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Abstract. For a single matrix (operator) it is well-known that the spectral gap is an important quantity, as
well as its estimate and computation. Here we consider, for the first time in the literature, the computation

of its extension to a finite family of matrices, in other words the difference between the joint spectral radius
(in short JSR, which we call here the first Lyapunov exponent) and the second Lyapunov exponent (denoted
as SLE). The knowledge of joint spectral characteristics and of the spectral gap of a family of matrices
is important in several applications, as in the analysis of the regularity of wavelets, multiplicative matrix

semigroups and the convergence speed in consensus algorithms. As far as we know the methods we propose
are the first able to compute this quantity to any given accuracy.

For computation of the spectral gap one needs first to compute the JSR. A popular tool that is the

Invariant Polytope algorithm, which relies on the finiteness property of the family of matrices, when this
holds true.

In this paper we show that the SLE may not possess the finiteness property, although it can be efficiently
approximated with an arbitrary precision. The corresponding algorithm and two effective estimates are

presented. Moreover, we prove that the SLE possesses a weak finiteness property, whenever the leading
eigenvalue of the dominant product is real. This allows us to find in certain situations the precise value of
the SLE. Numerical results are demonstrated along with applications in the theory of multiplicative matrix
semigroups and in the wavelets theory.

1. Introduction

In various contexts of the literature discrete-time linear switching systems of the form

(1)

{
x(n+ 1) = A(n)x(n) , A(n) ∈ A, n ≥ 0,

x(0) = x0

are studied extensively (see e.g. [1, 10, 18, 25] and references therein). Here A(n) is an arbitrary discrete
matrix-valued function called the switching law that takes values from a given compact family of real d× d
matrices A. We denote by F the set of all switching laws and by x(·) any trajectory, i.e., a solution of the
system (1). We are interested here in trajectories having fastest asymptotic growth as n→ ∞.

It is well known that, under general assumptions, the fastest growth is equivalent to ‖x(n)‖ ≍ ρn, where
ρ = ρ(A) is the joint spectral radius (i.e. the first Lyapunov exponent) of the family of matrices A (whose
definitions are recalled below). We focus on the the case of a finite set of real d×d-matricesA = {A1, . . . , Am}.
The set of products of length (degree) k of matrices from A, with repetitions permitted, is referred to as

(2) Ak := {As1 . . . Ask | s1, . . . , sk ∈ {1, 2, . . . ,m}}
and AN := ∪k∈NAk. For an arbitrary product Π ∈ AN, let |Π| denote its length and ρ(Π) denote its spectral
radius.
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Based on the number

(3) ρ̄k(A) := sup
Π∈Ak

ρ(Π)1/k,

Daubechies and Lagarias [10] gave the following definition of generalized spectral radius,

(4) ρ̄(A) := lim sup
k→∞

ρ̄k(A),

which turns out to be one of the possible definitions of joint spectral radius ρ(A) [4].
Several methods for the numerical computation of ρ(A) have been proposed in the literature (see e.g.

[11, 12, 19, 29]). The Invariant Polytope algorithm - which we shall shortly review in Section 3 - presented
in [12] and developed in [13, 27] computes the precise value of ρ(A) by showing that it is equal to ρ1/|Π|(Π),
where Π is some product of matrices (called spectrum maximizing product, in short s.m.p.) from the
family A.

Since ρ(A) is positively homogeneous, after a natural normalization the JSR (first Lyapunov exponent)
can be assumed to be equal to one, i.e. ρ(A) = 1. Under some general assumptions that can be verified
algorithmically, there exists a dominant product of matrices which has spectral radius one, while all other
products (except for its cyclic permutations and their powers) have spectral radii not exceeding some num-
ber q < 1. The smallest such number q is referred to as the second Lyapunov exponent (SLE); it estimates
the rate of decrease for those trajectories generated by periodic switching laws. Unless the period is associ-
ated to the dominant product, the trajectory decreases exponentially with the factor bounded by the SLE.
We denote the SLE by ρ(2) and, to underline the difference with the JSR ρ, we sometimes denote the latter
quantity by ρ(1).

One of the key differences between ρ(1) and ρ(2) is that ρ(1) is normalized by length, whereas ρ(2) is not.
It turns out that the Invariant Polytope algorithm halts if and only if the family A has a spectral gap:

one product has the spectral radius 1, and all other products which are neither powers of Π nor powers of its
cyclic permutations, have spectral radii at most ρ(2). According to numerical experiments, a vast majority
of matrix families have a dominant product, i.e., have a positive spectral gap ρ(1) − ρ(2).

The aim of this work is to analyse and estimate the spectral gap of an arbitrary matrix family and to
derive methods of its computation. Before doing this, in the next section we discuss applications of the
spectral gap and of the second Lyapunov exponent and give an overview of our main results.

1.1. Motivation and applications of the research. A main motivation is the analysis of the robustness
of the joint spectral radius and of the associated spectrum maximizing product. A natural measure for this
is the spectral gap, that is the difference between the joint spectral radius (first Lyapunov exponent) and the
second Lyapunov exponent. In analogy to the case of a single matrix, the knowledge of the spectral gap is
essential to assess the susceptivity of the joint spectral radius with respect to perturbations in the matrices
forming the family A. Due to such perturbations the spectral radii of some sensitive products of AN may
change abruptly and determine significant variations in ρ(A), even when the s.m.p. is not sensitive. A few
main applications follow.

Consensus in asynchronous multiagent systems. Consensus of multi-agent systems is an important
topic which receives increasing attention. Traditionally, the analysis of consensus ability for a given system
with switching topology can be attacked by different techniques, which are often based on some restrictive
conditions. Indeed the general consensus problem of multi-agent switching systems can be transformed into
the numerical calculation of the Lyapunov exponent for a given set of matrices and resolved by using the
existing numerical algorithms (see e.g. [5]). Such algorithms have been developed over recent years, and
are used in the analysis of stability and stabilization of linear multiagent systems with discrete time. These
methods are based on the notion of joint spectral radius of a set of matrices to analyze the rate of convergence
of matrix products with factors drawn from certain sets of matrices with special properties. The knowledge
of the joint spectral radius and of the associated spectrum maximizing product plays a central role and
quantifies the speed of convergence of the consensus process. For this the computation of the spectral gap
is important to assess its sensitivity with respect to changes/perturbations in the weights of the consensus
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network and also the speed of the process. For a survey of results on models of consensus in asynchronous
multiagent systems we refer the reader e.g. to [23].

Local regularity of fractal curves and wavelets. Fractal curves are solutions of linear functional
equations with a contraction of the argument. Among the most known examples are the classical frac-
tal curves such as the de Rham and Koch curves, the limit functions of subdivision schemes, and the wavelet
functions. Due to self-similarity, most of fractal curves possess a quite complex structure. In particu-
lar, they have a varying local regularity. The local modulus of continuity of a function f at a point x is
ωf,x(t) := sup|h|≤t |f(x+ h)− f(x)|. The local Hölder exponent at x is

αf (x) := sup
{
α
∣∣∣ ωf,x(t) ≤ C tα, t ∈ (0, 1)

}
.

Global regularity of a function is measured in a standard way by the Hölder exponent on the whole domain:

αf := sup
{
α
∣∣∣ ωf,x(t) ≤ C tα , x ∈ R, t ∈ (0, 1)

}
.

If a fractal curve does not belong to C1(R), then the values of its local regularity at various points can
fill a segment and each value from that segment is attained on an everywhere dense set of arguments x. The
local regularity of fractal curves, in particular, of Daubechies wavelets and of limit functions of subdivision
schemes, have been studied in detail [9, 10, 35] (see also [31] for general overview). The regularity of a
fractal curve can be expressed in terms of two special matrices B0, B1. We have αf = − log2 ρ(B0, B1),
where ρ(B0, B1) is the joint spectral radius [10, 35]. If x is a rational number, which has a period (s1, . . . , sℓ)
in its binary expansion, then αf (x) = − 1

ℓ log2 ρ(Π), where Π = Bs1 . . . Bsℓ . Moreover, for the modulus of
continuity at the point x, we have

ωf,x(t) ≍ tαf (x), t ∈ (0, 1),

(see [10, 35]). Thus, at every rational (but not dyadic rational) x, when ℓ ≥ 2, the local regularity is expressed
by the spectral radius of the corresponding matrix product. If x is a dyadic number, then it has two binary
expansions, one with period (0), i.e., the binary expansion ends with an infinite sequence of zeros, and one of
period (1), corresponding to the sequence of ones. In this case the local regularity is equal to the maximum
of numbers − log2 ρ(B0) and − log2 ρ(B1).

The local regularity can be estimated by the second Lyapunov exponent as follows:

If Π = Bs1 . . . Bsn is the dominant product, then for every rational x with the period (s1 . . . sn), we have

ωf,x(t) ≍ tα, t ∈ (0, 1), ,

where α = αf = − log2 ρ(B0, B1) is the Hölder exponent of f . For all other rational x, we have

ωf,x(t) ≤ C tα q−
log t
ℓ , t ∈ (0, 1).

where q = ρ(2)(B0, B2) and ℓ is the length of the period of x.

Thus, we spot the set of rational numbers x where the minimal regularity αf = αf (x) is attained. The
modulus of continuity at those points is asymptotically equivalent to tα, while for all other rational numbers.

it does not exceed C tαq−
log t
ℓ

Periodic switching laws of the linear switching systems. One of the most important problems in the
study of linear switching systems (1) is the maximal growth of their trajectories and, in particular, their
stability properties [6, 18, 19, 22, 40]. Due to homogeneity this problem is reduced, with a suitable scaling, to
the case when ρ(A) = 1. In this case the system, under the usual irreducibility assumption, i.e. the matrices
A1, A2, . . . , Am do not have a common nontrivial invariant subspace (see e.g. [12]), is weakly stable, i.e., all
trajectories are bounded, and at least one trajectory is separated from zero [1]. The latter case is realized
for periodic switching law with period k, when ‖x(n)‖ ≍ 1, n ∈ N. The second Lyapunov exponent allows
us to estimate the growth of all other trajectories with periodic switching laws and to separate them from
the fastest one. Namely: if the switching law is eventually periodic with a period Q of some length ℓ, then
its trajectory x(n) converges to zero with an exponential rate as n → ∞, unless Q is equal to Π (or to its
cyclic permutation). Moreover, ‖x(n)‖ ≤ C λn, where λ = [ρ(2)(A)]1/ℓ.
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Thus, any upper bound to the second Lyapunov exponent estimates the rate of asymptotic decay of
trajectories generated by eventually periodic switching laws, whenever the period is not dominant. This
result is also closely related to the concepts of periodic stability [8, 18].

Spectral radii of elements in matrix multiplicative semigroups.
Matrix multiplicative semigroups where all elements have the same spectral radius have been studied

in various contexts in [6, 30, 32, 33, 38]. In particular, this problem is closely related to finding all finite
semigroups of integer matrices [7, 20, 26]. Clearly, if all matrices of a semigroup have the same spectral
radius, then it must be equal to one. The problem of full classification of such semigroups is solved only in
low dimensions, for matrices of sizes d = 2, 3, for higher dimensions several conjectures have been proposed,
although the problem of identification of such semigroups is polynomially solvable [38]. For an arbitrary
matrix semigroup, the spectral gap is the distance between the maximal spectral radius of its elements
(which is equal to one) and the supremum of all other spectral radii. If the semigroup is finitely generated,
then this gap is strictly positive and is equal to ρ(1) − ρ(2), provided the set of generators A has a dominant
product. Thus, estimating the second Lyapunov exponent we determine how far is the semigroup from those
having constant spectral radius.

1.2. Overview of the main results. We show that the second Lyapunov exponent ρ(2) may not possess
the “finiteness property”, i.e., may not be achieved on a finite product of matrices from A. This is rather
surprising since the first Lyapunov exponent ρ(1) does possess the finiteness property, whenever ρ(2) is well
defined. This phenomenon suggests that the second Lyapunov exponent can hardly be found explicitly for
general sets of matrices. On the other hand, we prove that under the extra assumption that the leading
eigenvalue of the dominant product is real, we have a “weak finiteness property”: ρ(2) is achieved at a
finite product with one extra factor being the limit of powers of the dominant product Π. This allows us to
construct an algorithm of precise computation of the second Lyapunov exponent, provided the real eigenvalue
condition is satisfied. For general families, we present the branch-and-bound algorithm that computes ρ(2)

with an arbitrary precision. Also two efficient estimates for the second Lyapunov exponent and for the
spectral gap are obtained. They are both explicitly computed using the invariant polytope of the family A.

1.3. Structure of the paper. In Section 2 we introduce the joint spectral radius and present its main
properties; in Section 3 we describe the invariant polytope algorithm. In Section 4 we first (Section 4.1)
show that the second Lyapunov exponent may not satisfy the finiteness property. Section 5 is devoted to
lower and upper bounds for the second Lyapunov exponent and for the spectral gap. We derive an upper
bound (which is simple) and two lower bounds (this is more complicated) that are expressed by closed
formulas using the matrices of the family A and its invariant polytope. In Section 6 we develop the branch-
and-bound algorithm and show that it is able to compute ρ(2) with an arbitrary precision. Section 7 analyses
the real case, when the dominant product has a real leading eigenvalue. We establish the weak finiteness
property and derive an algorithm for precise computation of ρ(2). Section 8 presents numerical examples.
We analyse the efficiency of our bounds and algorithms for various families and show applications to estimate
the growth of trajectories of a linear switching system and of local regularity of fractal curves and of the
Daubechies wavelets.

2. Joint spectral radius

Let A = {A1, . . . , Am} is a family of real d × d matrices. The set of products of length (degree) k of
matrices from A, without ordering and with repetitions permitted, is referred to as Ak and AN := ∪k∈NAk.

Based on the number

(5) ρ̂k(A) := max
Π∈Ak

‖Π‖1/k,

Rota and Strang [39] were the first to give the definition of joint spectral radius of A.

Definition 2.1. The number

(6) ρ(A) := lim
k→∞

ρ̂k(A)

is said to be the joint spectral radius (JSR) of the family A.
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Note that the limit in (6) always exists and does not depend on the considered norm.
Later, Daubechies and Lagarias [10] gave Definition 4 of generalized spectral radius and shown that for

all k ≥ 1 (see (3) and (4) for the definitions of ρ̄k(A) and of ρ̄(A))

(7) ρ̄k(A) ≤ ρ̄(A) ≤ ρ̂(A) ≤ ρ̂k(A).

Finally Berger and Wang [4] proved the fundamental equality

ρ̂(A) = ρ̄(A)

Thus the spectral radius of A is simply denoted as ρ(A).
An important characterization of the spectral radius ρ(A) of a matrix family is the generalization of

Gelfand’s formula. In order to state this characterization, we define the norm of the family A as

‖A‖ := ρ̂1(A) = max
i∈I

‖Ai‖.

The following proposition provides an interesting way to either compute or approximate the joint spectral
radius by constructing a suitable norm.

Proposition 2.1 (Rota and Strang [39]). The spectral radius of a bounded family A of d × d-matrices is
characterized by

(8) ρ(A) = inf
‖·‖∈Op

‖A‖,

where Op denotes the set of operator norms.

Concerning the existence of a minimizer in (8), we recall the following definition.

Definition 2.2 (Extremal norm). We say that a norm ‖ · ‖ satisfying

‖A‖ = ρ(A)

is extremal for the family A.

The existence of an extremal norm is very important since it allows for the possibility of computing the
joint spectral radius exactly by determining such an extremal norm, when the construction can be obtained
by a finite procedure.

Hence a norm ‖ · ‖ is extremal for a family if for every x ∈ R
d, we have ‖Ax‖ ≤ ρ(A)‖x‖, A ∈ A.

3. The invariant polytope algorithm to compute the JSR.

We report here the invariant polytope algorithm (see [12, 14, 34]), a key method to compute the joint
spectral radius of a finite set of matrices by constructing an extremal norm for A, which has a polytope unit
ball. The method is sketched by Algorithm 1.

In order to illustrate Algorithm 1 we need to introduce the following definitions.

Definition 3.1 (Spectrum maximizing product). If A is a bounded family of d × d-matrices, any matrix
Π ∈ Ak satisfying ρ(Π)1/k = ρ(A) for some k ≥ 1 is called a spectrum maximizing product (s.m.p.) for A.

We remark that, as is well-known, s.m.p.’s are not always guaranteed to exist (see, e.g., [2]).
Before stating the algorithm we need the following definition.

Definition 3.2. We say that a set X ⊂ R
d is absolutely convex if, for all x1, x2 ∈ X and λ1, λ2 ∈ R such

that |λ1| + |λ2| ≤ 1, it holds that λ1x1 + λ2x2 ∈ X . Let S ⊂ C
d. Then the intersection of all absolutely

convex sets containing S is called the absolutely convex hull of S and is denoted by absco(S).
The idea implemented by Algorithm 1 is that of iteratively building a polytope which in the end is

invariant for the family Â := A/ρ(A), and hence determines an extremal polytope norm for A. The success
of the algorithm would prove that the product Π guessed as a possible spectrum maximizing product in the
preliminary phase is indeed an s.m.p. .

By leading eigenvalue λ of a matrix M we mean an eigenvalue of maximum modulus ρ(M).
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Algorithm 1: Polytope algorithm

Data: A
Result: P
begin

1 Preliminary: find a product Π of length k ≥ 1 such that ρ(Π)1/k is maximal among Ak;

2 Set Π as a candidate s.m.p.;

3 Set ̺ := ρ(Π)1/k;

4 Set Â := ̺−1A (scaling of A);

5 Compute v1, . . . ,vk leading eigenvectors of Π and of its cyclic permutations;

6 Set V0 := {v1, . . . ,vk} initial set of vertices of the polytope P;

7 Set W0 = V0;

8 Set ℓ = 0;

9 while span(Vℓ) 6= R
d do

10 Vℓ+1 := Vℓ ∪ ÂVℓ;

11 Set ℓ = ℓ+ 1;

12 Set P(ℓ) = absco(Vℓ);

13 while ÂVℓ 6⊆ P(ℓ) do
14 Set ℓ = ℓ+ 1;

15 Set Wℓ = ÂVℓ−1;

16 if Wℓ ∈ P(ℓ−1) then
17 return P := P(ℓ−1) (unit ball of the polytope extremal norm for A);

18 The algorithm halts;

else
19 Set P(ℓ) = absco (Vℓ−1 ∪Wℓ);

20 Let Vℓ the set of vertices of P(ℓ);

Algorithm 1 starts with the set W0 of k = |Π| leading eigenvectors of the cyclic permutations of the
product Π and with the corresponding polytope P(0) = absco(W0). Then the algorithm builds the multi-
tree as follows. We set W1 = W0. For each point v ∈ W0, we consider all points Ajv, j = 1, . . . ,m, remove

those are inside P(0) (the dead vertices) and add the others (alive vertices) to the setW1. After all elements v
of W0 are exhausted we obtain the set W1 and the corresponding polytope P(1) = absco(W1). Then we do
the next iteration, etc. The algorithm terminates after Nth iteration if WN = WN−1. In this case P(N) is
an invariant polytope and it is a unit ball of an extremal norm.

We address the reader to [15] as a reference with an example of application of Algorithm 1.
An implementation of Algorithm 1 would include stopping criteria to establish whether the set of new

vectors Wℓ computed at iteration ℓ lies inside or outside the current polytope P(ℓ−1).
The part of Algorithm 1 which is more computationally expensive is in most cases the preprocessing

phase, with a cost which grows exponentially in k. The use of suitable criteria to exclude certain products
(see, e.g., [11, 17]) is able to reduce this cost.

Definition 3.3. A product from AN = ∪k≥1Ak is called primitive if it is neither a power of a shorter product
nor a cyclic permutation.

As an example Π1 = (A1A
2
2)

2 = A1A
2
2A1A

2
2 is not primitive because it is the square of the shorter product

Π = A1A
2
2. Similarly Π2 = A2A1A

2
2A1A2 is not primitive because it is a cyclic permutation of Π1 which is

not primitive.
Clearly, if a product P ∈ AN is an s.m.p., then every its cyclic permutation is also an s.m.p. Moreover, if

P is a power of a shorter product Π, then Π is an s.m.p. as well. Therefore, every s.m.p. is either primitive
or is a power of a primitive s.m.p. Hence, in what follows we consider only primitive s.m.p.
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The following definition (which is related to the joint spectral radius ρ(1)(A) plays a crucial role.

Definition 3.4 (Dominant s.m.p.). A primitive s.m.p. Π of a bounded family of d × d-matrices A is said
to be dominant if there exists a constant q < 1 such that, for any matrix Q ∈ AN - other than Π, its powers
and the powers of its cyclic permutations - it holds that ρ(Q)1/k ≤ q · ρ(A), where k is the degree of Q (i.e.,
Q ∈ Ak).

A sufficient condition for the successful termination of Algorithm 1 within finitely many iterations is that
the starting product Π be a dominant s.m.p. of the family A with a unique and simple leading eigenvector
(see [12]).

Theorem 3.1. The Invariant polytope algorithm with the candidate s.m.p. Π halts within finite time if
and only if the product Π is dominant and it has a unique and simple leading eigenvalue (i.e. of maximum
modulus).

In the case of complex leading eigenvalue of Π as usual we replace in Theorem 3.1 the “unique eigenvalue”
by the “unique pair of conjugate eigenvalues”. All our results are proved for the general case, when the
leading eigenvalue can be real or complex (see [16] for the case of complex leading conjugate eigenvalues).
For the sake of simplicity we consider only the case when it is real and positive and clarify, if necessary, how
the proof is modified for negative or non-real leading eigenvalues.

3.1. Illustrative example.

Example 3.1. We consider the following example: A = {A1, A2} with

(9) A1 = α

(
1 −1
1 0

)
, A2 = α

(
0 1

−1 0

)
,

with α =
(
1
2

(
3−

√
5
))1/5 ≈ 0.824907, which is such that ρ(A) = 1.

The spectrum maximizing product is given by

(10) Π = A1A2A
2
1A2 =

1

2

(
3−

√
5
) (

2 1
1 1

)

with leading eigenvalue λ = 1 and associated eigenvector

(11) v1 =

(
1
2

1+
√
5

)
=

(
1

0.618034 . . .

)

In the Figure 1 we show the extremal polytope norm obtained by applying Algorithm 1.
One vertex is the vector v1, while the other vertices are given by the following vectors

v2 = A2v1,v3 = A1v2,v4 = A1v3,v5 = A2v4, v6 = A2v3

as well as all their opposites, {−v1,−v2,−v3,−v4,−v5,−v6}.

3.2. The underlying multi-tree associated to the polytope algorithm. Algorithm 1 constructs a
multi-tree, which we denote by T . Denote vi = Adi−1

. . . Ad1v1, i = 2, . . . , k (the set of leading eigenvectors
of the spectrum maximizing product Π and of its cyclic permutations). The ordered set {v1, . . . ,vk} is called
multiroot (in short root) and on it the algorithm builds a multi-tree T .

Each vertex vs of this multi-tree is associated to a vector in R
d. Every vertex which is not in the root of

the multi-tree has m children on the next level {Avs , A ∈ A}.
If instead vs belongs to the root of T , it has one less child on the next level, i.e. m− 1 children given by

Avs for A ∈ A, A 6= Ads .
The root has level zero. There are k vertices on zero level and exactly k(m− 1)mp−1 vertices on the pth

level, p ≥ 1.
Each vertex is connected with v1 by a unique path (all paths are without cycles and without backtracking).

We identify the vertex by the corresponding path.
A finite set of vertices C from positive levels of T is called a minimal cut set if every infinite path from

the root intersects C by exactly one vertex.
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−1.5 .0 1.5

−1.5

.0

1.5

A1 A1 A2 A2 A1

A1 A2

A2 A1 A1 A2

A1

v1 v2 v3 v4 v5

v7 v8 v6 v9 v10

v11 v12

Figure 1. Left picture: The extremal polytope norm for Example 3.1 (see (9)). Right
picture: multi-tree T associated to the polytope algorithm. At the top (zero) level there
are two vertices, corresponding to leading eigenvectors. Dead vertices are in red.

Let us recall that, by our assumption, the multi-tree T has a dominant product in its root and the root
consists of leading eigenvectors of cyclic permutations of this product.

Lemma 3.1. If ‖ · ‖ is an extremal norm, then all vertices of the root have the same norm.

Proof. The cyclic trajectory v1 → · · · → vk → v1. has non-increasing norms of elements. If ‖vj‖ < ‖v1‖
for some j 6= k, then ‖vj‖ ≥ ‖vj+1‖ ≥ · · · ≥ ‖vk‖ ≥ ‖v1‖, hence, ‖vj‖ ≥ ‖v1‖, which is a contradiction.
Therefore, all norms of vj , j = 1, . . . , k are the same. �

4. The second Lyapunov exponent

We also call the JSR the first Lyapunov exponent and use the notation ρ = ρ(1) to distinct it from the
second Lyapunov exponent ρ(2), which is defined below, recalling Definition 3.4.

Definition 4.1. Let ρ(A) = 1 (A is normalized) and let Π ∈ AN be a primitive dominant product, i.e.
ρ(Π) = 1. The supremum q of spectral radii of all products from AN which are neither powers of Π nor of
their cyclic permutations, is smaller than 1. This supremum is called the second Lyapunov exponent ρ(2)(A).
The difference h(A) = ρ(1)(A)− ρ(2)(A) is called the spectral gap of A.

Remark 4.1. In view of Definition 4.1, the second Lyapunov exponent is well defined if and only if the first
Lyapunov exponent is attained at a dominant product. This condition can be verified within finite time by
the Invariant polytope Algorithm 1 and is related to the well known finiteness property of A, which we are
stating hereafter.

In the sequel of the paper we are making the following assumption.

Assumption 4.1. The finite family A has the finiteness property, that is A possesses a spectrum maximising
product (s.m.p.), i.e., a product Π of some length k ≥ 1 such that ρ1/k(Π) = ρ(A).

The finiteness conjecture set up by Lagarias and Wang [24] and, in a different form, by Gurvits [18],
where it was attributed to Pyatnitskii, asserts that for every finite matrix family A the joint spectral radius
is attained on that product. This means that the fastest growth of trajectories of the linear switching
system (1) is always achieved on a periodic switching law.

The conjecture was disproved in [3, 2], although giving at least one concrete counterexample turns out
to be extremely difficult [21, 22]. If a family does possess an s.m.p., then it is said to satisfy the finiteness
property. Clearly, the dominant product is an s.m.p. Hence, the Invariant polytope algorithm actually
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ensures the finiteness property, that is it halts within finite time, then the family possesses the finiteness
property. Invoking now Remark 4.1, we conclude that if the second Lyapunov exponent is well-defined, then
the family possesses the finiteness property.

Assuming A is normalized and Π is a dominant product of A, we have ρ(1)(A) = 1 and ρ(2)(A) < 1 and
h(A) > 0. All cyclic permutations of a dominant product are also dominant. We usually assume that we
choose one of them. Their powers are not dominant since they are not primitive.

Note that if we drop the assumption ρ(Π) = 1, then the second Lyapunov exponent ρ(2)(A) can still be
defined as q ρ(Π), where q is the supremum of numbers such that for every S ∈ AN, we have ρ(S)1/|S| ≤
q1/|S| ρ(Π)1/|Π| unless S is a power of Π or of its cyclic permutation.

In the generic case when the family admits a dominant product with a unique leading eigenvector, Algo-
rithm 1 finds the invariant polytope if and only if the spectral gap is strictly positive.

From now on we address the problem of estimating the spectral gap provided it is positive.

4.1. The second Lyapunov exponent does not possess the finiteness property. We discuss here an
important feature of the SLE under the natural convergence assumption for the invariant polytope algorithm.

Assumption 4.2. In what follows we assume that Π is a dominant product and the family A is normalized
so that ρ(Π) = 1. Thus, ρ(1) = 1 and ρ(2) < 1.

Nevertheless, the finiteness property does not necessarily hold true for the second Lyapunov exponent,
which may not be attained at a finite product. This is demonstrated in the following example.

Example 4.1. There are matrix families, for which the dominant product exists but the second Lyapunov
exponent is not attained at a finite product. Consider - for example - the family of two matrices:

A1 =

(
1 0
0 1

2

)
; A2 =

(
1
2 − 1

2
1
2 − 1

2

)

Let us show that Π = A1 is a dominant product, and the second Lyapunov exponent ρ(2) = 1
2 is not attained

at any finite product. We have ρ(A1) = 1. Every product S different from a power of A1 has a factor A2.
Taking a suitable cyclic permutation of the product S it may be assumed that it begins with A2. Moreover,
since A2

2 = 0, we have S = A2A
ns

1 . . . A2A
n1

1 for some n1, . . . , ns ∈ N. Since the image of the operator S is
contained in the image of A2, which is the line {(x, x)T |x ∈ R}, it follows that the leading eigenvector v

of S lies on this line, i.e., up to multiplication by a constant it may be assumed that v = (1, 1)T . We have

A2A
n
1 =

(
2−1 −2−n−1

2−1 −2−n−1

)
,

hence, A2A
n
1v = (2−1 − 2−n−1)v. This yields that Sv =

∏s
j=1(2

−1 − 2−nj−1)v.

Thus, ρ(S) =
∏s
j=1(2

−1−2−nj−1). We see that the supremum of ρ(S) over all admissible matrix products

is equal to 2−1 and that it is never attained at a finite product.

Remark 4.2. In Section 7 we shall prove that in the real case, when the leading eigenvalue of the dominant
product is real, the weak finiteness property always holds. This means that ρ(2) is reached at a finite product
which may contain, apart from matrices from A, the matrix Π∞ = limn→∞ Πn. Note that this limit is well
defined since Π has the unique maximal eigenvalue 1. This result allows us to construct an algorithm that
finds the precise value of ρ(2) (see subsection 7.2). However, this procedure in general is limited to the real
case.

The non-finiteness property of the second Lyapunov exponent makes the problem of its precise computa-
tion very hard, apart from the real case (Remark 4.2). Therefore, our first goal is that to obtain estimates
for ρ(2). We shall see that these estimates are useful in the real case as well.

The most important issue is to find a suitable upper bound for ρ(2) since it separates ρ(2) from ρ(1) and
estimates the spectral gap from below. We develop two upper bounds: the first one is pretty rough but
simple to evaluate; the second one is much sharper, however it is more technical to obtain. Then in Section 6
we develop Algorithm 2 that allows us finding the second Lyapunov exponent with an arbitrary precision,
based on a branch-and-bound idea.
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In all those methods we use the polytope extremal norm obtained by the invariant polytope algorithm
(Algorithm 1).

Under our assumption that ρ(A) = 1, the extremal norm ‖x(n)‖ is non-increasing on every trajectory of
the discrete-time linear switching system x(n+ 1) = A(n)x(n), A(n) ∈ A, n ≥ 0.

Let Π = Adk . . . Ad1 be a dominant product and v1 be its leading eigenvector. Let us recall that we are
consider the real case when the leading eigenvalue λ is real; hence it is not restrictive to assume it is positive,
so that if the family is normalized, λ = 1. Indeed, if λ = −1, then Algorithm 1 works in the same way, with
the only difference that Πv = −v instead of Πv = v. However, we consider the absolutely convex hull of
points generated by the algorithm, and hence, we work not with points vk but with pairs {vk,−vk}. Since
Π maps the pair {v,−v} to the same pair, Algorithm 1 is performed in the same way in this case.

Thus, we assume λ = 1 and hence, the leading eigenvector v is a real vector.

5. Estimates for the second Lyapunov exponent

In what follows we assume that ‖v1‖ = 1. Consequently, if the norm is extremal, then all elements of
the root have norm one (by Lemma 3.1) and all other elements of the multi-tree T have norms at most one.
The norms of vertices do not increase along every path. Each vertex associated to a vector of unit norm one
is called alive, otherwise it is said dead. Thus, all children and further descendants of dead vertices are also
dead.

5.1. Lower bounds. Every nonempty subset S ⊂ AN of matrix products of the family A gives an obvious
lower bound

σ(S) = sup
Q∈S\R

ρ(Q),

where R is the set of powers of cyclic permutations of the dominant product Π. Clearly, σ(S) ≤ ρ(2) and this
inequality becomes an equality for S = AN. Proposition 4.1 shows that this equality may not be attained
for finite sets S. Usually one can take S as a set of products of length bounded by a given number. Another
reasonable choice of S is a set of products associated to paths identified by some cut set C of the multi-tree T
(that is a set of nodes which separates the multitree in two parts, an upper part with respect to C and a
bottom part, which are not mutually connected by edges, meaning that eliminating the set C the multi-tree
is cut. This implies that every infinite path from the root intersects C).

They are the so-called basement sets defined in subsection 5.3. In Section 6 we introduce a branch-and-
bound method, where the set S is constructed step-by-step during the algorithm.

5.2. Upper bounds. Evaluating upper bounds for ρ(2) is a more difficult task. Certainly, such a bound
must be smaller than one. In this case it gives a lower bound for the spectral gap. We derive two effective
upper bounds for ρ(2). The first one is pretty rough but it is obtained “for free” during the construction of
the invariant polytope. The second one is sharper but its evaluation requires additional computations.

The following theorem gives an upper bound for the second Lyapunov exponent and a lower bound for
the spectral gap, respectively. Here we use the extremal polytope norm generated by the invariant polytope
determined after a succesful application of Algorithm 1.

Theorem 5.1. Let T be a multi-tree generated by a dominant product Π with ρ(Π) = 1 and |Π| = k. Let
also P be the corresponding invariant polytope generated by Π and ‖ · ‖ = ‖ · ‖P . Suppose C is a minimal
cut set of T that consists of dead nodes, ℓ is the maximal level of its elements, and µ = maxv∈C ‖v‖; then
(12) ρ(2) ≤ µ

1
k+ℓ−1 .

Proof. Consider an arbitrary product S ∈ AN of length |S| = s which is not a cyclic permutation of a power
of Π. Denote r = k + ℓ − 1. We are going to prove that SrP ⊂ µP. This will imply that ‖Sr‖ ≤ µ and
hence ρ(S)r ≤ µ which yields (12).

We need to prove that for an arbitrary vertex v of P, we have ‖Srv‖ ≤ µ. Every node u ∈ T of level
at least ℓ satisfies ‖u‖ ≤ µ. Indeed, a path going from the root through u contains one vertex from C,
denote it by w. The level of w cannot exceed ℓ, hence, u is a descendent of w and therefore, ‖u‖ ≤ ‖w‖ ≤
maxv∈C ‖v‖ = µ.
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If v is not in the root, then it is located on a positive level, and so the node Sℓ−1
v has the level at least ℓ.

Therefore, ‖Sℓ−1
v‖ ≤ µ and since r > ℓ− 1, we have ‖Srv‖ ≤ µ, which is required.

If v is in the root, then denote by p the biggest integer not exceeding r such that Spv is in the root. Then
all vertices Sjv, j ∈ {0, . . . , p}, are in the root and they are different. Otherwise, the sequence {Sjv}j∈N is
periodic and lies entirely on the root.

Hence, either Π is not primitive or S is a power of some cyclic permutation of Π, which is impossible.
Thus, all vertices Sjv, j ≤ p, are different, therefore, p ≤ k − 1, so the vertex Skv does not belong to
the root. Consequently, its level is positive and hence the level of the vertex Srv = Sr−kSkv is at least
s(r − k) + 1 = s(ℓ− 1) + 1 ≥ ℓ. This implies that ‖Srv‖ ≤ µ, which completes the proof. �

The upper bound (12) is rather rough because of the power 1
k+ℓ−1 . On the other hand, it is always less than

one, i.e., less than ρ(1), and hence, it always separates the first and second Lyapunov exponents and provides
an upper of the spectral gap. Another advantage is that the bound (12) is obtained straightforwardly, one
should simply choose an arbitrary minimal cut set C.

Every minimal cut set C produces its own upper bound. The simplest choice is to use the minimal cut set
evaluated in the invariant polytope algorithm. During the algorithm we visit the nodes of the multi-tree T
level-by-level and remove the dead ones with the corresponding branches, for which ‖v‖Pj

< 1, where Pj is
the polytope with vertices constructed in the previous iterations. Since ‖v‖P ≤ ‖v‖Pj

, we see that C can
be chosen as the set of dead vertices appearing during the algorithm. Since the values ‖v‖Pj

are computed
during the algorithm, the estimate (12) is obtained for free as a “by-product” of the invariant polytope.

The estimate (12) cannot be improved in those terms as the following example demonstrates.

Example 5.1. Consider the family of two matrices:

A1 =

(
0 1
1
2 0

)
; A2 =

(
0 1

2
1 0

)

The leading eigenvector of A1A2 is v1 = (1, 0)T and corresponds to the eigenvalue 1. Then v2 = A2v1 =
(0, 1)T . Since both points A1v1 and A2v2 are inside the polygon P = co {±v1 , ±v2} (a square), the Invariant
polytope algorithm produces the polygon P. Thus, A1A2 is a dominant product and {v1,v2} is a root. Hence
ρ(A) = 1. The corresponding extremal norm is ‖ · ‖ = ‖ · ‖P is actually the L1 norm on the plane. We have
C = {A1v1, A2v2} and µ = maxv∈C ‖v‖ = 1

2 . On the other hand, k = 2, ℓ = 1, therefore, the right-hand side

in the inequality (12) is equal to
√
2
2 . This is an upper bound for the second Lyapunov exponent ρ(2). Let us

find its precise value. Each matrix of the family {A1, A2} interchanges the coordinates with multiplication
of one of them by 1

2 . Hence, every their product of length 2s is a diagonal matrix with elements 2−a, 2−b,
where a, b are both positive integer, otherwise, this is either (A1A2)

s or (A2A1)
s, which is prohibited. So,

the spectral radius of this product is at most 1
2 <

√
2
2 . Every product of length 2s + 1 is a matrix with zero

diagonal and with some elements c and d on the second diagonal, where cd = 2−2k−1, since this is the minus
determinant of this product. Hence, the spectral radius is equal to

√
cd = 2−s−

1
2 ≤ 2−

1
2 .

Thus, for the family A = {A1, A2}, we have ρ(2) =
√
2
2 and the spectral gap is h(A) = 1−

√
2
2 . This value

is attained only for two products of length one: A1 and A2. The inequality (12) becomes an equality, hence
this bound is tight.

5.3. A tight upper bound. The main drawback of the estimate from Theorem 5.2 is the small exponent
1

k+ℓ−1 , which significantly narrows down the spectral gap. Can this power be possibly removed (at the

cost of some extra computation)? The answer is affirmative, although it requires a certain increase of the
complexity. Before formulating the results let us introduce some further notation.

Definition 5.1 (Basement). For every vertex v ∈ T of the level r ≥ 0, we consider the backward path of
length r+k−1 starting at v. This backward path goes from v down to the root and then makes a non-closed
cycle along the root visiting all its k vertices.

The inverse (usual) path will be called the basement of the vertex v and denoted by β(v). This path
starts at the root, makes a non-closed cycle visiting all k vertices, then jumps off the root and makes r steps
to v.



12 NICOLA GUGLIELMI AND VLADIMIR YU. PROTASOV

Each vertex of T has a unique basement.
Denote by B(v) the set of all paths contained in the basement and by B′(v) ⊂ B(v) the set of those paths

which are identified by a sequence which is not a power of a cyclic permutation of the root.
Also denote by B(v) the set of all paths from B(v) that end at the node v. Similarly with B′(v).

Obviously, B(v) = ⋃
u∈β(v)B(u) and B′(v) =

⋃
u∈β(v)B

′(u). We identify each path with the corresponding

product of matrices. Thus, for each product S ∈ B′(v), we have ρ(S) ≤ ρ(2). For an arbitrary minimal cut
set C, we denote by B(C), B(C) ,B′(C) the union of the corresponding sets over all vertices v ∈ C.

Theorem 5.2. In the notation of Theorem 5.1, we have

(13) ρ(2) ≤ max {µ , σ},

where µ = max
v∈C

‖v‖ and σ = max
S∈B′(C)

ρ(S).

Note that σ ≤ ρ(2). Therefore, if σ ≥ µ, then (13) implies that σ = ρ(2) and this value is attained at the
product from B′(C) with the largest spectral radius.

Thus, the estimate (13) either gives the precise value of ρ(2) or provides the upper bound µ, which is

sharper than µ
1

k+ℓ−1 stated by Theorem 5.1. Therefore, Theorem 5.2 at any rate strengthens Theorem 5.1.
However, its practical realization requires few extra computation of the spectral radii of all the matrix
products from B′(C).

Proof of Theorem 5.2. Consider an arbitrary product S = Aδs . . . Aδ1 , which is associated to the sequence
of indices δs, . . . , δ1. Consider two cases:

(1) The product S does not end with the dominant product Π neither with its cyclic permutation. This
means that either s < k or Aδk . . . Aδ1 is not a cyclic permutation of Π. Take an arbitrary vertex
v of P and consider the path v → Aδ1v → Aδ2Aδ1v → · · · → Sv on the multi-tree T . If this path
contains a node from C, then ‖Sv‖P ≤ µ. Otherwise, this path belongs to B′(Sv). Indeed, the
backward path from the vertex Sv to v does not end with a cyclic permutation of Π, hence either
v is not in the root or this path makes at most k− 1 steps along the root before arriving at v. This
means that S is contained in the basement of the node Sv, that means S ∈ B(Sv). Moreover, since
S does not end with a cyclic permutation of Π it cannot be a power of a cyclic permutation and
therefore, S ∈ B′(Sv). Thus, either ‖Sv‖P ≤ µ or S ∈ B′(Sv). This holds for each vertex v of P. If
at least for one vertex v, we have S ∈ B′(Sv), then ρ(S) ≤ σ, which completes the proof. Otherwise,
if ‖Sv‖P ≤ µ for all vertices v of P, then S(P) ⊂ µP, Hence, ‖S‖P ≤ µ, which implies ρ(S) ≤ µ,
and we again arrive at (13). The proof of this case is completed.

(2) The product S ends with a cyclic permutation of Π. Since S is not a power of a cyclic permutation
of Π, it follows that S has the form S = QARΠsT , where T is a product associated to a prefix of Π
(if this prefix is empty, then we set T to be the identity matrix), s ≥ 0, R ∈ Ak−1 is the suffix of Π
of length k− 1, A is some matrix from A different from the first factor of Π, and Q is some product
from AN. Considering a cyclic permutation of S we obtain the product S′ = ΠsTQAR. Clearly,
ρ(S′) = ρ(S). On the other hand, the product AR has length k but it is not a cyclic permutation of
Π. To see this, let A be one of the factors forming Π; we observe that all cyclic permutations of Π
contain the same number of factors A. Denote this number by ℓ, ℓ ≥ 0. Since the first factor of Π
is different from A and R coincides with the suffix of Π of length k − 1, it follows that the product
AR contains ℓ + 1 factors A. Thus, S′ does not end with a cyclic permutation of Π. Therefore, S′

satisfies the assumptions of Case 1 and consequently, ρ(S′) ≤ max{µ, σ}. Hence, ρ(S) ≤ max{µ, σ},
which completes the proof also of this case

5.4. Computing the upper bounds. Theorem 5.2 leads to several possible methods of estimating of ρ(2)

from above depending on the choice of the minimal cut set C. Note that this set may be chosen in many
ways and each of them produces its own estimate.
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The direct application of the Invariant polytope algorithm. In this method we take for C the set
of dead vertices that appear in the Invariant polytope algorithm. This is the minimal possible set that can
produce estimate (13). Hence, the direct method ensures the minimal amount of computation. However,
the estimate can be rough because the Invariant polytope algorithm deal with dead vertices of the smallest
levels, for which the norm can be very close to 1. For computing σ we produce at each iteration a new
node v ∈ T , evaluate the spectral radii of all r+ k− 1 products from the set B(v), where r is the level of v,
i.e., of all paths from the basement of v that end with v. Thus, along with every vertex we have to compute
r+k−1 spectral radii. To reduce the computation we can store all the performed paths in the lexicographic
order and sort out the redundant products, which have been already computed in the previous iterations.

The deep search method. We run the Invariant polytope algorithm and produce the polytope P and the
corresponding extremal norm. Thus, µ is already obtained. The parameter σ can be computed by the same
iterative procedure described above. If the gap µ − σ is large, we can start a new routine with the set of
dead vertices denoted by C1 = C. We find the vertex with the biggest norm in C1 and replace it by its m
children, thus we obtain C2, etc. Since the norm of a child does not exceed the norm of the parent, it follows
that the value maxv∈Cj

‖v‖P is non-increasing in j, hence the new upper bound µ is at least non worse than

the previous one. This relaxation procedure can significantly improve the upper bound for ρ(2).

Some conclusions on the two upper bounds. In practice the the bound (13) is significantly sharper
than (12), although its evaluation requires more time. The bound (13) can be made arbitrarily close to ρ(2)

(by convergence of σ to ρ(2) as the depth of C goes to infinity) by increasing the depth of the cut set C.
However, in practice this is not efficient since the cardinality of C may grow exponentially with the depth.
For this reason we are going to introduce another approach based on the branch-and-bound idea.

6. The Branch-and-bound method

In this section we present an algorithm that computes ρ(2) with an arbitrary precision.
We are given a family A and a number ε > 0. We need to find a number σ such that σ ≤ ρ(2) ≤ σ+ ε. It

is assumed that A possesses a dominant product Π and an invariant polytope P and is normalised so that
ρ(Π) = 1. Thus, the family A is normalised: ρ(1) = 1.

Algorithm 2.

Initialisation. We set σ = 0, j = 1, and R0 is the (multi-) root of the multi-tree T .

The jth iteration. We have a positive number σ and a subset Rj−1 of the (j − 1)-th level of the
multi-tree T . We set Rj = ∅.

If Rj−1 = ∅, then STOP, the algorithm halts. We have σ ≤ ρ(2) ≤ σ + ε.

Otherwise, take an arbitrary node v ∈ Rj−1 and consider all its children {u = Av | A ∈ A}. For each
child u, if ‖u‖P < σ+ ε, then u is a dead vertex, and the whole branch growing from it is dead. Otherwise,
we put Rj = Rj ∪ {u} and set the new value of σ:

σ = max
{
σ , ρ(S) , S ∈ B′(u)

}
.

Recall that B′(u) is set of products (paths) from the basement β(u) that end at u excluding those (if any)
that are powers of cyclic permutations of Π.

We exhaust all children of v. Do it for all nodes v ∈ Rj−1. Then the jth iteration is completed.

A pseudocode of the the algorithm follows.

Remark 6.1. We see that Algorithm 2 exploits the same idea of sorting out redundant branches as other
branch-and-bound algorithms including those for computing the joint spectral radius: Gripenberg’s algo-
rithm [11], C. Möller and U. Reif algorithm [29], and the Invariant polytope algorithm [12]. The core of
all those algorithms is the relaxation procedure for the lower bound, which is responsible for cutting the
redundant branches. In Algorithm 2, this procedure is quite complicated. Coming to a new node we need
to compute the spectral radii not only of the path leading to this node, but also of all paths of its basement.
Hence, an important issue here is a proper organization of this computation. It is possible to develop the
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Algorithm 2: Pseudocode of Algorithm 2

Data: Matrices A1, A2, . . . , Am scaled such that ρ(A) = 1, ε > 0, maxit
Result: σ, µ
begin

1 Let Π the s.m.p

2 Compute the invariant polytope P by the polytope algorithm

3 Set j = 0

4 Set σ0 = 0, µ0 = 2,R0 = {v1, . . . ,vk} (set of leading eigenvectors)

while µj − σj > ε do
5 Compute Rj = ARj−1

6 Eliminate the vectors in Rj belonging to previous levels

7 Set µj = 0

foreach u ∈ Rj do
8 Compute µ = ‖u‖

if µ < σj then
9 Label u as a dead vertex of Rj

else
10 Set µj = max{µj , µ}
11 Set σj = max{σj , max

S∈B′(u)
ρ(S)}

12 Set j = j + 1

if j > maxit then
Stop

13 Set j = j − 1

14 Set µ = µj , σ = σj

same idea described in the end of Section 5: to store all the performed paths in the lexicographic order and
compare each new path with them to avoid the double computations.

The main theorem of this section, Theorem 6.1 below, states that Algorithm 2 always halts within finite
time and gives an estimate σ for ρ(2) satisfying σ ≤ ρ(2) ≤ σ+ ε. Before we formulate and prove this results
let us clarify the key steps and the structure of Algorithm 2. We do it in the following remark.

Remark 6.2. The family A is normalised so that ρ(1) = 1, which is equivalent to say that its dominant
product satisfies ρ(Π) = 1. In the jth iteration of the algorithm (j ≥ 1) we form the set Rj of newly appeared
nodes Av A ∈ A, which are the survived children of all nodes from v ∈ Rj . A child node survives if its norm
(the Minkowski norm generated by the invariant polytope P) is smaller than σ + ε. Let us remark that the
parameter σ is updated each step. To determine whether the child survives we use the current (defined by
this step) value of σ, and we leave it unchanged to the next step (i.e., to the new pair (v, A)) if the child is
dead. Otherwise, if the child survives, we update the value σ by replacing it with max

{
σ , ρ(S) , S ∈ B′(u)

}
.

This replacement either does non change the value of σ or increases it. Thus, in the jth iteration of the
algorithm, the value of σ is updated exactly |Rj | times, which is the total number of survivors. Each update
does not reduce σ, so, the values of σ form a non-decreasing sequence. The algorithm runs until in some
iteration all children die, i.e., the set of survivors Rj is empty. In this case the algorithm halts and the final

value of σ gives the desired estimate for ρ(2).

In the proof of Theorem 6.1 below we need the following auxiliary lemma which is proved in the Appendix.

Lemma 6.1. Suppose α = u
0 → u

1 → · · · is an infinite path along T (the node u
h belongs to the hth

level); then u
h → 0 as h → ∞, unless α becomes periodic with the period |Π| = k (with Π ∈ Ak the

dominant s.m.p.).
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Theorem 6.1. For every ε > 0, Algorithm 2 terminates within finite time. The obtained value of σ satisfies
the inequality σ ≤ ρ(2) ≤ σ + ε.

Proof. If the algorithm halts after the jth iteration, then Rj = ∅ and hence, the set C of dead nodes obtained
during all j iterations is a minimal cut set. For each u ∈ C, the norm ‖u‖P does not exceed the current
value of σ plus ε. Since σ does not decrease during the algorithm, it follows that, for the final value of σ, we
have ‖u‖P ≤ σ + ε. Applying Theorem 5.2 to this minimal cut set C and accordingly defining µ from C as
in the statement of the theorem, one has µ ≤ σ + ε, so that we obtain ρ(2) ≤ max{σ, σ + ε} = σ + ε. Thus,
σ ≤ ρ(2) ≤ σ + ε.

It remains to prove that the algorithm always terminates within a finite number of iterations. If this is not
the case, then there exists an infinite path α = v

0 → v
1 → · · · (the node v

h belongs to the hth level) that
does not meet any dead node. This means that ‖vh‖P ≥ σh+ ε, where σh is the value of σ by the iteration
when the node vh was involved. The node v0 belongs to the root, hence it is a leading eigenvector of a cyclic
permutation of Π. Without loss of generality it can be assumed that v0 is the leading eigenvector of Π, and
so Πv0 = v

0. In what follows we use a simple notation v
0 = v. The sequence {σh}∞h=0 is non-decreasing,

hence it has a limit σ as h → ∞. Since σh ≤ ρ(2) for all h, it follows that σ ≤ ρ(2). The sequence {vh}∞h=1

does not tend to zero because ‖vh‖ > ε for all h. Therefore, Lemma 6.1 yields the path α is eventually
periodic with the period |Π|. Consequently, α contains the nodes ΠℓSu for all ℓ ∈ N, where S ∈ AN is some
product. It may be assumed (possibly, replacing Π by its cyclic permutation) that the length of S is not
divisible by k. Thus, for all ℓ large enough, we have

(14) ‖ΠℓSv‖P > σh + ε > σ +
ε

2
.

Let λ ∈ C be the leading eigenvalue of Π, |λ| = 1. Since all other eigenvalues of Π are smaller than one
in absolute value, it follows that the distance between the power Πℓ and the rank one matrix λℓvuT tends
to zero as ℓ → ∞, where u is the left leading eigenvector of Π such that (u,v) = 1. Therefore, one can
choose a subsequence {ℓq}q∈N such that Πℓq tends to the matrix vu

T as q → ∞, Thus, ΠℓqSv → vu
TSv

as q → ∞. Note that the path ΠℓqS is contained in the basement of the node v, hence, this path belongs
to the set B(ΠℓqSv). On the other hand, the length of ΠℓqS is nℓq + |S|, which is not divisible by n.
Therefore, ΠℓqS is not a power of a cyclic permutation of Π, so the path ΠℓqS belongs to B′(ΠℓqSv).
Therefore, ρ(ΠℓqS) ≤ σ. This inequality holds for all q ∈ N, hence, in the limit as q → ∞, we obtain
ρ(vuTS) ≤ σ. On the other hand, (vuTS)v = v(uTSv), so v is an eigenvector of the matrix vu

TS with
the eigenvalue uTSv = (u, Sv). However, this matrix has rank one, hence, this is the leading eigenvector and
ρ(vuTS) = |(u, Sv)|. Therefore, |(u, Sv)| ≤ σ. We see that the vector ΠℓqSv converges to |(u, Sv)|v as
q → ∞. On the other hand, the norm of the vector |(u, Sv)|v is equal to |(u, Sv)| (because ‖v‖P = 1 since v
belongs to the root), which does not exceed σ. Hence, for all sufficiently large ℓq, we have

∥∥ΠℓqSv
∥∥
P < σ+ ε

2 .

This contradicts to (14). The proof is completed. �

7. The real case

We consider the case when the leading eigenvalue of the dominant product is real, in short the real case.
In this case a weakened analogue of the finiteness property holds. This will allow us to derive an algorithm
for the exact computation of the second Lyapunov exponent.

7.1. The weak finiteness property. The main result of this section, Theorem 7.1, asserts that if a
family A has a dominant product Π with a real leading eigenvalue, then the second Lyapunov exponent is
always achieved at a finite product of matrices from A, possibly multiplied by the matrix Π∞ = limn→∞ Πn.
This property will be referred to as the weak finiteness property. Moreover, there is an upper bound for the
length of this product that can be obtained algorithmically (Corollary 7.1).

We need to introduce some further notation. We consider infinite sequences of matrices from A. All
sequences will be numbered as matrix products: from the right to the left. So, a prefix of a product is
its right subword, which starts from the first matrix. The matrix sequences will be identified with the
corresponding infinite path on the multi-tree starting from the root.
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Every finite nonempty subword of degree τ of a periodic sequence with period τ is called a periodic
product. For example (A1A

2
2)
n is a periodic sequence and A1A

2
2 as well as A2A1A2 are periodic products.

A product which is not periodic is referred to as aperiodic. The longest aperiodic prefix of an aperiodic
product is themaximal aperiodic prefix. Clearly, each aperiodic product possesses a unique maximal aperiodic
prefix, which is nonempty. In terms of the multi-tree, a product D is periodic precisely when there is an
element of the root such that the path corresponding to the product and starting at that element stays at
the root. Respectively, every path corresponding to an aperiodic product gets off the root, whatever node
of the roots it starts.

Lemma 7.1. Let Π be the dominant s.m.p. of degree k. For an arbitrary aperiodic product, its maximal
aperiodic prefix has the form D = J1Π

rJ0 with some r ≥ 0 and some products J0, J1 such that |J0| ≤ k − 1
and 1 ≤ |J1| ≤ k.

Proof. If |D| ≤ 2k − 1, then the assertion is obvious: we set r = 0 and split D into two factors of lengths at
most k and k − 1 respectively. If |D| > 2k − 1, then we remove the last factor of D and obtain a periodic
product D′ of length at least 2k− 1. Let r be the maximal power of Π contained in D′. Then D′ = J2Π

rJ0,
where J0, J2 are products, possibly empty, of length at most k − 1. Indeed, if, say, |J2| ≥ k, then it starts
with the period Π (because D′ is periodic), which contradicts to the maximality of r. Then we obtain J1 as
a concatenation of J2 and the last factor of D. �

Note that the product J0 in Lemma 7.1 can be absent but J1 cannot.
We use the previous notation: C is a minimal cut set of dead nodes produced by the Invariant polytope

algorithm, ℓ is the depth of the multi-tree, i.e., the maximal level of elements of C, P is the invariant
polytope, and µ = maxv∈C ‖v‖P . As we have shown, the norm of every descendant of an element of C does
not exceed µ. In particular, the norm of an arbitrary element of level at least ℓ does not exceed µ.

Lemma 7.2. For an arbitrary aperiodic product D and for an arbitrary product S of length at least ℓ− 1
(with ℓ the depth of the multi-tree), we have ‖SD‖P ≤ µ.

Proof. Take an arbitrary element v of the root. Since D is aperiodic, it follows that Dv is out of the root
and hence, SDv is an element of level at least ℓ. Therefore, ‖SDv‖P ≤ µ. This holds for every node from
the root. On the other hand, if v is not in the root, then the level of SDv all the more exceeds ℓ. Thus, for
every vertex of the polytope P, we have ‖SDv‖P ≤ µ, and consequently, ‖SD‖P ≤ µ. �

Everything said above is true for every family of matrices that possesses a dominant product Π. Now
we invoke our assumption that the leading eigenvalue of Π is real. In this case the limit Π∞ = limr→∞ Πr

exits and is equal to rank one matrix vu
T , where v,u are respectively the right and the left eigenvectors

of Π and (u,v) = 1. For arbitrary n ≥ 1, rj ∈ N ∪ {0,∞}, and for some products Sj of matrices from the
family A, j = 1, . . . , n, we consider the product

(15) SnΠ
rn · · ·S1Π

r1

This is a product of elements of the set of m+ 1 matrices A ∪ {Π∞}.
Now we can prove the weak finiteness property for the second Lyapunov exponent: it is always attained

on a finite product of matrices from A ∪ {Π∞}. Moreover, the following theorem establishes the structure
of this product.

Theorem 7.1. For every family of matrices A that possesses a dominant product with a real leading
eigenvalue, the second Lyapunov exponent ρ(2) is attained at some product of the form (15) with n < log σ

log µ ,

where the number σ is a certain lower bound for ρ(2) obtained by Algorithm 2 , the products Sj are of
lengths at most 2k + ℓ− 3, the powers ri are nonnegative integers and r1 can take the value ∞.

Proof. See the appendix. �

Thus, we see that in the real case the second Lyapunov exponent is always attained at a product of
matrices from A with at most one factor Π∞.
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Remark 7.1. Due to Theorem 7.1, the number n of blocks in the product (15) does not exceed the number
log σ/log µ. All the finite powers ri can also be estimated: they are less than a special constant ℓ that
depends on the invariant polytope and can be evaluated algorithmically, see Corollary 7.1. Thus, for every
family with a real leading eigenvalue of the dominant product, the second Lyapunov exponent can be found
among a finite set of products.

To get an upper bound for n it suffices to take an arbitrary lower bound σ for ρ(2). In particular,
the spectral radius of an arbitrary product (different from a power of a cyclic permutation of Π) suffices.
Certainly, the bigger σ the less n, hence it makes sense to get a tight upper bound, for example, using
Algorithm 2

7.2. Precise computation of the second Lyapunov exponent. The weak finiteness property does
not mean that the finite product (15) that gives the second Lyapunov exponent can be efficiently found.
Certainly, Theorem 7.1 restricts the number of factors n and the length of the products Sj in (15). Moreover,
we will see that the finite powers ri, i ≤ n, can also be bounded by an effective constant ℓ (Remark 7.1). So,
the problem is merely reduced to a finite search by exhaustion. However, the number of potential candidate
products can be enormous. Nevertheless, in most cases it is possible to find the optimal product using the
branch-and bound approach. We present Algorithm 3 that consists of two phases. The phase 1 computes
an approximate value of ρ(2) which is often (but not always) is an exact value. If it is not, then one applies
the phase 2, which always terminates with the exact value of ρ(2). Note that the phase 2 can be applied
immediately without the phase 1, but in practice it is more efficient to begin with the phase 1. The phase 1
is realised by the same scheme as Algorithm 2 with two modifications:

1) we set ε = 0;

2) in each iteration we compute the spectral radii of the path from the root to the current node multiplied
by Π∞.

Thus, we are given a family A, which is assumed to possess a dominant product Π with the leading
eigenvalue 1. Let P be the invariant polytope of A. It is needed to find ρ(2)(A) and a product Q in which
this value is attained. This is a product of the matrices from A and, possibly, of one extra matrix Π∞.

We denote by R = {v1, . . . ,vk} the vertices of the root of the multi-tree T , so Πv1 = v1. By u1 we
denote the left eigenvector of Π such that (u1,v1) = 1. Thus, Π∞ = v1u

T
1 .

Algorithm 3, phase 1.

Initialisation. We set Qσ = A1, σ = 0, ε = 0, j = 1, and Rj−1 = R is the root. Choose the maximal
number of iterations N .

The jth iteration. We have nonnegative numbers σ, ε, and a subset Rj−1 of the (j − 1)st level of the
multi-tree T . We set Rj = ∅ and ε = 0.

If Rj−1 = ∅, then STOP, the algorithm halts. We have ρ(2) = σ and Q = Qσ.

Otherwise, take an arbitrary node v ∈ Rj−1 and consider all its children {u = Av | A ∈ A}. For each
child u, if ‖u‖P < σ, then u is a dead vertex, and the whole branch growing from it is dead. Otherwise, we
put Rj = Rj ∪ {u} and set the new values of σ and ε:

σ = max
{
σ , ρ(S) , S ∈ B′(u)

}
; ε = max

{
ε , ‖u‖P − σ

}
.

If the maximum in the formula for σ is attained at some S ∈ B′(u),

then we set Qσ = S.

Recall that B′(u) is the set of products (paths) from the basement β(u) that end at u excluding those (if
any) that are powers of the cyclic permutations of Π.

We exhaust all children of v. If |(u1,v)| > σ, then we set σ = |(u1,v)| and Qσ = v1u
T
1 S, where S is the

product corresponding to the path from v1 to v. Then we go to the next node of Rj−1.
Do it for all nodes v ∈ Rj−1. Then the jth iteration is completed.

If j + 1 = N , then STOP. The algorithm is interrupted. We have σ ≤ ρ(2) ≤ σ + ε and Q = Qσ.
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Remark 7.2. At each iteration of the phase 1 we compute not only spectral radii of the products from the
basement of the vertex v but also of the product v1u

T
1 S = Π∞S, where S is the product corresponding to

the path from v1 to v. Note that Π∞Sv1 = Π∞
v = (u1,v)v1, hence, the spectral radius of the matrix Π∞S

is equal to |(u1,v)|. If this value exceeds σ, then we update and set σ = ρ(Π∞S) = |(u1,v)|.

Phase 2 is applied only if the phase 1 has not found the exact value, i.e., under the following assumptions:

(a) The phase 1 has not terminated before the Nth iteration, i.e., if ε > 0;
(b) The product Qσ, for which the finite value is attained, has the form Qσ = v1u

T
1 .

We denote by L = u
⊥
1 the hyperplane orthogonal to the left eigenvector u1 of the dominant product Π.

To realise the phase 2 we add an extra admissible polytope E ⊂ L such that ΠE ⊂ E. Such a polytope exists
since the spectral radius of the operator Π restricted to L is less than one. It can be iteratively constructed
by the process v(n + 1) = Πv(n) with an arbitrary point v(0) ∈ L which does not belong to a smaller
invariant plane of Π. Once v(n + 1) ∈ co {v(0), . . . ,v(n)}, we stop; the polytope E = co {v(0), . . . ,v(k)}
is admissible. A number h > 0 is an admissible factor if for every dead vertex v in the minimal cut set
produced by the Invariant polytope algorithm, we have v+hSE ⊂ P , where S is the product corresponding
to the path from v1 to v, i.e., Sv1 = v. Then for every vertex v of P, we denote ṽ = v + hSE. Thus, ṽ is
an (d− 1)-dimensional polytope. The polytope

P̃ = co
{
ṽ | v is the vertex of P

}

is an extremal polytope for A.
Define the linear operator Bx = x − (u1,x)v1. This is a projection onto L parallel to the vector v1.

It is easily seen that B commutes with Π. For a given t > 0, let ℓ = ℓ(t) be the minimal number such that

BΠℓP̃ ⊂ tE.

Algorithm 3, phase 2.

Initialisation. We denote by σ0 the final value of σ obtained in phase 1 and respectively Qσ0
= Qσ. We

set j = 1, and Rj−1 = R is the root. We take an admissible extra polytope E ⊂ L and an admissible
factor h > 0. For each node v of the multi-tree T , we consider the corresponding polytope ṽ = v + hSE,
where S is the product associated to the path from v1 to v. Define the extremal polytope P̃ and the
number ℓ = ℓ(hσ0).

The jth iteration. We have a positive number σ, and a subset Rj−1 of the (j− 1)st level of the multi-tree
T . We set Rj = ∅.

If Rj−1 = ∅, then STOP, the algorithm halts. We have σ = ρ(2) and Q = Qσ.

Otherwise, take an arbitrary node v ∈ Rj−1.

If the path from v1 to v ends with the power of Π ℓ, then v is a dead node, and the whole branch growing
from v is dead.

Otherwise consider all children of v. For each child u = Av, A ∈ A, if for all vertices w of ũ, we have
‖w‖P̃ < σ, then u is a dead node, and the whole branch growing from it is dead.

Otherwise, we put Rj = Rj ∪ {u} and set the new value of σ:

σ = max
{
σ , ρ(S) , S ∈ B′(u)

}
.

If the maximum in this formula for σ is attained at some S ∈ B′(u), then we set Qσ = S.
We exhaust all children of v. If |(u1,v)| > σ, then we set σ = |(u1,v)| and Qσ = v1u

T
1 S, where S is the

product corresponding to the path from v1 to v. Then we go to the next node of Rj−1.
We do this for all nodes v ∈ Rj−1. Then the jth iteration is completed.

We continue until after some jth iteration we have Rj = ∅. After this the algorithm halts. We have

σ = ρ(2) and Q = Qσ.
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Theorem 7.2. Suppose the family A has a dominant product with a real leading eigenvalue. If Algorithm 3
halts (either in phase 1 or in phase 2), then it returns the value of ρ(2) and the optimal product Q. The
phase 2 always halts.

Proof. The proof is in the Appendix. �

Remark 7.3. By Theorem 7.2, one could apply only phase 2 without the phase 1. Since phase 2 always
halts, it returns the precise value of ρ(2) along with the product Q. However, in practice it is more efficient
to start with phase 1 because phase 2 has a much higher complexity. The reason is that the number of
vertices of the extremal polytope P̃ can be much larger than the number of vertices of P.

Now we can derive an upper bound for all finite powers ri in the formula (15) for the optimal product Q.

Corollary 7.1. The phase 2 of Algorithm 3 produces the optimal product Q of the form (15) in which all
finite ri do not exceed ℓ(σh), where h is the admissible factor for the extra polytope E and σ is an arbitrary
lower bound for ρ(2).

Proof. Theorem 7.2 ensures that the phase 2 of Algorithm 3 always halts and returns the optimal product Q,
for which ρ(Q) = ρ(2). From the routine of phase 2 it follows that each path terminating with Πℓ contains
a dead vertex. Therefore, none of the products Qσ can contain Πℓ and hence, neither can Q as one of those
products. �

7.3. Counterexample in the non-real case.

Remark 7.4. In the non-real case the weak finiteness property may fail. The reason is clear: if the leading
eigenvalue of the dominant product Π is non-real, then Π∞ is not well defined since the sequence Πr does
not have a limit as r → ∞. The following simple example shows that the second Lyapunov exponent may
not be attained at eventually periodic products in this case.

Example 7.1. Choose an arbitrary real α such that α/π is irrational and set

A1 =

(
cosα − sinα
sinα cosα

)
; A2 =

(
0 0
0.5 0

)
.

Thus, A1 is the rotation by the angle α and A2 is the orthogonal projection to the abscissa axis rotated by π/2
and multiplied by 1

2 . Since ρ(A1) = 1 and all matrix product except for the powers of A1 have the Euclidean

norm less than 1
2 , we see that the product Π = A1 is dominant, ρ = 1 and ρ(2) ≤ 1

2 . If nα is close to π
2

(mod 2π), then the spectral radius of the product An1A2 is close to 1
2 . Hence, ρ(2) = 1

2 . However, this value
is unreachable for any eventually periodic product of matrices A1, A2. Indeed, if this product contains at least
two matrices A2, then its spectral radius does not exceed 1

4 . If it contains only one matrix A2, then up to

a cyclic permutation it coincides with An1A2. If a subsequence of such products is such that ρ(A
nj

1 A2) → 1
2 ,

then the sequence njα tends to π
2 (mod 2π).

8. Illustrative examples

In this section we consider two illustrative examples. The first one is given by two sign-matrices and the
second one is taken from the literature on Daubechies wavelets and gives rise to finite termination of the
Algorithm 2.

Example A (Algorithm 2). We consider Example 3.1 in Section 3.1: A = {A1, A2} with

(16) A1 = α

(
1 −1
1 0

)
, A2 = α

(
0 1

−1 0

)
,

with α =
(
1
2

(
3−

√
5
))1/5 ≈ 0.824907, which is such that ρ(A) = 1.
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Flow of Algorithm 2. We indicate by ‖ · ‖ = ‖ · ‖P the polytope real norm associated to the polytope P
constructed by the polytope algorithm (see Figure 1).

We set a tolerance ε = 25 · 10−4.

Step 1 j = 1, R0 = {v1,v2,v3,v4,v5}. We set σ1 = ρ(A1) = ρ(A2) = α = 0.8249069 . . .. We compute

v7 = A1v1, v8 = A2v2, v9 = A1v4, v10 = A2v5

and get
‖v7‖ ≈ 0.90, ‖v8‖ ≈ 0.68, ‖v9‖ ≈ 0.56, ‖v10‖ ≈ 0.68

which implies that only the vectors v6 and v7 are alive at level j = 1.
Step 2 j = 2, R1 = {v6, v7}. We get unvaried σ2 = σ1 and R1 = {v6, v7}. We compute

v11 = A1v7, v12 = A2v7, v13 = A1v6, v14 = A2v6

and get
‖v11‖ ≈ 0.560, ‖v12‖ ≈ 0.839, ‖v13‖ ≈ 0.987, ‖v14‖ ≈ 0.680

which implies that only the vectors v12 and v13 are those alive at level j = 2.
Step 3–8 The algorithms continues similarly and only the vector v27 is alive at level j = 8.

Halt We get ‖v27‖ − σ8 = 0.00241... < ε. The algorithm stops with the estimate:

ρ(2)(A) = 0.9827 . . .
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Indeed the computation suggests that the sequence Qℓ = A1A2Π
ℓ provides the highest possible

rate of growth in the product semigroup apart from the product Π and its cyclic permutations with
their powers. We get in particular

lim
ℓ→∞

Πℓ =

(
1
10

(
5 +

√
5
)

1√
5

1√
5

1
10

(
5−

√
5
)
)

which provides the lower bound to the second Lyapunov exponent:

ρ(Q∞) =
1

5

(
1

2

(
3−

√
5
))2/5 (

5 +
√
5
)
≈ 0.984787.

This means that the spectral gap is bounded above by 0.015213 . . ..

Example B (Algorithm 2, finite termination). We consider the wavelet function Daubechies-4, which
generates the system of C1-wavelets on the real line [31]. We denote this function by ψ. It is well-known
that ψ ∈ C1(R), the Hölder exponent of its derivative ψ′ is computed in [10] and is equal to αψ′ = 0.61792....
The local regularity of this function was studied in [10, 35]. We are going to analyse the local regularity in
rational points.

Let us recall the procedure for the construction of the matrices A1, A2. For every N = 1, 2, . . . we have

a set of 2N Daubechies filter coefficients: c0, . . . , c2N−1. They have the property
∑2N−1
i=0 ci = 2, and the

polynomial m(z) =
∑2N−1
n=0 cnz

n has a zero of order N at z = −1. We set

q(z) =
m(z)

((1 + z)/2)
N

=

N−1∑

n=0

qnz
n.

Then we are able to write the transition matrices of dimension N − 1 as as follows:

(A1)ij = q2i−j−1, (A2)ij = q2i−j , i, j = 1, . . . , N − 1.

At this point we can compute ρ(A) by the polytope algorithm and then try to estimate the spectral gap.
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Figure 2. The invariant polytope for the Daubechies matrices for N = 4 computed by the
polytope algorithm.
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For N = 4 we get

T1 =




5.212854848820774 0 0
1.703224934278843 −4.676287953813834 5.212854848820774

0 −0.239791829285782 1.703224934278843


 ,

T2 =




−4.676287953813834 5.212854848820774 0
−0.239791829285782 1.703224934278843 −4.676287953813834

0 0 −0.239791829285782


 .

Applying Algorithm 1 allows to prove that the s.m.p. is T1 having spectral radius ρ(T1) = 5.212854848820774 . . ..
We normalize as

A = {A1, A2}, A1 = T1/ρ(T1), A2 = T2/ρ(T1).

To apply the polytope algorithm we compute the normalized leading eigenvector of A1,

v1 =




1.0000
0.1662

−0.0113




Algorithm 1 converges and generates a centrally symmetric real polytope with 6 · 2 vertices (in 7 iterations).

The additional vertices of the polytope are the following (with their symmetric):

v2 = A2v1 =





−0.7308

0.0185

5.2249 · 10−4



 , v3 = A1v2 =





−0.7308

−0.2548

−6.8062 · 10−4



 , v4 = A1v3 =





−0.7308

−0.0108

0.0115



 ,

v5 = A1v4 =





−0.7308

−0.2175

0.0042



 , v6 = A1v5 =





−0.7308

−0.0393

0.0113





and the associated polytope P = co{±v1,±v2,±v3,±v4,±v5,±v6} (here co denotes the convex hull) is
shown in Figure 2.

Flow of Algorithm 2. We indicate by ‖ · ‖ = ‖ · ‖P the polytope real norm associated to the polytope P
constructed by the polytope algorithm (see the Figure).

We set a tolerance ε = 25 · 10−4.

Step 1 j = 1, R0 = {v1}. We set σ1 = ρ(A1) = ρ(A2) = 0.8582 . . .. We compute

v2 = A2v1

which is a vertex so that
‖v2‖ = 1

which is naturally alive at level j = 1.
Step 2 j = 2, R1 = {v2}. We get σ2 = σ1 = 0.8582 . . .. We compute

v3 = A1v2, v7 = A2v2

and

(17) ‖v3‖ = 1 , ‖v7‖ ≈ 0.9602,

which implies that v3 and v7 are alive at level j = 2.
Step 3–10 The algorithms continues similarly generating 26 vectors, and at level j = 10, we get R9 = {v25}.

We get σ10 = σ9 = 0.8582 . . . and compute

v27 = A1v25, v28 = A2v25

and since

(18) ‖v27‖ ≈ 0.8504 < σ10, ‖v28‖ ≈ 0.7883 < σ10,

we have that no vertices are alive at level j = 10.
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Halt The algorithm stops with the exact value:

ρ(2)(A) = ρ(A2) = 0.8582 . . .

This means that ρ(2)(A) = ρ(A2) = 0.8582 . . . and the spectral gap is given exactly by 0.1417 . . .. For the
Daubechies-4 wavelet function ψ, this implies that at every dyadic rational point x, we have ωψ′,x(t) ≍ tα,

where α = 0.6179..., while for all non-dyadic rationals x, we have ωψ′,x(t) ≤ C tα q−
log t
ℓ , where q = 0.8582...,

where ℓ is the length of the period in the binary expansion of x.

Conclusions

In this article we have proposed novel iterative methods - based on the polytope algorithm to compute
the joint spectral radius - to compute the spectral gap of a family of matrices, in other words the differ-
ence between the joint spectral radius (first Lyapunov exponent) and the second Lyapunov exponent. The
knowledge of the spectral gap is important in several applications, like the behavior of a switching system
towards its asymptotic state, or the Hölder regularity of Daubechies wavelets or fractal curves, where the
second Lyapunov exponent plays a key role. To our knowledge there do not exist in the present literature
algorithms able to compute to an arbitrary accuracy the second Lyapunov exponent and the algorithms we
propose appear to be very efficient in all examples we have considered. Exploiting the special structure of
the family of matrices might further improve these algorithms.
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Appendix

Proof of Lemma 6.1. Consider the sequence of indices of the path α. Since α does not have a period Π,
it follows that for every vertex v of the extremal polytope P, there exists a prefix of this sequence such that
for the corresponding matrix product S, we have ‖Sv‖P < 1. Hence, ‖Sv‖P < µ, where µ is the maximum
of norms of dead nodes that appear in the Invariant polytope algorithm. This inequality is true also for all
longer prefixes of α, implying that there is a prefix S1 of α such that ‖S1v‖P ≤ µ for all vertices of P. Hence
‖S1‖P ≤ µ. Then we remove that prefix from α and repeat the same argument for the remaining sequence,
whose prefix is S2 of the such that ‖S2‖P ≤ µ, etc. This way we split α to parts S1, S2, . . . such that ‖Sj‖ ≤ µ
for all j. We have ‖S1 · · ·Sru0‖ ≤ µr, so the sequence of numbers {‖un‖}∞n=0 has a subsequence that tends
to zero. However, this sequence is non-increasing, so it tends to zero as well. �

Proof of Theorem 7.1. Let q = ⌈ log σ
log µ⌉ − 1. If the second Lyapunov exponent is attained at a product Q

of length at most q(2k+ ℓ− 3), then we set rj = 0 and split the product into several products Sj of lengths
at most 2k + ℓ − 3. Otherwise, the second Lyapunov exponent is attained at the limit of some sequence
(maybe stationary) of products of lengths at least q(2k + ℓ − 2). Passing to a subsequence we can assume
two cases:

1) All products of that sequence are periodic. In this case each of them has the form J1Π
rJ0 with some

r ≥ 0 and for products J0, J1 of lengths at most k− 1. Since the set of such pairs (J0, J1) is finite, it follows
that ρ(2) is either achieved at one of products J1Π

rJ0 or at J1Π
∞J0, which completes the proof in this case.

2) All products of that sequence are aperiodic. By Lemma 7.1, the maximal aperiodic prefix D1 of each

product Q1 from that sequence has the form J
(1)
1 Πr1J

(1)
0 with J

(1)
1 ≤ k − 1, J

(1)
1 ≤ k. If |Q1| − |D1| ≤ ℓ− 2

for an infinite number of elements Q1 of that sequence, then arguing as above we conclude that ρ(2) is either

achieved at one of products T (1)Πr1J
(1)
0 with r1 ∈ N ∪ {0,∞}, where |T (1)| ≤ k + ℓ − 2 and |J (1)

0 | ≤ k − 1.
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Since ρ is invariant under cyclic permutations, we see that ρ(2) = ρ
(
T (1)Πr1J

(1)
0

)
= ρ

(
Πr1J

(1)
0 T (1)

)
. Set

S1 = J
(1)
0 T (1) and note that |S1| ≤ 2k + ℓ− 3. Since ρ(S1Π

r1) = ρ(2), the proof for this case is completed.

Otherwise, if |Q1| − |D1| ≥ ℓ − 1 for an infinite number of elements Q1, then we denote by T (1) the

concatenation of J
(1)
1 with the subword of Q1 of length ℓ− 1 following J

(1)
1 . Then we invoke Lemma 7.2 and

conclude that ‖T (1)Πr1J
(1)
0 ‖P ≤ µ. The suffix of Q1 following this product will be denoted by Q2. Since

the P-norm of every matrix from A does not exceed one, it follows that ‖Q1‖P ≤ µ. Then we apply the
same line of reasoning to Q2 instead of Q1. We obtain that either the second Lyapunov exponent is attained

on the product (15) with n = 2 or Q2 has a prefix T (2)Πr2J
(2)
0 of the norm at most µ. In the latter case

‖Q2‖ ≤ µ and therefore ‖Q1‖P ≤ µ ‖Q2‖ ≤ µ2. Running q iterations we obtain: either ρ(2) is reached for
a product (15) with n < q or ‖Q1‖P ≤ µq. The latter is impossible since µq < σ ≤ ρ(2) and therefore the
sequence of such products Q1 cannot tend to ρ(2).

Thus, we have shown that the second Lyapunov exponent is attained at a product (15) with some powers
rj , possibly infinite. Among those products, take one with the smallest number n and show that at most one
of the powers ri is infinite. In this case we can put it at the first position using the invariance of the spectral
radius under cyclic permutation. Assume the contrary: let at least two of them be infinite. Without loss of
generality it can be assumed that r1 = rj = ∞, where j ≥ 2. After a cyclic permutation setting r1 to the
last position we write (15) in the form Q = Π∞AΠ∞B, where A and B are some nonempty products. Since
Π∞ = v u

T , the range of this operator is the line spanned by v. Hence, so is the range of Q and of Π∞B.
Therefore, v is their common leading eigenvector: Qv = λv and Π∞Bv = λv, where |λ| = ρ(2) and |µ| ≤ 1
(because the P-norm of Π∞B is at most one).

Thus, we have λv = Qv = Π∞Aµv, and so Π∞Av = λ
µ v. However,

∣∣∣λµ
∣∣∣ ≥ |λ| = ρ(2). On the other

hand, the product A is not periodic with period Π (otherwise it can be concatenated with Π∞), hence, the
equality Π∞Av = ±v is impossible, and consequently, the spectral radius of Π∞A is less than one, i.e., it
does not exceed ρ(2). On the other hand, we have shown that it is not smaller than ρ(2), hence, it is equal to
this number. Thus, the second Lyapunov exponent is attained at the product Π∞A with the smaller number
of factors than Q. This contradicts to the choice of Q and therefore, concludes the proof. �

Proof of Theorem 7.2. If Algorithm 3 halts in phase 1, then σ = ρ(2) and Q = Qσ. The proof is literally
the same as in Theorem 6.1 after setting ε = 0.

Suppose Algorithm 3 halts in phase 2 and returns the value σ. In what follows we use the short notation ‖·
‖P̃ = ‖ · ‖. Let us show that for every dead node v, we have ‖w‖ ≤ σ for all vertices w of ṽ. In this

case σ = ρ(2). Indeed, the union of nodes from ṽ over all dead nodes v form a minimal cut set C. Applying
now Theorem 5.2 for the case case µ = σ, we obtain ρ(2) ≤ max{σ, σ} = σ, and hence, ρ(2) = σ. It remain
to show that ‖w‖ ≤ σ for all vertices w of ṽ. In the phase 2 a node v is dead if either ‖w‖ ≤ σn for all
vertices w of ṽ, where σn is the value of σ when the algorithm arrives at the node v, or if v = ΠℓSv1.
In the former case there is nothing to prove because σn ≤ σ (the values of σn do not decrease during the
algorithm), and hence, ‖w‖ ≤ σn ≤ σ. Let us consider the latter case: v = ΠℓSv1. Note that the value
of σ by the moment when the node v is involved is not less that by the moment when Sv1 was involved,
which is at least |(u1, Sv1)|. Without loss of generality we assume that (u1, Sv1) ≥ 0 and denote this value

by α. Thus, σ ≥ (u1, Sv1) = α. We have ΠℓBP̃ ⊂ σ0hE. Every vertex v form the set Sṽ1 belongs to P̃,
therefore, ΠℓBw ∈ σ0hE. On the other hand, w = αv +Bw. Hence,

(19) Πℓw = Πℓ
(
αv + Bw

)
= αΠℓv + ΠℓBw = α v + ΠℓBw

Since ΠℓBw ∈ σ0hE, we can denote ΠℓwB = σ0e, where e ∈ hE. Taking into account that v + hE ⊂ P̃,
we have v + he ∈ P̃ and so, ‖v + e‖ ≤ 1. This yields that the norm of the last expression in (19) can be
estimated as follows:

∥∥∥α v + ΠrBw

∥∥∥ =
∥∥∥α v + σ0w

∥∥∥ =
∥∥∥σ0 v + σ0e + (α− σ0)v

∥∥∥ ≤

σ0

∥∥∥v + e

∥∥∥ + (α− σ0)
∥∥∥v
∥∥∥ ≤ σ0 + (α− σ0) = α
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Combining with (19) we obtain ‖Πℓw‖ ≤ α. Since α ≤ σ, we conclude that ‖Πℓw‖ ≤ σ, the proof of the
first part of the theorem is completed.

It remains to prove that the phase 2 always halts. If it does not, then there is an infinite path v1 →
v2 → · · · which starts with the leading eigenvector v1 of Π, leaves the root and does not meet any dead
node. This means that ‖vn‖ ≥ σn, where σn is the value of σ by the iteration when the node vn is involved.
Hence, ‖vn‖ ≥ σ0 for all n, and thus, vn does not tend to zero as n→ ∞. Invoking Lemma 6.1 we conclude
that the path α is eventually periodic with the period Π. However, after ℓ periods it arrives at a dead node,
which is a contradiction. �
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