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ABSTRACT
We consider a system of N bosons in a unitary box in the grand-canonical setting interacting through a potential with the scattering length
scaling as N−1+κ, κ ∈ (0, 2/3). This regimes interpolate between the Gross–Pitaevskii regime (κ = 0) and the thermodynamic limit (κ = 2/3).
In the work of Basti et al. [Forum Math., Sigma 9, E74 (2021)], as an intermediate step to prove an upper bound in agreement with the
Lee–Huang–Yang formula in the thermodynamic limit, a second order upper bound on the ground state energy for κ < 5/9 was obtained. In
this paper, thanks to a more careful analysis of the error terms, we extend the mentioned result to κ < 7/12.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0089790

I. INTRODUCTION AND MAIN RESULT
It was predicted by Lee, Huang, and Yang in Ref. 1 (see also Ref. 2) that the ground state energy per unit volume of a dilute Bose gas

satisfies

e(ρ) = 4πaρ2[1 + 128
15
√

π
(ρa3)1/2 + o((ρa3)1/2)], (1.1)

where ρ denotes the particle density of the gas, a is the scattering length of the interaction potential, and dilute refers to the fact that the mean
interparticle distance is much larger than the scattering length, i.e., ρa3 ≪ 1. The expansion (1.1) is known as the Lee–Huang–Yang formula,
and its rigorous proof has been an open problem for a long time. In fact, while the leading term was already derived in Ref. 3 as an upper
bound for hard sphere interactions, the matching lower bound was obtained 40 years later in Ref. 4. On the other hand, it was only with Ref. 5
(we also mention6 where the correct constant is recovered in the weak coupling limit) that the next to leading order was proved to be correct
as an upper bound for regular potentials and later with Ref. 7 for all potentials in L3. Finally, in Ref. 8, the Lee–Huang–Yang correction was
established as a lower bound for all L1 potentials and in a recent paper9 for a larger class of potentials, including the hard sphere case. Note
that in the latter case, the matching upper bound is still missing.

We mention that the fermionic analog of the expansion (1.1) predicted in Ref. 10 has not yet been proved; see Refs. 11 and 12 where the
first two orders are derived (due to the Pauli principle, an extra term of order ρ5/3 appears).

In this paper, we will discuss and complement the result obtained in Ref. 7. There, as in Ref. 5, the core of the proof is to build a grand
canonical trial state in a box with periodic boundary conditions whose size changes with ρ; in particular, the side length is assumed to be
ρ−γ for some γ > 1. Indeed, following a well-known localization procedure (see, e.g., Ref. 13), this trial state can then be easily modified to
provide a trial state with the correct energy on a lager box with Dirichlet boundary conditions. The latter can finally be replicated to recover
the thermodynamic box in the limit. Note that in the limit, a grand canonical trial state can be proved to give an upper bound on the canonical
ground state energy.
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Due to the strategy just described, Ref. 7 produced a side result of some interest on its own. Namely, it provided an upper bound correct
up to the second order on the energy of a Hamiltonian acting on the Fock space built on a box whose side length is of the form ρ−γ for some
γ > 1. By scaling, the described setting is equivalent to consider N bosons in the unitary box Λ = [−1/2, 1/2]3 ⊂ R3 interacting through the
Hamiltonian HN acting on the bosonic Fock space F(Λ) whose action on the n-particle sector is given by

H (n)
N =

n

∑
j=1
− Δxj + ∑

1≤i,j≤n
N2−2κV(N1−κ(xi − xj)), (1.2)

with κ ∈ (1/2, 2/3) [note that the request k > 1/2 comes from the assumption γ > 1 needed to use the localization technique, but it is never
used in the proof of (1.3) below, which remains valid for 0 < κ < 1/2]. In Ref. 7, it has been shown that, under suitable assumptions on the
potential V , the ground state energy EN of the Hamiltonian HN satisfies

EN ≤ 4πaN1+κ(1 + 128
15
√

π
(a3N3κ−2)1/2) + CN5κ/2 max{N−ε, N9κ−5+6ε, N21κ/4−3+3ε} (1.3)

for all κ ∈ (1/2, 2/3) and ε such that 3κ − 2 + 4ε < 0. Let us stress that Eq. (1.3), whenever κ < 5/9, is just the equivalent of Eq. (1.1) written for
the rescaled Hamiltonian (1.2) (note that the scattering length of the rescaled potential is given by a/N1−κ with a the scattering length of the
original potential).

The first step to construct the trial state leading to (1.3) is to generate the condensate since Bose Einstein condensation is expected to hold
in the ground state of (1.2). Then, to add correlations, we act with a Bogoliubov transformation. However, it is known (see Refs. 6 and 14)
that a quadratic operator is not enough to capture the correct second order of the energy. In Ref. 5, the exponential of the sum of a quadratic
and a cubic operator was taken into account to better describe correlations. On the other hand, in Ref. 7, the exponential of a quadratic and
of a cubic operator acts separately, inspired by the methods developed in recent years in Refs. 15 and 16 to study the Gross–Pitaevskii regime
[corresponding to κ = 0 in (1.2)]. The drawback in considering the exponential of a cubic operator is the lack of explicit formulas for its action
that makes computations harder. In particular, to handle the desired more singular regimes κ > 1

2 , new ideas are needed w.r.t. those used in
Refs. 15 and 16. In fact, in Ref. 7, the cubic operator is implemented as a non-unitary operator acting directly on the vacuum with some crucial
restrictions on the allowed momenta.

In Ref. 7, it was stated as a remark that the same method could have been pushed to cover all κ < 7/12, but such extension was out of the
scope of that paper. Our aim here is to prove this statement based on a more careful analysis of some error terms. More precisely, we need to
prove the following theorem.

Theorem 1.1. Let 0 < κ < 7/12 and ε > 0 small enough. Let V ∈ L3(R3) be non-negative and radially symmetric, with supp(V) ⊂ BR(0)
and scattering length a. Then, for all N large enough,

EN ≤ 4πaN1+κ(1 + 128
15
√

π
(a3N3κ−2)1/2) + CN5κ/2N−ε. (1.4)

We conclude this section with some comments about the scaling in (1.2). As we already mentioned, for κ = 0, one recovers the well-
known Gross–Pitaevskii regime. In this setting, the expansion of the ground state energy has been established to first order in Refs. 4, 17, and
18, while the second order was proved in Ref. 16 (where also the low energy spectrum is derived) for all potentials in L3 (and can be extended
to all L1 interactions as discussed in Ref. 19). We also mention20 where a simplified approach is described. Recently, in Ref. 21 (see also
Ref. 22), the second order correction has been obtained as an upper bound in the hard core case.

On the other hand, for κ > 0, the first order of the ground state energy was derived in Ref. 17, while the second order (and the low-energy
excitation spectrum) was established in Ref. 23 for sufficiently small κ, making use of the analysis carried out in Ref. 24. We also mention
that, for κ < 1/10, Bose Einstein condensation can be proved extending the analysis in Refs. 25–27, and in a recent paper,28 condensation was
shown for all κ < 2/5 (see also Ref. 29 where a similar but simpler regime is considered). Proving condensation for κ = 2/3, i.e., directly in the
thermodynamic limit, is a challenging and widely open problem so far; see Refs. 30 and 31 for preliminary results. Note that all the mentioned
results are valid in the canonical setting, while, on the contrary, the grand canonical setting is considered here.

II. DEFINITION OF THE TRIAL STATE
To obtain an upper bound on the ground state energy of the operator HN defined in (1.2), we have to show a trial state whose energy is

bounded by the rhs of (1.4). We first rewrite the Hamiltonian using the bosonic creation and annihilation operators a∗p , ap, and p ∈ Λ∗ = 2πZ3

as follows:

HN = ∑
p∈Λ∗

p2a∗p ap +
1

2N1−κ ∑
p,q,r∈Λ∗

V̂(r/N1−κ) a∗p+ra∗q aq+rap. (2.1)
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Our trial state is defined as in Ref. 7, and we recall here the definition referring the reader to Ref. 7 for more details. First, we introduce the
Weyl operator

WN0 = exp[
√

N0a∗0 −
√

N0a0], (2.2)

where N0 > 0 is a parameter to be fixed. The role of WN0 is to generate the condensate; indeed, we expect most of the particle to be in the
condensate wave function [i.e., φ(x) = 1, which is the ground state of the non-interacting problem]. Next, we have to take into account
correlations among particles due to the presence of interaction. To this end, we consider the solution to the Neumann problem on the ball
∣x∣ < N1−κℓ,

[−Δ + 1
2

V] fℓ = λℓ fℓ, (2.3)

with 0 < ℓ < 1/2 and with the boundary condition f (x) = 1 if ∣x∣ = N1−κℓ. Furthermore, we define fN,ℓ(x) = fℓ(N1−κx) and set
ηp = −Nω̂N,ℓ(p), where wN,ℓ = 1 − fN,ℓ and the hat denotes the Fourier transform. Note that ∣ηp∣ ≤ CNκp−2. To define the quadratic trans-
formation, we also have to introduce two sets of momenta: the set of low momenta PL = {p ∈ Λ∗ : ∣p∣ ≤ Nκ/2+ε} ⊂ Λ∗ and its complement PC

L .
Then, to obtain the desired upper bound, we will consider a Bogoliubov transform whose kernel coincides with η on PC

L . On the other hand,
on the set of low momenta, we consider the kernel τ defined by

tanh(2τp) = −
8πaNκ

p2 + 8πaNκ .

We are now ready to introduce the Bogoliubov transformation

Tν = exp
⎛
⎝

1
2 ∑p∈Λ∗

+

νp(a∗p a∗−p − h.c.)
⎞
⎠

,

where the coefficients νp are defined as follows: νp = ηp for p ∈ PC
L and νp = τp for p ∈ PL. However, Tν is still not enough to obtain the energy

correct up to the second order, and to give a more precise description of correlations, we consider a cubic operator. To do so, we first
introduce the notations γp = cosh(νp) and σp = sinh(νp). We also need two new sets of momenta: PH = {p ∈ Λ∗ : ∣p∣ > N1−κ−ε} and PS = {p ∈
Λ∗ : Nκ/2−ε ≤ ∣p∣ ≤ Nκ/2+ε} ⊂ PL. Let us mention that considering the restriction of η to PH (denoted by ηH) and the restriction of γ and σ to
PS (denoted by γS and σS, respectively), we have

∥ηH∥2 ≤ CN3κ−1+ε, ∥ηH∥2
H1 ≤ CN1+κ, ∥ηH∥∞ ≤ CN3κ−2+2ε (2.4)

and
∥σS∥2 ≤ CN3κ/2, ∥σS∥2

H1 ≤ CN5κ/2+ε,

∥γSσS∥1 ≤ CN3κ/2+ε, ∥γS∥2
∞, ∥σS∥2

∞ ≤ CNε.
(2.5)

With this notation at hand, we can finally define the desired cubic operator. Specifically,

Aν =
1√
N
∑

r∈PH ,v∈PS :
r+v∈PH

ηrσv a∗r+va∗−ra∗−vΘr,v , (2.6)

where the operator Θr,v , for r ∈ PH , v ∈ PS with r + v ∈ PS, is defined by

Θr,v =∏
s∈PH

[1 − χ(Ns > 0)χ(N−s+v > 0)] ∏
w∈PS

[1 − χ(Nw > 0)χ(Nr−w +N−r−v−w > 0)]. (2.7)

In (2.7), Np = a∗p ap counts the number of particles with momentum p and χ is the characteristic function. The trial state we are going to
consider to prove (1.4) is obtained acting on the vacuum vector Ω ∈ F first with the operator eAν and then with Tν followed by WN0 ; finally,
since eAν is not a unitary operator, we have to normalize

ΨN =
WN0 TνeAν Ω
∥eAν Ω∥2 .

Here, we fixed N0 = N − ∥σL∥2.
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Let us stress that the role of the operator Θr,v in the definition of Aν in (2.6) is to avoid certain relations among momenta created by the
action of eAν on the vacuum, and this results in a drastic simplification of the computations. As discussed in Ref. 7 (Sec. 2), one can write

Am
ν Ω = 1

Nm/2 ∑
r1∈PH ,v1∈PS :

r1+v1∈PH

⋅ ⋅ ⋅ ∑
rm∈PH ,vm∈PS :

rm+vm∈PH

m

∏
i=1

ηri σvi

× θ({rj, vj}m
j=1)a∗rm+vm a∗−rm a∗−vm . . . a∗r1+v1 a∗−r1 a∗v1 Ω,

where θ encodes all the restrictions mentioned above,

θ({rj, vj}m
j=1) =

m

∏
i,j, k=1

j≠k

∏
pi∈{−ri ,ri+vi}

pk∈{−rk ,rk+vk}

δ−pi+vj≠pk. (2.8)

Then, setting ξν = eAν Ω, one has

∥ξν∥2 = ∑
m≥0

1
2mm!

1
Nm ∑

v1∈PS ,r1∈PH :
r1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm∈PH :

rm+vm∈PH

θ({rj, vj}m
j=1)

m

∏
i=1
(ηri + ηri+vi)2σ2

vi. (2.9)

III. PROOF OF THE MAIN THEOREM
In this section, we discuss the modifications that are needed to extend the result obtained in Ref. 7 to a larger set of choices of κ, proving

Theorem 1.1.
Let

GN = T∗ν W∗

N0HN WN0 Tν

so that ⟨ΨN ,HN ΨN⟩ = ⟨ξN ,GN ξN⟩/∥ξN∥2. Moreover, let us introduce the kinetic energy operator K = ∑p∈Λ∗p2a∗p ap and the operators

V (H)N = 1
2 N ∑

r∈Λ∗ , p,q∈PH :
p+r,q+r∈PH

NκV̂(r/N1−κ)a∗p+ra∗q apaq+r (3.1)

and

CN =
√

N0

N ∑
p,r∈PH
p+r∈PS

NκV̂(r/N1−κ) σp+rγpγr (a∗p+ra∗−pa∗−r + h.c.). (3.2)

Finally, let

CGN =
N1+κ

2
V̂(0) + ∑

p∈Λ∗
+

p2σ2
p + ∑

p∈Λ∗
+

NκV̂(p/N1−κ)σpγp

+ ∑
p∈PL

NκV̂(p/N1−κ)σ2
p +

1
2N ∑

p,r∈Λ∗
+

r≠p

NκV̂(r/N1−κ)σpσp−rγpγp−r

− 1
N ∑v∈PL

σ2
v∑

p∈Pc
L

NκV̂(p/N1−κ)ηp.

(3.3)

It has been shown in Ref. 7 (Proposition 3.1) that, for any 0 < κ < 2/3 and ε > 0 such that 3κ − 2 + 4ε < 0,

⟨ΨN ,HN ΨN⟩ =
⟨ξν,GN ξν⟩
∥ξν∥2 ≤ CGN +

⟨ξν, (K + V (H)N + CN)ξν⟩
∥ξν∥2 + ⟨ξν,Eξν⟩

∥ξν∥2 , (3.4)

with
⟨ξν,Eξν⟩
∥ξν∥2 ≤ CN5κ/2 ⋅max{N−ε, N9κ−5+6ε, N21κ/4−3+3ε}. (3.5)
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Moreover, CGN and the expectation on ξν of the operators K,C,V (H)N provide the correct energy up to an error that is small under the previous
assumptions (see Ref. 7, Secs. 3 and 5),

CGN +
⟨ξν, (K + V (H)N + CN)ξν⟩

∥ξν∥2 ≤ 4πaN1+κ(1 + 128
15
√

π
(a3N3κ−2)1/2) + CN5κ/2 max{N−ε, N12κ−7+5ε}. (3.6)

The bound (3.5) was obtained in Ref. 7 using suitable bounds on the expectation over ξν of products of the kinetic energy K and powers of
the particle number operator N = ∑p∈Λ∗a∗p ap. However, it is clearly not compatible with the claim that (1.4) is satisfied for all κ < 7/12 and is
indeed responsible for the request κ < 5/9 in Ref. 7. Therefore, in order to prove Theorem 1.1, we have to obtain an improved estimate on the
expectation of the error term E coming from the quadratic transformation.

Remark. Note that the error of the form N5κ/2N12κ−7+5ε appearing in (3.6) and coming from the action of the cubic operator eAν , in
particular from the restrictions on the allowed momenta encoded in the operator Θ, cannot be improved with the methods presented here.
Therefore, to treat k > 7/12, new ideas are needed.

To improve the estimate (3.5), we first identify, with a careful reading of the proof of Proposition 3.1 in Ref. 7, those terms in E, giving
the worst rate. Using the notation of Ref. 7, Sec. 4 they are F2, F3, the first two terms in G2, the first term in G3 and G1−V (H)N (note that they all
come from the conjufation of the cubic and quartic term). Therefore, we rewrite

E = E1 + E2 (3.7)

with
⟨ξνE1ξν⟩
∥ξν∥2 ≤ CN5κ/2−ε (3.8)

for all κ < 2/3 choosing ε small enough. Thus, we can focus on E2 that can be split as

E2 = EC + ES + EH + EM. (3.9)

Here, EC is the cubic operator defined by

EC =
√

N0

N ∑
p∈PH ,r∈PS :

p+r∈PH

α(p, r)(a∗p+ra∗−pa∗−r + h.c.), (3.10)

where we introduced the notation

α(p, r) = Nκ(V̂( r
N1−κ ) + V̂( p

N1−κ ))(γrγpσp+r + σrσpγp+r).

On the other hand, ES,EH , and EM are quartic operators. In particular, in EH , only operators with high momenta appear, and it is defined by

EH = EH,1 + EH,2

= 1
2N∑r∈Λ∗

∑
p,q∈PH :

p+r,q+r∈PH

β1(p, q, r)a∗p a∗q+raqap+r +
1
N∑r∈Λ∗

+

∑
p,q∈PH :

p+r,q+r∈PH

β2(p, q, r)a∗p+ra∗−paq+ra−q, (3.11)

where

β1(p, q, r) = NκV̂( r
N1−κ )[(γpγqγp+rγq+r − 1) + σpσp+rσqσq+r + γpγp+rσqσq+r],

β2(p, q, r) = NκV̂( r
N1−κ )γp+rγq+rσpσq.

Conversely, in ES, only momenta in PS are involved. In fact, setting

ζ1(p, q, r) = NκV̂( r
N1−κ )(σpσp+rσqσq+r + γpγqγp+rγq+r + γpγp+rσqσq+r),

ζ2(p, q, r) = NκV̂( r
N1−κ )γp+rγq+rσpσq,
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we have

ES = ES,1 + ES,2 =
1

2N∑r∈Λ∗
∑

p,q∈PS :
p+r,q+r∈PS

ζ1(p, q, r)a∗p a∗q+raqap+r +
1
N∑r∈Λ∗

+

∑
p,q∈PS :

p+r,q+r∈PS

ζ2(p, q, r)a∗p+ra∗−paq+ra−q. (3.12)

Finally, EM contains terms where two operators have momenta in PH and two operators have momenta in PS. More precisely,

EM =EM,1 + EM,2 + EM,3

= 1
N ∑r∈Λ∗

∑
p,q∈PH :

p+r,q+r∈PS

φ1(p, q, r)a∗p a∗q+raqap+r

+ 1
N ∑r∈Λ∗

+

∑
p,q∈PH :

p+r,q+r∈PS

φ2(p, q, r)a∗p+ra∗−paq+ra−q

+ 1
N ∑r∈Λ∗

∑
p∈PS ,q∈PH :

p+r∈PS ,q+r∈PH

φ3(p, q, r)a∗p a∗q+raqap+r ,

(3.13)

with

φ1(p, q, r) =NκV̂( r
N1−κ )(σpσqσp+rσq+r + γpγqγp+rγq+r + 2γpγp+rσqσq+r),

φ2(p, q, r) =NκV̂( r
N1−κ )(γp+rγq+rσpσq+γpγq+rσp+rσq+γp+rγqσpσq+r+γpγqσp+rσq+r),

φ3(p, q, r) =NκV̂( r
N1−κ )(σpσp+rσqσq+r+γpγqγp+rγq+r+γpγp+rσqσq+r+σqσp+rγpγq+r).

Our goal is to prove

⟨ξν,E2ξν⟩
∥ξν∥2 ≤ CN5κ/2−ε (3.14)

for all κ < 2/3 and ε small enough.
Then, (3.14) together with (3.4), (3.6)–(3.8) immediately yield (1.4)
To obtain the improved estimate (3.14), the idea is to compute the expectation of each operator appearing on the right hand side of (3.9)

using the definition of ξν. This is done in the rest of this section.

Remark. Note that (3.7), (3.8), and (3.14) imply that the quadratic conjugation only produces errors that remain small up to the ther-
modynamic limit, i.e., for all κ < 2/3. Indeed, the restriction to κ < 7/12 comes from the action of the exponential of the cubic operator
[see (3.6)].

A. Bound of the expectation of EC on ξν

We start noting that the cubic error term EC has the same structure as the cubic term C, giving a large contribution to the energy analyzed
in Ref. 7 (Sec. 5.2).

Recalling the definition of Aν given in (2.6), we easily obtain

⟨ξν,ECξν⟩ = 2
√

N0

N ∑
m≥1

1
m!(m − 1)! ∑

p∈PH ,r∈PS :
p+r∈PH

α(p, r)⟨Am
ν Ω, a∗p+ra∗−pa∗−rAm−1

ν Ω⟩

= 2

√
N0

N ∑m≥1

1
m!(m − 1)!Nm ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm∈PH :

rm+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m−1

j=1 )

×
m

∏
i=1

ηrj σvj

m−1

∏
j=1

ηr̃j σṽj ∑
p∈PH ,r∈PS :

p+r∈PH

α(p, r)⟨Ω, arm+vm . . . a−v1 a∗p+ra∗−pa∗−ra∗r̃m−1+ṽm−1 . . . a∗−ṽ1 Ω⟩.
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Noting that the expectation in the last line vanishes unless there exists an index i ∈ {1, . . . , m} such that r = vi and pairing the remaining
momenta in PS (by symmetry, we can assume r = −vm and ṽj = vj for all j = 1, . . . , m − 1), we find

⟨ξν,ECξν⟩ = 2

√
N0

N ∑m≥1

1
(m − 1)!Nm ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm∈PH :

rm+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m−1

j=1 )

×
m−1

∏
j=1

ηrj ηr̃j σ
2
vj ηrm σvm ∑

p∈PH :
p+vm∈PH

α(p, vm)⟨Ω, Arm ,vm . . .Ar1 ,v1 A∗p,vm . . .A∗−r̃1 ,v1 Ω⟩,
(3.15)

where we introduced the notation Ar,v = ar+va−r for any v ∈ PS and r ∈ PH such that r + v ∈ PH (and A∗r,v to denote the adjoint). Using now the
fact that, due to the presence of θ({rj, vj}m

j=1)θ({r̃j, vj}m−1
j=1 ), each Arj ,vj has to be contracted with A∗r̃j ,vj

for any j = 1, . . . , m– 1 and, therefore,
Arm ,vm is contracted with A∗p,vm , we obtain

⟨ξν,ECξν⟩ = 2

√
N0

N ∑m≥1

1
(m − 1)!Nm ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm∈PH :

rm+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m−1

j=1 )

×
m−1

∏
j=1

ηrj ηr̃j(δr̃j ,rj + δ−r̃j ,rj+vj)σ
2
vj ηrm σvm ∑

p∈PH :
p+vm∈PH

α(p, vm) ∑
pm∈{−rm ,rm+vm}

δ−p,pm.

(3.16)

We now note that

∣α(p, vm)δp,−pm ∣ ≤ CNκ(γvm ∣σ−pm+vm ∣ + ∣σvm∥σpm ∣).

Taking the absolute value in (3.16) and using the fact that when all terms in the sum are positive, we can replace θ({rj, vj}m
j=1) with

θ({rj, vj}m−1
j=1 ) obtaining an upper bound. Therefore, using (2.4), (2.5), and (2.9) we obtain

∣⟨ξν,ECξν⟩∣
∥ξν∥2 ≤ CNκ−1∥ηH∥2(∥γSσS∥1 + ∥σS∥2) ≤ CN5κ/2−ε (3.17)

for all κ < 2/3 and ε small enough.

B. Bound of the expectation of EH on ξν

To bound the quartic error term EH , we start considering EH,1 that has the same form as the large quartic term V (H)N (see Ref. 7, Sec. 5.3).
We write

⟨ξν,EH,1ξν⟩ = ∑
m≥1

1
m!

1
2Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)
m

∏
j=1

ηrj ηr̃j σ
2
vj

× ∑
r∈Λ∗

∑
p,q∈PH :

p+r,q+r∈PH

β1(p, q, r)⟨Ω, Ar1 ,v1 . . .Arm ,vm a∗p a∗q+raqap+rA∗r̃1 ,v1 . . .A∗r̃m ,vm Ω⟩,

where we paired all momenta in PS.
We now distinguish two contributions: the first one corresponds to the situation in which aq and ap+r are annihilated with A∗r̃i ,vi

for some
i = 1, . . . , m [this also implies, taking into account the presence of θ({rj, vj}m

j=1)θ({r̃j, vj}m
j=1), that a∗p , a∗q+r are annihilated with Ari ,vi ]. The

second case on the other hand arises when aq and ap+r are annihilated with a∗p̃i
, a∗p̃j

for p̃ℓ ∈ {−r̃ℓ, r̃ℓ + vℓ}, ℓ = i and j with i ≠ j (then, a∗p , a∗q+r

are annihilated with api , apj for pℓ ∈ {−rℓ, rℓ + vℓ}, ℓ = i and j, and a∗
−p̃i+vi

, a∗
−p̃j+vj

are annihilated with a−pi+vi , a−pj+vj ).
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We denote the two contributions described in the previous paragraph by A and B, respectively, so that

⟨ξν,EH,1ξν⟩ = A + B, (3.18)

with

A = ∑
m≥1

1
(m − 1)!

1
2Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σ
2
vj

m−1

∏
j=1
(δrj ,r̃j + δ−rj ,r̃j+vj)∑

r∈Λ∗
∑

p∈PH

β1(p, vm − p − r, r) ∑
pm∈{−rm ,rm+vm}

p̃m∈{−r̃m ,r̃m+vm}

δp,pm δp+r,p̃m ,

B = ∑
m≥2

1
(m − 2)!

1
2Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 , r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm , r̃m+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)

×
m

∏
i=1

ηri ηr̃i σ
2
vi

m−2

∏
j=1
(δr̃i ,ri + δ−r̃i ,ri+vi)∑

r∈Λ∗
∑

p,q∈PH

β1(p, q, r) ∑
pℓ∈{−rℓ ,rℓ+vℓ}

ℓ=m−1,m

δp,pm δq+r,pm−1

× ∑
p̃ℓ∈{−r̃ℓ ,r̃ℓ+vℓ}

ℓ=m−1,m

(δq,p̃m δp+r,p̃m−1 + δq,p̃m−1 δp+r,p̃m)(δp̃m ,pm + δ−p̃m+vm ,−pm−1+vm−1).

Thus, the bound

∣β1(p, vm − p − r, r)δp,pm δp+r,p̃m ∣ ≤CNκV̂( r
N1−κ )(∣ηp∣3 + ∣ηp+r ∣3 + ∣ηp−vm ∣3 + ∣ηp+r−vm ∣3)

+ CNκ(∥ηH∥2
∞∣ηp∥ηp+r ∣ + ∣ηp−vm∥ηp+r−vm ∣)

yields

A
∥ξν∥2 ≤ CNκ−2∥σS∥2(N∥ηH∥2

∞∥ηH∥2 + ∥ηH∥2
∞∥ηH∥4 + ∥ηH∥4), (3.19)

where we used the bound supr∈Λ∗∑p∈PH
NκV̂(r/N1−κ)/∣p − r∣2 ≤ N and the fact that ∣ηp∣ ≤ CNκ∣p∣−2.

On the other hand, since supr∈Λ∗ ,p,q∈PH :
p+r,q+r∈PH

∣β1(p, q, r)∣ ≤ CNκ∥ηH∥2
∞, we obtain

∣B∣
∥ξν∥2 ≤ CNκ−3∥σS∥4∥ηH∥4∥ηH∥2

∞. (3.20)

We now consider EH,2. First, pairing all momenta in PS, we rewrite

⟨ξν,EH,2ξν⟩ = ∑
m≥1

1
m!

1
Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)
m

∏
j=1

ηrj ηr̃j σ
2
vj

× ∑
r∈Λ∗

∑
p,q∈PH :

p+r,q+r∈PH

β2(p, q, r)⟨Ω, Ar1 ,v1 . . .Arm ,vm a∗p+ra∗−paq+ra−qA∗r̃1 ,v1 . . .A∗r̃m ,vm Ω⟩.

We note that also in this case, we can distinguish two contributions depending on whether the operators aq+ra−q are annihilated with A∗r̃j ,vj
or

with a∗p̃j
, a∗p̃k

, with p̃ℓ ∈ {−r̃ℓ, r̃ℓ + vℓ}, ℓ = j, k with j ≠ k.
Hence, we split

⟨ξν,EH,2ξν⟩ = C +D, (3.21)
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with C and D defined by

C = ∑
m≥1

1
(m − 1)!

1
Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)ηrm ηr̃m σ2
vm

×
m−1

∏
j=1

ηrj ηr̃j σ
2
vj(δr̃j ,rj + δ−r̃j ,rj+vj) ∑

p,q∈PH

β2(p, q, vm) ∑
pm∈{−rm ,rm+vm}

p̃m∈{−r̃m ,r̃m+vm}

δ−p,pm δ−q,p̃m ,

D = ∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σ
2
vj

m−2

∏
i=1
(δr̃j ,rj + δ−r̃j ,rj+vj)∑

r∈Λ∗
∑

p,q∈PH

β2(p, q, r) ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{−r̃ℓ ,r̃ℓ+vℓ}

ℓ=m−1,m

δ−q,p̃m δq+r,p̃m−1

× (δ−p,pm δp+r,pm−1 + δ−p,pm−1 δp+r,pm)(δpm ,p̃m + δ−p̃m+vm ,−pm−1+vm−1).

Taking the absolute value, which allows us to forget θ({r̃j, vj}m
j=1) and replace θ({rj, vj}m

j=1) with θ({rj, vj}m−1
j=1 ), and noting that ∣β2(p, q, r)∣

≤ CNκ∣ηp∥ηq∣ for any r ∈ Λ∗, p, q ∈ PH with p + r, q + r ∈ PH , we obtain

∣C∣
∥ξν∥2 ≤ CNκ−2∥σS∥2∥ηH∥4 (3.22)

and
∣D∣
∥ξν∥2 ≤ CNκ−3∥σS∥4∥ηH∥4∥ηH∥2

∞. (3.23)

With (3.18) and (3.21), using the bounds (3.19), (3.20), (3.22), and (3.23) and recalling (2.4) and (2.5), we obtain

∣⟨ξν,EHξν⟩∣
∥ξν∥2 ≤ CN5κ/2−ε (3.24)

for any κ < 2/3 and ε small enough.

C. Bound of the expectation of ES on ξν

In this subsection, we focus on ES. Let us first consider the contribution coming from ES,1. Recalling the definition of ES,1, see (3.12), we
can write

⟨ξν,ES,1ξν⟩ =∑
m≥2

1
(m!)2

1
2Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj ∑
r∈Λ∗

∑
p,q∈PS :

p+r,q+r∈PS

ζ1(p, q, r)

× ⟨Ω, arm+vm a−rm a−vm . . . a−v1 a∗p+ra∗q apaq+ra∗r̃m+ṽm a∗−r̃m a∗−ṽm . . . a∗−ṽ1 Ω⟩. (3.25)

We note that the scalar product in the last line of (3.25) does not vanish only if there exist i, j, k, and ℓ such that q = −ṽi, p + r = −ṽj, p = −vk,
q + r = −vℓ, which immediately implies r = vk − ṽj and ṽi = vk + vℓ − ṽj. By symmetry, we can assume i = k = m and j = ℓ = m– 1, obtaining a
factor m2(m − 1)2 in front. Pairing also the remaining m − 2 momenta in PS, we obtain

⟨ξν,ES,1ξν⟩ = ∑
m≥2

1
(m − 2)!

1
2Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

ζ1(−vm,−ṽm, vm − ṽm−1)

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj δṽm ,vm+vm−1−ṽm−1

m−2

∏
i=1

δṽi ,vi

× ⟨Ω, Arm ,vm . . .Ar1 ,v1 A∗r̃m ,vm+vm−1−ṽm−1 A∗r̃m−1 ,ṽm−1 A∗r̃m−2 ,vm−2 . . .A∗r̃1 ,v1 Ω⟩.
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We now distinguish three contributions. The first contribution, which we will denote by I, corresponds to the situation in which the operators
in Arm ,vm and Arm−1 ,vm−1 are annihilated with the operators in A∗r̃m ,vm+vm−1−ṽm−1

and A∗r̃m−1 ,ṽm−1
, respectively (note that this immediately implies

vm−1 = ṽm−1). The second contribution, denoted by II, is on the contrary obtained when Arm ,vm is annihilated with A∗r̃m−1 ,ṽm−1
and Arm−1 ,vm−1 is

annihilated with A∗r̃m ,vm+vm−1−ṽm−1
(then, ṽm−1 = vm). Finally, there is a third term, denoted by III, arising when one operator in Arm ,vm is annihi-

lated with an operator in A∗r̃m−1 ,ṽm−1
and the other with an operator in A∗r̃m ,vm+vm−1−ṽm−1

(and analogously, an operator in Arm−1 ,vm−1 is annihilated
with an operator in A∗r̃m−1 ,ṽm−1

and the other with an operator in A∗r̃m ,vm+vm−1−ṽm−1
). Let us stress that in all these cases, the operators Arj ,vj are

annihilated with the operators A∗r̃j ,vj
for any j = 1, . . . , m − 2 due to the presence of the restrictions encoded in θ({rj, vj}m

j=1)θ({r̃j, ṽj}m
j=1).

Summarizing, we have ⟨ξν,ES,1ξν⟩ = I + II + III, with

I =∑
m≥2

1
(m − 2)!

1
2Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

ζ1(−vm,−vm, vm − vm−1)

× θ({rj, vj}m
j=1)θ({r̃j, vj}m

j=1)
m

∏
j=1

ηrj ηr̃j σ
2
vj(δr̃j ,rj + δ−r̃j ,rj+vj),

II =∑
m≥2

1
(m − 2)!

1
2Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

ζ1(−vm,−ṽm, vm − ṽm−1)

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj δṽm ,vm+vm−1−ṽm−1

×
m−2

∏
i=1

δṽi ,vi(δr̃i ,ri + δ−r̃i ,ri+vi)δṽm−1 ,vm ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{−r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δp̃m−1 ,pm δp̃m ,pm−1.

III =∑
m≥2

1
(m − 2)!

1
2Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

ζ1(−vm,−ṽm, vm − ṽm−1)

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj δṽm ,vm+vm−1−ṽm−1

×
m−2

∏
i=1

δṽi ,vi(δr̃i ,ri + δ−r̃i ,ri+vi) ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{−r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δp̃m−1 ,pm−1 δp̃m ,pm δ−p̃m−1+ṽm−1 ,−pm+vm.

Recalling the definition of ζ1 and using (2.5), we find ∣ζ1(p, q, r)∣ ≤ CNκ+2ε for any r ∈ Λ∗, p, q ∈ PS such that p + r, q + r ∈ PS. Thus,

∣I∣ + ∣II∣
∥ξν∥2 ≤ CNκ−3+2ε∥σS∥4∥ηH∥4. (3.26)

To bound III, we note that

∣δṽm ,vm+vm−1−ṽm−1 ζ1(−vm,−ṽm, vm − ṽm−1)∣ ≤ CNκ

× (∣σvm∥σṽm−1∥σvm−1 ∣∥σS∥∞ + ∣γvm∥γṽm−1∥γvm−1 ∣∥γS∥∞ + ∣γvm∥γṽm−1∥σvm−1 ∣∥σS∥∞).

Hence,
∣III∣
∥ξν∥2 ≤ CNκ−3∥ηH∥2∥ηH∥2

∞∥σS∥∞

× (∥σS∥6∥σS∥∞ + ∥γSσS∥3
1∥γS∥∞ + ∥σS∥2∥γSσS∥2

1∥σS∥∞).
(3.27)

From (3.26) and (3.27), using (2.4) and (2.5), we conclude

∣⟨ξν,ES,1ξν⟩∣
∥ξν∥2 ≤ ∣I∣ + ∣II∣ + ∣III∣∥ξν∥2 ≤ CN5κ/2−ε (3.28)

for any κ < 2/3 and ε small enough.
The error term ES,2 can be bounded analogously. Indeed, reasoning as before, we split

⟨ξν,ES,2ξν⟩ = Ĩ + ĨI + ĨII, (3.29)
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where

Ĩ = ∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+v1∈PH

⋅ ⋅ ⋅ ∑
vm∈PS ,rm ,r̃m∈PH :

rm+vm ,r̃m+vm∈PH

ζ2(vm, vm,−vm − vm−1)

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σ
2
vj(δr̃j ,rj + δ−r̃j ,rj+vj),

ĨI = ∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

ζ2(vm, ṽm,−vm − vm−1)

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj δṽm ,vm+vm−1−ṽm−1

×
m−2

∏
i=1

δṽi ,vi(δr̃i ,ri + δ−r̃i ,ri+vi)δṽm−1 ,vm ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{−r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δp̃m−1 ,pm δp̃m ,pm−1 ,

ĨII = ∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

ζ2(vm, ṽm,−vm − vm−1)

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj δṽm ,vm+vm−1−ṽm−1

×
m−2

∏
i=1

δṽi ,vi(δr̃i ,ri + δ−r̃i ,ri+vi) ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{−r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δp̃m−1 ,pm−1 δp̃m ,pm δ−p̃m−1+ṽm−1 ,−pm+vm.

Hence, noting that ∣ζ2(p, q, r)∣ ≤ CNκ∣γp+r ∣γq+r∥σp∥σq∣, we find

∣̃I∣ + ∣ĨI∣
∥ξν∥2 ≤ CNκ−3+2ε∥σS∥4∥ηH∥4 (3.30)

and

∣ĨII∣
∥ξν∥2 ≤ CNκ−3∥ηH∥2∥ηH∥2

∞∥σS∥2
∞∥γSσS∥2

1∥σS∥2. (3.31)

Using (2.4) and (2.5), we obtain from (3.28), (3.30), and (3.31) that

∣⟨ξν,ESξν⟩∣
∥ξν∥2 ≤ CN5κ/2−ε (3.32)

for any κ < 2/3 and ε small enough.

D. Bound of the expectation of EM on ξν

To conclude the proof of (3.14), EMremains to be studied. We start focusing on EM,1, and we rewrite

⟨ξν,EM,1ξν⟩ = ∑
m≥1

1
(m!)2

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

× θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)
m

∏
j=1

ηrj ηr̃j σvj σṽj ∑
r∈Λ∗

∑
p,q∈PH :

p+r,q+r∈PS

φ1(p, q, r)

× ⟨Ω, arm+vm . . . a−v1 a∗p+ra∗q apaq+ra∗r̃m+ṽm . . . a∗−ṽ1 Ω⟩.
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We now have to assume the existence of i and j = 1, . . . , m such that p + r = −vi and q + r = −ṽj; otherwise, the expectation on the last line
would vanish. In particular, we assume i = j = m since the m2 cases are all equivalent. Pairing the remaining momenta in PS, we obtain

⟨ξν,EM,1ξν⟩ = ∑
m≥1

1
(m − 1)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−1

∏
i=1

δvi ,ṽi ∑
r∈Λ∗ :

r+vm ,r+ṽm∈PH

φ1(−r − vm,−r − ṽm, r)

× ⟨Ω, Arm ,vm . . .Ar1 ,v1 a∗−r−ṽm a−r−vm A∗r̃m ,ṽm . . .A∗r̃1 ,v1 Ω⟩.

At this point, we recognize that, due to the presence of the restrictions encoded in θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1), if the operator a−r−vm is anni-
hilated with an operator in A∗r̃j ,vj

, then the operator a∗−r−ṽm
has to be annihilated with an operator in Arj ,vj . In particular, if j = m, then the

remaining operator in A∗r̃m ,ṽm
has to be contracted with the remaining operator in Arm ,vm , and we obtain a contribution denoted by M1. On

the other hand, if j ≠ m (by symmetry, we assume j = m − 1), we distinguish two cases: either the remaining operator in A∗r̃m−1 ,vm−1
is annihi-

lated with the remaining operator in Arm−1 ,vm−1 and the operators A∗r̃m ,ṽm
and Arm ,vm are contracted among themselves (imposing vm = ṽm) or

the remaining operator in A∗r̃m−1 ,vm−1
is contracted with an operator in Arm ,vm and the remaining operator in Arm−1 ,vm−1 is contracted with an

operator in A∗r̃m ,ṽm
(then, we are left with one operator in A∗r̃m ,ṽm

and one in Arm ,vm that are necessarily contracted with each other). We denote
these contributions with M2 and M3, respectively.

Explicitly,
⟨ξν,EM,1ξν⟩ =M1 +M2 +M3, (3.33)

with
M1 = ∑

m≥1

1
(m − 1)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−1

∏
i=1

δvi ,ṽi(δr̃i + δr̃i+vi)∑
r∈Λ∗

φ1(−r − vm,−r − ṽm, r)

× ∑
pm∈{−rm ,rm+vm}

p̃m∈{r̃m ,r̃m+ṽm}

δr,−pm−ṽm δp̃m ,pm+ṽm−vm ,

M2 =∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m

∏
i=1

i≠m−1

δvi ,ṽi(δri ,r̃i + δ−ri ,r̃i+vi)∑
r∈Λ∗

φ1(−r − vm,−r − vm, r)

× δṽm−1 ,vm−1 ∑
pm−1∈{−rm−1 ,rm−1+vm−1}

p̃m−1∈{−r̃m−1 ,r̃m−1+vm−1}

δr,−pm−1−vm δp̃m−1 ,pm−1 ,

M3 = ∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−2

∏
i=1

δvi ,ṽi(δr̃i + δr̃i+vi)δṽm−1 ,vm−1 ∑
r∈Λ∗

φ1(−r − vm,−r − ṽm, r)

× ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δr,−pm−1−ṽm δp̃m−1 ,pm−1+ṽm−vm δp̃m ,pm−vm+ṽm δpm−1 ,−pm+vm−ṽm+vm−1.

Since
∣φ1(−r − vm,−r − ṽm, r)δr,−pm−ṽm δp̃m ,pm+ṽm−vm ∣

≤ CNκ(∥ηH∥2
∞∣σvm∥σṽm ∣ + ∣γvm∥γṽm ∣ + ∥ηH∥∞∣γvm∥σṽm ∣),

we have
∣M1∣
∥ξν∥2 ≤ CNκ−2∥ηH∥2(∥σS∥4∥ηH∥2

∞ + ∥σSγS∥2
1 + ∥σS∥2∥γSσS∥1∥ηH∥∞). (3.34)
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On the other hand, using the fact that

∣φ1(−r − vm,−r − vm, r)∣δr,−pm−1−vm δp̃m−1 ,pm−1 ∣ ≤ CNκ(∥ηH∥2
∞∥σS∥2

∞ + ∥γS∥2
∞ + ∥γS∥∞∥σS∥∞∥ηH∥∞),

we obtain

∣M2∣
∥ξν∥2 ≤ CNκ−3∥ηH∥4∥σS∥4(∥σS∥2

∞∥ηH∥2
∞ + ∥γS∥2

∞ + ∥γS∥∞∥σS∥∞∥ηH∥∞). (3.35)

Finally, we note that

∣φ1(−r − vm,−r − ṽm, r)δr,−pm−1−ṽm δp̃m−1 ,pm−1+ṽm−vm ∣
≤ CNκ(∥ηH∥2

∞∣σvm∥σṽm ∣ + ∣γvm∥γṽm ∣ + ∥ηH∥∞∣γvm∥σṽm ∣).

Therefore,

∣M3∣
∥ξν∥2 ≤ Nκ−3∥ηH∥2∥ηH∥2

∞∥σS∥2(∥σS∥4∥ηH∥2
∞ + ∥γSσS∥2

1 + ∥σS∥2∥γSσS∥1∥ηH∥∞). (3.36)

With (3.33)–(3.36), we conclude, using (2.4) and (2.5), that for any κ < 2/3 and ε small enough,

⟨ξν,EM,1ξν⟩
∥ξν∥2 ≤ CN5κ/2−ε. (3.37)

We now consider the expectation on ξν of EM,2. We have by definition

⟨ξν,EM,2ξν⟩ = ∑
m≥1

1
(m!)2

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj ∑
r∈Λ∗

∑
p,q∈PH :

p+r,q+r∈PS

φ2(p, q, r)

× ⟨Ω, arm+vm . . . a−v1 a∗p+ra∗−paq+ra−qa∗r̃m+ṽm . . . a∗−ṽ1 Ω⟩.

We note that there are necessarily i and j such that p + r = −vi and q + r = −ṽj. Assuming by symmetry i = j = m and pairing the remaining
m − 1 momenta in PS, we obtain

⟨ξν,EM,2ξν⟩ = ∑
m≥1

1
(m − 1)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−1

∏
i=1

δṽi ,vi ∑
r∈Λ∗ :

r+vm ,r+ṽm∈PH

φ2(−r − vm,−r − ṽm, r)

× ⟨Ω, Arm ,vm . . .Ar1 ,v1 a∗r+vm ar+ṽm A∗r̃m ,ṽm A∗r̃m−1 ,vm−1 . . .A∗r̃1 ,v1 Ω⟩
= M̃1 + M̃2 + M̃3,
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where

M̃1 =∑
m≥1

1
(m − 1)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−1

∏
i=1

δvi ,ṽi(δr̃i + δr̃i+vi)∑
r∈Λ∗

φ2(−r − vm,−r − ṽm, r)

× ∑
pm∈{−rm ,rm+vm}

p̃m∈{r̃m ,r̃m+ṽm}

δr,pm−vm δp̃m ,pm+ṽm−vm ,

M̃2 =∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m

∏
i=1

i≠m−1

δvi ,ṽi(δri ,r̃i + δ−ri ,r̃i+vi)∑
r∈Λ∗

φ2(−r − vm,−r − vm, r)

× δṽm−1 ,vm−1 ∑
pm−1∈{−rm−1 ,rm−1+vm−1}

p̃m−1∈{−r̃m−1 ,r̃m−1+vm−1}

δr,−pm−1−vm δp̃m−1 ,pm−1 ,

M̃3 =∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−2

∏
i=1

δvi ,ṽi(δr̃i + δr̃i+vi)δṽm−1 ,vm−1 ∑
r∈Λ∗

φ2(−r − vm,−r − ṽm, r)

× ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δr,pm−1−vm δp̃m−1 ,pm−1+ṽm−vm δp̃m ,pm−vm+ṽm δpm−1 ,−pm+vm−ṽm+vm−1.

Thus, the bound

∣φ2(−r − vm,−r − ṽm, r)δr,pm−vm δp̃m ,pm+ṽm−vm ∣
≤ CNκ(∥ηH∥2

∞∣γvm∥γṽm ∣ + ∥ηH∥∞∣γṽm∥σvm ∣ + ∥ηH∥∞∣γvm∥σṽm ∣ + ∣σvm∥σṽm ∣)

implies

∣M̃1∣
∥ξν∥2 ≤ CNκ−2∥ηH∥2(∥γSσS∥2

1∥ηH∥2
∞ + ∥γSσS∥1∥σS∥2∥ηH∥∞ + ∥σS∥4). (3.38)

On the other hand, noting that

∣φ2(−r − vm,−r − vm, r)δṽm−1 ,vm−1 δr,−pm−1−vm δp̃m−1 ,pm−1 ∣
≤ CNκ(∥γS∥2

∞∥ηH∥2
∞ + ∥γS∥∞∥σS∥∞∥ηH∥∞ + ∥σS∥2

∞),

we obtain

∣M̃2∣
∥ξν∥2 ≤ CNκ−3∥ηH∥4∥σS∥4(∥γS∥2

∞∥ηH∥2
∞ + ∥ηH∥∞∥σS∥∞∥γS∥∞ + ∥σS∥2

∞). (3.39)

Finally, using

∣φ2(−r − vm,−r − ṽm, r)δr,pm−1−vm δp̃m−1 ,pm−1+ṽm−vm ∣
≤ CNκ(∥ηH∥2

∞∣γvm∥γṽm ∣ + ∥ηH∥∞∣γṽm∥σvm ∣ + ∥ηH∥∞∣γvm∥σṽm ∣ + ∣σvm∥σṽm ∣),

we obtain

∣M̃3∣
∥ξν∥2 ≤ CNκ−3∥ηH∥2∥ηH∥2

∞∥σS∥2(∥γSσS∥2
1∥ηH∥2

∞ + ∥γSσS∥1∥σS∥2∥ηH∥∞ + ∥σS∥4). (3.40)
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From (3.38)–(3.40) and recalling (2.4) and (2.5), we obtain for κ < 2/3 and ε small enough

⟨ξν,EM,2ξν⟩
∥ξν∥2 ≤ ∣M̃1∣ + ∣M̃2∣ + ∣M̃3∣

∥ξν∥2 ≤ CN5κ/2−ε. (3.41)

To conclude, we still have to bound the expectation of EM,3 on the state ξν. Proceeding similarly as before, we write

⟨ξν,EM,3ξν⟩ =M′1 +M′2 +M′3,

where we introduced the notations

M′1 =∑
m≥1

1
(m − 1)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−1

∏
i=1

δvi ,ṽi(δr̃i ,ri + δ−r̃i ,ri+vi)∑
q∈PH

φ3(−vm, q, vm − ṽm)

× ∑
pm∈{−rm ,rm+vm}

p̃m∈{−r̃m ,r̃m+ṽm}

δp̃m ,qδq,pm+ṽm−vm ,

M′2 =∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m

∏
i=1

i≠m−1

δvi ,ṽi(δri ,r̃i + δ−ri ,r̃i+vi)∑
q∈PH

φ3(−vm, q, vm − ṽm)

× δṽm−1 ,vm−1 ∑
pm−1∈{−rm−1 ,rm−1+vm−1}

p̃m−1∈{−r̃m−1 ,r̃m−1+vm−1}

δq,pm−1 δp̃m−1 ,pm−1 ,

M′3 =∑
m≥2

1
(m − 2)!

1
Nm+1 ∑

v1 ,ṽ1∈PS ,r1 ,r̃1∈PH :
r1+v1 ,r̃1+ṽ1∈PH

⋅ ⋅ ⋅ ∑
vm ,ṽm∈PS ,rm ,r̃m∈PH :
rm+vm ,r̃m+ṽm∈PH

θ({rj, vj}m
j=1)θ({r̃j, ṽj}m

j=1)

×
m

∏
j=1

ηrj ηr̃j σvj σṽj

m−2

∏
i=1

δvi ,ṽi(δr̃i + δr̃i+vi)δṽm−1 ,vm−1 ∑
q∈PH

φ3(−vm, q, vm − ṽm)

× ∑
pℓ∈{−rℓ ,rℓ+vℓ}

p̃ℓ∈{r̃ℓ ,r̃ℓ+ṽℓ}

ℓ=m−1,m

δq,pm−1+ṽm−vm δp̃m−1 ,qδp̃m ,pm−vm+ṽm δpm−1 ,−pm+vm−ṽm+vm−1.

Hence, we have

∣M′1∣
∥ξν∥2 ≤CNκ−1∥ηH∥2(∥σS∥4∥ηH∥2

∞ + ∥γSσS∥2
1 + ∥γSσS∥2

1∥ηH∥2
∞ + ∥σS∥2∥γSσS∥1∥ηH∥∞), (3.42)

where we used the bound

∣φ3(−vm, q, vm − ṽm)δp̃m ,qδq,pm+ṽm−vm ∣
≤ CNκ(∥ηH∥2

∞∣σvm∥σṽm ∣ + ∣γvm∥γṽm ∣ + ∥ηH∥2
∞∣γvm∥γṽm ∣ + ∥ηH∥∞∣σṽm∥γvm ∣).

Moreover, since

∣φ3(−vm, q, vm − ṽm)δq,pm−1 δp̃m−1 ,pm−1 ∣
≤ CNκ(∥ηH∥2

∞∥σS∥2
∞ + ∥γS∥2

∞ + ∥γS∥2
∞∥∥ηH∥2

∞ + ∥σS∥∞∥ηH∥∞∥γS∥∞),

we obtain

∣M′2∣
∥ξν∥2 ≤CNκ−3∥ηH∥4∥σS∥4(∥σS∥2

∞∥ηH∥2
∞ + ∥γS∥2

∞ + ∥γS∥2
∞∥ηH∥2

∞ + ∥γS∥∞∥σS∥∞∥ηH∥∞). (3.43)
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Finally, we note that

∣φ3(−vm, q, vm − ṽm)δq,pm−1+ṽm−vm δp̃m−1 ,q∣
≤ CNκ(∥ηH∥2

∞∥σvm∥σṽm ∣ + ∣γvm∥γṽm ∣ + ∥ηH∥2
∞∣γvm∥γṽm ∣ + ∥ηH∥∞∥σṽm∥γvm ∣),

which implies

∣M′3∣
∥ξν∥2 ≤ CNκ−3∥σS∥2∥ηH∥2∥ηH∥2

∞(∥σS∥4∥ηH∥2
∞ + ∥γSσS∥2 + ∥γSσS∥1∥σS∥2∥ηH∥∞). (3.44)

The bounds (3.42)–(3.44) yield, recalling (2.4) and (2.5),

⟨ξν,EM,3ξν⟩
∥ξν∥2 ≤ ∣M

′

1∣ + ∣M′2∣ + ∣M′3∣
∥ξν∥2 ≤ CN5κ/2−ε (3.45)

under the assumptions κ < 2/3 and ε small enough.
From (3.9), (3.17), (3.24), (3.32), (3.37), (3.41), and (3.45), we obtain (3.14).
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