INTERFACE

royalsocietypublishing.org/journal/rsif

(O
Research Check for

Cite this article: Vanone F, Foss AJE, Viola F,
Repetto R, Dvoriashyna M. 2025 A mathematical
model of corneal endothelium pump function. J.
R. Soc. Interface 22: 20250167.
https://doi.org/10.1098/rsif.2025.0167

Received: 26 February 2025
Accepted: 27 May 2025

Subject Category:
Life Sciences—Mathematics interface

Subject Areas:
biomathematics, biophysics

Keywords:

corneal endothelium, modelling, simulation, local
0smosis, electro-osmosis, ion transport, pump
and leak, endothelial water transport

Authors for correspondence:

Rodolfo Repetto

e-mail: rodolfo.repetto@unige.it
Mariia Dvoriashyna

e-mail: m.dvoriashyna@ed.ac.uk

Electronic supplementary material is available
online at https://doi.org/10.6084/
m9.figshare.c.7863976.

THE ROYAL SOCIETY

PUBLISHING

A mathematical model of corneal
endothelium pump function

Federica Vanone', Alexander J. E. Foss?, Francesco Viola', Rodolfo Repetto® and
Mariia Dvoriashyna®

TGran Sasso Science Institute, L'Aquila, Italy

2Department of Ophthalmology, Nottingham University Hospitals NHS Trust, Nottingham, UK
3Department of Civil, Chemical and Environmental Engineering, University of Genoa, Genoa, ltaly
4school of Mathematics and Maxwell Institute, University of Edinburgh, Edinburgh, UK

FV, 0009-0009-3193-8898; AJEF, 0000-0001-9649-0072; FV, 0000-0003-1303-5934;
RR, 0000-0001-9332-5063; MD, 0000-0002-6057-1919

The corneal endothelium plays a critical role in maintaining the transparency
of the cornea by regulating water transport through the ‘pump and leak’
mechanism. This study presents a mathematical model to analyse fluid
and ion pumping across the endothelium, accounting for two proposed
mechanisms of the endothelial pump: local osmosis and electro-osmosis.
The model incorporates four key ions (Nat, K*, CI~ and HCO;) and
considers transcellular and paracellular transport pathways. The model
predicts a water flux from the stroma to the anterior chamber as observed
in experiments with isolated endothelium. Electro-osmosis is found to
contribute minimally to water transport compared with local osmosis,
which is the dominant mechanism. The magnitude of water flux depends
on the cell membrane and tight junction permeability to water. Global
sensitivity analysis reveals that water flux is also highly influenced by
the tight junction permeability to different ion species, and to a smaller
extent, to the permeability of cell membrane to some ions, with the specific
effect depending on the ion species. The model captures experimental
observations, including responses to ion channel inhibitors. This work
provides a framework for understanding the factors governing fluid
regulation in the cornea.

1. Introduction

The cornea is the main refractive surface of the eye and central to its function is
its transparency [1]. The cornea is located at the anterior part of the eye where
it borders with the anterior chamber, see figure 1. It is composed of three main
layers: the epithelium which is high resistance epithelium, constituting about
10% of the total corneal thickness; the stroma, which is the thickest layer of the
cornea (about 500 pm, corresponding to about 90% of the total corneal thick-
ness); and the endothelium, which functions as a second epithelial layer with
low resistance and covers the surface facing the aqueous humour in the anterior
chamber of the eye [2].

The stroma is composed of layers (lamellae) of collagen fibrils arranged in
an extremely regular array and its transparency is due to its relatively dehy-
drated state, which is maintained by the corneal endothelium [3,4]. Indeed, the
isolated endothelium is observed to pump water towards the anterior chamber
[5]. This function of the endothelium is known as the ‘endothelial pump’, since
it depends on the active transport of ions by the endothelium [6,7]. The pump
has to compensate for the swelling pressure of the corneal stroma exerted by
its negatively charged glycosaminoglycans. For a normal hydration of 3.4 mg
per mg dry weight, this pressure has been estimated at about 60 mmHg in vitro
[8-11], while in vivo measurements on rabbit corneas by Klyce et al. [12] show
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Figure 1. Drawing of the anterior part of the eye with zoom-in on cornea and corneal endothelium. Not to scale.

a swelling pressure of 50 mmHg. This is the pump and leak model, and the level of corneal hydration is maintained at steady
state when these two processes balance [13]. Fuchs’ corneal dystrophy causes endothelial cell loss and impaired pump function,
resulting in corneal swelling and loss of transparency [13]. It is one of the most common indications for a corneal graft procedure
[14].

Two main mechanisms have been proposed to describe how the endothelial pump works [7]. The first is the ion secretion
model, based on local osmotic effects [15], and the second is electro-osmosis [16-18]. Local osmosis was modelled in the seminal
work by Diamond & Bossert [15]. Their work explains the occurrence of net water transport in absorptive or secretive epithelia
as a consequence of local osmotic gradients generated by active solute transport in long, narrow, fluid-filled, membrane-bounded
channels open at one end and closed at the other. In the corneal endothelium, the intercellular clefts show these characteristics.
Electro-osmosis is an alternative hypothesis for explaining fluid flow in narrow channels whose surface is lined with fixed electri-
cal charges. Such charges attract mobile ions, which accumulate in a thin electrical double layer close to the membrane. When an
electric field is present along the channel, the ions will experience a Lorentz force which, since inertia is negligible, results in an
equal body force on the fluid within the electrical double layer, driving the fluid flow in the channel. The cell membranes and the
tight junctions are lined with negative fixed charges on their external surface, and there is a transendothelial potential of —0.5 mV
[19-22] thus making the intercellular spaces and tight junctions good candidates for electro-osmosis as a fluid transport mecha-
nism. Indeed, the experiments of Sanchez et al. [16] showed that there is a linear dependency between imposed transendothelial
current and water flux, which further indicates the possible role of electro-osmosis.

Corneal swelling has been investigated experimentally and using mathematical models which account for the different layers
of the cornea [23-27]. In these models, the mathematical treatment of the endothelial membrane is usually done by irreversible
thermodynamics. Although this approach may be convenient for coupling the different layers, it does not allow for the treatment
of the endothelium at the cellular level (accounting for the membrane transporters and the cleft gap), which is necessary for our
purpose of investigating the relative importance of local osmosis and electro-osmosis for water transport across this cell layer.

Mathematical models of the isolated endothelium included more details about fluid and solute transport mechanisms.
Liebovitch & Weinbaum [28] investigated the role of local osmotic flow by coupling transcellular (through the cell) and para-
cellular (along the cleft) transport. The authors considered one solute transported across the cell membranes by passive and active
mechanisms and calculated the resulting osmotic water fluxes. Applied to the corneal endothelium, their model predicts net flow
from the stroma to the aqueous, comparable with experimental measurement. Electro-osmosis acting within the tight junctions
was modelled by Rubashkin et al. [17], where the authors considered the transport of NaCl and water. Fischbarg & Diecke [29]
constructed a compartmental model of ion transport across the cell layer accounting for four key ions: Na* (sodium), K* (potas-
sium), CI~ (chloride) and HCOj (bicarbonate). They included local osmosis and electro-osmosis as two experimentally observed
proportionality constants relating the water flux to the ion flux and the current across the tight junction, respectively.

In this article, we develop a coupled model of fluid and solute transport across the isolated corneal endothelium, following an
approach similar to that employed by some of the present authors to study water transport across the retinal pigment epithelium
[30]. We relax the assumptions about the linear relationships defining local osmosis and electro-osmosis in [29]. Instead, we in-
clude a description of local osmosis similar to [28], but we also include the physical laws governing electro-osmosis in the coupling
between the cell and the cleft. We consider the same four ions as in [29] and account for the presence and location of specific ion
pumps, channels and transporters on the membranes of the cells, which are not part of the model by Liebovitch & Weinbaum [28].
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Figure 2. The domain is [0, L] X [0, h + w]. The ion species and the ion transporters on the membrane are shown. X indicates the fixed negative charge present in
the cell. Not to scale.

Table 1. Notation for the compartments and ions. The letters are associated with compartments and are used as superscripts, and the numbers are associated with the
ion species and are used as subscripts.

(a) compartments (b) ions

compartment letter ion number

cell c Na* 0

c'Ievft(IvatevraI) S =

. apica'l s

With such a model, based on the physical principles governing water transport and accounting for the specificity of ion transport
in the endothelial cells, we assess the relative importance of electro-osmosis and local osmosis in the fluid flow across the corneal
endothelium. As an outlook, our model may be coupled with stromal and epithelial models, to give insights on corneal swelling
accounting for the cellular structure of the endothelium.

2. Methods

2.1. Model of fluid and ion transport
2.1.1. Model setup

We assume the corneal endothelium to be a continuous layer of cells separated by thin channels (clefts). This layer lies between the
basal region (on the stromal side) and the apical region (towards the anterior chamber). On the apical side, the clefts are delimited
by tight junctions [2,31], which we assume as selective membranes, allowing for the passage of ions and water according to specific
permeabilities. In our model, we consider a two-dimensional domain that consists of one cell and half of the adjacent clefts on
each side. The cell is a rectangular compartment of width w and length L (in the direction orthogonal to the endothelium plane).
The cleft is a rectangle of width & and length L.

We introduce a coordinate system (x,y), with the x axis going from the basal to the apical region and the y axis is orthogonal
to it (figure 2). In this coordinate system, the domain is [0, L] X [0, + w]. The cell is [0, L] X [l/2,h/2 4+ w] and two half-clefts are
[0,L] % [0, /2] on the left of the cell and [0, L] X [l/2 4+ w, h + w] on the right. The tight junctions are at{L} X [0, /2] and {L} X [1/2 +
w, h 4+ w]. The tight junctions divide the cell membrane into two parts: the apical membrane ({L} X [i/2,h/2 + w]), separating the
cell from the apical region (x > L), and the basolateral membrane ([0,L] x {1/2}) U ({0} x [1/2,h/2 + w]) U ([0, L] X {h/2 + w}), sep-
arating the cell from the clefts and the basal region (x <0). In our notation, each compartment will be associated with a letter as in
table 1.

We consider all the compartments are filled with water and salt solution, which dissociates into four ions: Na*t (sodium), K*
(potassium), CI™ (chloride) and HCO} (bicarbonate). We choose the cations and the anions with the highest concentration in the
aqueous humour [32], for which there is evidence about membrane transporters regulating their traffic among compartments, as
described later in this section. We denote these ions with numbers as in table 1. The concentration of ion i € {0, 1, 2, 3} (with valence
z;) in the region m €{c,,a,b} is denoted as ¢;". The cell also has a fixed negative charge X, with concentration cx and valence zy.
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Table 2. Parameters.

parameter description value reference

universal constants

F Faraday constant 96 485.332 Cmol™

R universal gas constant 8.314 ) mol™ K~
T
zg e

z, valence of K+ +1

7 valence of (I~ -1
. 2.3. B "val'énééo'thO;H .

zX SR ‘\blalle»n‘cé6fbthéﬁ>{edbchérgés‘iht‘hbe‘célll»‘mmm R

aqueous solution

. standardbodytemperature307K e [33]

o ‘éqﬁedhs‘c'iiei'ect‘fic‘[')er‘r'nit‘ﬁvi‘iy T e [34]
u dynamic viscosity of water at 34°C 7.34 x 107" Pas
geometry

T 20pm e [35] I

B “telllb/cléftllben‘gth“ R um F [35] .........
h cleft width 30nm [35,36]

Ay debye length 1.33nm computed

. ceIImembraneandtlghtjunctlon e

. &O.. RS ‘telllbmébm‘bbra‘he‘cha‘rgébde‘r»isit‘y R
G, cell membrane capacitance per unit area 1072 Fm™ [37]

L, cell membrane permeability 2x 107" mPa's! [38-41], [40]

. lv,,' e "tig'htj'ﬁnc"tio'r'lpérrh'eabilify SR "10l,, U
o
D, Na* diffusion coefficient 3.00 X 10~ m*s™’ estimated
b,  K-diffusioncoefficent 22x0°msT estimated

DZ e
D; - ‘HCO;‘dif‘fus‘ion‘coefﬁcient 136x10°ms estimated
apical and basal ion concentrations

cﬁ:cﬁ Na*aplcal/basalconcentranon g [29] I

c‘}:cﬁ S “K+“ap‘i.call/ba“sa|‘.coh.ceﬁtréfioﬁ S [29] ..........
é=4 (I~ apical/basal concentration 108 mM [29]
é=¢ HCO;" apical/basal concentration 37mM [29]

We assume the endothelium to be isolated (stroma removed) and immersed in an isotonic solution, so we prescribe the same
concentrations in the apical and basal region for each ion, as specified in table 2.

The ions are transported across the cell membranes by the ion channels and transporters, as shown in figure 2. The apical and
the basolateral membranes exhibit different transporters. On the basolateral membrane, we included the Na+—2HCO3_ cotrans-
porter (N2B) [7,29,42,43], the K* channel (KIR,b) [29,44,45], the Nat-K+-2Cl~ cotransporter (NKCC) [7,29,46-48], the CI~-HCO3;
exchanger (AE,b) [7,29] and the Nat-K* pump (PUMP) [7,29,49-51], which actively transports 2K* molecules into the cell and
three molecules of Na* out of the cell. On the apical membrane, we included the Na+—3HC05 cotransporter (N3B) [29,43], the Kt
channel (KIR,a) [29,45], the CI~ channel (CFTR) [7,29,52] and the CI"-HCOj exchanger (AE,a). This last one was included because
there is no evidence of it being present only on the basolateral side. We did not include a functional epithelial sodium channel
(ENaC) in the apical membrane considered in [29], as this channel is usually located in tight epithelia [53] and not leaky as here.
Furthermore, recent expression data indicate that the corneal endothelium is missing some subunits for this channel [54], and
combined with the presence of CFTR which is known to inhibit ENaC, all argue for not including it. The tight junction is perme-
able to all the ions in the solution with different permeability values [55]. The transport of ions will depend on the concentration
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Figure 3. HZ is the flux of ion k from compartment i to j, according to the notation in table 1. The blue arrows show the positive direction of the water flow rate across
the cellular membrane (m? s~'). Note that if the solutions in a and b are the same, Q* = —(Q“.

Table3. m € {c,/,a,b},i €{0,1, 2, 3}. We consider p™ = 0 for m € {c, a, b}. The gauge value for the potential is | = 0.

variable description

q concentration of ion /in compartmentm, m € {c, }

G fixed charges concentration in the cell

m electrical potential difference in region m with respect to the basal,
meicl,a}

p" fluid pressure in region m

u=(u,u,) fluid velocity in the cleft

and electrical potential difference across the membranes. We therefore introduce electrical potential in region m € {c, [, a, b}, which
we denote with V™.

Water is transported across the cell membranes and the tight junctions according to Starling law [56], thus taking into account
both mechanical and osmotic pressure differences. We also consider electro-osmosis in the cleft.

In what follows, we will describe separately the problem in the cell and in the cleft. The variables are listed in table 3 and in-
clude concentrations, electrical potentials, hydrostatic pressure and fluid velocity in the cleft. The cell is assumed to be well mixed
and it is described as a zero-dimensional domain, and thus each variable is assumed to be constant there. On the other hand,
variables are spatially variable in the cleft gap. We will refer to vli= (Cé, cll, clz, cé, Vi P, Uy, uy) as the vector of cleft variables, and to
ve= (cg, ci, cg, cg, cx, V¢, V) as the vector of cell variables.

2.1.2. Transport in the cell

The problem in the cell is based on the conservation of solutes and water fluxes and electroneutrality. The flux of ion k from com-
partment i to j, J " across a membrane or tight junction is the sum of the fluxes of that ion across each channel allowing for its
passage (figure 3). The specific expressions of HZ are reported in electronic supplementary material, section S3. The fluxes across
each channel depend on the potential and concentration differences across the membrane and on permeability coefficients (Pg;g 5,

Pxir.ar Pcrrr, Prumpe, Pxnce, Pnoss PAE.a PnoBr PAEar PI.T], i=0,...,3) that are treated as input parameters [57]. The expressions for
all the fluxes are given in electronic supplementary material, table S3. The concentration of ions in the basal and apical region are
fixed a priori as in [29], in order to have isotonic solutions in the two sides of the endothelium. We impose a balance of ion con-
centrations at steady state in the cell for all the ions, accounting for ion fluxes through the apical and the basolateral membranes:

L
wg? +2 f Jldx —wg® =0, i=0,1,2,3. (2.1)
0

Here, the fluxes across the basal and the lateral sides of the membrane are considered as separate, since they depend on concen-
trations and potentials, which are not the same in the two domains. J ch is the flux across each of the lateral membranes [0, L] X {h/2}
and [0, L] X {h/2 + w}. Since we consider the system to be symmetric, the contribution is the same on both sides, therefore the flux

L
across the lateral membranes is 2 f chdx. ch involves the cleft variables, thus it depends on x.
0

The fluid velocity across a membrane or tight junction from compartment 7 to j (in m s’l), vgsm, is driven by hydrostatic and
osmotic pressure difference between compartment i and j:

Vo = L)(ApT + A, 2.2)
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where LZ is the permeability of the membrane to water, Ap’/ = p' — p/ is the mechanical pressure difference across the membrane
between i and j, A7/’ = RT Z(c;( - c;'() is the osmotic pressure jump across the membrane between the same two compartments
k

for i,j #c, according to Van't Hoff's law [56]. R is the universal gas constant and T the absolute temperature. When one of the
two compartments is the cell, we need to account also for the fixed charges in the cellular osmolarity: Arti= RT(CX + E(CICc - c}()).
k

We assume all sides of the cell membrane are equally permeable to water, thus L, = LZ Vi,j €c,l,a,b. Since we are considering an
isolated endothelium, with no pressure jump across it, p* = p? = 0. We also assume p° = 0.
The overall water flow rates (per unit length) across each portion of the cell membrane (in m? s™') accounting also for the mem-

L
brane extension are Q" = wolS,,, Q% =wv®,, QF =2 f v/, dx. The water balance in the cell, accounting for the ion fluxes across
0

the basolateral and apical membrane and for the symmetry of the clefts, is Q? + Q¢ — Q% =0, or

L

3 3 3
wL,RT(cx + Z})(c; -y +2 / L, (,,z + RT(cx + ;}(cf - cg)))dx — wL,RT( Z})(Cf — ) —cx) =0. (2.3)
1= 0 1= 1=
Near the cell membrane, which is negatively charged, there is an excess of charge that accumulates in the Debye layer, of length

Ap ~ 1 nm. Since the Debye layer is small compared to the characteristic cell thickness w =20 um, we can assume electroneutrality
in the intracellular medium (away from the cell membranes) [58,59]:

3

zZxcx + Z zic; =0. (2.4)
i=0

We now have six equations for the six unknowns in the cell: the ion concentrations c; fori =0, 1,2, 3, the fixed charges concentration
cx and the potential V*.
It is of interest to consider TEP (transepithelial potential, V) as a variable as well. We therefore need another equation, assum-

ing a gauge value of 0 for V0. We thus add the open circuit condition to close the system. This means that the overall flux of ions
crossing the epithelium (apical cell membrane and tight junction) should be electroneutral:

3 3
Yzg! + 3z =o. 2.5)
i=0 i=0

Here, we denote Hl.T] = %35”. This condition is often used in experiments on the isolated endothelium [16].
Overall, the resulting system consists of seven nonlinear algebraic equations in the seven cellular variables (c]?, i=0,1,2,3, V¥,
V¥, cx). The cleft variables (ci., i=0,1,2,3, VI, pl, Uy, uy) appearing in the equations are additional unknowns. As described in §2.1.5,

when coupling the transport problems in the cell and in the cleft, the value of v/ will be obtained as the solution of the problem in
the cleft, thus we consider v' to be known when solving for the transport in the cell.
All concentrations are assumed to be the same in the apical and basal regions and their values are taken to be known (table 2).

2.1.3. Transport in the cleft

The flux of ion i in the cleft includes electrodiffusion and advection [57]:

ji= [f"x
]iy

where D; is the diffusion coefficient of ion i, F the Faraday constant, V = (6 /0x,0/ 6y> and u = (uy, u,) is the fluid velocity. Since

F
=—D|(Vel + 2 d(VV)) + ud, 2.6)

the considered species do not interact chemically, conservation of mass in the cleft for each ion i at steady state reads
V.j;j=0, Vi=0,..,3. 2.7)

The electrical potential is governed by the Poisson equation

V2Vl = —g, 2.8)
3
where ¢ is the dielectric constant of water at 34°Cand p=F ), zici. is the net charge density.
i=0

The fluid velocity u = (uy, u,) and pressure p! in the cleft are governed by the stationary Stokes equations. To account for
electro-osmosis, we include the Lorentz force on the ions b = pVV# as a body force in the momentum equation [57]:

—Vpl + uviu+ pVVi=0, (2.9)
with p the dynamic viscosity of water. The last equation of the cleft system is the continuity equation

V-u=0. (2.10)
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Figure 4. The figure shows the boundary conditions aty = 0 (equations (2.16) and (2.17)), aty = h/2 (equations (2.18), (2.19) and (2.20)), at x = 0 (equations (2.11),
(2.12) and (2.13)), and at x = L (equations (2.14) and (2.15)).

Since the two clefts are symmetric, we study only the left half [0, L] X [0, 1/2]. As boundary conditions (figure 4), at the inlet of the
cleft (x = 0) we prescribe that ion concentrations, potential and pressure match the corresponding values in the basal region:

cf,(x,y)zc?, i=0,..,3 (x=0) (2.11)
Vi) =V (x=0); (2.12)
Ply)=0 (x=0). (2.13)

At the tight junction (x = L), we impose the flux of each ion i is equal to ZJ;” as in electronic supplementary material, equation (S5):

n il =g" i=0,1,2,3, (2.14)

1
where n' = is a unit vector, normal to the tight junction and pointing towards the apical region.
0

For the fluid flux, we impose Starling law [56]:

3
1y (x,y) = vZZm = LZ][RT Z(C? - cf,(x, ) +piy)| (x=L). (2.15)
i=0

Since the cleft is symmetric with respect to y = 0, and we impose symmetry conditions in y =0:

uy(x, =0 (y=0), (2.16)
and the y-derivatives of all the cleft variables must be 0 at y =0:

=0, Lo Pap=o Mapo =0 217
ayx’y_’ ayx’y_’ ayx’y_’ ayx’y_’ ¥y= ()

fori=0,1,2,3.
On the lateral cell membrane (y = /1/2), we impose the ion fluxes

0 il =%, 1=0,1,2,3, (2.18)
with n/® a unit vector, normal to the lateral cell membrane, pointing towards the cell. For the water flux, we impose a slip condition

ux(x,y) = ugip(x)  (y=h/2), (2.19)
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with 1, being determined as a modified Helmholtz-Smoluchowski slip velocity for electro-osmotic flows (electronic supplemen-
tary material, section 56). uy;;, depends on the cleft concentrations and potential and on the cellular potential. For the y-component
of the fluid velocity on the lateral membrane, we impose osmotic flux:

wy () =0, (. y)  (y=h/2), (2.20)

where 05, :=L,[RT(X + Z?zo(cf =@y + ey

The condition of the electrical potential at the lateral membrane is introduced in electronic supplementary material, section 56,
based on [59]. It relates the electric field with the potential difference across the membrane and the surface charge density through
the membrane capacitance and dielectric constant.

We define some quantities that will be useful in the interpretation of the results: the flow rate (in m? s™!) across the tight junction
(from the lateral to the apical compartment)

/2 htw /2
Qe = / u(L,y)dy + f u(L,y)dy =2 / (L, y)dy, (2.21)
0 h/2+w 0
and at the inlet of the cleft (from the basal to the lateral compartment)
h/2 h+w 12
Qb = f (0, y)dy + f 1, (0,y)dy =2 / u,(0,y)dy. (2.22)
0 h/2+w 0

The transendothelial water flow rate (per unit length) will be Q = Q" + Q, in m? s71. The corresponding flux (flow rate per unit

,inms’l.

surface) is Q = ——

2.1.4. Model simplification in the cleft

In this section, we describe the simplification procedure to reduce the cleft equations to a system of ODEs in the variable x. The
detailed derivation is reported in electronic supplementary material, section S5. Here, we use the notation p=p!, V="V, ¢; = ci.
We split the cleft in two domains: the electrical double layer (EDL) within 1 Debye length from the cell membranes, and the
electroneutral bulk.

We scale the cleft equations and solve them using an asymptotic expansion in terms of n =h/L, where L and h are the length
scales for x and y, respectively. At leading order in 7, pressure p, concentrations c; and potential V are independent of y.

The equations for the conservation of ions are derived at the second order in the asymptotic expansion of (2.7) in terms of #:
h/2

_ 6 aci F aV 2 aci 2 Ic 2 Ic
0= ( ) + D_lha / w,dy — D—ihClU(,sm + D—lhﬂl s (2.23)
0

“ox\ax VHRT 5 C

fori=0,1,2,3, with 0/, from (2.20).

In the bulk, electroneutrality holds, meaning that p = 0. Therefore, we drop equation (2.23) for i = 3 and the Poisson equation
(2.8). We use instead electroneutrality c3 = ¢y + c; — ¢ and the linear combination Sy + S; — Sp — S3 =0, where we call S; equation
(2.23) for ion i.

Since p =0, the momentum equation (2.9) becomes
—~Vp + uV2u=0. (2.24)
By integrating the momentum equation (2.24) twice with respect to y, and applying the symmetry condition (2.17) at y = 0 and the
slip condition (2.19) at y = 1/2, we obtain an expression for u,:
10p(, (h\’
Uy = za(]f - (E) ) + Uslips

where ug;, is the slip velocity and must be found by matching the solution in the bulk with the one in the EDL.
An equation for the pressure is obtained by integrating the continuity equation (2.10) with respect to y from y=0toy=h/2,
applying the symmetry condition at y = 0 and imposing the flux across the cell membrane. The resulting equation for pressure is

ok 2y -

ax2 (/22 \nj2 T ox

For determining ug;,, we solve the equations in the EDL (details in electronic supplementary material, section S6). Here, elec-
troneutrality does not hold, so we need to solve equations (2.7), (2.8), (2.9) and (2.10). The scaling is the same as for the bulk, but
for the y variable, which in the EDL scales with the Debye length Ap = % We perform an asymptotic expansion in terms of
§="L The matching between the bulk and EDL solution provides the expression for the slip velocity (electronic supplementary
material, equation (S70)).
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2.1.5. Implementation

The numerical solution is computed in Matlab [60]. We use the notation introduced in §2.1.1, with a vector for the cleft variables
vi= (Cf), cll, clz, cl3, v P, Uy, uy) and one for the cell variables v¢ = (cg, Ci, cg, cg, cx, V&, V*). The cellular equations (2.1), (2.3), (2.4), (2.5)
are solved using vpasolve Matlab function by the function v¢ = cell_solution(v'), whereas the cleft ODEs are solved using bvp5c
(Matlab function implementing a fifth-order collocation method) by the function v = cleft_solution(v®). In the supplementary ma-
terial, we report the system of cleft equations in the form of first-order ODEs (S78), and the corresponding boundary conditions
(S79). Since the cell variables are inputs for the cleft equations and vice versa, and since we look for v¢ and v simultaneously
satisfying the equations in both domains, we develop an iterative procedure to couple the cell and cleft solutions, described below
and illustrated in a flow chart in electronic supplementary material, section S8:

(i) We define the parameter values in table 2 and channel permeabilities in electronic supplementary material, table S4.
(ii) We initialize the cleft variables v = vé to their values in x =0 as in (2.11), (2.12), (2.13).

(iii) We define the cell error (err_cell) as the maximum among all the cell variables in v° of the Li-norm of the relative differ-
ence between two consecutive iterations. Analogously we define the cleft error (err_cleft). We set the tolerance (toll) and a
maximum number of iterations (N).

(iv) We compute the cell solution to obtain the initial values for the cell variables VS = cell_solution(vg).

(v) We iterate until the error is lower than the tolerance:

fori=1:N
vi= cleft_solution(v;_,);

1
o

Vo= cell_solution(vi);
compute err_cell and err_cleft between vé and Vﬁ._l and err_cell between v; and v;_
if err_cleft < toll and err_cell < toll

break

end

1

end

The mesh given to bvp5c and used for integration consists of the zeros of the Chebyschev polynomials in [0, 1], and the integration
weights are computed by the Clenshaw—Curtis formula [61,62].

2.2. Parameters

Many model parameters are taken from literature or estimated (table 2). The detailed explanation of the choice of each parameter
is in electronic supplementary material, section S1.

The channel permeabilities used for the reference case simulation are found by least squares optimization to match the litera-
ture values for cg, ¢ cg, V?, V€ (electronic supplementary material, table S1). The permeabilities we use for the reference case
are in set 1 in electronic supplementary material, table S4, together with an alternative set (set 2). The details about the procedures

and the cost functions used to obtain the two sets of parameters are described in electronic supplementary material, section S4.

2.3. Sensitivity analysis

To assess the contribution of the channel permeabilities to the model outputs, we perform a global sensitivity analysis using the
eFAST method [63,64]. This method provides an efficient way for sampling the parameter space by a suitable search curve and for
computing the total sensitivity index St, for each input i. These describe the effect of input i on the output, accounting also for the
interactions with other inputs, in an ANOVA-like variance decomposition framework. In particular, S T, iS the sum of the sensitiv-
ity indices of all the orders involving input i (the first-order index for input i, S;, is the fraction of the variance of the output due to
input i, the second-order index S;; is the fraction of the variance due to the interaction between the two inputs 7, j which cannot be
explained by the sum of the first order terms, the nth order index S;, ; is the fraction of the variance due to the interaction among
i1 ... i, which cannot be explained by lower-order terms).

As model outputs, we choose the cellular concentrations C? for i=0,...,3 and cx, the cellular potential V*, the transendothe-
lial potential V¥, the ion fluxes across the tight junction 31.” and across the whole endothelium g; = 337 + 5’1,“’ fori=0,...,3 and
the transendothelial water flux Q = Q° + Q™ for a total of 16 outputs. The input parameters are the permeabilities Pxg , Pxir 2/
Pcerr, Pxnce, Pn2s, Pnss, PiT] ,i1=0,...,3. We fix Ppypp because the Nat-K* pump is the only active transporter and we want to
keep its effect constant while investigating the behaviour of the other components of the system. We fix also Psg, and P4f ,, since
according to a sensitivity analysis performed on the cellular domain, none of the considered outputs is sensitive to them (elec-
tronic supplementary material, section 59). As prior distribution for each parameter, we assume a uniform distribution centred
in the values of set 1 electronic supplementary material, table S4. We include also a dummy parameter, which does not appear in
the equations, with a uniform distribution centred in 0. Since the sensitivity of the outputs the dummy parameter should be 0, we
use it as a control. Sensitivity indices lower than the sensitivity to the dummy parameter should not be considered significantly
different from 0. Overall, we consider 11 inputs (10 permeabilities and the dummy parameter) and 16 outputs. We use three search
curves, with 1000 sampling points each.
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Figure 5. (a) Concentration difference between the cleft and the basal domain c’, - cfforthe fourion speciesi = 0, 1, 2, 3 along the cleft. The boundary with the basal
3 3
region is at x = 0 and the tight junction is at x = L. (b) Osmolarity in the cleft (3 ) and in the cell (3 ¢ + ¢,). (¢) Electrical potential in the cleft, V/. (d) Left axis,
i=0 i=0

h/2 h/2 h/2
water flow rate along the cleft, computed as 2 f* u,(x, y)dy. The first point of the curve is ¢ = 2 f u,(0, y)dy and the last pointis ¢ = 2 f u,(L, y)dy. Right axis,
0 0 0

slip velocity (u,).

Table 4. Fluxes computed using the permeabilities in set 1 (electronic supplementary material, table S4). lon fluxes are in mol m~2 5. Lateral fluxes are < 7/ >=

2L . . .
” S 3,."dx, accounting for both half-clefts. The transendothelial fluxes are J, = J;* + 3,” .Flow rates areinm? s~".
0

ion flux Na* K* a- HCO; water flow rate

Jr 21x107¢ 26 %107 7.6 107 6.5x107° Q" —45x107"
<> 94x107 10X T10° 36x10° 3 W0° ¢ 890
Js 3.1%10° 3.6%10°° 1.1x10°° 9.6 x10°° s 45%x107"
3. Results

3.1. Reference case

Here, we present the results of the model simulations with the input parameters of set 1 in electronic supplementary material,
table S4, and with a tolerance toll= 108 for the numerical solver. The computed cellular concentrations are cg =14.7 mM, ci =132.1
mM, ¢ =38.2mM, ¢§ =25.1 mM. These values are close to the optimization targets reported in electronic supplementary material,
table S1.

Figure 5a shows that the concentrations of all the species in the cleft are below their values at x = 0 (inlet of the cleft). The osmo-
larity in the cleft starts from a value of 290 mM at x =0 as in the stroma, slightly higher than the cellular osmolarity (289.6 mM).
Since the cleft concentrations decrease, the cleft osmolarity soon becomes lower than the cellular one (figure 5b). After reaching
their minima along the cleft, concentrations rise again (figure 5a) due to the high permeability of the tight junctions, but overall
the osmolarity along the cleft stays below the cellular value.

The cellular potential is V° = —60 mV, the transendothelial potential is V* = —2.1 mV, a value larger than that reported in elec-
tronic supplementary material, table S1. In the cleft, the electrical potential becomes increasingly negative from x =0 to x = L, with
a potential jump between the stroma and the side of the tight junction towards the cleft of —1.5 mV (figure 5c). The resulting po-
tential jump across the tight junction is 0.6 mV. The potential gradient along the cleft drives electro-osmotic flow via slip velocity.
Indeed, as shown in figures 5d and 6a, the horizontal component of the velocity u, is not zero at y = +h/2, with fluid flowing along
the lateral membrane, towards the tight junction.
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Figure 6. (a) Contour plot of 1 / 1} + u;. The vectors are u(x, y). (b) The arrows represent the direction of the ions (black arrows) and fluid flux (blue arrows) across the

cellular membrane and tight junction. The definition of the fluxes is in figure 3. The magnitude of the fluxes is in table 4. The cellular concentrations of the ions and the
cellular potential are reported, as well as the transendothelial potential.

The directions in which ions (black arrows) and water (blue arrows) are moving across the cell membrane and the tight junction
are shown in figure 6b, and the values of these fluxes are reported in table 4. The Na* flux across the tight junction is positive, thus
Na® is going from the cleft to the anterior chamber, while all the other ions are crossing the tight junction in the opposite direction
(negative fluxes). All the ion fluxes across the cell membrane are positive, thus ions enter the cell from the basolateral side of the
membrane and they leave the cell across the anterior part of the membrane. The fact that ions move from the cleft to the cell is in
agreement with the lower ion concentration in the cleft with respect to the stroma.

The qualitative behaviour of water fluxes across the cell membranes and the tight junctions is shown with blue arrows in figure
6b with the arrow lengths plotted at relative scales. Overall, integrating the fluid velocity from the cleft to the cell in [0, L], we get

L
a positive flow rate: Qe=2y vffsmdx =89x%x10"4 m2s7! (table 4), so fluid enters the cell across the lateral membrane. The osmotic
0

gradient between the cleft and the cell results in fluid flowing from the cleft into the cell in all the points where the cleft osmolarity
is lower than the cellular one, which is almost everywhere. As a consequence, fluid flows from the stroma into the cleft, indeed
the first point in figure 5d is Q¥ > 0 (table 4). In the cleft, the longitudinal flux decreases (figure 5d), because part of the fluid
is absorbed by the cell. Indeed, the velocity plot in figure 6a shows that the vertical component of the velocity u, is not zero at
y = +h/2; therefore, some fluid is going from the cleft into the cell. There is also recirculation around x = L, with the longitudinal
component of the velocity u, being negative in some points at the tight junction. However, there is a small net flow rate across
the tight junction (Q" = 2.9 x 101> m? s7!). Water flows into the cell from the cleft across the lateral sides of the membrane, and it
leaves via the basal and apical membranes. Since we assume the solutions on the stromal side and on the apical side have the same
composition, Q“ = —Q", and due to mass balance, Q¢ = 2Q%. The overall transendothelial flow rate is Q = Q% + Q" =4.7 x 1014

2 1 Q

, corresponding to a fluid flux of Q = TnC 24%x10°msL.

m- s

3.2. Sensitivity analysis

From figure 7, the transendothelial water flux Qis mostly sensitive to the tight junction permeabilities of Na*, ClI~ and HCOS_.
Conversely, it is not sensitive to the permeability to K+ (PlT] )- Among the cellular transporters, N2B and N3B are those influencing
fluid flux the most. There is a positive correlation between Pyyp, Pn3p, Pg] and Q (increasing those permeabilities results in an

increased water flux), while the correlation between PZT] , P? and Q is negative (increasing the permeability reduces the water
flux). These correlations are indicated by the arrows on top of the bars in figure 7. In electronic supplementary material, section
59, we show more results from the sensitivity analysis: the results for the cellular concentrations are in electronic supplementary
material, figure S6, those for the cellular and transendothelial potential in electronic supplementary material, figure S7, and those
for the transendothelial ion fluxes in electronic supplementary material, figure S8.

4. Discussion

4.1. Summary

In this article, we present a mathematical model of fluid and ion transport across the corneal endothelium, accounting for two pos-
sible mechanisms explaining the endothelial pump: local osmosis and electro-osmosis. Our model accounts for four ion species
(Na't,K*, Cl™ and HCO;) that move across the cellular membrane, through specific channels and transporters, while water move-
ment is driven by osmotic and mechanical pressure differences. In the equations, we consider mass conservation for fluid and ions,
conservation of momentum for fluid, electroneutrality and open circuit conditions. We derive two sets of equations: a system of
ODE:s describing the transport in the cleft between two adjacent cells and a system of algebraic equations for the transport in the
cell, which we assume to be well mixed. Using an iterative procedure, we find a numerical solution satisfying both systems. The
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Figure 7. Total sensitivity indices for the parameters specified along the x-axis, where the considered output is the transendothelial water flux Q. Upward-pointing
(downward-pointing) arrows represent positive (negative) correlation between the parameter and the output variation.
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Figure 8. Comparison between the effect of electro-osmosis (red) and local osmosis (black) on the transendothelial water flux. The flux in the case of local osmosis was
obtained by setting (,, = o, = 0. The electro-osmosis effect was obtained by subtracting the local osmosis flux from the one with (,, and o, as in table 2 (which includes
both effects). The permabilities are those in set 1. In (a), we plot the values of the water flux for different values of L, € [2 X 107", 2 X 10" m Pa" s™". The dashed
line corresponds to the value [,=2x%x 10~ mPa~" 57" used for the reference case. In (b), we plot the water flux against the ratio L,,/Lp. The value used in the reference
caseis [U/L‘7 =10 (dashed line).

channel permeability parameters are obtained by least squares optimization, and their influence on ion concentrations, ion and
water fluxes and electrical potential is assessed by a global sensitivity analysis.

4.2. Transendothelial water flux

Our model predicts that both electro-osmosis and local osmosis generate water flux (volumetric flow rate per unit surface) in
the right direction (from the stroma to the anterior chamber). With baseline values of the parameters, the magnitude of the flux is
2.4 x107% ms7!, while in the literature it is reported to be approximately 1078 m s [46,47]. The magnitude of the transendothelial
water flux is sensitive to the membrane permeability L, (figure 8a) and to the permeability of the tight junctions Ly, relative to the
cell membrane (figure 8b). By increasing the reference value of L, by a factor of 10, the transendothelial water flux increases by a
factor of 5. Instead, when we decrease the reference L, value by a factor of 10, the flux decreases by a factor of 9. In our reference
case, we interpret the leakiness of the tight junction by assuming its permeability to be 10 times that of the cell membrane, but we
did not find a precise value of Ly in the literature.

In the model of [28] the authors found the water flux driven by local osmosis to be about 7 x 107 m s™!. The pump strength and
membrane permeabilities to water in their model were comparable to the values used in this work. The authors pointed out that
the tortuosity of the channel can increase its length by a factor of two. If we account for cleft tortuosity in our model and increase
the cleft length from 5 to 12 um as in [28], we find a water flux of 1078 m s™!, which aligns well with the experimental observations.
The authors also considered the hexagonal arrangements of the endothelial cells. In electronic supplementary material, section
S2, we propose the computation of water flux accounting for hexagonal geometry and we show that for the reference parameter
set this results in an increase of water flux by 8%.

From the sensitivity analysis, the parameters to which the transendothelial water flux Q is most sensitive are the tight junction

permeabilities Pg] , P;] and ng to Na*, CI~ and HCOJ . As shown in electronic supplementary material, figure S8, the correlation

between the tight junction permeabilities and the water flux depends on the specific ion: it is positive for Pg]

, negative for PZT]
and P? . This can be explained by considering the effect of changing the membrane permeability on the cleft osmolarity. Indeed,

since sodium flows out of the cleft across the tight junction (table 4), increasing its permeability decreases the cleft osmolarity.
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Figure 9. (a) Each point represents the value of the transendothelial water flux corresponding to a specific value of the transendothelial net ion flux J,,, = Y J,. The
i=0
data were computed for the sensitivity analysis for all the parameters and chains. The red line is the linear fit of the data points. The slope is 1.2 X 10~ m* mol™". (b)

3
Each point represents the value of the transendothelial water flux corresponding to a specific value of the paracellular current density /” = F >’ zJ". The data were
i=0
computed for the sensitivity analysis for all the parameters and chains. The red line is the linear fit of the data points. The slopeis 1.1 X 10~ m* A= s,

This, in turn, increases the osmotic jump between the cleft and the cell, resulting in a larger water flux. Conversely, chloride and
bicarbonate flow into the cleft across the tight junction (table 4). Thus, increasing their permeability generates an increase in the
cleft osmolarity and a corresponding decrease in the water flux.

We note that the model might overestimate the importance of the tight junction permeabilities. Indeed, the predicted current
across the tight junction of 137 uA cm™2 is higher than the experimentally estimated value 25.5 pA cm™2 [29]. We selected the tight
junction permeabilities using the fitting procedure described in electronic supplementary material, S4. The next iteration of the
model that will include missing species and channels may result in a different optimal parameter set and resolve this inconsistency.

4.3. Role of electro-osmosis

The effect of electro-osmosis can be evaluated as the difference between the water flux computed with the parameters as in table 2
and that computed by imposing zero slip velocity (C,, = oy = 0), therefore excluding electro-osmosis. Figure 8 shows that the effect
of electro-osmosis on the transendothelial water flux is two orders of magnitude lower than the local osmosis effect, for all the
values of hydraulic conductivity of the cell membrane, considered in the range [2 X 10713,2 x 107 ] m s7! (figure 8a), and for all
the values of Lj/L,, considered in the range [0.05,100] (figure 8b). The small effect of electro-osmosis compared to local osmosis,
despite the slip velocity being non-negligible (figure 5d), is because the leading force driving fluid transport remains the osmotic
pressure jump, which is almost unchanged by electro-osmosis. By averaging the results obtained for different values of L, as in
figure 8a, the average difference between the osmotic and the mechanical pressure jump across the tight junction is 3.76 x 10° Pa,
with the average magnitude of the mechanical pressure being 5% the magnitude of the osmotic pressure. The effect of electro-
osmosis increases the mechanical pressure, but on average this increase is 84 Pa, thus it is not sufficient to make it comparable to
the osmotic pressure, which is almost unchanged.

Fischbarg & Diecke [29] modelled transport across the corneal endothelium by local osmosis and electro-osmosis. Water flux
was assumed to be proportional to the net ion flux gy, so that Q, = J;ot/Cyot, Where Cyy is the total osmolarity in the extracellular
space. Our model does not assume such a linear dependency, as we rigorously compute water flux, based on physical principles.
In figure 9a, we show the scatter plot of water flux versus net ion flux predicted by our model. This confirms a positive relationship
between these quantities even if we cannot claim a linear dependence since the cloud of points is sparse (coefficient of determi-
nation 72 = 0.4). In particular, our sensitivity analysis shows that water flux is correlated with Na* and HCO;’r fluxes (electronic
supplementary material, figure S9).

Similarly, in Fischbarg and Diecke’s model [29], the electro-osmotic water flux was taken to be proportional to paracellular
current 7/ through an experimentally measured constant 7 = 2.37 um cm? pA‘l hl~76x10"8m3 A1s71[16], sothat Q,, =7I¥.
Evidence of this dependency is frequently used to infer that electro-osmosis is the main mechanism of fluid transport. This idea
is possibly misleading, as we show in figure 9b that, even in the case of a negligible electro-osmotic effect (as predicted by our
model), there is still a positive correlation between water flux and paracellular current. We note, however, that 72 =0.1 due to the
high variance of the cloud of points, and that the constant of proportionality predicted by our model is significantly lower than
the experimental value of 7 [16]. This might be attributed to differences between the experimental setup (which also accounts for
the stroma and an imposed current) and the assumptions underlying our model of the isolated endothelium.

Fischbarg & Diecke [29] also reported the response of the water flux to different ion channel inhibitors, comparing it to experi-
mental findings [43,65]. The effect of inhibition of specific channels in our model is shown in figure 10. Ouabain inhibits Nat-K*
ATPase and is reported to fully suppress water flux [65]. In our model, reducing pump permeability by a factor of 2 reduces water
flux by 25%. DIDS inhibits all HCO;r and CI~ transporters (except NKCC) [65], and we report that decreasing the amplitude of
these channels by a factor of 2 leads to a reduction in water flux by 29%. The CI~ channel inhibitor was reported to reduce wa-
ter flux by 14% [43], while in our model reducing CFTR permeability of a factor 2 results in an 8% water flux reduction. In [29],
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Figure 10. In this plot, we simulate the effects of inhibitors on the transendothelial water flux Q as in [29] by reducing by a factor of 2 the permeabilities of the channels
affected by the inhibitors. Ouabain inhibits the Na*—K* pump, DIDS inhibits N2B, N3B, AE,a, AE,b, CFTR and the CI~ channel inhibitor inhibits CFTR.

the authors could capture the experimentally measured reduction in water flux by DIDS and CI~ channel inhibitors only with
electro-osmotic flux, while the inhibition by Ouabain was reproduced with both local and electro-osmotic models. Our model
qualitatively captures the action of all these inhibitors on water flux, with local osmosis (standing gradient osmotic flow) being
the leading flow mechanism.

4.4. Qutlook

Although many of the model predictions are consistent with experimental measurements, some limitations could be addressed
in future studies. First, the model does not include lactate, which is also present in high concentrations in the stroma (13 mM)
and anterior chamber (7 mM) and may play a role in transendothelial water transport [6]. Second, the model does not include H*
(protons) and does not address pH balance. Most experimental set-ups consider buffered solutions, and the present model per-
forms well under these conditions since we prescribe concentration on both sides of the endothelium. However, when modelling
physiological conditions, one has to account for pH balance, as net bicarbonate flux may result in pH increase. Furthermore, the
model omits some relevant ion transporters, such as Na*-H" exchanger (NHE) and possibly a H" pump included in [29]. Third,
we do not consider the possibility of electro-osmosis across the tight junctions, which might play an important role [17,66].

This model can be considered as a first step towards a full model of water balance in the cornea, which, in addition to the
endothelial pump should also account for the swelling pressure generated by the stroma. As a step forward, the inclusion of the
metabolic species in our model could refine existing corneal swelling models [23-27], which do not capture the molecular mech-
anisms governing channels and transporters. A finer description of ion traffic across the endothelium, coupled with models of
the other corneal layers, may provide insights into the effect of modifying transporter permeabilities on corneal hydration and
swelling.
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