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ABSTRACT
We review some rigorous estimates for the ground state energy of dilute Bose gases. We start with Dyson’s upper bound, which provides
the correct leading order asymptotics for hard spheres. Afterward, we discuss a rigorous version of Bogoliubov theory, which recently led to
an estimate for the ground state energy in the Gross–Pitaevskii regime, valid up to second order, for particles interacting through integrable
potentials. Finally, we explain how these ideas can be combined to establish a new upper bound, valid to second order, for the energy of hard
spheres in the Gross–Pitaevskii limit. Here, we only sketch the main ideas; details will appear elsewhere.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0087116

I. INTRODUCTION
In 1957, in a short but very influential paper,1 Dyson proved the first rigorous estimate for the ground state energy of an interacting

Bose gas at low density. He considered a gas of hard spheres, but his approach can be easily extended to more general repulsive, short-range
interactions. To leading order, he obtained the correct upper bound for the ground state energy and a lower bound, off by a factor around 14.

Forty years later, in 1997, Lieb–Yngvason2 managed to show a lower bound for the ground state energy, matching Dyson’s upper bound.
They considered a system of N bosons, moving in the boxΛL = [0; L]3 (with periodic boundary conditions) and interacting through a repulsive
(i.e., non-negative), two body radial potential V : R3 → R, with integrable decay at infinity. They proved that the ground state energy per unit
particle at fixed density ρ = N/L3, in the limit N, L→∞, is such that

e(ρ) = 4πaρ (1 + o(1)) (1.1)

in the dilute limit ρa3 → 0. Here, a denotes the scattering length of the potential V and is defined through the solution of the zero-energy
scattering equation

[−Δ + 1
2

V] f = 0

with the boundary condition f (x)→ 1, as ∣x∣→∞, so that f (x) ≃ 1 − a/∣x∣ asymptotically for large ∣x∣. For the hard-sphere interaction, a
coincides with the radius of the spheres.
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The next order corrections to (1.1) have been predicted in the physics literature by Lee–Huang–Yang,3 who derived the expression

e(ρ) = 4πaρ [1 + 128
15
√
π
(ρa3)1/2 + o((ρa3)1/2)]

again for the dilute limit ρa3 ≪ 1. It is interesting to observe how (1.1) and also (1.2) only depend on the scattering length a, and not on further
details of the interaction. A rigorous lower bound matching the Lee–Huang–Yang formula has been recently derived by Fournais–Solovej,
first for integrable potentials in Ref. 4 and then also for hard-sphere interactions in Ref. 5. A rigorous upper bound for the ground state energy
per particle matching (1.2), on the other hand, has been first derived by Yau–Yin in Ref. 6 for smooth interaction potentials (a quasi-free trial
state, which only recovered the correct asymptotics in the limit of weak potential, was previously proposed in Ref. 7). More recently, a simpler
trial state has been proposed in Ref. 8 for interaction potentials V ∈ L3(R3). Still missing is an upper bound matching (1.2) for non-integrable
interactions, such as hard-sphere potentials (ironically, the upper bound is still missing exactly for the hard-sphere interaction that was first
considered by Dyson, who probably regarded it as the simplest case).

In experiments, Bose gases are often very dilute. This leads us to consider also scaling regimes in which the density is coupled with the
number of particles N and tends to 0, as N →∞. An important example is the Gross–Pitaevskii regime, where the density is 1/N2. Rescaling
lengths, the Gross–Pitaevskii regime corresponds to systems of N particles moving in the fixed box Λ = [0; 1]3 (with periodic boundary
conditions) and interacting through a repulsive (i.e., non-negative) rescaled potential N2V(N⋅), whose scattering length is given by a/N, with
a denoting the scattering length of V. Translating (1.1) to the Gross–Pitaevskii limit, it implies that the ground state energy in this limit is
given by

EGP
N = 4πaN + o(N) (1.2)

as N →∞.
In the recent years, making use of a rigorous version of Bogoliubov theory,9 it was possible, at least for integrable potentials, to go beyond

the leading order estimate (1.2) and to resolve the ground state energy and the low-energy excitation spectrum up to errors vanishing in the
limit of large N. For particles interacting through a repulsive, radial, and compactly supported interaction V ∈ L3(R3), the ground state energy
in the Gross–Pitaevskii regime was shown in Ref. 10 to satisfy

EGP
N = 4πa(N − 1) + eΛa2

− 1
2 ∑p∈Λ∗

+

[p2 + 8πa −
√
∣p∣4 + 16πap2 − (8πa)

2

2p2 ] +O(N
−1/4), (1.3)

where
eΛ = 2 − lim

M→∞
∑

p∈Z3/{0}:
∣p1 ∣,∣p2 ∣,∣p3 ∣≤M

cos(∣p∣)
p2 , (1.4)

and in particular, the limit can be proven to exist. The second line of (1.3) corresponds, in the thermodynamic limit, to the second term in
(1.2) [in this regime, the sum in (1.3) can be replaced by an integral, leading to (1.2); see Eqs. (A.26)-(A.29) in Ref. 11]. The correction eΛa2,
on the other hand, is a finite volume effect, arising because a is defined through the scattering equation (1.2) on the whole space R3, rather
than on the box Λ, and it has no analog in (1.2).

Additionally, after subtraction of the ground state energy, the excitation spectrum below a threshold ζ > 0 was proven in Ref. 10 to consist
of eigenvalues having the form

∑
p∈2πZ3/{0}

np
√
∣p∣4 + 16πap2 +O(N−1/4ζ3), (1.5)

with np ∈ N for all momenta p ∈ 2πZ3/{0}. In other words, excited eigenvalues are determined, in good approximation, by the sum of the
energies of quantized excitations, labeled by their momentum and characterized by the dispersion law ε(p) =

√
∣p∣4 + 16πap2. Again, we

observe that (1.3) and (1.5) only depend on the interaction potential through its scattering length a.
The results that we discussed in the last two paragraphs, concerning particles trapped in the unit torus Λ in the Gross–Pitaevskii limit,

can also be extended to Bose gases on R3, confined by external trapping potentials Vext. In this case, Lieb–Seiringer–Yngvason proved in Ref.
12 that the ground state energy per particle is given, to leading order, by

lim
N→∞

EGP
N (Vext)

N
= min
φ∈L2(R3):∥φ∥=1

EGP(φ),

with the Gross–Pitaevskii energy functional

EGP(φ) = ∫ [∣∇φ(x)∣2 + Vext(x)∣φ(x)∣2 + 4πa∣φ(x)∣4]dx.
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More precise bounds, analogous to (1.3) and (1.5), have been recently established, for integrable potentials, in Refs. 13 and 14.
Estimates (1.3) and (1.5) have been proven in Ref. 10 for V ∈ L3(R3). As indicated in Ref. 14, it would be relatively easy to extend

them to V ∈ L1(R3). On the other hand, extension to hard-spheres (or to more general non-integrable potentials with a hard-core) requires
substantial new ideas. The goal of these notes is to present an upper bound for the ground state energy in the Gross–Pitaevskii regime, for
particles interacting through a hard-sphere potential, consistent with (1.3); a complete proof of this estimate will appear in Ref. 15; here, we
will only sketch some of the main ideas.

Before stating and discussing our new estimate in Sec. IV, we are going to review some tools that play a crucial role in its proof. In Sec. II,
we will briefly recall Dyson’s upper bound for the leading order contribution to the ground state energy of a dilute gas of hard spheres. In
Sec. III, on the other hand, we will review some of the main steps of the rigorous version of Bogoliubov theory for integrable potentials that
led to (1.3) and (1.5).

II. DYSON’S UPPER BOUND FOR A DILUTE BOSE GAS
In this section, we review Dyson’s upper bound for the ground state energy of hard-spheres in the dilute limit. Since the argument plays

an important role in the derivation of our new estimate for the Gross–Pitaevskii regime, we are going to sketch a slightly different proof,
compared with Dyson’s original work (in fact, our trial state is closer to the one proposed by Jastrow in Ref. 16).

We consider a gas of N hard spheres in the three dimensional torus ΛL = [0; L]3. We are looking for an upper bound to the ground state
energy

EN,L = inf
⟨Ψ,∑N

j=1 − ΔxjΨ⟩
∥Ψ∥2 , (2.1)

with the infimum taken over all Ψ ∈ L2(ΛN
L ), symmetric with respect to permutations of the N particles and satisfying the hard-sphere condi-

tion Ψ(x1, . . . , xN) = 0 if there exist i, j ∈ {1, . . . , N}, i ≠ j, with ∣xi − xj∣ < a. Here (and in the following), we indicate with ∣xi − xj∣ the distance
between xi and xj on the torus. We are interested in the thermodynamic limit, where N, L→∞ with fixed ρ = N/L3, and we focus on the low
density regime, where ρa3 ≪ 1.

To get an upper bound for (2.1), we have to evaluate the energy of an appropriate trial state. To this end, we modify the non-interacting
ground state Ψa=0

N,L (x1, . . . , xN) ≡ 1 by adding correlations among particles. Since correlations are produced mainly by two-body scattering
events, it seems natural to consider trial states having the form

ΨN,L(x1, . . . , xN) =
N

∏
i<j

fℓ(xi − xj), (2.2)

where a≪ ℓ≪ L is a parameter that will be fixed later and fℓ is meant to describe two-body correlations up to distance ℓ. Product trial
functions like (2.2) have been first considered by Jastrow in Ref. 16 (Dyson, on the other hand, worked in Ref. 1 with a non-symmetric trial
state, describing only nearest neighbor correlations). More precisely, in (2.2), we choose fℓ as the ground state solution of the Neumann
problem

−Δ fℓ = λℓ fℓ, (2.3)

on the ball ∣x∣ ≤ ℓ, with the hard-sphere condition fℓ(x) = 0 for ∣x∣ < a and with the normalization fℓ(x) = 1 for ∣x∣ = ℓ. We can then extend
fℓ to a function over the torus ΛL, setting fℓ(x) = 1 for ∣x∣ > ℓ. With standard tools in analysis [see, for example, Ref. 18 (Lemma A.1)], we can
study the eigenvalue problem (2.3) and prove that

λℓ =
3a
ℓ3 [1 +O(a/ℓ) ]. (2.4)

Moreover, denoting by χℓ the characteristic function of the ball ∣x∣ ≤ ℓ, we find

∣∇ fℓ(x)∣ ≤ Ca
χℓ(x)
∣x∣2 , 0 ≤ 1 − f 2

ℓ(x) ≤ Ca
χℓ(x)
∣x∣ . (2.5)

To compute the energy of the trial state (2.2), we observe that

−ΔxjΨN(x1, . . . , xN)
∏N

i<j fℓ(xi − xj)
=

N

∑
i≠j

−Δ fℓ(xj − xi)
fℓ(xj − xi)

−
N

∑
i,m,j

∇ fℓ(xj − xi)
fℓ(xj − xi)

⋅ ∇ fℓ(xj − xm)
fℓ(xj − xm)

, (2.6)

where the sum in the last term runs over i, j, m ∈ {1, . . . , N} all different. From (2.3), we obtain, with the notation x = (x1, . . . , xN) ∈ ΛN
L ,
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⟨Ψ,
N

∑
j=1
− ΔxjΨ⟩ = 2λℓ

N

∑
i<j
∫ χℓ(xi − xj)

N

∏
i<j

f 2
ℓ(xi − xi)dx

−∑
i,j,m
∫
∇ fℓ(xj − xi)

fℓ(xj − xi)
⋅ ∇ fℓ(xj − xm)

fℓ(xj − xm)
N

∏
i<j

f 2
ℓ(xi − xj)dx.

(2.7)

Thus, using the permutation symmetry, we find

⟨Ψ,∑N
j=1 − ΔxjΨ⟩
∥Ψ∥2 = N(N − 1)λℓ ∫

χℓ(x1 − x2)∏N
i<j f 2

ℓ(xi − xj)dx

∫ ∏N
i<j f 2

ℓ(xi − xj)dx

−N(N − 1)(N − 2)∫
∇ fℓ(x1−x3)

fℓ(x1−x3) ⋅
∇ fℓ(x2−x3)

fℓ(x2−x3) ∏
N
i<j f 2

ℓ(xi − xj)dx

∫ ∏N
i<j f 2

ℓ(xi − xj)dx

= A + B.

Defining uℓ(x) = 1 − f 2
ℓ(x) and estimating

1 −
N

∑
j=2

uℓ(x1 − xj) ≤
N

∏
j=2

f 2
ℓ(x1 − xj) ≤ 1

in the numerator and in the denominator of A, we can decouple the variable x1; with (2.4) and (2.5), we obtain

A ≤ N2λℓ ∫ χℓ(x)dx
L3 −N ∫ uℓ(x)dx

≤ 4πaρN ⋅ [1 + C
a

ℓ
+ Cρaℓ2]

under the assumption that a/ℓ, ρaℓ2 ≪ 1. Similarly, using again (2.5), we can bound [this estimate could be improved using that, by symmetry,
the integral of∇ fℓ(x1 − x2) ⋅ ∇ fℓ(x2 − x3) over x1, x2, x3 vanishes]

B ≤ CN3 [∫ ∣∇ fN,ℓ(x)∣dx]2

L6 − CNL3 ∫ uℓ(x)dx
≤ CN3a2ℓ2

L6(1 − Cρaℓ2) ≤ CNρa[ρaℓ2].

Thus, we conclude that
EN,L ≤ 4πaρN ⋅ [1 + C

a

ℓ
+ Cρaℓ2].

Choosing ℓ = ρ−1/3, we obtain the upper bound
EN,L ≤ 4πaρN ⋅ [1 + Caρ1/3],

which captures the correct leading order of the ground state energy EN,L in the dilute limit.

Remark. In (2.3), we cutoff correlations by choosing fℓ as the solution of the Neumann problem on the ball ∣x∣ ≤ ℓ. Compared with the
simpler truncation of the zero-energy scattering equation used in,1 our procedure has the advantage that the computation of the many-body
kinetic energy (2.7) produces a nice two-body potential (in,1 the correct energy emerges as a boundary term, corresponding to a potential
supported on ∣x∣ = ℓ). This will play an important role in Section IV, where we will discuss how to modify (2.2)) to obtain better estimates.

III. BOGOLIUBOV THEORY FOR TRAPPED BOSE GASES
In this section, we consider a gas of N bosons moving in the unit torusΛ = [0; 1]3 and interacting through a repulsive (i.e., non-negative)

potential with scattering length of the order 1/N (Gross–Pitaevskii regime). The Hamilton operator takes the form

HGP
N =

N

∑
j=1
− Δxj +

N

∑
i<j

N2V(N(xi − xj)) (3.1)

and acts on the Hilbert space L2
s (ΛN), the subspace of L2(ΛN) consisting of functions that are symmetric with respect to permutations of the

N particles. Here, we assume V : R3 → R to be a repulsive, radial, and compactly supported potential.
In fact, it is convenient to embed (3.1) in a family of Hamilton operators for trapped Bose gases, all acting on L2

s (ΛN), given by

Hβ
N =

N

∑
j=1
− Δxj +

1
N

N

∑
i<j

N3βV(Nβ(xi − xj)) (3.2)
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and depending on a parameter β ∈ [0; 1]. For β = 1, we recover the Gross–Pitaevskii Hamiltonian (3.1). For β = 0, on the other hand, (3.2)
describes a mean-field scaling, where particles interact weakly through a potential varying on the same length scale L = 1 characterizing the
box Λ. Mathematically, the mean-field scaling is more approachable, but from the point of view of physics, the Gross–Pitaevskii regime is, of
course, more relevant.

Extending the bound (1.2) to all β ∈ [0; 1], we find that the ground state energy of (3.2) is given, to leading order, by

lim
N→∞

EβN
N
= 4π lim

N→∞
a
β
N ,

with a
β
N denoting N times the scattering length of the rescaled interaction potential N3β−1V(Nβ⋅). For β = 1, simple scaling of the zero-energy

scattering Eq. (1.2) implies that aβ=1
N = a; for β < 1, on the other hand, aβN converges toward its first Born approximation V̂(0)/8π [the Born

series for aβN is given in (3.14)]. We conclude that

lim
N→∞

EβN
N
=
⎧⎪⎪⎨⎪⎪⎩

V̂(0)/2 if β ∈ [0; 1)
4πa if β = 1.

(3.3)

In the last decade, there has been progress in the mathematical understanding of the properties of trapped Bose gases described by (3.2),
based on rigorous versions of Bogoliubov theory, that made it possible to go beyond the leading order estimate (3.3), at least for certain classes
of integrable interactions. In the rest of this section, we are going to describe some of the main new ideas and results in this area. We focus here
on integrable interaction potentials, excluding hard-spheres (we will come back to this point at the very end of this section and in Sec. IV).

The first important observation in Bogoliubov theory is that, close to the ground state energy, trapped Bose gases exhibit complete
Bose–Einstein condensation. All particles, up to a fraction vanishing as N →∞, are described by the same orbital φ0 defined by φ0(x) = 1
for all x ∈ Λ. In the mean-field limit and assuming the interaction potential to be bounded and positive definite, Bose–Einstein condensation
follows from

0 ≤ ∫ dxdy V(x − y)
⎡⎢⎢⎢⎢⎣

N

∑
j=1
δ(x − xj) −N

⎤⎥⎥⎥⎥⎦
[

N

∑
i=1
δ(y − xi) −N]

=
N

∑
i, j=1

V(xi − xj) −N2V̂(0) = 2
N

∑
i<j

V(xi − xj) +NV(0) −N2V̂(0),

which immediately gives

Hβ=0
N ≥ N

2
V̂(0) +

N

∑
j=1
− Δxj − C.

This operator inequality implies that for every approximate ground state ψN , i.e., for every ψN ∈ L2
s (ΛN) satisfying

⟨ψN , [Hβ=0
N −NV̂(0)/2]ψN⟩ ≤ C,

the expected number of orthogonal excitations of the condensate is bounded by

⟨ψN , [q1 + ⋅ ⋅ ⋅ + qN]ψN⟩ ≤ C, (3.4)

where we introduced the notation q = 1 − ∣φ0⟩⟨φ0∣ for the projection on the orthogonal complement of the condensate wave function φ and
where we used the gap in the Laplace operator to estimate −Δ ≥ Cq. Remark that (3.4) implies condensation in a strong sense, proving that
the number of excitations remains bounded, as N →∞.

Verifying the existence of Bose–Einstein condensation in the Gross–Pitaevskii regime (more generally, for β > 1/3, i.e., if the range of the
potential is much smaller than the typical distance between particles) is much more challenging. The first proof was given by Lieb–Seiringer.
In Refs. 19 and 20, they showed that every approximate ground state wave function of (3.1) is such that

1
N
⟨ψN , [q1 + ⋅ ⋅ ⋅ + qN]ψN⟩→ 0

as N →∞. A similar result was later obtained in Ref. 21, with different tools. More recently, the stronger estimate (3.4), giving optimal bounds
on the number of excitations, was proven to hold in the Gross–Pitaevskii regime and, in fact, for all β ∈ (0; 1], in Refs. 10 and 22. Different
proofs and extensions to the case of particles trapped by external potentials have been obtained in Refs. 23–25.

After establishing Bose–Einstein condensation, the next step in Bogoliubov theory consists in factoring out the condensate and in focus-
ing instead on its orthogonal excitations. To this end, we proceed as in Ref. 26, and we observe that every ψN ∈ L2

s (ΛN) can be written
as

ψN = α0φ⊗N
0 + α1⊗sφ⊗(N−1) + ⋅ ⋅ ⋅ + αN−1⊗sφ0 + αN
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with uniquely determined αj ∈ L2
�(Λ)⊗sj for j = 0, . . . , N (here,⊗s denotes the symmetric tensor product). Defining UNψN = {α0, . . . ,αN}, we

map the Hilbert space L2
s (ΛN) into the truncated Fock space

F≤N
+ =

N
⊕

n=0
L2
�(Λ)⊗sn

constructed over the orthogonal complement L2
�(Λ) of the condensate wave function φ0. Through UN , we can define the excitation

Hamiltonian Lβ
N = UN Hβ

N U∗N , acting on the excitation Hilbert space F≤N
+ .

To compute Lβ
N , it is convenient to rewrite (3.2) in momentum space using the formalism of second quantization with the creation and

annihilation operators a∗p , ap, defined for every p ∈ Λ∗ = 2πZ3, satisfying canonical commutation relations

[ap, a∗q ] = δp,q, [ap, aq] = [a∗p , a∗q ] = 0.

We find
Hβ

N = ∑
p∈Λ∗

+

p2a∗p ap +
1

2N ∑
p,q,r∈Λ∗

V̂(r/Nβ)a∗p+ra∗q aq+rap.

Denoting by N+ the number of particles operator on F≤N
+ (N+ measures the number of excitations of the condensate), we have, from Ref. 26,

the rules
UN a∗0 a0U∗N = N −N+,

UN a∗0 apU∗N =
√

N −N+ap =:
√

Nbp,

UN a∗p a0U∗N = a∗p
√

N −N+ =:
√

Nb∗p ,

UN a∗p aqUN = a∗p aq

(3.5)

for all p, q ∈ Λ∗+ = 2πZ3/{0}. Thus, we obtain

LN,β = UN Hβ
N U∗N = L(0)N,β +L

(2)
N,β +L

(3)
N,β +L

(4)
N,β,

where we defined

L(0)N,β =
N − 1

2N
V̂(0)(N −N+) +

V̂(0)
2N

N+(N −N+),

L(2)N,β = ∑
p∈Λ∗

+

p2a∗p ap + ∑
p∈Λ∗

+

V̂(p/Nβ)a∗p
N −N+ − 1

N
ap +

1
2 ∑p∈Λ∗

+

V̂(p/Nβ)(b∗p b∗−p + h.c.),

L(3)N,β =
1√
N

∑
p,q∈Λ∗

+
,p+q≠0

V̂(p/Nβ)[b∗p+qa∗−paq + a∗q a−pbp+q],

L(4)N,β =
1

2N ∑
p,q∈Λ∗

+
,r≠p,−q

V̂(r/Nβ)a∗p+ra∗q apaq+r .

(3.6)

In (3.5), we introduced operators b∗p , bp creating and, respectively, annihilating an excitation with momentum p (removing and, respectively,
adding a particle to the condensate). On states with only few excitations, i.e., with N+ ≪ N, we have b∗p ≃ a∗p and bp ≃ ap.

The cubic and the quartic terms in (3.6) look small in the limit N →∞. In the mean-field regime, one can prove that, on states with few
excitations, their contribution is indeed negligible. In other words, for β = 0, we can approximate

LN,0 ≃ L(0)N,0 +L
(2)
N,0

= (N − 1)
2

V̂(0) + ∑
p∈Λ∗

+

[p2 + V̂(p)]a∗p ap +
1
2 ∑p∈Λ∗

+

V̂(p)(b∗p b∗−p + h.c.).

To diagonalize the resulting quadratic operator, we conjugate it with a (generalized) Bogoliubov transformation having the form

Tτ = exp
⎡⎢⎢⎢⎢⎣

1
2 ∑p∈Λ∗

+

τp(b∗p b∗−p − bpb−p)
⎤⎥⎥⎥⎥⎦

. (3.7)

On states with few excitations, we expect (3.7) to act almost as a standard Bogoliubov transformation (with b♯±p replaced by a♯±p), i.e.,

T∗τ apTτ ≃ cosh(τp) ap + sinh(τp) a∗−p.
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Choosing τ ∈ ℓ2(Λ∗+) so that tanh(2τp) = −V̂(p)/(p2 + V̂(p)), we obtain, therefore,

T∗τ LN,0Tτ ≃
(N − 1)

2
V̂(0) − 1

2 ∑p∈Λ∗
+

[p2 + V̂(p) −
√
∣p∣4 + 2p2V̂(p)]

+ ∑
p∈Λ∗

+

√
∣p∣4 + 2p2V̂(p) a∗p ap.

This shows that the wave function U∗N TτΩ ∈ L2
s (ΛN) is a good approximation for the ground state of Hβ=0

N , and it allows us to read off the
ground state energy

Eβ=0
N ≃ (N − 1)

2
V̂(0) − 1

2 ∑p∈Λ∗
+

[p2 + V̂(p) −
√
∣p∣4 + 2p2V̂(p)]. (3.8)

Moreover, it implies that the low-energy excitation spectrum of Hβ=0
N − Eβ=0

N consists (up to corrections vanishing as N →∞) of the
eigenvalues

∑
p∈Λ∗

+

np

√
∣p∣4 + 2p2V̂(p), (3.9)

with np ∈ N, for all p ∈ Λ∗+. Rigorous justifications of (3.8) and (3.9) for the mean-field regime have been obtained in Refs. 26–29 (recently,
higher order expansions of the energy have been given in Refs. 30 and 31).

For β > 0, the analysis is more difficult. In fact, for β ≥ 1/2, cubic and quartic terms produce relevant contributions to the energy and can
certainly not be neglected. The main difference with respect to the case β = 0 is that correlations among particles, which are negligible in the
mean-field limit, become here more important. To model correlations, we fix ℓ0 > 0 small enough (but independent of N), and we consider
[similarly to (2.3)] the ground state solution of the Neumann problem

[−Δ + N3β

2N
V(Nβx)] fN,ℓ0 = λℓ0 fN,ℓ0 (3.10)

on the ball ∣x∣ ≤ ℓ0, with the normalization fN,ℓ0(x) = 1 if ∣x∣ = ℓ0. We extend fN,ℓ0 to Λ, setting fN,ℓ0(x) = 1 for ∣x∣ > ℓ0, and we define wN,ℓ0

= 1 − fN,ℓ0 . For p ∈ Λ∗+, we consider the coefficients ηp = −NŵN,ℓ0(p), and we introduce the generalized Bogoliubov transformation

Tη = exp
⎡⎢⎢⎢⎢⎣

1
2 ∑p∈Λ∗

+

ηp(b∗p b∗−p − bpb−p)
⎤⎥⎥⎥⎥⎦

. (3.11)

To understand (at least heuristically) the choice of the sequence η, we can write

TηΩ ≃ C exp[1
2 ∫ dxdy η̌(x − y)a∗x a∗y ]Ω

for a constant C ∈ R, making sure that normalization is preserved. This leads to

(U∗N TηΩ)(x1, . . . , xN) ≃ Ce
1
N∑

N
i<j η̌(xi−xj)

= C
N

∏
i<j

e
1
N η̌(xi−xj) ≃ C

N

∏
i<j
[1 + 1

N
η̌(xi − xj)]

(3.12)

and [comparing with a wave function of the form (2.2)] explains the choice of η.
With Tη, we define the renormalized excitation Hamiltonian

GN,β = T∗η LN,βTη = T∗η UN Hβ
N U∗N Tη.

Similarly to what we did in (3.6) for LN,β, we can also decompose the operator GN,β in constant, quadratic, cubic, and quartic terms. Through
conjugation with Tη, we extracted important contributions to the energy from the quartic terms in (3.6). As a consequence, the constant term
in GN,β is now closer to the true ground state energy, compared with the constant term in (3.6); the vacuum expectations of LN,β and of GN,β

are given, to leading order, by NV̂(0)/2 and 4πNa
β
N , respectively; the difference is of order Nβ, which is exactly the energy carried by the

correlations generated by Tη. [With η̌ (x) ≃ C χ (∣x∣ ≤ ℓ0)/(∣x∣ + N− β), we expect that Tη creates order ∥η∥2
2 ≃ 1 excitations, with an energy of

order ∥η∥2
H1 ≃ Nβ.]

For β ∈ (0; 1), it is possible to show that cubic and quartic terms in GN,β are negligible in the limit of large N. Thus, in this case, the
renormalized excitation Hamiltonian GN,β can be approximated by its quadratic component and can therefore be diagonalized by means of
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another (generalized) Bogoliubov transformation Tτ , similar to (3.7), correcting the energy at order one. Following this strategy, it was shown
in Ref. 33 that, for β ∈ (0; 1), the wave function U∗N TηTτΩ ∈ L2

s (ΛN) is a good approximation for the ground state vector of Hβ
N , that the

ground state energy is given by

EβN ≃ 4π(N − 1)aβN −
1
2 ∑p∈Λ∗

+

[p2 + V̂(0) −
√
∣p∣4 + 2p2V̂(0) − V̂2(0)

2p2 ], (3.13)

and that the low-energy excited eigenvalues of Hβ
N − EβN have the form

∑
p∈Λ∗

+

np

√
∣p∣4 + 2p2V̂(0),

with np ∈ N for all p ∈ Λ∗+, up to errors that vanish as N →∞. Here, aβN denotes N times the scattering length of the potential N3β−1V(Nβ⋅)
and can be recovered through the finite Born series inserted in (3.13).

8πaβN = V̂(0) − 1
2N ∑p∈Λ∗

+

V̂2(p/Nβ)
p2

+
mβ

∑
k=2

(−1)k

(2N)k ∑
p∈Λ∗

+

V̂(p/Nβ)
p2

× ∑
q1 ,q2 ,...,qk−1∈Λ∗+

V̂((p − q1)/Nβ)
q2

1
(

k−2

∏
i=1

V̂((qi − qi+1)/Nβ)
q2

i+1
)V̂(qk−1/Nβ), (3.14)

where the order mβ is chosen so large that the error is much smaller than 1/N and therefore only produces negligible contributions when
inserted in (3.13). Comparing with (3.8), we conclude that contributions to aNβ associated with k ≥ 2, which are relevant for β ≥ 1/2, emerge
from cubic and quartic terms in (3.6).

In the Gross–Pitaevskii regime (i.e. for β = 1), even after renormalization with the Bogoliubov transformation Tη, cubic and quartic terms
in GGP

N = GN,β=1 are still important, and they cannot be neglected. In this case, following Ref. 33, we need to perform a second renormalization
of the excitation Hamiltonian, this time conjugating it with a unitary operator having the form

S = exp
⎡⎢⎢⎢⎣

1√
N
∑

r∈PH ,v∈PL

ηr(sinh(ηv)b∗r+vb∗−rb∗−v + cosh(ηv)b∗r+vb∗−rbv − h.c.)
⎤⎥⎥⎥⎦

given by the exponential of a cubic expression in (modified) creation and annihilation operators (here, PH , PL are appropriately defined sets
of high and low momenta). This leads to the (twice) renormalized excitation Hamiltonian MGP

N = S∗T∗η UN HGP
N UN TηS. Through conjugation

with S, we extracted additional contributions from the cubic and the quartic terms in GGP
N . At this point, the remaining cubic and quartic terms

in MGP
N are small, and we can focus on its quadratic part. Diagonalization through a last Bogoliubov transformation Tτ produces the good

ansatz U∗N TηSTτΩ ∈ L2
s (ΛN) for the ground state vector and leads to the bounds (1.3) for the ground state energy and (1.5) for the excited

eigenvalues.
The approach that we discussed in this section and that led to the estimates (1.3) and (1.5) requires V ∈ L3(R3) (as well as the standard

assumptions that V is non-negative, radial, and of short range). As recently shown in Ref. 14 (for the case of a Bose gas trapped by an external
potential), it could be extended to V ∈ L1(R3)with a slightly different choice of the coefficients ηp in (3.11) [the stronger condition V ∈ L3(R3)
is only important to control properties of the solution of the Neumann problem (3.10)]. On the other hand, this approach cannot be easily
extended to particles interacting through a hard-sphere potential. The problem is that it is difficult to impose the hard sphere condition on
states that are defined through the action of the unitary transformations Tη, Tτ , S. Keeping, for example, η̌ = −NwN,ℓ0 , as defined after (3.10),
we would have η̌(x) = −N for ∣x∣ < a/N, and according to the heuristic identity (3.12), (U∗N TηΩ)(x1, . . . , xN) would be far from zero, even
when particles are closer than allowed by the hard-sphere condition [in this case, of course, the last approximation of the exponential in (3.12)
is not valid].

In Sec. IV, we are going to present an alternative approach that we recently developed to obtain an upper bound for the ground state
energy matching (1.3) for Bose gases interacting through hard-sphere potential.

IV. UPPER BOUND FOR THE ENERGY OF HARD-SPHERES IN THE GROSS–PITAEVSKII LIMIT
In this section, we consider a gas of N hard spheres, with radius aN = a/N, moving on the three-dimensional unit torus Λ = [0; 1]3. We

are interested in the ground state energy of the system, which is defined as

EHS
N = inf

⟨ΨN ,∑N
j=1 − ΔxjΨN⟩
∥ΨN∥2 ,
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with the infimum taken over ΨN ∈ L2
s (ΛN), ΨN ≠ 0, satisfying the hard-sphere condition

ΨN(x1, . . . , xN) = 0, if there exist i, j ∈ {1, 2, . . . , N}with i ≠ j and ∣xi − xj∣ ≤ a/N. (4.1)

Theorem 4.1. There exist C, ε > 0 such that

EHS
N ≤ 4πa(N − 1) + eΛa2 − 1

2 ∑p∈Λ∗
+

[p2 + 8πa −
√
∣p∣4 + 16πap2 − (8πa)

2

2p2 ] + CN−ε, (4.2)

with eΛ as defined in (1.4).

As usual for upper bounds, to prove Theorem 4.1, we need to find a trial state ΨN ∈ L2
s (ΛN) satisfying the hard-sphere condition (4.1),

whose energy matches the rhs of (4.2).
Summarizing the content of Secs. II and III, we have discussed two possible approaches to construct an appropriate trial state. Following

the Dyson–Jastrow approach presented in Sec. II, we could consider a trial function having the form

ΨN(x1, . . . , xN) =
N

∏
i<j

fN,ℓ(xi − xj), (4.3)

with fN,ℓ describing two-body correlations, up to the distance 1/N ≪ ℓ≪ 1. A nice feature of (4.3) is the fact that it automatically satisfies
the hard-sphere condition (4.1) [assuming, of course, that fN,ℓ(x) = 0 for ∣x∣ < a/N]. On the other hand, to show a bound of the form (4.2),
resolving the energy up to errors that vanish in the limit N →∞, one would need to choose ℓ comparable with the size of the box of order
one. For such values of ℓ, it seems extremely difficult to control product (4.3) and to compute its energy with sufficient accuracy. Following
the Bogoliubov approach, we could instead consider a trial state of the form

ΨN = U∗N TηSTτΩ (4.4)

like those that have been considered in Refs. 10 and 33 to prove (1.3) for integrable potentials. Because of the nice algebraic properties
of Bogoliubov transformations, these states are much more accessible to computation than (4.3). In particular, they allow us to create and to
control correlations at all length scales (this is the reason why this approach has been successfully applied in Ref. 8 and, in a somehow different
form, also in Refs. 6, 7, and 35 to compute the upper bound for integrable potentials in the thermodynamic limit). As indicated at the end of
Sec. III, however, it seems very difficult to impose the hard-sphere condition on (4.4).

Our idea to show Theorem 4.1 is to combine the Dyson–Jastrow and the Bogoliubov approaches using a Jastrow factor to capture
correlations at short distances and a Bogoliubov transformation to describe them at large distances. In other words, we consider a trial state
having the form

ΨN(x1, . . . , xN) = ΦN(x1, . . . , xN) ⋅
N

∏
i<j

fN,ℓ(xi − xj), (4.5)

where fN,ℓ is chosen [similarly to (2.3), but now the hard core has the radius a/N] as the ground state of the Neumann problem

−Δ fN,ℓ = λN,ℓ fN,ℓ, (4.6)

on the ball ∣x∣ ≤ ℓ, with fN,ℓ(x) = 0 for all ∣x∣ ≤ a/N. Choosing ℓ≫ N−1 but small enough, we take care of the hard-sphere conditions, and at
the same time, we keep computations involving the Jastrow factor simple. The wave function ΦN , on the other hand, will be defined through
appropriate (generalized) Bogoliubov transformations; to resolve the ground state energy to the desired precision, it must produce the correct
correlations on all length scales larger than ℓ. Because of the presence of the Jastrow factor, however, it does not need to satisfy hard-sphere
conditions. We find it convenient to choose ΦN with ∥ΦN∥ = 1; as a consequence, ΨN will not be normalized in L2

s (ΛN) (but we will show
later that ∥ΨN∥→ 1, as N →∞).

Let us now compute the energy of the trial state (4.5). We find

−ΔxjΨN(x1, . . . , xN)
∏N

i<j fN,ℓ(xi − xj)
=
⎡⎢⎢⎢⎢⎣
−Δxj − 2

N

∑
i≠j

∇ fN,ℓ(xj − xi)
fN,ℓ(xj − xi)

⋅ ∇xj

⎤⎥⎥⎥⎥⎦
ΦN(x1, . . . , xN)

+
N

∑
i≠j

−Δ fN,ℓ(xj − xi)
fN,ℓ(xj − xi)

ΦN(x1, . . . , xN)

−
N

∑
i,m,j

∇ fN,ℓ(xj − xi)
fN,ℓ(xj. − xi)

⋅ ∇ fN,ℓ(xj − xm)
fN,ℓ(xj − xm)

ΦN(x1, . . . , xN),
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where the sum in the last term runs over i, j, m ∈ {1, . . . , N} all different [note that, for ΦN ≡ 1, the first term vanishes and the other two
appeared already in (2.6)]. Integrating by parts and using (4.6), we conclude that

⟨ΨN ,
N

∑
j=1
− ΔxjΨN⟩

=
N

∑
j=1
∫ ∣∇xjΦN(x)∣2

N

∏
i<j

f 2
N,ℓ(xi − xj)dx

+
N

∑
i<j

2λN,ℓ ∫ χℓ(xi − xj)∣ΦN(x)∣2
N

∏
i<j

f 2
N,ℓ(xi − xj)dx

−∑
i,j,m
∫
∇ fN,ℓ(xj − xi)

fN,ℓ(xj − xi)
⋅ ∇ fN,ℓ(xj − xm)

fN,ℓ(xj − xm)
∣ΦN(x)∣2

N

∏
i<j

f 2
N,ℓ(xi − xj)dx,

(4.7)

where x = (x1, . . . , xN) ∈ ΛN . The three-body term on the last line turns out to be negligible, with the appropriate choice of ℓ and of the wave
function ΦN . In fact, using permutation invariance and the operator inequality

±W(x1 − x2)W(x1 − x3) ≤ C∥W∥2
r(1 − Δx1)(1 − Δx2)(1 − Δx3)

valid for all r > 1, we can bound its contribution by

RRRRRRRRRRR

1
∥ΨN∥2∑

i,j,m
∫
∇ fN,ℓ(xj − xi)

fN,ℓ(xj − xi)
⋅ ∇ fN,ℓ(xj − xm)

fN,ℓ(xj − xm)
∣ΦN(x)∣2

N

∏
i<j

f 2
N,ℓ(xi − xj)dx

RRRRRRRRRRR

≤ CN3

∥ΨN∥2 ∫ ∣∇ fN,ℓ(x1 − x2)∥∇ fN,ℓ(x1 − x3)∣∣ΦN(x)∣2dx

≤ CN3

∥ΨN∥2 ∥∇ fN,ℓ∥2
r ⟨ΦN , (1 − Δx1)(1 − Δx2)(1 − Δx3)ΦN⟩.

(4.8)

For a rough estimate, we can approximate fN,ℓ ≃ 1 − aχℓ(x)/(N∣x∣) (which is what we would find cutting off the solution of the zero-energy
scattering equation at ∣x∣ = ℓ). This gives

∥∇ fN,ℓ∥2
r ≤ Cℓ6−4r/N2 (4.9)

for 1 ≤ r < 3/2.
Although we still need to defineΦN , we already know that it will have to describe two-body correlations on scales ∣x∣ ≥ ℓ. To get an idea of

the size of the expectation on the rhs of (4.8), we can therefore replaceΦN [after integrating out the other (N − 3) variables] by the three-body
wave function

[1 − a

N(∣x1 − x2∣ + ℓ)
][1 − a

N(∣x2 − x3∣ + ℓ)
][1 − a

N(∣x1 − x3∣ + ℓ)
]. (4.10)

This leads to the bounds

⟨ΦN , (−Δx1)ΦN⟩ ≲
1

Nℓ
,

⟨ΦN , (−Δx1)(−Δx2)ΦN⟩ ≲
1

N2ℓ3 ,

⟨ΦN , (−Δx1)(−Δx2)(−Δx3)ΦN⟩ ≲
1

N3ℓ4 .

(4.11)

Since ΦN describes two-body correlations, it is not surprising that adding a second Laplacian costs more in the estimates than introducing the
first and the third. Of course, so far (4.11) are only heuristic bounds; to make our arguments rigorous, after proper choice of ΦN , we should
verify that (4.11) really holds true (the rigorous bounds are proven in Ref. 15).

As for the norm of ΨN , appearing in the denominator in (4.8), we set uN,ℓ = 1 − f 2
N,ℓ and we bound

N

∏
i<j

f 2
N,ℓ(xi − xj) ≥ 1 −

N

∑
i<j

uN,ℓ(xi − xj). (4.12)
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This implies that

∥ΨN∥2 ≥ 1 − N(N − 1)
2 ∫ uN,ℓ(x1 − x2)∣ΦN(x)∣2dx. (4.13)

With the heuristic approximation fN,ℓ ≃ 1 − aχℓ(x)/(N∣x∣), we find ∥uN,ℓ∥1 ≤ Cℓ2/N. From the operator inequality,

±W(x1 − x2) ≤ C∥W∥1(1 − Δx1)3/4+δ/2(1 − Δx2)3/4+δ/2

valid for any δ > 0, and using again (4.10) to heuristically estimate

⟨ΦN , (−Δx1)3/4+δ/2(−Δx2)3/4+δ/2ΦN⟩ ≲
1

N2ℓ2+δ ,

we conclude that

∣N(N − 1)
2 ∫ uN,ℓ (x1 − x2)∣ΦN(x)∣2dx∣

≤ CN2∥uN,ℓ∥1 ⟨ΦN , (1 − Δx1)3/4+δ(1 − Δx2)3/4+δΦN⟩

≤ CNℓ2[1 + 1
N2ℓ2+2δ ],

(4.14)

which, in particular, implies (choosing δ > 0 small enough) that ∥ΨN∥ ≥ 1/2.
From (4.8), we expect, therefore, that for every δ > 0, there exists C > 0 with

RRRRRRRRRRR

1
∥ΨN∥2∑

i,j,m
∫
∇ fN,ℓ(xj − xi)

fN,ℓ(xj − xi)
⋅ ∇ fN,ℓ(xj − xm)

fN,ℓ(xj − xm)
∣ΦN(x)∣2

N

∏
i<j

f 2
N,ℓ(xi − xj)dx

RRRRRRRRRRR
≤ CNℓ2−δ[1 + 1

N2ℓ3 ] ≤ CNℓ2−δ + C
Nℓ1+δ .

Fixing δ > 0 small enough, we conclude that this term is negligible in the limit N →∞ for every choice of ℓ satisfying N−1 ≪ ℓ≪ N−1/2.
Hence, let us focus on the first two terms on the rhs of (4.7). We define

Ekin(ΦN) =
N

∑
j=1
∫ ∣∇xjΦN(x)∣2

N

∏
i<j

f 2
N,ℓ(xi − xj)dx

Epot(ΦN) =∑
i<j

2λN,ℓ ∫ χℓ(xi − xj)∣ΦN(x)∣2
N

∏
i<j

f 2
N,ℓ(xi − xj)dx.

(4.15)

Complementing (4.12) with the upper bound

N

∏
i<j

f 2
N,ℓ(xi − xj) ≤ 1 −∑

i<j
uN,ℓ(xi − xj) +

1
2 ∑

i<j,m<n:
(i,j)≠(m,n)

uN,ℓ(xi − xj)uN,ℓ(xm − xn),

the kinetic term defined in (4.15) can be estimated by

Ekin(ΦN)

≤ N ∫ ∣∇x1ΦN(x)∣2dx −N ∫ ∣∇x1ΦN(x)∣2∑
i<j

uN,ℓ(xi − xj) dx

+ N
2 ∫ ∣∇x1ΦN(x)∣2 ∑

i<j,m<n:
(i,j)≠(m,n)

uN,ℓ(xi − xj)uN,ℓ(xm − xn) dx

= N ∫ ∣∇x1ΦN(x)∣2(1 − (N − 1)uN,ℓ(x1 − x2))dx

− N(N − 1)(N − 2)
2 ∫ ∣∇x1ΦN(x)∣2(1 − (N − 3)uN,ℓ(x1 − x2))uN,ℓ(x3 − x4) dx + Ekin

(4.16)
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with a small error Ekin, which can be estimated arguing similarly to what we did to bound the rhs of (4.8) and vanishes, as N →∞, if
N−1 ≪ ℓ≪ N−2/3. Instead of (4.9), we use here the fact [which can be justified by fN,ℓ ≃ 1 − aχℓ(x)/(N∣x∣)] that for any 1 ≤ r < 3,

∥uN,ℓ∥r ≤ Cℓ3/r−1/N.

Moreover, to control ΦN , we need estimates similar to (4.11) but with derivatives hitting more particles (up to five, in fact); see Ref. 15 (Sec. 4)
for more details.

As for the potential term in (4.15), we obtain

Epot(ΦN)

≤ N(N − 1)λN,ℓ ∫ χℓ(x1 − x2) f 2
N,ℓ(x1 − x2)∣ΦN(x)∣2dx

− N(N − 1)(N − 2)(N − 3)
2

λN,ℓ ∫ χℓ(x1 − x2) f 2
N,ℓ(x1 − x2)∣ΦN(x)∣2uN,ℓ(x3 − x4)dx + Epot (4.17)

for another error Epot, vanishing as N →∞ (for N−1 ≪ ℓ≪ N−3/4 but small enough); again, details can be found in Ref. 15 (Sec. 4).
Let us introduce the effective N-particle Hamilton operator

Heff
N =

N

∑
j=1
− Δxj + 2

N

∑
i<j
∇xj ⋅ uN,ℓ(xi − xj)∇xj + 2λN,ℓ

N

∑
i<j
χℓ(xi − xj) f 2

N,ℓ(xi − xj). (4.18)

Then, combining (4.16) and (4.17) with (4.13), we conclude from (4.7) that

⟨ΨN ,∑N
j=1 − ΔxjΨN⟩
∥ΨN∥2

≤ [1 + N(N − 1)
2 ∫ uN,ℓ(x1 − x2)∣ΦN(x)∣2dx]

× [⟨ΦN , Heff
N ΦN⟩ −

N(N − 1)
2

⟨ΦN , [Heff
N−2 ⊗ uN,ℓ(xN−1 − xN)]ΦN⟩] + E

for an error E, vanishing as N →∞, if N−1 ≪ ℓ≪ N−3/4. Here, we brought the second term on the rhs of (4.13) to the numerator using (4.14)
to show that its square is negligible, even after multiplication with quantities of order N. We obtain

⟨ΨN ,∑N
j=1 − ΔxjΨN⟩
∥ΨN∥2

≤ ⟨ΦN , Heff
N ΦN⟩

− N(N − 1)
2

⟨ΦN ,{[Heff
N−2 − ⟨ΦN , Heff

N ΦN⟩]⊗ uN,ℓ(xN−1 − xN)}ΦN⟩ + E.

(4.19)

Equation (4.19) dictates the choice of the wave function ΦN . To get the best possible upper bound, we should take ΦN so that the expectation
of Heff

N is as small as possible, making sure that the regularity bounds in (4.11) [and the additional bounds needed to control the error terms
in (4.16) and (4.17)] are satisfied.

Since uN,ℓ is small, unless particles are very close, we can think of Heff
N as a perturbation of the many-body Hamiltonian

H̃eff
N =

N

∑
j=1
− Δxj + 2λN,ℓ

N

∑
i<j
χℓ(xi − xj). (4.20)

Recalling, from (2.4) (but now with a replaced by a/N), that λN,ℓ ≃ 3a/Nℓ3, we can consider (4.20), in good approximation, as an Hamiltonian
of the form (3.2), with β ∈ (0; 1) chosen so that ℓ = N−β. As discussed in Sec. III, we know how to approximate the ground state energy and
the ground state wave function of Hamilton operators of this form; we need to introduce Bogoliubov transformations Tη, Tτ as defined in
(3.11) and (3.7), and we have to consider states of the form U∗N TηTτΩ ∈ L2

s (ΛN). This leads to expression (3.13) for the ground state energy.
Unfortunately, considering the Hamilton operator (4.20) is not enough, and the difference to (4.18) is not small and needs to be taken

into account. However, we can apply the rigorous version of Bogoliubov theory that has been developed in Ref. 36 to determine the spectrum
of (4.20) and also to study the ground state energy of (4.18) and to construct an approximation for its ground state vector.

Since Heff
N corresponds to an intermediate regime in (3.2), with 0 < β < 1, the renormalization of the excitation Hamiltonian only involves

generalized Bogoliubov transformations, and no cubic renormalization is required. The presence of the second term on the rhs of (4.18),
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however, affects the choice of the sequence η, needed in (3.11) to define Tη. Let ℓ0 > 0 be sufficiently small but fixed, of order one. It turns out
that for every momentum p ∈ Λ∗+, one can take ηp as the Fourier coefficient of the function η̌ = −N(1 − gN,ℓ0), with gN,ℓ0 = fN,ℓ0/ fN,ℓ, given
by the ratio of the two solutions of (4.6), defined on balls of radii ℓ0 and ℓ (recall that N−1 ≪ ℓ≪ N−3/4, while ℓ0 is small but fixed, of order
one). It is then easy to verify that gN,ℓ0 satisfies the partial differential equation

[−Δ − 2
∇ fN,ℓ

fN,ℓ
⋅ ∇]gN,ℓ0 + λN,ℓχℓ f 2

N,ℓgN,ℓ0 = λN,ℓ0χℓ0 gN,ℓ0 . (4.21)

To understand this choice of η, recall from (3.12) that, at least on the heuristic level, U∗N TηΩ is an approximation for the product

N

∏
i<j
[1 + 1

N
η̌(xi − xj)] =

N

∏
i<j

gN,ℓ0(xi − xj) =
N

∏
i<j

fN,ℓ0(xi − xj)
fN,ℓ(xi − xj)

.

This is exactly what is needed, in (4.5), to replace fN,ℓ by fN,ℓ0 . This procedure introduces, in our trial state, the missing two-body correlations,
up to the scale ℓ0.

Apart from this heuristic explanation, the choice of the sequence η is determined by the computation of the renormalized excitation
Hamiltonian Geff

N = T∗η UN Heff
N U∗N Tη, acting on the truncated Fock space F≤N

+ . Compared with the analysis in Ref. 36 [where the initial Hamil-
ton operator has essentially the form (4.20)], the second term on the rhs of (4.18) and the presence of the factor f 2

N,ℓ in the third term on
the rhs of (4.18) produce new large contributions to Geff

N . The condition that these terms cancel [when combined with the large contributions
arising from the conjugation of (4.20)] so that Geff

N can be well approximated by a quadratic operator fixes the correct form of η [the condition
appears essentially as Eq. (4.21)].

Finally, we need to diagonalize the quadratic part of Geff
N . As explained in Sec. III, this can be achieved through conjugation with a second

generalized Bogoliubov transformation Tτ . This leads us to the trial state ΦN = U∗N TηTτΩ ∈ L2
s (ΛN) for the ground state wave function of

the effective Hamilton operator (4.18). While Tη takes care of correlations on length scales between ℓ and ℓ0, the final conjugation with Tτ
introduces the last missing two-body correlations, on scales larger than ℓ0.

The details of this part of the analysis can be found in Ref. 15 (Secs. 5 and 6). At the end, with this definition of ΦN , we obtain, on the one
hand, the estimate

⟨ΦN , Heff
N ΦN⟩ = 4πa(N − 1) + eΛa2 − 1

2 ∑p∈Λ∗
+

[p2 + 8πa −
√
∣p∣4 + 16πap2 − (8πa)

2

2p2 ] + CN−ε. (4.22)

On the other hand, we can show that ΦN satisfies the regularity bounds (4.11) [and also the more involved bounds needed to control error
terms arising from (4.16) and (4.17)]; see Ref. 15 (Sec. 7).

Inserting (4.22) on the rhs of (4.19), the Proof of Theorem 4.1 is almost complete. What is still missing is a bound showing that the
second contribution on the rhs of (4.19) is negligible in the limit N →∞. This requires some additional work because the second term on the
rhs (4.18) affects the coercivity of the excitation Hamiltonian UN Heff

N−2U∗N . We skip here further details, which can be found in Ref. 15 (Sec. 8).
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