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We consider a Hamiltonian describing three quantum particles in dimension one inter-
acting through two-body short-range potentials. We prove that, as a suitable scale
parameter in the potential terms goes to zero, such a Hamiltonian converges to one
with zero-range (also called delta or point) interactions. The convergence is under-
stood in the norm resolvent sense. The two-body rescaled potentials are of the form
V5 (X)) = e 'y(e7'x,), where o = 23, 12, 31 is an index that runs over all the possi-
ble pairings of the three particles, x is the relative coordinate between two particles,
and ¢ is the scale parameter. The limiting Hamiltonian is the one formally obtained
by replacing the potentials v, with asd,, where §, is the Dirac delta-distribution
centered on the coincidence hyperplane x, =0 and @ = [ vo-dx.-. To prove the con-
vergence of the resolvents, we make use of Faddeev’s equations. Published by AIP
Publishing. https://doi.org/10.1063/1.5030170

I. INTRODUCTION

In a dilute quantum gas at a low temperature, the typical wavelength of the particles is usually
much larger than the effective range of the two-body interaction. In this regime, the system exhibits
a universal behavior, which means that the relevant observables do not depend on the details of the
interaction but only on few low-energy parameters, like the scattering length. For the mathematical
modeling of these systems, it is often convenient to introduce Hamiltonians where the two-body
interaction is replaced by an idealized zero-range or ¢ interaction, i.e., an interaction that is non-
trivial only when the coordinates x; and x; of two particles coincide. A Hamiltonian of this type
is usually constructed as a self-adjoint operator in the appropriate Hilbert space using the theory
of self-adjoint extensions. Roughly speaking, one obtains an operator acting as the free Hamilto-
nian except at the coincidence hyperplanes {x; = x;}, i < j, where a suitable boundary condition
is satisfied. Many interesting mathematical results in this direction are available; see, e.g., Ref. 2
which addresses mostly the two-body problem and Ref. 10 for a review on the N-body problem,
mainly in dimension three, and the references therein. See also Refs. 4 and 9 for applications of
such Hamiltonians in dimension one. Here we only remark that these results strongly depend on the
dimension d of the configuration space. In particular, for d = 1, the resulting Hamiltonian is a small
perturbation in the sense of the quadratic forms of the free Hamiltonian; for d = 2, 3, the situation
is different and the Hamiltonian is characterized by singular boundary conditions at the coincidence
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hyperplanes; and, finally, for d > 3, a no-go theorem prevents the construction of a nontrivial
zero-range interaction.

The construction of Hamiltonians with zero-range interactions based on the theory of self-adjoint
extensions could appear rather abstract from the physical point of view. A more transparent and
natural justification is obtained if one shows that these Hamiltonians are the limit of Hamiltonians
with smooth, suitably rescaled two-body potentials. In the two-body case, reduced to a one-body
problem in the relative coordinate, such a procedure is well established in all dimensions d =1, 2, 3,
see Ref. 2, while in the case of three or more particles only few results are available (Ref. 6).

In this paper, we approach the problem in the simpler case of three particles in dimension one.
More precisely, we consider the three-body Hamiltonian

1
HES = o = 582 A+ VEy + VE + VS = H] + Z A
where m; is the mass of the jth particle and A; denotes the one-dimensional Laplacian with respect to
the coordinate x; of the jth particle, and, for simplicity, we set the reduced Planck constant 7 equal to
one. We use Greek letters o, y, . . . to denote an index that runs over the pairs 12,23, and 31. Moreover,
VZ, for € > 0, describes the two-body, rescaled interaction between the particles in the pair o, i.e.,
V2, denotes the multiplication operator by the rescaled potential V3502 —x3) = e ups(e " p — x3))
(and similarly for the other two pairs).

One reasonably expects that for € — 0 the above Hamiltonian reduces to the Hamiltonian formally
written as

1 1

1
HY:=—— A — — Ay — — A3+ @2612 + @23603 + 31631 = HJ + 0o s
2112222330[1212 @23023 + @3103] 0 Eaaa

o
where 8,3 denotes the Dirac-delta distribution supported on the coincidence plane {x; = x3} of the
second and third particle (and similarly for 6, and 631). Here ¢, are understood as distributions on
S(R?), and a,, are some fixed real parameters, depending on v, which measure the strength of the
interaction.

In order to study the limiting procedure £ — 0, it is convenient to work in the center of the mass
reference frame so that the Hilbert space of the states of the system reduces to L2(R?). We denote by
(xy, y¢) a generic set of Jacobi coordinates, where 7 is an index that can assume the value over any
of the pairs 12, 23, and 31 and ¢ (more precisely, one should write £,) is the companion index of vy,
which means that if y = 23 then ¢ = 1 and so on. For example, we have

mpXxp + m3xs

X23 =X2 — X3, V1 X1-

my +mj
In the center of the mass reference frame and using the Jacobi coordinates, the approximating
Hamiltonian has the form
1 1
& ._ __~ _ £ _ &
H® = ZmyAxy T +;V(,_HO+;V(,, (1.1)

where m, is the reduced mass between the particles of the pair y and p, is the reduced mass between
the particle £ and the subsystem composed by the two particles of the pair vy, i.e.,

mams3 _my(my +m3)

mp3 = with M =my + my + mj3, (1.2)

m2+m3’ M

and similarly for the other pairs. We shall assume conditions on the potentials v, such that H?® is a
self-adjoint and lower bounded operator in L%(R?), with a lower bound independent of € (see Sec. II).
The limiting Hamiltonian has the formal expression

H:=H, +Za,,6(r. (1.3)
(on
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Its rigorous definition as a self-adjoint, lower bounded operator in L>(R?) will be given in Sec. III.
Our main result is stated in the following:

Theorem 1. Assume that v, € L'(R, (1 + |x|)*dx) for some s > 0 and for all o = 23, 31, 12.
Moreover set @y = [p vo-(x) dx. Then H? converges to H in the norm resolvent sense for € — 0.

Remark 1.1. From the proof of the theorem, it is clear that larger s gives faster convergence
speed, up to s = 1. More precisely for all z € C with Im z # 0, one has that

I(H® =)™ = (H = 2) 'l g2z <C&® V6 <min{l,s}, (1.4)

where || - || BUARY)) denotes the usual norm for bounded operators in L2(R?).

The paper is organized as follows.

In Sec. II, we show that H? is self-adjoint and lower bounded in LZ(RZ), with a lower bound
independent of €. Moreover, we write the resolvent of H® in the form of Faddeev’s equations in
momentum space.

In Sec. III, we construct the limiting Hamiltonian H as a self-adjoint and lower bounded operator
in L2(R?). An approach to the formal definition of H (for the case of identical masses) is in Ref. 1; to
make the paper as self-contained as possible, we discuss the definition of H for the general case of
different masses. We also find a suitable representation (in a form that resembles Faddeev’s equations)
for the resolvent in momentum space.

Section IV is devoted to the Proof of Theorem 1. In particular, we first prove the estimate (1.4)
for z =—A, with 2 > 0 large enough, and then we extend the result to z€ C \ R.

We conclude the paper with two appendices. In Appendix A, we recall the derivation of Faddeev’s
equations and the definitions and basic properties of the operators introduced in Sec. II. In Appendix B,
we collect several explicit formulae and useful identities, mostly concerning the operators introduced
in Sec. III.

In what follows, C denotes a generic positive constant, independent of the parameters € and A.

Il. THE APPROXIMATING PROBLEM

We denote by By the sesquilinear form

1 - 1 _
Bo(p, )= 5— / v, O, W dxy dye + >— / Oy, @ Oy, W dxy dye,  D(Bo):=H'(R*)xH'(R?).
my RZ RZ

2ue
2.1
The quadratic form associated with H? is
BEW. ) =BoW, )+ D (. Vo) gz, DIB%):=H'(R*) x H'(R?).
o
We note the inequality
sup | dylyx, )I> <nlloll?, o, + l||l!/||2 2.2)

which holds true for all > 0. This is sometimes referred to as the Sobolev trace inequality and
follows from the identity

/ dye W(x,ye)lz:/ d}’K/ dx, axy‘lﬂ(xy,yé’)r,

(o]

together with the chain of inequalities

w(xy,m)z <2100, ¥ (xy, YO W (xy YOl <10, Yy, yOIP + Wy y0) 1P 1.

By Eq. (2.2), and by the change of variables x,/¢ — x., it immediately follows that

O,
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1
|0, VEW) o | = /]R dxr Vg ()| /IR dydw(exa,yf)ﬁs||va||L1(R>(nuax(,sbnjz(Rz)+;nwniz(Rz))
for all n > 0. Hence

<a By, y) +bllyl?

L2(R?)

Z (lﬁ, Vi—W)LZ(RZ)

for some 0 < a < 1 and b > 0, and by the KLMN theorem, the form 5 is closed, semi-bounded and
defines a self-adjoint operator, coinciding with H?; see, e.g., Ref. 11. Additionally, H® is bounded
from below uniformly in &; i.e., there exists 1¢p > 0 such that inf oc(H®) > —1¢ for all € > 0.

Since it is more convenient to formulate both the approximating problem and the limiting problem
in Fourier space, in what follows we introduce some notation concerning the variables in momentum
space. We remark that we define the Fourier transform so as to be unitary in L2(R?); see Appendix B
for the explicit definition.

We denote by k, the conjugate coordinate of x, and by p, the conjugate coordinate of y,.
Let Hy be the operator unitarily equivalent to Hy via Fourier transform and let Ro()=(Hy + )71,
A > 0. Both of them act as multiplication operators, more precisely,

A 2P . 2o\
o o

For the reader’s sake, we recall that different pairs of Jacobi coordinates are related by the
following formulae:

m';M ny my
k = - —_ k N = - —k N 23
31 (m2+m3)(m3+m1)171 s+ P2 m2+m3p1 23 (2.3)
sz nmi
ki = — - ks, . thys, (2.4
T +m2)P1 s P3 m2+m3p1 23 (2.4)

where M is the total mass of the system; see Eq. (1.2). The other changes of coordinates are obtained
by permutation of the indices in the formulae above. For example, if for the sake of concreteness we
fix o = {23} and £ = 1, we have

N k2 p2
Ho f(ka3,p1) = (Wz; + 2—"111)f(k23,l71)-

We can also write functions in the p’s coordinates only; for this reason, we recall the change of
variables
my
my + m3

kyz=-p2 — P1; P1=D1. (2.5)

In the coordinates (py, p1), we have

p; P2 P1 Py
Hof(pa.p1) = =— + +
2mo3 m3 2my3

)f(Pz,pl)- (2.6)

We remark that in the latter formula we abused notation and used the symbol f to denote the
same function written in two different systems of coordinates, the (k,, p¢)-coordinates and the
p-coordinates.

Analogous changes of coordinates are obtained by permutations of the indices and by taking into
account the identity p; + p; + p3 = 0, for more explicit formulae, we refer to Ref. 8. Similar formulae
hold for Ro(A).

We introduce some notation before representing R®(1) = (H®+1)~! through Faddeev’s equations.
Here we always assume A > 0 such that inf oo(H®) > —A for all € > 0.

Denote by t;f (A5 ky, k;,) the integral kernel in Fourier transform of the operator ti(/l) (L2(R) -

L*(R) defined in Eq. (A10). One has that
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& (f (k) = /R 15 (A oy, K (K K @7)

By taking the Fourier transform of Eq. (A10), one infers that the kernel 77 (1) satisfies the following
integral equation:

- , 1 , 1 N 1 e, ,
1, (ky, k) = \/T—ﬂvy(s(ky —ky)) - or /qu by (e(ky — Q))mty (A39,ky).  (2.8)

Hence, by Eq. (A11), in Fourier transform, the operator Ti (1): LA(R*) - LA(R?) is given by

T (f (ky. pe) = /R dk, 15(A + pg [ 2pue)s ky K)F (K, pe). (2.9)

We remark that in what follows, in particular, in Eq. (2.12), we shall rewrite the latter formula for
Ti(/l) in the p’s coordinates. Equation (2.12) is obtained by taking into account the changes of
variables (2.3)—(2.5).

We are now ready to write down Faddeev’s equations in explicit form [see Appendix A,
Egs. (A7)—(A9)]: let ﬁs(d) be the conjugate operator to R®(1); then we have

3
R (f =Ro()f +Ro() D p™ (), (2.10)

m=1
where the functions p(")#(1) satisfy the system of equations obtained by permuting indices in
P4 = =T (DR = TH(DRo(DpP#(2) = T3 (DRo(D) (). .11
In the coordinates (py, p1), Eq. (2.11) reads

P (s q.p)=— / dg
R

my

m2+m3p) ’
—f(q".p)

V(AP Q) ~q — 5D 4~

2 7 2
N ) N
2m23 + m3 + 2m13 + /l
my

_ / dq’ 1234 +p?/Qui)—q - mznjr2m3p’ —q' - mz+m3p)
R

) y 2
A+ L2y Py
my3 m3 2m3

PP -p-q'.q) (2.12)

m3

/ A+ P Q) —q = 575D, '+ e P)
— dq
R

2 ’ 2
q qgp , P
2m23 + my + 2m12 + /l

pPE(sp, q).

We remark that the functions p")¢ (1) are always understood to be written in their “natural” variables,
ie., p#(2) = P12 (A; pa, p1), pPE() = pPE(A; p3, pa), and p2(1) = pPE(A; i, p3).

lll. THE LIMITING PROBLEM

In this section, we discuss the rigorous definition of the Hamiltonian H describing three particles
interacting through contact interactions and formally written as in Eq. (1.3).

We shall denote by =, the coincidence line (hyperplane) of the particles in the pair v, i.e., in the
Jacobi coordinates (x,, y;), 7y is identified by x, = 0. The hyperplanes n, identify six regions I',,
r =1, ..., 6. For the sake of clarity, we write explicitly the definition of I', in the coordinates
(x23, y1); obviously we could have equivalently used any other pair of Jacobi coordinates,

x23 20, x23 >0,
I= (xzs,y1)| m3 , In= (xzs,y1)| m3 my ,
y1<- X23 - X3 <y1 < X23

my + ms3 my + m3 my + ms3
x23 >0,
I3= (x23,y1)’ my s Ta={(x23, yDl (=x23,—y1) €T},
Y>> ———X23
my + m3

I's = {(x23, y1)I (=x23, —y1) € I2}, I's = {(x23, y1)| (=x23, —y1) € I3}
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For any function ¢ € H*(R?) with s > 1/2, we denote by Y|z, its trace on the hyperplane 7y, and

we recall that the map ¢ — |, extends to a continuous one from H*(R") to H*~!/ 2(R"1) for any
n€Nand s > 1/2. Sometimes, when we need to make explicit the dependence of ¢ — ¢/, on the
coordinate y¢, we shall simply write ¢ — ¢/|, (y) omitting the suffix £ when no misunderstanding is
possible.

To give a rigorous definition of the operator H, we start with a natural choice of the quadratic
(sesquilinear) form: since the potential ., d, is supported by the hyperplane =, we set

B(p,y) =Bo(e,¥) + Z Qo (90|7ruv ‘Mmr)LZ(m,)a D(B) = Hl(Rz) X Hl(Rz)v

where the definition of By was given in Eq. (2.1).
Remark 3.1. By Eq. (2.2), it immediately follows that
D e, 12, ) < @ BoW i) + DI, o,
(o

for some 0 < a < 1 and b > 0; hence by KLMN theorem, the form B is closed, semi-bounded and
defines a self-adjoint operator bounded from below; see also Ref. 3.

We denote by IT the union of the hyperplanes 71, 723, 731: [l = Ug 7.
Moreover we denote by [(%lﬁ] N the jump of the normal derivative of the function ¢ across the
Y

plane 7, i.e.,

(0,01, =050],, 0= lim (3w n.y0) = a4 w=n.y0)-

Theorem 2. The self-adjoint operator associated with the closed and semi-bounded quadratic
form B is

D(H) = {lp e HEA\ID N H' @) [0,0] =200, Vy}, 3.1
Hy =Hoy on RA\IL (3.2)

Proof. According to the general theory, the operator associated with B is defined by
D(H) = {y € H'(R?)| I € LX(R?) s.t. Blg,¥) = (¢.f) Vo e H' (R?)),
Hy =f.
Let p € CP(I) € H'(R?) and ¢ € D(H). Then

(‘;Dsf) = B((,O, l!/) = BO(QD’ 'ﬂ),

and hence ¢ € H*(I'y) and f = Hoy in T';. Repeating the argument for I',, r =2, . . ., 6, we conclude
that € D(H) implies ¢ € H*(R?\IT) and f = Hoy on R*\II. This proves Eq. (3.2).

It remains to show the validity of the boundary conditions in Eq. (3.1): [0y, 1, = 2m, @y |z, Vy.
To this end, we consider p € C*(I's UT1) € H 1(]Rz). Using for definiteness the coordinates (x23, y1),

we have
0

dy1 @l GOV |, () (3.3)

(0.f) = Blg, ) = Bo(g, ) + a3 /

Let T35 = {(XQ3, y1): Ixa3l < 6,31 < 0}, Fg = F6\7T23,5, Ff =1 \7(23’5. Then, by Eq. (3.2), it follows

(p,f)= lim[/ dxo3dy1 @ Hoy +/ dxazdyy o Hoy |. (3.4)
On the other hand,
. — 1 —
Bo(p, ) =lim Oy @ Oxys ¥ + =—— 0y, 0 8y, W dxo3 dy;.

6—-0 l"gul“f 2m23 2/,!]
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Integrating by parts and taking the limit for 6 — 0 on the boundary term, one obtains

. _ _ 1 _
Bo(e,¥) = lim [/ dxa3dyrg Hoy +/ dxzadyWHol//] — /0 Ayt @l 1) [Oxy3 ¥ 1, 1)
-0 rg r]& 2m23 —oo -

3.5)
By Egs. (3.3)-(3.5), we conclude

_ 1
/O 1Py D) | @230, 1) = - —[0 T 00| =0 Ve G UTY)

23

Hence
[00,0]  =2ma3e23 iy,

723
on 1y, = {(x23,y1) : 223 =0, y; <0}. Repeating the argument for I'; U I';, i < j, we conclude the
proof. O

In the following, we find the expression of the resolvent operator (H + 1)~! for A > 0 such that
inf o-(H) > —A. First we introduce several operators. Let

G(2): L*(R?*) = L*(n23) ® L*(m31) ® L*(m12),
G() = (G23(Q), G31(2), G12())
with G, (1) : L>(R?) — L*(r,) defined by
Gy()f :=Ro(A)f I, - (3.6)

Let
G(): L*(m23) ® LA (m31) ® L*(m12) — L*(R?),

G(1):=G)".
Hence, for g = (¢, ¢@, ¢'¥) € L*(73) ® L*(n31) ® L*(n12), one has

G(g= )" Gy(Dg",
Y

where G, (1) : Lz(ny) — L2(R?) is the adjoint of Gy(/l). We note that the action of G, (2) is formally
given by
G, (g =Ro()(¢'"3,).

We refer to G(1)q as the potential produced by the charges g. Note also that, as a matter of fact, the
spaces L2(7r7) can be identified with L2(R, dy¢). Finally, we introduce two matrix operators acting
on L?(3) ® L*(m31) ® L?(71»). The operator M is defined by

M(D))yo =Myg(d),  Mye(d):L*(m5) — L*(my)
with
Myo(D)q:=Go(Dqlr,.  ge€L(ny),
and the constant matrix A with components
@y, Yy=0
A =
i { 0, y#O.

Denote moreover by I the identity operator in L*(m23) ® L*(7131) ® L*(m12).

Theorem 3. For all A > 0 sufficiently large, one has
R(D)=MH+ ) =Ro(1) — G+ AM(2)'AG().

Proof. First we remark that H is a semi-bounded operator; hence, its resolvent R(1) is a bounded
operator for all 4 > O such that inf c(H) > —A. Let f € L%(R?). We want to show that the unique
solution of

H+ Dy =f (3.7
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is given by
¥ =Ro(D)f +G()g, (3.9)
where g € L3(m23) @ L*(n31) @ L*(m12) is
g=—-(1+AMW)TAG)f. (3.9)

First we show that (1 + AM(A)) is invertible. Let g € Lz(ny); recalling Eq. (B5) and by the unitarity
of the Fourier transform, we get

’ llgll?
2 y q(pe) )
M, (1 =—— | d <C .
” n )qHLZ(R) 2 /R P\ ) 1
2ue

On the other hand, if ¢ € L*(rr,/), by Eq. (B6) [see also Eq. (B7)], by the unitarity of the Fourier
transform and by the Cauchy-Schwarz inequality, we get

’

ligll; ligll;
LQ(R) ! < C LZ(R) Y * Y

2
M 4 /1 < d d ’ ,
” ! )qHLQ(R)_ (2n)? /]Rz pedbe Pi, pere , Po 2 A
2m,, 2m; + 2m,,, + /1|

with ¢’ denoting the companion index of y’ and j # ¢, {’. The latter inequality can be easily proved
by scaling. We conclude that for A > 0 sufficiently large one has [|AM(2)]|| < 1; hence, (1 + AM(1))
is invertible.

It remains to show that ¢ defined by Eq. (3.8) is the solution of Eq. (3.7). First note that
veH 1(]Rz) N HZ(Rz\H) as a direct consequence of Eq. (3.8) and of Eq. (B4). Moreover from
Eq. (B4), it is easy to convince oneself of the fact that

[3Xy Gy(/l)q(f)] = —2myq(£), [3){0 Gy(/l)q(f)] o = 0, o#v,
and since [axy Ro(A)f ],ry =0, one infers

[a)c7 'ﬁ]ﬂy = _2myq(€)-

Using now Egs. (3.9) and (3.8), one has

¢ = -0, G, (f - a, ZMW(A)q“’) = —ay¥lx, - (3.10)
,y/
Hence, [0y, ¥1z, =2a,my|,, and ¢ belongs to D(H). Moreover, by Eq. (B4), it follows that
Gy(/l)q(f) satisfies
(Hop + DG, (D)g=0  onR*\II.

Recalling Eq. (3.2), the above equation implies
H+ Dy =f,

which concludes the proof. O

In the following, we explicitly write the equation for the charges ¢ in momentum space. The
Fourier transform of Eq. (3.10), taking into account the formulae collected in Appendix B, gives

@3 V2mys |, 3 1
1+ ——= 13" () =- or o e ey

2 T R 2 2Pl 1
2\[217—1+/l 2y T my T 2ma +4

M1

a3 1 N 3 1 A3
o 492 - >~ /des FE— a9 (p3).
2 2Pl 1 3 3'P1 1
211!23 + m3 + 2m31 + /l 2m23 my + 2m]2 + l

Two similar equations are obtained by permutation of the indices. We note that with a slight abuse
of notation we denoted by the same symbol the function f and its Fourier transform.
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Define £ (py) = §O(p¢)/V2r and set

1 a
= 4 R

2 my’
1+(Y7 1

Then £ (py) satisfy the system of equations [in what follows, we make explicit the dependence of
&9 on 2],

2 2
T23(/1+2’;) T23(/1+2p—)
Dy, H H 2)( 7.
V(s p) = —/ dq' ——————5——f(q'.p) - / dg' ———————£EP(3q)
R q + P + P’ + A R a4 P + P +
2m23 m3 2}’}13] 2mz3 m3 ZH’L31
e 2y (3.11)
3 A+ =
- / da’ 7 gD 21;712 €94,
B oyt w2y T4

and two more equations obtained by permutation of indices.
We conclude this section with the proof of a bound on the L2-norm of the functions &9, j = 1,
2, 3; see Proposition 3.4.

Remark 3.2. For any a, € R, there exists A> 0 such that, for all 1> 1, one has that

|y |
D ——.
|Ty( )| o

To see that this is indeed the case: if a, > 0, one has 7,(1) < % forall A > 0; if a <0, take
A= 2a)2,m,y.

Remark 3.3. We note that

2 . 2 2,2
A D A

2m23 ms 2m31 - 2max{m1,m2}'

So that, by setting C1, =2 max{mj, m3}, we get

1 Ci2

<
2 ) 2 = :
S g*+p*+CpA
my3 - om3 o 2m3)

In what follows, we shall often use, without further warning, the latter inequality (or similar ones
obtained by permutation of the indices). Moreover, we shall use the identity

1 C
/ ds=—2—,  7>0,b>1/2.
R (2 + 77)b y]b_i
Proposition 3.4. For all A > 0 sufficiently large, one has
1E9Dl2@y < C W@y J=1.2.3. (3.12)

Proof. From Eq. (3.11), we have that

1 2
dp|§“)u;p)|2SC[ / dp( / dq'—lf(q’,p)l)
/]R R R q’2 +p2+C12/l
R P R 1 g +p?+Cpa 4 R P R 1 g +p*+CyA 4
1 ’ /7
SC[/dp—ﬁ/dq )P
R (p?+CpA)2 JR

1 ! 7 1 !’ 7’
+ / dp —— / dg' 1EP ;) + / dp——— / dq |§<3>u;q>|2].
R (p2+CpA)2 JR R (p2+C;A)2 JR
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Here, in the first inequality, we took into account Remarks 3.2 and 3.3; in the second inequality, we
used the Cauchy-Schwarz inequality and again Remark. 3.3. Hence

1ED N7, < ufuLz(Rz += (||§<2>(A>||LZUR +IEDDI 2 g))-
Similar inequalities are obtained by permutation of the indices, i.e.,

1D, 5, < IlflIU(Rz Sl gy + 1V D).

C
IEDDIF g, < “f“Lz(Rz +I(”§(l)u)” @ * ||§(2)(/l)”L2(R>)

Summing up all the inequalities we obtain

(1 - —) Z IED DN g < ufnmRz

For A large enough, the latter inequality implies 23 1 NEDDI?, .. < CIFII? which in turn

L2(R) — [2(R%)’
implies Bound (3.12). |

IV. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem 1. As a preliminary result, we prove an a priori estimate on
tf(/l) and a bound on t;f(/l) - 7,(4).

Lemma 4.1. Assume that v, e L'(R, (1 + |x])?dx) for some 0 < b < 1 and for all y =23, 31, 12.
Moreover set a,, = [ vy dx. Then for all A > 0 sufficiently large, one has

sup |£5(A;k, k") <C 4.1)
k' €R

and ,
(A k) (D]

b
sup <Ce¢g’, (4.2)
keer kP + k)P +1

where 0 < g < 1.

Remark 4.2. Obviously the assumption on the potentials v, is satisfied whenever v, eL'(R,
(1 + |x|)*dx) for some s > 0. We note that the speed of converges in Bound (4.2) improves only up to
s = 1; in particular, it does not exceed &°, § < min{1, s}.

Proof of Lemma 4.1. Denoting by 0, (k) the Fourier transform of v,(x), we note that, since
vy € LI(R),

sup |0y (k)| < C. 4.3)
keR

From Egs. (2.8) and (4.3), we infer

C
Ity (A k, k)| < C + — sup |t;(A4; p, k).
VA per
By taking the supremum over k and k’, and up to choosing A large enough, the latter bound implies
the a priori estimate (4.1).
To prove Bound (4.2), we start by noting that since v, € L'(R, (1 + |x])?dx), we have that

N A 1 ikx 1
Ivy(k)—vy(0)|=‘\/7_ﬂ/R(ek — 1)vy (x)dx s|k|b\/7_ﬂA|x|b|vy(x)|dx£C|k|b. (4.4)

Moreover, @, = \/ﬂﬁy(O) and the function 7,,(1) satisfies the identity
0,(0) B 1 0,(0)
Vir oz Jup?/Cmy+ 2"

(1) = 7y (A)dp. 4.5
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0y (e(k — p)) — 0, (0
Uy( ( )) U’y( ) 7(/1)

072104-11
P2/@my) + 4

By taking the difference of Egs. (2.8) and (4.5), one has
o, (e(k = k")) - 0,(0) B 1 /
Var Jr

V2r
1 by(e(k — p)) )
- c:p k') — .
\/E/RPZ/(2my)+/l(t7( p, k") = 7,())dp

By using the fact that 0, is bounded and Bound (4.4) in Eq. (4.6), we have that
k b b
|k|” + |p| dp

b, CeIH W) /
kI? + [k’ + 1 Jr p2/(2m,) + A

Ip|” + k'[P + 1 154 p, k") = 7 ()]

dp.

k) = (D) =

Ak KD — (D] _
PP+ kP + 1

k[P + (k'[P + 1
N c
kP + k1P + 1 Jr p?/(2my) + A

We note that
1 /|p|b+|k|b+|k’|b+1 C
Ip <
P+ 1P+ 1 e p2/2my)+ 2 €
A2 2
Hence, for A > 1, one has

£ (A k, k") — 7, ()] 7,(4 C 15 (s p, k") — 7, ()]
24 e < sb(1+—I yl( b)l) — sup L4 bp 5 L4 .

5 )T b e P IRP 1

O

sup
kier k1P + 1K+ 1
The latter bound implies Bound (4.2), by Remark 3.2 and up to taking A large enough.

Proof of Theorem 1. In the proof of the theorem, we set b =5 if 0 < s < 1; if s > 1, one can
Ye >0,

choose any b € (0, 1).
We fix A such that
min{inf o-(H®), inf oc(H)} > — 29
and we prove that, for 1 > A large enough, one has
. -1 -1 _
}3% ”(Hs + /l) - (H + /l) ”(%’(LZ(RZ)) =0.
The convergence of (H® — z)~! to (H - z)~! for any z € C\R follows from the identity
&
£ -1 a_ B+ -1 H+4
e e A [+ )7 - (H+ ) ]H_Z,

and see, for example, Ref. 5, Lemma 2.6.1. Since they are unitarily equivalent, we can estimate the
norm of Rg(/l) — R(2) where R(A) is the conjugate of R(1) through Fourier transform. Taking into

account Egs. (2.10) and (3.8), we have that
R*() = RO =Ro() D p" () = G,

where G(1) = (G23(1), G31(1), G12(2)) and § = (40, @, §®). Taking into account the explicit form
of the resolvent Rg(1) in the p-coordinates, see, e.g., Eq. (2.6), and by Eq. (B8) [together with the

definition of £©)(2)], we have
R*(1) = RO (p2.p1) =

_ P p2,p) — €V p1) | PP pa,p2) = €2 p2) | PP prpa) = €94 ps)

2 2 >

an—'m +2Ts 4 22—*32 +1

2 2
P3 p3p2 P
S T o T A

2m31

P2p1 Py
ot A

- 2
Py
2m23 m3
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where p3 = —p; — p2. Hence,

2
|p (2 q.p) - f“)(&'p)|

2
e + /l
2my3 m3 2m1;

IR™ () = ROV I 2, < € /R ,dadp

2 2
o= (i q.p) = £ ip)| [pP e (ig.p) - §<3>u-p)|
+ +

A.7)

2
2 2
q qpr q qp
‘2m31 t o my + 2m21 + /l’ 2myy t o my + 2m32 + /l'

We note the chain of inequalities

2
/ o PP — £ 0 [ 2 /d 1 /d |04 (2:q.p) ~ €02 )|
w1 2 Je @+

2 2 b

2 . +p°+CppA

|2q_+ﬂ+2 +A‘ (q p 12 )
no3 nms ni3

<

2
/ i) - Vi)
R

su
P (@ +p2+ Cra )P

, (4.8)
A %_b geR
for any O < b < 3/2. Here we used Remark 3.3 and the trivial inequality

1 1 1
<
(@® +p?+ Ci2A)? ~ (% + Co)* P (¢? + p> + Cip )P

and defined C»3 to be the least of C|», C»3, and C3;. Two analogous inequalities hold true for the
terms involving p@®-¢ — £€® and p3-¢ — £O),

Hence it is sufficient to prove

2
/ |902(2; ¢, p) - €92 p)|
P
R

lim su
b @+ + Cin )

-0 geR

=0, £=1,2,3.
Using Egs. (2.12) and (3.11), we have

2
P42 9,p) - V(43 p)|

tg(/1+i'— - g — 2 p)—1p3(A+ L )
<C /dq, 23 2u;° q m2+m3p’ q m2+m3p 23 2;11
R

7 72 1(q’,p)
2y Fomy 2m31 + A
2
A+ L—g— - — (A +
N / a2 : ’”é”"‘p il ’””’”‘p) iilihg )§<2>u )
R A +A
2m23 m3 ngl
P 2
A+ L—g-22_p 3 - A+ =
N / a2 i i 7 )~ Tl 2’”)§<3>(A;q’)
R A S
2mo3 my 2miy
2
155+ 33 =q = 5eep, —q = )
¥ / da’ G T SR A e el RUR R ST P)
R 2m23 m3 + ngl + /l
2
155+ 33 =q = 5aep, 4+ rp)
+/ dq’ — Pl 062 pgt) - €90 q'))
R A

2m23 myp 2m 12
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The latter inequality together with Lemma 4.1 and Remark 3.3 (setting, as above, C»3 to be the least
of C13, Cp3, and C3y) gives

2
/ p |p (2 q.p) - £D(a; p)|
R

4.9
(q% +p? + Ci32)° (49)
d bylglb+1g'1P+ 1 2
ch2b/ — p b(/d , Ipl : lg1” +1q’| V(Q'»P)|) (4.10)
R (g~ +p= + C1234)° \Jr q"* +p*+ Cia3d
b b /b 2
+C82b/ dp (/ dq Ipl” +1q1” + 14’ +1‘§(2)(/1;q’)) @11
R (g% +p? + Ci3 )P \ R q’* +p?+ Cizd
b b b 2
+C82b/ dp (/ iy Ipl” +191° + 14’ +1‘§<3)(ﬂ;q,)) @4.12)
R (g% +p? + Ci3 )P \ R q’* +p?+ Ciazd
2
dp PP -p - q'.q") - €259
+C | 5— | [ dg 2 4.13)
r (g +p* + Ci3 )"\ Jr "> +p>+Ci3d
2
C/ dp /d 10D (ip.q') - €9 g @)
+ q ) )
R (¢> +p> + Ciz )P\ Jr q’? +p* + Ciazd

Using the Cauchy-Schwarz inequality and the trivial inequality
Upl” +1qI” +1q’1" + 1’ <CG* +¢% +q + 1),

Term (4.10) can be estimated by

d DYt g 1 L,
SZbC/ 2 217 b/dqp,2 6]2 2 z(/d‘]lf(q,l?ﬂz)
R (g +p~+ Ci23)°\Jr ~ (¢’ +p? + C1231) R

2b 2
S & C”f”Lz(Rz),
2b_ 2b
where we used —25-4—— < C and m <1 (for A large enough), which in turn imply

(@>+p*+Ci3 > =

1 / q,pr +q+q? + 1 / iy q* <C
(P +p?+Ci ) Jr 7 (@2 +p2+CisA)? ~  Jr (@2 +Cizd)? T

Using the Cauchy-Schwarz inequality, and Bound (3.12), Term (4.11) can be estimated by

dp / p2b +q2b +q/2b +1 (/ )

2b ’ 11 &2) ¢, 7N\2 2b 2
e’C d d <&”’C R
/R TiAiCm ﬂ)b< e 1€ @) 112, g,

where we used

/d , g g
R? (¢% +p* + C13)7 (g% + p* + C1234)?

1 g +1
S/ dpdq’— > 2+/ dpdq’ 1 - <C.
R? (@“+p~+ Cizd) R? P+ C123/1)b+§(q’2 + Ci23d)2

The same estimate holds true for Term (4.12).
Using the Cauchy-Schwarz inequality, Term (4.13) can be estimated by

dp PP+ g+ (Ci3 ) PP -p-q'.q") - EP(A;q")
¢ PR o\ [ dd 2 dq 2. 2
R (¢° +p~ + Ci3 )"\ Jr (qg’” +p=+ Ci3) R (q"* +p*+ Cip32)

2

2

. / w PP -p—q',q") - P )
< — Sup q s
A per JR (g +p* + Cipz )P
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where we used

/ dp da’ PP+ g+ (Cr3 )P
R (¢ +p* + C13)7(q"? + p? + C1234)?

1 q/Zb
< dpdq’ +/ dpdq’
/RZ bad (@ +p*+Ci31)?  Jr2 bad (P* + Ci23D)P(q"% + p? + Ci231)?
C
S_’
A

which can be easily proved by scaling. In the same way, Term (4.14) can be estimated by

c /d |p¥eip.q) -
— sup q
A per JR (@? +p* + Cip )’

Therefore we obtain

/ g - £0pf e
su
qe]g R b (g% +p? + Ci3) LR
2 2
e / . P2 (s =p = q.p) = £2(1: p)| . / p 0222 ¢,p) - £9(2; p)| @is)
—| sup Ip sup Ip . (4
qeR JR (q> +p* + Ci31)° geR JR (g% +p? + Cip3)

Two similar bounds with [p®-¢(1; g, p) — £€P(A; p)l and 1p32(1; g, p) = £3(A; p)l at the Lh.s. are
obtained by permutation of the indices.
The estimate (4.15) is not sufficient to close the proof since it involves also terms containing the

function p©>#(1; —=p — ¢, p). To obtain bounds on those terms, we note that

2
0525 =g = p.p) = £V p)| <

m3

(/1+2 5q+ P, —q — p) -3 (A + L)
u my+m m +m b
<C /d ’ 1 2/2 3 2+m3 1 f(q',p)
R o+ L2 e 4 +A
my3 m3 2’"31
2 2
A+ L g 4 S p g — gy Ty (A4 )
;23 2u;° my+ms3 m2+m3 2[11 2)
+ /]R dq T . E7(A 9
2my3 t s m3 + 2m31 +
2

2

S+ g Ty g 4 2 p) T (A

+ /dq' 23 yn m’22+m3 Vn2+n13 M1 5(3)(/1;61/)
R o 4p +1

2m23 mp + 2m 12
2

(PP -p —¢'.q) ~ EP(A:q")

ny o _m
(/l+2;41’q+m2+m3 q m2+m3p)
+| [ dd’ I
R q_+u+1’_+/1

2m23 m3 2m3,
2
AR 2}“ g+ m2+m3p,q P e .
)% oo - (P (A:p.q") = £9(:9)
ALy LL oy Py

2myo3 my 2mya

Repeating the same steps used from Eq. (4.9) to Eq. (4.15), one can see that the estimate

/d oV (2~ ~ p.p) — €01 p)| el
su
qeﬂg - (¢* +p* + Ci32) pe)
2 2
c |02 (2;=p = q.p) = £2(A: p)| P22 ¢,p) = £9(2; p)|
+—|sup | dp T Cod) + sup T 1 Col) (4.16)
qeR JR (g” +p* + Ci3d) qeR JR (g° +p~+Ci3d)

holds true, and similar ones are obtained by permutation of the indices.
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Summing up over permutations of indices the estimates (4.15) and (4.16), we obtain

3

. . 2 . ; 2
|pP(4; =g = p,p) = £9(4; p) |p92(4; ,p) - E9(2; p)|
sup . dp L P

+sup
o'\ aek (q> +p* + Ci34)° geR (q> +p* + Ci34)°

<eCIlf I g2,
. . 2 . . 2
C |p92(; ~q = p,p) = £9(4; p)| 0225 ¢,p) - €02 p)|
+ — Z sup [ dp dp
R R

+ sup
(q> +p* + Ci34)° geR (q> +p* + Ci3)°

j=1 \4cR

For A sufficiently large, the latter inequality implies

. : 2 . . 2
: / p |09 =g = p,p) = £9(4; p)| . / |p92(A; . p) = £9(2; p)|
sup [ dp sup [ dp
o \aer IR (g% +p? + Ci32) geR JR (g% +p? + Ci32)
<& ClIf I e
Hence, from Bounds (4.7) and (4.8), it follows that
IR™() = RO I, 2y < 7 CUF I, g
and the proof is concluded. m]
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APPENDIX A: FADDEEV’s EQUATIONS

For the convenience of the reader, in this section, we shortly recall the derivation of Faddeev’s
equations; for more details, we refer to Faddeev’s book.?
1. Resolvent formulae and Faddeev equations

We look for an equation for the resolvent of Hamiltonian (1.1). We start with the resolvent
identity and write

RE()=(H" + )" =(Ho+ ) V5 + )7 =Ro() + ) RO#(2), (A1)
o t
where Ro(2) = (Hy + 1)~! is the resolvent of the free Hamiltonian Hy, and
RO#(2):= —Ro(A)VER®(A). (A2)
On the other hand, again by the resolvent identity, one has
R°(1)=R5(1) - RE(D) Y VER®(A), (A3)
oy

where R;“(/l) =Hp + V;“ + )71, Note that the Hamiltonian H; =Hy + V;" in the coordinates (x,,
ye) is factorized because Vi = Vi(xy). Plugging Eq. (A3) in Eq. (A2), one ends up with

RO“(1) = —Ro(DHVERE(D) + Ro(DVERE(D) D VERE(A), (A4)
o*y

Next we define the operator
T;(1):=Vy - VIRI()V]



072104-16 Basti et al. J. Math. Phys. 59, 072104 (2018)

and note the identity
Ro()VERZ(D) = Ro(D)TE(DRo(A), (AS5)

which is a direct consequence of the resolvent identity R7(1) =Ro(4) — R7(1)VJRo(1). By using
Eq. (A5) in Eq. (A4), we get

RO(1) = =Ro(DTE(D)Ro(D) = Ro(DTE (D) D R™#(1). (A6)
m#l
By Egs. (A1) and (A6), we conclude that for any function f € L2(R?) one has
RE(f =Ro()f + D g™4(1)  with g =RO=(yf, (A7)
m
where the functions g(“»#(1) must solve the system of equations
g (1) = ~Ro(DTE (DR — Ro(DTE(D) ) g™#(1), (A8)
m#l

The system (A8) expresses a form of Faddeev’s equations.” In our analysis, we shall write
Faddeev’s equations (in Fourier transform) for the functions

p(f),é‘(/l) = (ﬁo + ;i)g([),g(ﬂ) (A9)

By Egs. (A7) and (A8), it is easy to convince oneself that the resolvent IAIS(/I) can be written as in
Eq. (2.10) and that the functions p(©)»#(1) must satisfy the system of equations obtained by Eq. (2.11)
through permutation of the indices.

2. Reduced operators in terms of one-particle operators

In this section, we derive a formula for the operators TJ(4) in terms of one-particle operators.
This formula allows us to write the action of the operator T§ (4) asin Eq. (2.9) and to obtain Eq. (2.12).

We denote by lower case letters one-particle operators, i.e., operators acting on the space L>(R).
In particular, we shall use the notations
1

h" = 30 e W L2(R, dy,) — LX(R, dye),

hg, = —EAW ho, : L*(R, dx,) — L*(R, dx, ),

ro,(A) = (hoy + )7,
he =hg, +v5, hy,:L*(R,dx,)— L*(R,dx,),
ry(1):=(hj + )7, where v;, is the two particle potential understood as a multiplication operator in

2
L“(R, dxy).
In particular, we shall be interested in the one particle operator defined by the identity

— .72 2
ti(/l) .—vi - vﬁri(/l)vg, ti(/l).L (R, dx,) — L*(R, dx, ).
We note that, by the resolvent identity r;” (D) =rpyH(1) - ro,y(/l)vir;” (A4), one infers that the
operator t(A) satisfies the equation
ti(/l) = V,f - Viro,y(/l)ti(/l). (A10)

Recalling that the Hamiltonian Hi is factorized in the coordinates (x,, y¢), one has that Ri(/l)
can be formally written as

RED) =15 +h),  RE):LAR?, dx,dye) — LA (R, dx,dyy).
Similarly
TE() = VE = VErS(1 + h{)WVE =t5(4 +h{”): LAR?, dx,dyr) > LAR?, dx,dyr). (A1)
Identity (A11) can be understood in Fourier transform; see Eqs. (2.7)-(2.9).
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APPENDIX B: SOME USEFUL EXPLICIT FORMULAE

In this section, we collect several useful formulae, in particular, for the operators appearing in
Sec. III. For the sake of concreteness, we write the formulae in the coordinates (x3, y1), and their
conjugates (k»3, p1), or in the coordinates (p2, p1). Additional formulae are obtained by permutation
of the indices or by change of variables.

We remark that the Fourier transform is defined so as to be unitary in L2(R). Explicitly, the
Fourier transform in L2(RY) is denoted by~ and defined as

o 1 .
fk) = G /R ) e ™ F(x)dx.

The inverse Fourier transform is given by

7 — 1 ikx
Fx) = G /R e f k.

Moreover o .
(f * g)(k) = 2m)**f (k) g (k).
_ 1 .
(fe)(k) = W(f * g)(k),
and

(f, g)LZ(Rd) = (],2‘, §)L2(Rd).
We start by noticing that the Fourier transform of the operator G»3, see Eq. (3.6), is given by

= A 1 1 o
Ga3(A) )=—/dk ———f ka3, p). (B1)
13(Df (p1 oz e 232"i+21’_%+/1f 23, D1

ma3 M1

Hence,

o 1 v A
GzS(/Uf()’l)=\/?Adplely‘p‘G23(ﬂ)f@1)-
T

By taking the adjoint of G,3(), it is easy to convince oneself that in Fourier transform the
operator G»3(A) acts as the multiplication operator

~ 1 1
Gr3(Dg(kos, = 7 . B2
23(D)g(k23, p1) i 7 /lQ(Pl) (B2)
T ¥ o T
Hence,
1 . o A
G23(Dg(x23, y1) =or /2 dkas dpy €“3K 3P Goa () (k3. p1) (B3)
R
2
1 . 2myy  ~hasly 2m23(ﬁ+/l)
= dpie”"' | ——e (1), (B4)
2V2r Jr 2o

2
where the latter identity was obtained by integrating over k3.
Noticing that M2323(1)g(y1) = G23(1)q(0, y1) and taking into account Eq. (B4), one infers that
in Fourier transform M3 23(4) acts as the multiplication operator

1 2m23

> q(1), (BS)

Py
o +A

and M23 23(Dq(y1) = 3= J dp1 €7 Moz 23(DG(p1).
To obtain the expression of M»3 12(4) in Fourier transform, recall that, by changing the indices
in Egs. (B2) and (B3), one has

Ma323(D)g(p1) =

]|

1
V2ﬂi+ﬁ+/l

2myy - 2u3

1 . .
G1a()g(x12,y3) = g ‘/RZ dk dps e X12kiatiysps 4(p3).
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In the Jacobi coordinates (x»3, y;) [and the corresponding conjugate set (k»3, p1)], one has that
(x12k12 + Y3p3)|ny; = y1p1. Since Ma3.12(A)q(y1) = G12(A)qlny; (y1) and by the change of variables
(k12, p3) = (ka3, p1) in the integral above, one obtains

— ! iy1p1 1 1 ~
Ma312(D)g(1) = o /RZ dky3 dpy e Vor B > q(p3(k23, p1)),

k p
T P
2mo3 + 21 +4

and note that p3 in the function § must be understood as a function of the variables (k»3, p;), as in
Eq. (2.4). By the change of variables (k»3, p1) — (p3, p1), it follows that

1 " 1 N
Moo =5 [ dodpr e ——— ),
P3P
R 0 ﬁ + e + Wllz +A
and hence in Fourier transform, M»3 12(1) acts as
N R 1 1 .
Ma312(D)q(p1) = 5— / dps— > q(p3). (B6)
271- R 11_3 p3P1 + p_l +A
2m23 myp Zmlz
In a similar way, one obtains
N . 1 1 .
Ma331(D)q(p1) = o / dpr— > q(p2). (B7)
T JR ZPL + p2:P1 + L + A
my3 m3 2m3,

We conclude this section by noting that in the coordinates (p,, p1) the operators G23(/l) and
G13(1), see Eqs. (B1) and (B2), are given by

T A 1 N
G23(/1)f(l71)=—/dp2 > > f2,p1)
4/ p . p
R R |
and
G (P2, p1) = — 1 4(p1) (B8)
23(Dg(Pp2,p1) = > > a),
v2ﬂ2‘;’n_223+1’_%13’1 +%+ﬂ

where with a slight abuse of notation we used the same symbol to denote the function f in both
coordinates (kp3, p1) and (pa, p1).
Similar identities are obtained by changes of variables and permutations of the indices.
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