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The Excitation Spectrum of
Two-Dimensional Bose Gases in the
Gross–Pitaevskii Regime

Cristina Caraci, Serena Cenatiempo and Benjamin Schlein

Abstract. We consider a system of N bosons, in the two-dimensional
unit torus. We assume particles to interact through a repulsive two-
body potential, with a scattering length that is exponentially small in
N (Gross–Pitaevskii regime). In this setting, we establish the validity of
the predictions of Bogoliubov theory, determining the ground state energy
of the Hamilton operator and its low-energy excitation spectrum, up to
errors that vanish in the limit N → ∞.

1. Introduction

In the past decades, Bose–Einstein condensates (BEC) have emerged as impor-
tant quantum systems, in view of the precision and flexibility with which
they can be manipulated. Experiments on thin films [5] or in highly elongated
magnetic and pancake-shaped optical traps (see e.g., [11, Sect. 1.6]) have also
pushed forward the study of BEC in low-dimensional systems. As a matter
of fact, dimensionality plays a crucial role in situations where spontaneous
symmetry breaking of continuous symmetries occurs [23,30]. Hence, it is not
surprising that equilibrium properties of the two-dimensional Bose gas exhibit
significant differences compared with the three-dimensional case (see e.g., [27,
Chapter 3], [35, Chapter 23], [17]).

In this paper, we are interested in the low energy spectrum of two dimen-
sional dilute Bose gases, describing systems where both the quantum and
thermal motions are frozen in one direction (see [10,36] for a discussion of
regimes where the confined system has rather a three-dimensional charac-
ter). In particular, we consider N bosons moving in the two-dimensional box
Λ = [−1/2; 1/2]2, with periodic boundary conditions (the two-dimensional unit
torus) and described by the Hamilton operator
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HN =
N∑

j=1

−Δxj
+

N∑

i<j

e2NV (eN (xi − xj)), (1.1)

acting on the Hilbert space L2
s(Λ

N ), the subspace of L2(ΛN ) consisting of
functions that are symmetric with respect to permutations of the N particles.
Here V is a non-negative, compactly supported and spherically symmetric
two body potential. The form of the scaled interaction VN (x) = e2NV (eNx)
is chosen so that the scattering length of VN is equal to e−Na, with a the
scattering length of V . Indeed in two dimensions and for a potential V with
finite range R0 the scattering length is defined by

2π

log(R/a)
= inf

φ

∫

BR

[
|∇φ|2 +

1
2
V |φ|2

]
dx (1.2)

where R > R0, BR is the disk of radius R centered at the origin and the
infimum is taken over functions φ ∈ H1(BR) with φ(x) = 1 for all x with |x| =
R (see for example [27, Sect. 6.2]). In the scaling limit defined by (1.1), known
as the two-dimensional Gross–Pitaevskii regime, we provide an expression for
the ground state energy and the low-energy excitation spectrum, up to errors
vanishing as N → ∞, validating the predictions of Bogoliubov theory [9]. In
particular we exhibit a proof of the linear dependence of the dispersion of
low-lying excitation at low-momenta, a fact which is interpreted in the physics
literature as a signature for superfluidity.

Remark that, rescaling lengths, the two-dimensional Gross–Pitaevskii
regime can be interpreted as describing an extended Bose gas (of particles
interacting through the unscaled potential V ) at a density that is exponen-
tially small in N . While the exponential smallness of the density (or, equiva-
lently, of the scattering length) makes it difficult to directly apply our results to
physically relevant situations, it should be stressed that the Gross–Pitaevskii
regime provides a first example of scaling limit in which peculiarities of two-
dimensional systems can be observed.

The following theorem is our main result.

Theorem 1.1. Let V ∈ L3(R2) be non-negative, compactly supported and
spherically symmetric. The ground state energy EN of the Hamiltonian HN

defined in (1.1) is such that, as N → ∞,

EN = 2π(N − 1) + π2a2

+
1
2

∑

p∈Λ∗
+

[√
|p|4 + 8πp2 − p2 − 4π +

(4π)2

2p2

(
1 − J0(|p|a))

]

+O(N− 1
10+δ) (1.3)

for any δ > 0. Here, we use the notation Λ∗
+ = 2πZ

2\{0} and J0 indicates
the zero-th order Bessel function of the first kind (taking into account that
J0(r) ∼ r−1/2 as r → ∞ and expanding

√|p|4 + 8πp2 for large |p|, it is easy
to check that the sum on the second line converges).
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Moreover, the spectrum of HN − EN below a threshold ζ > 0 consists of
eigenvalues having the form

∑

p∈Λ∗
+

np

√
|p|4 + 8πp2 + O(N− 1

10+δ(1 + ζ17)) (1.4)

for any δ > 0. Here np ∈ N for all p ∈ Λ∗
+, and np �= 0 for finitely many

p ∈ Λ∗
+ only.

Remarks. (i) To keep our analysis as simple as possible, we restrict our atten-
tion to bosons moving in the two-dimensional unit torus. Our results
could be extended to more general trapping potentials, combining the
proof of Theorem 1.1 with ideas from [14,15,32,33], recently developed
in the three-dimensional setting.

(ii) To leading order, the first rigorous computation of the ground state
energy of a dilute two-dimensional Bose gas has been obtained in [28].
In this paper, the authors considered a system of N particles, moving in
a box with side length L and interacting through a two-body potential
with scattering length a. In the thermodynamic limit N,L → ∞ at fixed
density ρ = N/L3, they considered the ground state energy per particle,
e(ρ), and they proved that

∣∣∣e(ρ) − 4πρ

| log(ρa2)|
∣∣∣ ≤ Cρ

|log(ρa2)|6/5
.

Translating to the Gross–Pitaevskii regime (where ρ = N and the scat-
tering length is given by e−Na), this bound implies that

EN =
4πN2

| log(Ne−2Na2)|
[
1 + O(N−1/5)

]
(1.5)

which is consistent with the leading order term in (1.3). The estimate
(1.5) has been extended to general trapping potentials in [25]. Recently,
also the free energy of a two-dimensional dilute Bose gas at positive tem-
perature has been computed to leading order in [18,29] (thermodynamic
limit) and in [19] (Gross–Pitaevskii regime).

(iii) It is interesting to compare our bound (1.3) with the second order approx-
imation of the energy per particle in the thermodynamic limit, given by

e(ρ) = 4πρ b
(
1 − b| log b| +

(1
2

+ 2γ + log π
)
b + o(b)

)
(1.6)

with b = | log(ρa2)|−1 and where γ = 0.577.. is Euler’s constant. This
expression, first predicted in [2,31,34], has been recently proved, for all
positive potentials with finite scattering length, in [20] (partial results
have been previously obtained in [21], restricting the analysis to quasi-
free states). In the Gross–Pitaevskii limit, where ρ = N and b = (2N −
log N − log a2)−1, one can check that (1.6) is consistent with (1.3) (in
the thermodynamic limit, the lattice spacing in Λ∗ tends to zero, and the
sum over p ∈ Λ∗ is replaced by an integral, which is convergent because
limr→0 J0(r) = 1).
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(iv) It is interesting to observe that (1.3) and (1.4) only depend on the inter-
action potential through the term π2a2 and the argument of the Bessel
function J0 in the expression for the ground state energy. Observing that
the quantity

−2π log(�/a) + π2�2 − 4π2
∑

p∈Λ∗
+

J0(�|p|)/p2

is independent of the choice of � > 0 (see the end of the proof of Prop. 4.3),
we could also rewrite

EN = 2π(N − 1) + 2π log a + π2

+
1
2

∑

p∈Λ∗
+

[
√

|p|4 + 8πp2 − p2 − 4π +
(4π)2

2p2

(
1 − J0(|p|))

]

up to errors O(N−1/10+δ), making the logarithmic form of the depen-
dence of EN on a explicit. If we replace the potential e2NV (eN .) in (1.1)
with an interaction having scattering length a

(R)
N = e−N/Ra, for some

R > 0, the estimates in Theorem 1.1 would depend on R; in particular
(1.3) would read

E
(R)
N = 2πR(N − 1) + πR2 log R + π2a2R

+
1
2

∑

p∈2πZ2\{0}
×
(√

p4 + 8πRp2 − p2 − 4πR

+
(4πR)2

2p2

(
1 − J0(|p|a/

√
R)

))

and the dispersion of the low-energy excitations would be given by ε(R)(p)
=

√
p4 + 8πR p2. Approximating the sum with an integral (in the limit

of large R, after replacing the variable p with p/
√

R), this leads to

E
(R)
N 
 2πRN + πR2

[1
2

+ 2γ + log
(
πRa2/2

)]

which is perfectly consistent with the formula (1.6) obtained in the ther-
modynamic limit.

(v) The assumptions on V are technical; the result is expected to hold true for
any positive interaction with finite scattering length (in particular bounds
compatible with (1.3) and upper bounds matching (1.4) for hard core
interactions can be obtained following [3,20]) and also, more generally,
for a certain class of (not necessarily non-negative) potentials having
positive scattering length. The condition V ∈ L3(R2) is used to show
some properties of the solution of the scattering equation, in Lemma 2.1.
The restriction to V ≥ 0 is used to discard certain error terms, when
proving lower bounds for the eigenvalues of (1.1).

The proof of Theorem 1.1 is based on Fock space methods, recently devel-
oped in the three-dimensional setting, to study the dynamics of Bose–Einstein
condensates [4,13] and to investigate the equilibrium properties of dilute gases
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in the Gross–Pitaevskii regime. In particular, these techniques led to the verifi-
cation of the predictions of Bogoliubov theory for the ground state energy and
the excitation spectrum of three-dimensional Bose gas in the Gross–Pitaevskii
regime, confined on the unit torus [8,22] or by more general trapping potentials
[15,33].

The starting observation is that, in order to investigate the low-energy
properties of Bose gases, it is convenient to factor out the Bose–Einstein con-
densate and to focus on its orthogonal excitations. This suggests to introduce
a unitary transformation UN , mapping the N -particle Hilbert space L2

s(Λ
N )

into the truncated bosonic Fock space

F≤N
+ =

N⊕

n≥0

L2
⊥(Λn) =

N⊕

n≥0

L2
⊥(Λ)⊗sn (1.7)

constructed over the orthogonal complement L2
⊥(Λ) of the condensate wave

function ϕ0 (defined by ϕ0(x) = 1, for all x ∈ Λ). On the Hilbert space F≤N
+ ,

we introduce the excitation Hamilton LN = UNHNU∗
N , given by the sum of a

constant and of terms that are quadratic, cubic and quartic in (appropriately
defined) modified creation and annihilation operators (see (2.3)). In the very
spirit of the Bogoliubov approximation, we aim at reducing LN to a quadratic
(and therefore diagonalizable) Hamiltonian, up to error terms vanishing in the
limit of large N . To achieve this goal, we conjugate LN with suitable unitary
operators, modeling the correlation structure created by the singular two-body
interaction.

The main input for our analysis are the recent results of [16], proving a
bound of the form

2πN − C ≤ EN ≤ 2πN + C log N (1.8)

for the ground state energy and, most importantly, showing that the ground
state and low-energy states of (1.1) exhibit complete Bose–Einstein conden-
sation, with at most order log N excitations. This estimate is used here to
show that several error terms, emerging from the unitary conjugations can be
neglected.

While this strategy is similar to the one used in the three-dimensional
setting (see, for example, [6,8,12,15,22,33]), the choice of the appropriate uni-
tary transformations and their action strongly depend on the specific problem
under consideration.

Compared with the three-dimensional setting, a first important difference
we have to face to prove Theorem 1.1 is the fact that, in the two-dimensional
Gross–Pitaevskii regime, correlations among particles are much stronger. This
can already be seen by noticing that the expectation of (1.1) on factorized
states is of the order N2, in the limit of large N . Hence, correlations among
particles are responsible for reducing the ground state energy of (1.1) to a
quantity of order N . As a consequence, some additional care is required when
studying the action of quadratic and cubic transformations that generate the
correlation structure characterizing low-energy states. In particular, since cubic
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terms in the Hamilton operator carry large contributions to the energy (grow-
ing with N , as N → ∞) we are not able to prove a-priori bounds on moments
of the number of excitations (nor on products of the energy with moments
of the number of excitations operator), which were important in the three
dimensional setting [8]. To overcome this problem, we are going to apply a
localization on the number of particle argument (similarly to the one recently
exploited in [22,33]), combined with a-priori bounds on the energy of the exci-
tations. A second important difference, compared with the three-dimensional
setting, is that even after quadratic and cubic conjugations, the quartic part
VN of the (renormalized) excitation Hamiltonian is not negligible on uncorre-
lated states. While this is not a problem for the derivation of lower bounds
(VN is the restriction of the potential energy on the orthogonal complement
of ϕ0; therefore, it is non-negative), it affects the proof of upper bounds for
the eigenvalues of HN . To circumvent this problem, we need to implement
an additional unitary transformation, defined by the exponential of a quartic
expression in creation and annihilation operators. Through this quartic con-
jugation, we eliminate the low-momentum part of VN . This allows us to show
upper bounds for the ground state energy and for low-energy excited eigenval-
ues of HN using uncorrelated states with low-momenta. This part is the main
novelty of our work. We remark that unitary operators given by the exponen-
tial of quartic expressions in creation and annihilation operators have already
been used in three dimensions in [1]. The action of the quartic operators used
here, however, is quite different. In particular, they renormalize the interaction
up to contributions which are only negligible on suitable low-momentum states
(we will use such low-momentum states as trial states, to prove upper bounds
on the eigenvalues of (1.1)).

The plan of the paper is as follows. In the next section, we introduce
the formalism of second quantization and the map UN , factoring out the con-
densate. Moreover, we define the quadratic transformation eB and the cubic
transformation eA that allow us to approximate the renormalized excitation
Hamiltonian RN = e−Ae−BLNeBeA by the sum of a quadratic Hamiltonian
and of the quartic term VN . The action of the unitary operators eB , eA, the
properties of RN and their implications for Bose–Einstein condensation in low-
energy states of (1.1) are discussed in Sect. 2. Up to this point, the analysis is
similar to [16] (some adaptation is still required, because we need here slightly
stronger bounds, compared with those established in [16]; for example we need
an estimate for the energy of excitations, not only for their number). The real
novelty of the present paper is in Sects. 3–5, where we show how to extract
order one contributions to the ground state energy (to go from (1.8) to the
much more precise estimate (1.3)) and to compute low-energy excitations. In
Sect. 3, we introduce the quartic conjugation eD and we show how it can be
used to get rid of the low-momentum part of VN . In Sect. 4, we diagonalize
quadratic Hamiltonians that have been derived in Sect. 2 and in Sect. 3 (we
will work with two different quadratic Hamiltonians, one for the upper bounds,
one for the lower bounds). The results from Sects. 2–4 are combined in Sect. 5
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to complete the proof of Theorem 1.1; for the proof of the lower bounds, we
apply here a localization argument.

2. The Renormalized Excitation Hamiltonian

We are going to describe excitations of the Bose–Einstein condensate on the
truncated Fock space F≤N

+ =
⊕N

n=0 L2
⊥ϕ0

(Λ)⊗sn constructed on the orthogo-
nal complement of the zero-momentum orbital ϕ0(x) = 1 for all x ∈ Λ. As first
observed in [24], we can define a unitary map UN : L2

s(Λ
N ) → F≤N

+ by requir-
ing that UNψN ={α0, α1, . . . , αN}, with αj ∈L2

⊥(Λ)⊗sj for all j =0, 1, . . . , N , if

ψN = α0ϕ
⊗N
0 + α1 ⊗s ϕ

⊗(N−1)
0 + · · · + αN .

By definition, UNψN ∈ F≤N
+ describes the orthogonal excitations of the con-

densate, in the many-body state ψN .
For any p, q ∈ Λ∗

+ = 2πZ
2\{0}, we find (see [24, Prop. 4.2])

UN a∗
0a0 U∗

N = N − N+

UN a∗
pa0 U∗

N = a∗
p

√
N − N+ =:

√
Nb∗

p

UN a∗
0ap U∗

N =
√

N − N+ ap =:
√

Nbp

UN a∗
paq U∗

N = a∗
paq

(2.1)

where N+ =
∑

p∈Λ∗
+

a∗
pap is the number of particles operator on F≤N

+ and
where we introduced modified creation and annihilation operators b∗

p, bp on
F≤N

+ , satisfying

[bp, b
∗
q ] =

(
1 − N+

N

)
δp,q − 1

N
a∗

qap

[bp, bq] = [b∗
p, b

∗
q ] = 0

[bp, a
∗
qar] = δp,qbr[b∗

p, a
∗
qar] = −δp,rb

∗
q (2.2)

for all p, q ∈ Λ∗.
With UN , we define the excitation Hamiltonian LN := UNHNU∗

N , acting
on a dense subspace of F≤N

+ . Expressing (1.1) in second quantized form and
using (2.1), we find

LN = L(0)
N + L(2)

N + L(3)
N + L(4)

N (2.3)

where

L(0)
N =

1
2
V̂ (0)(N − 1)(N − N+) +

1
2
V̂ (0)N+(N − N+)

L(2)
N = K + N

∑

p∈Λ∗
+

V̂ (p/eN )
[
b∗
pbp − 1

N
a∗

pap

]

+
N

2

∑

p∈Λ∗
+

V̂ (p/eN )
[
b∗
pb

∗
−p + bpb−p

]

L(3)
N =

√
N

∑

p,q∈Λ∗
+: p+q 	=0

V̂ (p/eN )
[
b∗
p+qa

∗
−paq + a∗

qa−pbp+q

]
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L(4)
N = VN . (2.4)

Here, we defined the Fourier transform of V by

V̂ (k) =
∫

R2
V (x)e−ik·xdx

for all k ∈ R
2, and we introduced the notation

K =
∑

p∈Λ∗
+

p2a∗
pap, VN =

1
2

∑

p,q∈Λ∗
+,r∈Λ∗:

r 	=−p,−q

V̂ (r/eN )a∗
p+ra

∗
qapaq+r

(2.5)

for the kinetic and potential energy operators, restricted to the orthogonal
complement of the condensate wave function. In the rest of the paper, we are
going to use the notation HN = K + VN .

The Hamilton operator LN is the starting point for our analysis. As
discussed in the introduction, we are going to conjugate LN by suitable unitary
operators to extract large contributions to the energy that are still hidden in
L(3)

N ,L(4)
N . To construct these unitary operators, we consider the ground state

solution f� of the eigenvalue problem
(

− Δ +
1
2
V (x)

)
f�(x) = λ� f�(x) (2.6)

on the ball |x| ≤ eN �, satisfying Neumann boundary conditions and normalized
so that f�(x) = 1 for |x| = eN � (for simplicity we omit here the N -dependence
in the notation for f� and for λ�). We will later choose � = N−α with α > 0
so that e−N 
 � 
 1. The next Lemma (proven in Appendix B) collects
properties of f�, λ� that will be important for our analysis.

Lemma 2.1. Let V ∈ L3(R2) be non-negative, compactly supported (with range
R0) and spherically symmetric, and denote its scattering length by a. For any
0 < � < 1/2, N sufficiently large, let f� denote the solution of (2.6). Then

1. ([i)]

0 ≤ f�(x) ≤ 1 ∀ |x| ≤ eN �. (2.7)

(ii) We have
∣∣∣∣λ� − 2

(eN �)2 log(eN �/a)

(
1 +

3
4

1
log(eN �/a)

)∣∣∣∣ ≤ C

(eN �)2
1

log3(eN �/a)
.

(2.8)

(iii) There exist a constant C > 0 such that
∣∣∣∣
∫

dx V (x)f�(x) − 4π

log(eN �/a)

(
1 +

1
2 log(eN �/a)

)∣∣∣∣ ≤ C

log3(eN �/a)
.

(2.9)
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(iv) Let w� = 1 − f�. Then there exists a constant C > 0 such that

|w�(x)| ≤
{

C if |x| ≤ R0

C log(eN �/|x|)
log(eN �/a)

if R0 ≤ |x| ≤ eN �

|∇w�(x)| ≤ C

log(eN �/a)
1

|x| + 1
for all |x| ≤ eN �.

We rescale the solution of (2.6), setting fN,�(x) := f�(eNx) for |x| ≤ �,
and fN,�(x) = 1 for x ∈ Λ, with |x| > �. Then

(
−Δ +

e2N

2
V (eNx)

)
fN,�(x) = e2Nλ�fN,�(x)χ�(x) (2.10)

with χ� denoting the characteristic function of the ball |x| ≤ �. Setting wN,� =
1 − fN,�, we find wN,�(x) = w�(eNx), if |x| ≤ �, and wN,�(x) = 0, if x ∈ Λ
and |x| ≥ � (recall, from Lemma 2.1, that w� = 1 − f�). We can then define
η̌ : Λ → R as

η̌(x) = −NwN,�(x) = −Nw�(eNx), (2.11)

with Fourier coefficients

ηp = −NŵN,�(p) = −Ne−2N ŵ�(p/eN ). (2.12)

Notice that ηp ∈ R (from the radial symmetry of f�). To express the scattering
equation (2.10) in terms of the coefficients ηp, it is useful to introduce the
function ωN ∈ L∞(Λ), defined through the Fourier coefficients

ω̂N (p) = 2Ne2Nλ�χ̂�(p) = gN χ̂(�p), gN = 2Ne2N �2λ� (2.13)

for all p ∈ Λ∗
+ (here χ̂�(p) and χ̂(p) denote the Fourier coefficients of the

characteristic functions of the ball of radius � and one respectively, and we
used that χ̂�(p) = �2χ̂(�p)). Again, we find ω̂N (p) ∈ R (by radial symmetry of
χ�). In the next lemma, we list some properties of η̌ and of ωN .

Lemma 2.2. Let V ∈ L3(R2) be non-negative, compactly supported and spheri-
cally symmetric, and denote its scattering length by a. For any 0 < � < 1/2, N
sufficiently large, let η̌ and ωN be defined as in (2.11) and (2.13), respectively.
Then, we have |η0| ≤ C�2 and ω̂N (0) = πgN with |gN | ≤ C, uniformly in N .
More precisely, we find

∣∣ω̂N (0) − N‖V f�‖1

∣∣ ≤ CN−1. (2.14)

Moreover, we have ω̂N (p) ≥ 0 for all p ∈ Λ∗
+ with �|p| ≤ 1 and the pointwise

bounds

|ηp| ≤ C

p2
, |ω̂N (p)| ≤ C min

{
1,

1
(�|p|)3/2

}

for all p ∈ Λ∗
+. We also have the estimates

‖η‖2
2 = ‖η̌‖2 ≤ C�2, ‖η̌‖2

H1
≤ CN.

Finally, for every p ∈ Λ∗
+, we can write (2.10) as

p2ηp +
N

2
(
V̂ (./eN ) ∗ f̂N,�

)
=

1
2
(
ω̂N ∗ f̂N,�

)
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or, equivalently, as

p2ηp +
N

2
V̂ (p/eN ) +

1
2

∑

q∈Λ∗
V̂ ((p − q)/eN )ηq

=
1
2
ω̂N (p) +

1
2N

∑

q∈Λ∗
ω̂N (p − q)ηq. (2.15)

Proof. The bounds for |η0|, |ηp|, ‖η‖2, ‖η̌‖H1 have been established in [16,
Sect. 3]. The bounds for ω̂N (0) are a direct consequence of Lemma 2.1 (in
particular, of parts (ii) and (iii)). To prove that ω̂N (p) ≥ 0 for p ∈ Λ∗

+ with
�|p| ≤ 1 and to show the estimate for |ω̂N (p)|, we observe that, denoting by
J1 the Bessel function of the first kind of order 1,

χ̂�(p) = �2χ̂(�p) = 2π�
J1(�|p|)

|p| (2.16)

From 0 ≤ J1(r) ≤ Cr for all 0 ≤ r ≤ 2, |J1(r)| ≤ Cr−1/2 for all r ≥ 1, we
obtain the claim. �

As mentioned above, we choose � = N−α so that ‖η‖2, |η0| ≤ CN−2α

will be small factors. With the coefficients ηp, introduced in (2.12) we define,
following [16], the antisymmetric operators

B =
1
2

∑

p∈Λ∗
+

ηp

(
b∗
pb

∗
−p − h.c.

)
(2.17)

and

A =
1√
N

∑

p,v∈Λ∗
+

ηp

(
b∗
p+va∗

−pav − h.c.
)
. (2.18)

We will consider the unitary operators eB and eA. For our analysis, it will
be important to control the growth of number of particles and energy with
respect to the action of eB , eA; the following lemma is proven in [16, Sect. 3-4].

Lemma 2.3. Suppose that B,A are defined as in (2.17) and (2.18). Then, for
any k ∈ N there exists a constant C > 0 (depending on k) such that

e−B(N+ + 1)keB , e−A(N+ + 1)keA ≤ C(N+ + 1)k.

Moreover, we also have the following bound for the growth of the energy w.r.t.
eA (a similar estimate also holds for the action of eB, but we will not need it
in the sequel):

e−sAHNesA ≤ CHN + CN(N+ + 1)

holds true on F≤N
+ , for any α > 0 (recall the choice � = N−α in the definition

(2.12) of the coefficients ηp), for all α ≥ 1, s ∈ [0; 1] and N ∈ N large enough.

With A,B, we define the renormalized excitation Hamiltonian

RN = e−Ae−BUNHNU∗
NeBeA. (2.19)
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In the next proposition, we collect important properties of RN . Part a) isolates
the important contributions to RN ; its proof follows closely the proof of Prop.
4 in [16] and is deferred to Appendix A. Part b) and c), on the other hand,
are consequences of part a) and will be used to show upper and, respectively,
lower bounds on the eigenvalues.

Proposition 2.4. Let V ∈ L3(R2) be compactly supported, pointwise non-
negative and spherically symmetric. Let RN and ω̂N be defined in (2.19) and
(2.13), respectively. Let � = N−α and α ≥ 5/2.

(a) There exists a constant C > 0 such that

RN =
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1)

(
1 − N+

N

)
+

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp

+
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)N+

(
1 − N+

N

)

+ ω̂N (0)
∑

p∈Λ∗
+

a∗
pap

(
1 − N+

N

)
+

1
2

∑

p∈Λ∗
+

ω̂N (p)
[
b∗
pb

∗
−p + bpb−p

]

+
1√
N

∑

r,v∈Λ∗
+:

r 	=−v

ω̂N (r)
[
b∗
r+va∗

−rav + h.c.
]
+ HN + ER (2.20)

where

± ER ≤ CN−1/2(log N)1/2(HN + 1) (2.21)

for N ∈ N sufficiently large.
(b) Let

CR =
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1) +

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp . (2.22)

Let PL be the low-momenta set

PL = {p ∈ Λ∗
+ : |p| ≤ Nα+ν} (2.23)

with ν ∈ (0; 1/2). Let

Q
(L)
R :=

∑

p∈PL

(p2 + ω̂N (p))b∗
pbp +

1
2

∑

p∈PL

ω̂N (p)
[
b∗
pb

∗
−p + bpb−p

]
. (2.24)

Then

RN = CR + Q
(L)
R +

∑

p∈P c
L

p2a∗
pap + VN + E ′

R (2.25)

for an error term E ′
R satisfying

± E ′
R ≤ C

[
N−3ν/2 + N−1/2(log N)1/2

]
(N+ + 1)(HN + 1) (2.26)

on F≤N
+ .

(c) Finally, let ν ∈ (1/6; 1/2) and PL as above; then there exists a constant
C such that for any γ ∈ (0; 1/4) we have
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RN ≥ CR +
∑

p∈PL

(
(1 − CN−γ)p2 + ω̂N (p)

)
b∗
pbp + 1

2Nγ
∑

p∈Λ∗
+\PL

a∗
pap

+
1
2

∑

p∈PL

ω̂N (p)
[
b∗
pb

∗
−p + bpb−p

] − C(log N)Nγ−1(N+ + 1)2 − CN−γ .

(2.27)

Remark. Conjugating with the unitary operators eB and eA, we effectively
replace the interaction V̂ (p/eN ) appearing in (2.4) with the renormalized
potentials (V̂ (./eN ) ∗ f̂N,�) and N−1ω̂N . More precisely, conjugation with eB

renormalizes the off-diagonal quadratic term (second term on the third line of
(2.20)), while the cubic conjugation renormalizes the diagonal quadratic and
the cubic terms. Renormalization arises when combining terms in LN with
contributions from the commutators [B,LN ] and [A,LN ]. At the same time,
this procedure produces new constant terms, reducing L(0)

N in (2.4) (a term
of order N2) to the first line in (2.19) (order N). After renormalization with
eB and eA, the only term in (2.20) still depending on the original potential
V̂ (p/eN ) is the quartic term VN (contained in HN = K + VN ). In contrast
with the three-dimensional setting, VN is here of order one (on uncorrelated
trial states); this is the reason why, to show upper bounds on the eigenvalues
of RN , we will need an additional conjugation, with a quartic phase.

Proof of Proposition 2.4. As explained above, the proof of part (a) is sketched
in Appendix A.

Part (b) follows from part (a). In fact, the cubic term appearing on the
r.h.s. of (2.20) can be estimated by

∣∣∣
1√
N

∑

r, v ∈ Λ∗
+

r �= −v

ω̂N (r)〈ξ, b∗
r+va∗

−ravξ〉
∣∣∣

≤ 1√
N

∑

r, v ∈ Λ∗
+

r �= −v

|ω̂N (r)|‖(N+ + 1)−1/2br+va−rξ‖‖(N+ + 1)1/2avξ‖

≤ 1√
N

[ ∑

r, v ∈ Λ∗
+

r �= −v

|r|2‖(N+ + 1)−1/2br+va−rξ‖2

]1/2

×
[ ∑

r, v ∈ Λ∗
+

r �= −v

|ω̂N (r)|2
|r|2 ‖(N+ + 1)1/2avξ‖2

]1/2

≤ C(log N)1/2

√
N

‖K1/2ξ‖‖(N+ + 1)ξ‖ (2.28)



The Excitation Spectrum of Two-Dimensional

where we used that
∑

p∈Λ∗
+

|ω̂N (p)|
|p|2 ≤ C log N. (2.29)

Moreover, we can write
∑

p∈PL

p2a∗
pap =

∑

p∈PL

p2b∗
pbp + E1 (2.30)

and

ω̂N (0)
∑

p∈Λ∗
+

a∗
pap

(
1 − N+

N

)
=

∑

p∈PL

ω̂N (p)b∗
pbp + E2 (2.31)

for error terms E1, E2 satisfying

± E1, E2 ≤ CN−1(K + 1)(N+ + 1) (2.32)

for all α ≥ 1 (here we used |ω̂N (p) − ω̂N (0)| ≤ C|p|/Nα and also the bound
ω̂N (p) ≤ C, to control the contribution from |p| > Nα+ν).

As for the off-diagonal quadratic contribution associated with momenta
p ∈ P c

L, we find, with Lemma 2.2,
∑

p∈P c
L

|ω̂N (p)|2
p2

≤ C
∑

p∈P c
L

N3α

|p|5 ≤ CN−3ν .

Hence,
∣∣∣∣∣∣
〈ξ,

∑

p∈P c
L

ω̂N (p)bpb−pξ〉
∣∣∣∣∣∣
≤ C

⎡

⎣
∑

p∈P c
L

|ω̂N (p)|2
|p|2

⎤

⎦
1/2 ⎡

⎣
∑

p∈P c
L

p2‖bpξ‖2

⎤

⎦
1/2

×‖(N+ + 1)1/2ξ‖
≤ CN−3ν/2‖K1/2ξ‖‖(N+ + 1)1/2ξ‖. (2.33)

From Eq. (2.28) and Eqs. (2.30)–(2.33), together with the simple bound
∣∣∣
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)

[
(N − 1)N+/N − N+

(
1 − N+/N

)]∣∣∣ ≤ C

N
N 2

+

we obtain (2.25).
Finally, we show part c). Again, we start from (2.20) and we use (2.28)

to bound the cubic term and (2.33) to control the off-diagonal quadratic con-
tribution associated with p ∈ P c

L. Instead of (2.31), we notice that, since
ω̂N (0) > 0,

∑

p∈Λ∗
+

ω̂N (0)a∗
pap

(
1 − N+

N

)
≥

∑

p∈PL

ω̂N (0)b∗
pbp − C

N
N+.

This bound, combined with the observation that, by (2.13),
∣∣∣∣∣∣

∑

p∈PL

(ω̂N (p) − ω̂N (0)) 〈ξ, b∗
pbpξ〉

∣∣∣∣∣∣
≤ CN−α

∑

p∈PL

|p|‖apξ‖2 ≤ CN−α‖K1/2ξ‖2
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and with VN ≥ 0 implies that, for any γ > 0,

RN ≥ CR +
∑

p∈PL

ω̂N (p)b∗
pbp +

1
2

∑

p∈PL

ω̂N (p)
[
b∗
pb

∗
−p + bpb−p

]

+ K − C
[
N−γ + N−3ν/2 + N−1/2(log N)1/2

]
(K + 1)

− log N

N1−γ
(N+ + 1)2 .

Later on, we will need to fix γ < 1/4 to control the error proportional to N 2
+.

With this restriction and for ν ∈ (1/6; 1/2) there exists C such that

RN ≥ CR +
∑

p∈PL

ω̂N (p)b∗
pbp +

1
2

∑

p∈PL

ω̂N (p)
[
b∗
pb

∗
−p + bpb−p

]

+ 1
2Nγ

∑

p∈Λ∗
+\PL

a∗
pap + (1 − CN−γ)

∑

p∈PL

p2a∗
pap

− log N

N1−γ
(N+ + 1)2 − CN−γ .

Here, we divided the kinetic energy into the sum of two operators; in the one
associated with p ∈ Λ∗

+\PL we estimated p2 ≥ Nγ . With a∗
pap ≥ b∗

pbp, we
obtain (2.27). �

As shown in [16, Theorem 1.1], an important consequence of part a)
of Prop. 2.4 is the emergence of Bose–Einstein condensation for low-energy
states, with an optimal control on the number of orthogonal excitations. This
also implies an upper bound for the expectation of the operator HN , on the
excitation vectors associated with low-energy states; this is the content of the
next proposition.

Proposition 2.5. Let V ∈ L3(R2) be non-negative, compactly supported and
spherically symmetric. Let ψN ∈ L2

s(Λ
N ) with ‖ψN‖ = 1 belong to the spectral

subspace of HN with energies below 2πN + ζ, i.e.,

ψN = 1(−∞;2πN+ζ](HN )ψN . (2.34)

Let ξN = e−Ae−BUNψN be the renormalized excitation vector associated with
ψN . Then for any α ≥ 5/2, there exists a constant C > 0 such that

〈ξN , (HN + 1) ξN 〉 ≤ C(1 + ζ)(log N) . (2.35)

Proof. Combining the bounds [16, Eqs. (58)-(59)] for the excitation Hamil-
tonian Reff

N,α defined in [16, Eq. (47)] with the estimate (2.21) (and with the
observation that, by (2.14), |Reff

N,α − (RN − ER)| ≤ C), we conclude that

RN ≥ 2πN +
1
2
HN − C(log N)(N+ + 1)

for any α ≥ 5/2 and N large enough. The assumption (2.34), and the definition
of ξN imply therefore that

〈ξN ,HNξN 〉 ≤ 2ζ + C(log N)〈ξN , (N+ + 1)ξN 〉.



The Excitation Spectrum of Two-Dimensional

From the condensation estimate [16, Eq. (61)] and from Lemma 2.3, we con-
clude that

〈ξN ,HNξN 〉 ≤ C(ζ + 1)(log N).

�

3. Quartic Conjugation

From (2.25), it is clear that to prove upper bounds on the eigenvalues of RN ,
we cannot ignore the contributions of VN on the r.h.s. of (2.25). Instead, we
conjugate RN with a quartic phase, which (up to errors that can be neglected)
removes the low-momentum part of VN , leaving us with an operator whose
expectation vanishes on states generated by the action of creation operators
a∗

p, with p ∈ PL, the low-momentum set defined in (2.23). At the end, this will
allow us to show upper bounds for the eigenvalues of RN , making use of trial
states involving only particles with low momentum.

We consider the quartic operator

D := D1 − D∗
1 =

1
4N

∑

r ∈ Λ∗
+, v, w ∈ PL

v �= −r, w �= r

ηr

[
a∗

v+ra
∗
w−ravaw − a∗

wa∗
vaw−rav+r

]

(3.1)

acting on F≤N
+ . Here, ηp is defined as in (2.12) and PL = {p ∈ Λ∗

+ : |p| ≤
Nα+ν}.

Since D commutes with the number of particles operator N+, we trivially
obtain that

e−D(N+ + 1)keD = (N+ + 1)k

for all k ∈ N.
We state now two lemmas that will be shown in the next subsections.

In the first lemma, we control the action of the quartic transformation on the
kinetic energy operator.

Lemma 3.1. Let K and D be defined in (2.5) and in (3.1), respectively, with
α ≥ 5/2 and ν ∈ (0, 1/2). Let κ ∈ N the smallest integer s.t. κ > 4(α+ν−1/2).
Then there exists C > 0 such that

e−DKeD ≤ CK(N+ + 1
)κ+2 (3.2)

for N large enough. Moreover, we find

±
[
e−DKeD − K

]
≤ C

(log N)1/2

N1/2
K(N+ + 1)κ+3 . (3.3)

Remark. Since N+ commutes with D, (3.2) also implies that

e−DK(N+ + 1)jeD ≤ CK(N+ + 1)κ+j+2

for all j ∈ N. In the second lemma, we bound the growth of the potential
energy operator.
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Lemma 3.2. Let VN and D be defined in (2.5) and (3.1), respectively. Fix
α ≥ 5/2, ν ∈ (0, 1/2), and let κ ∈ N be the smallest integer such that κ >
4(α + ν − 1/2). Recalling the definition (2.23) of the set PL, let

V(L)
N =

1
4N

∑

u∈Λ∗,v,w∈PL
u	=−v,w

V̂ (u/eN )
[
a∗

v+ua∗
w−uavaw + h.c.

]
(3.4)

and

V(H)
N = VN − V(L)

N

=
1
2

∑

r∈Λ∗,v∈P c
L

w∈PL
r 	=−v,w

V̂ (r/eN ) a∗
v+ra

∗
w−ravaw

+
1
4

∑

r∈Λ∗,v,w∈P c
L

r 	=−v,w

V̂ (r/eN ) a∗
v+ra

∗
w−ravaw + h.c. (3.5)

Then, we have

e−DVNeD = V(H)
N + EVN

(3.6)

where

±EVN
≤ CNν−1/2(log N)1/2K(N+ + 1)κ+4

for all N ∈ N large enough.

Using the last two lemmas, we can describe the action of the quartic trans-
formation on the renormalized excitation Hamiltonian RN . Our goal consists
in proving that, on low-momentum states, the operator e−DRNeD is given,
up to negligible errors, by a quadratic Hamiltonian which will be later diago-
nalized in Prop. 4.3.

Proposition 3.3. Let RN be defined as in (2.25) and D defined as in (3.1) with
α ≥ 5/2 and ν ∈ (0, 1/2). Let CR and Q(L)

R be defined in (2.22) and (2.24),
respectively. Suppose that ξL ∈ F≤N

+ is such that apξL = 0, for all p ∈ P c
L,

with the low-momentum set PL defined as in (2.23). Then, we have
∣∣∣
〈
ξL, e−D RNeDξL

〉 − 〈
ξL,

(
CR + Q(L)

R
)
ξL

〉∣∣∣ ≤ C
[
N−3ν/2 + Nν−1/2(log N)1/2

]

× 〈ξL, K (N + 1)κ+5ξL〉 (3.7)

where κ ∈ N is the smallest integer s.t. κ > 4(α + ν − 1/2) and N ∈ N is large
enough.

Proof. From (2.25), we can write

RN = CR + Q̃(L)
R + K + VN + ẼR

where

Q̃
(L)
R := Q(L)

R −
∑

p∈PL

p2b∗
pbp =

∑

p∈PL

ω̂N (p)
[
b∗
pbp +

1
2
(
b∗
pb

∗
−p + bpb−p

)]
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and

±ẼR ≤ C
[
N−3ν/2 + N−1/2(log N)1/2

]
(HN + 1)(N+ + 1) .

With Lemma 3.1 and Lemma 3.2, we find immediately that

|〈ξL, e−DẼReDξL

〉| ≤ C
[
N−3ν/2 + N−1/2(log N)1/2

]〈ξL,K(N+ + 1)κ+5ξL〉.
(3.8)

Moreover, with (3.3) we obtain (using that apξL = 0 for all p ∈ P c
L)

∣∣∣∣∣∣
〈ξL, e−DKeDξL〉 −

∑

p∈PL

p2 〈ξL, a∗
papξL〉

∣∣∣∣∣∣

≤ CN−1/2(log N)1/2〈ξL,K(N+ + 1)κ+3ξL〉 (3.9)

and, with (3.6), we find

〈ξL, e−DVNeDξL〉 ≤ CNν−1/2(log N)1/2〈ξL,K(N+ + 1)κ+4ξL〉 . (3.10)

It remains to study e−DQ̃(L)
R eD. Writing a∗

v+ra
∗
w−ravaw = a∗

v+rava∗
w−raw −

a∗
v+rawδw,r+v and using (2.2), we find

[Q̃R,D] =
6∑

i=1

Zi

with

Z1 =
1

2N

∑

r∈Λ∗
+, v,w∈PL

r+v∈PL, r 	=w

ω̂N (v + r)ηr

(
b∗
v+ra

∗
w−rawbv + h.c.

)

Z2 = − 1
2N

∑

r∈Λ∗
+

v,w∈PL
r 	=−v,w

ω̂N (v)ηr

(
b∗
v+ra

∗
w−rawbv + h.c.

)

Z3 =
1

2N

∑

r∈Λ∗
+,v,w∈PL

v+r∈PL, w 	=r

ω̂N (v + r)ηr (b∗
−r−vb∗

va∗
waw−r + h.c. )

Z4 =
1

4N

∑

r∈Λ∗
+,v∈PL

v+r∈PL

ω̂N (v + r)ηr (bvb−v + h.c. )

Z5 = − 1
2N

∑

r∈Λ∗
+,v,w∈PL

r 	=−v,w

ω̂N (v)ηr (b∗
v+rb

∗
−va∗

w−raw + h.c. )

Z6 = − 1
4N

∑

r∈Λ∗
+,v∈PL

v 	=r

ω̂N (v)ηr (bv−rb−v+r + h.c. ).
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We can estimate

± Zi ≤ C
(log N)1/2

N1/2
K(N+ + 1). (3.11)

for all i = 1, . . . , 6. Indeed

|〈ξ, Z1 ξ〉|, |〈ξ, Z2 ξ〉| ≤ C

N
‖ω̂N‖∞

∑

r ∈ Λ∗
+

v, w ∈ PL

r �= −v, w

|ηr|‖av+raw−rξ‖‖avawξ‖

≤ C

N

[ ∑

r ∈ Λ∗
+

v, w ∈ PL

r �= −v, w

1
|v|2 ‖av+raw−rξ‖2

]1/2

×
[ ∑

r ∈ Λ∗
+

v, w ∈ PL

r �= −v, w

|ηr|2|v|2‖avawξ‖2
]1/2

≤ CN−1−α(log N)1/2‖N+ξ‖‖K1/2(N+ + 1)1/2ξ‖ .

As for Z3, we get

|〈ξ, Z3 ξ〉| ≤ C

N
‖ω̂N‖∞

∑

r ∈ Λ∗
+, v, w ∈ PL

v �= −r, w �= r

|ηr|‖(N+ + 1)−1/2b−v−rbvawξ‖

× ‖(N+ + 1)1/2aw−rξ‖

≤ C

N

[ ∑

r ∈ Λ∗
+, v, w ∈ PL

v �= −r, w �= r

1
|v|2 |ηr|2‖aw−rN 1/2

+ ξ‖2
]1/2

×
[ ∑

r ∈ Λ∗
+, v, w ∈ PL

v �= −r, w �= r

|v|2‖(N+ + 1)−1/2b−v−rbvawξ‖2
]1/2

≤ CN−α−1(log N)1/2‖N+ξ‖‖K1/2(N+ + 1)1/2ξ‖.

Finally, using that |ηr| ≤ |r|−2, together with (2.29), we end up with

|〈ξ, Z4 ξ〉| ≤ C
N

∑
r∈Λ∗

+,v∈PL

v 	=−r

∣∣ω̂N (v + r)
∣∣|ηr|‖bvξ‖‖(N+ + 1)1/2ξ‖

≤ C
N

∑
r∈Λ∗

+,v∈PL

v 	=−r

∣∣ω̂N (v+r)
∣∣

|r|2 ‖bvξ‖‖(N+ + 1)1/2ξ‖



The Excitation Spectrum of Two-Dimensional

≤ C log N
N

[∑
v∈PL

|v|2‖bvξ‖2
]1/2

[∑
v∈PL

1
|v|2

]1/2

‖(N+ + 1)1/2ξ‖

≤ C (log N)3/2

N ‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ .

The terms Z5 and Z6 can be bounded similarly. With Lemma 3.1, we conclude
that

e−D Q̃ReD − Q̃R =
6∑

i=1

∫ 1

0

ds e−sDZie
sD = ẼQ (3.12)

where

±ẼQ ≤ CN−1/2(log N)1/2K(N+ + 1)κ+3.

Combining (3.8), (3.9), (3.10) and (3.11), we obtain (3.7). �

3.1. Growth of the Kinetic Energy

In this section, we show Lemma 3.1, establishing a-priori bounds on the growth
of the kinetic energy under the action of the unitary operator eD. We will use
the following preliminary estimate.

Lemma 3.4. Let K be defined in (2.5) and D defined as in (3.1), with α ≥ 5/2
and ν ∈ (0, 1/2). Then for any s ∈ [0, 1], there exists a constant C > 0 such
that

e−sDKesD ≤ K + CN2(α+ν−1/2)(N+ + 1)3 (3.13)

for all N large enough.

Proof of Lemma 3.4. The proof follows from Gronwall’s lemma. For a fixed
ξ ∈ F≤N

+ and s ∈ [0; 1], we define

hξ(s) := 〈ξ, e−sDK esDξ〉.
Then

h′
ξ(s) = 〈ξ, e−sD[K,D]esDξ〉.

With

[a∗
pap, a

∗
v+ra

∗
w−ravaw] = a∗

v+ra
∗
w−ravaw(δp,v+r + δp,w−r − δp,v − δp,w)

we find

[K,D] =
1

2N

∑

r ∈ Λ∗
+, v, w ∈ PL

v �= −r, w �= r

(r2 + 2r · v)ηra
∗
v+ra

∗
w−ravaw + h.c. .

Using the scattering equation (2.15) and the definition of ω̂N (p) in (2.13), we
get

[K,D] = −1
4

∑

r∈Λ∗,v,w∈PL
v 	=−r,w 	=r

(V̂ (·/eN ) ∗ f̂N,�)(r)
(
a∗

v+ra
∗
w−ravaw + h.c.

)
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+
1

4N

∑

r∈Λ∗
+,v,w∈PL

v 	=−r,w 	=r

(ω̂N ∗ f̂N,�)(r)
(
a∗

v+ra
∗
w−ravaw + h.c.

)

+
1
4

∑

v,w∈PL

(
V̂ (·/eN ) ∗ f̂N,�

)
(0)

(
a∗

va∗
wavaw + h.c.

)

+
1
N

∑

r∈Λ∗,v,w∈PL
v 	=−r,w 	=r

r · v ηr

(
a∗

v+ra
∗
w−ravaw + h.c.

)
=:

4∑

i=1

Ki.

(3.14)

To estimate the first term on the r.h.s of (3.14), we use (2.9) to estimate
‖V̂ (·/eN ) ∗ f̂N,�‖∞ ≤ C/N and (2.7) to bound ‖V̂ (·/eN ) ∗ f̂N,�‖2 ≤ CeN . We
obtain

sup
v∈Λ∗

+

∑

r ∈ Λ∗

r �= −v

|(V̂ (·/eN ) ∗ f̂N,�)(r)|
|v + r|2

≤ ‖V̂ (·/eN ) ∗ f̂N,�‖∞
∑

|r+v|≤eN

1
|v + r|2

+‖V̂ (·/eN ) ∗ f̂N,�‖2

[ ∑

|r+v|>eN

1
|v + r|4

]1/2

≤ C. (3.15)

Hence,

|〈ξ, e−sDK1esDξ〉|
≤ C

∑

r ∈ Λ∗, v, w ∈ PL

v �= −r, w �= r

|(V̂ (·/eN ) ∗ f̂N,�)(r)|‖(N+ + 1)−1/2av+raw−resDξ‖

×‖(N+ + 1)1/2avawesDξ‖

≤ C
[ ∑

r ∈ Λ∗, v, w ∈ PL

v �= −r, w �= r

|(V̂ (·/eN ) ∗ f̂N,�)(r)|
|v + r|2 ‖(N+ + 1)1/2avawesDξ‖2

]1/2

×
[ ∑

r ∈ Λ∗, v, w ∈ PL

v �= −r, w �= r

|(V̂ (·/eN ) ∗ f̂N,�)(r)||v + r|2‖(N+ + 1)−1/2av+raw−resDξ‖2
]1/2

≤ CNα+ν−1/2‖(N+ + 1)3/2esDξ‖‖K1/2esDξ‖.

Similarly, with ‖ω̂N ∗ f̂N,�‖∞ ≤ ‖ωN‖1 ≤ C and ‖ω̂N ∗ f̂N,�‖2 ≤ ‖ωN‖2 ≤ CNα

we get

supv∈Λ∗
+

∑
r∈Λ∗
r 	=−v

|(ω̂N ∗f̂N,�)(r)|
|v+r|2 ≤ ‖ω̂N ∗ f̂N,�‖∞

∑
|r+v|≤Nα

1
|v+r|2

+‖ω̂N ∗ f̂N,�‖2

[∑
|r+v|≥Nα

1
|v+r|4

]1/2

≤ C log N.
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Hence,

|〈ξ, e−sDK2e
sD ξ〉|

≤ C

N

[
∑

r∈Λ∗
+,v,w∈PL

v �=−r,w �=r

|(ω̂N ∗ f̂N,�)(r)|
|v + r|2 ‖avaw(N+ + 1)1/2esDξ‖2

]1/2

×
[

∑

r∈Λ∗
+,v,w∈PL

v �=−r,w �=r

|v + r|2‖av+raw−r(N+ + 1)−1/2esDξ‖2

]1/2

≤ CNα+ν−1(log N)1/2‖K1/2esDξ‖‖(N+ + 1)3/2esDξ‖.

As for K3, we use Eq. (2.9) in Lemma 2.1 to conclude:

∣∣∣〈ξ, e−sDK3 esDξ〉
∣∣∣ ≤ C

N

∑

v,w∈PL

‖avawesDξ‖2 ≤ C

N
‖(N+ + 1)esDξ‖2.

(3.16)

Finally, to bound K4 we write r·v = (r+v)·v−|v|2 and we split correspondingly
K4 in two terms, denoted by K41 and K42 below. Recalling from Lemma 2.2
that ‖η‖2 ≤ CN−α, we bound

|〈ξ, e−sDK41 esDξ〉|

≤ C

N

(
sup

v∈PL

|v|
)[ ∑

r∈Λ∗, v,w∈PL
v 	=−r,w 	=r

|ηr|2‖avaw(N+ + 1)1/2esDξ‖2

]1/2

×
[

∑

r∈Λ∗, v,w∈PL
v 	=−r,w 	=r

|r + v|2 ‖av+raw−r(N+ + 1)−1/2esDξ‖2

]1/2

≤ CNα+2ν−1 ‖K1/2esDξ‖‖(N+ + 1)3/2esDξ‖.

On the other hand,

|〈ξ, e−sDK42 esDξ〉|
≤ C

N

(
sup

v∈PL

|v|
)[ ∑

r ∈ Λ∗, v, w ∈ PL

v �= −r, w �= r

|ηr|2|v|2‖avaw(N+ + 1)−1/2esDξ‖2
]1/2

×
[ ∑

r ∈ Λ∗, v, w ∈ PL

v �= −r, w �= r

‖av+raw−r(N+ + 1)1/2esDξ‖2
]1/2

≤ CNα+2ν−1 ‖K1/2esDξ‖‖(N+ + 1)3/2esDξ‖.
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Collecting the results above (and recalling that ν < 1/2 and that N+ commutes
with D), we end up with

∣∣〈ξ, e−sD[K,D]esDξ〉∣∣ ≤ 〈ξ, e−sDKesDξ〉 + CN2(α+ν−1/2)〈ξ, (N+ + 1)3ξ〉.

Hence, applying Gronwall’s lemma to the differential inequality

|h′
ξ(s)| ≤ hξ(s) + CN2(α+ν−1/2)〈ξ, (N+ + 1)3ξ〉

we end up with (3.13). �

With the help of Lemma 3.4, we can now show Lemma 3.1.

Proof of Lemma 3.1. We first show that the commutator [K,D] satisfies the
bound

± [K,D] ≤ C
(log N)1/2

N1/2
KN+. (3.17)

Indeed, the bounds for the terms K1, K2 and K4 defined in (3.14) can be all
improved by using the kinetic energy operator. We have (recall the definition
of PL in (2.23))

|〈ξ,K1ξ〉| ≤ C

[
∑

r∈Λ∗,v,w∈PL:
r 	=−v,w

|(V̂ (·/eN ) ∗ f̂N,�)(r)|
|v + r|2 |v|2‖avawξ‖2

]1/2

×
[

∑

r∈Λ∗,v,w∈PL:
r 	=−v,w

|(V̂ (·/eN ) ∗ f̂N,�)(r)| 1
|v|2 |v + r|2‖av+raw−rξ‖2

]1/2

≤ CN−1/2(log N)1/2‖K1/2N 1/2
+ ξ‖2 (3.18)

and, similarly,

|〈ξ,K2 ξ〉| ≤ C

N

[ ∑

r ∈ Λ∗
+, v, w ∈ PL :

r �= −v, w

|(ω̂N ∗ f̂N,�)(r)|
|v + r|2 |v|2‖avawξ‖2

]1/2

×
[ ∑

r ∈ Λ∗
+, v, w ∈ PL :

r �= −v, w

1
|v|2 |v + r|2‖av+raw−rξ‖2

]1/2

≤ CN−1(log N)‖K1/2N 1/2
+ ξ‖2.
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To show that K4 is also bounded from the r.h.s. of (3.17), we split as before
K4 into K41 and K42. We get

|〈ξ,K41 ξ〉| ≤ C

N

[ ∑

r ∈ Λ∗,
v, w ∈ PL :
r �= −v, w

|ηr|2|v|2‖avawξ‖2
]1/2

×
[ ∑

r ∈ Λ∗,
v, w ∈ PL :
r �= −v, w

|r + v|2 ‖av+raw−rξ‖2
]1/2

≤ CNν−1 ‖K1/2N 1/2
+ ξ‖2.

On the other hand, distinguishing the cases r+v ∈ PL and r+v ∈ P c
L we find

|〈ξ,K42 ξ〉|
≤ C

N

(
sup

v∈PL

|v|
)[ ∑

r ∈ Λ∗, v, w ∈ PL

w �= r, r + v ∈ PL

1
|r + v|2 |v|2‖avawξ‖2

]1/2

×
[ ∑

r ∈ Λ∗, v, w ∈ PL

w �= r, v + r ∈ PL

|ηr|2|r + v|2‖av+raw−rξ‖2
]1/2

+
C

N

[ ∑

r ∈ Λ∗, v, w ∈ PL

w �= r, r + v ∈ P c
L

|v|2
|r + v|2 |ηr|2 |v|2‖avawξ‖2

]1/2

×
[ ∑

r ∈ Λ∗, v, w ∈ PL

w �= r, v + r ∈ P c
L

|r + v|2‖av+raw−rξ‖2
]1/2

≤ CNν−1(log N)1/2 ‖K1/2N 1/2
+ ξ‖2.

Eq. (3.17) then follows from the previous bounds, together with (3.14) and
(3.16). Now, with (3.17) and using that [N+,D] = 0 we rewrite

e−DKeD = K +
∫ 1

0

dt1 e−t1D[K,D]et1D

≤ K + C
(log N)1/2

N1/2

∫ 1

0

dt1 N 1/2
+ e−t1DKet1DN 1/2

+ . (3.19)
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Iterating κ − 1 times we obtain

e−DKeD ≤ K + C

κ−1∑

j=1

(log N)j/2

j!N j/2
K N j

+

+ C
(log N)κ/2

N
κ
2

∫ 1

0

dt1

∫ t1

0

dt2 . . .

∫ tκ−1

0

dtκ N κ/2
+ e−tκDKetκDN κ/2

+ .

Estimating the error term with Lemma 3.4, we find

e−DKeD ≤ K + C
κ∑

j=1

(log N)j/2

j!N j/2
K N j

+

+ C
(log N)κ/2

κ!Nκ/2
N2(α+ν−1/2)(N+ + 1)κ+3.

Choosing κ > 4α + 4ν − 2 and N large enough, we obtain (3.2). Applying
(3.17) to the identity in (3.19), we find

±
[
e−DKeD − K

]
= ±

∫ 1

0

dt e−tD
[K,D

]
etD

≤ C
(log N)1/2

N1/2

∫ 1

0

dt N 1/2
+ e−tDKetDN 1/2

+ .

With (3.2), we arrive at (3.3). �

3.2. Growth of the Interaction Potential VN

The aim of this section is to prove Lemma 3.2, describing the action of the
quartic transformation eD on the potential energy operator VN . To achieve
this goal, we first prove estimates for the commutator [VN ,D].

Lemma 3.5. Let VN and D be defined in (2.5) and (3.1), respectively, with
α ≥ 5/2 and ν ∈ (0, 1/2). Let V(L)

N be defined as in (3.4). Then, for N large
enough, there exists a constant C > 0 such that

[VN ,D] = −V(L)
N + E[VN ,D] (3.20)

with

± E[VN ,D] ≤ CNν−1/2(log N)1/2K (N+ + 1)2. (3.21)

Moreover,

± [V(L)
N ,D] ≤ CNν−1/2(log N)1/2K (N+ + 1)2. (3.22)

Proof. First, we prove Eq. (3.20),(3.21). A straightforward computation leads
us to

[a∗
p+ua∗

qapaq+u, a∗
v+ra

∗
w−ravaw]

= δq+u,v+ra
∗
p+ua∗

qapa
∗
w−ravaw + δq+u,w−ra

∗
p+ua∗

qapa
∗
v+ravaw

+ δp,v+ra
∗
p+ua∗

qa
∗
w−raq+uavaw + δp,w−ra

∗
p+ua∗

qa
∗
v+raq+uavaw

− δq,va∗
v+ra

∗
w−ra

∗
p+uawapaq+u − δq,wa∗

v+ra
∗
w−ra

∗
p+uavapaq+u

− δp+u,va∗
v+ra

∗
w−rawa∗

qapaq+u − δp+u,wa∗
v+ra

∗
w−rava∗

qapaq+u.

(3.23)



The Excitation Spectrum of Two-Dimensional

Normal ordering the terms in the first and in the last lines, we obtain:

[VN ,D] =
1

8N

∑

p, q ∈ Λ∗
+, u ∈ Λ∗

−u �= p, q

V̂ (u/eN )

×
∑

r ∈ Λ∗
+, v, w ∈ PL

u �= −v, w

ηr [a∗
p+ua∗

qapaq+u, a∗
v+ra

∗
w−ravaw − h.c. ]

=
1

4N

∑

u ∈ Λ∗, r ∈ Λ∗
+

v, w ∈ PL

u �= −v, w

V̂ ((u − r)/eN ) ηr

(
a∗

v+ua∗
w−uavaw + h.c.

)

+
3∑

i=1

Vi

(3.24)

where

V1 = − 1
4N

∑

u∈Λ∗,r∈Λ∗
+,v,w∈PL

v 	=−r,w 	=r

V̂ (u/eN )ηr

(
a∗

v+ra
∗
w−raw−uav+u + h.c.

)

V2 =
1

2N

∑

u∈Λ∗,q,r∈Λ∗
+,v,w∈PL

u	=+r−w,−q,v 	=−r,

V̂ (u/eN )ηr

(
a∗

w−r+ua∗
qa

∗
v+raq+uavaw + h.c.

)

V3 = − 1
2N

∑

u∈Λ∗,q,r∈Λ∗
+,v,w∈PL

v 	=−r,w 	=r,u 	=v,−q

V̂ (u/eN )ηr

(
a∗

v+ra
∗
w−ra

∗
qawav−uaq+u + h.c.

)
.

Using the definition ηr = −NŵN,�(r), and ŵN,�(r) = δr,0 − f̂N,�(r), we further
split the first term on the r.h.s. of (3.24), thus getting

[VN ,D]= −1
4

∑

u∈Λ∗
v,w∈PL
u	=−v,w

V̂ (u/eN )
(
a∗

v+ua∗
w−uavaw + h.c.

)
+

5∑

i=1

Vi (3.25)

with

V4 =
1
4

∑

u∈Λ∗
v,w∈PL
u	=−v,w

V̂ (u/eN )η0

(
a∗

v+ua∗
w−uavaw + h.c.

)

V5 =
1
4

∑

u∈Λ∗
v,w∈PL
u	=−v,w

(V̂ (·/eN ) ∗ f̂N,�)(u)
(
a∗

v+ua∗
w−uavaw + h.c.

)
.
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To conclude the proof of (3.20), we are going to bound the terms Vi,
i = 1, . . . , 5. We notice that V5 = −K1 (see (3.14)), hence it satisfies the
bound in (3.18). On the other hand, with |η0| ≤ N−2α and

sup
v∈Λ∗

+

∑

u∈Λ∗

|V̂ (u/eN )|
|u + v|2 ≤ CN

(which can be proved similarly as in (3.15)), with the difference that
‖V̂ (./eN )‖∞ ≤ C), we have

|〈ξ, V4ξ〉| ≤ CN−2α

[
∑

u∈Λ∗,v,w∈PL
u	=−v,w

|V̂ (u/eN )|
|u + v|2 |v|2 ‖avawξ‖2

]1/2

×
[

∑

u∈Λ∗,v,w∈PL
u	=−v,w

1
|v|2 |u + v|2‖av+uaw−uξ‖2

]1/2

≤ CN1/2−2α(log N)1/2‖K1/2(N+ + 1)1/2ξ‖2.

Next we bound V1. We split V1 in two terms V11 and V12, defined by restricting
to the cases v + r ∈ PL and v + r ∈ P c

L, respectively; we have

|〈ξ, V11ξ〉| ≤ C

N

[
∑

u∈Λ∗,r∈Λ∗
+,v,w∈PL:

v+r∈PL, v 	=−r,w 	=r

|V̂ (u/eN )|
|u + v|2 |v + r|2‖av+raw−rξ‖2

]1/2

×
[

∑

u∈Λ∗,r∈Λ∗
+,v,w∈PL:

v+r∈PL, v 	=−r,w 	=r

|ηr|2
|v + r|2 |u + v|2‖av+uaw−uξ‖2

]1/2

≤ CNν−1/2(log N)1/2‖K1/2(N+ + 1)1/2ξ‖2.
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As for V12, we have

|〈ξ, V12ξ〉| ≤ C

N

[
∑

u∈Λ∗,r∈Λ∗
+,v,w∈PL:

v+r∈P c
L, v 	=−r,w 	=r

|V̂ (u/eN )|
|u + v|2 |v + r|2‖av+raw−rξ‖2

]1/2

sup
v+r∈P c

L

1
|v + r|

×
[

∑

u∈Λ∗,r∈Λ∗
+,v,w∈PL:

v+r∈P c
L, v 	=−r,w 	=r

|u + v|2‖av+uaw−uξ‖2|ηr|2
]1/2

≤ CNν−1/2(log N)1/2‖K1/2(N+ + 1)1/2ξ‖2.

Next, we focus on V2. We get:

|〈ξ, V2ξ〉| ≤ C

N

[
∑

u∈Λ∗,q,r∈Λ∗
+,v,w∈PL

u	=+r−w,−q,v 	=−r,

|V̂ (u/eN )|2
|w − r + u|2 |ηr|2 v2 ‖avaq+uawξ‖2

]1/2

×
[

∑

u∈Λ∗,q,r∈Λ∗
+,v,w∈PL

u	=+r−w,−q,v 	=−r,

|w − r + u|2
|v|2 ‖aw−r+uaqav+rξ‖2

]1/2

≤ CNν−1/2(log N)1/2‖K1/2(N+ + 1)ξ‖2.

Finally to estimate V3, we consider the contributions coming from q ∈ PL and
q ∈ P c

L separately, which we denote with V31 and V32, respectively. We get

|〈ξ, V31ξ〉| ≤ C

N

[ ∑

u ∈ Λ∗, r ∈ Λ∗
+, q, v, w ∈ PL

v 
= −r, w 
= r, u 
= v, −q

|V̂ (u/eN )|2
|v − u|2 |q|2 ‖aqav+raw−rξ‖2

]1/2

×
[ ∑

u ∈ Λ∗, r ∈ Λ∗
+, q, v, w ∈ PL

v 
= −r, w 
= r, u 
= v, −q

|ηr|2 1

|q|2 |v − u|2‖awav−uaq+uξ‖2
]1/2

≤ CNν−1/2(log N)1/2‖K1/2(N+ + 1)ξ‖2
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and

|〈ξ, V32ξ〉| ≤ C

N

[ ∑

u ∈ Λ∗, r ∈ Λ∗
+,

v, w ∈ PL, q ∈ P c
L

v �= −r, w �= r, u �= v, −q

|V̂ (u/eN )|2
|v − u|2 |q|2 ‖aqav+raw−rξ‖2

]1/2
sup

q∈P c
L

1

|q|

×
[ ∑

u ∈ Λ∗, r ∈ Λ∗
+,

v, w ∈ PL, q ∈ P c
L

v �= −r, w �= r, u �= v, −q

|ηr|2|v − u|2‖awav−uaq+uξ‖2
]1/2

≤ CNν−1/2‖K1/2(N+ + 1)ξ‖2.

This concludes the proof of (3.20), (3.21). In order to show (3.22), we observe
that

V(L)
N =

1
4N

∑

u,v,w∈Λ∗
V̂ (u/eN )a∗

v+ua∗
w−uavaw

× [χ(v, w ∈ PL) + χ(v + u,w − u ∈ PL)] . (3.26)

A part from the restrictions on the momenta, this is just the potential energy
operator VN . Thus, the commutator [V(L)

N ,D] will produce the same terms
as the commutator [VN ,D], just with additional restrictions on the momenta.
We already proved that the operators V1, V2, V3 on the r.h.s. of (3.24) can
be bounded by the r.h.s. of (3.21); this will not change with the additional
constraints. To conclude the proof of (3.22), we only have to show that also
the first sum on the r.h.s. of (3.24), when restricted to momenta determined
by (3.26), can be bounded by the r.h.s. of (3.21). This follows from
∣∣∣∣∣∣∣∣∣∣∣

1

N

∑

u ∈ Λ∗, r ∈ Λ∗
+, v, w ∈ PL :

v + r, w − r ∈ PL

V̂ ((u − r)/eN )ηr〈ξ, a∗
v+ua∗

w−uavawξ〉

∣∣∣∣∣∣∣∣∣∣∣

≤ 1

N

∑

u ∈ Λ∗, r ∈ Λ∗
+, v, w ∈ PL :

v + r, w − r ∈ PL

|V̂ ((u − r)/eN )| |ηr|‖aw−uav+uξ‖‖avawξ‖

≤ 1

N

[ ∑

u ∈ Λ∗, r ∈ Λ∗
+, v, w ∈ PL :

v + r, w − r ∈ PL

|ηr|2
v2

(w − u)2‖aw−uav+uξ‖2
]1/2

×
[ ∑

u ∈ Λ∗, r ∈ Λ∗
+, v, w ∈ PL :

v + r, w − r ∈ PL

|V̂ ((u − r)/eN )|2
(w − u)2

v2‖avawξ‖2
]1/2

≤ CNν−1/2(log N)1/2‖K1/2(N+ + 1)1/2ξ‖2.

�
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With Lemma 3.5, we can now show the validity of Lemma 3.2.

Proof of Lemma 3.2. We write

e−DVNeD = VN +
∫ 1

0

ds e−sD[VN ,D]esD

= VN +
∫ 1

0

ds e−sD[−V(L)
N + E[VN ,D]]esD.

Expanding once more the integral and using (3.21),(3.22) as well as Lemma
3.1, we obtain

e−DVNeD = VN − V(L)
N +

∫ 1

0

ds e−sDE[VN ,D]e
sD

+
∫ 1

0

ds

∫ s

0

dt e−tD[V(L)
N ,D]etD

=: V(H)
N + EVN

(3.27)

with V(H)
N as defined in (3.5) and where

± EVN
≤ CNν−1/2(log N)1/2K(N+ + 1)κ+4. (3.28)

Here κ ∈ N is the smallest integer such that κ > 4(α+ ν − 1/2) and N is large
enough. �

4. Diagonalization of Quadratic Hamiltonians

From Prop. 3.3, we observe that the renormalized Hamiltonian e−DRNeD can
be approximated, on low-momentum states and up to negligible errors, by the
quadratic (Bogoliubov) Hamiltonian

RBog
N = CR + Q

(L)
R (4.1)

which we are going to diagonalize in Sect. 4.1; this will be used later to prove
upper bounds on the eigenvalues of (1.1).

On the other hand, by Prop. 2.4, the excitation Hamiltonian RN can
be bounded below by the quadratic operator appearing on the r.h.s. of (2.27),
which will be diagonalized in Sect. 4.2; this will allow us later to establish lower
bounds on the eigenvalues of (1.1).

4.1. Diagonalization of (4.1)

For p ∈ Λ∗
+, we introduce the notation

Fp = p2 + ω̂N (p), Gp = ω̂N (p). (4.2)

Lemma 4.1. Let V ∈ L3(R2) be non-negative, compactly supported and spher-
ically symmetric. Let Fp and Gp be defined as in (4.2). Then there exists a
constant C > 0 such that

(i)
p2

2
≤ Fp ≤ C(1 + p2), (ii) |Gp| ≤ C

(1 + |p|/Nα)3/2
, (iii) |Gp| < Fp
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for all p ∈ Λ∗
+.

Proof. The upper bound in (i) follows easily from Lemma 2.2. For the lower
bound we use that, from Lemma 2.2, ω̂N (p) ≥ 0 for |p| ≤ Nα and |ω̂N (p)| ≤
CN3α/2/|p|3/2 < p2/2, for |p| ≥ Nα.

Part (ii) follows from Lemma 2.2. Finally, we show (iii). On the one
hand, we have Fp − Gp = p2 > 0; on the other hand, it is easy to show that
Fp + Gp = p2 + 2 ω̂N (p) ≥ p2/2 > 0, arguing as we did for the lower bound in
part (i). Thus, |Gp| < Fp. �

By Lemma 4.1, part (iii), we can introduce, for an arbitrary p ∈ Λ∗, the
coefficient τp, requiring that

tanh(2τp) = −Gp

Fp
.

We define the antisymmetric operator

Bτ =
1
2

∑

p∈PL

τp(b∗
−pb

∗
p − b−pbp) (4.3)

with the low-momentum set PL defined in (2.23). The generalized Bogoliubov
transformation eBτ has the following properties.

Lemma 4.2. Let Bτ be defined in (4.3). Then, under the same assumptions of
Theorem 1.1 and for any k ∈ N, there exists a constant Ck > 0 (depending on
k) such that

e−Bτ (N+ + 1)keBτ ≤ Ck(N+ + 1)k

e−Bτ (K + 1)(N+ + 1)keBτ ≤ CkK(N+ + 1)k + Ck(log N)(N+ + 1)k+1

e−Bτ VN (N+ + 1)keBτ ≤ CkVN (N+ + 1)k + Ck(log N)2(N+ + 1)k+2.

(4.4)

Proof. We proceed similarly as in [8, Lemma 5.2]. From Lemma 4.1 and from
|τp| ≤ C|Gp|/Fp, we easily obtain

‖τ‖2 ≤ C, ‖τ‖2
H1 , ‖τ‖1 ≤ C log N. (4.5)

To show the first bound in (4.4), for k = 1, we consider, for a fixed ξ ∈ F≤N
+ ,

fξ(s) = 〈ξ, e−sBτ (N+ + 1)esBτ ξ〉.
With

f ′
ξ(s) = 〈ξ, e−sBτ [(N+ + 1), Bτ ]esBτ ξ〉 =

∑

p∈PL

τp〈ξ, e−sBτ (bpb−p + b∗
pb∗

−p)esBτ ξ〉

and using ‖τ‖2 ≤ C, we obtain |f ′
ξ(s)| ≤ Cfξ(s). With Gronwall, we obtain

the first bound in (4.4), for k = 1. The case k > 1 can be handled similarly.
As for the second estimate in (4.4), let us consider the case k = 0. For

ξ ∈ F≤N
+ , we set

gξ(s) = 〈ξ, e−sBτ KesBτ ξ〉
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and we compute

g′
ξ(s) = 〈ξ, e−sBτ [K, Bτ ]esBτ ξ〉 =

∑

p∈PL

p2τp〈ξ, e−sBτ (bpb−p + b∗
pb

∗
−p)e

sBτ ξ〉.

Using ‖τ‖2
H1 ≤ C log N , we obtain

|g′
ξ(s)| ≤ C(log N)1/2‖K1/2esBτ ξ‖‖(N+ + 1)1/2esBτ ξ‖

≤ gξ(s) + C(log N)〈ξ, e−sBτ (N+ + 1)esBτ ξ〉 ≤ gξ(s)

+ C(log N)〈ξ, (N+ + 1)ξ〉
where we used the estimate for the growth of N+, shown above. By Gronwall,
we obtain the second bound in (4.4), for k = 0. The case k > 0 can be
treated analogously (in this case, g′

ξ(s) contains an additional contribution,
arising from the commutator of Bτ with (N+ + 1)k, which can also be treated
similarly; for more details, see [8, Lemma 5.2]).

Finally, let us show the last estimate in (4.4), focussing again on the case
k = 0. For fixed ξ ∈ F≤N

+ , we define

hξ(s) = 〈ξ, e−sBτ VNesBτ ξ〉 .

We have

h′
ξ(s) = 〈ξ, e−sBτ [VN , Bτ ]esBτ ξ〉

=
1
2

∑

w∈PL,r∈Λ∗
+

V̂ (r/eN )τw〈ξ, e−sBτ (b∗
w−rb

∗
−w+r + bw−rb−w+r)esBτ ξ〉

+
∑

v∈PL,r∈Λ∗
w∈Λ∗

+

V̂ (r/eN )τv〈ξ, e−sBτ (b∗
v+rb

∗
−va∗

w−raw + h.c. )esBτ ξ〉.

Switching to position space, we find

h′
ξ(s) =

1

2

∫

Λ2
dxdy

∑

w∈PL

e−iw·(x−y)τw e2NV (eN (x − y))〈ξ, e−sBτ (b̌∗
xb̌∗

y + b̌xb̌y)esBτ ξ〉

+

∫

Λ2
dxdy

∑

v∈PL

e−iv·xτv e2NV (eN (x − y))〈ξ, e−sBτ (b̌∗
xb∗

−v ǎ∗
y ǎy + h.c. )esBτ ξ〉 .

Using ‖τ‖1 ≤ C log N , ‖τ‖ ≤ C and the first estimate in (4.4) (for k = 2), we
find

|h′
ξ(s)| ≤ C(log N)‖V1/2

N e−sBτ ξ‖‖ξ‖ + C‖V1/2
N esBτ ξ‖‖(N+ + 1)esBτ ξ‖

≤ hξ(s) + C(log N)2〈ξ, (N+ + 1)2ξ〉.
By Gronwall, we obtain the last bound in (4.4), for k = 0. The case k > 0 can
be treated similarly. �

In the next proposition, we show that conjugation with the generalized
Bogoliubov transformation eBτ diagonalizes the quadratic Hamiltonian (4.1),
up to negligible errors.
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Proposition 4.3. Let V ∈ L3(R2) be non-negative, compactly supported and
spherically symmetric. Let RBog

N be defined as in (4.1) (with CR and Q
(L)
R

defined in (2.22) and, respectively, (2.24) with parameters α ≥ 5/2 and ν ∈
(0; 1/2)). Let

SBog :=
1
2

∑

p∈Λ∗
+

(√
p4 + 8πp2 − p2 − 4π +

(4π)2

2p2

)
. (4.6)

Then

e−Bτ RBog
N eBτ = EBog

N +
∑

p∈PL

√
p4 + 8πp2 a∗

pap + δBog (4.7)

where

EBog
N = 2π(N − 1) + π2a2 + SBog − 4π2

∑

p ∈ Λ∗
+

J0(|p|a)
|p|2 (4.8)

and the error term δBog is bounded by

±δBog ≤ CN−1/2(log N)(HN + 1)(N+ + 1) + CN−3ν

for N large enough.

Proof. Proceeding very similarly as in [8, Lemma 5.3], using the bounds (4.5),
we obtain

e−Bτ RBog
N eBτ = CR +

1
2

∑

p∈PL

(√
F 2

p − G2
p − Fp

)

+
∑

p∈PL

√
F 2

p − G2
p a∗

pap + δ1

(4.9)

with CR, Fp, Gp as defined in (2.22) and, respectively, (4.2), and where

±δ1 ≤ C

N
(log N)2(HN + 1)(N+ + 1).

We have F 2
p −G2

p = (Fp −Gp)(Fp +Gp) = |p|4 +2p2ω̂N (p). With the estimate
(see the definition (2.13), recall from Lemma 2.2 that |gN | ≤ C and use the
continuity of χ̂ at the origin)

|ω̂N (p) − ω̂N (0)| ≤ C|p|N−α

we can bound∣∣∣
∑

p∈PL

[√
|p|4 + 2ω̂N (p)p2 −

√
|p|4 + 2ω̂N (0)p2

]
〈ξ, a∗

papξ〉
∣∣∣

≤ CN−α
∑

p∈PL

|p|〈ξ, a∗
papξ〉 ≤ CN−α〈ξ,Kξ〉.

With |√p4 + 2ω̂N (0)p2 −
√

p4 + 8πp2| ≤ C|ω̂N (0) − 4π| ≤ C(log N)/N (see
(2.14) and (2.9)), we conclude that

∑

p∈PL

√
F 2

p − G2
p a∗

pap =
∑

p∈PL

√
p4 + 8πp2 a∗

pap + δ2 (4.10)
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where ±δ2 ≤ CN−1(log N)(K + 1), for all α ≥ 1.
Let us now consider the constant term on the r.h.s. of (4.9). From (2.22)

and (4.2), we obtain (adding and subtracting the factor
∑

p∈PL
ω̂2

N (p)/(4p2))

CR +
1
2

∑

p∈PL

(√
F 2

p − G2
p − Fp

)

=
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1) +

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp − 1
4

∑

p∈PL

ω̂2
N (p)
p2

+
1
2

∑

p∈PL

(
− p2 − ω̂N (p) +

√
p4 + 2ω̂N (p)p2 +

1
2

ω̂2
N (p)
p2

)
.

(4.11)

Expanding the square root, we find
∣∣∣ − p2 − ω̂N (p) +

√
p4 + 2ω̂N (p)p2 +

1
2

ω̂2
N (p)
p2

∣∣∣ ≤ C|p|−4 (4.12)

uniformly in N . Up to an error vanishing as N−1/2, we can therefore restrict
the sum on the last line of (4.11) to |p| < N1/4. After this restriction, we can
use |ω̂N (p)−4π| ≤ C|p|N−α+C(log N)/N , to replace ω̂N (p) by 4π. Comparing
with (4.6) (and noticing that (4.12) remains true, if we replace ω̂N (p) with 4π),
we conclude that
∣∣∣
1
2

∑

p∈PL

(
− p2 − ω̂N (p) +

√
p4 + 2ω̂N (p)p2 +

1
2

ω̂2
N (p)
p2

)
− SBog

∣∣∣ ≤ C
log N√

N
.

(4.13)

Let us now consider the terms on the second line of (4.11). First of all, we
observe that, by (2.9),

N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1)=2π(N − 1) − 2π

(
log(�/a) − 1

2

)
+O(log N/N).

As for the second term on the r.h.s. of (4.11), we use the scattering equation
(2.15) and the definition (2.13) to write

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp = −N

4

∑

p∈Λ∗
+

ω̂N (p)
(V̂ (·/eN ) ∗ f̂N,�)(p)

p2
+

1
4

∑

p∈Λ∗
+

ω̂2
N (p)
p2

+
1

4N

∑

p∈Λ∗
+

ω̂N (p)
(ω̂N ∗ η)(p)

p2
. (4.14)

Since ‖ω̂N ∗ η‖∞ ≤ ‖ω̂N‖‖η‖ ≤ C, the last term on the r.h.s. of (4.14) is
negligible, of order (log N)/N . The second term on the r.h.s. of (4.14), on the
other hand, cancels with the third term on the r.h.s. of (4.11), up to a small
error of order N−3ν (because

∑
p∈P c

L
ω̂2

N (p)/p2 ≤ N−3ν , from Lemma 2.2 and
by the definition (2.23) of the set PL). Finally, to estimate the first term on
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the r.h.s. of (4.14), we use that
∣∣∣(V̂ (·/eN ) ∗ f̂N,�)(p) − (V̂ (·/eN ) ∗ f̂N,�)(0)

∣∣∣ ≤ Ce−N |p|

that |(V̂ (·/eN ) ∗ f̂N,�)(0)− 4π/N | ≤ CN−2 log N and that, with gN as defined
in (2.13), |gN − 4| ≤ C/N by (2.14). We arrive at

CR +
1
2

∑

p∈PL

(√
F 2

p − G2
p − Fp

)
= 2π(N − 1) − 2π

(
log(�/a) − 1

2

)

+SBog − 4π
∑

p∈Λ∗
+

χ̂(�p)
p2

+ δ3

where ±δ3 ≤ C(log N)/
√

N . Let us now compute the remaining sum. To this
end, we observe that, denoting by Jn the Bessel function of order n, we have

|̂.|2χ�(p) = −8π�

[
J1(�p)
|p|3 − �

2
J0(�p)
|p|2 − �2

4
J1(�p)

|p|
]

(4.15)

which can be proved similarly to (2.16). Hence, with (2.16) and (4.15) we find

χ̂(�p)
p2

= − 1
4�2

|̂.|2χ�(p) + π
J0(�p)

p2
+

�2

4
χ̂(�p)

and thus

−4π
∑

p∈Λ∗
+

χ̂(�p)
p2

= − π

�2
|̂.|2χ�(0) − 4π2

∑

p∈Λ∗
+

J0(�p)
p2

− π [χ�(0) − χ̂�(0)]

= −4π2
∑

p∈Λ∗
+

J0(�p)
p2

− π +
π2�2

2
,

where we used that χ̂�(0) = π�2 and |̂.|2χ�(0) = π�4/2. Taking into account
that �2 
 N−2α and α ≥ 5/2, we conclude that

CR +
1
2

∑

p∈PL

(√
F 2

p − G2
p − Fp

)
= 2π(N − 1) + SBog + I� + δ3 (4.16)

where ±δ3 ≤ C(log N)/
√

N and where we defined

I� = −2π log(�/a) + π2�2 − 4π2
∑

p∈Λ∗
+

J0(�p)
p2

. (4.17)

We claim now that the value of I� is independent of the choice of � (this is
why it is convenient to include the factor π2�2 in the definition of I�, despite
the fact that this term is very small, for � = N−α, α ≥ 5/2). In fact, with the
identity

( ̂log(| · |/�)χ�)(p) = 2π

[
− 1

|p|2 +
J0(�|p|)

|p|2
]
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and using that J0(z) = 1− (z/2)2 +O(z4) close to z = 0, we find that, for any
�1, �2 > 0,

−4π2
∑

p∈Λ∗
+

J0(�1|p|)
p2

+ 4π2
∑

p∈Λ∗
+

J0(�2|p|)
p2

= 2π log(�1/�2) − π2(�21 − �22).

which implies that I�1 − I�2 = 0. Since I� is independent of �, we can evaluate
the r.h.s. of (4.16) choosing for example � = a. This completes the proof of
(4.8). �

4.2. Diagonalization of Quadratic Hamiltonian for Lower Bounds

Next, we discuss how to diagonalize the quadratic operator on the r.h.s. of
(2.27). As explained above, this will be used to show lower bounds on the
spectrum of the Hamilton operator. For γ ∈ (0; 1/4) we introduce the notation

F γ
p = (1 − CN−γ)p2 + ω̂N (p)

and recall the definition of Gp in (4.2). For p ∈ Λ∗
+ we consider the coefficient

υp defined through

tanh(2υp) = αp :=
1

Gp

(
F γ

p −
√

(F γ
p )2 − G2

p

)
(4.18)

and the antisymmetric operator

Bυ =
1
2

∑

p∈PL

υp(b∗
pb

∗
−p − bpb−p). (4.19)

With Lemma 4.1, it is easy to check that |αp| < 1 hence υp is well defined.
Moreover, we have ‖υ‖2 ≤ C, hence in particular

e−Bυ (N+ + 1)keBυ ≤ C(N+ + 1)k (4.20)

for a constant C > 0 (depending on k),proceeding as in the proof of Lemma 4.2.

Remark. The choice (4.18) is motivated by the lower bound (4.23) because,
up to negligible errors, eBvb∗

pbpe
−Bv = c∗

pcp, with cp, c
∗
p defined in (4.22) and

satisfying canonical commutation relations.

Proposition 4.4. Let V ∈ L3(R2) as in Theorem 1.1, Bυ as in (4.19), and let
ν ∈ (1/6; 1/2). Then, for N ∈ N large enough, and any γ ∈ (0, 1/4), there
exists a constant C > 0 s.t. such that

e−BυRNeBυ ≥ EBog
N + (1 − CN−γ)Dγ

− C(log N)
[
Nγ−1(N+ + 1)2 + N−γ(N+ + 1)

] (4.21)

with EBog
N as defined in (4.8) and where Dγ is the quadratic operator

Dγ =
∑

p∈Pγ

√
p4 + 8πp2 a∗

pap + 1
2Nγ

∑

p∈Λ∗
+\Pγ

a∗
pap

where Pγ = {p ∈ Λ∗
+ : |p| ≤ Nγ/2}.
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Proof. For p ∈ PL, we introduce the notation

cp =
bp + αpb

∗
−p√

1 − α2
p

(4.22)

with αp defined before (4.19). A standard completion of the square argument
(see [37, Sect. 3], so as [26, Thm. 6.3]) leads to the lower bound

F γ
p

(
b∗
pbp + b∗

−pb−p

)
+ Gp

(
bpb−p + b∗

pb
∗
−p

)

≥
√

(F γ
p )2 − G2

p

(
c∗
pcp + c∗

−pc−p

)

−1
2

(
F γ

p −
√

(F γ
p )2 − G2

p

)(
[bp, b

∗
p] + [b−p, b

∗
−p]

)
. (4.23)

Expanding the square roots we find
∣∣∣ F γ

p −
√

(F γ
p )2 − G2

p

∣∣∣ ≤ C
|ω̂N (p)|2

|p|2
∣∣∣ F γ

p −
√

(F γ
p )2 − G2

p − Fp +
√

F 2
p − G2

p

∣∣∣ ≤ CN−γ |ω̂N (p)|2
|p|2

for all p ∈ PL. Hence, we find
∣∣∣
∑

p∈PL

(
F γ

p −
√

(F γ
p )2 − G2

p

) ∣∣∣ ≤ C(log N)

and, similarly,
∣∣∣
∑

p∈PL

(
F γ

p −
√

(F γ
p )2 − G2

p − Fp +
√

F 2
p − G2

p

)∣∣∣ ≤ CN−γ(log N).

With the commutation relations (2.2), we conclude therefore that

−1
2

∑

p∈PL

(
F γ

p −
√

(F γ
p )2 − G2

p

)(
[bp, b

∗
p] + [b−p, b

∗
−p]

)

≥ −1
2

∑

p∈PL

(
Fp −

√
F 2

p − G2
p

)
− CN−γ(log N)(N+ + 1).

Next we consider the first term on the r.h.s. of (4.23). We denote Eγ(p) =√
(F γ

p )2 − G2
p. Proceeding as in (4.10), we find

∣∣ Eγ(p) −
√

|p|4 + 8π|p|2 ∣∣ ≤ C(N−γp2 + N−α|p| + N−1(log N)).

Hence
∑

p∈PL

Eγ(p)c∗
pcp ≥

∑

p∈PL

√
|p|4 + 8π|p|2 c∗

pcp − CN−γ
∑

p∈PL

|p|2c∗
pcp

≥ (1 − CN−γ)
∑

p∈PL

E(p) c∗
pcp

(4.24)
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where we introduced the notation E(p) =
√|p|4 + 8π|p|2, for p ∈ Pγ = {p ∈

Λ∗
+ : |p| < Nγ/2}, and E(p) = Nγ , for p ∈ PL\Pγ . Next, we use (see [8, Lemma

5.3] for a proof) that

eBυbpe
−Bυ = cosh(υp)bp + sinh(υp)b∗

−p + Dp (4.25)

where the remainder operator Dp satisfies

‖(N+ + 1)n/2Dpξ‖ ≤ C

N
|υp|‖(N+ + 1)(n+3)/2ξ‖

+
C

N

∫ 1

0

ds‖ap(N+ + 1)(n+2)/2esBυξ‖. (4.26)

This implies that, after some algebraic manipulations, that
∑

p∈PL

E(p)c∗
pcp =

∑

p∈PL

E(p)eBυb∗
pbpe

−Bυ + δ
(1)
N + δ

(2)
N

with

δ
(1)
N =

∑

p∈PL

E(p)D∗
peBυbpe

−Bυ

δ
(2)
N =

∑

p∈PL

E(p)
(
cosh(υp)bp + sinh(υp)b∗

−p

)
D∗

p .

With (4.26) and (4.20) we easily bound

∣∣〈ξ, δ(1)
N ξ〉∣∣ ≤

(
sup

p∈PL

E(p)
) ∑

p∈PL

‖(N+ + 1)−1/2Dpξ‖‖(N+ + 1)1/2eBυbpe
−Bυξ‖

≤ CNγ−1
∑

p∈PL

|υp|‖(N+ + 1)ξ‖‖ape
−Bυξ‖ ≤ CNγ−1‖(N+ + 1)ξ‖2

where we used (4.20). The term δ
(2)
N can be bounded similarly. Using again

(4.20), we also obtain

±
∑

p∈PL

[
eBυb∗

pbpe
−Bυ − eBυa∗

pape
−Bυ

]
≤ CN−1(N+ + 1)2. (4.27)

Summarizing, from (4.23)-(4.27) we obtain that
∑

p∈PL

(
(1 − CN−γ)p2 + ω̂N (p)

)
b∗
pbp +

1

2

∑

p∈PL

ω̂N (p)
[
b∗
pb∗

−p + bpb−p

]

≥ −1

2

∑

p∈PL

(
Fp −

√
F 2

p − G2
p

)
+ (1 − CN−γ)

∑

p∈Pγ

√
p4 + 8πp2 eBυ a∗

pape−Bυ

+ 1
2Nγ

∑

p∈PL\Pγ

eBυ a∗
pape−Bυ − CNγ−1(N+ + 1)2

−C(log N)N−γ(N+ + 1). (4.28)
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Inserting on the r.h.s. of (2.27), we find

RN ≥ CR − 1
2

∑

p∈PL

(√
F 2

p − G2
p − Fp

)
+ 1

2Nγ
∑

p∈Λ∗
+\PL

a∗
pap

+ (1 − CN−γ)
∑

p∈Pγ

√
p4 + 8πp2 eBυa∗

pape
−Bυ

+ 1
2Nγ

∑

p∈PL\Pγ

eBυa∗
pape

−Bυ

− CNγ−1(N+ + 1)2 − C(log N)N−γ(N+ + 1).

With Eq. (4.16) and (4.17) (choosing � = a) and using the a-priori bound
(4.20) we have

e−BυRNeBυ ≥ EBog
N + (1 − CN−γ)

∑

p∈Pγ

√
p4 + 8πp2 a∗

pap

+ 1
2Nγ

∑

p∈PL\Pγ

a∗
pap + 1

2Nγ
∑

p∈Λ∗
+\PL

e−Bυa∗
pape

Bυ

−C(log N)
[
Nγ−1(N+ + 1)2 + N−γ(N+ + 1)

]
. (4.29)

Observing that, by (2.2) (in particular, the last two commutators), [Bv, a∗
pap] =

0 for all p ∈ Λ∗
+\PL (because, from (4.19), Bv only contains the operators bp, b

∗
p

with p ∈ PL), we arrive at (4.21). �

5. Proof of Theorem 1.1.

In this section we focus on the low energy spectrum of HN . We fix α = 5/2 and
ν = 1/5 (recall the definitions of � = N−α and PL = {p ∈ Λ∗

+ : |p| ≤ Nα+ν}
entering in the definitions of the operators B, A and D defined in (2.17), (2.18)
and (3.1) respectively).

First of all, we observe that, from Prop. 3.3 (choosing ξL = eBτ Ω, with
Bτ defined as in (4.3)) and Prop. 4.3, the ground state energy EN satisfies

EN ≤ EBog
N + CN−3/10+δ (5.1)

for any δ > 0, if N is large enough. Recall here the definition (4.8) of EBog
N .

Next, we prove lower bounds for the ground state energy and for the
excited eigenvalues of HN below the threshold EN + ζ. For k ∈ N, let λk be
the k-th eigenvalue of HN − EBog

N and μk the k-th eigenvalue of the quadratic
operator

Dγ =
∑

p∈Pγ

√
|p|4 + 8πp2a∗

pap +
Nγ

2

∑

p∈Λ∗
+\Pγ

a∗
pap (5.2)

with Pγ = {p ∈ Λ∗
+ : |p| ≤ Nγ/2}, as defined in Prop. 4.4 (note that eigenvalues

are counted with multiplicity). We claim that

λk ≥ μk − CN−1/10+δ(1 + ζ)2 (5.3)
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for all k ∈ N with λk < ζ + 1 and for any δ > 0. In view of the upper bound
(5.1), this bound is enough to show (1.3) (taking k = 0) and to prove lower
bounds matching (1.4) for all eigenvalues of HN − EN below the threshold ζ,
if N is large enough. Here we use the fact that the spectrum of the quadratic
operator (5.2) below a fixed ζ > 0 consists exactly of eigenvalues having the
form

∑

p∈Λ∗
+

np

√
|p|4 + 8πp2

with np ∈ N for all p ∈ Λ∗
+ and np �= 0 for finitely many p ∈ Λ∗

+ only (to stay
below the threshold ζ > 0, we cannot excite modes with |p| > Nγ/2).

To prove (5.3), we apply a localization argument similar to those recently
used in [22,33], together with the a-priori bound on the energy of excitations
established in Prop. 2.5. Let LN and B be defined in (2.3) and (2.17) respec-
tively, and consider the excitation Hamiltonian

GN = e−BLNeB . (5.4)

From [16, Eq. (61)], we have the condensation bound

GN − EBog
N ≥ cN+ − C (5.5)

for all N ∈ N sufficiently large (here, we used that 2πN ≥ EBog
N ). We will

make use of the following lemma, which is proven in App. A.

Lemma 5.1. Let V ∈ L3(R2) as in Theorem 1.1. Let GN be defined as in (5.4).
Let f, g : R → [0; 1] be smooth functions, with f2(x) + g2(x) = 1 for all x ∈ R.
Moreover, assume that f(x) = 0 for x > 1 and f(x) = 1 for x < 1/2. For
a small ε > 0, we fix M = Nε and we set fM (N+) = f(N+/M), gM (N+) =
g(N+/M). Then there exists a constant C > 0 such that

GN − EBog
N ≥ fM (N+)

(GN − EBog
N

)
fM (N+)

+ gM (N+)
(GN − EBog

N

)
gM (N+) − EM

(5.6)

with

EM ≤ C
N1/2

M2
[‖f ′‖2

∞ + ‖g′‖2
∞](HN + 1) (5.7)

for all α > 1, M ∈ N and N ∈ N large enough.

Let now Y ⊂ F≤N
+ denote the subspace spanned by the eigenvectors of

GN − EBog
N associated with its first (k + 1) eigenvalues λ0 ≤ λ1 ≤ · · · ≤ λk.

Since, by assumption, λk ≤ ζ + 1, we find Y ⊂ Pζ+1(F≤N
+ ). We have

λk = sup
ξ∈Y

‖ξ‖=1

〈ξ, (GN − EBog
N )ξ〉

≥ sup
ξ∈Y

‖ξ‖=1

〈ξ, [fM (N+)(GN − EBog
N )fM (N+)

+ gM (N+)(GN − EBog
N )gM (N+) − EM ]ξ〉

(5.8)
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where M = N ε for a ε > 0 to be specified below (we will choose ε = 3/4+1/20).
From Eq. (5.5) we have that, for N large enough (recall M = N ε),

gM (N+)(GN − EBog
N )gM (N+)

≥ g2
M (N+)(cN+ − C) ≥ g2

M (N+)
(
c′M − C

) ≥ 0
(5.9)

since gM = 0 for N+ ≤ M/2. Furthermore, for a normalized ξ ∈ Y ⊂
Pζ+1(F≤N

+ ), we find, combining (5.7) with Prop. 2.5 and Lemma 2.3,

〈ξ, EMξ〉 ≤C
N1/2

M2
〈e−Aξ, e−A(HN +1)eAe−Aξ〉 ≤ C

N3/2

M2
(log N)(1+ζ) (5.10)

where we used again 2πN ≥ EBog
N to make sure that e−Aξ satisfies the assump-

tions of Prop. 2.5.
Finally, we look at the first term on the r.h.s. of (5.8). With (4.21) we

find
〈ξ, eAeBυfM (Ñ+)e−Bυe−A(GN − EBog

N )eAeBυfM (Ñ+)e−Bυe−Aξ〉
≥ 〈ξ, eAeBυfM (Ñ+)((1 − CN−γ)Dγ − Eγ)fM (Ñ+)e−Bυe−Aξ〉

where we introduced the notation Ñ+ := e−Bυe−AN+eAeBυ and

Eγ ≤ C(log N)
[
Nγ−1(N+ + 1)2 + N−γ(N+ + 1)

]
.

Now, with Lemma 2.3 and Eq.(4.20) we have

fM (Ñ+)(N+ + 1)2fM (Ñ+) ≤ CMfM (Ñ+)(Ñ+ + 1)fM (Ñ+) ≤ CM(Ñ+ + 1).

Hence, for any normalized ξ ∈ Y ⊂ Pζ+1(F≤N
+ ), we find, with (5.5),

〈ξ, eAeBυfM (Ñ+)EγfM (Ñ+)e−Bυe−Aξ〉
≤ C(log N)(MNγ−1 + N−γ)〈ξ, (N+ + 1)ξ〉
≤ C(log N)(MNγ−1 + N−γ)〈ξ, (GN − EBog

N + C)ξ〉
≤ C(log N)(ζ + 1)(MNγ−1 + N−γ).

We conclude that
λk ≥ (1 − CN−γ) sup

ξ∈Y
‖ξ‖=1

〈ξ, eAeBυfM (Ñ+)DγfM (Ñ+)e−Bυe−Aξ〉

− C(log N)(ζ + 1)(MNγ−1 + N−γ) − CN3/2M−2(log N)(ζ + 1).

Next we observe that, for any normalized ξ ∈ Y ⊂ Pζ+1(F≤N
+ ), we have (again,

with (5.5))

‖fM (Ñ+)e−Bυe−Aξ‖2 ≥ 1 − C

M
〈ξ,N+ξ〉 ≥ 1 − C(ζ + 1)

M
. (5.11)

This immediately implies that the linear subspace X = fM (Ñ+)e−Bυe−AY ⊂
F≤N

+ has dimension (k + 1) (like Y ) and that

λk ≥ (1 − CN−γ − C(ζ + 1)M−1) sup
ξ∈X,‖ξ‖=1

〈ξ,Dγξ〉

− C(log N)(ζ + 1)(MNγ−1 + N−γ) − CN3/2M−2(log N)(ζ + 1).



The Excitation Spectrum of Two-Dimensional

Thus, by the min-max principle for the eigenvalues of Dγ ,

λk ≥ (1 − CN−γ − C(ζ + 1)M−1)μk

− C(log N)(ζ + 1)(MNγ−1 + N−γ) − CN3/2M−2(log N)(ζ + 1).

(5.12)

Choosing M = N3/4+1/20 and γ = 1/4 − 3/20, we obtain (using that (5.12) in
particular implies that μk ≤ Cλk ≤ C(ζ + 1))

λκ ≥ μk − CN−1/10+δ(1 + ζ)2 (5.13)

for any δ > 0.
Finally, we show upper bounds for all the excited eigenvalues λk of HN −

EBog
N (or equivalently of RN − EBog

N ) with λk ≤ ζ + 1 (we already proved an
upper bound for the ground state energy, with k = 0, at the beginning of this
section). We are going to use trial states given by eigenvectors of the operator
Dγ , defined in (5.2). Fix k ∈ N\{0}, with λk < ζ. For j = 1, . . . , k, the j-th
eigenvalue μj of D has the form

μj =
∑

p∈PL

n(j)
p εp

with εp =
√|p|4 + 8πp2 and n

(j)
p ∈ N, for all p ∈ PL (since we consider

eigenvalues below a fixed ζ > 0, there is no contribution from the second sum
in (5.2), running over p ∈ Λ∗

+\Pγ , and there are only finitely many p ∈ PL

with n
(j)
p �= 0). The eigenvector associated with μj has the form

ξj = Cj

∏

p∈PL

(a∗
p)

n(j)
p Ω (5.14)

for an appropriate normalization constant Cj > 0 (if the eigenvalue has mul-
tiplicity larger than one, eigenvectors are not uniquely defined, but they can
always be chosen in this form). We denote by span(ξ1, . . . , ξk) the linear space
spanned by the eigenvectors defined in (5.14). From the min-max principle, we
have

λk = inf
Y ⊂F≤N

+
dim Y =k

sup
ξ∈Y

‖ξ‖=1

〈ξ, e−Bτ e−D(RN − EBog
N )eDeBτ ξ〉

≤ sup
ξ∈ span(ξ1,...,ξk)

‖ξ‖=1

〈ξ, e−Bτ e−D(RN − EBog
N )eDeBτ ξ〉.

Since ape
Bτ ξ = 0 for all p ∈ P c

L and all ξ ∈ span(ξ1, . . . , ξk), we can apply
Prop. 3.3 with κ = 10 (so that κ > 4(α + ν − 1/2)) to conclude that (recall
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the definition (4.1))

λk ≤ sup
ξ∈ Span(ξ1,...,ξk)

‖ξ‖=1

[
〈ξ, (e−Bτ RBog

N eBτ − EBog
N

)
ξ〉

+ CN−3/10+δ〈ξ, e−Bτ K(N+ + 1)15eBτ ξ〉
]

for any δ > 0. With Prop. 4.3 and Lemma 4.2 we get

λk ≤ sup
ξ∈ Span(ξ1,...,ξk)

‖ξ‖=1

[
〈ξ,Dξ〉 + CN−3/10+δ〈ξ, (HN + 1)(N+ + 1)15ξ〉

]

for any δ > 0 (the value of δ changes from line to line). Observing that, on
span(ξ1, . . . , ξk),

〈
ξ,VNξ

〉 ≤ C
∑

r∈Λ∗, p,q∈PL
r+p,q−r∈PL

|V̂ (r/eN )|‖ap+raqξ‖‖apaq+rξ‖

≤ C
∑

r∈Λ∗, p,q∈PL
r+p,q−r∈PL

1
|p|2 |q|2‖ap+raqξ‖2 ≤ C(log N)‖K1/2N 1/2

+ ξ‖2

(5.15)

and, again on span(ξ1, . . . , ξk), N+ ≤ CK ≤ CDγ ≤ Cμk ≤ C(ζ + 1) (from
the lower bound (5.3), we have μk ≤ λk + 1 ≤ ζ + 1, for N large enough), we
conclude that

〈ξ, (HN + 1)(N+ + 1)15ξ〉 ≤ C(log N)〈ξ, (K + 1)(N+ + 1)16ξ〉
≤ C(log N)(1 + ζ)17

for all normalized ξ ∈ span(ξ1, . . . , ξk). Thus, we find

λk ≤ sup
ξ∈ Span(ξ1,...,ξk)

‖ξ‖=1

〈ξ,Dξ〉 + CN−3/10+δ(1 + ζ)17 ≤ μk + CN−3/10+δ(1 + ζ)17.

Together with the lower bound (5.3), this concludes the proof of (1.4) and of
Theorem 1.1.
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A. Proof of Proposition 2.4 and of Lemma 5.1

To show Prop. 2.4, we start from the analysis carried out in [16, Sec.6 and
App.A]. First, we study the excitation Hamiltonian

GN := e−BLNeB =
4∑

i=1

G(i)
N , G(i)

N := e−BL(i)
N eB (A.1)

with L(i)
N defined in (2.4) and B defined (2.17).

Proposition 1. Let V ∈ L3(R2) be compactly supported, pointwise non-negative
and spherically symmetric. Let GN and ω̂N (p) be defined in (A.1) and (2.13)
respectively. Then for � = N−α there exists a constant C > 0 such that

GN :=
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1)

(
1 − N+

N

)
+

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp

+
[
2NV̂ (0) − N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)

]
N+

(
1 − N+

N

)

+
1
2

∑

p∈Λ∗
+

ω̂N (p)(bpb−p + h.c. )

+
√

N
∑

p,q∈Λ∗
+:

p+q 	=0

V̂ (p/eN )
[
b∗
p+qa

∗
−paq + h.c.

]

+ HN + EG

(A.2)

with EG satisfying

|〈ξ, EG ξ〉| ≤ C
(
N1/2−α + N−1(log N)1/2

)‖H1/2
N ξ‖‖(N+ + 1)1/2ξ‖

+ CN1−α‖(N+ + 1)1/2ξ‖2
(A.3)

for α > 1, and N ∈ N sufficiently large.

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Proof of Prop. 1. The proof of Prop. 1 follows from the analysis performed in
[16, App. A], where we establish properties of the operators G(i)

N = e−BL(i)
N eB .

Recombining the results of [16, Prop. 13–16] we have

GN =
V̂ (0)

2
(N + N+ − 1) (N − N+)

+
∑

p∈Λ∗
+

ηp

[
p2ηp + NV̂ (p/eN ) +

1

2

∑

r∈Λ∗
p+r �=0

V̂ (r/eN )ηp+r

]

×
(N − N+

N

)(N − N+ − 1

N

)

+K + N
∑

p∈Λ∗
+

V̂ (p/eN )a∗
pap

(
1 − N+

N

)

+
∑

p∈Λ∗
+

[
p2ηp +

N

2
V̂ (p/eN ) +

1

2

∑

r∈Λ∗: p+r �=0

V̂ (r/eN )ηp+r

]
(
b∗
pb∗

−p + bpb−p

)

+
√

N
∑

p,q∈Λ∗
+: p+q �=0

V̂ (p/eN )
[
b∗
p+qa

∗
−paq + h.c.

]
+ VN + E1 (A.4)

with K and VN defined in (2.5), and where

|〈ξ, E1ξ〉| ≤ CN1/2−α‖H1/2
N ξ‖‖(N+ + 1)1/2ξ‖ + CN1−α‖(N+ + 1)1/2ξ‖2

for any α > 1 and ξ ∈ F≤N
+ . With the scattering equation (2.15), we rewrite

∑

p∈Λ∗
+

ηp

[
p2ηp + NV̂ (p/eN ) +

1
2

∑

r∈Λ∗: p+r 	=0

V̂ (r/eN )ηp+r

]

=
∑

p∈Λ∗
+

ηp

[ N

2
V̂ (p/eN ) + Ne2Nλ�χ̂�(p)

+ e2Nλ�

∑

q∈Λ∗
χ̂�(p − q)ηq − 1

2
V̂ (p/eN )η0

]

With the bounds |e2Nλ�| ≤ CN2α−1, ‖η‖ ≤ CN−α and ‖χ̂� ∗ η‖ = ‖χ�η̌‖ ≤
‖η̌‖ ≤ CN−α, we estimate
∣∣∣e2Nλ�

∑

p∈Λ∗
+, q∈Λ∗

χ̂�(p − q)ηqηp

∣∣∣ ≤ CN2α−1
(‖χ�‖ + ‖χ̂� ∗ η‖)‖η‖ ≤ CN−1.

On the other hand, using that
∑

p∈Λ∗
+

|V̂ (p/eN )|/|p|2 ≤ CN and the bound
|η0| ≤ CN 2α (see Lemma 2.2), we have

∣∣∣
1
2

∑

p∈Λ∗
+

V̂ (p/eN )ηpη0

∣∣∣ ≤ CN1−2α.
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Finally, by the definition (2.12) of ηp and using again |η0| ≤ CN−2α

(since we need to add the zero momentum mode), we rewrite

N

2

∑

p∈Λ∗
+

V̂ (p/eN )ηp =
N2

2

(
V̂ (·/eN ) ∗ f̂N,�

)
(0) − V̂ (0)

)
+ E2

with ±E2 ≤ CN1−2α. With (2.13) We conclude that

∑

p∈Λ∗
+

ηp

[
p2ηp + NV̂ (p/eN ) +

1

2

∑

r∈Λ∗
p+r∈Λ∗

+

V̂ (r/eN )ηp+r

](N − N+

N

)(N − N+ − 1

N

)

=
1

2

[
V̂ (·/eN ) ∗ f̂N,�

)
(0) − V̂ (0)

]
(N − N+ − 1) (N − N+)

+
1

2

∑

p∈Λ∗
+

ω̂N (p)ηp + E3 (A.5)

where ±E3 ≤ CN1−2α. Using again (2.15), the fourth line of (A.4) reads:

∑

p∈Λ∗
+

[
p2ηp +

N

2
V̂ (p/eN ) +

1

2

∑

r∈Λ∗: p+r∈Λ∗
+

V̂ (r/eN )ηp+r

]
(
b∗
pb∗

−p + bpb−p

)

=
∑

p∈Λ∗
+

[
Ne2Nλ�χ̂�(p) + e2Nλ�

∑

q∈Λ∗
χ̂�(p − q)ηq − 1

2
V̂ (p/eN )η0

]
(
b∗
pb∗

−p + bpb−p

)
.

(A.6)

We focus on the last two terms on the r.h.s. of (A.6). With
∑

p∈Λ∗
+

|V̂ (p/eN )|/|p|2
≤ CN and |η0| ≤ CN−2α (from Lemma 2.2), we have

∣∣∣
∑

p∈Λ∗
+

V̂ (p/eN )η0

(
b∗
pb∗

−p + bpb−p

)∣∣∣

≤ CN−2α

[
∑

p∈Λ∗
+

|V̂ (p/eN )|2
p2

]1/2[ ∑

p∈Λ∗
+

p2‖apξ‖2

]1/2

‖(N+ + 1)1/2ξ‖

≤ CN1/2−2α‖K1/2ξ‖‖(N+ + 1)1/2ξ‖.

The second term on the right hand side of (A.6) can be bounded in position
space:
∣∣∣〈ξ, e2Nλ�

∑

p∈Λ∗
+

(χ̂� ∗ η)(p)(b∗
pb

∗
−p + bpb−p)ξ〉

∣∣∣

≤ CN2α−1‖(N+ + 1)1/2ξ‖
∫

Λ2
dxdy χ�(x − y)|η̌(x − y)|

× ‖(N+ + 1)−1/2b̌xb̌yξ‖

≤ CNα−1‖(N+ + 1)1/2ξ‖
[∫

Λ2
dxdy χ�(x − y)‖(N+ + 1)−1/2ǎxǎyξ‖2

]1/2

.
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The term in parenthesis can be bounded as (see [16, Eq. (80)] for details)
∫

Λ2
dxdy χ�(x − y)‖(N+ + 1)−1/2ǎxǎyξ‖2 ≤ CqN−2α/q′‖K1/2ξ‖2

for any q > 2 and 1 < q′ < 2 with 1/q + 1/q′ = 1. Choosing q = log N , we get
∣∣∣〈ξ, e2Nλ�

∑

p∈Λ∗
+

(χ̂� ∗ η)(p)(b∗
pb

∗
−p + bpb−p)ξ〉

∣∣∣

≤ CN−1(log N)1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖
Combining the previous bounds with (A.6) and using the definition (2.13) we
obtain:

∑

p∈Λ∗
+

[
p2ηp +

N

2
V̂ (p/eN ) +

1
2

∑

r ∈ Λ∗ :
p + r ∈ Λ∗

+

V̂ (r/eN )ηp+r

]
(
b∗
pb

∗
−p + bpb−p

)

=
1
2

∑

p∈Λ∗
+

ω̂N (p)
(
b∗
pb

∗
−p + bpb−p

)
+ E4 (A.7)

with

|〈ξ, E4ξ〉| ≤ CN−1(log N)1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖
if α > 1. Combining (A.4) with (A.5) and (A.7) we conclude the proof of
Prop. 1. �

We are now ready to complete the proof of Prop. 2.4; to this end, we
have to control the action of the cubic conjugation eA.

Proof of Proposition 2.4. The proof is based on [16, Sec. 6], except for a few
changes that we describe below. We decompose

GN = ÕN + K + ZN + CN + VN + EG
with K and VN as in (2.5), EG as in (A.3), and with

ÕN =
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1)

(
1 − N+

N

)
+

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp

+
[
2NV̂ (0) − N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)

]
N+

(
1 − N+

N

)

ZN =
1
2

∑

p∈Λ∗
+

ω̂N (p)(bpb−p + h.c. )

CN =
√

N
∑

p,q∈Λ∗
+:p+q 	=0

V̂ (p/eN )
[
b∗
p+qa

∗
−paq + h.c.

]
.

Here, we take advantage of the analysis in [16, Sec. 6] where properties of
e−A(ON + ZN + CN + K + VN )eA were established, with

ON =
1
2
ω̂N (0)(N − 1)

(
1 − N+

N

)
+

[
2NV̂ (0) − 1

2
ω̂N (0)

]
N+

(
1 − N+

N

)
.
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In fact, since the operators ON and ÕN only differs for some constant terms
and for the fact that ω̂N (0) in ON is replaced by N

(
V̂ (·/eN ) ∗ f̂N,�

)
(0) in

ÕN , one can easily check that the analysis of [16, Sec. 6] also apply here. One
conclude (see [16, Sec. 6.6]):

e−A(ÕN + ZN + CN + K + VN )eA

=
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)(N − 1)

(
1 − N+

N

)
+

1
2

∑

p∈Λ∗
+

ω̂N (p)ηp

+
N

2
(
V̂ (·/eN ) ∗ f̂N,�

)
(0)N+

(
1 − N+

N

)

+ ω̂N (0)
∑

p∈Λ∗
+

a∗
pap

(
1 − N+

N

)
+

1
2

∑

p∈Λ∗
+

ω̂N (p)
[
b∗
pb

∗
−p + bpb−p

]

+
1√
N

∑

r,v∈Λ∗
+:

r 	=−v

ω̂N (r)
[
b∗
r+va∗

−rav + h.c.
]
+ HN + E(1)

R

with

± E(1)
R ≤ CN−1/2(log N)1/2(HN + 1) (A.8)

for any α ≥ 5/2 and N sufficiently large. To conclude, we note that with
Lemma 2.3,

e−AEGeA ≤ C(log N)1/2e−A
(
N−3/2HN + N−1/2(N+ + 1)

)
eA

≤ C(log N)1/2
(
N−1/2(HN + 1) + N−1/2(N+ + 1)

)

which together with (A.8) leads to (2.20) and (2.21). �

Finally, we show Lemma 5.1, which is used in Sect. 5 to localize in the
number of excitations and to prove lower bounds on the spectrum of the exci-
tation Hamiltonian.

Proof of Lemma 5.1. For simplicity, we omit the argument of the functions
fM (N+) and gM (N+). From a direct computation, we find

GN − EBog
N = fM (GN − EBog

N )fM + gM (GN − EBog
N )gM + EM

with

EM =
1
2

(
[fM , [fM ,GN ]] + [gM , [gM ,GN ]]

)
.

From (A.2), we find (with h either f or g)
[hM , [hM ,GN ]] =

1
2

∑

p∈Λ∗
+

ω̂N (p)[hM , [hM , (bpb−p + h.c. )]]

+
√

N
∑

p, q ∈ Λ∗
+ :

p + q �= 0

V̂ (p/eN )[hM , [hM , (b∗
p+qa

∗
−paq + h.c. )]]

+[hM , [hM , EG ]] (A.9)
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since all the other terms commute with N+. For the commutator with the
error term EG , satisfying the bound in Eq. (A.3), one can argue as in [7, Prop.
4.2], and deduce that

∣∣〈ξ, [hM , [hM , EG ]] ξ〉∣∣ ≤ CM−2
(
N1−α + N−1(log N)1/2

)

‖h′
M‖2

∞‖H1/2
N ξ‖‖(N+ + 1)1/2ξ‖

for any α > 1. The point here is that the proof of (A.3) is based on an expan-
sion of EG in a sum of terms given by products of creation and annihilation
operators, whose commutator with N+ has exactly the same form, up to a
constant (given by the difference between the number of creation and anni-
hilation operators in the term). Thus, each contribution to the commutator
can be estimated as the corresponding term in the expansion for EG (the only
difference is that terms where the number of creation operators match the
number of annihilation operators do not contribute to the commutator).

As for the quadratic off-diagonal term appearing in (A.9) we have
∣∣∣〈ξ, 1

2

∑

p∈Λ∗
+

ω̂N (p)(bpb−p + h.c. )ξ〉
∣∣∣ ≤ C(log N)1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖.

(A.10)

Since the commutators of N+ with this term is proportional to the off-diagonal
term itself, it follows that the bound in (A.10) also holds for the commutator
with hM , multiplied by a factor M−2‖h′

M‖2
∞. The same argument holds for

the cubic term appearing in the first line on the r.h.s. of (A.9). Indeed, we can
bound it in position space as
∣∣∣〈ξ,

√
N

∑

p,q∈Λ∗
+:

p+q 	=0

V̂ (p/eN )(b∗
p+qa

∗
−paq + h.c. )ξ〉

∣∣∣

≤
√

N

∫
dxdy e2NV (eN (x − y))‖axayξ‖‖axξ‖ ≤ C

√
N ‖V1/2

N ξ‖‖N 1/2
+ ξ‖.

This implies (5.7). �

B. Properties of the Scattering Function

For a potential V with finite range R0 > 0 and scattering length a, and for a
fixed R > R0, we establish properties of the ground state fR of the Neumann
problem

(
− Δ +

1
2
V (x)

)
fR(x) = λR fR(x) (B.1)

on the ball |x| ≤ R, normalized so that fR(x) = 1 for |x| = R. Lemma 2.1,
parts (i)–(iv) follows by setting R = eNN−α�0 in the following lemma.

Lemma B.1. Let V ∈ L3(R2) be non-negative, compactly supported and spher-
ically symmetric, and denote its scattering length by a. Fix R > 0 sufficiently
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large and denote by fR the Neumann ground state of (B.1). Set wR = 1 − fR.
Then we have

0 ≤ fR(x) ≤ 1 . (B.2)

Moreover, for R large enough there is a constant C > 0 independent of R such
that ∣∣∣∣λR − 2

R2 log(R/a)

(
1 +

3
4

1
log(R/a)

) ∣∣∣∣ ≤ C

R2

1
log3(R/a)

(B.3)

and ∣∣∣∣
∫

dx V (x)fR(x) − 4π

log(R/a)

(
1 +

1
2 log(R/a)

)∣∣∣∣ ≤ C

log3(R/a)
. (B.4)

Finally, there exists a constant C > 0 such that

|wR(x)| ≤ χ(|x| ≤ R0) + C
log(|x|/R)
log(a/R)

χ(R0 ≤ |x| ≤ R)

|∇wR(x)| ≤ C

log(R/a)
χ(|x| ≤ R)

|x| + 1

(B.5)

for R large enough.

Proof. The proof of Eqs. (B.2),(B.3) and (B.5) can be found in [16, App. B].
It remains to show Eq. (B.4), which needs to be improved with respect to the
analogous bound provided in [16, Lemma 7]. The starting point for its proof is
the explicit expression for fR, solution to the Neumann problem (B.1), outside
the range of the potential V . For any x ∈ Λ s.t. R0 ≤ |x| ≤ R one gets (see
[16, Eq. (192)])

∣∣∣∣fR(x) − 1 +
ε2

R

4

(
2 log(R/|x|) − 1 +

x2

R2

)
− ε4

R

16
log(R/|x|)

(
1 +

2x2

R2

)∣∣∣∣

≤ Cε4
R(log εR)2

(B.6)

where ε2
R = λRR2. With the scattering equation (B.1) we write
∫

dx V (x)fR(x) = 2
∫

|x|≤R

dx ΔfR(x) + 2
∫

|x|≤R

dxλRfR(x).

Passing to polar coordinates, and using that ΔfR(x) = |x|−1∂r|x|∂rfR(x), we
find that the first term vanishes. Hence∫

dx V (x)fR(x) = 2λR

∫
dx fR(x).

With Eq. (B.6), denoting

h(r) = 2 log(R/r) − 1 +
r2

R2
− ε2

R

2
log(R/r)

(
1
2

+
r2

R2

)

and noting that
∫ R

R0

h(r)rdr =
∫ 1

R0/R

h(Rr)R2rdr
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=
[

r2

32
(−r2ε2

R − 2ε2
R + 4

(
ε2

Rr2 + ε2
R − 8) log r + 8r2

))]1

R0/R

we find
∫

dx V (x)fR(x) = 4πλR

∫ R

0

drr
(
1 − ε2

R

4
h(r) + O(ε4

R| log εR|2)
)

= 2πλR

(
R2 − ε2

R

8
+ O(ε4

R| log εR|2)
)

=
4π

log(R/a)

(
1 +

3
4

1
log(R/a)

+ O
( 1

log2(R/a)

))

·
(
1 − 1

4
1

log(R/a)
+ O

( 1
log2(R/a)

))

=
4π

log(R/a)

(
1 +

1
2 log(R/a)

+ O
( 1

log2(R/a)

))

where in the third line we used (B.3). This concludes the proof of (B.4). �
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