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Abstract. We consider dilute Bose gases on the three-dimensional unit
torus that interact through a pair potential with scattering length of or-
der N*~! for some £ > 0. For the range x € [0, 4—13), Adhikari et al.
(Ann Henri Poincaré 22:1163-1233, 2021) proves complete BEC of low
energy states into the zero momentum mode based on a unitary renor-
malization through operator exponentials that are quartic in creation and
annihilation operators. In this paper, we give a new and self-contained
proof of BEC of the ground state for x € [0, 2—10) by combining some of
the key ideas of Adhikari et al. (Ann Henri Poincaré 22:1163-1233, 2021)
with the novel diagonalization approach introduced recently in Brooks
(Diagonalizing Bose Gases in the Gross—Pitaevskii Regime and Beyond,
arXiv:2310.11347), which is based on the Schur complement formula. In
particular, our proof avoids the use of operator exponentials and is signif-
icantly simpler than Adhikari et al. (Ann Henri Poincaré 22:1163-1233,
2021).

1. Introduction and Main Result
We consider N interacting bosons in A := T3 = R3/Z3 with Hamiltonian
N
Hy = Z 7AI1‘ + Z Nzizﬁv(Nlin(xi - L)cj))v (1)
i=1 1<i<j<N
acting in L2(A"), the Hilbert space consisting of functions in L?(AY) that

are invariant with respect to permutations of the N particles. We assume the
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interaction potential V € L'(R?) to have compact support, to be radial and
to be pointwise non-negative.
Note that analyzing Hpy is equivalent to analyzing the Hamiltonian of
N bosons interacting through the unscaled potential V in R3/LZ3 for L =
N'~*_ 1In this sense, we consider regimes of strongly diluted systems of bosons
2

with number of particles density N3*~2 < 1 (as long as k < ). The case

k = 0 corresponds to the Gross—Pitaevskii (GP) regime and the case k =
% corresponds to the usual thermodynamic limit (with number of particles
density equal to one).

In this paper, we are interested in understanding low energy properties of
the Bose gas in regimes that interpolate between the GP and thermodynamic
limits. Based on [20,32], it is well-known that the ground state energy En :=

inf spec(Hy) is equal to
En = 4maN'™" + o( N117),

where a denotes the scattering length of the potential V' and where o( N1*+)
denotes an error of subleading order, that is, limy_,c o( N1TF)/N1T* = 0.
Recall that under our assumptions, the scattering length of V' is characterized
by

8ra = inf { /R dz <2|Vf(a;)|2 n V(x)|f(x)|2) Jim p@) = 1}.

A question closely related to the computation of the ground state energy
is whether the ground state exhibits Bose-Einstein condensation (BEC). If
1®n denotes the ground state vector, this means that the largest eigenvalue
of the associated reduced one particle density matrix 'yj(\}) =tro  N|UN)(Y¥N]
remains of size one in the limit N — oo:

. 1
lim inf 75 lop > 0.

Proving BEC in the thermodynamic limit is a difficult open problem in
mathematical physics. For strongly diluted systems, on the other hand, there
has recently been great progress in proving that low energy states exhibit BEC.
The first proof of BEC has been obtained in [28] in the GP regime,! implying
that for o := 15 € L?(A), one has that

Jim {0, 7y p0) = 1. (2)

This result has later been extended to approximate ground states in [29,
35] and the works [5,8] have proved (2) with the optimal rate of convergence.
Since then, several generalizations and simplified proofs have been obtained
in [1,9,13,17,21,26,33,34]. Notice that such results can be used to derive the
low energy excitation spectrum of Hy in accordance with Bogoliubov theory
[10], see e.g. [2,7,8,11,14,16,18,19,27,36].

Tt is worth to point out that the arguments of [28], which build on energy bounds from
[31,32], can in fact be used to prove BEC in the parameter range x € [0, %); see also [30,
Chapter 7].
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In recent years, progress has also been made in regimes that interpolate
between the GP and thermodynamic limits. Based on unitary renormaliza-
tions developed first in the dynamical context [4,12] and in the context of
the derivation of the excitation spectrum in the GP regime [6,7], the work [1]
proves BEC for approximate ground states in regimes x € [0, 4—13) A different
method that is based on box localization arguments has been introduced in
[21] which proves BEC in the larger parameter range x € [0, % + ¢€), for some
sufficiently small € > 0. This result represents currently the best available pa-
rameter range and it is closely tied to the computation of the second-order
correction to the ground state energy, which turns out to be of order N5%/2
[3,23-25,37].

The methods introduced in [1,21] have both certain advantages. While
[21] obtains the currently best parameter range and applies to a large class
of potentials including hard-core interactions, it is based on box localization
arguments and therefore involves the change of boundary conditions.? This
makes the derivation of suitable lower bounds more complicated, compared
to the translation invariant setting, and essentially restricts the method to
obtaining lower bounds while upper bounds require separate tools. The method
of [1], on the other hand, does not require localization and enables both upper
and lower bounds at the same time. However, it only applies to soft potentials
satisfying some mild integrability assumption. Moreover, controlling the error
terms in the operator expansions quickly becomes rather challenging and this is
among the main reasons why the method only works in a much more restricted
parameter range.

In this paper, our goal is to revisit the strategy of [1]. However, instead
of renormalizing the system through unitary conjugations by quartic operator
exponentials, we proceed as in [16] whose renormalization is based on the Schur
complement formula applied to the two body problem and on lifting it in a
suitable sense to the N body setting. As a consequence, our proof becomes sig-
nificantly simpler and shorter compared to the one in [1]. Although our results
are still only valid in a small parameter range compared to [21], our arguments
are elementary, self-contained and do neither require box localization methods
nor operator exponential expansions.

Theorem 1. Let Hy be defined as in (1) for k € [0, 55) and denote by ’y](\}) the
one particle reduced density associated with its normalized ground state vector

Yn. Then,

lim <<P0,%(\})<Po> =1.

N—oo

2To be more precise, the localization procedure of [21] replaces the standard Laplacian in
the periodic setting by a more involved localized kinetic energy operator, see [21, Eq. (2.7)]
For a recent overview that focuses on the key steps of the energy bounds in the simpler
translation invariant setting, see [22].
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Remark. 1. Theorem 1 applies to the ground state vector ¢ of Hy. With
some additional effort that involves the use of number of particles local-
ization arguments, we expect that our results could also be proved for ap-
proximate ground states ¢ that satisfy (¢n, Hyodn) < draNTe4+o(N).
To keep our arguments as short and simple as possible, we omit the details
and focus on the ground state vector .

2. In our proof of Theorem 1, we assume the relatively mild a priori in-
formation that the ground state energy Fy is bounded from above by
En < 4maN't" 4 o(N), if K < 5. Based on ideas similar to those
presented below, this could be proved with little additional effort in a
self-contained way. Since this has already been explained in [16] (which
obtains a more precise upper bound on Ey for all k < % based on the
evaluation of the energy of suitable trial states, see [16, Theorem 3]),
however, we refer the interested reader to [16] for the details.

2. Proof of Theorem 1

In the following, let us denote by a;, and aj, the annihilation and, respectively,
creation operators associated with the plane waves = — @y (1) := e'** € L?(A)
of momentum k, for k € A* := 27Z3. They satisfy the canonical commutation
relations [ay,a;] = 0,4 and [ap, a4] = [ay,a;] = 0, and they can be used to
express Hy as

Hy = Z Ir|%ata, + 2N Z V?“/N1 ")ag Ay apag,
reA* p,q,rEN*

where V fRd dz e~V (x) denotes the standard Fourier transform of V.

Now, denote by Vx the two body operator that multiplies by N2~2*V
(N1=%(xq — x9)) in L?(A?) and define for o € [0,1 — &] the low-momentum
set

Pp:={pe A" :|p| < N“}. (3)

Denote, moreover, by Iy, : L?(A?) — L?(A?) the orthogonal projection onto

span(pg @ ¢ : k,l € Pr)

and set Iy := 1 — II,. Then, as explained in detail in [16], a straightforward

application of the Schur complement formula implies the many body lower
bound

Nri
2
Hy 2> Z Ir[“crer + 9N Z (@p+r ® Pg—r, Vienpp ® @q)ay 105 rapaq — Ry,
rEAi p,q,rEA™:
P,q,p+7,q—TEPL,

(4)
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where we set A% := A*\{0} as well as
K
Cr = ar + N Z (Pptg—r @ PriNPp ® Vg)ay, ¢ rApaq,
(p,9)€PE

7= NS Ty [T (= Ay, — Ay, + V)Tly] g VT,
Vien i= N % (Viy = VT [Tl (= A, — Ay + Vi)TTn] ™ T Vi),

and where the three body error term Ry is given by

25
Rvi=%z X IrP(nep® 0 Oprg—r @ 0r){Psttr @ 0r, 105 ® @1)
,0,q,8,tEA*

* ok k
XAy @k Uptq—rst. (6)

Notice that we used that both 7 and Vie, preserve the total momentum in
L2(A?).

Let us briefly comment on the main ideas leading to (4). Viewing Viy =
VI, + (Mg VaIIL + hee.) + g VyIlg and hence the Hamiltonian Hy :=
—A,, — Ay, + Vi of the two body problem as a block matrix, one can block-
diagonalize the latter using the Schur complement formula. This renormalizes
the low-momentum interaction to N*~'II}, V;enIl1,, while the large momentum
interaction ITy VIl is left untouched. The (non-symmetric) map that block-
diagonalizes Ha is of the form S, = 1+ N*~p and, in order to obtain an
analogous renormalization of the many body interaction, it seems natural to
lift S;, to the unitary generalized Bogoliubov transformation

Uy := exp(Dy, — Dy) (~1+D,— D;;), where

NKZ
D, = 9N Z (Pp—r ® Pgir, NPy ® Wq)“;fra2+rapaq~
p.q,r€A”:(p,q)€PT,
(p—r,a+r)e(PL)°

On a conceptual level, this approach corresponds to the one pursued in
[1] (in particular, the role of  defined in (5) is similar to that of ny defined in
[1] through the zero energy scattering equation). Compared to that a key idea
of [16] is to expand Hy directly around powers of suitably modified creation
and annihilation operators, including e.g. ¢, = a, + [a,, Dy] (= Uy a, U,). This
leads to the low-momentum renormalization of the many body interaction in a
simple way and avoids the use of operator exponential expansions. Notice that
this approach is reminiscent of previously introduced ideas in [15,23]. Finally,
let us stress that, although the bound (4) is all we need in view of Theorem 1,
Brooks [16] derives in fact exact algebraic identities. Similarly as in [1], what is
dropped in (4) is the non-renormalized high momentum part of the potential
energy.

Proceeding as in [16, Lemma 1], let us record the useful upper bounds

|{tky ® ks, VienPs ® 0} < C,

. (7)
|<§0k1 QD Pky s eren@ka Y @k4> - 87TCL| < ONKil (Na + Z Na|ki|2> ;

i=1
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for all ky, ko, k3, ks € A* satisfying k1 + ko = k3 + ks and (pr, ® @rss VienPhs ®
K,y = 0 in case k1 + ko # ks + k4. The bounds (7) imply in particular that

C Oy +hs ks +k

(ks ® Py 1 Ohy @ k)| < =722 2 (K, k) 1p2 ((Ks, Ka)). (8)
k1] + k2] - -

For completeness, we prove (7) and (8) in Appendix A, following [16, Appendix

Al.

Based on (4), (7) and (8), the proof of Theorem 1 follows by carefully
estimating the three terms on the r.h.s. in (4) and by combining these esti-
mates with some mild a priori information on the ground state energy. Before
summarizing the key steps, let us introduce the following additional notation:
for every ¢ > 0, we set

Nog = Z ayay

reN*:|r|>¢

and similarly, we define N>, No¢ and N<¢. Moreover, we set N := N>¢ (=
N), Ny := N5p and K := ZTGA: |r|?aka,. It is an elementary observation
that

1- <S0077§\})Q00> = N yn, Nypn).

Equipped with the previous identity, the key of our proof is to derive a coer-
civity bound

Hy > 4maN'tF e Ny + &

for some constant ¢ > 0 and some error £ which is of size o(N) in the ground
state 1. The number of excitations N is extracted from the modified kinetic
energy operator in (4) (the first term on the r.h.s. in (4)) while the leading
order energy 4maN'T" is extracted from the renormalized potential energy
(the second term on the r.h.s. in (4)). This is explained in Lemmas 2 and 3
which represent the key of the whole argument.

The error terms, on the other hand, turn all out to be related to the
number of excitations with large momenta. Following [1], the key tool we use
below to control such errors is a simple Markov bound combined with the
trivial fact that Exy < CN#:

Nonse < NP < NPHy. (9)

In particular (¢, N nstn) < CNFE=28 = o(N) as soon as 23 > k,
if 9 denotes an approximate ground state vector. In Lemma 5, we slightly
generalize the bound (9) to products of the kinetic energy with number of
particles operators for large momenta.

Lemma 2. Suppose § € (5, ), then we have that

Z Iricie, > 4n® (Noys — ajao) + Es

reA’
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for a self-adjoint operator Es which satisfies for some C' > 0 and N large
enough that

+E5 < CN™F3~F (K + N)No yess.

Proof. Recalling the definition of ¢, in (5) and setting

N* .
dr - W Z <30p+q*7“ & Pr, N Pp & Soq>a’p+q7ra’paqa
(p,9)€PT

so that ¢, = a, + d,., we lower bound

Z Ir*cie, — Am* (N s — afao)

reAl
2 2k
> E dm<cre, — E Am%arar
rEAL 0L |r|<N? rEAL 0L |r|<N?

— Z A2 (d:ar +aid, + d;fdr)

rEATL:0<|r| <N

A2 N* .
z N Z <<Pp+q—r Q@ @r,Npp & 30q>arap+q_Tapaq + h.c.,
P,q,rEA*:0<|r|<N?
where in the first and last steps, we used the positivity of cc, > 0 and d;d, >

0, respectively. With the bound (8) and Cauchy—Schwarz, we then obtain for
§ € LI(AY)

N Z <90p+qfr @ @r,NPp @ @q><§a:a;+q7rapaq§>
p,q,rEA*:0<|r|<N?
K—20— 7] g +1
<ot > laray €l L= llapa]
.. lq| + |7
(p,q,r)EPL:
0<|r|<N?, |p|>N*/3, p+q—r€P{
< ONF5=5 1 (IC+ N)Ns ya 36).

Notice that due to the constraint p+g—r € P{ and the condition |r| < N?
for § < a, at least one of the momenta p and ¢ has to be larger than N*/3 for
large N. O

Lemma 3. There exists a constant C' > 0 such that

N7 .
ﬁ Z <90p+r ® Pg—rs ‘/rengop & S0q> p+r q— rQpQq

p,q,rEAN*:
p,q,p+r,g—rePL

> 4maN'HF — ONSNo yo — ONFP3Y _ ONZFH2o= (0 4 N)
(10)

Proof. We use the bound (7) together with the fact that |p|,|q|,|r] < 2N® if
p,q,p—1,q+7r € Pp, to replace Vie, as follows: For every £ € L2(AYN), we have
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that
NI‘&
w2 ek @0, Viens ® 00) — 8ma||(€, 0505 apag)]
,q,mENT:
p,qf)jzrqurePL
_ +r[+1 [p| +1
< ON?rta=2 |pia ag—rl||———||apa
i 2 e Mt g ]
P.a.ptra—rEPL
< CN2I‘€+20¢—1<£’ (IC + N)§>
As a consequence, we get the lower bound
NK,
ﬁ Z <<pp+7' & Pg—r; eren@p oy <pq>a;+,.a;_rapaq
p,q,rEN":
P,q,p+r,q—rePL
4raN*
= WT Z a;+7"a;—rapaq - CNQHJFM?I(]C + N)

p,q,rEANT:
P.q,p+7r,q—rePL

The lemma now follows by combining this estimate with the lower bound

4malN" . .
N Z Ap4rlq—raplq
P,q,TENT:
P,q,p+7,9q—TEPL
4maN" N * N 4maN"™ N
= N Z Z aqaq_,_r Z aqaq_w — N Z aer,.ap_Hq
reA* qEPL: qeEPL: p,rEA*:
q+rePy, q+rePy, p,p+rEPL
4maN" N * . 4maN" N
> NS ) (8 ege) - TS wa
q€PL qEPy p,rEAT:
p,p+rEPL
4maN" 2 4maN" .
= N (N_N>N°’) - N Z ap+ra‘p+""
p,rEAT:
p,p+rEPy

> AxaNtH — 8raN"Ns yo — CNFT3

where in the last step we dropped the positive contribution proportional to

N2y« and where we used that N<yo < N as well as [Pr| < CN3, O
Lemma 4. Let Ry be as in (6) and let 0 < § < «. Then, there exists C > 0

such that for N large enough, we have that

+Ry < CN2r—20-2 (N4Q(N>Nﬁ FNBeY L N3OS (AL ve + N3OS 4 N%ﬂ+%ﬁ+1)
x (K + N+ N°#) (Vs yayz + 1).

Proof. Given & € L2(AY), we apply the bound (8) to get

2K
e, Ry < O

N2

Z |r|2|<£’a;a2a2+t—rap+q—rasat£>|
rent pgetests  (PEa=TEHrE)(s = v 4 r]2)

(p+q—mr,m),(s+t—r,r)e(P})",
(p,q),(s,t)EPT

< ONZrTRe2 > (6 apagalis_raprq—rasa)|.
TGA:,p,q,s,tGA*:
(p+g—r,r),(s+t—r,r)e(P})°,
(p,q),(s,t)EP]
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In order to control the sum on the right-hand side, we split it according
to two types of restrictions: First, consider another scale N”, for # < a, and
consider the cases in which the momenta p,q, s,t € Pﬁ are smaller or greater
than N®. We consider the cases

(1) Ipl,lql, |sl, [t < NP, (2) |p| > N” and |q],]s|, |t| < N7,
(3) Ipl,lql > N7 and |s|,[t| < N7, (4) Ipl,|s| > N? and |q|,[t| < N7,
(5) Ipl,lal,|s| > N” and |t| < N, (6) [pl,lql, Is|,[t| > N”.

(11)

Furthermore, the conditions (p4¢q—r,7), (s +t—r,r) € (PZ)¢ imply that
at least one of p,q,p+ ¢ —r and one of s,t, s+t —r is greater than N*/3: we
consider the cases

(a) [p+q—rlls+t—r[>N/3, ) Ipl,|s+t—7r] > N/3,
(¢) [p+q—rl[s| > N/3, (d) |pl,|s| > N*/3.
(12)

Now, using symmetries among and within the pairs (p,¢) € Pi and
(s,t) € P?, one readily sees that for N large enough, such that N? < N®/3,
we have that

Z 1€, a;a;a;s-t—rapﬂ—?“asatf”

TEAj_ ,D,q,8,tEAT:
(p+q—r,7), (S+t—m“)2€(Pf)
(p,q),(s,t)EPT,

6 6
< C(sza(f) +) %) + Ssel€ +szd )
j=1 j=2
where X;,, for j € {1,...,6} and a € {a,b, ¢, d}, refers to the contribution

Zja(.) = Z |< 7apaqa9+t rap+q—rasat'>‘ Z 0.

reAY,p,q,8,tEATD,q,5,1,
p+q—r,s+t—r satisfy j) and «)
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Here, the restriction labels j € {1,...,6} and « € {a,b,c,d} refer to
(11) and (12), respectively. Applying basic Cauchy—Schwarz estimates as in

Lemmas 2 and 3, we find

L1a < ON*PFTHK + N)(Ns oz + 1),

S, Ve < CN20FT2043 (K £ N)Y(Wa v s+ D) WNans + 1)7,

Sop < ON2OFEPHL(K 4 NY(Ws yeys + 1),

Sap < O(N2T20F 2 (VS s + N39)2 + N3OHF (N yp + N39))
X (K+ N+ NB'Q)(N>N<Y/3 +1),

S4as Tsa, Bea < ON* (K + N)(Ns yays + 1) Nsys + 1),

San, S, Bep < C(N2OT2T2 (WL vo +1)7 + N4 (Wa ns + 1)) (K + N)Y(Ns ne 3 + 1),
S5 < C(N?FT2PH5 (WL vo + 1) 2 + N2F2P (WL vs + 1) (K + N) (Vs ya 3 + 1),

1

S, D5, Bea < C(NOTPVI(NL vo +1)7 + NIV o + 1) + N30+
X (’C+N)(N>Na/3 +1)

Here, an inequality of the form X;, < £ for a non-negative self-adjoint
operator L refers to the statement that 3;,(£) < (£, L&), for all £ € LZ(AVN).
In order to illustrate more explicitly how to bound the above terms, consider

for example X1,: Here, we bound

Yia < E lapaqasti—r - laptq—rasas - |
rEAY,D,q,8,tENT:
Ipl,lal,|s], [t < N7
[ptq—rl,|s+t—r[>N*/3

1/2
1\ 2
< > (Y see I
rEALp,q,8,tEAT: s/ +1
pl.lql.s|, [t <N?
|lp+q—rl,|s+t—r|>N*/3

1/2

|s| +1)2 2
>< R _ .
E (\p| T1 lap+q—rasar - ||

rEAY,D,q,8,tENT:
Ipl,lal,ls],[¢|<N?
|lp+q—rl,|s+t—r|>N*/3

< ON'#L (K + N) (oo + 1).

The remaining contributions can be controlled in the same way, except
the term Yg3p: In this case, all momenta appearing in the creation operators
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are high, and in order to efficiently use the kinetic energy, we bound this term
in a more involved way by

sl +1 1 tl+1 1
Zay < > L 4+ 1) gy - 12 Papramrar-|
rE€A.p,q,5,tEAT:p,q, s,t,|t|+1 lsl+1
lal>N®,|s], [t N7,
[pl,[s+t—r|>N*/3
1/2
sl +1\2 1
< > (5 (W2 apaesamr 12+ lapassams - )
re€A,p,q,8,tENTp,q,s,t,
q|>N?,|p+q—r|,|s|,[t|<NP,
Ipl,[s+t—r|>N*/3
1/2
tl4+1\2/, 1
x > (Y (NG apramrae 12 4 llapsa—rar- 1)
rE€AY,p,q,8,tEA:p,q,s,t, lsl+1
q|>N?,|ptag—r],|s|,[t|<N?,
[pl,[s+t—r|>N*/3
1/2
Is|+1\27) 3
+ > (1) (W apansemr I +llapacri—r - 1)
TEA,p,q,8,tENTIp,q,5,1,
ql,Ip+a—r|>N",|s|, |t|<N”
Ipl,ls+t—r| >N/
1/2
[t +1N2/ 3
x > () (e amramrae 12 +llapsa—rar - I12)
rEAL,P,q,8,tENTIp,q,5,t,
ql,lp+q—r|>N",|s|,[t| <N,

Ipl,|s+t—r[>N=/3
< (NEUFRPR (WL o + N39) 2 £ NP (N s + N3)) (K +N+NP) (W e y5+1),

where we set Ny 1= ajas.

Collecting the above estimates and multiplying by a factor N2#—22~2

arrive at

, we

2k—2a—2
NorTRe Z €, apagas it raptq—rasais)]
TEAL,P,q,8,tEAT:

(p+q—m,r),(s+t—r,r)E(PE)°,
(p,q),(s,t)EPE

< ONZR=20=2(e (N4 (N s + N3®) + N2OT2P 5 (WL o + N39)2 4 N2oT20H)
X (K4 N + N°%)(Ns na 3 + 1)E). O

Before concluding Theorem 1, the last ingredient that we need is some
mild a priori information on the energy of the ground state vector ¥y, as
remarked around Eq. (9).
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Lemma 5. Let ¢n denote the normalized ground state vector of Hy, defined
in (1), and let B > 0. Then, ¥y satisfies the a priori bounds

(YN, Noystpy) < ONTFE=20,
N, KN yetpy) < N2 4 N3t ad,
N_2<¢N’ICN§NB¢N> < ONM3R—AB L oNFt2e ON3n—38.

Proof. The first bound is a direct consequence of (9) and the fact that Ey <

CN'**. For the bound on ICNZ N8, We use a commutator argument as in
[1,6,7]. We bound

N_1<¢N7ICN>NB¢N> < N_l<wN7K¢N>%<¢N7N>NBKN>N13¢N>%
< CN%_%<¢N7N>N5’CN>NL3¢N>%
and then

1
N<7/)N7N>NBICN>NE1/JN>

1
< N<¢N7N>N5HNN>N5wN>

E 1
= WN<¢N?N§N,H¢N> + N<¢N,N>Nﬁ [HN,N>N/3]¢N>
1
< CNK72B<'¢)N7]CN>N[”/}N> + N<¢N;N>Nﬂ [HNaN>Nﬁ]¢N>-

To estimate the commutator contribution on the r.h.s. in the previous equation,
we write

1 -2k -k SE ke
Hy -K= 3 drdy N*72 V(N (z —Y))aya,a.a, =: VN,

A2
where a, = Zpe A= €P%a, denotes the usual operator valued distribution
annihilating a particle at z € A, and we note [K,Nsys] = 0 as well as

[VN,N>N[5] = [NSNB,VN] with

[Nens, Vn| = Z / dxdy N*72V (NYF(x — y))eimd;‘,d;awdy + h.c.
peA=:|p|<Ns A

Now, basic Cauchy—Schwarz estimates imply that

NN, None [Nans, V] on)]

SONTU 3| dedy NPTERV(NYT S (@ = y)llapy Mo wo g laady |
pEA*:[p|<NF

+CNT! > / dedy N*72*V(N'~"(z — y))|lapay¥n|l||azay Ns nston ||
peA=:|p|<ne /A’

By __ 1
< ON= T 7H(|I(K + agao) * Na naton |[IVN 20|
1
1K + ajao) 2 o llIIVA *No nsvon )

B _1 1 El
< CON2T 73 | HENS yotbn || + CN 2 TR NS vaton .
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Combining the previous estimates with ab < % + %, we conclude
%(wN:N>NﬂHNN>Nﬁ"/)N>
< ON"=20 (o, KN ystbn) + ON TR 3 HEN o tow ||+ ON N yatow |
< ON" 28 (pn, KN yoton) + CNPE2R 4 $<wN,N>NaHNN>NﬁwN)
and therefore

1 B K
NWN,N>NBHNN>NQ¢N> = ON° 2ﬂ<¢1\7>’C/\[>1\m¢N> + ONPH2E,
As a consequence, we obtain that

N*1<¢N,]CN>N[,¢N> < ON1H+2e—28 +C’N%"+%ﬁ7

N72(hn, Nons KNoysthy) < CNVE3—48 L ONB+25 L ON5R=30)

We are now ready to prove our main result.

Proof of Theorem 1. Let 1y denote the normalized ground state vector of Hy,
given some parameter £ € [0, 55). Let Pr, be defined as in (3) and choose
41
= (1 —
a:=(1+¢) 0"

for some sufficiently small € > 0; in particular o € [0,1 — &]. Now, by (4), we
have that

WN HNYN) > Y [P @, erern) — (Un, RNgn)

T‘E/\jr

NH * *
+ N § (bptr @ 0g—r, Vienp ®<)0q><wN$ap+7‘aq71‘aPaqu>
P,q,TEAT:
P,q,pt+r,q—rePy

and our goal is to estimate the terms on the right-hand side. We start with
the kinetic energy term. Combining the bounds from Lemmas 2 and 5, we find
that

Z Ir[>(Wn, cherbn) — Am? (Y, Npbw)

reN?
_ 1 7 5 1
> C«NlJrn 26 CZ\71+3/€+25 5 OZVZF"JFZ(S e (ZV),

K

where we used (9), the choice § < § < a and the identity N_ns — ajag =
Ni = Noys.

Proceeding similarly for the remaining error terms, we obtain from Lemma
3 that

NK * *
ﬁ Z <<pp+7" ® Pa—rs ‘/ren@p ® 90(1><w1\77 ap+raq—TQPGQ¢N>
p,q,rEN":

P,q,p+r,g—rEPL
> dpaNiTre — ONIT2R=20 _ ONFF3S — 4raNIHE 4 o(N)
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and from Lemma 4, assuming 5 = (1 + e)%/{ for sufficiently small € > 0, that
(Y, Ryon)| < CNMHR=20 4 ONa+antse=20 4 oNItentsf-je
+ ON%+4H+O¢+%,8 + ON1+4K+%B7%Q
= o(N) + CN3t3a—3k+0(e) L o N3+Hr+atOe) — o(N).

Combining this with the ground state energy upper bound Ey < 4raN'+r
+ o(N), as pointed out in the second remark after Theorem 1, we get

4maN'* 4 o(N) > (n, Hyyn) > dnaN'TF 4 4 (o, Nyn) + o(N)
and thus conclude that

Jim Ny Nothy) = Tim (1 (20,7 e0)) = 0.
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A Proof of the Bounds (7) and (8)

Proof of the Bounds (7) and (8). Throughout this appendix, we assume p, g, s,
t € A* and we abbreviate (L)pqg st 1= (¢p @ g, L ps @ @) for every operator
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L on L?(A?). Let us begin with a few elementary observations: it is clear that
the operator N'=%Vy preserves the total momentum and that

<N1_HVN>pq,St §5p+q,s+t/2 dxidzy N3_3HV(N1_N(m1 — Z2)) §5p+q,s+t||VH1~
A

Combining this with the fact that —A,, — A,, + Vx and hence its pseudo-
inverse

R =1y [HH(_A:M - AEz + VN)HH} _1HH

from My L?(A?) to Iy L?(A?) also preserve the total momentum, we get that

pa,pq

Vien)pg.st < COpa.st SUD (1+NH<V§/2HHV§/2RVJ§/2HHVI$/2>
p,qEN*

ke vr1)2 1/251,1/2 1/2
+ N VYLV PRV P VY >mq).

To control the right-hand side, we make use of the operator inequalities

0 < HyuVy*RVA*TIy <1 and R < N™20TIy < N2,

This implies on the one hand that
NSV P TV PRV T Vi ?)

and on the other hand that

NSV PT V PRV P V)

< <N17KVN>pq,pq = ||V||1

pq,pq —

_ 1/2
vava S N2 NVILITLVA 0, @ 0|2

Looking at the Fourier expansion

1/2 K—27171/2 —k
MV ey @pe= 3 NTTVIR((s = p) /N0 @ oprgs,
s€PL:p+q—s€PL
the assumptions that V € L!'(R3) having compact support and that «
1 — k imply that HHLVAl/Zgop ® Pqlloc < CN* so that altogether |(Vien)pq,st|
Cpg st-
Next, let us switch to the second bound in (7). We first show that

|(Vzen)o00,00 — 8ma| < ONHH—L, (13)

Up to minor modifications, this bound follows as in [16, Appendix A], so
let us focus on the key steps. Denote by f the zero energy scattering solution
in R3 such that

(—2A+V)f=0
with lim|, o f(z) = 1. It is well-known (see e.g. [30, Appendix C]) that

0 < f <1, that f is radial and that for z € R3 outside the support of V, we
have that f(x) =1—a/|z|. Moreover, a basic integration by parts shows that

87ra:/RB de(x)f(x):/AdmN?’_‘%(Vf)(Nl_"x).

Let us denote w := 1 — f which is easily seen to satisfy the bounds

c C
[@(p)| <

w(z) < —
) S TP

_ma
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for some constant C' > 0 (e.g. based on the identity w = (—2A)~'V f). More-
over, pick a smooth bump function x € Cg°(B;/2(0)) such that x(z) = 1 if
|z| < 1 and define

(w1, 22) = dn (21 — 22) 1= x(21 — $2)w(N1_”(9C1 —x2)) € L2(A2)'

By slight abuse of notation, we identify ¢ with the associated multipli-
cation operator in L?(A?). As explained in [16], we then have the identity

RVnpo ® vo = ¢npo @ w0 + R{npo @ wo — (1 — RVN)IILoN w0 @ o,
where (n (71 — x2) := N*"1((21 — 29) for

z s ((z) 1= QQ(AX)(@ B 4a(VX)($) ()

€ C5°(B1/2(0) N B} /4(0)).

Using that 8ra = N'=*(Vy, (1 — ¢n))00,00, this yields
(Vien)00,00 = 8ma + N' ™" (RVi, (n)oo,00 + N (Viy, (1 — RV)ILAN )00,00-
Now observe that for [p| > N®, we have that
—(VNRVN) ppoo | (VN —TIL(1 = VNR)VN) —pp.00
2|p|? 2|p[?
<VN(1 - RVN)>—pp700
2[p|?
and otherwise (RVx')_pp.00 = 0 (by definition of R) s.t. N1 =*(RVy, (n)oo,00 <

o~

CN~=1 Similarly, |¢n(p)| < CN571(1 + [p|*>)~! and Cauchy-Schwarz imply
that

<RVN>fpp,00 =

(14)

IN'*(Viy, (1 = RVW)TILéN)o0.00]
< CHV”1(”HL¢NHOO + N7a||HLV]\1/2HL¢)N”OO) < CNaJrnfl.

Combining the previous estimates yields (13). In fact, using N* =% (Vi (1—

ON))ptrqerpg = W(T/Nl””"), we can also compute (Vien)00,00 to higher pre-
cision and obtain that

NH-1 (87a)?
Vien =8 § O(N"®~1) 4 O(N?FT2a=2),
{ )00,00 ma+ D) o 5|2 +O( ) +O( )
sePy,

We omit the details as the second term is irrelevant for our range of , it only
becomes relevant if one wants to consider the Lee-Huang—Yang order.

To get (7), we combine (13) with two further steps. On the one hand, we
have that

|<V;en>pq,st - <‘/;"en>(p+q)0,(s+t)0| < CNH_I (|p| + |Q‘ + |S| + |tD (15)

whenever p + ¢ = s + t. This bound follows very similarly as the first bound
in (7): Since Vy is a multiplication operator, (15) clearly holds if we re-
place Vien by N'7%Vy. Hence, it is enough to prove (15) for Vien replaced
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by N'=*VNRVy. In this case, we write
Nl_H<VNRVN>pq7st - Nl_H<VNRVN>(p+q)07(S+t)0
= N'""(pp @ g, VNRVN (95 @ 91 — 9541 ® 90))
+ Nl_ﬁ«‘ﬁp ® ©g — Pptq ® ¥0), VNRVN@s1t @ p0)-

Now, given any pair k,l € A*, a direct computation shows that

—K -y > —K Cll 2
NIV (1. 01 — i © 00) 2 = 20(0) 20 (/') < S

Note that the last step follows from a second-order Taylor expansion
and the fact that (V,V(.,/N*7%)(0) = N*72¢ [o, dx (—iz)V(z) = 0, V being
radial. Similarly, we get

N2 LV 2 ok ® 0 — okt © 0) I

= . —_ —k 2
= N_QQH S NPTV ((s — k)/N'TR) = VIZ((s = k= /N0 @ i
ri1 R,

< Ol /N? T2

Proceeding now as in the proof of the first bound in (7), we obtain (15).
Combining (15) with (13), the second bound in (7) thus follows if we
prove that

{(VNRVN)po.00 — (VNRVN)00,00] < CN?*~2|p? (16)

for every p € A%. This can be proved similarly as detailed in [16, Appendix
Al: Define

—AP) = (—iV,, + ) — Ay, RP = T[T (AP 4 V)T ] 7 L,
where the orthogonal projection Hﬂ maps onto
span{ey, @ ¢; : (k,1) € (P?)c and [ # 0}.

Notice that this ensures (£, —A®P)¢) > 472 for every ¢ € ITf;L?(A2), by
construction of the projection HIJE . In particular, R is well-defined. Now,
based on the observation

(VNRVN)popo = (Ve PP ReP™ V) g0.00
and the fact that —A®) = e¢=P¥1(—A, — A, )e"?*! for p € A*, it follows that

(VNe PRV Y 00,00 — (VN RP) Vi )o0,00

= —(VNR® e P2 (1 — VNR)VN)00,p0 + (Va (1 = RV e P RV )00, po-
Here, we set Hf =1- Hg. Since VyR®) preserves the total momentum and
projects onto a subset of (Pf)°, we have that
(VNRP e~ P2 I (1 — VNR) V)00, p0

= > (VNR®)00,~qq(P—q ® ©q, Ps—p @ i) (1 = VNR)VN) st,p0 = 0.
qEPiﬁAjr;s,tEPL
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On the other hand, using that R = IIgR so that

(RVN) (p—q)a.p0 = Vi = VNRV) (p—g)a.p0 - (L (1 = VNR)VN) (p-g)a.p0
p—a)q,p0 =

lp—ql* + |q|? Ip —q|? + |q/?
_ <VN - VNRVN>(p—q)q7p0
lp—q* + |q|?

if (p—q,q) € (PL)° and (RVN)(p—q)q,p0 = 0 otherwise, we obtain that
[ e™ P RV [ < D I(RVA)g-sjsipol < CNT,

sePr,
I VI e P RV | < D

s,tePy,

C

< CNZOH—/-{—I.
N3=3%(1 + [t]) —

Hence, arguing similarly as in the previous steps, we find that

(Vi (1 = RPVA)II e RV )0 pol
< %(HHEE%ID“RVNGWM |+ NI VP e P RV e | )
S CNaJranZ'

Notice here that we used additionally the operator inequalities —A®) >
NQO‘HE and, as a consequence, R(P) < N*QO‘HE < N72% in the image

I (1p—o L?(A?)) = 11 span{p, @ ¢_s : s € A*} = spanf{p, ® p_, : |s| > No}

of the space of zero total momentum P := —iV,, —iV,, under II};, and that
both

VAP VAP em P i RV et € L2(A%) and V3’ VA/? € L2(A?)

have zero total momentum.
Collecting the previous bounds, proving (16) reduces to proving that

{VAR® Var)oo.00 — (VaRV)o0.00] < CN2—2=2)p|2,
To show this, we use that
(Vi — VwRUPIVN) _gqo0l . CN*!
lsp — gl + lqf? = lsp—ql* +1ql?
for all s € [0,1] and |g| > N (otherwise (R©P) Vi) _4q.00 = 0). Together with
(VyR® VN )00,00 = (VNRP) VN)00,00

|<R(Sp) VN>—qq700| =

and a second-order Taylor expansion, we find that
(VN R® Var)oo,00 — (VN RV )00,00] < CNQ'“QIPlQ/ dqlg|=* < N?F=*72p|?,
lg|>Ne
which implies (16) and thus (7).
Finally, Eq. (8) is a direct consequence of the identity (—A,, — Ay, )n =
[T VienIT1, and the bound (7) implying that (|p|*++[g|*) (1) pg,st| < Cdpg,st1(p2)e
((p, @))Lpz ((s,1)). O
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