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Equilibrium fluctuation for an anharmonic chain with
boundary conditions in the Euler scaling limit

Stefano OLLA Lu XU

Abstract

We study the evolution in equilibrium of the fluctuations for the conserved quantities of
a chain of anharmonic oscillators in the hyperbolic space-time scaling. Boundary conditions
are determined by applying a constant tension at one side, while the position of the other
side is kept fixed. The Hamiltonian dynamics is perturbed by random terms conservative
of such quantities. We prove that these fluctuations evolve macroscopically following the
linearized Euler equations with the corresponding boundary conditions, even in some time
scales larger than the hyperbolic one.

1. Introduction

The deduction of Euler equations for a compressible gas from the microscopic dynamics under
a space-time scaling limit is one of the main problems in statistical mechanics [I6]. With a
generic assumption of local equilibrium, Euler equations can be formally obtained in the limit,
but a mathematical proof starting from deterministic Hamiltonian dynamics is still an open
problem. The eventual appearance of shock waves complicates further the task, and in this
case, it is expected the convergence to weak entropic solutions of Euler equations.

Some mathematical results have been obtained by perturbing the Hamiltonian dynamics
by random terms that conserve only energy and momentum, in such a way that the dynamics
has enough ergodicity to generate some form of local equilibrium (cf. [I8, [6]). These results
are obtained by relative entropy techniques and restricted to the smooth regime of the Euler
equations. The noise introduced in these works are essentially random collisions between close
particles and acts only on the velocities. Under such random perturbations, the only conserved
quantities are those that evolve macroscopically with the Euler equations [I1]. Actually, ran-
dom dynamics and local equilibrium are only tools to obtain the separation of scales between
microscopic and macroscopic modes necessary in order to close the Euler equations. In the
deterministic dynamics of harmonic oscillators with random masses (not ergodic), Anderson
localization provides such separation of scales [5].

In this article we study the evolution of the fluctuations of the conserved quantities. When
the system is in equilibrium at certain averaged values of the conserved quantities, these have
Gaussian macroscopic fluctuations. The aim is to prove that these fluctuations, in the macro-
scopic space-time scaling limit, evolve deterministically following the linearized Euler equations.
It turns out that this is more difficult than proving the hydrodynamic limit, as it requires the
control of the space-time variance of the currents of the conserved quantities. More precisely it
demands to prove that the currents are equivalent (in the norm introduced by the space-time
variance) to linear functions of the conserved quantities. This step is usually called Boltzmann-
Gibbs principle (cf. [7, [13]). This is the main part of the proof, and it forces us to consider
elliptic type of stochastic perturbations, i.e., noise terms that act also on the positions, not
only on the velocities, still maintaining the same conserved quantities.
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The system we consider is N+1 coupled anharmonic oscillators, similar to the one considered
in [6]. For i =0,..., N, the momentum (or velocity, since we set the masses equal to 1) of the
particle i is denoted by p; € R, while ¢; € R denotes its position. Particle 0 is attached to some
fixed point, thus py = 0, go = 0. Meanwhile, particle N is pulled (or pushed) by a force 7 € R,
which is constant in time.
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Each pair of consecutive particles (i—1, ) is connected by a (nonlinear) spring with potential
V(gi — gi—1). We need to assume certain assumptions for the potential energy V : R — R. The
energy of the system is then given by

N 2
Hy(p,q) = Z [1921 + V(g — ¢i-1)
i=1
Therefore, the inter-particle distances {r; = ¢; — ¢;—1;1 < i < N} are the essentially relevant
variables. Notice that here r; can also assume negative values. Let e; = p?/2 + V(r;) be the
energy assigned to i-th particle, then Hy = Y e;. The corresponding Hamiltonian dynamics
locally conserves the sums of p;, r; and e;. By adding proper stochastic perturbations on the
deterministic dynamics, we can make them the only conserved quantities.
Let w; = (ps, 74, €;) be the vector of conserved quantities. The hydrodynamic limit is given
by the convergence, for any continuous G on [0, 1],

1 S 7 1
N;wi(Nt)G (N) — o (t, z)G(x)dz,

N —o0 0

where o = (p, t, ¢) solves the compressible Fuler equations
O = 0, F(w), F(w) = (7(v,u),p,7(v,u)p), u=e—p>/2 (1.1)
with boundary conditions given by
p(0,t) =0, T(¢(1,t),u(l,t)) =,

where 7(r, e) is the tension function defined in (2.7) later. In the smooth regime of (1.1)), this
is proven by relative entropy techniques in [6].
We consider here the system in equilibrium, starting with the Gibbs measure

N
[Texp{): (rives) =9 (N} dp; drs, (1.2)

i=1

for given A = (87, —5) € R x R_, where ¢ is the Gibbs potential given by

G(\) = In </R exp{—BV (r) + 6Tr}dr> + %m (?) . (1.3)



Denote by E n the expectation with respect to the measure in (1.2)). Correspondingly, there
are equilibrium values 0 = Ey n[pi], T = Exn[ri], € = Ex n[e;] for the conserved quantities.
The empirical distribution of the fluctuations of the conserved quantities is defined by

Formally, it is expected to converge to the solution to = (p,t,¢) of
oo = F'(0,7,€)0,, (1.4)
where F'(w) is the Jacobian matrix of F', with boundary conditions

or . or
il 1 htlll
or Bt 1)+

p(t,0) =0
p(t,0) ’ (7,8) Oe

- 7)5(75, 1)=0, (1.5)

and a proper Gaussian stationary initial distribution. Notice that 1(t) takes values as distri-
butions on [0,1], so with the boundary conditions should be intended in the weak
sense, as rigorously defined in Section

While the non-equilibrium hydrodynamic limit can be proven by adding a simple exchange
of p; with p;+1 at random independent times (cf. [6]), in order to prove (1.4]) we need to add, for
each bond (7,74 1), a stochastic perturbation that exchanges (p;, pi+1, 7, ri+1) in such way that
Ti +Tixr1, Pi +Pit1, € + e;41 are conserved. The corresponding microcanonical surface is a one-
dimensional circle, where we add a Wiener process. This stochastic perturbation corresponds
to adding a symmetric second order differential operator Sy defined by that is elliptic on
the corresponding microcanonical surfaces. The main part of the article is the proof of a lower
bound of order N2 on the spectral gap of Sy that is independent of the values of the conserved
quantities. This is an important ingredient for proving the Boltzmann-Gibbs linearization for
the dynamics.

The present article contains the first result on equilibrium fluctuations for anharmonic chain
of oscillators with multiple conserved quantities. Previous results concerned only linear dynam-
ics or vanishing anharmonicity (eg. [] for a system with two conserved quantities). Another
novelty of the present article is the presence of non-linear boundary conditions (tension at
the border), as previous results on equilibrium fluctuations concern systems with no boundary
conditions, or linear in the conserved quantities.

The hyperbolic scale describes the time for the system to reach its mechanical equilibrium.
Beyond that, it takes more time to reach the thermal equilibrium. It is a natural question to
investigate the behaviour of the equilibrium fluctuations in larger time scales. In Theorem
we prove for our anharmonic system that the equilibrium fluctuations on the three conserved
quantities continue to evolve deterministically according to the linearized Euler equations up
to a time scale N% with a € [1,6/5). For harmonic chain with two conserved quantities
and no boundary conditions an analogous result can be found in [3]. Superdiffusion of energy
fluctuations is conjectured in [2I], and should appear for some a > 3/2. This has been proven
rigorously for harmonic chains with conservative noise (cf. [12] for dynamics with 3 conserved
quantities and [2] with two conserved quantities). Results in [I2] extends also to the non-
stationary superdiffusive evolution of the energy density, while the other two quantities evolve
diffusively [I5]. See also the review [I] and the other articles in the same volume about the
numerical evidence in non-linear dynamics. The extension of such superdiffusive results to
the non-linear dynamics is one of the most challenging problem. Some results for vanishing
anharmonicity can be found in [4].

We believe that such macroscopic behavior of the equilibrium fluctuations should be valid
also for the deterministic (non-linear) dynamics, but even the case with a stochastic perturba-
tion acting only on the velocities remains an open problem.



Another important open problem concerns the evolution of fluctuations out of equilibrium.
For system with one conserved quantity, like the asymmetric simple exclusion, in the context
of the hyperbolic scaling this has been proven in [20].

2. The microscopic model

In this section we state the rigorous definition of the microscopic dynamics. Let V' be a convex,
C*-smooth function on R with quadratic growth:

inf V'(r) >0, supV"(r) < cc. (2.1)
reR reR

Observe that assures that V(r) acquires its minimum at some unique point 79 € R. By
replacing V with V, = V(- +19) — V(rg), we can assume without loss of generality that V' > 0,
V(0) =0 and V’(0) = 0.

For N > 1, let Qn = R?Y be the configuration space. Its elements are denoted by

77:(P71'), p:(pla"'7pN)7r:(rla"~7rN)-
Fix 7 € R, pg = 0, and define first-order differential operators &; acting on smooth functions
on Qy by
X = (pi — pi )i + (V' (r; )—V’(r-))i for1<i<N-1
7 7 i—1 87"@‘ i+1 7 3}%‘7 >t > )

0 0
Xy = (pn _prl)% + (7 - V,(TN))apiN'

In addition, define V; ;41 for 1 <i <N —1 as

Vijit1 = (pi+1 — i) (8 - ) — (V'(rig1) = V'(rs)) ( 0 0 > :

87‘1‘4_1 87‘1' 3p1+1 api

For any v > 0, the generator Ly is given by

N N-1
1
Ly =An+7SN, AN:ZXi, SN=3 Zyiz,i—O—l' (2.2)
i=1

=1

The Liouville operator Ay generates the Hamiltonian system introduced in Section [1} while
each ) ;41 generates a continuous stochastic perturbation on (p;, pit1, 74, i41), preserving the
amounts of p; + p;y1, 7 + 141 and e; + e;41. This choice of noises assures that p;, r; and e;
are the only locally conserved quantities.

Denote by 7y n the Gibbs measure in . The class of bounded, smooth functions on Qp
forms a core of Ay and Sy in L?(my ), and for such f and g,

Exn[(Anf)g] = —Exn[f(Ang)], Exn[(Snf)g] = Exn[f(Sng)].

In particular, 7y y is stationary with respect to L. Moreover,

N
B [f(~Lnf)] = vEan[f(=Snf)] = 3 2 Ean Qs )]
Denote by @ = Ex ny[w;], then w = (0,7()\), &())), where

(F0:60) = T390 = (550 550~ 5 ) (2.3

=~



where ¢()) is defined in (1.3). It is also worth noticing that the tension in equilibrium is
Ey n[V'(r;)] = 7. Furthermore, the covariance matrix ¥ = () of w; under my y is given by

B0 0

EZZIZ,N Qui—zﬂ)@DQUi—'w) = 0 " )
v =1 0 ey

(2.4)

where 4" (\) stands for the Hessian matrix of ¢ calculated in A.
Define the thermodynamic entropy . for r € R and e > 0 by

L(r,e) = —-9*(rie), 9" = sup {)v(r,e)—g()\)}.

AERXR_

Under our assumptions, ¢ is strictly convex and so is its Legendre transform ¢*. Hence, . is
strictly concave. By the general theories in Legendre transform,

A(r,e) =V, 9" (re) = =V, .7 (r,e) e R x R_ (2.5)
gives the inverse of A = V,%(\). In view of (2.3),
G" (NS (F(N),e(N) = 9" (A(r,e)) " (r,e) = —Iaxa. (2.6)
For convenience, we denote A = (87, —3), where
B(r.e) = 0. (r,e), T(r,e)= ZZZE::Z; (2.7)
By (2.5), B(r, ) is always positive, and
O (L0 10807 07 (0 10807
or de 3 (or)2 B or or B> or Orde B3 0e Or
1 5 027 02705 RIS A7 [07]°
-5 (ﬂ @2 Poroc or Poroc or T o {a} )
Since . is strictly concave, one can conclude that
g% + ‘rg{ > 0. (2.8)

For each N > 1, denote by {n: € Qun;t > 0} the Markov process generated by NLy.
Observe that n, = (p(t),r(t)) can be equivalently expressed by the solution to the following
system of stochastic differential equations:

dp1(t) = NV NV (r)dt + dJ?Y,
dp;(t) = NVNV'(r;)dt — VydJ?, for2<i< N —1,
dpn(t) = N[r = V'(rn)]dt — dJX_;, (2.9)
dri(t) = Npydt + dJ7,
dri(t) = NV Npi—1dt — VydJ], for2<i< N -1,
dry(t) = NVypNn_1dt —dJy_q,

where for any sequence {f;}, Vnfi = fix1 — fi, Vi fi = fic1 — fis
N .
dJf = 77 [V//(’I"i—i-l) + V”(Ti)]vaidt + \/VTV(VNV'(”))dBth



and {B%i > 1} is an infinite system of independent, standard Brownian motions. Let Py y be
the probability measure on the path space C([0,00),2n) induced by and initial condition
mx,~N. The corresponding expectation is denoted by Ejy n.

We are interested in the evolution of the fluctuations of the balanced quantities of {n;} in
macroscopic time. For a smooth function H : [0,1] — R3, define the empirical distribution of
conserved quantities fluctuation field on H as

N ‘
Yn(t, H) = % ;H (;7) (wi(ne) —w), Vt>0, (2.10)

Notice that we consider in the hyperbolic scaling, where the space and time variables are
rescaled by the same order of N.

We close this section with some useful notations. Throughout this article, | - | and - always
refer to the standard Euclidean norm and inner product in R?. Let 4 be the space of three-
dimensional functions f = (f1, fo, f3) on [0, 1], where each f; is square integrable. The scalar
product and norm on J# are given by

(f.g) = / f(@) - g()de, £ = / f () da.

Then 57 is a Hilbert space, and denote by .7’ its dual space, consisting of all bounded linear
functionals on 2. Note that the definition in (2.10)) satisfies that:

)
(=
(%)
Thus, one can easily extend the definition of Yy (¢, H) to all H € 5. For all N > 1, ¢ > 0 and
H e %, YN(t, H) S Lz(QN;’TD\’N).

N 2
1

Exn [Ya(t, H)] <|Trs(N)|- Nz

=1

3. Euler system with boundary conditions

In this section we state the precise definition of the solution to (1.4)), (L.5) with proper random
distribution-valued initial condition. The equation (1.4)) can be written explicitly as

Op = T 0,T + T 0,8, Ot = 0P, O = TO,P,
where (7,.,7.) are constants given by

Tr(A) = %T(’F()\),é(/\)), Te(A) = %T(f(/\),é(/\)). (3.1)

Recall that (3, 7)(F(A\),é(\)) = (B,7) are constants, and by (2.7), 0, = =87, 0.7 = B.
Formally define the linear transformation

F=Ti4 78, S=-frt+p

The new coordinates 7, S can be viewed as the fluctuation field of tension and thermodynamic
entropy, respectively. From (1.4)), (p,7,5) evolves with the equation

Op = 0,7, OhF =c*0:p, 9,5 =0, (3.2)
where the constant ¢ > 0 is the speed of sound given by

& =71.+717, >0,



cf. (2.8) and [21I], (3.10)]. This transformation also decouples the boundary conditions:
p(t,0) =0, 7(t,1)=0. (3.3)

It turns to be clear that (p,7) are two coupled sound modes with mixed boundaries, while S
is independent of (p,7) and does not evolve in time. Suppose that the initial data is smooth
and satisfies the boundary conditions, one can easily obtain the smooth solution to = w(t, )

to (1.4)), (1.5) by applying the inverse transformation.

Since 1(0) is a Gaussian random filed, to present the idea above rigorously, we have to
consider the weak solution. Define a subspace € (\) of 5 by

C(\) = {9 =(91,92,93) | g: € C'([0,1]), 91(0) =0, Tpga(1) + Tegs(1) = 0}.

Define the first-order differential operator L on € (X) by

d 0 7 Te

L:B<>, where B=F'(w)= |1 0 0
dx

7 0 O

Observe that B has three real eigenvalues {0, +c}, thus generates a hyperbolic system. With
some abuse of notations, denote the closure of L on 4 still by L. For i = 1, 2, let {p; n;n > 0}
be two Fourier bases of L%([0,1]) given by

(2n + 1)7'{'-

pin(x) = \/isin(ﬁnx), pon(x) = \@COS(Qnm‘), 0, = 5

(3.4)

Notice that p1,(0) = pen,(1) = 0, in accordance with the boundary conditions in (3.3)). For
k > 1, define the Sobolev spaces

Hy = {f = (f1, f2)

ii@i’f (/01 fi(x),ui,n(m)da:>2 < oo} .

i=1 n=0
Then dom(L) = {(g1,7rg2 + 7eg3) € H1}. To identify the adjoint L* of L, observe that for any
ge€e €\ and h € 2,

1
(Lg. h) = / g (ha + Ths) + (7rgh + Tegy)hda.
0

Therefore, dom(L*) = {(hy, ha + Ths) € Hy}. In particular,
(1) = {h = (h1,h2,h3) | hi € C*([0,1]), h1(0) =0, ha(1) + Ths(1) =0}

is a core of L* and L*h = —BTh' for h € €.(r). Notice that .(7) depends only on 7, while
%' (\) depends on both 8 and 7.

Now we can state the definition of and precisely. Let {w(t) = w(t,-);t > 0} be
a stochastic process taking values in ¢, such that for all h € €. (7),

W(t, h) — (0, h) = /t(n(s,L*h)ds, V> 0, (3.5)
0

and 10(0) is a Gaussian variable such that for h, g € 57,
E[w(0,h)] =0, E[w(0,h)w(0,9)] = (h,Xg), (3.6)

where ¥ is the covariance matrix defined in (2.4)).



To see the existence and uniqueness of 1(t), consider the weak form of equation (3.2)): for

[= (flaf27f3)’ fi € Cl([O’ 1])7 fl(o) = f2(1) =0,

t 0
ﬁ(t,f)—ft(O,f)—F/Oﬁ(s,ATf’)dSZO, A= |c?

Q
S O =

0
0|, (3.7)
0

o

and 11(0) is a centered Gaussian variable with covariance
E[@(0, /))?] = (£.Qf), Q=diag (87,7 5°939).
Suppose that {g; ,,, Vin;n > 0,7 = 1,2} is the three-dimensional Fourier bases given by p, ,, =
(111,50,0), py, = (0, 12,0, 0), and]]
V() = ﬁ(0,0,sin(nnx)), Vo n(x) = \/5(0, 0,co8(kn)), Kn = 2nT. (3.8)
The solution u(t) is a stationary Gaussian process, satisfying that
1

’:l(t, /'l’l,n) = \/B

C

ﬁ(tv l"’2,n) = \/B

ﬁ(t7 Vi,n) - 6\/ a%%(ﬂv T)}/;,na

where {X; ,,Yin;n > 0,4 = 1,2} is an independent system of standard Gaussian random
variables. The sample paths i(-) € C([0,T]; #-1) a.s., where

2 oo
Ay, = {ﬁ SS {0 () + R (i)} < OO} '

i=1 n=0
For each h € €.(7), define w(t, h) by

(X1,n cos(cbt) + Xa,p, sin(clpnt)),

(Xl,n sin(cl,t) — Xap (:OS(CQnt))7

1 0 0
w(t,h) =u(t,R~'h), R=RAN)=1|0 7. —B7|. (3.9)
0 7 B8

Observing that ATR™' = R™!BT and f1(0) = fo(1) =0 for f € R7'[€.(7)],

t t
(L h) — (0, h) :-/ ii(s, ATRL1)ds = —/ (s, BT )ds,
0

0

and (3.5) is fulfilled. On the other hand, from and ,
)y _ 1 027 T (0,0,
Te o ﬁ a’raey ﬁ agy

Combining this with (2.6, one obtains that

o (2)-(2)

By this and some direct calculations,

(7.e)

(7,e)

RTSR =diag (87,87, 8°039) = Q,

1112-,n are chosen arbitrarily, since this coordinate is a constant Gaussian random filed.



therefore (3.6) also holds. In consequence, {w(t);t € [0,7]} uniquely exists in the path space
C([0,T]; -k (N)) for k > 1, where

H k() = {15 ‘ )2, = i {07202 (Rps ) + k0% (Rvin) } < 00} ,

i=1n=0

with three-dimensional Fourier bases u, ,, and v, given in and , and the Gaussian
distribution determined by is stationary for ro(¢).

For T > 0 and k > 5/2, denote by Qu the distribution of {Yy(t);¢t € [0,7] on the path
space C([0,T], #_1()\)) induced by Py n. Denote by Q the distribution of {r(¢);t € [0,T]}
defined above. Our first result is stated as below.

Theorem 3.1. Assume (2.1)), then the sequence of probability measures {Qn} converges weakly,
as N — oo, to the probability measure Q.

Remark 3.2. The condition k > 5/2 is necessary only for the tightness in Section

Indeed, by the tightness of {Qx} in Section [7} we can pick an arbitrary limit point of Qy.
Denote it by Q and let {Y(¢)} be a process subject to Q. From classical central limit theorem,
the distribution of Y'(0) satisfies (3.6). By virtue of the uniqueness of the solution, to prove
Theorem it suffices to verify or equivalently,

|Yn(t, H(t,)) — Yn(0,h)| = 0 in probability,
where H(t,x) solves the backward Euler system:
O H(t,z)+ L*H(t,z) =0, H(0,-) = h, (3.10)

for smooth initial data h € €, (1), with the following additional compatibility conditions also
assumed at the space-time edges:

lim 9,H,(0,z) =0, lim 9,(Hx(0,2)+ rH3(0,2)) =0,
z—0t r—1—

lim O0fH:(t,0) =0, lim 07 (Hs(t,1) 4+ 7Hs(t,1)) = 0.
t—0t t—0t

Note that (3.11]) assures that H(t,-) € €. (7) is differentiable in = up to the second order, and
there exists a finite constant C' such that
|H(t,z)| < C, |9, H(t,x)|<C, |02H(t,x)|<C (3.12)

for any t > 0 and = € [0,1]. As a further result of Theorem [3.1} we are able to prove that the
fluctuation field keeps evolving with the linearized system for time scales beyond hyperbolic,
under some additional assumptions.

Theorem 3.3. Assume (2.1). There exists some universal 6 > 0, such that if

sup V" (r) < (14 6) inf V"(r), (3.13)
reR reR

then for any a < 1/5, T >0 and € > 0,

lim IPW{Ht € [0, 7Y,
N—oco

Yiv (N, H(N®t)) — Y (0, H(0))| > e} =0, (3.14)

where H(t) = H(t,x) solves the backward equation (3.10) and (3.11]).

Remark 3.4. Theorem shows that the fluctuation of thermodynamic entropy S keeps sta-
tionary for any time scales Nt with a < 6/5. It is expected that S would evolve under some
superdiffusive scaling a < 2 following a fractional heat equation.



Remark 3.5. Let Ty = Z/(NZ) be the lattice torus with length N. One can also put the chain
on Ty by applying the periodic boundary condition (pg,70) = (pn,rn) instead of the ones
introduced in Section [} Then, the equilibrium Gibbs measures become

Nor= T exp{X-wi =93} dpi drs,

i€Tn

for given \ = (Bp, BT, —B) € R? x R_, where p € R denotes the momenta in equilibrium. For
(p,r) € R? and e > p?/2 + V(r), we can define the internal energy U = e — p?/2, then the
thermodynamic entropy and tension function are given by . (r,U) and 7(r,U).

Start the dynamics from some equilibrium state wé\{ 5+ Let T =[0,1) stand for the one-
dimensional torus. For a bounded smooth function H : T — R, the equilibrium fluctuation
field is given by

vl = —2 S (2 pi(xt)ilj
=3 (s) (o

With similar argument used to prove Theorem we can show that Yy (¢, H) — w(t, H). Here
w(t,-) solves the following linearized Euler system on torus:

7137_u Ty Tu
o (t, z) = 1 0 0| 0.m(tx),
T = p27-u ]57} ﬁTu

where the linear coefficients are given by

(TrsTu) = (Or, Ou) T (T,e— p;) .

Similar to (3.2), we have p and 7 = —p7,p + 7,t + 7,¢ form a system of two coupled wave
equations with common sound speed ¢ = 7,. + 77, while S = 5(¢ — pp — 77) does not evolve in
time.

4. Equilibrium fluctuation

In this section, let H(¢,z) be a bounded and smooth function on [0, 00) x [0,1]. For any T > 0,
we define two norms |H|r and ||H||7 of H as below:

[H|r = sup |H(t,z)],
[0,7]x[0,1]

|H|3 = sup [HOI? = sup / \H(t, )| 2de.
t€[0,T] t€[0,T]

For Yn (t, H(t,-)), the following decomposition holds Py n almost surely:

Y (t, H(t)) — Y (0, H(0)) — /Ot Y (s, 05 H (s))ds

ZIN71(t,H)+’}/IN72(t,H)+\/’>}/MN(t,H), Vt>0,

(4.1)

where In 1 and Iy are integrals given by

Ina(t,H) = N/t An[Yn(s,H(s))]ds, Ina(t,H)= N/t Sn[Yn(s, H(s))]ds,
0 0

10



and My is a martingale with quadratic variation given by

(My)(t, H) = N/o {SvYR (s, H(s))] — 2V (s, H(s))Sn [Yn (s, H(s))] }ds.

As the first step to prove Theorem the next lemma guarantees that the last two terms in
(4.1) vanish uniformly in macroscopic time for equilibrium dynamics.

Lemma 4.1. There exists a constant C' = C(A\, V), such that

2 2 CcT
sup | Inao(t, H)|"+ sup [My(t, H)|"| < = [|0.H]7-
te[0,T) t€[0,T]

Ex N

The proof of Lemma is standard and we postpone it to the end of this section. To
identify the boundary conditions of H, noting that po = 0, and

NAN[YN(t, H(t))]
N—1 i T — V(TN)
\/NZH(t,N>'(J_AJ‘JA71_1)+\/NH(75’1)' PN —DPN-1

pNT—pN—IVI(rN)
1 N—-1
= —— VniH(t) - (= Jai(n))
\/N; N A,i(N

1
VN [Hl (t, N) (V'(r1(t)) — 7) — (Ha(t,1) + THa(t, 1))pN(t)} ,
where J 4 ; is the centered instantaneous currents of Ay:

T
Jai= (V'(riy1) =7, pi, piV'(rig1)) ",

and V; is the discrete derivative operator:

o= o () (3]

Thus, we can drop the right boundary if H(t) € €, (7) for all ¢:

The next lemma shows that In,; can be linearized as N — oo.
Lemma 4.2. Assume (2.1), (3.13), and H(t) € 6. (7) fort € [0,T], then

T T2
so( 1+2) (43)
N3 N3

2

EA,N sup

t
Ia(t.H) = [ V(s L H(s))ds
te[0,7] 0

holds with some constant C'. Furthermore,

C<COYVIHNT,  where |H|Z = [0.H7 + [02H [T + (|0 H| 7
Remark 4.3. The bound (4.3)) in Lemma is proven under the assumption (3.13)). Without
assuming (3.13)) we have only that, for every fixed T' > 0,

]E,\7N sup

t€[0,T]

This is clear from Remark below. The bound (4.4)) is enough for proving Theorem while
(4.3)) is necessary in order to prove ([3.14]).

In.(t,H) — /Ot Yn(s,L*H(s))ds

] < on(DIH|7- (4.4)

11



Lemma [£.2] follows from the Boltzmann-Gibbs principle, proven in Section [5] Here we first
give the proof of Theorem [3.3

Proof of Theorem[3.3 Let H(t,z) be the solution of (3.10). From (4.I) and Lemma

PA,N{at € 0,7,

Ya (NOt, H(N®1)) — Y (0, H(0))

N
7/ YN(s,asH(s))dsIN,l(NO‘t,H)' >e} -0
0
for any € > 0. Lemma and (3.12) then yield that for any « < 1/5,

sup

2
— 0.
t€[0,T]

Theorem then follows from ([3.10)). O

For Theorem since tightness is shown in Section [7] we only need to take a = 0 in the
proof above, and apply Remark instead of Lemma in the last step.

We now proceed to the proof of Lemma Denote by (-,-)x n the scalar product of two
functions f, g € L?(m\ ). We make use of a well-known estimate on the space-time variance
of a stationary Markov process. For f(s,-) € L*(m\ n),

/fsm

where || f||=1,~ is defined for all f on Qn by

N
Exn Ini (Nt H) */ Y (s, L"H(s))ds
0

Exn | sup

te[0,T]

T
1 < 14/0 LF@OI2 1wt (4.5)

17121 = sup {20, B)ax = 3N {h, ~Sxhian },

with the superior taken over all bounded smooth functions h on Qy. A proof of (4.5) can be
found in [I4] Sec. 2.5].

Proof of Lemma[/.1l To begin with, note that

NSN[Yi(t, H(t)] = 5~ ; [H( ) Vi i [wi] +H< ! ;1> .yZM[wm]}

—_

Z VnaH(t) - Jsi(ne),
i=1

where Js ; is the instantaneous current corresponding to Sy:

1

1
JS,i = §y12’1+1[wz] = -

iyzz,iJrl[wiJrl]‘

By applying (4.5) on Ino(t, H), one obtains that

Exn

sup ’INQ (t H)’ ]
te[0,T]

N-1
<—/ sup{?Z VNZ ) - Js.is > _’YN<hv_SNh>,\,N}dt'
=1

12



By Cauchy-Schwarz inequality, with m; = Y; ;j41[w;] for i =1 to N — 1,

2 2

N-1

> (VnH() - s h

=1

,;;\)—l

N—
Z VN’L miayi,i+1h>>\7N
i=1

N-1 N-1

1
<7 Z [V H (P Ex N [Jmil® Z Exn [|Yiis1h)?]

i=1 i=1

< CiN [0 H(8)|(h, =Snh)an

Substituting this and optimizing h, we obtain that

O [ ompa< Sy,

14C
EA,N[SUp |IN2tH)| ‘| !
te[0,T) Y

On the other hand, recall that m; = Y; ;+1[w;] and
i 2
Sn YR (s, H(s))] — 2Yn (s, H(s))Sn [Yn (s, H(s E: ViH(s)-mi(ns)]”

Therefore, by Doob’s maximal inequality,

Exn [ sup |My(t,H)| ] <AE\ N [(MN)(T, H)]
te[0,T]

7T N—-1

4
< m/o ; E)\,N [(VN,iH(t) . ml)ﬂ dt

Ccs [ CiT
<2 O H||?dt < ——||0,H||%.
<2 [ o < S o, I
Since the constants depend only on A and V, Lemma [4.1] follows. O

5. Boltzmann-Gibbs principle

This section devotes to the proof of Lemma In this section, we denote by {4;;0 <i < N}
the shift operator semigroup on 2y, which is given by

(Lim); = (PitjrTits)s 1< j<N-—14,
Z (0,0), N-—i<j<N,

for all n € Qn and 0 < i < N. For function F on Qy, define ¢;F = F o;. If F is supported by
{n;,1 < j < m} for some m < N, then

E)\’N[LiF]:E)HN[F}, VOSZSN—m

First notice that Vi ;H in (4.2)) can be replaced by d,H. The difference is
sup

t N—1
Ina(t,H) / 8H< ) Ja,:(ns
te[0,T] Nl Z A (77)

SN [VHOH ()] o) [

13
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Since Ex n[Ja,; ® Ja,;] = 01if |i — j| > 1, where ® is the tensor product of vectors, the last line
in the inequality above has an upper bound
7T N-—-1

%EA,NUJA,z‘|2]/O Z Vil (t N>

Clearly the order is better than what is needed for Lemma
Now we want to replace the local random field J4; with its linear approximation. The
corresponding error can be expressed by

2
CT|02H 2
dt S T.

V'(rig1) — 7o — Te€i
piV'(rit1) — piT

Lemma follows from the following Boltzmann-Gibbs principle.
Proposition 5.1. Assume (2.1) and (3.13)), then

m/tNZlaH( ) et

for bounded smooth H = H(t,z) on [0,T] x [0,1], where C = C(\,~, V)| H|%.

2

Exn | sup

te[0,T)

T T2
SC( 1+2>
N3 N3

Boltzmann-Gibbs principle, firstly established for zero range jump process (see [7]), aims at
determining the space-time fluctuation of a local function by its linear approximation on the
conserved fields. To show this proposition, we need a spectral gap bound of Sy, which is the
main difficulty here. This is established later in Section [0}

Remark 5.2. Notice that the upper bound in Proposition [5.1] is not optimal. Indeed, with the
proof below, one can actually obtain an upper bound of

T T 1

However, this does not improve the time scale in Theorem

Proof. The first step is to take some 1 < K < N, and define

1 K
- — )
K;L

We want to replace ¢;® by ¢;_1Px. The error is

Z a1 LZ(I) Z 111 LZ‘_1(I)K = Fl(t) -+ Fg(t)7

1 K—-1 N-1
Fl(t):K< + Z) K —i)a(t) - 1;®,

i=1 i=N—-K+1
% N— 1 %

K K—
Fy(t) ? I+ > Y +Z Z (ai(t) — a; (1)) - 1;®.

=1 j=1 i=K+1 j=i+1-K i=N—K j=i+1-K

14



Since Ey n[t;® @ ¢;P] = 0 for every pair of (7, 5) such that |i — j| > 2,

C
B[P0+ F30)) < (1+ $2) K(0ut + ).

with constants C; and C5 depending on A and V. Hence,
2 2

C3T K
< -
- N

1 t
vﬁAFNwm+B@mMS (0.1 + |02H3).  (5.1)

Exn | sup

te[0,7]

The second step is to replace @i by its microcanonical center. To do so, observe that ® g
is supported by {n;;1 < j < K + 1}, and define

(k) = ExN {(b ‘ w1+w2+...+wK+1]

K+1

where w; = (p;, i, €;) is the vector if conserved quantities. Due to the equivalence of ensembles
(see Section7 the second moment of (@) with respect to 7y n is of order K2, On the other
hand, the second moment of ®x is O(K~1):

1
E\n[|®k|?] < e (Exn[|t®?] + 2B\ N[ ® - 12@])

Define o = @ — (Pg). Since pg and (Pg) are orthogonal,

Q

Exn|lexl’] = Ean[|®k’] — Exn[[(®x)?] < % (5.2)

By applying the estimate (4.5]), we obtain that

1 t N—K 2
Exn | sup —/ ai(s) - ti—1pkr(ns)ds
t€[0,T] VN Jo ;

(5.3)
14 T N—K
<2 / upd 2 3 {anlt) v, ),y AN (b, ~Swhay

0 i=1 '

where the superior is taken over all bounded smooth functions on Qy. As ¢ is supported by
{ni;1 <1 < K + 1}, by the spectral gap in Proposition

~Sk+1Gax =a- g, a€R?
can be solved by some function G, x satisfying that
(Ga,xk, *SK+1Ga,K>/\7N < C(K+1)’Exn|[(a-¢k)?] < CsKlal?,

where the last step follows from (5.2). For 1 <i < N — K and a € R3,

K
1
(a- 110k, h>A7N =3 Z (Vitj-1,i+j[ti-1Gax], yi+j71,i+jh>>\7N-

j=1

15



Hence, by Cauchy-Schwarz inequality,

_ 2
Z (ai(t) - vic1px, )y
1 N-K K 1 N-K K
<13 Z ZEA,N [(Vitj-1.i45h)°] 3 Z ZEA,N [(Y),j+1Gait).x)°]
i=1 j=1 i=1 =1

< K(h,—Snh)x Z Ga,(t), ) =Sk 4+1Ga, (1), >

N—K
< CsK*(h, —=Sxh)an Y lai(t)]? < CeK N0 H(t)|* (h, ~Snh)x n
i=1

Substituting this into (5.3) and optimizing in h,

g I SEIC RSN

Finally, (®x) is supported by {n;;1 < i < K 4 1}, so that Ex n[ti(Pk) @ tj(Px)] = 0 for
|i — j| > K + 2, and therefore,

2

C7TK
<

Exn | sup < [|0x H||T (5.4)

te[0,T]

t N—K 9
Eyn | sup / ai(s) - ti-1(®Pr)(ns)ds
Le[o,T] 0 Z 1
T T
- N/ > B [(@ilt) - i-a(@) (a5 (1) - 151 (@) ] (5.5)
O Jimjl<K+1
TQH(’) HJ? N-K K+1 C’ST2

< —=—L3" > Exw[{®)ly(®@x)] <

i=1 j=—K-1

10:H 17,

where the last line is due to that Ey y[(®Px)?] = O(K~?).
In conclusion, by summing up (5.1), (5.4), (5.5), and taking K = N?/%, we get the estimate
in Proposition with the constant satisfying that

C < COYV)(10:H|7 + 10 H |7 + |07H|7).
This completes the proof of the proposition. O

Remark 5.3. If only ([2.1) is assumed, we can apply Remark [6.6| instead of Proposition in
the proof of (5.4). By domg this, we can prove Proposition [5.1] for any fixed T' > 0, W1th a

weaker upper bound oy (1)[| H||%.

6. Spectral gap

In this section, we state and prove the spectral gap estimate for the dynamics. The main result,
Proposition [6.1} plays a central role in the proof of Proposition [5.1}

Since we want to consider dynamics without boundary conditions in this section, the nota-
tions would be slightly different. Recall and denote

b =inf V'(r), 6, =supV"(r).
reR reR

16



For B> 0, (p,7) € R?, let Wé(’ﬁﬂ_ be the product measure on Qf given by

Ko
K
wﬁjﬁ(dp dr) = H 7

i=1 BT

exp {—W — BV (ri) + 57'7“1} dp; dr,

where Z3 . is the normalization constant. Note that the additional coefficient p refers to a
nonzero average speed. For K > 2 and w = (p, r, e) such that e > p?/2+V (r), the microcanon-
ical manifold ., g is defined as

1K
— W =W o .

In view of (2.1), Q, x is a compact and connected manifold. The microcanonical expectation
on ), k is defined as the conditional expectation

Bux = Epe [+ |Qu,x]

,T

Notice that the definition of F,, i is independent of the choice of 3, p or 7. For two functions
f1, f2 such that B, x[f?] < oo, we write (fi, fo)w,x = Ew k[f1f2]. For each pair (4,j) such
that 1 <i < j < K, let %, ; be the o-algebra over Q,, x given by

giaj = U({(pkark); 1 < k < K7k 7& 17.7})

Proposition 6.1. Suppose that the potential V satisfies (2.1)). There exists a universal constant
0 > 0, such that if V' fulfills furthermore (3.13)), then

K-1

Eux [(f = Bux[f])?] < Ck Z Euw i [(Vrps1f)?] (6.1)

k=1
for all (w, K) and bounded smooth function f, and Cx < CK?2.
The proof of Proposition [6.1] is divided into Lemma and below.

Lemma 6.2. Assume (2.1)), then there exists constant C, such that
Ey [(f - Ew,Q[f])Q} <CEy» [(y1,2f)2]
for all w and bounded smooth function f on (p1,71,p2,72).

Lemma 6.3. Assume (2.1), then there exists constant C, such that

K—1
Y Bux[(f - EuxlflFi3)?*] <CK® Y Bu [(f = EuxlflFur])’]
1<i<j<K k=1
for all K > 3, w and bounded smooth function f.
Lemma 6.4. Assume (2.1) and (3.13)), then
Euk [(f = Buxlf)’] <Ck Y. EBux [(f— BuwxlflZi;])°] (6.2)
1<i<j<K

for all K > 3, w and bounded smooth function f, and Cj < C'K~'.

17



Indeed, for each k = 1,..., K — 1, by applying Lemma to the space (Pk, Tk, Pkt Th+1)
and the operator Yy i1, one obtains that that

Euwi [(f = Bux[f|Ze k1)) Frps1] € CEBu i [Vt f)? | Fprt] -

Then, Proposition [6.1] turns to be the direct consequence of this, Lemma [6.3] and Lemma [6.4]
We now prove these lemmas in turn.

Proof of Lemma[6.2 For (p1,71,p2,72) € R, define

- _p1+D2 . T+
p=pp1,p2) = —5—, r=r(r,rn)=—"7,
2 2
and the internal energy E = E(p1,71,p2,r2) > 0 given by
e1t+e  p? (pr—p2)*  V(ri) +V(ra) Tyt
E= L vy = —V .
2 ; V0 5 2 2

Furthermore, let 6 € [0, 27) satisfy that v/E cos = v/2(p1 — p2)/4 and

VEsing = sgn(ry — rg)\/v(”) +Virs) (” i ”).

2 2

The Jacobian determinant of the bijection (p1,7r1,p2,72) = (p,7, E,0) is

- VV(r1) + V(rg) —2V(r)
-V V() =Vi(ra)l

J(p,7, E,0)

Recall that 0 < §_ < V"(r) < é4 < oo, we have
o_ oy
<J(p,r, E,0) < : 6.3
Ve < p0) < E (6:3)

For a bounded smooth function f = f(p1,r1,pe,r2), define fi(p,r, E,0) = f(p1,71,p2,72), and
let (f.) = 027T f«(p,r, E,0)d. By simple calculations,

0<

2m
_ 21 _ JO [f*(pa ’I”,E,e) - <f*>]21~5(p7 'I‘,E,H)da
Fua [l = 0" 3(p.r.B.6)d0 |

On the other hand, since V1o f = 3710y f., we have

27

Oof(p,r, E,0)?°3 1 (p,r, E,0)do

Ew72 [(y172f)2:| — 0 [ 9f (p27‘_~ )] (p ) .
0 J(p,r, E,0)do

By virtue of the Poincaré inequality on one-dimensional torus:
27 2w
[ t—wpras<c [ @,
0 0
and the uniform bound of J in (6.3)), we obtain that
2] 2] Coy 2
Fuz [(f = Bualfl)?] € Bz [(f = (F0)7] < S Bua [(X26)]

holds with some universal constant C < oco. O

18



Proof of Lemma[6.3 This lemma is proved along the idea in [I7, Lemma 12.4]. Below are
some notations only used in this proof. All of the subscripts ¢, j, k are taken form {1,..., K}.
We write zy = (pg,7r) and x = (21,...,2x). Recall the bijection defined in the proof of the
Lemma [6.2] For simplicity we write

(pi7,j7ri,j7 E(Z7])7 917]) = (p7 T,E, 9)(.%717.277), Vi < .7
For 0 € [0, 27), denote the Jacobian determinant by
3x,i,j(9) = 3(2972.,]'; Ti,ja E(lvj)a 0)
For i < j, 0 € [0,27] and x = (21,...,2x), define a vector pf,jx by
gl(pi,jaTi,jaE(ivj)ve)v k:Za

(p?,jx)k = 92(pi,ja7"i,j7E(i»j)70)7 k :]a
T, k 7é iaja

where (g1, g2) denotes the inverse map of (21,22) = (p,7, E,6). Observe that pf x = x when
0 = 0, ;, and for every smooth function f,

1 2m

By k([f|Fi 5] = f(P?,jX):Jx,i,j(e)d@,

Jl’i+1j 0

where Jy, 12, = 0% Jx,i,;(8)df. On the other hand, let 7; jx be the vector given by

(Tigx)i =xj, (Ti;x); =z, (Ti;X)e =k, Yk #1,].
Moreover for 1 < i < j < K, we inductively define that
Oiyi = Oiji = id, Oij = Tj—1,j ©0ij—1, Oij = 04j—-10°Tj—1,5-

Observe that for any ¢ < j and 6 € [0,27), pf)j =610 p?ij 00 1.
For a smooth function f, by Cauchy-Schwarz inequality,

2 3y (0)d0.

(f = Ewrlf1Z])? < / %) — f)]

Ti+x;

The right-hand side is bounded from above by 3(f1 + f2 + f3), where

2m
h= Jmimj /0 [F(01-1%) = F(O) T, 3 (0)d0,
1 °r )
f2= Tosta, /0 [f(p?fl,j 00ij-1%) — f(0i-1%)]” Jx,i,;(0)d0,
1 o )
fs= Terta, /0 [£(Gij-10p5_1;00i5-1%) = f(p)_1; 0 0ij-1%)] Jx,i5(6)dO.

For f1, noticing that fi = (f(0;-1x) — f(x))?, hence

Jj—2

Ey k[fi] < KZEw,K [(fooikt1— fooir)?]
k=i
j—2

- KZE’“’K [(fOTk,kH — f)ﬂ .

k=i
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Notice that Ey, k[f © Tk k+1|Fk k+1] = Ew k[ f|Fk k+1], so that

Euw i [(f o Thpt1 — Buk [l Fup+1])?] = Bwix [(f — Buw,k[f|Frp41])?] -
This together with the convex inequality (a + b)? < 2(a? + b?) yields that

j—2

Ey k[fi] < 4K2Ew,K [(f = Bu,k[f|Frnr1])?] -
k=i

For f5, by applying the change of variable y = 0; ;_1x, we obtain that

1
Ew,K[,fQ] = E’w,K |:J
Yj—1tY;

/0 0 1y) — )] s (0)d0)

Therefore, we can calculate this term as
B,k [f2] = 2Buw i [f%] = 2B i [f Buw,x [[| Fj-1,4]]
= Ew,K [(f - Ew,K[f|yjfl,j])2:| .

For f3, the same change of variable yields that

B k[f3] = Buw,i [Bu,x[(f i1 = )| Zj-15]] = Bux [(fodij-1 = f)?].
Since Gp,j—1 = Tk,k+1 © Ok+1,j—1, Dy repeating the calculation in f,

Jj—2

Eu klfs] < 4KZEw,K [(f = Buwx[f|Frr1])?] -
k=i

Hence, with some universal constant C' < co we have

j—1
Ew,K [(f - Ew,K[f|yi,j])2} < CKZEw,K [(f O Tk k+1 — f)z} .
k=i
Lemma [6.9] follows by summing up this estimate with i and j. O

To show Lemma we need the following pre-estimate.
Lemma 6.5. Assume (2.1), then (6.2) holds with constants C' satisfying
, 3(K—1)
Ck < “ (o .
K \d_

Remark 6.6. In view of Lemma the spectral gap in (6.1)) also holds without the assumption
(3-13). In this case, the constants C'x satisfies that

5 3(K—1)
Cx < CK? (;) .

We first prove Lemma [6.4] from Lemma The proof of Lemma [6.5] is put in the end of
this section. Consider the bounded operator

£Kf = % Z (Ew,K[f|yi,j] — f) R Vf s.t. Ew’K[fQ] < 0.
1<i<j<K
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Let A\, ik be the spectral gap of Lx on with respect to E,, k:
Aw e £ inf {(f, =Lxc P s | Bu,xf] =0, Bu,x[f*] =1},
and let Ag = inf{\, x;w € R* x R, }. Then is equivalent to
inf{\g; K >3} > 0.
We prove it through an induction argument, firstly established for k = 3, 4 in [§].
Lemma 6.7. If kA, > 1 holds for some k > 3, then for all K > k,

1 2 1
Arc 2 (kAw = )<k2_K(k2))+K'

In view of ([3.13)) and Lemma for some fixed k which is large enough,

k(6" _ &k 1
> —_ >
WAk > & <5+> SOyt

provided that § > 0 is small enough. Then, with Lemma we can show that the sequence
{AKk; K > 3} is uniformly bounded from below.

Proof of Lemma[6.7] We make use of the equivalent characterization of A, x that

S Lk LRk
Aot = mf{ (. —Lxc i

In this proof we denote by B the set of all pairs b = (7, j) such that 1 <i < j < K, and write
Dyf = Ey k[f|-Fs]) — f for all b € B, then

<fa _’CKf>w,K 7& 0} .

(Lcf Lk Pl = 35 D (Dof Dl

b,b’eB

<.f7 7£Kf>w,K = % Z<Dbf7 Dbf>w,K-

beB

We write b ~ b if two pairs b and b’ have at least one common point. We also consjder all the
k-particle subsets T, C {1,...,K}. Notice that if b ~ b’ but b # V', there are (Ik(:;) different
Tx’s containing both b and ¥’. Hence,

(Z:;) Z <Dbfa Db’ w,K = Z Z Dbf7Db’

bb'eB T bb' CTy
b£b bob’ bbbt

If b £ V', there are ([,:__f) different T%’s contain both b and ', while for the case b = b’ it is
K—2
(%2

S ST (DS Dy Pk <I,f _f) S Dy, D fu — (Ik{ _;) S (Duf, Doflunk

Ty, bt CT botb! beB

). Therefore, the right-hand side of the equation above equals to

The definition of Ay yields that
1
z Z (Dvf, Dy fyw x > Ak Z (Do f, Do f)w, k-

b,b' CTy, bC Ty,
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And for b £ V', (Do f, Dy f)w,xk = Euw K [(Db/Dbf)z] > 0. Therefore,

kA — 1) (K —2

> (Dof. Dy flux > (B 3 _)(2 ) > (Dyf, Dyf)u -
bb'EB beB

bAY bt

By the condition kA; > 1, the right-hand side is positive. In conclusion,

(Lxf Lk flwr = % > (Dyof, Do f)wx + % > ADuf,Dif)ux

beB b£b! bob!
1 [(kAe — 1)(K —2)
T K2 { Ty T D (Do, Dofluxc
beB
1 2 1
Notice that this estimate is independent of the choice of w. O

Finally, to complete the proof of Proposition [6.1) we are left to show Lemma [6.5 To do
this, we make use of the spectral gap bound of Kac walk. For a € R? and R > |a|?, consider
the (2K — 3)-dimensional sphere

K K
1 1
SK(a,R):{xl,...,xKGRQ Ve E T = a, EE $k|2:R}-
k=1 k=1

Denote by pg(a, R) the uniform measure on Sk (a, R). With a little abuse of notations, let
Fij=o0{zk#i,j}for 1 <i<j<K.

Lemma 6.8. There exists a constant C' such that

C
EuK(a,R) [(f - EMK(a,R)[fDQ] < E Z EHK(G,R) [(f - EuK(a,R)[ngZiajDQ]
1<i<j<n

for all (a, R, K) and bounded smooth function f.

Lemma can be proved by the arguments in [9] and [I0]. We here prove Lemma [6.5 by
applying a perturbation on the spectral gap in Lemma

Proof. To begin with, from (2.1)) we know that for r # ' and K > 1,

2(K + 1)6_ - [V (r) = V' (r")] < m@. (6.4)
VE T V) r BV - (K V() T VR

where c_ =6_/+/d4 and ¢y = 64 /+/6_. For each K > 3, we construct a bijection 7 : Qg —
Qp, satisfying the following two conditions.

(i) For w= (p,r,e), Tk (Qw k) = Sk (a, R), where a = (p,7), R = 2e — 2V (r) + 1%
(ii) The Jacobian matrix ) of Ty satisfies that ¢! < |det(r))| < /1.

Indeed, given a bounded, measurable, positive function g on Q,, i, by (i) we know that TEl g:=
goTr" defines a function on Sk (a, R), and (ii) yields that

—(K-1 - — _
Co ( )E},LK(U,,R) [TKlg] < Ew,K[g] < Cé( 1E;1,K(a,R) [TKlg]a
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where ¢y = ¢4 /c—. For bounded and smooth function f, we can apply the estimate above to
9= (f - EuK(a,R) [7—];1]‘-])2 to obtain

Ew x [(f Ew,K[f])z] < Ew,K[g] < Cé(_lEuK(a,R) [7'1;19]-
On the other hand, take h; ; = (f — Ew k[f|-%i;])? and similarly,
Epretar) (5 = Buam i T1Fi3)?] < Bu(ar) [Tx hig] < €6 Buic[hag)-

Substituting Tl;lf for f in Lemma we get

K [(f - Ew,K[fDQ] < C(I)(_lEMK(mR) [(lelf - Eux(a,R) [sz'lf])ﬂ

CCK—l _
< ;( ZEMK(&R) [(TKlf = Byu(a,r) [TK1f|y7J]) ]
1<J
C 2(K—1)
<O N Bk [(f — Buxf1Zi)? -

1<J

Since ¢g = (64 /6_)3/2, Lemma [6.5| then follows.
Now fix K > 3 and we construct the map 7x. Write z = (pg, 1) and define

Zn, Vl<k<K.

Consider two maps (, ¢, : RE — RE. The first map ( is given by

C(riy.ri) = (r], o, TR),
such that rf = ag, and for 1 <k < K —1,

2k

(rh)? = m(V(rkH) + kV (o) — (k+ 1)V (o41)),

where the sign of 7} is chosen in accordance with r — ag. Meanwhile, , is given by

Gelriyeosri) = (75,
such that
e — K ln for k=1,
Ty = TK+T]€71721K]€171, for2<k<K-1,
e + 1, for k = K.

Denote by J and J, the Jacobian matrices of ¢ and (., respectively. To compute J, noticing
that O,,r), = Oy, 1}, for all ¢ <k, and 0,7, = 0 for all ¢ > k + 1, we have

r or] or} 0 ]
87“} 8/"? Tt
ory Ory %
Ora ara ors
J=1 s
Oy Oy Ok, ey
Org _1 org _1 org_1 org
Or'y Ore Or Or'
- SrK a’I‘K 87‘K e 87‘}( -
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Hence, its determinant reads

or'
org

det()] = |

il
kel 3T‘k 87’k+1 '
Since Oy, % = 1/K and for k=1,..., K — 1 we have

o, _ W[V/(ak) = Vlag)l,  1<i<k,
or; W[V/(Tk—’-l) - V’(Oék+1)]a ifi=Fk+1.

In consequence, |det(J)| equals to

H V' (ri+1) = V' ()| .
K \/2 k+1 VV (k1) + &V (ag) — (k+ 1)V (agy1)

Applying the estimate in (6.4) to obtain that

CK—l Cf_l
— < < —/—
—— < det()] <

Meanwhile it is easy to calculate that | det(J,)| = K. Therefore, define

Ti (DL e s DEST1s e TR) > (DL ey DESTY oo T,

then |det(7 )| satisfies (ii). On the other hand, suppose that {xy = (pk, %) }1<k<x belongs to
the microcanonical manifold Q,, i, then r% = r and

K
R kR v =g S v

V]

Then, it follows from the definition of r} that

K K-1

1 1 k+1
I = () = Y ()t = 2e =2V () —prk
k=1 k=1

Hence, 7 (21, ...,2x) € Sk(a, R) with R = 2e — V(r) + 72, and (i) is also verified. The proof
of Lemma is then completed. O

7. Tightness

In Section 4| we have proved the convergence of the finite-dimensional distribution of {Qx}. In
order to complete the proof of Theorem we need its tightness in C([0,T], #Zk(X\)). The
proof is standard, and we summarize it here.

It suffices to show the two statements below:

lim limsupPyn < sup [|[Yn(t)||-x > M p =0, (7.1)
M—o0o N te[0,T]
hmhmsup]P’A N{w (Yn,0) > e} =0, Ve>0, (7.2)

00 Nooo
where w_(Yy, d) is the modulus of continuity in C([0,T], #.k())). Recall that

2 o
YNl =Y 0> {0725 YR (Ress ) + 60 YR (Rvin) }

i=1 n=0
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where R is the rotation matrix in (3.9)), and M s Vin are the three-dimensional Fourier bases
defined in (3.4) and (3.8).
Take f = p; ,, or v;, for some (i,n). Applying (4.1) with H(t) = Rf,
t
YN(tv Rf) = YO(O7 Rf) + / YN(S7 L*[Rf])ds + 6N(t f)a
0
and by Lemma [£.1] and Remark [I.3] ey satisfies that

Exn

up em,f)] xR+ R+ IFTP):

te[0,T)

On the other hand, it is easy to see that

/0 Y (s, L*[Rf])ds

Exn | sup
t€[0,T)

2
] < CT?|| ')

Observe that |f/", (z)]
standard arguments (c

< v2max{#? k2}. Then, for k > 5/2, (7.1) and (7-2) can be proved by
£ 113)).

8. Equivalence of ensembles

In this section we prove the equivalence of ensembles for the dynamics with multi-dimensional
conserved quantities. By applying Proposition to the the model in this paper, we obtain
Corollary which is necessary in the proof of Lemma

The notations in this section are different from the former part. Let m be a Borel measure
on 2 = R™ with smooth density function with respect to the Lebesgue measure, and f =
(f1,--., fa) be a d-dimensional function on 2 with compact level sets. Suppose that there is
some domain D C R?, such that

Z()\) £ log [/Q exp {\ - f(w)}r(dw)| < oo, VAeED.

To avoid the problem of regularity, we assume that Z is four times continuously differentiable
on D, and its Hessian matrix ¥, = Z”(\) is always positive-definite. To simplify the notations
we denote uy = V5 Z(A).

For A\ € D we can define the tilted probability measure by

ma(dw) £ exp{\ - f(w) — Z(\) } 7 (dw).

Observe that E, [f] = uy, and E., [(f —uy)(f —uy)’] = Zx. Let @, be the centered character-
istic function of f with respect to my, given by

®y(h) = / exp {ih- (f(w) —uy)}ma(dw), VheR%
Q
We also assume that there exists some €y > 0, such that
sup |h|®|®x(h)| < cc.
heRd

The main methods we use here is a multi-dimensional local central limit theorem with an
edge expansion and a large deviation property for f. We state them in Lemma [8.I] and Lemma
respectively. Let ¢y = ¢»(x) be the Gaussian density function on R?, whose mean is 0 and

variance matrix is Xy :
1 1 X' x
Xp{_ 2 } vx € R

oAx) = (2m) 42 Jdet =y 2
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For k € N, define the d-varibale polynomials Py ; by

P)\)k(h) _ Z 8(12()‘)1,1&7

a!
la|=k
where o = (a1, ..., aq) is multiple index, a; > 0, and
d d d ga, d
a Qi
|a|:Zaj, a!:Haj!, 8,1:‘7 e h *th]~
j=1 j=1 j=1 J 7j=1
Also define the polynomials @ 3 and Q4 by
1 h'YX,h
=—— —ix-h — P, 3(ih)dh;
Qx3 (27)don /Rd exp{ 28 } A3 (ih)dh;

Qra =

1 ) h'Sh Ps .
(27.[_)%\\/]Rd exp{zx.h 2)‘ } <P)\74+ ;\’3> (Zh)dh

Let Q,, be the n-product space of . Define

n

L1 .
£ (&) = ﬁZf(wj), V& = (wi, ... wn) € Q.

j=1

Equip Q,, with the product measure 7y, = ®,;m(dw;). We have the following local central
limit theorem. The proof is standard [I9, Theorem VII.15].

Lemma 8.1. Let fy, be the density function of the random vector

1 n
Vit —w) = —= ) (f(wj) — )
Vit
with respect to the product measure my ,, for n large enough. Then,
Qxr3(x) | Qra(x) Ky n d
n(x) — 1 : : < —, Vx e R% 8.1
Fan(x) ¢A(X)< + NV +— s — X € (8.1)

where lim,_,o K = 0, uniformly in any compact subset of D.

As Z is strictly convex, consider its Fenchel-Legendre transform:
Z*(u) = sup{A-u—Z(\)}.
AeD
Let D* = {u € R?: Z*(u) < oo}. The superior is reached at a unique A(u) € D, given by the

convex conjugate
A(u) =VaZ*(u), uy=V,Z()).

Notice that u +— A(u) and X — uy are a pair of inverse maps between D and D*. For A € D
and u € D*, define the rate function I (u) by

L) = Z*(0) = Z* () = VuZ" () - (u — ). (8.2)

Denote by My the largest eigenvalue of ¥). By the arguments above it is not hard to conclude
that for any constant M > M), we have

Iy(u) > (2M)_1|u—u>\|2 (8.3)

holds if |u — uy| is small enough. By virtue of (8.3)), we can also obtain the following large
deviation property for ).
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Lemma 8.2. For any M > M), there exists some dp; such that

nM52>

TA,n {|f(n) — u,\| > (5} < Qdexp (— y

holds for all n > 1 when |6| < dp;.

Proof. Let I' C R? be the collection of vectors whose coordinates are all +£1. Notice that the
following inequality holds for all x € R:

d

d
elxl < H elwil < H(e*%‘ + %) = Z VX
J J=1

=1 yel
By exponential Chebyshev’s inequality and the above estimate, for > 0,

TAn {|f(n) —uy| > 5} < Z eineé/ exp {n@'y . (f(n) — U)\)}ﬂ')\,n(dbv)
~er [f(ny—ux|[>d

< Zexp{—n@u’—i—nZ()\—&—H'y) —nZ(\)},
yel

where v’ = 7 - uy + §. To optimize this estimate, define

I (u) =sup{0u — Z(A+ 07) + Z(\)} = sup{0u’ — Z(A + 6~) + Z(\)}.
0>0 OeR

The last equality is due to the fact that u' — 9y Z (A + 07)|g=o = 0 > 0. Notice that I , is the
rate function defined in corresponding to the measure 7y and the function - f. By the
arguments which has been used to derive (8.3), one obtains that Iy (u') > M,|y|=26%. The
estimate in Lemma [8:2] then follows directly. O

Now fix some k£ € N,. For an integrable function G on Q, any n > k and u € D*, define
the microcanonical expectation (G|u),, by

<G‘u>n = Lmxn [G | f(n) = u}'

It is easy to see that the definition of (G|u),, does not depend on A. Notice that though the
conditional expectation can usually be defined only in a almost sure sense, under the regularity
of f, the microcanonical surface

Qu,n = {LU S Qn; f(n) ((3) = u},

is smooth enough to define the regular conditional expectation for everywhere in D*. Recall
that uy = Ey, [f]. The following estimate (cf. [13] p.353, Corollary A2.1.4]) holds.

Proposition 8.3. Suppose that for some compact subset Dy of D,

Cjé sup E'Tu“f—uﬂj] <oo, j=12,3,4,
AEDy

and G : Qp — R satisfies that EWM_[GQ] < 00 for all X\ € Dy. Then,

limsup n|(Glus)y — Ex, ,[C]] < Cky/Ex, , [(G — Ex, ,[G])?], (8.4)

n— o0

with a uniform constant C' for every A € Dy.
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Proof. The proof is exactly parallel to [I3, Corollary A2.1.4]. We sketch it for completeness.
Without loss of generality we can assume that E, , [G] = 0 for some fixed A € Dy. Denote by
Fy,, the density function of f(n) under my p:

| attim, = [ aPy (i

n

for all integrable function g on R%. We can write (G|u),, as

Fyn—i(ug.n)
2 ] dwy...d
Rl G voanl RUCER

where uy, = (n — k)~ (nu — kf()). Schwarz inequality then yields that
21

Ck
— 1‘ < 7(1 + |f(k) —wy| + k‘f(k) — u,\|2).

(Glw), < Er, , [G*]Er,,

‘ Fyn—ik(Wen) 1

F,\m(u)

Take u = u, in the above expression. By Lemma [8:1]

Fy n—i(ug.n)
Fy n(uy)

where C is a constant depending on {C;;j = 1,2,3,4}, the polynomials ()3, Qx4 and the
sequence K , appeared in . Hence, holds for the fixed A we chosen. Since the
polynomials @y 3 and @y 4 are continuously dependent on A, and K , vanishes uniformly in
Dy, we can extend the result to every A\ € Dyg. O]

Now we apply Proposition to the model established in Section [1} Let Q = R?, 7 be the
Lebesgue measure, and f be the three-dimensional function on 2 given by

f(w) = (p,r, —p*/2=V(r)), forw=(p,r)€Q,

where V is a C*-smooth function with quadratic growth (2.1)). It is not hard to obtain that
D=R?xR, and D*=R? xR_. For A € D,

A2 1 2w
7 -1 A3V (r)+Aar 1 21 - = .
(A\) =1In (/Re dr | + W + 5 In ) A= (A1, A2, A3)

So Z is four times differentiable and all of its partial derivatives are uniformly bounded in
[-K,K)? x [¢,00) for K, € > 0. Furthermore, the assumptions in Proposition holds in the
same set. Recall the continuous map u — A(u) form D* and D, which gives the inverse of
A — uy. With Proposition [8.3] we have the following estimate.

Corollary 8.4. Suppose that F is a function on Qy, such that Er,  [F] is twice continuously
differentiable in A\, and ETr)\/,k[F‘l} < oo for some fixzed N € D. Define

G=F— Eﬂ-)\’,k[F] - VUET"/\(u),k|u:u/ . (f(w]) - 11/),
where ' = uy € D*. Then for n large enough, we have
E)\lyn [<G|u>i] S CniQ,

where C' is a finite constant depending only on F and .
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Proof. Fix some ¢ € (0,0y), where dj is the constant appeared in Lemma By Schwarz
inequality and Lemma [8:2]

[SI}-H

Ex o [(Glu)ilju—wissy] <2

nM§?
exp {250 | V/BaliGlu]

so it suffices only consider the compact set {|u —u’| < §}. Observe that
<G|u>” = <F|u>n - ETF,\/,;C[F] - VuETrA(u)yk|u:u’ : (ll - u/), Yu e D*.

Recall that A(u) continuous in D*, so {A(u);|u — u’| < §} is a compact subset of D. Apply
Proposition [8.3| with A = A(u) to obtain that
[(Flu), — E

TX(u),k

[F]| < Cn™!, Vae {jlu—u'| <4},

where the constant C = C(F,J), so its square integral is bounded by C'n~2. We are left with
the second moment in {ju — u’| < d} of

E

Tx(u),k

[F] - Eﬂ'A/,k[F] - VUETF,\(“)';JUZU' : (ll - ul)-

Since Er, ,[F] is smooth in A and A(u) is smooth in u, we know that this function is bounded
by Clu — uy|, with some constant C = C(F,\"). The desired estimate then follows from the
fact that Ex ,[|f,) — u'|*] < C'n 2. O
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