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Abstract

Ecological communities are high-dimensional interacting systems whose stability emerges
from the structure of their interaction networks. This thesis applies tools from the
statistical mechanics of disordered systems to study the equilibrium properties of large
ecosystems modeled by generalized Lotka–Volterra (gLV) equations with sparse and
symmetric interactions. Moving beyond the traditional fully-connected (mean-field)
setting, we analyze systems on locally tree-like random graphs using the Cavity Method
and Belief Propagation (BP). In the single-equilibrium regime where BP converges, we
compute species abundance marginals and show that increasing interaction disorder
leads to a robust crossover from Gaussian to Gamma-like distributions. This beha-
viour is consistent with empirical observations and differs from the results obtained in
fully-connected models. Remarkably, unlike dense systems, sparse ecosystems do not
develop a glassy phase at large interaction disorder. At zero disorder, however, a pecu-
liar phenomenon emerges, specific to sparse topologies: increasing competition among
species induces a topological multiple-equilibria phase, signalled by the lack of conver-
gence of the BP equations. To characterize this regime, we develop a one-step replica
symmetry breaking (1RSB) cavity framework. The persistent non-convergence of both
RS and 1RSB iterative schemes across the multiple-equilibria regime suggests a more
intricate organization of equilibria, compatible with a full replica symmetry breaking
(FRSB) phase with hierarchically structured basins. Altogether, these results demon-
strate how sparsity reshapes stability, abundance distributions, and phase structure in
large ecological communities, showing distinctive results compared to fully-connected
models.
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Introduction

A forest, a lake, a microbiome, a field of grass with flowers and bees. These are
not merely words. They describe systems composed of many interacting species and
their environment. The aim of this thesis is to characterize such systems, uncover
connections between them, and provide insight into their structure and stability.
Understanding ecological communities means facing an extraordinary level of com-

plexity. Species interact through competition, mutualism, predation and cooperation,
forming networks that are heterogeneous, non-linear, and adaptive. Describing their
coexistence and collective behaviour is an ambitious goal, one that calls for a synthesis
of ideas from different fields. In this context, Statistical Mechanics can play an import-
ant role: it provides a natural framework to understand how macroscopic emergent
properties arise from the interactions of many microscopic components.
Ecosystems are very delicate and their stability, defined by the existence of stationary

states, their response to perturbations, and the occurrence of extinctions, is crucial,
especially in the face of rapid human-induced change.
A central question concerns the role of biodiversity in determining ecosystems stabil-

ity. Early empirical studies suggested that simplified ecosystems are more vulnerable,
while more diverse ones are less sensitive to perturbations [1, 2]. However, this has
never been a general rule. Also mathematical models have always offered contrasting
perspectives. Robert MacArthur in 1955 [3] showed that a large number of species
in an ecosystem results in avoiding dramatic changes in the population abundances,
leading to a stable community. In contrast, Robert May’s work in the 1970s [4, 5]
demonstrated that ecosystems with many interacting species and a large variety of in-
teractions can become unstable beyond a critical level of complexity. The relationship
between diversity and stability thus remains a central and open problem in theoretical
ecology.
Statistical Mechanics offers essential tools to disentangle the mechanisms that drive

stability or instability in ecosystems. It helps identify structural and dynamical factors
that determine how communities evolve and respond to perturbations. This is partic-
ularly relevant today, as ecosystems are increasingly affected by rapid, human-induced
changes. While some systems are capable of recovering, such as the recent reappearance
of the Galápagos rail on Floreana Island after the removal of invasive species, many
others, like the Rapa Nui subtropical forest on Easter Island, are not. Understanding
the principles governing stability is therefore not only a theoretical challenge but also
a practical necessity.
The introduction of statistical-mechanical ideas marked a turning point in ecology,
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4 Introduction

considering ecosystems as complex systems whose collective behaviour emerges from
disordered interaction networks, much like spins in glassy systems. The structure of
these networks proves fundamental in shaping the resulting phenomenology of the sys-
tem. Building on this perspective, the present thesis applies concepts and methods
from the statistical mechanics of disordered systems to study the equilibrium struc-
ture and stability of large ecological communities described by sparse and symmetric
interaction networks. The model that we employ is the generalized Lotka-Volterra
(gLV) one, widely used in the literature, typically with dense interaction networks.
Our approach based on sparse topologies is novel in this context and reveals distinctive
phenomenology, including realistic non-Gaussian species distributions and transitions
to regimes highly destabilized by species extinctions. These results differ from those
obtained in fully-connected models and highlight the crucial role of network structure
in shaping ecosystem behaviour.
The present thesis is organized as follows. In Chapter 1, we introduce the topic

of Theoretical Ecology, starting from simple mathematical models and progressing
to more complex ones such as the Consumer-Resource and generalized Lotka-Volterra
(gLV) models. Within the framework of the gLV model, we also discuss the application
of statistical physics methods to ecology and review the first results for ecosystems with
symmetric and dense interaction networks.
Having established that Statistical Mechanics of Disordered Systems provides a nat-

ural approach to studying ecosystems, Chapter 2 presents the phenomenology of fully-
connected disordered spin models in order to overview the techniques used in the field.
We derive exact solutions for a prototypical model of glasses, focusing on the mech-
anisms which drive the emergence of multiple-equilibria in the low temperature phase.
The chapter concludes by highlighting the properties and limitations of dense interac-
tion networks and the need to extend the analysis to sparse systems, in the perspective
of ecological applications.
The study of gLV ecosystems on sparse random graphs (Bethe lattices) with sym-

metric interactions is the central topic of Chapter 3. We first introduce the tools used
to study the thermodynamics of such systems, namely, the Cavity Method and the
Belief Propagation (BP) algorithm. We then present our results for the Generalized
Lotka-Volterra model on sparse graphs, which differs significantly from that of fully-
connected models. First, we find that for large values of the interaction disorder σ,
the system remains in a single equilibrium where abundance distributions show a cros-
sover, upon increasing the disorder σ, from a Gaussian to a Gamma-like distribution
shape, the latter in good agreement with empirical data. This finding, together with
the absence of a multiple-equilibria phase at large values of disorder, where it is only
found a transition from single equilibrium to unbounded growth of species, is a novel
and distinctive result compared to the fully-connected case. At the end of Chapter 3,
we illustrate a mechanism that is specific to sparse topologies and has no analogue in
dense networks. This mechanism drives the emergence of a multiple-equilibria phase in
the gLV model on the Bethe lattice in the absence of disorder, triggered by an increase
in competition among interacting species.
This new zero-disorder topological multiple-equilibria phase is further investigated

in Chapter 4 using a more advanced algorithmic framework suited to regimes where
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a single equilibrium no longer captures the system’s thermodynamics. This multiple-
equilibria phase is found to exhibit a rich, possibly fractal structure of coexisting equi-
libria.
Finally, in Chapter 5 we present our conclusions, highlight open questions and pro-

pose new research directions.





1
Statistical Mechanics and Ecology

The purpose of this thesis is to show how tools and ideas from the statistical mechanics
of disordered systems can be successfully used to model real ecosystems and to invest-
igate their emergent properties in a simplified yet insightful framework. In particular,
among the open questions in theoretical ecology, the problem of defining and assessing
the stability of large ecosystems is particularly well suited to a statistical mechanics ap-
proach. The goal of the present work is to show how the statistical mechanics modelling
of ecological systems can unravel and frame non-trivial aspects of their phenomenology,
therefore actively contributing to the advancement of theoretical ecology. This thesis
thus offers a paradigmatic example of the interplay between theoretical ecology and
theoretical physics, namely of the constant struggle to match empirical observations
with mathematical models. The ultimate goal of applying statistical mechanics to the
study of ecosystems is to achieve a deeper understanding of the underlying mechan-
isms governing their behaviour, ideally moving beyond the standard trial-and-error
approach, which usually works only for few paradigmatic and simple situations, as for
instance the famous case of Lake Victoria [6]. In the late 1950s, the Nile perch was
introduced in the lake, with the aim of increasing the fish biomass. The result was the
opposite: the Nile perch, a top predator, had a strong impact on the ecosystem, leading
to the extinction of many species and to a decrease in the overall biomass. This is the
typical case where the decrease of biodiversity leads to the increase of the instability
of the ecosystem. But in many cases the mechanism behind instabilities is not that
simple.
It was during the 1970s that a statistical mechanics perspective was introduced as a

working tool to model a problem in Theoretical Ecology, particularly in addressing the
problem of stability in large ecosystems. Let us therefore dedicate the next section to
a brief historical account on the role played by mathematical models in the study of
population growth and ecosystem stability.

7



8 1.1 Ecological Models

1.1 Ecological Models

Attempts to model the growth of animal/human populations using mathematics date
back several centuries. One of the earliest known examples is Fibonacci’s 13th-century
model describing the growth of a population of rabbits. The model is based on the
assumption that in an idealized colony each pair of rabbits produces a new pair every
month, starting from their second month of life. Let us assume now that τ ∈ N is the
positive integer labeling the months: it turns out that the total number of rabbit pairs
present each month, which we denote as Nτ , can be determined recursively as

Nτ = Nτ−1 +Nτ−2, (1.1)

and the sequence of rabbit pairs present at each month yields the well known Fibonacci
sequence:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ... (1.2)

What matters for the purposes of the present discussion is that asymptotically the
τ−th element of the Fibonacci sequence increases exponentially with τ :

Nτ ≈ ϕτ = eτκ, (1.3)

where κ = log(ϕ) and ϕ = 1+
√

5
2 is the so-called "golden ratio".

The result from Fibonacci on the population of rabbits is a particular case of the
more general exponential law for the growth of populations later discovered by Malthus,
which he proposed for the first time in 1798. Malthus not only realized that a popula-
tion breeding at constant rate undergoes exponential growth, but also pointed out that
this can happen only in the presence of unlimited resources – "the power of population
is indefinitely greater than the power in the earth to produce subsistence for men". His
work motivated the Census Act of 1800, which established the first census in England
and Wales. The first mathematical model also accounting for the effects of limited
resource availability was proposed by Verhulst in 1838 [7]: it was the first example of
a logistic model. Such a model describes the evolution of a population N(t) as:

dN

dt
= rN

(
1− N

K

)
, (1.4)

where the intrinsic growth rate r sets the exponential growth of the population, while
the parameter K is the carrying capacity of the environment, which limits the growth
of the population.

Another source of limitation in the unbounded exponential growth of a population
is the interaction among different species, for instance on the form of a prey-predator
interaction. The first mathematical model to account for this sort of interactions has
been the Lotka-Volterra model in the 1920s [8, 9]. If we denote with x(t) the density
of preys population, e.g., rabbits, at time t and with y(t) the density of predators, e.g.,
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foxes, the Lotka-Volterra model consists in the following set of two coupled non-linear
differential equations:

dx

dt
= αx− βxy

dy

dt
= −γy + δxy,

(1.5)

where α, β, γ, δ are all assumed to be positive real numbers. From Eq. (1.5) we see that,
in absence of the mutual interaction terms, i.e., those proportional to the product of
the two densities xy, the density of rabbits would experience unbounded exponential
growth, due to the lack of predators, while the density of foxes would decay exponen-
tially, due to the lack of preys, i.e., food resources. Instead, what has been discovered
by Lotka and Volterra, is that by limiting the growth of rabbits with a negative con-
tribution to the rate of growth of the kind −βxy and by enhancing the rate of growth
of foxes with a positive term δxy allows for stable equilibria where the density of both
rabbits and foxes oscillates around finite values.

The generalization of the Lotka-Volterra equations to higher dimensions and so to
a higher number of species gives rise to the so called generalized Lotka-Volterra model
(gLV), which is a system of N differential equations (one for each species):

dni
dt

= ri
Ki

ni(t)
Ki − ni(t)−

∑
j 6=i

αijnj(t)
 , (1.6)

where i ∈ {1, . . . , N} indexes the different species in the ecosystem. The gLV model
is the most widely used in statistical physics to describe ecosystems: let us notice
that it takes into account both the individual species intrinsic limitation of growth, as
suggested by Verhlust, through the carrying capacities Ki in the terms −rin2

i /Ki, and
the mutual effect of species interactions −αijninj, where the coefficients αij depend on
the species.
When the number of species N is already larger than or equal to two, it is not possible
anymore to provide an exact analytical solution to the differential equations (1.6).
Here is where the average properties of the solutions start to be important and the
coarse-grained approach of statistical mechanics becomes central.
When modelling the dynamics of large ecosystems, different approaches arise de-

pending on the assumptions made about species diversity and interactions. A central
question is whether species within an ecological community can be considered indis-
tinguishable, or whether accounting for their differences in the model has important
consequences. The gLV model in Eq. (1.6) for example explicitly assumes that spe-
cies are not indistinguishable: each species is characterized by its own parameters ri,
Ki, and interaction coefficients αij. Species are thus fundamentally distinct, and their
individual traits matter. However, this is not the only approach used in the study
of complex ecosystems. Other approaches focus on the importance of stochasticity,
assuming that random processes play a major role in shaping ecosystems, rather than
niche differences. In the following, we introduce two broad classes of models, neutral
models and niche models, which embody different answers to the question of species
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equivalence and adopt different assumptions about the drivers of biodiversity and sta-
bility.

Neutral models

The central assumption of neutral models is that some key features of real ecosystems
can be recovered even by assuming that all species play an identical role in the model.
This is the core idea behind Stephen Hubbell’s Unified neutral theory of Biodiversity
and Biogeography (2001) [10], which proposes that species occupying the same trophic
level can be treated as functionally interchangeable. The term "neutral" refers to the
assumption that any differences among different species are neutral with respect to the
success of individuals. Species are assumed to be indistinguishable and thus demo-
graphic stochasticity is particularly relevant in driving fluctuations in population sizes
over time.
Hubbell’s framework builds on earlier theories, such as MacArthur and Wilson’s

Theory of Island Biogeography [11], and has since been widely applied to biodiversity
studies [12, 13]. These models are inherently minimalistic and are especially useful
for describing species distributions in systems where species occupy the same position
in the food chain, for instance trees in a forest. However, they are not well-suited to
describe more complex ecosystems with significant trophic or functional differentiation.
A simple example of neutral dynamics is presented in [14], where the population size

x(t) of a species evolves according to the Langevin equation:

ẋ(t) = b− x(t)
τ

+
√
Dx(t) ξ(t). (1.7)

Within a neutral framework, all species are assumed to be ecologically equivalent and
therefore obey the same stochastic dynamics. The full community can thus be viewed
as an ensemble of independent replicas of Eq. 1.7, differing only by their realizations
of the demographic noise. Here, x is a continuous random variable representing spe-
cies abundance, b is an immigration rate, τ is the characteristic relaxation time of the
system, and D controls the amplitude of the demographic noise ξ(t), modeled as Gaus-
sian white noise with 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t′)〉 = 2δ(t − t′). The noise term captures
ecological drift, reflecting the randomness in birth, death, and immigration events.
The Fokker-Planck equation associated with Eq. (1.7) governs the evolution of the

probability distribution p(x, t) of observing a species with abundance x at time t. Its
stationary solution p0(x) reads:

p0(x) = (Dτ)−b/D
Γ(b/D) x

b
D
−1e−

x
Dτ , (1.8)

where Γ(y) is the Gamma function. This stationary distribution has been shown to ac-
curately fit empirical species abundance data, particularly those from forest ecosystems,
like for example the one in Barro Colorado Island, Panama, where plenty of data were
collected in the ’90s (Center for Tropical Forest Science website, http://ctfs.si.edu).
Despite their empirical success in capturing some macroecological patterns, such as

species abundance distributions, for species at the same trophic level, neutral models
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are not microscopic models. They offer effective descriptions but do not account for the
detailed structure of ecological interaction networks. In reality, species modify their
environments, occupy specific niches, and interact in highly non-neutral ways [15, 16].
An alternative to the neutral approach is to explicitly model these microscopic inter-

actions and investigate whether interesting, data-compatible patterns can emerge from
them. This is the idea behind niche models.

Niche models

As discussed earlier, models that take into account differences between species are gen-
erally referred to as niche models. These frameworks rely on the idea that each species
occupies a distinct ecological niche, consistent with the competitive exclusion principle,
which states that two species competing for the same limiting resource cannot stably
coexist. Over time, the one better adapted to the environment tends to outcompete
the other, potentially leading to its extinction. Among niche-based approaches, the
Lotka–Volterra equations, introduced in Eq. (1.5), play a central role. They describe
how a species’ growth rate depends not only on its own abundance but also on the
presence and abundance of other species in the system. Species, in LV equations, are
clearly non equivalent: preys and predators have different kind of dynamical equations,
with different growth/death rates and interactions.
By moving away from the assumptions of neutrality, niche models allow us to in-

vestigate how specific interspecies interactions shape coexistence, competition, and the
stability of ecological communities.
In this perspective, the two most important niche models which allow us to describe

large, diverse and complex ecosystems are the MacArthur Consumer–Resource model
and the generalized Lotka–Volterra model.

1.2 Competition for resources: MacArthur model

Let us begin this discussion of the competitive Consumer-Resource model by high-
lighting the role of competition in shaping ecosystems. Competition is a fundamental
ecological force, deeply influencing the population dynamics of species. Even at the
single-species level, competition for limited resources gives rise to density-dependent
regulation, commonly modeled by the logistic growth term. When multiple species
are present, competition becomes interspecific and can profoundly shape community
structure. In the classical Lotka-Volterra framework, predators and prey are interde-
pendent: an abundance of predators limits the growth of the prey population. The
notion becomes more tangible when we consider species as organisms that exploit com-
mon resources, which are in limited supply, as the Consumer-Resource model describes.
In consumer-resource models, a solitary species would face little difficulty in sustaining
itself, but when others relying on the same resources are present, survival becomes
uncertain for all.
This is the basis of what is known as the competitive exclusion principle: in a system

with M available resources, the number of coexisting species N must satisfy N ≤ M .
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Although supported by consumer-resource models (and we will see it quantitatively
at the end of this paragraph), this principle does not always match ecological obser-
vations. For reasons still not fully understood, natural ecosystems frequently display
a higher level of coexistence than predicted. A well-known example is the paradox of
the plankton [17]. Numerous plankton species live on a very limited number of shared
resources like sunlight and dissolved minerals. Nevertheless, they manage to coexist
in large numbers in relatively small regions of open ocean, in disagreement with the
competitive exclusion principle.
To move from intuitive reasoning to a more quantitative description of resource-

driven competitive dynamics, we now introduce the mathematical framework of the
MacArthur Consumer–Resource model [18]. This model describes the dynamics of a
community composed of consumers (species that feed on resources) and resources (the
food they consume), and it consists of the following set of N+M differential equations:

dnσ
dt

= nσ

(
M∑
i=1

ασici − dσ
)
,

dci
dt

= ci

(
f(ci)−

N∑
σ=1

αiσnσ

)
,

(1.9)

where nσ, with σ = 1, ..., N , are the abundances of the N consumer species, while
ci, with i = 1, ...,M , are the abundances of the M resources. The parameters ασi
are the interaction coefficients which represent the preference of consumer σ towards
resource i. The parameters dσ are the death rates of the consumers. The function
f(ci) represents the resource production rate. Usually f(ci) = ri

Ki
(Ki − ci), with ri the

intrinsic growth rate of resource i and Ki its carrying capacity.
The MacArthur model is a niche model because it explicitly incorporates differences

among consumers and resources through separate dynamical equations, distinct para-
meters dσ, ci and consumer–resource preferences ασi.
While we will analyze the generalized Lotka–Volterra model in more detail later,

we show here how the Consumer–Resource equations, under reasonable assumptions,
naturally give rise to the gLV ones. Population dynamics of resources is assumed
to be faster than that of consumers, so we can assume that resources are always at
equilibrium. Assuming equilibrium for resources and considering for simplicity f(ci) =
1− ci, from the second of Eqs. (1.9) we get that for any i ∈ {1, ...,M}:

ci = 1−
N∑
σ=1

αiσnσ. (1.10)

Inserting Eq.(1.10) in the first of Eqs. (1.9), we get:

dnσ
dt

= nσ

(
M∑
i=1

ασici − dσ
)

= nσ

(
M∑
i=1

ασi

(
1−

N∑
σ′=1

αiσ′nσ′

)
− dσ

)
. (1.11)

This corresponds to having:

dnσ
dt

= nσ

(
aσ −

N∑
σ′=1

Aσσ′nσ′ − dσ
)
, (1.12)
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where aσ = ∑M
i=1 ασi and Aσσ′ = ∑M

i=1 ασiαiσ′ . In particular we can define rσ = aσ− dσ
as the intrinsic growth rate of species σ. Then, separating from the sum the term with
σ′ = σ, we get:

dnσ
dt

= nσ

rσ − Aσσnσ − ∑
σ′ 6=σ

Aσσ′nσ′

 . (1.13)

We thus recover an equation of the same form as Eq. (1.6): the generalized Lotka–Volterra
dynamics emerge naturally from the Consumer–Resource model.
Let us now highlight how the MacArthur Consumer–Resource equations are aligned

with the competitive exclusion principle. When resource dynamics are fast, the system
admits a Lyapunov function, originally introduced by MacArthur [19], which guar-
antees convergence toward a stable equilibrium. After eliminating the resource vari-
ables through their equilibrium values, this Lyapunov function can be expressed solely
in terms of the consumer abundances, and its curvature is determined by the con-
sumer–resource preference matrix α.
A crucial property of this Lyapunov function is that it is strictly convex in the

space of consumer abundances only if the number of resources is greater than or equal
to the number of consumers, M ≥ N . Strict convexity ensures the existence of a
unique stable equilibrium in which all consumer species persist with strictly positive
abundances. When M < N , the Lyapunov function loses strict convexity, and its
minimization drives the system toward states where one or more consumer abundances
vanish. This provides the formal dynamical basis of the competitive exclusion principle
within the MacArthur Consumer–Resource framework.

1.3 Generalized Lotka-Volterra model

We have already introduced the generalized Lotka-Volterra (gLV) model, first in Eq. (1.6)
as a generalization of the 2-species Lotka-Volterra equations and then in Eq. (1.13) as
an effective description emerging from the Consumer-Resource model.
At its core, the gLV model is a niche model: species’ niches are defined by their

interactions, both within their own population and across different species. The de-
terministic version of the model combines logistic growth with pairwise interactions,
as discussed in the previous sections. This description can be refined by including
stochastic fluctuations, which account for random effects not captured by determin-
istic dynamics.
In this way, the general model consists of a set of N coupled stochastic differential

equations describing the time evolution of the abundances of N species. The dynamics
is given by:

dni(t)
dt

= ri
Ki

ni(t)
Ki − ni(t)−

∑
j 6=i

αijnj(t)
+

√
ni(t)ηi(t) + λ, (1.14)

where, with respect to Eqs. (1.6) and (1.13), we have also the stochastic noise
√
ni(t)ηi(t)

and the immigration rate λ. Each species is labeled by an index i = 1, . . . , N , and its
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abundance at time t is denoted by ni(t). The ecological parameters ri and Ki represent,
respectively, the intrinsic growth rate and the carrying capacity of species i. Stochasti-
city is introduced through demographic noise, a multiplicative noise term proportional
to
√
ni(t) that accounts for random birth and death events. The term ηi(t) in the

multiplicative demographic noise is a Gaussian white noise with zero mean and covari-
ance 〈ηi(t)ηj(t′)〉 ∝ δijδ(t− t′). The demographic noise

√
ni(t)ηi(t) differs from another

kind of multiplicative noise, the environmental noise, which scales with the abundance
ni(t) and thus affects the per-capita demographic rates (e.g. ri and Ki) independently
of the value of ni(t). In this thesis, we will consider the case of demographic noise
because, in the case of symmetric interactions, it satisfies detailed balance and allows
the derivation of a closed-form Hamiltonian, as we show in Sec. 1.5. The last term
in Eq. (1.14), λ, represents a small immigration rate that is often included to prevent
complete extinction due to stochastic fluctuations.
Let us now focus on the deterministic part of Eq. (1.14), neglecting immigration.

In the absence of interactions, the system admits two fixed points for each species:
ni = 0 (extinction) and ni = Ki. For ri > 0, the point ni = Ki is stable while ni = 0
is unstable. Once interactions are included, however, the dynamics becomes more
interesting and more complicated. The interaction coefficients αij encode the effect of
species j on species i, which can be either beneficial or harmful depending on the sign
of αij.
Following Robert May’s influential 1973 work [5], we can classify the type of inter-

action between a pair of species (i, j) by looking at the signs of αij and αji. This
classification is summarized in Table 1.1.

αij αji Interaction type
< 0 < 0 Mutualism
> 0 > 0 Competition
> 0 < 0 Predator-prey (prey i, predator j)
< 0 > 0 Predator-prey (predator i, prey j)
= 0 6= 0 Commensalism (αji < 0) / Amensalism (αji > 0)
6= 0 = 0 Commensalism (αij < 0) / Amensalism (αij > 0)
= 0 = 0 No interaction

Table 1.1: Type of interaction between two species i and j given the sign of the interaction
coefficients αij and αji.

These interaction types (mutualism, competition, predation, commensalism and amens-
alism) are commonly recognized by ecologists. For instance, mutualistic relationships
are often observed in pollination networks, competition shows up in resource-limited
communities, and predator–prey interactions are, well, everywhere. That said, the real
challenge comes when trying to measure how strong these interactions are.
Quantifying the strength of interactions, especially in large ecosystems, remains an

open problem. Often they’re not directly observable and are context-dependent. Infer-
ring them from abundance data is far from straightforward. This is where the statistical
mechanics perspective, on which the next section is focused, becomes fundamental.
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1.4 Statistical Mechanics approach in ecological models

In the models introduced in sections 1.2 and 1.3, the ecological dynamics is governed
by a number of parameters which grows with the number of species. Specifically, the
generalized Lotka-Volterra model involves an interaction matrix αij of size N × N
for a community of N species, while in the MacArthur model, the consumer-resource
preferences are encoded in a matrix ασi with N ×M entries for N consumers and M
resources.
Given that ecological communities are typically very large and that it is practically

impossible to measure all pairwise interactions in detail, we adopt a modelling approach
in which the interaction coefficients are treated as independent and identically distrib-
uted (i.i.d.) random variables, which provides a controlled mean-field description of
heterogeneous interactions in large communities. We stress that this assumption is a
simplifying idealization rather than a claim of ecological realism, as correlations can
lead to different behaviour in the large N limit. Its usefulness lies instead in the fact
that, under appropriate scaling with system size, macroscopic properties become in-
sensitive to the detailed form of the distribution and depend only on a small number
of statistical parameters.
Let us recall the deterministic form of generalized Lotka-Volterra equations for species

i:
dni
dt

= Fi(n)

Fi(n) = ri
Ki

ni(t)
Ki − ni(t)−

∑
j 6=i

αijnj(t)
 . (1.15)

Imagine that the number of speciesN in the model is very large, N � 1, so that it is not
possible to provide a detailed estimate of the coefficients αij weighting the interactions
between species. In this regime, we model the αij as i.i.d. random variables. Let us
now assume that the non-linear system of differential equations in Eq. (1.15) admits
a fixed point n∗ = {n∗1, . . . , n∗N}. It is then possible to linearize the gLV equations
around these stationary points for small deviations δni = ni − n∗i from the stationary
solution:

d

dt
δni(t) = [M δn(t)]i, (1.16)

where the matrix M has elements

Mij = ∂Fi
∂nj

∣∣∣∣∣
n=n∗

. (1.17)

In this context, the core idea proposed by Robert May in the work published in
1972, which can be considered as the milestone of the modern quantitative approach
to theoretical ecology [4], has been to assume that M is itself a random matrix and
to deduce the stability of the stationary point of the ecosystem dynamics from the
properties of the random matrix eigenvalues spectrum.
May was the first one to relate the problem of ecosystems stability with the properties

of a random matrix eigenvalues spectrum. If all eigenvalues have negative real parts, the
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equilibrium is stable; if at least one has a positive real part, the equilibrium is unstable.
The assumptions in May’s work are that the elements of the interaction matrix are zero
if the species do not interact, positive if they are beneficial, and negative if one species
harms another. In particular, we can define as the connectance C the probability
that two species interact. Another assumption of [4] is that each non-zero interaction
element, except the diagonal ones which are all fixed to be -1 (each species is stable
when isolated), is a random variable drawn from a Gaussian distribution with mean 0
and variance σ2. From random matrix theory [20] it is known that, for large values of
the number of species N the system is stable only for

σ <
1√
CN

. (1.18)

This leads to the well known paradox of the May’s bound: in the large-N limit the
ecosystem is always unstable, in clear contrast with the empirical evidence that even
very large and diverse ecosystems are stable.
The statistical approach introduced by May has strongly influenced Theoretical Eco-

logy in the last 50 years. Consider for instance the case of the generalized Lotka-
Volterra model, in which the interaction coefficients are modeled as normally distrib-
uted random variables, characterized by the following moments:

〈αij〉 = µ/N,

〈α2
ij〉 − 〈αij〉2 = σ2/N,

〈αijαji〉 − 〈αij〉〈αji〉 = γ.

(1.19)

The mean and variance parameters, µ and σ2, are rescaled by the system size N so
that the total interaction strength remains finite, i.e. ∑i 6=j αijnj ∼ 1 even in the limit
N → ∞. The parameter µ controls the average sign of the interactions coefficients:
positive values of µ bias interactions towards competition, while negative values bias
them towards mutualism on average. The parameter σ sets the width of the interaction
distribution and thus controls the degree of heterogeneity in species interactions.
The symmetry parameter γ measures the correlation between αij and αji. The case

γ = 1 corresponds to fully symmetric interactions, γ = −1 to fully antisymmetric ones,
and γ = 0 to statistically independent pairs {αij, αji}. Intermediate values interpol-
ate between these extremes, allowing partial symmetry or antisymmetry. Ecologically,
values of γ close to −1 represent systems dominated by predator–prey dynamics, while
values near 1 describe communities with mostly symmetric interactions, where pred-
ator–prey interactions are absent.
By varying µ, σ, and γ, one can explore a wide variety of ecological scenarios and

study how different interaction structures give rise to different dynamics and emergent
phenomena.

1.5 Ecosystem stability and multiple-equilibria phases

The result obtained by May in Eq. (1.18) is quite strong: sufficiently large ecosystems
are always unstable. Due to the paradoxical nature of this conclusion one is forced to a
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careful analysis of the underlying hypothesis and approximations. The debate around
this problem is precisely the diversity–stability debate which has animated theoretical
ecology over the past decades [21].
For instance, just a few years before May’s work, Robert MacArthur, in [18, 19],

showed that a very large number of competing species can, in fact, stably coexist.
Starting from the Consumer–Resource equations given in Eq. (1.9), MacArthur intro-
duced two key assumptions: first, that resources equilibrate much faster than con-
sumers; second, that the effective interaction αij between consumer species i and j is
symmetric, i.e., αij = αji. Under these conditions, he demonstrated the existence of a
stable equilibrium for the ecosystem, which is robust in the N,M →∞ limit.
Such a stability can be interpreted as a form of uninvadability, in the following sense:

once the ecosystem settles into its unique steady state, any attempt to reintroduce
species or resources will result in the dying out of the reintroduced element. The
equilibrium is therefore robust against small perturbations of the system.
Yet, this leads to a further question: is such an uninvadable unique equilibrium

a generic feature of ecosystems? Or is it possible to have a less trivial equilibrium
landscape, perhaps characterized by multiple equilibria?
Questions of this kind have long been a natural domain for statistical physics. For

this reason, several ecological models were subsequently investigated using tools from
statistical mechanics, with the aim of understanding the conditions under which intric-
ate equilibrium landscapes can arise. A notable early example is the random replicator
model, which describes the co-evolution of species interacting through random coup-
lings. This model can be mapped onto a gLV one and was analyzed using replica
theory in [22] and [23]. These works laid the first methodological foundations for the
statistical-mechanical analysis of equilibrium properties in large ecological systems.
Building more directly on MacArthur’s framework and its notion of an uninvadable

equilibrium, the authors of [24] analytically solved the MacArthur’s model in the limit
of large N , using methods of statistical physics. They showed that an uninvadable
phase, shielded from external conditions, exists, but that it can undergo a transition
to a vulnerable phase in which external perturbations induce a reorganization of the
community.
In this perspective, also the authors of [25] analyze a resource-competition model with

tools from the statistical mechanics of disordered systems. Their results again reveal
the presence of two distinct phases: alongside the uninvadable phase, a vulnerable phase
emerges. These two regimes are characterized in [25] by a stability analysis: in the
uninvadable phase, the system reaches a single equilibrium that remains completely
unaffected by external perturbations, whereas in the vulnerable phase no such unique
stable equilibrium exists. An interesting feature arises at the transition between the two
phases, where the system is found to be marginally stable: a unique stable equilibrium
still exists, but it becomes highly sensitive to even the smallest perturbations.
The analysis of [24] and [25] naturally leads to a further question: in the vulnerable

phase, besides the absence of a stable fixed point, can we say more about the structure
of equilibrium configurations in general ecological communities?
That is precisely the line of study pursued in works such as [26],[27],[28], and [29],
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where statistical mechanics tools are employed to detect and characterize such vul-
nerable phase. In those works, following the ideas of [23], it has been found that the
vulnerable phase of [25] corresponds to a multiple-equilibria phase which differs from
the single-equilibrium regime which characterizes the uninvadable phase.
Following the approach of [26], let us rewrite for clarity the gLV equations governing

the dynamics of a community of N species in the presence of demographic noise and
immigration:

dni(t)
dt

= ni(t)
1− ni(t)−

∑
j 6=i

αijnj(t)
+

√
ni(t)ηi(t) + λ, i ∈ {1, ..., N}. (1.20)

Here, for simplicity, all intrinsic growth rates ri and carrying capacities Ki in Eq. (1.14)
are set to 1. The Gaussian noise ηi(t) has zero mean and covariance 〈ηi(t)ηj(t′)〉 =
2Tδijδ(t − t′), where the parameter T controls the amplitude of noise fluctuations.
It is conventional to denote this noise amplitude by the temperature T , even though
the system is not coupled to any thermostat and, in general, does not admit a ther-
modynamic equilibrium. Only in the special case where the interaction matrix αij is
symmetric and the noise is demographic one can prove that the Fokker–Planck equa-
tion associated with Eq. (1.20) admits a stationary Boltzmann-like solution, with T
effectively playing the role of an equilibrium temperature.
More explicitly, the Fokker–Planck equation governing the evolution of P (n, t), the

probability distribution of species abundances n = {n1, . . . , nN} at time t, admits as
stationary solution, in the case of symmetric interactions and demographic noise, a
distribution of the form:

P (n) = e−H(n)/T

Z
, (1.21)

where Z is the normalization constant and the effective Hamiltonian H(n) is given
by:

H(n) = −
N∑
i=1

(
ni −

n2
i

2

)
+
∑
i<j

αijninj +
N∑
i=1

[T ln ni − ln θ(ni − λ)] , (1.22)

with θ(x) denoting the Heaviside function. This mapping to an equilibrium statistical
mechanics problem allows us to apply tools from the theory of disordered systems to
analyze the equilibrium phases of the gLV model and their dependence on the system’s
parameters. In particular, for dense interaction networks, the model’s thermodynamics,
which comprehends the analysis of the number and stability of equilibria, can be solved
exactly.
The authors of [26] showed that, for fixed µ > 0 and for sufficiently large T (or

equivalently small σ), the system lies in a single-equilibrium phase, relaxing toward
a unique stationary state. As σ increases (or T decreases), the system undergoes
two transitions into multiple-equilibria regimes. The first transition leads to a phase
in which the number of equilibria grows exponentially with the number of species
N . These equilibria are separated by extensive free-energy barriers, so that in the
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thermodynamic limit N → ∞ they remain well-isolated and robust. In this regime,
each equilibrium configuration is highly stable and the system is essentially trapped
within one of them once reached.
By further increasing σ, a second transition takes place toward a different kind of

multiple-equilibria phase. In this regime the number of equilibria is sub-exponential
in N , and the basins of attraction are separated by non-extensive barriers. As a
consequence, such equilibria are marginally stable: the system can move from one
equilibrium to another under small perturbations.
From an ecological perspective, these results suggest that communities can exhibit

very different equilibrium structures depending on the level of heterogeneity. On the
one hand, ecosystems may settle into stable configurations that persist even in the pres-
ence of perturbations; on the other hand, they may display marginally stable equilibria
where even small external perturbations can drive the community from one equilibrium
to another, triggering a reorganization of the entire ecosystem.
In Chapter 2, we will show how these phases are described in replica theory lan-

guage: the single-equilibrium phase corresponds to the replica-symmetric (RS) solu-
tion, the exponentially many robust equilibria to the one-step replica symmetry break-
ing (1RSB) phase, and the marginally stable equilibria to the full replica symmetry
breaking (FRSB) phase.
Let us emphasize that all the results discussed so far rely on two key assumptions:

interactions are symmetric, and the interaction network is fully connected. In real
ecological systems, however, neither of these conditions is typically satisfied: interaction
networks are sparse rather than complete, and interactions are often asymmetric. This
raises a central question: how robust is the multiple-equilibria scenario once these
assumptions are relaxed? In other words, do multiple stable stationary states persist
when interactions are asymmetric and/or the network is sparse?
Another crucial issue concerns species abundance distributions which represent the

most empirically accessible observables in ecology and, for this reason, are among
the most widely studied in theoretical models. In fully connected models, at least
when the interactions’ distribution is Gaussian, species abundance distributions are
always found to be Gaussian, in contrast with real-world data, which show highly non-
Gaussian features [30]. Empirical distributions, in some cases well captured by neutral
models, see Eq. (1.8), are typically log-normal or Gamma-like, with heavier tails than
a Gaussian. Fully connected gLV models in general fail to reproduce these features.
Since dense networks are not realistic representations of ecosystems, and moreover

lead to species abundance distributions which are inconsistent with empirical ecological
data, it is essential to investigate what happens when we move to sparse interaction
networks. This thesis is dedicated precisely to this goal: understanding the role of
network connectivity by analyzing the behaviour of the model when interactions are
sparse rather than dense.
For certain classes of sparse networks, exact methods do exist to analyze disordered

systems. However, before introducing these techniques, it is necessary to first develop
the theory of disordered systems on dense networks. Indeed, methods from the stat-
istical mechanics of disordered systems are exact in the fully connected case and only
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in very specific sparse cases. This motivates the structure of the thesis: in Chapter 2
we will analyze dense disordered systems, and in Chapter 3 we will then relax the
assumption of denseness to study the sparse case. This approach mirrors the common
methodology of statistical mechanics, where phase transitions are typically understood
first in mean-field, fully connected models and then re-examined in finite dimensions
or low-connectivity settings to test the robustness of those transitions.
The next chapter provides a detailed overview of disordered systems with dense

interaction networks. We will introduce the replica method and show how multiple-
equilibria (RSB) phases arise in such models. This will lay the groundwork for the
central part of the thesis, where we investigate how these theoretical tools can be
extended to sparse ecological networks, and which key features of the fully connected
theory remain valid or fail in more realistic settings.



2
Mean Field Disordered Systems: dense

interaction networks

This chapter is dedicated to introduce and discuss the exact solutions which, in the
thermodynamic limit, can be computed for a continuous spin model with quenched
random interactions. We will also present some new original results, but the main
purpose of this chapter will be to introduce the jargon of replica theory and describe
in some detail the properties of the most important multiple-equilibria phases which,
at least in the case of dense interaction networks, represent exact solutions of the
thermodynamics. In particular, we will point out the features that might carry over to
the modelling of ecosystems.

2.1 Introduction

Statistical mechanics of disordered systems is a great framework for ecosystems model-
ling. ’Statistical Mechanics’ enter the game because ecosystems are large communities
of species interacting among themselves, and the main goal of Statistical Mechanics is
exactly to study large collections of entities by focusing on the overall, emergent beha-
viour. This makes it a natural choice for studying ecosystems. After that, ecosystems
are ’disordered systems’ and it is worth going deeper into what this means, on how
"disorder" enters the game. In particular, disorder is a form of randomness embedded
in the structural elements of a system, a randomness that does not vary or varies slowly
over time and differs from fast stochastic fluctuations.
In order to analyze this in the context of ecosystems modelling, let us recall for a

moment the gLV Eq. (1.20) from Chapter 1, which governs the dynamics of a species
i of the ecosystem:

21



22 2.2 Sherrington-Kirkpatrick model

dni(t)
dt

= ni(t) [1− ni(t)]− ni(t)
∑
j 6=i
αijnj(t) +

√
ni(t)ηi(t) + λ. (2.1)

Let us focus on the two sources of randomness in this problem, which are in bold in
Eq. (2.1): we have the random interaction coefficients {αij} and the noise ηi(t). Their
main difference is that while {αij} are fixed once and for all, the noise ηi(t) fluctuates
along the dynamics. According to the jargon of statistical mechanics we say that the
randomness of {αij} is "quenched" with respect to the dynamical fluctuations, and the
random choice on the set of {αij} is the source of disorder in the system. In [26, 27]
it is explained how the dynamics of Eq. (2.1) evolves to a stationary state where the
dynamical fluctuation follows the equilibrium distribution Pα[n]. Let us remark that
such evolution of the dynamics can be rapid or instead it can display long transients
and aging, as also suggested by results on mean-field spin glasses [31, 32]. The latter
is for example the case of the small demographic noise regime.
Anyway, the equilibrium distribution Pα[n] which governs the dynamical fluctuations

depends on the fixed set of coefficients {αij}, which therefore represent a "quenched
randomness" also with respect to thermal equilibrium fluctuations. In order to assess
the properties of a given large ecosystem we need to know the typical properties of the
equilibrium fluctuations in presence of quenched disorder.
Another important point that has to be highlighted is that, in order to tackle dis-

ordered systems analytically, we need to assume dense interactions, often implemented
through fully-connected models, where each element interacts with all the others. It is
a strong assumption, clearly not always realistic, but it allows for powerful analytical
tools. In particular, in dense models, mean-field computations, where one considers the
average collective behaviour and smooths out local fluctuations, become exact, greatly
simplifying analytical treatment.
But in many real-world systems, including ecosystems, local effects matter, and in-

teractions are sparse: species do not all interact with one another, but instead form a
network with relatively few, structured connections [33–35].
In this chapter, we will focus on fully connected disordered models. This will help

us build up the main ideas and techniques used in the field, and provide a reference
point to see what changes when we drop full connectivity and move beyond mean-field
calculations. In Chapter 3 we will then move on to studying ecological systems in the
more realistic sparse case. This will allow us to identify both the similarities and the
key differences that arise due to the network structure which, as we will see, plays a
fundamental role in shaping the dynamics and stability of ecosystems.

2.2 Sherrington-Kirkpatrick model: fractal free-energy land-
scape

It is worth at this point to briefly introduce and comment the equilibrium thermody-
namic properties of some disordered spin systems, with the purpose of gaining some
familiarity on the methodology similar to the one used to study the Generalized Lotka-
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Volterra systems in [26] and learn about the nature of the thermodynamic phases
described therein by considering prototypical models. We begin with the Sherring-
ton–Kirkpatrick (SK) model [36], which is a disordered Ising model on a complete
graph (each spin interacting with any other spin):

HJ [S] = −
∑
i<j

JijSiSj, (2.2)

where the couplings Jij are i.i.d. Gaussian random variables with zero mean and vari-
ance σ2

J = J2/N , the spins are dichotomic variables, Si = ±1, and the subscript J inHJ

denotes the dependence of the energy on a specific instance of the disorder. The exact
solution of this model thermodynamics, revealing the existence of a transition between
a high-temperature paramagnetic phase and a low-temperature spin-glass phase, was
first provided by de Almeida and Thouless in [37], which also showed that their method
was not able to provide a physically consistent description of the low temperature spin
glass phase. The first analytical solution able to correctly describe this phase was the
one provided by Parisi in 1979 [38].
We will discuss here few key steps in the derivation of the thermodynamic proper-

ties of the model, referring the reader interested in a complete calculation to [39]. In
particular, we will see how it is only the introduction of a matrix order parameter that
allows to correctly characterize the multiple-equilibria nature of the low temperature
spin-glass phase, where spins are frozen in random configurations with zero magnet-
ization. According to the standard statistical mechanics approach, the equilibrium
thermodynamic phases of the Sherrington-Kirkpatrick model can be characterized by
studying the free energy

FJ = − 1
β
logZJ , (2.3)

where β is the inverse temperature while ZJ is the canonical partition function

ZJ =
∑

{S1,...,SN}
e−βHJ [S]. (2.4)

Since the free energy depends on the specific instance of disorder, it is itself a ran-
dom variable. It is therefore natural to wonder which instance of the random coup-
lings {Jij}i<j is more representative of the system behaviour in the large-N limit.
Luckily, it can be shown that, when the Jij’s are Gaussian random variables, the
free energy is self-averaging, namely the probability distribution of the free energy,
P (F ) =

∫ ∏
i<j dJijp(Jij)δ(F −FJ), is peaked around its average value FJ with a width

decreasing with system size. More precisely, the self averaging property corresponds
to have, in the large-N limit √

F 2
J − FJ

2

FJ
∼ 1√

N
. (2.5)

This means two things: physically, any realization of the disorder yields a typical
behaviour in the large-size limit; mathematically, to get the typical behaviour we can
average the free energy over all random coupling instances.
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βf ≡ βfJ = lim
N→∞

− 1
N

lnZJ . (2.6)

The standard procedure to average the logarithm of the partition function is to use
the so-called replica trick, which amounts to the mathematical identity:

lnZ = lim
n→0

Zn − 1
n

. (2.7)

The subtlety consists in the fact that within the identity of Eq. (2.7) the parameter
n is in principle a real variable, n ∈ R, but all formal manipulations from here on are
done by promoting n to an integer number, n ∈ N, namely the “number of replicas”,
and then taking the analytic continuation to real values n→ 0 (after taking the limit
N →∞) only at the end of the calculation. These formal manipulations, described in
all the original references which can be found in [40] and summarized in a synthetic
but complete account in [39], allow to replace in the expression of the replicated par-
tition function the trace over spin variables with the integration over the elements of
a matricial order parameter, the overlap matrix qab, with the indices a and b running
from 1 to n, the number of replicas, so to have:

ZnJ =
∫ ∏

i<j

dJij p(Jij)ZnJ

=
∫ ∏

i<j

dJij p(Jij)
∑

{Sa1 ,...,S
a
N}

exp

β
n∑
a=1

∑
i<j

JijS
a
i S

a
j



= e
nNβ2J2

4
∑

{Sa1 ,...,S
a
N}

exp

β2J2

2N

n∑
a<b

( N∑
i=1

Sai S
b
i

)2

+O(N)


' e
nNβ2J2

4
∑

{Sa1 ,...,S
a
N}

∫ ∏
a<b

dqab exp

−Nβ2J2

2
∑
a<b

q2
ab

 exp

β2J2 ∑
a<b

qab
N∑
i=1

Sai S
b
i



=
∫ ∏

a<b

dqab e
−nNG[qab], (2.8)

where

G[qab] = −β
2J2

4 + β2J2

2n
∑
a<b

q2
ab −

1
n

ln[Tr eL(qab)], (2.9)

and where we used the compact notation

Tr eL(qab) =
∑

{S1,...,Sn}
eβ

2J2
∑

a<b
qabS

aSb . (2.10)
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The way of writing G[qab] in Eq. (2.9) emphasizes that it depends only on the order
parameter qab, being the trace over the spins carried over. Let us summarize in words
the main steps of the calculation in Eq. (2.8). From the first to second line of Eq. (2.8)
we have substituted the expression for ZnJ . From the second to the third, one performs
the integration over the Gaussian distributed random couplings and separates the O(N)
terms, subleading in N , from the O(N2) ones. From the third to fourth line of Eq. (2.8)
we have dropped the O(N) terms and we have introduced the order parameter qab by
means of a Hubbard-Stratonovich transformation, while from the fourth to fifth line
of the same equation we have just rearranged terms in order to make explicit that the
expression depends only on the order parameter.
Let us emphasize that it is only because the Hamiltonian (2.2) involves a summation∑
i<j over all pairs of indices that, in the second line of Eq. (2.8), we were able to

rewrite the double sum corresponding to a two-body interaction as the square of a
single summation. And so at the end, only thanks to the all-to-all interaction between
the spins, we obtained a factorization of the partition function with respect to the latin
index i, which in particular allows us to write

∑
{Sa1 ,...,S

a
N}
eβ

2J2
∑

a<b
qab
∑N

i=1 S
a
i S

b
i =

 ∑
{Sa,...,Sa}

eβ
2J2
∑

a<b
qabS

aSb

N . (2.11)

The physical interpretation of the order parameter is obtained by making an inter-
mediate step at the fourth line of Eq. (2.8): if one tries to solve the integration over qab
by means of a saddle-point approximation in the large-N limit before taking the trace
over the spins, she finds out that the saddle point values q∗ab of the overlap matrix are

q∗ab = 1
N

N∑
i=1

Sai S
b
i . (2.12)

The above expression tells us that, precisely as suggested by its name, in the large-N
limit the matrix element q∗ab represents indeed the scalar product, overlap, between
the spin configurations in two different replicas. By then finally solving the integral
in the last line of Eq. (2.8), again by means of a saddle-point approximation, and
then expanding the result for small values of n, one is able to show that the whole
computation of the free energy boils down to the solution of a variational problem
with respect to a convenient parametrization of the matrix qab:

fJ = lim
N→∞
n→0

− 1
Nβ

Zn − 1
n

= 1
β

max
qab

G[qab]. (2.13)

There are two steps in the extremization of the function G[qab] with respect to the
overlap matrix elements qab: first, one has to make an ansatz on the matrix structure,
which defines how many variational parameters one has, and then extremize the ex-
pression of G[qab] analytically continued to n = 0 with respect to the value of these
parameters. The fact that in Eq. (2.13) there is a maximization rather than a minimiz-
ation is a peculiarity related to the analytic continuation at n = 0, whose mathematical



26 2.2 Sherrington-Kirkpatrick model

consistency has been proven with a probabilistic approach which does not make use of
replicas in the famous Guerra-Talagrand theorem [41, 42]. The choice of this paramet-
rization, together with the extremal values of the variational parameters, fully encodes
the nature of the low-temperature spin glass phase.

The simplest possible choice for the non-diagonal matrix elements is to choose all of
them identical, qab = q for every couple of indices a 6= b. This is called the replica sym-
metric ansatz, and it was the first one considered in the first solution of the problem
considered by de Almeida and Thouless. The first indication was of a spin-glass trans-
ition at Tc where in the low temperature phase the spin system does not magnetize
but ergodicity is nevertheless broken, since at thermal equilibrium the typical value of
overlap becomes positive, q > 0. But this new low temperature phase was also present-
ing non-physical features, as a negative entropy in the zero temperature limit, which is
not possible for a system of discrete variables. It was then realized that the nature of
the low temperature phase cannot be described by a single variational parameter [38],
a more rich block diagonal structure must be assumed for the overlap matrix qab: the
symmetry between replicas must be broken. To break the replica symmetry means, in
jargon, to assume a block diagonal structure with nested blocks where many possible
different values of the matrix elements are considered as variational parameters, see
Fig. 2.1. For instance, a k-step breaking of the replica symmetry is an ansatz where one
consider q0, . . . , qk−1 possible values for each row of the matrix. The necessity of many
possible equilibrium values of the overlap is what is needed to represent a free-energy
landscape with many different minima, which is usually known as a complex free energy
landscape, such that configurations of the system which remain trapped in different
minima are characterized by different degrees of similarity, i.e., a different value of the
overlap.
The key intuition was to understand that, below the spin glass critical temperature

Tc, the system is always frozen in a given disordered configuration, but the degree of
similarity between two different configurations cannot be captured by a single overlap
parameter. In practice, the disordered configurations in the spin-glass phase can exhibit
different degrees of similarity/overlap. In fact, the simplest non trivial extension of the
RS ansatz is the one-step replica symmetry breaking (1RSB), in which one introduces
a positive integer m1 (≤ n) and divides the n replicas into n/m1 blocks, see Fig. 2.1.
Elements qab in off-diagonal blocks are set to q0, while those within the diagonal blocks
are set to q1. This procedure can be iterated, leading to two-step (2RSB), three-step
(3RSB), and higher levels of symmetry breaking.
What Parisi showed in [38] is that the correct stable solution for the SK model

involves an infinite number of such steps: in the so-called full replica symmetry breaking
(full-RSB) solution the overlap matrix is parametrized by an infinite set {q0, . . . , q∞} of
order parameters. In fact, in the spin-glass phase the overlap between two equilibrium
configurations at a given temperature can take infinitely many values according to
a non-trivial distribution P (q), with q ∈ [0, 1], where it is actually the probability
distribution P (q) itself playing the role of a generalized order parameter [43].
This infinite number of order parameters, and the corresponding hierarchical struc-

ture of the qab matrix, captures the hierarchical nature of the free-energy landscape.
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m2m1n m1

RS 1-RSB 2-RSB

…….

Figure 2.1: Block diagonal structure of the overlap matrix in the cases of RS, 1-RSB and
2-RSB ansatz. It is then clear how to further proceed with a generic k-RSB ansatz. In
particular, each colour of the blocks corresponds to different values of the off-diagonal terms
inside that block.

The low-temperature phase of the SK model is characterized by a landscape filled with
nested minima (a multi-valley structure) which is typical of systems with quenched
disorder, such as spin glasses.

This strategy of analysis was the one which revealed the existence of a multi-minima
scenario in the equilibrium thermodynamics of the generalized Lotka-Volterra model
where the coupling between species is represented by a symmetric random matrix [26].
As explained in Chapter 1, in this case the stationary dynamical fluctuations of the
system are well represented by the Boltzmann weight exp[−βHeff], where Heff is an
effective Hamiltonian which contains all the information on the ecosystem parameters
and interactions and can be used to study the equilibrium properties of the gLV system:

Heff(n) = −
N∑
i=1

(
ni −

n2
i

2

)
+
∑
i<j

αijninj +
N∑
i=1

[T ln ni − ln θ(ni − λ)] . (2.14)

From the disordered partition function Z = Tr[e−βHeff ] one then computes the typical
free energy averaging over disorder and carries on an analysis analogous to the one
of the Sherrington-Kirkpatrick model. At the core of this analysis is the study of the
replica symmetric ansatz stability, which is carried on by computing the eigenvalues of
the stability matrix

Mab,cd[q∗ab] = δ2G

δqabδqcd

∣∣∣∣∣
q∗
ab

, (2.15)

which comes from an expansion in small deviations of matrix elements, δφab = qab−q∗ab,
from the chosen replica symmetry ansatz:

ZnJ = e−nNG[q∗ab]
∫ ∏

a<b

dφab e
− 1

2
∑

ab
Mab,cdδφabδφcd (2.16)

At the heart of the analysis carried on in [26] is the calculation of the lowest eigenvalue
of Mab,cd[q∗ab], known in jargon as replicon: the transition from the high temperature
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ergodic phase to the low temperature multi-minima phase can be typically recognized
from the transition of the replicon, computed with respect to the replica-symmetric
phase, from a positive to a negative value. In particular, in this case the expression of
the RS replicon is

λR = (βσ)2
[
1− (βσ)2(〈N2

i 〉 − 〈Ni〉2)2
]
, (2.17)

where the angular brackets 〈·〉 denote the thermal average with respect to the Boltzmann
weight exp(−βHeff), where Heff is the effective Hamiltonian of the problem, Eq. (2.14),
and where the overline denotes the average over the disorder. We have reported the
explicit expression of the replicon, computed in the replica-symmetric phase, to show
that it is made of physically transparent quantities: one has to compute the width of
a single population fluctuations for a given instance of disordered couplings and then
average it over disorder. When the extent of this fluctuations grows above a certain
threshold limit corresponding to 1/(βσ)2 then a multi-minima phase arises. The au-
thors of [26] in particular show that two continuous transitions are encountered by
increasing the standard deviation σ of the disordered couplings distribution at fixed
temperature, see Fig. 2.2, in both cases studying the behaviour of the replicon with
respect to the appropriate phase.

Figure 2.2: Phase diagram of the fully-connected gLV model studied in [26]. Two transitions
to multiple-equilibria phases appear increasing the interaction disorder σ.

The first transition is from an ergodic phase to a 1-step replica symmetry breaking
phase, namely a phase with many basins divided by extensive free-energy barriers and
without any internal structure. Ecologically, this scenario would correspond to many
very distinct and very stable equilibria: small perturbations are not able to trigger
any relevant change in the ecosystem. But if one increases further σ there is another
transition to a different sort of multivalley scenario: many more equilibria appears,
which this time might have a very broad degree of similarity and where the transition
to an equilibrium from slightly different ones can take place even upon the action of a
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rather small perturbation. This second scenario clearly describes a much more versatile
situation from the ecological point of view. Nevertheless, although these scenarios may
appear suggestive, their existence could strongly depend on specific and ecologically
arbitrary features of the model, such as the density of interactions. As we will discuss
in Sec. 2.5, in some models having a sparse interaction network rather than a dense
one could lead to the disappearance of such multiple-equilibria scenario [44].

2.3 The p = 2 spherical model: marginal stability

It is both interesting and instructive to examine how the nature of the low-temperature
phase changes when an apparently small modification of the Sherrington–Kirkpatrick
model, discussed in the previous section, is introduced. In particular, let us consider
the so called spherical model, exactly solved for the first time by Michael Kosterlitz [45],
which has the same interaction energy of the Sherrington-Kirkpatrick model, namely

HJ(σ) = −
1,N∑
i<j

Jij σiσj. (2.18)

In this case, differently from Sherrington-Kirkpatrick, we have soft spins, i.e., σ ∈ RN

is an array of N , locally unbounded, real variables subjected to a global spherical
constraint:

σ · σ =
N∑
i=1

σ2
i = N. (2.19)

The couplings Jij are i.i.d. random variables taken from the Gaussian distribution

p(Jij) = 1√
2πσ2

2

e
−

(Jij−J0)2

2σ2
2 , (2.20)

where σ2
2 = J2/N and J is a free parameter. The simplest version of the model is the

one with J0 = 0. The scaling of the variance ensures that the average internal energy
is extensive in the large-N limit. For any given instance of the random coefficients Jij,
the probability distribution of the spin configurations is given by

Pβ,J(σ) = 1
ZJ(β)e

−βHJ (σ)δ (N − σ · σ) , (2.21)

where the partition function ZJ(β) reads

ZJ(β) =
∫ (

N∏
i=1

dσi

)
e−βHJ (σ)δ (N − σ · σ) . (2.22)

Quite remarkably, what has been found already in [45], is that the softness of the
spins, which concur to reduce the frustration in the model, remove the presence of a
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multi-minima complex landscape at small temperatures. At the same critical temper-
ature Tc of the Sherrington–Kirkpatrick model, a transition occurs, where the average
overlap between different configurations, which is q = 0 for T > Tc, becomes positive
below the critical temperature. But this time the replica-symmetric ansatz is stable!
This means that, if one computes the lowest eigenvalue of the stability matrix, the
replicon, it vanishes at Tc but then remains zero all the way down to T = 0. This
phenomenon is called marginal stability and the replica-symmetric phase with q > 0
is called trivial spin-glass phase. It turned out that the replacement of Si ∈ {−1,+1}
variables with σi ∈ R variables completely changed the low temperature phase: the
possibility to better accommodate the variables in the interactions completely removed
the low-temperature ruggedness of the landscape. On the other hand the low temper-
ature phase is still quite peculiar. The marginal stability expressed by the zero replicon
encodes an interesting phenomenology: there is a vast basin of configurations which are
not identical but have a finite degree of similarity, among which it is possible to move
at zero energetic cost. This situation, as just mentioned, is called marginal stability,
and is an interesting scenario also for ecological systems.
The exact solution of the model shows that different kind of perturbations have very

different effects.
If a linear coupling with an external magnetic field is introduced, by considering a

total Hamiltonian of the kind Htot(σ) = Hh(σ) + HJ(σ), where HJ(σ) is the one of
Eq. (2.18) and Hh(σ) = h

∑N
i=1 σi, one finds that the magnetic field completely washes

the transition away. This means that drawing the phase diagram of the model in the
plane (h, T ) the only critical point is at (h = 0, T = J) and for all values h 6= 0 there are
no phase transitions. The behaviour is different if we take into account ferromagnetic
couplings in addition to random couplings, i.e., if we allow the parameter J0 to be
different from zero in the distribution of Eq. (2.20). In this case, taking J0 = ε/N ,
one finds that the low-temperature trivial spin-glass phase of the spherical model is in
fact stable with respect to an increase of ε, until a transition to a ferromagnetic phase
occurs at large enough ε. This is shown in Fig. 2.3, which simply reproduces the phase
diagram found by Kosterlitz, Thouless and Jones in Ref. [45].
In the following sections we will show how, by adding also different kind of non-

linear interaction terms to the two-body interactions, it is then possible to modify
the nature of the low temperature phase of the spherical model, triggering the forma-
tion of a multi-minima with a rugged free-energy landscape similar to the one of the
Sherrington-Kirkpatrick model. Such analysis was done in Ref. [46]. This exercise is
particularly instructive to understand the phenomenology of the generalized Lotka-
Volterra model with symmetric random interactions studied in [26]. In this case we
also have a two body interaction with a continuous variable, Ni, from which in prin-
ciple we could expect, for the nature of the variable, a behaviour more similar to the
spherical model rather than the Sherrington-Kirkpatrick model, therefore a single mar-
ginally stable trivial spin glass phase. Instead it has been shown that for the gLV with
dense interactions there are transitions to a more structured low-temperature land-
scape described by non-trivial patterns of replica symmetry breakings. It is this sort
of analogies between the behaviour of the gLV and prototypical models of spin glasses
which makes the study of the latter a necessary preliminary step to grasp some intu-
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Figure 2.3: Phase diagram in the (ε, T ) plane for the p = 2 spherical spin glass, where ε
represents the strength of two-body ferromagnetic interactions.

ition on the role played by the different terms in the effective Hamiltonian describing
the interactions among species. As already discussed in Chapter 1, the stability of
stationary states is a crucial property for theoretical ecology: it helps us identify which
aspects of an ecosystem make it fragile and what types of perturbations might lead to
drastic changes in an ecological community.

2.3.1 Ordered non-linearity

As anticipated in the previous section the most interesting peculiarity of the p = 2
spherical model is to have a low-temperature trivial spin-glass phase, characterized at
all temperatures below the critical one Tc by a zero smallest eigenvalue of the stability
matrix Mab,cd [47]. It is therefore interesting to wonder if the addition to the Hamilto-
nian of some kind of terms could drive, from this marginally stable phase, an instability
to a more structured low temperature phase.
To this purpose, we studied the effect of different kinds of ordered and disordered

non-linear perturbations to the spherical p = 2 model.
The first perturbation to the spherical p = 2 model that we study is represented by

an ordered 4-body interaction term. The model is defined by the Hamiltonian

Hord(σ) = HJ(σ)− 4!ε
N3

1,N∑
i<j<k<l

σiσjσkσl, (2.23)

where HJ is the Hamiltonian (2.18) of the spherical p = 2 model with J0 = 0. The
scaling of the ordered coupling magnitude is chosen in order for the non-linear term to
be extensive. The parameter ε can be tuned to probe different regimes according to the
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strength of the non-linearity. The free energy of the model is obtained by means of a
standard replica approach, which provides the exact mean-field solution in the large-N
limit.
In this case, differently from the SK model analyzed in Sec. 2.2, we will have two

order parameters. This is due to the presence of the ferromagnetic term (the ordered
non-linearity) in the Hamiltonian (2.23). The two global order parameters that one
has to consider are:

ma = 1
N

N∑
i=1

σai

qab = 1
N

N∑
i=1

σai σ
b
i , (2.24)

where ma and qab are respectively the magnetization elements and the overlap mat-
rix elements. From here on, we will use the following symbols to denote the full
overlap matrix and magnetization vector in replica space: Q = {qab}a,b=1,...,n and
m = {ma}a=1,...,n. In terms of these order parameters, following similar passages
to what we showed in Sec. 2.2, the replicated partition function averaged over the
disorder reads as

Zn =
∫ 1,n∏

a<b

dqab
∫ n∏

a=1
dma e

−NG[Q,m], (2.25)

where the action functional G is defined as

G[Q,m] =− (βJ)2

4

1,n∑
ab

q2
ab − βε

n∑
a=1

m4
a −

1
2 ln det

(
Q−m⊗mT

)
, (2.26)

with
βfJ = lim

n→0

1
n

min
ma

max
qab

G[qab,ma]. (2.27)

In Eq. (2.26) the symbol m⊗mT denotes a matrix with elements (m⊗mT )ab = mamb.
Details on the derivation of G[Q,m] are given in App. A.1. As in standard replica
approach, in order to find the physical value of the free energy we have to maximize with
respect to the matricial order parameters and minimize with respect to the vectorial
ones [40]. Stationary points are found by solving the following saddle-point equations:

δG

δqab
= (βJ)2qab + (Q−m⊗mT )−1

ab = 0, (2.28)

δG

δma

= −4βε m3
a + [(Q−m⊗mT )−1 ·m]a = 0. (2.29)

As pointed out in Sec. 2.2 we now have to choose an ansatz for the matrix qab. In
particular, the RS ansatz turns out to be stable for all values of temperature T and
strength ε of the non-linear couplings.
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Replica Symmetric Ansatz

Let us then assume for the matrix Q a RS ansatz:

qab = δab + (1− δab) q0. (2.30)

For what concerns the vector m we assume that all elements are identical, since
physical quantities cannot depend on the replicas. By doing so we get:

[
(Q−m⊗mT )−1

]
ab

=


1− 2q0 +m2

(1− q0)2 a = b

−
q0 −m2

(1− q0)2 a 6= b.

(2.31)

As detailed in App. A.2, the RS effective action reads, in the limit n→ 0, as

lim
n→0

1
n
G[q0,m] = −(βJ)2

4 (1− q2
0)− βεm4 − 1

2 ln(1− q0)− 1
2
q0 −m2

1− q0
. (2.32)

The RS saddle-point equations are obtained by plugging the ansatz (2.30) in Eqs. (2.28),(2.29)
or by deriving Eq. (2.32) with respect to q0 and m:

∂G

∂q0
=(βJ)2q0 −

q0 −m2

(1− q0)2 = 0 (2.33)

∂G

∂m
=− 4βεm3 + m

1− q0
= 0. (2.34)

A trivial solution for Eq. (2.34) is m = 0: in this case Eq. (2.33) simply becomes
identical to the RS saddle-point equation for the original p = 2 spherical model:

[1− (βJ)2(1− q0)2]q0 = 0. (2.35)

The above equation has two solutions, corresponding to the two possible phases of
the model: the paramagnetic phase with q0 = 0, and the trivial spin-glass phase with
q0 = 1− 1

βJ
. Eq. (2.34) admits also a m 6= 0 solution, which reads:

m2 = 1
4βε

1
1− q0

, (2.36)

that plugged into the equation for q0 gives

q0(1− q0)3
[

1
1− q0

− (βJ)2
]

= 1
4βε. (2.37)

Summarizing, the analysis of the saddle-point equations obtained by assuming a RS
ansatz yields overall three kind of solutions: the paramagnetic one with both m = 0
and q0 = 0; the solution corresponding to the trivial spin glass with m = 0 and
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q0 = 1− 1/(βJ) and a ferromagnetic solution where both m and q0 are different from
zero and are given by the solutions of Eqs. (2.36) and (2.37). The first two solutions
are the only possible ones with ε = 0, that is the unperturbed case. The third solution
is the interesting one in presence of non-linearity and can be studied numerically.
The following step of our analysis consist in studying whether the ordered quartic

non-linearity may trigger or not an instability of the RS ansatz, in particular whether
or not it drives, in the low temperature regime, a transition from a trivial spin-glass
phase to a true spin-glass phase with a non-trivial distribution of the overlap. In order
to do that we need to study the stability of the RS solutions.

Stability of the RS solution and phase diagram

The nature of the fluctuations around the saddle point determines the stability of the
solutions. By following [37], it is convenient to define a single array containing all
variational parameters:

η =
(

m
[Q]a6=b

)
. (2.38)

The object defined in Eq. (2.38) is a vector in an n(n+ 1)/2-dimensional space, with
element ηA where the subscript index takes values in the range A = 1, . . . , n(n+ 1)/2.
The number of variational parameters, with respect to which fluctuations must be taken
into account, is n(n + 1)/2 because we have to consider the n components of m and
n(n − 1)/2 components for Q, since for the overlap matrix the diagonal elements are
fixed to qaa = 1 by the spherical constraint. The effective action (2.26) can be expanded
around the saddle point η∗ = (m∗,Q∗) up to the second order in the deviations from
saddle-point solutions:

G[η∗ + δη] = G[η∗] + 1
2
∑
AB

∂2G[η∗]
∂ηA∂ηB

δηAδηB + . . . ,

(2.39)

In Eq. (2.39) there are no linear terms because when η∗ is the solution of the saddle-
point equations and so we have by definition:

∂G[η∗]
∂ηA

= 0 ∀ A. (2.40)

In order to assess the stability of the solution η∗ one has to study the spectrum of the
Hessian HAB(η∗) = ∂2G[η∗]/∂ηA∂ηB. By explicitating the dependence on the overlap
and magnetization fluctuations, the expansion in Eq. (2.39) can be rewritten as:

G[Q,m] = G[Q∗,m∗] + 1
2
∑
ab

∂2G[Q∗,m∗]
∂ma∂mb

δmaδmb+
∑
ab,c

∂2G[Q∗,m∗]
qab∂mc

δqabδmc+

+ 1
2
∑
ab,cd

∂2G[Q∗,m∗]
∂qab∂qcd

δqabδqcd + ...

(2.41)
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It is well known that, in the limit n→ 0, the smallest eigenvalue of the Hessian H[η∗]
is the replicon [37], which is related only to overlap fluctuations and can be obtained
from the diagonalization of the submatrix

G(ab),(cd) = ∂2G[Q∗,m∗]
∂qab∂qcd

. (2.42)

In general, i.e. without specifying the solution ansatz for the saddle point, this matrix
has three different kinds of elements, defined by taking: (i) a = c and b = d; (ii) either
a 6= c and b = d or a = c and b 6= d; (iii) a 6= c and b 6= d. These elements are related to
different correlations of the replicated local variables. In the case of spherical variables,
we can rewrite the action functional (2.26) in the following way

G[Q,m] = −(βJ)2

2

1,n∑
a<b

q2
ab − βε

n∑
a=1

m4
a + ln

∫ n∏
a=1

dxae−
∑n

a≤b[(Q−m⊗mT )−1]abxaxb , (2.43)

where we have introduced back the local variables as correlated Gaussian auxiliary
variables to represent the entropic term ln det

(
Q−m⊗mT

)
. With this formalism,

we have
∂G[Q,m]
∂qab

= −(βJ)2qab − 〈xaxb〉, (2.44)

where the average is computed over the Gaussian distribution of the xa variables:

〈· · · 〉 =
∫ ∏n

a=1 dxae
−
∑n

a≤b(Q−m⊗mT )abxaxb(· · · )∫ ∏n
a=1 dxae

−
∑n

a≤b(Q−m⊗mT )abxaxb
. (2.45)

Therefore, by using the fact that
∂

∂qcd
〈xaxb〉 = −〈xaxbxcxd〉+ 〈xaxb〉〈xcxd〉, (2.46)

we have

G(ab),(ab) ≡
∂2G

∂q2
ab

= −(βJ)2 + 〈x2
ax

2
b〉 − 〈xaxb〉2 (2.47a)

G(ab),(ac) ≡
∂2G

∂qac∂qab
= 〈x2

axbxc〉 − 〈xaxb〉〈xaxc〉 (2.47b)

G(ab),(cd) ≡
∂2G

∂qcd∂qab
= 〈xaxbxcxd〉 − 〈xaxb〉〈xcxd〉. (2.47c)

We can now use Wick’s theorem to compute the contractions of the 4-point Gaus-
sian correlators and express them in terms of the second moment of the Gaussian
distribution [47]. We have

G(ab),(ab) = −(βJ)2 + 〈x2
a〉〈x2

b〉+ 〈xaxb〉2 (2.48a)
G(ab),(ac) = 〈x2

a〉〈xbxc〉+ 〈xaxb〉〈xaxc〉 (2.48b)
G(ab),(cd) = 〈xaxc〉〈xbxd〉+ 〈xaxd〉〈xbxc〉, (2.48c)

where
〈xaxb〉 =

[
(Q−m⊗mT )−1

]
ab
. (2.49)
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Replicon

The diagonalization of G(ab),(cd) has to be performed case by case depending on the
solution ansatz for the saddle point problem. If (Q∗,m∗) is a RS saddle point, due to
the symmetry of the overlap matrix Q∗ under the permutation of n replicas, G(ab),(cd)
depends only on three numbers:

P = −(βJ)2 + 〈x2
a〉2 + 〈xaxb〉2 (2.50a)

Q = 〈x2
a〉〈xaxb〉+ 〈xaxb〉2 (2.50b)

R = 2〈xaxb〉2. (2.50c)

Therefore, the eigenvalues of G(ab),(cd) depend on combinations of P,Q and R and
can be computed in a straightforward manner by following the procedure of Ref. [37] or
by using the Replica Fourier Transform [47, 48]. There are three types of eigenvalues
at finite n: the longitudinal one, corresponding to fluctuations of the overlap which
do not break the replica symmetry, the anomalous one, corresponding to fluctuations
which break the replica symmetry, but violate the property of the overlap matrix of
having the same sum over each row, and the replicon, connected to fluctuations which
break the replica symmetry preserving the properties of the overlap matrix. In the
limit n → 0, the longitudinal and anomalous eigenvalues degenerate in the same one.
The replicon has the following expression:

λR = P − 2Q+R

= −(βJ)2 +
(
〈x2

a〉 − 〈xaxb〉
)2
.

(2.51)

The expression in Eq. (2.31) for (Q −m ⊗mT )−1 in the RS case implies that the
explicit expression of the replicon is

λR = −(βJ)2 + 1
(1− q0)2 . (2.52)

Let us specify that for RSB saddle points, the diagonalization of the Hessian matrix
is more difficult, since the three different kinds of elements in Eq. (2.47) have more
than just three possible values. The computation for the fluctuations around a 1RSB
saddle point can be found in Ref. [49], while the generalization to generic k-RSB saddle
points can be found in Ref. [50]. But for the present case of an ordered non-linearity
this further step of the calculation is not necessary, since the RS ansatz turns out to
be always stable.

Phase diagram

The phase diagram of the model is then obtained by looking for the solutions of the
RS saddle-point equations (2.33)(2.34) and studying their stability. The result of this
analysis is presented in Fig. 2.4. For T > Tc and small values of ε the system is in a
paramagnetic phase, which is stable because the replicon is always positive, as can be
checked by plugging into Eq. (2.52) the values q0 = 0 and T > Tc = J .
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Figure 2.4: Phase diagram in the (ε, T ) plane for the p = 2 spherical spin glass plus four-
body ferromagnetic interactions, where ε represents the strength of 4-body ferromagnetic
interactions.

Then, for small values of ε by lowering the temperature below Tc the system passes to
a trivial spin-glass phase, which is marginally stable, since λR = 0 in all this region of
the parameters as can be checked by using the expression q0 = 1− 1

βJ
in Eq. (2.52). On

the contrary, if ε is large enough and the non-linear ferromagnetic interaction prevails on
the disordered two-body interaction, that is for ε & 1.5, upon lowering the temperature
there is no spin-glass transition and the system moves directly to the ferromagnetic
phase. By using Eqs. (2.37) and (2.52) one finds the expression

λR = 1
4βεq0(1− q0)3 (2.53)

from which one concludes that λR > 0 for all values of q0 ∈ [0, 1]. We also find a small
interval of ε values, approximately ε ∈ [0.85 : 1.5] where at T = Tc the system encoun-
ters first a transition to the (trivial) spin-glass phase and then, upon lowering further
the temperature, a transition from (trivial) spin-glass to the ferromagnetic phase. Let
us stress that in Fig. 2.4 the transition line which separates the ferromagnetic phase
from the other phases is a line of first order transitions: the paramagnetic phase and
the trivial spin glass phase, respectively at temperatures above and below the critical
one, are always stable upon increasing ε and the transition to the ferromagnetic phase
is controlled by the free-energy balance.
We can therefore conclude that the addition of ordered non-linear interactions does

not produce any sort of RSB multiple-equilibria phases in the trivial spin glass phase
of the spherical model.
Notice also that this scenario holds for arbitrary ordered non-linearity. If we de-

note by p the power of the non-linearity, the only change in the action (2.26) is that
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the magnetization term is raised to the power p. As a consequence the RS saddle
point equation obtained deriving the action w.r.t q0 (2.33) remains the same and that
obtained deriving w.r.t. m reads

−pβεmp−1 + m

1− q0
= 0. (2.54)

Therefore, the only change is in the equation for the overlap in the ferromagnetic phase,
which reads

q0(1− q0)
2(p−1)
p−2

[
1

1− q0
− (βJ)2

]
= 1

(pβε)
2
p−2

, (2.55)

from which one immediately recognize that

λR =
(

1
pβεq0(1− q0)p−1

) 2
p−2

> 0 (2.56)

for all values of p, β, ε and q0 ∈ [0, 1].

2.3.2 Disordered nonlinearity

We now consider a different kind of perturbation to the spherical p = 2 model, namely
we add a 4-body interaction term with quenched random couplings. The model is
defined by the Hamiltonian

Hdis(σ) = HJ(σ)−
1,N∑

i<j<k<l

J
(4)
ijkl σiσjσkσl, (2.57)

where the couplings Jijkl are i.i.d. random variables following the Gaussian distribution

p(Jijkl) = 1√
2πσ2

4

e
−
J2
ijkl

2σ2
4 , (2.58)

with variance

σ2
4 = ε2 4!

2N3 . (2.59)

By averaging over the disorder, one reaches the following form for the replicated par-
tition function:

Zn =
∫ 1,n∏

a<b

dqab e−NG[Q], (2.60)

where the action G[Q] is defined as

G[Q] = −(βJ2)2

2

1,n∑
a≤b

q2
ab −

(βε)2

2

1,n∑
a≤b

q4
ab −

1
2 ln detQ. (2.61)

Let us notice that here, at variance with the model studied in Sec. 2.3.1, due to
the absence of any ferromagnetic term in the Hamiltonian there is only one ordered
parameter, the overlap matrix Q.
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RS instability and RSB equations

It can be found that in the present case the RS saddle point equation is

q0

[
(βJ2)2 + 2(βε)2q2

0 −
1

(1− q2
0)

]
= 0, (2.62)

and the replicon is

λR = −(βJ2)2 − 6(βε)2q2
0 + 1

(1− q0)2 . (2.63)

By plugging the expression of Eq. (2.62) into Eq. (2.63) it is easy to realize that λR
is negative for any value of the parameter q0 different from zero, so that in the RS case
only the solution q0 = 0 can be stable. By then plugging the latter into the expression
of the replicon we get λR = 1− (βJ2)2, which for temperatures T < Tc = J2 becomes
negative, signalling the instability of the RS ansatz and therefore forcing us to consider
RSB solutions.
The first attempt to go beyond a RS ansatz it is always represented by considering

one step of replica symmetry breaking (1RSB), corresponding to an overlap matrix,
which we may refer to as Q1step, with the following structure:

[Q1step]ab = (1− q1)δab + (q1 − q0)γab + q0Iab. (2.64)

I = 1⊗ 1T is a matrix whose elements are all identically equal to 1, while γ is a block
diagonal matrix, with diagonal blocks all equal to Ix = 1x ⊗ 1Tx , namely x× x square
matrices with all elements identically equal to one. For the 1RSB ansatz we have
therefore three variational parameters: q0, q1 and x. In the present case the inverse
matrix of matrix qab reads as:

[(Q1step)−1]ab = Aδab +Bγab + CIab, (2.65)

with

A = 1
1− q1

(2.66)

B = − (q1 − q0)
(1− q1)(1− q1 + x(q1 − q0)) (2.67)

C = − q0

[1− q1 + x(q1 − q0)]2 . (2.68)

Given this structure of the overlap matrix, with very similar calculations to the RS
case and defining the function

χp = χp(q0, q1, x) ≡ 1− qp1 + x(qp1 − qp0), (2.69)

we get as 1RSB effective action:

lim
n→0

1
n
G[q0, q1, x] = −(βJ2)2

4 χ2 −
(βε)2

4 χ4 −
x− 1

2x log(1− q1)− 1
2x log(χ1)− 1

2
q0

χ1
.

(2.70)
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The 1RSB saddle point equations read as:

∂G

∂q0
= x

2 q0

[
(βJ2)2 + 2(β)2q2

0 −
1
χ2

1

]
= 0, (2.71a)

∂G

∂q1
= (x− 1)

[
−q1(βJ2)2 − 2q3

1(βε)2 + q0

χ2
1

+ q1 − q0

(1− q1)χ1

]
= 0, (2.71b)

∂G

∂x
= −(βJ2)2

2 [q2
1 − q2

0]− (βε)2

2 [q4
1 − q4

0] + 1
x2 log χ1

1− q1
+ (q1 − q0)

[
q0

χ2
1
− 1
x · χ1

]
= 0.

(2.71c)

Replicon and 1RSB stability

For the diagonalization of the stability matrix of the 1RSB ansatz we follow the pro-
cedure of [49].
There are three different classes of fluctuations around the 1RSB saddle point, leading

to nine different eigenvalues, which reduce to seven in the limit n→ 0. Following [51,
52], the two relevant eigenvalues for the study of the 1RSB stability are

Λ(1) = −(βJ2)2 − 6(βε)2q2
1 + 1

(1− q1)2 (2.72)

Λ(2) = −(βJ2)2 − 6(βε)2q2
0 + 1

(1− q1 + x(q1 − q0))2 . (2.73)

Fluctuations with respect to a given ansatz for the breaking of replica symmetry
means fluctuations which alter the structure of the matrix Q1step. In general for these
instabilities it is also possible to give a physical interpretation connected to the modi-
fication of the matrix structure. In particular, in the case of a block diagonal matrix
Q1step, each row of the matrix has the same structure: one element is unity, there are
x − 1 elements equal to q1, those belonging to the same block Ix, and n − x elements
equal to q0. This structure of the matrix corresponds to a “one-step” fragmentation of
phase space in disjoint ergodic components, which we may refer to as states or clusters.
Configurations belonging to the same state have typical overlap q1, while configura-
tions belonging to different states have overlap q0. By considering the structure of the
matrix Q1step, a consistent interpretation is to regard the elements of blocks Ix as the
typical overlap between configurations belonging to the same state and the elements
outside blocks Ix as the typical overlap between configurations belonging to different
states.
Given this scenario, we consider two kind of instabilities: 1) a single state can undergo

a further fragmentation process, which corresponds to an emerging block structure in-
side Ix, with new elements q2 appearing within Ix (again in a block-diagonal structure);
2) different states can merge into a single one, which corresponds to a rearrangement of
the structure of the whole Q1step, with all inner elements of different blocks Ix changing
value from q1 to q2 and some of the extra-block elements rising from q0 to q1. These
two patterns to alter the 1RSB structure of Q1step are connected respectively to the
eigenvalues Λ(1) and Λ(2). In particular, the fluctuations inside the same cluster repres-
ented by Λ(1) are the ones which destabilize the 1RSB phase in the SK model and that



2. Mean Field Disordered Systems: dense interaction networks 41

lead, across an infinite sequences of further other breakings, to the well known fractal
free-energy structure [38], that we described in Sec. 2.2. This instability pattern for
the 1RSB phase is the most common. In particular it is also found in ecological models
studied through replica theory [26], as we have discussed in Sec. 1.5.
On the other hand, for mixed p-spin models, i.e., models with spherical variables

and competition between linear and non-linear interactions, it turns out the dominant
instabilities are those related to Λ(2), as demonstrated in [52] by showing that Λ(1) >
Λ(2), so that the latter is the dominant eigenvalue. This means that the relevant
replicon is the one related to fluctuations between clusters. In this situation it was
pointed out in [52] that an intermediate phase also emerges, the so-called 1-full-RSB
phase, characterized by the coexistence between a one-step and full replica symmetry
breaking.

Phase diagram

In the mixed p-spin with purely disordered nonlinearity we keep fixed the variance of the
two-body disordered interaction, as we did in Sec. 2.3.1, and study the phase diagram
in the plane (ε, T ), where in the present case ε represents the standard deviation of the
four-body couplings disorder. We show in Fig. 2.5 that the lower limit of stability of the
paramagnetic phase is still Tc = J2. For ε high enough one finds at all temperatures a
transition to a 1RSB glassy phase. Then, depending on the temperature, upon lowering
ε we can either find a transition to the paramagnetic phase, for T > Tc, or a transition
to a full-RSB phase, for T < Tc, (either 1-full-RSB or standard full-RSB).
Let us remark the difference between the transition taking place from the 1-RSB

phase to the paramagnetic one above Tc and the one taking place from the 1-RSB to
the full-RSB below Tc. Considering the probability distribution of the overlap between
replicas, which corresponds to the parametrization of the matrix Q1step, the transition
at temperatures T > Tc has the features of a first-order phase transition, while the
transition at temperatures T < Tc has the features of a second order phase transition.
This means that for T > Tc, upon reducing ε, the 1RSB ansatz for Q1step is always a
locally stable solution, even when it becomes less convenient than the RS ansatz from
the point of view of free energy, until when it completely disappears as a solution at
the line marked in the phase diagram 2.5 as 1RSB spinodal. This is the transition
mechanism typical of first-order transitions.
On the other hand, for T < Tc and sufficiently small ε, the phase described by the

1RSB solution makes way for a 1-full-RSB phase, with the typical mechanism of second
order phase transitions, i.e the former loses stability in favour of the latter. Eventually,
the 1-full-RSB will become itself unstable on the transition line towards the full-RSB
phase at even smaller values of ε [52]. The transition line in Fig. 2.5 has been obtained
by finding the values of the parameters where Λ(2) = 0.

2.3.3 Discussion

In Secs. 2.3.1 and 2.3.2 we have probed the stability of a specific disorder system,
i.e. the spherical model, by studying its response to both ordered and disordered
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Figure 2.5: Phase diagram in the (ε, T ) plane for the p = 2 spherical spin glass plus four-body
purely disordered interactions, where ε represents the strength of non-linear interactions.

perturbations. Our focus was on identifying which types of perturbations can induce
a non-trivial replica symmetry breaking (RSB) pattern within the low-temperature
spin-glass phase of the model, which is known to be marginally stable.
We found that ordered non-linear interactions are ineffective in destabilizing the

marginal spin-glass phase: no RSB pattern emerges. In this sense, the phase remains
effectively stable with respect to such ordered perturbations. In contrast, when we
introduce disordered four-body couplings, even with infinitesimal strength, the system
reacts differently. The trivial spin-glass phase then truly shows its marginal character
and any finite amount of disordered non-linearity is sufficient to trigger a non-trivial
RSB pattern.
In [46], we extended this analysis to the case where the disordered four-body interac-

tions are drawn from a Gaussian distribution with a non-zero mean. This setup leads
to an interesting competition between the ordered and disordered components of the
perturbation. The resulting phase diagram is even richer, displaying multiple distinct
phases, among which an RSB phase emerges once again. Details on this scenario are
shown in App. B.
It is worth emphasizing that in the 2+4 spherical model, the instability of the 1RSB

phase unfolds through the merging of 1RSB states into broader metabasins. This
contrasts with the behaviour observed in the SK model and in many other systems,
including ecological models, where instability tends to arise from the fragmentation of
states into smaller and smaller clusters. This distinction reveals different underlying
mechanisms of instability in disordered systems, and may help us understand which
kinds of losses of stability are relevant in large ecological communities.
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2.4 Mean-field ecological models

The disordered systems techniques introduced in Sec. 2.3 have been widely applied to
the analysis of mean-field ecological models.
As discussed in Sec. 1.5, generalized Lotka–Volterra models for large ecological com-

munities with dense interaction matrices display transitions to RSB multiple-equilibria
phases. As ecosystem diversity increases, glassy multi-attractor regimes emerge. These
phases arise from increasing heterogeneity in species interactions, which increases the
frustration in the system and leads to the emergence of many distinct equilibrium states
that the ecological community can relax to.
Such multiple-equilibria regimes have been shown to be analogous to the spin-glass

phases encountered in disordered systems in condensed matter physics [27]. In particu-
lar, the analytical characterization of multiple-equilibria phases has been made possible
not only through replica theory [26], as discussed in Sec. 2.3, but also via other mean-
field approaches like Dynamical Mean-Field theory (DMFT) [53] and the Dynamical
Cavity Method [28].
Without entering into the technical details of the latter two, thoroughly reviewed in

[54], it is enough to say that both rely on deriving the effective dynamics of a typical
species, where interactions with all other species are treated as a source of stochastic
noise. In this framework, the quenched disorder in the interaction matrix of the original
gLV equations is effectively encoded as noise in the species’ abundance trajectories.
Similarly, replica theory provides tools to describe only the typical behaviour of a

species, rather than the full set of species-specific dynamics, for instance by formulating
an effective Hamiltonian for a representative species abundance [27, 55].
Besides the identification of multiple-equilibria phases, which offer fundamental in-

sights into ecosystems stability but are not directly observable in real ecological sys-
tems, these theoretical models can also be used to derive more empirical ecological
patterns.
Among the most commonly studied observables in ecological communities are species

abundance distributions. These can be computed within theoretical frameworks and
directly compared with empirical distributions. What emerges from replica compu-
tations [55], dynamical mean-field theory [53], and the dynamical cavity method [28]
is that species abundance distributions are typically Gaussian. More precisely, since
species abundances cannot be negative, the resulting distributions are truncated Gaus-
sians. This feature remains robust across different parameter regimes: for instance,
increasing interaction diversity eventually leads to extinctions, which result as a peak
at zero abundance in the distribution. However, the shape of the bulk distribution
remains unchanged, consistently maintaining its truncated Gaussian form.
These results disagree with real ecological data, where species abundance distribu-

tions are highly non-Gaussian, typically following log-normal or Gamma-like distribu-
tions [13, 30, 56], and exhibit much heavier tails than Gaussian ones. This discrepancy
highlights the need to go beyond these mean-field techniques in order to accurately
capture the phenomenology of ecosystems.
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2.5 Disordered systems beyond mean-field

All the ecosystems properties discussed in the previous literature, based on mean-
field statistical mechanics techniques and introduced in Sec. 2.4, have been derived
under the assumption of a dense interaction matrix. In other words, they rely on
the simplifying hypothesis that large ecosystems are fully connected, meaning that
each species interacts with all the others in the community. This assumption, while
mathematically convenient and essential for mean-field computations, is ecologically
unrealistic. In real ecological communities, species typically interact with only a limited
subset of other species. Thus, the fully-connected hypothesis, although central to the
analytic tractability of previous models, is definitely one that must be challenged.
What happens when we relax this assumption? Do the same results and phenomeno-

logy hold? In particular, regarding ecosystem stability, do we still observe a transition
to complex multiple-equilibria phases once the single-equilibrium regime becomes un-
stable? Once again, disordered systems and spin glass theory can offer valuable insights,
or at least provide useful analogies, for our understanding of ecosystems.
In particular, as shown in [44], the glass transitions, and thus the multiple-equilibria

phases, found in some mean-field spin systems can actually disappear in systems with
low connectivity. The authors argue that the mean-field scenario in certain disordered
spin models is rather fragile: as the connectivity, and hence the effective dimensionality,
of the system decreases, the existence of glassy phases is no longer guaranteed. Their
analysis focuses on Potts models, and while they do not identify a general mechanism
that forbids the presence of multiple equilibria, they do find that in these models glassy
transitions vanish when the connectivity becomes sufficiently low.
This phenomenon can be qualitatively understood using the coloring model, which

at zero temperature corresponds to a disordered antiferromagnetic Potts model. In the
fully-connected case, the model exhibits a large degree of frustration: each node prefers
to adopt a different "color" or state from the nodes it is connected to, and since each
node is connected to all others, the system faces many competing constraints. Even
when the number of available colors is large, the high connectivity ensures a high level
of frustration, which is the main driver behind the emergence of a multiple-equilibria
phase. In a finite-connectivity regime instead, the number of such constraints is much
smaller. With few connections and a sufficiently large number of colors, frustration
can vanish entirely, along with the associated glassy behaviour.
This raises an important question for ecosystems: could the same mechanism ap-

ply here? Do the glassy phases observed in fully-connected models survive when we
consider more realistic ecological networks with low connectivity?
A contrasting result is presented in [57], where the authors study a ferromagnetic

multi-spin model with finite connectivity and discrete spins. Their analysis shows that a
glassy, multiple-equilibria phase can still emerge even in the sparse (finite-connectivity)
regime. This result could suggest the opposite conclusion to that of [44], namely that
glassy phases might persist in sparse ecological networks as well. However, the model
analyzed in [57] involves Ising-like variables, which can only take two values, +1 and
−1. In contrast, species abundances, while discrete, typically span a much broader
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range of possible values. This feature makes ecological systems more comparable to
the setting studied in [44].
All these considerations remain hypothetical, but they clearly motivate our interest

in studying sparse ecosystems. In addition to being a more realistic scenario, several
indications suggest that their phenomenology could differ significantly from that of
fully-connected systems. For this reason, the next chapter, the core of this thesis,
is devoted to an exhaustive study of the equilibrium properties of the generalized
Lotka–Volterra equations on sparse interaction networks, highlighting the surprising
differences that emerge when compared to fully-connected models.





3
Generalized Lotka-Volterra model on sparse

interaction networks

3.1 Introduction

Since the pioneering works of May [4, 5], recent advances in statistical mechanics
have opened new avenues for understanding the stability and phase behaviour of large
ecosystems. In particular, the equilibrium statistical mechanics approach to the gener-
alized Lotka-Volterra (gLV) model has emerged as a powerful framework for studying
species coexistence in complex ecological networks.
When interactions are both symmetric and dense, the equilibrium phase diagram can

be determined exactly. As discussed in Chapter 1, the equilibrium phases of the gLV
model with disordered interactions are controlled by three parameters: the average
interaction strength µ, the width of the disordered interactions distribution σ and
the thermal fluctuations amplitude T . In fully connected systems, a glassy multiple-
equilibria phase typically emerges at large values of σ, for finite µ and T [26]. However,
real ecological networks are neither dense nor characterized by symmetric interactions,
so it is not clear whether the appearance of these multiple-equilibria phases is a true
relevant phenomenon for real ecosystems or is a model artifact.
Another severe limitation of fully connected models lies in their predictions for spe-

cies abundance distributions. In all such cases with normally distributed interactions,
abundances follow truncated Gaussian distributions [28, 53, 55], in contrast to empirical
observations, which consistently exhibit log-normal or Gamma-like distributions [13,
30, 56, 58–60]. For these reasons it is worth to investigate which aspects of the phe-
nomenology of the gLV model are robust with respect to the dilution of interactions.
While several works have extended the gLV framework to asymmetric interactions [28,

29, 53, 61, 62], in this chapter we restrict our attention to the symmetric case, which

47
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still allows to exploit the tools of equilibrium statistical mechanics. The key novelty
of our approach lies in moving beyond dense networks: we study sparse ecological
interactions which, as also pointed out in [63–65], are more representative of real-
world ecosystems. This choice is further supported by empirical evidence showing that
ecological networks are typically sparse [33–35, 66–68].
We focus on the case of quenched disorder, where interaction coefficients are fixed in

time. The case of annealed disorder, involving time-varying interactions, is discussed,
for fully-connected systems elsewhere [69].
The mean-field techniques introduced in Chapter 2, such as the replica method, are

formulated for fully connected systems. These methods describe the macroscopic beha-
viour of the system in terms of global order parameters, averaging over all microscopic
degrees of freedom. While this framework is extremely powerful and provides exact
results in the thermodynamic limit for dense networks, it inherently neglects local
structural details. When the interaction network is sparse, a global order parameter
cannot be defined and the replica approach cannot be applied. In such cases, one must
turn to a different set of tools: the Cavity Method and the associated message-passing
Belief Propagation (BP) algorithm. These approaches preserve local heterogeneities
and are well suited to the analysis of sparse disordered systems.
The central focus of this chapter, based on the work presented in [70], is the be-

haviour of the gLV model on a Random Regular Graph (RRG), which we will also
refer to as Bethe lattice. In an RRG, each node (representing a species) interacts with
exactly k others, where k is the connectivity of the graph (in the following, we will also
refer to the connectivity of a species as its degree). We concentrate on graphs with
small connectivity, reflecting the sparsity typical of ecological networks. The Random
Regular Graph is a paradigmatic example of a locally tree-like random graph: although
loops are present, their typical length scales as logN , where N is the number of nodes,
and therefore diverges in the thermodynamic limit. This property makes RRGs par-
ticularly suitable for analytical approaches such as the Cavity Method, which rely on
local tree-like structure.
A crucial difference with respect to fully connected models is that sparsity may lead

to a partial loss of universality: equilibrium properties can depend on local structural
details and on the specific choice of interaction network or coupling statistics. While
we focus on fixed connectivity graphs for simplicity, similar results are expected to
hold for other sparse random tree-like topologies such as Erdős–Rényi graphs, where
the degree distribution is Poissonian and the connectivity varies from node to node.
We expect the main features discussed below to be robust within this class, while a
systematic comparison with other sparse graph ensembles is left for future work.
We will study the properties of the gLV model on a sparse network varying the three

parameters µ, σ and T already introduced before. The variables on the network are
species abundances which in our model are discrete, corresponding to integer counts of
individuals. We find two main results: strong deviation from Gaussianity in abundance
distributions already in the single equilibrium phase and, for large enough values of
the parameter µ, a topological glass phase at finite temperature. This phase looks
very different from the glass phase of fully connected models; in particular, as first
noticed in [71] in the T = 0 case, in this phase glassiness is strongly correlated to the
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presence of extinctions. The gLV model on a random regular graph was in fact already
considered in [71], where a phase transition to multiple equilibria was studied at zero
temperature, T = 0, zero disorder, σ = 0, and finite interaction strength µ. Here we
extend a similar analysis to finite temperatures.
In Section 3.2 we will introduce the Generalized Lotka-Volterra model on a sparse

interaction network and show which is the energy functional (Hamiltonian) which gov-
erns its equilibrium properties; in Section 3.3 we will present the framework of Cavity
method and Belief Propagation (BP) equations and show how to apply these tools to
the case of sparse gLV models. In Section 3.4 we will discuss in detail the deviations
from Gaussianity which can be found in the abundance distributions on a sparse eco-
logical network. We will then show that no glass phase emerges at fixed µ increasing
σ, at variance with fully-connected models. Sec. 3.5 will be then devoted to study the
equilibrium phase diagram of the model at zero disorder (σ = 0), varying only µ and T .
We will show how, at large values of competition µ, a peculiar multiple-equilibria phase
emerges. The equilibrium properties in this regime have been investigated using both
the BP equations and the Langevin dynamics, finding consistency between the two
methods. In Sec. 3.6 we show that also considering species abundances as continuous
variables in the interval [0, 1] does not affect the phenomenology shown in Sec. 3.5.

3.2 Generalized Lotka-Volterra model on the Bethe lattice

The dynamical equations of the generalized Lotka-Volterra model are:

dni(t)
dt

= ri
Ki

ni(t)
[
Ki − ni(t)−

∑
j∈∂i

αijnj(t)
]

+
√
ni(t)ξi(t), (3.1)

where ni(t) is the abundance of species (i = 1, ..., N) at time t and ∂i represents the
set of species which interact with species i. We will focus on random locally tree-like
graphs, also named Bethe lattices, for which the cardinality of ∂i is fixed and equal
to ki = 3 for all i’s (Random Regular Graphs), even if the methods are exact in the
N →∞ limit also for a Poissonian distribution of the connectivities ki’s (Erdős-Rényi
Graphs). The factors ri and Ki are respectively the intrinsic growth rate and the
carrying capacity of species i, while ξi(t) represents a Gaussian noise with zero mean
and covariance

〈ξi(t)ξj(t′)〉 = 2Tδijδ(t− t′). (3.2)

We consider a symmetric interaction matrix with elements αij = αji. Because of the
symmetric interactions we know that the Langevin dynamics admits an equilibrium
distribution of the form P (n) = exp(−Heff(n)/T ), with n = {n1, . . . , nN} [26, 27].
When the stochastic dynamics of Eq. (3.1) is complemented with a reflecting wall
condition nmin

i = λ with λ� 1 for every species i, as used in numerical simulations to
prevent extensive extinction due to demographic fluctuations, the effective Hamiltonian
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Heff(n) reads as [26]:

Heff(n) = −
N∑
i=1

ri

(
ni −

n2
i

2Ki

)
+

∑
(ij)∈E

αij
2

(
ri
Ki

+ rj
Kj

)
ninj +

N∑
i=1

[T ln (ni)− ln θ(ni − λ)] ,

(3.3)

where the term with the Heaviside function θ(ni − λ) accounts for the presence of the
reflecting wall. The symbol E in the double sum of Eq. (3.3) denotes the set of edges
connecting interacting species, which are arranged in a locally tree-like sparse random
graph of fixed connectivity k = 3. Without any lack of generality, we will consider
identical carrying capacities, Ki = K, and identical intrinsic growth rates, ri = r, for
all species. In particular, we set r = 1 and K = 280, with K chosen to be much larger
than the discretization step, which is dn = 1 since species abundances are integers.
Details on the derivation of Eq. (3.3) are given in [27] and in App. C.
Differently from previous literature [26, 28], we consider the variables ni to take

only discrete non-negative values, consistently with the interpretation of ni as the
number of individuals for the species i. In this particular case, the choice of discrete
variables is also an algorithmic necessity to solve numerically the Belief Propagation
equations, which will be discussed in detail in Sec. 3.3. For the present purpose we just
need to know that the BP equations represent an algorithmic strategy to evaluate the
equilibrium Boltzmann distribution P (n) = exp{−βHeff(n)}. Due to the discreteness
of ni values, we need to modify the effective Hamiltonian of Eq. (3.3): the term ln θ(ni−
λ) is dropped and the term T ln(ni) is replaced by T ln(ni + ε), with ε small but finite
(ε = 0.0001) in order to regularize the distribution P (n) at ni = 0. The parameter ε
plays the same role of λ in previous literature, avoiding the extinction of all the species
of the system.
The elements of the symmetric matrix αij are taken from a Gaussian distribution with

mean and variance which, consistently with the literature on disordered systems [26,
72], are defined as:

mean[αij] = µ

k
= µ̂, var[αij] = σ2

k
= σ̂2. (3.4)

We thus rewrite the version of Eq. (3.3) adapted for discrete variables as:

Hα(n) =
N∑
i=1

hi(ni) +
∑

(ij)∈E
hαij(ni, nj), (3.5)

where the label α in Hα(n) denotes a given instance of the quenched disordered coup-
lings αij. In particular we have:

hi(ni) = −r
(
ni −

n2
i

2K

)
+ T ln (ni + ε),

hαij(ni, nj) = r

K
αijninj.

(3.6)

The following section is dedicated to the general introduction of the Cavity Method
and Belief Propagation for sparse locally tree-like random graphs and to the applica-
tions of such tools to the case of gLV sparse systems. These methods will allow us to
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sample the equilibrium Boltzmann distribution P (n) of the discrete variables ni and
to compute their marginal distributions.

3.3 Cavity Method and Belief Propagation for sparse graphs

The interaction network we want to study is a Random Regular Graph (RRG), a locally
tree-like random graph with the specific property of fixed connectivity, meaning that
each variable node is connected to exactly k other nodes, where k is the connectivity
of the graph. In the context of gLV systems, where interactions involve only pairs of
species, each interaction corresponds to an edge that connects two variable nodes.
One of the key properties of RRGs (and in general of locally tree-like random graphs),

crucial to the validity of the cavity method, is related to their loop structure. Although
RRGs do contain loops, their typical size is of order log(N), where N is the number
of nodes in the graph. Consequently, in the thermodynamic limit, the length of loops
tends to infinity. This property means that the local neighbourhood of any given node,
up to a distance smaller than the typical loop size, has the same topology of a tree, as
illustrated in Fig. 3.1. We will also refer to such kind of graphs as Bethe lattices.
Let us now write the partition function of the model in a way which is convenient to

introduce the cavity method, following the approach of [43, 73]. A system with two-
body interactions between variables ni can be represented as a set of nodes i connected
by edges (ij), so that the partition function can be written as:

Z =
∑
{ni}

∏
i

ψi(ni)
∏

(ij)∈E
ψij(ni, nj), (3.7)

where E is the set of edges in the graph, ψi(ni) takes into account the local field
contribution and ψij(ni, nj) accounts for the pairwise interaction between nodes i and
j. In particular, for a model like the generalized Lotka-Volterra which is described by
a Hamiltonian of the form:

H(n) =
N∑
i=1

hi(ni) +
∑

(ij)∈E
hij(ni, nj), (3.8)

where hi(ni) represents a local field term and hij(ni, nj) the interaction term, the factors
ψi and ψij read as:

ψi(ni) = exp (−βhi(ni)) ψij(ni, nj) = exp (−βhij(ni, nj)) . (3.9)

The Cavity method for RRGs represents an approximation which becomes exact in
the N →∞ limit. The approximation is based on the tree-like structure of the graph
which is shown in Fig. 3.1: for a tree, if one removes the node i (creating a cavity),
the marginal distributions of nj, np, nl are independent due to the absence of loops in a
tree. In particular, such marginal distributions can be computed by tracing out all the
remaining degrees of freedom of the subtrees rooted at j, p, l. Let us refer for example
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Figure 3.1: Local tree-like structure of a Random Regular Graph with 2-body interactions
and connectivity k = 3. (a): full graph. (b): graph with a cavity in node i, all the edges
connecting node i are removed.

to node j in Fig. 3.1(b): if the interaction graph is a tree, once we remove the edge
with node i, we can define the cavity marginal distribution ηj→i(nj) as

ηj→i(nj) = ψj(nj)
zj→i

∏
k∈∂j\i

∑
{nk}

ηk→j(nk)ψjk(nj, nk)
 , (3.10)

where zj→i is the normalization and ∂j\i denotes the set of neighbours of j excluding
node i. Note that in Eq. (3.10) the contributions of the neighbouring cavity marginals
ηk→j are multiplied because, in absence of loops, they are independent. Referring to
Fig. 3.1(b), the set ∂j\i consists of the nodes k1, k2 and so, following Eq. (3.10), ηj→i
will be written in function of ηk1→j and ηk2→j. At this point, also for both the latter
messages (ηk1→j and ηk2→j) we can write an expression like Eq. (3.10), where this time
the cavity marginals in the product will be the ones coming from the neighbours of
k1 and k2 except node j. On a tree, this process can be reiterated many times till we
reach the leaves (the border) of the tree. This means that, starting from the leaves
of the graph and propagating the recursion, we will find an exact solution for all the
cavity marginals.
In conclusion, on a tree, given a node i, we can find an exact solution for all the

cavity marginals entering node i. In particular, considering Fig. 3.1, we can compute
the cavity marginals ηj→i(nj), ηl→i(nl) and ηp→i(np). At this point, we can define as
the marginal distribution of the abundance ni of node i:

ηi(ni) = ψi(ni)
zi

∏
j∈∂i

∑
{nj}

ηj→i(nj)ψij(ni, nj)
 , (3.11)

where zi is the normalization and j indexes the neighbours of i (which for the case
of Fig. 3.1 are j, l, p). While the cavity marginal ηi→j(ni) represents the probability
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distribution of the variable ni in a modified system where the link (i, j) has been
removed, ηi(ni) is the marginal distribution of ni in the full system.
Finally, the free energy of the system can be determined from the collection of mar-

ginals ηi and cavity messages ηi→j, together with ψi and ψij. This provides a complete
characterization of the thermodynamic properties of the system on a tree.
Let us stress that Equations (3.10) and (3.11) are exact on a tree, because for any

given node i, the incoming cavity messages ηj→i(nj) from its neighbours become statist-
ically independent once the corresponding edges (i, j) are removed. This independence
follows directly from the absence of loops in trees, which ensures that the subtrees
rooted at different neighbours of i do not interact. As a result, the contributions of
the cavity marginals from the neighbours can be simply multiplied, as it is shown in
Eqs. (3.10) and (3.11). This property does not hold exactly in the case of Random
Regular Graphs which, while being locally tree-like, do not have leaves and do contain
loops. In a finite-size RRG, the messages ηj→i(nj) coming from different neighbours of
node i are not guaranteed to be independent and their contributions cannot be simply
multiplied. In such cases, the exact expression for the cavity messages becomes:

ηi→j(ni) = ψi(ni)
zi→j

∑
{nk}, k∈∂i\j

η(∂i\j)→i({nk}, k ∈ ∂i\j)
∏

k∈∂i\j
ψik(ni, nk), (3.12)

where η(∂i\j)→i is the joint distribution of the variables in ∂i\j in absence of the links
that connect them with i. Equations (3.12), in a graph with loops, are not closed
and cannot be solved. To make progress, we can assume that the cavity variables
are uncorrelated, factorizing η(∂i\j)→i and getting again equations (3.10) (and (3.11)).
This factorization becomes exact in the thermodynamic limit, N → ∞, due to the
diverging length of loops in RRGs. As the loops become long, correlations between
cavity variables decay, and the independence assumption becomes valid.
Even for finite N , one can still look for a solution of equations (3.10) on a given locally

tree-like graph. While the method is no longer exact, it provides a good approximation,
which improves as N increases. This procedure is known as Belief Propagation (BP)
algorithm, and it is the approach we will use in this chapter.

The replica-symmetric nature of Belief Propagation

The effectiveness of the Belief Propagation method depends on the assumption that
cavity marginals pointing to the same node are uncorrelated. This assumption can fail
for two main reasons: the presence of short loops in the graph, or the emergence of
long-range correlations among variables. In the Bethe lattice, because of its locally
tree-like structure, short loops are avoided but long-range correlations might still be
found in certain phases. This is for instance the case in disordered systems when a
replica-symmetry-breaking transition takes place from an ergodic phase to a multi-state
phase where the configuration space splits in "almost disjoint" ergodic components, see
Chapter 2. In this case, the thermodynamic weight of the different states, together
with the existence of long-range correlations, must be accounted for by the algorithm.
For this reason, the application of Eqs. (3.10) and (3.11) to sparse RRGs is com-

monly referred to as the replica-symmetric cavity method. While effective in the single-
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equilibrium regime, this method breaks down in the presence of multiple-equilibria
phases. In such cases, more sophisticated approaches, namely replica-symmetry-breaking
cavity methods, are required to correctly describe the system’s behaviour. We will an-
lyze such methods in Chapter 4.

3.3.1 Belief Propagation for Generalized Lotka-Volterra models

Inserting the expressions for ψi(ni) and ψij(ni, nj) from Eq. (3.9) into the cavity equa-
tions (3.10), we find that for systems whose equilibrium properties are described by a
Hamiltonian of the form:

H(n) =
N∑
i=1

hi(ni) +
∑

(ij)∈E
hij(ni, nj), (3.13)

the cavity marginals ηi→j(ni) satisfy the self-consistent recursive relation:

ηi→j(ni) = e−βhi(ni)

zi→j

∏
k∈∂i\j

∑
{nk}

ηk→i(nk)e−βhik(ni,nk)

 . (3.14)

As discussed in Sec. 3.2, for the disordered Generalized Lotka-Volterra model, the
energy terms take the explicit forms:

hi(ni) = −r
(
ni −

n2
i

2K

)
+ T ln (ni + ε), hαij(ni, nj) = r

K
αijninj, (3.15)

where the superscript α in hαij denotes the dependence of the interaction term on
a particular realization of the quenched disorder αij. We can then write the Belief
Propagation equations for the cavity marginals ηαi→j(ni), which now explicitly depend
on the disorder realization:

ηαi→j(ni) = e−βhi(ni)

zαi→j

∏
k∈∂i\j

∑
{nk}

ηαk→i(nk)e−βh
α
ik(ni,nk)

 , (3.16)

with the normalization factor

zαi→j =
∑
{ni}

e−βhi(ni)
∏

k∈∂i\j

∑
{nk}

ηαk→i(nk)e−βh
α
ik(ni,nk)

 . (3.17)

Iteration procedure

To solve the self-consistent equations (3.16), we use an iterative procedure. While
the cavity marginals ηi→j(ni) are, in principle, continuous distributions, in practice we
discretize the values of the variables ni. Specifically, we assume:

ni ∈ {0, 1, . . . , nmax − 1}, (3.18)
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where nmax is chosen large enough such that ηi(nmax−1) = 0 within numerical precision
for all i.
Notice that the choice to discretize the abundance distributions into non-negative

integers is not inevitable. However, we do not expect the integer discretization to
affect the results, since the discretization step should be compared with the natural
scale of ni, given by K (the fixed point of the single-species dynamics), which is chosen
to be large for this purpose (K = 280).
For each oriented edge i→ j in the interaction graph, a normalized initial condition is

taken for the cavity marginal ηi→j(ni), for instance, the uniform distribution η(0)
i→j(ni) =

1
nmax

, ∀ni ∈ [0, 1, ..., nmax−1]. Starting from η
(0)
i→j, the cavity marginals are then updated

iteratively. At each iteration step t, we compute the updated normalization constants
z

(t+1)
i→j and the cavity marginals η(t+1)

i→j as follows:

z
(t+1)
i→j =

∑
{ni}

exp
{(

βr

(
ni −

n2
i

2K

)
− ln (ni + ε)

)} ∏
k∈∂i\j

∑
{nk}

η
(t)
k→i(nk) exp

{
−βαik

r

K
nink

} ,
(3.19)

η
(t+1)
i→j (ni) = 1

z
(t+1)
i→j

exp
{(

βr

(
ni −

n2
i

2K

)
− ln (ni + ε)

)} ∏
k∈∂i\j

∑
{nk}

η
(t)
k→i(nk) exp

{
−βαik

r

K
nink

} ,
(3.20)

where we have explicitly written the hamiltonian terms but omitted the label α for the
ease of notation. At each iteration, we also compute the marginal distributions η(t)

i (ni)
from the updated cavity marginals using:

η
(t)
i (ni) = 1

z
(t)
i

exp
{(

βr

(
ni −

n2
i

2K

)
− ln (ni + ε)

)} ∏
j∈∂i

∑
{nj}

η
(t)
j→i(nj) exp

{
−βαij

r

K
ninj

} ,
(3.21)

where z(t)
i is the normalization factor. Iteration is repeated until convergence, which is

assessed as follows. At each iteration t, we compute the mean, variance, and kurtosis
of each marginal distribution η

(t)
i (ni) for all nodes i. We then compute the relative

change of these quantities compared to the previous iteration step. The algorithm is
iterated until when, for each marginal η(t)

i (ni), the relative change in all three moments
is below 10−6 % compared to the previous step and this condition is maintained for ten
consecutive iterations. Once these conditions are met, we assume that the algorithm
has reached convergence.

3.4 The single-equilibrium phase for sparse gLV models

In what follows we present the two main results found studying the gLV on a sparse
locally tree-like graph, which show a remarkable difference with the phenomenology of
the same model on a dense interaction network. In particular, we find non-Gaussian,
Gamma-like species abundance distributions and we state that, in sparse networks,
multiple-equilibria phases driven by interaction disorder disappear.
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Figure 3.2: Marginal distributions for different species in a sparse system with parameters
T = 1, µ̂ = 0.1 and σ̂ = 0.2, for a particular choice of disordered couplings. The system size
is N = 256.

3.4.1 Non-Gaussianity in the single-equilibrium phase

As thoroughly discussed in Chap. 2, the thermodynamic properties of a disordered
system in the thermodynamic limit can be investigated by studying the free energy of
the system averaged over all possible disorder instances. What is done numerically is to
consider the iteration of the BP algorithm on the largest possible number of quenched
disorder instances, where each instance corresponds to a different graph, compute the
physical observables of interest for each graph once BP has converged, and then take
the average over the disorder, i.e., over the different graphs. For each graph, we have a
number 2|E| of cavity marginals ηαi→j, where |E| is the number of non-oriented edges,
and a number N of marginal distributions ηαi (ni), one for each species i, given by:

ηαi (ni) = 1
zαi
e−βhi(ni)

∏
j∈∂i

∑
{nj}

ηαj→i(nj)e−βh
α
ij(ni,nj)

 . (3.22)

The marginal distributions ηαi (ni) thus represent the probability for a species i to have
a number ni of individuals for a given instance of the disorder. Let us emphasize a
first crucial difference compared to the fully-connected case where the marginals of all
sites of a given graph are identical by construction: the iteration of the BP algorithm
on a sparse graph shows that, at convergence, marginals are different site by site. This
is clearly shown in Fig. 3.2 for a system of parameters T = 1, µ̂ = 0.1 and σ̂ = 0.2.
It is clear from Fig. 3.2 that marginal distributions for different species have different
shapes, different peak position, some of them display extinctions (shown by the peaks
in n = 0), some of them not.
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Taking into account that on sparse graphs the marginals may have fluctuations not
only with respect to the graph realization but also from species to species, we consider
two kinds of average for the distributions ηαi (ni): the sample average,

ηα(n) ≡ 1
N

N∑
i=1

ηαi (n), (3.23)

and the disorder average,

η(n) ≡ ηα(n), (3.24)

which we indicate, as customary, with an overbar ·.
In the following we will always present marginal distributions averaged both over the

sample and the disorder.
Let us stress again that on fully-connected networks, with gaussian random couplings,

the local marginal η(ni) has, by construction, a truncated Gaussian form, with the
extinction peak at ni = 0. The main advantage of studying the generalized Lotka-
Volterra model on a sparse topology is that the shape of local marginals ηi(ni) is not
constrained to be a truncated Gaussian, even though the interactions are drawn from a
Gaussian distribution. The remarkable finding of our study is that the average η(n) of
single-site marginals ηαi (n) shows a remarkable deviation from gaussianity, exhibiting
a Gamma-like distribution shape for a large enough value of σ̂. In particular, as shown
in Fig. 3.3, we find a crossover from a Gaussian to a Gamma-like shape of η(n) upon
increasing σ̂. Quite remarkably this transition takes place in the single-equilibrium
phase as we know from the convergence of the algorithm.
In Fig. 3.3 we show the averaged species abundance marginal distribution η(n),

Eq. (3.24), at T = 1 and µ̂ = 0.1, for two different values of the standard deviation
of the disordered couplings: σ̂ = 0.02 and σ̂ = 0.20. We find a crossover from a low
disorder phase, where the mean marginal η(n) is Gaussian, to a high disorder phase
where η(n) is highly non-Gaussian and is well described by a Gamma distribution. In
particular, for σ̂ = 0.20, the distribution η(n) is well fitted by the red curve in Fig. 3.3,
given by:

γ(n;α, β) = βα

Γ(α)n
α−1e−βn, (3.25)

where Γ(α) is the Gamma function and the fitted parameters are α = 7.5 and β = 0.029.
Let us specify that the red line fit in Fig. 3.3 is a Gamma function plus a gaussian peak,
centered in n = 0, which represents the extinctions. This is a very significant result
as real ecosystems data exhibit species abundance distributions that follow a Gamma
distribution [30, 56]. Moreover, we show in App. D that in this region of the parameters
where the marginals exhibit non-gaussianity, variances of the single species abundance
distributions follow a power-law dependence on the means of the distributions, well
known as Taylor’s law, documented extensively in real ecosystems (see [74]). In this
region of parameters, what our sparse gLV model predicts is thus in perfect agreement
with what is observed in real ecosystems.
Since the finding of a crossover from Gaussian to non-Gaussian within the single-

equilibrium phase is an unprecedented result for this kind of model, we needed to
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Figure 3.3: Species abundance average marginal distribution η(n) for T = 1 and µ̂ = 0.1, for
σ̂ = 0.02 (blue) and σ̂ = 0.20 (orange) (Both in the single equilibrium phase). Solid lines
are fits for the data: the black line is a Gaussian fit for σ̂ = 0.02, the red line is a fit with
a Gamma distribution as in (3.25), with parameters α = 7.5 and β = 0.029 plus a gaussian
peaked at n = 0 for σ̂ = 0.20. The system size is N = 256 and we averaged over 100 disorder
realizations.
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Figure 3.4: Species abundance average marginal distribution η(n) for T = 1 and µ̂ = 0.1, for
σ̂ = 0.02 and σ̂ = 0.20 computed from BP and from the dynamics. The dynamics confirm
the results of BP for both values of σ̂. The number of species considered is N = 256.
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Figure 3.5: Kurtosis κ(σ̂, T ) as a function of standard deviation σ̂ and temperature T for
fixed µ̂ = 0.1 and N = 256. The kurtosis was computed on marginal distributions averaged
over 50 disorder realizations. For high σ̂ it is evident that κ > 0 implying that the marginals
distributions are developing a non-Gaussian tail.

ascertain it was not an artifact of the approximations at the basis of the BP algorithm.
For this reason, we also studied the exact Langevin dynamics on the Bethe lattice. This
consists in fixing a disordered graph, running the set of equations given by Eq. 3.1 and
stopping the simulation at a sufficiently large time tmax to collect all the ni(tmax) for
every i. By repeating this process for multiple disorder realizations and combining
all ni(tmax) from each realization, we construct the normalized histogram of species
abundances, shown with pink and green points in Fig. 3.4. As we show in Fig. 3.4,
the shape of both the Gaussian, for σ̂ = 0.02, and the non-Gaussian distribution,
for σ̂ = 0.20, are accurately reproduced by running the Langevin dynamics. Further
details on the implementation of the dynamics are provided in Sec. 3.5.2.
The crossover from Gaussian to non-Gaussian behaviour varying both the disorder

strength σ̂ and the temperature T is represented in the phase diagram shown in Fig. 3.5,
where color code represents the kurtosis κ(σ̂, T ) of the marginal distribution η(n):

κ(σ̂, T ) ≡ < (n− < n >)4 >

< (n− < n >)2 >2 − 3. (3.26)

Here the averages < · > are taken with respect to η(n). For high values of σ̂ it can be
easily recognized the strong deviation from Gaussianity due to the non-gaussian tail of
η(n) shown in Fig. 3.3.
Let us now show that, while the correlations between species related to a transition

from a single to a multi-state phase cannot be captured simply by the BP algorithm,
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there are other kind of correlations which are well-reproduced by this algorithm. In
particular, the transition from Gaussian to non-Gaussian behaviour is quite robust: it
does not only affect the single variable marginal distribution but has also an influence
on correlations. This fact is evident when studying the joint probability distribution
Pα
ij(ni, nj) of a pair of nearest neighbour species on a given graph, which is defined as:

Pα
ij(ni, nj) = 1

Zα

∑
{n1,...,nN}\(ni,nj)

e−βHα(n), (3.27)

where Zα is a normalization factor. Contrary to what one finds in fully-connected
networks, Pα

ij(ni, nj) does not factorize in a sparse graph. Indeed, on a dense network,
where the connectivity grows with N , the joint distribution Pα

ij(ni, nj) should simply
obey a factorization property of the kind:

Pα
ij(ni, nj) −−−→

N→∞
ηα(ni)ηα(nj). (3.28)

On the Bethe lattice the two-point joint probability on a given graph can be exactly
computed as:

Pα
ij(ni, nj) = 1

Ωα
ij

ηαi→j(ni)ηαj→i(nj)e−β
r
K
αijninj , (3.29)

where Ωα
ij is the normalization factor. Similarly to what we have done for the single

species marginal, we can define also for this two-species joint probability the sample
average as

Pα(n,m) ≡ 1
|E|

∑
(ij)∈E

Pα
ij(n,m), (3.30)

where both n and m represent species abundances and the summation runs over all
edges in a given graph. The disorder average is defined as

P (n,m) ≡ Pα(n,m). (3.31)

The contour plots showing the behaviour of P (n,m) in the plane (n,m) are reported
on the two left panels of Fig. 3.6 for two different values of the standard deviation:
σ̂ = 0.02, in the Gaussian regime, and σ̂ = 0.20, in the non-Gaussian regime.
On the right panels of Fig. 3.6 we show the contour plot of P (n,m)−η(n)η(m) for the

same two different values of σ̂. It is clear that P (n,m) 6= η(n)η(m) and the presence
of either correlations or anticorrelations can be fully appreciated. This is an important
difference compared to the fully-connected case where there are no correlations between
different species. In Fig. 3.7 we compare P (n,m) for n = m with η(n)η(n) in order to
highlight again the relevance of correlations. In particular, looking at the case σ̂ = 0.20
in Fig. 3.7, we see that P (n, n) < η(n)η(n) at small values of n, which means that
positive (competitive) interactions dominate the average correlation. On the contrary
we find that for large values of the abundances one has P (n, n) > η(n)η(n): in this
regime negative (mutualistic) interactions are the dominant ones. From the study of
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Figure 3.6: Left: Contour plots for the joint distribution P (n,m), see Eq.(3.31), for σ̂ = 0.02,
in the Gaussian regime (top), and σ̂ = 0.20, in the non-Gaussian regime (bottom). Right:
connected correlation function P (n,m)−η(n)η(m) for σ̂ = 0.02 (top), and σ̂ = 0.20 (bottom).
Correlations are different from zero, at variance to what happens in the fully connected case.
For all the panels µ̂ = 0.1, T = 1 and N = 256. We averaged over 30 disorder realizations.
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P(n, n)
η(n)η(n)
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Figure 3.7: Normalized sections of P (n, n) and η(n)η(n) for σ̂ = 0.02, Gaussian regime, and
σ̂ = 0.20, non-Gaussian regime. We have non trivial correlation effects differently from the
fully connected case for which P (n, n) = η(n)η(n). Also here µ̂ = 0.1, T = 1, N = 256 and
we averaged over 30 disorder realizations.

the connected probability P (n, n)− η(n)η(n) it is therefore clear that non-Gaussianity
affects (in a non trivial way) also the correlations when the disorder parameter σ̂ is
increased.
In order to separate the effect on correlations of competitive and mutualistic inter-

actions, we have then studied the function P (n,m) − η(n)η(m) in the specific cases
of either exclusively positive (αij > 0) or exclusively negative (αij < 0) interactions.
Namely, we have specialized the average of Pα(n,m) with respect to the sign of the
interaction:

P (+)(n,m) = Pα(n,m)
∣∣∣
{αij>0}

,

P (−)(n,m) = Pα(n,m)
∣∣∣
{αij<0}

.
(3.32)

The results for P (+)(n,m) and P (−)(n,m) in the case σ̂ = 0.20 are shown in Figures 3.8,
3.9: it is clear that competitive (positive sign) interactions lead to anti-correlations,
while mutualistic (negative sign) interactions induce positive correlations.

3.4.2 Absence of glassiness for increasing disorder σ̂

Let us recall that on fully-connected networks with symmetric interactions [26] a
multiple-equilibria phase is found at T > 0 for any positive µ, provided that σ is
large enough, before the transition to an unbounded growth phase, which takes place
at even larger values of σ̂. On the contrary, what we find here is that, on sparse
networks, for finite temperatures and for µ̂ = 0.1, by increasing σ̂ the system passes
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Figure 3.8: Connected correlation function for exclusively competitive P (+)(n,m)−η(n)η(m)
interactions, for σ̂ = 0.20. The system size is N = 256 and we averaged over 30 disorder
realizations.

Figure 3.9: Connected correlation functions for exclusively mutualistic P (−)(n,m)−η(n)η(m)
interactions, for σ̂ = 0.20. The system size is N = 256 and we averaged over 30 disorder
realizations.
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directly from the single equilibrium phase to the unbounded growth one, without any
signature of an intermediate glassy phase.
To assess this result, we have scanned, for 3 fixed temperatures, a much wider interval

of σ̂ than the one shown in Fig. 3.5. In particular, our results show that for µ̂ = 0.1
and temperatures T = 0.5, 0.75, 1.0, the BP equations always converge, and the system
transitions directly from a single-equilibrium phase to an unbounded growth regime as
σ̂ increases, without any intermediate multiple-equilibria phase, whose presence would
instead be signalled by a lack of convergence of the algorithm. This behaviour is
illustrated in Fig. 3.10, where we plot the fraction NUG/N as a function of σ̂, with
NUG denoting the number of species exhibiting unbounded growth and N the total
number of species. What we see in Fig. 3.10 is that the transition from the single-
equilibrium phase to the unbounded-growth one arises around σ̂ = 0.35. Since the
assessment of a transition from a single-equilibrium phase to an unbounded growth
one, without passing through a glassy phase, is crucial, we need to clarify what is the
conventional definition of unbounded growth (UG) on a sparse topology.
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Figure 3.10: Fraction of species that grow indefinitely, for three different temperatures, for
µ̂ = 0.1 and N = 128. Around σ̂ ∼ 0.35 the fraction becomes finite (it deviates from the
dashed grey line that represents NUG = 0) and the unbounded growth phase appears. For
each point in the plot we considered 30 disorder realizations.

Detecting the Unbounded Growth phase

In fully connected models [28], all species behave identically, so that the UG phase is
characterized by the unbounded growth of all species. On the contrary, in sparse net-
works species have an heterogeneous behaviour: some species may exhibit unbounded
growth while others remain bounded. We can therefore explicitly identify which and
how many species diverge. In this context, we have defined the UG phase as the re-
gime in which at least one species undergoes unbounded growth. In order to state that
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a certain species has undergone unbounded growth we analyze its equilibrium mar-
ginal which, we recall, is studied in the finite interval [0, nmax]. If, after convergence,
the marginal distribution for a given species j accumulates at the right boundary, i.e.
ηj(nmax− 1) > 0, we increase nmax and repeat the iteration procedure. If this accumu-
lation persists for any value of nmax, the species j is considered to be in the unbounded
growth phase.
Let us stress that the transition to the UG phase that we identified in Fig. 3.10

does not depend on the choice of nmax. In order to highlight that, here we show the
differences on the final marginals in the single fixed point phase and in the Unbounded
Growth phase. In Fig. 3.11 we show the marginal probabilities on a given network
for three different species in the unique fixed point phase. If nmax is too small, the
marginals for some species will be wrong: we detect the error looking if there are some
species for which ηi(nmax − 1) 6= 0. However, enlarging nmax will then correct the
marginal. Once we identify a value of nmax such that ηi(nmax) = 0 inside computer
precision, enlarging nmax further will have no effect on the marginals: this is a clear
indication of the fact that the solution found for the BP equations is not influenced by
our numerical implementation, as long as nmax is large enough.
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Figure 3.11: Marginals ηαi (n) for three species changing nmax in the unique fixed point phase.
In the unique fixed point phase, if nmax is too small, the marginals for some species will be
wrong: we detect the error looking if there are some species for which ηi(nmax − 1) 6= 0,
as happens for species 1 in the figure. Enlarging nmax will then correct the marginal. The
interaction matrix here has parameters µ̂ = 0.1, T = 0.2, σ̂ = 0.20, N = 200.

The behaviour in the unbounded growth phase is instead different. The numerical
implementation of the BP equations with finite nmax is converging even in the unboun-
ded growth phase. However, once implemented with a finite nmax, the BP equations
are searching a solution for the marginal distributions generated not by the original
Hamiltonian in eq. (3.5), but by a modified Hamiltonian in which we are manually
injecting a reflecting wall at n = nmax. While in the unique fixed point phase the final
marginals are independent on the value of nmax as long as it is large enough, in the
Unbounded Growth phase some marginals will always depend on nmax, irrespectively
on how large nmax is, and in particular they will always have ηi(nmax−1) ' 1, as shown
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in Fig. 3.12: this is a clear evidence that the abundance distribution for nmax → ∞
would run off to infinity.
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Figure 3.12: Marginals ηαi (n) for three species changing nmax in the Unbounded Growth
phase. While for some species changing nmax does not change their marginals, like species 1
in the figure, some other species have ηi(nmax − 1) ' 1 irrespectively on the value of nmax,
like species 3. The interaction matrix here has parameters µ̂ = 0.1, T = 1, σ̂ = 0.5, N = 200.

In order to provide further evidence of the consistency between our results and others
from the literature, we have also computed, in the single equilibrium phase, the survival
probability Φ, i.e., the ratio between the number of surviving species and the total
number of species, and the average population abundance M = ∑N

i=1Mi/N , as a
function of the disorder strength σ̂. Data for Φ and M are shown respectively in
the upper and the lower panel of Fig. 3.13. In both panels the behaviour of the
corresponding observable is represented up to the value of σ̂ at which unbounded
growth is found (see Fig. 3.10). These results are consistent with those presented in
other works [28, 72]: increasing the interactions heterogeneity σ̂ both the fraction of
extinctions 1− Φ and the mean species abundance M of the ecosystem increase.

3.5 Multiple equilibria at zero disorder: topological glass
phase

In Sec. 3.4, we showed that, in sparse ecological networks, there is no multiple-equilibria
phase emerging upon the increase of σ̂ for µ̂ = 0.1. However, for a sparse interaction
network, it was recently shown in [71] that, at zero temperature (T = 0) and zero
interaction disorder (σ = 0), there is a transition from single to multiple equilibria at
the critical value:

µ̂c = 1
2
√
k − 1

, (3.33)

where k is the connectivity of the graph. This is a quite peculiar transition to a multiple-
equilibria phase, since it is not due to disordered interactions (as we are considering the
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Figure 3.13: We show, for µ̂ = 0.1 and N = 128, and three different temperatures, the
survival probability Φ and the mean abundance M , varying σ̂ up to the appearance of the
unbounded growth phase. For each point in the plots we considered 30 disorder realizations.

σ = 0 case) but rather to high competition between species. For µ̂ > µ̂c, the increased
competitive interactions cause the phase space to fragment into a large set of different
equilibrium states, each characterized by the extinction of a different set of species and
different pools of surviving ones. This kind of transition is absent in fully-connected
models, it is peculiar of sparse topologies.
In ref. [71], the transition point µ̂c is exactly located looking at the local stability of

the single equilibrium phase. Very briefly and referring to [71] for further details, the
authors study the stability of the single-equilibrium by analyzing the spectrum of the
stability matrix αij = δij+ µ̂Aij, where Aij is the adjacency matrix of a random regular
graph with size N and connectivity k. At large N , the minimal eigenvalue of Aij is
λAmin = −2

√
k − 1. Therefore the minimal eigenvalue of αij is λαmin = 1 − 2µ̂

√
k − 1

and the critical value of µ̂ which determines the transition from a stable to an unstable
single-equilibrium is µ̂c = 1/2

√
k − 1, which corresponds to Eq. 3.33.

Motivated by the results of [71], we analyze the same transition, adding a finite
temperature T > 0, in order to see how the presence of demographic noise influences
such a transition.
First, in Sec. 3.5.1, we study the transition through the equilibrium solutions of BP

and then, in Sec. 3.5.2, we simulate the Langevin dynamics.

3.5.1 Zero-disorder phase diagram from Belief Propagation equations

As already anticipated in Sec. 3.4.2, the standard criterion to assess the transition from
a single-equilibrium to a multiple-equilibria phase is the lack of convergence of the BP
algorithm (Sec. 3.3.1). This failure to converge means that, as we discussed in Sec. 3.3,
the equations derived by assuming the existence of a single equilibrium state are not
appropriate to describe the equilibrium thermodynamics of the system and more com-
plicated replica-symmetry-breaking ansatzs (multiple-equilibria adapted assumptions
on the equilibrium distribution) are needed to study the cavity marginals [43]. On
the basis of this criterion we have computed, for the zero disorder case, σ̂ = 0, the
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critical line in the plane (µ̂, T ) which separates the single equilibrium phase from a
multiple-equilibria one: data are shown in Fig. 3.14. We highlight that a linear extra-
polation of the transition line down to T = 0 nicely matches the critical value µ̂c found
in [71]. The extrapolation is needed because the BP equations at finite temperatures
have notoriously a pathological behaviour in the T → 0 limit.
The multiple-equilibria phase found upon increasing µ̂ at zero disorder is quite dif-

ferent from the multiple equilibria phase found upon increasing σ at finite T in the
fully-connected case [26]. In the sparse network the presence of many equilibria is
determined by the following mechanism: when µ̂ > µ̂c(T ) the interactions between
species become too competitive and this causes the extinction of some species. For
even higher values of µ̂ the graph breaks into disconnected groups of surviving species.
Since all species are equivalent, because they have the same number of neighbours and
identical interactions, which species go extinct and which survive solely depend on the
initial values of the marginals and on thermal fluctuations. In particular, different
instances of the thermal noise can lead to the extinction of different subsets of species
in the sparse network, giving rise to a glass phase which we have termed topological,
due to its heterogeneous nature specifically tied to the sparseness of the network and
which has no counterpart in dense networks. In Fig. 3.14 the critical line for the trans-
ition from single to multiple equilibria is plotted in the (µ̂, T ) plane: the critical value
µc(T ) decreases by increasing the temperature. This result can be easily understood
as thermal fluctuations enhance the extinction of some species, shifting µ̂c further to
the left as temperature increases.

Multiple Equilibria Phase

Single Equilibrium Phase

0.33 0.34 0.35
0

0.2

0.4
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1

Figure 3.14: Transition line from single to multiple equilibria in the (µ̂, T ) space, with σ̂ = 0.
The transition line has been computed for N = 256.
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3.5.2 Zero-disorder phase diagram from Langevin Dynamics

In order to validate the equilibrium results obtained for the zero disordered case by
means of the Belief Propagation algorithm, we simulated the Langevin dynamics at
finite temperature. In this context, the Langevin dynamics is employed as a tool to
sample the exact equilibrium distribution of the system without any of the assumptions
at the basis of the cavity method, which is exact only in the N → ∞ limit. More
precisely, we used a generalization of the Runge-Kutta method for stochastic dynamics
to integrate the following set of Langevin equations:

dni(t)
dt

= r

K
ni(t)

[
K − ni(t)− µ̂

∑
j∈∂i

nj(t)
]

+ ξi(t), (3.34)

where the noise variance is

〈ξi(t)ξj(t′)〉 = 2Tδijni(t)δ(t− t′). (3.35)

Following [26] we have introduced a reflecting wall condition at ni = λ for each species.
We have found that the results from Langevin dynamics are in agreement with the

results obtained from the Belief Propagation equations. In the phase which, accord-
ing to BP, is of single-equilibrium, the Langevin dynamics produces trajectories with
small fluctuations and no extinctions. On the contrary, as soon as one tries to run
the Langevin dynamics in the multiple-equilibria phase, an abrupt spreading of ni(t)
trajectories is found, accompanied by the immediate appearing of extinctions. This
peculiar behaviour is shown in the panels of Fig. 3.15: data are taken from the simula-
tions of a random regular graph with N = 256 species and the value of the parameters
µ̂ and T corresponding to each panel is indicated with a symbol (different in shape and
color) in the (µ̂,T ) phase diagram in the center.

Let us comment the simulations of dynamics in Eq. (3.34) by starting from the T = 0
case. By looking at the panels at the bottom of Fig. 3.15 corresponding to T = 0 and
µ̂ = 0.35, 0.353, it is clear that Langevin dynamics converges to the same abundance
value for every species. On the contrary, the bottom-right panel of Fig. 3.15, corres-
ponding to T = 0 and µ̂ = 0.358, clearly shows the appearance of extinctions and
the spreading of ni(t) trajectories, consistently with the nature of the topological glass
phase discussed above. The same transition from a single-equilibrium to a topological
multiple-equilibria phase is found by increasing the temperature at fixed µ̂, provided
we choose a value µ̂ < µ̂c(T = 0), i.e., smaller than the critical one at zero temperature.
This is clearly shown by the two top-right panels, corresponding to (µ̂ = 0.35, T = 0.6)
and to (µ̂ = 0.353, T = 0.2), which show a spreading of ni(t) and the appearance of
extinctions, at variance with the behaviour of trajectories at the same values of µ̂ and
T = 0. All panels in Fig. 3.15 represent trajectories of abundances ni(t) obtained at
different values of µ̂ and temperature T by exploiting the same initial conditions and
stochastic noise realization. Clearly, different initial conditions and different realization
of the noise would have led to the extinction of different species. Finally, by comparing
the top-left panel (µ̂ = 0.33, T = 0.6) to the top-central one (µ̂ = 0.35, T = 0.6) of
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Fig. 3.15, it is clear how the same transition from single to multiple equilibria can be
found by increasing µ̂ at fixed temperature.

While the results of Langevin dynamics are perfectly compatible with the results ob-
tained from the Belief Propagation equations, we want to stress that from the Langevin
approach the transition line between single and multiple equilibria cannot be defined
as sharply as from the lack of convergence of BP, which turns out to be a much more
powerful tool to study this phase diagram.
We also want to point out that it is not always true that as long as extinctions appear,

the single equilibria breaks into multiple equilibria states. In fact, we showed that at
low µ̂ and high enough σ̂, there are extinctions but the single equilibrium phase is the
only stable phase, see Fig. 3.13.

3.5.3 A re-entrant transition

We have shown that in the case of a sparse interaction network it is possible to find
a topological glass phase, characterized by the presence of extinctions. In this phase,
at variance with the glass phase typically found in fully-connected models, frustration
is due to highly competitive interactions rather than disordered ones. To fully char-
acterize the transition line in the plane (µ̂, T ) at σ = 0, we studied the convergence
of the BP algorithm varying the temperature for four fixed values of the (ordered)
interaction strength: µ̂ = 0.1, 0.15, 0.2, 0.3. At µ̂ = 0.1 we are able to heat up the
system without ever losing convergence of the algorithm, a signal that no glassy phase
is encountered. Instead, at µ̂ = 0.15, 0.2, 0.3, we find a critical temperature that di-
vides a single-equilibria phase from a multiple equilibria one increasing T from low
temperature, T down

c (µ̂) (black dots in Fig. 3.16), and another critical temperature that
divides a single-equilibria phase from a multiple equilibria one decreasing T from high
temperature, T up

c (µ̂) (red dots in Fig. 3.16). These findings suggest the following scen-
ario: there is a critical line enclosing the topological glass phase which starts at µ̂c at
T = 0, moves at smaller µ̂ for increasing T and then bends to the right at a critical
value of the interactions strength µ∗ which, according to our study, must be located
in the interval 0.1 < µ∗ < 0.15 and goes to some horizontal asymptote at a certain
critical temperature that we have not precisely located. We have just assessed that
this temperature must be smaller than T = 15, since we have checked that at this
temperature the system is in the replica symmetric phase for any µ̂. The re-entrant
transition in the (µ̂, T ) plane is pictured as a gray dashed line in Fig. 3.16.

From a general perspective, the critical line sketched in Fig. 3.14 represents an
ergodicity-breaking transition remarkably different from the standard replica-symmetry-
breaking transition found in fully-connected graphs. In the latter case the transition
from single to multiple equilibria is always triggered by the decrease of thermal fluc-
tuations. In contrast, the sparse gLV model exhibits the opposite behaviour. The
reentrant transition of Fig. 3.16 is very similar to the inverse freezing transition, present
in the Random Blume-Capel model [75, 76]. It is known that, in order to have an
inverse-freezing transition, it is essential the presence of active and inactive nodes,
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that are modeled as bosonic spins that can take values (+1,−1, 0) in the Blume-Capel
model, while in the sparse gLV the active and inactive nodes correspond to surviving
and extincted species.

Multiple Equilibria Phase

Single Equilibrium Phase

●

●
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●

●

●

0.1 0.15 0.2 0.3
0

2

4

6

8

10

Figure 3.16: Transition line, at σ̂ = 0, between the single equilibrium and the multiple
equilibria phase. The blue line reproduces the transition line from Fig. 3.14. The black
dots are the transition points T down

c found by increasing the temperature from below, while
the red dots correspond the transition points T up

c found by decreasing the temperature from
above. Based on these points, we suggest that the transition line eventually bends to the
right, forming a nose-like shape, which we represent as the grey dashed line in the figure.

3.6 Continuous gLV model at zero disorder

Let us emphasize that all the calculations in the previous sections were carried out for
discrete variables, i.e. discrete species abundances. In this setting, one considers ni as
the actual number of individuals of a species: extinction (ni = 0), a single individual
(ni = 1), or a generic population size ni = n. This approach is motivated by the
very meaning of abundance as the number of individuals in a population. However, it
is not the most common perspective in the literature, where species abundances are
often treated as continuous variables taking values in the interval [0, 1], interpreted
as relative abundances. The latter choice is natural in several contexts, for instance
in microbial ecology, where sequencing techniques measure gene frequencies across
samples. In such cases, abundances are expressed as relative frequencies, naturally
taking continuous values. Assuming that ni is a continuous variable is also consistent
with the mathematical structure of the gLV equations, which are properly defined for
continuous variables. It is therefore worth to study whether and to which extent the



3. Generalized Lotka-Volterra model on sparse interaction networks 73

choice of a continuous rather than discrete ni affects the results so far presented for the
equilibrium phases of the model. In this section we show that adopting a continuous
formulation of BP, as done in [77], leads to equivalent results.
Recall that the BP update rule for cavity messages ηi→j(ni), as introduced in Ref. [70]

and Sec. 3.3.1, reads:

ηi→j(ni) ∝
1

ni + ε
exp

{
−βr

(
n2
i

2K − ni
)} ∏

k∈∂i\j

∑
{nk}

ηk→i(nk) exp
{
− β r

K
αikni nk

} ,
(3.36)

where ε > 0 prevents divergences at ni = 0 that would otherwise make the distribu-
tion non-normalizable. Notice that Eq. (3.36) is written in a discretized space, which
is why the expression involves sums (∑{nk} ...) rather than integrals. In previous sec-
tions, we used r = 1 and K = 280, with K representing the carrying capacity, i.e. the
stationary abundance of a species in isolation.
For continuous variables, Eq. (3.36) must be rewritten replacing sums with integrals.

In this case one adds an immigration term λ to the dynamics to regularize behaviour
at ni = 0, replacing the term (ni + ε)−1 of Eq. (3.36) with nβλ−1

i . The BP recursion
then, with K = 1 and r = 1, takes the form:

ηi→j(ni) = 1
zi→j

nβλ−1
i exp

{
−β2 (n2

i−2ni)
} ∏
k∈∂i\j

(∫ ∞
0

dnk ηk→i(nk) exp
{
− βαikni nk

})
.

(3.37)
So far we have considered the cavity marginals ηi→j(ni), which are the probability

distributions for the abundance of species i once we cut the edge with species j. Now,
we introduce for convenience another cavity marginal, which we denote η̂i→j(nj). This
cavity marginal is the distribution of the abundance of species j once all its edges,
except the one with i, are cut. This new cavity marginal is defined as:

η̂i→j(nj) ∝
∫ ∞

0
dni ηi→j(ni) exp

{
− βαijni nj

}
. (3.38)

In particular, inserting Eq. (3.37) into Eq. (3.38), we get:

η̂i→j(nj) ∝
∫ ∞

0
dni n

βλ−1
i exp

{
− β

2 (n2
i − 2ni)

}
exp

{
− βαijni nj

} ∏
k∈∂i\j

η̂k→i(ni),

(3.39)

which can be rewritten as

η̂i→j(nj) ∝ exp
{
β

2 (1− αijnj)2
} ∫ ∞

0
dni n

βλ−1
i exp

{
− β

2 (ni − 1 + αijnj)2
} ∏
k∈∂i\j

η̂k→i(ni).

(3.40)

In order to analyze the integral part of Eq. (3.40), let us split it at some δ > 0:

Ii→j(nj) =
∫ δ

0
dni n

βλ−1
i exp

{
− β

2 (ni − 1 + αijnj)2
} ∏
k∈∂i\j

η̂k→i(ni)+
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+
∫ ∞
δ

dni n
βλ−1
i exp

{
− β

2 (ni − 1 + αijnj)2
} ∏
k∈∂i\j

η̂k→i(ni). (3.41)

For δ � 1, the first contribution, i.e. the integral between 0 and δ, can be approx-
imated as:

Iδi→j(nj) = exp
{
− β

2 (1− αijnj)2
} ∏
k∈∂i\j

η̂k→i(0)δ
βλ

βλ
, (3.42)

where we performed the integration of the factor nβλ−1
i over the interval [0, δ], while

approximating the remaining part of the integrand by its value at ni = 0.
Substituting Eqs. (3.41) and (3.42) into Eq. (3.40), we obtain the BP update rule for

the cavity messages η̂i→j:

η̂i→j(nj) = 1
ẑi→j

[
δβλ

βλ

∏
k∈∂i\j

η̂k→i(0)+

+
∫ ∞
δ

dni n
βλ−1
i exp

{
− β

2 (n2
i − 2ni)

}
exp

{
− βαijninj

} ∏
k∈∂i\j

η̂k→i(ni)
]
.

(3.43)

In Eq. (3.43) we have thus managed to compute the contribution in the surrounding
of ni = 0 considering continuous variables and performing an integral, see Eq. (3.42).
However, for the remaining part of the domain of integration [δ,∞], we need to compute
the integral by discretizing.
Importantly, once the messages η̂i→j are determined, the cavity marginals ηi→j follow

directly, as we can see by rewriting Eq. (3.37) as:

ηi→j(ni) ∝ nβλ−1
i exp

{
− β

2 (n2
i − 2ni)

} ∏
k∈∂i\j

η̂k→i(ni). (3.44)

In order to do an analogous analysis of Sec. 3.5, we can then analyze convergence
directly at the level of η̂i→j. In particular, for σ̂ = 0 and competitive interactions µ̂ > 0,
species abundances will never be larger than the carrying capacities, which in this case
are all set to be 1. This means that the integral

∫∞
δ in Eq. (3.43) can be restricted to

the interval [δ, 1]. Discretizing this interval we can compute the integral numerically.
In Fig. 3.17 we show the transition from the single-equilibrium to the multiple-

equilibria phase in the (µ̂, T ) plane, for σ̂ = 0. As in Sec. 3.5.1, the transition to
the multiple-equilibria phase is signalled by the non convergence of the iteration al-
gorithm for which the update rule is given by Eq. (3.43).
The shape of the phase diagram of Fig. 3.17 is identical to the case with discrete

variables. In both cases, the critical value of µ̂ at which the transition appears ap-
proaches µ̂ ' 0.353 when T → 0, consistently with the result of [28] (see Eq. (3.33)).
The only difference between the discrete (Fig. 3.16) and the continuous case (Fig. 3.17)
lies in the values of the temperature T . This follows from the value of the carrying
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Figure 3.17: Transition line, at σ̂ = 0, between the single equilibrium and the multiple
equilibria phase. We see that, as in Fig. 3.16, the transition line has a nose-like shape.

capacity K, which rescales the abundances. We can understand this by looking at the
stochastic gLV equations. In fact, the gLV dynamics reads

dni(t)
dt

= ni(t)
K

[
K − ni(t)−

∑
j∈∂i

αijnj(t)
]

+
√

2Tni(t)ξi(t), (3.45)

with ξi(t) Gaussian white noise. Rescaling abundances as ñi = ni/K yields

dñi(t)
dt

= ñi(t)
[
1− ñi(t)−

∑
j∈∂i

αijñj(t)
]

+
√

2 T
K
ñi(t)ξi(t). (3.46)

Thus, the effect ofK is simply to rescale the temperature by a factor 1/K. Accordingly,
the “nose-tip” of Fig. 3.16 appears around T = 8, while in Fig. 3.17 it is located at
T = 0.028 = 8/280.

3.7 Conclusions

In this chapter we have studied the equilibrium thermodynamics of the generalized
Lotka-Volterra (gLV) model on a sparse random graph with quenched disordered inter-
actions, with particular attention to the behaviour of species abundance distributions.
By exploiting the cavity method and the Belief Propagation equations, we have studied
the properties of the gLV model on a locally tree-like random graph with small and fixed
connectivity k, varying three parameters: the average interaction strength µ̂, the width
σ̂ of the randomly distributed disordered couplings and the extent of thermal fluctu-
ations, parametrized by the temperature T . Our first important observation has been
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that, by increasing σ̂ at finite and small µ̂ and finite temperature, the abundance mar-
ginal distributions become strongly non-Gaussian while staying in a single-equilibrium
phase. In models with the same sort of random couplings but living on a dense net-
work, there is by construction no room for non-Gaussian effects. We have thus argued
that this result is purely due to the sparsity of the network, therefore providing a new
perspective on the emergence of non-Gaussian and Gamma-like distributions in ecolo-
gical systems. In particular, the finding of Gamma-like marginals is strongly consistent
with the empirical observations from real ecosystems [30, 60]. We have observed non-
Gaussian effects also in two-species joint probabilities, due to the emergence of non
trivial correlations. In addition to the observation of these non-Gaussian effects in the
single equilibrium phase, we have ascertained that by further increasing σ̂ for the same
choice of µ̂ and T the glass phase usually found in fully-connected networks is never
met: on the Bethe lattice with fixed and small connectivity, at small values of µ̂, upon
increasing σ̂ the system has a transition from the single-equilibrium phase directly to
the unbounded growth one.

After having studied the effect of varying σ̂ at fixed µ̂, we focused on the model
behaviour at zero disorder, σ̂ = 0, varying both the temperature T and the average
strength µ̂ of the ordered interactions. Doing so, we have extended the zero temperature
results of [71], showing that the formation of the topological glass phase pointed out
in [71] at T = 0 for high enough interaction strength, µ̂ > µ̂c, is robust against the
introduction of temperature. This phase emerges due to the occurrence of extinctions,
resulting from high competition within the system (large µ̂). The higher is µ̂, the larger
is the amount of extinctions, which eventually determines the formation of disconnected
groups of surviving species and the freezing of the system into a configuration where
a certain number of species have gone extinct, forming non-communicating islands of
surviving ones. The pattern of surviving/disappearing species strongly depends on
the initial conditions and the sequence of thermal fluctuations, so that there is a huge
multiplicity of possible target stationary states: that is why it makes sense to talk
about a glass phase, but of very different nature compared to the one induced by the
disordered couplings in fully connected networks [26].
The main outcomes of our investigation have been the highlight of realistic non-

Gaussian effects in the single-equilibrium phase and the uncovering of a non-trivial
glass phase at finite temperature and in the absence of disorder, therefore questioning
two of the main ingredients of the models so-far used to mimic the behaviour of large
ecosystems: dense networks and large fluctuations in the disordered couplings. From a
model-building perspective, we provided the evidence that the study of sparse networks
offers a new avenue for understanding the behaviour of large ecosystems within a more
realistic framework.
The transition to the topological multiple-equilibria phase observed in the sparse

system requires deeper investigation. We previously argued that, for sufficiently large
values of the competition strength µ̂, a glassy phase emerges. Up to this point, our
analysis, based on the replica-symmetric (RS) formulation of the Belief Propagation
algorithm, has only indicated that beyond the transition, the system is no longer in
a single-equilibrium phase. In the language of replica theory, this means the system
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leaves the RS phase and begins to exhibit features characteristic of replica symmetry
breaking (RSB). But at this point other questions arise: which type of RSB phases
arise? Can we characterize them? Is the transition towards a 1RSB phase or the
system passes directly to a full replica symmetry breaking phase?
The next chapter will be devoted to investigating the nature of the RSB phase that

emerges beyond the transition line in Fig. 3.14. In particular, the standard BP equa-
tions become inadequate for analyzing the multiple-equilibria regime, and we will in-
troduce their replica-symmetry-breaking (RSB) extension.





4
Exploring the gLV multiple-equilibria phase

In Chapter 3, we investigated the generalized Lotka-Volterra model on a locally tree-like
random graph with finite connectivity, using the Cavity method and Belief Propagation
(BP) equations. Within the region of the phase diagram where BP converges, we
were able to study the marginal distributions of each species of the ecosystem and to
characterize the phenomenology of sparse ecological communities. However, as shown
in Sections 3.5 and 3.6, BP does not always converge. Its failure to converge indicates
that, in those regions of parameter space, the thermodynamics cannot be captured by
a single equilibrium state. To explore these regimes, where multiple equilibria emerge,
in this chapter we introduce the one-step replica symmetry breaking (1RSB) Cavity
method.
As discussed in Secs. 3.5, 3.6, the lack of convergence of the Belief Propagation equa-

tions typically signals the formation of many distinct equilibrium states, each associated
with its own Boltzmann weight. In such a scenario, the assumption of a single Gibbs
measure, at the basis of the replica-symmetric (RS) BP algorithm, becomes inconsist-
ent. In presence of multiple equilibria, two main situations are commonly encountered:
a fragmentation of configuration space following a one-step replica symmetry breaking
(1RSB) pattern, characterized by many disjoint and well distinguished basins, and a
full replica symmetry breaking (FRSB) structure, where equilibria form a hierarchical
landscape. While the Belief Propagation algorithm cannot be easily adapted to the
latter case, a modified version exists for the 1RSB scenario.
In Chapter 3 (see Fig. 3.14), we identified the transition line separating the single-

equilibrium phase, where BP converges to the unique fixed-point of the system, from
the multiple-equilibria phase, where BP fails to converge and no longer provides a valid
description. This transition arises in sparse ecosystems with homogeneous interactions
(σ̂ = 0) under strong competition (large µ̂). In this chapter, we therefore introduce
and apply the one-step replica symmetry breaking (1RSB) Cavity method to study the
nature of this peculiar multiple-equilibria phase.

79
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4.1 1RSB Cavity Method

In order to introduce the 1RSB cavity method, let us first recall that the Hamiltonian
which governs the thermodynamics of the gLV model is of the form:

H(n) =
N∑
i=1

hi(ni) +
∑

(ij)∈E
hij(ni, nj), (4.1)

where n denotes the vector of species abundances, hi(ni) and hij(ni, nj) are the field
and interaction terms and E represents the set of edges in the interaction network.
Defining

ψi(ni) = exp (−βhi(ni)) ψij(ni, nj) = exp (−βhij(ni, nj)) , (4.2)

the RS equations for the cavity marginals read:

ηi→j(ni) = ψi(ni)
zi→j

∏
k∈∂i\j

∑
{nk}

ηk→i(nk)ψik(ni, nk)
 = Fi→j[ηk→i, k ∈ ∂i\j], (4.3)

where zi→j is the normalization and Fi→j denotes the function which implements the
BP equations for the messages ηi→j.
In the presence of multiple equilibria, each characterized by its own equilibrium

measure, the RS BP equations (4.3) may either converge to different stationary points
depending on initial conditions or wander around these fixed points failing to ever
converge to one. The latter is the case of gLV sparse random networks in the topological
multiple-equilibria phase described in Sec. 3.5. We therefore need to have an algorithm
adapted to the situation.
The goal is actually to constrain the equations (4.3) to enter a single state and,

more generally, to sample all possible states. To achieve this, we employ the "coupled-
replicas" method introduced by Monasson [78]. The idea is to consider m copies (rep-
licas) of the system and introduce a weak coupling among them, so that all replicas fall
into the same state while remaining statistically independent within it. The coupling
is then sent to zero, restoring the original, unperturbed system but with all replicas
aligned in one particular state.
This procedure is analogous to selecting a magnetized phase in a ferromagnet: a

small positive or negative external field biases the system toward one of the two mag-
netization states, and removing the field afterwards leaves the system in the chosen
phase. However, unlike the ferromagnetic case where the two possible states are char-
acterized by their magnetization (+ or −), here the “label” of each state is unknown.
The infinitesimal coupling between replicas thus provides a way to align them within
a single state without specifying in advance which one.
For such a replicated system, since them replicas are independent inside a given state

a, their combined contribution to the free-energy is simply m times the free-energy of
a single replica. This means that the replicated partition function of the system reads
as:

Z(m) =
∑
a

e−mβF
a

, (4.4)
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where the summation is over all the states and F a represents the free-energy of state
a. The weight of each state, i.e. the probability that such state will be visited, is
wa ∝ e−mβF

a .
Within a single state a, BP equations (4.3) still hold, meaning that the equations for

the cavity messages ηai→j inside that state read

ηai→j = Fi→j[ηak→i, k ∈ ∂i\j], (4.5)

with fixed-point solutions ηai→j that vary from state to state. Our goal is to study the
distribution of such RS fixed points across the ensemble of states. This motivates the
introduction of a new object,

Qi→j(ηi→j),

the probability distribution of the cavity marginal distributions ηi→j. In this sense, the
1RSB equations go one step beyond the RS ones: instead of describing distributions
of species abundances (ηi→j), they describe distributions of distributions of species
abundances (Qi→j(ηi→j)). Higher levels of replica-symmetry-breaking follow the same
logic, with the 2RSB algorithm involving distributions of distributions of distributions,
and so on.
The 1RSB cavity equations for the distributions Qi→j, which are derived in detail in

App. E, are found to be

Qi→j(ηi→j) ∝
∑

{ηk→i}, k∈∂i\j
zmi→j({ηk→i})δ (ηi→j − Fi→j [{ηk→i}])

∏
k∈∂i\j

Qk→i(ηk→i).

(4.6)
In Eq. (4.6), the deltas δ (ηi→j − Fi→j [{ηk→i}]) impose that the cavity messages ηi→j

are solutions of the RS BP equations (4.3) and the term zmi→j correctly weights each
solution. Let us recall that zi→j is the normalization of the cavity marginals, as it is
shown in Eq. (4.3).
From Eq. (4.6), we see that the parameter m, introduced in Eq. (4.4) as the number

of coupled replicas, now appears as an additional variable of the system. Although m is
initially defined as an integer, an analytic continuation to real values is then performed.
After this analytic continuation, one finds that values m > 1 are unphysical, restricting
the parameter to the interval m ∈ [0, 1]. The details of this procedure are discussed
in [43].
Eq. (4.6) tells us that, for each directed edge i→ j, we have a different distribution

Qi→j of cavity messages. In particular, Qi→j is the probability distribution of the cavity
message ηi→j over the pure states, where each state has weight e−mβFa , as shown in
Eq. (4.4). This means that each Qi→j can be also written as a sum of deltas over all
the states:

Qi→j(ηi→j) =
∑
a

e−mβF
a

δ
[
ηi→j − ηai→j

]
. (4.7)
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4.1.1 Homogeneous 1RSB equations

The aim of this chapter is to characterize the multiple-equilibria phase that arises
in sparse gLV ecosystems under strong competition between species, in absence of
interaction disorder (σ̂ = 0). We focus on systems whose interaction network is a
Random Regular Graph, a locally tree-like random graph with fixed connectivity k = 3.
In such a graph, in absence of interaction disorder, all species are equivalent: each
species interacts with the same number of neighbours and through identical interaction
coefficients. For such a homogeneous system, where no local disorder is present, it is
then natural to assume that the distribution Qi→j is independent of the specific edge
i→ j. We can therefore replace Qi→j(ηi→j) with a single distribution Q→(η→), which
no longer carries explicit i, j indices. Rewriting Eq. (4.6) under this assumption, we
obtain:

Q→(η→) ∝
∑

{ηa1→ ,...,η
ak−1
→ }

z→({ηa1
→ , ..., η

ak−1
→ })mδ [η→ − F({ηa1

→ , ..., η
ak−1
→ })]

k−1∏
i=1

Q→(ηai→),

(4.8)
where k denotes the graph connectivity and z→ is the normalization of the cavity
marginals, which also does not depend on indices i, j. The term zm→ is a reweighting
factor, which assigns the proper statistical weight to each solution. Equation (4.8)
thus describes the distribution of all cavity messages. Rewriting also Eq. (4.7) for the
homogeneous case we get:

Q→(η→) =
∑
a

waδ [η→ − ηa→] , (4.9)

meaning again that Q→(η→) is a sum of deltas over the states.

4.1.2 Iteration procedure for the homogeneous 1RSB cavity equations

Let us now introduce the iteration procedure for the self-consistent homogeneous 1RSB
cavity equations (4.8). Following Eq. (4.9), the distribution Q→(η→) is defined as a
sum of delta functions over M possible states of the cavity messages η→. A message
labeled by a, i.e. ηa→, corresponds to the cavity message in state a, where a runs from
1 to M . During each iteration step, the set of messages ηa→ is updated, a correspond-
ing weight wa is assigned to each state and the cumulative distribution C(w) of the
weights is constructed. The introduction of the cumulative distribution ensures that
cavity messages with very small weights are not automatically discarded, even if their
contribution is small.
At the end of each iteration step the distribution Q→(η→) is completely defined by

two sets of variables: the set {ηa→} of cavity messages and the set {wa} of corresponding
weights.
In practice, once the parameters of the gLV system (µ̂ and T , with σ̂ = 0), the

number M of messages and the replica parameter m ∈ [0, 1] are fixed, the iterative
scheme proceeds as follows:
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Algorithm 1

1: Initialize Q→(η→) with a random set of M messages ηa→ and random normalized
weights wa.

2: Construct the cumulative distribution C(w) for the weights.
3: Extract one index a ∈ {1, ...,M}, corresponding to the state of the message to be

updated.
4: Using the cumulative distribution C(w), draw k−1 indices {a1, ..., ak−1} ⊂ {1, ...,M},

representing the states of the k − 1 neighbouring cavity messages required for the
update.

5: Update the message according to ηa→ = F({ηa1
→ , ..., η

ak−1
→ }), following Eq. (4.3).

6: Compute the non-normalized reweighting factor w̃a = zm({ηa1
→ , ..., η

ak−1
→ }) associ-

ated to ηa→.
7: Repeat steps 3-6 M times.
8: Normalize the weights as wa = w̃a/

∑M
a=1 w̃

a.
9: Update the weights cumulative distribution C(w) accordingly and return to step

3.

After each iteration step, once the distribution of cavity messages Q→(η→) has been
updated, we also compute the corresponding distribution Q(η) of marginal distribu-
tions. Let us recall that the RS equations for the marginal distributions, introduced in
Sec. 3.3, are given by

ηi(ni) = ψi(ni)
zi

∏
k∈∂i

∑
{nk}

ηk→i(nk)ψik(ni, nk)
 = Gi[ηk→i, k ∈ ∂i], (4.10)

where zi is the normalization and Gi denotes the functional form of the BP update for
the marginal distributions ηi.
In practice, to compute Q(η), at each iteration step we proceed as follows. For M

times, whereM is the fixed number of possible states of the system, we sample k cavity
messages {ηa1

→ , ..., η
ak
→} from the set of cavity messages in Q→(η→), using the cumulative

distribution C(w). This means that each message ηa∗→ is selected with probability equal
to its weight wa∗ . The updated marginal is then computed as ηb(n) = G({ηa1

→ , ..., η
ak
→}),

where b ∈ {1, ...,M} labels the M possible states of the marginals. After performing
this procedure M times, we obtain M marginal distributions ηbi(n) corresponding to
the M states bi (i = 1, ...,M). The distribution Q(η) is then given by the average over
all these marginals:

Q(η) = Qη(n) = 1
M

∑
bi,i∈{1,...,M}

ηbi(n). (4.11)

At the end of each iteration step of Algorithm 1, we compute both the set of marginals
{ηbi(n)} and their averaged distribution Qη(n). Convergence is reached when the
distribution Qη(n) converges.
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Up to this point, we have assumed a fixed value of the parameter m. However, m
is a variable of the system and is not determined a priori. Consequently, in order to
identify a stable 1RSB phase, the algorithm must be executed for different values of
the variational parameter m ∈ [0, 1]. For each value of m, once convergence is reached,
we compute the corresponding free energy (the explicit expression for its computation
is provided in App. E). By plotting the free energy as a function of m, we can then
determine its equilibrium value by selecting the minimum of the curve and identify the
corresponding value m = m∗ at which this minimum occurs.

4.1.3 Absence of a 1RSB phase for sparse and ordered gLV systems

Let us now apply all the 1RSB machinery introduced in previous sections to study
the topological multiple-equilibria phase that appears in sparse ecological networks as
the competition parameter µ̂ increases, at fixed temperature T and in the absence
of interaction disorder (σ̂ = 0). For clarity, we reproduce in Fig. 4.1 the transition
line, that was already shown in previous chapter in Fig. 3.14, separating the single-
equilibrium phase from the topological multiple-equilibria phase.

Multiple Equilibria Phase

Single Equilibrium Phase

0.33 0.34 0.35
0

0.2

0.4

0.6

0.8

1

Figure 4.1: Transition line from single to multiple equilibria in the (µ̂, T ) space, for σ̂ = 0.

Let us focus on the transition in Fig. 4.1 at temperature T = 1. For T = 1 the critical
value of the competition parameter µ̂ is found to be µ̂c = 0.3231. This means that
for µ̂ < 0.3231 the system remains in a single-equilibrium phase, while for µ̂ ≥ 0.3231
it enters a multiple-equilibria regime. We performed the 1RSB iteration procedure of
Sec. 4.1.2 for T = 1, considering two representative values of the competition para-
meter, µ̂ = 0.3230 and µ̂ = 0.3231. Figures 4.2 and 4.3 show the sets of marginal
distributions ηb(n), with b ∈ {1, ...,M}, obtained after 2000 iterations for two different
values of the parameter m, m = 1 and m = 0.1. The number of sampled states was
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set to M = 1000.
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Figure 4.2: Set of M = 1000 marginal distributions η(n) corresponding to the M possible
states of the system, computed after 2000 iterations for T = 1 and m = 1. Left: for
µ̂ = 0.3230, all marginals collapse onto a single curve. Right: for µ̂ = 0.3231, marginals
differ across states, indicating the emergence of multiple equilibria.

0 100 200 300 400
0.000

0.005

0.010

0.015

0.020

0.025

0 100 200 300 400
0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

Figure 4.3: Same as Fig. 4.2, but for m = 0.1. Set of marginal distributions η(n) for T = 1.
Left: for µ̂ = 0.3230, all marginals collapse onto a single curve. Right: for µ̂ = 0.3231,
marginals differ across states.

The difference between the two values of µ̂ is evident in both Figures 4.2 and 4.3.
For µ̂ = 0.3230 all marginal distributions corresponding to different states converge
collapsing to the same one, confirming that the system is in a single-equilibrium phase.
The situation changes at µ̂ = 0.3231. Here, the marginals associated with different
states are no longer identical: they display distinct shapes and ranges; some exhibit
extinction peaks at n = 0, while others do not. This clearly confirms that, for µ̂ ≥ µ̂c,
the system is no longer in the single-equilibrium phase.
However, the distribution Qη(n), defined in Eq. (4.11), fails to converge for µ̂ =

0.3231, for both m = 1 and m = 0.1. In practical terms, continuing the iteration
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causes the distribution Qη(n) to fluctuate indefinitely without ever converging. This
fact indicates that the 1RSB phase is not stable. We tested also intermediate values
of m and larger values of µ̂, obtaining the same behaviour: the distribution Qη(n)
never stabilizes. The analysis presented here focuses on T = 1, but equivalent results
are obtained for other temperatures. This lack of convergence signals the absence of
any stable 1RSB phase and suggests that the system instead enters a more complex
replica-symmetry-breaking regime.

4.2 Conclusions

In this chapter, we have investigated the topological multiple-equilibria phase, previ-
ously introduced in Chapter 3, which appears in sparse ecological networks in absence
of interaction disorder (σ̂ = 0) as the interaction strength µ̂ increases. An increase
in µ̂ corresponds to stronger competition among species and, beyond a critical value
µ̂c, which is plotted in function of temperature T in Fig. 4.1, extinctions start to oc-
cur. In this regime, the system is fully ordered: the interaction network is a Random
Regular Graph with fixed connectivity and, since σ̂ = 0, all the interactions are equi-
valent. Consequently, the particular set of extinct species depends only on the initial
conditions: different initial conditions lead to different equilibria, each characterized
by different sets of extinct and surviving species. For µ̂ ≥ µ̂c, the system thus passes
from a single-equilibrium regime to a multiple-equilibria one.
The multiple-equilibria phase found on the right of the transition line in Fig. 4.1

requires tools beyond those employed for the single-equilibrium regime in Chapter 3.
For this reason, we introduced and applied the one-step replica symmetry breaking
(1RSB) cavity method to analyze its structure and stability. Our results, based on the
absence of convergence of the 1RSB algorithm, indicate that the multiple-equilibria
phase is not of the 1RSB type. This suggests that additional levels of replica-symmetry
breaking are necessary, possibly infinite ones implying the emergence of a full replica
symmetry breaking (FRSB) phase.
The computational complexity of k-RSB cavity methods, however, becomes prohib-

itive for k ≥ 2. Nevertheless, as we already discussed at the end of Chapter 3, the
fact that both the replica-symmetric BP and the 1RSB equations never converge bey-
ond the critical line provides evidence that the multiple-equilibria phase observed here
could be a full replica symmetry breaking one, characterized by a fractal structure of
equilibria with small basins of attraction, which causes the RS and the 1RSB cavity
equations to wander indefinitely among such fixed points without ever converging [43].



5
Conclusions

The work presented in this thesis has explored the statistical mechanics of complex
ecological systems through the lens of disordered systems theory. Using the generalized
Lotka–Volterra (gLV) framework, we have studied the collective behaviour and stability
of large ecological communities in which species interact through sparse networks. Our
approach combined analytical and numerical techniques developed in the study of
disordered systems, adapting them to the description of ecological communities.
In Chapter 1, we introduced the general context and motivation of this work. We

discussed how ecosystems, composed of many interacting species and environmental
factors, display a level of complexity that challenges traditional approaches in theoret-
ical ecology. Within this perspective, statistical mechanics provides a natural language
to describe macroscopic observables such as abundance distributions and stability,
starting from microscopic interaction parameters. We reviewed the main models used
in Theoretical Ecology and introduced the generalized Lotka–Volterra (gLV) model as
the central theoretical framework. This model describes large ecological communities
through pairwise interactions encoded in a random interaction matrix whose elements
are Gaussian variables. Within this context, we presented the statistical-mechanical
approach to ecosystems and reviewed existing results for fully connected systems where
each species interacts with all others. In such dense networks, increasing interaction
disorder leads to the emergence of multiple-equilibria phases, where the configuration
landscape fragments into many distinct basins of attraction.
In Chapter 2, we developed the theoretical tools necessary to study fully connec-

ted disordered systems. We introduced key concepts from mean-field disordered sys-
tems theory, in particular the replica method, which provides a framework to analyze
multiple-equilibria phases in physics. We then focused on the spherical 2-spin model
perturbed by different types of nonlinearities, showing that only in the presence of
disordered nonlinear couplings the model develops a replica-symmetry-breaking equi-
librium configuration. We concluded the chapter by emphasizing that, while these
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techniques are fundamental to the study of ecosystems with dense interaction net-
works, they must be extended or replaced to capture the properties of more realistic
ecological systems characterized by finite connectivity.
In Chapter 3, we introduced the Cavity Method and the Belief Propagation (BP)

algorithm, tools specifically suited to study the stationary states of the gLV model on
sparse random networks. In this analysis, we considered species abundances as discrete
variables, corresponding to integer counts of individuals, and interactions mediated by
a locally tree-like random graph with fixed connectivity. Such a topology captures the
local structure of ecological interactions more realistically than the fully connected case.
We were able to characterize the marginal distributions of species abundances in the
region of the phase diagram where BP converges. This study revealed that, depending
on the parameters controlling stochastic fluctuations (T ) and the mean (µ̂) and vari-
ance (σ̂) of the interaction coefficients, the system exhibits distinct ecological regimes.
In particular, we identified a region at large interaction disorder σ̂ where the abund-
ance distributions are Gamma-like. This is a result consistent with empirical data and
different from the Gaussian-like distributions of fully connected models. Moreover, we
showed that, in sparse ecological networks, no multiple-equilibria phase appears upon
increasing σ̂, in contrast to dense systems. However, for σ̂ = 0, increasing the inter-
action strength µ̂, which controls the level of competition between species, leads to
non-convergence of the BP equations, signalling the emergence of a replica-symmetry-
breaking phase. This multiple-equilibria regime, driven by competition rather than
disorder, is qualitatively different from the one found in fully connected models. The
transition between the single-equilibrium and multiple-equilibria phases was also ana-
lyzed through direct numerical simulations of the stochastic gLV dynamics, confirming
our findings.
In Chapter 4, we extended our analysis to characterize this peculiar multiple-equilibria

phase emerging in highly competitive sparse ecosystems. We introduced the one-step
replica symmetry breaking (1RSB) Cavity Method, which is suitable for studying equi-
librium phases composed of many well-separated basins of attraction. The absence of
convergence of the 1RSB algorithm, together with that of the replica-symmetric BP
equations, in the parameter region corresponding to the multiple-equilibria phase sug-
gests that this regime is instead characterized by a more complex, possibly full replica
symmetry breaking (FRSB) structure, with a hierarchical organization of equilibria
and small basins of attraction.
The work presented in this thesis opens several directions for future research. From

an ecological perspective, a natural extension would be to study interaction matrices
that are not only sparse but also asymmetric, incorporating predator–prey interactions.
In this case, equilibrium statistical mechanics, and consequently the Cavity Method,
can no longer be applied, as the system is expected to evolve toward non-equilibrium
stationary states. A first attempt in this direction, focusing on sparse and asymmetric
interaction networks, has been carried out in [77]. Since the Cavity Method framework
is particularly well suited to the study of sparse networks, it would also be interesting
to extend it to spatially structured ecosystems, where nodes represent not different
species but different spatial patches or locations. Such an approach would make it
possible to capture the interplay between spatial heterogeneity and ecological stability.
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From the perspective of empirical ecology, the theoretical results presented in this
thesis provide a conceptual framework to interpret observed patterns in large ecological
communities. In particular, the emergence of non-Gaussian, Gamma-like abundance
distributions in sparse interaction networks offers a possible explanation for a widely
reported empirical feature of ecological data, which is not captured by fully connected
models. Moreover, the absence of disorder-driven multiple-equilibria phases in sparse
systems suggests that high variability in interaction strengths alone may not be suffi-
cient to induce instability in real ecosystems, where interactions are typically limited
and structured. Instead our results indicate that strong competitive interactions, com-
bined with network sparsity, can generate regimes characterized by many coexisting
equilibria, which may be relevant for interpreting variability and non-unique outcomes
observed in ecological data.
Altogether, the results presented here contribute to clarifying how sparsity shapes the

stability and phenomenology of large ecological systems. However, real ecosystems are
not only sparse: their interactions are asymmetric, adaptive, and embedded in complex,
dynamic networks. Understanding these features represents the next challenge, one
that this work has only begun to explore.





A
Details of computation for the 2-spin

spherical model with an ordered
non-linearity

In this Appendix we present in detail the computation of the quenched free energy of
the spherical 2-spin model with ordered 4-body non-linearity and we show its explicit
form in the replica-symmetric case.

A.1 Computation of the quenched free energy

The computation of the quenched free energy with the replica method requires the
knowledge of the replicated partition function, which is given by

ZnJ =
∫

Dσ exp
β 1,N∑
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 , (A.1)

where we have introduced the shorthand notation

Dσ =
N∏
i=1

n∏
a=1

dσai δ
(
N −

N∑
i=1

(σai )2
)

(A.2)

for the integration element over the replicated hypersphere.
By considering the J-dependent part of the expression (A.1), we perform the average
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over the coupling distribution as follows
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 .
We now retain only the leading contributions to the free energy density in the large N
limit, i.e. only terms of order O(1). In the expression
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we neglect the second sum, which leads to a O(1/N) correction to the free energy
density. Similarly in the following expression appearing in the ordered part of the
partition function (A.1)
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we neglect all the sums apart from the first one, since they lead to corrections of order
O(1/N), O(1/N2) and O(1/N3) respectively to the free energy density. Therefore, the
averaged expression of the replicated partition function at the leading order in N reads
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At this point of the calculation the partition function depends only on two global
parameters: the magnetization vector

ma = 1
N

N∑
i=1

σai (A.4)

and the overlap matrix with elements

qab = 1
N

N∑
i=1

σai σ
b
i . (A.5)

By definition the matrix Q is symmetric and positive semidefinite and its diagonal
elements are qaa = 1, due to the spherical constraint. These global parameters can
be introduced in the computation of the partition function by exploiting the following
identities

1 =
n∏
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∫
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N∑
i

σai

)
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with
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and
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with

Dq =
1,n∏
a<b

dqab , Dλ =
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a<b

N

2πidλab. (A.9)

where the delta functions have been opened through a Laplace transformation and the
conjugate variables of ma and qab have been introduced, respectively ρa and λab. Due
to the fact that Q is symmetric, the matrix Λ (with elements λab) is symmetric as
well. Note that in the last line of Eq. (A.8) the sums in the exponential have been
symmetrized .
By exploiting a similar relation, the spherical constraint, which until now has been

hidden in the definition (A.2), can be opened as follows
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Note that the previous expression for the spherical constraint perfectly matches with
Eq. (A.8). Hence, by neglecting constant prefactors and subleading contributions of
order O(lnN/N), the expression of the replicated partition function reads
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where now
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We notice that the spin dependent part of the action can be factorized with respect
to the site indices, yielding the following expression
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The Gaussian integral in the spin variables can be easily performed
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Note that the previous integral is well defined only after shifting the integration of the
Λ elements in order for them to have a negative real part. This shift does not affect
significantly the partition function. Eventually, by neglecting a constant, the partition
function can be written as
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where the effective action G has been defined as

G[Q,Λ,m,ρ] = −(βJ)2
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A.1.1 The Λ integration

The integrals in Eq. (A.13) can be performed through the saddle point method, which
is why we only retained terms of order O(1) in the large N limit. The Λ-dependent
part of eq. (A.14) is
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The following relation holds:
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where we have used a general matrix relation for the determinant of the sum of a
matrix A and the external product of two vectors u and v, i.e.

det
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A+ uvT

)
= (1 + vTA−1u) detA,

and then we have expanded the logarithm. We also recall that ρ⊗ρT denotes a matrix
with elements (ρ⊗ ρT )ab = ρaρb. Thus, from the relation (A.16) one gets
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By using the previous relation, eq. (A.15) can be written as
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However, the relevant contribution to the free energy is of order O(n), due to Eq. (2.27).
Thus the only part of G1[Λ] that we have to consider is
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The stationary point of G1[Λ] is, thus, given by

λ∗ab = −ρaρb − (Q−1)ab (A.19)

leading to
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where a constant has been neglected. Therefore, the complete effective action (A.14)
reads as

G[Q,m,ρ] = −(βJ)2
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A.1.2 The ρ integration

Let us now perform the integration over ρ. For this purpose the relevant part of the
effective action is
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The stationary point of G2[ρ] is given by the relation
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that leads to
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We have finally arrived to an expression of the effective action only in terms of the
magnetization vector and the overlap matrix:

G[Q,m] = −(βJ)2
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We can now use the same trick used before to retain only the relevant terms for the
saddle point. By exploiting the following relation
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one gets
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)

− 1
4

(
n∑
ab

ma(Q−1)abmb

)2

+O(n3). (A.27)

However the only relevant contribution to the saddle point is given by terms of order
O(n), so that we have

G[Q,m] =− (βJ)2

4

n∑
ab

q2
ab − βε

n∑
a

m4
a −

1
2 ln det

(
Q−m⊗mT

)
. (A.28)

A.2 Replica symmetric free energy

In order to solve the saddle point problem given by Eqs. (2.28), (2.29) we take the
simplest possible ansatz on the structure of the matrix Q, i.e. the Replica Symmetric
(RS) ansatz. We assume the overlap to be parametrized by only one variable

qab = (1− q0)δab + q0Iab, (A.29)
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since the diagonal elements are qaa = 1 due to the spherical constraint. In the previous
expression I is a matrix whose elements are all ones. Moreover, we assume the mag-
netization vector to have all its components ma = m. The energetic part of the action
depending on the overlap can be then written as

n∑
ab

q2
ab = n+ n(n− 1)q2

0 = n(1− q2
0) +O(n2)

and the entropic term as

ln det
(
Q−m⊗mT

)
= ln

[
(1− q0)n−1(1− q0 + n(q0 −m2))

]
= ln

[
(1− q0)n

(
1 + n

q0 −m2

1− q0

)]

= n ln(1− q0) + ln
(

1 + n
q0 −m2

1− q0

)

= n ln(1− q0) + n
q0 −m2

1− q0
+O(n2), (A.30)

since the RS matrix Q −m ⊗mT has only two kind of eigenvalues λ1 = 1 − q0, with
degeneracy n − 1, and λ2 = 1 − q0 + n(q0 − m2). Hence, in the n → 0 limit the RS
effective action reads as

lim
n→0

1
n
G[q0,m] = −(βJ)2

4 (1− q2
0)− βεm4 − 1

2 ln(1− q0)− 1
2
q0 −m2

1− q0
. (A.31)

The RS free energy is then given by

fRS = 1
β

lim
n→0

1
n
G[q0,m]. (A.32)





B
The 2-spin spherical model with an ordered

plus a disordered non-linearity

Having assessed in Secs. 2.3.1 and 2.3.2 the effect of adding respectively purely ordered
and purely disordered non-linear terms to the p = 2 spherical model, we study here
the effect of non-linear terms with both competing disordered and ferromagnetic inter-
actions. This can be done by extracting the couplings of the 4-body interaction term
from a non-zero average probability distribution, namely we consider

p(Jijkl) = 1√
2πσ2

4

e
−

(Jijkl−J0)2

2σ2
4 , (B.1)

with

σ2
4 = ε2 4!

2N3 J0 = ε2 4!
N3 . (B.2)

The variable ε parametrizes both the mean and the variance of the 4-body couplings
distribution. This choice allows to have just one free parameter for the whole Gaussian
distribution. With a similar computation with respect to the previous cases we find
the effective action

G[Q,m] =− (βJ)2

2

1,n∑
a<b

q2
ab −

(βε)2

2

1,n∑
a<b

q4
ab

− βε2
n∑
a=1

m4
a −

1
2 ln det

(
Q−m⊗mT

)
.

(B.3)
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B.1 RS solutions

In the same way of previous sections we begin by considering a RS ansatz for the matrix
Q. This leads to a RS action reading as:

lim
n→0

1
n
G[q0,m] = −(βJ2)2

4 (1− q2
0)− (βε)2

4 (1− q4
0)

− βε2m4 − 1
2 log(1− q0)− 1

2
q0 −m2

1− q0
. (B.4)

The RS saddle-point equations read as:

∂G

∂q0
= (βJ2)2q0 + 2β2ε2q3

0 −
q0 −m2

(1− q0)2 = 0

∂G

∂m
= −4βε2m3 + m

1− q0
= 0 (B.5)

There are three possible solutions for Eq. (B.5):

1. m = 0;
q0 = 0.

2. m = 0;
(βJ2)2 + 2β2ε2q2

0 = 1/(1− q0)2.

3. m = 1/
√

4βε2(1− q0);
q0(1− q0)[1− (1− q0)2((βJ2)2 + 2β2ε2q2

0)] = 1/(4βε2).

In order to study the stability of the solution we have computed the replicon, which
for the present case reads as:

λR = 1
(1− q0)2 − (βJ2)2 − 6β2ε2q2

0. (B.6)

The paramagnetic solution (PM, n.1) with m = 0 and q0 = 0 is unstable everywhere
below the critical line Tc = J2, since λR > 0. Therefore, below this line, which is the
horizontal orange one in the phase diagram of Fig. B.1, we can only have phases with
either finite magnetization or replica symmetry breaking or both. The trivial spin glass
solution (n.2), is never stable for this model because one always has λR < 0, therefore it
is always excluded from the phase diagram. For what concerns the ferromagnetic phase
(FM, n.3) in the list above, the numerical solution of the corresponding saddle-point
equations shows that in the range of parameters (ε, T ) where such a solution exists and
is nontrivial, it is stable, i.e. λR > 0.
Regarding the PM-FM transition, since both solutions are always stable, it is only by

comparing their free energies that we can determine the transition line. The coordinates
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Figure B.1: Phase diagram in the (ε, T ) plane for the p = 2 spherical spin glass plus four-body
interactions, with competing disordered and ferromagnetic terms, where the variance of the
disorder and the strength of ferromagnetic couplings are both controlled by ε, see Eq. (B.2)
in the text.

of this first-order transition line in the phase diagram in Fig. B.1 are obtained by the
implicit equation:

fpara(εferroc , T ferro
c ) = f ferro(εferroc , T ferro

c ), (B.7)

where:

sol n.1 =⇒ fpara(ε, T ) = 1
β
G(q0 = 0,m = 0)

= −β4 (J2
2 + ε2)

sol n.3 =⇒ f ferro = G(q0 > 0,m > 0). (B.8)

We will comment the remaining part of the phase diagram, namely what happens at
temperatures lower than the critical one for the stability of the paramagnetic phase,
T < Tc, in the following section after having introduced the 1RSB ansatz for the replica
matrix.

B.2 1RSB ansatz

In order to study the phase diagram of the model for T < Tc we need to consider the
possibility of replica symmetry breaking. By recalling the definition

χp(q0, q1, x) = 1− qp1 + x(qp1 − qp0) (B.9)
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and by assuming the 1RSB structure for the matrix Q we obtain the following form
for the effective action in the limit n→ 0:

lim
n→0

1
n
G[q0, q1, x,m] =− (βJ2)2

4 χ2(q0, q1, x)− β2ε2

4 χ4(q0, q1, x)− βε2m4

− x− 1
2x ln(1− q1)− ln(χ1)

2x − q0 −m2

2χ1(q0, q1, x) ,

from which the four 1RSB saddle point equations read as:

∂G

∂q0
= (βJ2)2

2 xq0 + β2ε2xq3
0 −

1
2

(q0 −m2)x
χ2

1(q0, q1, x) = 0

∂G

∂q1
= (x− 1)

[
− (βJ2)2

2 q1 − β2ε2q3
1 + 1

2x(1− q1) −
1

2xχ1(q0, q1, x) + q0 −m2

2χ2
1(q0, q1, x)

]
= 0

∂G

∂x
= −(βJ2)2

4 (q2
1 − q2

0)− β2ε2

4 (q4
1 − q4

0)− 1
2

q1 − q0

xχ1(q0, q1, x) + 1
2x2 ln

(
1 + x(q1 − q0)

1− q1

)
+

+ (q0 −m2)(q1 − q0)
2χ2

1(q0, q1, x) = 0

∂G

∂m
= m

(
−4βε2m2 + 1

χ1(q0, q1, x)

)
= 0. (B.10)

The expression of the two replicon eigenvalues which are relevant in the limit n→ 0,
which can be obtained following the lines of [52], reads as

Λ(1)[q1] = −(βJ2)2 − 6β2ε2q2
1 + 1

(1− q1)2 , (B.11)

Λ(2)[q0, q1, x] = −(βJ2)2 − 6β2ε2q2
0 + 1

(1− q1 + x(q1 − q0))2 . (B.12)

As already mentioned, for this model the most relevant between the two is Λ(2),
signalling a pattern of instability of the 1RSB ansatz characterized by the merging of
1RSB clusters.

B.2.1 Phase Diagram

Let us here summarize how all the transition lines for T < Tc in Fig. B.1 have been
obtained. We find, for ε large enough, a stable 1RSB phase with zero magnetization,
m = 0. The transition line which separates this 1RSB phase, which we refer to simply
as glass phase, from the spin-glass phase (with full-RSB) at smaller value of ε has been
determined by simply tracking the value of the control parameters where the 1RSB
phase loses stability. That is, the intrinsic equation of this line is determined as

Λ(2)[q0(εsgc , T sgc ), q1(εsgc , T sgc ), x(εsgc , T sgc )] = 0. (B.13)

Inside the region of the phase diagram delimited by the lines T = Tc above and (εsgc , T sgc )
to the right, both the RS and the 1RSB solutions are unstable. This is therefore
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Figure B.2: Phase diagram in the (ε, T ) plane for the p = 2 spherical spin glass plus four-body
interactions: Gaussian distribution of non-linear couplings with standard deviation σ4 ∼ ε
and mean J0 ∼ ε (R = const).

necessarily a region where further breakings of the symmetry between replica occurs.
As already mentioned, we know from the results of [51] that different kinds of full-RSB
occur here. Both the transitions occurring along these lines are continuous.
Finally, the transition line at T < Tc between the RS ferromagnetic phase at large ε

and the intermediate zero magnetization 1RSB phase at smaller values of ε is determ-
ined by simply comparing their free energies and has the implicit equation:

f ferro(εferro/1rsbc , T ferro/1rsb
c ) = f 1rsb(εferro/1rsbc , T ferro/1rsb

c ). (B.14)

This is clearly a first order transition.

B.3 Other choices of the ratio σ4/J0

It is legitimate to wonder whether the choice

σ4/J0 = R(ε) ∼ ε−1 (B.15)

considered so far for the Gaussian distribution of non-linear couplings is fully repres-
entative of the case where for the non-linear couplings we have a competition between
frustrated and ferromagnetic interactions. In general for the ratio R(ε) we have three
possibilities: R(ε) is constant with respect to the parameter ε, which means that ferro-
magnetic and frustrated interactions are always competing; R(ε) → ∞ when ε → ∞,
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Figure B.3: Phase diagram in the (ε, T ) plane for the p = 2 spherical spin glass plus four-body
interactions: Gaussian distribution of non-linear couplings with standard deviation σ4 ∼ ε
and mean J0 ∼ ε4 (R ∼ 1/ε3).

which means that in the large-ε limit frustration is dominating; R(ε)→ 0 when ε→ 0,
which means that in the large-ε limit the ferromagnetic ordering effect is dominating.
In order to have a clearer picture on how the phenomenology of the model depends

on the choice of R(ε) we have studied the phase diagram, repeating the analysis already
discussed above, also in the case where σ4 ∝ ε and J0 ∝ ε4, i.e., R ∝ ε−3, to check
whether the increase of ferromagnetic terms relative importance introduces new glass
phases (for instance the ferro-1RSB phase found in [79]), and in the case R(ε) = const,
in particular assuming σ4 ∝ ε and J0 ∝ ε.
We have obtained phase from the case R(ε) = const, for which the phase diagram

is shown in Fig. B.2: it can be easily seen that it has the same topology of the phase
diagram of the purely frustrated case in Fig. 2.5, which can be formally identified with
the case R = ∞, since there we have J0 = 0. In both cases there is no ferromagnetic
phase! We have therefore checked, even without a full detailed analysis of the three-
dimensional (T, σ4, J0) phase diagram, that already a constant ratio between σ4 and
J0 is enough to produce the phenomenology that we find also in the limit R =∞: the
complete disappearance of the ordered ferromagnetic phase. On the other hand we
have found that the phase diagram of the case R ∼ ε−3, which is shown in Fig. B.3,
is qualitatively identical to the case R ∼ ε−1 of Fig. B.1, i.e., we do find ferromagnetic
ordering at large ε and the same glassy phases at smaller values of the order parameter.
We can therefore conclude that, despite the choice R ∼ ε−1 of the present chapter
looks quite arbitrary, is indeed representative of the model phenomenology when the
importance of the ferromagnetic terms grows with ε.



C
Derivation of the effective Hamiltonian for

the generalized Lotka-Volterra model

Let us now show that the effective Hamiltonian

Heff(n) = −
N∑
i=1

ri

(
ni −

n2
i

2Ki

)
+

∑
(ij)∈E

αij
2

(
ri
Ki

+ rj
Kj

)
ninj +

N∑
i=1

[T ln (ni)− ln θ(ni − λ)]

(C.1)

is the one that allows to describe the equilibrium thorugh a Gibbs–Boltzmann dis-
tribution P (n) ∝ exp(−βHeff(n)). In particular, we outline why the symmetry of
interactions is essential for defining such an equilibrium distribution.
It is known that a stochastic equation of the form

ṅi = fi(n) +
√

Φi ξi(t) (C.2)

is associated, following Ito’s prescription [80], with the Fokker-Planck equation for the
distribution q(n, t):

q̇ =
∑
i

∂i

[
−fi q + 1

2∂i(Φi q)
]
. (C.3)

For the gLV model, described by the dynamics:

dni(t)
dt

= r

K
ni(t)

[
K − ni(t)−

∑
j∈∂i

αijnj(t)
]

+
√
ni(t)ξi(t), (C.4)

the drift and noise terms read

fi = r

K
ni

K − ni −∑
j∈∂i

αijnj

 , (C.5)
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Φi = 2T ni. (C.6)

Substituting Eq. (C.6) into Eq. (C.3) and computing the derivative inside the square
brackets, the Fokker-Planck equation becomes

q̇ =
∑
i

∂i [q(−fi + T ) + Tni∂iq] . (C.7)

Let us now consider the Hamiltonian of Eq. (3.3), in the case of ri = r, Ki = K, and
without the immigration term (which plays only the role of a reflecting boundary):

H = −
N∑
i=1

r

(
ni −

n2
i

2K

)
+

∑
(ij)∈E

αij
r

K
ninj +

N∑
i=1

T ln(ni). (C.8)

A straightforward computation yields

−ni∂iH = fi − T. (C.9)

This allows Eq. (C.7) to be rewritten as

q̇ =
∑
i

∂i [niq ∂iH + Tni∂iq] . (C.10)

If we impose stationarity (q̇ = 0) and detailed balance, we obtain

q ∂iH = −T ∂iq, (C.11)

which integrates to the stationary solution

q ∝ exp(−βH). (C.12)

At this point, we have to emphasize an important subtlety. The above integration
step is only consistent if H is a true scalar potential, which requires that the inter-
action matrix αij is symmetric. In that case, the drift field is conservative, detailed
balance holds, and the stationary solution is indeed a Gibbs-Boltzmann equilibrium
distribution.
If the interactions are not symmetric, the relation (C.9) still holds, but the function

H does not define a proper potential (the mixed derivatives ∂i∂jH and ∂j∂iH do not
coincide).
Thus, the Hamiltonian in Eq. (C.8) governs the equilibrium properties of the gLV

system only when the interactions are symmetric, while in the general asymmetric case
one must instead deal with non-equilibrium stationary states.



D
Universality and Scaling Law for the Sparse

Ecosystems Dynamics

Here we focus on an ecologically relevant aspect of our system. In real ecosystems,
extensive observations have documented the presence of Taylor’s law (see [74]), which
describes the relationship between the variance and mean of species abundances. Spe-
cifically, if one measures the variance Vi and the meanMi for the abundance trajectory
ni(t) of each species in the ecosystem, Taylor’s law states that the variances follow a
power-law dependence on the means:

V = aM b, (D.1)

where, in ecological systems, the exponent b has widely been reported to be b ' 2 [74,
81].
To investigate this in our sparse model, we set µ̂ = 0.1 and σ̂ = 0.25, ensuring that the

system is in the non-Gaussian (ecologically realistic) regime, see Sec. 3.4.1. We then run
Langevin dynamics (see Fig. D.1) for the generalized Lotka-Volterra equations (3.1),
computing the mean Mi and variance Vi for each species i:

Mi ≡
1

tmax − t0

tmax∑
t=t0

ni(t), Vi ≡
1

tmax − t0

tmax∑
t=t0

(ni(t)−Mi)2 , (D.2)

where t0 is the initial transient time beyond which the distributions no longer depend on
initial conditions and tmax is the final simulation time. We performed these simulations
for N = 400 species and various temperatures T . In the left panel of Fig. D.2, we plot
all pairs (Mi, Vi), with different colors representing different temperatures.
Regardless of the temperature, the data always exhibit a power law behaviour for

small Mi, followed by a saturation region for large Mi. As shown in the left plot of
Fig. D.2, the power law remains the same for all T , with the exponent b of Eq. (D.1)
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Figure D.1: Species abundance dynamics for µ̂ = 0.1, σ̂ = 0.25 and T = 0.5. The number of
species here is N = 400.

being b ' 2. In particular the black solid line represents the fit of the data for small
Mi and is given by V = aM b, with a = 3.4 and b = 2.05. This is a remarkable result,
given the widespread occurrence of this power law in nature. Moreover, the same power
law is found for different values of disorder σ̂, provided that they are sufficiently large
(σ̂ & 0.15), corresponding to the non-Gaussian regime.
In the saturation regime instead, the variance is more or less constant (V (M,T ) =

VS(T )), no matter which is the value ofM . In particular, the higher is the temperature,
the higher is the saturation value VS(T ).
Given these observations on the power-law and saturation regimes, we propose a

scaling ansatz for the variance V (M,T ):

V (M,T ) = M δF
(
M

Tψ

)
, (D.3)

where V is the variance, M is the mean, T is the temperature and δ and ψ are critical
exponents that have to be computed. Looking at our data we state that the function
F is such that:

• F (x) ∼ constant for x→ 0,

• F (x) ∼ x−δ for x→∞.

The exponent δ is found by fitting the low-M regime data. In particular, as we
already said, we get:

δ ' 2.

Regarding the exponent ψ, we can compute it by noticing that, for each temperature
T , the variance saturation value is:

VS(T ) = lim
M→∞

V (M,T ).
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V = 3.4 ⋅ M
2.05

Figure D.2: For this plots µ̂ = 0.1, σ̂ = 0.25 and N = 400. Left panel: Plot of the pairs of
mean and variance (Mi, Vi) for different values of the temperature. For all the temperatures
there is a power-law region for low values of Mi and a saturation region for large values of
Mi. Right panel: Representation of the scaling law which allows us to make all the data
collapse into a unique curve, see eq. (D.3).
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Recalling the behaviour of F (x) for x→∞, from Eq. (D.3) we get:

VS(T ) ∼M δM
−δ

T−ψδ
= Tψδ.

So, once we have the value of δ, we can compute ψ by fitting all the values VS(T ) with
the function VS(T ) = Tψδ. In this way we get:

ψ ' 0.5.

To conclude, on the right panel of Fig. D.2 we plotted, for all the data of the left
panel, VM−δ vsM/Tψ, with δ and ψ set to the values that we found. In this way we can
really see that the scaling of Eq. (D.3) works and all the data from different ecosystems
at different temperatures collapse onto the same curve. These results highlight the
emergence of a universality mechanism.



E
Full derivation of the 1RSB cavity equations

In Chapter 4, in ordered to study the 1RSB multiple-equilibria phases, we discussed the
need to create m different replicas of the system with a weak coupling between them.
Since the m replicas are independent inside a given state a, the partition function of
the replicated system is

Z(m) =
∑
a

e−mβF
a

. (E.1)

By rewriting Eq. (E.1) as an integral over all the possible cavity messages on the
interaction graph we get:

Z(m) =
∫

Dη e−mβF (η) ∏
(ij)∈E

[δ(ηi→j − Fi→j({ηk→i}))δ(ηj→i − Fj→i({ηl→j}))] , (E.2)

where Dη = ∏
i,j∈E dηi→j and the deltas impose the BP equations on each edge (i, j).

Let us specify, and it is detailed in [73], that the free energy of each state is given by:

− βF [{ηi→j}] =
∑
i

log zi −
∑
〈i,j〉

log zij. (E.3)

In particular, let us recall the expression of the normalizations zi→j and zi

zi→j =
∑
ni

ψi(ni)
∏

k∈∂i\j

(∑
nk

ηk→i(nk)ψik(ni, nk)
)
, (E.4)

zi =
∑
ni

ψi(ni)
∏
j∈∂i

∑
nj

ηj→i(nj)ψij(ni, nj)
 . (E.5)

The term zij of Eq. (E.3) can be expressed as a function of zi→j and zi in the following
way:

zij =
∑
ni,nj

ηj→i(nj)ηi→j(ni)ψij(ni, nj) = zj
zj→i

= zi
zi→j

. (E.6)
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This means that, from Eq. (E.3), we get:

e−βmF (η) =
∏
i z

m
i∏

ij z
m
ij

. (E.7)

Inserting Eq. (E.7) in Eq. (E.2) we get:

Zm =
∫

Dηi→j
∏
i

zmi
∏
〈i,j〉

z−mij δ[ηi→j − Fi→j]δ[ηj→i − Fj→i] (E.8)

=
∫

Dηi→j
∏
i

zmi ∏
j∈∂i

δ[ηi→j − Fi→j]
 ∏
〈i,j〉

z−mij (E.9)

=
∫

Dηi→j
∏
i

Ψi({ηi→j, ηj→i}j∈∂i)
∏
〈i,j〉

Ψij(ηi→j, ηj→i) (E.10)

In Eq. (E.10) there are two interaction terms. The first one is a product over all the
sites of Ψi which depends on all the cavity messages which involve site i. The second
term is a product over all the links of Ψij that depends only on the cavity messages on
that link.
Let us then consider the cavity messages as variables. From Eq. (E.9), we can say

that on each link (ij) of the original graph we have a variable made by the two messages
{ηi→j, ηj→i} with a local field z−mij = Ψij. Instead on each variable-node of the original
graph, we have a many-body interaction zmi

∏
j∈∂i δ[ηi→j − Fi→j] = Ψi. Therefore we

can re-interpret the original graph, made of only variable nodes, as a factor graph,
where on each link there is a variable node, while the original variable nodes become
factor/interaction nodes.

ni

nj

ψik ψil

ψjnψjm

ψij

{ηi→k, ηk→i} {ηi→l, ηl→i}

{ηi→j, ηj→i}

{ηj→n, ηn→j}{ηj→m, ηm→j}

Ψi

Ψj

Figure E.1: Left: original graph made of only variable nodes ni. Right: associated factor
graph for the construction of the 1RSB model. On each link (ij) of the original graph we have
the variable {ηi→j , ηj→i}, on each variable node of the original graph we have a many-body
interaction term Ψi.

For this auxiliary model then, we can write the BP cavity equations for the cavity
distribution Qi→j of node variables {ηi→j, ηj→i}. As the RS cavity messages ηi→j were
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written in Eq. (3.10), in an equivalent way we can write the BP equatons for the cavity
distributions Qi→j:

Qi→j(ηi→j, ηj→i) = Ψij(ηi→j, ηj→i)
Zi→j

∑
{ηi→k,ηk→i}k∈∂i\j

Ψi({ηi→l, ηl→i}l∈∂i)
∏

k∈∂i\j
Qk→i(ηk→i, ηi→k).

(E.11)
Using the explicit expressions of Ψi and Ψij we get:

Qi→j(ηi→j, ηj→i) =

= zij (ηi→j, ηj→i)−m

Zi→j

∑
{ηi→k,ηk→i}k∈∂i\j

zi
(
{ηk→i}k∈∂i

)m ∏
l∈∂i

δ [ηi→l − Fi→l]
∏

k∈∂i\j
Qk→i (ηk→i, ηi→k)

= zij (ηi→j, ηj→i)−m

Zi→j

∑
{ηk→i}k∈∂i\j

zi
(
{ηk→i}k∈∂i

)m
δ [ηi→j − Fi→j]

∏
k∈∂i\j

Qk→i (ηk→i,Fi→k)

= 1
Zi→j

∑
{ηk→i}k∈∂i\j

zi→j
(
{ηk→i}k∈∂i\j

)m
δ [ηi→j − Fi→j]

∏
k∈∂i\j

Qk→i (ηk→i,Fi→k) ,

(E.12)
where in the last step we used Eq. (E.6). In particular, looking at the last line of
Eq. (E.12), we notice that ηj→i only appears in the second argument of Qk→i, since
it is in the argument of Fi→k. This means that, if the Qi→j(ηi→j, ηj→i) are initialized
as independent of their second argument ηj→i, they will remain independent of their
second argument also after the iteration. So, we can write:

Qi→j(ηi→j) = 1
Zi→j

∑
{ηk→i}k∈∂i\j

zi→j({ηk→i}k∈∂i\j)mδ
[
ηi→j − Fi→j

[
{ηk→i}k∈∂i\j

]] ∏
k∈∂i\j

Qk→i(ηk→i),

(E.13)
which is Eq. (4.6) in Chapter 4.
In particular, we can also write the replicated free energy as:

−βNΦ(m,T ) = logZm =
∑
i

logZi −
∑
ij

logZij, (E.14)

where

Zi =
∑

{ηk→i}k∈∂i

zi({ηk→i}k∈∂i)m
∏
k∈∂i

Qk→i(ηk→i) = 〈zmi 〉Q, (E.15)

Zij =
∑

ηi→j ,ηj→i

zij(ηi→j, ηj→i)mQi→j(ηi→j)Qj→i(ηj→i) = 〈zmij 〉Q. (E.16)
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node of the original graph we have a many-body interaction term Ψi. . 112
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