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Abstract

These notes address two problems. First, we investigate the question of “how many” are (in Baire sense)
vector fields in L,1 Lz, q € [1, 00), for which existence and/or uniqueness of local, distributional solutions
to the associated continuity equation holds. We show that, in certain regimes, existence of solutions (even
locally in time, for at least one nonzero initial datum) is a meager property, whereas, on the contrary,
uniqueness of solutions is a generic property. Secondly, despite the fact that non-uniqueness is a meager
property, we prove that (Sobolev) counterexamples to uniqueness, both for the continuity equation and for
the ODE, in the spirit of [5] and [12] respectively, form a dense subset of the natural ambient space they
live in.
© 2026 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In these notes we discuss some residuality and density properties for vector fields u : [0, T] x
T4 — R4 defined on the d-dimensional flat torus T4 = R? / Z4 and on some time interval [0, T']

* Corresponding author.
E-mail addresses: francesco.cianfrocca@ gssi.it (F. Cianfrocca), stefano.modena @ gssi.it (S. Modena).

https://doi.org/10.1016/j.jde.2026.114387
0022-0396/© 2026 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2026.114387&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2026.114387
http://www.elsevier.com/locate/jde
http://creativecommons.org/licenses/by/4.0/
mailto:francesco.cianfrocca@gssi.it
mailto:stefano.modena@gssi.it
https://doi.org/10.1016/j.jde.2026.114387
http://creativecommons.org/licenses/by/4.0/

F. Cianfrocca and S. Modena Journal of Differential Equations 469 (2026) 114387

with T € (0, 4-00). The paper is divided in two parts. In the first part we prove some residuality
results for nonsmooth vector fields and the associated continuity equation, whereas in the second
part we prove some density results concerning counterexample to uniqueness for the continuity
equation and the ODE associated to nonsmooth vector fields.

1.1. Residuality results for the continuity equation

In the first part of the paper (Sections 3, 4) we consider vector fields
weL'([0,T]; LY(T4; RY)) = L' LY

for some g € [1, 00). For any given u, we consider the continuity equation

ey

9;p +div(pu) =0,
Pli=0=0p

associated to u, where
peLl(T?
is a given initial datum and we look for (local) distributional solutions to (1), i.e. maps
p € Li.(10,7); L9 (T%)

defined on some time interval [0, 7), T € (0, T'], solving the Cauchy problem (1) in the sense of
distributions on [0, T) x T, ie.

/ /(8,<p(t, x)+u(t,x)-Vo(t,x))p(t,x)dx dt + / 00, x)p(x)dx =0 2)
0 Td

forall p € C Cl ([0, 7) x T4). The choice of considering local solution is dictated by the fact that,
without additional assumptions on div «, solutions may not be defined on the whole time interval

[0, T']. Notice also that considering initial data in L9 " and looking for solutions in L?‘;OCLz isa

natural choice, because in this way, pu is locally integrable on [0, 7) x T¢ and thus both p and
pou have a meaning as distributions.

Goal of the first part of the paper is to investigate the following general question (stated for
the moment in a quite rough way): how many are the vector fields in L! LY, g € [1, 00) for which
existence and/or uniqueness of (local) solutions to (1) holds?

In our work we will provide an answer to these questions in terms of Baire category argu-
ments. We briefly recall here some key definitions.

Given a complete metric space (X, d) and a subset E C X, we say that

(1) E is nowhere dense if its closure has empty interior;
(2) E is of first category or meager if it can be written as a countable union of nowhere dense
sets;
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(3) E is residual if its complement E€ = X \ E is of first category '+

1.1.1. The case of continuous vector fields

The motivation for asking this general question comes from the fact that, in the case one
considers continuous (in space) vector fields u € L([0, T): C(T%; RY)) and measure valued
solutions to the continuity equation

Oy +div (up,) =0, 3)
wo = it € M(T?) := {Radon measures on T},

a definite answer to this question is available.

First of all, recall that a measure valued weak solution to (3) is a family of Radon measures
{tes}eero, ) with ess SUP,[0.7] ||/Lt||M(Td) < 00 (here || - ||M(']I‘d) denotes the standard total vari-
ation norm on the space M(T49) of Radon measures) such that (2) holds with p(t, x)dx and
o (x)dx substituted respectively by du,(x) and dfi(x). Notice that the space of Radon measures
is, in the case of continuous vector fields, by duality, the natural space for the densities to live in.

Concerning the existence property, it is well known that for every initial datum i € M(T?),
there is at least one (measure valued) weak solution {1t;}se[0,7] € M(T4)

The proof follows from a compactness argument: one considers a regularization u® of the
vector field u, with u® — u strongly in LY([0, T]; C(T%)), and the associated continuity equation
(3) with u® instead of u. For each ¢ > 0, the (global) solution {u?};c[0,77 to the regularized
equation is defined by

ui =X (i, “

where X°¢ is the flow map associated to u,, i.e. the solution to
0, X(t,x)=uf(t, X°(t, x)), X%(0,x) =x.

From (4) it also follows that

sup ”Mf”/\/l(’l[‘d) = |l peay- )]
tel0,T]

From (5), a weakly* converging subsequence ji;" A u; (for a.e. t) is found. Finally the lin-
earity of the equation implies that p is a weak solution to (1).

On the other side, concerning the uniqueness property, the Cauchy-Lipschitz theory ensures
that, if u € L,1 Cy is uniformly Lipschitz continuous (in the space variable), then uniqueness of

1 Roughly speaking, first category and residuality are a “topological version” of, respectively, zero measure and full
measure subsets of a measure space. As it happens for measure spaces, a countable union of first category sets is still first
category and countable intersection of residual sets is still residual. Similarly, if E is of first category and A C E, then A
is first category as well; if E is residual and E C B, then B is residual.

2 The notions of first category and residual set are closely related to those of F; and Gy set, respectively. In a topo-
logical space, a set is called Fy (Gg) if it can be written as countable union (intersection) of closed (open) sets. Indeed,
a Fy set with empty interior is a first category set, while a dense G set is a residual set (notice that the opposite is not
true in general).
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solutions to (3) holds. In terms of Baire category argument, this only implies that there is a
meager set (namely the set of Lipschitz vector fields) for which uniqueness of solutions to (3)
holds, but, in principle, vector fields for which uniqueness holds may be many more. Indeed, a
result by Bernard [2] shows that the set of all vector fields u € L}C « for which uniqueness of
solutions to (3) holds is residual (in the sense of Baire).

Summarizing, we can say that for almost all continuous vector field (in Baire sense), the
continuity equation is well posed in the space of measure valued solutions.

For rougher vector field (precisely for vector fields in L }Lz, q < 0o, which is the case consid-
ered in this paper) it turns out that the situation is quite different as far as the existence property
is considered, whereas it is very similar as far as uniqueness property is considered.

1.1.2. Existence of local solutions for u € L,1 Ll

As for continuous vector fields, also in the case of u € LI L1 existence of solutions to the
Cauchy problem (1) is usually proven by a compactness argument, where the counterpart to
crucial estimate (5) is the estimate

”psnLoo([()’T];Lq/(Td)) =< M”ﬁ”Lq/v (6)

for some M > 0, where

pe(t, ) := X 1)z, (N

similar to (4).

Differently than in the case of measure valued solutions, the crucial bound (6) can not be
obtained for free from (7) (recall that ¢ < 0o and thus ¢’ > 1). In general, additional properties
on u are assumed, related to its rate of “compressibility”.

Standard situations are the following two. If u is incompressible, then (6) holds as an equality
with M = 1. More in general, if divu € L*°([0, T] x T9), then (6) holds with M depending
on ||divul|pe. Slightly less standard, but still very well known, is the case of nearly incom-
pressible vector fields [4,10], i.e. vector fields u € L} LY for which there is a weak solution
¥ € L°°([0, T] x Td) to the continuity equation 9,9 + div (J'u#) = 0 and a constant C > 0 such
that 1/C < ¢ < C. Also in this case (6) holds, with M depending on the constant C.

In all cases mentioned above, existence of global solutions to (1) for all initial data p €
Lq/(Td) holds. To the best of our knowledge, no other sufficient or necessary criteria on the
vector field u € L }LZ are known which ensure the existence of (at least local) solutions for (at
least some) initial data p € Lq/(Td ).

Nevertheless, one would naively expect that, for a generic vector field u € Ll1 Lz, existence of
local solutions to (1) holds, if not for all initial data, at least for some nonzero initial datum.

For instance, it is not difficult to see that for the (autonomous and bounded) vector field u(x) =
—x/|x| existence of local solutions holds for all initial data which are supported far away from
the origin.? This vector field will also turn out to be the building block of the proof of Theorem A
in Section 3.

3 Thisisnota periodic vector field, but it is possible to design periodic analogs of this example.
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We thus define, for any given u € L}Lz, the set

Dyw):={peL? : 3t >0and p € L0, 7); LI (T?)) local weak solution ©

to (1) with pl—o = 5}

of all initial data admitting at least one local solution. Clearly it always holds 0 € D, (u). There-
fore the mildest existence property we can require on a given vector field u is that Dy (u) 2 {0},
i.e. requiring that there is at least one (nonzero) initial datum from which it stars at least one
solution, defined at least on a local time interval.

For nearly incompressible vector fields (and thus also for divergence free or bounded diver-
gence vector fields), D, (u) = LY (T4). Similarly, the naive expectation discussed above can be
phrased by saying that, for a generic u € L,l L%, the very mild existence property D, u) 2 {0}
holds.

The following theorem is the first result of the paper and it states such naive expectation is
completely wrong: almost no (in Baire sense) vector field u € L} LY has such existence property.

Theorem A (Residuality of non-existence). Let g € [1, 00). The set
& ={ueL'([0,T]; LYT) : Dy(w) 2 (O}
is meager in L'([0, T1; L1(T%)).

Remark 1.1. As a consequence of our result, for a typical vector field u € L ,1 L it holds Dy(u) =
{0}, i.e. the only initial datum generating at least one local solution is p = 0. Roughly speaking,
this is a consequence of the fact that for a typical vector field « in Ll1 L? no information on div u
is available, and thus u instantaneously “compresses” any nonzero initial density p, no matter
where p is localized. The same argument suggests that for a typical L }Lz vector field, the density
p = 0 is the unique existing solution to (1). This intuition is correct, as Theorem B confirms, see
also the comment after the statement below.

1.1.3. Uniqueness of solutions
Concerning the uniqueness of solutions to (1), for vector fields in L} L, the situation is very
similar to the case of continuous vector fields discussed above. Indeed, if u € L! LY is Lipschitz

continuous (in the space variable), then uniqueness of solutions to (1) in L{® LZ, holds.

Nevertheless, we prove below that, similarly to Bernard’s result [2] for continuous vector
fields, many more vector fields in L}LZ than Lipschitz continuous ones have the uniqueness
property. In view of the fact that existence of solutions is not always guaranteed, we first give the
following definition.

Definition 1.2. A vector field u € L' ([0, T]; L1(T%; R?)) has the uniqueness property if the
following holds. Let p € Dy (u). If p1, p2 € Ly, ([0, T); L4 (T4)) are two local solutions (defined
on the same time interval [0, 7)) with the same initial datum p, then p; = p,. We also set

Uy :={u e L} LY : u has the uniqueness property}. ©

We now state the second main result of this paper, and then we comment on it.
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Theorem B (Residuality of uniqueness). Let X C L'([0,T]; L? (Td)) and let dy be a distance
on X such that

(i) (X,dx) is a complete metric space,
(ii) llu = vl e < dx(u,v).

IfUy; N X is dense in (X, dy), then it is residual in (X, dy).

We state the residuality in an arbitrary subset X' of L!L{ (endowed with a distance which
makes X a complete metric space), instead of looking just at the residuality of 4, in the whole
L!L? because, in this way, the statement applies to several different situations.

For instance, if we take X = Ltl LY (the whole space), with dy the Ltl LY distance, then we
get the counterpart of Bernard’s result [2] for Lzl L1 vector fields, namely that 29 is residual in
L}LZ. Recall that in Theorem A we proved that Eg ={ue L}Lz : Dy(u) = {0}} is residual in

L ,1 LY. Therefore, combining Theorems A and B, we deduce that
U NEG=1{ue L} L% : the unique p € L°LY solving (1) is p =0}

is residual in L ,1 L%, thus in particular non empty.
Similarly, we can consider (for fixed C > 0)

X={ue L}LZ 2 divu =0}, or
X={ueL{L]: |divulye <C}, or
X={ue L}Lz : u is nearly incompressible

and there is ¥ solving (1) with 1/C < ¢ < C},
again with dy being the L,1 L% distance. In all three cases:

o forallu e X, Dy(u) = LY (T9), i.e. existence of global solutions is always guaranteed. It is
thus interesting to investigate if and how often the uniqueness property holds.

e X is a meager subset of L} L?, hence the fact that U9 is residual in L} L? gives us no infor-
mation about the residuality of X N{/? in X

e Nevertheless, X is a closed subset of Lt1 Lz, hence (X, dy) is a complete metric space, if
dy is the distance induced by the Ltl L? topology. Now, smooth functions are dense in X,
hence, in particular, also U, N X is dense in X. Therefore Theorem B implies that i, N X" is
also residual in X'.

Summarizing, for almost all (in Baire sense) vector fields in X (in all three cases above), there
exists a unique solution p € L,ooLz to (1).

In view of the third main result of these notes, namely Theorem C, another possible applica-
tion of Theorem B is the following. Let

X:=LILINL'W)? N {divu =0},

6
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(for p €[1, q)), endowed with the distance induced by the norm ||u ||L’1 (Lanwlpy, = ||u||L) L4+
ull,1.1.0.% Clearly (i) and (ii) in the statement of Theorem B holds. Moreover, smooth maps
Liw y p

1 X

(and thus also U, N X) are dense in X'. Therefore Theorem B implies that for almost all (in Baire
sense, w.r.t. the strong norm || - | .1 ;a0 ) vector fields in X' = LILINWEP), N{divu =0},

’
there exists a unique solution p € L?OLZ to (1).

1.1.4. Residuality results for existence and uniqueness in the literature

We are not aware of other results where the question about “how many” are (in terms of Baire
category) those vector fields for which existence of local solutions to the PDE (1) (for at least
some initial data) holds.

On the contrary, concerning uniqueness this is not the first work where such question has been
raised.

There are essentially two groups of results in the literature.

The first group of results claims, in the same spirit as our Theorem B that, roughly speaking,
vector fields for which uniqueness holds are residual. We have already mentioned Bernard’s
work [2] for continuous vector fields and measure valued solutions to (3). A similar result, but
for ODE, was proven by Orlicz [17] in 1932. Our Theorem B was indeed inspired by [17].

Lions proved in [13] that vector fields for which there exists a unique regular Lagrangian flow
are residual in L' ([0, T']; LY(T?)).

The notion of regular Lagrangian flow is strictly linked to the one of renormalized solution to
the continuity equation (1): a distributional solution p to (1) is said renormalized if B(p) is also a
distributional solution for all 8 € C! (R; R) bounded and with bounded derivative. Lions’ result
in particular implies the residuality in L!L! (and also in L} L) of vector fields for which there
exists a unique renormalized solutions. The set of such vector fields is, in general, much larger
than the set in (9), because every renormalized solution is (by definition) a weak solution, but the
viceversa is not true in general (see e.g. [5]). Hence our Theorem B is stronger than what can be
deduced by Lions’ residuality result on regular Lagrangian flows.

The second group of results about “how many” are vector fields for which uniqueness of so-
lutions to the PDE (1) holds claims, roughly speaking, exactly the opposite of what we discussed
so far. Namely, they claim that the vector fields for which non-uniqueness holds are residual, or,
in other words, that a “generic” vector fields can not have the “uniqueness property”. Usually
such results are proven by convex integration methods.

In [8] Crippa, Gusev, Spirito and Wiedemann consider the set

X = {u 110, 1] x T4 - RY : |u| < 1 almost everywhere},

endowed with the weak-L? topology. They show that vector fields in X’ for which non-uniqueness
of bounded distributional solutions to the continuity equation (1) holds are residual in X .
Similarly, in [20] Sattig and Szekelyhidi consider the set

X ={uec@o,1; LY NW"P(T4RY) : flulle < C},

4 We do not consider the case P > g, because in that case, by DiPerna and Lions theory, we would simply have
Uinx==x.
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(with p, ¢ such that WP < L9), endowed with the C; le‘p strong topology. Notice that the
uniform bound on L? ensures that (X, || - [|¢,w1.») is a complete metric space.
As before, the authors of [20] show that vector fields in X’ for which non-uniqueness of

distributional solutions p € CTLZ to the continuity equation (1) holds are residual in X 3

There is an apparent contradiction between the first group of results we mentioned (including
our Theorem B), claiming that “good” vector fields (i.e. the ones for which uniqueness holds)
are residual and the second group of results, claiming that “bad” vector fields are residual (and
thus “good” ones are of first category). In our opinion, this apparent contradiction is due to the
topology that is considered. In all results where “good fields are residual” the space of vector
fields is endowed with the (natural) strong topology. In all results where “bad fields are residual”
the space of vector fields is endowed with a weaker topology, namely the weak topology in
the case of [8] and the W!:? topology (which is weaker than the natural L9 topology since, by
assumption, W7 <4 L4) in [20].

In a word, the situation seems to be the following: when the natural strong topology is con-
sidered, almost all vector fields (in the sense of Baire) have the “uniqueness property”; on the
contrary, when a weaker topology is considered, almost all vector fields (again in Baire sense)
present non-uniqueness issues.

We conclude by remarking that the goal of [8] and [20] was to show the existence of infinitely
many vector fields with non-uniqueness, hence it is not really important what topology is put on
the space of vector fields under consideration. On the other side, as we pointed out at the begin-
ning of this introduction, our goal in these notes (as well as in the mentioned results by Bernard
[2] and Lions [13]) is to understand “how many” are vector fields for which uniqueness/non-
uniqueness hold, and thus, in this sense, the strong topology (on the space of vector fields under
consideration) seems to be the natural choice.

1.1.5. Further comments on literature

We briefly mention some other works in the literature addressing typicality results for rough
vector fields.

In [3], Bianchini and Zizza investigate the question of how many vector fields in L°BV, N
{divu = 0} (for which existence and uniqueness of solutions to (1) is guaranteed by Ambrosio’s
theory [1]), are “mixing”. In particular they prove that ergodic or weakly mixing vector fields are
residual in a certain subset ¢/ of L}’X, whereas strongly mixing vector fields are a meager, but
dense subset of I/. We refer to [3] for more details.

In [18] Pitcho investigates the density of vector fields for which smooth approximation fails
to be a selection principle for solutions of (1).

The author exhibits a dense subset D of L®W;'” N {divu = 0}, with s € [0, 1) and p < 1/s,
such that for every u € D such selection property fails in the class of bounded weak solutions.

1.2. Density results for counterexample to uniqueness

The second part of these notes (Sections 5, 6) concerns a related, but rather different question.
In the recent years there has been a considerable interest in the construction of vector fields u

5 To be precise, the statement of the main theorem in [20] is different, as it considers pairs (u, p) of (sub)solutions
to (1), but we preferred to mention it in the (slightly imprecise) form above to make it consistent with the rest of the
discussion in this introduction.
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having the highest possible regularity (both in terms of incompressibility property and Sobolev
regularity) for which uniqueness of solutions to the continuity equation (1) or to the ODE

Y (O =u,y®), y(0)=x (10)

fails.
More precisely, concerning the PDE (1), the theory of DiPerna and Lions [11] ensures that if

uel! W,'” and it has bounded divergence, p € LY and

11
—=-, an
P oq

(or, as it is commonly written 1/p + 1/q’ < 1) then there exists a unique weak solution

pE L;’oLz . A relevant question is thus whether condition (11) is sharp. First answers to these
questions were given using convex integration in [15], [16], [14], where it was shown that unique-
ness may fail if

1 1 1
— > 4. (12)
p q d

More recently Brue, Colombo and Kumar [5] showed that uniqueness may fail also in the
larger (and to some extent optimal) range

1 1+ 1 p—1 a3
-> -4+ ——.
p q d—=1 p

The construction in [5] is not based on convex integration, but it is rather a quite explicit
construction (performed by a fixed point method) of a particular vector field and a particular
non-renormalized solution to (1).

Similarly, concerning the ODE (10) for Sobolev vector fields, it was shown by Caravenna and
Crippa in [7] that if u € LI W,"” with p > d and divu € L?S,, then

A, ={xg€ T : there are two different solutions to (10) starting from xp} (14)

has zero Lebesgue measure. On the opposite side, Brue, Colombo and De Lellis [6] constructed
by convex integration vector fields u € C; le P forany p < d, such that A, has positive measure
(later improved in [19] where, by a similar construction, the authors were able to show that A,
may even have full measure).

A big step forward came from the work of Kumar [12], where he constructed a vector field u €
(o le 7N CY, (forany p <d and o < 1, thus saturating both the Caravenna-Crippa range p > d
and the classical Cauchy-Lipschitz threshold) such that A, has full measure. As observed before
for [5] (which is actually based on [12]), also this example is not built by convex integration, but
it is rather based on an explicit construction.

Convex integration is usually referred to as a flexible technique: an instance of such flexibility
in the results mentioned above is that fact that, for instance, the construction in [15,16,14] can be
easily adapted to show that incompressible vector fields in C,(L4 N W1-P), with g, p in the range

9
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(12), for which uniqueness of solutions in L*® Lﬁ, fails are dense in the ambient space of C; (L9 N
W1-P), incompressible fields. A similar density result can be stated for the counterexample to
ODE uniqueness in [6].

On the other side, the situation might be different for the explicit counterexample to unique-
ness provided in [5] (for the PDE) and in [12] (for the ODE). Such examples are more regular (in
terms of Sobolev and/or Holder regularity) than the examples constructed by convex integration,
but they are based on a rather explicit construction of a specific vector field for which uniqueness
fails, and thus it is not clear if the density property mentioned above continues to hold.

Goal of the second part of the paper is precisely to understand whether such density property
(and thus the flexibility which comes for free with convex integration) is shared also by the
(more regular) explicit counterexamples to uniqueness constructed in [5] and [12] without convex
integration. The answer is positive and it is stated in the following theorem.

Recall the definition of U, C L}Lz in (9). Recall also, for given u € C([0, T'] x Td), the
definition (14) of the set A, of starting points for which uniqueness to (10) fails.

Theorem C (Density of counterexamples). Let T > 0. The following holds.
(i) Let q, p be asin (13). Let
Y:={ueL([0,T1]; (LI N W"P)(TY)) : divu =0}

endowed with the natural norm ||M||L}(Lqmwl,p)x = ”””L,‘ Ll + [z The set L{(j ny

Liwkr
is dense in ).
(ii) Let 1 < p <d and let

Z:={ueC(0,TIx THNL'W? : divu =0}

endowed with the natural norm ||u||c ALIwlP = lullc, , + llull For every a €
t,x t x i

[0, 1), the set

Liwhr

{u €eZ:ue Cffx and A, has full measure} (15)

is dense in Z.
Some remarks about the statements.

Remark 1.3. In both cases the density holds in the closed subspace (of L ,1 (LINWLP), or Cy N
Lzl W; P respectively) of divergence free vector field. This is natural, because we are investigating
the density of the set of counterexamples coming from [5] and [12], which, by definition, contains
only divergence free fields and therefore can not be dense in the whole ambient space.

Remark 1.4. In both cases (i) and (ii), the density statement can not come by Baire type argu-
ments. Indeed:

(1) concerning Point (i), by Theorem B, U, N Y is residual in ) (endowed with the norm
||u||Lr1(Lqu1,p)x as in the statement of Theorem C). Hence Z/l; N Y is meager in ) and

thus its density can not be deduced by Baire-type arguments.

10
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(2) Concerning Point (ii), define
O:={ueC(0,T1xT?) : Vxo e T? 3!y solving (10) in integral sense}

A result by Orlicz [17] (for which Bernard’s result [2] mentioned in Section 1.1.1 and our
Theorem B are the PDE counterparts) states that O is residual in C ([0, T] x T4 ). Orlicz’s

result can be easily adapted to show that O N L,1 le PN {divu = 0} is as well residual in
C([0,T] x T N Ltl le’p N {divu = 0}, endowed with the natural norm ||u||C ALIWlP-
f,x t "x

Therefore the set in (15) is meager in C([0, T] x TN L,1 W;’p N {divu = 0}, and thus, as
for Point (i), its density can not be deduced by Baire-type arguments.

Remark 1.5. As immediate corollary of Theorem C, we observe that Z/{qc N Y is dense also in

LILY N {divu = 0}, endowed with the standard L!LY topology. Similarly, the set in (15) is
dense in C([0, T'] x T4 ) N {divu = 0}, endowed with the standard uniform topology.

Remark 1.6. Concerning Point (ii) in the statement of Theorem C, it would be natural to consider
(for o € (0, 1) fixed)

Z:={ueC(0,T]1 x THNL!W? : divu =0}

endowed with the natural norm ||u|| lullce =+ llull Liwlr and to ask whether the
> t'"x

co nptwlr = |
set

{u €Z:ue Cffx and A, has full measure}

is dense in Z. Our proof however does not apply to this case, the main reason being that smooth
maps are not dense in C7', see Remark 6.9.

The paper is organized as follows. In Section 2 a preliminary proposition concerning the
composition of flow maps is proven. Such proposition will be used in both the proofs of The-
orem A and Theorem C. Theorem A (residuality of non-existence) is proven in Section 3.
Theorem B (residuality of uniqueness) is proven in Section 4. Theorem C, Point (i) (density
of PDE counterexamples) is proven in Section 5, whereas Theorem C, Point (ii) (density of ODE
counterexamples) is proven in Section 6.

2. Composition of flow maps

In this section we observe that the composition (as functions of space) of two flow maps
corresponding to two given vector fields u, v is the flow map of a vector field w which can
be computed explicitly in terms of u, v. A similar result holds for solutions to the continuity
equation.

Consider a smooth vector field u € C*®°([0, T] x T¥; Rd), T > 0. Denote by X* : [0, T] x
T — T4 the associated flow map

9 X"(t,x)=u(t, X"(t,x)),

(16)
X*(0,x) =x,

11
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and by ®* : [0, T] x T4 — T4 the corresponding inverse flow map
D4 (s, X" (t,x))=x, X", ®"(t,y) =y.

Assume now that v € L1([0, T]; LY(T4; R9)), q € [1, o], is another vector field (not necessarily
smooth). Define w : [0, T] x T4 — R as

w(t, x) :=u(t,x)+ (VdD" (t, x))f1 v(t, (1, x)). a7n
Observe that w € L} L.

Remark 2.1. If u is incompressible, then ® is a measure preserving diffeomorphism and thus
it is not difficult to see (by testing with smooth functions and integrating by parts) that

div((V<I>”(t,x))71 v(t, (¢, x))) = (divv)(z, " (1, x)).
In particular, divw =0 if divv = 0.

We prove now the main lemma of this section. Property (ii) has been already noticed in [18].
We include here a short proof for reader’s convenience.

Lemma 2.2. Let u, v, w be as before. The following hold.
(i) Let p € L*°([0, T]; qu(Td; R)) be a distributional solution to

{&p + div (vp) =0,
Pli=o=p

for some p € L‘/(Td). Define p € L*°([0, T]; L‘f/(Td; R)) by

Then

{M +div(wp) =0,
Pli=0=p.

(ii) Assume now, in addition, that v € C([0, T] x Td). Let yV :[0,T] — T4 be a solution to
the ODE

{(V”)/(t)=v(t»)/”(t)),
y'(0) =x,

for some x € T4. Then y¥ : [0, T]1 — T4 defined by

12
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yr() =Xty (1)
solves

") () =w, y” 1)),
y¥(0) = x.

Remark 2.3. In particular, if also v € C®([0,T] x T¢) and XV :[0,T] x T4 — T? is the
corresponding flow map, then also w € C*([0, T'] x T¢) and its flow map X" satisfies

XYt x)= X", X (t,x)) VxeT? vtelo,T].

Proof. Proof of (i). We check that p solves the Cauchy problem (with velocity field w) in the
sense of distributions. Using the identity

(VO! (£, X“(t,x)) "' = VX"“(t,x) (18)
for all #, x, it is not difficult to see that
w(t, X" (t,x)) =u(t, X"(t,x)) + VX" (t, x)v(t, x) (19)

fora.e. t,x. Letnow ¢ € C°([0, T) x T4) be a test function. Using the definition of p, we have
// (8,(p(t, x)+ Vo(t, x) - w(t, x))ﬁ(t, x)dxdt
N // (Br(t, x) + Vo(t,x) - w(t, x)) X" )z p (1) (dx)dt

= // (B2, X" (1, %)) + Veo(t, X" (t, %)) - w(t, X*(t,x))) p(t, x)dxdt
(by (19))

= // [a,w, XU(t, %)) + Ve, X"(1, %)) - u(t, X"(z, x))
=0y (t,x)

Vo, X, x) VX (2, x) v(t, x)],o(t, X)dxdt
—VY (1)

(setting v (¢, ) = p(t, X" (t,.x))

= [[ G0+ 90 v 0ot v

=- / ¥ (0, x)p(x)dx = — f 90, x)p(x)dx,
where in the second last equality we used that p is a distributional solution to the continuity
equation with vector field v and ¥ € C*°([0, T) x T4) is an admissible test function (recall that u

is smooth and so is X*), and in the last equality we used that 1 (0, x) = ¢ (0, X*(0, x)) = ¢(0, x).

13
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Proof of (ii). For any time ¢ we can explicitly compute the ODE satisfied by y“.

d w _ d u v _ u v u v i v
a7 (t)_EX @& y'@)=0X"t,y'@®))+ VX, y (t))dt)/ ()
=u(t,y” () + VX“(t, y* @) v(t, y'(1)).

Next we use the identity (18) to obtain

d _
Eywa) =u(t, y" (@) + (VOU1, " (1) v, (1, ¥y (1)) = w(t, v (1)),

which concludes the proof. O
3. Residuality of non-existence

In this section we prove Theorem A. We first state and prove in Section 3.1 a preliminary stan-
dard lemma concerning the weak* modulus of continuity of distributional solutions to (1). Then
in Section 3.2 we state a Main Proposition, namely Proposition 3.2, and we prove Theorem A,
assuming the Main Proposition. Finally in Section 3.3 we prove the Main Proposition.

3.1. A preliminary lemma

For every u € L'([0, T]; L4 (T4)) and every local weak solution p € LS ([0, T); Lq,(Td)) to
(1), it is a well known fact (see for example [9, Theorem 4.3.1]) that, up to a modification on a
negligible set of times, the density p can be assumed weakly* continuous w.r.t. time, i.e.

limt / p(s,x)g(x)dx = / p(t,x)g(x)dx, VgeLl, Vi €0, 7).
S—>
T4 Td
We will then often implicitly assume that p is weakly* continuous in LY, and we will write
p € Cu ([0, 7); LT (TD).
In fact, weakly* continuous solutions have a modulus of continuity in time w.r.t. an appropri-

ate distance. This simple and standard fact is going to be useful in the compactness argument in
the proofs of Theorem A and B. We include a proof for the sake of completeness.

Lemma 3.1. Let g € [1, 00) and M > 0. Consider

’

By =1 € LY(T) : 1 fll o oy < M)

endowed with the weak™ topology of LY. There exists a distance dy on EZ/I with the following
properties:

(i) dp induces the weak* topology on EZ,,,

14
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(ii) for every u € L' ([0, T; L9(T4; RY)Y), for every T € (O T1 and every local solution p €

Cy ([0, 7]; LY (Td)) solution to (1) such that p(t) € B! uforallt €0, 1], themap t — p(t)
is absolutely continuous w.r.t. dy;. More precisely

dy(p(), p(s)) < M/ lu(z, s dz, foreveryt >t >s5>0.

Proof. Let {p;};cn be a countable family of smooth maps, dense in Ef (w.r.t. the strong topol-
ogy of L) with the additional property that

IVejliLe = 1. (20)

The metric dy; is defined in the standard way

du (g )=} 1 f (8(x) — h(x))g; (x) dx
S veil JHLoo y

forany g, h € B’Iqw, and it induces the weak* topology on quu. Notice that the bound (20) ensures
that the series converges. Let now u, p be as in Point (ii) of the statements. For t > ¢ > s > 0, we
have

du(p(), p(s)) =)

/(p(t,x) —p(s, x))p;(x)dx
L Veil,~ T

=2

AP ol

t
//,O(Z,x)u(z,x)-ij(x)dx

<Y 2 fM/nu(z >||quz—M/||u(z, o dz,
jeN

where in the second line we have used the fact that p is weakly* continuous in time and it is a
distributional solution to (1). O

3.2. Main proposition and proof of Theorem A

The proof of Theorem A consists in showing that the set &, is contained into a countable union
of closed sets with empty interior. The crucial step of the proof is the one proving the statement
about the empty interior of each of those sets. This part will rely on the construction of smooth
vector fields w, arbitrarily close to a given field u, having the property of “compressing the
available mass”, thus leading to a sort of norm inflation in solutions to the associated continuity
equation, in an arbitrarily small amount of time. The construction can be summarized as follows.

15
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Proposition 3.2 (Main Proposition). Let u € C*°([0, T] x T4, R). For every ¢ >0, § > 0,
T>0, M > 1and ¢ € C®(TY), there exists a vector field w € C*°([0, T] x T4: RY) such that

llu —wliprpg <e
and having the following property. For every p € qu(Td) such that
/ p(x)p(x)dx| =4,
d

the unique solution p € Cy, ([0, +00); qu(Td)) to the Cauchy problem

{3rp +div (pw) =0,

Pr=0 = P
satisfies
sup [lp()ll o > M. @
s€[0,7]

We postpone to Section 3.3 the proof of Proposition 3.2 and we prove now Theorem A.

Proof of Theorem A assuming Proposition 3.2. The proof is divided in three claims. First we
write £, as countable union of sets. Then we show that each of these sets is closed. Finally we
show that each of these sets has empty interior. The first two claims are straightforward. The last
claim follows from Proposition 3.2.

Claim 1. Let G € C® N L1(T%) be a dense and countable set in L1(T?). The following
inclusion holds:

oo o0
& JUUU Einy
1eQkik=1n=1yeg
where
Exteny = {u eLlLl:3pe L9 such that

= -,
Tk

0 ‘ / V()50 dx

(22)
(i) 3p € Coy ([0, 71; LY (T, 11pll o go.c1: 10’ (Tty) <10

local solution to (1) up to time T with p|;=¢ = ,5}.

Let u € &;. Then there exists p € L"/(Td), p #0,atime Tp € (0, T] and a local solution p €
L ([0, Ty); Lq/(Td)). First of all, for any 7 < T (so in particular for 7 rational), by definition

loc

16
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o€ L>®(0,1]; Lq,(Td)). In particular, if we restrict on the time interval [0, 7], p is still a local
solution up to time t and we can assume w.l.0.g. that p € Cy, ([0, t]; LY (T9)).
Since p € Cy([0, t]; LY (T9)), there exists n € N, depending on 7, such that

”p”LOO([O,t];L‘?,(Td)) <n.
Finally, observe that p = 0 implies there exists ¢ € C>°(T9) such that [ wp # 0, hence by
density of G in LY we can find ¢ € G and k € N such that |f 1//,6| >1/k.

Claim 2. For every t,k,n,y, the set £ i n y is closed.
Let{u;}jen € &rkn,y besuchthatu; — u € L} L%. We want to prove u € Exkon -

Forany j € N, let p; € L4 (T%) and p; € Cy, ([0, t]; L9 (T %)) solving
{a,pj +div(pju;)=0, on T x [0, 7]
Pjlt=0=pj

and satisfying properties (i) and (if) as in (22). By Lemma 3.1, for all j € N and for every
T >t >s>0itholds

t
du(pj (1), P (5)) Sn/ ;. ] dz.

In particular, since u; — u in Ltl L1, we get that {t > p (1)} jeN is an equicontinuous family of

maps with values in B? | thus by Ascoli-Arzela theorem it is precompact in Cy, ([0, T]; Bl). We
conclude there exist subsequences {0, }meN> {9}, JmeN such that

Pjn = £ in Cy([0,7]; BY )
i, — p in L9 (TY).
In particular,

pli=0 = p.

Clearly p still satisfies (7). Finally the strong convergence u; — u in Lt1 L together with the
weak™* convergence p;,, — p implies that p satisfies (ii) as well.

Claim 3. For any T, k,n, ¥, the set £ i n y has empty interior.
Observe that the complement of £ i,y is

/ 1
E ki = {ue LILY :VpeL? st / Y(a)p(a)da| > o
d
if p € Cy, ([0, T1; Lq/(Td)) is a local solution to (1)

up to time t with initial datum p,

then sup o)),y >n}.
te[0,7]
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To prove the claim it is enough to show that Ef’ fono is dense in L }LZ. Therefore, by density of

smooth vector fields in L}LZ, it is enough to show that for every vector field u € C*°([0, T] x
Td) and for every ¢ > 0 there exists w € €f’k’n_¢ such that |u — wllL}Lg < ¢. But here it is
enough to apply Proposition 3.2 to u with parameters ¢ > 0, v, M =n, 6 =1/k and ¢ =y to
construct such w and conclude the proof. O

3.3. Proof of the main Proposition 3.2

The proof will proceed as follows.
(1) We will start by constructing in Lemma 3.3 the smooth building block of the whole proof.
(2) In Lemma 3.5 we will produce, by means of an appropriate rescaling, a smooth and arbitrar-

ily small vector field having the property (21).

(3) Finally, we will combine Lemma 3.5 together with Lemma 2.2 to prove Proposition 3.2.

In the following, for a given smooth vector field v we indicate the Jacobian of its flow map by

JU(, x) :=detVX'(z, x).
We adopt also the notation
0.0)={xeR?: |x;i|<L/2fori=1,...,d}

for the open cube of side L centered in the origin, in analogy with the standard notation By (0)
for the open ball of radius L centered in the origin. Finally, for a Borel set A (on T¢ or R%) we

denote by |A| its Lebesgue measure (on T¢ or R?).

Lemma 3.3. For every n € (0, 1) there is an autonomous vector field v, € C®(T4; R?) such
that

[l <1 @3

and
[xe T I (Lx) =) <n. 24)

Proof. Letn € (0, 1) be fixed. We construct a vector field v € C2° (R4; RY) compactly supported
in 01(0) and depending on 1 and then we define v, in the statement as the periodic extension of
v.
Let 6 > 0O to be fixed later depending on 7. Let ¢ € C° (R?: R) be a smooth, non negative

cutoff with the following properties:

0, x € B;5(0),

v =11, x€01-25(0)\ B2s(0),
0, R\ Q1-50).

18
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Fig. 1. A qualitative sketch of the stream lines of the autonomous vector field v; of Lemma 3.3 restricted to Q1(0). The
region in between the two blue dashed curves is the support of v;: the inner dashed curve is d B5(0), while the outer one
is Q0 1-5(0). The orange square in Fig. 1a represents Q1_75(0) at time ¢ = 0. In Fig. 1b it is represented the outcome of
the evolution at time # = 1: the mass initially spread in Q1 _25(0) is now concentrated into By (0). (For interpretation of
the colors in the figure(s), the reader is referred to the web version of this article.)

If § is small enough, ‘B25(0) € Q1_25 and thus Y is well defined.
Define the smooth vector field v € C2° (RY) by

Jd x
v(x) ==Y (x) 71—
2 x|
and let X := XV be its unique flow map and J := JV the corresponding Jacobian. First of all we
prove the following claim (see also Fig. 1).

Claim. X (1, Q1-25(0)) € B2;s(0).

Observe that for every x € Q1(0) the map ¢ — | X (¢, x)| is non increasing. In fact: v(0) =0,
therefore X (z,0) = 0 for all # > 0; on the other hand, if x # 0 then ¢ — |X (¢, x)| is smooth,
| X (t,x)| > 0 for every t > 0 and we can explicitly compute

B \/3 X(t,x) X(t,x)
ol X (10| = ==~ IX(t, )| X, x)]

=—@w<xa,x»so.

V(X (7, x))
(25)

Next, notice that for every x € Q1-25(0) \ Bos (0) it holds

X(t,x):%(|x|—gt>, Vte[O,%(M—ZS)]. (26)
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Indeed, for x € Q1-25(0) \Ezg (0), u(x) = —x/|x| and thus (26) follows by explicit computation.

Using now the fact that f — | X (¢, x)| is non-increasing (see (25)) we deduce that

X (t, B2s(0)) € B2s(0), V¢=>0.

Similarly, using in addition (26) (at time ¢ = %(|x| —26)), we deduce that

— — 2
Vx € 01-25(0) \ Bas(0), X(t,x) € Bas Vtzﬁ(IXI—%%
Combining (27) and (28), we get

X (1, Q1-25(0)) = X (1, B2s(0)) U X (1, Q1-25(0) \ B25(0)) € B25(0)

which concludes the proof of the Claim.

Set now

Ay={xe010):J(1,x)=n)}.

To estimate its Lebesgue measure, observe that

Ay S (Q1(0)\ Q1-25(0)) U (A; N Q1-25(0))

First of all notice that

[01(0)\ Q1-2s(0)] = Cy 4,

where Cj is a dimensional constant. Let us now estimate the measure of the set
Ay N Q1-25(0)={x € Q1-25(0) : J(1,x) = n}.

From a direct calculation we get

J(1,x)dx = / 1dx' < B (0)] < C48%,
Q1-25(0) X(1,01-25(0))

27)

(28)

where in the first equality we used the change of variable x" = X (¢, x), in the first inequality we
used the Claim, and C; denotes a dimensional constant. Next we use Chebyshev inequality to

compute

8d
|Ap N Q1-26(0) = [{x € Q1-25(0) : J(1,x) = n}| < Cd;-

Overall we have
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5d
[Anl <101(0)\ Q1-25(0)[ + [Ay N Q1-25(0)| < Cyq (3 + ;) <n

once § > 0 is chosen sufficiently small (depending on n). O
As already mentioned before, we are now going to appropriately rescale the vector field v;,,.
In order to keep track on the set where the Jacobian of the rescaled vector field is large (as we

did for v, in (24)), we will use the following standard identities.

Lemma 3.4. Let v € C®([0, 00) x T%: R?) and let » € Nog and t > 0. Define v (x) 1=

%v (% Ax). Then

1 t t
XT,)»(tsx):_X <_7)"-x>7 JT’)»(I,)C):J<—,)\..X>, (29)
A T T
where
X=X J:=J" Xpi=X"h Jpgoi= g0

denotes the flow map and the Jacobian determinant of v and v ) respectively.

We are now ready to prove the following lemma, which is essentially the statement of Propo-
sition 3.2 with u = 0.

Lemma 3.5. Foreverye > 0,8 >0, 7 >0, M > 1 and ¢ € C*®°(TY), there exists an autonomous
vector field v = v, 5 ¢ Mo € C®(T4; R?) such that

[vllLe <€ (30)

and having the following property. For every p € L9 (T9) such that

/ p(x)p(x)dx| =3,

d

the unique solution p € Cy,([0, +00); qu(Td)) to the Cauchy problem

:sz +div (pv) =0,

Pi=0 = P

satisfies

sup llp()ll o > M.
s€[0,7]

21



F. Cianfrocca and S. Modena Journal of Differential Equations 469 (2026) 114387

RS G R T S SR YT T W b T S Sl R LT R N | / 30 SIS N L & £

DESENVETZ N || NNV || NENECE TN || SIS A L 4 ¢ v 1 . 1 v -

ey o8 [ B ared | Wogmnia | ek waiel ey | .

PRACA AT I A R LT S L pa RS A S L . T s "

REAE TN A | Al AT A s AP AR PRV da B R SN ’ LY ~ A -~

2 A 0 i R R SR I S B B Y PR S e L P S S PR G ’ Pt s Al 1 RS 1% .

L2 8 O o e 4 (R T 3 Y S £ Y P, I Y Y e | o Y ) O S | BYA L L LS % %l ¢ S e AL

e ) i 4 O Bladi £ 2 R | g 8 S 6 e It IS S IR AN %N ] & > 1§ Wy )

B e e ] I e S5 G i1l N

Praes A BT MR R & o) e 2 R A e Bt s U T S aS e el AT e < - 2T N -~ RN = 2T & | L -

Pt LN A | RSN O PR A i SELNRCY o EAN LT NN EFT S8 ~ F I 2 G P 2 T A ~ ~

257 25 i B4 L N Y327 N 72 0 R CELY By o 8 B A N LIET B X 05 WL TN F i 4 1 b B *.2 1 p IR s 7 1 EKiHZ2 7 2T %A A

[ R T O S PN R [EENENRTREAE Y I Tk S R R Ak N 1 & » % % ¢ i (8 M T | 7 L e T S A

NS o RS S G S SR Y, SNl Vo

Sl RGee it | Bla g el | BSeas s g ; v i ;

PR B BTN GRS o as AREA L T | A 2EEY S ea s SRR At & 21 V2 RN LIRS

P b ] A N | PR2NA TN L B L LN AP AN -, LAY ~ T AN 71 L

FE0F 58 1 L TR SN T TR 7T S5 5 IR L O PSP S A W TR 2.4 T YA ’, 7 1 is > 7t LB | [P A T

[ER 50 o B L BENTEYEEEI T MENENEREE Y NENVERIE R M 1 7/ N ST % k4 @ L

PN 1 | NS oo (i, 0 S Vg G R ] Tt S B ok ol %y rd 17 v

Bl | kisleniiiand | Eivdgma il | Caeie ) a5 i ¥

PR RT RN o e iR TR AS PAt Al AR TR rid lo u) AR ARG & LR T« 1 -

PEA L QX N | RARE A “HR 0 BN o AD P RN N » X 28 il T A -~

EEZS SIS | | [BEASEITEREREN | | SRR SRS B L8 A0 W W, G Vo L e >3 2T 8 %% 22 LLAKNIS & T4 5\
(A) t=0 (B) t=1

Fig. 2. The vector field v in Lemma 3.5 is a rescaled version of v; from Lemma 3.3 that replicates the same behavior at
different space-time scales.

Proof. Let e >0,86>0,7>0, M > 1 andgoeC‘X’(Td) be fixed. Let n > 0 and A € N be
two parameters which will be fixed during the proof, depending on ¢, 6, t, M, and ¢. Let v, €
C%(T4; R¥) be the vector field given by Lemma 3.3. Set

1
Uy, (X) = Jvn()‘x)’

(see also Fig. 2).
We denote by

. v, . v . v
X, = X", D, = DU, Jyi=J",
XT),'L’,)» = Xvn,r,k’ (Dn,r,)» = (Dvn.r,)», JT],'L’,)L = qu,r,)\’

the flow map, the inverse flow map and the Jacobian determinant associated to v, and vy ¢ ;
respectively.

Step 1 (choice of A and proof of (30)). Notice that, by property (23) in Lemma 3.3,

1
I v’lvak”L“ =5 <8 3D

once A is chosen sufficiently large. This fixes the choice of A (depending on 7, ¢) and guarantees
that vy ;  satisfies (30).

Step 2 (measure of Ay ;) Set Ay ¢ 5 = {x eT?: Jyea(t,x) > n}.
We claim that

Al <. (32)
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We argue as follows: using (29), we get
Apes ={xeT: g0 2 ).
Observe now that for any measurable f: T4 — R,
erTd : f(kx)zn” = Hx eT! : f(x) an.
Therefore
sl =|{xeT?: pnznl|=|{re1?: a0z 0] <0 (33)

by (24).
Step 3 (norm inflation). Let p € L‘f/(Td) be such that

/ p(X)p(x)dx| > 4.

d
Let p € Cy ([0, +00); Lq/(Td)) be the unique solution to
{310 +div (pvy,r,0) =0,
Pli=0=p.

We claim that, for a suitable choice of n > 0,

sup |lp()ll o > M. (34)
s€[0,7]

We argue as follows. W.l.o.g. we can assume || p ”qu < M, otherwise (34) is trivially satisfied.
We thus have '

§ < /ﬁ(X)fp(X)dx = /5()6)<P(X)dx + /E(X)w(X)dx

1 ¢
¢ 7,74 0T

(Holder inequality and change of variable x = @, ; 5 (7, x") (35)

<16l o'z @l Lacar vy + / 102, 2)p(® 21T, x))]

Xr].t,)n(r’A;Yf_)L)

M Hgolqu(An,r,x) + ||:0(T)||Lq’(’][‘d) lo(®y,z (7, '))||Lq(X,]‘,,A(r,Aj;’r_k))~
Observe now that
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1
q

(@20 (T DlLaxyen(rac . ) = / |o(®y 2z, x| dx’

n,7T,A
Xn.t.a (T’A;,r,x)

Q

(change of variable x = ®,, ; 5 (7, x)) = / lo()|9 Ty 0 (T, x)dx

c
An.r,k

. 1
(since Jy ra(t,) <mon Aj L) <09 llllaTa)-

Therefore, continuing the estimate in (35), we get

1
< MlleliLaa,c +nellelLaraylo@l g (Tays

from which we get

8—MllellLaa, .
o, ¢ = — UL (36)

na el La(Ta)
We observe now that [|¢|lLe(a, ) = 0 as n — 0 by the absolute continuity of the integral, and

the fact that |A; ;| — 0 as n — 0, by (33). Therefore the r.h.s. in (36) converges to +o00 as
n — 0. We can thus choose 1 small enough such that

ol > M.

This fixes the choice of 1, depending on 4, t, M and ¢ and concludes the proof of (34).
With such choices of n and A, the vector field v := v, ¢ has all the desired properties. O

We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. Let u, ¢,§, t, M and ¢ be as in the statement. Let £ > 0 and M >0

be two constants to be fixed later. Let v =v; 5 . 5 0 € C®(T4; R?) be the autonomous vector

field given by Lemma 3.5 (notice that we use & and M instead of & and M). Define the smooth
vector field w € C®([0, T] x T?) as

w(t, x) :=u(t,x) + (VO (1, x)) " Lo(d(t, x)).
Fix & > 0 such that

H (V") y(dh)

<V 1 Ay [v]l poo(pay < Cu <&
L°°(0,T;Lq(']l‘d))_||( ) o, rixTay vl poo(ray < Cu€ <

where, in the second inequality, we used (30). Let now p € L4 be such that
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/ p(x)p(x)dx| =3.

d

Since w is smooth, there exists a unique p € Cy, ([0, T']; qu(Td)) solution to

9 p +div (pw) =0,
Pr=0 = P-

Therefore, by Lemma 2.2 and the fact that p is the unique solution, the representation formula
p(t) = X"(t)sp(t) forall t € [0, T] (37)

must hold, where o € Cy, ([0, T']; LY (T)) is the unique solution to

9;:p + div (pv) =0,
Pr=0=p.

From (37), applying ®*(¢); on both sides, we get also

®“(1)sp(t) = p(1) for all € [0, T]. (38)

By using the properties of v coming from Lemma 3.5 and the explicit expression (38) we can
estimate

M < sup 15l <Cu sup o)l

s€l0,7] sel0,7]|

Therefore we can choose M > 0 large enough in such a way that

M
sup ol ¢ == > M,
s€l0,7] Cy

and this concludes the proof of Proposition 3.2 and thus also of Theorem A. O
4. Residuality of uniqueness

To prove Theorem B we will show that X’ N/ is contained into a countable union of closed
sets with empty interior (w.r.t. the topology of (X', dx)), as we did in the proof of Theorem A.
The argument will nevertheless be “more direct”, and thus easier. The proof will be divided into
three steps, as in Theorem A: both the first about showing the inclusion into the countable union
of sets and the second about their closure will look indeed very similar to Claims 1 and 2 of
Theorem A. On the other hand, the proof that these sets have empty interior will follow directly
from the assumption that I/, N X is dense, and no further construction will be needed.
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Proof of Theorem B. First of all notice that, by linearity and the fact that p = 0 is always a
solution with zero initial datum, we can rewrite X’ N4, as follows:

XUy ={ueX Ve T, Ape L0, 1): LY (T?)) )
local solution to (1) with p|;—o = 0}.

We prove that the complement of I, in &’ is a first category set in &',

Claim 1. The following inclusion holds.

xnusc | U U Frnx

7eQnN(0,T]1neN keN

where
Frpk:i= [u eX :dpeCy(O0,r]; qu(Td)) : local solution to (1) with pl;—o =0

1
s.1. “'O”LOO([OJ];L‘I/(T“’)) <n and d,(p(7),0) > z} s

and d, is the distance inducing the weak* topology on EZ given by Lemma 3. 1.
Let u e XN Z/l;. By (39), there exists a time 7’ € (0, T] and at least one solution p €

L]0, 7']; LY (T?)) that is not identically equal to zero. Clearly there is n € N such that

||,0||Lqur < n. As we observed at the beginning of Section 3.1, we can assume w.l.o.g. that
t X

p € Cy([0,7']; Lq/(Td)). Now, since p # 0, there must exist a time t € (0, t’] such that p(7)

is nonzero. Therefore, since p(t) € §Z , we can quantify the fact that p(7) is nonzero by means

of the distance d,,: more precisely, there must be k € N such that d,,(p(t),0) > 1/k. Overall we

showed that u € Fy .

Claim 2. For every t,n, k the set Fy , i is closed in X.

The proof is very similar to that of Claim 2 in Theorem A on page 17. Take {u;} ;N € Frnk
such that dy (u;, u) — 0. Observe that, in particular, by Point (ii) in the statement of Theorem B,
flu; — “”L}LZ — 0. We want to prove u € Fr j, k.

By definition of Fz , i, for any j € N, there are p; € L‘f/(Td) and p; € Cy ([0, 71; L‘/(Td))
solving

{a,pj +div(pju;) =0, on T x [0, 7]
pjli=0=0

and satisfying

1
||,oj “LOO([(),T];Lq’(Td)) <n and d,(p;(7),0) > 0

Arguing as in the proof of Claim 2 of Theorem A, we get a subsequence {0}, },»eN such that
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’
. . d
'ij - 10 m CUJ([Oa T]v Ll] (T ))

Both bounds ||p||Lm([0’r]:Lq/(Td)) <n and d,(p(t),0) > 1/k are preserved by CU)L? conver-
gence. The proof that p is a local weak solution with initial datum p|;—9 = O follows immediately

. *
from the strong convergence u; — u in L} LY and the weak* convergence p i — P -

Claim 3. For every t,n, k the set Fr , x has empty interior in X.
This is equivalent to prove that X"\ F; ,, i is dense in X'. By hypothesis X N, is dense in X'
Hence, density of X'\ F; , x comes from the following inclusion:

XNU; CX\ Frpp= {u eX :if pe Cy([0, T]; Lq,(Td)) is a local solution

. 1
to (1) with p|;—o = 0 and ”p”LOO([O,r];Lq’(Td)) <n,thend,(p(1),0) < ;}

In fact, if u € Uy, for all T € [0, T'] the only local solution on [0, ] is o = 0. This concludes the
proof of the claim and also of Theorem B. O

5. Density for the continuity equation

In this section we prove the density statement for the PDE, i.e. point (i) of Theorem C. The
idea of the proof is the following:

(1) The building block for our construction is provided by the incompressible vector field con-
structed in [5], for which uniqueness of solutions to the associated continuity equation does
not hold (in a suitable class of densities).

(2) By asimple rescaling argument we show that vector field in Point (1) can be made arbitrarily
small.

(3) Using Point (2), and the construction in Section 2, we deduce that, arbitrarily close to any
smooth vector field, there is a vector field for which uniqueness of solutions to the continuity
equation does not hold.

(4) Finally, we use the density of smooth maps in ) and the previous point to conclude the proof.

We start by recalling the following result from [5].
Theorem 5.1 (Brue, Colombo, Kumar). Let q, p be as in (13). There exists an incompressible

vector field v € C([0, 1], WP N L4 (R?, R?)) such that (1) admits two distinct (non-negative)
solutions ,01, ,02 e C([0,1]; LY (Rd)), with the same initial datum. Moreover

supp (1, -), supp, p' (z,-), supp (1, -) € Q1(0)
forallt €[0,1].
We want to properly rescale and periodize the vector field and the corresponding solutions to
obtain a family of vector fields with the non-uniqueness property that are moreover arbitrarily

small in L (LY N W'P), (and thus also in L} (LI N W1P),).
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Proposition 5.2 (Rescaled version of Theorem 5.1). Let q, p be as in (13). For any € > O there
exists an incompressible vector field v € C([0, 1]; L9 N wbr (T4 R?)) such that

||U||L[°°(Lqmwl,n)x <é&
and v admits two distinct (non-negative) distributional solutions to (1) in the class C([0, 1];
L7 (T4, R)).
Proof. Let ve C([0,T], whrn L4 (Rd, ]Rd)) be given by Theorem 5.1, with the two densities
o', p? satisfying
plizo=plizo.  p'#p

Let u > 1 be a concentration parameter to be fixed later, depending on ¢. Set
1 ; i .
v (t, x) = ;v(t, ux), ,oﬂ(t,x) =p'(t, ux), i=1,2.

The scaling guarantees that v, and pL, i =1,2, still solve (1) with the (same) rescaled initial
datum p(’;’ M(x) = pé(ux), but ,o:L E= pﬁ. A simple computation shows that

1 1
v ||L$OLZ I Il oo s s Vi ||L,00Lf =~ IVVllperp - (40
Mmoo uwr

Moreover the supports of v, p}l, pi are contained in Q1 (0). We can thus extend them by
m

periodicity on T¢. By picking u large enough (depending on &) we get the conclusion. [
5.1. Proof of point (i) of Theorem C

We can assume w.l.0.g. that T = 1. The general case follows from the case 7 = 1 by a simple
rescaling argument t +— ¢/ T, u+> u/T.

By density of smooth maps in ) it is enough to show that for every u € C*°([0, 1] x T¢; R¥)
with divu = 0 and for every ¢ > 0, there exists another incompressible vector field w €
C([0,1]; L4 n Wh-P(T4; RY)), with ¢ and p as in (13), such that

||I/£ — U)”LtOO(Lqmwl.p)x <€

and w admits two distinct solutions to (1) in the class L;’OLZ/ starting from the same initial
datum.

By Proposition 5.2, we can find an incompressible vector field v € C,(L? N W!:?), admitting
two distinct solutions p!, p* € C th/ to (1) starting from the same initial datum p € L9 and such
that |[v|| Loo(Lanwl.p), can be made arbitrarily small. In particular, we can choose v such that

H (VO (£, x)) e, <I>”(t,x))H <e (A1)
LP(LINWLP),
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Set
w(t,x) :=ut,x)+ (VO x) v, ®“(t, x))

Since divu = 0, by Remark 2.1 the vector field w is incompressible as well. Moreover, by (41) it
holds ||u — w]|| LeLanwle), < €. Notice now that, thanks to item (i) of Lemma 2.2 and the fact
that X“(¢, -) is a diffeomorphism, the densities

Pt x) = X"(t,):p'(t,), i=12

are two distinct distributional solutions to the continuity equation with vector field w and with
the same initial datum, so that w has all the desired properties. O

6. Density for the ODE

In this section we prove the density statement for the ODE, namely Point (ii) of Theorem C.
The strategy of the proof is similar to the one described at the beginning of Section 5 for the
density statements for the PDE, with one substantial difference (Point (2) below):

(1) In [12] the author constructs (for every p < d and o < 1) an incompressible vector field v
belonging to the space

c,w)

5P N C;)fx
such that A, as defined in (14) has full measure.

(2) As in Section 5, we need to produce arbitrarily small (in the desired topology, namely
(o W,:’p N C; ) vector fields u having the property that A, is a full measure set. However,
differently than the analysis in Section 5, here rescaling arguments do not work. Indeed,
rescaling “by oscillation” (i.e. as in Lemma 3.4) would preserve the property of a.e. non
uniqueness of integral curves but would not make the rescaled vector field small in W7,
whereas rescaling “by concentration” (as we did for the PDE in Section 5) would achieve
the smallness in the desired topology but would not preserve the a.e. non uniqueness prop-
erty. Nevertheless, we show how to easily adapt the construction in [12] to obtain the desired
smallness.

(3) Finally, as in Section 5, we combine Point (2), the construction in Section 2 and the density
of smooth maps in Z to conclude the proof of the density.

For the flow map associated to a (smooth) vector field u € C*°([0, T] x Td), we used so far
the notation X“(z, x) (see (16)). In what follows, it will be useful to adopt, when needed, also
the following (standard) notation for flow maps, where the starting time is explicitly written: we
indicate by X% : [0, T] x [0, T] x T — T the solution of the ODE

al‘Xu(t’Sa-x) = M(t, X”(ta S7-x))a
X4(s,s,x)=x,

and we call it the flow with starting time associated to u. This notation is useful to exploit the
semigroup property:
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X"(t3,11,) = X"“(13, 12, -) 0 X" (t2, 11,-) V11,102,213 € [0, T] and x € T?. (42)

Clearly X*(t, x) as defined in (16) is just X" (¢, x) = X"“(z, 0, x), i.e. the flow with starting time
s =0.

6.1. Some preliminary observations

We begin by some simple observations concerning extension of integral curves up to a possi-
ble singular time of the corresponding vector field.

Lemma 6.1. Ler v € C°([0, T) x TN L ([0, T] x T9) and consider the associated (smooth)
flow map with starting time

XV:[0,T) x [0,T) x T — T?.
(i) XV can be extended by continuity to a map
XU:[0,T]1x[0,T) x T4 — T4

(ii) XV(¢t,-,-) —> X(T,-,-) uniformly (in the variables (s,x))ast /' T.
(iii) The semigroup property (42) holds also at time t3 =T, i.e.

X“T,t1,x)=X“T,t2,x) o X"(t2, 11, x), Vt1,0o€[0,T)and x € T. (43)

Remark 6.2. We will still call XV : [0, T] x T¢ flow map with starting time associated to v.
However, X¥(T,s, -) : T4 — T4 is not anymore, in general, a diffeomorphism.

Proof. We observe first of all that the family {X" (¢, -, ) };e[0,7) as a family of functions of the

variables (s, x) € [0, T) x T¢ is a Cauchy sequence (as t — T) w.r.t. the uniform topology:
indeed

|X"(t2,5,x) — X" (t1, 5, )| < V]l poo (0. 71x Ty 122 — 1]

and thus also

sup |X"(t2,5,x) — X" (t1, 5, x)| < vl oo o, 7x Ty 122 — 11l
(s,x)€[0,T)xT4d

Letus denote by XV(T, -, ) : [0, 5) x T9— T4 the uniform limit of the sequence {X"(t, -, ) }re[0,T)
ast — T.Clearly XV :[0,T] x [0,T) x T4 — T4 (as a map of three variables) is continuous.

This concludes the proof of Points (i) and (ii). Point (iii) follows from the semigroup property
(42), which holds for all 3 € [0, T'), passing to the limit 73 /' T and using Point (ii)). O

Lemma 6.3. Let u € C®°([0, T] x T%) and v e C®([0, T) x T?) N L®([0, T] x T?). Consider
the vector field w € C*°([0, T) x T?) N L*>®([0, T1 x T%) defined as in (17) by

w(t,x) :=u(t,x)+ (v<b“(t,x))*‘ v(t, D (t, x)).
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Then the flow map of w, X" : [0, T] x T4 — T4

XY(t) =X"(t) o X"(2) vt [0, T]. (44)
Remark 6.4. The flow map X* is well defined for all ¢ € [0, T'] because u is smooth up to time
t =T. The maps XV, XV are well defined also at time t = T for all 7 € [0, T], by the previous
lemma.
Proof. For any t < T the flow map of v satisfies identity (44) thanks to Lemma 2.2. By

Lemma 6.1, we can continuously extend up to time t = T both X"(¢) and X" (¢) by continu-
ity. Finally, formula (44) holds also at time ¢ = T because

XY(T,x)=lim X"(t,x) = X*“(T, lim X"(¢,x)) = X“(T, X"(T,x)) Vx¢€ T
t/T t /T

by smoothness of X* on [0, T'] x TY. O
6.2. Strategy for non uniqueness

We briefly describe here the strategy developed by Kumar in [12] to produce vector fields for
which uniqueness of characteristics fails on a set of full measure. Let

7€ C®([0,T) x TN C0, T]; WP nC (T RY))
be a given incompressible vector field. Observe that, by Lemma 6.1, the (smooth) flow map X

associated to v can be extended by continuity up to the singular time # = T. Denote by v the
time-reversed vector field:

v(t,x):=—v(T —t,x).
Observe that
Ve C®((0,T] x TN C(0,T]; WP nC(T4; RYY).
Recall again the definition of the set A, in (14).
Lemma 6.5. Assume there exists a set C C T of null (Lebesgue) measure such that
X¥(T,C)="T¢4. (45)
Then the set Ay has full measure.
Remark 6.6. Recall that X? is well defined by Lemma 6.1.

We present a proof of the lemma for the sake of completeness. Just for this proof, it will be
convenient to denote by £¢ the d-dimensional Lebesgue measure.
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Proof. We prove that
£l ({x eT?: 3 y integral curve of v with y (0) = x}) =0.

Equality (45) means that for every x € T¢ there is an integral curve 7, of ¥ such that 7, (0) € C
and y, (T) = x. Observe then that the curve

va(@) = (T —1)

is an integral curve of v, with y,(0) = x. Now, since v has Sobolev regularity and bounded
divergence (actually zero divergence), DiPerna-Lions theory implies that v admits a (unique)
regular Lagrangian flow X, with compressibility constant L > 0, i.e. X (t)ﬁﬁd < LL?. Observe
that

A§ = {x : 3! integral curve of v with y (0) = x}
C{x : X, x)=wn}U{x : X(-, x) is not an integral curve of v}
CX(T)""(C)U{x : X(-,x)is not an integral curve of v}.
The first inclusion follows from the fact that y, is an integral curve of v starting in x, for all x.

The second inclusion follows from the fact that y,(T') € C for all x. Now simply notice that, by
definition of regular Lagrangian flows,

LYX(T)"HC)) = X(T):(L)(C) = LLYC) =0,
and, again by definition of regular Lagrangian flows,
e ({x : X (-, x) is not an integral curve of v}) =0.
Hence £¢ (AY) =0 and thus A, has full measure. O
6.3. Kumar’s construction (adapted to get WP smallness)
The following theorem, but without the smallness assumption (46), was proven in [12]. We
present below a sketch of the proof, showing how Kumar’s construction can be easily adapted to

achieve also (46).

Theorem 6.7 (Kumar, adapted to get smallness). Let p < d and o € (0, 1) be fixed. There is
Ty > O such that for every e > 0O there exist a divergence free vector field

€ C*([0, To) x T4 RY) N C([0, Tol; WP (T RY)) N C¥([0, To] x T4; RY)
such that

190, o, < (46)

and having the following property. There exists a set C C T4, with |C| = 0, such that:
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X(Ty, C) =T7, 47)

where XV is the unique flow of v defined up to time t = Tp.

Remark 6.8. Recall that X? is well defined up to time Ty by Lemma 6.1.

Sketch of the proof. For given p <d, @ € (0, 1), in [12] the author constructs a time Ty and an
incompressible vector field

ve C™®([0, To) x T4 RY) N C([0, Tol; WP (T4 RY)) N C*([0, To] x T?; RY),

having the form

v(t,X) = Zvi (t, x),

i=1
where the family of vector fields {vi};cn has the following properties:

(1) vi € C*®([0, To] x T?; R4) for any i € N;

(2) v; is divergence free for any i € N;

(3) there exists a sequence of times {7;};eN, With 7; < 7j4 for all j € N and t; — Tp, such
that supp; vi C (1, Tit+1);

(4) the sequence {v;}icy is summable in C ([0, To]; WP (T%)) N C* ([0, To] x T9).

The crucial property of v is that there exists a zero measure Cantor set, which we denote by
KcT?, £4(IC) =0, such that

XV(Ty, K) =T4. (48)

Notice that by Lemma 6.1 the flow XV is well defined up to time ¢ = Tj. For a fixed n, we define
the (incompressible) vector field

vy (t, x) = Zvi (t,x),

and the corresponding set

K" :=X"%(1,,0,K). (49)

Observe that v is smooth on [0, 7,] C [0, Tp) and thus L4 (K™ = 0. From definition (49) and
from the semigroup property of the flow up to time ¢ = T, which holds thanks to point ((iii)) of
Lemma 6.1, we deduce that
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XU (T, K™) = X" (Ty,0, ")

(semigroup property of X'") = X" (Ty, T, X" (14, 0, K™))

(va =0fort <1,) = X" (To, 170, K")

(v =1y on [ty Tpl) = X"(To, T, K") (50)
(by definition of C") = X"(Ty, t, XV (14,0, K))

(semigroup property of X¥) = X" (Ty, 0, K) = X" (Ty, K)

(by (48)) =T¢.
Notice now that, by summability of the sequence {v;}icn in C ([0, Tol; WE2(T¥))NC% ([0, Tp] x
T4), the vector field ¥ defined as v,,, for n sufficiently large, satisfies (46) and, by (50), it satisfies
also (47), with C :=K". O
6.4. Proof of point (ii) of Theorem C

As observed in the proof of Point (i), see Section 5.1, we can assume w.l.o.g. that T = Tp,

where Tp is the time given by Theorem 6.7. The general case follows from the rescaling ¢ +—
tT/ Ty, u+—> uT/Ty.

By density of smooth maps in Z it is enough to show that for every incompressible vector
field u € C*°([0, Tp] x T¢) and for every ¢ > ( there is another incompressible vector field

w e C([0, Tol; WhP(T4; RY) N C* ([0, T] x T9; RY)
such that

llu — w]| €

CWPnc ., <
and
Ay, has full measure (G20
(recall the definition of Ay, in (14)).

Let thus u € C* and ¢ > 0 be given. Let uu(¢, x) := —u(Ty — ¢, x) be the time reversal of u.
By Theorem 6.7, there is

€ C®([0, To) x T4 RY) N C([0, Tol; WHP(T4 RY)) N CY([0, To] x T4 RY)  (52)
and aset C C T4, £4(C) = 0 such that
X (Ty,C) =T?

and

<e, (53)
C/(W-PNC),

H (chﬁ)*1 B(t, &)
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where @ is the inverse flow map associated to ii. Set

w(t, x) :=ut, x) + (Vd)'%t,x))il o(t, D (¢, x)).
Observe that by (53),

||1D _IZ”C¢(W1’pﬂC)x <é&. (54)

Since i and ®" are smooth, the vector field w inherits the same regularity as o in (52).
Moreover, since v and u are incompressible and i is also smooth, by Remark 2.1 the vector field
w has zero distributional divergence. We can thus apply Lemma 6.3 to get

X" (To, C) = X" (To, X" (T, C)) = X" (Tp, T = T7,

where, in the last equality, we used that X* is a smooth diffeomorphism of T¢. Therefore w
satisfies the assumptions of Lemma 6.5 and thus its time reversal w(¢) := w(Tp — ) has the
property (51). Moreover, by (54),

lw— u||c,(wlvmc)x = [lw— ﬁ”C,(lePOC)X <§¢,

thus concluding the proof of Theorem C. O

Remark 6.9. By construction, the perturbation v coming from Proposition 6.7 is arbitrarily small
not only in the uniform norm but also in C?. In other words, from the previous proof we could
deduce that any smooth function is an accumulation point in C% of the subset of vector fields
having non-uniqueness of trajectories in almost every point. On the other hand, C*° is not dense
in C* with its natural topology, so that we can not state a density result also in this setting.
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