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ABSTRACT. In this paper we deal with the Cauchy problem for the in-
compressible Euler equations in the three-dimensional periodic setting.
We prove non-uniqueness for an L?-dense set of Holder continuous ini-
tial data in the class of Holder continuous admissible weak solutions for
all exponents below the Onsager-critical 1/3. Along the way, and more
importantly, we identify a natural condition on “blow-up” of the asso-
ciated subsolution, which acts as the signature of the non-uniqueness
mechanism. This improves previous results on non-uniqueness obtained
in [11} 12] and generalizes [3].

1. INTRODUCTION

In this paper we address the Cauchy problem for the incompressible Euler
equations

O +div(v®@v)+Vp=0 in T2 x (0,7)
dive =0 in T3 x (0,7) (1.1)
v(+,0) = wvo(+) in T

on the three-dimensional torus T3, where v : T3 x [0, T] — R? is the velocity
field of the fluid and p : T3 x [0, T] — R the pressure field.

We are interested in admissible weak solutions to , namely weak
solutions v € C([0,T]; L2,(T?)) such that

/T3 lv(z,t)|? do < /T3 lvo|? dz. (1.2)

The above is a very natural physical condition, which assuming the velocity
field is in C' (namely the solution is classical) implies uniqueness among
all weak solutions which satisfy . This is the well-known weak-strong
uniqueness phenomenon, which holds even among measure-valued solutions
[1]. For L> weak solutions, it has been instead shown in [I6] that infinitely
many admissible solutions can have the same initial datum. Such L initial
data are the so-called “wild” initial data and are dense in L? (see [32]).

A natural question is whether there exists a regularity threshold above
which admissibility implies uniqueness and below which non-uniqueness may
occur. We treat this question in the class of C#-weak solutions, that is, weak
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solutions which are Holder continuous in space with exponent [, so that
o(x,t) —v(y,t)| < Cle—y|°  Vte[0,T],z,yeT  (13)

for some constant C'. According to the celebrated Onsager’s conjecture
[29], CP-weak solutions of the Euler equations conserve the total kinetic
energy if § > 1/3, but anomalous dissipation of energy may be present if
B < 1/3. Recently this conjecture has been fully resolved (we refer to [21], 9]
for the case § > 1/3 and to [23], 3] for the case § < 1/3, and the extensive
references therein). Our aim is to extend the results in [23] 3] and show
that “wild” initial data is L?-dense in the class of C®-weak solutions, which
are admissible in the sense of . To state our result more precisely, we
introduce the following

Definition 1.1. Given a divergence-free vector field vg € C™(T3), we say
that v is a wild initial datum in CP if there exist infinitely many weak

solutions v to (1)) on T3 x [0,T] and satisfying (1.2) and (1.3).

Our main result is the following.

Theorem 1.1. For any 0 < B < 1/3, the set of divergence-free vector fields
vg € CP(T3R3) which are wild initial data in CP is a dense subset of the
divergence-free vector fields in L?(T3;R3).

Previous work on existence and density of wild initial data has been done
in |16} [32] for bounded L* weak solutions, and in [11], 12}, 24} 14] for Holder
continuous weak solutions. The underlying idea in is the following: iteration
schemes based on convex integration, as in [I5] (18, [19] 2 23] 3], start with
a subsolution (see Section [3[ below) and, by a sequence of high-frequency
perturbations produce weak solutions of the Euler equations in the limit.
Thus, analogously to the celebrated Nash-Kuiper isometric embedding the-
orem [28] (see also [10]), such schemes not only produce one weak solution,
but automatically a whole sequence of weak solutions, which converge weakly
to the initial subsolution - this is referred to as a weak form of h-principle.

In fluid mechanics terms the subsolution can be interpreted as an aver-
aged, coarse-grained flow, with perturbations acting as fluctuations. This
interpretation is explained in detail in the surveys [I7, [30, 20]. For the
Cauchy problem the notion of subsolution then needs to be modified so
that, at the initial time ¢ = 0, the subsolution already agrees with the solu-
tion, implying the vanishing of the Reynolds stress term: |R| — 0 as ¢ | 0.
Conversely, in any example involving convex integration, the existence of a
strict subsolution for any given initial datum is the key information leading
to non-uniqueness, and in many cases the question of non-uniqueness for
the Cauchy problem can be cast as an existence problem for a certain type
of subsolution, see e.g. [31, 27], where the key issue is to construct suitable
subsolutions to 2D vortex sheet initial datum, and e.g. [6l [7, 26], where
non-uniqueness in compressible Euler systems is reduced to existence of a
“fan-"subsolution. At this point it is also worth mentioning that existence
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of non-Dirac measure-valued solutions (which can be seen as strict subsolu-
tions) can also act as signature of non-uniqueness in numerical simulations
[22]. In line with this research direction, our principal aim is to analyze non-
uniqueness in Holder-spaces on the level of a suitable notion of subsolution.
Our main finding in this respect is that, roughly speaking, non-uniqueness
of weak solutions on the C'/*  scale follows from the existence of a smooth
subsolution with spatial C'! norm blowing up as |Vv| ~ |R|™' ast ] 0, in
agreement with the Onsager-criterion for energy conservation [9], requiring
a uniform bound on |Vv||R|. For the precise statement we refer to Definition
and Corollary [3.1] below.

Our strategy is based on the “double convex integration” method intro-
duced in [I6] and adapted to the Holder setting in [I1} 12]. We recall that
in [11] the first author was able to show the existence of infinitely many
1/10~ Holder initial data which are wild in the sense that to any such initial
datum there exist infinitely many 1/16~ Holder solutions satisfying .
Then, based on the uniform estimates in [2] for obtaining /5~ weak solu-
tions, in [I2] the authors were able to show the statement of Theorem
above for all § < 1/5. In this paper we adapt the technique used in [12]
and combine with the convex integration scheme presented in [3] in order
to prove Theorem We note in passing that if one is only interested in
proving the non-uniqueness [’art pour l’art, simpler strategies exist, see for
instance [5 [13], [4]. A different strategy has been used in [24], where infin-
itely many strictly dissipative solutions satisfying a local energy inequality
and with C%-dense initial data are constructed. The solutions constructed
in [24] are of a lower Holder regularity.

A few words on our proof. As in [12] we rely on the notion of adapted
subsolution, which quantifies the relationship between loss of regularity and
the size of the Reynolds stress term. In order to reach any exponent § < 1/3
we use the gluing technique introduced in [23] in combination with Mikado
flows, introduced in [I2]. Although naively one might expect that the step
from 1/5 to 1/3 should be a minor technical improvement, based on the im-
provements from the construction of 1/5-Holder admissible weak solutions in
[2] to 1/3-Holder admissible weak solutions in [3], there are a couple of sub-
stantial difficulties we needed to overcome. The main new challenge stems
from the fact that, whilst the construction in [2] (used in [12]) is purely
kinematic, making the time-localization rather straight forward, the con-
struction in [3] has a crucial dynamic component (the “gluing argument” of
Isett introduced in [23]). This leads to the following difficulties:

e A consequence of the gluing technique of Isett in [23] is that, along
the scheme, one does not have uniform control over the energy (and
the energy gap). Indeed, this lack of control of the energy profile led
to the conjecture that for such weak solutions the time-regularity
should generically be minimal (see [25]). Whilst this lack of energy
control was overcome in [3], for our purposes, where no uniform lower
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bound on the energy gap is available, additional ideas are required.
In particular in our scheme the mollification step has to be done with
a time-dependent parameter.

e In the schemes in [2, B, [12] the presence of high-frequency oscilla-
tions immediately leads to the approximation result and hence to
non-uniqueness. In this case, in contrast with [I2], in order to ap-
proximate in a weak norm we need to take as in [2 [3] arbitrarily
small parameters for the energy gap at the initial step of the convex
integration scheme. However, since we want to keep the initial da-
tum fixed, we cannot use a pure rescaling argument. To overcome
this problem requires introducing an additional step in passing from
adapted subsolutions to weak solutions (see Corollary .

This paper is organized as follows: In Section [2| we set the notation and
recall from [12] the construction of the Mikado flows. In Section [3| we define
the different notions of subsolutions (namely, strict, strong and adapted),
we state the main Propositions allowing to approximate one concept of sub-
solution with another one and in the end we show how to obtain from such
propositions the main Theorem In Section [4] we show how to approxi-
mate a strict subsolution with a strong subsolution. Sections[6and [7] contain
respectively the localized gluing and localized perturbation steps needed in
the double convex integration scheme. In Section [8| we show how to obtain
an adapted subsolution from a strong subsolution and in Section [9] how to
construct solutions with the same initial datum of an adapted subsolution.

Acknowledgements. L. Sz. gratefully acknowledges the support of Grant
Agreement No. 724298-DIFFINCL of the European Research Council.

2. PRELIMINARY RESULTS

2.1. Notation. Throughout this paper our spatial domain is T3 = R3/(27Z)3
the three-dimensional flat torus.

We denote by S3*3 the set of symmetric 3 x 3 matrices, Sg *3 is the set
of symmetric trace-free matrices, Sixg are the symmetric positive definite
ones and 8263 are the symmetric positive semidefinite ones. Given a matrix

R € 83*3, we denote by tr R its trace and we often use the decomposition
R=1itrRId+ R =pld+ R,

where R € S5*3 is the traceless part of R (the projection of R onto Sp*?)
and Id denotes the 3 x 3 identity matrix.

We recall the usual (spatial) Holder spaces. Let m =0,1,2,..., a € (0,1)
and 6 is a multi-index. For f : T3 x [0,7] — R3 we denote by |fllo =
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suptsy o7 | f(,t)[. The Holder seminorms are defined as
0
[f]m = nax HD fHUv
|0|=m

DYf(x,t) — DO f(y,t
[Flonie = max sup |D° f(z,t) af(y )|
0=m zoty t [z -yl

)

where DY = 831823 ag’g are spatial partial derivatives. The Holder norms are
then given by

m

1Fllm =D [ [ flmra = 1Fllm + [flnta-

J=0

If the time-dependence is to be made explicit, we will write [f(¢)]a, || ()] as
etc.
We will use the following standard inequalities for Holder norms:

[fglr < C(f)rlgllo + 11 fllolg)r),
[fls < Clflle 172",

for 0 < s < r. Moreover, for f: T3 x [0,7] = S c R and ¥ : S — R, for
the composition we have

(Vo fln < CYLIDflm-1 + DYl F1I5 1 fllm),
[Wo flm < C(WILDfllm1 + 1DV [lm—1[f17")-

We also recall the following estimates on mollification.

Proposition 2.1. Let ¢ € C°(R3) be non-negative, symmetric and such
that [ @ =1. Then for any r,s > 0 we have

1 * pellrss < CE2| flr,

1f = f* eellr < CCJfllrsa, (2.1)

1(£9) * e = (f * 00)(g % o) llr < CET(|Fl1llglln-
The constant C depends only on r and s.

Next, we recall that H—1(T?) is the dual space of H}(T?), the Sobolev
space of periodic functions with average zero, with norm

1fllgr = sup /fwm
T3

<1
Il g <

2.2. Mikado flows. We recall Mikado flows, the basic building blocks for
the convex integration scheme introduced in [12].

Lemma 2.1. For any compact subset N CC SiX?’ there exists a smooth
vector field

Wi NxT? =R
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such that, for every R € N'

div (W (R, €) ® W(R,€)) =0
{ div W (R, €) = 0 (22)
and
W(R,§)d€ =0, (2.3)
TS
[ WR ) © W(RE)de = R (2.4)

Using the fact that W(R,¢) is T3-periodic and has zero mean in &, we
write

W(R, &)= Y ap(R)Ape™* (2.5)
kez3\{0}

for some coefficients ay,(R) and complex vector Ay, € C3, satisfying Ay -k = 0
and |Ag| = 1. From the smoothness of W we further infer

CN,N,m
sup |[DNap(R)| < (77%)
ReN ‘k|

for some constant C' which depends only on N, N and m.

Remark 2.1. The choice of N' = By 5(1d), together with the choice of N
and m determines the constant M in Proposition [7.1}

Using the Fourier representation we see that from ([2.4))
W(R,&) @ W(R,£) = R+ Y Cr(R)e™* (2.6)
k#0
where

C N
Cyk=0 and sup |DYCR(R)| < Lm,m)
ReN %]
for any m, N € N.

2.3. The operator R. We recall also the definition of the operator R from
Section 4.5 in [I8].

Definition 2.1. Let v € C®(T3;R3) be a smooth vector field. We define
Ru to be the matriz valued periodic function

1 3 1
Rv = (VPu+ (VPu)') + 1 (Vut (Vu)T) — 5 (divu)id, (2.7)
where u € C™°(T3;R3) is the solution of

Au-v—][ v inT3
T3

with ng u =0 and P s the Leray projection onto divergence-free fields with
zero average.
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Lemma 2.2. For any v € C®(T3;R3) the tensor Rv is symmetric and
trace-free, and divRv = v — ng .

The following proposition is a consequence of classical stationary phase
techniques. For a detailed proof see [12], Lemma 2.2.

Proposition 2.2. Let o € (0,1) and N > 1. Let a € C®(T?), & ¢
C>(T3;R3) be smooth functions and assume that

cl<ve|<C
holds on T3. Then

. )

and for the operator R defined in (2.7)), we have

k- o+ llallof®l|N+a
T\’,(a T ezk‘ q)) < C HaHO +CHaHN+ 7
| (at) o = Ol y —a

where the constant C' depends on C, o and N but not on k.

3. SUBSOLUTIONS AND PROOFS OF THE MAIN RESULTS

In this section we introduce the various notions of subsolutions needed
to perform the convex integration schemes, and state the main propositions
which allow us to pass from one subsolutions to a stronger one. The combi-
nation of these propositions then leads to our main theorem, as in [12].

The first notion of subsolution is the same as that defined in [12] and
coincides with the notion of subsolution introduced in [17].

Definition 3.1 (Strict subsolution). A subsolution is a triple
(v,p,R) : T3 x (0,T) = R® x R x §3*3
such that v € L120c7 R e Llloc, p is a distribution, the equations
Oww+div(v®v)+Vp=—divR

dive =0 (3.1)

hold in the sense of distributions in T3 x (0,T) and moreover R > 0 a.e.. If
R >0 a.e., then the subsolution s said to be strict.

The next notion of subsolution is similar to the one defined in [12], dif-
fering only in point (3.2]).
Definition 3.2 (Strong subsolution). A strong subsolution with parameter
v > 0 is a subsolution (v,p, R) such that in addition tr R is a function of
time only and, if

1
p(t) == gtr R,

then
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Remark 3.1. In our schemes p will be sufficiently small so that in particular
pY < rg, where rg is the geometric constant in [12]. Therefore implies
that our strong subsolutions satisfy Definition 3.2 in [12]. Note also that if
(v,p, R) is a strong subsolution for some parameter v > 0, then also for any
v with 0 <~ < 7.

The next notion of subsolution has vanishing Reynolds stress at time
t = 0 and the C'-norms blow up at certain rates as the Reynolds stress
goes to zero. Such adapted subsolutions have been introduced in [12], but
this time the blow-up rate is different because it has to be consistent with a
C'/3~2_scheme rather than a C''/°~*-scheme as in [12].

Definition 3.3 (Adapted subsolution). Given v >0, 0 < 3 < 1/3, and v
satisfying
1-3p
26
we call a triple (v,p, R) a CP-adapted subsolution on [0, T] with parameters
~v and v if

v >

(3.3)

(v,p, R) € C(T? % (0,71) N C(T° x [0, T])
is a strong subsolution with parameter v with initial data
’U(',O) € CB(T?))? R(,O) =0

and, setting p(t) = str R(z,t), for all t > 0 we have p(t) > 0 and there
exists a € (0,1) and C > 1 such that

[vllia < Cp~ ), (3.4)
0| < Cp™". (3.5)

The heuristic is as follows (see also [§]): the Reynolds stress R in the
subsolution is proportional to the kinetic energy gap, so that p ~ |w|?, where
w is the fluctuation, i.e. the perturbation (obtained by convex integration)
required so that v + w is a solution. Therefore , taking @« = v = 0 for
simplicity, is consistent with the scaling |Vw| < |w|™2. In other words we
expect |V|w|?| < 1.

Our first proposition shows that one can approximate a smooth strict
subsolution with an adapted subsolution.

Proposition 3.1. Let (v,p,R) be a smooth strict subsolution on [0,T].

Then, for any 0 < f < 1/3, v > % and § > 0 there exists v > 0

and a CP-adapted subsolution (9, p, ]:3) with parameters v,v such that p < §
and

/ |l7|2+tr1-?=/ WwZ+tr R for allt € 0,7,
T3 T3
lv =l -1 <6,

0@ 04+R—v®v—R| -1 <.
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The proof will be given in Section
Next, we show that at the small loss of the exponent S one can approxi-
mate adapted subsolutions by weak solutions with the same initial datum.

Proposition 3.2. Let 0< 3 <3 <1/3,v>0, >0 and v > 0 with

1-3 1-36
b <rv< A3/8
20 23

There exists § > 0 such that the following holds.

If (0,p, R) is a CP-adapted subsolution with parameters v,v and p < 9§,
then for any n > 0 there exists a C®-weak solution v of (I.1)) with initial
datum

such that

/ lv|> = / |62 +tr R for all t € [0,T],
T3 T3
o= 0llg-1 <,
lv@v—9®0—R|g-1 <.
As a consequence, we get the following criterion for wild initial data:

Corollary 3.1. Let w € C¥ be a divergence-free vectorfield for some 0 <
B < 1/3. If there exists a C®-adapted subsolution (0,p, R) for some B <

B < % with parameters v, v and satisfying p < d as in Proposition such
that 0(-,0) = w(-) and

/|@(x,t)\2+tr1%(x,t)dxg w(@)2de Vit 0,
T3 T3

then w is a wild initial datum in CP.

Indeed, as observed in [12], given a C'B-adapted subsolution (0, p, R) with
such parameters, Proposition provides a sequence of C# admissible weak
solutions (v, pr) with vg(-,0) = o(+,0),

/ log (2, 1)|? d = / 6(x, 1) 2 + tr R(z,t)dz Yt >0

T3 T3

and such that vy — © in H~1(T3) uniformly in time.

Proof of Theorem [I.1l The proof of Theorem follows from Proposition

and Corollary as in Section 4 of [12].
O
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4. FROM STRICT TO STRONG SUBSOLUTIONS

We first state a variant of [12][Proposition 3.1].

Proposition 4.1. Let (v,p, R) be a smooth subsolution of (3.1) and S be a
smooth S3*3-valued matriz-field on T2 x [0, T], such that one of the following
two conditions is satisfied:

(i) S(z,t) s posz’tz’ve definite for all (z,t);

(i) S(z,t) = 9*(t)S(,1), with ¢ € C([0,T];[0,1]), S(x,t) = a(t)Id +
( z,t), >0 and ||SH0< 25 for all't € [0,T).
Fiz & € (0,1). Then for any X > 1 there exists a smooth solution (,p, R)
with
(0,5, R) = (v,p, R) fort¢suppo
) ) (4.1)
/\v[ +trR = /|U\ +trR  for allt,
and the following estimates hold:
o —ollgs <
H-1 > A7
5]l < CX* k=1,2,
- C (4.2)
IR—R—S|o < e
R ~ C
00 —v®v+R—R|g-1 < e
Moreover, tr (R — R— S) is a function of t only and satisfies
‘tr (R—R—195)| <C\. (4.3)

The constant C' > 1 above depends on (v,p, R), S and &, but not on A.

Proof. The proof is a minor modification of the proof given in [12][Section 5].
We recall the main steps. Define the inverse flow of v, ® : T3 x [0,T] — T3,

as the solution of
{@CI) +v-VO =0

O(z,0) =2, VreT?

and set

_ {D@(x ,1)S(x,t)DOT (x,t)  if (i) holds;

R(z,t) = , o s
(%) D®(z,t) (( ?D@T(x t)  if (ii) holds.

Observe that in case (i) R is defined on T2 x [0, T] and, being continuous
and defined on a compact set, takes values in a compact subset Ny of SiX?).
In case (ii) R takes values in N := By o(Id).
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By Lemma there exists a smooth vectorfield W : Ny x T3 — R3 with
properties (2.2))-(2.4). We define

wy(z.t) = | P2 W(R Az, 1)) if (i) holds;
S e 2D IW (R, AD (2, t)) if (i) holds;

w (1. t) _ _%Curl (DQTU(Ra )\(I)(l', t))) — Wy lf (1) hOldS;
U —xewrl (o 2DOTU (R, AB(, 1)) —w, if (if) holds.

Here U = U(S,¢§) is such that curl {U = W. We then define

v+ wodwe, p=p+p, R=R—-8§—ED _g@

v

where p = —%(wc <0+ W, - We),

EN = R(F) + (we @ ¥ + wo ® w, + pld),
F =div(w, @ w, — S) 4+ (0 + v - V)w, + (we + we) - VU + dpwe,

1
2 - = 512 = |v]? =
& 3 (]{—3 |7 [v] trS)Id

and R is the operator defined in (2.7)).
By construction (.1)) holds, tr £ =0, £®) is a function of ¢ only, and

divEWN =div(0 @0 —v®@v —8) + pld + 9(7 — v)
=0 +divi(b®o— S+ R)+pld.
Therefore (v, p, R) solves (3.1) as claimed. The estimates in the proof of
[12][Proposition 3.1] apply to & (1) and yield then (4.2).
Finally, note that tr (R—R—S) = tr£® = |52~ |v|>—tr S. In order to

estimate [ |0]* dx, note that the energy identity for 9, deduced from (3.1]),
reads

0,310 + div (8(|8[*/2 + pId) = — - div R,
from which we deduce, after integrating in z and using (|4.2])

d -
dt][;]vﬁd;ﬁ

This verifies (4.3) and thus concludes the proof. O

< 7[|vz7\|ﬁz\ dz < CA°.

We will use this proposition in two situations, as described in the following
corollaries.

Corollary 4.1. Let (v,p, R) be a smooth strict subsolution on [0,T] and let

€ > 0. There exists §, v > 0 such that the following holds.
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For any 0 < § < 6 there exists a smooth strong subsolution (0, p, R) with
R(z,t) = p(t)Id + R(x,t) such that, for all t € [0,T]

§5§ﬁ§§& (4.4)

B <5+, (45)

15 —v|lg-1 +|[v@v+R—0Q® 0 — Rl -1 < O, (4.6)
/r3 lv|*> 4 tr Rdx = /1‘3 |02 + tr R dx, (4.7)

|oll; < oI+ j =12 (4.8)
0up| < C5, (4.9)
where the constant C' depends on (v,p, R) and €.

Proof of Corollary[4.1 Let
b=Lmf{R(z,t)¢-€: || =1,z e Tt e[0,T]}.

Since R is a smooth positive definite tensor on a compact set, 6 > 0. Then
S := R — 6Id is positive definite for any § < 6. We may in addition as-
sume without loss of generality that 6 < 1. We apply Proposition
with (v,p,R), S, and @ € (0,1) to be chosen below. Note that condition
(i) is satisfied. The proposition yields a smooth solution (v,p, R) of (| .
with properties . Observe that R — R+ S = R — 5Id so that
p= 1tr (R— R+ S) + 0 is a function of ¢ only.
For ~v € (0,1) (to be specified later) set

1 14y
A= (4C)T-ag T-a
with the constant C' from (4.2)), so that we obtain (4.6|) and
IR— R+ S| < 167,

It follows that |p — §] < ié, verifying . From this estimate we can in
turn deduce (4.5)).

So far @,y was arbitrary - it remains to choose these parameters so that
also and ( are valid. Indeed, by choosing 0 < &, << 1 sufficiently
small SO that 1+7 <l+¢and a;3 +7 < €, we easily deduce ) and .

Corollary 4.2. Given 0 < 8 < 1/3 and v,v > 0 there exists 6 > 0 such
that the following holds.

Let (v, p, R) be a CP-adapted subsolution with parameters v,v > 0 and
assume p < 0. Suppose v < v and let 7y <. For any n > 0 there exists
another CP-adapted subsolution (v, p, R) with parameters y,v > 0 (with
possibly different constants C' and « in — which may depend on
(v,p, R) but not on n) such that, with R = pId + R,

p<n and v=wv fort=0.
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Furthermore
/ |5 + tr R = / w2 +tr R for allt,
T3 T3

[0 —vllg-1 <,

[T@F+R—v®v—R|g <.

(4.10)

Proof of Corollary @ Set 8 = 4*1/7 and assume (v, p, R) be a C5- adapted
subsolution satisfying (3.4)-(3.5) with parameters v, v > 0, such that p < 5.
Then p7 < 1 . We may assume moreover, that 7 < é.

Let ¢ € C"X’(O o0) be a cut-off function such that ¢(s) =1 for s > 1/2,
¢(s) =0 for s < 1/4, and set

bit) = o (pff)) |

Then, using the bound on d;p from (3.5) we deduce |9;p?| < Cp~(1+¥). Here
and in the subsequent proof we denote by C generic constants which may

depend on (v,p, R). Define S = ¢*(R — {1d). Then S = ¢*(51d + §), with

V(e = Y2 (p(t) = 1) 2 5070 = w8,

since p > n/4 on supp . Moreover, on supp v
. . 1
S = [W*R| < 4" < 2p79% < S

Thus condition (ii) in Proposition for S is satisfied.
We apply the proposition with @ > 0, A > 1 to be Chosen below and

obtain a smooth solution (0,p, R) of . with properties . In
particular we obtain

2
R:R—S—5=(1—¢2)R+%Id—s,
= -+ L Lug,

where ||€]jo < CA~1T. Choose
14
A= (40) Ty 14,
so that [|E|lp < in“ﬂ < 1—1677. Then, observing that p > n/4 on suppy), we

deduce
n

p> (11— ) + 9 *—%Zﬁonsuppw,
whereas p = p otherwise. Furthermore since ¢ =1if p > n/2,
0<(1-—
p<(l—y? ) +¢ 16 <.

Similarly, on suppt

° o 1 1 1 ~ .
IRl < (1—4?)|R|+ 1771*” < 't 4 1771“ < Cptt.

2
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Thus, by choosing 7 > 0 sufficiently small (such that 77~ < 1/C), we

obtain |R| < p'*7, so that (4, p, R) is a strong subsolution with parameter
4. Moreover, it is easy to see that holds. It remains to verify —
(3.5). Since © = v and p = p outside supp?), in the following we restrict to
times ¢ € supp.

From and interpolation we obtain for any « € [0, 1]

‘|1~)H1+a < 77_(1+a)%, |8tt1'8’ < n_a%’
whereas from the definition of p we have that
5 _ _qlty
10:5] < |0sp| + |0ub|n + |Oitr E| < C(1+ 7 + 5~ %),
Therefore (3.4)-(3.5) holds with constant C' and « > 0 provided

1+~ 1+
1 <1
( +a)1—d LG

<v

Both inequalities can be satisfied by choosing &, > 0 sufficiently small,
provided v < v. This concludes the proof. ([

5. GUIDE TO THE SUBSEQUENT SECTIONS

Let us briefly recall the convex integration scheme in [3], in which an ap-
proximating sequence (vg, pq, Rq) of subsolutions is constructed. The various
C° and C' norms of the subsolution are controlled in terms of parameters
dgs Ag, where we can think of 5;/ % as an amplitude and A, as a (spatial)
frequency. This sequence of parameters is defined as

Ay = 2n[a®], g = A2, (5.1)
where

e [z] denotes the smallest integer n > x.
e 5 € (0,1/3) and b € (1,3/2) control the Holder exponent of the

scheme and are required to satisfy

1-p
1<b< ——; 5.2
5 (52)

e a > 1 is chosen sufficiently large in the course of the proofs (in order

to absorb various constants in the estimates).

In [3] the stage ¢ — ¢ + 1 amounts to the statement that there exists
a universal constant M > 1 such that for 0 < « sufficiently small and
sufficiently large a > 1 the following holds: given (vq,pq, R,) satisfying
(3.1) and satisfying the estimates

1Rgllo < bgs12; 2 (5.3)
lvglls < M6y, (5.4)

1
1Ay < gt Ry () < by, (5.5)
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then there exists a solution (vgt1,Pg+1, Rg+1) to (3.1) satisfying (5.3] .
with g replaced by ¢ + 1. Moreover, we have

1/2

”Uq+1 - Uq||1 < M5q+1-

1
lvg+1 = vgllo + — \
q+1
The proof of this statement consists of three steps:
(1) Mollification: (vq, Ry) — (ve, Ry);

(2) Gluing: (Ug, RZ) = (ﬁlb Rq)a

(3) Perturbation (94, Ry) = (Vgt1, Rg+1)-
In Section |§| we prove a localized (in time) version of the first two stages,
and in Section [7| a localized version of the perturbation. We recall that the
gluing stage, first introduced in [23], is able to produce a Reynolds stress

Rq which has support in pairwise disjoint temporal regions of some suitable
length in time. This will allow to define perturbations through Mikado
flows which are disjoint in time and therefore disjoint in space-time (see
[14] for the use of a space discretization in order to achieve the space-time
disjointness of the Mikado flows without the above condition on the support
of the Reynolds stress).

In the sequel we work with a sequence (Mg, d,), ¢ =0,1,2,.... Moreover,
we fix a > 0, 7 > 0 and define

50/
by = =i (5.6)
TR
and o
Tg = 1/112 . (5.7)
611 >\q

As in [3], we will require several inequalities between these parameters. First
of all, we assume

1/2 ¢1/2
5q—/|—15/>‘q

e < e (5.8)
q+1

To verify this, we use (5.1) and take logarithm base A\, to see that ([5.8))
follows for sufficiently large a > 1 provided
(b—1)[1— B(1+ 2b)] > 8ab.
Thus, after fixing b, 5 as in , 5.8) will be valid for sufficiently small
a > 0 (depending on b, 3). Next, we assume
-1 _
At S lg <A (5.9)

The second inequality is immediate from the definition. Concerning the first,
as in [3] we will in fact need the following sharpening: there exists N € N
such that o

AN < pNHL (5.10)



16 SARA DANERI, ERIS RUNA, AND LASZLO SZEKELYHIDI JR.

To verify (5.10) we argue as above: use (5.1]) and (5.6 and take logarithm
base A, to see that (5.10|) follows for sufficiently large a > 1 provided

N[(b—-1)(1-Bb+1) —v8b* — 3ab] > 1+b+ (14 7)8b* + 2ab — 8.
It is easy to see that this inequality is valid, provided we choose (in this
order):

e b, 3 asin (5.2)), so that in particular B(1 +b) < 1;
e 0 < o,y are sufficiently small depending on b, 3;
e N € N sufficiently large, depending on b, 3, «, 7.

In the following sections we will use the symbol A < B to denote A < CB,
where C' is a constant whose value may change from line to line, but only
depends on the universal constant M, on the parameters b, 5, «,y chosen
as above, and, if norms depending on N € N are involved, also on N. In
particular, C will never depend on the choice of a > 1.

6. LOCALIZED GLUING STEP

The aim of this section is to prove a time-localized version of the gluing
procedure of Sections 3 and 4 in [3]: on intervals [17, T3] C [0, 7] instead of
on the whole interval [0, T]. The main proposition is Proposition which
combines the mollification and gluing steps indicated in Section

In the the statement of Proposition [6.1] we will need the following defi-
nitions.

Definition 6.1. Let 0 < T < T < T such that Ty —T1 > 47,. We define
sequences of intervals {I;} and {J;} as follows. Let

1 2
ti =ity I = [ti + ST ti+ grq} n[0,1], (6.1)

and let

I3
Il

{min{z’ - 21, >T) AT >0

0 if T =0, (6.2)
n= max{i Dt + %Tq < TQ}.

Moreover, define

1 1
J; = (ti— gTq,ti—i—gTq) N0,7T), n<i<nm,

and
Jn—1=10,t, — %Tq), Jap1 = (ta + 574, T
Note that
[0,7] = Jp1 Ul U [J@ U U Jﬁ} UL U Jiy (6.3)
is a pairwise disjoint decomposition into intervals and

th <Ty+ 374 < To — 374 < tz. (6.4)
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Observe also that n > 1 if T3 > 0, whereas n = 0 and J,—1 UL, = 0 if
T1 = 0. In the following we denote, as usual, for R whose trace depends
only on time,

R(z,t) = p(t)Id + R(x,t).

Proposition 6.1 (Localized gluing step). Let b, 3, a,y and (dq4, Ag, 4y, T4) be
as in Section [ with o/y < B/b. Let [Ty, To] C [0,T] with [Ty — Ty| > 47,.
Let (vq,pq, Ry) be a strong subsolution on [0,T] which on [Th,T] satisfies
the estimates

%5q+2 < pg < %511—1—1 ) (6.5)
I Rqllo < o™, (6.6)
[vgll1a < MY, (6.7)
10104] < pg03 >N, (6.8)

with some constant M > 0. Then, provided a > 1 is sufficiently large, there
exists (Ug, Pg, Ryq) solution of (3.1) on [0,T] such that

(0g, Pg» By) = (vg, P Bg)  on [0, T]\ [T1, T3], (6.9)
and on [Ty, Ts] the following estimates hold:
1 — vglla S 2§23, (6.10)
[ll14a S 00/ 2A0T, (6.11)
1Rgllo < 270, (6.12)
%pq S ﬁq S %pQ7 (613)
0upal S 8L/, (6.14)
and
[l = e e < e (6.15)
Moreover, on [tn, tz] the additional estimates
1og|v+1a S 857206 (6.16)
e e
0+ 5, V) Byllvsa S A8 2Ag ;Y50 (6.18)

hold for any N > 0. Finally,

Ry=0 forte | (6.19)
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Proof of Proposition |6.1].

The proof of Proposition [6.1]follows closely the gluing procedure [3][Sections
3 and 4], with two main differences. One is that the subsolution has to be
changed only inside the interval [T7, T3] and stay unchanged outside [T}, T5].
More precisely, recalling the decomposition ,

e the gluing procedure as in [3] will be performed in the interval
[JQ U U Jﬁ} - (tﬂ — Lo tat %rq); (6.20)

e the subsolution will remain unchanged in J,_1 U Jry1;
e the intervals I,,_; and I will be cutoff regions between the “glued”
and “unglued” subsolutions.

The other one is that, since the trace part of Ry, namely pq, has different
lower and upper bounds on [T, T3] (respectively of the order d,42 and d441),
one needs to mollify with different parameters ¢,; depending on p4(t;) on
T4-neighbourhoods of the points {¢;}.

Step 1 - Mollification. For all n < i <7, define

A

T 172 1+3a/2‘
5‘1 Aq

~

Pq,i = Pq (ti)v

Using (6.5) and assuming a > 1 is sufficiently large (as in (5.9), depending
on «,~,b) we may ensure that

1
A Sy < lgi <0 (6.21)

Let ¢ be a standard mollification kernel in space and define

Uty = g % Bty

Pey; = Pg* ¢£q,i + %(|UQ|2 * d)fq,i - |U€q,i|2) )

Ry, , = Rg* ¢, . + (v,Qvy) * be,. — quyiévgqyi.
Observe that with this definition the triple (qu’i,pgqﬂ.,égq’i) is a solution
of (3.1). Using the estimates (6.6)-(6.7) together with the mollification

estimates in Proposition and the choice of the mollification parameters
we deduce as in [3, Proposition 2.2]:

log,, — vlla S 81/2ALFE, s < pUFV20003 (6.22)
[ve,ilIN+14a S 53”*“‘&; ; (6.23)

‘|R€q1HN+a gler'yg—N a+5 )\2+2a£2 N—«
S oyt pr TN (6.24)

| [l = o ] S 8,032 = e (6.25)
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Step 2 - Gluing procedure. Let {I;},<i<n be the sequence of intervals
corresponding to [T, T3] according to Definition We define now a par-
tition of unity on [0, 7

n+1

i=n—1
subordinate to the decomposition in . More precisely, for each n — 1 <
1 <7+ 1 the function y; > 0 satisfies
suppx; C Li-1 U J; U L,
xi(t)=1fort € J;,
10N xi| < Tq_N for all N > 0.

We define
n+1 n+1

Z XiVi, pq Z XiDi (6.26)

i=n—1

n—1
where (v;, p;) is defined as follows. For n < i < 7 we define (v;,p;) as the

solution of B
Owv; + div (Ui () 'Ui) + Vp; =0,

dive; =0, (6.27)
vi('a tz) - /qu,i ('7 tl)a
and set (vj,p;) = (vq,pq) for i € {m+ 1,n — 1}. Thus, we note first of all
that div v, = 0 and moreover

(Vg Dq) = (vg,pq)  for t € [0, T]\ [T1, T3]

Next, we define R,. As in Section 4.1 of [3], for t € I; U J;y1 we have
Xi + Xi+1 = 1 and therefore

OrUg + div (v ® Ug) + VDg =
=0y xi(vi — vir1) — xi(1 = xa)div ((v; — vig1) @ (v — vig1))
—div (i Ri + (1 — xi)Rit1),

where we wrote R; = 0 for n <7 <7nand R; = R, otherwise. Thus, recalling
the operator R defined in Proposition 4.1 [3] (see also (2.7])), set

R0 _ § TOR( = visa) + (1= Xa) (0 — v )@ (v — o) tE T,
1 0 teJ,

n+1
2) = Z Xl Xn 1+Xn+1)R

i=n—1

and

15512) =xi(l —xi) (’Uz' —vip]? - ][3 [0i = vig1|? dx) :
.
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Finally, we define

1) + R((JZ) + ﬁqu7 ﬁq — p((]l) _;'_2532),

where

Pq :Pq+;<]£3 [vg|* — ‘@q|2>‘ (6.28)
By construction
Vg + div (v, ® 9y) + VP, = —div Ry
and holds. Moreover

Ry=0 forallte|]J.

i=n

Step 3 - Stability estimates on classical solutions. Let us consider
for the moment n < i <n. We recall from [3, Proposition 3.1] that by the

classical existence results on solutions of (6.27)), (v;,p;) in (6.26)) above is
defined at least on an interval of length ~ qu,iHl_ia. By (6.23)) and (5.7))

loe, il S 857205 < €07,

~

therefore indeed, provided a > 1 is sufficiently large, v; is defined on I;_1 U
Ji U I; so that (6.26]) is well defined.

Next, we deduce from that |0 log pg| < 5;/2)\(1 = Tglﬁga, so that, by
assuming a > 1 is sufficiently large we may ensure that

p(tl) < 4p(t2) for all t1,to € I;_1 U J; U I; (6.29)

for any ¢. In particular p; ~ py; in the interval I;_;UJ;Ul;. Then, reasoning
as in [3][Proposition 3.3], namely writing the transport equation along wvgg ;
for v; — vgg,; and estimating the various terms on the left hand side (with
the help of (6.23)) and (6.24))), one reduces to a Gronwall type inequality for
the CNT norms of v; — vy, namely

t
[vi = ve, i IN+a S / (75 M lvey,, = vill v + €N %0y ) ds.
Using now the estimate (6.29)), one obtains on I;_;UJ;UI;, as in [3][Proposition
3.3],

147/~ N—1—
Hvi - qu,i||N+a S quq,i’yeq,i e

(1+v)/2 )— N+«
S Pq,i gq,i ’

The case N = 0, together with (/6.22]) leads to (6.10]), whereas the case N =1
leads to

(6.30)

1/2y1+3a/2 1/241+
[vi = vy lli4a S 561/ Ag o/ lgi < 5(1/ A
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so that, combining with (6.7)) and with (6.23]) we deduce that (6.11)) is ver-
ified. More generally, following [3][Proposition 4.3] we deduce from (6.23))

and (6.30) that

[Pl na S S AT N

~

for all ¢ in the region defined by (6.20). Thus (6.16)) is verified.

Step 4 - Estimates on the new Reynolds stress.
Following [3] we define the vector potentials z; = (=A)~tcurl v;, 2, , =
(=A)~tcurl vy, , and obtain, as in [3][Proposition 3.4] the analogous esti-
mates to (6.30)):
1+7 )—N—
||Zi - qu,i ||N+a 5 quq7i’y€qi @

1 —_N—
||(at + /qu,i ’ v)(zl - Zéq,i)HN‘i‘a S qu’ygqﬂ{\[ “

)

valid in I;_1 U J; UI; for any n < i < m. Proceeding as in the proof of
[3][Proposition 4.4] we deduce, using (6.29)), that on J,, U---U Jg
IRglIN+a S 7 2 — zit1lIN+a + [0 = vigr [ N+allv = vigt [la

(6.31)
< g

+vyp)—N—a
gq,i

)

and similarly

18 + 0 - V) Ryllnsa S 73 o6 N0

~ 'q

for all ¢ as in (6.20]). This shows that (6.17) and (6.18)) hold.

Next, we estimate py, recalling its definition in (6.28)). As in Proposition
4.5 of [3] one has that

d _ 2 _
55 150 = ot ] S ot Il e, o S 82N 620877 (632)

Integrating (6.32) in t € I;_1 U J; U I; and using (6.25)) and (5.6)) we deduce
1Po = pal S g 6N S pg G

This proves in particular that p, ~ p, and (6.13)). Similarly, using the

equation (3.1) for (vy, pg, Ry) and (v, ;, pe, ;> Re, ), we also deduce

d _
5 [ ol = 1l S e o, (6.33)
hence

| [ o, = o] < e
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and together with (6.32)) (6.15) is proved. Combining (6.33) with (6.32]),
(6.21)) and (6.5 we obtain

‘atpq _ atpq‘ < p1+’y(51/2€ a/\l-i-a
S pq51/2)\ (5;1Y+1)\a(1+b))
5 pq5;/2)\q7

where we have used (b.1)) and the assumption ab < 7 in the last line. This

shows .

It remains to estimate || R,(t)||o on [T, T3] in order to verify for the
Reynolds stress. Observe that we already obtained on JyU---UJy
(recall ) Moreover, on J,,—1 U Jp41 the subsolution remains unchanged,
so there is nothing to prove. Finally, in the cut-off regions I,,_1 and I
we need to carry on the estimate with 2z; = 24 and v; = vy, 24 =
(—=A)"teurl vq In particular we need to estimate ||z¢,, — 2/la. One has
that, by (2.1)), Schauder estimates and .,

HZ&” - ZqHOc S quH2+a€2
< chrlqua

1+ —
S TaPyi e

Therefore, (6.12)) follows.
O

Remark 6.1. Proposition can easily be extended to a pairwise disjoint
union of intervals [Tl(z),TZ(l)] C [0,T] with TZ(l)—Tl(Z) > A1, and TQ(l) < Tl(lﬂ).

7. PERTURBATION STEP

Proposition 7.1. Let b, 5,a,y and (dq, Ag, g, T4) be as in Section@ with
a/y < 2B. Let [T1,T>] C [0,T] and let (v,p, R) be a smooth strong subsolu-
tion on [T, Ty]. Further, let S € C°°(T? x [Ty, Ty]; S3*3) be a smooth matriz
field with

S(a,t) = ¥2(£) (501 + S(z,1)), (7.1)
where ¥ € C°([T1,Tz];10,T)), S is traceless and & satisfies
0<a(t) <46g41 onsupp?, (7.2)
05| < G042, (7.3)
Moreover, assume that for any N > 0
15| n4a S 70N, (7.4)
lollvr1ta S 62206 (7.5)

10 + v+ V)5S || Ny S 87T N5GL2, (7.6)
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Finally, assume that
supp¢ C | J I, (7.7)

where {I;}; are the intervals defined in (6.1)).

Then, provided a > 1 is sufficiently large (depending on the implicit con-
stants in (7.3)-(7.6) ), there exist smooth (v,p) € C*°(T? x [T1,T2];R* x R)
and a smooth matriz field £ € C™(T3 x [Ty, Ty]; S3*3), supp & C T x supp v
such that, setting R = R— S — &, the triple (0, p, R) is a strong subsolution
with

/ o + tr Rda :/ WP+ trRdz V. (7.8)
T3 T3
Moreover, we have the estimates
- M /9
15— ollo < 50 (7.9)
- M 172
1 = vllisa < 5N (7.10)
where M is a geometric constant, and the error € satisfies the estimates
1€]l0 < Sgrar it (7.11)
[Bstr €] < Sg4a0y AL, (7.12)

Proof. The proof is a localization of the argument carried on in Section 5
of [3]. The point is that the matrix field that has to be “absorbed” by the
perturbation flow is not the whole R as in [3] but S.

Step 1 - Squiggling Stripes and the Stress Tensor S;. Let {I;}; be
the intervals in (6.1)) so that (|7.7]) holds, and set
1

1
J’i = (tl_gTQ7tl+§T)

Following [3][Lemma 5.3], we choose a family of smooth nonnegative 1, =
n;(x,t) with the following properties:

(i) m € C(T3 x [T, Ty]) with 0 < n;(z,t) < 1 for all (z,1);
(i) suppn; Nsuppn; = 0 for i # j;
(iii) T3 x I; € {(=,t) : ni(x,t) = 1};
(iv) suppmi C T3 x J; UL U i1 = T3 X (t; — 374, tig1 + 374) N[0, TY;

(v) There exists a positive geometric constant ¢y > 0 such that, for any

te[0,7)
E / n?(x,t)d:ano.
; JT
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(vi) For N;m >0, |08 ni||m < C(N, m)Tq_N

Define 5
;i ($7 t)
> iy, t)dy
J

so that Y, [13 04 dx = [{5 5 dz, and, using the inverse flow ®; starting at
time t;

oi(w,t) = |T°|

a(t),

{(8t+v-V)<I>,-:O

set
51' =g;1d + U?S,
- V®,5(Ve)T
Si=————"—.
Oi
One can check from the properties of n; and from ([7.2)) that
49,
laillo < =1
co
[Gillv < dg+1,
and moreover, using ((7.7)),
1 - _ 1 =
St Z . Sidr =0 = StrS. (7.13)

We next claim that for all (z,t)
Si(z,t) € By jp(Id) € 833, (7.14)

where By j5(Id) is the ball of radius 1/2 centred at the identity Id in S**3.
Indeed, by classical estimates on transport equations (see e.g. [3][Appendix
BJ)

IV®; —Id|lo < mg0a2AgT < €2 (7.15)
for t € J; U I; U Jiy1, since this is an interval of length ~ 7,. Using (7.2)),
(7.4) and (5.9) we also have, for any N >0

S| |8

=y p—N— Y —N __ ya—2Bv)—N
5 Sl=ll S T S0l Gty = A ;N (7.16)

’ q+1 g+l
N N

Thus, using the decomposition

g

s n28
S; —1d = Vd,~=vae! + vo,ve!l —1d
o;

we deduce )

[Si = 1d S N6y <
provided a > 1 is sufficiently large, since we assumed « < 23~. This verifies
(7.14).
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Step 2 - The perturbation w. Now we can define the perturbation term
as

Wy 1= Zw 1/2 V(I) ) 1W(;§¢,)\q+1q)i) = Zw(m

where W are the Mikado flows defined in Section see also Remark
Notice that the supports of the w,; are disjoint and, using the Fourier series
representation of the Mikado flows ([2.5]),

Wes = Z(v(pi)_lbi’kei)\‘ﬁ‘lk'q)i’ (717)
k40

where we write

bi (2, 1) = () (o4(x, 1)) %ap (Si(x, 1)) Ag.

We define w, so that w = w, + w, is divergence free:

T
N 204(55)) % Vo7 (k x Ay) JOVISR Y Z ¢; pe a1k

T N k2 =
Define then

W = Wy + We

V=04+w

=p+ |wl? —Z%
E(x,t) = EM(a,t) + ED (1),
where
EW i= [0, +div (5 ©7) + Vi +div (R - 8) . (7.18)

with R being the operator defined in ({2.7]), and
EAt ][ 5% — |v]? — trSdaz) Id.

Equations (7.8) and (3.1]) follow by construction.

Step 3 - Estimates on the perturbation. The estimates on v and £
follow similarly to the ones for vy41 and }?qﬂ in Section 5 and 6 of [3]. As
EW is defined through the operator R, in order to estimate its parts we use
the stationary phase Proposition In order to bound the terms involved
we require analogous estimates to the ones in Section 5 of [3]. First of all,
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generalizing ((7.15)), for all N >0 and t € J; UL; U J;4q
[(V®,) ™! = 1d||w + |[V®; — Id|| v < mg0b2AL e N
-N
S (7.19)
10 +v - V)V®i|n < [[V@illol|v][n+1 + [Vl v v]l2
—Ns1/2y1+
S g
2y y9—N
<oy, (7.20)
where we used the identity (9; +v - V)V®; = DvT'V®;, estimates (7.5) and
(7.15) and the fact the flow ®; is defined on a time interval of length .

Then, the following estimates follow precisely as in [3][Propositions 5.7 and
5.9]:

1Sillv < €7, (7.21)
1/2 —6)—
Ibiklln < 0,3 1k| 50, (7.22)
1/2 \ — —6,)—N—
leiglln < 0p 3L k|00, N (7.23)
DiSil|lv St 7.24
q q
1/2 _1,)—-N—1+— _
[Decinliv S 5qJ/rqu N TINR. (7.25)

In obtaining (7.21]) we use (|7.16|) and the assumption that ov < 237. In turn,
from these estimates the estimates on v in ([7.9)-(7.10)) follow precisely as in
[3][Corollary 5.8].

Step 4 - Estimates on the new Reynolds term £, The estimates for

EM are analogous to those obtained for the new Reynolds stress in Section
6 of [3]. Therefore we obtain, using (5.8),

1/2 ¢1/2

5 +174q q _
1EM o < q)\lfg,a < Ggradg it (7.26)

q+1

Step 5 - Estimates on the new Reynolds term £2). Now we turn to
@ consider the decomposition

1
£ =] ][ o~ of? — tr S|
31 I

Sf‘ |w| —trS‘—i—f’ W+ We + We * W + We @ We
31 ] 31 ]

1
—i—‘][ w-v—i—v-w‘
31 [
and proceed as in [3][Proposition 6.2]. Concerning the first term in ([7.27)),
using ([7.17)) and ([2.6) we have

Wo Q@ Wo = Zwoi X Woi = Z w2»§1 + Z ¢26ZV<I>;1C;€(gi)VQ;Te"’\qu"bi .
i : i kA0

(7.27)
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Using (2.8)), the properties of Cj in (2.6) and (5.10) we obtain

-N
‘/ Z ¢ UzV(I) ICk( )V‘I’ i>‘q+1k"¢'i 5 Z 6‘14‘16 < 5q+1 .

i,k#0 k#0 q+1|k|N Ag+1
Furthermore, as in [3][Proposition 6.2], we also obtain
61/261/2 )\1+2a
’][ Wo @ We + We @ Wo + We @ We —i—’][ w®y+v®w‘ < 4 "gtl7q
I T Ag+1

Thus, combining with ([7.13)) and ( we arrive at

1/2 1/2 o
£ < 0 5q+1)‘1+2 Ogt2
~ A — )6«
q+1 g+1

Combining with ([7.26) and taking a > 1 sufficiently large we thus verify
(7.11).

Step 6 - Estimates on 0;tr £. Observe that EM g traceless, whereas £
is a function of ¢ only. In order to estimate the time derivative of £(3),
observe that, since v is solenoidal, for every F' = F(z,t)

/Ts -|—3

where Dy = 0, + v - V. Therefore, using again the decomposition in ([7.27)),
we have

d .
‘— v®v—v®v—5‘§’ Dt<wo®wc+wc®wo+wc®wc>
dt T3 T3

+‘ TsDt w®v—|—v®w)} (7.28)
+(/ Dy Z 25, VD Cr(S) VDT Mw”)‘
i,k#0

Let us first estimate || Diw,||o.

Dyw,= Y _ Dy (w(ﬁi)l/Qak(@)>V@;lAkeiAqu-qn

i,k#0

+ 3 (6 2ar(S) (Vo) VB, T Apetariks
i,k#0

_ Z dmkei,\qﬂk-@ + Z gmei,\qﬂk.cpi_
i,k£0 i,k£0

First notice that, by using (7.5)), (7.2)), (7.19), the estimates on the Fourier
coefficients of the Mikado flows, and arguing as in ([7.20]), we obtain

1/2 ¢1/2
q+1-4 )‘q

L
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As for the coefficients d; i, the estimate follows from (7.24]) and from

_1/2 _11/2
1De(5}"%)llo < 7 toM3-

Therefore
IDywollo S 0430820054 .
Similarly we can deduce

| Diywello < 5;4215;/%‘45(1_4&)‘@11 '

Combining with ||wol|o + [|wello S 5;421 and using (5.8)-(5.9), we arrive at

‘ / D, (wo ® We + We ® W + We @ wc> < G100 20l
T3

1/2 y1-3a
S 0q+205 11041

The estimate of the third term in is entirely similar. Finally, the
estimate of the term involving D;(w ® v) follows by the estimates above on
the terms given by Dsw, and the stationary phase Proposition More
precisely, we write

D, <w ®U> = Z hi,ke““l“k@",

i,k70
with
1/2 4o
Ihinlln S 8g4ady Mgty Y,
leading to

12 1/2y jda- N s1/2 51/2
[ o) BN e
T3 AN Agt1
1/2 y1—
S 5‘]4‘25(1—/{—1)\;—}—?&

as before, using (5.10) and the trivial estimate 1 < 5;421)\%1. As a result,

we obtain the estimate ([7.12]).
O

8. FROM STRICT TO ADAPTED SUBSOLUTIONS

The aim of this section is to prove Proposition [3.1l The proof is based
on an iterative convex integration scheme similar in structure to that imple-
mented in [I2]. Here however, each stage contains an additional localized
gluing step and the estimates in the localized perturbation step are 1/3-type
estimates.

Proof of Proposition [3.1]
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Step 1 - Setting the parameters of the scheme. Let (v,p, R) be a
smooth strict subsolution and let 0 < § < 1/3, v > 0 be as in the statement
of the proposition. Choose b > 1 according to , furthermore let £ > 0
such that

1-p

28
Then, let 5,’7 > 0 be the constants obtained in Corollary and choose
0<a<landO<vy<49 <4 so that the conditions in Section [5| and the

inequalities ([5.8])-(5.10]) are satisfied,
1-38+«
26

b(1+2) < (8.1)

(8.2)

and furthermore
ab 3a @
— <A< —, O0<y<y——. 8.3
p 26 2 (®.3)
Having fixed b, 3, a, 7,4 we may choose N € N so that (5.10) is also valid.
For a > 1 sufficiently large (to be determined) we then define (\y, d,) as in

(5.1). Thus we are in the setting of Section

Step 2 - From strict to strong subsolution. We apply Corollary
to obtain from (v, p, R) a strong subsolution (vg, po, Ro) with 6 = d; such
that the properties — hold. We claim that, with such a choice of
the parameters, (v, po, Ro) satisfies

3 5
-6 < < = A4
451_[)0_ 451 (8.4)
1Ro()]lo < pp " (8.5)
voll1a < 6/ ATH (8.6)
19epol < 5165 * X0 - (8.7)

Indeed, (8.4) and (8.5) follow directly from (4.4)-(4.5) since § = d;. In order
to verify ({8.6))-(8.7) we need to choose £ > 0 in (4.8)-(4.9) so that

570 < 512,

According to the definition of (A, d4) this is valid by our choice of € in ({8.1))

above. In turn, the constants in (4.8])-(4.9) can be absorbed by a sufficiently
large a > 1.

Step 3 - Inductive construction of (v,, py, R;). Starting from (vo, po, Ro),
we show how to construct inductively a sequence {(vq, pg, Rq) }qen of smooth
strong subsolutions with

Ry (w.1) = p(D1d + Ry (x,1)
which satisfy the following properties:
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(aq) For all t € [0,T]

/|vq2+tqu:/ lvo|? + tr Ro;
T3 T3

(bg) For all t € [0,T]
1R ()]l < py*;
cq) f 29T < t <277HT for some j =1,...,q, then
q
3
g0i+1 S pg < 455
(dg) For all t <2797
[ Rq(t)llo < Pé#ya %5q+1 < pg = %5(14—1;
eq) If 279T < t < 279+!T for some j =1,...,q, then
q
1/2
gl e < MO
1/2
‘8t/0q‘ < 5j+15j/ )\ja
whereas if ¢t < 2797,
logllisa < ME2AGT,
|01pq| < 5q+15;/2)‘q-
(fq) Forallt €[0,7] and ¢ > 1

M
[vg — vg—1llo < 753/2-

Thanks to our choice of parameters in Step 1 above, (vg,po, Ro) satisfies

(8.4)-(8.7) and therefore our inductive assumptions (ag) — (fo)-

Suppose then (vq, pg, Rq) is a smooth strong subsolution satisfying (a,) —
(fq). The construction of (vg41,pg+1, Rg+1) is done in two steps: first a
localized gluing step performed using Proposition [6.1|to get from (vy, pg, Rq)
a smooth strong subsolution (7, Py, Rq), then a localized perturbation step
done using Proposition to get (Vg+1,Pg+1, Rgt1) from (94, by, By).

We apply Proposition [6.1] with

[T7, T3] = [0,279T7.

Then Ty — T > 47y, provided a > 1 sufficiently large. Moreover, by (d,) —
(eq) and (8.3), (vg,pq, Rg) fulfils the requirements of Proposition on
[T, T»] with parameters «,5 > 0.

Then, by Propositionwe obtain a smooth strong subsolution (7, py, Ry)

on [0,7T] such that (94, pg, Ry) is equal to (vg,pgq, Ry) on [2797,T] and on
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[0,279T satisfies
174 = vglla S ﬁ(Hﬁ)/Qfa/?)
[ale S 612001 + @,
[Rqllo < 270, (88)
géqﬂ < pg < %5q+1,
|8tﬁq| S 5q+15;/2/\tr
Moreover, on [0, 7] one has
[TgllNs11a S 52NN
Fallvsa S ALV, (39)

(0 + B - V) Ryl e Sy N 6120,

and B
Ry=0 fortel| s (8.10)
i=0
Recalling Definition and (6.4) observe that
[0, 22797 C [0, ], (8.11)

provided a > 1 is chosen sufficiently large. Then, fix a cut-off function
Pq € C([0,22797); [0, 1]) such that

1 t< 2 (et
t) = = ’ 8.12
Vq(2) {0 ¢ > S9-a7, (8.12)

and such that [¢;(t)] < 27. By choosing a > 1 sufficiently large, we may
assume that
Yi(0)] < 501/ (813)
for all g. Then, set
S = %( — Og21d).
Using , and -— 8.11) we see that S and (g, py, R,) satisfy

the assumptions of Proposition on the interval [0, t5] with parameters
o,y > 0. B
Proposition [7.1] . gives then a new subsolution (vg41,Pg+1, Bg — S — Eg11)
with

_ M /9
g = Byllo + A g = Bylliea < 50447

/ lvgr1]? —trS —tré 1 = / |5,/ for all ¢ € [0,T],
3

and such that the estimates - hold for 8q+1 Let
Rq+1 = Rq -5 - 5q+1.
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We claim that (vg41, pgt+1, Rg+1) is a smooth strong subsolution satisfy-
ing (ag+1) — (fg+1). Notice that (ag41) is satisfied by construction. Since
(Vg+1, Pg+1, Rgt1) = (vg, g, Ry) for t > 2797, we may restrict to ¢t < 2797
in the following, so that in particular holds.

Let us now prove (bg+1). On the one hand

[ Rgs1llo = [[(1 — 2 Rg — Eqrllo
< (U= 99)p " + 0g422 1 Ly, 50,
on the other hand
pgr1 = (1 — 71’3)% + ¢36q+2 + %tr Eqt1liy, >0y
> (1= 92)pg + 30412 — 0gr2Ay 1 1y, >0}
The question is then whether there exists a suitable vy such that
(1- ¢Z)ﬁé+;y€q_a + 5q+2)\q_4?-)?]1{¢q>0} (8 14)
< (1= 92)pg + 13 0gra — o) 5 Ly, >0y 7

To this end set
F(s) = (1= 8)py 105" + 0g2M 07
G(s) = (1 — 8)pg + 86442 — 5q+2)‘;+3? )

and observe that (8.14) is equivalent to F(¢2) < G (¢2) if ¢y > 0, and
follows from this inequality also in case 1), = 0. In particular, (8.14) follows
from

(i) £(0) < G™7(0);
(i) F(s) < (14+7)G ()G (s).
We note next that, since 249 < 3a,

—3a ~1+%
6Q+2)\q+1 5 pq )

so that we have the estimates
F(0) S 7% G(0) 2 pg

and also clearly G(s) < p,. Then is it easy to check that (i) amounts to
p;ﬂeq—a < %7, and hence (using (5.9)) follows from

N a >

v 23 y
whereas (ii) follows from v < 4, provided a > 1 is sufficiently large to absorb
geometric constants. Thus, our choice of v in (8.3 guarantees that (8.14]),
and hence (by+1) is satisfied.

Consider now (cq+1), where we only need to consider the case j = ¢ + 1,
i.e. the estimate on [27971T,279T]. Arguing as above, we see that

Sqv2(1 = A2) < pait(t) < pg(t) + Sqrad 2y < 3001 + Sgrad 5

Therefore (c4+1) holds, provided a > 1 is sufficiently large.
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Similarly, concerning (d,1) note that for ¢ < 27D T we have 1, (t) = 1,
so that

Sprall — Ae%) < puss < Saral1+ AT).
Moreover, as above, for ¢ < 2~

[ Rg+1llo < 5q+2)\;j’? < (%5%1)14@’

since 235 < 3a and by choosing a > 1 sufficiently large. Therefore (dg1)
holds.
Concerning (eq1) it suffices again to restrict to ¢ < 2797, i.e. the case

j=q+ 1. From (8.8)) and (7.10) we deduce

[vgt1ll14e < g1 — Tgllita + 19gll1+a

M 1/2 y1+ 1/241+
< SO + O8I

1/2 yi4a
< Mo/HALY

where C'is the implicit constant in (8.8) which can be absorbed by choosing
a > 1 sufficiently large. In a similar manner the estimate on |0;pq+1| follows

from (eq) and (7.12). Finally, (f;+1) follows from (8.8) and (7.9).

Step 4. Convergence to an adapted subsolution. We have then ob-
tained a sequence (vq, pg, Ry) satisfying (aq) — (fy)-

From (f,), it follows that (v, p,) is a Cauchy sequence in C°. Indeed, for
{v,} this is clear. Regarding {p,} we may use (3.1)) to write

A(pg+1—pg) = —divdiv <}O%q+1 — Ry + (vg41 — 0g) ® Vg + V11 ® (vg41 — vq)) :

and use Schauder estimates. Similarly, also {R,} converges in C°. Indeed,
from the definition and using (6.15)) and we have

HRq-i-l - RqHO = HRq - Rq -5 gq+1”0
< [|1Rg = Ryllo + [IS1lo + |€g+1ll0
S Og+1-

Since for all ¢ > 0 there exists ¢(t) € N such that
(UQapm Rq)('at) = (Uq(t)7pq(t)7 Rq(t))('at) Vg > Q(t)>

then (vq, pq, Rq) converges uniformly to (9, p, R) where (0, p, I:Z) is a strong
subsolution with

IRljo < p™*7

and, using (4.7)) and (aq)

GIR —l—trfiz/ > +tr R for all t € [0,T].
T3 T3
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Furthermore, using (4.6) and (f;)

10 = vl < flvo = vllg—1 + [lvo = &l

o0
S0+ Z [vg+1 — vqllo
q=0

<0
and similarly
0@ 04+ R—v®v—R||g-1 < |lvo®vo+Ro—v®v— R| g1+
+ ”@@ﬁ—l—ﬁ—Uo@Uo—RoHHq
S+ 0@ 06— v @wollo+ [[Rllo+ | Rllo
< 01.

Concerning the initial datum, from (e;) and (f,;) we obtain by interpola-
tion that (-, 0) € C”, and from (d,) we obtain that R(-,0) = 0.

Finally, we verify conditions (3.4)-(3.5|) for being an adapted subsolution.
Let t > 0. Then there exists ¢ € N such that ¢ € [2797,2791T]. By (c,)
and (eq)

3 .
§6q+1 < P < 45(17
0]+ < MSY2ATT

Therefore p~1 > %5; ! and hence, using (5.1)) and (8.2), we deduce

H@Hl-i-oz < ﬁi(lw)

for a > 1 sufficiently large. Similarly, using (ey) and (8.2)) we deduce

~ 1_1_ﬁ A—U
|0:p| < 5q+15¢}/2>‘q < dq ¥ < p

This completes the proof of Proposition 3.1 O

9. FROM ADAPTED SUBSOLUTIONS TO SOLUTIONS

The aim of this section is to prove Proposition We will start now
from an adapted subsolution and we will build through a convex integra-
tion scheme a sequence of strong subsolutions converging to a solution of
the incompressible Euler equations. Here as in Proposition the convex
integration scheme will need localized gluing and perturbation arguments,
namely Propositions[6.1]and However, the choice of the cut-off functions
will be, as in [12], dictated by the shape of the trace part of the Reynolds
stress and not fixed a priori as in Proposition [3.1

Proof of Proposition [3.2:
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Step 1 - Setting of parameters in the scheme. Let (0, p, R) be a CB-

adapted subsolution on [0, T] satisfying (3.2]) for some v > 0 and (3.4)-(3.5)
for some a, v > 0 as in Definition [3.3] with

1— 1-3
J<1+V< Aﬂ.
23

26

Fix b > 1 so that

V¥ (1+v) < 12_35, 26(b* — 1) < 1. (9.1)

Observe that both (3.2) and (3.4)-(3.5) remain valid for any 7/ < ~ and

o’ < a (c.f. Remark(3.1)). Then, we may assume that «,y > 0 are sufficiently

small, so that (,p, R) satisfies (3.2) and (3.4)-(3.5) with these parameters,
and furthermore choose 4 > 0 so that

ab< <3a ab<~< o} 9.2)
— <7< S <A<V 55 :

g 260 B 2

Finally, having fixed b,ﬁ,B,a,’y,’y we may choose N € N so that (5.10)
holds. For a > 1 sufficiently large (to be determined) we then define (g, d4)
as in (b.1)). Thus, we are in the setting of Section

Step 2 - The first approximation. Let (0, p, R) be as in the statement
of the proposition and fix n = §; (observe that d; depends on our choice of
a > 1 which will be chosen sufficiently large in the subsequent proof; thus, if
necessary we choose 7 smaller than given in the statement of the proposition
- this is certainly no loss of generality). We apply Corollary to obtain
another CP-adapted subsolution (vo, po, Ro) with parameters ~y, v such that

po<n/4 and wvy=0fort=0.

Observe that strictly speaking in applying Corollary we would obtain a
parameter 7' < 7. However, without loss of generality we may assume that
the parameter is -, since in Step 1 above we already chose v “sufficiently
small”. Furthermore

/ lvg|? + tr Ry = / 15]% + tr R for all ¢,
T3 T3
o — ollz—1 < n/2.
lvo ® vo + Ry — 0 @ 9 — R -1 < n/2.

We claim that then the following holds: for any ¢ € N and any ¢ € [0, 7]
such that pg(t) > d442, we have

[volli+a < 8572 A5",

9.3
|0t po| < 005;/2)‘q- 03
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Indeed, assuming p(t) > d442 for some ¢, we obtain using ([5.1)) and (9.1))
pa(l—l—u)(t) S /\gﬁlﬂ(l—i—u) < (5;/2)\(17
. 2
Po “(t) S Agﬂb "< 5q+25;/2)‘q )

provided a > 1 is sufficiently large to absorb constants.

Step 3 - Inductive construction of (vg, py, Ry). Starting with (vo, po, Ro)
we construct inductively a sequence of (vg, py, Ry) of smooth strong subso-
lutions ¢ = 1,2... with

Rq(ﬂj, t) = pQ(t)Id + R%11(1:7 t)

satisfying the following properties:
(aq) For all t € [0,T]

/ |vg|> + tr R, —/ lvg|? + tr Ry; (9.4)

(bg) For all t € [0,T]
Pq < Zéq—i-la (9.5)
(¢q) For all t € [0,T]
1+ : 3
: P if pg > 50q+2,
[ Rqllo < ?4—7 i ! < §6q+ i (9.6)
Pq Wpg = 50¢+2;
(dg) If pg > 0j42 for some j > ¢, then
oglli4a < MO} ALY, (9.7)
10:pq| < pgd} N3 (9.8)
(eq) Forallt e [0,7] and ¢ > 1
lvg = vg-1llo < 51/2 (9.9)

Thanks to our choice of parameters in Step 1 above, (vg,po, Ro) satisfies
(19.3) and therefore our inductive assumptions (ag) — (fo).
Suppose now (vg, pg, Ry) satisfies (aq)-(eq) above. Let

Jy = {t €[0,T] : py(t) > gaq+2}, Ky = {t€[0,T]: py(t) > 20412},

Being (relatively) open in [0,77], J, is a disjoint, possibly countable, union
of (relatively) open intervals (Tl(z), 2(1)). Let

7= {is (), 1) K, £ 0}

and let tp € (Tl(i)7 2(2)) N K, for some ¢ € Z,. Since K, is compact, we may

assume that the open interval (T 1(),750) is contained in J; \ K. Using (d;)
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we then have
30002 = po(T1") 2 pylto) = T — to] sup |01
q
> 26442 — 2044205 2N TV — to],
hence
T8 — b > 1(61/20,) " > 4y, (9.10)
provided a > 1 is chosen sufficiently large. Similar estimate holds with 7. 21').

Therefore T. 2(Z) -T 1(2) > 47, for any i € Z,, so that Z, is a finite index set.
Next, we apply Proposition (in the form of Remark to (vg, pq, Rq)
on the intervals
U Jas

i€,
Since p, > 30,42 on Jy, from (a,) — (e;) we see that the assumptions of
Proposition on (vg,pq, Rg) hold with parameter 4. Then we obtain
(0q, Dg, Rq) such that
194(2) = vg()lla S PGHV20572,

10gll14a S 51/2A1+°‘

| Rallo < 25765,
Pq <pg < %pqa
100l < Pady/*Aq
Moreover, recalling (6.4)), for any ¢ € Z, we have the following additional
estimates valid for ¢ € [Tl(z) + 274, TQ(l) — 274):

T4l N+14a S 53/2)\1+O‘€_

HR |y S PTG (9.11)

H(at + 7_}11 ) V) qHN—&-a S é—weq_N_aéé/Q)‘q ’

~

and the traceless part S of S satisfies
supp S C T3 x UIZ-, (9.12)
i
where {I;}; are the intervals defined in (6.1)). Let us choose a cut-off function
by € C°(Jg; 10, 1]) such that

supp ¥ C U D49 q,T() —27,) (9.13)
1€1y

Ky C{yg=1} (9.14)
1

AR (9.15)

532N,
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Such choice is made possible by . We want then to apply Proposition
to (v, Pg, Ry) with

5= #@( q+21d)
hence o = zpq (Pg — 0g+2). Using (9.15 and (| - we see that
S and (94, by, Ry) satisfy the assumptlons of Proposition on the interval
[T( 9 + 274, T( v _ 27,] with parameters @,y > 0. Proposition gives then
a new subsolution (vgy1,pg+1, Ry — S — Eg41) with

_ M /2
g1 = gllo + Ay “llogss = Bylliva < 50543,

/ [vgi1]? —trS —tré 1 = / |5, for all t € [0,T].
T3 T3

and such that the estimates (7.11)-(7.12) hold for £,11. Let
Rq+1 = Rq -5 — £q+1.

We claim that (vgy1, pg+1, Rg+1) is a smooth strong subsolution satisfying
(ag4+1) —(fq+1)- Notice that (aq+1) is satisfied by construction. By definition
of S, one has then

Pg+1 = f_’q(1 - w )+ w Og+2 — trqurl )

éqﬂ =R ( ¢q) q+1

Then (bg+1) follows directly from and the fact that K, C {¢y, = 1}.
Next, observe that if pgy1 < 5q+3, then t ¢ Jg, hence pgi1 = pg, Rq+1 =
Rq. Therefore in verifying conditions (cg4+1) — (dg+1) it suffices to restrict to
the case when pgy1 > %5q+3 and j = q + 1, respectively.
If t € J, then the argument for showing (cq41) is precisely as the proof of

(bg4+1) in Step 3 of Proposition [3.1{ above. Also, the estimates in (d,1) for
j = q+ 1 follow from and (7.12)). Finally, (e441) follows precisely as
(fq+1) in the proof of Proposition above.

Thus, the inductive step is proved.

Finally, the convergence of {v,} to a solution of the Euler equations as in
the statement of Proposition [3.2]follows easily from the sequence of estimates
in (a)q — (f)q, analogously to Step 4 of Proposition above.

O
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