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Abstract

We consider a nonlinear parabolic equation with a nonlocal term which preserves the L2-
norm of the solution. We study the local and global well-posedness on a bounded domain,
as well as the whole Euclidean space, in H'. Then we study the asymptotic behavior of
solutions. In general, we obtain weak convergence in H' to a stationary state. For a ball, we
prove strong convergence to the ground state when the initial condition is positive.

Mathematics Subject Classification 35K55 - 35B40

1 Introduction

In this work, we study the existence, uniqueness, and asymptotic behavior of the solution to
the following nonlinear, nonlocal parabolic equation
du = Au+ glul*u + plulu,
upe =0, ey
u(0) = up € H} (Q),
where u : Ry x Q@ — R, g € R, 0 > 0, and the functional u[-] is defined by
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Here we consider both the case when © c R? is a regular, bounded domain with boundary
9 of class C2, and when = R? is the Euclidean space. In the latter case, the Dirichlet
boundary condition may be interpreted as

u—0, as |x| —> oo.

Let us note that the functional y[u] ensures that the L>-norm is preserved along the flow,
namely

w2 = lluollz2,

for any ¢+ > 0. Hence, u[u] may be interpreted as a Lagrange multiplier that takes into
account the fact that the solution is constrained to stay on a given sphere in L2, whose radius
is prescribed by the initial datum. In this respect, Eq. (1) may be viewed as an L? gradient
flow constrained on a manifold. More precisely, having set A = |[ug]| 2, let us define

M={ueH} Q) : lull2 =1}

Then (1) can be written as
Btu = —VME(L{),

where V u is the L2-gradient projected onto the tangent space T, M and the energy functional
is defined by

8
20 +2

Nonlocal heat flows arise in geometrical problems where some L?-norms, related to specific
geometrical quantities, are required to be preserved by the dynamics, see for instance [2, 26]
and the references therein. In particular, the Yamabe flow was set up to show the existence of
a solution to the celebrated Yamabe problem. More precisely, the conformal transformation
bringing a metric go, with scalar curvature Ry, into a metric with constant scalar curvature
can be determined by the asymptotic limit for large times of the evolutionary problem
ohul =s@u?f + %Aou — Rou,

where Ag is the Laplace—Beltrami operator and p = 2* — 1. Here the Lagrange multiplier
s(t) is determined in such a way that the volume, proportional to | lu|?", is preserved. We
refer the interested reader to [7, 30] for more details.

Our study is also motivated by recent numerical works that exploit normalized gradient
flow methods to compute the ground states for some models in Bose-Einstein condensa-
tion, see [3, 12, 13] for instance. In this perspective, our results may be seen as a rigorous
justification for the methods proposed in those papers, see Theorem 1.7 below.

Equation (1) with g = 0 was already rigorously studied in [10]. Apart from the nonlocal
term, Eq. (1) becomes linear when g = 0. This fact allows for a detailed description of
the asymptotic behavior of the solution, which is characterized by the initial condition. In
[10], this result is also used to study a singularly perturbed heat flow, with applications to an
optimal partition problem [9], see also [14] for a numerical implementation of the method.

In [21], the authors consider Eq. (1) on a closed manifold (i.e., a compact manifold with no
boundary) and g < 0. They show the global existence of solutions and study their asymptotic
behavior. Let us remark that this choice of g makes the energy functional (3) always non-
negative definite.

In this work, we extend the above results by considering g € R and the case when either
Q is a bounded domain or 2 = R¢. The positive sign of g implies that the energy does

1
Elu()] := S| Vu®lj: - () 113552. 3)
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not control the H'-norm of the solution in general. In particular, we show the existence of
global-in-time solutions in the case g > 0 and 0 < o < 2/d, for arbitrarily large initial
data. Let us remark that, under the same assumptions g > 0 and 0 < o < 2/d, the classical
semilinear parabolic equation, i.e. Eq. (1) with u = 0, experiences a possible finite-time
blow-up, see [24, Theorem 17.6] for instance. The L? constraint provided by the dynamics

(1) then prevents this kind of singularity formation.
2 _ 2

d’ d-2)F
arguments borrowed from the standard( pot)ential well method (see [17, 23] for instance)
to show global existence of solutions for some initial data. More precisely, we determine
a subset of H! that is invariant for the dynamics and initial data belonging to that region
emanating global solutions. On the other hand, we also identify a set of initial data whose
evolution experiences a grow-up behavior, see Theorem 1.5 below.

Our second main goal is to investigate the asymptotic behavior for large times. As in [21],
by standard compactness methods it is possible to show that along sequences of times going
to infinity, the solution is converging to a stationary solution. On the other hand, when € is
a bounded domain we can further improve this result by showing that solutions emanating
from non-negative initial data converge to the ground state solution, see Theorem 1.7 for a
more precise statement.

We now present our main results. First of all, we prove the local well-posedness of the
Cauchy problem (1). Let us remark that the usual fixed point argument, see for instance [24,
Sect. 16], cannot be applied to (1) in a straightforward way. Indeed, there is a quite delicate
interplay between the power-type nonlinearity and the nonlocal term. A general proof of the
local well-posedness result appears to be missing so far. For this reason, in proving Theorem
1.1 we are going to adopt different strategies. We refer to the beginning of Sect. 3 for a more
detailed discussion.

We introduce the following conditions on o
1

1
O0<o<—— or —
d-2)t 2

Moreover, in the case of o € ( ) and g > 0, it is possible to exploit some

2
o< (d—2)+

IA

“

Theorem 1.1 Let Q2 be a bounded domain with C? boundary and0 < o < (d_%ﬁ orQ =R4
and o verifying the conditions in (4). Then for any ug € HO1 (R2) there exists a maximal time of
existence Tyax = Tax(luoll g1) > 0 and a unique local solution u € C([0, Tyax), HO] ()
to (1). Moreover; either Ty,qx = 00 oF Tyay < 00 and
lim |[Vu(t)||;2 = oo.
t—>Tnax

As previously mentioned, in the case of g > 0, the energy functional in (3) is indefinite,

hence global well-posedness does not follow straightforwardly from available a priori bounds.

In the following theorem, we present some conditions under which the solutions constructed
above can be extended globally.

Theorem 1.2 Let the assumptions of Theorem 1.1 hold. If we further assume g < 0 or
g = 0and o < 5, then for any ug € Hol (R2), there exists a unique global solution u €
C ([0, 00), Hi (Q)) to (1).

The next theorem will provide additional conditions under which the solution is global.
To state it, let us define

W= {u e Hy(Q); E[u] < p, I[u] > 0},
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where
Iu) = | Vull2, = glul?3t3, p=inf {E[ul; u e H} () \ {0}, I[u] =0},

and 2 is a bounded domain. Since €2 is a bounded domain, WV is a nonempty set, see Sect. 2.4
and 3.4 for more details. In the spirit of the potential well method, see [23] for instance, we
have the following global existence result.

Theorem 1.3 Assume 0 < o < ﬁ and g > 0. If up € W, then the corresponding
solution u to (1) is global in time.

The potential well method can also be used in the whole Euclidean space R? to obtain
additional sufficient conditions for global existence, as in [17]. To state the next theorem,
we igtroduce the following notations. Let % <0< ﬁ and let Q be the unique positive
solution to

AQ—-Q+100=0

Let KC be defined as
={f e H'®R): E[fIIfI < ELQUIQIS. IVAIL IS < IVQIL.1Ql75},
where
_2-d—-2o
do —2

Once again, we note that the above set is nonempty (see Sect. 3.4). Then the following holds.

Theorem 1.4 Assume % <o <
solution u to (1) is global in time.

@ 2)+ and g > 0. If ug € K, then the corresponding

While it is interesting to further extend the range of models for which global well-
posedness holds, another main open problem is to study the possible occurrence of a
finite-time blow-up in some specific regimes. Let us recall that the usual arguments for
nonlinear parabolic equations (see for instance [24, Theorem 17.1]) do not apply here, due to
the conservation of the L2-norm. On the other hand, our next result shows a grow-up scenario
for some data, in the case of g > O and o > %. Notice that such conditions complement the
hypothesis of Theorem 1.2 where global existence is proven for any data.

Theorem 1.5 Let ¢ > 0 and o > %. Let ug € H'(R?) be such that E[ug] < 0. Let
Tiax (uo) > 0 be the maximum time of existence of the corresponding strong solution to (1).
Then either Ty qx(ug) < 00 (and lim;— 7, ||Vu(t)|l 2 = 00) or Tiax (no) = 00 and

max

limsup [|Vu(t)|| 2 = o0
11— 00

After having shown the existence of global solutions, we now turn our attention to their
asymptotic behavior. When g = 0 in (1) and €2 is bounded, the eigenspaces associated with
the Dirichlet Laplacian are invariant along the dynamics. As a byproduct, the solution asymp-
totically approaches the eigenspace of least energy, which contains a non-trivial component
of the initial datum, see [10] where this is proved by explicit calculations. On the other hand,
allowing for g # 0 leads to more complex dynamics.

In [21], this problem is addressed in the case of g < 0 for bounded domains. The authors
prove convergence to some stationary state (no uniqueness is given) for some sequence of
times going to infinity.

Thednext proposition extends this result to arbitrary g # 0 for both € bounded and
Q =R

@ Springer



Existence and asymptotic behavior for L2-norm... Page50f31 108

Proposition 1.6 Let u € C([0, 00), H&(Q)) be the global solution constructed in Theorem
1.2, with initial datum u(0) = ug € HO1 (R2). Then there exists a sequence {ty}neN, t, — 00
as n — oo, such that

u(ty)—uso Iin H(} () and plu(t,)] - pluco] as n — oo,
where uso solves the stationary equation
Attoe + gluos|*7ttoo + plitooliios = 0

and |lusollp2 < lluoll z2-

Let us emphasize that, in the previous proposition, we only obtain the upper bound
lusollz2 < lluollz2 instead of the equality, because of a possible loss of mass at infinity
(when = R?). This result may be improved when considering a bounded domain. By
exploiting further compactness properties, available in this case, it is possible to show the
strong convergence of the sequence.

Moreover, in the case when g < 0,0 < 0 < 2)+ org >0,0 <o < 2/d,itis

d-2
well known (see Sect.2.3) that there exist regular domains  C R? for which there exists a
unique, positive, radially symmetric stationary solution, that is also a minimizer of the energy

functional (3) under a constraint on the total mass:
ey = inf{E[u] ‘u € Hol(Q), lull 2 = ||u0||Lz}. 5)

Such a solution is usually called the ground state solution. Notice that a minimizer of the
problem (5) satisfies the elliptic equation

0=AQ+g0* " +u[0]0, (©6)

where u[ Q] is a Lagrange multiplier. The maximum principle then ensures that global solu-
tions emanated by non-negative initial data converge asymptotically to the ground state.

Theorem 1.7 Let g < 0,0 < ﬁ org>0,0 < %. Let ug € HOI(Q), ug >0, ug #0
and letu € C([0, 00), HO1 (Q)) be the solution to (1). Let @ C RY be a bounded domain such

that there exists a unique positive solution Q € HO1 (2) to Eq. (6) which is also the unique
minimizer of the problem (5). Then

u(t) - Q in HOI(Q) as t — oo.

The problem we address in this work can also be looked at as an example of a bilinear
control system. Indeed, consider the nonlinear heat equation

du = Au+ glul* u + p(t)g(x)u (7

where ¢ is a given smooth function defined on 2 and p € L?(0, T) is a scalar function of
our choice. The problem consists of finding, for any initial condition u¢, a control p which
steers the solution to a given target at time T'. In [4], this question was addressed for d = 1,
g = 0, with the ground state solution as a target, proving an exact controllability result in any
time 7 > 0. This result was later extended, in [1], to arbitrary eigensolutions of evolution
equations of parabolic type in one space dimension, under various boundary conditions.
Notice that, in both [4] and [1], ¢ is not allowed to be the identity.

On the other hand, the approach proposed in [10] applies to the above problem in arbitrary
dimension, with g(x) = 1 and g = 0, by choosing p(t) = w[u(?)]. In [10], however, the
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target is attained asymptotically (as T — o0) also by an appropriate selection of the initial
condition. So, in this work, we extend the approach by [10] to nonlinear flows (g # 0)
restricting the target to the ground state (for ug > 0). Let us mention that in [5], the authors
studied the well-posedness of (1) via the fixed point argument, similarly to Theorem 3.11
below. They also showed that solutions starting close to a local minimum of the energy at
fixed mass converge to it asymptotically.

Finally, let us also mention that a similar analysis can be also performed on other models,
such as the Navier—Stokes equations, see for instance [8, 11] where the two-dimensional
system is studied under various constraints.

This work is organized as follows: in Sect.2, we will present some useful preliminary
results regarding the heat semigroup generated by the Laplacian on L2(S2), the stationary
states of system (1), and the potential well method. In Sect. 3, we will prove our main results
(Theoreml1.1 up to 1.4) regarding the local and global existence of solutions to the system
(1). In Sect. 4, we will study the asymptotic behavior and give the proof of Theorem 1.7 and
Theorem 1.5.

2 Preliminaries
2.1 On the notion of solutions

In this subsection, we introduce the different notions of solutions that are going to be used
in this work. Here, 2 can be either a bounded domain with C?2 boundary or the Euclidean
space Q = R?.

Definition 2.1 Let ug € HOl (€2). We give the following three definitions.

(a) Strong solution: We define u to be a strong solution if there exists 7 > 0 such that
u € H'([0, T1, L2(Q)) N L2([0, T1, H*(Q)) N C([0, T1, Hi (Q)) satisfies the Eq. (1)
a.e.in Qforanyr € [0, T].

(b) Mild solution: We define u to be a mild solution if there exists 7 > 0 such that u €
c(o, ], HO1 (2)) and for any ¢ € [0, T'], u satisfies the integral formulation

t
u(t) = By + / U9 (g lu(s) P (s) + plu(s)lu(s))ds,
0

where ¢'2 is the Dirichlet heat semigroup defined in Sect.2.2.
(c) Weak solution: We define u to be a weak solution if there exists 7 > 0 such that
u e L%([0, T, HO1 (2)) and for any ¢ € [0, T'], u satisfies

d
2 (@ u0) = (Mg, 1) + (@, glu*u + plulu),
forany ¢ € H 2@ n HOl (2) and (¢, u(t)) is absolutely continuous in time.

The following result states that any mild solution is a strong solution, see [24, Example
51.10, Example 51.28, Lemma 17.5].

Proposition 2.2 Let o < ﬁ uo € H}(Q) and u € C([0,T), Hj () be the corre-

sponding mild solution to (1). Then the energy

8

20+2d
20 +2 *

|ue]

1 2
E[u(l)]Z/ SIVu@®l” =
Q
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is so that E € C([0, T)) N CY((0, T)) as a function of time. Moreover,

ue C([0,T), Hy ()N C'(0, T), LX) N C((0, T), H*(Q)),

and

1
Elu(t)] - Eluo] = — / / 18,u(s)[2dxds. @)
0 JQ

2.2 Heat semigroup

In this work, we will denote with ¢’® both the semigroup generated by the Laplacian on
L%(2) and L%(R?). The function u = e'“uq solves the linear heat equation

ou = Au, in (0, Q,
{,u u, in (0, 00) x ©)

u(0) = up € H} (Q).

with Dirichlet boundary conditions uj3q = 0, if €2 is bounded. One can prove the following
L? — L9 smoothing estimates of the heat semigroup (see [24, Proposition 48.4]):

Proposition 2.3 Let {¢'2},~¢ be the heat semigroup in R? or the Dirichlet heat semigroup
inQ. Thenforanyl < p <q <oo,t>0and f € L?(Q),

le* £l =

I fllzr.
(4711)(71(1%_%)

As a consequence of the L” — L? smoothing property in Proposition 2.3, we also obtain
the following space-time estimates.

Proposition 2.4 Let {e'2},.¢ be the heat semigroup in R? or the Dirichlet heat semigroup

in Q2. Let2 < q,r < o0 satisfy
2 d d
2,4_4 (10)
q r 2

with (q,r,d) # (2,00, 2). Then for any f € L?, we have
||etAf”Lq((0’oo)7Lr) 5 ||f||L2 (11)

Moreover, if (p, y) is another pair satisfying condition (10), then

t
H/ e(’_S)Af(s) ds
0

5 ”f”LP/((O,oo),LV/)’ (12)
L4((0,00),L")

forany f € L' ((0, 00), L"").
In the proposition above and in what follows we use the following notation: forany p > 1,
we denote by p’ € R the constant such that
1 1
l=— + e
p P

with the convention that p’ = oo if p = 1. The following estimate holds, see [19, Theorem
16.3].
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Proposition 2.5 Let Q be a regular domain of class C* boundary. Let {¢'®};~¢ be the heat
semigroup in R? or the Dirichlet heat semigroup in Q. Then there exists a constant C > 0
such that for any F € Lz([O, 00), L3(R))

t
Hv[ e""IAF(s)ds < ClIF | 12(0.00).12)- (13)
0

L°°([0,00),L2)

Finally we also notice that for any ug € H', a solution u(z) to the linear system (9)
dissipates the L2-norm in the following way

1
tA 2 2 s A 2
e’ “uolly = lluollz> — 2/ IVe*Cuolly» ds. (14)
0

2.3 Stationary states

In this subsection, we recall some results concerning the stationary solutions of Eq. (1),
namely satisfying
0=A0+g0"*" +ul0]Q. (15)
Note that, for any given o > 0, if the problem
eq = inf {E[u] :u € Hy(Q), |ull2 =a}. (16)

admits a minimizer Q € HO1 (R2), then Q solves equation (15) where the constant u[Q] is a
Lagrange multiplier. Moreover, we recall the following Pohozaev’s identities.

Lemma 2.6 Let Q € HY(R?) be a solution to (15). Then

ulQIIQIE, = IVOI3, — gl QI35. (17)
d—2 ulold dg
5 IV0le = =501 + 5= 1017575 (18)

Proof We take the scalar product of (15) with Q and obtain (17). Similarly, we obtain (18)
by taking the scalar product of (15) with x - VQ. O

As a consequence of (17), we have that
IVOI2, — gl Q13553
o137, '

In what follows, we denote by B(0, R) = {x € RY: |x| < R} aballin RY, centered in the
origin. We start with the following standard proposition (see [20, 25, 27]).

ulQ] =

Proposition 2.7 Let g > O and o < %. Let Q@ = B(0, R) or Q = RY. Then for any a > 0,
the minimization problem (16) admits a real non-negative, radially symmetric minimizer.

We proceed by recalling the result of Gidas, Ni, Nirenberg [16, Theorem 1] stating that
any real non-negative solution to (15) with = B(0, R) or Q = R is radially symmetric.

Proposition 2.8 Let Q > 0 be a real, C*(Q) solution to (15) with Qs = 0 and let Q@ =
B(0, R) or Q = R4, Then Q is radially symmetric, strictly positive, and strictly decreasing
in |x|.

@ Springer



Existence and asymptotic behavior for L2-norm... Page9of31 108

Next, we recall the result stating the uniqueness of positive, radial solutions due to Kwong
[18] and Mcleod—Serrin [22, Theorem 1].

Proposition 2.9 For any d > 1, there exists exactly one positive solution Q € Hrlad(Q) of
the problem

A d—1 ’ 20
0=0"+——0 +017 0 +ul010Q.
where 2 = B(0, R), Q = {x e R?, a < |x| < b} or Q =R
Let us notice that Propositions 2.7, 2.8, 2.9 imply the following.

Corollary 2.10 Let g > O and o < %. Let 2 = B(0, R). Then for any o« > 0, the unique,
positive minimizer to the problem

eq = inf {Efu] :u € Hy(Q), llull> =},

is also the unique, strictly positive solution to Eq. (15).

2.4 Potential well in a bounded domain

In this subsection, we present some preliminary definitions and results regarding the potential
well method in a bounded set. We use this method to provide an alternative sufficient condition
for global existence for the Cauchy problem (1), stated in Theorem 1.3. This argument was
first introduced in [28] and [23] for parabolic problems. We refer the interested reader to [24,
Section 19] for more details.

Let Q2 be a bounded domain, 0 < o < ﬁ and g > 0. We fix g = 1 without losing
generality to facilitate the exposition. We define the functional I by

2 2042 1
Iul = |Vully, — llull}%52, u € Hy(Q).
Notice that / can also be written as

o o}
Iu] = 2E[u] — U—Hnunizﬁz, (19)

where E is the energy functional defined in (3).
The potential well associated with problem (1) is the set

W= {u e Hj(Q); E[u] < p, I[u] > 0} U {0}, (20)
where p is defined by
p =inf {E[u]; u € Hy () \ {0}, I[u] = 0}. (1)
We shall see in Lemma 2.11 below that
=T A (22)
P= 5% 12 ’

where A = A(o, Q) is the best constant in the Sobolev embedding HO1 (Q) — L2+2(Q),
ie,
v
A=inf{w;ueHz(Q)ﬂHOl(Q),u#O}. (23)

||M||L20+2

We also define the exterior of the potential well as

Z={ueHy(Q); Elu] < p, Ilu] <0}. (24)
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Lemma 2.11 Let Q be bounded and 0 < o < Then property (22) is true. Moreover,

_2
d-2*

if 0 < 0 < =57 then the infimum in (21) is achieved.

(d— 2)

Proof Let0 <o < Then the infimum in (23) is attained for some v € HO1 (), due

2
(d-2)*"
to the compactness of the embedding H} (Q) <> L?**2(Q). By multiplying v for a suitable

constant v, we may suppose that /[v] = 0. Therefore

2042 —Q2o+2 +1
IVollz2 = ul?54% = A=C7 2 v 7.

This implies that
o 2042

20 +2)
Thus, there exists an element v so that E[v] = p where p is defined as in (22) and /[v] = 0.

To show that such a p is the infimum of the problem (21) we notice that for any u € H(} (),
u # v, I[u] = 0, the inequality

E[v] =

2042 —(20+2 +1
IVull2 = ul3%5 < A~ vu |7t

implies that
Elu] > ——— A%
20 +2)

O
Next, we state a sufficient smallness condition for a function in HO1 (2) to belong to W.
Proposition 2.12 Let f € HO‘ (2) be so that |V fll;2 < «/2p. Then f € W.

Proof Notice that the condition ||V f||;2 < +/2p implies that

20 +2
L20

E[fl<p—

On the other hand, using (22),(23) and

IV Fl2 <+2p < A%,
we obtain

o+1
If13%,55 < A=CGoF ( /Q |Vf|2) <IVfII

This implies that /[ f] > 0 and consequently that f € W. O

2.5 Potential well method in RY

In this subsection, we present some preliminary results regarding the potential well method
in the whole Euclidean space R¢. This argument was introduced in [17] to prove a sufficient
condition for the global existence of the Nonlinear Schrodinger equation.

We suppose that % <o < (d—%ﬁ aqd g > O.. We fix 8= 1 \yithout losing generality. We
recall that the best constant in the Gagliardo—Nirenberg inequality

£ 13555 < ConlIVFISIF 15204 (25)

L2042

is given by
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2 2
10139,

2420 —d
IVolsslQls2 =

Con=W(Q) =

where Q is the unique positive solution of the elliptic equation
-AQ+0 - 0" =0
In [29], this profile is found as the maximizer of the following problem

Winax = sup{W(f) : f € H'(RY), f #0}.

We define the potential well as the set

K={feH ®):ELfIIfI7% < ELQUQIS. IVFITIfI3% < VI 101135},

where

_2—-(d—-20
 do -2
and Q is the ground state defined above.
Finally, we observe that
20 +2 —do—2
Con = ———=(IVel2lQlI7) ™ (26)
Indeed, from the Pohozaev’s identities (17), (18) it follows that
2—(d—2)o 2—(d—2)o 4—-2(d —2)o
2 2 2042
= V— v = V = 7E .
1ol 1o IVOll;. %0 12 IVOIl; 22 do —2 (O]
This implies (26).

3 Existence of solutions

In this section, we are going to prove our local and global well-posedness results. As already
mentioned in the Introduction, there is a delicate interplay between (the mathematical dif-
ficulties determined by) the power-type nonlinearity and the nonlocal term involving p[u].
More precisely, it does not seem possible to prove Theorem 1.1 by a general contraction
argument. Indeed, the presence of the nonlocal term would require setting up the fixed point
in Sobolev spaces, say L{®° HO1 for instance. On the other hand, the power-type nonlinearity is
not locally Lipschitz in Sobolev spaces for low values of 0, say 0 < o < %, see Remark 3.12.
For this reason, we are going to provide three different proofs of the local well-posedness.

The first one, stated in Theorem 3.1 below, involves a two step procedure. First, we find
a solution to our problem for any data in H?(2) N HO] (€2). Then, by a density argument, we
show the our problem is locally well posed in H(} (£2). This proof is well suited when dealing
with a bounded domain due to the compact embedding H'(Q2) < L*().

The second proof, stated in Theorem 3.9, is based on a fixed point argument and crucially
relies on smoothing properties of the heat semi-group, see Proposition 2.5. This proof requires
the nonlinearity to satisfy the condition o < ﬁ.

The third proof relies on the classical fixed point argument. To overcome the difficult
interplay between the nonlocal term and the power-type nonlinearity, a lower bound on o is
required. In particular, foro > %, the power-type nonlinearity is locally Lipschitz in Sobolev
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spaces and we perform a contraction argument using the natural and stronger distance. We
remark that unifying the results of the second and third proof, we cover all the energy
subcritical range 0 < 0 < ﬁ ford < 4.

Finally in Sect. 3.4 we globally extend the previous results, under the assumptions on the
nonlinear term stated in Theorem 1.2 above. Then we provide additional sufficient conditions
on the initial data for global existence, as stated in Theorems 1.3 and 1.4, using the potential

well method.

3.1 Local existence via the Schauder fixed point theorem

In this subsection, we will prove the local well-posedness for bounded domains and the entire
energy subcritical case 0 < 0 < ﬁ.
Theorem 3.1 Let 0 < 0 < (d—%)% Q c R? be a regular bounded domain. For any ug €

Ho1 (RQ), there exists a maximal time of existence T,qax > 0 and a unique solution u €
C ([0, Trax), H(} () to (1). Moreover, either Ty,q, = 00, or Ty < 00 and
li71p IVu(t)|| 2 = oo. (27)
1= Tmax

The proof aims at avoiding the use of the fixed point argument on the integral formulation
of (1). Due to the interplay between the nonlinearities, this standard argument does not work
foro < %, see Remark 3.12 below.

In particular, the steps of this proof are as follows.

(1) We show the existence of solutions for the model where the nonlinearity p[u] is substi-
tuted by a function A € L*°[0, o0) and gather estimates on the H' norm of this model.
(Lemma 3.2 and Corollary 3.3).

(2) We employ the Schauder fixed point argument. Here we need extra regularity of the
initial data ug € H>N HO1 to obtain the compactness of the image. Moreover, we have to
substitute the L2-norm in the denominator of 4 by a constant to have a convex domain
of the map. (Proposition 3.4, Eq. (35)).

(3) We use a density argument to show the existence of solutions for ug € Hg. (Theorem
3.5)

(4) Finally, we prove the equivalence of the problem (1) and (35) where the constant at step
2) is chosen to be the square of the L? norm of the initial condition. (Proposition 3.6).

(5) We show the uniqueness of the solution in Proposition 3.7.

The compact embedding H' () < L?(2) will be crucial to guarantee the compactness
of the image via the Aubin—Lions theorem [6, Theorem I1.5.16]. To apply the Schauder fixed
point theorem, we will need the following lemma which considers (1) where p[u] is replaced
by a bounded function of time.

Lemma3.2 Let 0 < 0 < d%zﬁ’ uy € HO1 (R), A € L®(R). Then there exists 0 < T =
T(||u0||H(}, M|l o) such that the Cauchy problem
u = Au—+ glu* u + u,
upe =0, (28)
u(0) = uo,

admits a unique local-in-time solution u € C([0, T], HO1 (R)). Moreover, if uy € H(Q),
thenu € C ([0, T1, H} ().
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Proof The proof follows from the contraction principle. Let T, M > 0, to be chosen later,
let p =20 + 2 and y € R be such that the pair (y, p) satisfies condition (10), i.e.

2 d d

y p 2
We define the space
Y = {u € L™([0, T), Hy () N LY ([0, T), W"* (),
lull ooy, 1y < Mo ullpy o,7), wiey < M},

endowed with the following distance

d(u, v) = llu — vllgeoqo,ry.2) + e — vliLy (0.7),Lr)- (29)
Notice that (), d) defines a complete metric space. Given ug € H(} () and A € L*(R), we

consider the map

t
G) = e®ug +/ eI (gu(s) > uls) 4+ Als)uls))ds. (30)
0

Our goal is to prove that G : ) — ) is a contraction with the distance defined in (29).
By using the space-time estimates (11), (12) and then Holder’s inequality and Sobolev’s
embedding, it follows that there exist two constants Ky > 0 and K (M, ||A|Le) > O such
that

NG @) oo o, 1y, 1y + NG Ly o, 1), w0

t
< Kolluoll g1 + H / IR (glu(s) 127 uls) + r(s)u(s))ds
0

LY ([0,T],WLr)

2
< Kolluollgr +C (|||M| “ull v qo.rywiey T ||)»||L°°[0,T]||M||L1([0,T1,Hl))

/

Yy=v
12042
< Kolluoll g1 + CT 7" Null 123350, 7.0y 11l 2 0,77, w0

+ CT M Lo, rillull Loogro, 77, HY)
r=v
< Kolluoll g1 + K (T +7 7 >M~

Moreover, for any u, v € ), we deduce that

dGw).Gw) < K (T n TW) d(u, v).

Let us notice that
y—v 2-(d-2)0

vy Qo+2)

Thus, given any ug € HO1 (2), we choose
M = 2Kolluoll g

and we choose T small enough so that
=
<T +7T v ) K <
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Note that 7 depends only on ||ug|| 51 and || il Lo[0,7)- It follows that G(u) € Y and

1
d(Gw),6(v)) = Ed(u, v).

In particular, G is a contraction in V. By Banach’s fixed-point Theorem, G has a unique fixed
point u € Y. u solves the integral equation

t
u= ey + / I (glu(s) P u(s) + A(s)u(s))ds,
0

andu € C([0, T], HO1 (£2)). The persistence of regularity is a standard result. ]
For any o > 0, we define

2042
IVull?, — gllull3%55

Mo lUt] =
o

The following corollary immediately follows from the previous lemma.

Corollary3.3 Let 0 < o < @ 2)+ Let . € L®(R). Let ug € HO(Q) and let u €

c([o, 1], HOI(Q)) be the corresponding local solution to (28). Then there exists a time
0<T*=T"(luoll g1, IAliL=) < T, so that

sup  [u@ll g1 < 2luoll g (31)
tel0,T*]

Moreover, there exists a constant C > 0, depending only on ||ug|| g1, so that

sup g [u(r)] < C(lluoll g1)- (32)
[0,7%]

Finally, ifug € H*(Q) N Hy (Q) then

sup  [[u(f) |l g2 = 2lluoll g2- (33)
t€[0,T*]

Proof The time of existence in Lemma 3.2 depends only on |lugl|| 51 and ||A]| [0, 7] and
ue C(0,71], Ho1 (£2)). So by continuity, we can find a time

Ti(lluoll g, IA oof0,7y7) > O

such that (31) is true. The inequality (32) is a consequence of Gagliardo—Nirenberg’s inequal-
ity
palu] < lullf + Nl (34)

m}

Next, using Schauder fixed point theorem, we prove that a solution to (1) exists for ug €
H?(Q) N H () and p[u] is substituted by zq[u] > 0, with & = [|ug]|7,. We will then show
that the two Cauchy problems are equivalent.

Proposition3.4 For any 0 # uy € H*(Q) N HOI(Q), there exists a solution u €
C([0,T), H*() N Hi(Q)) to

Ou = Au+ glul*u + polulu,

u(0) = uo, 59

where ||u0||i2 =a.
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Proof Given any ug € H*(Q) N H(RQ), ug # 0, let Fy, : C([0, T, ], H} () —
C([0, Ty 1, HO1 (£2)) be the map F,,(#) = v where v is a solution to the Cauchy problem

v = Av+g[v[* v + pglulv,
v(0) = uo,

where ||uo||%2 = o, see Lemma 3.2. Let

By, = {M € C([0, Ty1, H()I(Q)) : ||u||L00([0,7;,0],H|) = 2||MO||1-11}

Let Fy(Byy) = I, Notice that, for any u € B, Fuo(u) € C([0, Ty, 1, H2(Q) N HY (Q)).
By (33), there exists a time T = T,, > O such that I, C By, and for any u € By,

”Fuo(u)”Lw([()’f‘]yHZ) = 2||“0||H2~

In order to apply the Schauder fixed point theorem, we shall prove that /,,, is precompact.
We observe that for any u € By, v = F,,(u) € W where

W= {v € C([0, T HA() N HL () : v e LA(0, T, L2(Q))] .

From the Aubin-Lions lemma, the embedding of W in C([0, T], HOl (£2)) is compact. Since
I,, C W, we obtain that I,, is indeed precompact. Applying the Schauder fixed point
theorem, we find that F,, admits a fixed point u € C ([0, T, HO1 (£2)), a solution to

(36)

du = Au+ glul*u + polulu,
u(0) = ug € H*(Q) N HH(Q).

By the standard persistence of regularity, we conclude that u € C([0, T], H>(2) N HO] (2)).
]

Next, we employ a density argument to prove that we can find solutions to (36) with initial
data in HJ} (Q)\H*() N H}(Q).

Theorem 3.5 Let uy € HO1 (), a = ||uo||i2 > 0. Then there exists a solution u €
C([0, T1, Hj () o (35).

Proof Letug € H{ (Q) and let {u"},eny € H2(Q) N H{ () be such that
; (n) _
Tim g — woll g1 = 0.

We can suppose that there C > 0 such that

sup lug” g < €, Jlug” 2 = e (37)

neN
We denote by {u™},ey € C([0, Tp1, HX(Q)N HO1 (£2)) the solutions to (36) emanating from
u(()"). Using Corollary 3.3 and (37), we see that there exists 7 > 0, such that

{u™ ey € C(0, T1, H*(R2) N Hy ()

sup  Jlu™ || < 2C,
neN,r€[0,T]
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and

sup [l ie [ ™1l oj0.7) < Ci,
neN

where C|(C) > 0. We observe that {«#"} is uniformly bounded also in L>([0, T], H2(£2)).
Indeed, we multiply Eq. (36) by Au( and integrate in space to get

1d
—Eanwwniz = lau™|?, — 20 + 1)g /Q ™ 2|V 2dx

— el DVU ™2, dx.

Integrating this equation in time leads to

T
2 —1
/O [Au™3, ds S 1+ e lu™ Pl oo, rp TV || oo, 77.22)

T
+/ /|u<">|2f’|w(">|2dxds.
0 Q

We suppose that d > 3. The case d < 2 is similar. By Holder’s inequality, we see that
pp y q Y.
/ ™ P71 Vu™Pdx < u®™ 2%, [V,
Q Ld—2

where
2d

r=—.
d—o(d—-2)

Using Holder’s inequality in time yields

T
2 2 2, 1 2
fo fQ W P 1Tu DR dx ds < P12 g0 g1 D16 B 01110
where

4

1= -2
is such that (g, r) satisfies (10) and

0<p:L<oo.
q—2

Consequently, we obtain
™ nen © L0, T1, Hy () N L2([0, T1, H(Q) N Hy ().
From the embedding H? < L%+2 we also have {3;u™},eny C L2([0, T1, L2(R2)) and the

two sequences are uniformly bounded in these spaces.
So there exists a subsequence {u "X }ycry, andu € L>([0, T1, Hy (2))NL*([0, T1, H*()N
H'(Q)) with 8,u € L>([0, T, L>(2)), such that
u™ Sy in L°([0, T, HY (Q)) and  u™—y in L2([0, T], H*()).

The Aubin-Lions lemma implies that wm) oy strongly in L%([0, T, HO1 (2)) and in
C([0, T, L*(R2)). Therefore, pq[u"] — elu] strongly in L2([0, T1). Thus, u satisfies
weakly (and strongly) (36). ]

As a last step, we prove the equivalence of the Cauchy problem (35) with (1).
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Proposition 3.6 The Cauchy problem (35) is equivalent to (1).

Proof Taking formally the scalar product of (35) with u and integrating in time, we see that
solutions satisfy

2t 2 2042
2 2 5 JoUIVu@)IIS , —gllu()17%53,)ds
132 = ()35 — a)er oIVl 1oi 4 g
Since a = ||u(0) ||2 we obtain that the L2-norm is constant in time. O

L

Since Theorem 3.5 does not imply uniqueness of solutions, we will show it in the following
Proposition.

Proposition 3.7 For any ug € HO] (2) there exists a unique strong solution to (1).
Proof Let ug € HO1 (£2) so that |lug|| z1 = M and suppose that
u, v € C([0, T1, Hy ()

are two different strong solutions to (1). Here we choose 7' > 0 so that if 7;,, T, > 0 are
the maximal times of existence of u, v then T < min(7}, 7). In particular, there exists a
constant C = C(M) > 0 such that

sup llullgr <C,  sup |[vllg <C, (38)
1€[0,T] tel0,T]
and
sup plu]l <C, sup u[v] <C. 39)
t€[0,T] 1€[0,T]

By multiplying the equation
0 —v) = A — v) + glul* u — g|v[**v + plulu — ulvl
by (¥ — v) and integrating in space, we obtain
1d
L

3 ool = vl = —||V<u—v>||§2+/Q<u[u]u—u[v]v)(u—v)dx

(40)
+ g/ (u|*u — [v[*v)(u — v)dx.
Q

We start by estimating the contribution given by the power-type nonlinearities. We suppose
that d > 2. Notice that

'/qm%u—wﬁwXu—mdx
Q

< f (ul® + [v]*)|u — v|* dx
Q

2 2 2
8 (S e N R o
We choose the exponent p so that

d B d
od—2" PT 2% tdi—=0o)

/

p=

and consequently

zap’:i
d-2"

By Gagliardo—Nirenberg and Young’s inequalities, for any § > 0, we obtain
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2—o(d—2 d-2 1
e = v, S lu = o372V @ - )7 ><5|| =), + 81V — v

Thus, it follows that for any § > 0, we have

f||u—v||iz+6||V<u—v>||iz. (41)

/(lbt|2(7 — % v)(u — v)dx| <

Next, we deal with the nonlocal term. We observe that
/ (uluJu — plv]v)(u — v)dx = (ufu] M[U])/ u(u —v)dx + plvlllu — vlliz
Q

20+2 20+2
< (\||W||L2 — 1Vl |+ Hl222 — o2

)l = vl + COD I = vl

By Young’s inequality, for any § > O we have

1
[IValgs = IVol3 |l = vll 2 < C(M) (gnu — 32 + 81V~ v>||iz).
From (41) and the triangular inequality, we also obtain that, for any § > O,

20+1 20+1
” ||L4U+2 - || ||L4U+2

1
= vllz2 S Sl = VI3, 4+ 81V — )7, 42)

In particular, from (40), (42) and (41) we have

S vl = €ns — DIV~ v + S~ vl

For § < m, we obtain by Gronwall’s lemma that

lu(®) = (@72 < [u(0) — v(0)[7,¢".
Since ©(0) = v(0) it follows that u = v for all € [0, T]. ]

Proof of Theorem 3.1 Theorem 3.5 implies that for any initial condition u( € HO1 (R2), there
exists a local strong solution to (1). Moreover, it is possible to extend the time of existence
until the H'-norm of the solution is bounded, giving the blow-up alternative (27). On the
other hand, Proposition 3.7 implies that for any initial condition ug € HOl (£2), there exists at
most one solution. O

Remark 3.8 Let us note that the approach developed in Theorem 3.5 cannot be used in the
case Q@ = RY. Indeed, at several points, the use of the Aubin-Lions lemma required the
compact embedding H!(Q) — L*(Q).

3.2 Thecase0 < 0 < @ 2)+

Theorem3.9 Let0 < 0 < Let either Q be a regular bounded domain or Q = RY.

(d—]2)+ :
For any ug € H(} (R2), there exists a maximal time of existence Tpay > 0 and a unique
solution u € C ([0, Tyax), HO1 (RQ)) to Eq. (1). Moreover, either Ty ax = 00, or Tyae < 00
and we have

lim ([ Vu(t)] 2 = co. (43)

— Imax
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We need the following lemma, where the restriction on o is justified by direct application
of Sobolev’s embedding in (45) below.

Lemma3.10 Letu,v € HO1 () with ||u|l g1, llvllg1 <M. Leto < ﬁ Then there exists
a constant C = C(M) > 0 such that
IVull7, = 1Vol7,| + \nuni‘;;% — IWIR%3] < Cllu = vl 1, (44)
lul?u — v 2 < Cllu — vl (45)

Proof The first term on the left-hand side of (44) is bounded by
/Q IVul? = [VolPdx < (I Vull g2 + [Voll2) IV = )l 2.
To obtain the bound on the second term on the left-hand-side of (44), we observe that
/ ’|u|20+2 _ |v|20+2’dx 5/ |I/l _ v|(|u|20+1 + |U|20+1)dx
Q Q
< (2t + 102ES ) e = vl 2.
1

The condition0 < o < @ impliesthat2 < 4042 < %.Thus Sobolev’s embedding

theorem implies that there exists a constant C (M) > 0 such that
[ 1P = 0P ax < Ol vl
Q
Next, we obtain the bound in (45). Suppose that d > 2. Then, by Holder’s inequality, we get

1 1

2 ’ » P

/ ||u|2°u — |v|2“v| dx < (/ lu — v|?? dx) (/ |u+v|4””dx) ,
Q Q Q

Let us choose

. d L d
P=5%w@=2 P Ta-2w@—-2
Fromo < ﬁ we have
2d 2d
dop=—2 oy < 2
PE=ay P Ea

Inequality (45) follows from Sobolev’s embedding theorem. Finally, observe that the case
d < 2 follows from a similar and easier proof. O

Proofof Theorem 3.9 Let T, M, N > 0 be some constants that will be chosen later and
consider the set

. N
X = {u € L(0, T Hy (). lull<qqo.ry.mny = 2M. inf fullz = 5},

equipped with the natural distance
d(l/l, U) = ||Ll — U||L°°([0,T],H])'

Clearly, (X, d) is a complete metric space. Given any ug € HOI(Q), up 0, u,v € X, we
also define the map F(uo)(u)(t) = F(u)(t) as

t
Fu)(t) = e Puo + / I8 (glul® u 4 plulu)ds. (46)
0
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Our goal is to prove that F is a contraction in the space X. First of all, we observe that, by
Gagliardo—Nirenberg’s inequality, for any u € X there exists a constant C(M, N) > 0 such
that

1
Il 0.1 S 575 (100 s g0, 1,0, + 10035550 7y o)) = - 47)

Let us show that F maps the set X" into itself. We observe that there exists C; > 0 such that

IF @) oo qo,71,22) < lluollz2 + Tlglul®u+ mlulwll poo o, 11.1.2)

=< lluollz2> + ClT(”M“izcth ). L4042) T el oo, el oo 0,71, 2.2)) -

(48)

Notice that, for 0 < o < ﬁ, we have 2 < 40 +2 < %. Thus, by Sobolev’s
embedding theorem, it follows that there exists a constant C2 (M, N) > 0 such that

I1F @) oo qo,71,22) =< lluoll2 + C2T. 49)

Moreover, by using (14), (48) and (49) we also see that there exists C3 > 0 such that

t
IF@)ll2 > e uoll 2 — H / IR (glul* u + pululu) ds
0

L2
1

t 2
> (nuoniz 2 / 1VeLugl2, ds)

20+1
- C T(”M”LZ:E 0,T],L4o+2) + ||M[14]||L°°[O,T]||u||Loo([o,T],L2))
1

2 2 )?
> (IIMolle - C3T||VM0||L2> ~CoT.
In particular, it follows that there exists K (M, N) > 0 such that

. 1
inf [ FQ@)llg2 = lluoll 2 — K(T2+T). (50)
1€[0,T1

Furthermore, by the smoothing property of the heat semigroup for the gradient stated in (13),
we infer that

1
IVF@) o102y S Nwoll g + T2l u + wludull o qo.71.22)-

Notice that, since o < ﬁ, there exists a constant K| (M, N) > 0 such that
1
IVF@ oqo.ry.2) < luoll gt + KiT2. (51)
We choose M = |lugllygi1, N = |lugllz2 and T > 0 so that
M
T < — 52
=5 (52)
where C» is defined in (49),
1 N
T2 +T < — 53
+7T < 7K (53)
where K is defined in (50) and
M
Tt < — (54)
K

where K is defined in (51). This implies that 7 : X — X.
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Next we show that F is a contraction map on X', namely there exists 0 < K, < 1 such
that, for any u, v € X, we have

1F ) = F)lipeoqo,rr.aty < Kalluw — vl poo, 1, 11)-

From the smoothing effect of the heat semigroup (13) we get
1F @) = F@)loqorr.mty < € [1ulP7u = P70 + plule = ulolo] 20 7 12,
1
= CT> H |u|20'u - |v|2(7v + ,LL[M]M - M[U]UHLOO([O,T],LZ)

As a consequence of inequality (44) we have that, for any u, v € X there exists a constant
C3(M, N) > 0 such that

@) — p@)liLe. 1)y < Callu — vlipooqo, 71, 11y (56)

From (56) we obtain that

lilulu — plvlvll oo, 7,22y < C3llu = vl oo (o, 77, 11y (57)

Moreover, from the inequality (45) we obtain

2 2
|||l/l| “u — |U| av”Loo([O,T]’LZ) = C3”M - v”Loo([(),T],Hl)' (58)

From inequalities (55), (57), (58) we have
1
1F @) — FWllp=go, 71,51 = T2C3llu = vlipeoqo, 1,11

By choosing T satisfying conditions (52), (53), (54) and such that T%C3 < 1, we conclude
that F is a contraction in X'. Thus F admits a fixed point u € C([0, T], HO1 (£2)), which is
a solution to (1). The uniqueness of this solution follows from the fact that the map F is a
contraction in X'. Moreover, notice that we can extend the local solution until the H '-norm of
u(t) is bounded. Hence we obtain the blow-up alternative, that is, if 7,4, > 0 is the maximal
time of existence, then either 7y,,, = 00 or Ty,uc < 00 and

lim [[Vu(@)]2 = oo.

1= Iax

3.3 Local well-posedness for 6 > %

In this subsection, we present our third proof for the local well-posedness result, based on
a fixed point argument. We state the following theorem for the case 2 = R?, however, it is
straightforward to see that the same proof applies also to the case of bounded domains. The
necessity of the restriction o > % is further commented in the remark 3.12 below the proof
of the following theorem.

Theorem 3.11 Let % <o < Then, for any ug € Hl(Rd), there exists a maximal

2
(d-2)*
time Tpax > 0 and a local solution u € C([0, Tnax), H'(RY)) to (1). Moreover, either

Tinax = 00, or Tyax < 00 and

lim ||Vu()ll,2 = oo.

> Lmax
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Proof Fix M, N, T > 0, to be chosen later, let r = 20 + 2 and

_40’+4
1= do

so that the pair (g, r) satisfies condition (10). Consider the set
E= {u cL® ([o, 7], Hl(Rd)) nLe ((0, T), W“(Rd)) :

. N
||u||L°°((0.T),H1) <M, ||u||Lt1((0,T),er) <M, tel[%,f” el 2 > 5},
equipped with the distance

d(u, U) = ||M — v”L‘l((O,T),W‘v’) + ||u — U||Loc([07T]’H1).

Clearly (E,d) is a complete metric space. Consider now u, v € E and observe that the
inequality
2 2 2 2
[ul*7u = 01> 0| < (> + [*7) [u = v,

implies that

Hlulzau _ |v|20‘v

< 20 20 ) _ ,
Lq’(<o,r>,L"’) ~ (”"”L“’([O’T]'L') + ”””L‘W[O'TLL')) ll =l Lo 0,79,7)-

Moreover, using the embedding H L(RY) — L"(R?) and Holder’s inequality, we have

IV (ju*u — [v]*v)|

20-1 201
S (IIMIIL[f + lvllz> )(”VMHL'" +IVulizr) llu — vl g

which implies

IV (1u2u — 02 v) IIU/((O,T),L,./) < (llun%‘éozﬁo,n,m + uvni%ozfo,n,m)
(59)

. (”VMHLq’((O’T)’Lr) + ”VU”Lq’((O’T)’Lr)> llu — v”LOO([O,T],Hl)-

Using Holder’s inequality in time, we deduce from the above estimates that
q/

q9=9q9
”|”|20””Lq’((0,T),W1.r’) S (T +T ) (1+ M) M

and

’

= 17y gy S (7475 ) (1408 a0,
Next, we observe that, for any u, v € E, from

[luu — plvlv| < o] |pwlu] — plv]l + [ulu]] lu — o],

it follows that

lpe[u]u — M[U]U”Ll((o,T),Hl) S T(||M[”]||L°C[0,TJ||M - U||L°<>([0,T],H1)

vl Lo o,y a1y lalu] = plvlliLeepo, 7y )-
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We also notice that from the embedding H' (R?) < L?°2 (R?) there exists C(M, N) > 0
such that

Nl aleelll oogo, 7y S N2 (et oo oy, a1y + Nal355 00 7 21y) = € (60)

and
lielu] = plvlll oo, 7y < Cllu = vlipoo (0,77, 1) - (61)

For any ug € Hl(Rd), let F(uo)(u)(t) = F(u)(t) be defined as
t
Fu)(t) = eug +/ PRI (g|u|2‘7u + ululu) ds
0

By using the space-time estimates in Proposition 2.4, the embedding H'(RY) — L"(R%)
and Holder’s inequality, we obtain

/

||7:(u)||Lq([o T),L")NL%>®([0,T],L?) S lluoll2 + T ‘” ”u”Loo([O T, H1)||M||Lq([0,T),L’) 62)

+ Tllpelulllooro, 1y l1ell Loo o0, 71,22)

and

/

IVF@) N Laqo,1), 20 q0,71.02) S S IVuoll 2 + T "q ||”||Loo([0 7] H1)||VM||L‘1([O T),L")

+ Tliplulll Looro, 71l Vel Loo o, 77, 1.2) -
(63)
As a consequence of (62), (63) and (60), there exist C; > 0 and K (M, N) > 0 such that

a=q
”‘7:(”)”Loo([O,T],Hl)ﬁLq((O,T) wl r) = C1 “u()”Hl + C1 <T + T a4 > KM.
In the same way, by exploiting (61), we also have that

IF ) = F@) e (qo,r,m1) + I1F@) = FO) (0.1, wiry

9=q'
<C <T + T a4 ) Kd(u,v).
We set M = 2C|lugll g1 and we choose 7" > 0 small enough so that

; (64)

N —

9=q'
Cl(T—l—T 4 )Kg

which is possible because
9—q 2+20 —do

qq’ 2042

> 0.

@ Springer



108  Page 24 of 31 P. Antonelli et al.

Moreover, we observe that for any ¢ € [0, T], there exists C2, Cz > 0 such that

t
| 7@ @] 2 = lle uoll2 - H fo 178 (gluf*7u+ plulu) ds

1
t 2
> (uuouiz 2 /0 [VeBuo|2s dr)

’

Lo°([0,T],L2)

-9
— Co(T ”u”iZC([OYT]YHI)”u”Lq([O,T),L’) + T\l peludll oo, 1Ml o< 0.77.22))
%
2
> (uuoniz - C3T“V’40HL2>

q-q"
— Co(T o ”u”iZC([O’T],Hl)||u||L‘1([0,T),L") + Tl wlulllzoogo, 71 l1ull oo g0, 71.22))

Thus, by exploiting (60), we have that there exists K1(M, N) > 0 such that

’

. 1 a=q'
dnt [F@O] 2 = ol = Ki(T2 4T +1).

Now we set N = |lug||;2. By choosing T > 0 which satisfies condition (64) and also

T 1 T 9=q" ) N
24+ T ad + < —
2K
we obtain that 7 maps E into itself and it is a contraction. This is enough to conclude that
there exists a local in time mild solution to (1). The uniqueness follows from the fact that 7
is a contraction. Moreover, we obtain the blow-up alternative (27) because we can repeat this
argument extending the solution locally in time until the H'-norm of the solution diverges.
O

Remark 3.12 Let us emphasize why we need the condition o > % On one hand, in the
absence of the nonlocal term p, we could use the contraction principle in the set E with the
weaker distance

gu, v) = [lu = vlirao.1).Lr) + llu = vliLe((0.7).122)-

Indeed, it is standard to prove that (£, g) is a complete metric space. On the other hand, the
presence of u requires a stronger distance induced by the L° Hx1 -norm, as it is clear from
inequality (61). This implies that we have to use the distance d instead of g. But for o < %,
this is not possible because the power-type nonlinearity is not locally Lipschitz continuous
in Sobolev spaces (namely, inequality (59) fails).

3.4 Global well-posedness

From Proposition 2.2 we obtain that for any ug € HO1 (2) and ¢ € [0, T;,4x (10)], the energy
of the corresponding solution satisfies

t
Efu(t)] = Efuo]l —/ /Iasu(s)lzdxds,
0

and thus it is non-increasing in time. The global existence follows from a classical argument
which combines the blow-up alternative (27) and the bound on the energy.
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Theorem3.13 Let g < 0,0 < (d—%ﬁ' org > 0,0 < %. Let Q be a regular bounded

domain or Q@ = R?. Then for any ug € HOl (R2) there exists a unique global solution u €
C ([0, 00), Hy () 10 (1),

Proof Letug € H} () andletu € C([0, Tuax), Hj (2)) be the corresponding local solution
to (1) given by Theorems 3.1, 3.9 or 3.11. Then the L2-norm of the solution is constant and

. . . .. 2
the energy is non-increasing in time. Thus for g < 0,0 <o < @ We have

IVu(®)ll3, < 2E[u(t)] < 2E[ug],

while for g > 0,0 < % we use the Gagliardo—Nirenberg’s inequality

L2042 ~ L2

IVu®)7, = Elu(t)] + U%lnu(r)uzf’” < Efuol + | Vu(0)]19%
and do < 2 to conclude that

IVu@llz2 < IVuoll 2

In particular, in both cases, the H I_norm of the solution is uniformly bounded in time. From
the blow-up alternative (27) we conclude that the solution is global. ]

In what follows, we will provide an alternative sufficient condition for global existence in
bounded domains, as stated in Theorem 1.3. The proof is based on the potential well method
which was introduced in Sect.2.4. We start with the following lemma where we use the
notations introduced in Sect.?2.4.

Lemma3.14 Let g > 0and 0 < 0 < ﬁ If up € W (respectively ug € Z), then the

corresponding solutionu € C([0, Tpax (1p)), Ho1 () 10 (1)is sothatu(t) € VW (respectively
M(l‘) c Z)for allt € [Os Tmax(“O))~

Proof Fix g = 1 without losing generality and suppose that ug € W. Let T = T4 (uo) be
the maximal time of existence of the corresponding solution to (1). Equation (8) implies that
Elu(t)] < Elug] < p,forallt € [0, T).

Since I[up] > 0, it follows by the continuity of the flow associated with (1) that 7[u(¢)] >
0 for all + € [0, T). Indeed, by contradiction, suppose that there exists a time 7y > 0 such
that /{u(t9)] = 0 and E[u(tp)] < p. Notice that this contradicts the definition of p. Hence
u(t) e W.

The same argument applies for the case when ug € Z. O

Lemma 3.14 implies that the sets YW and Z are invariant under the flow of Eq. (1). As a
consequence, we obtain the following.

Theorem3.15 Let g > 0and 0 < o < ﬁ. If uop € W, then the corresponding solution
u € C([0, Tyax (10)), HH(Q)) to (1) is global in time, that is Tyax (uo) = 0.

Proof We fix g = 1 without losing generality. The condition g € W and Lemma 3.14 imply
that u(tr) € W for every t € [0, Tinax (1)) and consequently that

2 20+2
IVu®lly> > lu@®;5% -

Equation (8) then implies that

1 1
(E - +2> IVu()I2, < Elu(t)] < Eluol < p.
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Hence the H'-norm of u is uniformly bounded by 7(2‘7:2)” . From the blow-up alternative
(27), we conclude that 7,4, (ug) = o0. O

Remark 3.16 Proposition 2.12 provides a sufficient smallness condition on the initial datum
for global existence. Indeed, if ug € HO1 (R2) is so that ||Vuo||2L2 <2p,thenug € W.

Remark 3.17 Notice that when 2 is a bounded domain, the set W is not empty because
|Vull;2 < «/2p implies u € W (see Proposition 2.12), while the set Z is not empty since if
E[u] <0, then from (19), I[u] < Oandu € Z.

On the other hand, when Q = R, we have p = 0 and W is empty. Indeed, take any

u # 0 such that /[u] = 0. Notice that E[u] > 0. Let v(x) = )wlu()\x). Then
Iv] = 225~ 1[u) =0,

while ,
E[v] = 2277 E[u] > 0.

Thus, for . — 0, we obtain that E[v] — 0. As a consequence, from (19), the set W is empty
when € = R¢ and Theorem 1.3 does not provide any additional sufficient conditions for the
global existence in H'(RY).

Finally, if u € H'(R?) is such that E[u] < 0, then u € Z so Z is not empty. Note that
(17) and (18) imply that a stationary state Q, solution to (15) in R4, satisfies

do —2
2do

E[Q] = IVOI7.. (65)

and thus, when o < %, 0 belongs to Z.

We proceed by providing additional sufficient conditions for global existence in the whole
space RY, as stated in Theorem 1.4. We use the same notations introduced in Sect.?2.5. We
start by proving that the set /C is invariant under the flow of Eq. (1).

Lemma 3.18 Let % <o < ﬁ and g > 0. If ug € K, then the corresponding solution
u € C([0, Tax (10)), HY(RY)) to (1) is so that u(r) € K forallt € [0, Tiax(uo)).

Proof We suppose that g = 1 without losing generality. By Gagliardo—Nirenberg’s inequality
(25) it follows that

1 Con
Elulllulls = S IVl g2 lul3s — 5 +2||W||i§||u||‘{‘;“ = F(IVul2llul%,),  (66)
where { c
— 42 GN  _do
A L

By taking the derivative of f, we notice that it has two critical points

f'(0) =0, and f'(x)) =0,

2o 42\ @2
X1 = ,
doCgpn

is a local maximum. From (26) we can write

and

X1 = VQl 1019,
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Moreover, since (25) is an equality for Q, we have
Fe) = fAVOl200lT) = E[Q]IIQII%?
From the condition E[u0]||u0||i°2‘ < E[Q] Q||i°‘2 = f(x1), (66) and (8) we obtain that for
any t € [0, T,4x (10)), the following inequality is true
FAVUO 2 llu@®52) < Eu®llu@®)]735 < Eluolluolys < f(x1). (67)

Letug € H'(R?) be such that || V|| 12 luo ||"L‘2 < |IVOll 210 ||iz. Suppose by contradiction
that there exists a time fo > 0 such that || Vu(o) |l 2 lu(t0)17, = IV QI 2[1QlI,. Then we
would have f(|[Vu(to) 12 1lu(t) ||i2) = f(x1) which is in contradiction with (67). Thus we
can conclude that the set K is invariant under the flow of Eq. (1). O

Theorem 3.19 Let % <0 < ﬁ and g > 0. If ug € K, then the corresponding solution

u € C([0, Tpax (u0))), HY(RY)) 10 (1) is global in time.

Proof Since K is invariant under the flow of equation (1), it follows from the conservation
of the L2-norm that for any ¢ € [0, Tjuax (0)),

, , ol
IVa@)2: < VO[3, L
ol

and thus the H '-norm of the solution is uniformly bounded in time. The blow-up alternative
(27) implies that the solution is global in time. m}

4 Asymptotic behavior

In the following proposition, 2 can be either a regular bounded domain or the whole R¢.

Proposition4.1 Let g < 0, 0 < ﬁ orifg >0, 0 < % Let uy € HO1 (2) and let

u € C([0, 00), H(} (R2)) be the solution to (1). Then there exists a sequence {t,}neN, t, — 00
as n — 0o, such that

u(tn)—uoo in Hy(Q),  plu(tn)] > plus] as n— oo
where U, solves the stationary equation

Aus + g|”oo|2(r”oo + mlucoluce =0,

luoollz2 < lluollz2-

Proof Since d;u € L([0, 00), L*(Q)), sup,.¢ |u[u(®)]| < C, and [[ull .~ 0.00). 511y < C-
then there exists a sequence {t,},en, tn — 00 as n — 0o such that

u(tn)—uco in Hg (),
du(ty) — 0in L%(S2),
wulu(tn)] = poos
and
ou(ty) — Au(ty) — |“(tn)|zau(tn) — plu(t)ut,)— — Ause — |uoo|20uoo — Moolloo,

where the last convergence is in a weak H ~!(2) sense. In particular, we get that
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Ao + g|uoo|20uoo + Uooltoo = 0.

By taking the scalar product of this equation with ., we obtain that @ = plus]- O

The result of the Proposition 4.1 can be improved in a bounded domain  c R? due to
the Rellich-Kondrachov theorem. Indeed:

Corollary 4.2 Under the hypothesis of Proposition 4.1, if @ C R? is a regular, bounded
domain, then
u(ty) — oo in Hy(Q) as n — oo

and u, solves the stationary equation

Ao + ltoo]uoo + g'”oo|20”oo =0,
lucoll 2 = lluoll2-

Proof The compact embedding H(} (Q) — L%(Q) N L**2(Q) and the weak convergence

u(tn)—tto in H' imply [luocll 2 = lluoll 2 and [u(t) P52 — lluol 253 Combining
this convergence with
2042 2042
Va7, — gllue)l;55% IViooll? > — glluool 75,55
M[M(tl’l = 2 - M[MOO] = 2
luoll; . lluoll; -
we obtain that u(t,) — s in Hy (Q2) as n — oco. o

The result of the Corollary 4.2 can be further improved by using the Maximum Principle.
In this case, we shall work in a bounded domain 2 where there exists a unique positive
solution to the stationary Eq. (15) which is also the unique minimizer of the problem (5).
For example, we can take 2 = B(0, R) and g > 0. Then we can prove that if ug > 0, the
corresponding solution converges strongly to the ground state.

Theorem4.3 Let g < 0,0 < ﬁorg >0,0 < % Let ug € H(;(Q), up >0, ug #0

and letu € C([0, 00), HO1 (Q)) be the solution to (1). Let @ C RY be a bounded domain such
that there exists a unique positive solution Q € H(} (2) to Eq. (15) which is also the unique
minimizer of the problem (5). Then

ut) —> Q in HOI(Q) as t — oo.

Proof Let {t,},eN, tn — 00 as n — 00, be such that u(t,) — uso In H(; (2) where uqo
satisfies (15). By the Maximum Principle (see [15, Ch. 2, Sec. 4]), u(t,) > 0 which implies
Uoo > 0and us # 0 since |luxoll 2 = |luoll2 > 0. From the uniqueness of the positive
solution to (15), we conclude that us, = Q where Q is the unique minimizer of the energy
under the constraint || Q||;2 = ||uol| ;2. Equation (8) implies that the energy is a continuous,
decreasing function of time. In particular, there exists the limit

Elu(®)] \ Ec = E[Q], (68)

as t — oo. This limit E, is the energy of the ground state because
Esw = lim E[u(t)] = lim Efu(t,)] = E[Q].
—00 n—oo
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Now we show that u(t) — Q in HOl (£2). Suppose, by contradiction, that this convergence is
not true. In particular, there exists a time sequence {#}xen such that |[u(t)|l;2 = |luoll 2,
Elu(t;)] — E[Q] and there exists € > 0 so that

llu@) — Qll1 > & forall k € N.

Since sup; lu(ti) |l g1 < C < oo, there exists a subsequence, still denoted by { }xen and
a profile u € Ho1 (2) so that u(t;)—u in HO1 (€2). By the compact embedding HO1 (Q) —
L?+2(2), we obtain ||u(z)]| 120+2 — |lull20+2. By the lower semi-continuity, it follows
that

Elu] < limkinf Elu(t)] = E[Q],

which implies that E[u] = E[Q]. In particular, ||Vu(t)|l;2 = IVQI|l;2,and so u(tx) — Q
in H} (Q). This is a contradiction with [[u(t) — Qll 1 > e. O

Remark 4.4 We would like to notice that in general, there exist initial data not converging
to the ground state. Indeed if g = 1,0 < % and ug € Z, where Z is defined in (24), then
Uso Where 1, € Z is a stationary state with ulus] < 0. Similarly, if ug € W where W is
defined in (20) then uo € W and w[uso] > 0. Thus, at least in one of the above cases, the
solution does not converge to the ground state.

Finally, we show that in the whole space R“ and when o > % there exists a set of initial
data whose solutions satisfy the grow-up condition. Specifically, if E[up] < 0, then there
exists a sequence {fx}xeN, tx — Tmax such that

lim ||[Vu(t)| 2 = oo.

k— 00
Theorem4.5 Letg = 1,0 > %. Letug € H'(R?) be such that E[ug] < 0. Let Tyayx (ug) > 0
be the maximum time of existence of the corresponding strong solution to (1). Then either

Tnax (ug) = oo and
limsup || Vu(t)|| 2 = oo,
—00

or Tax (ug) < oo.

Proof Suppose that T, (up) = 0o and that there exists a constant C > 0 such that

sup [|Vull;» < C.

>0

Gagliardo—Nirenberg’s inequality and the conservation of the L2-norm imply that

1 2642 d d
EW®) = -5 —— @33 2 Va4 = —c.

Thus the energy is bounded from below. Since E[u(t)] is a continuous, decreasing function,
there exists the limit

lim E[u(t)] = Eqo > —00,
—00
and d,;u € L2([O, 00), Lz(Rd)) because

oo
/0 18,1 (s)1172ds = Elug] — Eoo < 0.
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In the same way, we can see that p[u(?)] is bounded from below

IVu@li g2 — lu@13553

L2042 2042 d
2 —llu®ll;%5n = —C7,

()] =
o ol

and from above. Then there exists a sequence {#,},eN, t, — 00 as n — oo such that

u(ty)—uoo in H'(RY),

du(ty) — 0in L2(RY),

plu(tn)] = poo,
and

ue(tn) — Aulty) — [u(ta) P ulty) — ple(tn)u(tn) = — Attog — too|* oo — Hoolioo.
where the last convergence is in a weak H ~!(2) sense. In particular, we get that
Auo + |uoo|20uoo + Uooltoo = 0,

and so U i a stationary state. From (65)

Elusel = 272 Vu 2, 2 0
o] = 5= Vuc}2 = 0.

On the other hand, by the weak lower semicontinuity, we have

Eluso] = lim Efu()] = E[uol <0

which is a contradiction with the former inequality. Hence [|Vu(¢)| 2 cannot be uniformly
bounded in time. O
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