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 a b s t r a c t

Immersed boundary methods (IBMs) provide a convenient and efficient approach for fluid-
structure interaction (FSI) problems, as they allow for flexible handling of moving boundaries 
without conforming mesh requirements. However, computing the hydrodynamic loads exerted 
by the fluid on the immersed body is a well-known issue, as fluid grid points are not directly 
available on the wet surface. In the literature, several procedures have been proposed, but they 
typically yield non-smooth stress distributions or have low accuracy. On the other hand, higher-
order methods can only be applied to rigid bodies in the limit of boundary layer flow. In this 
paper, we propose a novel procedure capable of accurately evaluating the stresses acting on solid 
surfaces, which is based on a truncated Taylor series of the whole fluid stress tensor, without 
relying on any assumption on the underlying flow or body dynamics. The terms of the Taylor 
series are evaluated directly from the flow solution using a versatile moving-least-squares (MLS) 
interpolation with a small computational overhead. We also propose a variation of the procedure 
for computing hydrodynamic loads within thin lubrication layers, which can arise during the in-
teraction of multiple deformable bodies mediated by a fluid. The method is validated in a series of 
numerical experiments encompassing analytical flow solutions, separated flows over rigid bodies, 
and FSI over rigid and deformable bodies. Although the method is here applied to a second-order 
IBM code, it can be applied to any-order fluid solver, including body-fitted ones.

1.  Introduction

Fluid-structure interaction (FSI) is key in many scientific applications. The dynamic interplay between fluid and moving walls can 
be found in various engineering applications, such as the vibration of structures induced by the presence of vortices [1–3], but also 
in biological frameworks, such as insect flight [4] or the haemodynamics within the human heart [5,6]. In these cases, the motion of 
the surrounding fluid produces local stresses over the wet surface which, along with internal elastic stresses, causes the deformation 
and displacement of the body. In turn, the moving/deforming body surface affects the flow evolution through the no-slip boundary 
condition. This non-linear coupling can lead to complex structure dynamics and the corresponding FSI has to be solved numerically 
[7,8].
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$\phi _k\parent {\vb {X}}$


$k$


$\boldsymbol {\Phi }\parent {\vb {X}}$


$u$


$\vb {X}$


\begin {equation}U\parent {\vb {X}} =\boldsymbol {\Phi }^T\parent {\vb {X}}\vb {u}=\sum _{k=1}^{\nel }\phi _k\parent {\vb {X}} u\pxk .\label {eq:final_interp}\end {equation}


\begin {equation}W\parent {\vb {r}} = W_1\parent {r_1}W_2\parent {r_2}W_3\parent {r_3}, \quad W_i\parent {r} =\begin {cases} \exp \parentq {{-\parent {\frac {r}{\varepsilon H_i}}^2}} &\quad r \leq H_i,\\ 0 &\quad r > H_i. \end {cases} \label {Xeqn25-A.9}\end {equation}
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$3/2\Delta x_i$


$\varepsilon $


$\phi _k$


$u$


$\vb {X}$


$\xk $


$\phi _k$


$U$


$\vb {X}$


\begin {equation}\pdv {U}{x_r}\bigg |_\vb {X} = \parent {\pdv {\boldsymbol {\Phi }}{x_r}\bigg |_{\vb {X}}}^T\vb {u} = \sum _{k=1}^{\nel }\pdv {\phi _k}{x_r}\bigg |_{\vb {X}}u\pxk . \label {Xeqn26-A.10}\end {equation}


$\partial \boldsymbol {\Phi }/\partial x_r$


\begin {equation}\pdv {\boldsymbol {\Phi }}{x_r}\bigg |_{\vb {X}} = \pdv {\boldsymbol {\gamma }^T}{x_r}\bigg |_{\vb {X}}B\parent {\vb {X}} + \boldsymbol {\gamma }^T\parent {\vb {X}}\pdv {B}{x_r}\bigg |_{\vb {X}}. \label {Xeqn27-A.11}\end {equation}


$\vb {p} = A\boldsymbol {\gamma }$


$\boldsymbol {\gamma }$


$m\times m$


\begin {equation}A\parent {\vb {X}} \pdv {\boldsymbol {\gamma }}{x_r}\bigg |_{\vb {X}} = \pdv {\vb {p}}{x_r}\bigg |_{\vb {X}} - \pdv {A}{x_r}\bigg |_{\vb {X}}\boldsymbol {\gamma }\parent {\vb {X}}. \label {Xeqn28-A.12}\end {equation}


$\xp $


$p$


$\vb {u}$


$\xp $


$x_1$


$x_2$


$\Delta $


$\nel =9$


$\phi $


\begin {equation}\pdv {\phi }{x_1}\bigg |_7 = \frac {\phi _8 - \phi _D}{2\Delta } + \mathcal {O}\parent {\Delta ^2}, \quad \pdv {\phi }{x_2}\bigg |_7 = \frac {\phi _B - \phi _4}{2\Delta } + \mathcal {O}\parent {\Delta ^2}, \label {Xeqn29-B.1}\end {equation}


\begin {equation}\spdv {\phi }{x_1}\bigg |_7 = \frac {\phi _8 -2 \phi _7 +\phi _D}{\Delta ^2} + \mathcal {O}\parent {\Delta ^2}, \quad \spdv {\phi }{x_2}\bigg |_7 = \frac {\phi _B -2 \phi _7 + \phi _4}{\Delta ^2} + \mathcal {O}\parent {\Delta ^2}, \label {Xeqn30-B.2}\end {equation}


\begin {equation}\spdvm {\phi }{x_1}{x_2}\bigg |_7 = \frac {\parent {\phi _C-\phi _A} - \parent {\phi _5-\phi _E}}{4\Delta ^2} + \mathcal {O}\parent {\Delta ^2}. \label {Xeqn31-B.3}\end {equation}
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$x_1$


$\phi $


$x_2$


\begin {equation}\pdv {\phi }{x_1}\bigg |_7 = \frac {-\phi _9 +4 \phi _8 -3\phi _7}{2\Delta } + \mathcal {O}\parent {\Delta ^2}, \quad \pdv {\phi }{x_2}\bigg |_7 = \frac {3\phi _7 -4 \phi _4 + \phi _1}{2\Delta } + \mathcal {O}\parent {\Delta ^2}. \label {Xeqn32-B.4}\end {equation}


$x_1$


$x_2$


\begin {equation}\label {eq:FD_off_point7} \spdv {\phi }{x_1}\bigg |_7 = \frac {\phi _9 -2 \phi _8 +\phi _7}{\Delta ^2} + \mathcal {O}\parent {\Delta }, \quad \spdv {\phi }{x_2}\bigg |_7 = \frac {\phi _7 -2 \phi _4 + \phi _1}{\Delta ^2} + \mathcal {O}\parent {\Delta }.\end {equation}


$\partial ^2\phi /\partial x_1\partial x_2$


$x_1$


$x_2$


\begin {equation}\spdvm {\phi }{x_1}{x_2}\bigg |_7= \frac {-3\phi _9+12\phi _8-9\phi _7+4\phi _6-24\phi _5+12\phi _4-\phi _3+4\phi _2-3\phi _1}{4\Delta ^2} + \mathcal {O}\parent {\Delta ^2} \label {Xeqn34-B.6}\end {equation}
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In this framework, body-fitted approaches, such as the Finite Volumes or Finite Elements methods, can suffer significant com-
putational overhead with respect to fixed-boundary-flows as they require to continuously update the fluid mesh according to the 
instantaneous body configuration and the flow solution should be interpolated to the updated grid [9,10]. This issue is alleviated 
by immersed boundary methods (IBMs), where the fluid grid has not to be conformal to the body surface and the FSI coupling is 
obtained by updating the immersed boundary (IB) forcing which depends on the instantaneous body position and on the flow solution 
[11–14]. Furthermore, IBMs are typically based on fractional-step methods exploiting low order spatial discretisation over Cartesian 
meshes, which allow for the use of highly efficient solvers entailing the inversion of reduced-band matrices and fast trigonometric 
expansions for the elliptic equation [15,16].

However, the advantage of a fixed fluid mesh comes at the cost of not having boundary of the body coinciding with a coordinate 
surface, thus making challenging the evaluation of the stresses exerted by the fluid on the walls. This is a well-known issue of 
IBMs and several approaches have been proposed to make up for this problem. In particular, smooth hydrodynamic forces can be 
computed directly from the IB forcing using the Newton third law of motion [11]. Despite being efficient, this approach can be 
applied only to rigid bodies enclosing a finite volume and cannot distinguish between viscous and pressure loads. To avoid these 
drawbacks, the stress tensor can be reconstructed directly from the underlying flow by interpolating pressure and velocity fields in 
a point near the wall (referred to as probe) and transferring the stress tensor to the wall [12,17]. In order to improve the first order 
accuracy of this method, the tangent-to-the-wall velocity and pressure has been reconstructed near the surface using polynomial wall 
functions whose free-parameters are determined online during the simulation [18]. This effective approach has been applied to solve 
turbulence/particle interactions [18], FSI with fracturing [19] and the dynamics of melting/moving bodies [20]. More recently, this 
method has been revised by using different strategies to evaluate the coefficients of the reconstruction polynomials [21]. Although 
this polynomial reconstruction approach allows to achieve a higher order of accuracy, it is conceived for rigid bodies under the 
boundary layer assumption, and cannot be applied to deformable bodies, undergoing either imposed kinematics or FSI. Recently, 
higher order evaluation of the hydrodynamic loads has been achieved employing a two-probes approach [22].

To fill this gap, in this work a novel procedure capable of accurately evaluating the stresses acting on solid surfaces is proposed. 
The method is based on a truncated Taylor series of the whole fluid stress tensor without relying on any assumption on the underlying 
flow or body dynamics. The terms of the Taylor series are evaluated directly from the flow solution using a versatile moving-least-
squares (MLS) interpolation, already widely used in the IBM community to build the IB forcing [12,17]. The proposed methodology 
can be easily employed to obtain high order hydrodynamic loads and, although it is here embedded in a second-order fluid solver 
based on IBM, it can be applied to any-order fluid solver, including body-fitted ones. The resulting procedure is cost efficient and it 
can be applied to any rigid or deformable body. The method is validated in a series of numerical experiments encompassing analytical 
flow solutions, fixed wet bodies and FSI over rigid and deformable bodies.

The paper is organised as follows: in Section 2, the standard FSI framework using the IB direct forcing method in the MLS fashion 
is introduced. Moreover, the methods from the literature that are used to evaluate the stresses are briefly reviewed; in Section 3, 
we introduce our novel method, showing two alternative approaches, one of them tailored to solve the hydrodynamic loads within 
lubrication layers between solid bodies; in Section 4, the method is firstly applied to analytical flows to test its order of accuracy, then 
to two-dimensional (2D) and three-dimensional (3D) test cases solved numerically; finally, the conclusions are presented in Section 5.

2.  Problem formulation and numerical method

2.1.  Governing equations

Let consider the motion of the body Ω depicted in Fig. 1 within an incompressible fluid of density 𝜌 and dynamic viscosity 𝜇.
The fluid motion is governed by the incompressible Navier-Stokes equations, which in nondimensional form read: 

𝜕𝐮
𝜕𝑡

+ ∇ ⋅ (𝐮⊗ 𝐮) = −∇𝑝 + 1
𝑅𝑒

∇2𝐮 + 𝐟 , (1a)

∇ ⋅ 𝐮 = 0, (1b)

where 𝐮 and 𝑝 are the flow velocity and pressure. 𝑅𝑒 = 𝜌𝑈𝐿∕𝜇 is the Reynolds number based on a characteristic length 𝐿 and velocity 
𝑈 . The no-slip boundary condition 𝐮 = 𝐔𝑏 is imposed at the fluid/solid boundary through the IB forcing term 𝐟 . 𝐔𝑏 is the local velocity 
of the body surface, given by the structural dynamics - either rigid or deformable - which depends on the traction 𝐭 exerted by the 
surrounding fluid on the structure.

2.2.  Numerical method

Although the focus of the paper is on the accurate evaluation of the hydrodynamic stress, which does not depend on the details of 
the discretization scheme and of the IB method used, we briefly outline the numerical algorithm employed in the numerical tests. In 
doing so, we also introduce the MLS interpolation framework, which is not only needed for evaluating the IB forcing, but also serves 
as a key component of the proposed method.

The fluid Eq. (1) are advanced in time using a fractional step method [15,23]. The momentum Eq. (1a) is advanced from time 𝑡𝑛
to 𝑡𝑛+1 using an implicit Crank-Nicholson scheme for the viscous term and an explicit Adam-Bashfort scheme for the non-linear term. 
The equations are discretised in space using a second-order accurate centred finite-difference (FD) scheme on a Cartesian staggered 
grid, hereafter denoted as Eulerian grid. 𝑁1, 𝑁2 and 𝑁3 points are used in each direction, and the corresponding grid size in the three 
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Fig. 1. Sketch of the numerical setting used for the FSI problems. The fluid domain is discretised by means of a structured Eulerian grid. The body 
surface is discretised using triangular elements, whose centroids are the Lagrangian markers.

Fig. 2. 2D sketch of the setting required to perform the IB treatment. For the selected marker, the corresponding supporting domain used for the 
MLS interpolation is represented by a dashed line.

spatial directions of the 𝑘th Eulerian cell is Δ𝑥𝑘1 , Δ𝑥𝑘2 and Δ𝑥𝑘3 . Periodic boundary conditions are applied in the 𝑥1 and 𝑥2 directions, 
while along 𝑥3 Dirichlet or radiative conditions are enforced [24].

The IB forcing is applied to the provisional velocity 𝐮̂ to enforce the no-slip condition. Following the explicit direct forcing 
method [11], the surface of the body is discretized by 𝑁𝑡 triangular elements, and at their centroids 𝐗𝑙, 𝑙 = 1,… , 𝑁𝑡, are collocated 
the Lagrangian markers (see Fig. 1). The position and velocity of the markers are assumed to be known at each time step from the 
solution of the structural dynamics. The IB forcing 𝐅 on the 𝑙th Lagrangian marker is thus evaluated as follows:

𝐅
(

𝐗𝑙) =
𝐔𝑏(𝐗𝑙) − 𝐔̂

(

𝐗𝑙)

Δ𝑡𝑛
, (2)

where Δ𝑡𝑛 = 𝑡𝑛+1 − 𝑡𝑛 and 𝐔̂(𝐗𝑙) is the interpolation of 𝐮̂ from the Eulerian grid to the Lagrangian marker 𝐗𝑙. The interpolation 
operator is built using MLS kernels [12,17,25]. For each velocity component 𝑖, a support domain containing 𝑁𝐸 Eulerian points 𝐱𝑘 is 
created, centred at the marker 𝐗𝑙. Typically, 𝑁𝐸 = 27 in three- and 𝑁𝐸 = 9 in two-dimensions (see Fig. 2).

The interpolation rule is given by:

𝑈̂𝑖
(

𝐗𝑙) =
𝑁𝐸
∑

𝑘=1
𝜙𝑘

(

𝐗𝑙)𝑢̂𝑖
(

𝐱𝑘
)

, (3)
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where the basis functions 𝜙𝑘
(

𝐗𝑙) are obtained as detailed in Appendix A. Lastly, the force is distributed to the underlying Eulerian 
grid exploiting again the MLS basis functions:

𝑓𝑖
(

𝐱𝑘
)

=
𝑁𝑡
∑

𝑙=1
𝑐𝑙 𝜙𝑘

(

𝐗𝑙)𝐹𝑖
(

𝐗𝑙), (4)

where the coefficient 𝑐𝑙 = Δ𝑉𝑙∕
∑𝑁𝐸

𝑘=1 𝜙𝑘
(

𝐗𝑙)Δ𝑣𝑘 assures that momentum is conserved during the force spreading [12]. The volume 
associated to the Lagrangian markers is Δ𝑉𝑙 = 𝐴𝑙

∑𝑁𝐸
𝑘=1 𝜙𝑘

(

𝐗𝑙)(Δ𝑥𝑘1 + Δ𝑥𝑘2 + Δ𝑥𝑘3
)

∕3, with 𝐴𝑙 the area of the 𝑙th triangle, and Δ𝑣𝑘 =
Δ𝑥𝑘1 Δ𝑥

𝑘
2 Δ𝑥

𝑘
3 is the volume of the 𝑘th Eulerian cell.

To satisfy Eq. (1b), the velocity field just calculated (and satisfying no-slip condition) is projected onto a divergence-free space 
by means of the pseudopressure 𝜑, which is calculated upon the solution of a Poisson equation using fast Fourier transforms in the 
periodic directions [15]. Finally, the pressure is updated using 𝜑.

2.3.  Hydrodynamics loads computation

In the case of FSI, a fundamental step for the resolution of the coupled problem is the evaluation of the local hydrodynamic 
stress over the wet surfaces, which serves as input for the structural solver. Nevertheless, even if the body is fixed or its kinematic is 
prescribed, it is relevant for several applications to measure the hydrodynamic loads exerting on the solid bodies. For an incompressible 
flow, the fluid stress tensor 𝑇  depends on the velocity and pressure fields as follows:

𝑇 = −𝑝 𝐼 + 1
𝑅𝑒

[

∇𝐮 + ∇𝐮𝑇
]

, (5)

being 𝐼 the identity matrix and [∇𝐮]𝑖𝑗 = 𝜕𝑢𝑗∕𝜕𝑥𝑖 the velocity gradient tensor. The traction 𝐭 acting on the marker 𝐗𝑙 of the surface 
with normal 𝐧𝑙 is given by:

𝐭
(

𝐗𝑙) = 𝑇
(

𝐗𝑙) ⋅ 𝐧𝑙 = −𝑝
(

𝐗𝑙)𝐧𝑙 + 1
𝑅𝑒

[

∇𝐮
(

𝐗𝑙) + ∇𝐮𝑇
(

𝐗𝑙)] ⋅ 𝐧𝑙 , (6)

where 𝑝(𝐗𝑙) and ∇𝐮(𝐗𝑙) are the pressure and velocity gradient evaluated on 𝐗𝑙. The resultant hydrodynamic force 𝐑 and torque 𝐌𝑂

with respect to the pole 𝐱𝑂 acting on the body can be evaluated as follows:

𝐑 =
𝑁𝑡
∑

𝑙=1
𝐭
(

𝐗𝑙)𝐴𝑙 , 𝐌𝑂 =
𝑁𝑡
∑

𝑙=1
𝐫𝑂𝑙 × 𝐭

(

𝐗𝑙)𝐴𝑙 , (7)

with 𝐫𝑂𝑙 = 𝐗𝑙 − 𝐱𝑂. If the body considered is wet on both sides, then a positive 𝐧𝑙+ and a negative 𝐧𝑙− = −𝐧𝑙+ normal vectors can be 
defined and the traction acting on the 𝑙th marker is given by:

𝐭
(

𝐗𝑙) = 𝐭+
(

𝐗𝑙) − 𝐭−
(

𝐗𝑙), (8)

being 𝐭+ and 𝐭− the hydrodynamic tractions evaluated using 𝐧𝑙+ and 𝐧𝑙−, respectively.
However, since the Eulerian grid - where the Navier-Stokes equations are solved - is not body conformal, the pressure and velocity 

gradients obtained from the fluid solver are not defined on the Lagrangian marker 𝐗𝑙. This issue has been circumvented in [12,17], 
by considering a probe point cast for each marker in the wall normal direction:

𝐗𝑃 = 𝐗𝑙 + ℎ𝐧𝑙 , (9)

being ℎ the length of the probe, which should be sufficiently long to avoid contamination of the results by the flow solution on the 
opposite wet side of the boundary (see next Section for further details). To satisfy this condition for any orientation of the wet surface 
with respect to the Eulerian grid, the probe length should be ℎ = 1.5Δ𝑑 , being Δ𝑑 the length of the diagonal of the closest Eulerian cell 
to the marker. For instance, for a uniform grid with spacing Δ, the probe length should be ℎ = 1.5

√

3Δ in 3D cases and ℎ = 1.5
√

2Δ
in 2D problems. The velocity gradient field is transferred back to the marker as ∇𝐮|𝐗𝑙 = ∇𝐮|𝐗𝑃 + (ℎ). On the contrary, the pressure 
field is expanded in Taylor series at first order from the Lagrangian marker to the probe point 𝑝(𝐗𝑙) = 𝑝

(

𝐗𝑃 ) − 𝜕𝑝∕𝜕𝑛|𝐗𝑙ℎ + 
(

ℎ2
)

. 
To estimate the value of 𝜕𝑝∕𝜕𝑛|𝐗𝑙 , the normal-to-the-wall component of Eq. (1a) is written at point 𝐗𝑙, obtaining d𝑈 𝑏

𝑛
(

𝐗𝑙)∕d𝑡 =
−𝜕𝑝∕𝜕𝑛|𝐗𝑙 + 𝑅𝑒−1∇2𝑢𝑛|𝐗𝑙 , being 𝑈 𝑏

𝑛  and 𝑢𝑛 the normal component of the body and fluid velocity. The IB forcing in the MLS fashion 
reconstruct a linear velocity field near the boundary [12,26], thus ∇2𝑢𝑛|𝐗𝑙 = 0, yielding the following approximate expression for the 
normal pressure derivative:

𝜕𝑝
𝜕𝑛

|

|

|

|𝐗𝑙
≃ −

d𝑈 𝑏
𝑛
(

𝐗𝑙)

d𝑡
. (10)

Despite this method entails a low computational overhead and allows to deal with solid and deformable bodies, it can reach at most 
a first order accuracy for the viscous stress, while the second order accuracy for the pressure loads can be achieved only under 
restrictive hypothesis on the shape of the flow near the wall.

Higher order accuracy can be obtained using a field reconstruction method near the solid wall [18]. Using the boundary layer 
hypothesis, pressure and tangent-to-the-wall velocity component 𝑢𝜏 are expressed as polynomials in the normal direction 𝑛, going 
from the marker 𝐗𝑙 (corresponding to 𝑛 = 0) to the probe point 𝐗𝑃  (𝑛 = ℎ):

𝑝(𝑛) = 𝑐𝑝 + 𝑏𝑝 𝑛 +
1
2
𝑎𝑝 𝑛

2, 𝑢𝜏 (𝑛) = 𝑑𝑢 + 𝑐𝑢 𝑛 +
1
2
𝑏𝑢 𝑛

2 + 1
6
𝑎𝑢 𝑛

3, (11)
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Fig. 3. 2D sketch of the probe position and its support domain to evaluate the stress tensor at point 𝐗𝑙. The Eulerian points involved in the FDs and 
interpolation are highlighted for the centred and off-centred scheme together with the corresponding probe position and length of the probe ℎ𝐶 and 
ℎ𝑂. All points used to compute derivatives and MLS interpolation must lie on the same wet side.

being {𝑎𝑝, 𝑏𝑝, 𝑐𝑝
} and {𝑎𝑢, 𝑏𝑢, 𝑐𝑢, 𝑑𝑢

} sets of unknown coefficients to be determined. Three conditions are thus needed to fit the pressure 
polynomial: in addition to the one introduced above (Eq. (10) at 𝑛 = 0), the values of 𝑝 and 𝜕𝑝∕𝜕𝑛 at the probe (𝑛 = ℎ) are set equal 
to the values coming from the numerical flow solution. Alternatively, the first condition can be dropped by imposing the second 𝑛-
derivative of pressure in 𝑛 = ℎ [21]. Concerning the velocity 𝑢𝜏 , three conditions are obtained by imposing the value of the tangential 
velocity and of its first and second derivative in the normal direction at the probe location. The last condition, instead, is obtained 
using the boundary layer equations over the flat plate, yielding 𝜕3𝑢𝜏∕𝜕𝑛3|𝐗𝑃 ≃ 𝑅𝑒

∑3
𝑞,𝑟=1 𝜕

2𝑝∕𝜕𝑥𝑞𝜕𝑥𝑟𝑛𝑙𝑞𝑛
𝑙
𝑟 at the probe point, being 

𝑛𝑙𝑞 , 𝑛
𝑙
𝑟 the 𝑞 and 𝑟 components of the normal vector 𝐧𝑙 [18], or imposing the tangential wall velocity, i.e. 𝑢𝜏 = 𝑈 𝑏

𝜏  [21]. In this way, 
the stress component 𝑅𝑒−1𝜕𝑢𝜏∕𝜕𝑛 is evaluated from the analytical derivative of the polynomial at 𝑛 = 0.

The above mentioned procedure is the base of most of boundary reconstruction methods in the context of IBMs. A possible 
weakness is that the terms 𝜕𝑢𝑛∕𝜕𝑛 and 𝜕𝑢𝑛∕𝜕𝜏 are completely disregarded, making the implicit assumption that they are negligible. 
In fact, the former is usually small compared to pressure, while the latter is exactly zero although this is true only for rigid bodies. In 
contrast, in the case of a deformable body 𝜕𝑢𝑛∕𝜕𝜏 is the gradient of the deformation velocity at the wall, which in general is not null. 
Moreover, the pressure condition at the wall (Eq. (10)) does not always hold true, especially in curved and/or deforming bodies.

3.  A MLS based method to evaluate the whole stress tensor at the wall

In this section, we propose an improved methodology to evaluate the hydrodynamic loads at the wall, regardless of the rigid or 
deformable nature of the structure. The method is based on a truncated Taylor expansion of the whole stress tensor in the near wall 
region, which is evaluated using MLS kernels. Although the method is presented in the framework of a second order MLS-IB method, 
it can be applied to any CFD solver matching the accuracy of the underlying numerical scheme.

3.1.  Truncated Taylor series of the stress tensor components

Following the sketch of Fig. 3, given a Lagrangian marker 𝐗𝑙 on the body surface, the corresponding normal probe point is 
built using Eq. (9). Then, assuming the flow field is sufficiently differentiable, we can consider the following truncated Taylor-series 
expansion of the pressure and velocity gradients, from the probe point 𝐗𝑃  backwards to the wall location 𝐗𝑙: 

𝑝
(

𝐗𝑙) = 𝑝
(

𝐗𝑃 ) −
𝜕𝑝
𝜕𝑛

|

|

|

|𝐗𝑃
ℎ + 1

2
𝜕2𝑝
𝜕𝑛2

|

|

|

|𝐗𝑃
ℎ2 + 

(

ℎ3
)

, (12a)

𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|

|𝐗𝑙
=

𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|

|𝐗𝑃
− 𝜕

𝜕𝑛

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|

|𝐗𝑃
ℎ + 1

2
𝜕2

𝜕𝑛2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|

|𝐗𝑃
ℎ2 + 

(

ℎ3
)

, (12b)

where the normal derivatives are defined as 𝜕∕𝜕𝑛|𝐗𝑃 =
∑3

𝑞=1 𝑛
𝑙
𝑞 𝜕∕𝜕𝑥𝑞 and 𝜕2∕𝜕𝑛2|𝐗𝑃 =

∑3
𝑞,𝑟=1 𝑛

𝑙
𝑞𝑛

𝑙
𝑟 𝜕

2∕𝜕𝑥𝑞𝜕𝑥𝑟.
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In general, the probe point does not coincide with an Eulerian grid point (it cannot for any Cartesian direction if a staggered grid 
is employed), and the coefficients of the Taylor series involving the pressure and velocity derivatives have to be computed from the 
flow solution through interpolation.

3.2.  Evaluation of the Taylor series coefficients by a centred FD approach

To evaluate the coefficients of Eq. (12a), we can interpolate the pressure from the Eulerian grid to the probe point 𝐗𝑃  using the 
same MLS kernels adopted for the IB forcing (Section 2). For each 𝐗𝑃 , a supporting domain of interpolation of 𝑁𝐸 = 27 Eulerian grid 
points in 3D and 𝑁𝐸 = 9 points in 2D (Fig. 3) is built, and the MLS kernels 𝜙𝑘

(

𝐗𝑃 ) are constructed as detailed in Appendix A. The 
𝜙𝑘

(

𝐗𝑃 ) are then used to interpolate the flow quantities from the Eulerian grid to the probe point 𝐗𝑃  using the same expression as 
Eq. (3). Thus, the first term of Eq. (12a) is given by:

𝑝
(

𝐗𝑃 ) =
𝑁𝐸
∑

𝑘=1
𝜙𝑘

(

𝐗𝑃 )𝑝
(

𝐱𝑘
)

, (13)

where 𝑝(𝐱𝑘) is the pressure evaluated at the Eulerian grid points 𝐱𝑘, which is directly computed by the fluid solver. The higher order 
terms of the expansion can be evaluated using the same basis functions:

𝜕𝑝
𝜕𝑛

|

|

|

|𝐗𝑃
=

3
∑

𝑞=1
𝑛𝑙𝑞

𝑁𝐸
∑

𝑘=1
𝜙𝑘

(

𝐗𝑃 ) 𝜕𝑝
𝜕𝑥𝑞

|

|

|

|𝐱𝑘
,

𝜕2𝑝
𝜕𝑛2

|

|

|

|𝐱𝑘
=

3
∑

𝑞,𝑟=1
𝑛𝑙𝑞 𝑛

𝑙
𝑟

𝑁𝐸
∑

𝑘=1
𝜙𝑘

(

𝐗𝑃 ) 𝜕2𝑝
𝜕𝑥𝑞𝜕𝑥𝑟

|

|

|

|𝐱𝑘
. (14)

In order to keep the convergence rate of the MLS interpolation and of the underlying numerical scheme, the derivatives on the 
Eulerian grid points 𝜕𝑝∕𝜕𝑥𝑞|𝐱𝑘  and 𝜕2𝑝∕𝜕𝑥𝑞𝜕𝑥𝑟|𝐱𝑘  are evaluated by a second order centred FD scheme, as detailed in Appendix B. We 
anticipate that the use of the centred FD scheme for the evaluation of the derivatives on the points 𝐱𝑘 requires a probe length equal 
to 2.5Δ𝑑 , as discussed in detail below. Therefore, all the terms of the Taylor series are calculated with a second order of accuracy, 
leading to an estimation of 𝑝(𝐗𝑙) that is (Δ2

𝑑
)

.
The same procedure outlined above can be used to determine the coefficients of Eq. (12b), interpolating the velocity gradient 

from the Eulerian grid to the probe point via the MLS kernels. Therefore, the first two coefficients of Eq. (12b) are given by:

𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|

|𝐗𝑃
=

𝑁𝐸
∑

𝑘=1
𝜙𝑘

(

𝐗𝑃 ) 𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|

|𝐱𝑘
𝜕
𝜕𝑛

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|

|𝐗𝑃
=

3
∑

𝑞=1
𝑛𝑙𝑞

𝑁𝐸
∑

𝑘=1
𝜙𝑘

(

𝐗𝑃 ) 𝜕2𝑢𝑖
𝜕𝑥𝑗𝜕𝑥𝑞

|

|

|

|𝐱𝑘
, (15)

where the derivatives 𝜕𝑢𝑖∕𝜕𝑥𝑗 |𝐱𝑘  and 𝜕2𝑢𝑖∕𝜕𝑥𝑗𝜕𝑥𝑞|𝐱𝑘  are defined on the Eulerian points and can be evaluated from the flow solution. 
The direct calculation of the last coefficient of Eq. (12b), involving the third derivatives of the velocity field, through FD would entail 
to further enlarge the stencil. This issue can be circumvented by exploiting the derivatives of the MLS interpolation kernels:

𝜕2

𝜕𝑛2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|

|𝐗𝑃
=

3
∑

𝑞,𝑟=1
𝑛𝑙𝑞 𝑛

𝑙
𝑟

𝑁𝐸
∑

𝑘=1

𝜕𝜙𝑘
𝜕𝑥𝑟

|

|

|

|𝐗𝑃

𝜕2𝑢𝑖
𝜕𝑥𝑗𝜕𝑥𝑞

|

|

|

|𝐱𝑘
, (16)

where 𝜕𝜙𝑘∕𝜕𝑥𝑟 is the derivative of the MLS basis functions [25] (see Appendix A). Eq. (16) provides an effective first order evaluation 
of the last Taylor coefficient, which is then multiplied by ℎ2 thus preserving the overall accuracy of the method.

It should be noted that, computing all flow derivatives on the MLS support domain through centred FD entails an increase of the 
effective number of Eulerian points involved in the evaluations of the stresses with respect to the 𝑁𝐸 points required for the MLS 
interpolation. Indeed, following the sketch of Fig. 3, to evaluate the Eulerian derivatives on the points within the supporting domain 
of interpolation of 𝐗𝑃 , additional layers of points must be considered in each spatial direction, thus enlarging the effective supporting 
domain for the evaluation of the traction from 3 to 3 + 2 points per direction. Therefore, instead of the typical 27 Eulerian points 
required for the MLS interpolation, the supporting domain for the evaluation of the stresses is enlarged to 125 points. Since all such 
points must lie on the same side of the IB to avoid contamination in the calculation of the derivatives and in the subsequent MLS 
interpolation, the probe must be sufficiently long. Given a body having a generic orientation with respect to the Eulerian grid, the 
probe length to ensure that all derivatives/interpolation points are located on the same wet side of the wall is ℎ𝐶 = 2.5Δ𝑑 . For instance, 
employing a uniform grid with spacing Δ would lead to a probe with length ℎ𝐶 = 2.5

√

3Δ ≃ 4.33Δ in 3D and ℎ𝐶 = 2.5
√

2Δ ≃ 3.54Δ
in 2D. Although this probe (longer than the one typically employed in IBM-MLS, see Section 2) can be seamlessly used in many flow 
cases, it may become a limitation when stresses need to be measured in thin lubrication layers. Therefore, we propose a variation of 
the method tailored for evaluating the stresses using a shorter probe.

3.3.  Evaluation of the Taylor series coefficients with an off-centred FD approach

Instead of using a centred FD approximation for the coefficient of the Taylor series, an off-centred FD scheme is employed here, 
using only the same 𝑁𝐸 Eulerian points required for the MLS interpolation. In particular, for each point in which the derivatives are 
evaluated, the FD stencil is dynamically updated to be composed of a subset of the Eulerian points within the MLS supporting domain 
of interpolation. The details of the off-centred stencils and the relative FD approximations employed in this work can be found in 
Appendix B. In this way, the probe length reduces to ℎ𝑂 = 1.5Δ𝑑 (see Fig. 3), i.e. it is the same as then one typically employed in 
IBM-MLS. Furthermore, having a probe closer to the wall, the precision of the expansions (12a) is expected to increase. Following this 
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Fig. 4. 2D sketch of a contact problem involving two planar surfaces approaching each other. Detail of the minimal grid size required to correctly 
evaluate the stresses at the wall up to the cut-off length 𝐿 with (a) the centred and (b) the off-centred approach. The black dots highlight the Eulerian 
points involved in the evaluation of the Eulerian derivatives in Eq. (12).

Table 1 
Summary of the various series expansion considered in Section 4.

 Abbreviation  Expansion considered
 Order 1 𝑝

(

𝐗𝑙) = 𝑝
(

𝐗𝑃 )

 Pressure  Order 2 𝑝
(

𝐗𝑙) = 𝑝
(

𝐗𝑃 ) − 𝜕𝑝
𝜕𝑛
|

|

|𝐗𝑃
ℎ

 Order 2+ 𝑝
(

𝐗𝑙) = 𝑝
(

𝐗𝑃 ) − 𝜕𝑝
𝜕𝑛
|

|

|𝐗𝑃
ℎ + 1

2
𝜕2𝑝
𝜕𝑛2

|

|

|𝐗𝑃
ℎ2

 Order 1 𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|𝐗𝑙
= 𝜕𝑢𝑖

𝜕𝑥𝑗

|

|

|𝐗𝑃

 Velocity gradient  Order 2 𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|𝐗𝑙
= 𝜕𝑢𝑖

𝜕𝑥𝑗

|

|

|𝐗𝑃
− 𝜕

𝜕𝑛

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|𝐗𝑃
ℎ

 Order 2+ 𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|𝐗𝑙
= 𝜕𝑢𝑖

𝜕𝑥𝑗

|

|

|𝐗𝑃
− 𝜕

𝜕𝑛

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|𝐗𝑃
ℎ + 1

2
𝜕2

𝜕𝑛2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|𝐗𝑃
ℎ2

approach, the first derivative 𝜕𝑝∕𝜕𝑥𝑞|𝐱𝑘  is evaluated with a second order of accuracy, using three stencil points per spatial direction. 
On the contrary, the second derivative 𝜕2𝑝∕𝜕𝑥𝑞𝜕𝑥𝑟|𝐱𝑘  can be evaluated at most with a first order accuracy. Nevertheless, since this 
term is multiplied by ℎ2 = 

(

Δ2
𝑑
) in Eq. (12a), the estimation of 𝑝(𝐗𝑙) is still second order accurate.

Analogously, the evaluation of the velocity first and second derivatives 𝜕𝑢𝑖∕𝜕𝑥𝑗 |𝐱𝑘 , 𝜕2𝑢𝑖∕𝜕𝑥𝑗𝜕𝑥𝑞|𝐱𝑘  on the Eulerian grid can be 
performed using an off-centred FD scheme. Instead, since only three stencil points are available in this framework, the third derivative 
of the velocity cannot be evaluated, and the highest order term in Eq. (12b) has to be neglected. Anyway, this method still preserves 
the second order of accuracy, since 𝜕𝑢𝑖∕𝜕𝑥𝑗 |𝐗𝑃  is evaluated at second order and 𝜕

(

𝜕𝑢𝑖∕𝜕𝑥𝑗
)

∕𝜕𝑛|𝐗𝑃 , evaluated at first order with the 
off-centred scheme is then multiplied by ℎ = 

(

Δ𝑑
)

.
One could wonder which one between the centred (using the longer probe ℎ𝐶 = 2.5Δ𝑑) and the off-centred (based on a further 

truncated expansion and using the shorter probe ℎ𝑂 = 1.5Δ𝑑) approaches is preferable. A comparison can be made by looking at the 
ratio between the corresponding leading truncation errors 𝑒𝐶 and 𝑒𝑂:

𝑒𝐶
𝑒𝑂

=

1
6

|

|

|

|

|

𝜕3

𝜕𝑛3

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|

|𝐗𝑃𝐶

|

|

|

|

|

ℎ3𝐶

1
3

|

|

|

|

|

𝜕2
𝜕𝑛2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|

|𝐗𝑃𝑂

|

|

|

|

|

ℎ2𝑂

=

|

|

|

|

|

𝜕3

𝜕𝑛3

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|𝐗𝑃𝐶

|

|

|

|

|

|

|

|

|

|

𝜕2
𝜕𝑛2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

)

|

|

|𝐗𝑃𝑂

|

|

|

|

|

125
36

Δ𝑑 , (17)

where 𝐗𝑃𝐶 , 𝐗𝑃𝑂  are the corresponding probe point for the two cases. Typically, the velocity field 𝑢𝑖 in the neighbouring of the solid 
wall is regular enough to assure that ||

|

𝜕3
(

𝜕𝑢𝑖∕𝜕𝑥𝑗
)

∕𝜕𝑛3|𝐗𝑃𝐶
|

|

|

/

|

|

|

𝜕2
(

𝜕𝑢𝑖∕𝜕𝑥𝑗
)

∕𝜕𝑛2|𝐗𝑃𝑂
|

|

|

= (1), thus it results that the error ratio scales 
as Δ𝑑 . Hence, for an Eulerian grid sufficiently refined the centred approach is one order more accurate.

However, in the case of flows within thin lubrication layers, the off-centred scheme can be advantageous in terms of computational 
cost. Fig. 4 sketches a contact problem where two planar surfaces with a fluid in between are approaching while moving across a 
uniform Eulerian grid. Let suppose that the hydrodynamic forces should be computed until a certain (grid-independent) minimum 
distance in between the surfaces 𝐿 (as an example, 𝐿 may be a cut off length needed to activate a contact model). To assure that all 
the Eulerian points involved in the evaluation of the stresses fit within the thin layer of fluid, the length of the probe must satisfy 
2ℎ ≤ 𝐿, thus allowing a maximum grid size of Δ𝐶 = 𝐿∕5

√

3 and Δ𝑂 = 𝐿∕3
√

3 for the centred and off-centred schemes, respectively. 
Consequently, the ratio between the minimum number of grid points required to evaluate correctly the loads with the centred 𝑁𝐶
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Fig. 5. (a) Contour plot of the 𝑢2 component of the corner flow together with the flow streamlines. (b) Contour plot of the 𝑢1 component of 
the stretching flow together with the flow streamlines. In both panels, the southern wall (𝑥2 = 0), where hydrodynamic stresses are evaluated, is 
highlighted by an orange line.

and off-centred 𝑁𝑂 scheme is 𝑁𝐶 = (5∕3)3𝑁𝑂 ≃ 4.63𝑁𝑂. As an example, in cardiovascular flows, such as those involving contact 
phenomena during the opening and closing of cardiac valves, the off-centred approach appears to be more advantageous, since a 
slightly reduction of the precision on the evaluation of the hydrodynamic forces (but still second order accurate) avoids an increase 
by a factor 4.63 in computational cost, which would lead to unaffordable simulation (see the numerical test in Section 4).

In conclusion, without the presence of interacting walls, the centred scheme is preferable, since it accounts for a higher order 
term in the Taylor series of the velocity gradient expansion, even if it requires a larger ℎ. On the other hand, the off-centred scheme 
is convenient when boundaries enclosing thin fluid layers need to be solved. Hence, the most suitable approach will be used in the 
following numerical tests.

4.  Results

In the following, the proposed method is tested numerically by computing the hydrodynamic loads of analytical flow solutions, 
flows around rigid bodies with separation, and FSI for rigid and deformable bodies. As summarised in Table 1, we will consider 
different orders of the Taylor series for pressure (12a) and viscous stresses (12b): Order 1, when only the leading order term on the right 
hand side is considered; Order 2, when only the first two terms are retained; and Order 2+, when the complete expansion is adopted. 
We recall that, although in the last case the Taylor-expansion is third order accurate, the accuracy of the corresponding hydrodynamic 
stresses is limited to second order by the FD scheme and the MLS interpolation used to compute the expansion coefficients. Depending 
on the application, either the Centred (C) or Off-Centred (OC) methods are used with ℎ = ℎ𝐶 and ℎ = ℎ𝑂, respectively.

4.1.  Corner flow

In order to test the accuracy of the proposed method, an analytical solution of the Navier-Stokes equations is considered, namely 
the 2D steady corner flow, which is a prototype of flow over a deformable body, as a membrane bending out of its plane [27]. The 
flow in the first quadrant (𝑥1, 𝑥2 > 0) with boundary conditions 𝐮(0, 𝑥2) = 𝑈

[

exp
(

𝑈𝑥2
𝜈

)

− 1
]

𝐞1 and 𝐮(𝑥1, 0) = 𝑈
[

exp
(

𝑈𝑥1
𝜈

)

− 1
]

𝐞2 is 
given by:

𝑢1
(

𝑥2
)

= 𝑈
[

exp
(

𝑈𝑥2
𝜈

)

− 1
]

, 𝑢2
(

𝑥1
)

= 𝑈
[

exp
(

𝑈𝑥1
𝜈

)

− 1
]

, (18)

with pressure:
𝑝
(

𝑥1, 𝑥2
)

= −𝜌𝑈2 exp
[

−𝑈
𝜈
(

𝑥1 + 𝑥2
)

]

, (19)

with 𝑈 a velocity scale, 𝜌 the fluid density and 𝜈 its kinematic viscosity. The streamlines of the corner flow superimposed to the 
contours of 𝑢2 are shown in Fig. 5a.

Differently from flows over rigid bodies, it should be noted that in this case the value of 𝜕𝑢2∕𝜕𝑥1 it is not zero at the 𝑥2 = 0 wall, as 
shown by the contours of 𝑢2. Therefore, the tangential stress acting on the lower wall is due to a combination of 𝜕𝑢1∕𝜕𝑥2 and 𝜕𝑢2∕𝜕𝑥1, 
as it happens over a deformable body. Thus, in this case, the approach proposed in [18,21] cannot be applied, since it overlooks the 
term 𝜕𝑢2∕𝜕𝑥1 at the wall. In addition, Eq. (10) does not hold true as 𝜕𝑝∕𝜕𝑛 is not zero on both walls, even if they are not moving.

The square domain 𝜈∕𝑈 [0, 1] × 𝜈∕𝑈 [0, 1] is discretised with 𝑁 ×𝑁 points, assuring a fixed grid size Δ in both directions. On the 
horizontal (𝑥2 = 0) wall, Lagrangian markers are distributed with constant spacing Δ𝑙 = 0.7Δ. Wall pressure 𝑝 and the stress tensor 
components 𝜕𝑢1∕𝜕𝑥2 and 𝜕𝑢2∕𝜕𝑥1 at the wall obtained with our method are compared against the analytical counterpart.
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Fig. 6. Convergence rate in 𝐿1-norm of (a) 𝜕𝑢1∕𝜕𝑥2, (b) 𝜕𝑢2∕𝜕𝑥1 and (c) 𝑝 at the wall 𝑥2 = 0 evaluated with the centre and off-centred version of 
the proposed method, and for different orders of accuracy. The different line colour refers to the overall accuracy of the method, while the different 
markers identify the (circle) centred and (crosses) off-centred schemes. The black lines indicate the first and second order of convergence.

Fig. 6a shows in log-log scale the 𝐿1 norm of the error on 𝜕𝑢1∕𝜕𝑥2 with respect to the number of grid points 𝑁 , thus confirming that 
the error of the Order 1 method decreases linearly with the number of points, while the error of Order 2 and 2+ decreases quadratically 
with 𝑁 . As expected, the most precise method is the centred Order 2+, but interestingly, for the other orders the off-centred approach 
is more precise with respect to the centred one, owing to the probe closer to the solid wall.

The same plot for 𝜕𝑢2∕𝜕𝑥1 is shown in Fig. 6b, for which all orders behave the same since at the southern wall 𝜕𝑚𝑢2∕𝜕𝑛𝑚 =
𝜕𝑚𝑢2∕𝜕𝑥𝑚2 = 0 for 𝑚 ≥ 1, leading to 𝜕𝑢2∕𝜕𝑥1|𝐗𝑙 = 𝜕𝑢2∕𝜕𝑥1|𝐗𝑃 . As for 𝜕𝑢1∕𝜕𝑥2, the off-centred approach is slightly more precise. As 
discussed in Section 3, the Order 2+ of the viscous stresses can be computed in the centred case only.

Pressure loads have the same convergence rate as the velocity gradients (see Fig. 6c), and, as happens for 𝜕𝑢1∕𝜕𝑥2 and 𝜕𝑢2∕𝜕𝑥1, 
the off-centred scheme applied to Order 1 and 2 is more precise than the centred one.

4.2.  Stretching plate

Another analytical flow is now considered: the stretching plate, which mimics the flow over a plate stretching at constant rate 
[27]. The flow for 𝑥2 > 0 with boundary condition 𝐮(𝑥1, 0

)

= 𝑈2𝑥1∕𝜈 𝐞1is given by:

𝑢1
(

𝑥1, 𝑥2
)

=
𝑈2 𝑥1
𝜈

exp
(

−
𝑈𝑥2
𝜈

)

, 𝑢2
(

𝑥2
)

= 𝑈
[

exp
(

−
𝑈𝑥2
𝜈

)

− 1
]

, (20)

with the pressure:

𝑝
(

𝑥2
)

= −
𝜌𝑈2

2
exp

(

−
2𝑈𝑥2
𝜈

)

, (21)

with 𝑈 , 𝜌 and 𝜈 a velocity scale, the fluid density and kinematic viscosity, respectively. The corresponding streamlines of the stretching 
plate flow superimposed to the contours of 𝑢1 are depicted in Fig. 5b. Differently from the corner flow, here the velocity gradient 
component 𝜕𝑢2∕𝜕𝑥1 is zero at the southern wall, while the 𝜕𝑢1∕𝜕𝑥1 (see Fig. 5b) and 𝜕𝑢2∕𝜕𝑥2 terms are not null, as well as the pressure 
normal derivative. In the methods based on a field reconstruction near the wall [18,21], the terms 𝜕𝑢1∕𝜕𝑥1 and 𝜕𝑢2∕𝜕𝑥2 are ignored, 
since only the boundary layer component 𝜕𝑢1∕𝜕𝑥2 can be reconstructed. Furthermore, also in this case 𝜕𝑝∕𝜕𝑛 is different from zero at 
the solid fixed wall.

The box 𝜈∕𝑈 [−1∕2, 1∕2] × 𝜈∕𝑈 [0, 1] is uniformly discretized with 𝑁 ×𝑁 points, obtaining a constant grid size Δ, and on the 𝑥2 = 0
wall Lagrangian markers are distributed with constant spacing Δ𝑙∕Δ = 0.7.
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Fig. 7. Convergence rate in 𝐿1-norm of (a) 𝜕𝑢1∕𝜕𝑥1, (b) 𝜕𝑢1∕𝜕𝑥2, (c) 𝜕𝑢2∕𝜕𝑥2 and (d) 𝑝 at the wall 𝑥2 = 0 evaluated with the centred and off-centred 
version of the proposed method. The black lines indicate the first and second order of convergence.

The convergence curves of 𝜕𝑢1∕𝜕𝑥1, 𝜕𝑢1∕𝜕𝑥2 and 𝜕𝑢2∕𝜕𝑥2 obtained with the same methods of the corner flow are reported in 
Fig. 7a–c, respectively. For all components, the off-centred approach performs slightly better for Order 1 and 2 owing to the shorter 
probe. On the other hand, the error is further decreased when considering the Order 2+, which can be only achieved by the centred 
scheme. The convergence rate of the pressure at the wall is similar to the corner flow case, as shown in Fig. 7d.

4.3.  Flow around a fixed sphere

We now examine the flow over a stationary sphere. This configuration is of particular interest as it manifests boundary layer 
separation and, due to its geometrical symmetries, exhibits all possible orientations of the wall normal vector with respect to the 
coordinate lines. This time, however, an analytical solution is not available and in order to better validate the procedure, we consider 
the flow solution 𝐮 and 𝑝 obtained from the open-source Finite Elements Method (FEM) library FreeFem++ [28]. In this framework, 
we can compute the hydrodynamic loads using both FEM and the proposed procedure, hence filtering out possible differences in the 
underlying flow solver, which would automatically occur when comparing against literature results.

The Reynolds number is based on the velocity of the free stream 𝑈 and the diameter of the sphere 𝐷, and we will consider the 
cases of 𝑅𝑒 = 20 and 𝑅𝑒 = 100, for which the flow is steady and axisymmetric [29]. The axisymmetric steady Navier-Stokes equations 
are solved in cylindrical coordinates 𝑟 − 𝑧 using Taylor-Hood elements within a 12 × 6 rectangle.

The sphere is represented by an arc of circumference placed on the symmetry axis and the mesh is progressively refined as 
approaching the body. A Dirichlet boundary condition is used to impose a uniform inflow velocity, while on the lateral and outflow 
boundaries free-stress conditions are imposed. Symmetry conditions are imposed on the axis.

Pressure 𝐶𝑃  and viscous 𝐶𝑉  drag coefficients, together with the total drag coefficient 𝐶𝐷 = 𝐶𝑃 + 𝐶𝑉 , are evaluated from the body 
fitted simulation calculating the line integrals with a Gaussian quadrature formula of order 1. From the same simulation, the pressure 
distribution over the sphere along with the viscous stress tensor component 𝜏𝜌𝜃 are extracted. The corresponding stress distribution 
and force coefficients are shown in Fig. 8 and Table 2, respectively, denoted as FEM/FEM to recall that both the flow solution and 
the loads computation are carried out using the FEM library.

On the other hand, to evaluate the hydrodynamic stresses with the proposed method (centered version), a set of Lagrangian 
markers is distributed in correspondence of the FEM nodes located on the surface of the sphere. Thus, 180 equispaced markers with 
stride Δ𝑙 = 0.0087 are considered, and the corresponding probes points 𝐗𝑃  are placed at a distance ℎ𝐶 = 2.5

√

2Δ𝑙 from the markers. 
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Fig. 8. (a) Viscous stress 𝜏𝜌𝜃 and (b) pressure distribution over the surface of the sphere obtained with Order 1, 2 and 2+ for the case 𝑅𝑒 = 20, 
compared with the FEM results. 𝜌 =

√

𝑟2 + 𝑧2 is the radial distance from the sphere centre and 𝜃 = tan−1 (𝑟∕𝑧) is the corresponding azimuthal 
coordinate (with 𝜃 = 0 and 𝜃 = 𝜋 the leading and trailing edge, respectively). Panels (c) and (d) show the same quantities for 𝑅𝑒 = 100.

The flow velocity and pressure are then sampled over the Eulerian point 𝐱𝑘 of the MLS supporting domain of the probes. Finally, the 
stresses are obtained as detailed in Section 3 and denoted as FEM/Order 1, 2, 2+, depending on the order chosen.

With respect to the FEM/FEM solution, all the orders describe the correct qualitative behaviour of 𝜏𝜌𝜃 at 𝑅𝑒 = 20, as shown in 
Fig. 8a, even if FEM/Order 1 deviates from the reference solution near the minimum of 𝜏𝜌𝜃 . The viscous stress precision is enhanced 
when using FEM/Order 2, although a slight overestimation of the minimum value of 𝜏𝜌𝜃 remains. On the contrary, the viscous stress 
obtained with Order 2+ reproduces well the result of the FEM/FEM simulation over the whole surface of the sphere, being the two 
curves superimposed. Furthermore, the distribution of pressure is well captured by all the orders, as shown in Fig. 8b. In particular, 
FEM/Order 1 slightly underestimates the pressure at the frontal stagnation point and overestimates the minimum of 𝑝, while the curves 
obtained with FEM/Order 2 and FEM/Order 2+ overlap to the reference FEM/FEM simulation. The same behaviour is observed at 
𝑅𝑒 = 100, as confirmed by Fig. 8c and d.

The corresponding pressure 𝐶𝑃  and viscous 𝐶𝑉  drag coefficients are reported in Table 2. For 𝑅𝑒 = 20, the viscous drag coefficient 
predicted by FEM/Order 1 is underestimated by 13% with respect to the FEM/FEM simulation, while the error for FEM/Order 2 
is 1.4%, which is further reduced up to 0.6% when FEM/Order 2+ is employed. For the pressure, the 𝐶𝑃  value of FEM/Order 1 
is slightly below the FEM/FEM reference value. This discrepancy is progressively reduced if FEM/Order 2 or FEM/Order 2+ are 
employed, confirming the results of Fig. 8b. Similar conclusions apply to the case 𝑅𝑒 = 100. In the same table we also report the 
values obtained by applying the method to the 3D flow solution coming from the IB solver described in Section 2, using a 12 × 12 × 12
computational domain uniformly discretised by 1000 × 1000 × 1000 points. The results are within 2% with respect to the literature 
and the FEM/FEM solution.

4.4.  Sedimentation of oblate spheroid

We now consider the sedimentation of an oblate spheroid (i.e. the solid obtained from the revolution of an ellipse around its 
minor axis, see Fig. 9a, immersed in a viscous fluid initially at rest under the effect of gravity. The spheroid is made of a uniform 
material of density 𝜌𝑏, with 𝑑 and 𝑎 the lengths of its major and minor axes, respectively. The body-to-fluid density ratio 𝛾 = 𝜌𝑏∕𝜌 is 
fixed to 2.14, while the aspect ratio 𝜒 = 𝑑∕𝑎 is set to 1.5. The Galileo number 𝐺𝑎 = 𝜌𝑈𝑔𝑑∕𝜇, i.e. the Reynolds number based on the 
gravitational velocity 𝑈𝑔 =

√

𝜋(𝛾 − 1)𝑔̃𝑑∕6𝜒 , being 𝑔̃ ≃ 9.81m∕s2 the gravitational acceleration, is varied to test the capability of the 
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Table 2 
Coefficients of viscous 𝐶𝑉 , pressure 𝐶𝑃  and total 𝐶𝐷 drag at 𝑅𝑒 = 20 and 
𝑅𝑒 = 100 for the flow around the sphere. The labels FEM/Order 1, 2, 2+
refer to the coefficients calculated using the pressure and velocity fields ob-
tained from the FEM simulation and then applying our method (centered 
version), while the FEM/FEM label refers to the loads extracted directly 
from the FEM simulation. IB/Order 1, 2, 2+ correspond to the force coeffi-
cients obtained by applying our method to the 3D IB simulations. The force 
coefficients computed numerically using a body-fitted fluid solver by [30] 
are also reported.

𝑅𝑒 = 20 𝑅𝑒 = 100

𝐶𝑉 𝐶𝑃 𝐶𝐷 𝐶𝑉 𝐶𝑃 𝐶𝐷

 FEM/Order 1  1.489  0.927  2.416  0.478  0.486  0.964
 FEM/Order 2  1.687  1.011  2.697  0.577  0.501  1.078
 FEM/Order 2+  1.700  1.021  2.721  0.574  0.512  1.086
 FEM/FEM  1.705  1.024  2.729  0.577  0.513  1.091
 IB/Order 1  1.390  0.893  2.282  0.426  0.488  0.911
 IB/Order 2  1.701  1.015  2.716  0.594  0.494  1.088
 IB/Order 2+  1.732  1.041  2.773  0.593  0.516  1.111
 Ref. [30]  1.721  0.986  2.707  0.584  0.508  1.092

Fig. 9. (a) Detail of the spheroid geometrical properties: 𝑑 is the length of the spheroid major axes, while 𝑎 is the length of the spheroid minor axis. 
(b) Sketch of the computational domain used for the sedimentation of the oblate spheroid, together with the three reference frame used for this test 
case: in black the inertial frame, in blue the body fixed frame and in red the fluid frame. The gravity vector ̃𝐠 is aligned with the vertical direction 
𝑥3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

method to describe different FSI regimes. Thus, in the following, the method is employed to analyse the case 𝐺𝑎 = 150, corresponding 
to a vertical periodic (VP) terminal falling, and the case 𝐺𝑎 = 110 , where the spheroid is expected to reach a steady oblique (SO) 
path [31,32]. As will be shown later, this latter case is particularly challenging since the system is close to the transition threshold 
from the SO to the VP path [32], thus the precise evaluation of the loads is key to describe the correct behaviour of the system.

An inertial frame of reference 𝑂𝑥1𝑥2𝑥3, with 𝑥3 aligned with the gravity vector 𝐠̃, is introduced along with a reference frame 
fixed with the body principal axes 𝐶𝑥𝑏1𝑥

𝑏
2𝑥

𝑏
3, being 𝐶 the centre of the spheroid (see Fig. 9b). The rigid body dynamics, made

non-dimensional using 𝑑, 𝑈𝑔 and 𝜌, is governed by the Newton equations for the position 𝐫, velocity 𝐯 and acceleration 𝐚 of the 
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Fig. 10. Horizontal velocity of the spheroid for the (a) VP and (b) SO path obtained with (centred) Order 1, 2 and 2+. For a better comparison 
against the results of [32], all curves in (a) have been aligned to have their maximum in 𝑡 = 0.

Table 3 
Comparison of the VP regime metrics evaluated with the 
proposed method (centred version), against the refer-
ence values from [32].

𝑆𝑡 𝑣′𝐻 𝑣𝑉 𝑣′𝑉 𝑅𝑒𝑉

 Order 1  0.226  0.194  1.829  0.0078  274
 Order 2  0.211  0.211  1.814  0.0021  272
 Order 2+  0.196  0.197  1.738  0.0035  261
 Ref. [32]  0.198  0.194  1.740  0.0038  261

Table 4 
Comparison of the SO regime metrics evaluated with 
the proposed method (centred Order 2+) against the ref-
erence values from [32].

𝑣𝐻 𝑣𝑉 𝑅𝑒𝑉 𝛼(◦) 𝜑(◦)

 Order 2+  0.117  1.639  180  4.097  4.999
 Ref. [32]  0.113  1.682  185  3.842  5.318

centre of the body, while the Euler equations determine the angular velocity 𝝎 of the body. The orientation of the spheroid is de-
scribed by quaternions [33] and Navier-Stokes equations are solved in a non-inertial reference frame 𝐶𝑥𝑡1𝑥

𝑡
2𝑥

𝑡
3 with axis parallel to 

𝑥1, 𝑥2 and 𝑥3 but with the origin fixed with the body centre 𝐶.
A loose coupling approach is adopted to advance in time the fluid and the structural part, solving the Newton-Euler and the 

quaternions equations with a three-stage explicit Runge-Kutta method, normalising at each sub-step the quaternions to assure a 
unitary norm. Normalizing lengths by 𝑑 and velocities by 𝑈𝑔 , the fluid computational domain is a 4 × 4 × 6 box, discretised using 
200 × 200 × 300 points in each direction, for a uniform grid spacing Δ = 0.02, while the time step is kept fixed to Δ𝑡 = 10−4. At the 
inflow (at a distance 2 from 𝐶), a non-inertial Dirichlet boundary condition 𝐮 = −𝐯 is imposed.

For the case at 𝐺𝑎 = 150, all the orders describe correctly the limit-cycle of the system [32], as confirmed by the horizontal velocity 
at regime shown in Fig. 10a. As shown in Table 3, Order 1 overestimates the oscillation frequency 𝑆𝑡 with respect to the reference 
data, while Order 2 reduces the error on 𝑆𝑡, but at the same time overestimates the amplitude 𝑣′𝐻  of the horizontal velocity. Instead, 
Order 2+ correctly captures the oscillation of 𝑣𝐻 , both in frequency and in amplitude. Concerning the vertical velocity, Order 1 
and Order 2 slightly overestimate the mean falling velocity 𝑣̄𝑉  and the corresponding Reynolds number 𝑅𝑒𝑉 = 𝐺𝑎 𝑣̄𝑉 , even if the 
amplitude of oscillation 𝑣′𝑉  provided by the former method is way larger than the reference value, while 𝑣′𝑉  is underestimated by 
Order 2. In contrast, Order 2+ describes the vertical velocity and 𝑅𝑒𝑉  with an error below the 2% with respect to the literature
data [32].

On the contrary, for the SO regime (𝐺𝑎 = 110), the vertical velocity 𝑣𝐻  should reach a constant value [32], but Order 1 and 2 
attain a periodic regime, oscillating with a mean velocity different from the expected steady value, as shown in Fig. 10b. On the 
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Fig. 11. (a) Numerical setup for the flow around the flapping flag. The blue segment indicates the pinned leading edge of the flag, while the 
Lagrangian point 𝑄 is placed at the mid-point of the trailing edge of the flag. (b) Typical hairpin vortical structure behind the flag visualised with 
the Q-criterion. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Time evolution of the 𝑥2 coordinate of the trailing-edge point 𝑄 in Fig. 11 obtained with the (centred) Order 1,2 and 2+. The curves are 
compared with the result presented in [34].

Table 5 
Comparison of the peak to peak amplitude 𝐴 and Strouhal number 𝑆𝑡 of the 
periodic oscillation of the trailing-edge point 𝑄 of the flag evaluated with the 
(centred) Order 1, 2 and 2+.

 Order 1  Order 2  Order 2+  Ref. [17]  Ref. [34]
 Amplitude 𝐴  0.858  0.749  0.779  0.795  0.780
 Strouhal number 𝑆𝑡  0.274  0.287  0.264  0.265  0.260

other hand, the long time behaviour of the system is correctly captured by Order 2+, and the horizontal 𝑣𝐻  and vertical 𝑣𝑉  terminal 
velocities along with the corresponding Reynolds number 𝑅𝑒𝑉 = 𝐺𝑎𝑣𝑉  are within 5% to the reference results (see Table 4). The 
geometrical angles 𝛼 and 𝜑, respectively formed between the terminal velocity of the body and the 𝑥𝑏3 axis with respect to 𝑥3, also 
compare well with the literature.

4.5.  Flow around a flapping flag

We now focus on the FSI of the flow around a deformable square flag pinned at the leading edge, as shown in Fig. 11a. The reference 
velocity and length are, respectively, the free-stream velocity 𝑈 and the length of the flag edge 𝐿. The flag has thickness 𝑠 = 0.01𝐿
and it is made of an inextensible linear-elastic uniform material of density 𝜌𝑏 = 100 𝜌 with bending modulus 𝐵 = 10−4 𝜌𝑈2 𝐿3. The 
Reynolds number based on 𝑈 and 𝐿 is 𝑅𝑒 = 200.
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Fig. 13. (a) Detail of the prosthetic aortic valve. (b) Temporal profile 𝑈 (𝑡) of the inflow within one period. (c) Sketch of the computational domain 
employed together with the geometrical dimension of the rigid aortic root. In background it is shown a slice on the 𝑥1 − 𝑥3 plane of the isocontours 
of the velocity magnitude during diastole (aortic valve in the closed configuration, 𝑡 = 1.44𝑇 ) obtained with the off-centred scheme.

The flag is treated as a 2D surface immersed in a 3D flow, and its structural dynamics is described using the spring-mass network 
approach detailed in [17], loosely coupled with the flow solver. To replicate the inextensibility of the flag, a large Young modulus is 
prescribed to the spring-mass model, namely 𝐸 = 103 𝜌𝑈2 𝐿∕𝑠.

In non-dimensional units, the computational domain is a box of dimension 4 × 5 × 5, discretised by 200 × 250 × 250 grid points, 
using a constant grid size of Δ = 0.02. The time step is equal to Δ𝑡 = 10−4. The flag is initially planar, with the leading edge at a 
distance 2 from the inlet, tilted by an angle 𝜃0 = 0.1𝜋 with respect to the 𝑥1 − 𝑥3 plane.

For the chosen parameters the system reaches a periodic regime [34], where an alternating shedding of hairpin vortices from the 
trailing edge is present (see Fig. 11b). In Fig. 12 is shown the time evolution of the 𝑥2 coordinate of the mid-point of the trailing 
edge of the flag (point 𝑄 of Fig. 11a) since the initial time up to the attainment of the periodic regime, obtained with all the orders 
(centred approach) and compared with data from the literature [17,34]. The Order 1 method clearly overestimates the amplitude of 
oscillations, while Order 2 predicts correctly the onset of the instability, but provides a slightly higher oscillation frequency at regime 
with respect to the reference data. Lastly, Order 2+ is able to correctly describe the transient phase and the long term behaviour of 
the flag.

In Table 5, the corresponding peak to peak amplitude 𝐴 and the Strouhal number 𝑆𝑡 at regime are reported for all the cases, along 
with the data from literature.

4.6.  Haemodynamics through the aortic valve

Let now consider the case of multiple deformable bodies interacting among each other via thin fluid gaps. In this scenario, the FSI 
is governed by the hydrodynamic loads generated within these lubrication layers, and the length of the probe used by the method 
becomes a computational bottleneck as it should be smaller than half the width of the gap (as previously sketched in Fig. 4). Hence, 
in this case the off-centred approach introduced in Section 3 might be preferred, and we wish to compare it against the centred 
approach.

A representative example for this class of problems is the flow through a biological prosthetic aortic valve shown in Fig. 13a, 
which is mounted within a straight tract of aorta. The valve is made of a rigid stent and three deformable leaflets which passively 
open during systole, corresponding to the inflow peak in Fig. 13b. Importantly, during diastole, when the valve is closing, the aortic 
leaflets approach each other until they coapt at their tips, effectively sealing and blocking blood flow through the closed valve, as 
shown in Fig. 13c together with the numerical setup employed.
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Fig. 14. (a) 𝑥3 component of the mean value among the three leaflets of the net pressure force. (b) 𝑥3 component of the mean value among the 
three leaflets of the position of the centre of the leaflets.

At the inlet of the aorta we impose a pulsatile flow along the 𝑥3 direction 𝑈𝑖𝑛(𝑡, 𝑟) = 𝑈 (𝑡) tanh
[

20(1 − 2 𝑟∕𝐷)
]

∕ tanh (20), with 𝑟 =
√

𝑥21 + 𝑥22 and 𝑈 (𝑡) the periodic profile reported in Fig. 13b for one period. The reference length and velocity are the aortic root 
diameter 𝐷 = 21mm and the inflow peak velocity 𝑈𝑚 = 0.5m∕s, respectively. The Reynolds number based on 𝐷 and 𝑈𝑚 is 𝑅𝑒 = 3180, 
and the non-dimensional period of the flow is 𝑇 = 17.86 (corresponding to an heart rate of 60 b.p.m.). The leaflets are treated as 
2D surfaces made of a linear elastic material of density 𝜌𝑏 = 𝜌 and thickness 𝑠 = 2.5 × 10−2 𝐷. The Young modulus of the leaflets 
is 𝐸 = 25 𝜌𝑈2

𝑚𝐷∕𝑠 and the bending modulus is 𝐵 = 10−3 𝜌𝑈2
𝑚𝐷

3. The structural dynamics is solved using the spring-mass network 
approach of [17], as done for the flag case, while the details of the contact model can be found in [35]. The computational domain 
in non-dimensional units is a box of dimension 2 × 2 × 5.5, and the symmetry axis of the aorta is aligned with the 𝑥3 direction, placed 
at the centre of the box. An unsteady Dirichlet boundary condition is used to impose 𝑈𝑖𝑛 at the inlet of the aorta. The fluid domain is 
discretised with a uniform Eulerian mesh made of 200 × 200 × 550 points, for a constant grid spacing of Δ = 0.01, and Δ𝑡 = 5 × 10−5.

In order to analyse the effect of the probe length on the FSI of the leaflets, both centred and off-centred cases are considered. 
Specifically, Order 2+ is used to evaluate pressure in both cases, while the velocity gradients are evaluated with Order 2+ for the 
centred approach and with Order 2 for the off-centred approach. The length of the probe ℎ is equal to ℎ𝐶 = 2.5

√

3Δ in the first case 
and to ℎ𝑂 = 1.5

√

3Δ in the latter case.
During the systolic phase (positive 𝑈), a pressure drop opens the valve and drives the flow from the inlet to the outlet. Then, 

given the backflow imposed at the inlet (diastolic phase), the pressure gradient is inverted across the aorta, eventually closing the 
valve and stopping the flow through it. The valve remains closed until the end of the cardiac period, when the positive inflow will 
open the valve again. A snapshot of the velocity magnitude in the 𝑥1 − 𝑥3 plane obtained with the off-centred scheme at 𝑡 = 1.44 𝑇
(during diastole), when the valve is completely closed and the leaflets are in contact among them, is shown in Fig. 13c.

The 𝑥3 component of the net pressure force 𝐹 𝑝
3  (averaged among the three leaflets) computed using both the centred and off-

centred formulations is shown in Fig. 14a. Before starting the closing process, the two methods predict the same pressure force on the 
leaflets. However, as soon as the leaflets are approaching, the pressure force predicted by the centred scheme diverges, stopping the 
simulation, while the off-centred scheme is able to evaluate the forces during the pre-contact and contact phase and it manages to 
reopen the valve. Interestingly, the curve of the centred scheme is slightly shifted to the left (smaller times) near the contact instant, 
since in this case the leaflets feel the others in advance with respect to the off-centred scheme, given the larger ℎ. A similar behaviour 
is observed in Fig. 14b, where the streamwise component of the centre of the leaflets 𝑥̄𝐶3  (averaged among the three leaflets) is shown.

The premature ending of the centred simulation is due to the larger supporting domain required for the evaluation of the stresses 
associated to each Lagrangian marker with respect to the off-centred approach. Thus, when the leaflets are close each other the 
centred approach is not able to evaluate correctly the hydrodynamics loads, since some points of the such supporting domain are not 
within the thin fluid region between the leaflets.

From the above results, it is clear that in presence of narrow fluid gaps or deformable bodies approaching each other, the off-
centred scheme can be advantageous as it allows to use a coarser grid with respect to the centred approach (see Fig. 4), still provided 
that the corresponding numerical precision is suitable for the given application. Nevertheless, the centred method, having a higher 
precision, can still be used, but it entails a larger computational cost owing to the smaller grid size needed to accommodate the longer 
probe and the corresponding supporting domain points required for the evaluation of the traction within the fluid gap.
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5.  Conclusions

In this work, a novel and accurate method to evaluate the hydrodynamic loads acting on deformable bodies is presented in the 
framework of FSI simulation with direct forcing IBM. The proposed method improves former approaches employed in IBM solvers for 
deformable bodies, which are only first order accurate [12,17]. On the other hand, higher order methods proposed in the literature 
are mostly limited to rigid bodies and rely on the assumption of boundary layer flows [18,21].

The first step of our method is a truncated Taylor-series expansion of the whole stress tensor from a probe point, located within 
the fluid bulk, backward to the surface of the body. In general, the probe location does not coincide with an Eulerian point, thus it 
is necessary to interpolate pressure, velocity and their derivatives from the grid points surrounding the probe. To accomplish that, 
the same MLS kernels used in the IB forcing step are used for the interpolation from the fluid to the probe, guaranteeing a smooth 
evaluation of the loads. In particular, the first and second derivatives of pressure and velocity are evaluated on the Eulerian grid with 
a centred FD approximation and then interpolated to the probe location. On the contrary, the third derivative of velocity is evaluated 
exploiting the first derivative of the MLS basis functions (applied to the velocity second derivatives). Therefore, with our method the 
second order accuracy of the fluid solver is preserved in the evaluation of the stresses. Furthermore, since the full stress tensor is 
tracked, the method is able to cope with deformable surfaces where all the stress components may be not null.

This novel approach has been tested numerically against several benchmark cases. The order of accuracy of the method has been 
verified using two analytical solutions of the Navier-Stokes equations with boundary conditions mimicking a fluid/solid interface 
between a deformable solid and a fluid. Then, the precision of the method has been investigated in flows with massive separation 
and in the FSI of rigid and deformable bodies. Furthermore, the problem of narrow gaps and contact between walls has been tackled, 
proposing an alternative method for the estimation of the Taylor-series coefficients using off-centred FD approximation for the Eulerian 
derivatives, thus retaining a smaller supporting domain for the evaluation of the traction. In all the numerical experiments considered, 
the computational overhead of the method is below 8%.

Although the proposed method has been derived and validated for incompressible low-Reynolds-number flows, its extension to 
compressible regimes is straightforward. In particular, compressibility effects can be incorporated into the method by accounting 
for the volumetric stress term proportional to (∇ ⋅ 𝐮)𝐼 . The divergence of the velocity field can be evaluated on the Eulerian grid by 
using the centred FD approximation, obtaining a field analogous to the pressure. Thus, the same Taylor-series expansion and MLS 
interpolation employed for the pressure can be applied to the volumetric stress.

The method has been introduced in the framework of direct forcing IBM, but it can be implemented in any CFD solver, even 
not based on IBM. For instance, in one of the test cases reported here, it has been employed to evaluate the hydrodynamic loads 
acting on a fixed sphere using the pressure and velocity fields obtained from a body-fitted FEM solution.  As a last note, the mixed 
MLS-Taylor boundary reconstruction could be employed not only to evaluate the hydrodyanmics loads, but also in the dual problem 
of enforcing immersed boundary conditions. This approach would bear similarities with the shifted boundary method proposed in 
isogeometric analysis [36], where the boundary condition values are shifted by means of high-order Taylor expansions to preserve 
optimal accuracy and circumvents the small cut-cell problem.
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Appendix A.  Moving least squares kernels

To build the MLS kernels 𝜙𝑘 for a generic point 𝐗, a supporting domain centred on the point 𝐗 containing 𝑁𝐸 Eulerian points 𝐱𝑘
is created. Typically, 3 points are considered in each spatial direction, for a total of 27 points in 3D and 9 points in 2D (see Fig. 2). 
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Given a generic Eulerian field 𝑢, its interpolation 𝑈 on the point 𝐗 is given by:

𝑈 (𝐗) = 𝐩𝑇 (𝐗)𝐚(𝐗) =
𝑚
∑

𝑗=1
𝑝𝑗 (𝐗)𝑎𝑗 (𝐗), (A.1)

where 𝐩 ∈ ℝ𝑚 is the vector of polynomial basis functions of degree at most 𝑚. The unknown interpolation coefficients 𝐚 ∈ ℝ𝑚 are 
obtained upon minimisation of the following 𝐿2− weighted norm:

𝐽 =
𝑁𝐸
∑

𝑘=1
𝑊

(

𝐗 − 𝐱𝑘
)[

𝐩𝑇
(

𝐱𝑘
)

𝐚(𝐗) − 𝑢
(

𝐱𝑘
)]2, (A.2)

being 𝑊  the weight function and 𝐽 the cost function to be minimised. Imposing the minimisation condition 𝜕𝐽∕𝜕𝑎𝑗 = 0, 𝑗 = 1,… , 𝑚, 
leads to the following 𝑚 × 𝑚 linear system of equations:

𝐴(𝐗)𝐚(𝐗) = 𝐵(𝐗)𝐮, (A.3)

with

𝐴(𝐗) =
𝑁𝐸
∑

𝑘=1
𝑊

(

𝐗 − 𝐱𝑘
)

𝐩
(

𝐱𝑘
)

𝐩𝑇
(

𝐱𝑘
)

∈ ℝ𝑚×𝑚, (A.4)

𝐵(𝐗) =
[

𝑊
(

𝐗 − 𝐱1
)

𝐩
(

𝐱1
)

,… ,𝑊
(

𝐗 − 𝐱𝑁𝐸
)

𝐩
(

𝐱𝑁𝐸
)]

∈ ℝ𝑚×𝑁𝐸 , (A.5)

𝐮 =
[

𝑢
(

𝐱1
)

,… , 𝑢
(

𝐱𝑁𝐸
)]𝑇 ∈ ℝ𝑁𝐸 . (A.6)

In this work, consistently with the second order accuracy of the fluid solver, we choose 𝑚 = 3 and 𝐩(𝐱) = [

1, 𝑥1, 𝑥2
]𝑇  for 2D flows and 

𝑚 = 4 and 𝐩(𝐱) = [

1, 𝑥1, 𝑥2, 𝑥3
]𝑇  for 3D. The vector 𝜸𝑇 (𝐗) = 𝐩𝑇 (𝐗)𝐴−1(𝐗) is introduced along with the MLS basis function vector:

𝚽(𝐗) = 𝐩𝑇 (𝐗)𝐴−1(𝐗)𝐵(𝐗) = 𝜸𝑇 (𝐗)𝐵(𝐗) ∈ ℝ𝑁𝐸 , (A.7)

such that the MLS kernels 𝜙𝑘(𝐗) is the 𝑘th component of 𝚽(𝐗). Therefore, the interpolation (A.1) of the field 𝑢 on the point 𝐗 recasts 
as:

𝑈 (𝐗) = 𝚽𝑇 (𝐗)𝐮 =
𝑁𝐸
∑

𝑘=1
𝜙𝑘(𝐗)𝑢

(

𝐱𝑘
)

. (A.8)

The weight functions here considered are given by the product of one dimensional exponential functions:

𝑊 (𝐫) = 𝑊1
(

𝑟1
)

𝑊2
(

𝑟2
)

𝑊3
(

𝑟3
)

, 𝑊𝑖(𝑟) =

⎧

⎪

⎨

⎪

⎩

exp
[

−
(

𝑟
𝜀𝐻𝑖

)2
]

𝑟 ≤ 𝐻𝑖,

0 𝑟 > 𝐻𝑖.
(A.9)

The parameter 𝐻𝑖 is the dimension of the supporting domain in the 𝑖th spatial direction, which is equal to 3∕2Δ𝑥𝑖 if 3 points per 
direction are chosen, while 𝜀 is a shape parameter, which allows modifying how peaked the MLS functions are around the Lagrangian 
marker, here fixed to 0.7. Notice that, with the employment of this weight functions, the MLS kernels 𝜙𝑘 are build independently 
of the particular underlying field 𝑢: indeed, the kernels depend only on the relative position of the interpolation point 𝐗 and of the 
Eulerian points 𝐱𝑘 contained on its supporting domain. Therefore, once the 𝜙𝑘 are evaluated for a specific interpolation point, they 
can be used to interpolate any Eulerian field.

The MLS derivative of the interpolated field 𝑈 on the point 𝐗 is obtained by differentiation of Eq. (A.8):

𝜕𝑈
𝜕𝑥𝑟

|

|

|

|𝐗
=
(

𝜕𝚽
𝜕𝑥𝑟

|

|

|

|𝐗

)𝑇
𝐮 =

𝑁𝐸
∑

𝑘=1

𝜕𝜙𝑘
𝜕𝑥𝑟

|

|

|

|𝐗
𝑢
(

𝐱𝑘
)

. (A.10)

The derivative of the MLS kernels 𝜕𝚽∕𝜕𝑥𝑟 can be obtained by differentiation of Eq. (A.7):
𝜕𝚽
𝜕𝑥𝑟

|

|

|

|𝐗
=

𝜕𝜸𝑇

𝜕𝑥𝑟

|

|

|

|𝐗
𝐵(𝐗) + 𝜸𝑇 (𝐗) 𝜕𝐵

𝜕𝑥𝑟

|

|

|

|𝐗
. (A.11)

Since 𝐩 = 𝐴𝜸, the derivative of 𝜸 is the solution of the following 𝑚 × 𝑚 linear system of equations [25]:

𝐴(𝐗) 𝜕𝜸
𝜕𝑥𝑟

|

|

|

|𝐗
=

𝜕𝐩
𝜕𝑥𝑟

|

|

|

|𝐗
− 𝜕𝐴

𝜕𝑥𝑟

|

|

|

|𝐗
𝜸(𝐗). (A.12)

Appendix B.  Centred and off-centred finite differences scheme

The terms of Taylor-expansion of Eq. (12) are built obtained by the MLS interpolation of the pressure and velocity derivatives 
from the Eulerian grid to the probe location 𝐗𝑃 . Thus, a fundamental step of the method is the correct evaluation of the derivatives 
of 𝑝 and 𝐮 on the Eulerian points lying within the supporting domain of interpolation of 𝐗𝑃 . In Section 3, two alternative strategies 
to evaluate such derivatives are proposed, the centred and the off-centred approach. The two approaches are shown in Fig. B.1 for a 
2D uniform grid of spacing Δ, where the supporting domain for the MLS interpolation is made of 𝑁𝐸 = 9 points.
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Fig. B.1. 2D sketch of the points required to evaluate the derivative of pressure and velocity on the MLS supporting domain points using the centred 
approach in points (a) 7, (b) 8 and (c) 5, and the off-centred approach in points (d) 7, (e) 8 and (f) 9. The FD stencil for the derivatives in 𝑥1 and 
𝑥2 is highlighted in blue, while the stencil for the mixed derivative is omitted. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)

In the centred approach (see Fig. B.1a), the Eulerian derivatives are evaluated using a centred FD approximation on each point 
of the supporting domain. For instance, in the corner point 7 the first derivative of a scalar field 𝜙 (which could correspond either to 
pressure or to a velocity component) is given by:

𝜕𝜙
𝜕𝑥1

|

|

|

|7
=

𝜙8 − 𝜙𝐷
2Δ

+ 
(

Δ2),
𝜕𝜙
𝜕𝑥2

|

|

|

|7
=

𝜙𝐵 − 𝜙4
2Δ

+ 
(

Δ2), (B.1)

while the second derivatives are given by:
𝜕2𝜙
𝜕𝑥21

|

|

|

|7
=

𝜙8 − 2𝜙7 + 𝜙𝐷

Δ2
+ 

(

Δ2),
𝜕2𝜙
𝜕𝑥22

|

|

|

|7
=

𝜙𝐵 − 2𝜙7 + 𝜙4

Δ2
+ 

(

Δ2), (B.2)

and the mixed derivative:
𝜕2𝜙

𝜕𝑥1𝜕𝑥2

|

|

|

|7
=

(

𝜙𝐶 − 𝜙𝐴
)

−
(

𝜙5 − 𝜙𝐸
)

4Δ2
+ 

(

Δ2). (B.3)

The points 𝐴,𝐵, 𝐶,𝐷 and 𝐸, required to evaluate the derivatives on point 7 with a centred scheme, are located outside the supporting 
domain of interpolation, thus enlarging the supporting domain needed to evaluate the traction. The same centred schemes can be 
used to evaluate the derivatives of 𝜙 at the side point 8, see Fig. B.1b. In this case, only the 𝑥2 derivatives require an extra point, 
i.e. 𝐶, while the stencil for the 𝑥1 derivatives is entirely contained within the MLS supporting domain of interpolation. For the mixed 
derivative, instead, the extra points 𝐵 and 𝐹  are required. As a final example for the centred approach, the FD stencil for the evaluation 
of the gradient of 𝜙 at the central point of the supporting domain is shown in Fig. B.1c, where the stencil of the FD is within the 
supporting domain of interpolation. The same scheme is applied to the other points (from 1 to 6), with the FD at the corner and edge 
points requiring additional points (with respect the interpolation supporting domain) to evaluate the coefficients of the Taylor series.

On the other hand, in the off-centred approach an upwind FD scheme is used, such that only the Eulerian points within the MLS-
interpolation supporting domain are used. For instance, the off-centred FD scheme of the 𝑥1 derivative of 𝜙 on point 7 is a forward 

Journal of Computational Physics 556 (2026) 114804 

19 



G. Vagnoli, M.A. Scarpolini, R. Verzicco et al.

FD scheme, while for the 𝑥2 derivative a backward scheme is employed (see Fig. B.1d):
𝜕𝜙
𝜕𝑥1

|

|

|

|7
=

−𝜙9 + 4𝜙8 − 3𝜙7
2Δ

+ 
(

Δ2),
𝜕𝜙
𝜕𝑥2

|

|

|

|7
=

3𝜙7 − 4𝜙4 + 𝜙1
2Δ

+ 
(

Δ2). (B.4)

For the second derivative, since only three stencil points per spatial direction are available, the following first order schemes (forward 
in 𝑥1 and backward in 𝑥2) are considered:

𝜕2𝜙
𝜕𝑥21

|

|

|

|7
=

𝜙9 − 2𝜙8 + 𝜙7

Δ2
+ (Δ), 𝜕2𝜙

𝜕𝑥22

|

|

|

|7
=

𝜙7 − 2𝜙4 + 𝜙1

Δ2
+ (Δ). (B.5)

Instead, for the mixed term 𝜕2𝜙∕𝜕𝑥1𝜕𝑥2, the intermediate derivatives in 𝑥1 are evaluated with a forward scheme, while the ones in 
𝑥2 with a backward scheme, leading to:

𝜕2𝜙
𝜕𝑥1𝜕𝑥2

|

|

|

|7
=

−3𝜙9 + 12𝜙8 − 9𝜙7 + 4𝜙6 − 24𝜙5 + 12𝜙4 − 𝜙3 + 4𝜙2 − 3𝜙1

4Δ2
+ 

(

Δ2) (B.6)

On the other hand, for point 8 the 𝑥1 derivative of 𝜙 can be obtained with a centred FD approximation, allowing for a second order 
approximation, while in the direction of 𝑥2 a first order backward scheme is employed, as shown in Fig. B.1e. Finally, the derivatives 
at point 9 (see Fig. B.1f) are handled similarly to point 7, but the forward FD scheme in 𝑥1 is replaced by a backward FD scheme, 
while the scheme for the derivatives in 𝑥2 remains unchanged. The same reasoning apply to points 1,… , 6, properly choosing the 
centred/backward/forward FD scheme based on the position of the considered point and of the differentiation direction. Clearly, for 
the central point 5, the (second order) centred FD scheme can be used for any derivative.

These two approaches apply to the 3D case in a straightforward manner.
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