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The Excitation Spectrum of
Two-Dimensional Bose Gases in the
Gross—Pitaevskii Regime
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Abstract. We consider a system of N bosons, in the two-dimensional
unit torus. We assume particles to interact through a repulsive two-
body potential, with a scattering length that is exponentially small in
N (Gross—Pitaevskii regime). In this setting, we establish the validity of
the predictions of Bogoliubov theory, determining the ground state energy
of the Hamilton operator and its low-energy excitation spectrum, up to
errors that vanish in the limit N — oo.

1. Introduction

In the past decades, Bose-Einstein condensates (BEC) have emerged as impor-
tant quantum systems, in view of the precision and flexibility with which
they can be manipulated. Experiments on thin films [5] or in highly elongated
magnetic and pancake-shaped optical traps (see e.g., [11, Sect. 1.6]) have also
pushed forward the study of BEC in low-dimensional systems. As a matter
of fact, dimensionality plays a crucial role in situations where spontaneous
symmetry breaking of continuous symmetries occurs [23,30]. Hence, it is not
surprising that equilibrium properties of the two-dimensional Bose gas exhibit
significant differences compared with the three-dimensional case (see e.g., [27,
Chapter 3], [35, Chapter 23], [17]).

In this paper, we are interested in the low energy spectrum of two dimen-
sional dilute Bose gases, describing systems where both the quantum and
thermal motions are frozen in one direction (see [10,36] for a discussion of
regimes where the confined system has rather a three-dimensional charac-
ter). In particular, we consider N bosons moving in the two-dimensional box
A = [-1/2;1/2)%, with periodic boundary conditions (the two-dimensional unit
torus) and described by the Hamilton operator
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acting on the Hilbert space L2(AY), the subspace of L*(AY) consisting of
functions that are symmetric with respect to permutations of the N particles.
Here V' is a non-negative, compactly supported and spherically symmetric
two body potential. The form of the scaled interaction Vy(z) = 2NV (elNz)
is chosen so that the scattering length of Vy is equal to e Va, with a the
scattering length of V. Indeed in two dimensions and for a potential V with
finite range Ry the scattering length is defined by

2 . 9 1 9
Toa(72/a) —11;15f/BR {|V¢| + 2V|¢\ }dm (1.2)
where R > Ry, Bpg is the disk of radius R centered at the origin and the
infimum is taken over functions ¢ € H*(Bg) with ¢(z) = 1 for all x with |z| =
R (see for example [27, Sect. 6.2]). In the scaling limit defined by (1.1), known
as the two-dimensional Gross—Pitaevskii regime, we provide an expression for
the ground state energy and the low-energy excitation spectrum, up to errors
vanishing as N — oo, validating the predictions of Bogoliubov theory [9]. In
particular we exhibit a proof of the linear dependence of the dispersion of
low-lying excitation at low-momenta, a fact which is interpreted in the physics
literature as a signature for superfluidity.

Remark that, rescaling lengths, the two-dimensional Gross—Pitaevskii
regime can be interpreted as describing an extended Bose gas (of particles
interacting through the unscaled potential V') at a density that is exponen-
tially small in N. While the exponential smallness of the density (or, equiva-
lently, of the scattering length) makes it difficult to directly apply our results to
physically relevant situations, it should be stressed that the Gross—Pitaevskii
regime provides a first example of scaling limit in which peculiarities of two-
dimensional systems can be observed.

The following theorem is our main result.

Theorem 1.1. Let V € L3(R?) be non-negative, compactly supported and
spherically symmetric. The ground state energy En of the Hamiltonian Hy
defined in (1.1) is such that, as N — oo,

En =2n(N —1) + n2a?

1 47)?
+3 > [ p|* + 87p? — p* — 4m + (2 3 (1—Jo(|p|a))}
pGAi P
+O(N~1019) (1.3)

for any 6 > 0. Here, we use the notation A% = 2wZ>\{0} and Jy indicates
the zero-th order Bessel function of the first kind (taking into account that

Jo(r) ~ 172 as v — oo and expanding /|p|* + 87p? for large |p|, it is easy
to check that the sum on the second line converges).
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Moreover, the spectrum of Hy — En below a threshold ¢ > 0 consists of
eigenvalues having the form

Z np\/|p|4—|—87rp2—|—(9(N*T10+5(1—|—C17)) (1.4)

pEAT

for any & > 0. Here n, € N for all p € A%, and n, # 0 for finitely many
p € A only.

Remarks. (i) To keep our analysis as simple as possible, we restrict our atten-
tion to bosons moving in the two-dimensional unit torus. Our results
could be extended to more general trapping potentials, combining the
proof of Theorem 1.1 with ideas from [14,15,32,33], recently developed
in the three-dimensional setting.

(ii) To leading order, the first rigorous computation of the ground state
energy of a dilute two-dimensional Bose gas has been obtained in [28].
In this paper, the authors considered a system of N particles, moving in
a box with side length L and interacting through a two-body potential
with scattering length a. In the thermodynamic limit N, L — oo at fixed
density p = N/L?, they considered the ground state energy per particle,
e(p), and they proved that

4 C
e(p) P P

— < .
|10g(pa2)|’ ~ Jlog(pa2)|®/®

Translating to the Gross—Pitaevskii regime (where p = N and the scat-
tering length is given by e~ a), this bound implies that

B 47 N2
~ |log(Ne=2Na2)|

which is consistent with the leading order term in (1.3). The estimate
(1.5) has been extended to general trapping potentials in [25]. Recently,
also the free energy of a two-dimensional dilute Bose gas at positive tem-
perature has been computed to leading order in [18,29] (thermodynamic
limit) and in [19] (Gross—Pitaevskii regime).

(iii) It is interesting to compare our bound (1.3) with the second order approx-
imation of the energy per particle in the thermodynamic limit, given by

Ex [1 + 0(N*1/5)} (1.5)

e(p) = 47pr(1 — b|log b| + (% +2v + logn’)b + o(b)) (1.6)

with b = |log(pa?)|~! and where v = 0.577.. is Euler’s constant. This
expression, first predicted in [2,31,34], has been recently proved, for all
positive potentials with finite scattering length, in [20] (partial results
have been previously obtained in [21], restricting the analysis to quasi-
free states). In the Gross—Pitaevskii limit, where p = N and b = (2N —
log N — loga?)~!, one can check that (1.6) is consistent with (1.3) (in
the thermodynamic limit, the lattice spacing in A* tends to zero, and the
sum over p € A* is replaced by an integral, which is convergent because
limrﬁo J()(?") = 1)



C. Caraci et al. Ann. Henri Poincaré

(iv) It is interesting to observe that (1.3) and (1.4) only depend on the inter-
action potential through the term 72a? and the argument of the Bessel
function Jy in the expression for the ground state energy. Observing that
the quantity

—2mlog(t/a) + 720% — ax® > Jo(llpl)/p*
pEAT

is independent of the choice of £ > 0 (see the end of the proof of Prop. 4.3),
we could also rewrite

En = 27r(N— 1) + 27w loga + 7

+ Z VIp[* + 8mp? —
peA*

(4m)?
2p2

(1= Jo(IpD))

up to errors O(N~1/1049) ‘making the logarithmic form of the depen-
dence of Ey on a explicit. If we replace the potential €2V (e™.) in (1.1)
with an interaction having scattering length a') = ¢=N/Rq, for some
R > 0, the estimates in Theorem 1.1 would depend on R; in particular

(1.3) would read
E =27R(N — 1) + 7R*log R + 7°a®R
1 2
+5 > ><( p* + 87Rp? —p° —4nR
pe2nZ2\{0}
47 R)?
SO (1 alplayVR))

and the dispersion of the low-energy excitations would be given by () (p)
= /p* + 87 R p?. Approximating the sum with an integral (in the limit
of large R, after replacing the variable p with p/ \/R)7 this leads to

E(R) ~ 27 RN + nR? [ + 27+ log (wRa2/2)}

which is perfectly consistent with the formula (1.6) obtained in the ther-
modynamic limit.

(v) The assumptions on V are technical; the result is expected to hold true for
any positive interaction with finite scattering length (in particular bounds
compatible with (1.3) and upper bounds matching (1.4) for hard core
interactions can be obtained following [3,20]) and also, more generally,
for a certain class of (not necessarily non-negative) potentials having
positive scattering length. The condition V € L3(R?) is used to show
some properties of the solution of the scattering equation, in Lemma 2.1.
The restriction to V' > 0 is used to discard certain error terms, when
proving lower bounds for the eigenvalues of (1.1).

The proof of Theorem 1.1 is based on Fock space methods, recently devel-
oped in the three-dimensional setting, to study the dynamics of Bose—Einstein
condensates [4,13] and to investigate the equilibrium properties of dilute gases



The Excitation Spectrum of Two-Dimensional

in the Gross—Pitaevskii regime. In particular, these techniques led to the verifi-
cation of the predictions of Bogoliubov theory for the ground state energy and
the excitation spectrum of three-dimensional Bose gas in the Gross—Pitaevskii
regime, confined on the unit torus [8,22] or by more general trapping potentials
[15,33].

The starting observation is that, in order to investigate the low-energy
properties of Bose gases, it is convenient to factor out the Bose-Einstein con-
densate and to focus on its orthogonal excitations. This suggests to introduce
a unitary transformation Uy, mapping the N-particle Hilbert space L2(A™)
into the truncated bosonic Fock space

N N
N =Prian =@rimwer (1.7)

n>0 n>0

constructed over the orthogonal complement L2 (A) of the condensate wave
function ¢g (defined by @g(x) =1, for all x € A). On the Hilbert space ]—"_EN,
we introduce the excitation Hamilton £y = Uy HyUj;, given by the sum of a
constant and of terms that are quadratic, cubic and quartic in (appropriately
defined) modified creation and annihilation operators (see (2.3)). In the very
spirit of the Bogoliubov approximation, we aim at reducing Ly to a quadratic
(and therefore diagonalizable) Hamiltonian, up to error terms vanishing in the
limit of large N. To achieve this goal, we conjugate Ly with suitable unitary
operators, modeling the correlation structure created by the singular two-body
interaction.

The main input for our analysis are the recent results of [16], proving a
bound of the form

27N — C < Ey < 27N + Clog N (1.8)

for the ground state energy and, most importantly, showing that the ground
state and low-energy states of (1.1) exhibit complete Bose—Einstein conden-
sation, with at most order log N excitations. This estimate is used here to
show that several error terms, emerging from the unitary conjugations can be
neglected.

While this strategy is similar to the one used in the three-dimensional
setting (see, for example, [6,8,12,15,22,33]), the choice of the appropriate uni-
tary transformations and their action strongly depend on the specific problem
under consideration.

Compared with the three-dimensional setting, a first important difference
we have to face to prove Theorem 1.1 is the fact that, in the two-dimensional
Gross—Pitaevskii regime, correlations among particles are much stronger. This
can already be seen by noticing that the expectation of (1.1) on factorized
states is of the order N2, in the limit of large N. Hence, correlations among
particles are responsible for reducing the ground state energy of (1.1) to a
quantity of order N. As a consequence, some additional care is required when
studying the action of quadratic and cubic transformations that generate the
correlation structure characterizing low-energy states. In particular, since cubic
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terms in the Hamilton operator carry large contributions to the energy (grow-
ing with N, as N — 00) we are not able to prove a-priori bounds on moments
of the number of excitations (nor on products of the energy with moments
of the number of excitations operator), which were important in the three
dimensional setting [8]. To overcome this problem, we are going to apply a
localization on the number of particle argument (similarly to the one recently
exploited in [22,33]), combined with a-priori bounds on the energy of the exci-
tations. A second important difference, compared with the three-dimensional
setting, is that even after quadratic and cubic conjugations, the quartic part
Vy of the (renormalized) excitation Hamiltonian is not negligible on uncorre-
lated states. While this is not a problem for the derivation of lower bounds
(Vn is the restriction of the potential energy on the orthogonal complement
of ¢o; therefore, it is non-negative), it affects the proof of upper bounds for
the eigenvalues of Hy. To circumvent this problem, we need to implement
an additional unitary transformation, defined by the exponential of a quartic
expression in creation and annihilation operators. Through this quartic con-
jugation, we eliminate the low-momentum part of V. This allows us to show
upper bounds for the ground state energy and for low-energy excited eigenval-
ues of Hpy using uncorrelated states with low-momenta. This part is the main
novelty of our work. We remark that unitary operators given by the exponen-
tial of quartic expressions in creation and annihilation operators have already
been used in three dimensions in [1]. The action of the quartic operators used
here, however, is quite different. In particular, they renormalize the interaction
up to contributions which are only negligible on suitable low-momentum states
(we will use such low-momentum states as trial states, to prove upper bounds
on the eigenvalues of (1.1)).

The plan of the paper is as follows. In the next section, we introduce
the formalism of second quantization and the map Uy, factoring out the con-
densate. Moreover, we define the quadratic transformation e and the cubic
transformation e” that allow us to approximate the renormalized excitation
Hamiltonian Ry = e e BLyeBeA by the sum of a quadratic Hamiltonian
and of the quartic term Vy. The action of the unitary operators e?,e?, the
properties of Ry and their implications for Bose-Einstein condensation in low-
energy states of (1.1) are discussed in Sect. 2. Up to this point, the analysis is
similar to [16] (some adaptation is still required, because we need here slightly
stronger bounds, compared with those established in [16]; for example we need
an estimate for the energy of excitations, not only for their number). The real
novelty of the present paper is in Sects.3-5, where we show how to extract
order one contributions to the ground state energy (to go from (1.8) to the
much more precise estimate (1.3)) and to compute low-energy excitations. In
Sect. 3, we introduce the quartic conjugation e” and we show how it can be
used to get rid of the low-momentum part of Vy. In Sect. 4, we diagonalize
quadratic Hamiltonians that have been derived in Sect.2 and in Sect.3 (we
will work with two different quadratic Hamiltonians, one for the upper bounds,
one for the lower bounds). The results from Sects. 2-4 are combined in Sect. 5
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to complete the proof of Theorem 1.1; for the proof of the lower bounds, we
apply here a localization argument.

2. The Renormalized Excitation Hamiltonian

We are going to describe excitations of the Bose—Einstein condensate on the
truncated Fock space ]—'EN = @2[20 Li% (A)®:™ constructed on the orthogo-
nal complement of the zero-momentum orbital pg(x) =1 for all z € A. As first
observed in [24], we can define a unitary map Uy : L2(AY) — .TEN by requir-
ing that Untyn ={ag, a1,...,an}, with a; € L2 (A)®+J forall j=0,1,..., N, if

1/JN=6YOLP?N+CY1®SLP?(N71)+"'+aN~

By definition, Unyn € }"EN describes the orthogonal excitations of the con-
densate, in the many-body state 1.
For any p,q € A% = 27Z*\{0}, we find (see [24, Prop. 4.2])
UN(IS(IQU;, = N—N+
Un ayao Uy = a;\/m =: \/Nb;
Uy aja, Uy = /N — Ny a, = VNb,

* *
Unaya, Uy = a,aq

(2.1)

where Ny = 37 -
where we introduced modified creation and annihilation operators by, b, on

. . <N
apa, is the number of particles operator on F= and

ffN, satisfying
* N+ 1 *
[bp, bg] = (1 — N ) Opa — 37 %%

[bp, bg] = [bp,, ] = 0

2 Yq
[bp, agar] = dp qbr[by, agya,] = =6, by (2.2)
for all p,q € A*.
With Uy, we define the excitation Hamiltonian Ly := UnHyUJ, acting

on a dense subspace of ]-'_EN. Expressing (1.1) in second quantized form and
using (2.1), we find

Ly =LW+ L+ + Ly (2.3)
where

£ = VO~ 1)(N = M) + S VON (N - &)

_ L1,
LY =K+N Y Vip/e") [bpbp - N“p%}
pEAL
N > N k7%
+5 2 Vip/e) [0, + byboy)

PEATL
LY =VN 3 Ve [ g0" g+ ajapbpa)

P,qEAYL: p+q#£0
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£y =vy. (2.4)

Here, we defined the Fourier transform of V' by

Vk)= [ V(z)e ™**dz
R2

for all k € R?, and we introduced the notation

* 1 7 * *
K= Z p2apap’ VN = 5 Z V(T/eN)ap+raqapaq+T
pEAL P,qEN’ ,rEAT:
r#F—p,—q
(2.5)

for the kinetic and potential energy operators, restricted to the orthogonal
complement of the condensate wave function. In the rest of the paper, we are
going to use the notation Hy = K + Vy.

The Hamilton operator Ly is the starting point for our analysis. As
discussed in the introduction, we are going to conjugate £y by suitable unitary
operators to extract large contributions to the energy that are still hidden in
Eg\?,’), Cgs‘). To construct these unitary operators, we consider the ground state
solution fy of the eigenvalue problem

(= 2+ 5V@) flw) = M fula) (2.6)

on the ball |z| < eV/, satisfying Neumann boundary conditions and normalized
so that fy(x) = 1 for |x| = e™N ¢ (for simplicity we omit here the N-dependence
in the notation for f; and for A\y). We will later choose ¢ = N=% with a > 0
so that e <« £ < 1. The next Lemma (proven in Appendix B) collects
properties of fy, Ay that will be important for our analysis.

Lemma 2.1. Let V € L3(R?) be non-negative, compactly supported (with range
Ry ) and spherically symmetric, and denote its scattering length by a. For any
0 < €< 1/2, N sufficiently large, let f, denote the solution of (2.6). Then

1 ([i)]
0< fo(z) <1 Viz[ <M. (2.7)
(i) We have

2 3 1 C 1
M N Tog(eN Tja) <1 - 4log<ew/a>) ‘ = (02 1og%(eNja)
(2.8)

(iii) There ezist a constant C > 0 such that

‘/ V@A)~ e (1 * 2log<iw/a>>’ : 1og3<eCNE/a>'
(2.9)
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(iv) Let wg =1 — f;. Then there exists a constant C > 0 such that

w6 e
TS o o Ro < lal < et
C 1

|Vwe(z for all |z| < eNe.

<
= log(eNe/a) |z| + 1
We rescale the solution of (2.6), setting fy¢(z) = fi(elNz) for |z| < ¢,
and fy(x) =1 for x € A, with |z| > ¢. Then

(—A + 622NV(eN:c)> fve(@) =N Ao fn (@) xe(x) (2.10)

with x,¢ denoting the characteristic function of the ball |z| < £. Setting wy ¢ =
1 — fne, we find wye(z) = we(eNz), if || < ¢, and wye(x) = 0, if 2 € A
and |z| > ¢ (recall, from Lemma 2.1, that w, = 1 — f;). We can then define
n:A—Ras

i(z) = —Nwy(x) = —Nuwe(eN ), (2.11)
with Fourier coeflicients

mp = —Nwn(p) = —Ne *Niy(p/e™). (2.12)

Notice that 77, € R (from the radial symmetry of f;). To express the scattering
equation (2.10) in terms of the coefficients n,, it is useful to introduce the
function wy € L*°(A), defined through the Fourier coefficients

On(p) = 2NN AXe(p) = gn X(lp), gy =2Ne*NE2N,  (2.13)

for all p € A% (here X¢(p) and X(p) denote the Fourier coefficients of the
characteristic functions of the ball of radius ¢ and one respectively, and we
used that Y(p) = £2X(¢p)). Again, we find &y (p) € R (by radial symmetry of
X¢). In the next lemma, we list some properties of 77 and of wy.

Lemma 2.2. Let V € L3(R?) be non-negative, compactly supported and spheri-
cally symmetric, and denote its scattering length by a. For any 0 < £ < 1/2, N
sufficiently large, let 1) and wy be defined as in (2.11) and (2.13), respectively.
Then, we have |no| < C€* and G (0) = mgn with |gy| < C, uniformly in N.
More precisely, we find

|On (0) = NIV fells] < CNT (2.14)

Moreover, we have Oy (p) > 0 for all p € A% with {|p| < 1 and the pointwise
bounds

C 1
< =, B <Cminql, ——=
i< e Byl < Omin {1 s |
for all p € A% We also have the estimates
Inl3 = 9> < ¢, |lill%, <CN.

Finally, for every p € A%, we can write (2.10) as

Py + 5 (VM) Fra) = 3 (@ # Five)
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or, equivalently, as

P’y + Vp/e ZV p—a)/e" )
qEA*
— lonw + = 3 ov-a) (2.15)
*2 D oON WNIP — q)Ng- .
qeN*

Proof. The bounds for |nol, [npl, [|nll2, ||7llg: have been established in [16,
Sect. 3]. The bounds for &y (0) are a direct consequence of Lemma 2.1 (in
particular, of parts (ii) and (iii)). To prove that Wx(p) > 0 for p € A% with
£lp| < 1 and to show the estimate for |@y(p)|, we observe that, denoting by
J1 the Bessel function of the first kind of order 1,

Xe(p) = X (tp) = 2 gJ1(|€|pI)

From 0 < Ji(r) < Cr for all 0 < r < 2, |J1(r)| < Cr=Y2 for all r > 1, we
obtain the claim. O

(2.16)

As mentioned above, we choose ¢ = N~% so that ||n|?,|no| < CN—2«
will be small factors. With the coefficients n,, introduced in (2.12) we define,
following [16], the antisymmetric operators

1
B=g5 Y m(bjb, —he.) (2.17)
pEAi
and

Z 1y (V0™ yay —hc.). (2.18)

p,vEA*

We will consider the unitary operators e and e?. For our analysis, it will
be important to control the growth of number of particles and energy with
respect to the action of e?, e”; the following lemma is proven in [16, Sect. 3-4].

Lemma 2.3. Suppose that B, A are defined as in (2.17) and (2.18). Then, for
any k € N there exists a constant C > 0 (depending on k) such that

€_B<N+ + 1)k€B, 6_A<N+ + l)keA < C(N+ + 1)k.

Moreover, we also have the following bound for the growth of the energy w.r.t.
e (a similar estimate also holds for the action of €B, but we will not need it
in the sequel):

e A Hye't < CHy +CN(WN; + 1)

holds true on ffN, for any a > 0 (recall the choice £ = N~% in the definition
(2.12) of the coefficients n, ), for alla > 1, s € [0;1] and N € N large enough.

With A, B, we define the renormalized excitation Hamiltonian

Ry =e e PUNHNUePe?. (2.19)
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In the next proposition, we collect important properties of R . Part a) isolates
the important contributions to Ry ; its proof follows closely the proof of Prop.
4 in [16] and is deferred to Appendix A. Part b) and ¢), on the other hand,
are consequences of part a) and will be used to show upper and, respectively,
lower bounds on the eigenvalues.

Proposition 2.4. Let V € L3(R?) be compactly supported, pointwise mon-
negative and spherically symmetric. Let Ry and Wy be defined in (2.19) and
(2.13), respectively. Let £ = N=% and o > 5/2.

(a) There exists a constant C > 0 such that
N

Rov = S(V(/eN) # ) O)(N — 1) (1 - N) +5 Y onon,

+ %(‘7(-/61\[) * fw)(o) N, (1 — /\]@)

+on(0) Y apay(1- %) +% 3 On(p) b7, + bypby)

pEATL pEAL
1 ~
+—= > On)[br 0" a0+ he] + Hy +Er (2.20)
rwEAT:
r#£E—v
where
+Er < CNV2(log N)Y2(Hy +1) (2.21)
for N € N sufficiently large.
(b) Let
N, ~ Ny = 1 N
Cr =5 (VC/eM) s v ) ON =1+ 3 onlpnp. (2:22)
pGAj_

Let Py, be the low-momenta set
PL={peA} :|p| <N} (2.23)
with v € (0;1/2). Let
L ~ * 1 ~ * 7%
W=D (0 + Gn(p))biby + 5 D Onm[bpbe, +bpbop] - (2.24)
pEPL pEPL
Then
Ry =Cr+Q% + > pPaia, + Vv +Ex (2.25)
peEPS

for an error term Ef satisfying
L& < C [N 4 N2 (log N)W] Ny +D)(Hy +1)  (2.26)

on ffN.
(¢) Finally, let v € (1/6;1/2) and Pr as above; then there exists a constant
C' such that for any v € (0;1/4) we have
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Ry>Cr+ Y ((1 _CONT)p? 4 aN(p))b;;bp +INT S ala,

pEPL pEAL\PL
) (2.27)
+3 > an(p)[bjb*, +bpb_yp) — Clog N)NT"H(N| + 1) = CN 7.
pEPL

Remark. Conjugating with the unitary operators e? and e?, we effectively
replace the interaction ‘A/(p/eN ) appearing in (2.4) with the renormalized
potentials (XA/(./eN) * ']?Nyg) and N~ '@y. More precisely, conjugation with e”
renormalizes the off-diagonal quadratic term (second term on the third line of
(2.20)), while the cubic conjugation renormalizes the diagonal quadratic and
the cubic terms. Renormalization arises when combining terms in £y with
contributions from the commutators [B, L] and [A, Ly]. At the same time,
this procedure produces new constant terms, reducing Eg\(,)) in (2.4) (a term
of order N?) to the first line in (2.19) (order N). After renormalization with
eB and e?, the only term in (2.20) still depending on the original potential
V(p/eN) is the quartic term Vy (contained in Hy = K + Vy). In contrast
with the three-dimensional setting, Vy is here of order one (on uncorrelated
trial states); this is the reason why, to show upper bounds on the eigenvalues
of Ry, we will need an additional conjugation, with a quartic phase.

Proof of Proposition 2.4. As explained above, the proof of part (a) is sketched
in Appendix A.

Part (b) follows from part (a). In fact, the cubic term appearing on the
r.h.s. of (2.20) can be estimated by

1 ~ * *
’ﬁ Z WN(T)<£7br+va—rav§>
r,v € A}
r# —v
1 - _
< Wi > BNV + 1) 7 2bpa &[Ny + 1) 2an]|
r,v € A}
r# —v
1 1/2
< ﬁ [ Z |7’|2||(./\/+ + 1)1/2br+varg||2}
r,v € A}
r# —v
~ 9 1/2
<2 B ]
r,v €AY
r# —v

- C(log N)'/?

S =5 IC2E NN+ 1)E] (2.28)
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where we used that
3 on (p)] 2 < ClogN. (2.29)
&
Moreover, we can write
Z pla’ »0p = Z pzb*b + & (2.30)
pePrL pePL
and
~ . Ny o
wn(0) Z apap [ 1— ~ )= Z ON(p)byby + &2 (2.31)
PEAL pEPL
for error terms &1, & satisfying
+&,86 <CN YK+ 1)V, +1) (2.32)

for all & > 1 (here we used |On(p) — @n(0)] < Clp|/N* and also the bound
wn(p) < C, to control the contribution from |p| > N*tY).

As for the off-diagonal quadratic contribution associated with momenta
p € Pf, we find, with Lemma 2.2,

Z|wN 21\7?’5<0N3u

pEPF pEPF
Hence,
1/2 1/2
B
€Y onpel<c | Y @l ||2 S Pl
pEP} pE PP pEPF
<IN+ 1)2¢]
< ONT#P2 M2 [| (V- +1)V2€] (2.33)

From Eq. (2.28) and Egs. (2.30)—(2.33), together with the simple bound

S TC/) < P OV = NN = (1= N V)] | < 542

we obtain (2.25).

Finally, we show part c¢). Again, we start from (2.20) and we use (2.28)
to bound the cubic term and (2.33) to control the off-diagonal quadratic con-
tribution associated with p € P5. Instead of (2.31), we notice that, since

~(0) >0,

@ » N+ B * C
pgi wN(O)apap (1 — W) > p;L WN(O)bpbp _ NN-F'

This bound, combined with the observation that, by (2.13),

Y @n(p) —On(0) (€,0b,6)| < CNT* Y Iplllapé]® < CN~° K 2¢|?

pEPL pePr
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and with Vy > 0 implies that, for any ’y >0,

Ry > Cr+ > On(p)bjby + = ZwN ) [b5b7, + bpbp]

peEPL pEPL
+K-C [N‘” + N7/2 4 NT1/2(log N)1/2] (K+1)
logN

Later on, we will need to fix v < 1/4 to control the error proportional to Nf
With this restriction and for v € (1/6; 1/2) there exists C' such that

Ry > Cr+ > On(p)bjby + = Z O (p) [b3bT, + bypb_y]

pePL pePL
+ 3N Z apap + (1 —CN™7) Z praa
PEAL\PL pEPL
log N

Nl ’Y(N++ ) - CN™7.

Here, we divided the kinetic energy into the sum of two operators in the one
associated with p € A% \P;, we estimated p? > N7. With a »0p = bpby, we
obtain (2.27).

As shown in [16, Theorem 1.1], an important consequence of part a)
of Prop. 2.4 is the emergence of Bose-Einstein condensation for low-energy
states, with an optimal control on the number of orthogonal excitations. This
also implies an upper bound for the expectation of the operator Hy, on the
excitation vectors associated with low-energy states; this is the content of the
next proposition.

Proposition 2.5. Let V. € L3(R?) be non-negative, compactly supported and
spherically symmetric. Let v € L2(AN) with ||¢n| = 1 belong to the spectral
subspace of Hy with energies below 2nN + (, i.e.,

YN = 1(oonn4¢) (HN)UN - (2.34)

Let En = e‘Ae_BUN@[JN be the renormalized excitation vector associated with
Yn. Then for any o > 5/2, there exists a constant C > 0 such that

€, (Hy +1)&n) < C(1+()(log N). (2.35)

Proof. Combining the bounds [16, Egs. (58)-(59)] for the excitation Hamil-
tonian RS, defined in [16, Eq. (47)] with the estimate (2.21) (and with the

observation that, by (2.14), |R%, — (Ry — Er)| < C), we conclude that
1

for any o > 5/2 and N large enough. The assumption (2.34), and the definition
of &£ imply therefore that

(En, Hnén) <2C+ C(log N)(En, (Ny + 1)En).
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From the condensation estimate [16, Eq. (61)] and from Lemma 2.3, we con-
clude that

En, HNEN) < C(C+ 1)(log N).

3. Quartic Conjugation

From (2.25), it is clear that to prove upper bounds on the eigenvalues of Ry,
we cannot ignore the contributions of Vy on the r.h.s. of (2.25). Instead, we
conjugate Ry with a quartic phase, which (up to errors that can be neglected)
removes the low-momentum part of Vy, leaving us with an operator whose
expectation vanishes on states generated by the action of creation operators
ay, with p € P, the low-momentum set defined in (2.23). At the end, this will
allow us to show upper bounds for the eigenvalues of Ry, making use of trial
states involving only particles with low momentum.

We consider the quartic operator

1

D:=D,-Dj= IN Z Mr [a;—t-ra*w—ravaw - aruazaw—rav—&-r]
re A, v,we Pr
vFE T, WFET

(3.1)
acting on }"_EN. Here, 7, is defined as in (2.12) and P, = {p € A} : [p| <
NO‘+V}.

Since D commutes with the number of particles operator A, , we trivially
obtain that

€_D(N+ + 1)k€D = (N+ + 1)k

for all £ € N.

We state now two lemmas that will be shown in the next subsections.
In the first lemma, we control the action of the quartic transformation on the
kinetic energy operator.

Lemma 3.1. Let K and D be defined in (2.5) and in (3.1), respectively, with
a>5/2andv € (0,1/2). Let k € N the smallest integer s.t. k > 4(a+v—1/2).
Then there exists C > 0 such that

e P < CE(N, +1)" (3.2)
for N large enough. Moreover, we find
(log N)'/2
N1/2
Remark. Since Ny commutes with D, (3.2) also implies that
e PN + 1)eP < CK(N, + 1)rHi+2

for all j € N. In the second lemma, we bound the growth of the potential
energy operator.

+ [e*D/ceD - IC} <C KNG + 1)5+3. (3.3)



C. Caraci et al. Ann. Henri Poincaré

Lemma 3.2. Let Vy and D be defined in (2.5) and (3.1), respectively. Fizx
a>5/2, ve(0,1/2), and let k € N be the smallest integer such that k >
4(a+ v —1/2). Recalling the definition (2.23) of the set Py, let

1 ~
W= x> V/eMlag e e +he ] (3.4)
uEN* v, weEPL,
uF—v,w
and
VJ(VH) =VN — V(L)
1 *
= § Z V(r/e ) v+r w— Tavaw
reA* veP}
wePr,
r#—v,w
1 *
+1 Z (7”/6 ) v-‘rr w— ravaw+h-C- (35)
reA” v,wePf
r#E—v,w

Then, we have
e Pvye? =V 1 &, (3.6)
where
+Ey < CNY"V2(log N)Y2IC(N, + 1)F+4
for all N € N large enough.

Using the last two lemmas, we can describe the action of the quartic trans-
formation on the renormalized excitation Hamiltonian R . Our goal consists
in proving that, on low-momentum states, the operator e PR ye? is given,
up to negligible errors, by a quadratic Hamiltonian which will be later diago-
nalized in Prop. 4.3.

Proposition 3.3. Let Ry be defined as in (2.25) and D defined as in (3.1) with
a>5/2 and v € (0,1/2). Let Cr and Q%) be defined in (2.22) and (2.24),
respectively. Suppose that £, € ffN is such that a,ér, = 0, for all p € Pf,
with the low-momentum set Pr, defined as in (2.23). Then, we have

)<§L,€_DRN€D€L> — (&1, (Cr + Q%))£L>‘ < C|:N—3V/2 n N”_1/2(logN)1/2}
X (€, KNV + 1)) (3.7)

where k € N is the smallest integer s.t. Kk > 4(a+v —1/2) and N € N is large
enough.

Proof. From (2.25), we can write
Ry =Cr+ Q¥ +K+Vy+&r
where

QW = Q) = > vbyby = > Onp) by + (b;;bi p by

pEPL pEPL
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and
+Ep < C [N*?’”/? + N’1/2(logN)1/2} (Hy + DN, +1).
With Lemma 3.1 and Lemma 3.2, we find immediately that

{er, e PErePer)| < C[NT/2 4 N7Y2(log N)Y2) (e, KN + 1)5¢L).

(3.8)
Moreover, with (3.3) we obtain (using that a,&r, = 0 for all p € Pf)
(e PRePer) = > p* (Er,anapér)
PEPL
< ON™'2(log N)'2(€n, KNy + 1)) (3.9)

and, with (3.6), we find
(€L, e PVnePer) < ON""Y2(log N)Y2(€,, KNG + 1)) . (3.10)

It remains to study e~ @% . Writing a*
a4 GOy i and using (2.2), we find

O, D) =) Z

Ay = QO Oy

a*
v-‘rrwr w—r

with

1 ~
7= — Z On(v+ 7 (byy,al,_awby +h.c.)
reAl, v, wEPL
r+v€Pr,, r#w

1

Zy= 5% > an(ny (B4 ,a5,_pawbs +he.)
reAY
v,we Py,
r#—v,w
1
Zg:ﬁ Z oy +r)n. (b7, _,brakay—r +h.c.)

r€AY v, wEPL
v+rEPL, wH#r

1 ~
Zi=1y > On(v+rm (buby +he.)

reA} ,WEPY
v+repPr,

1 ~ x %
Z5 - - ﬁ Z WN(U)nT (b'qurbfv w— 'ra’w + hC)

rEAi,v,wePL
r#—uv,w

Zg= — — ON (V)N (by—rpb_pyr +hoc.).
r€AY WEPL
VFET
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We can estimate
(log N)*/2

N KW+ ). (3.11)

+7Z,<C
forall i =1,...,6. Indeed

Bnlloe D Imrlllaviraw—rélllavawél]
re Ay
v,w € Py,
r#£ —v,w

1 1/2
|: Z W”av+raw—r§‘|2i|

re A}
v,w e Pr,
r#E —v,w

1/2
[ PRl
re A}
v,w € Pr,
r#E —v,w

< ON~'1=(log N)2INLENICH2 (N4 + 1)12¢]].

|<£azl £>|7 |<£a ZQ §>| S

2l Q

<

zlQ

As for Z3, we get

1€, Z5 §)] < % 1O ]foo > eV + 1) 720, byand]|
re A, v,we P
vE—rwETr
x [[(Ny + 1)1/2aw7r£||
1/2
<l T phPleieR)”
re A}, v,we P
vE—TwET
1/2
[ PRI ) e bal?]
re Ay, v,we P
vE—rwET

< ON~*"H(log N)|INLEN I 2 (NG + 1)M2]|.
Finally, using that |n,.| < |r|=2, together with (2.29), we end up with
(€, Za &) < § Lreatvery [On (v +1)|InlIbEIN N +1)12%¢]
vE—T
N (v+7r)
Bl e, +1y17%)

C Z
< N Zur€A} wePL [r?
vFE—T
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o, 1/2 1/2
< CEEN (S o2 [Soep, ] NN +1)7%]
< C UMY L2 ||V + 1)V2¢]|

The terms Z5 and Zg can be bounded similarly. With Lemma 3.1, we conclude
that

6 1
e P QreP — Op = Z/ ds e *P Z,e5P = Eo (3.12)
i=170
where
+Eo < CN~Y2(log N)'2K(N 4 1)7+2,
Combining (3.8), (3.9), (3.10) and (3.11), we obtain (3.7). O

3.1. Growth of the Kinetic Energy

In this section, we show Lemma 3.1, establishing a-priori bounds on the growth
of the kinetic energy under the action of the unitary operator e”. We will use
the following preliminary estimate.

Lemma 3.4. Let K be defined in (2.5) and D defined as in (3.1), with a > 5/2
and v € (0,1/2). Then for any s € [0,1], there exists a constant C' > 0 such
that

estlcesD < IC+CN2(0¢+V71/2)(N+ + 1)3 (313)
for all N large enough.

Proof of Lemma 38.4. The proof follows from Gronwall’s lemma. For a fixed
e J:EN and s € [0; 1], we define

he(s) == (&, e *PKe*PE).
Then
he(s) = (&, e *PIK, D]e*P¢).
With

* * * % *
[a‘pap7 a’v+raw7rava"w] = Qoy g o Oy Oy Aoy (61071)+T + (;p’w*’f - 61071) - 610’71))

we find
1
(K, D] = N Z (r? 4 2r - v)neak, a4k, apay + hec. .
re AN, v,we Py
vE—rwET

Using the scattering equation (2.15) and the definition of &x(p) in (2.13), we
get

1 ~ ~ . N
[K,D] = -1 E (V(-/eN) * fne)(r) (ah o paly_ravaw + hec.)
reA* v,wePr,
VFE—TWHET
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1 ~ N * *
+ow Z @nN * fn,e)(r)(a),pah,_ apayw + hc.)

rGA:,v,wEPL

VFE—TWET
1 ~ ~
+Z Z (V(-/eN) * fne)(0)(atal,apay + hc.)
v,we Py,
1 4
+5 Z rovne(a),ah_ ava, +he.) = ZKZ'.
e

(3.14)
To estimate the first term on the r.h.s of (3.14), we use (2.9) to estimate

o~

IV(-/eN) fN,gHOO < C/N and (2.7) to bound ||V (-/eN) x Inell2 < CeN. We
obtain

w3 |(V(/eN) * Frn) ()]

veA? v+ 7|2
e | |
r# —v
~ ~ 1
< IV (-/eN) * felloo Z —
v+l
[r+v|<eN
N R 1 1/2
Vi(-/eN —— <C 3.15
+n</e>*fMeb[ > U+TH} = (3.15)
[r+v|>eN
Hence,
[(¢, e *PK1e*P¢)|
<cC > ((V(/eN) % P, ) (DING + 1) 72004 ra0 —re™ ||
re AN v,w e Pr
vVE T WET
x[[(N4 + 1)1/2avaw53D§”
o NvL T
Sc[ Z |(V( /6 )*fN,e)(T”H(N_’_+1)1/2avawesD§|l2]1/2
lv+r[?
re A*,v,w € Pr
vFE T, WHET
~ - 1/2
x| > |V (/)5 P )l + rPIVE + 1) 7 2004 00— e Pg)1?]
re AN v,w e Pr
VE—TWFET

< CNOH L2V 4+ 1)% 2 eI 2e Pg.

Similarly, with ||On * fnellco < |lwn]li < C and ||On * fyelle < lwn|lz < CN®
we get

W *f, ~ N 1
SUPyeny ZriA* ‘(WN|U+]Z«|Z2)(T)‘ < l@n # favelloo 2o o)< e [otr]?
TF—U

P 1/2
DN * fvell2 [Z“Jﬂ)‘z]\m ﬁ < ClogN.
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Hence,
(6, e P Kae®P €]
- -~ 1/2
(@ Fn Ol 1)1/265%”2}

C
< = RN = JNET)]
- N Z |v+ 7|2
rEAN ,v,wEPL
VFE—TWHET
1/2
x [ S ot rPllavean Vs + 1)1/%5%”2}

reA v, wePL
VE—TWHET
< CNT " log N) V22 PE || (W + 1) 2.

As for K3, we use Eq. (2.9) in Lemma 2.1 to conclude:

—S S C S C S
(e PKs P < 3 Nlaaue™g? < TN + DerPel2
v,wePr,
(3.16)

Finally, to bound K4 we write 7-v = (r+v)-v—|v|? and we split correspondingly
K, in two terms, denoted by K41 and K4 below. Recalling from Lemma 2.2

that ||n|l2 < CN~%, we bound

(6,67 P Ky e”P8)
. 1/2
< (gup Io) [ > nPlaa N+ 1>”265D§“2]

vePy reA*, v,wePy

vE—T,WHET

1/2
l > |r+v|2||av+rawAMH)*/Q@%HQ]

reA”, v, wePy,
VE—T,WHET

< ONOTH|C 2P|V +1)3 2P

On the other hand,
(€, e P Ky e*P8)|

c 2012 —172_sp 2]V

<Clapp)[ X PPl + )7 e
vePr,
re AN, v,we Py
v#E—rwET
1/
> s ru-r (N + 1) 2P

re AN v,w e Py,
vFE—TwET
< ON*F M2 e [[( 4+ 1)/

d
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Collecting the results above (and recalling that v < 1/2 and that N commutes
with D), we end up with

(6 e7*PIK, DleP&)| < (€, e™*PKePg) + CNHH12(g (W +1)%).
Hence, applying Gronwall’s lemma to the differential inequality
[ (5)] < he(s) + CNZH =12 (W +1)%)
we end up with (3.13). O

With the help of Lemma 3.4, we can now show Lemma 3.1.

Proof of Lemma 3.1. We first show that the commutator [K, D] satisfies the
bound

(log N)'/2

+[K.D] < O =573

KN (3.17)

Indeed, the bounds for the terms K;, Ko and K4 defined in (3.14) can be all
improved by using the kinetic energy operator. We have (recall the definition
of Pr, in (2.23))

(&, Ki§)| < C

V(-/eN) x f, r Y2
O |v|2||avawf||2]

reN* v, wePL:
r#E—V,W

1/2
~ ~ 1
x [ S V(M) x fa) ()] o v+ lellavwaw—rfllzl

reA* v, wePL:
r#—uv,w

< CN7V(log N)V2| KN g2 (3.18)

and, similarly,

C @N * INe)T 1/2
K28 < | > leﬁllavawﬂﬂ
re A, v,we Pr:
r#£ —v,w
1 1/2
<[ ppktrPlea ]
re A, v,we P
r#E —v,w

< ON~(log N)|IK/2N L 2|2,
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To show that K is also bounded from the r.h.s. of (3.17), we split as before
K, into K41 and K4o. We get

1/2
eKaOl<S] X llPlaa?]”
re AN,
v,w € Pr :
r# —v,w

1/2
x [ Z r+ U‘Q ||av+raw7T§H2}
r e AN,
v,w € Pr,:
r#£ —v,w

< CNV71 H]C1/2N_’1_/2£”2
On the other hand, distinguishing the cases r+v € P, and r+v € P} we find

(€ K42 &)
C 1/2
<) X EmlPlacs]

eP
v re AN v,we Py
w#Er,r+uve P

1/2
X P oPlaseew €]
re AN, v,we Pp,
w#r,v+re Py

o] 1/2
[ X il llear]
re A v,we P
w#r,r+vePf

1/2
x { Z |T+v|2||av+raw—rf||2}

re N v,we Pp
w#r,v+re Py

S CNU—l(IOgN)l/Q |‘K1/2Ni/2€||2

2l Q

+

Eq. (3.17) then follows from the previous bounds, together with (3.14) and
(3.16). Now, with (3.17) and using that [N, D] = 0 we rewrite

1

e Prel =K+ | dtie "P[K, DletP
0

(log N)'/2

<K+CET

1
/dthi/Qe—tlchetlDNi/Q. (3.19)
0
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Iterating x — 1 times we obtain

(log N)I/2

J
jIN3/2 KNG

e PKe” <IC+CZ

1 NN/Q 1 tq teo1 ; ;
+c%/ dt1/ dtg.../ dt, NT/2e P Kcet P N2,
2 0 0 0

Estimating the error term with Lemma 3.4, we find

(log N)? /2 ;
D
KceP <IC+CE 7”\7/2 KN
IOgN #/2 atv K
C( KJ'NK)/Z NQ( 1/2)(N+ 1) 3'

Choosing k > 4a + 4v — 2 and N large enough, we obtain (3.2). Applying
(3.17) to the identity in (3.19), we find

1
e PKReP —IC} = :l:/ dte P [IC,D]etD
0
< Uos M / AN PPN,

N1/2
With (3.2), we arrive at (3.3). O

3.2. Growth of the Interaction Potential V

The aim of this section is to prove Lemma 3.2, describing the action of the
quartic transformation e” on the potential energy operator Vy. To achieve
this goal, we first prove estimates for the commutator [V, D].

Lemma 3.5. Let Vy and D be defined in (2.5) and (3.1), respectively, with
a>5/2 and v € (0,1/2). Let V](VL) be defined as in (3.4). Then, for N large
enough, there exists a constant C' > 0 such that

W, D] = =V + &y (3.20)
with
+ &y .p) < ONVV2(log N)VPIC (N + 1)% (3.21)
Moreover,
+ [V, D] < CN""Y2(log N)Y2KC (N + 1)2. (3.22)

Proof. First, we prove Eq. (3.20),(3.21). A straightforward computation leads
us to

(@40, O Op Qg s Wy QO]
= 6LI+U UJrra*Jrua;a’Pa’:u rQouQoy + 6q+u w— Ta*+ua:;apaz+ravaw
+ Op vt 1y Qg Oy — Qg tuy G + Op w1y Qg Qg tululu  (3.23)
_ (5q,vav+7~aw—r p+uawapaq+u — 5Q»7"av+raw—r p+uavapaq+u

* * * * * *
= O, 0 oy Gy Qg Ay Qg — Oppas 10 oy Uiy QUi Ap g
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Normal ordering the terms in the first and in the last lines, we obtain:

1 5 N
[V, D] =N > V(u/e™)
p,q € N, u e AN
—u#p,q
X Z N [ 40 Qg ApQgtus Gy gy Oy GGy — hec. ]
re Ay, v,we P
U # —v,w
1 N
=N Z V((u—=r)/eN)n, (@) 0y avay +hoc.)
ue A, re A}
v,w € Pr,
u#£ —v,w
3
+> Vi
i=1
(3.24)
where
1 > *
Vi = “IN Z Viu/eM (a0l Gw—upiy + hoc.)
uGA*,TGAi,U,wGPL
VFE—TWHET
1 ~
V2= o Z V(u/eNn(ah,_, ahah, 0qputyay + hec.)
uEA*,qWEAi,mePL
uF+r—w,—q,oE—r,
1 5 * * *
Va = “oN Z V(u/eN)nr (av+Taw_Taqawav_uaq+u + h.c.).

u€A",q,rEAT v, WEPL
vt b, —q

Using the definition 1, = —NwWy ¢(r), and Wy ¢(r) = 0,0 — ‘]?NI(T), we further
split the first term on the r.h.s. of (3.24), thus getting

5

1 ~
V. D)=~ > V(u/eN) (a4 ,05 yavaw +he)+> Vi (3.25)

ueA* i=1
v,weEPr
UF—v,Ww

with
1 ~
Vi=7 D Viw/e")n(al i uavan +he.)

uFE—v,w
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To conclude the proof of (3.20), we are going to bound the terms V;,
i = 1,...,5. We notice that V5 = —K; (see (3.14)), hence it satisfies the
bound in (3.18). On the other hand, with |ng| < N 2% and

% N
wp 3 PN
VEAL Lenx ‘u T U|

(which can be proved similarly as in (3.15)), with the difference that
IV (./eM) oo < C), we have

N 1/2
—2a Vi(u/eN
vl <one | VOOl 2y o2
: |u+ v
u€A¢,v,w€PL

1/2
1
X l Z W |u+02||a11+uaw—u£||2]

ueAN* v, wEPL
UF—v,w

< ONY2 72 (log NYV2 M2, + 1)1 /2],

Next we bound V;. We split V7 in two terms Vi1 and Vs, defined by restricting
to the cases v +r € P, and v +r € Pf, respectively; we have

~ 1/2
c |V (u/eN)]
(€, V116)| < N Z Tut o v + 7| @y raw—rEl”
ueA*,TGAj_,v,wGPL:
v+rePL, vE—T,WET
|77r\2 2 2 v
x Z o+ 7|2 [u+ ||| aptuaw—u|l
u€AN*,reA’ ,v,wePL:

v4+1rEPL, vE—TWHET
< ON"712(10g N)V2|ICH2 (N + 1)1 212,
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As for V5, we have

~ 1/2
Vv N
€, Vial)| < DA 0 S PR
uEA*,rEA’;,v,wEPL: |U + U‘
v+rEPL, vE—T,WET
1

v+

2l Q

sup
v+rePf

1/2
% [ Z |U+U|2||av+uaw—u§||2777’|2‘|

u€A" ,rEAY v, wEPL:
v+1rEPL, vE—T,WwHET

< ON""2(log N)V2|ICM2 (N + 1)Y2¢)1%.

Next, we focus on V5. We get:

D/e¥)E | ]
(€, V28)] < Z 5 I 7 lavagruawd]|

[w— 7+ ul?
u€A™,q,rEA W, WEPL
UFE+T—W, —q,UFE—T,

1/2
|w— 7+ ul? 9
X Z Tuaw—rﬂtaqa?ﬁrgn

uEA*,q,TGAj_,v,wGPL
uFE+r—w,—q,UFE=T,

< CNY"12(log N)V2|KV2 (N + )€

=2lQ

Finally to estimate V3, we consider the contributions coming from ¢ € P;, and
g € Pf separately, which we denote with V3; and Vs, respectively. We get

{ Z [V (/e 12

2
2 2
v — ul? lg|” lagaosraw—r&|| ]

zlQ

1€, Vi) <
ue AN, re A, qv,we P

v#fr,w#r,u#v,fq

1
x| > l? gl =l lawe—vagsat]’]
ue AN, re A, qu,we P
’U# 77’,’[1]#7’,’(1,#’0,7(]
< ON""Y2(log N)Y2 (K2 (W + 1)

1/2
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and
c [V (u/eN)|? 1/2 1
e Va8l < 7 | > i UL Y i
u€ A*,r €AY, by
v,w € Pr,q € P§
vFE -, wFE T, UFE vV, —q
1/2
x| > el 0 = ul? law@u—uqu€]?]

ueA*,rGAi,
v,w € Pp,q € P§
v;ﬁ—r,w;ﬁr,u;ﬁv,—q

< ONYTVRIRY2 (NG + 1)¢)%.

This concludes the proof of (3.20), (3.21). In order to show (3.22), we observe
that

1 A
VI(\/?) - E Z V(u/eN)a:+uaTufuavaw
u, v, wEN*
x [x(v,w € Pr) + x(v+u,w—u € Pr)]. (3.26)
A part from the restrictions on the momenta, this is just the potential energy
operator Vy. Thus, the commutator [V](VL),D] will produce the same terms
as the commutator [V, D], just with additional restrictions on the momenta.
We already proved that the operators Vi, Vs, V3 on the r.h.s. of (3.24) can
be bounded by the r.h.s. of (3.21); this will not change with the additional
constraints. To conclude the proof of (3.22), we only have to show that also

the first sum on the r.h.s. of (3.24), when restricted to momenta determined
by (3.26), can be bounded by the r.h.s. of (3.21). This follows from

1 <5 * *
N Z V((u_T)/eN)n"”<£7a’v+ua'w—uafvaw£>
we AN, re AN, v,we Pr:
v4+r,w—1r € P

1 ~
SN > V(= 7)/€™)] 10|t [ awan]|
ue N, reN, v,wePL:
v4+r,w—1r € P
1 Tr 2 1/2
< 5l > I w0 — )Pl wav ]
uwe N, re N, v,we P :
v+rw—r€ P
V((u—r)/eM)? 1/2
8 [ Z | (((w,L/)z ) U2||avaw§||2}
weAN,reA,v,we P
U+T,’UJ—7‘ (= PL
< ONY"M2(log )V (NG 4+ 1)V 2
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With Lemma 3.5, we can now show the validity of Lemma 3.2.

Proof of Lemma 3.2. We write

eiDVNeD

1
Vn —|—/ ds e *P[Vy, D]e*P
0

1
= Vy —l—/ ds e_SD[—V](VL) + E[VN’D]]eSD.
0

Expanding once more the integral and using (3.21),(3.22) as well as Lemma
3.1, we obtain

1
e_DVNeD = Vn — V](VL) +/ dse_SDg[vNﬁD]e‘gD

0
1 s
+ / ds / dte PV, Djet?
0 0

=V 1 &y, (3.27)

with V](VH) as defined in (3.5) and where
+ Epy < CNY"V2(log N)YV2 (N, + 1), (3.28)
Here k € N is the smallest integer such that k > 4(a+v —1/2) and N is large
enough. O

4. Diagonalization of Quadratic Hamiltonians

From Prop. 3.3, we observe that the renormalized Hamiltonian e PR ye? can
be approximated, on low-momentum states and up to negligible errors, by the
quadratic (Bogoliubov) Hamiltonian

REE — Cp + Q) (4.1)

which we are going to diagonalize in Sect. 4.1; this will be used later to prove
upper bounds on the eigenvalues of (1.1).

On the other hand, by Prop. 2.4, the excitation Hamiltonian Ry can
be bounded below by the quadratic operator appearing on the r.h.s. of (2.27),
which will be diagonalized in Sect. 4.2; this will allow us later to establish lower
bounds on the eigenvalues of (1.1).

4.1. Diagonalization of (4.1)

For p € A%, we introduce the notation

Fy :p2 +Z‘3N(p)7 Gp = Z‘}N(p)' (4'2)

Lemma 4.1. Let V € L3(R?) be non-negative, compactly supported and spher-
ically symmetric. Let F, and G, be defined as in (4.2). Then there exists a
constant C' > 0 such that

2 C

NP ..
0 3 <HSCU+pY),  @)1GI < qoprmams G 1GI<F
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for allp € A%

Proof. The upper bound in (i) follows easily from Lemma 2.2. For the lower
bound we use that, from Lemma 2.2, Wy (p) > 0 for [p| < N* and |Gy (p)| <
CN3/2[|p|3/2 < p? /2, for |p| > N°.

Part (ii) follows from Lemma 2.2. Finally, we show (iii). On the one
hand, we have F, — G, = p? > 0; on the other hand, it is easy to show that
F,+ G, =p*+20n(p) > p?/2 > 0, arguing as we did for the lower bound in
part (i). Thus, |Gp| < F,. O

By Lemma 4.1, part (iii), we can introduce, for an arbitrary p € A*, the
coefficient 7,, requiring that

G
tanh(27,) = —=2.
Fy
We define the antisymmetric operator

1 * *
Br =3 > (7, by — bopby) (4.3)
PEPL
with the low-momentum set Pr, defined in (2.23). The generalized Bogoliubov
transformation e® has the following properties.

Lemma 4.2. Let B, be defined in (4.3). Then, under the same assumptions of
Theorem 1.1 and for any k € N, there exists a constant Cj, > 0 (depending on
k) such that

eiBT (N+ + 1)k€BT < Ok(N+ + 1)k
e B (K 4+ 1DV + 1)*eP < OV, + 1)F + Cr(log N)(Ny 4 1)F!
e PrVN (VG + 1)FeP < CpVn (V4 + 1P + Cr(log N2 (N, + 1)FF2
(4.4)

Proof. We proceed similarly as in [8, Lemma 5.2]. From Lemma 4.1 and from
|7p| < C|Gp|/Fp, we easily obtain

Il <G, |I7lFs lI7lh < Clog N. (4.5)
To show the first bound in (4.4), for k = 1, we consider, for a fixed £ € j’-fN,

fe(s) = (&, e7*Pr (NG + 1)e*Pr).
With
fe(s) = (& e P [(We + 1), Brle*Pre) = > 7€, e (bpb—p + b7 )e" 7 ¢)
pPEPL

and using [|7][2 < C, we obtain |f¢(s)| < Cfe(s). With Gronwall, we obtain
the first bound in (4.4), for k = 1. The case k > 1 can be handled similarly.

As for the second estimate in (4.4), let us consider the case k = 0. For
e TEN, we set

ge(s) = (€, e7*P KePre)



The Excitation Spectrum of Two-Dimensional

and we compute

9e(s) = (&, e PTIK, Brle'Pre) = 3 pirpl€ ™ (bpby + 6L, )e 7).

pEPL

Using ||7]|%,, < C'log N, we obtain

|9 ()| < Clog N)' 2K 2 Br g [| (N + 1)1 2e* P
< ge(s) + Clog N)(€,e ™5 (N + 1)e*P7€) < ge(s)
+ Clog N)(§, (N} + 1)§)
where we used the estimate for the growth of A, shown above. By Gronwall,

we obtain the second bound in (4.4), for k = 0. The case k > 0 can be
treated analogously (in this case, g¢(s) contains an additional contribution,

arising from the commutator of B, with (A} + 1)¥, which can also be treated
similarly; for more details, see [8, Lemma 5.2]).

Finally, let us show the last estimate in (4.4), focussing again on the case
k = 0. For fixed £ € }'EN, we define

he(s) = (¢, e *BryyesPre) .
We have
he(s) = (&, e *Pr [V, B;]e*P7¢)

1 ~
oD D (G e U S S S

wEPL,TGAi

+ D Vr/eN)mlg e B (b bl aw + e )etPrE).
vEPL, reEA”
weAf‘F

Switching to position space, we find

1 [ . . S
he(s) = /A Jdedy e n, NV (N (1 - y))(, e BT (03; + baby)e*PTE)
we Py,

t [ dudy Y e ANV(EN (@ ) (e B (B gy e et

vE Py,

Using ||7]|1 < C'log N, ||7]| < C and the first estimate in (4.4) (for k = 2), we
find

()] < Cllog N) [V e ][]l + CIVNZe B €l (M + DesBrg]
< he(s) + C(log N)*(€, (V5 +1)%€).

By Gronwall, we obtain the last bound in (4.4), for k = 0. The case k > 0 can
be treated similarly. O

In the next proposition, we show that conjugation with the generalized
Bogoliubov transformation e®- diagonalizes the quadratic Hamiltonian (4.1),
up to negligible errors.
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Proposition 4.3. Let V € L3(R?) be non-negative, compactly supported and
spherically symmetric. Let RJE\;,Og be defined as in (4.1) (with Cr and Q%)
defined in (2.22) and, respectively, (2.24) with parameters o > 5/2 and v €
(0;1/2)). Let

1 9 (47)?
SBog = 5 Z ( pt + 81p? — p* — 4w + w2 ) (4.6)
pEAT

Then

e BrRE0EB — BB 4 Z Vo + 8mp? ajap + OBog (4.7)
pEPL
where
Jo(|pla)

ER® =2m(N — 1) + 7a® + Spog — 47> Y

and the error term 0pog is bounded by
+0Bog < CN~Y2(log N)(Hy + 1)(Ny +1) + CN~%
for N large enough.

Proof. Proceeding very similarly as in [8, Lemma 5.3], using the bounds (4.5),

we obtain
1
—B,pBog B, _
eBRYES —Crt 5 Y (R -G - )

pEPL

+ )\ JFR—Glaja, + 6

pEPL
with Cr, F},, G, as defined in (2.22) and, respectively, (4.2), and where

(4.9)

6 < 2 (log N (Mo + DN, + 1)

We have F} — G2 = (F, — Gp)(F, + G,) = |p|* +2p*Gn (p). With the estimate
(see the definition (2.13), recall from Lemma 2.2 that |gn| < C and use the
continuity of ¥ at the origin)

lWn (p) =W (0)] < Clp|N—*
we can bound

|7 VI + 288 ) = VIpl+ 208 (0)2] (€, apant)|

pEPL

<CON™* Y pl(€ apayt) < CN™%(&,KE).

pEPL

With [\/p* + 20x5(0)p? — \/p* + 87p?| < C|on(0) — 47| < C(log N)/N (see
(2.14) and (2.9)), we conclude that

Z 1/F57G% a;ap: Z v/ pt + 8mp? a;ap+52 (4.10)

pEPL pEPL




The Excitation Spectrum of Two-Dimensional

where 85 < CN~t(log N)(K + 1), for all a > 1.
Let us now consider the constant term on the r.h.s. of (4.9). From (2.22)
and (4.2), we obtain (adding and subtracting the factor > p 03 (p)/(4p?))

1
Crt5 > (2 -G2-F,)

pEPL

- %(V(/GN) * fN,é)(O)(N 1)+ % Z On D)y — i Z @ng)

1 2~ = 1@}2\[(]])
+2Z<p —On(p) + VPt + 208 (p)p% + 5 2 ).
PEPL

(4.11)
Expanding the square root, we find

1@

=5~ o)+ VI T + 5 X <ot (a2)

uniformly in N. Up to an error vanishing as N~/ 2, we can therefore restrict
the sum on the last line of (4.11) to [p| < N'/4. After this restriction, we can
use [0 (p)—4n| < Clp|N~*+C(log N)/N, to replace Wy (p) by 47. Comparing
with (4.6) (and noticing that (4.12) remains true, if we replace @y (p) with 47),
we conclude that

1 2~ o 1 %% (p) log N

= 2 - < .

‘2p€pL( P" = ON(p) F VPt 2o (o +2 p? Seos _C\/N
(4.13)

Let us now consider the terms on the second line of (4.11). First of all, we
observe that, by (2.9),

g(‘/}('/eN) % fae) (0)(N — 1)=2m(N — 1) — 2r(log(¢/a) — L) +O(log N/N).

As for the second term on the r.h.s. of (4.11), we use the scattering equation
(2.15) and the definition (2.13) to write

1 ~ N ~ ‘7 . f z w
3 D O = -7 ow(p) L )2 T Z N
p
pEAL peEAL PEAL
1 N WN *
+ﬁ wN(p)( il 277)( ) (4.14)
pGAf‘F p

Since ||On * N]loo < |On|llInll < C, the last term on the r.h.s. of (4.14) is
negligible, of order (log N)/N. The second term on the r.h.s. of (4.14), on the
other hand, cancels with the third term on the r.h.s. of (4.11), up to a small
error of order N=%" (because }°  pe @3(p)/p* < N~°, from Lemma 2.2 and
by the definition (2.23) of the set Pr). Finally, to estimate the first term on
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the r.h.s. of (4.14), we use that
((VC/eM) 5 o)) = (V(/eN)  Fu)(0)] < CeVp)

that [(V(-/eN) x fAN,g)(O) —4m/N| < CN~2log N and that, with gy as defined
n (2.13), |gn — 4| < C/N by (2.14). We arrive at

Orty 3 (\JFE =G B) =2n(N — 1)~ 2x(log(t/a) - 3)

pEPL
X(¢p)
+S5Bog — 47 Z 2
pEAi

3

where £J3 < C(log N)/v N. Let us now compute the remaining sum. To this
end, we observe that, denoting by .J,, the Bessel function of order n, we have

Jillp)  LJo(tp) fQJl(fp)}
P> 2 p? 4 pl
which can be proved similarly to (2.16). Hence, with (2.16) and (4.15) we find

2 xe(p) = =8¢ (4.15)

X(p) Y (Zp) ﬁ
and thus
é Jo( -
a3 X Z i) - 4w Y 2E () - %000
pGA* peA*
Jo (¥ 202
— —47T2 Z 0<2p) _7T+ 71-2 ,

pGAi

where we used that X,(0) = /% and |/|2;g(0) = 7¢*/2. Taking into account
that £2 ~ N=2% and « > 5/2, we conclude that

Cr + ;pezp <\/7G2 ) =271(N — 1) + Spog + I + 03 (4.16)

where +03 < C(log N)/v/N and where we defined

Jo
Iy = —2mlog(¢/a) + n20* — 4r? Z (4.17)
PEATL

We claim now that the value of I, is independent of the choice of ¢ (this is
why it is convenient to include the factor 72¢? in the definition of I,, despite
the fact that this term is very small, for £ = N=% « > 5/2). In fact, with the
identity

(tog(T~ 1/0)xe) (0) %[— o “’0(“")]

p|?
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and using that Jo(2) = 1 —(2/2)? + O(z*) close to z = 0, we find that, for any
0,05 >0,

Jo(¢ Jo(¢
_47_‘,2 Z 0( 12|p‘) —|—47‘r2 Z 0( 22|p|) _ 27rlog(£1/€2) _ WQ(E% —f%)
peEA] peAY
which implies that I,, — Iy, = 0. Since I, is independent of ¢, we can evaluate
the r.h.s. of (4.16) choosing for example ¢ = a. This completes the proof of
(4.8). O
4.2. Diagonalization of Quadratic Hamiltonian for Lower Bounds

Next, we discuss how to diagonalize the quadratic operator on the r.h.s. of
(2.27). As explained above, this will be used to show lower bounds on the
spectrum of the Hamilton operator. For v € (0;1/4) we introduce the notation

F) =(1-CN ")p*+&n(p)

and recall the definition of G, in (4.2). For p € A% we consider the coefficient
v, defined through

1
tanh(2v,) = o, = N (va —\/(F))?2 — Gg) (4.18)
and the antisymmetric operator
1 * 7 %
By = > up(bpb*, = bpb_y). (4.19)
PEPL

With Lemma 4.1, it is easy to check that |a,| < 1 hence v, is well defined.
Moreover, we have ||v]l2 < C, hence in particular

e ByNy + DFeBr <Oy +1)F (4.20)
for a constant C' > 0 (depending on k),proceeding as in the proof of Lemma 4.2.

Remark. The choice (4.18) is motivated by the lower bound (4.23) because,

up to negligible errors, eBv b;bpe*Bv = cpcp, With ¢,y defined in (4.22) and

satisfying canonical commutation relations.

Proposition 4.4. Let V € L3(R?) as in Theorem 1.1, B, as in (4.19), and let
v € (1/6;1/2). Then, for N € N large enough, and any v € (0,1/4), there

exists a constant C' > 0 s.t. such that
e BeRyelr > ELY + (1 - CN™)D, w21)
— C(log N)[N"" Ny + 12+ N7V (Ny +1)] '

with Eﬁog as defined in (4.8) and where D., is the quadratic operator
D, = Z Vpt+8mp? aya, + 5N Z apyayp
pEP, PEAL\P,

where P, = {p € A% : |p| < N7/}
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Proof. For p € Pr,, we introduce the notation

byt aght,

cp = ——F
\J1—a2

with «, defined before (4.19). A standard completion of the square argument
(see [37, Sect. 3], so as [26, Thm. 6.3]) leads to the lower bound

F (byby + b2 ,b—p) + Gy (bpb—p + byb% )
(F))?2 = G2 (chep + ¢ ye—p)

_%(F; —JED2 =G (b b) + pb7,]). (428)

Expanding the square roots we find
©n ()2
|y - - 63| < TR
p|
| By = B2 - G- B+ [~ G2

for all p € Pr. Hence, we find

S (5 - @)| <o

pEPL

(4.22)

_[@n ()
|p|?

and, similarly,

I (5 TG )

PEPL

< CN77(log N).

With the commutation relations (2.2), we conclude therefore that

=3 2 (5 == G) (] o)

pEPr,
1
> _§pZ€PL (Fp ~JF2 - Gg) — ON"(log N)(Ny + 1).

Next we consider the first term on the r.h.s. of (4.23). We denote £7(p) =
(Fy)? — G2. Proceeding as in (4.10), we find

|€7(p) = VIp|* + 8n|p2| < C(NTp* + N~ |p| + N~ '(log N)).
Hence

S e, = 3 VISP e - ON T Y P,

pEPL pEPL pEPL

>(1-CN) Y Ep) ey

pEPL

(4.24)
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where we introduced the notation £(p) = /|p|* + 8x[p|?, for p € P, = {p €
A% |p| < NY/2}, and E(p) = N7, for p € P\ P,. Next, we use (see [8, Lemma
5.3] for a proof) that

eBvb,e B = cosh(vy)b, + sinh(v,)b™,, + D, (4.25)
where the remainder operator D,, satisfies
)2 c (n+3)/2
1N+ +1)"EDpell < rluplll(NV+ +1) ¢l

1
+%/ ds|lap,(Ny +1)("F2/2esBug| - (4.26)
0

This implies that, after some algebraic manipulations, that
ST ew)cie, = Y Em)ePbibe By + 8y + 8%
PEPL PEPL
with
0 =Y E)Dpelrbye P

PEPL
5(2) Z E(p)(cosh(vy )by, + sinh(v,)b* ) D .
pEPL

With (4.26) and (4.20) we easily bound

(6,656 < ( sup £()) 3 N+ )7 2DyE [N+ 1)1/ 2e e

pEPL

<SONTTE Y7 fuplll OV + D€lllape™ €]l < CNTTH[(N + 1€

peEPL

where we used (4.20). The term 5](3) can be bounded similarly. Using again
(4.20), we also obtain

+ 3 [erb;;bpe*Bv —eBrataye” } <ONYNL+ 12 (4.27)

pPEPL

Summarizing, from (4.23)-(4.27) we obtain that

> (1=CNT)p* +On(p)byby + % D On(p) [bpbTp + bpb—p)

pPEPL pEPL
1
>-2 % (pr,/Fng,%) +(1-CN) SVt smp?ePranape”
PEPL peEP,
+iN7 Z ePrayape P — CNTTHNG + 1)
PGPL\P'Y

—C(log N)N"7" (N3 +1). (4.28)
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Inserting on the r.h.s. of (2.27), we find

1 ) .
RyzCe—5 > (VE-G-F)+iN Y aa,

pEPL PEAT\PL
+(1-CN™) E Vp* + 8mp? eB“a;ape*B“
PEP,
1N By (% o= Bu
+35N g e v a,ape
pEPL\P,Y

— ON" YNy +1)? = C(log N)N~7(N} +1).

With Eq. (4.16) and (4.17) (choosing ¢ = a) and using the a-priori bound
(4.20) we have

e BeRyePy > B+ (1 - CN7Y) Z Vpt + 8mp? anay,
pEP,
+%N7 Z a;ap + %NV Z e_B’“a;‘,apeB“
pEPL\P, pEAL\PL
—C(log N)[N"" "Ny + 12+ N YNy + 1)), (4.29)

Observing that, by (2.2) (in particular, the last two commutators), [B,, aya,] =
0 for all p € A3\ PL (because, from (4.19), B, only contains the operators b,, by,

with p € Pr), we arrive at (4.21). O

5. Proof of Theorem 1.1.

In this section we focus on the low energy spectrum of Hy. We fix « = 5/2 and
v = 1/5 (recall the definitions of £ = N™* and P;, = {p € A% : [p| < N*T"}
entering in the definitions of the operators B, A and D defined in (2.17), (2.18)
and (3.1) respectively).

First of all, we observe that, from Prop. 3.3 (choosing &1, = €87, with
B; defined as in (4.3)) and Prop. 4.3, the ground state energy En satisfies

En < EX°8 4 ON—3/10+9 (5.1)

for any 0 > 0, if N is large enough. Recall here the definition (4.8) of E]E\;,Og.

Next, we prove lower bounds for the ground state energy and for the
excited eigenvalues of Hy below the threshold En + (. For k € N, let A\, be
the k-th eigenvalue of Hy — E]}?,Og and puy the k-th eigenvalue of the quadratic
operator

* N7 *
D, = Z VIpl* + 8mplaya, + - Z apay (5.2)
pEPy pEAL\P,

with P, = {p € A% : |p| < N?/?}, as defined in Prop. 4.4 (note that eigenvalues
are counted with multiplicity). We claim that

Mo > e — CNTVI0H(1 4 ()2 (5.3)
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for all £ € N with A\y < ( + 1 and for any § > 0. In view of the upper bound
(5.1), this bound is enough to show (1.3) (taking k& = 0) and to prove lower
bounds matching (1.4) for all eigenvalues of Hy — En below the threshold ¢,
if N is large enough. Here we use the fact that the spectrum of the quadratic
operator (5.2) below a fixed ¢ > 0 consists exactly of eigenvalues having the

form
Z nyy/ |p|* + 8mp?

pGAi

with n, € N for all p € A% and n, # 0 for finitely many p € A% only (to stay
below the threshold ¢ > 0, we cannot excite modes with |p| > N7/2).

To prove (5.3), we apply a localization argument similar to those recently
used in [22,33], together with the a-priori bound on the energy of excitations
established in Prop. 2.5. Let Ly and B be defined in (2.3) and (2.17) respec-
tively, and consider the excitation Hamiltonian

QN = €_B£N€B. (54)
From [16, Eq. (61)], we have the condensation bound
Oy —Ey®>cNy —C (5.5)

for all N € N sufficiently large (here, we used that 27N > E]%Og). We will
make use of the following lemma, which is proven in App. A.

Lemma 5.1. Let V € L3(R?) as in Theorem 1.1. Let Gy be defined as in (5.4).
Let f,g: R — [0;1] be smooth functions, with f*(z)+ g*(x) = 1 for all z € R.
Moreover, assume that f(x) = 0 for x > 1 and f(x) = 1 for x < 1/2. For
a small e > 0, we fir M = N¢ and we set far(Ny) = fINL/M), g (Ny) =
g(Ny/M). Then there exists a constant C' > 0 such that

Gy — ERY > fu(ND)(Gn — ER) far(Ny)

. (5.6)
+ g WN3) (Gn — Ex™) g (VL) — Enr
with
N1/2 112 /112
En = O [l 15 + g'lI5] (R +1) (5.7)

forallao>1, M € N and N € N large enough.

Let now Y C fEN denote the subspace spanned by the eigenvectors of
Gn — E]]?,Og associated with its first (k 4+ 1) eigenvalues Ao < Ay < -++ < Ag.
Since, by assumption, A\, < (+ 1, we find Y C P<+1(]-"J§N). We have

Ae = sup (€, (Gy — EX®)E)

3%
lél=1

2 ?161113 (€ [ N4) Gy — EN®) far(N) (5.8)
ll€l=1

+ g (N Gy — Ex®)gn (Ny) — Enrl€)
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where M = N€ for a € > 0 to be specified below (we will choose € = 3/4+1/20).
From Eq. (5.5) we have that, for N large enough (recall M = N°¢),
g (N4)(Gn — Ez%og)gM(/\@)
> g (NP (eNp = C) = gy V) (M —C) >0

since gpy = 0 for N < M/2. Furthermore, for a normalized £ € YV C
PCH(]-'_EN), we find, combining (5.7) with Prop. 2.5 and Lemma 2.3,

N1/2 N3/2
M? M?
where we used again 27N > E]]?,Og to make sure that e~ ¢ satisfies the assump-

tions of Prop. 2.5.
Finally, we look at the first term on the r.h.s. of (5.8). With (4.21) we

(5.9)

(€, EmE) SC—1 ¢ e (Hn+1)ete ) < C——(log N)(1+¢) (5.10)

find
(€ ete fu(Ny)e Pre Gy — BR®)ee™ far(Ny)e Preme)
> (& e fu (NG (1= CNT)Dy =€) fu Wy )e Pree)
where we introduced the notation JT@ =e Bue AN edeBr and
Ey <Cog N)[N"H Ny + 1) + N7 (V4 +1)].
Now, with Lemma 2.3 and Eq.(4.20) we have
FuNDWy + 12 fur (V) < CM fu (N )Ny + 1) fur (V) < CM (N +1).
Hence, for any normalized £ € Y C PCH(]-'EN), we find, with (5.5),
(& e Frr(N)Ey far (N e Bre™e)
< Cllog N)(MNT=! + N=7)(¢, (N} + 1)¢)
< Clog N)(MN""' + N7){E, (Gn — Ex™ + O)6)
< C(log N)(¢+ 1) (MN"™L 4+ N7).
We conclude that
A > (1-CN77) 22}}3 (&, e2ePe frr (N Dy far(N e Bre=4¢)
lel=1
— C(log N)(¢C +1)(MN""L + N77) —CN3*2M~2(log N)(¢ + 1).
Next we observe that, for any normalized £ € Y C Priq (ffN), we have (again,
with (5.5))
e e g 21— S v 21 - CEFD.

This immediately implies that the linear subspace X = fys (./\7_5_)673“6714}/ C
]—'fN has dimension (k + 1) (like Y') and that

M>(1—=CN=C(C+1)M™ ) sup (£,D,8)
geX [lgl=1

— Clog N)(¢+1)(MNY™™ 1 4 N7 — ON3/2M~2(log N)(¢ + 1).

(5.11)
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Thus, by the min-max principle for the eigenvalues of D,,,

M >(1—=CN 7 =C(C+1DM
— C(log N)(C+1)(MN""' + N7y = CN*2M2(log N)(¢ + 1).
(5.12)

Choosing M = N3/4+1/20 and v = 1/4 — 3/20, we obtain (using that (5.12) in
particular implies that pup < CA\, < C(¢+ 1))

Ao > g — CNTY10H9(1 4 ()2 (5.13)

for any § > 0.

Finally, we show upper bounds for all the excited eigenvalues A\ of Hyn —
E}?,Og (or equivalently of Ry — Ej%og) with Ay < ¢+ 1 (we already proved an
upper bound for the ground state energy, with £ = 0, at the beginning of this
section). We are going to use trial states given by eigenvectors of the operator
D.,, defined in (5.2). Fix k € N\{0}, with A\ < ¢. For j = 1,...,k, the j-th
eigenvalue p; of D has the form

o= Y

pEPL

with €, = /[p|* + 8mp? and ny) € N, for all p € Py, (since we consider
eigenvalues below a fixed ¢ > 0, there is no contribution from the second sum
in (5.2), running over p € A% \P,, and there are only finitely many p € Pp,

with n,(,j ) # 0). The eigenvector associated with p; has the form

&= [[ @)'e (5.14)

pEPL

for an appropriate normalization constant C; > 0 (if the eigenvalue has mul-
tiplicity larger than one, eigenvectors are not uniquely defined, but they can
always be chosen in this form). We denote by span(&y, ..., &) the linear space
spanned by the eigenvectors defined in (5.14). From the min-max principle, we
have

A= inf  sup (€, e Pre P (Ry — Ep8)eleb¢)
YcFEN cey
dim Y=k [[€]|=1
< sup (€, e Bre P (Ry — EX®)elelre).
ce Spﬂ?ﬁfli»--agk)

Since a,eP ¢ =0 for all p € Pf and all £ € span(&y,..., &), we can apply
Prop. 3.3 with k = 10 (so that x > 4(a + v — 1/2)) to conclude that (recall
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the definition (4.1))

A < sup (€, (e B RY 2P — ER®)¢)
ge Spﬂgl(‘ﬁjim,ﬁk)

+ CN73/10+6<§, eiBT’C(N_A,_ + 1)15€BT§>‘|

for any § > 0. With Prop. 4.3 and Lemma 4.2 we get

M sup o [(6DE) + ONTHITE (Hy + (NG + 1))
e Spﬁgﬁiim’fk)

for any 6 > 0 (the value of § changes from line to line). Observing that, on

Span(fb e 7£k)7
Ewwe) < Y V/eV)llapsragéllllapag ]

reA*, p,qEPL

r+p,q—rePr,
1 1/2
¢ 3 prlaPlael® < C(log N)|[K/2N /2|2
reA”, p,gePL
r+p,q—rePy,

(5.15)

and, again on span(&y,...,&), Ny < CK < CD, < Cpup < C(¢+ 1) (from
the lower bound (5.3), we have pup < Ay +1 < ¢+ 1, for N large enough), we
conclude that

(& (Hn + DNV} + 1)) < Cllog N)(E, (K + 1)V +1)'%)
< C(log N)(1 4 )Y
for all normalized ¢ € span(&y,...,&). Thus, we find
AMe< osup (D€ + CNTHOT(14 )1 < gy + ONTH1OH(1 4 ()17

§€ Span(&1,---,&k)
ligl=1

Together with the lower bound (5.3), this concludes the proof of (1.4) and of
Theorem 1.1.
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A. Proof of Proposition 2.4 and of Lemma 5.1

To show Prop. 2.4, we start from the analysis carried out in [16, Sec.6 and
App.A]. First, we study the excitation Hamiltonian

4
Gy :=e Prye? =360, GV =ePLie? (A1)
i=1

with E%) defined in (2.4) and B defined (2.17).

Proposition 1. Let V € L3(R?) be compactly supported, pointwise non-negative
and spherically symmetric. Let Gn and Oy (p) be defined in (A.1) and (2.13)
respectively. Then for £ = N~ there exists a constant C > 0 such that

Gy = g(f/(-/eN) # ) (O)(N = 1) ( - /Xf) +% > onm

pGAj

+ 2T - 5 (70 Fu)o)| v (125

1 ~
+5 2 On(p)(byb—y + hc.) (A.2)
PEAT

+VN Z ?(p/eN) [b;ﬂaipaq + h.c. |
p,gEAT:
p+q#0

+Hny + &g
with Eg satisfying
(6806 < C(N'/27 4 N~ 10w M) ) Vs + 1126l
+ON| (N + 1))

fora>1, and N € N sufficiently large.


http://creativecommons.org/licenses/by/4.0/
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Proof of Prop. 1. The proof of Prop. 1 follows from the analysis performed in
[16, App. A], where we establish properties of the operators g](;) = e‘BE%)eB.
Recombining the results of [16, Prop. 13-16] we have

(0)

<)

Gy = (N + Ny —1) (N = Ny

+Z77p

*
pGA+

~ ‘

. 1 .
Py + NV(p/eN) + 2 Z V(T/eN)np+r:|
pTJrerA?fO

X(N—N+><N—N+—1)

N N
~ . N

+K+ N Z V(p/eN)apap (1 — ﬁ)

pEAL

1 > * 7 %
+ Z |:p Np + — V(p/e )+ 5 Z V(T/eN)anrr :| (bpb—p + bpb*p)
pGA* reEA*: p+r#0

+\F Z Vip/e™) [bprqaipaq +he |+ Vv + & (A4)

qEAY : p+q#0

with K and Vy defined in (2.5), and where
(&, €8] < ONV22HPE N[N + 1)Y%E) + ON' (W + 1)M2¢]

for any a > 1 and £ € }"EN. With the scattering equation (2.15), we rewrite

S w[pm NV s S T/ ]

PEAT rEA*: pHr£0

N _
= > m»[; (p/e™) + Ne*™ \exe(p)
PEA*
+eVA Y Relp — @)y **V(p/e) }
qeEA*

With the bounds [e¥A,| < CN?1, [ < CN~ and [ 1] = el <
17| < CN~%, we estimate

‘emke > xulp- q)mmp’ < CN**(|lxell + [1Re %) Inll < CN™.

pEAT, gEA™

On the other hand, using that ZPE,\:
[no] < CN2* (see Lemma 2.2), we have

V(p/eM)|/Ip|> < CN and the bound

1 5 —2«
‘5 > Vp/eNmymo| < CN'2e
pEAi
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Finally, by the definition (2.12) of 7, and using again |no| < CN~2@
(since we need to add the zero momentum mode), we rewrite

2 Z V(p/e™) ( (-/e) fN,z)(O)ff/(O))wQ

peA*

with +& < CN1=2% With (2.13) We conclude that

ZﬁpPWpJFNV(p/e Z Vr/e 77p+7":|<N;VN+)<N_/]\V[+_1)
p€1\ reA*
p+r€A+
-1 [W-/eN) « ) (0) = V(O)] (N = Ny = 1) (N~ N)
+ Z wN ’I7p + &3 (A5)
pEA*

where £ < CN'72%, Using again (2.15), the fourth line of (A.4) reads:

> [pznw;v%/eNH; )Y V(r/eNmpM}(bpb_ﬁbpb)

peAj_ reA*: p+7‘€Aj_
1
=§:wahm N Y Relp—a)m 2(M6)}@#2+%L@.
pEAT qEA*

(A.6)
Vip/eM)|/Ip]?

We focus on the last two terms on the r.h.s. of (A.6). With >
< CN and || < CN~22 (from Lemma 2.2), we have

pGA_j_

| > Ve mo (b7, + brboy)

\
peEA?,

~ Nup]1/2 1/2
gozv-h{z VW)'} [sznapa?} I+ 1))

peA] p PEA]
< ON'222K 2| (W + 1))
The second term on the right hand side of (A.6) can be bounded in position

space:

(€ A0 3 R mD)bbE, +byby)6)|

pGAj
< ON= N+ 1)) [ dady e = )it =)

W5+ 1) 720,
1/2

< ON°TH(W +1)2%¢] U ddy xe(w —y) N5 + 1) 2aga,6)
A2
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The term in parenthesis can be bounded as (see [16, Eq. (80)] for details)
[ deduxita = IV + 1) R, 6lR < Can Rl i g
for any ¢ > 2 and 1 < ¢’ < 2 with 1/¢+1/¢’ = 1. Choosing ¢ = log N, we get
(€0 > (RexmB)ORH, + byb-p)E)

pEAL
< ON~Hlog N)Y2[|(Ny + 1)1 %€

Combining the previous bounds with (A.6) and using the definition (2.13) we
obtain:

2.

N ~ 1 ~ . x
P+ 5V(P/6N) + 5 Z V(T/eN)Werr] (bpb—p +byb_yp)

peAL re A
p+re Al
1 -~ * 7%
=5 2. v (bpbr, + bpb—p) + & (A7)
pEAT
with

(6,£46)] < ON " (log N) /2 -+ 1)1 /2] /%]
if @« > 1. Combining (A.4) with (A.5) and (A.7) we conclude the proof of
Prop. 1. -

We are now ready to complete the proof of Prop. 2.4; to this end, we

have to control the action of the cubic conjugation e.

Proof of Proposition 2.4. The proof is based on [16, Sec. 6], except for a few
changes that we describe below. We decompose

Gy =ON+K+ 2y +Cn +Vn +&
with K and Vy as in (2.5), & as in (A.3), and with

O = 5 (V) Fx) O =1 (1= ) 5 3 Bvtomy
+ [2N70) - F T/ s PO N (1-5F)
Zy = ;pg O (p)(bypb_p + hic.)

Cv=vVN > V(p/e") by a0, +he] .
P,q€AY :p+q#0

Here, we take advantage of the analysis in [16, Sec. 6] where properties of
e_A(ON +Zyv+CNn+ K+ VN)eA were established, with

Oy = %@N(O)(N —1) (1 - A]Q*) + [2Nx7(0) — ;@N(O)] Ny <1 - Aj&) .
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In fact, since the operators Oy and (5N only differs for _some conszant terms
and for the fact that @y (0) in Oy is replaced by N( (-/eN) % fn,.)(0) in

On, one can easily check that the analysis of [16, Sec. 6] also apply here. One
conclude (see [16, Sec. 6.6]):

e_A(éN + 2y +Cn+ K+ VN)eA
N o N n N+ ~
ZQWHeMMA@W;UO_N>+22)W@%
pGAj

5 (T s o) O (1- )

+ on(0) Z apyayp (1 — %) + % Z On(p) [bpb*, + bpb_p]

pEAT pEAL

1 ~ *
+ Vi Z On(r)[brya’ ay +he] +Hy + 57(31)
7',UEA1:
r#—uv
with
+ &Y < CN"V2(log N)2(Hy +1) (A.8)

for any o > 5/2 and N sufficiently large. To conclude, we note that with
Lemma 2.3,

e 4Ege” < C(log N)Y2e (N 2Hy + NV2(N; +1))e?

< C(log N)'2(N~V2(Hy + 1) + N"Y2(N; + 1))
which together with (A.8) leads to (2.20) and (2.21). O
Finally, we show Lemma 5.1, which is used in Sect. 5 to localize in the

number of excitations and to prove lower bounds on the spectrum of the exci-
tation Hamiltonian.

Proof of Lemma 5.1. For simplicity, we omit the argument of the functions
fau(NVy) and gpar (VL) From a direct computation, we find

Gn — EX® = far(Gn — EX°) far + 9n (Gn — EXN®)gnr + En
with
1
Em = 5([fM7 (3, G 1)+ (g [gM,QN]]).
From (A.2), we find 1(With h either f or g)
[ha, [har, O8] = 5 > Gn@)[hars [har, (byb—p + hec.)]]
PEATL
+VN ST V/e) b, b (B0t a0 + hc)]
p,q € AT :
p+q#0
+[har, [har, Eg]] (A.9)
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since all the other terms commute with A ;. For the commutator with the
error term &g, satisfying the bound in Eq. (A.3), one can argue as in [7, Prop.
4.2], and deduce that

(€, [hars [har, E61] €)| < CM T2 (N'=* + N~ (log N)'/?)
P12 €N N + D)2

for any « > 1. The point here is that the proof of (A.3) is based on an expan-
sion of £ in a sum of terms given by products of creation and annihilation
operators, whose commutator with Ay has exactly the same form, up to a
constant (given by the difference between the number of creation and anni-
hilation operators in the term). Thus, each contribution to the commutator
can be estimated as the corresponding term in the expansion for & (the only
difference is that terms where the number of creation operators match the
number of annihilation operators do not contribute to the commutator).

As for the quadratic off-diagonal term appearing in (A.9) we have

peAL
(A.10)

Since the commutators of N with this term is proportional to the off-diagonal
term itself, it follows that the bound in (A.10) also holds for the commutator
with ks, multiplied by a factor M ~2||1||2,. The same argument holds for
the cubic term appearing in the first line on the r.h.s. of (A.9). Indeed, we can
bound it in position space as

‘<§7 VN § V(P/eN)(b;Jrqa*,paq +h.c.)§)
P,gEAT:
p+q#0

<vN / drdy 2NV (N (z — y)llasayé||asgl| < OVN V€IV %e]l.

This implies (5.7). O

B. Properties of the Scattering Function

For a potential V' with finite range Ry > 0 and scattering length a, and for a
fixed R > Ry, we establish properties of the ground state fr of the Neumann
problem

(= A+ V(@) Fn@) = An fula) (B.1)

on the ball |z| < R, normalized so that fr(xz) = 1 for |z| = R. Lemma 2.1,
parts (i)—(iv) follows by setting R = eV N~/ in the following lemma.

Lemma B.1. Let V € L3(R?) be non-negative, compactly supported and spher-
ically symmetric, and denote its scattering length by a. Fiz R > 0 sufficiently
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large and denote by fr the Neumann ground state of (B.1). Set wgr =1 — fg.
Then we have

0< fr(z)<1. (B.2)

Moreover, for R large enough there is a constant C' > 0 independent of R such
that

2 3 1 C 1
M ot (1t | < gy ®9
and
47 1 C
[ e V@rn) - i (1 " 2log<R/a>>‘ gk Y
Finally, there exists a constant C > 0 such that
(o) < x(le] < o) + € P (R < 2 < )
C (<R (B5)

Ver(@)l < ComTg el 1

for R large enough.

Proof. The proof of Eqgs. (B.2),(B.3) and (B.5) can be found in [16, App. B].
It remains to show Eq. (B.4), which needs to be improved with respect to the
analogous bound provided in [16, Lemma 7]. The starting point for its proof is
the explicit expression for fr, solution to the Neumann problem (B.1), outside
the range of the potential V. For any x € A s.t. Ry < |z| < R one gets (see
[16, Eq. (192)])

2 2 4 2 2
fa(@) =1+ F <210g(R/|:E|) —1+ ;) ~ L log(R/|z]) (1 - ;)‘

< Ceh(loger)?

(B.6)
where €% = ApR%. With the scattering equation (B.1) we write
/de(x)fR(x) =2/ dmAfR(x)+2/ dzAgfr(x).
lz|<R lz|<R

Passing to polar coordinates, and using that Afg(z) = |z|~10,|2|0, fr(x), we
find that the first term vanishes. Hence

/d$ V(z)fr(z) ZQAR/dfo(CU)-

With Eq. (B.6), denoting
rt R

h(r) = 2log(R/r) = 1+ 15 — L log(R/r) (; - ;2)

and noting that

R 1
h(r)rdr :/ h(Rr)R*rdr
Ry RO/R
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1

2
{;2( rley — 2% + 4 (chr® +ef — 8)logr+8r2))]
Ro/R

we find
/de(x)fR(x) :477)\3/ drr( r) + O(ek| log | ))
7R
8

— 9mAR (32 — R 4 o(ed] 10g5R|2))

= log?;/a) (1+ Zlog(;:/a) i 0<10g2<13/a) )

. (1 B ilog(%/a) + O(log2(1R/a)))
47 1 1
~ log(R/a) (1 T log(R/a) O<1Og2( R/a)»

where in the third line we used (B.3). This concludes the proof of (B.4). O
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