CONVEX INTEGRATION SOLUTIONS TO THE TRANSPORT
EQUATION WITH FULL DIMENSIONAL CONCENTRATION

STEFANO MODENA AND GABRIEL SATTIG

ABSTRACT. We construct infinitely many incompressible Sobolev vector fields u €
C WP on the periodic domain T? for which uniqueness of solutions to the transport
equation fails in the class of densities p € C¢L%, provided 1/p+1/p > 1+ 1/d. The
same result applies to the transport-diffusion equation, if, in addition, p’ < d.

1. INTRODUCTION

This paper deals with the problem of (non)uniqueness of solution to the Cauchy problem
for the transport equation

(1.1) Op+Vp-u=0,

on the d-dimensional flat torus T¢ := R?/Z4, where u : [0, T] x T — R% is a given (locally
integrable) vector field and p : [0,7] x T% — R is the unknown density. We will always
assume that v is incompressible, i.e.

(1.2) divu =0,

in the sense of distributions. Under this condition, (1.1) is formally equivalent to the
continuity equation

(1.3) Op + divg(pu) = 0.
We prove the following theorem.

Theorem 1.1. Let p € [1,00),p € [1,00), and assume that

1 1 1
1.4 -+ ->1+4+-.
(1.4) PR pi
Then there are infinitely many incompressible vector fields satisfying
(1.5) ue C LY NCWHP

for which uniqueness of distributional solutions to the Cauchy problem for the transport
equation (1.1) fails in the class of densities

p e CtLg
Moreover, if p = 1, it holds v € C([0,T] x T9).

Here and in the following we will use the notation C;LL := C([0,T], LP(T%)), and,
similarly, LT L := L"((0,T), LP(T9)).

Remark. (i) In the proof we will show that there are non-trivial solutions with zero
initial data, thus proving non-uniqueness. However, any smooth function with zero
mean value can serve as initial data for our “wild solutions”. For the precise statement
see Theorem 1.2.
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(ii) As a matter of fact, one can strengthen condition (1.5) and produce vector fields
which satisfy

u € CtLg/ N n Cthl’ﬁ
p such that
(1.4) holds
and, moreover, [lul|,,» < ¢, for any fixed € > 0. See Theorem 1.2 below.

(iii) Theorem 1.1 can be extended to cover the case of the transport-diffusion equation
and to produce more regular densities and fields, provided more restrictive conditions
on the exponents p,p are assumed. See Theorems 1.3 and 1.4 below for the precise
statements.

1.1. Background. It is well known that, when w is at least Lipschitz continuous (in the
space variable), the solution to (1.1) is given by the implicit formula

(1.6) p(t, X(t,x)) = p0, ),
where X (¢,z) is the flow solving the ODE
atX(t7 .'L‘) =u (tv X(tv IL’)) )

(1.7) X(0,z) = x.

It is in general of great importance, both for theoretical interest and for the applications
to many physical models, to study the well posedness of the Cauchy problem (1.1), in the
case the vector field u is not smooth, i.e. less than Lipschitz continuous.

There are several ways to state the well posedness problem in the weak setting. The one

we propose here is one possibility. We refer to [17] for a more comprehensive discussion.
Fix an exponent p € [1,00] and denote by p’ its dual Holder

1 1

p p

We ask two questions.

(a) Do existence and uniqueness of distributional solutions to (1.1) hold in the class of
densities

(1.8) p € LPLE
for a given vector field
(1.9) we LY ?

(b) Is the relation (1.6) still valid, in some weak sense? In other words, is there still a
connection between the Lagrangian world (1.7) and the Eulerian one (1.1)?

Let us observe that the choice of the class (1.8) is motivated by the fact that, for
smooth solutions of (1.1)-(1.2), every LP norm is constant in time: it is thus reasonable to
expect that, for weak solutions, the LP norm, if not constant, remains, at least, uniformly
bounded in time. Once the class for the density (1.8) is fixed, the choice (1.9) for the
vector field is natural, because in this way the product pu € L'((0,T) x T¢) and thus the
transport equation (1.1), in its equivalent form (1.3), can be considered in distributional
sense.

We list now some answers to the questions (a), (b) above, which can be found in the
literature. The first consideration is that the existence of distributional solutions is a
pretty easy task. Indeed, regularizing the vector field and the initial datum, one can
use the classical theory for ODE and formula (1.6) to produce a sequence of approximate
solutions, which turns out to be uniformly bounded in L°L%. From such sequence one can
then extract a weakly converging subsequence, whose limit is a solution to (1.1), because
of the linearity of the equation.
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Let us now discuss some uniqueness results. In their groundbreaking paper [12],
R. DiPerna and P.L Lions proved that, for every p € [1,00], uniqueness holds in the
class of densities (1.8) for a given vector field u as in (1.9), provided, in addition,

(1.10) uwe LIWhY,

Moreover, the incompressibility assumption can be substituted by the weaker requirement
divu € L™ (see also [19] for a further relaxation in the case of the continuity equation).
DiPerna and Lions’ proof is based on a regularization argument. Denote by p° (resp.
u®) the convolution of p (resp. w) with a compactly supported standard mollifier 7. =
e~(-/e) and observe that

Dup® + div(pu) = div (p*uF — (pu)f) = 12,
i.e. p° solves (1.3) with smooth vector field u® up to some error, the “commutator” r.,

which arises from the fact that the convolution does not commute with multiplication.
By partial integration 7. takes the form (assuming divu = 0)

re(t,z) = /]Rd p(t,x —ez)

Such expression suggests that the commutator r. converges to zero as ¢ — 0 (and thus
uniqueness of solutions holds) if the integrability of p is Holder dual to the integrability
of Vu, i.e. if p € LPLE, and Vu € L%Lg, which is exactly DiPerna and Lions’ condition
(1.10). In other words, the interplay between the integrability of the density and the
integrability of the derivative of the vector field plays a crucial role: very roughly speaking,
a Sobolev vector field is “Lipschitz like” on a very large set, and there is just a very small
“bad” set, where Vu can be very large. A density p with integrability LP that “matches”
the integrability L?" of Vu does not see the bad set of u, and this implies uniqueness.

A natural question is now whether it is possible to lower the regularity (1.10) of u and
still have uniqueness of solutions in L L%,

In the class of bounded densities, (i.e. p = oo in our notation), L. Ambrosio |!] showed in
2004 that uniqueness holds if the vector field u € L*((0,T), BV (T%)) and it has bounded
divergence, whereas S. Bianchini and P. Bonicatto in |3] were able to prove uniqueness in
the BV framework for the more general class of nearly incompressible vector fields.

Concerning question (b) above, it is a general principle in the theory of the transport
equation that, whenever existence and uniqueness for the PDE (1.1) holds in the class of
bounded densities, then existence and uniqueness holds also for the ODE (1.7), in the sense
of the regular Lagrangian flow and, moreover, the bridge (1.6) between the Lagrangian
world and the Eulerian one still holds true. We refer to [2| for a detailed discussion in
this direction.

From the analysis above, it follows that the uniqueness results present in the literature
are based essentially on two assumptions on the vector field: on one side, a bound on the
derivative Du is needed (e.g. u Sobolev or BV); on the other side, a condition on the
divergence of u is required (e.g. divu =0, or divu € L, or u nearly incompressible).

The most part of the counterexamples to uniqueness that can be found in the literature
are based on the absence of at least one of those two conditions. There are counterexamples
to uniqueness with Sobolev vector field with unbounded divergence (e.g. in DiPerna and
Lions’ paper [12]), and there are counterexamples to uniqueness for incompressible vector
fields, which do not possess one full derivative (e.g. u € W*! for every s < 1, but
u ¢ W), see, for instance, [12], [11]. All such counterexamples are based on the failure
of uniqueness at a Lagrangian level: one constructs a pathological vector field for which
the ODE admits two different flows of solutions and then uses such flows to produce
non-unique solutions to the PDE: once again, the connection (1.6) is crucial.

u(t,x) —u(t,z —ex)

dz.
A Vn(z)dz

1.2. Non-uniqueness for Sobolev vector fields and our contribution. The men-
tioned counterexamples, therefore, do not answer the question whether uniqueness holds
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in the class of densities (1.8), if
(1.11) u is incompressible, u € L WP but p < p'.

In such framework there are two competing mechanisms. On one side, by DiPerna and
Lions result, uniqueness holds, at least, in the class of bounded densities, and thus, by
the observation made before, uniqueness at the Lagrangian level is satisfied (again in the
sense of the regular Lagrangian flow): in other words, the vector field is very well behaved
from the ODE point of view. On the other side, the integrability of p and the of Du
do not “match” anymore and thus, referring the the heuristic introduced above, it could
happen that an L density “sees the bad set” of a WP vector field, so that purely Eulerian
non-uniqueness phenomena could appear.

The framework (1.11) was considered, for the first time, quite recently in [17] and [18],
where the analog of Theorem 1.1 was proven, with assumption (1.4) substituted by the
strongest assumption

1.12 1, 2 1 L

(1.12) » + 5 > 1+ d_1

using a convex integration approach and exploiting a concentration mechanism, in the
spirit of the intermittency added to the convex integration schemes by T. Buckmaster
and V. Vicol in [0].

Our main result, namely Theorem 1.1, shows that such approach can be extended
to produce examples of non-uniqueness for the transport equation with full dimensional
concentration, i.e. with d instead of d — 1 in (1.12). Notice that the result in [17, 18] and
our Theorem 1.1 in particular implies that the duality between Lagrangian and Eulerian
world is completely destroyed, even for Sobolev and incompressible (thus, quite “well
behaved” vector field): there are many distributional solutions, but only one among them
is transported by the regular Lagrangian flow as in (1.6).

It is still an open question whether uniqueness of weak solutions to (1.1) holds if the

Sobolev integrability p of the field, Du € L%Lg, lies in the range

(1.13) 1<1+1<1+1

' p p- d
and thus whether Theorem 1.1 is or is not optimal. Let us nevertheless observe that, for
p =1, Theorem 1.1 provides existence of continuous vector fields

(1.14) u € WP

for every p < d, for which uniqueness fails (in the class p € C;LL). On the other side, in
a recent result by L. Caravenna and G. Crippa [7, 8] uniqueness (for p € L},) is proven,
provided (1.14) is satisfied for some p > d (in particular u is continuous) and u satisfies
the additional assumption of “uniqueness of forward-backward characteristics”. We refer
to [7, 8] for the precise definition. Such result could suggest that, at least in the case
p =1, Theorem 1.1 (and in particular condition (1.4)) could be sharp.

A last point is worth mentioning. Contrary to other recent results in convex integration
(e.g. [6,9, 15, 16]) where concentration or intermittency have been used, in this paper
we use a completely physical space based approach and we deliberately avoid any use
of Fourier methods and Littlewood-Paley theory. This has, in our opinion, at least two
advantages. First, the paper is completely self contained, in particular we do not use any
abstract theorem on Fourier multipliers. Secondly, we think that a proof developed in
the physical space can provide a better understanding of the structure of the “anomalous”
vector fields we are exhibiting and therefore could help in getting an insight on the relation,
if any, between the (very well behaved) Lagrangian structure of the vector fields and the
non-Lagrangian solutions we construct.
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We conclude this section observing that the proof of Theorem 1.1 is an immediate
consequence of the following more general theorem, whose proof is the main topic of the

paper.

Theorem 1.2 (Solutions for Sobolev vector fields). Let e > 0, let p € C*([0, T] x T%) with
zero mean value in the space variable and let u € C([0,T] x T4 RY) be a divergence-free
vector field. Set E .= {t € [0,T]: O¢p + div(pu) = 0}. Letp € [1,00) and define g € [1,00)
such that
(1.15) Ll

' P oq d
Then there are functions p : [0,T] x T4 — R and v : [0,T] x T¢ — R? such that

(i) pe € (0.7, 2(T) and u e € ([0.7], 2V (T) 1 (o, € (0. 7L WH(T4).

If p=1 then u is also continuous: u € C ([O,T] X ’]I‘d) 5

(ii) (p,u) is a distributional solution of (1.3)—(1.2);
(i) (pru)(t) = (p.@)(t) for all t € E;

(i) ||p(t) — p(t)||rr <€ for allt € [0,T].
Statement (iv) can be replaced by the similar

(iv’) |lu(t) —a(t)|| . <€ forallte|0,T].

From this theorem, Theorem 1.1, i.e. the non-uniqueness of the transport equation, can
be easily deduced.

Proof of Theorem 1.1, assuming Theorem 1.2. Let p € C*°(T¢) with zero mean value but
not identically zero. Choose x : [0,7] — [0, 1] smooth such that x is equal to zero on
[0,7/3] and one on [27/3,T]. Then the function (¢,z) — x(¢)p(z) is smooth and has
zero mean value in x at any time. We can apply Theorem 1.2 on xp and @ = 0 and
obtain a solution of the transport equation (p,u) with the claimed regularity. As at times
t € [0,L] U [2L,T)] the transport equation is solved by (xp, @) in the strong sense, in

3 3
particular the initial and final values of p are maintained because of statement (iii) of the
theorem. Therefore pli—9 = 0 and pli=r = p Z 0. O

1.3. Some comments on the method used in the proof. The proof of Theorem
1.2 is based on a convex integration technique: smooth approximate solutions to the
continuity equations are constructed, which in the weak limit produce an exact but only
distributional solution. In each iterations step the error is decreased by adding a small
oscillating perturbation to both density and velocity field.

In the past years convex integration has been applied very successfully on the Euler
equations in order positively prove Onsager’s conjecture (see, for instance [14, 5]). How-
ever, for obtaining Sobolev vector fields, i.e. fields with one full derivative (in some LP
space) new ideas are required. Inspired by the intermittent Beltrami flow used in the [0]
(see also [1] for the related notion of intermittent jets), L. Székelyhidi and the first author
adopted, as building block of their construction in the mentioned papers [17, 15|, some
stationary solutions to the continuity equation called concentrated Mikado densities and
field, proving the analog of Theorem 1.1 under the less restrictive assumption (1.12). The
idea of using “Mikado flows” for the equation of fluid dynamics was introduced for the
first time by S. Daneri and L. Székelyhidi in [10]. The “concentrated” Mikado are suit-
able modifications of the standard Mikado, having different scaling in different L? norms.
The d — 1 in (1.12) comes from the fact that Mikado functions depends only on d — 1
coordinates and thus only a (d — 1)-dimensional concentration is possible.

In the present paper, we are able to substitute d — 1 with d, as we use, as building block
of our construction, suitable approximate solutions to the continuity equation, called
space-time Mikado densities and fields, see Section 4.1 for the precise definition. Adding
the time dependence to the building block allows, roughly speaking, to gain one further
dimension and thus to pass from (1.12) to (1.4).
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1.4. Extension to transport-diffusion and to higher regularity. Similarly to [17,
|, Theorem 1.2 (and thus also Theorem 1.1) can be extended to cover the case of the
transport-diffusion equation

Op + div(pu) — Ap =0,

1.1
(1.16) divu = 0,

provided more restrictive conditions on the exponent p, p are assumed. Roughly speaking,
the non-uniqueness produced by the transport term div(pu) (i.e. by the interplay between
density and field) can be so strong that it can beat the regularizing effect induced by a
diffusion operator (see to [17] for a more comprehensive discussion on this subject).

Theorem 1.3 (Analog of Theorem 1.2 for the Transport-diffusion equation). Let ¢ > 0,
let p € C®([0,T] x T with zero mean value and let ©w € C>(]0,T] x T4 R?) be a
divergence-free field. Set E == {t € [0,T]: Oip + div(pu) — Ap =0}. Let p € (1,00) and
D € [1,00) such that

11 1 )

1.17 -+ =>14- p <d.
(1.17) PR pi

Then there are functions p: [0,T] x T* = R and u : [0,T] x T¢ — R? such that

(i) p € C([0,T),LP(T?) and u € C ([o,T], LP’(T%) N C ([0, 7], WP (T?));

(i1) (p,u) is a distributional solution of (1.16);

(i) (p,u)(t) = (p,u)(t) for allt € E;

() |lp(t) — p(t)||lLe < e for allt € [0,T].
Statement (i) can be replaced by the similar

(iv’) |lu(t) —a(t)||,» <€ forallte|0,T].
Remark. Notice that (1.17) in particular requires d > 2, so we cannot show non-
uniqueness for the dissipative equation for d = 2 as in the “inviscid” transport equation.

Theorems 1.2 and 1.3 can be further generalized to cover the generalized transport-
diffusion equation

Op + divy(pu) + Lip = 0,

div,u =0,

(1.18)

where Ly, is any constant-coefficient linear differential operator of grade k (not necessarily
elliptic), and to produce more regular densities and vector fields.

Theorem 1.4 (Analog for solutions with higher regularity and higher order diffusion).
Let ¢ > 0, let p € C([0,T] x T¢) with zero mean value and let u € C°°([0,T] x T¢, R?)
be a divergence-free field. Let p,p € [1,00) and m,m € N such that

11 7
(1.19) L L LI
p P

m+k—1
Then there are s € [p,oc] and functions p : [0,T] x T¢ — R and u : [0,T] x T¢ — R? such
that
(i) p € C([0,T), L*(T%)), u € C([0,T], L* (T?) and, moreover, p € C ([0,T], W™P(T%)),
ue C([0,T], W™P(T));
(ii) (p,u) is a distributional solution of (1.18);
(i1i) (p,u)(t) = (p,u)(t) for allt € E defined as in Theorem 1.2;
(iv) llo(t) — p(t)|1 < = for all t € [0,T).
Statement (iv) can be replaced by the similar
(iv’) |lu(t) —a(t)||,« <e forallt c[0,T].
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Remark. Observe also that, if we choose m = 0, m = 1, k¥ = 2 in Theorem 1.4, the
first condition in (1.19) reduces to the first condition in (1.17), nevertheless (1.19) is not
equivalent to (1.17). Indeed (1.17) implies (1.19), but the viceversa is not true, in general.
This can be explained by the fact that Theorem 1.3, for any given p, produces a vector

field u € C’tLg, whereas Theorem 1.4 produces u € CyL? for some s’ < p/.

Remark. In Section 2 we state the main Proposition of this paper, namely Proposition
2.1, and we show how Theorem 1.2 can be deduced from Proposition 2.1. In Sections 3-6
we give a complete proof of Proposition 2.1, assuming p > 1, for the sake of simplicity. In
Section 7 we give a sketch of the proof of Proposition 2.1 in the case p = 1 as well as a
sketch of the proofs of Theorems 1.3 and 1.4.

1.5. Notations. We fix some notations which will be used throughout the paper.

e Integrals, LP-norms and Sobolev norms of functions defined on [0, 7] x T? will
always be evaluated on the space T? at a single time ¢, we will write

lo)llze = l19(t, | oray and / p= / olt, z)da.
Td Td

e Similarly, all differential operators (except 9, of course) apply on the space vari-

able: 0; = 52, div =div,, A=A,,....
T3

e In contrast, C*-norms are always evaluated on the space-time [0, 7] x Te.

e If a function is stated to have zero mean value we always mean ‘in the space
variable’. Define C§° to be the space of smooth functions which have zero mean
value:

O (T?) = {f : T% - R smooth such that f(z)dz = O} .
Td

e If not specified otherwise, for a periodic function f : T¢ — R and A € N,
fr: T? — R denotes the dilation fy(z) = f(Az). Note that

(1.20) ID* fall o ray = NI D* £l 1o ray-

2. MAIN PROPOSITION AND PROOF OF THE THEOREM

In this section we state the main proposition of this paper, Proposition 2.1, and we use
it in order to prove Theorem 1.2. Proposition 2.1 will be proven in details in Sections 3-6,
assuming, for simplicity, p > 1. A sketch of the proof in the case p = 1 can be found in
Section 7.1.

We introduce the (incompressible) continuity-defect equation

Op + div(pu) = —divR

2.1
(2.1) divu =0

as an approximation of the transport equation. The iteration step of the Convex Integra-
tion scheme deals with solution to this system.

Proposition 2.1. There is a constant M > 0 such that the following holds. Letp € [1,00)
and p € [1,00) so that

(2.2) Lo
' p P d
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Then for any 6, > 0 and any smooth solution (po, uo, Ro) of the continuity defect equation

(2.1) there is another smooth solution (p1,u1, R1) which fulfils the estimates
(2.32) lor(®) = po®) v < Ml Ro(®) 14"

(2.30) Jaa(®) = uo(t)] < IR

(2.3¢) [ur (t) = wo(®)llwrs <6

(2.3d) [Ri(®)llpr <6

for all t € [0,T]. Furthermore the solution is not changed at times where it is a proper
solution of (1.3)~(1.2), i.e. if Ro(t,:) = 0 for some t € [0,T] then Ri(t) = 0 and
(p1,u1)(t) = (po, uo)(t)-

Proof of Theorem 1.2, assuming Proposition 2.1. We will use the proposition to construct
a sequence (pn, Un, Ry )nen of smooth solutions to (2.1) bounded in the space

C <[0,T], L7(T%) x (Lp’ N Wl’f’(']rd,Rd)) x Ll(’]rd,]Rd))

for any p < ¢ (with ¢ as defined in (1.15)), which in the limit will produce a solution of

(1.3)~(1.2).

Set (po,uo) = (p,u) as given in the statement of the theorem and define
Ro(t) = —=VA™ [,p(t) + div (p(t)a(t))] -

Recall that 9;p has zero mean value by assumption and div(pa) also, being a divergence,
so the definition is correct. Then clearly (pg,uo, Rp) is a smooth solution of (2.1).
Set o = || Roll¢,z1 and choose a sequence of positive numbers &,, n > 1 such that the

sum y 5711/ 2 converges. (Then in particular ) 4, < co.) Furthermore choose sequences
(Pn)nen C [1,q) and (9y)nen C (1, 00) such that
o % ¢ and 6Py, = o6}/2

for some o > 0 to be chosen later and observe that 571/ 4 /M = 5,1/ 2 /o. By repeated appli-
cation of Proposition 2.1 we obtain a sequence of smooth solutions (py, uy, Ry,) fulfilling
the bounds (uniformly in time)

(2.4a) 1ons1(t) = pu(®)l|e < M| Bu(D)|[ [ < Mod}/?
M M
(2.4b) [tn41(8) = un ()] o < TTHR a4 < ;5}/2
(2.4c) [t 1(t) = un (D) [wrn < Ongs
(2.4d) [ Rng1(t)]| L1 < Onga
(2.4¢) Ru(t) =0 — Ropi(t) = 0.

Clearly there are functions p € C;L% and u € CtLp N CWEP for any p < ¢ such that
pn — p in CyLY and u, — u in C.LY and C,WHP. Moreover, we have p,u, — pu and
R, — 0in C;L., which proves statements (i) and (ii) of the theorem. For t € E by (2.4e)
we have R, (t) = 0 for all n and therefore, by (2.4a) and (2.4b)

pn(t) = p(t), un(t) =u(t) Vn
which implies statement (iii). For the last statement we need to choose a sufficiently

small (or large) o so that Mo > "> 5% < & (or Mo=13"> 5/ < €). So we can ensure
that statement (iv) (or statement (iv)’, respectively) holds by our choice of . If p =1
(and thus p’ = o), then the continuity in space-time of the limit u follows from (2.4Dh),
observing that, in this case, w is the uniform limit of the smooth vector fields wu,. This
concludes the proof of the main theorem. O
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We will only prove Proposition 2.1 in the case p > 1, the proof will cover Sections 4
to 6. The case p = 1, in which the obtained velocity field is in particular continuous
(although continuity via Sobolev embeddings just exactly fails to hold), is more delicate
to prove. We refer to 18] for the details and will sketch the strategy and the necessary
adaptations in Section 7.

3. TECHNICAL TooOLS

In this section we provide some technical tools we will use throughout the paper.

3.1. Improved Hdélder inequality for fast oscillations. We recall the following lemma
from [17]:

Lemma 3.1. Forp € [1,00] there is a constant Cy, such that for all smooth functions f,g
on the torus T% and \ € N:

C,
I farllze = [1llzvllgllze] < i/ 1 llerllgllze.

Remark. In particular this lemma supplies the Holder-like inequality

C
(3.1) Ifgxllce < [Ifllzrllgllze + )\TZ,Hf”clHQHLP-

which allows to bound the product by the LP norm of both functions, plus some error
term which is small if one function is fastly oscillating, i.e. X is large.

3.2. Higher Derivatives and Antiderivatives. As for smooth f, with de f =0, the
Poisson equation Au = f has a solution on the flat torus which is unique up to addition
of a constant, the inverse Laplacian

ATV O = C°, f e u

is well-defined as an operator on the space Cy°. We can now use it to define higher order
(anti)derivatives with a simple structure.

Definition. For any smooth function f € C°°(T%) on the torus and non-negative integers
k we define the differential operator D¥:

p {Ak/Qf, if k even,
Dk —

VA'T f, if k odd,

with the convention that DY = AY = Id.
For negative k the definition is identical with the additional condition f € C§°(T9),
which is necessary so that negative powers of the Laplacian are meaningful.

Remark. The basic properties of the operators D* include

e It commutes with derivatives: 9*D* f = D0 f for all k € Z and any multi-index
a.
e Partial Integration: For any k,n,m € Z and f, g € C$°(T%)

'Dkf . Dm—i—ng _ (_1)n Dk—i—nf . Dmg,
Td Td
where the ‘-’ denotes scalar product if both factors are vectors, otherwise standard

multiplication.
e Scaling: DFuy = \¥(DFu), for any k € Z and A € N.
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3.3. Calderon-Zygmund estimates. We first recall the usual Calderon-Zygmund in-
equality in the following form.

Remark (Classical Carderon-Zygmund inequality). Let p € (1,00). There is a constant
Cqp such that for any smooth compactly supported function f the following inequality
holds:

(3.2) [ fllw2e@ey < Capll AS[ Lo way-
We refer to [13] for the proof.

It is now a small step to show that the same statement can be transferred to the periodic
setting: we include the proof for completeness.

Lemma 3.2 (Calderon-Zygmund on the flat torus). Let p € (1,00). There is a constant
Cayp such that for any f € C&°(T?) the following inequality holds:

(3.3) 1 llwzpray < CapllASl Lo ray-

Proof. Let f € C3°(T?) and N € N. We treat f as a periodic map f : R — R and
identify T with the unit cube (0,1)¢. Choose a smooth cut-off function x € C°°(R) such
that y(z) = 1 if z < 0 and x(x) = 0 if z > 1. Define the function fxy € C°(R9) by

d
- (H (il - N)) (@)

Now the classical Calderon-Zygmund inequality (3.2) and the fact that fy is supported
in the cube [-N — 1, N + 1]¢ yield

1N lwze—nnjay < IINw2rmaey < Capll ANl Lo@ay = Capll AN o= N=1,N1]%)
and therefore, using that |x||co = 1 and fy = f on [-N, N]%.
NI lwesrsy SCap [N + 2 Al scrs

+ (N + 27 = @N)) (IX ool Aoz + X looll Fllrers) )|
If N — oo the dominating terms are the ones with the factor (2N)?, and so
1f w2 (ray < Capll Af]l(TY)

holds with the same constant as in the full space setting. O

Lemma 3.3 (Estimates on antiderivatives). Let p € (1,00) and k € N. There is a
constant Cg p . such that

(3.4) 1D~ fllwrecrey < Capill £l Lo (ray
holds for any f € C§°(T?).

Proof. If k is even, the inequality arises simply from iterated application of the Calderon-
Zygmund inequality on the torus:

_ _ _ k/2
ID™* Fllwes = 1A fllwrs < Capl A2 f ey < ... < Cd,fo 1fllze-
For odd numbers k observe that the same iteration leaves us with

ID7* s < L5 2IDT fllwrs = C8 V2 VAT Fllipam

and clearly
IVA™ fllwre < IAT fllwzs < Capllfllze

so the stated inequality holds with Cg 1 = C’I[kd/ 2, O
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Lemma 3.4 (End point estimates on antiderivatives). Let p € [1,00] and k € N4. There
is a constant Cqp 1 such that

(35) 1D flyisrsy < Cap
holds for any f € C3°(T9).

| Fll Lo (may

Proof. In the case p € (1,00) there is nothing to show as the statement is just a weaker
form of (3.4).

For p = co we use Sobolev embeddings on every derivative of order £ — 1 and smaller to
control the Sobolev norm of a smooth function g: for every multiindex o, with |o| < k—1,

10%gllLo < Cal|DO%l|pa+s = |lgllwr-1.00 < Callgllpr.asr.
If we set ¢ = D~Ff and we use the previous Lemma, we obtain
1D flwr-roe < CallD™* fllwnass < Cappell flpas < Cappll fllzoe.

For p = 1 we consider the dual characterisation of the L'-norm:

[ go:oer=m o}

1
9l Lo
= su 71 : oo (4
—swp{ i [ aosoe =m0},

If f109 = 0 we can restrict the definition to test functions in C°(T?), still obtaining the
inequalities

lglls = max{

1
(56) ol <sw{ i [ 9056 € e 01} < Lol
[l Lo Ja
where the first inequality comes from the fact that [g(¢ — f¢) = [g¢ and

¢ — f dllre < 2||@|l hold for any ¢. Using this, we can estimate for any multiin-
dex « of order k — 1 or smaller

. 2 e
0D fll < sup [, (D)6
secge(ra) |8l Jpa

= sup

2 A~ —
seCi (1) ||¢||Loo /Wf (0D9)

£l 102D * || o

_¢>eC°°(Trd ||¢||
Cd,00,k
< | fllzr  sup 2@ oo
pecge(rd) 1]l

= CaookllfllLr

where in the last inequality (3.5) with p = oo was applied. Summation over all such «
then yields (3.5):

1D fllwr-1a =D 10D fllt <D Caoopllfllir = Canpll fllor 0

|a|<k—1 |ar|<k—1

3.4. Improved antidivergence for fast oscillations. The first order antiderivative
D! is an anti-divergence operator, which we will call standard anti-divergence operator.
It will be used in situations when the estimate provided in Lemma 3.4 with k& = 1 suffices.
However, in many steps of the proof of Proposition 2.1 refined estimates on the antidi-
vergence are necessary. We therefore introduce a bilinear operator which is apt to control
the antidivergence of a product of functions if one of them is fast oscillating.
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Definition (Bilinear anti-divergence operator). Let N € N. Define the operator
Ry : C®(TY) x Cg°(T?) — C>(T4; RY)
(3.7) ek pykd -1 NpN ¢ p-N
R (f.9) = S (~1)*DF D19 4 D1 ((—1)VDVf . D g—]frdfg .
k=0
Here the ‘-’ indicates the scalar product if needed, i.e. if IV is odd, and the standard product

otherwise. Note that both arguments must be smooth but only the second argument g is
supposed to have zero mean value.

Lemma 3.5 (Properties of Ry). Let N € N, f € C%°(T%) and g € C5°(T9).

(i) Ry is an anitdivergence operator in the sense that

div(Rn(f,9)) = fg - ]frd fg.
(1)) R satisfies the Leibniz rule:
(i1i) If p,r,s € [1,00] such that }D = % + %, then the following inequality holds:

N-1

(38)  IRN(£9)llpe < D ID*Fller 1D gllze + Capl DN I ID~ Vgl e
k=0

Proof. (i) By induction in N. By definition we have

Ro(f0) =" (fa -, 19)

so the statement follows from the remark on standard anti-divergence. Now let N > 0
and w.l.o.g assume N to be even, then

=0 by assumption

v (Ra(.0) ~ (fa-f, 19) == (s f, f9) + div Ra-a(s.9)
_ (_1)N—1DN—1f DN+l (_1)NDNfD—Ng
+div ()N DN DN g)
=pN-1f.p Nty DNfp—Ng
—div (DN f) D Ng—DN 1 f . vD Ny
=0

by definition of the operators D*.

(ii) is proven by lengthy but straightforward computation which we omit here.

(iii) Use the standard Holder inequality on each term of the definition of Ry. For
the last summand note that Lemma 3.4 in particular implies |D~'h||» < C(d,p)||h||Le;
furthermore ||h — fr4 h||» < 2||h|| L for any p. O

Remark. The bilinear anti-divergence and inequality (3.8) are only useful if applied on
fuctions gy which are fast oscillating, as then we gain the oscillation parameter A as small
factor. In particular the following two estimates will be used throughout the paper. Let
pe[l,o0], \,\N €N, f € C®(T%) and g € C°(T?). Then:

N-1
(3.9) IRN(f; 90l e < CapnllgliLe (Z ATFHIDRf e + /\_NHDNfHLoo> ,
k=0

N-1
(3.10) IRN(fs 93 )l o < Capnllgllree (Z ATFHIDR £ e + A—N||DNf||Lp> :
k=0
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The proof of (3.9)-(3.10) is direct consequence of (3.8) and Lemma 3.4.

4. THE PERTURBATIONS

In this section we introduce the basic building blocks of our construction, namely the
space-time Mikado densities and field, which allow us to get a “full dimensional concentra-
tion”, i.e. to assume (1.4) instead of (1.12). We then use the Mikado functions to define
and estimate p1, u1.

4.1. Space-time Mikado densities and fields. For given ¢,v € T%, consider the line
on T4
R3>s— (+sveTh

Lemma 4.1 (Space-time Mikado lines). There exist r > 0 and (y,...,¢q € T? such that
the lines
X5t R — Td, Xj(s) = Cj + se;
satisfy
(4.1) dra(xi(s),x(s)) > 2r VseR, Vi#j,

where dpa denotes the FEuclidian distance on the torus.

Remark. We can think to the lines x; as the trajectories of d particles moving on the
torus with speed 1 and along different directions. The claim of the Lemma is that such
particles have different positions at every time.

Proof. We define

where e; denotes the j-th standard unit vector in R
Let i # j be fixed. If, for some s € R,

x;(s) = xj(s) in T%,

then

(G5 + s¢5) = (G + se) € Z°
and thus _ .

% +se€, % +s€e€,
which implies, taking the difference,

i—j
€ Z,
d

a contradiction. Therefore, for every s € R and ¢ # j, x;(s) # x;(s) and thus there must
be 7 > 0 such that (4.1) holds. O

Let ¢ be a smooth function on R¢, with
supp ¢ € B(P,r) € (0,1)%,
where P = (1/2,...,1/2) € (0,1)% and B(P,r) is the ball with radius r centered at P,

and assume that
/ ©?=1.
Rd

For a given p (fixed in the statement of Proposition 2.1), and its dual Holder exponent p’
define the constants
d d
(4.2) a=—,b=— sothata+b=d
p
and the scaled functions (defined on the whole space R?, thus not periodic)

ou(x) = pro(pa), ¢u(z) = pPo(uz), p>1.



14 STEFANO MODENA AND GABRIEL SATTIG

Lemma 4.2. For every p>1, k€ N, r € [1, 0],

_a ~ _a
(4.3) D" @ullprray = p* " TEID Gl e ay o [1DF Bl rray = 1P T DF G|l 1 (g

Moreover,

(1.4) | oupu=1.
]Rd

The proof is straightforward and thus it is omitted. Note in particular that the LP(R?)-
norm of ¢, and the LP (R%)-norm of @, are invariant of the scaling. Note also that
supp ¢, = supp ¢, and both are contained in a ball with radius at most r. For any given
y € T4, we define the translation

7, T4 — T, Ty(z) =x —v.
Notice that, for every smooth periodic map g
ID¥(g o)l = |1 Drgllzr Yk €N, Vr € [1,00].
Lemma 4.3. There are periodic functions
¢l T > R, ¢l T" - R, j=1,....d,

such that the same scaling as in (4.3) holds:

. 4 » 4
(4.5) 1D @h e = =" F D ol e, |ID*@ e = 1+ DFg|l 1.
Moreover, for everyi=1,...,d,
(4.6) ][d (SOL ° 7_587,') (‘/3; o Tsei) =1,

T

and, for every i # j and s € R,
) (81,0 7o) (&1 0 730,) = 0.
Notice that (4.7) means

QDL(.CL‘ — se;) @ (x — se;) =0
for every x € T¢.

Proof. Since ¢, ¢, have support contained in (0, 1)¢, we can consider their periodic
extensions, still denoted, with a slight abuse of notation, by ¢,, ¢, respectively. We
define now the periodic maps

Spfl = Pu o TC]‘? @‘ZJ, = 95';]; © Tij

where (1,...,(4 are the points given by Lemma 4.1. It is immediate from the definition
and from (4.3)-(4.4) that (4.5)-(4.6) holds. Let now = € T, s € R. We have

(= sei) 3l (x — sej) = pule — G — seq)Pule — ¢ — sei) = pu(z — xi())Pulz — x;(s)).
Observe that, by Lemma 4.1,

drpa (x —xi(8),  — x5 (:U)) = dra (%i(5),%;(s)) > 2r.
Since the support of ¢, and ¢, coincide and are both contained in a ball with radius at
most r, it must be
pu(r —xi(s)) oz — x4(s)) = 0,
and thus (4.7) holds. O
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We introduce now the building block of our construction, the space-time Mikado den-
sities and fields. Besides the families of functions ¢}, @7, p > 1, j = 1,...,d, we fix a
smooth periodic function ¢ : T4"! — R satisfying

b=, f =1
Td—1 Td—1

and we define

wj T4 R, w](x) = ¢j(x1,...,xd) =Y(T1, .., 1, T, - -, Td),s

for every j =1,...,d, so that
(4.8) P =0, ][ (W) =
Td Td

Introduce the parameters

‘fast oscillation’, eN
‘concentration’, > A
‘phase speed’

‘very fast oscillation’, € AN, > A

R ET® >

to be chosen in the very end of the proof. Now we can define the Mikado functions, for
i=1,....d:

Mikado density eg\www(t’ x) = gp{L (Az — wtey)) ¥ (vz),
Mikado field Wi,u,w,u(tﬂ x) = @i (M — wtey)) P (va)e;,

: 1, . . .
Quadratic corrector g\’%w’y(t,x) = (¢l2) Az — wtey)) (7 (1/3:))2

We will use also the shorter notation

@g\,uwy_@g\,uwl/ ( )\Othe])ww
W/{,#,w,u = W)j\ W, I/(t) = ( )‘ © T‘Utej) w €55

. 1 9
Qo = Ppaos®) = 5 (A7) 0 ae, ) (42)

where we have used the notation gy(z) := g(Az) (and g, (z) := g(vx)), for g : T? — R.

(t)

Remark. The Mikados defined here do not form a stationary solution of the incom-

pressible transport equation, in contrast to those used in [17, 15]. The ideal cancellation
properties 0; @i o = le(@j)\ i VW)J\ ) = 0=div Wi uw for every j (and in partic-

ular if summed over all j) cannot hold here because of the time- dependence and compact
support in space of the function p(A(xz —wte;)). However, 9 is still time-independent and
divergence-free so that

(49) at@)\ VW =~ ((8J¢i¢)k © T"Jtej) wi’
(410) le W)\,M7w7y = )\ ((8]95{1,))\ o thEj) ¢Z€j7

holds and, because of the fact that Q7 = %@j W3, we still have a set of functions similar
to a solution to the transport equation, as stated in the following proposition.

Set
4.11 €:=— +
(4.11) 5

Note that € > 0, because of (2.2).
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Proposition 4.4. Define the global constants M (not depending on p,p) by

(4.12) M = 2d max {10l D¥ e, llolEoe felE |
The Mikado functions obey the following bounds:
M : M : ul
- J o J
N N L A N L I
M ; M i M
4130) &0, < W], <G @], < T
(4.13¢) HWiMw’V(t)‘ oS M,
; Ap+v
J
(4.13d) HWA’W’V@)HWM_) < MU

Furthermore, for every i # j,

(4.14) (S}

J _
A?M?"J?VWAJMUJJ/ - 0

and the Mikado functions ‘solve the continuity equation’ in the sense that

(4.15) O,y + A1V (0410 W ) =0
on [0,T] x T4,

Proof. The inequalities in (4.13a)-(4.13b)-(4.13¢) are immediate consequence of (4.5). We
show only the first inequality in (4.13a), the other ones being completely similar:

H@)\ywu )HLP < H(SDL))\ OTUJtejHLp ||w1j/||L°°

= (|l 1o 1197 [l oo

= llell e 1ol e

< [l oo 14 oo
M

<.

— 2d

Inequality (4.13d) requires direct calculation: using (1.20), we get
9 O < N 0ty 19 + 10 (000 7t s
+ [[(@)x 0 e, || 13 (1P|
< 1@ Lol o + M|DEL| o 197 [ zoe + vIIGh N Lol DY || oo
(by (4.5)) < w4l gl| o[ ]| oo + AP =P Dog| s |1 oo
+ vl o || D | e

<M ( Ay v . >
pe o plte
Equality (4.14) is an immediate consequence of (4.7). To prove (4.15), we observe that

O s (L)W, (6 2) =w@S (6 2)e; = Fz — wte))v) ()e;,

for some F : T4 — R, whose precise form is not important. Since @Z),],ej is time independent
and divergence free, we get

div (@J

PWIRARY

W;WV) = VF - ie;,

0Q3 1o = —VF -,
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and thus (4.15) holds. O

4.2. Definition of perturbations. Given (po,uo, o) as in Proposition 2.1, we denote
by R)(t,z) the components of the vector Ry(t, ), i.e.
d .
Ro(t,x) =Y R)(t,z)e;.
j=1
We now define the new density and velocity field as

pi(t,z) = po(t,z) + (¢, x) + Je(t) + q(t, ) + qe(t)
uy(t,x) = up(t, =) + w(t,z) + we(t, z)

where ¥, ¢ and w are the Mikado density, quadratic corrector term and Mikado flow
weighted by the defect field Ry, defined as follows:

‘l/p

d
I(t,w) =y xi(t @) sen (Rt 2)) [R(ta)| 0,0, (0),
=1

J]=

d
1 . 1/p’ .
wt, z) = EZ it z) ‘R{)(t, x)‘ Wi (ta),
j=1

d
q(t,x) =D Gt 2) Ry (L, 2) Q0 (1 2).
j=1
Here A, p1, w, v will be chosen in Section 6 to conclude the proof of Proposition 2.1, the x; :
[0, 7] x T4 — [0,1] are cut-off functions which ensure the smoothness of the perturbations
at the zero set of R{]:
0if |RY(t, z)| <
xj(ta) =9 "9
Lif [R)(t,2)| >
and 7 and ¢ are the strictly positive numbers which appear in the statement of Proposi-
tion 2.1.

The parameters A, u,w,v > 1 will be fixed in Section 6. We will however use the
shorter notation

0(t) = > a0 (0, w(t) = S bOW D). at) =3 a0 ).

o
id>
95
2d>

where a;,b; are defined as

‘l/p ‘l/p’

a5 (1) =y (1) sen (BY0) [RY(0)

Notice that

L b= 26 0[Re

a;(t)b;(t) = X3 (t) Ry (¢),
and the following estimates hold true:

1 _ 1/p'
(4.16a) lag(D)l|ze < nlBoB)IZF, 1160 o < 1 | Bo(t) 1
and, for every k € N,
(4.16b) lajllers [bjllcx < Cn, 6, || Rollcx)-

The corrector terms 4., q. are needed for p; to have zero mean value:

De(t) = — ]fl‘d U(t, x)dx
gelt) = — ﬁ o(t, 2)dz
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The corrector term w, is needed for u; to be divergence-free. We first compute

diveo(t) = Y div(b; ()W (1))
- Z div (bj(t) ((@{;) R mej) wiej)
J
= Z V(bj(t) AN thej) e
j

We thus define
(4‘17) wc(t) = ZRN (fj(t)7 lbf,) )
J

where we set for simplicity

(4.18) fi(t) = V(aj (t) (&), ° thej)

and N is some large integer, which will be chosen in Section 6 together with the parameters
A, b, w, v. Notice that this definition of the corrector w, really cancels the divergence of
w.

4.3. Estimates on the perturbations. In this section we will formulate and prove all
the necessary estimates on the perturbations, beginning with the density terms.

Remark. In this and in the next two sections, Sections 5 and 6, we will denote by C' any
constant which can depend on the constant M defined in (4.12), on all the parameters in
the statement of Proposition 2.1, i.e.

pv]av 5,77700>U0»R07

on the parameter N to be fixed in Section 6 (and on the properties of the functions ¢,
fixed in Section 4.1, in particular their derivatives and antiderivatives up to order N as
in the definition of w.), but not on

Ay by W, V.
Lemma 4.5 (9 in LP comparable to Ry). It holds

Mn 1 C
(4.19) WOl < S RO + 517

Proof. Applying the improved Hélder inequality (3.1) with f = a;(¢) and g\ = ©7(t)
(recall that ©7(¢) is 1/A-periodic, as v is an integer multiple of \) we obtain

9Ol < 3 laiOllio |7 0], + 12 laglen [0,

. M77 1/p C
(by (4.13a) and (4.16)) < > [ Ro(t)]I 7 + SN O
Lemma 4.6 (¢ small in LP). It holds
o

(4.20) lg(®)][zr <

Proof. We obtain (4.20) simply from the Holder inequality, using (4.13a) and (4.16b):

b
: 0
lg(®) e < llabjlleo|Q7 (t)]|ze < o O
j
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Lemma 4.7 (9. and g, small as numbers). [t holds
(1.21) 9:(8)] < O,
(4.22) lge(t)] < Cw™

Proof. Clearly the correctors are bounded by the L!-norm of 9(t) and ¢(t), so (4.21) and
(4.22) follow immediately from (4.13b) and (4.16b):

D) < 19O < Cu™" ae(®)] < Jla®)l| < Cw™. O

Lemma 4.8 (w in L” comparable to Ry). It holds

M C
(4.23) @l < 5, IRt O +

)\1/p’ )

Proof. The proof is completely analog to the one of (4.19) and is thus omitted. U

Lemma 4.9 (w small in WYP). It holds

C’()\u-f—y)'

(4.24) lw(®)llws < LT

Proof. We only use Hoélder together with (4.13d) and (4.16b) and obtain

w®lws < 3 bW ©) s
<> bsllen [IW7(0) s

< C(Au+v)
- MlJre

Lemma 4.10 (Estimates on f;). For every k,h € N and r € [1, o0]
HDthfj (1) HLT < C(/\M)k+h+1ubfd/r_
Proof. Recalling the definition of f; in (4.18), we have
ID*D" £ () er < ILF5 () llwrsenr
< Haj(t) ((SEL))\ © TWtej) Hwk+h+1,r
< Cllajllersnaa 1@ )Alwrsnsrr
(by (4.16)) < CAHG s,
(by (4.5)) < COu)FHH1 b=l O
Lemma 4.11 (w, small in L?). It holds

N k N+1
(4.25) et < (Z (%) + W’N) .

k=1

Proof. Applying (3.10) to the definition (4.17) of w, we immediately obtain

Dk P DN i(t '
ECIPE SIS (Z L AU LAt AUTP )

The conclusion follows applymg Lemma 4.10 with h = 0, » = p’ and recalling that
b=d/p. O
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Lemma 4.12 (w, small in WP). It holds

” N k N+1
(4.26) [we(®)[lwrs < CAZJE <Z <AM> + %) ’

1%
k=1

Proof. We will only estimate || Dw.(t)||;5 as the estimate on ||w.(t)]| ;5 is very similar to the
proof of the previous lemma (we just gain a factor of = (179 because of the integrability
of ¢,,). By statement (ii) of Lemma 3.5 we can split Dw, into:

ch ZDRN f] ) ZRN Df] )ﬂ)i)JrRN (f]’D(wlj/))

Both terms can now be estimated analog to the previous lemma by application of (3.10),
resulting in (the constant may change from line to line)

DkDf 5 'DNDf t 5
ol (Z DD Ol | VJ$<>||L>
Dk 5 DN ()55
+ DYl (Z D0l PO )l
o (L Op)E ()2
/v —dfp (2 :( Ny)k +( MV)N )

k=1
d N )N+1
/p d/p ( g ) ]

k=1

A+ v /\,u )\,u yN+1
=C plte (Z < v -
k=1

1Dwe(t)lls <CY
i

(by Lemma 4.10) < C

5. THE NEW DEFECT FIELD

5.1. Definition of R;. Given the perturbations defined in the previous section we now
have to find a vector field Ry so that (p1,u1, R1) solve (2.1) on [0, 7] x T¢. This is achieved
basically by taking the anti-divergence of the left hand side of (2.1), but as we want to
show that R; can be chosen arbitrarily small in L! in order to prove (2.3d), we need to be
careful about the exact form of the anti-divergence. Therefore, decompose the left hand
side of (2.1) as

—div Ry = Op1 + div(pru1)
= 9rpo + div(pouo) +0¢ (9 + Ve + q + gc) + div(po(w + we)) + div((9 + q)uo)
=—div Ro
+ div((9 + q)(w + we)) + (Ve + qc) div((uo + w + we))
0 by def. of we

= 0i(q + qc) + div(dw — Ry)
+ O (¥ 4+ ¥e) + div(pow + Jug)
+ div(g(up + w))
+ div((po + 9 + q)we).

(5.1)

In the next sections we analyze each line in (5.1) separately. In particular we will define
and estimate RX (in (5.2)), R¥™! (in (5.5)), R (in (5.7)), R"™ (in (5.11)), RYme2
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(in (5.12)), R? (in (5.15)), R®™ (in (5.17)), so that

di(q + qo) + div(dw — Rp) = div RM™! 4 div R 4 div RX,
Ay (0 + 0.) + div(pow + Pug) = div RM™2 + div R,
div(q(up + w)) = div RY,
div((po + 9 + q)w.) = div R®"™,
and thus
—div Ry = Op1 + div(prur)
for

_Rl = Rtime,l + unadr + RX 4+ Rtime,Q + Rlin + RY 4 Reorr

5.2. Analysis of the first line in (5.1). We write
Ry = ZRoej Z (1= X3 Rhe; + Y _xjRle;
J
and thus
—div Ry = div <RX — Z X?Réq)
J
=divRX =Y "V(IR)) ¢,
J
= div RX — ZV(ajbj) © €4
J
where we set
(5.2) RX:= = "(1-x3)Rle;.
J
Observe now that, because of (4.14),

dw =Y a;b;0IW = " xIRIGTWI.

J J
Therefore
div(tw) =Y a;b; div(€IW7) + V(azb;) - /W
J
and thus
div(tw — Ro) = > a;b; div(©I W) + V(a;b;) - W7 + div RX = > " V(ayb;
J J
Zaj  div(©T W) + V(ajb;) - [0/W — ¢;] + div R
J
= a;b; div(67 W)
(5.3) r

+<V( ibi) - [OTW7 — ¢;] fVaJ [@"W]—%D

][V a;b;) - [6/W7 — ¢]

21

"€
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On the other side
(g + qc)

= Z a;jb;0 Q" + dy(ajb) Q7 + q.
J

=S a0+ (0t @ - fatan) @) + (ot @+ ).
J
Putting together (5.3) and (5.4) we get
04(q + qc) + div(Yw — Ro) = Z a;b; [0,Q7 + div(6/W7)]

=0 by (4.15)

(e~ f ot )

+<V( ibi) - [&7W7 — ¢;] ][V a;b; [@JWJ—GJD
+ div RX
][at a;b; VQ 4 gl + ][V a;b; @JW]—eJ]

=0, as the Lh.s. has zero mean value
and each other line in the r.h.s. has zero mean value

Z(at ajb;) Q7 — ][at a;jb; Qﬂ)

J

(5.4)

—l—(V( ibi) - [&7W — ¢;] ][V a;b; [@]Wj—ej]>
+ div RX
= div R™me! 4 div R 4 div RX,
where R%™e! is defined by
(5.5) R i= Y {D_l (@(ajbj) Q7 = Oi(ajby) Qj) } :
J T
and R4 is defined in such a way that
(5.6) div Ravedr =y~ {V(ajbj) [OTWI —¢;] - ][VRg - [OTWI —¢;] } :
J
as follows. We first compute
( ) [(@pgp‘u) © thej (1/’1]/)2 - 1j| €j
(ajb]) [(SOM(‘OM)/\ © Twte; ((wi)g - 1) + (((pfﬁéﬁ))\ O Twte; — 1)]€j
(azby) - | (hBhIa© Tute, ()7 = 1), + (#hBlh = 1), © Tute, |
J(a]b ) |:(§0,u,§0p,))\ © Twte; ((W)2 - 1),/ + ((10{1(15‘;7/, - 1))\ © thej:| .
We then define
unadl‘,l Z R <8J ‘P#S%)/\ O Twtej ((¢])2 - 1)1,)7

quadr2 ZRI (aj a; j ’ (@L@i - 1))\ © thej> )
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and
(57) unadr — unadr,l + unadr72
so that (5.6) holds. Notice that the definitions of R9a4"! and RIU2 are well posed, as

- o
de ((wj) - 1)1, = 07 ]{Td (@igpit - 1))\ S thej - 07
because of (4.6) and (4.8). We now estimate RX, Rtime! Rauadr
Lemma 5.1 (Bound on RX). It holds
J

(58) IRl < 5.

Proof. From the definition of y; it is obvious that \R%(t, z)| < £ on the support of
(1= 2(t,2)), 0

) 5
[BX(@)][ 1 < / |R]tx)|dx<d/ — < - 0
Z pt(1—x3(t)) d 2
Lemma 5.2 (Bound on Rtlme’l). It holds
; 1
(5.9) [ ()], < 02
Proof. Using the definition of R'"™®! in (5.5) and applying Lemma 3.4, we get
|[RAmeL ()| < CZ 19 (a; (£)b; () Q7 ()| 1
< CZ 19e(abj)ll oo Q7 (1) L1
(by (4.13b)) < C’;. O

Lemma 5.3 (Bound on R, [t holds

o0 e, <o (2 +3).

Proof. First observe that both terms in the definition of R9%d need to be handled sep-
arately as the fast oscillation term of R4"4™1 is (1/v)-periodic whereas in R4134%:2 there
is only (1/\)-periodicity. For RAad51 (3.10) (with N = 1) and standard Hélder gives us

y

Lt

HmMme<W—wm@a%>H»an Tt

4|2 (3 (a5 00,0) (2 0 )

Wl,l >

gf@@@@wmm

((p,ju@iL)A o thej

Lt

+ Ha] (a’j<t)bj(t))||cl (@i@i))\ O Tuwte;

<

T Q

lajbjllce (lef @l + M@l @hllw)
CAp

9

| /\

14
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IR 2 (1))

where in the last step we used (4.5). For R1"2 we apply (3.9) (again with N = 1) and
<l @ — 1 (~ oy (x2R; Moy (2R
< Cllen@ = e | 1119 (XG5 B ) ||, + 5119 (Xi o
0
< Cl,

obtain
)
A

as ||<pft<ﬁft|| 1 = 1, by (4.5). Together these two estimates supply the required bound. O

5.3. Analysis of the second line in (5.1). We have
O (9 + 9¢) + div(dug + pow) = Z a;0,07 + (8ya;)©7 + div(Yug + pow) + V.,
J

=> <ajat@j - ][ajat@j>
J
+ <(ataj)@ﬂ’ — f (ataj)@J) + div(Yug + pow)
+ ][aj&g@j + ][(ataj)@j + ’19/6

=0 as the L.h.s. and each other line
in the r.h.s. has zero mean value

= div R™e2 4 div ",
where

(5.11) Rin.— p~! <(ataj)@j — ][(ataj)@j) + YJug + pow

and RY™e2 is defined in such a way that

div Rtime,2 = Z <6Lj8t@j — ][ajat(%j),

J

as follows. Using (4.9), we get
aj&g@j = —wa; ((8%0{;)/\ o thej) 1[)5

and thus we can define

(5.12) RIme? = 2\ "Ry (aj (9591 5 © Tute; wi),
i

where N will be fixed in Section 6, as we have already stressed.

Lemma 5.4 (Bound on R'™). It holds
1 1
<C < + b) .
L pne

Proof. For the first term in the definition (5.11) of R'™ Lemma 3.4 yields

HD—l (ataj(t)@j(t) — fataj(t)@j(t))

(5.13) HR““(t)‘

| = Clowa;(t) &7 ()] 1
L

< C|19saj|co]|©7 ()| 11
C

(by (4.13b)) < P
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For the second term in the definition (5.11) of R'™ simply apply Holder’s inequality

leo(®w(®)lzr < llpollcollasllcol W (£)] 1

c
(by (4.13b)) < - 2.

The third term is handled completely analog, resulting in

19y uo ()| < 5;

By adding the three terms we obtain the required bound. O

Lemma 5.5 (Bound on R%™®2). [t holds

(5.14) [RI™e2 (1) < C% (

() o).

k=1

Proof. R%"™e2 is defined in (5.12) by application of the bilinear anti-divergence operator
Ry of Section 3.4 to the product of a;(d;@))x © Tute; and 1, so (3.10) yields

N-1

: 1 j
HRtlme,Q (t)HLl < C)\w< Z aE HDk (aj (t) (8%,0&))\ o thej)
k=0

X |
o [PV (0050 o mej)Hm)

N-—1

1 . 1 )

< CAW( E | Haj(w(aj@fi))\ © Twte; Hwkl + N Ha’j(t)(aj(pz)/\ O Twte; HwN,l )
k=0

N-1
1 , 1 ;
< CAW( Z WH%‘HW H(aj%)AHwk,l + Vw”%’”cN H(aj(pft))\HwNJ)

k=0
S
Wk,l WN,l
< C/\w< > JRH1 + N )
k=0
N—-1
_ YL )N
(by (4.5)) < CAu! bw( )+ ) >
k=0
N k N+1
w A (Aw)
<05 (Z () + ).
k=1
which is exactly the desired inequality. O

5.4. Analysis of the third line in (5.1). We simply define
(5.15) R := q(ug + w).

Lemma 5.6 (Bound on RY). It holds

b
(5.16) IR ®)] 0 < 5
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Proof. From the definitions of ¢ and w we immediately get
IR (@)L < llg@) L2 (luo(@)lco + [[w(t)]co)

<3 Jlasblleo |QF ()]s (Huouco 'y Hbz‘\COHWi(t)”CO>
i 7

<eX 1@l (14 W Dl
j 7

(by (4.13b) and (4.13¢)) < ¢

1 b
w( + ),

which implies the desired inequality. (]

5.5. Analysis of the fourth line in (5.1). We simply define
(5.17) R™ = (po + ¥ + q)we.
Lemma 5.7 (Bound on R°™). It holds

Lot (5o ()", N
|R (t)HL1§C<1+W+w)<Z(V Sl

k=1

Proof. The inequality is easier to prove than to state as it is an immediate consequence
of Lemmata 4.5, 4.6 and 4.11. We omit the details. O

6. PROOF OF THE MAIN PROPOSITION

Given the estimates proven in Sections 4 and 5 we are now able to prove Proposition 2.1.
Let p € (1,00) and p € [1,00) so that (2.2) holds. Let 6,7 > 0 and let

(po, uo, Ro) : [0,T] x T¢ - R x R? x R?

be a smooth solution of the incompressible continuity-defect equation (2.1).

6.1. Choice of parameters. Recall that M was defined in (4.12). Let € be as in (4.11)
and note that e > 0 by (2.2). Recall that a = d/p > 0 and b = d/p’ > 0. For some large
positive integer A to be defined later:

(1) Set p == A* for some af(e) > 21 > L.
(2) Set v := X7 for a natural number 7(«, €) chosen such that

at+l<y<a(l+e)

which is possible by the choice of a. In this way, v is a multiple of A and the
Mikado functions defined in Section 4.1 are A-periodic.
(3) Choose (b, @, ) such that

ba < B <ba+7y—(a+1)

which is possible by the first condition on v, and set w = A\?.
(4) Finally, choose an integer N(a, ) which is large enough so that
N Y

<
N -1 14+«

which is also possible by the first condition on ~.
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Let us summarize the conditions imposed by our choice of the parameters «, 8,y and N:

(6.1a) 1 < ae

(6.1b) a+l<y

(6.1c) v < a(l+e)
(6.1d) ba < 8

(6.1e) B+1+a<ba+ry
(6.1f) NA1+a) <(N-1)y.

6.2. Definition of the new solution. Let (p1,u1) be as defined in Section 4 and Ry
as in Section 5. Then (p1,u;, Ry) is a solution of (2.1) as stated in the construction of
R;. Clearly the solution is smooth in time and space (ensured by the cut-offs x;) and
it is equal to (po,ug, Ro)(t) if Ro(t) = 0 holds, as the construction is completely local in
time apart from the definition of R™ and R"%™®! which contain the time derivative of
Ry. However, by the definition of the cut-off functions y; it is clear that

Ro(t) =0 = ua; = 0 (st )RS (E )] /7) = 0

and analog for d;(a;b;), so also R (t), R1mMe1(¢) = 0 holds.
We need to show (2.3a)—(2.3d), which is equivalent to

(6.2a) 19(t) + q(t) + Do) || 20 < My||Ro()][ 147
(6.2D) w(t) + we(t)|| < AjnRo( B
(6.2¢) lw(t) + we(t)[wrs < 6

(6.2d)

<.

JA

H (Rtime,l + unadr + div RX + Rtime,2 + Rlin + RY + Rcorr) (t)’

Remark. In all these definitions the oscillation parameter A € N is still to be fixed. It
will be chosen sufficiently large in the following estimates. Note that this is possible as
there is no upper bound on A here.

6.3. Estimates on the perturbations. Set
A= {te[0,1] : |Ro(t)|i < 6/4d},  B:=[0.T)\ A.

Since Ry is a smooth function, A is open in [0,7] and thus B is compact. It must then
hold
inf || Ro(t)llz+ = min [ Ro(t)l| 12 > 0.

If t € A, then x;(t) = 0 for every j and thus, by definition, ¥(t) = ¢(t) = V.(t) = w(t) =
we(t) = 0. Hence, (6.2a) trivially holds. If ¢ € B, Lemmata 4.5, 4.6 and 4.7 provide the
desired bound on the density perturbation:

[0(8) + q(t) + 9e(t) + ge(t)l| e < 9@z + [la(@)][Lr + [0(8)] + [ge ()]

Mn 1p 1 w11
77||R0()H )\1/P+ +E+;

N

M
= SR @I + € (A7 4+ X0yt 75,

Because of (6.1d) and the facts p < oo and b > 0 the second summand can be made
arbitrarily small by choosing A sufficiently large. More precisely, we can choose A so that

M
—1/p ba—p3 —ba -8 M 1/p
C(/\ +APB ATy ) < 5 min [[Ro(6) [,
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which, in particular, proves (6.2a). Notice that, taking the minimum of the ||Ry ()11,

we ensure that A can be chosen independent of t.
For the L” -bound on the velocity perturbation we need Lemmata 4.8 and 4.11.

N k N+1
1y 1 PA (1A)
o+ wel < 5 I1Rol} +O<W+;<V> 4

N
HROHl/P <)\_1/p/ + Z ()\l—i-a—'y)k + )\(N—l-l)(l—i-a)—ny) )
k=1

Because of (6.1b) we have A17~7 < 1, so the sum inside the parentheses is bounded by
NAMe=7 . Furthermore

(N+1)(1+a)—Ny<N(1l+a)—(N-1)y<0

holds by (6.1f). Observe also that p’ < oo, so all the exponents of A in the parentheses
are negative so the term can be made arbitrarily small by choosing A sufficiently large,
which proves (6.2b).

For (6.2c) we apply Lemmata 4.9 and 4.12 and obtain

oo (55) (£ )

—C (Al—ae i A'y—oa(l—e)) (Z Ar(ta—y) )\(N+1)(1+o¢)—N7> ‘
k=0

Again because of (6.1b) and (6.1f) each summand inside the second parentheses is bounded
by 1, so the inequality boils down to
Hw + wcle,ﬁ < C(N + 2) ()\l—ae + AW—a(l-e)) .

Both exponents of A in this expression are negative: The first one is by condition (6.1a)
and the second by (6.1c). Therefore, if A is large enough, (6.2¢) holds.

6.4. Estimates on the new error. By Lemma 5.1 the smoothness corrector term RX
is bounded in L' by 2 5 so in order to prove (6.2d) we need to show that the sum of all

other components of the defect field R; is smaller than % in L'. Most of the terms are
bounded analog to the density and velocity perturbations, by Lemmata 5.3, 5.4 and 5.6

unadr
L1

S C ()\H»ozf’y 4 )\71) ,

’ ’ Rhn

<C <)\—aa + )\—boc) ’
Il
IR pr < CXP77,
], < o3t
These terms are small for large A because of (6.1b) (first line), as a,b > 0 (second line)
and by (6.1d) (third and fourth line).

The two remaining terms require more attention. Lemma 5.7 provides the following
bound on R™:

N
H}%corr”L1 <C (1 + )\fl/p + /\baf/o’) <Z )\k(1+a7'y) + )\(N+1)(1+a)N'y> )
k=1

By (6.1d) the term in the first parentheses is bounded by 3, the second one is small for
large A because of (6.1b) and (6.1f) by the same argument as above in the estimate of
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Rtime,Q

the velocity perturbation. The last remaining term is , which is taken care of in

Lemma 5.5:

N
HRtime,QuLl < O \P—ba (Z )\k(l—&—a—w) + )\(N-l—l)(l—&—a)—Nv)
k=1

N-1
— O )\Pt1ita—(baty) <Z Ae(+a—) )\N(1+a)—(N—1)7> )
k=0

Now (6.1b) and (6.1f) implies that the parentheses is bounded by N + 1. Moreover the
exponent 8 + 1 + o — (ba + ) is negative because of condition (6.1e), so the term is
arbitrarily small if A is chosen sufficiently large. This concludes the proof of (6.2d) and
thus the proof of the proposition.

7. SKETCH OF THE PROOF OF PROPOSITION 2.1 FOR p =1
AND OF THEOREMS 1.3 AND 1.4

7.1. The case of continuous vector fields. The proof of Proposition 2.1 at some
points requires an integrability of the density perturbation ¥ which is strictly better than
L', most crucially in Lemma 5.4: smallness for the term ||¥ugl|/;: is impossible in the
construction of the perturbation as presented in the previous sections.

In [18] the same problem was solved by letting the Mikados “deform with the flow” so

that the transport term in the linear part of R,

div RIansPort — (9, 4y - V) <19 - ][ 19)
Td

is sufficiently small because of a cancellation in the Mikado function.

More precisely, since ug is smooth, there exists the “inverse flow map”, a smooth function
® :[0,7] x T¢ — T which solves

WP +uy- VO =0, O(tg,x) = x.

Moreover ®(t,-) : T¢ — T is close to the identity if ¢ is close to to. In [18] the pertur-
bations are now defined using the pushforward of the Mikado density and flow. Ignoring
corrector and cut-offs and using our notation the density perturbations locally in time has
the representation

It x) =Y By(t0)8, ((t,2)).

It is easy to see that from this definition the transport term in the new defect field reduces
to

(O + uo(t, ) - V) O(t, ) =n YO, ((t,x)) (0 + uo(t,x) - V) RY(t, ),
J

whose anti-divergence is of order 1/) in L!'-norm, because of the fast oscillating Mikado
ol

In the construction presented in Section 4 it is advantageous to apply the pushforward
only on the fast oscillating factor ¥ (vz) and not on the space-time Mikado functions
¢’ (t,r), which ensure the disjoint support where necessary. The density perturbation
then takes the form

0(t,2) =1 Ry(La)eh(Ma — wte;) )9 (v (t,2)).

On the one hand the transport term also contains derivatives of (¢, ), which excludes
the possibility of a cheap L'-estimate. However, the term is almost identical to 99, so
it is possible to estimate its anti-divergence analog to Lemma 5.5. On the other hand,
since the definition of the space-time Mikado functions ¢7 (¢, #) remains untouched, we still
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have disjoint support of Mikados in different directions, so there will not be any nontrivial
interactions (“Third issue” in Section 2 of [18]) which need to be controlled.

All the other estimates in Sections 4 to 6 remain valid under this redefinition, so Propo-
sition 2.1 can be proved with p = 1. For the technical details see [18].

7.2. Handling the diffusion term. In order to prove Theorem 1.3 we only need to add
minor adjustments and one more estimate to the proof presented in Sections 3 to 6. The
cheapest way to prove that (py, u,, Ry,) converges to a solution of (1.16) is by showing
that Vp,, converges in L'. This way we can keep the construction of the perturbations
untouched and just add V(p, — pn—1) to the new defect field R,,. Then clearly

Op1 +div(prur) — Apy = —div(Ry) — Apy = —div (R + Vp1)

holds and it suffices to show that V(p1—pg) is small in L. This estimate is straightforward:
with the notation introduced in Section 4 we obtain

1+ +v 01+A1+0‘+M
b

HVﬁHL1 < C = )\boc )

1+« 0%

HVq||L1§C'1+)\'u+V—Cl+)\ —G—)\'
w B

(and trivially V). = 0.) We need to redefine € so that

d d d
O<€<min{~—,—1,,—1},
p D p

which is always possible by the additional condition (1.17) in the statement of the theorem.
Choose the parameters «, 5,y exactly as before and observe that

b>1+e = ba>a(l+e)>yv>1+a

by conditions (6.1c) and (6.1a) and therefore ||[V¥| 1 is small for large A. Similarly,
IVq||11 is also small as by (6.1d) in particular S > 7,1+ «. This concludes the proof of
an analog of Proposition 2.1 in the viscous case and thus Theorem 1.3.

7.3. Solutions of higher regularity. Also for Theorem 1.4 the already existing proof
requires only some adjustments and more estimates. For the sake of completeness and in
order to motivate the extra conditions in the statement we state the analog of the main
proposition.

Proposition 7.1. There is constant M > 0 such that the following holds. Letp,p € [1,00)
and m,m € N such that (1.19) holds. There is s € (1,00) such that for any 6 > 0 and
any smooth solution (pg,ug, Ro) of
Op + div (pu) + Lip = —div R,
divu = 0,

there is another smooth solution (p1,u1, Ry) which fulfils for any t € [0, T

(7.1a) 1 (8) = po(®)llzs < MI|[Ro(2)]"/*
(7.1b) s (8) = ()l o < M| Ro(t) [/
(7.1c) 1p1(t) = po(t)lwm» < &
(7.1d) Juur (8) = o (&) s < 6
(7.1e) lo1(8) = po@)lwr—11 <6
(7.16) IRi(8)] e <6
(7.1g) Ry(t) =0 = Ry(t) =0.
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Proof of Theorem 1.J. For the order k differential operator of Ly there is an operator Ly,
such that

Ly f = div L f for any smooth f.

Observe that ||Lf||rr < || fllwr=1.r, so (7.1¢) in particular implies

<.

Hik(ﬁ’l —po)‘

Ll

This guarantees that R, (t) — 0 in L!, uniformly in time. Completely analog to the proof
of Theorem 1.2 we construct a sequence (pn,un, Ry) of smooth solutions satisfying the
bounds

lons1(t) = pu (s < M Ra()]|V* < M5,
lns1(t) = un (D)l o < MIRQ (] < M6/
1on+1() = P () lwme < dn
[unt1(t) = un( Mg < 0n
lon+1(t) = P () lwe—1.1 < 0n

||Rn+1(t)||L1 < bn
R,(1)=0 = R,+1(t) =0

for (po,uo) = (p,u) and a sequence of positive numbers (d,,)nen chosen such that

2571/5<oo, Z(S}L/Sl < 0, Zdn<oo,

neN neN neN
and, in addition,
M Z 5/ < ¢
neN
if we want to show (iv) or
M Z 51 < ¢
neN

if we want to show (iv’). Then the limit
pn 222 pin C ([0, 1], Wm’p(’JI‘d)> ,up 2% uin O ([o,T], Wm’ﬁ(ﬂl‘d))
fulfils statements (i)—(iv) of the theorem. O

We only give a sketch of the proof of Proposition 7.1, as it is mostly analog to the proof
of Proposition 2.1. The only important difference is that in general u; € L¥ does not
hold, which is needed for the L'-convergence of the product p,u, and we want the density
perturbation to be small in the Sobolev space WP, which was not necessary before. We
address both issues by defining the Mikados in a slightly different way: the “concentration
scaling” of Mikado density ©) and Mikado field W) is now given by

d

. ) d
on(@) = np(nz), Gu(w) = p'p(pa) where a = —, b=

for s € (1,00) chosen such that

1 m>1 ) 1>1+7h 1 d1>k_1
———=>-=1-= — ——and = > ——.
p d s s! d p s! d

Note that such an s must exist because of (1.19).
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With a suitable M and positive numbers €1, €2, €3 defined as

d(l 1>
e =—|-—-]-1
m\p S

d . {1 11 k—l}
€0 '= —mins — — —, — — — -1

3= — 1

the scaling of the Mikados implies

||@)\,M,W,V||Ls ) ‘|W)\,u,w,u||Ls’ < M
b
HQA,M,W,VHLs S -

H@)\,u,w,u ||Wm,p

2
7 N &
= | >
==
T+
(IEN
N———
3

(Ap + ) u/?
1@ o lyyrms S
w
Ap+v m
W pscowllyms S (M)
PEA
Oramslyens £ (222)
M+ v)F1
HQ)\,,u,w,V ’kal,l 5 ( K w )

Choosing the parameters p = A\, w = p? and v = X\? dependent of b and e =
min{ey, €2, €3} according to (6.1) the proof of all necessary estimates is analog to those in
Sections 4, 5 and 6.

(1]
2]
3l
(4]
(5]
(6]
(7]
(8]
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