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Abstract. We present a unifying Perron—Frobenius theory for nonlinear spectral problems
defined in terms of nonnegative tensors. By using the concept of tensor shape partition, our results
include, as a special case, a wide variety of particular tensor spectral problems considered in the
literature and can be applied to a broad set of problems involving tensors (and matrices), including
the computation of operator norms, graph and hypergraph matching in computer vision, hypergraph
spectral theory, higher-order network analysis, and multimarginal optimal transport. The key to
our approach is to recast the eigenvalue problem as a fixed point problem on a suitable product
of projective spaces. This allows us to use the theory of multihomogeneous order-preserving maps
to derive new and unifying Perron—Frobenius theorems for nonnegative tensors, which either imply
earlier results of this kind or improve them, as weaker assumptions are required. We introduce a
general power method for the computation of the dominant tensor eigenpair and provide a detailed
convergence analysis. This paper is directly based on our previous work [28] and complements it by
providing an extended introduction and several new results.
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1. Introduction. The classical Perron—Frobenius theorem addresses existence
and uniqueness of positive eigenvectors of matrices with nonnegative entries, as well
as the convergence of the corresponding power method to such vectors. Very briefly,
the main results of this theorem are as follows: when a matrix M has nonnegative
entries, M > 0, then it possesses at least one entrywise nonnegative eigenvector
x > 0 corresponding to the eigenvalue p(M) = max{|\| : A is an eigenvalue of
M}, the spectral radius of M. If additionally M is irreducible (or, equivalently,
the corresponding adjacency graph is strongly connected) then p(M) is positive and
simple, and x is entrywise positive and is the unique entrywise nonnegative eigenvector
of M. Finally, if M is primitive (aperiodic, in the Markov chain literature), then
IA| < p(M) for any other eigenvalue A # p(M) of M, and the power iteration z¥*+! =
Mz /|Mx*| converges to the positive eigenvector, for any initial point x° with
positive entries.

This theorem, originally due to Oskar Perron and Georg Frobenius, has been
extended in different directions over time, including generalizations to matrices with
negative [52, 55] and complex entries [46], matrices leaving a generic proper cone
invariant [9, 51], and nonlinear homogeneous operators preserving the order induced
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by a proper cone [47]. As part of a greater body of work aimed at extending the
Perron—Frobenius theorem to the general family of multi-homogeneous operators [26,
27, 28], in this paper we extend the theorem to a general family of mappings associated
to nonnegative tensors. This paper is based on our previous work [28] and includes
the following major novelties and extensions:
1. an extended introduction which gathers nontrivial examples of nonnegative
tensor eigenvalue problems from a range of different applications
2. an improved Perron—Frobenius theorem based on the multilinear Birkhoff—
Hopf contraction ratio [26]

Nonnegative tensors. A real tensor of order d is a hypermatrix T = (T3, . ;,) €
RN1XXNa with d modes. Eigenvalue problems for tensors have received increasing
attention in recent years as they arise naturally in applications such as the general-
ization of matrix eigenvalue problems when the data at hand has high dimensional-
ity. Examples of relevant applications where tensor eigenvalues and eigenvectors play
an important role include the best rank-one approximation of a tensor [16], higher-
order Markov chains [8, 18, 34]; the optimization of polynomial-like functions on unit
spheres, including matrix and tensor norms [25, 26, 64]; solid mechanics and the
entanglement problem in quantum physics [13, 38]; higher-order Sinkhorn method
for multimarginal optimal transport [5, 48]; spectral theory for hypergraphs; and
higher-order graph models in machine learning, computer vision, and network science
[3, 6, 7, 44, 45, 53, 54]. However, when d > 2, the multidimensional nature of tensors
naturally gives rise to a variety of eigenvalue problems. In fact, the classical eigen-
value and singular value problems for a matrix can be generalized to the tensor setting
following different constructions which lead to different notions of eigenvalues and sin-
gular values for tensors, all of them reducing to the standard matrix case when the
tensor is assumed to be of order two. Moreover, while in the matrix case eigenvalues
and eigenvectors are defined in terms of linear equations and linear spaces, eigenprob-
lems for tensors are defined in terms of generalized polynomials of high order, making
the analysis of their existence, uniqueness and computability more complicated.

To gain intuition, let us consider here the example cases of a square matrix M &€
RNY*N and a square tensor of order three T € RNXNXN,

To any M € RN*N we can associate a bilinear form fy(x,y) = T My =
Zij M;jx;y; and we can define two operators M; and My, defined as the gradi-
ent maps of € — fy(x,y) and y — far(x,y), respectively. Thus, eigenvalues and
singular values of M are defined by the systems of equations

Ml(w7 y) = Az

p\
Mule,z) = X, {M2(w,y) = \y

RNXNXN

respectively. In a similar way, to any tensor T € , We can associate the

multilinear form

N
fr(z,y,z) = Z T} j ki 2k

1,j,k=1
and three tensor mappings 7; defined for ¢ = 1,2, 3 as the gradient of @; — fr(x1, 2, x3),}}
ij Tajkyjzk ifi=1
(1) [7;(%7y7z)](x = Zlleakale ifi =2 ) 05217...,N.
le leaxlyj ifi=3
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Thus, we can use 7; to define three notions of eigenvalues and eigenvectors for T', as
the solutions of the following systems of equations

Ti(w,y, z) = Mpp(x),
Ta(,y, 2) = Mpg(y),
Ts(®,y, z) = Aipr(2),

71(337 ya y) = Awp(m)a

) @) =A@, {mm b.9) = M (v)

where, for p € R, the mapping 1), is defined as
Yp(x) = (|x1|pflsign(x1), ce |xN|pflsign(xN)),

and where, by convention, [t[P~!sign(t) = 0 for ¢ = 0.

The left-most system in (2) generalizes the concept of matrix eigenvalues, while
the central and right-most systems generalize the concept of matrix singular val-
ues in two different ways. In the matrix case, it is well known that eigenvalues of
a symmetric matrix M admit a variational characterization through f(x,z)/| z||3
and that the singular values of any M have a variational characterization through
fu(x,y)/(|zll2llyll2), see e.g. [36]. A similar situation occurs for tensors of higher
order as all the eigenproblems in (2) admit a variational characterization in terms
of fr. In fact, if T is super symmetric, i.e., the entries of T are invariant un-
der any permutation of its indices, then Vfr(x,x,x) = 3Ti(x,x,x) and so the
solutions to 71(z,z,x) = AiYp(x) are directly connected to the critical points of
fr(z,x,x)/||x||3. If T is partially symmetric with respect to its second and third
indices, ie., T;jr = T, for every i,j,k, then Vyfr(x,y,y) = Ti(x,y,y) and
Vyfr(z,y,y) = 2T:(x,y, y) and, again, we have that the critical points of fr(x,y,y)/(lz[,ly[2)}]
coincide with the solutions to the second system in (2). Finally, as V f7 = (71, T2, T3)
for any T, the third system in (2) always characterizes the critical points of fr(z,y, 2)/(||z|,||yll¢]2]-) B
When T does not have such symmetries, the variational points of fr are solutions to
spectral systems analogous to those in (2) but where the mappings 7; are replaced by
the gradient of &; — fs(x1, T2, x3) and S € RYNXN*N is a symmetrized version of T
whose construction depends on the considered problem. We discuss this property in
detail in Section 5.

As for the case of matrices, when the tensor has nonnegative entries, one can
consider dominant eigenvector solutions to the systems in (2) and show that these
solutions are nonnegative. In fact, a broad literature exists around the study of these
eigenvectors and eigenvalues and we refer to it as the Perron—Frobenius theory for
nonnegative tensors [12]. Typical results provide conditions on the parameters p, g, r
and on the irreducibility structure of the tensor T' to ensure the existence, uniqueness,
and maximality of positive solutions to particular cases of the systems in (2). These
results come together with certain Collatz—Wielandt type characterizations and with
the convergence analysis of particular tensor versions of the power method, see, e.g.,
[11, 22, 28, 24, 33, 61] and references therein.

Despite this large body of work, all the contributions mentioned before address
particular tensor eigenproblems. Based on our recent work on the Perron-Frobenius
theory for multihomogeneous operators, and on the Birkhoff-Hopf contractivity of
multilinear functions and matrix norms [25, 26, 27, 28], in this paper we provide a
unifying perspective on tensor spectral problems and a new Perron-Frobenius the-
orem for tensors which either improves (sometimes significantly) the known results
mentioned above or includes them as special cases. In particular, we give new condi-
tions for the existence, uniqueness, and maximality of positive eigenpairs for an ample
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class of tensor spectral equations, we prove new characterizations for the maximal ei-
genvalue, and we discuss the convergence and convergence rate of the corresponding
nonlinear power method.

Our results are based on two key insights:

1. In order to consider general tensor eigenvalue problems, we introduce a para-
metrization, which we call shape partition, so that the three problems dis-
cussed in (2) can be recovered with a suitable choice of parameters. Shape
partitions allow us to introduce general definitions of weak and strong irre-
ducibility, which both reduce to existing counterparts for suitable choices of
the partition.

2. We relate tensor spectral problems to multihomogeneous mappings and their
associated fixed points. Thus, based on our results in [26, 27, 28], we show
that most tensor spectral problems correspond to multihomogeneous map-
pings that are contractive with respect to suitably defined projective metrics.
This observation turns out to be very powerful as it allows us to systemat-
ically weaken the assumptions made in the Perron—Frobenius literature for
nonnegative tensors so far. The paper is written in a self-contained manner.
However, for the proofs we rely heavily on our results from [27] and [26]. We
refer to [23] for an extension of the results in [27, 26] to multihomogeneous
mappings defined on general cones in finite dimensional spaces.

The remainder of the presentation is structured as follows: In order to provide
a broad overview of the relevance of the eigensystems (2), we present in Section 2
a number of example problems in computer vision, machine learning and network
science that can be formulated as tensor eigenvalue problems, each following a different
modeling approach. Then, in Section 3, we set up the main definitions and preliminary
results for the proposed general tensor spectral model. In Section 4, we present our
main results and we devote the remaining sections to their proof. In particular, we
present in Theorem 4.4 an improved version of the main convergence results from [28]
by combining them with the multilinear Birkhoff-Hopf theorem from [26].

2. Example of tensor eigenproblems. In this section, we review a number
of applications in which the problem at hand can be modeled as a tensor eigenvalue
problem, and highlight how the results of this paper shed new light on their solution.

2.1. Tensor spectral norm. Analogous to the matrix case, the multilinear
form fr can be used to define different notions of tensor norms, all being directly
connected to different notions of tensor eigenvalue problems. We will discuss this in
detail in Section 5. Here we consider the example case of the tensor #2-norm:

170 = maox {| fr(1, ... @a)] : allo = -+ = |wall = 1}

As in the matrix case, it is not difficult to realize that ||T||2 is directly connected
with the best rank-1 approximation of 7. More precisely, recall that the tensor
R € RN1x-xNa ig of rank one if there exists u; € RM, ..., ugy € R such that
fr(xy,...,xq) = H?:1<ui,:1:i> for all &; € RM ... x4 € RN4. Thus, given tensors
T,U € RN1X-xNa [] ig called a best rank-one approximation of T [35, 1], if U is of
rank one and

IT-Ullp = min |T—Rl, with [T]r=
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Fig. 1: Comparison between ||H||o and its upper bound N%?sin(r/N): while the
bound is relatively tight in the matrix case d = 2, its precision degrades for higher-
order tensors

The spectral norm ||T'||2 of T and its best rank-one approximations are connected by
the fact that the vectors minimizing the spectral norm of a tensor are the components
of the best rank one approximation up to scale. Precisely, the following holds (see
e.g. [35, Proposition 1.1]): Let u; € RM ... uy € RN and let U € RN1X---XNa he
the rank one tensor defined as Uj, ., = (u1)j, (u2)j, - -+ (uq);,- Then, U is a best
rank one approximation of T # 0 if, and only if,

fT(Ula e 7Ud)

IUllF =
U1 r

= [IT]l2-

Moreover, in this case, it holds ||T — U||% = ||T||% — [|U]|%.

However, while in the matrix case d = 2 one can express their £2-norm as a matrix
eigenvalue and thus compute it with standard numerical linear algebra tools, when
d > 2 the ¢?>-norm of T' can be NP-hard to compute. Fortunately, when the tensor
has nonnegative entries, the Perron—Frobenius theory for tensors here presented can
provide valuable additional information. In particular, our main Theorems 4.2, 4.3
and 4.4 allow us to ensure that often ||T’||2 can be computed to an arbitrary precision
via a simple power iteration. The Hilbert tensor H € RY> >N defined as

1
Hi iq — - 3 )
P g —d 41

provides an elegant illustrative example, borrowed from [26]. As ||H]||2 is not always
computable, the following generalization of the Hilbert inequality for matrices (see
e.g. [19]) is proved in [49]

|H|2 < N?sin(n/N).

On the other hand, new conditions that allow us to compute ||H]||2 follow directly
from Theorem 4.4. In fact, the particular structure of the Hilbert tensor H ensures
the spectral radius of the matrix B in Theorem 4.4 is smaller than one when, for
example, d =4 and N < 11 or d = 3 and N < 13. Thus, for these choices of d and
N, using the power sequence defined in (22), we are guaranteed to compute ||H||2 to
arbitrary precision. Figure 1 compares the actual value of ||H||2 computed with (22)
with the Hilbert-type bound N2 sin(n/N), for d = 2,3, 4, showing that the quality
of the bound degrades when the order d increases.

2.2. Hypergraph matching. An interesting application of the norm of nonneg-
ative tensors arises in the context of the matching problem in computer vision, where
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(a) Matching points (I and I') (b) Pairwise similarity (c) Triangle-based similarity

Fig. 2: The left image is the reference | and the cup is the object we want to recognize
on the right image, I’. Elements of V are represented by black crosses on the left
image, and elements of V' consist of the black and white crosses on the right image.
White crosses are outliers making the task more difficult to solve. (a) Illustrates a
perfect matching &, which assigns all elements of V' to the corresponding element of
V' such that the structure of the cup is being preserved. In this perfect setting, none
of the elements of V is matched to an outlier. (b) Illustrates the approach modeled
by Equation (3), where the entries of the matrix are given by the similarity between
a segment on the left image and a segment on the right image. While this modeling
is invariant under isometric transformation of the object to be detected, it is not
invariant under homogeneous dilatation. (c) Illustrates the approach modelled by
Equation (4), where the entries of the tensor are given by the similarity between the
angles of triangles in each image. This approach has the advantage to be invariant
under isometric transformations and homogeneous dilatation.

the goal is to find an object in an image |, based on a similar object in a reference
image I’. To do so, one typically considers two graphs G = (V, E) and G’ = (V', E’)
with m = |V| < m/ = |V'| and we search for a matching £: V — V', which assigns
vertices of V' to vertices of V'’ in a way that the structure of edges in the subgraph
of G induced by &£(V) C V' is close to E. An example of I,I',V;V’ and ideal ¢ is
shown in Figures 2a and 2b. Note that any matching functions £&: V' — V'’ can be
modelled as a matrix X € [0,1]™*™ with X; ; = 1if v; € V is assigned to vy e V/5iie.
§(vi) = v}, and X; ; = 0 otherwise. Note moreover that if X € [0, 1] is induced
by a matching function as above, then X satisfies || X ||, = m, when X is treated as

vector of size mm/, ie. | X[, = >, E;’il | X ;|P)Y/P. Let us first consider the
following optimization problems

1 m m/
(3) max = > > My ) Giaiy) Xir i Xiao
xefo,a)mxm’ || X2 4=

11,09=1 ]1!-7271
where M € R(mxm)x(mxm’) jg o matrix such that M, j1),(iz,5;) models the similarity
between segment (i1,i2) on | and the segment (j1,74) on I’. An approach to compute
this similarity is to consider a mapping o: V x V UV’ x V! — R* which encodes
properties of a given segment on one or the other image, for instance o({i1,i2}) could
be the length of (i1,42). Then, one can define the entries of M using a kernel, namely

M, i), (iait) = e Moliniah)—o({ja2 Dl

where v > 0 is a normalization factor. In the case p = 2, the optimization problem of
Equation (3) is equivalent to computing the spectral norm of the matrix M as a linear
operator from R™™ to R™™ . Suppose that the vector o({i1,i2}) only depends on
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the relative positions of i1, s and not on the position of each element independently.
Suppose that the same holds for segments on |,. The score function to be maximized
in (3) is then invariant under translation and rotation of the object to be recognized on
the image I’. However, it is not invariant to projective transforms such as a homothety.
To account for the latter, [17, 44, 45] have considered similarity objectives comparing
triangles instead of segments, namely optimization problems of the form

/
m

1
(4) > Z Ty ,34), i) (i) Kt 34 Xz, 5 X 5

[0 1]7nXm HXHp ii2,is=1j| 5}, jh=1

where T € Rgrme’)x(me’)x(me’) is a similarity tensor modelling the similarity
between the triangle (i1, 42,43) on the reference image | and the triangle (j1, 54, j4) on
image I’. Entries of T' can be expressed as

(5) TR LGRS AT
where 6: VxV x VUV’ x V' x V' — RF encodes properties of a triangle on one of the
images in a vector of R¥, and ¢ > 0. An example of such § using multiple cross-ratios
is discussed in [17]. The optimal solutions to (3) and (4) are not necessarily matrices
induced by a matching function £: V' — V', Projections onto the set of matrices
induced by a matching function are discussed in [44]. By unfolding X into a vector @,
we see that (4) boils down to the maximization of fr(x,x,x) over the unit ¥ sphere
{llz]l, = 1}. Thus, its solution is directly linked to the leftmost tensor eigenvalue
problem in (2), and one can use Theorem 4.4 to derive conditions on the existence,
uniqueness and computation of such matching solution. For example, as

.- CRARCYARCEANS ax 1 )

(i1,37),(i2,15),(i3,i5) T(jl,_]l) (G2,gb)sGangy)  (i1581),(i2,15),(4s,15) T(il,i’l),(ig,ig),(ig,ig)
(41,31)+(d25d5) 5 (d3,45)

with
0= - ma ”6({21722’7’3}) ({]ivjévjé})ll%

(i1,31);-- 7(14713
a direct consequence of Corollary 4.6 yields the following

PROPOSITION 2.1. Let T € RUmxm)x(mxm")x(mxm) pe defined as in (5), and let
0 be defined as above. If either p >3, or 1 < p < 3 and e < %, then the global
solution x* to (4) (unfolded into a wvector) can be computed to arbitrary precision
using the iterative sequence ¥ described in (20), which converges as

k
DREEE

for some constant C > 0 and for any choice of €° entrywise positive.

-0 (ar
o ot <0 (S

We provide a brief proof of this result in Remark 4.9, right after Corollary 4.6.

In practice, the size of T' may be too large and therefore only a subset of the
entries of T' can be computed. One then obtains a sparser tensor T whose nonezero
entries coincide with the corresponding entry of 7. Also in this sparser regime, one
can use the result of this paper to provide guarantees on the computation of the global
solution to (4), in terms of the nonzero entries of 7. Precisely, let S C (V x V') be
the subset of nonzero entries of T', i.e. the entries where 7 and T coincide. Consider
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the directed graph G(T) = (V x V', E), where there is an edge in E from (i,;')
to (k,l') if there exists ((i1,71), (i2, j}), (i3, 44)) € S such that (i,5) = (i1,j]) and
(k,1) € {(i2,5b), (i3,55)}. This is what we call the o-graph induced by T in Definition
7.1. As we will show in Lemma 7.5, if G (T) is strongly connected, then 7' is o-weakly

irreducible (see Definition 3.3) and the following result is a direct consequence of
Theorem 4.3:

PROPOSITION 2.2. Let T, T € R(mxm')x(mxm)x(mxm’) ypere T g defined as in
(5) and T is a subsampling of T with nonzero entries in S C (V x V)3, as discussed
above. Consider the directed graph G(T) as defined above. Then, if either p = 3
and G(T) is strongly connected, or p > 3 and for each (i,j') € V x V' there exists
((i1,41), (i2,45), (i3, 54)) € S such that (i,j) = (i1,j1), then the global solution to
(4) can be computed to arbitrary precision using the iterative sequence x* described
in (20).

2.3. Spectral radii of uniform hypergraphs. In the past years, there has
been extensive work on deriving bounds for the spectral radius of uniform hypergraphs
[37, 39, 40, 62]. Many of these bounds use results of the Perron-Frobenius theory
for nonnegative tensors and more particularly the characterization of the spectral
radius as an operator norm and the fact that the norm is attained at the eigenvector
corresponding to the spectral radius.

A hypergraph G is a generalization of a graph formed by the pair G = (V, E),
where V = {1,..., N} is the set of N vertices and E C 2V is the set of (undirected)
hyperedges. If each hyperedge e € E contains exactly d nodes, then G is a d-uniform
hypergraph. For instance, an undirected graph without self-loops is a 2-uniform
hypergraph. To any d-uniform hypergraph G = (V, E) we can associate the adjacency
tensor T € RV*-*N of order d, defined as

v e il el
S 0 otherwise,

Note that, if d = 2, then T coincides with the adjacency matrix of a graph. The ad-
jacency tensor defined above has a particularly interesting structure as its entries can
only take two values, i.e. T € {0, ﬁ}NX”'XN. This property allows us to simplify
expressions and study the combinatorial properties of the underlying hypergraph.

The spectral radius p(G) of a uniform hypergraph G is usually defined as the
largest magnitude of any H-eigenvalue \ of T',

p(G) = max{|\|: A is an H-eigenvalue of T'}

where H-eigenvalues A are particular tensor eigenvalues solutions to the leftmost sys-
tem in (2) for the particular choice p = d, namely

> T guinis -, = Mpa(a;) .

JsJ25+0dd

For each vertex i € V, the degree of i is defined as number of hyperedges containing 7,
that is §; = |[{e € E | i € e}|. The equality between the spectral radius of a symmetric
matrix and its spectral norm generalizes to tensors. Indeed as shown in Lemma 5.2,
we have

1 d
6 G) = max —— Z T o i T Xy X5 :maX—ZHm
( ) p( ) L0 Hng Py 2:325--53d*" 31732 Jd A0 ||:BH§ i 7
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where the second equality is obtained by exploiting the particular structure of the
adjacency tensor. From the above variational characterization of the spectral ra-
dius, upper and lower bounds can be derived by evaluating > . [] jeeTj for specific
vectors . For example, the following lower and upper bounds were derived in [62,
Theorem 3.3] and [37, Theorem 3.1], respectively:

N 1/d
1 d N
=Y 6 < < —|B|d .

The lower bound can be derived by letting @ be the vector of all ones in (6). The upper
bound can be derived by letting & be the nonnegative H-eigenvector of T" which realizes
the spectral radius and by using further inequalities, such as the generalized-mean
inequality and MacLaurin inequality, to bound its entries. Note that the existence
of such an H-eigenvector is guaranteed by the weak form of the Perron-Frobenius
theorem, presented in Theorem 4.2. We refer to [60] for further discussions on how
to additionally exploit results of the Perron-Frobenius theory to derive bounds on
the spectral radius of graphs. Another approach to derive bounds on the spectral
radius of hypergraphs is to exploit the Collatz-Wielandt characterization of the H-
spectral radius of a nonnegative tensor [41]. A general version of the Collatz-Wielandt
formula is stated in Theorem 4.2. The latter formula can be simplified by exploiting
the structure of an adjacency tensor induced by a d-uniform hypergraph G = (V, E),
and reads:

Te -752
sup min E H = = inf max E H
x:x; >0

x
w0220 J: 2570 ecE,j€ce éee\{]} ecE,jee [69\{]}

Note that by setting  to be the constant vector in the above inequalities, one directly
obtains the well-known inequality:

mind; < p(G) < maxd;.
J J

We further refer to [21] for an extensive discussion on inequalities related to p(G) for
general nonnegative tensors.

2.4. Higher-order network centrality. Higher-order graph models based on
hypergraphs (or simplicial complexes), multilayer graphs, and random walks with
memory are becoming increasingly popular in network science and tensors and tensor
eigenproblems have proved to be very effective tools for higher-order network analysis.
Examples include models of multiagent nonlinear opinion dynamics [42], higher-order
PageRank and label propagation for localized and semi-supervised classification [29,
54, 18], clustering, community and core-periphery detection algorithms [7, 14, 57], and
the identification of central micro-scale structures such as nodes or edges [6, 53, 56, 3].

Many of these models aim at quantifying some form of importance for the nodes
of a system described by a graph and are based on a mutual reinforcement argument.
For example, the Bonacich centrality score b; of a node ¢ in a graph G = (V, E) is
defined as being proportional to the sum of the scores of its neighbors b; o Zj:ijEE bj.
Similarly, the PageRank score m; of node i is the weighted sum of the score of its
neighbors m; = a . ,.cpmj/d; + (1 — ). Clearly, from this mutual reinforcement
definition follows that both b = (b;) and & = (m;) are eigenvectors of suitable graph
matrices and the existence and uniqueness of such score vectors can be studied using
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the standard Perron-Frobenius theory for matrices, which strongly depends on the
connectedness pattern of the underlying graph.

Higher-order versions of these importance scores can be modeled as eigenvectors of
graph tensors. We recall here a construction proposed in [53] for multiplex networks,
and we refer to e.g. [6, 3, 2, 18] for similar approaches for hypergraphs, clustering
coefficients, and higher-order random walks.

A multiplex graph, or colored graph, is a collection of graphs Gy, = (V, E) with
the same node set and different edges across the ¢ layers G = {G1,...,G¢}. A
standard way to represent G is by means of the adjacency tensor

wi(ij) 14— j on layer k
Tijr = i
0 otherwise

where wy(ij) is a positive number representing the strength of the connection ij € Ej.
As connections happen on different layers, a mutual reinforcing importance score x;
for the nodes of G must take into account for the importance of the layer y; in
which the connections between 7 and its neighbors take place. The importance of
the kth layer vy, in turn, can be defined as being proportional to the importances of
the nodes being active (i.e. participating in some edges) in that layer. The resulting
mutual reinforcing node-layer centrality score can be defined as a positive solution to
the system of proportionality relations

4 a,B

i ; —1 Lijra§ .

(7) 710 2 jev ke Ty VieVike{l,....0}
Yr X Zi,jeV Tijras x]

for a pair of positive powers «, 8 > 0, which allow us to model non-quadratic couplings
between the importances across layers and nodes. The Perron-Frobenius Theorems
4.2, 4.3 and 4.4 allow us to characterize the existence, uniqueness and computation
of a positive pair (x,y) solution to the above system. In fact, if we assume x,y > 0
solve (7), then by the change of variable Z; = =% and g, = y,f , we see that & and
9 are tensor eigenvectors solutions to a system of equations analogous to the one in
the center of (2). Thus, using Theorem 4.4, if the spectral radius of the two-by-two

matrix . {3 g} L1<T'§2iT,32(T> Rg(()T)

is smaller than one, with ;(T") defined as in (26), then there exist unique solutions
which we can compute with a power method like scheme, independently of the irre-
ducibility (or connectedness) of the edge pattern. Note that this result improves the
original bound proposed in [53], which is retrieved by ignoring the contraction ratios
Ki, 1.e. by setting k;(T) = 1 for all i« = 1,2,3. Note also that being independent on
the connectedness of the graph is particularly important in this setting as checking
the connectivity structure of real-world multiplex networks can be computationally
prohibitive, due to the typically large number of nodes and layers. For example, it is
shown in [53] that (7) is the only multiplex mutual reinforcing centrality model that
assigns unambiguous scores to the nodes of the three example mutliplex networks in
Figure 3.

2.5. Multimarginal optimal transport. Consider the set of discrete prob-
ability vectors on N points, Iy = {& € R¥: 2 > 0,271 = 1}. For two vectors
a € Iy, ,b € Ily,, the polytope of transport plans between a and b is the set of
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Fig. 3: Example of three multiplex networks with four nodes which are assigned an
unambiguous centrality score via (7), despite the multiplexes being disconnected or
only weakly connected.

N; x Ny matrices defined as U(a,b) = {M > 0: M1 = aand M1 = b} which
contains all joint probability distributions having a and b as marginals. Thus, for a
weight matrix C' € RV *N2 | the optimal transport problem can be formulated as the
problem of computing the Wasserstein metric between the distributions a and b,
W(a,b) = Mergl(rclhb) %:M”C” = MEI?JI(I’é’b)<M, C).

Minimizers of the above optimization problem have an interpretation given by the
sand-moving problem. Suppose we have N; sand piles, with a; units of sand in the
pile i. We are given N, target locations where the sand should be delivered, and each
target location j should receive b; units of sand. Then, any M € U(a,b) represent
one possible way to solve the above task by moving M;; units of sand from sand pile
i to target location j. The condition M1 = a implies that all the sand from each
sand pile has been moved, while condition M "1 = b ensures that each of the target
locations contains the desired amount of sand. Finally, C;; is interpreted as the cost
of moving one unit of sand from pile 7 to location j, so that the overall cost of moving
the sand according to M is given by (M, C'). In simple cases, the cost is simply given
by the distance between the pile and the location. Note that if a; = 0 or b; = 0, then
we can reduce the optimization problem by dropping a pile or a target location as the
corresponding costs will be 0.

Computing W (a, b) is in general very challenging. A powerful way to compute
an approximate solution to W(a, b) is the so-called entropic regularization approach,
proposed in [15], where one considers the discrete regularized transport problem

min &, (M), P (M) := (M,C) —eE(M) = eKL(M| exp(—C/e))
MeU (a,b)

where exp(—C/¢) is the matrix obtained by taking the exponent component-wise and
where F and KL denote the Kullback-Leibler entropy and divergence, respectively
defined as E(X) = =3, X;;log X;; and KL(X|Y) = 3, X;;log (X;;/Yi;). Clearly,
the Wasserstein distance W (a,b) coincides with the minimum of ®; and it can be
shown that whole minimizer M. = argmin ;4 p)®- converges to the minimizer of @y,
as € — 0, see e.g. [48, Proposition 4.1].

In a way, the multi-marginal optimal transport problem is the tensor version of
such optimization problem. For simplicity, let us limit our discussion to the three-
marginal case. Let a € Ily,, b € Ily,, ¢ € Ily,, and consider a weight tensor
C € RN xNexNs - Just like the matrix case, the regularized multimarginal optimal
transport problem boils down to the following optimization problem
(8) min ®.(T),  (T) =D TijuCuj — eTijn(log(Tign) — 1)

TeU(p) ik
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where the multimarginal transport polytope U(a, b, ¢) is defined in terms of the 7;
mappings from (1) as U(a,b,¢) ={T > 0:T1(1) = a,T2(1) = b, T3(1) = c}.

In this case, the additional dimension allows us to combine different transportation
means in the sand-moving problem. As before, assume we have N; sand piles and
N5 target locations, with corresponding distributions a and b. Next, assume we have
N3 different possible means to transport sand so that Cj;;, models the cost of moving
one unit of sand from pile 7 to location j with transportation mean k. Furthermore,
we want to prescribe the amount of sand moved with each transportation mean by
means of the distribution e. In this case, the conditions 7;(1) = @ and 73(1) = b
ensure, as in the previous case, that all the sand is being transported from the original
sand piles and all the locations are delivered with the desired amount of sand, while
T3(1) = c ensures that the transportation of sand is done using the distribution of
means prescribed by c.

In order to solve (8), one can transform it into a tensor eigenvalue problem. To
this end, consider the Lagrangian equation L(T, «, 3,7) = ®.(T) — (e, T1(1) — a) —
(B, T2(1) = b) = (7, T3(1) — ¢). As OL/0T;j1, = Ciji, — €log(Tiji) — a; — B — Yk, the
first order condition VL = 0 can be written as

1
log T}j1, = z (ai + B85+ — Cijk) Vi, g,k

Thus, by taking the exponential on both sides of the expression before, we can rewrite
the regularized multimarginal optimal transport problem (8) as the problem of finding
(z,y,z) = (exp(ar/e),exp(B/e), exp(v/¢e)), such that the tensor

(9) Tiji = exp(—=Ciji/e)miy; 2k

satisfies the polytope conditions T;;, € U(a, b, c). As x,y, z are positive by construc-
tion, the latter condition is equivalent to the eigenproblem

a; ' Y Kijryjoe = do(xi) = 27!
(10) b7t Y Kigrwizi = voly;) = yj ' with  Kij, = exp(—Ciji/¢).
.t 2y Kigraiys = volzi) = 2.t

Note that the above system is very similar to the third system in (2). The only
difference is the presence of the rescaling terms a; L bj_1 and c,zl. This is however
not an issue, as we will discuss in Remark 4.8. Indeed, similarly to the hypergraph
matching case, a direct consequence of our main results yields the following:

PROPOSITION 2.3. Let C € RN XN2XNs gnd ¢ > 0. Further let o, 8 be real num-
bers such that a < Cyj, < B for all i, j, k. If elP=)/e < 3, then the solution =* to
(10) can be computed to arbitrary precision using the iterative sequence x* described
in (20), which converges as

elB=)/e _q

* ok -
la* — 2*|| < c(ze(ﬁ,a)/a -

k
)l — 2|

for some constant C > 0 and for any choice of €° entrywise positive.

The proof of the result is a direct consequence of Corollary 4.6. We provide the details
in Remark 4.9, after that corollary.
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3. Preliminaries. In this section we fix the main notation and definitions that
are required to formulate the spectral problems in (2) in a unified fashion for the
general case of a tensor of any order and with possibly different dimensions along its
modes.

Let Rflx“'XN’" be the set of entrywise nonnegative tensors in RVt XxNm  [et
T € RYVNm and define the induced multilinear form fr: RN x ... x R¥» — R as

fr(zi,...,2m) = N Ty g 21,51 72,55 " Zimjn s
j1€[N1], ~~-7jnLE[Nm]

where [N;] = {1,..., N;} for all . Furthermore, let us consider the gradient of fr,
that iS7 let T = (7—1, AN 7Tm) with 7; = (7;’1, AN 77;’]\71.) and 7:’& : RNl X -XRNm — R
defined as

7;7]'1‘ (Zl,...,Zm) = E Tj1,~»»7jm217j1 T Ri—1,gio1 R g T Rm,me
J1E€[N1],..,Ji—1€[N;—1]
Jit1€[Nit1],eesdm €[ Nom]

As for the case of a square tensor of order three described in Section 1, several
Rayleigh quotients and spectral equations can be associated to T'. For instance, we
have now up to m different choices for the parameter p of the functions ¢, in (2).
Moreover, different eigenvalue equations would correspond to different partitions of
the variables in R™ x --- x RNm_ In order to formalize these properties for a general
tensor T', we introduce here the concept of shape partition.

DEFINITION 3.1 (shape partition). We say that o is a shape partition of T €
RN XNm if g = {o0;}4_| is a partition of [m], i.e., Ul 0; = [m] and 0; Noj = ()
for i # j, such that for every i € [d] and j,j’ € o, it holds that N; = Nj. Moreover,
we always assume that

(a) for everyi € [d—1] and j € o;,k € 0;41 it holds that j < k,
(b) if d > 1, then |o;| < |oiy1| for everyi € [d — 1].

Observe that the conditions (a) and (b) in the above definition are not restrictive.
Indeed, if o = {o;}¢_; is a partition of [m] such that N; = N; for every j,j’ € o;
and i € [d], then there exists a permutation 7: [m] — [m] such that & = {5;}¢_,
defined as &; = {n(j): j € 0:},4 € [d], is a shape partition of the tensor T defined

_ - - : : 2Xx3%x2 _
as T, .. j = Tjw(n,---,jw(m) for all j1,...,Jm. For instance, if T € R and o =

{{1,3},{2}}, then one can define T} = Tj 1 ; for all 4, j, k and & = {{1,2}, {3}}.
Shape partitions are useful and convenient for describing all spectral systems
of the same form as (2) but for tensors of any order. To a given shape partition

o = {0}, of T € RN1XXNm we associate the numbers sy,...,sq, v1,..., V4, and
ni,...,nq defined as follows:
(11) v; = |oy, s; =min{a | a € 0;}, n; = N, Vi € [d],

and sgy1 = m + 1. We will always assume the definitions in (11), although the
reference to the specific o will be understood implicitly. Moreover, for convenience,
we will very often use the n; in place of the IV;. The relation between these two
numbers is made more clear by noting that the dimensions Ny X --- X N, of T' can
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be rewritten as follows:
o1 o2 oq
Ny X oo X Ngyo1 X Ngy X oo X Ngg 1 X ooo X Ngy X ooo X Ny

I Il I Il Il Il
ny X ---X My X Ng X=X nNg X ---X Ng X---X ng

v1 times vo times vq times

Now, given p = (p1,...,pa) € (1,00)¢ and the shape partition o of T', we define
the Rayleigh quotient of T" induced by o and p as follows:

fr (w[a])
(12) O(xy,...,xq) =
Y 1 ll73 2175 - - ll@allps’
v1 times vo times vq times
where zlol = (:cl,...,a:l,wg,...,a;z,...,acd,...,wd)

In particular, note that the functions ®!, ®2 ®3 of (??) can be recovered by setting
ol = {1.2,3t},p=p, o’ = H1r {23}, p = (p,q), and o’ = {1 {21 {3} p =
(p,q,r), respectively.

The Rayleigh quotient (12) is naturally related to a norm of the tensor which
depends on both the shape partition o and the choice of the norms | - [|,,. We
denote such norm as ||7'|(¢,p) = MaXg, ... z,20 |P(x1, ..., 24)|. Note that the absolute
value in the definition of ||T(|(5p) can be omitted when T is nonnegative. In fact,
as discussed in the introduction, if 7" is nonnegative, then the maximum is always
attained at nonnegative vectors. In the case d = m and p1 = -+ = ppm = 2, ||T](5p)
is called the spectral norm of T and it is known that its computation is NP-hard in
general (cf. [30, 32]). If d = m = 2, then ||T'[|(» p coincides with the £7*9-norm of the
matrix 7" [10] and it is also known to be NP-hard for general matrices if, for instance,
p1 = p2 # 1,2 is a rational number or 1 < p; < py < 005 see, e.g., [31, 50].

A direct computation shows that the critical points of ® in (12) are solutions to
the following spectral equation:

(13) Vifr (@) = My, (@), eill,, =1 Vie[d],

where V; fr(x!®)) € R™ denotes the gradient of the map x; +— fr(zl?l), ¢, (x;) =
(|zia[Pi~tsign(zin), . . ., |Tin, [P tsign(@i ;) for all z; € R, and sign(t) = t/[t] if
t # 0 and sign(0) = 0.

It is important to note that V; fr(x!?!) and 75, (2!°1) do not coincide in general,
unless v; = 1. For instance if m = 2and d = 1, then T € RV *M 'y =2 o = {{1,2}}
and fr(zl?l) = Z?g:l T; jzizj. In this case, we have Vi fr(z) = (T + T ")z and
Ti(x) = Tx. Hence, we consider a more general class of spectral problems for tensors
which is formulated as follows:

(14) T (@) = Moy, (@), Jaillp =1 Vie[d].

Depending on the choice of o, various known spectral problems related to non-
negative tensors can be recovered from (14). First, we note that if m =2 and d = 1,
then T is matrix, o = {{1,2}}, and with p; = 2, (14) reduces to the standard eigen-
vector problem of 7. If m = 2 and d = 2, then T is matrix, o = {{1}, {2}}, and with
p1 = p2 = 2, (14) reduces to the standard singular vector problem of T'. Furthermore,
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if d = m, then o = {{1},...,{m}} and we recover (1.2) in [22] which characterizes
the ¢P1rPm_gingular vectors of T. If d = 2, then o = {{1,...,k},{k +1,...,m}}
for some k € [m — 1] and we recover (2) in [38] which characterizes the ¢P*-P2-singular
vectors of the rectangular tensor 7. Finally, if d = 1, then o = {{1,...,m}} and we
recover (7) in [36] which characterizes the ¢P'-cigenvectors of T. Perron-Frobenius
type results have been established for each of the aforementioned spectral problems.
In order to unify these results, we introduce here the following definition.

DEFINITION 3.2 ((o,p)-eigenvalues and eigenvectors). We say that (\, @) is a
(o, p)-eigenpair of T if it satisfies (14). We call A a (o, p)-eigenvalue of T and x a
(o, p)-eigenvector of T.

Key assumptions in the Perron—Frobenius theory of nonnegative tensor are strict
nonnegativity, weak irreducibility, and (strong) irreducibility. In order to address the
general spectral problem of Definition 3.2, we recast such assumptions in terms of the
chosen shape partition.

DEFINITION 3.3 (o-nonnegativity and o-irreducibility). For a nonnegative tensor
T € Rflx'”XNm and an associated shape partition o = {ai}le, consider the matriz

M e Rgfll-'r"'-i-nd)x(nl-‘rm-i-nd) deﬁned as

Mty (k) = %Tgt (w[d])

Tk, 1y,

d
V(i ta), (k) € I = | J{i} x [na],
=1 im1
where 1 = (1,...,1)7 is the vector of all ones. We say that T is
e o-strictly nonnegative if M has at least one nonzero entry per row,
o o-weakly irreducible if M is irreducible,
o o-strongly irreducible if for every x € R x --- x RI? that is not entrywise
positive and is such that x; # 0 for all i € [d], there exists (k,l) € % such
that zp 1, =0 and Ty, 1, (xle]) > 0.

These definitions coincide with most of the corresponding definitions introduced
for the individual special cases. Indeed, if d = 1, o-strict nonnegativity reduces to
the definition of strictly nonnegative tensor introduced in [33]. If d = 1,2, m, o-weak
irreducibility reduces to the definition of weak irreducibility introduced in [22] and [38],
respectively. If d = 1, m, o-strong irreducibility reduces to the existing definitions
of irreducibility introduced in [11] and [22]. However, in the case d = 2, o-strong
irreducibility is strictly less restrictive than the definition of irreducibility introduced
in [13]. In section 7.4 we give a detailed characterization of each of these classes of
nonnegative tensors. In particular, we propose equivalent formulations of these classes
of tensors in terms of graphs and in terms of the entries of 7. Furthermore, we show
in Theorem 7.14 that o-strong irreducibility implies o-weak irreducibility which itself
implies o-strict nonnegativity. We also study how these classes are related, for a fixed
tensor T but different choices of o.

Using different shape partitions, one can associate several spectral problems to a
tensor T' via Definition 3.2 and sometimes one can transfer properties that hold true
for one formulation to another one. For instance, if a symmetric matrix Q € R}*"
is irreducible, i.e., @ is {{1,2}}-irreducible, then its corresponding bipartite graph is
strongly connected, i.e., Q is also {{1}, {2} }-irreducible. In particular, this implies
that the classical Perron-Frobenius theorem holds not only for the eigenpairs of @
but also for its singular pairs. A similar situation arises in the more general setting
of tensors. In order to formalize this property, we define the following partial order
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on the set of shape partitions of T'.

DEFINITION 3.4. Let o = {0}, & = {G:}%_, be two shape partitions of T €
RN XN then we write o C & if d > d and there exists g: [d] — [d] such that
0 C Ggiy for every i € [d].

Note, for example, that the shape partitions o = {{1},{2}} and & = {{1,2}}
of the symmetric matrix ) above satisfy o C & and irreducibility with respect to o
carries over to . More generally, we discuss in sections 5 and 7 several properties of
the tensor T preserved by the partial ordering C, that is, properties that automatically
hold for & when holding for a shape partition o such that o C &. In particular, this
is the case of tensor symmetries that we define below in terms of . We first recall
the concept of partially symmetric tensors from [20].

DEFINITION 3.5 (partially symmetric tensor [20]). Let T € RN > >*Nm gnd let
a C [m] be a subset of cardinality 2 at least. We say that T is symmetric with respect
to v if N; = Ny for each pair {i,i'} C a and the value of T}, . ;. does not change
if we interchange any two indices j;, ji» for i,i" € a and any ji € [Ni|, k € [m]. By
convention T is symmetric with respect to each {i} for i € [m].

DEFINITION 3.6 (o-symmetry). Let T € RN XNm qnd let 0 = {0;}, be a

shape partition of T. We say that T is o-symmetric if it is partially symmetric with
respect to o; for all i € [d].

Observe that, in particular, every matrix is {{1}, {2}}-symmetric and symmet-
ric matrices are {{1,2}}-symmetric. Moreover, if T is o-symmetric, then T is &-
symmetric for every shape partition & of T such that & C o.

4. Main results. In this section we describe the main results of this paper: a
complete characterization of the irreducibility properties of T" in terms of the shape
partition o; a unifying Perron—Frobenius theorem for the general tensor spectral
problem of (14); and a generalized power method with a linear convergence rates
that allows us to compute the dominant (o, p)-eigenvalue and (o, p)-eigenvector of
T. These results are based on a number of preliminary lemmas and results that we
prove in the next sections. Thus, for the sake of readability, we postpone the proofs
of the main results to the end of the paper. We devote this section to describe the
results and to relate them with previous work.

The first result is presented in the following.

THEOREM 4.1. Let T € RYV"> N and let 0 = {0;}), and 6 = {5;}L, be
shape partitions of T such that o T &. Then, the following holds:
(i) If T is o-weakly irreducible, then T is o-strictly nonnegative.
(ii) If T is o-strongly irreducible, then T is o-weakly irreducible.
(iil) If T is o-strictly nonnegative, then T is &-strictly nonnegative.
(iv) If T is o-weakly irreducible and &-symmetric, then T is &-weakly irreducible.
(v) If T is o-strongly irreducible and & -symmetric, then T is & -strongly irreducible.

Proof. See section 7.4. O

A few comments regarding the partial symmetry assumption in (iv) and (v) of the
above theorem are in order: First, note that, as in the matrix case, the irreducibility
of a tensor does not depend on the magnitude of its entries and so it is enough to
assume that the nonzero pattern of T' is &-symmetric. Second, by giving explicit
examples, we note in Remarks 7.9 and 7.13 that the o-symmetry assumption in (iv)
and (v) can not be omitted in general.

It is well known that in the case of nonnegative matrices, i.e., m = 2 and d = 1,
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o-weak irreducibility and o-strong irreducibility are equivalent. This equivalence is
proved also for m = 2 and d = 2 in [22, Lemma 3.1]. Furthermore, (i), (ii) are known
for the particular cases d = 1 and d = m. Precisely, refer to [22, Lemma 3.1] for an
equivalent of (ii) and to [24, Proposition 8(b)] and [33, Corollary 2.1] for an equivalent
of (i) in the cases d = 1 and d = m, respectively. However, to our knowledge, the
results of points (iii), (iv), and (v) have not been proved before, in any setting.

Our second result is a new and unifying Perron—Frobenius theorem for (o, p)-
eigenpairs. First, let us consider the sets of nonnegative, nonnegative nonzero, and
positive tuples of vectors in R™ x --- x R™, that is, let K7 = R}" x --- x R}?,
K7 o={x € K7 | z; #0,i € [d]} and let KT, be the interior of LF. Furthermore,
let us define the (o, p)-spectral radius of T

(15) r(@P)(T) = sup {I\l : Xis a (o, p)-cigenvalue of T'}.

Note that if m = 2, d = 1 and p; = 2, then 7(©P)(T) coincide with the spectral
radius of the matrix 7', and if m = 2, d = 2 and p; = ps = 2, then r(7P) (T') coincide
with the largest singular value of the matrix T. As mentioned before, the key of our
Perron—Frobenius theorem is the relation with the theory of multihomogeneous and
order-preserving mappings [27] and their contractility properties [26]. In particular,
let us consider F(7P): KT — K7 defined as F(oP) = (Fl(a’p),...,Féa’p)), where

FP = (7P, FP), and, for all (i, j;) € °,

p;—l X

(16) FloP) (g) = (T » (:1:["])) with p| =P
3Ji ©Je i — 1

We show in Lemma 6.1 that the nonnegative (o, p)-eigenpairs of T are in bijection

with the multihomogeneous eigenvectors of F(7P) ie. vectors ¢ € Kq o for which

there exists 61,...,0;5 > 0 such that Fi(a’p)(w) = O;x; for all i € [d]. This key

observation allows us to exploit the results proved in [27] and [26]. For the sake of

clarity, we maintain here the same structure of the original paper [28], where the

results from [26] were not present, and we devote the new Subsection 4.1 to present

a new Perron-Frobenius theorem obtained by complementing [28] with [26].
Consider the homogeneity matrix A(o,p) € R‘j_Xd of F(@P) defined as

(17) A(o-ap):dlag(pll_vaii_l) (1VT_I)7 V:(|Jl|7"'v|0d|)Ta

and let p(A(o, p)) be its spectral radius. In the following, A(o, p) always refers to the
homogeneity matrix of F(?-P); hence, when it is clear from the context, we omit the
arguments (o, p) and write A instead of A(o,p). Note that the homogeneity matrix
A is always nonnegative and irreducible. Therefore, there exists a unique positive
eigenvector b such that ATb = p(A)b with Zle b; = 1. Throughout the whole paper
we will always devote the symbol b to denoting such a vector.

Lemma 3.2 in [27] implies that p(A) is an upper bound on the Lipschitz constant
of F(@P) with respect to a suitable weighted Hilbert metric on K9, . Therefore,
when p and o are such that p(A) < 1, we can recast the (o, p)-eigenvalue problem
for T in terms of the multihomogeneous eigenvectors of a nonexpansive map and
derive the Perron—Frobenius theorem for 71" as a consequence. In the particular cases
d=1,d =2, and d = m, typical assumptions on p1,...,p, found in the literature
on Perron—Frobenius theory of nonnegative tensors are p; > m for every i € [d],
[22, 36, 38]. It is not difficult to see that if p; > m for all 4, then p(A4) < 1, with
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Fig. 4: Conditions on (p1, ps2, p3) = (p, g, r) for different settings involving a tensor of
order 3. The figure shows that generally p(A4) < 1 implies a less restrictive condition
on p, ¢, r than existing ones. Left: Here d = 2 so that o = {{1}, {2,3}}. The plain line
is the set of (p, q) such that p(A) = 1 and the dashed line is the set of (p, ¢) such that
min{p, ¢} = 3 [38]. Middle: Here d = 3 so that o = {{1},{2},{3}}. The dark gray
surface is the set of (p, g, ) such that p(A4) = 1 and the light gray surface is the set of
(p,q,7) such that min{p, ¢, 7} = 3 [22, 36]. Right: Here d = 3 again and p is fixed to
p = 3. The plain line is the set of (g, r) such that p(A) = 1, the dotted line is the set of
(g,r) for which there exists a € {p, ¢, r} such that 2a < b(a—1) for allb € {p,q,r}\{a}
[24], and the dashed line is the set of (g, ) such that min{p, ¢,r} = 3 [22, 36].

equality if and only if p; = - - - = p,,, = m. However, by the Collatz—Wielandt formula,
we have p(A4) = min”ERiJr max;e|q) (ATv);/v;, and thus it is clear that there are many
choices of pi,...,pq such that p(A) < 1 but min;eg p; < m. Moreover, note that, as
A(o,p) is irreducible, the function (p1,...,pq) — p(A(o,p)) is strictly monotonically
decreasing in the sense that for every p,p € (1,00)¢ with p; < p; for all i € [d], it
holds that p(A(e,p)) > p(A(o,p)) with equality if and only if p = p. An example
comparing p(A) < 1 with the conditions on p1, ..., pg given in [22, 24, 36, 38] is shown
in Figure 4.

Our new Perron-Frobenius theorem consists of five parts. The first one is a
weak Perron—Frobenius theorem ensuring the existence of a maximal nonnegative
(o, p)-eigenpair. The second characterizes r(?P)(T) via a Collatz-Wielandt formula,
a Gelfand type formula, and a cone spectral radius formula. The third part gives
sufficient conditions for the existence of a positive (o, p)-eigenpair. The fourth part
gives conditions ensuring that (o, p)-eigenvectors which are nonnegative but not pos-
itive can not correspond to 7(??)(T). The last part gives further conditions which
guarantee that T has a unique nonnegative (o, p)-eigenvector.

Let us denote by (F(@P))¥ the kth composition of F(7P) with itself, that is,
(FlePhl(g) = F@P)(x) and (F@P)ktl(g) = PP ((F@P)r(x)) for k=1,2,....
Moreover, let us define the product of balls SS{”U) ={z e K7 | |xill,, =1 Vie[d}
and its positive part Sff) = S&""’) nNKT,.

THEOREM 4.2. Let p € (1,00)? and let o = {o;}, be a shape partition of

T € RYVXNm - Purthermore let v(P)(T), F@P) | A and b be as in (15), (16), and

(17), respectively. Suppose that T is o-strictly nonnegative and p(A) < 1. Then, the
following properties hold:

(i) There exists a (o, p)-eigenpair (A, u) € Ry x KT o of T' such that X = r(@P)(T).

(ii) Let v = %; then v € (1,00) and the following Collatz—Wielandt for-

i=1
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mula holds:
18)  inf @&(FOP.2) = rOP(T) = max &(FPy),
zes?”) yesP )
d (o.p)
S (@) \ (=1)ba
where C\\X,(F(O'»P)’m) = H ( max ”‘7()) !
i—1 Jle[ni] mi’ji
d (o,p)
F; (v=1)b;
and c’v\v(F(c’p)7 y) = H ( min 37()) :
=1 ]1€[nz] Yi,j; >0 yl,]i

If additionally, p(A) = 1, then it holds that

(19) r@P)(T) = sup 11msup<H|| (F@P)k ()|

-1
k
p )
z€KT , k—roo !

a-1
klim ( sup H|| .p))k );’;) "
S(” 2

— 00

(iii) If either p(A) < 1 or T is o-weakly irreducible, then the (o, p)-eigenvector u
of (i) can be chosen to be strictly positive, i.e., w € K. Moreover, u is the
unique positive (o, p)-eigenvector of T.

(iv) If T is o-weakly irreducible, then for every (o,p)-eigenpair (9,x) of T such
that x € K4 o\ K4+, it holds that 9 < r(@P)(T).

(v) If T is o-strongly irreducible, then the (o, p)-eigenvector w of (i) is positive
and it is the unique nonnegative (o, p)-eigenvector of T.

Proof. See section 8. O

Note that Theorem 4.2(i) is relatively obvious when T is o-symmetric. In fact,
as shown in Lemma 5.2, in this case r(©P)(T) = ||T|(,p) and thus the existence of
u follows from the fact that a continuous function over a compact domain attains
its maximum. In particular, this is always the case when m = d. However, when
d # m and T is not o-symmetric, proving the existence of u is more delicate. The
cases d = 1,2 are proved in [59, Theorem 2.3] and [38, Theorem 4.2], but under
the assumption that p; > m for all ¢ € [d]. Our Theorem 4.2, instead, addresses
a more general case but requires o-strict nonnegativity of 7. Although this is an
additional requirement, we show, for instance, in Example 7.7 that this is a very mild
assumption.

A particularly interesting consequence of the Collatz—Wielandt formula (18) is
that every positive (o, p)-eigenvector of T' must correspond to the maximal eigenvalue
7(@P)(T). Such formula is proved in [59, Theorem 2.3] and [24, Theorem 1] for the
cases d = 1 and d = m, respectively. Both assume that T has a positive (o, p)-
eigenvector and either p; > m, if d = 1, or (m — 1)p; < pi(p; — 1) for some j € [d]
and all k € [m]\ {j}, if d = m. In the case d = 2, a similar formula is proved in [58,
Theorem 4.6] under the assumption that T is o-strongly irreducible and p; = ps =m
It is not difficult to see that that all the above conditions on py, ..., pg imply p(4) < 1
except when p; = --- = pg = m, in which case p(4) = 1 (see Figure 4). Hence, the
assumption in Theorem 4.2 is generally less restrictive than any known counterpart.

To our knowledge, (iv) of Theorem 4.2 and the characterizations of the spectral
radius in (19) have not been proved before, besides the particular cases d = 1 and
p1 = m. In fact, the only result comparable with point (iv) we are aware of



20 A. GAUTIER, F. TUDISCO, AND M. HEIN

is Theorem 2.4 in [59], where it is proved that if all the entries of T are strictly
positive, d = 1 and p; = m, then r(@P) (T') is geometrically simple, i.e., for every
(o, p)-eigenvalue A of T with A # r(®P)(T) it holds that |\| < r(®P)(T). As for the
characterization in (19), we are only aware of a brief discussion involving the Gelfand
formula in [12, section 2].

Finally, (v) of Theorem 4.2 is a well-known result for the cases d = 1, d = 2, and
d = m; see, e.g., [11, Theorem 1.4] and [24, Theorem 14]. Indeed, this result follows
from the fact that every nonnegative (o, p)-eigenvector of T has positive entries and
its proof holds regardless of the choice of py,...,ps € (1,00).

Our third main contribution concerns the computational aspects of the positive
(o, p)-eigenvector u in Theorem 4.2. This vector can be computed using a nonlinear
generalization of the power method. The classical power method allows us to compute
the leading eigenvector of a primitive matrix M via the iterative sequence x**! =
Max" /|| Mx* ||y for any positive starting point . The power method for general (o, p)

tensor eigenpairs is formulated as follows: Let 2° € K9, and, fork =0,1,2,..., define
(0.p) ( .k (0.P) (k
- o (ATED B ),
IF7 @)l IELT @) [,

This sequence provides a natural generalization of the power method for computing
eigenpairs of matrices and it reduces to the one proposed in [43, 13, 22] for the cases
d =1,d = 2, and d = m, respectively. Usually, convergence toward w is only
guaranteed when p(A) < 1 and the Jacobian matrix of F' (¢.P) is primitive. However,
we prove that when p(A) < 1 it is sufficient that T is o-strictly nonnegative, or
equivalently the matrix M of Definition 3.3 has at least one positive entry per row,
so that the sequence converges toward w with a linear convergence rate.

If p(A) = 1, primitivity can be relaxed into irreducibility by considering a different
sequence, which we define in the following. Let G(-P): KT — KT be defined as

aler) = (G776, G = (@9, ., GlP)), and

7 s Mimng

(21) G (@) = \Jzi;, FSP (=) V(i ji) € T°,

and consider the sequence

(22 y’““( GrPW G () )
G () [ IGE (5 ||,

where k = 0,1,2,... and 2° € K7,.
The convergence of the two sequences in (20) and (22) is proved in Theorem 4.3.
In order to facilitate its statement, for £ > 1, we let

gk = a\N (F(o’,p)’wk:) ) Ek? = C\V/V (F(o’.,p), xk) )

Q= (@ (@)’ G @ ()’

where ¢w, cw are defined as in Theorem 4.2, and recall from [27] the definition of the
weighted Hilbert metric:

Jiti€[ni] Yi g5, Til,

d
m,(a:,y)szﬂn( max W) Vr,y e KT,.
i=1
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Note that, by the continuity of ¢w,c¢w in K9, if the sequence of x*, respectively,

y¥, converges to a positive (o, p)-eigenvector w of T, then limy_, o Ek = limy_, §k =

r(@P)(T), respectively, limg_; oo Z“k = limg_ o0 (fk = r(@P)(T).
THEOREM 4.3. Assume that p € (1,00)?, T is o-strictly nonnegative and has
a positive (o, p)-eigenvector u and p(A) < 1. Furthermore, let (x*)2 ), (y*)2,,
()2 (CR) s (CR)Ty, and (Ck)52y be as above. Then, the following holds:
(i) If w € {&,(}, then for all k =1,2,... it holds that

(23) By < Dppr < rOPNT) < Dyppr < D,

and for every e > 0, if W — &g < €, then
(24) ‘w _ r("’p)(T)‘ < g

(ii) If p(A) < 1, then limy_,oo ¥ = u and, with b as in Theorem 4.2,

x!, 20
(25) (@, w) < <‘M)p(mk Vh=1,2,....

(iii) If T is o-weakly irreducible, then limy_, . y* = u.
Proof. See section 8. ]

To our knowledge, the convergence of the power method for nonnegative tensors
has been analyzed only for the cases d =1, d =2, and d = m.

If d = 1, the known assumptions for the convergence of the power method toward
u are either p; > m and M primitive [22, Corollary 5.1], where M is as in Defini-
tion 3.3, or p; = m and M irreducible (see [33, Theorem 5.4]). Clearly, if p1 > m,
then the assumptions of Theorem 4.3(ii) are considerably weaker as we only assume
T to be o-strictly nonnegative. When p; = m, Theorem 4.3(iii) is equivalent to [33,
Theorem 5.4] in terms of assumptions. However, note that the method in [33] uses an
additive shift, while we have a multiplicative shift. Furthermore, the convergence rate
of [22] for the case p; > m holds only asymptotically and assumes T to be o-weakly
irreducible, whereas a linear convergence rate for the case p; = m is proved under the
assumption that M is primitive in [33, Theorem 4.1].

For d = 2, results are known only in the case p; = p2 = m. Precisely, in Theorem
7 of [13] it is proved that (x*)%2, converges toward w if p; = ps = m and T is
irreducible in the sense of Definition 1 in [13], which, as discussed above, is more
restrictive than T being o-strongly irreducible. As o-strong irreducibility implies o-
weak irreducibility, it is clear that Theorem 4.3 (iii) improves these results. A linear
convergence rate is proved in [61, Theorem 4] for the case where p; = pa = m but
requires additional assumptions on 7T

Finally, if d = m, then it is proved in [24, Theorem 2] that a variation of the
power method converges to « under the condition that T is o-weakly irreducible and
(m —1)p; < pr(p; — 1) for some j € [d] and all k € [m]\ {j}, which, as discussed
above, implies p(A) < 1 unless p; = --- = pg = m, in which case p(4) = 1. Hence, in
terms of convergence assumptions, Theorem 4.3 improves [24, Theorem 2]. However,
when p; = -+ = pg = m, the latter result provides an asymptotic convergence rate
which is not implied by Theorem 4.3.
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4.1. Multilinear Birkhoff-Hopf contraction ratio. When the tensor T' has
sufficiently many positive entries or when the exponent p; defining v, in the tensor
equation (14) is smaller than one, one can combine Theorems 4.2 and 4.3 with the
multilinear Birkhoff-Hopf theorem from [26] to further weaken the assumptions for
existence and uniqueness of a positive eigenvector and for the convergence (and con-
vergence rate) of the power sequence. The main idea is based on the notion of er-
godicity coefficients for T', which essentially measure the best Lipshitz constant of the
mappings T, with respect to the Hilbert metric. In the matrix case, this constant is
known as the Birkhoff contraction ratio and admits an explicit expression in terms of
the entries of the matrix. Similar to the concept of homogeneity matrix, the extension
of such contraction ratio to the tensor case leads to the concept of Birkhoff contrac-
tion matrix, or Lipschitz matrix, defined next. Given a tensor T € RNt X *Nm with
nonnegative entries and 1 < s < m, consider ks(T") € (0,1), the s-th contraction ratio
of T, defined as ks(T") = 1 if T has a zero entry, and

(26) ks (T) = tanh G In AS(T)) ,

if T has positive entries, where

ﬂl»--wim
As(T) = max
S . A
ity

-/
LSRRI

T;

’ i’
10 0tm

. o . ., ., - .,
1V“457145J5+1“.W%njzl“nﬂsilﬂsﬂs+lp.qhn

We now present a generalized Birkhoff-Hopf theorem for tensors. While Theorems
4.2 and 4.3 are proved under the assumption that p satisfies p; > 1 for all 4, the
following theorem only requires that p; # 1 and can therefore also be applied to the
multimarginal optimal transport problem discussed in Section 2.5.

THEOREM 4.4. Consider the tensor T € RN xNm qith nonnegative entries, the
shape partition o = {o;}%_,, and the coefficients p = (p1,...,pa) € R with p; # 1
foralli=1,...,d. Define the matriz

B(Uap) = dla‘g(‘pll - 1|a R |p:i - 1|) (1a'T - dl&g(C))

where ¢, a € R? are defined in terms of the contraction ratios of Equation (26), as

a= (Y hT) Y k(D)) e = (R (T), sk (T)).

S€Eo01 SE0q

If p(B) < 1, then there exists a (o, p)-eigenpair (A, w) of T, with A > 0 andu € KT,
and w is the unique positive (o,p)-eigenvector of T. Moreover, the sequence z*
defined in (20) converges to u as k — oo and the convergence rate (25) holds with
p(A) replaced by p(B).

Proof. See Section 8. O

Remark 4.5. Suppose that the assumptions of Theorem 4.4 are satisfied. Addi-
tionally, suppose that the tensor T has positive entries and p; > 1 for all ¢. Then
by Lemma 7.10, every nonnegative (o, p)-eigenvector of T has positive entries and
therefore w is the unique (o, p)-eigenvector of 7" in K ;.

The following corollary is a direct consequence of the theorem above and is par-
ticularly useful to obtain explicit convergence bounds. Its proof follows directly from
the previous theorem and is included here for completeness.
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COROLLARY 4.6. Consider the tensor T € RN X XNm wyith positive entries, the
shape partition o = {o;}%_,, and the coefficients p = (p1,...,pa) € R with p; # 1
foralli =1,...,d. Let A = |A(o,p)|, where A(o,p) is the homogeneity matriz
defined in (17) and the absolute value is taken component-wise. If either p(A) < 1,
or p(A) > 1 and

T
0/ with 7= max —xuim
p(A) -1 11, ,zm Tz/ _____ i

m
7,1, ,Z

then there exists a (o,p)-eigenpair (X, w) of T, with X > 0 and w € KT, and w is
the unique positive (o, p)-eigenvector of T. Moreover, the sequence " defined in (20)
converges to u as k — oo and the convergence rate (25) holds with p(A) replaced by

I=p(A).

Proof. Note that 7 € [1,00) and for all 5= 1,...,m, it holds A (T) < 72.

It follows that s(T) < tanh(]In(r?)) = Z7§. Let B — B(o,p) be defined as in
Theorem 4.4. We have B < T+1A which implies that p(B) < _Hp(A) < p(A). On
the one hand, if p(A) < 1, then p(B) < 1. On the other hand, if p(A) > 1, then

T < p§A§+ implies that +1p(A) < 1 and therefore p(B) < 1. In both cases, the

conclusion follows from Theorem 4.4. O

Remark 4.7. While the Hilbert metric is particularly useful to address the general
tensor eigenproblem we consider in this work, other metrics and the corresponding
ergodicity coefficients can be used for specific cases. For example, when the tensor is
stochastic and p; = 2 for all i = 1, ..., d, higher-order ergodicity coefficients based on
the 1-norm are introduced in [18]. For this type of tensor eigenproblems, p; = 2 for
i =1,...,d and Theorem 4.4 holds with x4(7T") replaced by the corresponding s-th
1-norm coefficient and, in most cases, the resulting matrix B has a smaller spectral
radius than the one considered here.

Remark 4.8. Theorem 4.4, as well as Theorems 4.2 and 4.3 hold for a more general
class of tensor eigenvalue problems

(27) T (l7l) = Ay, ()

where the spectral equations in (14) may be defined in terms of different tensors
T all with the same nonzero pattern, i.e. such that there exists ¢; > 0 such that
1 T <70 < ;7D for all i. In the N x N x N order-3 case, this would correspond
£0 the following generalized version of (2)

ij Rajkyjzk = Mﬁp(%),

ij SiakTizk = )‘wq(ya)a a=1,...,N
Zij T‘ijaxiyj = )‘wr(za)

for three square tensors R,S,T with the same nonzero pattern. Note that the

multimarginal optimal transport example in (10) provides an example of this type
of generalized tensor eigenproblem, where R;j, = a;lKijk, Sijk = b;lKijk and

ij Sajkyjyk = A¢p($a)v
Zik Tiakxiyk = )\wq(ya)a

Tk = ¢, ' Kij.

Only minor adjustments are required in order to transfer the proofs of Theorems
4.2, 4.3 and 4.4 to the setting (27). In fact, arguing as in the (o, p)-eigenpair case,
we can consider the mapping F' : K7 — K9 defined as in (16) but where, for each
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i=1,...,d, the tensor coeflicients in 7,, may differ

~ ) -1

Fug(@) = (T, (o))" .
It is straightforward to verify that F is still multihomogeneous and that its eigen-
vectors are in bijection with the solutions to (27). Thus, replacing the contractility
coefficients x4 (T) with rs(T0)), transferring the appropriate irreducibility properties
of T to the different TU), j = 1,...,d, and replacing 7(P)(T) with the largest ab-
solute value of a solution A to (27), Theorems 4.2, 4.3 and 4.4 apply directly to the
generalized tensor eigenvalue problem (27).

Remark 4.9. (Proof of Propositions 2.1 and 2.3) Note that the proofs of Proposi-
tions 2.1 and 2.3 in the introduction now follow straightforwardly. In fact, in the case
of Proposition 2.1, we have

—c||6({i1502,i3}) =8 ({4} b 4%
Tl 30 iz, i)y gy = € N0 i =0T T3 Dz
and the spectral problem of interest is defined in terms of o = {{1,2,3}}, d =1, and
p =p € R. Thus, A is actually a number and p(A) = 2/|p—1|. The statement follows
directly from Corollary 4.6.
Similarly, for the case of Proposition 2.3, we have

. —a/e
T = max Kigr ™7 _ e/,
ik Kiyji — e Ple
Z'/’j/) ’

as a < Cyi < B by assumption. Thus, if we let 7;: RN x RM2 x RNs — RV be
defined as in (1) with Tj;x replaced by K;jk, then the system of equation in (10) can
be recasted as

diag(a) ' Ti(z1, 2, 3) = y19b0(21)
(28) diag(b) ' Ta(z1, 2, T3) = Y21b0(x2) with v =% =79 =1
diag(c) ' T3(x1, @2, 23) = Y310 (23)

It is proved in [23, Proposition 4.2.4] that the constraint «; = 1 can be relaxed in the
sense that for every solution (x1, s, ®3) to (28) with 7; > 0 arbitrary, there exists a
rescaling oy, ag, az > 0 so that (ay@1, as®a, asxs) solves (10). Therefore, it is enough
to solve the above system of equations for the more general case 71, v2,v3 > 0. Finally,
by Remark 4.8 and Corollary 4.6, we know that desired result holds whenever

1 0 -1 -1
T < A -1 with A= ’ -1 0 -1 ‘
-1 -1 0

Since p(A) =2 and 7 < 3 by assumption, the result follows.
In the following, unless stated otherwise, we will always assume that p € (1, 00).

5. Tensor norms and spectral problems. In this section, we study a number
of relations between the critical points of the Rayleigh quotient ® in (12) and the
(o, p)-eigenpairs of T. The goal of this discussion is twofold. First, it gives an
optimization perspective on (o, p)-eigenpairs, and second, it explains how to use our
main results, in particular Theorem 4.3, for the computation of ||T||( ). Recall that
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here and throughout the manuscript, we denote by V; fr(z[®]) € R™ the gradient of
the map x; — fr(xl]).

In a first step, we prove in Lemma 5.1 how to construct a o-symmetric tensor S €
RN1xXNm g0 that fr(zl°l) = fs(x!?]) and V, fr(zl) = 1S, (x!°]) for every = €
R™ x - - -xR", where S(z) = V fs(z) for every z € RM x...xRNm . This construction
has practical relevance, as it allows for a simple implementation of V; fT(:c["]) and
it shows that partial symmetry is relevant when computing the critical points of
®. Furthermore, as fr = fg, we note that S can be used in place of T in the
definition of ®, without changing the optimization problem. In particular, we have
1Tl (p) = 15]l(op)-

In a second step, we prove in Lemma 5.2 that the (o, p)-eigenvector and (o, p)-
eigenvalues of the o-symmetric tensor S are precisely the critical points, respectively,
values, of ®. In particular, this means that [|S||(, ») = r{P)(S) and thus, if S satisfies
the assumptions of Theorem 4.3, the power method converges to a global maximizer
wof ® and fr(ull) = ||T|/(.p)-

Finally, in Lemma 5.3 we discuss cases where ||T||(¢,p) = ||T'[|(&,p) for different
shape partitions o, 7.

LEMMA 5.1. Let o = {0;}%_, be a shape partition of T € RN X *Nm - Fori € [d],
let &; be the permutation group of oi, and define S € RM X >XNm g

29 = g E
( ) ]17 SJm ;! Jfr1(51)7 Jmy (sg—1)5 ﬂd(ed)’ ”d(*d+1—1)

i=1 T €S,

for all ji, € [Ny, k € [m]. Then, we have fr(x!®)) = fs(x(@) for all . Purthermore,
S is o-symmetric and, with S = V fs, it holds that V; fr(zl°)) = 1,8, (x!)) for all
x and i € [d].

Proof. For & € R™ x --- x R, let Z € RN1XXNm e the tensor defined as
Zjtreoim = Tji e jm Hieja) Hieo, @i, for all ji,... jm. We have

fs@ =3 >0 D0 Zivjn

i€[d) t€oi ji€n;]

= E : E E E E :"7j5a71sjwa(sa)7"'sa.j7(a(sa+1,1)s.jsa+1:"'7jm

i€[d) t€o; ji€[n;] a€ld Ta €6,

- Z Z Z Sjl ----- im Tl Td g, = fs (:B[U]) .

i€[d] t€oi ji€n;]

To conclude, note that, as S is partially symmetric with respect to o;, equation (4)
in [36] implies v;S;(x!?)) = V, fg(x!?)) = V, fr(z[7)). 0

Now, we show that the converse of Lemma 5.1 is also true.

LEMMA 5.2. Let o = {0;}%_, be a shape partition of T € RN>*Nm gnd p €
(1,00)¢. If T is o-symmetric, then the (o, p)-eigenvectors of T are critical points
of the Rayleigh quotient ® defined in (12). Furthermore, it holds that ||T'|(5py =
r(@P)(T).

Proof. As T is symmetric with respect to o; for i € [d], we have S = T, where
S is as in (29). Thus Lemma 5.1 implies that V; fr(x!!) = v, T, (zl°]) for every i.
Hence, if ¢ € K7 satisfies Ty, (z(°) = Mp,, (x;) for all 4, then we have V; fr(z!e)) =
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v\, () for every i, i.e., x is a critical point of ®. Finally, note that A is the critical
value associated to « since fr(xl9) = (75 (x9]), ;) = Al|zil[5 = A, as fr(z) is linear

i

in z,,. Therefore, we have ||T)| (4 p) = (7P (T). d

Finally, we show below that if o = {0;}¢ |, & = {6,}L, are shape partitions of
T, o C o and T is partially symmetric with respect to &, then the corresponding
tensor norms coincide for suitable choices of the p;,p;. This result is essentially a
corollary of Theorem 1 in [4].

LEMMA 5.3. Let o = {0}l ,, ¢ = {61'}?:1 be two shape partitions of T €
RN1XXNm - [f o £ 6 and p € (1,00)%, p € (1,00)¢ are such that p; = p; whenever
o; C 5. Then we have ||T|[(p) = [Tl (5.3)-

Proof. If o = &, there is nothing to prove, so let us assume o # &. Clearly, we
have || T'||(o.p) > | T']|(&,5)- We prove the reverse inequality. First, note that by Lemma
5.1, by substituting 7" with S if necessary, we may assume without loss of generality
that T is &-symmetric. Now, let (x7,...,x}) be such that ||}, =1 for all ¢ € [d]
and || T (o.p) = fr((x*)1)). As 0 C & and o # &, there exists i,j € [d],k € [d] such
that ¢ < j, 0y C 0%, and o; C 3. Then p; = p; by assumption and we have

b

* * * * * #\ o]
fr ((331, e T T Xy By, L Xy ,a:d) )
IT|(o,py = max 7
@i, 70 [3llp: ll2511;
where v; = |o;| and v; = |o;|. Now, as T is partially symmetric with respect to &y,
Theorem 1 in [4] implies that there exists (y7,...,y}) with ||lyf|l,, = 1,1 € [d] such
that ||T]|(s.p) = fr((y")l?)) and y; = y;. Continuing this argument for every i, j €
[d], k € [d] as above, we deduce that there exists (25, . .., z%) with ||z}, = 1,1 € [d],
I7)l(o.p) = fr((z*)®)) and the following property: For every i, j € [d] such that there
exists k € [CZ] with o; C 6) and o C Gy, it holds that 27 = 2. It follows that there
exists o and zZ € Ki,o such that ZI°) = z*. Hence, we have

e = fr (&0) = £ ((57) ") = 4 () < ITla0

which concludes the proof. 0

vy
Pi

6. The multihomogeneous setting. One of the keys of our Perron—Frobenius
theorem is the use of the multihomogeneous map F(?P) defined in (16). In the
matrix case M € R™*™ we know that the eigenvectors of M are fixed points of the
homogeneous map x — M in the projective space of R™, that is, if Mx = A=z
for some x with ||z| = 1, then g(x) = =z, where g(z) = Mz/|Mz||. We extend
this observation to the tensor setting by means of F(P?). Precisely, we prove in
Lemma 6.1 that the (o, p)-eigenvectors of T are exactly the fixed points of F(7P) in
the product of projective spaces corresponding to R™ x --. x R™. This observation
is useful as, for nonnegative tensors T, the mapping F(?P) is order-preserving and
multihomogeneous and thus we can apply the nonlinear Perron-Frobenius theorem
discussed in [27] to derive conditions on the dominant (o, p)-eigenpair of nonnegative
tensors. In particular, the spectral radius of F(?P) is strictly related to the (o,p)-
spectral radius of T and the irreducibility conditions of F(?"P) transfer to 7.

Let us first review two important properties of F(7P) together with some use-
ful related notation borrowed from [27]. The proof of these properties follows by a
straightforward computation and is omitted for brevity.
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Assume that T is a nonnegative tensor, o a shape partition of T, and p =
(p1,-..,pa) > 1. Then the following hold:
1. F(@:P) is order-preserving, that is,

T <ky — F(”’p)(:c) <k F("’p)(y) Ve,y e KT,

where, for z,y € K9, we write x <x y if y — x € K. This partial ordering
notation is particularly useful and throughout we also write  <x y and = <x y if
y—xc K7\ {0} and y — z € KT, respectively.

2. F(@P) is multihomogeneous with homogeneity matrix A = A(o,p), where
A(o,p) is defined in (17). In particular, for any € K7 and any 6 € R% it holds
that

F(mp)(g ®x) = 04 © Flop) (),

where 8 ® & = (121, ... ,0424) and 87 is the vector with entries (04); = H?:l 9;4”

A vector x is an eigenvector of F(“P) with (vector-valued) eigenvalue 8 € R?
if F(oP)(z) = @ ® x. The following lemma establishes the correspondence between
the nonnegative eigenvectors and eigenvalues of F(°P) and the nonnegative (o, p)-
eigenvectors and (o, p)-eigenvalues of T'.

LEMMA 6.1. Let © € K ; then the following two statements are equivalent:

(a) (Hw“f‘llm e qudfﬁpd) is a (o, p)-eigenvector of T.

(b) There ezists @ € RL such that F(7P)(z) = 0 @ z.

Furthermore, suppose that ||@;||p, = 1; then we have the following:

(c) If FloP)(x) = @ @ x, there exists A\ € Ry such that 0; = Xi~ for all i € [d] and
(M x) is a (o, p)-eigenpair of T. R

(d) If X > 0 is such that (\,z) is a (o, p)-eigenpair of T, then F\P)(z) = A@ x
with A\; = \Pi~1 for all i € [d].
Proof. Let v; = |o;| for all i € [d]. First assume that & = (waﬁm Yoy ijﬁpd)

is a (o, p)-eigenvector of T, then there exists A > 0 such that for every i € [d], it
holds that

d
Nl [, (@) = Ny, @) = To, (817) = (il [T N2l | 7o (211)
j=1

By rearranging the above equation and composing it by ,, we get

pi—1

d
Fi(mp) (@) = ¥y (7; (x[a]>> = | Al H [EZ] T; = 0; z;
j=1

and thus (a) implies (b). In particular, note that if ||a;
follows from the above equation.
Now suppose that there exists 8 € ]Ri such that F(@-P) () = 6 ®  and set

24 ) Then, we have F(®P)(&) = @ ® &, where 0 is defined as

L1 d
@l > Nleallpy /-

0; = 0;||x; 5%(]_[?:1 ||a:jH;jV")p"'71 for all 7 € [d]. Hence, we get

p. = 1 for all i € [d], then (d)

B =

T., (5;[01) =y, (F;‘W)(:E)) =Py, () Vield)
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To conclude, we prove that there exists A > 0 such that §7* " = X for all 4 € [d]. This
follows from the fact that 75, (2!71) = 7'y, (&;) as it implies that

pi _ ppi—1
i 01

fr (35) = (&0, T, (2177) ) = 80 (@0, (20)) = 00 @

Finally, if ||a]|,, = 1 for all i and A = f7 (&), we have §; = 6; = \?i~! for all i € [d],
which proves (c). O

We can now show the connection between the spectral radius of the order-
preserving multihomogeneous mapping F( P) and the (o, p)-spectral radius of the

tensor T'. To this end, let us denote by S 7P) the product of p;-spheres in K9, i.e.,

Sg_a P) = {x e KT p. = 1, i € [d]}. The spectral radius of F(7P) is defined as
(see
[27, section 4])

(F< m)) _Sup{Heb

where we recall that b € R? is the unique positive eigenvector of AT such that
Z?Zl b; = 1. We relate rp(F(@P)) and r(P)(T) in the following.

P) () = 0 @ x for somewESSf"p)}7

LEMMA 6.2. Let (A, x) € Ry x Sfm) be a (o,p)-eigenpair of T such that /\ =

r(@P)N(T), and let (0,y) € R x Sf’p) be such that F\7P)(y) = 0 @y with HZ 10 =
ro(F(7P)). Then

y—1 b;
(30) rlo.p) (T)=mrp (F(U’p)) ,  where = M .
> i biy — 1
Proof. Let ' = Z?Zl bip}; then 7 > minj (g p; Z?Zl b; = minje[g p;» > 1, and
thus v = 7 € (1,00) and (y = 1)(7’ — 1) = 1. Now, Lemma 6.1(d) implies that
FP)(z) =A@ x with \; = APi~1: hence we have

d

d
(31) r(o:p) (T)v’fl N H A\bilpi—1) — H )\fw <7 (F(a,p)) )

i=1 i=1

On the other hand, by Lemma 6.1(c) we know that there exists 6 € Ry such that
0; = 67~ for all i € [d] and 6 is a (o, p)-eigenvalue of T. Hence, we have

(32) o (F(G,p)) Hgb Hgb iPi=1) = gv'=1 < plop) () =1, |

=1

7. Classes of nonnegative tensors. We discuss here the different classes of
nonnegative tensors given in Definition 3.3. We propose characterizations in terms
of graphs for each of them and explain how they relate to a number of structural
properties of the corresponding multihomogeneous mapping F(@P). To this end,
we first introduce the o-graph of a nonnegative tensor T and discuss some of its
properties. Then, we analyze each of the nonnegative tensor classes in a separate
subsection, we show how they are relate with each other, and we conclude with the
proof of Theorem 4.1.
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7.1. o-graphs of nonnegative tensors. We propose a definition of graph as-
sociated to a nonnegative tensor and with respect to one of its shape partitions. We
call this graph the o-graph of T" and denote it G7(T"). Simply put, the set of nodes of
G°(T') is Z° and there is an edge from (k,l) to (i,t;), if the variable z; ;, effectively
appears in the expression of Ty, ;, (z!°]). Formally, we have the following.

DEFINITION 7.1 (o-graph of a nonnegative tensor). Let o = {0;}%_, be a shape
partition of T € RYV"*Nm  The a-graph of T is the directed graph G°(T) =
(Z°,£°(T)) defined as follows: The set of nodes is I° = UL {i} x [n;] and there
is an edge ((k,lx), (i,t;)) € E7(T) C % x I if one of the following condition holds:

o (k,lx) # (i,t;) and there exists ji,...,Jm such that Tj, . ;. >0, js, = li
and t; € {jo | a € 0;}.

o (k,lx) = (i,t;) and there exists ji,...,Jm such that Tj ;. >0, js. =l
and t; € {jo | a € o\ {si}}

Note that in the cases d = 1 and d = m, G(T) coincides with the graphs
associated to T introduced in sections 4 and 1 of [22], respectively. Furthermore, when
d =2, G°(T) coincides with the graph associated to T introduced in section 4 of [38].
In particular, if M € R™*" is a square matrix, then the shape partitions of M are
o ={{1,2}} and & = {{1},{2}}, and G7 (M) is the graph with n nodes and adjacency
matrix M, whereas G (M) is the bipartite graph with 2n nodes and adjacency matrix
[ 0 MT ] In the next example we illustrate the three graphs associated with a square

M 0
tensor of order 3.

Ezample 7.2. Let T € R3*3%3 be defined as
TQ,Q’l = T37271 = T17371 = T27272 = T17173 =1 and T%JJC =0 otherwise.

2

Furthermore, let o', a2, 0 be the shape partitions of T, namely,

(33) ol = {{17273}}7 o’ = {{1}7{273}}7 and o’ = {{1}7{2}7{3}}

The following three o-graphs can be associated to T

{1,2,3}

g7 (T)

In the following lemma we show that the o-graph of a nonnegative tensor T
coincides with the graph of the corresponding multihomogeneous mapping F(7P),
Moreover, we prove that the Jacobian of the map is always an adjacency matrix
for such a graph. To this end, we first recall from [27] the definition of graph of a
multihomogeneous map.

DEFINITION 7.3 (graph of a multihomogeneous mapping). The graph G(F) of
an order-preserving multihomogeneous mapping F: K7 — K is the pair G(F) =
(I°,E(F)), where I is the set of nodes and an edge ((k,ly), (i,7;)) € E(F) exists
if and only if im,_oc Fiy, (€99 (2)) = oo, where e®): Ry — KT is defined as
(e9)(2))ig; = 2 and (€49 (2))y,0, =1 for all (n,t;) € T7 \ {(i, 5i) }-



30 A. GAUTIER, F. TUDISCO, AND M. HEIN

LEMMA 7.4. Let G°(T) = (Z°,£°(T)) be the o-graph of T and G(F(“P)) =
(Z%,E(F(@P))) be the graph of F\7P) as multihomogeneous mapping. Then, for every
(k,lx), (1,t;) € I?, the following are equivalent:

(i) ((k, 1), (i,t:)) € E7(T).
(i) For allz € KT, %F,ﬁik”)(m) exists and it holds that ax‘?ti Flgi;f’)(m) > 0.

Proof. (1)=(ii) If ((k,lk), (i,;)) € E7(T), there exist indexes ji, ..., jm such that
Ty ojm >0, 4o, =l and t; € g;, where g; = {jq | @ € o;} if (k,lx) # (4,t;) and
G =1{Jala€oi\{si}}if (k,lx) = (i,t;). Then, for & € K7, we have

o o1\ \Pe 1 o pi—1
FP @) = (T (@) 2 (Tin€7) @) >0

d
: (o)
with £j1:~~7j7n (.’IJ) = H H Lt jy H Lk,j; -
I=1,l#k t€o; tETk, t#£Sk

It follows that aftv F,gz;p)(a:) exists since x — Ts, 1, (2[°1) is a polynomial, and for

all @ > 0, z — z¢ is differentiable at z > 0. It holds that
9] o\ \Px 2 0 -
3 5B @) = =) (T (=) 5T (=)

> 0= 1) (T (#)) Do g€ )

It holds that 6ac?,t» J(T)Jn () > 0 since t; € g; and « € K7 Hence, Ow{itt F,gf;;p) (x)
> 0.

(ii)=(iii) Let = > 0; then e(**)(z) € K7, so that -2 F,E;;p)(e(i’ti)(z)) > 0.

Bxi,ti

The equality in (34) implies that

_ (o] ; )
o< gt () < e = (600)°)

It follows that f is a nonconstant polynomial in z with nonnegative coefficients and
thus lim,_, o f(2) = co. As Féi;")(e(i’“)(z)) = f(2)P*~! and p,, —1 > 0 we have
((k7 lk)v (iv tl)) € E(F(a’p))'

(iii)=(i) We prove that if (i) does not hold, then (iii) does not hold either. Indeed,
if ((k,lk),(i,t;)) ¢ E7(T), then by construction of e("!)(z), with j,, = l; we have

F,gi;p)(e(i,ti)(z)) = (Zyil,l#k Zj\;lzl Tjh,__,jm)p"'_l. As this expression is bounded
and constant in z, (iii) cannot hold. |

7.2. o-strict nonnegativity. The o-strict nonnegativity condition for a non-
negative tensor corresponds to the requirement that the associated multihomogeneous
map F(@P) is positive, i.e., F(7P)(x) € K9, for every € K7 This is shown by the
following.

LEMMA 7.5. The following are equivalent:

(i) T is o-strictly nonnegative.
(i) Fl@P)(z) € KT, for every x € KT .
(ili) FoP(1) € KT, .



NONLINEAR PERRON-FROBENIUS THEOREMS FOR NONNEGATIVE TENSORS 31

(iv) For every (i,1;) € I7, there exists j1,...,Jm with Tj, ;. >0 and js, =1;.

Proof. (i) = (ii) Letting (i,/;) € 7% and = € K7, we show that F(a’p) > 0.
As T is o-strictly nonnegative, there exists (k,ji) € Z% such that the matrlx M of
Definition 3.3 satisfies M(; 1,) (x,j,) > 0. Lemma 7.4 then implies a T s ( ) >0

and so

FZ(‘IT p)( ) = (Tehli (az[o']))P;—l _ (Ijlk i azil - (w[6]> xk,lk)&-—l .
=1 YTk

where we have used Euler’s theorem for homogeneous functions in the second equality.
(ii) = (iii) is obvious.
(iii) = (iv). Let (i,l;) € Z9, then 0 < F( ’p)( 1). The claim follows from

F’L(l ( ) (Zt 1 t;és7 Z;Y;l le 77777 jm)pl ’ Where jSi = l’L

(iv) = (i). Let (i,1;) € Z%. There exists ji,...,jm such that T}, ;> 0 and
Js; = i M d > 1, then ((4,1;), (k,js,)) € E7(T) for k # i, and if d = 1, then i = 1
and ((i,1;), (k,j2)) € E7(T). In either cases, the (i,1;)th row of M has at least one
positive entry, which concludes the proof. 0

Note that a direct consequence of Lemma 7.5(iv) implies that the o-strict non-
negativity property is preserved by the shape partitions’ partial ordering of Definition
3.4. We state this observation in the next lemma, whose straightforward proof is
omitted for brevity.

LEMMA 7.6. Let o0 = {0;}4,, 6 = {5i}§:1 be shape partitions of T such that
o Co. IfT is o-strictly nonnegative, then it is o-strictly nonnegative.

Before concluding this subsection we want to stress that o-strict nonnegativity is
a very mild condition as it still allows T" to be very sparse. This is illustrated by the
following.

Ezample 7.7. Let T € R"™* ™ be an mth order tensor so that Tj, . ; > 0 if
and only if j; = --- = j,,. Then, for any shape partition o = {o;}¢_, of T, F(o-P)
satisfies F(7P)(x) € K7, for every & € K7,. Note that this tensor has n positive
entries and n"* — n zero entries.

7.3. o-weak irreducibility. Lemmas 7.4 and 7.5 imply that if T' is o-weakly
irreducible, then T is o-strictly nonnegative. Furthermore, Lemma 7.4 implies that T
is o-weakly irreducible if and only if G7(T) is strongly connected. The lemma below
shows that when T is partially symmetric with respect to o, G°(T) is undirected
and, as for o-strict nonnegativity, o-weak irreducibility is preserved by the shape
partitions’ partial order.

LEMMA 7.8. Let o = {0;}L,, 6 = {5:}L, be shape partitions of T. Then
1. if T is o-symmetric G (T) is undirected, and
2. ifo C o, T is a-symmetric, and T is o-weakly irreducible, then T is o -weakly
trreducible.

Proof. Let o = {o;}{_; and let (k,l), (i,t;) € I% be such that ((k,lx), (i,t;)) €
E2(T). If (k,lx) = (i,t;), then clearly ((i,ti)7(k‘,lk)) € &9(T). It (k1) # (i,t;),
there exists ji,...,Jm with Tj, ;. > 0, js, = lp, and t; € {jo | @ € 0;}. Let
st € o; be such that t; = Js;- As T is partially symmetric with respect to o;, we
have Ty, i =Ty, 4, > 0, where jgi = Jsts j;; = js;, and ji = j, otherwise. In
particular, this implies that ((,¢;), ((k,1x)) € £7(T) and thus G7(T) is undirected.
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Now, assume that T is o-weakly irreducible and let & = {5;}¢; be a shape
partition of 7' such that ¢ C &. Let 0 # V!, V2 C Z% be such that V1 N V2 = ()
and V1 U V2 = 79, We show that there is an edge between V1 and V2 in order to
conclude that 7' is 6-weakly irreducible. As o C &, there exists g: [d] — [d] such that
0; C Gy for all i € [d]. For k=1,2, 4 € [d], and j € [d] let V¥ = {t; | (i,t;) € VF}
and V¥ = f/gk(j). Furthermore, set V¥ = U%_, {j} x V} for k = 1,2. Then V', V2 forms
a partitioning of Z¢ into nonempty disjoints subsets. As G7(T') is strongly connected,
there exists (k, ;) € V! and (i,t;) € V2 such that ((k, ), (i,;)) € £7(T). We claim
that ((g(k), ), (g(i),t;)) € E7(T), as (g(k),lx) € V' and (g(4),t;) € V?; this will
conclude the proof. Let §; = min{a | a € 6;} for i € [d]. There exists j1,..., Jm such
that T, ;.. > 0, js, = l and either (k,l;) = (i,t;) and t; € {jo | a € 03 \ {s:}}
or (k,lx) # (i,t;) and t; € {jo | @ € 0;}. In either case, one can use &-symmetry

of T' and rearrange the ji,...,jn into J1s--+»Jp SO that Lit.oviity = Titseojm > 0,
]ég(m = Jsrs Jop = Joy» a0d Jo = jo for all a € [m] \ {s, Syx)}. In particular this
implies our claim and the proof is done. ]

Note that the o-symmetry assumption is essential in order to have property 2 of
Lemma 7.8. In fact, for instance, if o', 02,03 are defined as in (33), then the tensor
of Example 7.2 is o-weakly irreducible for i = 1,3 but is not o?-weakly irreducible.
In fact, already for the case of 3 x 3 x 3 tensors, for any ©Q C {1,2,3} one can find
a tensor which is o’-weakly irreducible for i € Q and not o’-weakly irreducible for
i € {1,2,3} \ Q. We prove the latter statement in the following remark, where we
exhibit 3 x 3 x 3 tensors with binary entries which are o’-weakly irreducible for i € Q
and not a’-weakly irreducible for i € {1,2,3}\ Q, for all Q C {1,2,3}. As {1,2,3}
has eight different subsets €2, for the sake of brevity, we simply list all entries of these
tensors in reverse lexicographic order as a binary string of length 27. So, for instance,
the tensor T' of Example 7.2 can be compactly written as

T1,1,1 T2,1,1 T3,1,1 T1,2,1 T2,2,1 73,2,1 T1,3,1 ... ... ... T1,1,3 ... 73,33

S R 1 1
(35) T=0 0 0 0 1 1 100000010000100000000

Remark 7.9. Let o',0%, 03 be as in (33). For every ¢1,¢e2,e3 € {0, 1} there exists
a tensor T(1e2:58) € {0,1}3%3%3 such that for i = 1,2,3, T(15253) is g'-weakly
irreducible if ; = 1 and T(152¢3) is not o’-weakly irreducible if ¢; = 0. Precisely,
with the notation introduced in (35) we have

7(0:0:0) = 000000000000000000000000000, 7(+:9:0) =(11100100000000000000000000,
7(0:1,0) =111010100000000000000000000, 7*1:0) =111100100000000000000000000,
7(0,0.1) =(01010100000010000100000000, 791 =000011100000010000100000000,
7(0:1.1) =(01010100010000000100000000, 7*-1:1) =111100100100000000100000000.

All the tensors given above are not o‘-strongly irreducible for i = 1,2, 3.

7.4. o-strong irreducibility. We characterize o-strong irreducibility and dis-
cuss its connection with F(?°P). In particular, we prove that T is o-strongly irreducible
if and only if for every x° € K9 o, there exists an integer N such that zV ¢ K.,
where x#+1 = ¥ + F(@P)(2F) for k = 0,1,..., N. Note that this is conceptually ana-
logous to the well-known property of nonnegative matrices @ € R"*" for which there
exists an integer N < n such that (I + Q)¥ is positive. This property implies that
every nonnegative (o, p)-eigenvector of T is strictly positive. Indeed, the following
lemma holds.
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LEMMA 7.10. Suppose that for every x° € Ko \ K9, there exists N such that
xN ¢ K<, , where k! = b + F@P) (k) for k= 0,1,.... Then, for every (8, ) €
R x K o such that F@P)(z) =0 @z, we have z € KT

Proof. If © € K7, there is nothing to prove so let us assume that = ¢ K9,.
Set ° = x and let N be such that =V € K9,. Note that for every k we have
zk = 6 @z, where 8% € R? ., is given by 6@ =1 and 6UFD = 60 4 (60400
for all j = 0,1,.... In particular s e R‘Lr and so 6N @ x = 2V € K9, implies
that = € K9, , which concludes the proof. 0

The lemma below gives several equivalent characterizations of o-strong
irreducibility.

LEMMA 7.11. The following statements are equivalent:

(i) T is o-strongly irreducible.

(ii) For every® £V C I such thatV; = {l; € [n;] | (i,1;) € V'} # [ny] for alli € [d],
the following holds: There exists k € [d] and j1,. .., jm such that Tj, . ;. >0,
Jsi € Vi, Ji € [ne] \ Vie, t € o1 \ {5}, and ji € [ni] \ Vi, t € 04,0 € [d] \ {k}.

(i) There exists N < ny+---+nqg—d such that for allj = (j1,...,jq) € [n1]x - %
[ndl, it holds that e} € KT, where e?“ = e;? + G(")(e;?), G KT - K9
is given by G0 (z) = (To, (z19)), ..., Tz, (2lN)) and (eg)mk =1i4flx = ji,
(€)k.1, = 0 else.

(iv) For every x° € KT o, there exists a positive integer Ny such that zN= € K7,
where Ft1 = xF + F@P) (k) and k = 0,1,2.. ..

(v) Q(FP)(2)) 2 Q(z) for every z € K o\ K, where, for every © € K7,
Q(x) ={(i,ji) €27 | @iy, =0}

Proof. Note that the equivalence (i)<(v) is direct. We show the other implica-
tions by a circular argument, i.e., (ii)= --- =(v)=(ii).

(ii) = (iii) Let z € K7 5 \ K and let Q(-) be defined as in (v). Let V = Q(2);
then V # 0 and V; = {j; | zi,j, = 0} # [n,] for all ¢ € [d]. Now, there exists k € [d]
and ji,...,Jm such that T, >0, js, € Vi, j¢ € [ng] \ Vi, t € o \ {sx}, and
Jjr € il \ Vi, t € g;,1 € [d] \ {k}. It follows that

d
Gl(;])% (Z) = 7-Sk7jsk (Z[a-}> 2T, jm H Zk,j H H Zi,j, > 0,

tEok, t#£Sk i=1,i#k t€o;

and so (k,7s,) € Q(2) \ Q(G(@)(2191)). This shows that |Q(2)| > |Q(z + G(?)(zl]))]
for all z € K7 o\ K. It follows that for all § € [n1] x --- X [ng], we have [Q(ef)| >
|Q(e’;+1)| for all k£ such that |Q(e’;)| > 0. Finally, note that if e* € K7, then
e+l e K7, foralll > 0and |Q(e)] < ni+---+nq—d, so that [Q(e* T~ =0
for all j € [n1] X -+ X [ng], which concludes this part.

(iii)=(iv) Let 2 € K9\ K7,; then there exists j € [n1] X -+ x [ng] and
60 ¢ R?, such that 60w ej < x. We prove by induction that for every k there
exists 6 e REZH_ such that 6 ® e? < xF. The case k = 0 is discussed above, so
suppose it is true for a k > 0 and let o) ¢ REIH_ be such that 6% @ e;? < xF. Set

s = min { (69 (0 )™ | g € fnd and &) ((h))) > o} vi € [d]
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and let 5i(k+1) = min{él(k),(((s(k))‘q)iozi} > 0 for i € [d]. Then, as F(®P) is order-
preserving, we have

50D e§+1 < 6W g e;g + (a ° (5(k))A) ® G@) ((e’;)[a])

<k 0W @ ek + Flop) (5(k) ® e?) <k x¥ + F@P) (zF) = gh*!,

This concludes our induction proof. In particular, we have 0 <y oM e;-v < ! for
all N > ny + -+ 4+ ng, which shows the claim.

(iv)=(v) We show that if (v) does not hold, then (iv) does not hold either.
Note that for x,y € KT g, if Q(z) = Q(y), then there exists o, 3 € R(Lr such that
a®y <k x <x B ®y, which implies that Q(F(“P)(z)) = Q(F(P)(y)) as we then
have a? @ F@P)(y) <x F@P)(z) < B @ F@P)(y). Now, suppose that there
exists 20 € K1 o with () # Q(z°) € Q(F(@P)(x°)). Then, we have

Qa') = Q (2°+ Fe? (%)) = Q") NQ (F“”P) (")) = Q).
Using induction and the arguments above, if Q(wk) ) for k > 0, then
Q") =@ (F«? (a4)) nQ (F("’p) ) NQ (z¥) = Q (2°).

Hence, Q( ) = () for every k > 0 and thus (iv) cannot be satisfied.

(v)=(i) Let ® # V C Z7 be such that V; = {j; | (¢,7:) € V} # [n] for all 7.
Define z € Ky as z; 5, = 01if (4,5;) € V and z; 5, = 1 else. Then z € K  as V; # [n]
for all 4, and z ¢ K7, as V # (). Now, we have Q(F“P)(z)) ¢ Q(z) and so there
exists (k,l;) € Z9 such that F,if;l;p) (z) > 0 and z,, =0. F,gj};p)(z) > 0 implies the
existence of ji, ..., Jm such that

d
le,,..,jm H Zk,j, H H Zi j, > 0.

tEok, t#£sy i=1,i#£k t€o;

Hence, we have Ty . ;. > 0 and 25 > 0 for all t € 0;,7 # k, and 2 > 0,
t € o\ {sx}. As (k lg) € V and z;;, > 0 implies (i,5;) ¢ V, this concludes

the proof. 0

Let us point out that the second characterization in the above lemma reduces to
the definition of irreducibility introduced for the cases d = 1 and d = m in [11] and
[22], respectively. Furthermore, the third characterization is particularly relevant as it
allows us to introduce a simple algorithm for checking o-irreducibility. In particular,
observe that, when d = 1, such characterization reduces to Theorem 5.2 of [58].

Finally, with the next lemma we prove that, as for o-strict nonnegativity and o-
weak irreducibility, for o-symmetric and nonnegative tensors, o-strong irreducibility
is preserved by the partial order on shape partitions.

LEMMA 7.12. Let o, & be shape partitions of T. If T is o-symmetric, o-strongly
irreducible, and o C &, then T is o-strongly irreducible.

Proof. By Lemma 7.11, we may assume without loss of generality that p; = p; = 2
for all i € [d],j € [d]. Now, there exists & such that z[® € K7 for all z € K7. Let
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x’ € K7\ K9, and, for k € N, define 2**! = ¥ + F(@P) (k). We show that
X € K7, for some K > 0 so that the claim follows from Lemma 7.11. Define
20 = (")l € K7, and 2! = 2% + F(@P)(2F) for k € N. As T is &-symmetric,
we have z¥ = (2*)[?] for all k. Lemma 7.11 implies the existence of K > 0 such that

K e K9, and thus xk e lCiJr, which conclude the proof. ]

As for the case of o-weak irreducibility, we show in the following remark that
o-symmetry is an essential requirement for the above lemma.

Remark 7.13. Let o',02,03 be as in (33). For every e1,e2,e3 € {0,1}, there
exists a tensor T(°1:52:¢3) ¢ [0, 1}3%3%3 guch that for i = 1,2,3, T(15253) ig g'-
strongly irreducible if ¢; = 1 and T(¢152¢3) is not o'-strongly irreducible if ¢; = 0.
Precisely, with the notation of (35) we have

7(0:0:0) =111100100100000000100000000, 7(+:9:0) =111000000000100000000000100,
7(0:1.0) =100010100111000000111000000, 7*1:0) =111100100100100000100000100,
7(0:0,1) =110011011100000000100000000, 7101 =(011111111000100000000000100,
7(0:1.1) =100100100111000000111000000, 711 =110011011100100000100000100.

All the tensors given above are o’-weakly irreducible for i = 1,2, 3.

Furthermore, in the case d = 2, it follows from Theorem 2.4 in [63] that if T
is irreducible in the sense of Definition 1 in [13], then T is o-strongly irreducible.
However, the converse is not true. For example, the tensor T(%1:0) of Remark 7.13
is o2-strongly irreducible, but, with = ((1,0,0)",(0,1,0)"), we have 'T(:c[”2]) =
((0,0,0)T,(1,0,0) ") and so, by Lemma 2 in [13], T cannot be irreducible in the sense
of Definition 1 of [13].

7.5. Proof of Theorem 4.1. Note that points (iv) and (v) of Theorem 4.1
follow immediately from Lemmas 7.8 and 7.12, respectively. Thus, we only need
to prove that o-strong irreducibility implies o-weak irreducibility and that o-weak
irreducibility implies o-strict nonnegativity. This is addressed by the following lemma.

For completeness, let us remark that in the particular cases d = 1 and d = m,
it is known that (strong) irreducibility implies weak irreducibility (see Lemma 3.1 in
[22]). Furthermore, still for the particular cases d = 1 and d = m, it was proved in
Proposition 8(b) of [24] and Corollary 2.1 of [33] that weak irreducibility implies strict
nonnegativity. All these results are particular cases of the following.

LeEMMA 7.14. If T is o-strongly irreducible, then it is o-weakly irreducible. If T
is o-weakly irreducible, then it is o-strictly nonnegative.

Proof. The case d = 1 follows from Corollary 2.1 of [33] and Lemma 3.1 of [22].
Now, suppose d > 1. Let M be as in definition (3.3). If M is irreducible, then M
has at least one nonzero entry per row, and thus if T is o-weakly irreducible, then T’

o-strictly nonnegative. Now, suppose that T' is o-strongly irreducible and let us
show that T is o-weakly irreducible. To this end, we first show that T is o-strictly
nonnegative. Suppose by contradiction that it is not the case. By Lemma 7.5, there
exists € € K7, and (k,l;) € Z7 such that F,gc;’p)( ) = 0. Let z € KT , be defined
as z; j, = ¢ , for all (¢,7;) € 7\ {(k, )} and 2z 1 = 0. Then, as z <;¢ x, we have

Flgl P)(z) < F9 p)( ) = 0, which contradicts Lemma 7.11(v).

Now to show that T is o-weakly irreducible, we show that for every nonempty
subsets Vl,V2 C 7I° with VINV2 =0 and V1 U V2 = Z° there exists (k,l}) € V!
and (i,t;) € V2 such that ((k,l), (i,t;)) € E7(T). So let V!, V? be such a partition
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of Z% and set V/ = {t; € [n;] | (i,t;) € V7} for i € [d], j = 1,2. First, assume that
V1 £ [n;] for all i € [d]. Then, as T is o-strongly irreducible, by Lemma 7.11(ii), there
exists k € [d], and ji, ..., jm such that Tj, ;. >0, js, € Vi, je € V2, t € o \ {5k},
and j, € V2, t € 04,4 € [d]\ {k}. It follows that ((k,Js,), (i,4s,)) € E7(T) for all
i # k and we are done. Now, suppose that there exists k € [d] such that Vﬁl = [ng].
We claim that if there is no edge between V! and V? in G7(T), then T is not o-
strictly nonnegative, which contradicts our previous argument. Indeed, suppose that
((k,lk), (i,t;)) ¢ E(T) for all (k,l;) € V! and (i,t;) € V2. Let (i,¢;) € V2. Note
that i # k as VE1 = [ng]. Furthermore, we have T}, . ; = 0 for all ji,...,j, such
that j,, = t; and js_ € [ng]. By Lemma 7.5(iv), this implies that 7" is not o-strictly
nonnegative, a contradiction. Thus, there exists (k,l) € V! and (i,t;) € V? such
that ((k,l), (i,t;)) € €7(T) and as this is true for every partition of Z7, it follows
that G7(T') is connected. |

We finally have all the tools for the proof of Theorem 4.1, which is now a simple
consequence of what have been discussed so far.

Proof of Theorem 4.1. (i), (ii), (iii) follow from Lemma 7.14, and (iv), (v) follow
from Lemmas 7.8 and 7.12, respectively. 0

We conclude the paper by proving the other two main results of section 4.

8. Proof of Theorems 4.2, 4.3, and 4.4. Recall that the homogeneity matrix
A of F(@P) ig given as

A:dlag(p/l_]-v»pii_l) (1VT_I)7 V:(|01|7‘~~7‘0'd|)1

and b € RY__is the unique positive vector such that ATb = p(A)b and 2?21 by = 1.
For the proof of Theorem 4.2, we first need the following additional lemma.

LEMMA 8.1. Suppose that p(A) < 1 and T is o-strictly nonnegative. If (6,u) €
R? x Sf’p) satisfies F(OP)(u) = 6 @ u with Hd 00 = ry(F@P), then 077" =

i=1"1
r@P)N(T) for all i € [d] and (r(7P)(T),u) is a (o, p)-eigenpair of T.

Proof. By Lemma 7.5, we have that the o-strict nonnegativity of T implies
F@eP)(g) € KT, for all x € KI_. Now, as Fi(a’p)(u) = O;u for all i € [d], Lemma
6.1 implies the existence of A € Ry such that 67 ~' = X for all i € [d] and (\,u) is a
(o, p)-eigenpair of T. We prove that A = r(@P)(T). Clearly, we have A < r(@P)(T).
Now, let (¥,v) € R x R™ x -.- x R™ be any (o, p)-eigenpair of T'. Then, by defini-
tion, we have 7, (vl°]) = Uiy (v;) for every i € [d]. It follows that ¢, (Ts, j (vlol)) =
[
w is the componentwise absolute value of v, we have [, (7, j, (vleh))| < Fi(;’p)(w).
Hence, for (i,7;) € Z% such that w; j, > 0, it holds that

pg*lsign(ﬂ)vi for all . In particular, by the triangle inequality, with w = |v|, i.e.,

|19|p;—1 _ wpi (7;“]L(v[a]))’ < Fi(,;;p)(w)

Vi ji Wi, j;

Now, as ||[v;||p, = 1 for all i € [d], we have w € sz’p) and thus Theorem 6.1 in [27] im-
plies that, with ' = E?Zl bip,, it holds that |97~ = ngl |9]b:(Pi=1) < gy (F(@P)) =
A" ~1. Finally, as v/ = 711’ where ~ is defined as in Lemma 6.2, we have v/ > 1 and
thus it follows that [9| < X, implying that A > r(?"P)(T'), which concludes the proof. O
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Proof of Theorem 4.2. Note that, by Lemma 7.5, we have F(7P)(z) € K9 for
all z € K7, , as T' is o-strictly nonnegative.

(i) First note that v € (1,00) by Lemma 6.2. To show the existence of a (o, p)-
eigenpair (\,u) € Ry x KT ; of T such that A = r(@P)(T), it is enough, by
Lemma 8.1, to show that there exists (6,u) € R% x Sf’p) such that F(P)(u) =
6 ® u and Hl L0V = 1y (F@P)). Tf p(A) = 1, the existence of (8,u) follows
from Theorem 4.1 in [27]. If p(A) < 1, then Theorem 3.1 in [27] implies the
existence of (0,4) € R?, x S(fjrp) such that F( ’p)( ) =0Qa. Asais
positive, Theorem 6.1 in [27] implies that Hl 107 = 1(F(@P)) and thus we
can choose (0, u) = (0, @). In any case, we have proved the existence of (0, u)
with the desired property and it follows from Lemma 8.1 that (r(7P)(T),u) is
a (o, p)-eigenpair of T.

(ii) Lemma 6.2 implies that 7(@P)(T) = ry(F(@P))7=1 and v € (1,00). Thus, (18)
and (19) follow from Theorems 6.1 and 4.1 in [27], respectively.

(iii) First note that as p(A) < 1 and F(©P)(z) € K7, forallz € K7, we know from
Theorem 6.1 in [27] that for any (0,4) € RY, x Sg_af) such that F(@P)(%) =
0 ® @, we have Hz 107 = rp(F@P). Now, if p(A) < 1, then Theorem 3.1 in
[27] implies that there exists a unique @ € Sf_;p ) such that F@P)(@) = 0 @ @
for some 6 € R, . If p(A) = 1, then by Lemma 7.4, we know that the o-weak
irreducibility of T implies that the graph of the multihomogeneous mapping
F(@P) is strongly connected. Hence, Theorem 5.2 in [27] implies the existence
of (6,4) € R4, x S(ff) such that F(@P) (&) = @ ® &. Furthermore, as T is
o-weakly irreducible, by Lemma 7.4 we know that DF(@P)(z) is irreducible for
every x € K7, . Hence, Theorem 6.2 in [27] implies that @ is the unique vector
in Ssrajrp) such that F@P) (@) = 0 ® @ In any case, we have that there exists a
unique (8, @) € RL xSerp) with F(7P)(%) = ®a. Hence, Lemma 8.1 implies
that the (o, p)-eigenvector u of (ii) can be chosen strictly positive. Finally, if
v € S(”’p) is a (o, p)-eigenvector of T such that v # w, then, by Lemma 6.1,
there exists A € R%, such that F(@P)(v) = X ® v, which is a contradiction as
we have shown that u is the unique vector in S ’p ) having this property.

(iv) If (J, @) is a (o, p)-eigenpair of T and x € ’C+,o \ K7, then by Lemma 6.1,
we have Fi(a’p) (z) = 9P~ la, for all i € [d]. Now, Theorem 6.2 in [27] implies
that, with 7/ = 13 = Z?ZI bip,, we have ¥ = (97 ~1)771 < pp(Fl@P))1-1 =
7(@P)(T), where we have used Lemma 6.2 for the last equality.

(v) Let (J,z) be a (a,p)-eigenpair of T' such that © € KT ;. As T' is o-strongly
irreducible, Lemma 7.11 implies that F(?'P) satisfies the assumption of Lemma
7.10. In particular, as Fi(a’p)(zv) = 9Pi~q; for all i € [d], Lemma 7.10 implies

that = € Sff’ ). As o-strong irreducibility implies o-weak irreducibility by
Theorem 4.1, we know by (iii) that u is the unique positive (o, p)-eigenvector
of T in S(ff) and thus ¢ = wu. O

To prove Theorem 4.3, we first introduce the following preliminary lemma.

LEMMA 8.2. Let G(@P) be defined as in (21). Then, the following hold:

(a) G(9P) s an order-preserving multihomogeneous mapping. Furthermore, the ho-
mogeneity matriz of G(7P) is given by B = (A+1)/2 and B"b = p(B)b, where
A is the homogeneity matriz of F(@P)
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(b) If T is o-strictly nonnegative, then G\7P)(z) € KT for allx € KT,

(c) For every u € K7, we have F(P)(u) = @ @ u if and only if G=P) (u) = 02u
with 62 = 6; for all i € [d].

(d) It holds that 1(G(7P))2 = py(F(:P)),

(e) If T is o-weakly irreducible, then the Jacobian matriz DG7P)(z) is primitive
for every x € K .

Proof. (a)—(d) follow by a straightforward calculation. For (e), note that

DGP) () = %diag (G("’p) (:c)) ? (diag (F("’p)(a:)> + diag(x)DF("’p)(a;)) .

As T is o-weakly irreducible, DF(?-P)(x) is irreducible by Lemma 7.4. It follows that
DG'@P)(z) is primitive. |

Proof of Theorem 4.3. We begin with general observations. As u € S ’p) is

a positive (o, p)-eigenvector of T, we know by (18) that its corresponding (U p)-

eigenvalue is A = 7(?"P)(T'). Furthermore, Lemmas 6.1 and 8.2 imply that Fi(a’p)( )=
APi~ly; and GP9)(u) = APi=1/2y, for all i € [d]. Lemmas 6.2 and 8.2 imply that
A = ry(F@PH)T=1 = 1y (G@P))200-1) | To show (i), let w € {¢,¢}. Then (23) follows
from Lemma 7.4 in [27]. Now, suppose that ¢ > 0 and &y — @, < . Then, (24) is
obtained by subtracting (& + &k )/2 from & < A < &g. Finally, with Lemma 8.2(e),
we have that (ii) and (iii) both follow from Theorem 7.1 in [27]. 0

Proof of Theorem 4.4. Suppose that p € R? with p; # 1 for all 4, and let R%
be the set of vectors with positive entries. First, consider the vector-valued metrics
SR XX R ) x (R x L. x RT) = [0,00)% and fi: (RYY x ... x RY™) x
R ARgg X X Ry o X X Ry , Ry X X Ry
(Rfi X ... X Rfﬁ:) — [0,00)™, respectively defined as

Ts. 5. Ys. 1 o jk . ~k,l
m(@,y); = In < max wzj%?) A(Z,Y)r =In ( max W) )
Jili€nil Ys;,5;%s;,0; Jiele €[Nk] Yk, ji The,ly,

for every i = 1,...,d,k = 1,...,m. Now, consider the matrix P € {0,1}™*¢ defined
as P;; = 1if i € o; and P;; = 0 otherwise, and the matrix @ € {0, 139%™ defined as
Qi; =11if j =s; and @ ; = 0 otherwise. Then QP = I and for all &,y > 0 we have

(@7, y?) = Pu(e,y) and Qa(!®,y) = u(z,y).
Moreover, with & = {{i}}, and p = Pp, we have
p(FOP (@), FOD () = Qi(FOP) (i), FIo) (y)).
From [26, Theorem 5.2], we know that
A(FP) (), FOP)(5)) < B(6,p)i(@, 9).
By combining the above, we obtain
w(FP) (x), FOP) (y)) = Q[L(F(&’i’)( o]y, p(@:P) (y[tf]))
< QB(6.p)iu(x'"),y")) = QB(5.p) Pu(x,y).

As a direct computation shows that B(o,p) = QB(&,p)P, the claim follows from
[26, Theorem 4.4]. d
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