Arch. Rational Mech. Anal. (2024) 248:11
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-023-01954-w

l‘)

Check for
updates

Intermittency and Lower Dimensional
Dissipation in Incompressible Fluids

Luici DE RosAa® & PHILIP ISETT

Communicated by J. BEDROSSIAN

Abstract

In the context of incompressible fluids, the observation that turbulent singular
structures fail to be space filling is known as “intermittency”, and it has strong ex-
perimental foundations. Consequently, as first pointed out by Landau, real turbulent
flows do not satisfy the central assumptions of homogeneity and self-similarity in
the K41 theory, and the K41 prediction of structure function exponents ¢, = 7/3
might be inaccurate. In this work we prove that, in the inviscid case, energy dis-
sipation that is lower-dimensional in an appropriate sense implies deviations from
the K41 prediction in every p-th order structure function for p > 3. By exploiting
a Lagrangian-type Minkowski dimension that is very reminiscent of the Taylor’s
Jfrozen turbulence hypothesis, our strongest upper bound on ¢, coincides with the 8-
model proposed by Frisch, Sulem and Nelkin in the late 70s, adding some rigorous
analytical foundations to the model. More generally, we explore the relationship
between dimensionality assumptions on the dissipation support and restrictions on
the p-th order absolute structure functions. This approach differs from the current
mathematical works on intermittency by its focus on geometrical rather than purely
analytical assumptions. The proof is based on a new local variant of the celebrated
Constantin-E-Titi argument that features the use of a third order commutator esti-
mate, the special double regularity of the pressure, and mollification along the flow
of a vector field.

1. Introduction

In any spatial dimension d = 2 we will consider the incompressible Euler
equations

{atv+dlv(v®v)+Vp=O (L

divv =0,
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on Q x (0, T), where the spatial set € is either the d-dimensional torus T¢ or the
whole space R¢.

A classical theorem of Constantin-E-Titi [14] following [27], which confirmed
an already quite rigorous prediction of Onsager [49], is that an Euler flow that fails
to conserve the kinetic energy
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cannot have “more than ! /3 of a derivative in L3”, or more precisely, it cannot belong
to a Besov class L?(Bgoo) for any 6 > !/3 (see Section 3 for a definition of Besov
norms and [15] for a survey of related results).! The resolution of the Onsager
conjecture over the past few decades has confirmed that the exponent !/3 is sharp
[5,37,38]. The aim of this paper is to prove theorems of Constantin-E-Titi type that
connect to the phenomenon of intermittency and lower dimensional dissipation
in turbulent flows. We start by explaining the relevant background and giving a
rough statement of our strongest result (Theorem 1.1 below), while we postpone to
Section?2 all the rigorous statements.

1.1. Theoretical Background and Main Physical Result.

Physically, the Constantin-E-Titi theorem has the interpretation of a “singularity
theorem”. It implies that (L? compact) sequences of Navier—Stokes solutions with
viscosity tending to zero must exhibit unbounded growth of the Lf’ ( Bg .o0) norm for
every 6 > !/3if the rate of kinetic energy dissipation remains bounded from below
[24]. Experimentally, there is considerable evidence for the persistence of energy
dissipation at low viscosity (which is known as the “0O-th law of turbulence”, see [55]
for a recent review), and L? compactness is a consequence of observed scaling of
the energy spectrum [7]. Persistence of energy dissipation in the vanishing viscosity
limit has also been recently shown to exist mathematically for the forced Navier—
Stokes equations [3] and the passive-scalar advection (scalar theory of turbulence)
[11]. Consequently, singular Euler flows that arise in the inviscid limit and dissipate
energy form natural objects to model the behavior that can occur in the vanishing
viscosity limit of fully developed turbulence. The critical exponent !/3 that plays
a pivotal role in the Constantin-E-Titi singularity theorem is also the regularity
predicted by the K41 theory of turbulence [40] for a (dissipative) turbulent flow.

More precisely, K41 predicts the size of “absolute structure functions”, which
measure the average velocity fluctuations at scale |¢] in the inertial range of length
scales (where viscosity presumably plays no role). The K41 prediction is a scaling
law

(lo(x +£) — v()|P) 7 ~ |e|"r,

I See [28] for an extensive description of Onsager’s contributions to the modern theory
of fully developed turbulence.
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with ¢/, = 1/ for all p = 1, where (-) is some relevant averaging procedure,
space, time or ensemble. When we interpret the averaging as a spatial average, this
scaling law translates to exact? B;{ oo = B;,/foo regularity of the limiting Euler flows,
for which all small length scales lie in the inertial range. Remarkably, however,
this scaling law appears to be inconsistent with experiments (at least for d = 3),
indicating that the homogeneity and self-similarity assumption of the K41 theory
appears to be false for real turbulent flows. Shortly after the appearance of the K41
theory, the possibility that the scaling of structure functions could deviate from K41
was first pointed out by Landau [30]*Section 6.4, leading Kolmogorov to revisit his
theory [41] in 1962 (see [31] for a historical account). Indeed, what appears to hold
is that for p noticeably larger than 3, the averages are larger than K41 predicts, so
that the exponent ¢»/, < !/3, while for p noticeably smaller than 3 the averages are
smaller than K41 predicts (¢/» > '/3). We refer to [34] for a very recent numerical
evidence of this fact. The exponent p = 3 has a special role in turbulence theory
relating to the Kolmogorov 4/s law—an exact result relating the energy dissipation
of a solution to its third order (signed) structure function. Further reading on some
aspects of intermittency (or lack thereof) for p = 3 can be found in [23,26].

What the strongest main theorem of this article shows (Theorem 2.12) is the
following (informal) statement for Euler flows whose energy dissipation fails to
be spatially homogeneous. check Here we emphasize that the relevant regularity
threshold is strictly below !/3 and that the relevant range of integrability exponents
is the range p > 3:

Theorem 1.1. (Rough inviscid statement) If the dissipation of energy of an Euler
flow on R or T¢ is nontrivial and supported on a lower dimensional set (in the
appropriate sense), then there is a linear upper bound on absolute structure function
exponents forall p > 3 that lies below the K41 prediction ¢ [p = /3. More precisely,
let0, =1/s—(d—y)»=3/sp, where y € [0, d) is an upper bound on the dimension
of the dissipation set in the sense of Theorem 2.12. Then, if 6 € (0, 1), the velocity
field cannot be of class Lf(Bf,,oo)for any 6 > 0.

In terms of the structure functions of an Euler flow, this theorem is a quantitative
upper bound of the form ¢/, < !/3 for all exponents p > 3 under the assumption
of nontrivial, lower-dimensional energy dissipation. In particular, these absolute
structure functions become larger than K41 predicts. Note that 8, > 0 for all
p=3ifandonlyify € [d — 1,d].

Beyond the statement of this theorem, our proof provides a machinery for
turning certain assumptions about lower-dimensionality of the dissipation measure
into conclusions about the Besov regularity of the solutions. The strongest versions
of this argument apply to the full range p > 3 as the above theorem states, but
weaker assumptions lead to weaker conclusions. Similarly to the Constantin-E-Titi
theorem, our result can equivalently be stated as criteria for the conservation of
energy (see indeed the rigorous statement given in Theorem 2.12 below): If the

2 Consequently, we interpret ¢»/, mathematically to be the supremum of 6 such that v €
0
B poor
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dissipation is lower-dimensional in the appropriate sense and the regularity of the
solution is LY (Bi’,’ ;6), then the energy is conserved. However, our proof contains
some new ingredients compared to the Constantin-E-Titi argument and its known
generalizations that are related to the analysis of local energy dissipation (see (2.1)
below): One has to deal with trilinear commutators, the improved double regularity
of the pressure from [12,13,35] plays a crucial role, and the construction of a
specific cut-off is needed to test the local energy balance (2.1) since it can only be
interpreted in a distributional sense in our Besov class of solutions. The definition of
the cut-off is indeed the key point in order to handle different notions of dimension.

The statement of the above theorem (as well as our other main theorem, Theo-
rem 2.9) is strongly motivated by the phenomenon of “intermittency” in turbulence,
which is the property that turbulence empirically fails to be space-filling and can
even be concentrated on lower dimensional sets (see [2,32,46] and also [52] for
some numerical evidence). This “patchiness” of turbulence and how it relates to
anomalies in the exponents ¢, (see for instance the discussion in [31]) still rep-
resents an important and challenging problem in mathematical physics. What our
main theorem establishes is a quantitative downward deviation from the K41 theory
for absolute structure functions of order greater than 3 that relates the dimension of
the dissipation to the structure function exponent ¢,,. For other interesting mathe-
matical works addressing intermittency we refer to [4,9,10,29,42,43,48,51]. The
latter works focus on a purely analytical approach to intermittency, while in this
note we are exploring a more geometrical one, which we hope gives some differ-
ent/new insights on the topic.

Our quantitative relationship between the upper bound on the dimension and
the upper bound on the structure functions exponents £, turns out to be exactly the
one proposed by Frisch, Nelkin and Sulem in [33] in their “#-model”. The f-model
has been among the first simple attempts to correct the K41 theory by introducing
nonhomogeneity in modeling turbulence. Indeed, in the physically relevant three
dimensional case, they assume that at each stage of the the Richardson cascade
process, the total volume occupied by the eddies decreases by a fraction § < 1,
and they derive a prediction consistent with Theorem 1.1:

-3

;ng—@—Dﬁ)pT, (1.2)
where Dg is what they call the “intermittency dimension” or “self-similarity di-
mension,” motivated by the nomenclature in the work of Mandelbrot [44]. The
parameter Dg describes the fraction of the space in which an appreciable part of
the energetic excitation accumulates along the cascade process. As stated in [1] the
B-model (with Dg ~ 2.8) (1.2) fits experimental data rather well for not too large
values of p. We refer to [30, Chapter 8] for a more detailed discussion about the
different fractal and multifractal intermittency models that have been proposed to
correct K41.

While our proof provides a general machinery to analyze the link between lower
dimensional dissipation and Besov regularity of the solution, we limit ourselves to
two main theorems (Theorems 2.9 and 2.12), together with a corollary (see Corol-
lary 2.14), that concern spatial intermittency. These theorems use different notions
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of dimension and therefore lead to different conclusions. For future work it is also of
interest to consider slightly different hypotheses and different notions of dimension
(for instance a Frostman or Hausdorff one). The “Lagrangian-type Minkowski di-
mension” that we use in Theorem 2.12 (see Definition 2.11) is strongly motivated by
Taylor’s frozen turbulence hypothesis [53] which asserts that “all turbulent eddies
are advected by the mean streamwise velocity, without changes in their properties”;
see [47,57] for more recent empirical tests of the Taylor hypothesis.

The two main theorems (Theorems 2.9 and 2.12) emphasize the role of inter-
mittency in space, as the dissipative set is allowed to (but does not have to) exist
for all times and concentrate on lower dimensional sets in space only. In addition to
these, we prove a result (Theorem 2.3, similar to [18, Lemma 2.1]) that addresses
the implications of intermittency in time. Physically, this result has the following
consequence: if one believes the K41 prediction for the third order structure func-
tion &3 = 1 to be exact in the inviscid limit, and also in the O-th law that energy
dissipates independent of viscosity, then the time support of the limiting dissipation
must occupy the whole time interval of existence, leaving no gaps in time where
dissipation does not occur. This result gives further motivation to study the conse-
quences of dissipation that is lower dimensional in space but persists for all time,
which is allowed by the two main theorems, Theorems 2.9 and 2.12. More gener-
ally, the time intermittency result quantitatively links the gap between ¢3 and 1 with
the second order structure function ¢, and the dimension of the set of dissipation
times.

We remark that adding an external force on the right hand side of the first
equation in (1.1) of the kind f € Lz,, does not affect our spatial intermittency
analysis, and it can be easily incorporated in our estimates (see Remark 5.5 for
details). However, since this would have unnecessarily burdened the statements,
we prefer not mention it in our main theorems.

Before going into the precise definitions and statements of the results proved in
the current paper, let us see the implication of Theorem 1.1 for incompressible flows
in the infinite Reynolds number limit and how it fits in the existing mathematical
literature.

1.2. Interpretation in the Inifinite Reynolds Number Limit

Let us point out that, in the same way that the Constantin-E-Titi theorem extends
to a singularity theorem for a vanishing viscosity limit of solutions to Navier—Stokes
(see for instance [24]), our result also implies a statement about the inviscid limit.

Theorem 1.2. (Rough vanishing viscosity statement) Let {v"},~0 be a smooth se-
quence of solutions to the incompressible Navier-Stokes equations on T or R?
withv — 0. Assume that v¥ — v in L)ZCJ and that the dissipation v|Vv"|? accumu-
lates on a nontrivial lower dimensional set with dimension upper bound y € [0, d)
in the sense of Definition 2.11. Then for p > 3, by setting 0, = '/3—(d—y)®» ~3/3p,
and 0 € (0, 1), it must hold that

lim |
v—=0

0" ][ pag ) = +00, VO > 6.
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The previous theorem shows that, under the assumptions of Lﬁ’, compactness

(which is mild from the point of view of the observations in [7] but in general is

. o . . 6
not rigorously justified), all the intermittent Besov norms L’ (B ot ;:,E) must blowup

in the inviscid limit, if the limiting dissipation is nontrivial and lower dimensional.
Let us remark that in this context, nontrivial dissipation is usually stated as

T
liminfuf f [VvY|? dxdt > 0, (1.3)
v—0 0 Q

which indeed might be seen as a precise mathematical formulation of the 0-th law
of turbulence.

Leaving out for a moment whether or not this is plausible for real turbulent
flows, when y = d — 1 Theorem 1.2 implies that no global fractional regularity
measured in the LY scale can be retained in the infinite Reynolds number limit
if the dissipation is nontrivial and concentrated on a codimension—1 set. That is,
more precisely, 0, = !/, — 0 as p — o0, which is equivalent to ¢, = 1 for all
p. We refer to [34] for the most updated numerical simulations predicting actual
values of ¢,, for p < 12, with plausible saturation ¢, — const. for p — oo.
Codimension—1 singularities also appear in shocks-types singularities for various
compressible models. Much of the authors work contained in this paper carry over
to this setting, with suitable additional assumptions, and it would show the authors’
conclusions are sharp for a certain class of solutions. We emphasise that truly
concave and bounded upper bounds on ¢, that is without imposing ¢, = 1 for all
p, can be deduced by our analysis given in Theorem 2.9. This is again related to
codimension—1 singularities, but with a possibly weaker notion of dimensionality
(see Definition 2.5). Details are given in Remark 2.10.

In Theorem 2.17 we will give the rigorous counterpart of the previous result,
which relies on the Lagrangian notion of dimension.

1.3. Comparison with the existing literature.

Let us start by noticing that under the homogeneity assumption, that is when
y = d, the critical threshold given in Theorem 1.1 (as well as all the results in
both space and time we prove in this paper) automatically coincides with the K41
(and thus Onsager) prediction 6 = !/3, thus providing an honest generalisation of
the energy conservation criterion of Constantin-E-Titi to the intermittent setting.
Moreover, our Theorem 1.1 also matches (modulo the definition of dimension)
with the energy conservation of d-dimensional Vortex Sheets proved in [50] by
R. Shvydkoy. See also the recent work [20] where the first named author together
with M. Inversi generalized such energy conservation, with no assumptions on the
structure of the singular set. Vortex Sheets are intermittent incompressible flows in
the class L° N BV (which by interpolation belong to B;,/foo for all p = 1) which
are smooth outside a regular enough codimension—1 surface (the sheet) across
which they have a jump discontinuity in the transversal direction. Indeed our result
proves that, when singularities form at most a codimension—1 set, the threshold that
determines energy conservation is 6, = !/,, which is exactly the critical regularity
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of a Vortex Sheet. We refer to Remark 2.15 for a more rigorous discussion. Note that
such a threshold 6, = !/, coincides also with codimension—1 Burgers shocks (that
formally corresponds to y = 0 in 1d Burgers) which, contrary to Vortex—Sheets,
are also consistent with a nontrivial energy dissipation [30]*Pages 142-143.

A non-quantitative precursor to Theorem 1.1 was given in [37], where the sec-
ond author proved (by a rather different argument) that an energy-nonconserving
solution cannot be of class L/ (B;,/foo) for any p > 3 if its dissipation is supported
on a set of space-time Lebesgue measure zero. Moreover, our result drastically
improves [19] (see also [6], which at the best of our knowledge has been the first
attempt to analytically/quantitatively analyze lower dimensional singularities) by
the first author and S. Haffter by removing any sort of hypothesis on the quanti-
tative smoothness of the velocity field v outside the singular set and moreover by
developing a machinery that requires only an assumption on the dimensionality of
the support of the dissipation. Notice that the set in which the dissipation is sup-
ported is clearly always contained the complement of the set in which the velocity
is C!. In contrast to our Theorem 1.1, note that the two main theorems of [6,19]
cannot really be thought as purely intermittency results: They both assume some
quantitative behaviour of v outside the singular set, which in turn implies that, if the
dimension of the singular set is small enough, v € L? (Bé{ 3;), thus always relying
on control of the third order exponent ¢3. Instead the results we provide in this
paper not only rule out the condition of quantitative smoothness outside a small
set, but directly restrict the p-th order structure functions for p > 3 under general
conditions while placing no restriction on ¢3 that implies energy conservation.

Regarding the complementary range p < 3, we note that convex integration
has been recently applied to produce energy-nonconserving Euler flows even be-
yond the ¢/, = !/3 threshold in [4,48], supporting the expectation that dissipation
in the vanishing viscosity limit is consistent with structure functions exponents
larger than the ones predicted by Kolmogorov. Note that there is some heuristic
consistency between our result and the intermittent Onsager theorem proved in
[48]. They produce dissipative solutions of Euler belonging to L~ N H '~ which
by interpolation gives B;,/f’o; for every p = 2, or equivalently in terms of structure
functions exponents ¢, = 1 (up to an ¢) for all p = 2, and moreover their con-
struction indicates, at least heuristically, that spatial singularities are concentrated
on a 2-dimensional set [48, Remark 1.2]. This is indeed consistent with the upper
bound given by Theorem 1.1, which, modulo the specific notion of dimension, in
the case y = 2 (in the three dimensional setting d = 3) forces ¢, = 1 (at least for
all p = 3) in order to allow the Euler equations to support dissipation. Thus, our
result also shows that a 2-dimensional singular set is the smallest one that can be
achieved for the dissipative solutions constructed in [48]. Further discussions on
intermittency phenomena for p < 3 can be found in [30].

2. Precise Statements

Before giving the precise statements of all the intermittency results in both space
and time, we recall the energy balance for Euler which will allow us to rigorously
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define what we mean by dissipation, together with its lower dimensionality, in our
context.

2.1. Local energy balance and Duchon-Robert distribution.

From [25] we have the local energy balance

o () i (10 —_pY 2.1
(L)oo

for some distribution DV € D’(2 x (0, T)), known as the Duchon-Robert distri-
bution, whenever v € L?OC(Q x (0, T)). The distribution DV measures the local
dissipation of energy of turbulent inviscid flows. When the solution arises as a limit
in Li’, of classical or more generally “dissipative” (see [25, Section 3] for the

definition of a dissipative solution) Navier—Stokes solutions v", that is

v : v v v v
{3,1) +div(r" @ vV) + Vp” —vAv’ =0 22)

divv =0,

then DV is necessarily a non-negative distribution, and thus by Riesz’s Theorem it
is a measure, that is equal to the weak limit of the local dissipation measures of the
Navier—Stokes flows if v" is regular enough; that is,

lim v|Vv' |2 = DY, inD(Q x (0, T)), (2.3)
v—0

as soon as v — v in L? ,. For a general Euler flow in L? , we have the formula

DY = lim Re : Voe inD'(2 x (0, T)). 2.4)
e—

where v, = v*p, is a standard regularisation in space and R; := v, ®@v, —(VQU), is
the Reynolds-type stress tensor arising from averaging at scale ¢ the only nonlinear
term in the equation (see for instance (3.7) below). For further formulas of the
dissipation measure and its connection with some Lagrangian aspects of turbulence
we refer to [22].

It is known that DV is the trivial distribution D’ = 0 whenever v € L3((0, T);
Bgoo(Q)) for 6 > 1/3[8,14,25]. Technically the original proof of (2.1) from [25]
uses a slightly different approximation for DV and the proof of the specific formula
(2.4) has been given by the second author in [37], which also shows that Spt, , DV
is contained in the singular support of v relative to the critical conservative space,
see [37, Theorem 4].

2.2. Time intermittency

We start with a couple of results whose goal is to investigate the case in which
singularities are not time-filling but they instead concentrate on a lower dimen-
sional set. In addition to their novelty in the current literature, they also serve as a
motivation to consider the spatial intermittency in which singularities can happen
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for every time as discussed at the end of this section. We analyse the singularities in
time in the spirit of [18, Theorem 1.1] in which the lower bound on the dimension
of singular times comes as a consequence of the Holder regularity of the kinetic
energy (see for instance [12,35])

le(t) — ev(s)] < Clt — 5|77 2.5)

for solutions v € L*°((0, T'); Bg’OO(Q)). It is worth mentioning that from [21] the
energy regularity (2.5) is sharp. More precisely most of the solutions to Euler (in
the appropriate sense) do not posses any better regularity than (2.5), and fail to
have monotonic kinetic energy on every interval. In connection to intermittency in
turbulence, this result gave (at least partially) a positive answer to the conjecture
from [39], indicating that energy dissipation is highly unstable upon the slightest
departure from the /3 law (or more specifically the regularity B;/' ;o).

The L°-in time regularity assumption on v is essential to get the desired Holder
regularity (2.5) of the kinetic energy, but, as already claimed in [16] while inves-
tigating the helicity regularity, a weaker integrability in time would still imply
a suitable Sobolev (or Besov) regularity of conserved quantities like the kinetic
energy or the helicity. Indeed, we have

Proposition 2.1. Let Q be T4 or the whole space R4, d > 2. Let6,8 € (0,1),
pZ3,andv € LP((0, T); B [ (Q)NL" (0, T); Bg () be a weak solution
of Euler. Then

2f
lew-+h) = e ()l s < ClA| T35,

28
forall h # 0 and for some constant C > 0, namely e, € Bpl/;i"oﬂﬁ ([0, T]) and we
implicitly assumed that the time integral in the previous formula is computed for
all times t such thatt,t + h € (0, T). In particular, as an L! ([0, T function, e,

is constant if 6 > /5.

The previous proposition generalizes the Sobolev regularity e, € W1"/([0, T])
obtained in [35, Theorem 1.6] when 6 = !/5. Moreover, we make a distinction
between the two spatial regularities (0 and g) of the velocity v when measured in
the two different integrability scales Lf’c and L%, to allow the second order structure
function to have higher regularity exponents, which is expected from observable
turbulence. We remark that in the periodic case @ = T¢ the assumption v(r) €
Bf’ () is redundant whenever g < 6, and one gets

20
lley(- + h) — eu(')IIL;/a < Clh|1-7

by only assuming v € L?((0, T); Bg’oo(Q)). This is clearly not possible when

Q = R?, where a suitable spatial regularity v(¢) € Bf . (R?) is essential to estimate
the quadratic terms that always arise when splitting the energy increments with
respect to the energy e,, of the averaged velocity v, (see the estimate (4.1) below).
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For sake of clarity let us define what we mean by conservative/non-conservative
solutions in this context in which the kinetic energy e, is not necessarily continuous.

Definition 2.2. (Conservative/non-conservative solutions) Let v € L2((0, T) x §2)
be a weak solution to Euler. We say that v is a conservative solution if e}, = 0 in
D'((0, T)), that is

(e, 9) =0, Vo e CX(0,T)). (2.6)
Consequently, we call non-conservative solutions the ones for which (2.6) fails.

Being a conservative solution according to the previous definition means that e,
is a constant in the sense of L!([0, T]) functions, which coincides with the usual
definition e,(f) = e,(0) for all + € [0, T] as soon as v € C°([0, T]; L*()).
However, we have decided not to add any continuity assumption on the kinetic
energy in order to keep the results more general.

In what follows we will denote dim xSt the upper Minkowski dimension of
the set ST C (0, T) (see Section3 for the rigorous definition). Similarly to [18,
Lemma 2.1], we then get the following:

Theorem 2.3. Let 2 be T or R?, d > 2. Letp >3,0¢€(0,5), B e(0,1)and
v e LP((0,T); BY . () N L7, T); B «(R)) be a weak solution of Euler.

Suppose that there exlsts a closed set of times ST C (0, T) withdimpS7 =y < 1
such that v is conservative on S5 x Q. Then v conserves the kinetic energy if

2p
1—36+28

p—

3
>1—- (1 —vy).

We note that by [8] a sufficient condition for being conservative outside S7 is that
v is locally of class L3B / , on S5 x Q.

The proof of the preV10us theorem will be given in Section4. As a corollary
we obtain the corresponding lower bound on the Minkowski dimension of singular
times of non-conservative weak solutions of Euler, which can be equivalently read
an upper bound on the regularity exponents 6, 8.

Corollary 2.4. Let Q be T? orR%, d > 2. Let p > 3,6 € (0,/3), B € (0, 1) and
v € LP((0,T); BY () N L"((0, T); Bﬁ () be a non-conservative weak
solution of Euler. Suppose that there exists a closed set of times St C (0, T') with
dim (ST = y < 1 such that v is conservative on 87 x Q. Then it must hold

2p <1_P-
1-30+28 =

3
(I—=yp). 2.7)

Note that, as soon as p > 3 and y < 1, inequality (2.7) implies that dissipative
solutions must have their L3 regularity index 6 < /5, no matter the value of 8.
The gap between 6 and !/s becomes larger when the L regularity index f is larger,
which means that higher values of ¢, imply larger downwards deviations from K41
in the third order structure functions—that is unless, of course, the time support of
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the dissipation has dimension y = 1. Since a gap where the L? regularity index
0 lies below !/3 may be regarded as unphysical, for example in its contrast to the
4/5-ths law, we are motivated to find conditions under which there are no gaps in
time having zero dissipation but nonetheless intermittency in the structure functions
can be observed. The main theorems that follow allow for this behavior.

2.3. Spatial intermittency

To state our main results concerning lower dimensional singularities in space
we will need different notions of Minkowski-type dimension of the dissipative set
S C Q2 x (0, T), that is the support of the Duchon-Robert distribution DV from
(2.1), that is

S :=Spt, ,D".

In the following we will refer to the support of the distribution DV as the dissipation
support and we will denote by H* the k-dimensional Hausdorff measure, k € N.

Definition 2.5. (Eulerian time stable Minkowski dimension) Let §2 be R? or T¢.
Givenaset S C Q2 x (0, T) we will say that S has Eulerian time stable Minkowski
dimension at most y € [0, d], with instability parameter 8 > 0, if, by letting
t = 67 and defining

(s ={x+h,t+s): (x,t) €S, |h] <34, |s] <},
to be the space-time §, T-neighbourhood of the set S, it holds
HITL(8)s,. N M) <8077, (2.8)

for all § > O sufficiently small and every bounded set M C Q2 x (0, T'), where
the implicit constant in (2.8) might depend on d, 8, y and M, but it is otherwise
independent on §.

The necessity of introducing the bounded set M in (2.8) is to cover the case Q2 =
R? and allowing the dissipation support to be unbounded (in space). However,
we remark that since we are willing to prove a local energy conservation result
according to (2.1), the local properties of the dissipation support are the only ones
that really matter. Clearly when € = T the set M does not play any role and it
can simply be removed.

The parameter  is called the “time instability parameter” because it quantifies
how long in time a covering by cylinders can remain a covering, and thus quantifies
how “rough” the motion of the set is in time. Moreover, by the previous definition
it readily follows that if a set S has Eulerian Minkowski dimension at most y, with
time instability parameter B > 0, then the same Eulerian dimension upper bound
holds true for every other instability parameter 8/ > B. Similar to the standard
Minkowski one, our Eulerian notion of dimension can be reformulated in terms
of a box-counting one: The set S can be covered by at most 7~ '8~ space-time
cylinders {CZS T }l. of spatial radius 6 and time length T = 87 . Notice that all of such

cylinders have ! (C27) = 8¢,
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Example 2.6. An easy example of a set that satisfies the definition above is the
Galilean transformation of a y-dimensional set.

Example 2.7. More generally, consider the image of a y-Minkowski dimensional
set S ¢ T¢ througp the flow of a Lipschitz vector field U € L*°((0, T); Lip(2)).
More precisely if § ¢ T¢ satisfies

! ((3),) s 607,
then the space-time set

S = [<¢>U(x,t),t) cxed, te, T)}

has Eulerian time stable Minkowski dimension at most y with instability parameter
B =1, where ¢V = ¢U (x, 1) is the flow associated to the vector field U = U (x, 1),
that is

$oV.n=U (8" (x.0.1)
¢)U(x, 0) = x.

Indeed, consider a covering of S by O(677) §-balls. Evolving the covering, each

ball will evolve in a bounded time T to a (possibly distorted) ball of diameter at
most Cé by the Gronwall inequality, where C ~ eTHVUHLft . Thus any time ¢ slice

of S can be covered by O(§77) §-balls, and if we double the radii of these balls and
use the boundedness of U, such a covering at time ¢ remains a covering for a time
interval of size ~ §. This observation combined with the equivalence observed in
the following remark shows that S has upper Minkowski dimension at most y + 1
in space-time and therefore has Eulerian Minkowski dimension at most y with
instability parameter 8 = 1.

Remark 2.8. (Standard Minkowski vs Definition 2.5) Notice that when the insta-
bility parameter 8 = 1 then it readily follows that the Eulerian Minkowski dimen-
sion from Definition 2.5 is implied by the more common space-time y + 1 upper
Minkowski dimension (see Section 3 for the definition), and they actually coincide
if B = 1, while for 8 < 1 the Eulerian—-Minkowski dimension is strictly stronger.
Indeed, suppose that S T x (0, T') has upper Minkowski dimension at most
y + 1. Then by (3.3), denoting by [S]s the space-time tubular neighbourhood of
width § of the set S, one has

Hd+l([S]8) < 8d+l—(V+l) — (Sd—y’

which, together with (S)s 56 C [S]as for every B 2> 1, gives that S has Eulerian
time stable Minkowski dimension at most y with instability parameter 8 = 1.

Theorem 2.9 below can thus be stated purely in terms of the classical Minkowski
dimension in space-time, while Eulerian—-Minkowski dimension with § < 1 will
be used to formulate the Corollary 2.14 below, which has a stronger conclusion.
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Note also that the Euler equations have separate scaling symmetries in space and
time, so demanding a particular relationship between the two variables in defining
dimension may not be entirely natural. We therefore have introduced the general
notion of Eulerian time stable Minkowski dimension at this point to draw attention
to the importance of the concept of time stability (informally, how long do coverings
by balls remain coverings), in obtaining our conclusions.

We are now ready to state our first result about spatial intermittency.

Theorem 2.9. (Eulerian intermittency) Let Q be RY or T¢, d > 2. Let y € [0, d],
p€el3,00],0€,1)andv € LP((0, T); Bf,,OO(Q)) be a weak solution of Euler.
Assume that the dissipation set S C Q x (0, T') has Eulerian time stable Minkowski
dimension at most y with instability parameter B = 1 according to Definition 2.5
(or equivalently, in virtue of Remark 2.8, S has space-time Minkowski dimension
at most y + 1), namely

HIHL((8)55 N M) <8077, (2.9)

for all § > O sufficiently small and some bounded set M C Q2 x (0,T). Then
D' =0if
20 -3
-l (2.10)
1-6 p
Since¥/u -6 < 1 < 6 < !/, itisclearthatassoonas y < d (and assuming
the dissipation to be nontrivial), the above theorem implies intermittency in every
structure function of order p > 3.3

Remark 2.10. In view of the previous theorem, together with the equivalence ob-
served in Remark 2.8, when the space-time Minkowski dimension of the set in which
the nontrivial dissipation concentrates is at most d, then it must hold 2/ -6 < 3/,
which in terms of structure function exponents reads as

3p
3+2p

§p§§;:

Coherently with what recent simulations show [34], the above expression of ¢ ;;, as
a function of p = 3, is concave, bounded and gives ¢5* = 1. Even if our analysis is
limited to the range p = 3, the fact that

d 1

_g* = - <
dp P p:3 9

)

Q| —

also matches, assuming a C'! behaviour in p, with the empirical evidence of upward
deviations from K41 predictions for p < 3.

3 The assumption of Lf can be replaced by Lz3 or L;’ with 3 < ¢ < p without changing
the argument. The details are given in Remark 5.3.
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In view of Examples 1 and 2 of sets that satisfy Definition 2.5, we naturally ob-

tain the following dichotomy, which is in fact an intuitive interpretation of Theorem
2.9.
Dichotomy (Interpretation of Theorem 2.9). If the dissipation is nontrivial in an in-
compressible non-viscous flow and is supported on a (spatially) lower dimensional
set, then either the dissipation support is moving very rapidly in time (that is it
cannot be contained in the Lipschitz flow of a set with the same spatial dimension)
or there is intermittency in every p-th order structure function with p > 3.

The above dichotomy yields one reason to look for a (possibly stronger) notion
of dimension that will allow for a stronger result. That is, we may be interested in
dissipation sets that do move rapidly in time if they are indeed adapted to a low
regularity solution. Perhaps more importantly, Theorem 2.9 gives a result that is
weaker in terms of intermittency than the prediction of the 8-model that we desire
(since 360 > 2¢/1 -0)), and thus we look for a dimensional assumption that will yield
a stronger result.

Intuitively, based on the Taylor hypothesis, we expect the fine scale oscillations
of the velocity field, which in turn support the dissipation, to be carried along
the coarse scale flow. We will therefore put forth a definition of dimension that is
tailored to the flow map of a smooth approximation to our rough vector field.

In what follows we will denote by CDX Q2 x (0, T) — T¢ x (0, T) the flow
map associated to the vector field V : Q x (0, T) — RY, namely

D) (x, 1) = (¢Xv(x, N +s), (2.11)
where ¢ (x, 1) solves
LoV ey =V (gY .0t +5)

(bé/(x, t) = x.

By the classical Cauchy-Lipschitz theory such a flow is well defined whenever
VeC tO (Lip, ). We are now ready to introduce the following definition

Definition 2.11. (Lagrangian time stable Minkowski dimension) Let © be R? or
T¢. Let S € Q2 x (0,T) and v € LI((0, T); LP(2)) be a coarse incompressible
vector field, for some p, g € [2, co]. We will say that S has Lagrangian time stable
Minkowski dimension at most y € [0, d], with instability parameters By, f» > 0
relative to v, if (there exist implicit constants such that) for all sufficiently small
8 > 0 there exists an incompressible vector field V® of uniformly Lipschitz class
V% e CO([0, T1; Lip($2)) such that

Jo =V 0, <87 (2.12)

Ly
and, by defining the §, t-Lagrangian tubular neighbourhood

£V ()50 = {cpSVa 4ht): (€S, |sl <z, |h < 5}, (2.13)
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it holds
H“%MmﬁwwmagyFVﬁrzwa (2.14)

for every § > 0 small enough and every bounded set M C 2 x (0, T'), where the
implicit constant in (2.14) might depend on d, B1, B2, y and M, but it is otherwise
independent of §.

As for Definition 2.5, also in this case there is a hierarchy of (in)stabilities.
Indeed, if a set has Lagrangian time stable Minkowski dimension at most y with
instability parameters f1, B2, then it is also the case for every other couple of
parameters 8] < B and 8, = B,. Also, the Lagrangian dimension we gave can be
equivalently computed by counting cylinders: To cover the set S we need at most
t=1877 Lagrangian cylinders {[,i’f}i, generated by a Lipschitz incompressible
vector field V¢ which is 8#1 close to v in the LT (LY) topology, with spatial radius
§ and time length v = 6/2. Notice that each such cylinder has H*+! (£)'7) = 787

Let us emphasize that there will always be at least one family V? satisfying the
stability requirement (2.12) measured by the parameter 8 for the class of velocity
fieldsv € Lf (Bf,’oo), with p = 3, we will consider. Indeed, one can simply choose

Vo = ux ps to be the spatial mollification of v at scale §, or even at a smaller length
scale ' < 8, and by standard mollification estimates (see (3.4) below) deduce
B1 = 0 in (2.12), which is actually satisfactory for our main Theorem 2.12 below.
Moreover, since v is a solution to Euler, such a V¢ solves distributionally

8 (VV®) = =V (div(v ® v) + V p) * ps
from which, since p = 3, one deduces that 9, VVe e Lf/ 2(LS?") and consequently
Ve e " (Lip,) € €0 (Lip,).

Definition 2.11, however, has the desirable feature that it depends only on v and S,
and does not depend on a choice of mollifying kernel, while the additional stability
parameter has the advantage of allowing for weaker or stronger assumptions on v.

Definition 2.11 accords well with the Taylor hypothesis of frozen turbulence,
which claims that fine structures of a turbulent flow (in this case singularities or
more generally points in the dissipation support) are advected by an averaged ver-
sion of the velocity. Indeed, we use Lagrangian neighborhoods and we consider
regularizations of the velocity field including mollifications.

In terms of this notion of Lagrangian-type Minkowski dimension we have the
following theorem, which represents the precise counterpart of the rough Theo-
rem 1.1 stated above:

Theorem 2.12. (Lagrangian intermittency) Let Q2 be RY or T¢. Let p € [3, oc],
0 € (0,1), y € [0,d] and v € LP((0,T);, B?;’OO(SZ)) be a weak solution of
Euler. Assume that the dissipation set S C Q2 x (0, T') has time stable Lagrangian
Minkowski dimension at most y, with instability parameters f1 = 6 and By =
1 — 6 + @W=v/, relative to v (according to Definition 2.11). Then D* = 0 if
o> _@_pP=3
3 3p
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Note that, by reading the previous theorem in terms of structure function exponents
(remember ¢, = Op), it gives the linear upper bound (1.2) when d = 3, which
is then precisely consistent with the -model, for solutions of Euler that support
nontrivial dissipation, modulo of course the notion of dimension we used. Indeed
our theorem implies that, assuming dissipation to be y dimensional in the above
sense, the B-model prediction is the largest possible choice of ¢}, which s consistent
with anomalous dissipation. Note also that in case of full codimension, that is y =0,

the B-model prediction coincides with the Sobolev embedding BI/ . C Ld e, (If
y = Othe ,3 model gives 3¢, = p(1 —d) + 3d, which intersects the p axes exactly

in p* = d 1 In other words, assuming B i/ o t0 be exact in view of the 4/5-ths law,

velocities with dissipation of full codlmenswn will always have finite p moments,

forall p < p*. As for the Eulerian theorem, also Theorem 2.12 can be generalised
tov € L?(B;OO), for any (possibly different) p,gq = 3. See Remark 5.4. The
choice of B, in the above theorem is the one giving the optimal conclusion; see but
for any given 8, = 0 our proof still gives a nontrivial quantitative relation between
6 and y, with explicit dependence on S,. In terms of the Taylor hypothesis, it may
be reasonable to assume that 8, = 0, since the vector field V3, which is purported
to carry the singularities of the flow, is allowed to be arbitrarily close to the solution
v. The dependence of B, on the codimension d — y might, at least heuristically, be
coherent with the following fact: The higher the codimension, larger the portion of
space in which the flow is “regular”, and thus the more time stability of singularities
is plausible.

The proof of the two above Eulerian and Lagrangian type of spatial intermit-
tency theorems will be given in Section5. Moreover, by putting together the two
theorems from above, one can sort of merge the two notions of dimension and
give the following, which can be thought as an intermediate definition between
Definitions 2.5 and 2.11:

Definition 2.13. (Eulerian—Lagrangian time stability) Let Q be R or T. Let § C
Qx(0,T)andv € LY((0, T); L?(2)) be an incompressible vector field, for some
P, q € [1, oo]. We will say that S is Eulerian—Lagrangian stable with parameters
B1, B> > Orelative to v if (there exist implicit constants such that) for all sufficiently
small § > 0 there exists a (uniformly in time) Lipschitz incompressible vector field
V3 e %[0, T1; Lip(2)) such that

Jv =V Lar) S 87 (2.15)
and, by letting r = 8#2, it holds
§

@Y ((S)s.0) C (S)2s.20 (2.16)

for every § > 0 small enough and all |s| < .

Condition (2.16) guarantees that the set S does not move too rapidly under the
flow map of V?. Under this condition we have that Eulerian time stability (as in
Definition 2.5) implies Lagrangian time stability (as in Definition 2.11), and we
can apply Theorem 2.12 to yield the following corollary.
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Corollary 2.14. (Eulerian—Lagrangian intermittency) Let Q be R¢ or TY. Let
p € [3,00],0 € (0,1), y € [0,d] and v € LP((0,T); Ble),oo(Q)) be a weak
solution of Euler. Assume that the dissipation set S C Q x (0, T) has Eulerian
time stable dimension at most y, with instability parameter § = 1 — 0 + @-7)/,
(according to Definition 2.5) and moreover it is also Eulerian—Lagrangian stable
with parameters 1 = 0 and B = B relative to v (according to Definition 2.13).
Then D’ =0 if

1 p—3
6>-—(d—y) —-.
>3 d-vy) 3

The main point in stating the corollary is to demonstrate that the sharp (in the
sense of the B-model) upper bound (1.2) can still be derived if one couples the
more standard Eulerian notion of Minkowski dimension from Definition 2.5 (in
which the neighbourhoods are the most common tubular ones) with the stability
requirement (2.16), which basically asks that the dissipation set is not moving too
rapidly in time. However, although the corollary is more elementary, in virtue of the
Taylor hypothesis one may view Theorem 2.12 as the main result (that is probably
also the most physically relevant) of this paper.
We conclude by the following remark:

Remark 2.15. (Vortex Sheets) When v is a Vortex Sheet it is clear that the instability
parameter § in Corollary 2.14 can be taken to be § = 1 (recall that Vortex Sheets
belong to LY, N L°(BVy) C L°°(B ) and thus & = 1/, for all values of p).
Moreover, by choosmg V% = v % ps, the requirement (2.16) trivially holds with
7 < §, since in a time interval of length ~ 7 points move at most by < 7 when
subject to a flow of an LSS, vector field. Thus Corollary 2.14 also shows that Vortex
Sheets lie in the critical (local) energy conservative class for a set that has Eulerlan
stable Minkowski dimension at most d — 1 with instability parameter 8 =
(according to Definition 2.5), or analogously, in virtue of Remark 2.8, a space—time
set whose standard Minkowski dimension is at most d. We believe this statement
to represent a good complement to the energy conservation proved in [50].

2.4. Intermittency in the vanishing viscosity limit

Here we give the precise statements for vanishing viscosity sequences whose
dissipation accumulates on lower-dimensional sets. To this end, for any viscosity
v > 0, we let v” to be a smooth solution to the incompressible Navier—Stokes
system (2.2) on 2 x (0, T).

Since we wish to deduce properties of the limit v” — v (as v — 0) by means
of our inviscid intermittency results stated in the section above, we need to rephrase
the anomalous dissipation definition (1.3) as an interior dissipation condition

T—6
hmmfv/ / VoY | dxdr > 0, for some 6, R > 0. 2.17)
Br

This latter technical reformulation of the O-th law ensures that not all the dissipation
is being pushed towards the time boundary, or is escaping to infinity when Q = R?,
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which seems to be a physically reasonable assumption. The use of this assumption
in our context is that both Theorems 2.9 and 2.12 conclude intermittency by means
of DV #£ 0, and DV, being a distribution, does not see masses at boundaries or at
inﬁnity.4 Note that, when = T¢, condition (2.17) is equivalent to the usual 0-th
law (1.3) as soon as {v"},~¢ is a compact C,O(Lﬁ) sequence (as can be seen from
(2.19) below), and compactness in C,O(L)zc) itself follows from a uniform bound in
L;’O(Bg’ oo)» for some 6 > 0, by the Aubin-Lions-Simon Lemma.

In what follows we denote by M™(Q x [0, T]) the space of finite positive
space-times measures, that is the dual of Cg(Q x [0, T']), where the pedex b stands
for bounded. Thus we will adopt the usual notion of convergence in measure by
duality with continuous functions. We start by stating the first result, which uses
the Eulerian time stable Minkowski dimension of Definition 2.5 with 8 = 1, which
then is equivalent to the standard space-time Minkowski dimension y + 1 in virtue
of Remark 2.8.

Theorem 2.16. (Eulerian vanishing viscosity intermittency) Ler 2 be T¢ or R?.
Let {v"},~0 be a sequence of smooth solutions to (2.2) enjoying (2.17), such that
VIV’ = win MHT(Q x [0, T). Suppose that the set S = Spt, i it has space-
time Minkowski dimension at most y + 1. Then, for p € [3, o], by letting 0 € (0, 1)
be any positive number such that

26

p—3
—>1———(d—-y),
1—9> P ( V)

it must hold that

. v .
lim 0" p o ) = +oo. (2.18)

The assumption v|Vv”|> — u as measures is not restrictive since, as soon as
the initial data v belong to a compact subset of L?(S), then the global energy
balance

1 t 1
-/ |v"(x,t)|2dx+v/ / |Vv”(x,s)|2dxds=—/ lug(x)[>dx, V=0,
2 Ja 0 Ja 2 Ja

(2.19)

implies that the sequence {v|Vv"|?},~¢ is bounded in L'(€ x (0, T)), and thus
it converges to a non-negative and finite measure u, up to taking a subsequence.
Thus the only true assumption in the previous theorem is the existence of a lower-
dimensional accumulation point (in the space of non-negative finite measures) in
the sequence of dissipations. The previous global energy equality is obtained by
integrating in space, and then in time, its (stronger) local version

V2 V|2 V|2
(8 (2 1)) o () e <o

4 Note that in the recent constructions [3,11] the dissipation, in the limit, pushes all the
mass towards 7.
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which, for smooth solutions v", is obtained as usual by scalar multiply the first
equation in (2.2) by v" itself and using Leibniz rule, together with the incompress-
ibility divv” = 0. We emphasize that the assumption (2.17) implies that at least a
portion of the support of w is strictly inside 2 x (0, T).

The Lagrangian version of the previous theorem, which is indeed the rigorous
counterpart of Theorem 1.2, reads as follows:

Theorem 2.17. (Lagrangian vanishing viscosity intermittency) Let 2 be T% or R%.
Let {v'},~0 be a sequence of smooth solutions to (2.2) enjoying (2.17), such that
v’ — vin L2(Q2 x (0, T)) and v|Vv'|> = win MT(Q x [0, T)) in the inviscid
limit. Let 6 € (0, 1), p € [3, 0] and assume v € LP(Q2 x (0, T)) and that the
set S := Spt, ,u has time stable Lagrangian Minkowski dimension at most y, with
instability parameters 81 = 6 and By = 1 — 0 + @~v)/, relative to v (according to
Definition 2.11). Then, if 0 > /s — (d — y)» =3 /5p, it must hold that
lim 0" oo ) = +o0. (2.20)
Note that, differently from Theorem 2.16, in Theorem 2.17 we had to assume
L)%,, compactness of the sequence {v"},¢ and knowledge of a limiting velocity
field. This is indeed a drawback of the Lagrangian Minkowski notion of dimension,
while the Eulerian Minkowski one, being purely geometrical, has the nice feature
that it does not require any reference vector field in order to be defined. However,
in principle, if one knows the rate of convergence in Theorem 2.17, then either
vY itself or regularizations of the v¥ provide a good candidate for the family of
approximations V° required in Definition 2.11. Similarly to Theorem 2.12, the
use of the Lagrangian Minkowski dimension in the previous theorem can be seen
as a theoretical instance of the Taylor’s hypothesis for which coarse structures of
large Reynolds number incompressible flows follow an averaged velocity field. The
proofs of Theorem 2.16 and Theorem 2.17 will be given in Section 6. Let us point
out again that, for the interest of possible empirical testing, the precise assumptions
in Theorem 2.17 are designed to optimize the exponent, and that weaker conclusions
can be obtained if weaker assumptions are satisfied.

3. Notations and main tools

Here we list some useful tools that will be used throughout rest of the paper.

3.1. Minkowski dimension
We start by recalling the basics on the notion of Minkowski dimension, while for

a more detailed account we refer to [45, Chapter 5]. For any bounded set S C R,
d 2 1, we define

dmpqS = inf{szo: M (S):O}, G.1)
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where M’ denotes the upper Minkowski content, obtained by computing the shrink-
ing rate (in volume) of the 8-neighbourhoods (S); := {x € R¥ : dist(x, S) < 8}.
More explicitly,

HE((S)s)

M (S) := lim sup 50—

§—07t

(3.2)

Clearly di_mMS € [0, d]. The boundedness of the set S is necessary in (3.2) since
otherwise one could have H4((S)s) = +oc forevery § > 0. When S is unbounded,
one can define the local version of (3.1) with the usual straightforward modifica-
tions. Note that by (3.2), letting y = dim S, thenif 7 > y one has the asymptotic

H(S)s) S 8977, (3.3)

for all 0 < § « 1 sufficiently small and for some implicit constant which might
depend on d, y, y, but it is otherwise independent on §. For simplicity, in view
of (3.3) where y can be chosen arbitrarily close to y, we will say that S has
upper Minkowski dimension at most y if H?((S)s) < 8977, thus slightly abusing
terminology. In particular, that terminology has been used in Remark 2.8.

It readily follows from the definition that this gives a (strictly) stronger notion of
dimension with respect to the Hausdorff one, that is dim S = dimsS for any set
S. Indeed, every dense set automatically has full upper Minkowski dimension (that
is dim, mS = d), while the Hausdorff one could even be 0 (see [45] for examples).
Thus, in terms of dimensional lower bounds and in view of possible accumulation
of energy dissipation on dense sets, it might be desirable to relax the notion of
dimension used in this work to Hausdorff. We refer to [17] for a recent result
relating dimyy of the dissipation set to the L? integrability of quite general fluid
models by means of measure theoretic tools, thus quite different than the approach
we used here. An equivalent way of formulating the upper Minkowski dimension
is in terms of counting boxes: At most § 7 cubes of size § are needed to cover the
set S, in the limit as § — 0O (see for instance [45]*Chapter 5).

Notice that both the Minkowski-type notions of dimension we introduced in
Definitions 2.5 and 2.11 could have been rephrased more rigorously in terms of an
appropriate upper Minkowski content, but since this would have not added anything
substantial to the results, we avoid this technicality and directly define the dimension
by looking at the shrinking rates (2.8) and (2.14).

3.2. Besov spaces

Let  be the whole space R? or the d-dimensional torus T¢. For every p €
[1, 00], k € N we will denote by L”(£2) the usual Lebesgue space of measurable
p-integrable functions and by W* 7 () the Sobolev space of functions whose k-th
order derivatives belong to L? (£2).

Moreover recall the definition of the Besov space for any 6 € (0, 1)

By (@ = |f € L7 [f1g_ 0 < 00}
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where

1fC+h)— fFOllre

Then the full Besov norm will be given by ”f”Bf, @) = Il fllr) + [f]Bg ()

3.3. Mollification estimates and commutators

For every function f : @ — R and ¢ > 0 we will write f; = f * p. to denote
the regularisation of f, where p. is a standard Friedrichs’ mollifier. We start by
recalling the following standard mollification estimates

If = fellr S el (3.4)

.00

I fellwirir S & M f g (3.5)

forevery k € No, p € [1,00] and 6 € (0, 1).
Moreover, we also have the following Constantin-E-Titi type commutator esti-
mate

1(f8)e = fegellwer S " P 1 f1ps I8y (3.6)

rp,oo
00

for every k € No, p,r € [1,00],0, B € (0, 1), where £ + L = Land rp,r'p > 1.
The latter quadratic commutator estimate (in its particular case k = 0) is the key
observation which led to the proof of the positive part of the Onsager’s conjecture
in [14], namely the fotal kinetic energy conservation for solutions v € L? (B;{ 3;) N
COo(L?).

Indeed, letting R, := v, ® v — (v ® v),, the spatial regularisation v, := v * pg
solves the Euler—Reynolds system

0: Ve + div(ve ® ve) + Vp, = divRg,

from which, by scalar multiplying by v, itself and using the incompressiblity
divv, = 0, we get the local (approximate) energy balance

|ve | - ((Ivel? o _
0y - + div > + pe ) ve | = ve - divR, = div(Rgve) — Re @ Vg.
(3.7

Then (3.5) and (3.6) imply the estimate

. < P A RTINTE
IR : Voell < IVUellyg IRell e S ¥ 0y 0 (B)

whenever v € L{’(Bg’oo), for p 2 3and @ € (0, 1), which in particular proves the
local (and thus global) energy conservation if 6 > 1/.
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Since in our case we are interested in the local energy balance (2.1), we will
also need to handle a third order commutator that naturally arises when averaging
the left hand side of (2.1), see Lemma 5.1 below. For this purpose we define

KF5(x) = /Q F =) — fr )P — h) — ge(x))pe (h) dh.

By its trilinear structure, the previous commutator will enjoy a suitable cubic es-
timate for which we give a proof for the reader’s convenience. The purely cubic
commutator that arises here is a special instance of a third order cumulant; see [26]
for a discussion of general cumulant expansions.

Proposition 3.1. Ler Q = R?, T¢. For everyk € No, 0 € (0,1), p 2 3 and any
regular enough f, g : Q@ — R, we have

KL s S &P f R0 (8150 . (3.9)
P00 p,0

Proof. We will only give the proof for k = 0, 1, since then the case k = 2 can be
done by iterating the very same computations. Actually, in this manuscript we will
only make use of the estimate (3.9) when k = 1.

Since p, dh is a probability measure on €2, we have

K S5 < /Q 1f =) = £ F [g(x = h) — go(0)] S pe(h) d.

Thus, by Holder’s inequality

L 2p )4
K23, < /Q LG =h) = fe Ol gl — h) = g pe(h) dh. (3.10)
By using (3.4), together with the definition of the Besov norms, we can estimate

NfC—=h) = feOler SNFC=R) = fFOler +I1f = fellzr S (|h|(’ +59) [f]Bg,oc
@3.11)

Thus (3.10) gets to

7 P 2p ) 0 N 0 2p P
KSR, ST T8l /(|h| +&%) o) dh SIS, 8]
P,o0 P JQ

p.oo

(3.12)

.00

where in the last inequality we have also used that the kernel p; is supported in the
ball B, (0). It is clear that (3.12) gives (3.9) for k = 0.

In the case k = 1, we need to estimate a derivative of K g 8, To do so, let 9K Sf 8
be any partial derivative of the cubic commutator. It is clear that the derivative can
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hit f;, g or p.. More precisely we will need to estimate the following three kind
of terms

Ki(x) = /Q Afe () (f(x = h) = fe(0))(g(x — h) — ge(x)) pe (h) dh
Ka(x) = /Q |f (e = h) = fo(x)|?0ge (x) pe () dh

K3(x) = /Q | —h) = fe(@)P(g(x — h) — ge(x))dpe () dh.

By using (3.5) and (3.11) we can bound

P

14 14 14 14
K e SNOFellZe [ 1FC—h) = foOUL I8¢ = h) = 8e ()1, pe(h) dh
L Q
< 0-DLp F L Af N
SeTVSf (8l | (11”4 &%) pe(h) dh
pP,o0 P00 Q

2p )2
eSS Tel, (3.13)
p.oo p.oo

Similarly, we also get

4 ERTV 2 4
1Kl S e 70511 1815 (3.14)

To estimate K3 we notice that a derivative on the kernel p, will only bring and &~
more to the estimate (3.12) that we already proved. More precisely, since €dp, has
bounded L! norm, we have

_pr
3

K3(x)|5 < &' /Qlf(x—h)—fa(X)lszlg(x—h)—ge(x)lglapa(h)ldh,

from which
)4 p 2p 4 p o 2p )4
163l S e 31 L8150 fg (181” + &%) 10pe (1 dh S 751 f1 8
(3.15)
where to obtain the last inequality we have also used f 10p:| < e~ L. Inequalities
(3.13), (3.14) and (3.15) give 3.9) fork = 1. O
3.4. Double pressure regularity

We conclude this section by recalling the double regularity of the pressure from
[13]

1Pl S IO, (3.16)

for every 6 € (0, '/2), p € (2, 00). The case p = oo can be found in [12,37]. The
double regularity estimate (3.16) will play a crucial role in the proof of Theorems 2.9
and 2.12 since, together with (3.6), will allow us to estimate the pressure commutator
P. = (pv): — psve and deduce that it also behaves cubically in 6.
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4. Intermittency from lower dimensional time dissipation

In this section we prove the results concerning lower dimensional singularities
in time as claimed in Section2.2.

4.1. Proof of Proposition 2.1

The proof is very similar to the case p = oo proved in [12,35], but here we
take the integral in time instead of the supremum and apply Young’s inequality.

Thus assume p < oo and fix 2 > 0. Mollify v in space at scale ¢ > 0 to obtain
the smooth velocity v,. We will chose the regularization length scale ¢ = ¢(h) at
the very end in order to balance the terms. Split

lew(- +h) — Ev(-)llL:/x S llew(+ 1) —en (- + h)IIL;/w + llew, (- +h) — Evg(')llL;/w
+ llev, () — ev(')llL;/x = +UD+UID.

The two terms (1), (I 11) enjoy a very similar estimate. Indeed, since the mollifi-
cation is average preserving, by using (3.6) for every fixed time slice, we have

/ [u(x, D> — ve(x, )] dx
Q

f|v<x,t)|§—|vg(x,r>|2dx <ePni?,
Q B

2,00

from which, by also integrating in time on the interval (0, T'), we get

(), (II1T) < &% [v] L) 4.1)

B2oo

Moreover, by integrating on €2 the Euler—Reynolds local energy balance (3.7) we

get
sren =g ([ o) == [ R vuan

Thus to estimate (//) we use the usual Constantin-E-Titi quadratic estimate
(3.6) together with (3.5)

t+h t+h
|ev, (t + h) — ey, (1) §f e, ()] ds§/ /Q|Rg:wg| dxds
t t

T
< oW1 / )Ty L () ds.
0 3,00

Thus, by Young’s inequality

T 3/p
lew, (- + 1) = en, Ol i < %70 (/ [v()1g ds> 1.0y ()l

< B0 DpyP? ) 42
€ [U]LP(B3OO) (4.2)

Collecting (4.1) and (4.2) we obtain
”ev(' + h) - ev(-)”L;/x 5 szﬂ + 839711’[’

1
from which by choosing ¢ = hT-3%+2F we conclude the proof. O
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4.2. Proof of Theorem 2.3

Fix any ¢ > 0. By Proposition 2.1 we have
_ 28

L€ B (10, T]) ¢ WT= 39+2ﬂ—81/z([0 T,

/3,00

from which
2 e Ite— =2z, o) '
e, € W= R0, T]) = (W Y (0, T )

b;ing (rh) = % the Holder conjugate of »/3 and X™* the usual dual vector space
of X.

Let§ > 0, (S7)s a 8-neighbourhood of the set S and ns € C°°([0, T']) be such
that

=1, =0.

ns| (S1)s s |[0,T]\(sr>za

Then for every @ € (0, 1), g € (1, 00), y > y, we can estimate by (3.3)

- 1—
Insliwes < linsllL®lins 15, < 6074 4.3)
Let ¢ € C2°((0, T)). Since the distribution e, is supported on S7, we have

—1—¢

(-» 2+ =
(€}, ) = Wey, nso)l S lmsll (oo _2p 00 S 80770 TR
w 1=36+28"

(4.4)

where in the last inequality we used (4.3). Thus if
2p
_ >
1-360+28
we can chose ¢ > 0 sufficiently small and y sufficiently close to y, such that

the exponent of § in the right hand side of (4.4) is strictly positive. The proof is
concluded by letting 6 — 0. O

p—3
I——({—=yp).
p

5. Intermittency from lower dimensional spatial dissipation

In this section we will prove our main intermittency-type results when the dis-
sipation support is not space filling. To avoid tedious technicalities that arise when
considering the whole space R? (for instance the need to introduce the bounded
set M in the definition of the Minkowski dimensions in (2.8) and (2.14)), we will
give the full proofs when € = T¢. Then the case = R? can be reconstructed by
straightforward modifications. The general strategy in the proofs of Theorem 2.9
and Theorem 2.12 is the same, but since the two differs in some important technical
details (like the definition of the cut-off function and the way the transport error
is handled) we have provided the full details for each of them separately for the
convenience of the reader at the risk of some redundancy.

Before proving our main theorems we start with the following lemma which
plays a crucial role in the averaging process of the local energy balance (2.1), with
emphasis on the cubic term |v|?v.
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Lemma 5.1. (Higher-order averaging) By denoting f. to be the spatial mollifica-
tion of f at scale ¢, we have

(|v|2v) =K. —2R,v; — v, TrR, + [ve |2 Ve,
&€

where R, = ve @ ve — (v ® v), is the quadratic Constantin-E-Titi commutator,
R:v; is the usual notation for the (d x d)-matrix R, applied to the vector v, and

K (x) == / [v(x = 1) = ve ()P (W(x — h) = ve (X)) e (h) dh.

Proof. Fix x € Q. By thinking of the mollification (-). as an average with respect
to the probability measure p. (x — y) dy and v, (x) as a constant, we have

(v — vg(x))g =0.
Thus we can expand
(1w) = (WP =ve@)) +lvlve = (o= ve@) +veP = ve @) +[vfFve
& & &€
= (v = ve@PE =)+ 0@ P (0 = o),
+2((W = ve () - Ve (V) (W — Ve (1)), + [v[Fve .
Moreover
(0 = ve()) V(@)W = V(1)) = (v V(X)W — Ve (x))), — [V (D) (v — Ve (x)),
= (U : US(X)U)S - |U£|2U8 = —Reve,

from which we get
(102v) = (v =P =v:(0) —2Revs + of2u.

= (lv = v @ PO = ve00) = 2Reve + (1ol = o) ve + e o
O

The following lemma is standard:

Lemma 5.2. Define (S)s s = {(x + B5(0), t + B5s(0)) : (x,t) € S}tobethe space-
time 8, 8-neighbourhood of the set S which enjoys (2.9) and let g 2 1. There exists

d — —
xs € C([0, T x T?) such that X5|(S)a,a =1, X(;’((S)MAS)C = 0and
1
sl S 8477 (5.1)
d—y)L—1
10 x5l e, + 1V sl e, S 87757 (5.2)

Proof. Let 1(g),;,;(x, ) be the indicator function of the set ($)25,25. Then the
space-time mollification at scale 8, x5 = 1(s),5,5 *x,r 0s satisfies all the claimed
properties, where

) 1 X t
ps(x,t) == 0P\ 503

for some p € C°, with [ [pa pdxdr =1. O
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5.1. Proof of Theorem 2.9

Let D} = R, : Vv, be the approximation of the Duchon-Robert distribution,
asin (2.4). Let ¢ € Cfo(Td x (0, T)) be a test function. We want to show that
(DY, 9) — 0ase — 0. Let xs be the cut-off function given by Lemma 5.2. We
split the action of DV as

(D¢, ¢) = (D¢, oxs) + (D¢, o1 — xs)). (5.3)

The first term is easy to estimate by using (5.1) together with (3.8)

Cod—p=3
(D2 ox)| S IDE 5 loxall oo 7184 Mol e o 5

Consider now DV x p, to be the spatial mollification of the Duchon-Robert distri-
bution. We have

SptD? * p. C {(x + B:(0), 1) : (x,1) € S} C (S)e.e,
from which we deduce
. 8
(D" % pe, (1 — x5)) =0 ife = 7 (5.5)
Thus we can rewrite the second term in the right hand side of (5.3) as

(D, o(1 = xs)) = (Dy — D" % pe, o(1 — x5))
= (D] — D" % pg, p) — (D; — D" * pe, 9 x5).

&

Clearly, (D! — D" % pg, ¢) — 0; thus we are left to estimate the term (D} — DV x
Pe, ¢ Xs). Notice that by mollifying (2.1) we get

|v|? . |v|? o
0y EN + div T+p v|] =—=D"x*p;. (5.6)

Then by (3.7) and (5.6) we can write

[v]2 — |vel? .
(Dy — D" % pg, pxs) = <8z <€T€ P Xs +/d1V((pv)g — PeVe) O X5

+/ (diV(Rgvs) + %div (<|v|2v>£ - |v8|2v8)> 9 X5

5.7
By Lemma 5.1 expand
(102v)e = K2 — 2Reve + (10[2 — [ ) ve + [vel vy, (5.8)

where the vector K! is the trilinear commutator

K! = / [o(x — ) — ve ()P (v(x — h) — ve(x))pe (h) dh.
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By plugging (5.8) into (5.7) we get, by also denoting P, = (pv) — pev. the
pressure—velocity commutator and by D; ,, = 9; + v - V the advective derivative
with respect to v,

S [v]2 — ve]? .
(Dg — D" % pg, pxs) = {0 — ) ex + | oxsdivP,

o (Il = Jvel?
+ | oxsdivK,; + [ @xsdiv TUE

TrR, . .
A\ Proe—— 95 ) + ¢xsdivPe + | @xsdivk,
= Etr + Epr + ERe~

Thus we have three types of errors to estimate: The transport error E;,, the pressure
error E,, and the Reynolds error Eg,, the most delicate being E;,. Indeed, the
different assumptions we made on the time (Lagrangian/Eulerian) stability of the
dissipation set are specifically designed to handle that term.

By using (3.6), together with the double regularity of the pressure (3.16), we
have

30—15(d—y) 5=
Eprl S 1p0)e = pevellgiggaen 0251 e S €187 ol e
(5.9)
Moreover, by Proposition 3.1, we also have
30—1¢(d—
|Erel < WKL ool < 607184775 P (510)

To estimate E;, we will need to integrate by parts. Since ¢ is smooth and inde-
pendent of §, then the only problematic terms are the ones in which the derivatives
hit x5. More precisely we can write

Ey >~ [(TrRs)¢atX8 +/<p(TrRs)vg “Vxs=1+11,

where we used the symbol =~ to denote the behaviour of the leading order terms as
8 — 0.By (3.6) and (5.2)

-3
< y , < 2 (d—)/)p,’ -1
IS ||TrRs||LX{~t||</73tX5||L<//x) &’ ||U|| LB, ) 5 :

and
s

1S o TrRe |, % ||<PVX5|IL<r/x>' <& IIvlle(Ba

from which we deduce

d— P
P (||v||Lp(Bg Il ). GAD
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By combining now (5.4), (5.9), (5.10) and (5.11) we conclude

P=3_
> 1

-3
(DY, )| < ¥ 16T 4 (2050 . (5.12)

By choosing § = ¢* and optimizing in « we obtain « = 1 — 6. Notice that this
choice is consistent with the condition ¢ < § in (5.5). Thus inserting § = e!=%in
(5.12) we obtain

(DY, )| < o(Fr 1+ IR )a-0) (5.13)

which concludes the proof by letting e — 0. O

Remark 5.3. (Eulerian theorem with v € L? (Bf;’ o)) Following exactly the same
lines of the previous proof, it is not difficult to see that the bound (5.13), and
thus the very same conclusion of Theorem 2.9, can be achieved by assuming v €
L! (Bfi, o) forany two (possibly different) p, ¢ € [3, oo] and slightly strengthening
the assumption (2.9) by asking

—3
HE(M O (8)s5,5(1)) S g8, for some g € L' ([0, T1), with r = LLB,
P oqa-

(5.14)

where we denoted by
(8)s.5(1) :={x € Q: (x,1) € (5.5}

the ¢-time slice of the set (S)s s C €2 x (0, T'). Note that since we are on a bounded
interval (0, T) we can always suppose, without loosing in generality, that g < p,
so that r = 1. It readily follows that in general (5.14) is stronger than (2.9), while
by Fubini’s theorem the two coincide if ¢ = p, since in this case g € L!([0, T]),
thus recovering the same assumptions used in Theorem 2.9. For ¢ = 3—that
is, for solutions v € L?(Bf,,oo)—we must have g € L°([0, T]). In this case the
requirement (5.14) reads as a (quite strong) uniform in time spatial upper Minkowski
dimension at most y: This is equivalent to ask that when covering S with space-time
cubes of size 8, then every 7-time slice of that covered set sees at most § ~ of such
cubes.

5.2. Proof of Theorem 2.12

We now prove Theorem 2.12. The main difference in the proof is how the
transport term is handled in order to obtain a better exponent. This requires a
more accurate definition of the cut-off function used to localise the Duchon-Robert
distribution on the dissipative set S.

Let § > 0, and T < §'70+“""/» Pick a smooth cut-off function js. €

cx (LVS (5)45,4,) such that

Rox|pvi sy = 1 (5.15)
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where £V’ (8)25.27 1s the Lagrangian tubular neighbourhood defined in (2.13).
Define xs . by mollifying x5 . along the flow map oV’ (defined in (2.11)), that is

Xo.c(x, 1) = f Xo.t <d>svs(x, t)) ne(s) ds,

where the kernel 1, is a standard 1-dimensional Friedrichs mollifier with support
in |s| < t. We remark that this mollification technique also plays a role in convex
integration [36] and second derivative estimates for suitable weak solutions to
Navier—Stokes [54,56], but the present use appears to be the first application in the
context of Onsager singularity theorems.

Let D} = R, : Vv, be the approximation of the Duchon-Robert distribution
from (2.4). Let ¢ € C* (’IFd x (0, T)) be a test function. We want to show that
(D!, @) — 0ase — 0. We split it as

(D¢, @) = (Dg, pxs.0) + (Dg, (1 — Xs,0)). (5.16)

We remark that, although ¢ xs . is not (at least in the time variable) a smooth test
function, we need only linearity and for each term to be well-defined to justify the
decomposition (5.16). The subsequent computations show indeed that both of the
terms make sense, and thus they a posteriori provide a proof to the validity of such
a splitting.

The first term we bound using (3.8) and (2.14) together with the fact that o’
is volume preserving

—lgd=E2 3
D, <D, wy S 018 :
(D2 95,00 S NDLN L g to.ell o 10070 a0

Now consider DV x p,, the space mollification of the Duchon-Robert distribution.
It is supported in a spatial neighborhood of the dissipation support:

SptD? % p. C {(x + B:(0), 1) : (x,1) € S} =: (S)e.
By the definition of the cut-off x5 and (5.15) we have
xs.r = 1 in a neighborhood of (), if ¢ < 4,
which implies that
(DY % pe, (1 — x5.0)) =0 ife < 6. (5.17)
Thus we can rewrite the second term in the right hand side of (5.16) as
(D, (1 = x5.0)) = (D — D" % pg, (1 — Xs.7))
= (D — D" x ps, ) — (D — D" * pe, 9Xs5.7).-

Clearly (D2 — DV * pg, ¢) — 0, thus we are left to estimate the second term. By
using (3.7), (5.6) and Lemma 5.1 as in the proof of Theorem 2.9 given above, we
can write

1 . .
(Dg — DV x p,, Vxs,t) = _5 <Dt,v5TrR£a (pXS,r> + / @ xs,cdivPe + / @ xs,rdivK,

= E + Epr + Ege.
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where P; = (pv) — psv; is the pressure—velocity commutator, K is the cubic
commutator fromLemma35.1 and D; ,, = 9;4v.-V denotes the advective derivative
with respect to v,.

By (3.9) and since ®"" is volume preserving, we have

‘4
x

-3
el S IAVKL 7 ool ey S 6¥187, (5.18)

and similarly, by using the double regularity of the pressure (3.16) together with
(3.6), we also get

. {old—y) =2
|Eprl S WdivPe ] o lpxscll ey S e84 (5.19)

Xt

We are now only left to estimate E;.. We split it as

1 1
—En=3 (D; ysTrRe, oxs.c) + 3 / oxs.c (ve — V) - V(TrR) = I +I1.
(5.20)
By using (3.4), (3.6) and (2.12), we estimate
] = flve — V‘SIILQJIIV(TrRs)IILi/z[|I§0xa,r|| 2
’ X,t )
d—
< (e = vllgg, + o= V2lp, ) 2759 o
p—3
< (89 4 59) G20-15@d=1"; (5.21)

To estimate / in (5.20) we will need to integrate it by parts. Since ¢ is smooth
independently on §, the only terms that need to be estimated are the ones in which
the derivatives hit xs .. More precisely we can write

I >~ /(pTngDt’Vaxaqr,

where we used the symbol >~ to denote the leading order term as 6 — 0.

We now compute the advective derivative of the cutoff x5 . using the basic
property of mollification along the flow. Because D, s commutes with its own
flow map we have

5
Do = 0 r(¢X (x,t),r+o) .
d
:—/ 5, ¢ (x t)t—}—o),t—i—o—}—s)n,(s)ds
d o=0
d
:d—/ pon H_U()c 1), t—i—a—l—s)nf(s)ds
o=0
/ (x 1), t—i—s)n,(s—a)ds
o=0

_ / se ( ") m ) ds, (5.22)
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. 5. . .
Using the fact that ®"* is volume preserving we now obtain

—)L
”Dt,Vt?XS,r||LzJ <! HX‘S"[”L?[ < ¢ 15@yg

Thus, by the usual quadratic commutator estimate (3.6), we get

_ d—y) =2
D, ysXs.c | S 1620 5=V 5~ (5.23)
L

x,t

TS IR e
Xt

Thus by putting (5.18), (5.19), (5.21) and (5.23) all together we achieve
DY = DY # pes oo )| S (37 6207167 x5 50

from which by first choosing 8 = ¢ and then 7 = §'~+“""/», we deduce

p=3
P

30—1+(d—
(D = DV % pe, 5,00 S 71 HET)
Note that the choice of § is consistent with the support condition (5.17) above,
which played a crucial role for our computations. Finally, what we have proved is
that

p—3
(DY, )| S 07 IFEN T (5.24)

which concludes the proof by letting e — 0. O

Remark 5.4. (Lagrangian theorem with v € Lf (BZ’OO)) Similarly to what we have
discussed in Remark 5.3 about the Eulerian theorem, also in the latter Lagrangian
proof the bound (5.24), and thus the very same conclusion of Theorem 2.12, can be
equivalently achieved by assuming v € L! (Bf;!oo), for any two (possibly different)
P, q € [3, 00], and by slightly strengthening the assumption (2.14) with

M4 (M N £V‘3(S),s,,(z)) < g(08%, forsome g € L' ([0, T1),

_3
beingr =>4 (5.25)
p q-3

where

£V (8)s.0(t) == {x cQ: x.ner” (S)B,r}

is the z-time slice of the set £’ (8)s,z C 2 x (0, T). Without loosing in generality
assume ¢ < p, so that » = 1. In general (5.25) is stronger than (2.14), while by
Fubini’s theorem the two coincide if ¢ = p, since in this case g € L! (0, T,
thus providing back the same assumptions used in Theorem 2.12. For ¢ = 3—
that is, for solutions v € L?(Bzyoo)—we must have g € L°°([0, T]). In this case
the requirement (5.25) reads as a (quite strong) uniform in time spatial Lagrangian
upper Minkowski dimension at most y : This is equivalent to ask that when covering
S with Lagrangian space-time cylinders of spatial radius §, and the corresponding
time length = §'~9“""/, then every r-time slice of that covered set sees at most
877 of such cylinders.
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Remark 5.5. (External force) From the two previous proofs it is easy to see that the
presence of an external force of the kind f € Lf:,, being p’ = »/ip—1) the Holder
conjugate of p, does not affect the analysis, and thus one can reach the very same
conclusions of Theorems 2.9 and 2.12. Indeed the forced version of the local energy

balance (2.1) reads as

2 2
A (%)—i—div((%—i—p)v) =f-v—D"

Since v € LY, and f € LY, then f-v € L}, and thus automatically defines
a distribution. Moreover, in the two previous proofs this extra term will generate
errors of the kind

Ey ::/(fa'vs_(f'v)s)ﬁax&

where ;s is the space-time cutoff localised around the dissipation sets. More pre-
cisely, in the proof of Theorem 2.9 is the cutoff given by Lemma 5.2, while in the
proof of Theorem 2.12 is the cutoff obtained by mollifying along the flow of V¢
for a time interval of length t = §'~9+“""/» In both cases, since | x5| < 1, we can
estimate

Efl SN feve = (F - 0elln, =0,

as ¢ — 0, uniformly in § > O.

6. Vanishing viscosity

The two proofs of Theorems 2.16 and 2.17 are a (very similar) standard con-
tradiction argument but we prefer to give the full details of both of them for the
reader’s convenience.

6.1. Proof of Theorem 2.16

By contradiction assume that (2.18) does not hold. Thus we can find a (non-
relabelled) subsequence {v"},~¢ such that

HUVHL,P(B" ) s C.

.00

In particular, since & > 0, by the Aubin-Lions-Simon Lemma we can extract a
further subsequence such that v” — v in L,f’, and moreover v € LY (Bﬁ‘oo). Thus
v is a weak solution of incompressible Euler which, since p = 3, by (2.3) has
dissipation measure DV = u, where p is the limit in measure of the dissipation
v|VvY|? as in the assumptions. By (2.17) we get that D" is nontrivial, which then
contradicts the fact that DV = 0 by Theorem 2.9, since by assumption

26 p
1-6

-3
d—y).
P
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6.2. Proof of Theorem 2.17

By contradiction assume that (2.20) does not hold. Thus we can find a (non-
relabelled) subsequence {v'},~¢ such that

" “L{’(Bﬁ,oo) sC 6.1

In particular the L%) ; limit v of the sequence {v"},~¢ belongs to Ltp (Bf,’ o)+ More-
over, since 6 > 0, the Aubin-Lions-Simon Lemma improves the Lﬁ’ , convergence

to the L ., one of the whole subsequence which satisfies (6.1). Clearly v solves Eu-
ler and by (2.3), since p = 3, we also have DY = . Thus by (2.17) we deduce that
DV has to be nontrivial, which then contradicts Theorem 2.12, since we assumed

1 p-3
o>--L"2wa_y.
3 3p

O
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