. Lylog £), < - 2NaNDgc(s) —2NDJ (s) —2N[D¥ (s) + DY ()]

+ Z Vi10g<1
i=1

Applying Lemma 5.5 below, we obtain the estimate

fi;),-) (i —Epuyni(s)]) + CN.

ds + C.

t t ;N _ N
/ [aNDgc(s)+Dg(s)+DH(s)+Df(s)] ds5/ (fy's —Lnllog £ Dy

Standard manipulation gives that

!
/0 (Y, —Lylog V), ds = 3 togl £ Il () — 3 togl £ ()il )

neQy neQy
is bounded by C’N, so we conclude the proof. O
The following a priori bound is used in the previous proof.

Lemma 5.5 Suppose that a € C'([0, 1) has Lipschitz continuous derivative. Let a; = aiN =

a(%). Then, there is a constant C independent of N, such that

t
[/ IZ%a, l—m<s))ds}sc.

In particular, the profile a(x) = log[p(x)] — log[1 — p(x)] satisfies the condition in the
lemma.

Proof By Dynkin’s formula,
1 Y g
Euy |:N ;ai (ni (1) — i (0)) — /0 N ;aiLNﬂi(S)ds} =0
From the definition of Ly,
N-1

N

1

N E aiLNni = E Val(pt _771)+ E (Val).]l i+1
i=0

+ ao [C (cm + Cout)no] + aN[ (Cm + Cout)nN]
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where jiir1 =ni(1 —nix1) oy — nix1). As |a;| < |aleo and |n;] < 1,

t 1 N—1 L N-1
Euy [fo N Z Viai(pi —ni)ds +/O X:(Va,-)j,,j+1 dsi| <C.
i=1

i=0
Furthermore, using sum-by-parts formula,
N—1

N-1
Y (Vapjiivi =Y (Vami(l = niy1)
i=0

i=0

N—-1
+oy [Z(Aa»m + (Vag)no — (VaN_l)nN} :

i=1

Since oy = 0(N), one can conclude from the regularity of a(-). ]

5.3 Proof of Proposition 5.1

We fix ¢ € C2°(X 1) and prove Proposition 5.1 by estimating each term in the decomposition
(5.3) uniformly in . Compared to the proofs of [25, Proposition 6.1] and [24, Lemma 4.3],
extra effort is needed to take care of the term with respect to V. In the following contents,
C is constant that may depend on (f, g) and T but is independent of (¢, 1), while Cy is
constant that also depends on ¢ but is independent of .

We first show that the error term £y vanishes in the limit.

Lemma5.6 Ey.1 = 0 for sufficiently large N. Moreover, as N — 00,

(1) En 2 vanishes uniformly in H=Y(Zp), thus satisfies (5.1);
(i1) En.3 vanishes uniformly in M(Zr), thus satisfies (5.2).

Proof For ¢ € Ccl.(ZT), there is 8 > O such that ¢ (¢, x) = O for x ¢ (84, 1 — 4). Note that
K < N, so we can find Ny depending only on ¢ such that ¢ = ¢y = 0 on By y for all ¥
and N > Ny. The vanishment of £y 1 then follows.

We first prove (i). For N > Ny, we can perform summation by parts without generating
boundary term:

T N-K

Ena2(¥) =/0 Z (@i — 9i)V*q(hidt.
i—K

Note that for some 6, € ((2i — 1)/2N, x),

1

N 2

il
_ N T 2N n n n _
-l = [ law@oidx, 1@l = Clioi -] = ck 7

Thus, by Cauchy-Schwarz inequality and that ¢ = ¥/ ¢,

1EN2(@)] < CK Mgl < CoK ™ Wl
To prove (ii), Taylor’s expansion gives that
i+K
1 ~J,J+1 A i N A~
éx|=c X [Non @ = a2+ v (§) @l - 2],
j=i—K
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By the definition of 7j; in (3.5), |7/ ™" — ;| = K2 and |/ — #i| = w;—;, s0

k| <CNoyk2+c S v ('ﬂ>w?.
[jl<K

As ¢ = ¢, the definition (3.10) of ¢; yields that

N—-K I,_,_L
% Yogy v (%)w <lee Y w Z (lﬂ)/. IZN lp|dx.
=K |jl<k lil<k  i=K N7

Recall that ¢ = O for x ¢ (84, 1 — 8¢). Let Né) be such that KN~! < 2715, for N > N;).
Then, for every N > N/, the expression above is bounded by

) 1) 2K +1
P /. ¢ ¢
Wil 3 w? (||¢V||L1+||¢||L1sup{|V|,xe[5,1—3]} o )

ljl<K

From the choice of w; in (3.5), it is bounded by Cy K N |izee. Similarly, using Taylor’s
expansion and the relation f'J" = ¢/,

%] = eN G =i < Nk,
Putting the estimates above together,

En (W] = Cy (N—‘ZN + i) 1l
K- K K
The proof is then concluded by the choice of K in (3.4). O
Similarly, with the compactness of ¢ we can carry out the estimate for Gy .
Lemma 5.7 The functional Gy satisfies (5.2).
Proof Recall that G; = V;(n; — p;i), so |G;| < C|V(%)|‘ Then,

|gN(<p>|sc[ Z @ Y |V (5) wy ar.

1<K

By the argument in Lemma 5.6 (ii), it is bounded by C || || o uniformly in N. O
Now, we deal with the martingale term.
Lemma 5.8 The martingale My () satisfies (5.1).

Proof Since d;¢ = ¢d;¥ + ¥ 9;¢, using Cauchy—Schwarz inequality,

TNK

My (@) < Y113, /0 f [6% + (3:¢)* | M7 ()dxdtr.
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Through Dynkin’s formula, M; satisfies that

t i+K
E,U,N[M (t) ;LN / 77](1 _77}+l)+O'N)(f(AJ j+1 f(ﬁi))zdY

j=i— K
iK1 '
F[X vl e = ]G~ fG0)ds
0 j—i—k+1
i+K
< CNow Y By [ =i+ Y v () w?
j=i-K i<k

Similarly to the estimate in Lemma 5.6(ii), My (¢)| < ay ¢ ll¥ || g1 with

Noy 1
Euylan gl < Cy Ve + X
The proof is then concluded by the choice of K in (3.4). O

To deal with Ay and Sy, we need the block estimates stated below. They follow from
the upper bound of DeXC in Lemma 5.4 and the logarithmic Sobolev inequality for exclusion
process [28]. The proofs are the same as [25, Proposition 6.4 & 6.5] and [24, Proposition 4.6
& 4.7]. For this reason, we omit the details here.

Lemma 5.9 There exists some finite constant C independent of N, such that
T N—K R 2 K2 N
EMN[/O _ZK (o = siwen) i < (T + %), (5.15)

7 N-K ) 1 N
EMN[/O Z (Vm(t)) dt] < C(H + F) (5.16)
i=K
Using Lemma 5.9, we can conclude the decompositions of Ay and Sy.

Lemma 5.10 Define functionals An 1 and Sy .1 respectively by

7 N—-K

Avaw) = | > (4. — 160 v Gina. (5.17)
TN—K )
Svae)yi=—an [ 30 GvnVf o, (5.18)
i=K

Then, Ax — An.1 and Sy — Sn 1 satisfy (5.1), while An 1 and Sy 1 satisfy (5.2).

The proof of Lemma 5.10 follows [25, Lemma 6.6 & 6.7] almost line by line, so we only
sketch the difference. It is worth noting that, Sy turns out to be the only term that survives
in the limit, eventually generates the non-zero macroscopic entropy in (2.10).

Proof We first treat Ay . Since ¢ = ¢y with ¢ € C2°(Xr) being fixed, similarly to the proof
of Lemma 5.6 (i), we have for N > N, that

7 N—K

(Ay — Ay, (@) = /O > G |4 = 1G] Véiar.
i=K
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Applying Cauchy—Schwarz inequality and Lemma 5.9, we obtain that [(Ay — Ay 1)(@)] <
an|lell gt and |An 1(¢)| < by |l@l|lL>, where (ayn, by) are random variables such that

B, favl<c| X L m pa<c(X N
UN anl = NO'N K! un LN = on .

Noting that [|¢]l ;1 < Coll¥ g1, ll@llze < Cyll |l Lo, the conclusion follows from (3.4).
The proof for Sy is similar. For N > Ny,

7 N—K

(S — Sn.1)(@) = —on /O > £ GV Vi dr.
i=K

By Cauchy-Schwarz inequality and Lemma 5.9, [(Sy — Sn,1)(¢)| < a;v||(p||H1 and
|Sn,1(@)| < D)y ll@llLe with random variables (ay, b)) satisfying

2
ON O'N NGN
]E,uN[a;V]EC W—FF’ E;}.N[b;\/]fc<1+?>.
The conclusion follows similarly. O

6 Measure-Valued Entropy Solution

We prove that under Q, v satisfies (3.8) with probability 1. We call such a Young measure
a measure-valued entropy solution to the initial-boundary value problem (2.7) and (2.9).
Thanks to Proposition 3.3, v is essentially the entropy solution.

6.1 Proof of (3.8)

Fix an arbitrary Lax entropy—flux pair (f, ¢g) and ¢ € Cg([O, T) x (0, 1)) such that ¢ > 0.
As in Sect. 5, we shall let N — oo and examine the limit of each term in the decomposition
(5.3). The main difference is that the proof of Proposition 5.1 requires uniform estimate in
the test function, which is no more necessary here.

First, by Lemma 5.6, 5.8 and 5.10, for any § > 0,

Jim Qu{lAv @)1+ Sy (©) = Swa @] + My (@) + En ()] > 8} = 0.

Meanwhile, the convexity of f ensures that Vn,'AVf/(ﬁi) > 0, s0 Sy, 1(¢p) given by (5.18) is
non-positive everywhere. Therefore, (3.8) holds QQ-almost surely if we can show that

lim sup Qu {

N—o00

G (g) + / / o(t, %) f F/0G G, 1 v (@) dxdr
=7 R

>5}=0,

6.1)
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for any § > 0, where G(x, A) = V(x)(A — p(x)). Recall the definition of Gy (¢) in Lemma
5.3. As ¢ is compactly supported, for sufficiently large N we have

Gn(p) = —// fﬂ(t,x)/ FGx, 1) N (dr) dxdt
X7

T N—-K

vt
—/ > f’(m)/ o[Gi — G, i) dxdt,
0 =k ***N

where G,- is the smoothly weighted average of G; = V(%)(ni — p(%)). Straightforward
computation shows that

7 N—K

, N W
V > f(m)/ ¢[Gi — G, )] dxdt
0 i—k ¥

which vanishes uniformly as N — co. We can then conclude (6.1).

)

CK
< —
N

6.2 Direct Proof of (3.9)

Notice that (3.9) holds if for some constant Cy,

Q sup {/ (ﬁ—p)ngxdt—Co// ngdxdt} <oot =1, (6.2
geCP(Rx(0,1)) Zr 7

where u = u(t, x) = fR Av; x(d)) is a measurable function on Xr.
Let {g-’; J = 1} be a countable subset of CZ°(R x (0, 1)) which is dense in both the L!
and the L? norm induced by V,i.e., forany g € C°(R x (0, 1)), there are g/*, n > 1, such

that
. i\2 . ;
lim // (g —g’)" Vdxdt + lim // |g—g]"
n—00 ET n—oo E

For ¢ > 1, consider the functional ®, : ) — R defined as

Dy(v) = max {f/ g'v |:f x— p)v”(d}»)] dxdt — CO/ (g)) dedt}
zr Zr

Note that &, is continuous for each fixed €. Lemma 6.1 below together with the weak
convergence of Qu then shows that there is a constant C; independent of £, such that

EQ[ @] :A}POOEQN[QDZ] <Ci, Ve=1.

Vdxdt =0.

Taking £ — oo and applying the monotone convergence theorem,

EQ sup{/ (ﬁ—p)ngdxdt—C()/ (gj)Zdedt} <C).
j=1 Zr 7

The condition (6.2) then follows from the dense property of {g/; j > 1}.

Lemma 6.1 There exist constants Coy and Cy such that, for each £ > 1,

limsupE,, , [max {/ N — p)g/Vdxdr — CQ/ (gj)szxdt” < (.
zr X7

N—00 I<j=<t

6.3)
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Proof Only in this proof, to shorten the formulas we denote

bk
Il = [ fanvewaran @o =~ [" T sy,
7 NT

Since g/ is compactly supported, for N sufficiently large,

)¢’V dxd i(g/V); d v dxd
/fzr xdt = / Zn(g )i dt — // pg’Vdxdt.

To conclude the proof, it suffices to prove that

T 1 N—-K .
— pi(g/V); dt — // g’V dxdt
/0 N 1;:( l Zr

N—-K
lim sup B, [max{/ Z(m—p,)(gfw dt — Collg’ ”VH_ L (65

lim sup
N—oo

=0, VI<j<{, 6.4)

N—o00

We begin with (6.4), which is completely deterministic. For some fixed j < ¢, using the
fact that g/ is compactly supported, we only need to show that

4L
+aw

/ dt Z/ [6i — p(0)]g’ (1, )V (x) dx

2\

lim sup =0.

N—o0

This follows as p is continuous and g; is the smoothly weighted average of p(%).
Now we prove (6.5). First note that it suffices to prove it with K replaced by any other
mesoscopic scale n = n(N) such that K < n = o(N), since

Tl n—1 N—-K -
llmgum;lgg{/o N(Z-i‘ > )\(ng)i\]zo

N—oo i=K  i=N-n+l1

The choice of n is specified below in Lemma 6.2. Recall that v/z)v(_) is the product measure
on Qy associated with the profile p. From the entropy inequality, the expectation in (6.5) is
bounded by

Hun v) ) 1 rs j
SO g oy fexp max | | = TV di = CoNlg i1t

i=

Due to (2.4), the relative entropy is bounded by C N, so the first term is uniformly bounded.
Also notice that for any random variables X1,... X,

max{X;;1<j<¢} X
log E[e j ]SlogE[Kqu J]<log£+ max, log E[e*7],
==

so we only need to find universal constants Cq and C1, such that
T N—n
logE, v [exp {f Z(m V) dr” < (Collgl} +C1)N. (6.6)
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forall g € C°(R x (0, 1)). By the Feynman—Kac formula (see, e.g., [2, Lemma 7.3]), the
left-hand side of (6.6) is bounded from above by

/ sup ZZ i =A@V v )+ (VF Ly fy pdts (67)

neEQy i=n
where the supremum is taken over all vl’)v(.)-densities. For each j, performing the change of

variables n — 1/,

Dy —p) )

neQN
1 1 . .
=5 2 0 =P F vy + 5 Y (=i = p f vy, (')
nGQN neQy
Z mj = pLF ) = F )] @,
HEQN

where the last line follows from the equality (1 —n; — p,)v_ (17) = =(1; — p)vi, ().
Thus, the first term inside the supremum in (6.7) reads

N—n
D@VY D wi Y (i — iy L)

i=n |jl<K neQy

= Z(gm ST owi > iy — pir PLE@) = FOFD N (.

ljI<K neQN

Using Cauchy—Schwarz inequality, we can bound it from above by 7| + 75, where

N—n
I = % Z Z Z iji+j,G(ﬁ)(m— W)zv[’i-)("%

i=n |j|<K neQn
=1 Z PPy w( 7 (VI + r ) v o,
i=n |j|<K neQn J.G

where ¢; g(7) = Vi[pi(1 —n;) +n;(1 — p;)] > 0due to (2.4). Recall the Dirichlet form Dg
defined in (5.9). Since Z\jI<K w; =1,

N—
Z Z wi Y a(VIm 7 00) v = NDY s v ).

ljl<K neQN

N\*—*

where p := f v/l)v(.). To estimate 7, notice that

1 1 1

M( < C /N ’ de-[/N ’ de} &)

i

¢i+j,G(1n) i+ S U

From (2.4), Lemma 6.2 below and Cauchy—Schwarz inequality,

Wit+j = pi+j)” Pzﬂ) CN/ " Vg, »dx,
Ci+j,G(m) N
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with some constant C independent of (i, j, g). Therefore, 7, < CoN|| g||%,. Putting the
estimates for 71, 7, into (6.7), we see that (6.6) holds if we can show

NDG (15 vp) + &/ fo v/ flyn < CN, (6.8)

for any N, any v:)v(.)-density fand p = fvl’)v(.)
The proof of (6.8) is standard. Since vf)v(_) is reversible for Lg,

DE (s v )+ (V7. LG\/?)% -

In Appendix A, we prove that (cf. (5.12) and (5.14))

(VF. Lexev/ f), v = =308 = DD i) +C (6.9)
. Lbd\ﬂvwm < —DY(u:v)) = DY (i v)) + C. (6.10)
e
Since the Dirichlet forms are non-negative, (6.8) follows. ]

Lemma 6.2 Suppose that V € ¢, 1)) and inf(,1) V > 0. Definen = n(N) as

n = inf {n > K; sup{|v’(x)|;x e [%5E

Then, n = o(N) as N — o0, and there is a constant C = C (V) such that

i 1
max |4 (ﬂ>_l /N+2 Vdx; < E
n<i<N—n,|j|<K N i N

2

Proof We first prove that for any ¢ > 0, n < eN for sufficiently large N. Indeed, let N, be
such that KN~! < 2= !¢ forall N > N,. Then, if N > N,,

SUP[IV/(x)I;x e [25K 1 - K] ] < sup[|v’(x)|;x els1- g]} =C,.

We can further choose N, such that KN~1 < C_l forall N > N, thenn < eN.
For the second criterion, suppose that |V("H )| takes the minimum value for |j| < K at
some jy,;. Then, foreachi =n,..., N —n,

i 1

vt o 4
‘N/ de—V<’+%) 5sup{|v/|1[,~,,< ,.+K]}M

i1 1=K K

N 2

, K
< sup {1V Itpugp o < 1

Therefore, for each i and j,

WO vars v ()] v ()] <1

The second criterion then follows from (2.4). ]
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6.3 Direct Proof of Proposition 2.11

By the continuity of p(-),

lim lim — Zp, = p(0).

e—>0+ N—oo N

Thus, we only need to show for fixed ¢ > 0 that

eN
N / Z ni(s) — p,) s =0 inPy, — probability. (6.11)
—>oo

Take

A= A(e) == \/e/inf {(Vx);x €0, 0}

Let 1N (s) denote the distribution of {1 (s), 72(s), . .., sn(s)}. By entropy inequality,

bl | | e o0 -] < [ 20| 355 -

H(uwEN)
- /’ (1 (S)va(.)) }] 4L
0

¢ N A eN
s+ gy tog B0 [exp (|5 (- )

1=
We first bound II, which is simpler. Note that we could first remove the absolute value
inside the exponential. Since vl’)v(.) is a product measure, and by Taylor’s expansion, there
exists some constant C such that
eN

t N A tA
II< AN X;IOg Evp(')[exp {;(’7[ - /Oi)” = P
1=
which converges to zero as ¢ — 0 by (2.20).
For I, we consider the following Markov chain X (¢) := {X;(¢)}1<i<en, Where {X; (1)},
1 <i < &N, are independent {0, 1}-valued Markov chains, and the transition rates for X; (¢)
are given by

1—-0 rate Vi(1—p;), 0—1 rate V;p;.
Since p(-) is bounded away from zero and one, the logarithmic Sobolev constant for the

chain X;(¢) is of order V;. By [10, Lemma 3.2], the logarithmic Sobolev constant for the
chain X (¢) has order

min V; > inf{V(x); x € (0, &)}.

1<i<eN
Therefore,
CN

(eN) N N
H(p™" (5)[vyy) = V@) x € O, 8)}DG (5).

By Lemma 5.4, fot DY (s)ds < C. Thus,

I < ¢ s
~ Ainf{V(x);x € (0,¢8)}

which also converges to zero as ¢ — 0.

@ Springer



78 Page 26 of 30 L. Xuetal.

Appendix A: Computations Concerning the Dirichlet Forms

Here we collect some fundamental estimates of the Dirichlet forms in (5.8)—(5.11).

A.1: Proof of (5.12)

From the definition of Lexc,

oy +1 2p —1
Lexe = ) Sexc + ) Aexc, (A-l)

where the operators Sexc and Aexc are respectively given by

N-—1 N-—1
Sexcg = > [g" ) = g)]. Aexcg = Y (i — niy) g™ = g()].
i=0 i=0

Recall thatv = vllv and f isa v-density. By the basic inequality x log(y/x) < 2/x(/y—+/X)

2
forany x, y > 0,

<f7 Lexc[log f]>v = 2<\/?» Lexc[\/?])v-

We compute Sexc and Aexc respectively. Since v is reversible for Sexc,

(\/?7 Sexc\/?)v = —Dgc(u; V),

where u = fv. For Acxc, we only need to observe that

(VF. AexeV f), = Y (v = no) fF () = E*[ny — nol.

neQN

The estimate is then concluded.

A.2: Proof of (5.13)

Let f, be the density of x with respect to v;v(.), then

log f(n') —log f(n) = log fi(n') —log f«(n) +log [v] (n")] —log [vi, (n)]
= log £.1") — log £ + (1 = 2n;) log (2 ).

Therefore, (f, Lg[log f1), equals to

1= _
(fur Lallog fil) x + D~ D fOneiam(d = 2m) log (725 ) v,

neQy i=1

Since v;v(.) is reversible with respect to Lg, similarly as in Appendix A.1,

(fir Lallog full v = 2(/ fe LGJE)%N(_) = —2D§ (u: 1)

The estimate (5.13) then holds since ¢; g(n) (1 — 2n;) = Vi(pi — ni).
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A.3: Proof of (5.14)

As in Appendix A.1, we begin with
(f. Lvallog f1), < 2V, Lbd\/?)v-

We compute the terms associated with 7o as an example. Those associated with ny follow
the same argument. Notice that

2 )" comVF(n) [\/f(no —\/f(n)] v(n)

neQN
2
=— > o) [\/f(no —\/f(n)] v+ Y com[f0”) = f]v(m)
neQy neQy
N 0 V(’?O)
= —2DY(w; v+ Y f) [Co(n i —Co(n)] v ().

neQy

The conclusion then follows since v(n°) = v() and ¢y (n°) — co(n) = (Cour =€) (1 —2n0).

A.4: Proof of (6.9)

Let f be a uf)v(')—density function and denote u = f vf)v(_). Observe that the main difference

from (5.12) is that the reference measure v/l)v(,) is not reversible. Recall the decomposition
(A.1) and we estimate Sexc and Aexc respectively.

We begin with the symmetric part Sexe. Let g := /f. By dividing g() into 27" (g(n) —
g(m""*1) and 271 (g(n) + g(n"*1)), we obtain

&= g+ g N
(8- Sexc@)y | = =D vp) + 3 ) " [e@"H =g ]vyi, (-
n =0

Applying the change of variable '*! — 5, the second term becomes

N—1 -
1 i,i+1y _ .
> Z Z gmlgn - ) — 8] [V;v(.)(ﬂ) B vﬁ-)(nlﬁl)]
n i=0
| | N—1 vN (ni,i+1) 2
< DN (v )+~ gz(n)[l - ”’”7] v ).
2 p() 4 -,’;2:}\/ ; V,I;]()(’?) p()

Since p € C'([0, 11; (0, 1)), with a constant C independent of (i, N) we have

_ [(pi+1 = pi) (i1 — 13 -

pi' (1= o) pi (1 = piy) ! =1

(A2)

R e c
<.

AN

Since g? vl])v(,) = p is a probability measure, we have

2

I v I C
(g, Sexcé’)v/l)\’(_) < _EDexc(M; Vp(~)) + N
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Now we treat the antisymmetric part Aexc. First observe that

(8 Acxcg)yy = =5 Z Z(m ni+D[g0" Y — g
n
N—1
+5 ZZ(m — D[ T — g2 v, ().
n i=0

As |ni+1 — ni| < 1, the first term is bounded by DS, A (TERY (- )) The second term reads

N—-1 N—-1

1
5 2= 2 i =) f vy, " + Z D i = n) fv), (.

N i=0 n i=0
Since f(n)vf)v(.)(n) = u(n), its modulus is bounded by

N i,i+1
AN
20 — 1| () + E*[nw — nol,

| Nl
5 DO i —m
N i=0

which is uniformly bounded due to (A.2). Therefore,

Vo) ()

(g, Aexcg>vll)\’(') =< Dg(c(l/b; V[})V(.)) +C.
Putting the two estimates into (A.1), we can conclude since oy < N.

A.5: Proof of (6.10)

Repeating the argument in the proof of (6.9) with v replaced by vl])v(,), we only need to bound

1 (n°)
52 f(n)[ (nO)L(n) —Co(n)} v ).
)

neQn P(

It is uniformly bounded since

1-2
o (12-) "~ com)

— PO

v %)
‘como)%) —co(n)| = <c.

Vp(y (M)
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