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ABSTRACT

We consider a system of N bosons in a unitary box in the grand-canonical setting interacting through a potential with the scattering length
scaling as N™'**, k € (0,2/3). This regimes interpolate between the Gross-Pitaevskii regime (x = 0) and the thermodynamic limit (x = 2/3).
In the work of Basti et al. [Forum Math., Sigma 9, E74 (2021)], as an intermediate step to prove an upper bound in agreement with the
Lee-Huang-Yang formula in the thermodynamic limit, a second order upper bound on the ground state energy for x < 5/9 was obtained. In
this paper, thanks to a more careful analysis of the error terms, we extend the mentioned result to x < 7/12.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0089790

. INTRODUCTION AND MAIN RESULT

It was predicted by Lee, Huang, and Yang in Ref. 1 (see also Ref. 2) that the ground state energy per unit volume of a dilute Bose gas
satisfies
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where p denotes the particle density of the gas, a is the scattering length of the interaction potential, and dilute refers to the fact that the mean
interparticle distance is much larger than the scattering length, i.e., pa® < 1. The expansion (1.1) is known as the Lee-Huang-Yang formula,
and its rigorous proof has been an open problem for a long time. In fact, while the leading term was already derived in Ref. 3 as an upper
bound for hard sphere interactions, the matching lower bound was obtained 40 years later in Ref. 4. On the other hand, it was only with Ref. 5
(we also mention® where the correct constant is recovered in the weak coupling limit) that the next to leading order was proved to be correct
as an upper bound for regular potentials and later with Ref. 7 for all potentials in L*. Finally, in Ref. 8, the Lee-Huang-Yang correction was
established as a lower bound for all L' potentials and in a recent paper® for a larger class of potentials, including the hard sphere case. Note
that in the latter case, the matching upper bound is still missing.

We mention that the fermionic analog of the expansion (1.1) predicted in Ref. 10 has not yet been proved; see Refs. 11 and 12 where the
first two orders are derived (due to the Pauli principle, an extra term of order p° /3 appears).

In this paper, we will discuss and complement the result obtained in Ref. 7. There, as in Ref. 5, the core of the proof is to build a grand
canonical trial state in a box with periodic boundary conditions whose size changes with p; in particular, the side length is assumed to be
p~? for some y > 1. Indeed, following a well-known localization procedure (see, e.g., Ref. 13), this trial state can then be easily modified to
provide a trial state with the correct energy on a lager box with Dirichlet boundary conditions. The latter can finally be replicated to recover
the thermodynamic box in the limit. Note that in the limit, a grand canonical trial state can be proved to give an upper bound on the canonical
ground state energy.
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Due to the strategy just described, Ref. 7 produced a side result of some interest on its own. Namely, it provided an upper bound correct
up to the second order on the energy of a Hamiltonian acting on the Fock space built on a box whose side len§th is of the form p~” for some
y > 1. By scaling, the described setting is equivalent to consider N bosons in the unitary box A = [~1/2,1/2]° c R® interacting through the
Hamiltonian Hy acting on the bosonic Fock space F(A) whose action on the n-particle sector is given by

HP =3 —ag+ 3 NTV(NT(x - x)), 12)

j=1 1<ij<n

with x € (1/2,2/3) [note that the request k > 1/2 comes from the assumption y > 1 needed to use the localization technique, but it is never
used in the proof of (1.3) below, which remains valid for 0 < k¥ < 1/2]. In Ref. 7, it has been shown that, under suitable assumptions on the
potential V, the ground state energy En of the Hamiltonian My satisfies

128
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En < 4m1N1+K(1 . (a3N3x—2)1/2) + CNSK/Z max{Nfg, N9x—5+6e’ Nz1x/4—3+3e} (1.3)

forall k € (1/2,2/3) and & such that 3x — 2 + 4¢ < 0. Let us stress that Eq. (1.3), whenever k < 5/9, is just the equivalent of Eq. (1.1) written for
the rescaled Hamiltonian (1.2) (note that the scattering length of the rescaled potential is given by a/N'"* with a the scattering length of the
original potential).

The first step to construct the trial state leading to (1.3) is to generate the condensate since Bose Einstein condensation is expected to hold
in the ground state of (1.2). Then, to add correlations, we act with a Bogoliubov transformation. However, it is known (see Refs. 6 and 14)
that a quadratic operator is not enough to capture the correct second order of the energy. In Ref. 5, the exponential of the sum of a quadratic
and a cubic operator was taken into account to better describe correlations. On the other hand, in Ref. 7, the exponential of a quadratic and
of a cubic operator acts separately, inspired by the methods developed in recent years in Refs. 15 and 16 to study the Gross—Pitaevskii regime
[corresponding to x = 0 in (1.2)]. The drawback in considering the exponential of a cubic operator is the lack of explicit formulas for its action
that makes computations harder. In particular, to handle the desired more singular regimes « > 1, new ideas are needed w.r.t. those used in
Refs. 15 and 16. In fact, in Ref. 7, the cubic operator is implemented as a non-unitary operator acting directly on the vacuum with some crucial
restrictions on the allowed momenta.

In Ref. 7, it was stated as a remark that the same method could have been pushed to cover all k¥ < 7/12, but such extension was out of the
scope of that paper. Our aim here is to prove this statement based on a more careful analysis of some error terms. More precisely, we need to
prove the following theorem.

Theorem 1.1. Let 0 < k < 7/12 and & > 0 small enough. Let V € L*(R?) be non-negative and radially symmetric, with supp(V') c Br(0)
and scattering length a. Then, for all N large enough,
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We conclude this section with some comments about the scaling in (1.2). As we already mentioned, for x = 0, one recovers the well-
known Gross-Pitaevskii regime. In this setting, the expansion of the ground state energy has been established to first order in Refs. 4, 17, and
18, while the second order was proved in Ref. 16 (where also the low energy spectrum is derived) for all potentials in L* (and can be extended
to all L' interactions as discussed in Ref. 19). We also mention”” where a simplified approach is described. Recently, in Ref. 21 (see also
Ref. 22), the second order correction has been obtained as an upper bound in the hard core case.

On the other hand, for « > 0, the first order of the ground state energy was derived in Ref. 17, while the second order (and the low-energy
excitation spectrum) was established in Ref. 23 for sufficiently small x, making use of the analysis carried out in Ref. 24. We also mention
that, for x < 1/10, Bose Einstein condensation can be proved extending the analysis in Refs. 25-27, and in a recent paper,”® condensation was
shown for all k < 2/5 (see also Ref. 29 where a similar but simpler regime is considered). Proving condensation for x = 2/3, i.e., directly in the
thermodynamic limit, is a challenging and widely open problem so far; see Refs. 30 and 31 for preliminary results. Note that all the mentioned
results are valid in the canonical setting, while, on the contrary, the grand canonical setting is considered here.

En < 4naN“"(1 + (a3N3"‘2)1/2) +CN*2 N, (1.4)

Il. DEFINITION OF THE TRIAL STATE

To obtain an upper bound on the ground state energy of the operator #{ defined in (1.2), we have to show a trial state whose energy is
bounded by the rhs of (1.4). We first rewrite the Hamiltonian using the bosonic creation and annihilation operators a;, ay, and p € A* = 217}
as follows:

— ZA V(r/Nl_K)a;+,a;aq+rap. 2.1)
pag.reh*
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Our trial state is defined as in Ref. 7, and we recall here the definition referring the reader to Ref. 7 for more details. First, we introduce the
Weyl operator

W, = exp[v/Noas — v/ Noao], (2.2)

where Ny > 0 is a parameter to be fixed. The role of Wy, is to generate the condensate; indeed, we expect most of the particle to be in the

condensate wave function [i.e., ¢(x) = 1, which is the ground state of the non-interacting problem]. Next, we have to take into account

correlations among particles due to the presence of interaction. To this end, we consider the solution to the Neumann problem on the ball
1-x

|x| < N'7%¢,

[—A + %V]fz “efer (2.3)

with 0<£<1/2 and with the boundary condition f(x)=1 if |x| = N'™¢. Furthermore, we define fy,(x) = fo(N'™x) and set
flp = —~N@n,o(p), where wy, = 1 — fy, and the hat denotes the Fourier transform. Note that |17,| < CN*p~*. To define the quadratic trans-
formation, we also have to introduce two sets of momenta: the set of low momenta P, = {p € A* : [p| < N¥***} c A* and its complement P{.
Then, to obtain the desired upper bound, we will consider a Bogoliubov transform whose kernel coincides with # on PY. On the other hand,
on the set of low momenta, we consider the kernel 7 defined by

8maN”®

tanh(sz) = —m.

We are now ready to introduce the Bogoliubov transformation

T, = exp( % Z vp(a;aip - h.c.) ),

PEA

where the coefficients v, are defined as follows: v, = 7, for p € PLC and v, = 1, for p € Pr. However, T is still not enough to obtain the energy
correct up to the second order, and to give a more precise description of correlations, we consider a cubic operator. To do so, we first
introduce the notations y, = cosh(v,) and o, = sinh(v,). We also need two new sets of momenta: Py = {p € A* : [p| > N' ™} and Ps = {p €
A* : N¥*7¢ < |p| < N¥**¢} c Py. Let us mention that considering the restriction of # to Py (denoted by ;) and the restriction of y and ¢ to
Ps (denoted by ys and o5, respectively), we have

lnu|® < CN* i < CN'™, e < CNP 272 (2.4)
and
Jos|® < N, loslin < CN*2*, 03)
lysosls < "%, |ys|%. [os]% < CN“.

With this notation at hand, we can finally define the desired cubic operator. Specifically,

1 * * ok
Ay = —= Z NrOv Gryp0_10_ 4, Or, (2.6)
\ NrePH,vePS:
r+vePy

where the operator ®;.,, for r € Py, v € Ps with r + v € Ps, is defined by

0= [11 = (NS > (A > )] TT[1 = XN > k(N + A > 0)] )

sePy wePg

In (2.7), N = aja, counts the number of particles with momentum p and y is the characteristic function. The trial state we are going to
consider to prove (1.4) is obtained acting on the vacuum vector ) € F first with the operator ¢** and then with T, followed by Wi, ; finally,
since e’ is not a unitary operator, we have to normalize
Wy, T Q
T lemol

Here, we fixed No = N — |oz|*.
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Let us stress that the role of the operator ©,,,, in the definition of A, in (2.6) is to avoid certain relations among momenta created by the
action of ¢** on the vacuum, and this results in a drastic simplification of the computations. As discussed in Ref. 7 (Sec. 2), one can write

1

ATQ:W Z T Z Hrlrro.”x

r1€Py,v  €Ps: Tm€Py, v, €Ps:i=1
1 +v,€Py Tm+U,€Py

m * * * * * %
x 6({7']', Uj}j=1 )aferUm Aery Qv+ - Ary 40, O—ry ale’

where 0 encodes all the restrictions mentioned above,

9({rj’vj}jlzl) = H H d- itV FPke (28)

ij, k=1 pie{~riri+v;}
j*k - pre{-rpntui}

Then, setting &, = 4" Q, one has

2 1 1 - 2 2
vaH = Z om 'W Z s Z 9({7‘]', Uj}jril) H (?’]r, + 717,-+v,) 0’1;,. (2.9)
mz0 4" M- v €Ps,r€Py: VP yePy: i=1
r+v,€Py Tm+VUm€Py

I1l. PROOF OF THE MAIN THEOREM

In this section, we discuss the modifications that are needed to extend the result obtained in Ref. 7 to a larger set of choices of «, proving
Theorem 1.1.
Let

Gy =Ty Wy, HNnWn, Ty
so that (Wn, Hn'Pn) = (En, Gnén)/| x| Moreover, let us introduce the kinetic energy operator K = ZpeA*pza; ap and the operators

1

VI(\]H) - N Z NKV(?’/NI_K)Q;HLI;aPaqw (3.1)
reA*, p,qePy:
p+r.q+rePy
and
/N = — * * %
Cy = NO > N'V(r/N'™) 6perypyr (api,atpa, +hc.). (3.2)
p-r€Py
p+rePs

Finally, let
N1+KA 5 2 . -

5 V(O + 2+ 2 NV(p/N )y,

peAy peAy

1

2N

CQN =

+ N”V(p/Nl_K)og +

> > NV(r/N'™)0p0p-rypyp-r (3.3)

e
rp

- T SN TGN

vEeP pePi

It has been shown in Ref. 7 (Proposition 3.1) that, for any 0 < k < 2/3 and & > 0 such that 3x — 2 + 4e < 0,

(H)
<£v;gN£v) (fv:(’c"'VN +CN)EV> (fv;gfv)
(‘PN,/HN\I/N) = ———"— < Cg, + + s (3.4)
1€ 17 18117 1&11?
with
<E”Véé“‘iv> < CNSK/Z . maX{N—s’N9K—5+68)N21K/4—3+3£}. (35)
J. Math. Phys. 63, 071902 (2022); doi: 10.1063/5.0089790 63, 071902-4
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Moreover, Cg, and the expectation on &, of the operators /C,C, VISIH) provide the correct energy up to an error that is small under the previous
assumptions (see Ref. 7, Secs. 3 and 5),

(&, (K+VI +ey)E)

CgN +
1€

<dr NHx(l + (a 3K 2)1/2) +CN5K/2 maX{N—e,N12x—7+Se}. (3.6)

15f

The bound (3.5) was obtained in Ref. 7 using suitable bounds on the expectation over &, of products of the kinetic energy X and powers of
the particle number operator N'= 33,5+ a; ap. However, it is clearly not compatible with the claim that (1.4) is satisfied for all x < 7/12 and is
indeed responsible for the request ¥ < 5/9 in Ref. 7. Therefore, in order to prove Theorem 1.1, we have to obtain an improved estimate on the
expectation of the error term £ coming from the quadratic transformation.

Remark. Note that the error of the form N>¥2N12<7+5% appearing in (3.6) and coming from the action of the cubic operator eV, in
particular from the restrictions on the allowed momenta encoded in the operator ®, cannot be improved with the methods presented here.
Therefore, to treat k > 7/12, new ideas are needed.

To improve the estimate (3.5), we first identify, with a careful reading of the proof of Proposition 3.1 in Ref. 7, those terms in &, giving

the worst rate. Using the notation of Ref. 7, Sec. 4 they are F, F3, the first two terms in G, the first term in G3 and G, —V}VH) (note that they all
come from the conjufation of the cubic and quartic term). Therefore, we rewrite

E=&+& (3.7)
with
(&6 E;) < CN%/2¢ (3.8)
1€
for all k < 2/3 choosing & small enough. Thus, we can focus on &, that can be split as
E=Ec+Es+Ey+Em. 3.9
Here, Ec is the cubic operator defined by
Ec = No > a(p.r)(apsalyal, +he), (3.10)
N PpEPy,rePs:
p+rePy

where we introduced the notation

ol T .o
a(p,r) =N (V(NI,K) + V(%))()’r)’p”pﬂ +0r0pYpir)-

On the other hand, &, &y, and &y are quartic operators. In particular, in £y, only operators with high momenta appear, and it is defined by

5H=5H1 + &y

1
“ON Z > Bulp.gr)ayagagap, + . 0 Bapagr)aps,al,agirag, (3.11)
reA* p.qePu: reAt p.qePy:
prrg+rePy pt+r.q+rePy

where

Bi(pq:r) =N V( = )[(Vp)’q)’p+r)’q+r = 1) + 0pOp+r00gr + YpYp+rOg0g+r],
B2(p.q.) = N* V( NI=x )Yp+r)’q+rap‘7q-

Conversely, in &, only momenta in Ps are involved. In fact, setting

Gi(pqr) =N V( )(Upop+r‘7q‘7q+r+YPYquHYqH*VPYPH"quH)

NlK

G(p.gr) =N V( )Yp+r)’q+rap‘7q’

Nl-«
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we have
Es=Es1+Esy = T Z Z G(p. g r)ap q+,aqap+r Z Z G(ps g r)“p+ra—p“q+ra-q (3.12)
reA* p,qePs: reA* p-q€Ps: :
p+r.q+rePg p+r q+rePs

Finally, £y contains terms where two operators have momenta in Py and two operators have momenta in Ps. More precisely,
Em =Em1 + Emp + Ems

1 * %
=N 2 Z}; P1(p> 4 7)ap agir0qaper
reA* p.qePy:
p+r.q+rePs

1 * *
+ =3 Y a(pgpr)ape,alyagieay (3.13)

NreAjr p-q€Py:
p+r.q+rePg

* ok
+ = Z Z @3 (P; q, r)ap Ag+rAqQp+rs
reA" PpEPs,qePy:
p+rePg,q+rePy

with
p1(pqr) =N V( Ni- )(apaq0p+r0q+r+ypym+ryq+r+2mp+r0q0q+r)

¢2(pg7) =N V( )(Vp+r)’q+r‘7p0q+Vp)’q+rap+r‘7q+VP+rVq‘7p‘7q+r+prqap+r‘7q+r)

o3(pgr) =N V(N )(0p0p+r0q‘7q+r+YpYq)’p+r)’q+r*YpYp+r‘7q‘7q+r+0q‘7p+r)’p)’q+r)

Our goal is to prove

(EV) EZEV)

A CN/> (3.14)

for all ¥ < 2/3 and ¢ small enough.

Then, (3.14) together with (3.4), (3.6)-(3.8) immediately yield (1.4)

To obtain the improved estimate (3.14), the idea is to compute the expectation of each operator appearing on the right hand side of (3.9)
using the definition of &,. This is done in the rest of this section.

Remark. Note that (3.7), (3.8), and (3.14) imply that the quadratic conjugation only produces errors that remain small up to the ther-
modynamic limit, i.e., for all x < 2/3. Indeed, the restriction to x < 7/12 comes from the action of the exponential of the cubic operator
[see (3.6)].

A. Bound of the expectation of £c on &,

We start noting that the cubic error term Ec has the same structure as the cubic term C, giving a large contribution to the energy analyzed
in Ref. 7 (Sec. 5.2).
Recalling the definition of A, given in (2.6), we easily obtain

(&,Ec&) =2 VN > ! > alp.r)(AVQ, a;Jr,aiPaf,AT_lQ)

N m>1 m!(m - 1)!pePH,rePs:
p+rePy
— 0({r; v} 2) ({5 B} )
mz>l m'(m - l)le vl,i;lePgr:I,hePH: ’UmGPgZ,T;nEPHZ ' ! ’ !
r+vpi+01€Py Tm+VUm€Py

* * * * *
xH 11,0, H 17, 0%, Z a(ps 1) ( Qs arytv,, - - A, Oper @502 05 g oo 02, Q).
j=1 pePy,rePs:
p+rePy
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Noting that the expectation in the last line vanishes unless there exists an index i € {1,...,m} such that r = v; and pairing the remaining
momenta in Ps (by symmetry, we can assume r = —v,, and 9; = vj forallj=1,...,m — 1), we find

Eci) =2/ 0T T T S amul)em)

m>1 v, €Ps, 11,71 €Py: Vm€Ps, 1y €Py:
ri+v1,f1+v€Py Tm+Um€Py
3.15
m—1 ) ( )
* *
x Hri 7 O, Hr,, O,y Z a(p,vm)(Q Ar, v, - - An Apy - Ali Q),
j=1 pePy:
p+v,€Py

where we introduced the notation A, = ar+va—, forany v € Psand r € Py such thatr + v € Py (and A, to denote the adjoint). Using now the
fact that, due to the presence of 6({r;, v;}/Z;)0({7, vj}j"ijl )» each Ay, has to be contracted with A7 v, foranyj=1,...,m-1and, therefore,
Ar,,v,, is contracted with A7, , we obtain

No 1 m ~ m—1
(fv,gcfﬁ =2 - 9({0»1’1'}':1)9({@’”}}':1
N mzzl (m—1)IN™ vleps%:ﬁePH; vme}’s%;,EPH: ! !
o7 P m+Um€EP,
1 r1+v,7+v €PY TtV €PY (316)
m—
2
x ’77‘;71;')'(5;1',7] + 8_;ja7j+'ul)a’ujr]rm Ovy, Z ‘x(P’ Um) Z S—P,Pm-
Jj=1 pePy: Pn€{=TmsTm+Vm }
p+v,€Py

We now note that
(P, vm)p—p,| < CN* (Yo, |0-p,+v,| + |00, | 9p,.])-

Taking the absolute value in (3.16) and using the fact that when all terms in the sum are positive, we can replace 0({r;,v;}Z;) with
0({r vj}j’ﬁjl) obtaining an upper bound. Therefore, using (2.4), (2.5), and (2.9) we obtain

|(£v; 8C£v)|

TIEE S CN“ma | (lysosls + o) < CN*2¢ (3.17)

for all ¥ < 2/3 and & small enough.

B. Bound of the expectation of £, on &,

To bound the quartic error term £y, we start considering £x,1 that has the same form as the large quartic term VI(\]H) (see Ref. 7, Sec. 5.3).

We write
11 m S ym T 2
(&, Enady) = il AN Z e Z ‘9({0'»”j}j=1)9({’j»”j}j=1)n ;M3 O
m>1""" v €Pg,r1,71€PY: VU €Ps, Ty, Fm €Py: j=1
r1+vy,7 +v,€PYy T+ VUns>tm+Um€Py
x Z Z Bi(p g r){Q Ay, - - .A,m,vma;a;,aqap“A;bvl AL Q)
reA* p,qePy:
p+r.q+rePy

where we paired all momenta in Ps.

We now distinguish two contributions: the first one corresponds to the situation in which a4 and g, are annihilated with A;t ; for some
i=1,...,m [this also implies, taking into account the presence of 0({r;,v;}12,)0({#,vj} 1), that a;, ag,, are annihilated with A;,,,]. The
second case on the other hand arises when a4 and ap., are annihilated with “,x;> a;] for pg € {~F¢,7¢ +vg}, £ =i and j with i # j (then, a;, a;+,

*

are annihilated with a,, , ap, for pp € {~r¢, 7o +ve}, £ =iandj,and a®; . ,a*. .  are annihilated with a_p 1+, d—p+v.).
Pi> “pj J pitv; Pi+v; pitvi Pjtvj
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We denote the two contributions described in the previous paragraph by A and B, respectively, so that

(&,8m18) =A+B, (3.18)
with
A= : I L > 2 0{m i )e({F v
m>1 (m - 1) 2N vy €Pg,ry,F1€PY: Vi €Ps, Ty Fm €PY:
r1+v,-1+01€Py Ty +UnsFm+ U, €PY
x H 77’,"[7,0'1; H (871 7t 6—71 r]+v)) Z Zﬁl (P> Um—p—T, r) Z (Sp,pm(sp+,,i,m,
reA*pePy Pn€{~Tmstm+Vm }
Pm€{—FmsTm+Vm }
1 1
B P —— ({1 v} )6( (7o)
mZZ:Z(m - 2)! 2Nm+1 vlePS,rzl,:hePH: vaPs,%;?mEPH: ( P ) ( P )
r+vy, 1 +v,€Py Tm+Vms> T+ Vm€Py
x H 115,00, H (O, + 0-iriwo) 2o 2 Bi@r) D SppuOgrrpy
j reA*p.qePy pee{~reretuve}
{=m—1,m
x Z (‘Sq,i)m Opsrpus + 5q,ﬁm,15p+r,ﬁm)(5ﬁm,pm + 0Pt + U )
pee{~Fe.fetve}
L=m—1,m
Thus, the bound
3 3 3 3
15t = 2= 1:7) 80 Spsr gl ENT( 5 J (6P + po” + s+ s, )
+ CN*(llnzt s mp | ipsr| + 1p=o, [11p -0, ])
yields

HE B < CN"los|* (Nl st [oo I |* + e oo Lnae)* + e, (3.19)

where we used the bound sup,,. ZPGPIIN"V(r/NI_”)/|p — 11> < N and the fact that || < CN*|p| 2.
On the other hand, since sup,es+  gep,,: |1 (P4, 7)| < CN*|11 |2, we obtain

p+r.g+rePy

|B|
[

K—3
< CN7Jos|* a1 - (3.20)

We now consider Ep,. First, pairing all momenta in Ps, we rewrite

11 m L m AT 2
(&vs Enaly) = ol N > > 9({0’”1}1‘:1)9({’13Uj}j=1)n 17, O,

m> . v, €Pg,r,71€PY: Vm €Ps, 1> T €Py: j=1

ri+vy,f1+v; €Py T+ U tm+Um€Py
* * * *
x> Bp @) D An - Ay, g8 pAgerA—gAT o, - AT, Q).
reA* p,qePy:
p+r.q+rePy

We note that also in this case, we can distinguish two contributions depending on whether the operators a;4,a—, are annihilated with A;; v, OF
w1tha a > with pg € {~Fo,F¢ +ve}, £ = j,kwith j # k.
Hence, we split

(&, Em2é)) =C+D, (3.21)

J. Math. Phys. 63, 071902 (2022); doi: 10.1063/5.0089790 63, 071902-8
Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

with C and D defined by
1 1 m ~ m 2
C= WW Z Z 0({r»vi}i21) 047 vi iz ) v, 7, 0,
m>1 : vy €Pg,ry,F1€PY: Vi €Ps T P €Py:
r+v,F+v,€PY T+ Vmlm+Um€Py
m—1
2
x MMM avj (8?)3'1 + 8_;i>r1+vj) Z ﬂz (p’ 9 vm) Z 8*P>Pm 8*‘7)1%’
j=1 PqePu Pin€{=Tmslm+vm }
Pm€{=FmsFm+tvm}
1 1 -
D=y i 2 S Bl )R(Eh)
m>2 . v €Ps,r1,71 €PY: Vi €Ps T P €Py:
r+v,7+v €Py T+ VUmslm +VUm€Py
m ) m—2
x H rlrjrl;]a”j H (6?1”)' + 6’@"}“’1‘) Z Z ﬁz (p’ 9 1‘) Z 6*‘1»}% 8@“{%—1
j=1 i=1 reA*p,qePy p[e{—re)r[+vi}
pee{~Fefetve}
l=m—1,m

X (0=ppn Op+r.pus + O=pps Opripn ) (Opyp T O—ptv—prus+vs )-

Taking the absolute value, which allows us to forget 8({#,v;}},) and replace 8({r;, v;}},) with 6({rj,v;}!27"), and noting that |B2(p,q,7)|
< CN"|njp|nq| for any r € A*, p,q € Py with p + r,q + r € Py, we obtain

C]

TGS CN""2|los * s |* (3:22)
and
s < Ol (.29
With (3.18) and (3.21), using the bounds (3.19), (3.20), (3.22), and (3.23) and recalling (2.4) and (2.5), we obtain
(6 E0E) 20

for any x < 2/3 and ¢ small enough.

C. Bound of the expectation of £s on &,

In this subsection, we focus on &s. Let us first consider the contribution coming from Es,1. Recalling the definition of &1, see (3.12), we

can write
Enbsib) =Y ———0 Y .Y
mZZ(m') 2N V1,01 €P €L Uy U €Ps TmsFm€PH:
r1+v,F+0,€Py T+ VP +0m€Py

m
< O({rj, v} 2 )0({F 03 ) [ T i 0000, 3 > Gilpagr)

j=1 reA*  p,qePs:

p+r.q+rePg

X (O, 40, r, O, o - O, B Aplgir Gy, v, g Ay . A Q). (3.25)

We note that the scalar product in the last line of (3.25) does not vanish only if there exist i, j, k,and £ such that g = =9, p + r = =0}, p = -y,
q + r = —vg, which immediately implies r = v — ¥; and 9; = v; + vg — 0j. By symmetry, we can assume i = k = mand j = £ = m- 1, obtaining a
factor mz(m - 1)2 in front. Pairing also the remaining m — 2 momenta in Ps, we obtain

1 1 - -
<€v,58,1€v> = EZWW Z Z (1(*Um,*vm>vm *'Um—l)

V1,01 €Ps, 11,71 €PH: Vs 01y €Ps, Ty Ty €Pp
r+vLi+01€Py Ty Umlm+ 0, €Py

m m=2
X 9({rJ’UJ}}ZI)6({?J’ ’DJ}]’Zl)H i 7; Ov; aﬁjaﬁm,vm+vm—1*’5m—1 H 6171,U1
j=1 i=1
X (Q’Armﬂ)m . 'Arl”UlA;myvm"'Um—l_'Dm—lA;-m—l)’bm—lA;m—Z)vm—Z te A;M)]Q)'
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We now distinguish three contributions. The first contribution, which we will denote by I, corresponds to the situation in which the operators
in A, v, and A,,_ v, are annihilated with the operatorsin Ay , ., _; and A7 . ., respectively (note that this immediately implies
Um—-1 = Dm-1). The second contribution, denoted by II, is on the contrary obtained when A,,, ., is annihilated with A;mfmvmq and A, v, , is
annihilated with A} ., .  (then,¥m_1 = vm). Finally, there is a third term, denoted by III, arising when one operator in A, ,, is annihi-
lated with an operatorin A7 _ ;  and the other with an operatorin A7 . ,, _;  (and analogously,an operatorin A, ,_, is annihilated
with an operator in A7 _ ;  and the other with an operator in A7 , ., _; ). Let us stress that in all these cases, the operators A,,., are
annihilated with the operators A7 ,, foranyj=1,...,m — 2 due to the presence of the restrictions encoded in 6({r}, v;}}2,)0({, 0;}Z,)-

Summarizing, we have (&,,s1&,) = I+ II + III, with

1 1
I=) oot 2 2 Gt = U~ Ut)
m22 (m B ) V) €Ps, 11,71 €Py: Uy €Pg, 1y P €L
ri+vy,f1+v1€PY T+ VUmsFm+Um€Py
- 2
m ~ m
x O({rj» vy} 121 ) O({Fp v} im1 ) T T 15,00, (8, + 0510, )
j=1
1 1 ) i
M=y s 2 3 Gt O U = D)
m22 (m - ) V1,01 €Ps,r1,7 €Py: Vps O €L, T s T €Pp:
r1+v1,71+01€Py P+ VmsF+ 0 €Py
m
m ~ ~ m
% O({r5 v 3120 ) O({73 03720 ) T 11,00, 06,0430
j=1
m—2
X (Si)n'ui((s?im + 67?,,r,+v, )61"),,,,1,1),,, Z 6ﬁrn—1me 6]~7m’pm—l'
= pee{~reretuve}
pee{~Fefetve}
L=m—1,m
1 1 ) i
M=) oo X Glvm =Tt — D)
m>2 (m - ) v1,D1 €Pg, 11,71 €Py: Vyas Do €L TP €Pp:
ri+vy, 1 +0,€Py T+ VpoFm+0m€PH
m
m ~ ~ m
x O({rj» v} 1) O(£F5> 053720 ) T 11,17, 00, 00,00, 0,4 0101
j=1
m—2
X 6@,,Ui(6?,,ri + (S_;”r,+v;) Z 613%1,17%1 (Sﬁmﬁma—ﬁmq+f1m71,—pm+vm-
i=1 pee{—rere+uve}
pee{~Fe.fe+ve}
L=m—1,m

Recalling the definition of {; and using (2.5), we find |¢1(p, ¢, r)| < CN*** for any r € A*, p, q € Ps such that p + r,q + r € Ps. Thus,

1| + |11]
1612

< CN“7"* o |* [ (326)

To bound III, we note that

‘6@m:”m+vm—1*i1m4 (l (_vm> _@m, Um — f)m,1)| < CNK
x (lov, 00,1 v, 0sleo + Yo Yo, 1Yo, llyslee + Yo, 1o, 0w, ] los] o).

Hence,

|111| K3 2 2
<CN" | nul s los e
1€]2 (3.27)

6 3 2 2
x (Jos]*losleo + llysos[illyslee + s |ysos]illos]eo)-
From (3.26) and (3.27), using (2.4) and (2.5), we conclude

(6. Esa&)| _ 1] + || + 1]

< < CN*/2-e (3.28)
1€12 1€

for any x < 2/3 and ¢ small enough.
The error term &, can be bounded analogously. Indeed, reasoning as before, we split

(&), E2&,) =T+ 11 + I, (3.29)
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where

- 1 1
I= ZWN"H' Z Z (z(vm,vm,—vm _Um—l)

m>2 v1€Pg,r1,F1€PYy: U, €Ps Ty €PY:
11 +V,F+V1€PY T+ VP +Vm €PY

x 6( {1’], ’Uj}frzl )9({;]" ﬂj}fmzl)l—[ oy 0‘12,1. (6;1'71 + 84}*’1“’) )’
=1

1

II Z (m 2)[Nm+ Z Z (Z(Um’r[}m:_vm—vm—l)

m>2 v1,01€Pg,r1,71€Py: VU €Ps, s P €Py:
r+vLi+01€PYy TVl +0,,€PY

0({rj vj}jm1)0({75 0}/ 1)H 1, 15,00, 0, 0,1 0+ 01—

j=1

m=2
x 6171’111 (67'1)?', + 6*1-‘pfx+’U; )6f1m—1xvm Z 6[7m—1»}7m 8ﬁmem—1 >
i=1 pee{-rerotve}
pee{~Tefe+0e}
L=m—1,m
~ 1 1 .
ur = AN Z T Z (Z(Umﬂ]m»_vm _'Um—l)

m>2(m 2)[Nm+

V1,01 €Ps, 11,11 €PH: Vs D €Psy s m €Pp:
ri+v1,71+01€Py T+ Vm>tm+0m€Py

m
0({ri> v} 1=1) 0(£F5 033121 ) T T 117,00, 06,86, 0,40 1=
=1

—2
X 617:',1% (67is71 + 8—i1,r1+v,) Z 6[7m—1»}7m—1 8f’mem 8_[7m—1+'bm—l!_Pm+vm'

i=1 pee{~reretve}

Pee{—Fo,Fo+00}
l=m—1,m

3

Hence, noting that |(2(p, ¢, 7)| < CN*|yp++|yq+r] 0p| 04|, we find

T+ |11 N
M ¢ geesv2e g4 (330)
H
and
T :
1 < N P s e s ol (331)

Using (2.4) and (2.5), we obtain from (3.28), (3.30), and (3.31) that

% < CNH2 (3.32)

for any k < 2/3 and ¢ small enough.

D. Bound of the expectation of £, on &,

To conclude the proof of (3.14), Eyremains to be studied. We start focusing on Ep,1, and we rewrite

Ev,nggv Z ( ')2 Nm+1 Z Z

V1,01 €Ps,r1,71€PY: VO €Ps s €Ppr:
r1+v,,7 +0,€Py T+ Vmstm+0m€Py
6({r vy}t )0({75 97} I)Hnr,m]%%Z > opar)
j=1 reA* p,qePy:
pt+r.qtrePs

* * * *
x (Q, ar, +v,, - - - Ov, Ay rg ApQgrls, 15, - - a;, Q).
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We now have to assume the existence of i and j = 1,...,m such that p + r = —v; and q + r = —0j; otherwise, the expectation on the last line
would vanish. In particular, we assume i = j = m since the m? cases are all equivalent. Pairing the remaining momenta in Pg, we obtain

1 1 o
(&, Emnéy) = ZWW Z Z 9({’1:”;‘}]‘21)9({7]',11;}]@1)
mz1 ’ v1,01€Ps 1 €PE: Uy Om€Ps TP € Py
ri+vp,f+01€Py P+ V5P +0m€Py
m m—1
x Hrlrjr];}o'ngi’jn S’Uw’[/z Z (Pl(frfvrn,*r*f)m, 7')
=1 i=1 reA*:

T+Vp,r+0, €Py

* * *
(A, A, @y, Gro A < AT, Q).

At this point, we recognize that, due to the presence of the restrictions encoded in 6({17, v} )9({?]', O} ), if the operator a_,_,, is anni-
hilated with an operator in Ag - then the operator ai,,f,m has to be annihilated with an operator in Ar;- In particular, if j = m, then the

remaining operator in A7 ; has to be contracted with the remaining operator in A, ,,,, and we obtain a contribution denoted by M;. On
the other hand, if j # m (by symmetry, we assume j = m — 1), we distinguish two cases: either the remaining operator in A} _, ~is annihi-
lated with the remaining operator in A,,_, »,_, and the operators A} ; and A,, ,,, are contracted among themselves (imposing vy, = ¥m) or
the remaining operator in A}  is contracted with an operator in A,, ,,, and the remaining operator in A, _, »,,_, is contracted with an
operator in A7 ; (then, we are left with one operator in A} ; and onein A;, v, that are necessarily contracted with each other). We denote
these contributions with M, and M3, respectively.

Explicitly,
(&, Ema&y) = My + Mo + Ms, (3.33)
with ) .
M=y o a2 {mulh)e({F )
m>1 (m - ) 1,0, €Ps,ry,71 €Py: V>0 €PS, Ty Fpy €Ppy:
r1+v1,71+01€Py T+ Vp>m+0m€Py
m m—1
< [11r115,00,00, [ | 8vi0, (87, + 8r40,) D, 91(—1 = Vs =1 = Dy 7)
j=1 i=1 reA*
X Z (Sr,—pm—@m‘sﬁm,pmﬁ)m—vm)
Prn€{=Tmslm+ v }
Pmn€{FmsFm+Om}
1 1 -
M, :Z —2)1 Nm+1 Z Z 6({rf’vf}jri1)9({rj’vf}jril)
m>2 (m-2)! V1L, 01€Ps L EPH: Uy Dm€Ps TP €PH:
ri+vy,71+0,€Py T+ VP +0m€PY
m m
X 1—[ rlrjrlijavjaﬁj H 8”:)"71(6%?. + 8—’1‘,7y’+v,) Z (P1(7r — Um, —1V — Um, T’)
j=1 i=1 . reA*
iFm—
X (Sbm—])vm—] Z 6’>_mel_vm8ﬁmfl)l)mfl)
P €{~Tm-1 1+ Vmo1 }
Pn-1€{~Fm-1.Fm1+ V-1 }
1 1 -
M=) st 2 O{muh)e({r oidh)
w2 (m = 2)! V1,01 €PsrEPY: VD €Ps P P €y
r1+vy, 1 +0€Py T+ Upm+0m€Py
m m=2
[ [ 1r115,00,00, [ | 80,0, (8, + 8,4, ) 86,1000 D, 91(=T = Vs = = Dy T)
j=1 i=1 reA*
X Z 6’3’Pm—1*"7m 61-7m71,}7m71+17m*1’m aﬁmem*’Um+i1m6Pm—1»*Pm+Um*’Dm+Um—1'
pee{~rere+ve}
pee{Fefet+0e}
L=m—1,m
Since
|91(=1 = Ums =1 = Vs 1) 8r=p,, =9, Opypy 01—, |
2
< CN“(|nleslov,lo,] + [yo, [yo.| + 1]l lyo, ] 05,]),
we have |
M, ) 2 4 2 2 2
AR CN"nul“(los|* [nz s + losysIt + los|* [ ysos |l oo )- (3.34)
v
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On the other hand, using the fact that
2 2 2
|91 (=7 = Vs =7 = Vs 1)1 Op,cs s | < CN" (1t |05 o0 + [y ][oo + 75w |05 oo [ 1] o0),

we obtain

|Ms|

-3 4 4 2 2 2
e < CN"lna|*los]* (loslso I lso + Iysliss + [7slloo [ 05 oo 761 ]l o )- (3.35)
v

Finally, we note that

@1 (=7 = Vs =7 = O, ) Or—p 100 Oy s + 0|

2
< CN*(Inuleslov, 05, + [yo, [yo.| + [1H oo |yv, [ 05,])-
Therefore,

|M3| -3 2 2 2 4 2 2 2
e <N nul Inulslos| (los|nuls + lysosli + los|” ysos|lnz] oo )- (3.36)
v

With (3.33)-(3.36), we conclude, using (2.4) and (2.5), that for any x < 2/3 and ¢ small enough,

(&, Ema &)

SRS CN/2~, (3.37)

We now consider the expectation on &, of Eu,,. We have by definition

1 1 m o .M
(Gobmab) =2 st 2 > (i )o({F k)
w1 (ml) V1L,01 P €PH: Uy Dm€PsiTrsFm€PH:
r1+v, 71 +01€Py T+ Upstm+0m€Py
m
<[Tnmonos, > > 92(par)
j=1 reA* p,q€Py:
p+r,q+rePs

* * * *
X (Q, Ar, 4, - - - Oy Bpir B pAgar—g@, 45, - - - A ).

We note that there are necessarily i and j such that p + r = —v; and g + r = —0;. Assuming by symmetry i = j = m and pairing the remaining
m — 1 momenta in Ps, we obtain

1 1 L
(&, Em28)) = Zﬁw Z Z 9({0:”]‘}]‘@1)9({7],%}]‘@1)
m=1 (m N ) v1,01€Ps,11,F1€PH: Uy O €Ps Ty P €Py:
r+vy,t+0,€Py T+ UpnsFn +0m€PH
m m—1
x qujr];}gvjoi’jn 81‘),,1/, Z ¢2(7r7vm>777f)m, T’)
j=1 i=1 reA*:
T+ Vp,r+ 0, €Py
x (Q)Arm,vm T Arl‘vla;:'vmar+f)mA;—m>’DmA;m—l>Umfl . 'A;:h'Ul Q)
= Ml + Mz + Mg,,
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~ 1 1 m N
M, :Z (m—1)! N+ Z Z 9({"1"01'}151)9({rf’vj}j=1)
m>1 . V1,0, €Pg,r,71 €P: V>0 €Ps T T €Ppy
r1+v,,f1+0,€Py T+ Uptm+0m€Py
m m—1
X H 11y, O, O, H 8v,,5: (6%, + Or40,) Z @2(=7 = Uy =1 = Oy, 1)
j=1 i=1 reA*
x Z 81 =0 O+ B —vy>
Pr€{ =TtV }
P €{FsFm+Om }
—~ 1 1 -
M :Zi(m_z),iNmH > > 0({muitE)0({7 v} )
m>2 : v1,01€Pg,r1,71€PY: Vs €PS Ty P €Ppy:
r1+v1,F1+01€Py T+ Umsfm+0m€Py
m m
x [T 1r15,00,06, [1 8,6, (8 + 0-rs0,) D 92(=1 = Uy =1 = U, )
j=1 i=1 reA*
i=m—1
x S'Dmfbvmfl Z 6’!7Pm717’um 8}~7m—lvpmfl ’
P €{=Tm-1 s mo1+Vmo1 }
D1 €{=Fm-1,Fm-1+ V-1 }
—~ 1 1 .
My=3 oy 2 2 O{mudh)e({mukh)
m>2 . v1,01€Pg,r,71€Py: Vs O €PS, Ty P €Ppy:
r1+v1,F1+01€Py T+ Vp>im+0m€Py
m m—2
X H r ’1;10‘7)10-{’} H 6“:»"71'(8;1 + 67i+vx)6ﬁyn—1xvm-1 Z (PZ(_r = Uy =1 — Oy T’)
j=1 i=1 reA*
X Z 5r>17m,1—vm 513m_1,pm_1+f1m—vm 513m,pm—vm+f1m 5pm71,—pm+vm—f}m+vm,1-
pee{~rero+ve}
pee{Fofo+e}
l=m—1,m
Thus, the bound
|92(=1 = Vm, =1 = Dms )81, Op,ppt 500,
2
< CN*(|lnnl[olyvn 7o, + [nillcolys,, |ov, | + |11 |oo|yo,, |03,,] + |0v, |03,])
implies

||
1612

-2 2 2 2 2 4
< CN"lnul*(lysoslilne oo + lysoshilos|™|nul oo + [os]).

On the other hand, noting that

|(P2(_r = Um> =1 = Um; r)aﬁmfbvmfl S’G*Pm—lfvmaf?m—l)}’mﬂ ‘

2 2 2
< CN*([lysllco lmm 5o + Iyslools]loo |7 lloo + os]o0),

we obtain
|M2| < CN*3 4 4 2 2 2
R lne ™ los™Clyslco lnelco + [mel o los]loo [ys]leo + loseo)-
Finally, using
|(P2(_r = Um, =1 = /Dm’ r)afvpm—l—vm Si)m—lvpm71+f1m—vm|
2
< CN*(Inu|oolyvn 1yo.,] + lnmlloo|ys, lov,| + |11 soly, |06, | + |0v, ] 03,]),
we obtain

|M3| -3 2 2 2 2 2 2
< CN"|lul|* [l los ) (lysos [t lmu e + lysoslilos | Izl oo + os]*).

&2~

(3.38)

(3.39)

(3.40)

J. Math. Phys. 63, 071902 (2022); doi: 10.1063/5.0089790
Published under an exclusive license by AIP Publishing

63, 071902-14


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp
From (3.38)-(3.40) and recalling (2.4) and (2.5), we obtain for x < 2/3 and & small enough
(&> Em2é) < |M1] + | M| + |M3] < N2, (3.41)

(I3 1€.]2
To conclude, we still have to bound the expectation of Ey3 on the state &,. Proceeding similarly as before, we write
(fv: gM,3€v> = M{ + M; + M;,

where we introduced the notations

M :Zﬁﬁ >y () e )

m>1 1,01 €Ps,r1,7 €Py: V>0 €Ps, o5 €Pp:
r1+v,f1+01€Py T+ V> +0m€Py

x H WV;WYJUU]JU, H 61), Vi (67, nt 6—r1 ritv; ) Z (PS( Um> 4> Um — ’Um)

j=1 q€Py
x > 85,000.0m+ D>

Pme{=TmsTm+Om}
Pl —ToFm+t 0}

, 1 1 . .
M, _Z _z)leH Z Z 6({'7’1)1};21)9({"1’”1};11)
m>2 v1,D1€Ps, 11,71 €PY: V>V €Ps > €Pp:
r1+v,F+0€Py T+ Vmstm+0m€Py
x H Hri 17 Ov; 0 H 8u,,2, ((Sf, 7+ Oty ) Z (PS( Ums > Um — m)
j=1 q€Py
tqtm 1
X (Si’m—l:vm 1 Z 6%Pm71613m71>17m71’
Pt €{~Tm=15Tm—1 + V-1 }
P €{~Fm-15Fm—1 +Vm-1 }
’ 1 1 . .
M=) s n a {muth)e({m akh)
m>2 \M )! VL 01 €PoEPH: Uy Dm€Ps TP €Pr:
r1+vy,71+01€Py T+ Vs + 0, €Py
m—2
X H ’17]71’)0”70”1 H 6”: 0; (8 + 67:*'11 )6’Um HUm—1 Z ‘P3( Um> 4> Um — m)
9€Pu
x Z 5q,pm,1+®m—vm5ﬁm,,,q5;3m,pm—vm+@m O 1P+ U= Dt U1

pee{=roretv}
Pee{FoFe+e}
L=m-1,m

Hence, we have

’
IIZSVIHL <CN""na[*(los|* meel[oo + lysos[T + lysos|tInelle + los|*[ysos|i e loo ),
where we used the bound
|93 (=Vm> @ Um = Dm) 85,4009, 4,0,
< CN* (Il slov, 05, + [ye, [yo,] + (18 [colyo, lyo,l + [t colos,, [y, ).
Moreover, since
|93 (=Vm> @ Um = Om)0qp,-1 0, pyr |
< CN*(llnzlse los oo + 175l + lyslse lmerlco + lasloo Izt oo [ys oo ),
we obtain
M|

K—3
BE <N Irea[*os* Closlioo a1 o0 + Iysliee + Iyslies %0 + Iysloe s oo Izt o )

(3.42)

(3.43)
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Finally, we note that
|93 (=vm> @ vm = D) O py1cs 4,0, Op,, 1.
2 2
< CN* ([l leo low, low, | + [yo, ys.| + 1ol o, [y5.] + lnnl oo s, [ y0,.1),
which implies

M|
1€ 117
The bounds (3.42)-(3.44) yield, recalling (2.4) and (2.5),

< CN"Jos|*[nu I |n |2 (los)* Il + lysosl® + Iysoslallos]* e oo)- (3.44)

(& Emads) _ M|+ M3 + M|
& - 1612

under the assumptions « < 2/3 and & small enough.
From (3.9), (3.17), (3.24), (3.32), (3.37), (3.41), and (3.45), we obtain (3.14).

< CN**/>¢ (3.45)
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