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Abstract

Social networks started as a place to comfortably connect with your friends. With

them, we can communicate our thoughts and opinions over different topics and reach

a large portion of users, even those who are not on your friend’s list. This has led to

making social networks a crucial part of many of us, providing for example informa-

tion, entertainment, and learning. Many users prefer to access social networks, like

Facebook or Twitter, to have access to news as they provide faster means for informa-

tion diffusion. However, as a consequence, online social networks are also exploited as

a tool to alter users’ opinions, especially during political campaigns. A real-life exam-

ple is the 2018 Cambridge Analytica scandal when it was revealed that the company

had harvested personal data from Facebook users and used it for political advertising

purposes. The idea was to target users with specific messages, which were meant to

alter or reinforce user opinions. This is a concern for the health of our democracies

which rely on having access to information providing diverse viewpoints. The aim of

this work is to address the research issue of designing strategies to understand and

overcome these processes that may have drastic consequences in our society.

We first consider the scenario in which a set of candidates are running for the elec-

tions and a social network of voters will decide the winner. Some attackers could be

interested in changing the outcome of the elections by targeting a subset of voters with

advertisement and/or (possibly fake) news. In this scenario we present two possible

models that, exploiting influence in social networks, manipulate a voting process in

order to make a target candidate win or lose the elections. We start by defining a

model in which the preference list of each voter is known and give a constant factor

approximation algorithm that can be used in arbitrary scoring rule voting systems,

e.g., Plurality rule or Borda count. However, this assumption is not always satisfied

in a realistic scenario as voters can be undecided on their preferences or they may not

reveal them to the manipulator. Thus, we extend this model to design a scenario in

which the manipulator can only guess a probability distribution over the candidates for

each voter, instead of a deterministic preference list. Interestingly, while the problem

can be approximated within a constant factor in the case of full knowledge, we show

that, with partial information, the election control problem is hard to approximate

within any constant factor through a reduction from Densest-k-subgraph problem, un-

der some computational complexity hypotesis. However, we are able to show that a
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small relaxation of the model allows us to give a constant factor approximation algo-

rithm.

One of the possible ways to prevent election control for the integrity of voting pro-

cesses is to reduce social biases and give to the users the possibility to be exposed to

multiple sources with diverse perspectives and balancing users opinions by exposing

them to challenging ideas. In this perspective we first investigate the problem from

a computational point of view and generalize the work introduced by Garimella et

al. [1] of balancing information exposure in a social network. In this setting we obtain

strong approximation hardness results, however, we mitigate these hardness results by

designing an algorithm with an approximation factor of Ω
(
n−1/2

)
.

Finally, we address the same issue of reducing the bias in social networks by propos-

ing a link recommendation algorithm that evaluates the links to suggest according to

their increment in social influence. We formulate the link recommendation task as

an optimization problem that asks to suggest a fixed number of new connections to

a subset of users with the aim of maximizing the network portion that is reached by

their generated content. Thus, enhancing the possibility to spread their opinions.



“...the trouble about arguments is, they ain’t nothing but theories, after all, and theories

don’t prove nothing, they only give you a place to rest on, a spell, when you are tuckered

out butting around and around trying to find out something there ain’t no way to find

out... There’s another trouble about theories: there’s always a hole in them somewheres,

sure, if you look close enough.”

“Tom Sawyer Abroad”, Mark Twain
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F. Corò, G. D’Angelo, V. Mkrtchyan. “On the fixed-parameter tractabil-

ity of the maximum connectivity improvement problem”. Preprint: CoRR

abs/1904.12000 (2019).

Random Antenna Networks: We study the possibility of creating a fully

connected ad-hoc network with bidirectional links between nodes equipped with

directional antennas, randomly oriented, and deployed in a circular planar region.

Note that these are the results of my masters thesis.
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Chapter 1

Introduction

All of us have specific personal opinions on certain topics, such as lifestyle or consumer

products. These opinions, normally formed on personal life experience and information,

can be conditioned by the interaction with our friends leading to a change in our

original opinion on a particular topic if a large part of our friends holds a different

opinion. In our current society, the ability of information to spread is remarkable.

Social media, and the internet as a whole, has provided people with more access to

information than they have ever had before. And not only more accessible but quicker

access. Many users prefer to use social networks, such as Facebook or Twitter, to have

access to news as they provide faster means for information diffusion. Reports state

that sixty-eight percent of users on both Facebook and Twitter use the social media

platforms as their primary news source, an increase of 16 and 11 percent from 2013

numbers, respectively.1 However, it turns out that users who prefer to get their news

from social media are more likely to share fake news than those who prefer to get

news via conventional methods, such as newspapers.2 Fake-news are nowadays part of

digital disinformation that enhances the opportunities for malicious actors to spread

manipulated content online to shape users’ opinion.

At the heart of this mechanism lies the diffusion process within a social network.

Essentially, the diffusion process in a network can be described as a set of nodes, called

sources, that are infected or active at the beginning of the process. Recursively, the

1https://www.journalism.org/2018/09/10/news-use-across-social-media-platforms-2018/
2https://www.journalism.org/2019/06/05/many-americans-say-made-up-news-is-a-critical-

problem-that-needs-to-be-fixed/

1

https://www.journalism.org/2018/09/10/news-use-across-social-media-platforms-2018/
https://www.journalism.org/2019/06/05/many-americans-say-made-up-news-is-a-critical-problem-that-needs-to-be-fixed/
https://www.journalism.org/2019/06/05/many-americans-say-made-up-news-is-a-critical-problem-that-needs-to-be-fixed/
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infected nodes can activate their neighbors with some probability. The process will

stop when no more infection occurs. One of the fundamental problems in the study

of influence spreading is the problem of Influence Maximization. It has been proposed

by Domingos and Richardson in the field of viral marketing and asks to find an initial

set of users to be the early adopters of new technologies in order to activate a large

cascade of further adoptions in the network [9, 10]. The problem has been formalized

by Kempe et al. in 2003 as follows: if we are allowed to select at most a fixed number of

users, i.e., those that will first spread the information, which ones should be selected in

order to maximize the number influenced users resulting from the diffusion process [11].

In general, all existing diffusion models can be categorized into three classes: cascade

models, threshold models, and epidemic models. The most popular for studying social

influence problems are graph-based, namely, they assume an underlying directed graph

where nodes represent agents and edges represent connections between them. Each

node can be either active, that is it spreads the information, or inactive. With some

probability, active nodes diffuse the information to their neighbors.

The physical or conceptual diffusion over a network has been studied in many domains

ranging from viral marketing [9] and population epidemics [12], to social media [13].

In recent years, there has been a growing interest in the relationship between social

networks and political campaigning. Political campaigns nowadays use online social

networks to lead elections in their favor; for example, by spreading fake news, on the

elections outcome [14]. In general, candidates to the elections or political parties, use

social media to reach out to voters or mobilize supporters, while voters can use them

to get involved in campaigns or election-related issues. Such activities can reinforce

the integrity of our elections but at the same time can also be exploited as a tool to

alter users’ opinions and affect election results.

There exists evidence of political intervention which shows the effect of social me-

dia manipulation. One of the most significant examples is the one concerning the

Cambridge Analytica company. In early 2018 it was revealed that the company had

harvested millions of personal users data from Facebook and used them for political

advertising purposes. The company was paid to develop an app that collected data

such as likes and personal information from over 87 millions of Facebook accounts.

Using this knowledge, the company was able to target users with highly personalized

advertising based on their personality data. Various political parties worked along

with Cambridge Analytica to attempt to influence public opinion. Political events
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linked to the scandal include: 2015 and 2016 campaigns of United States politicians

Donald Trump and Ted Cruz; Brexit vote in 2016; the 2018 Mexican general election

for Institutional Revolutionary Party.3

Another example, that does not involve Cambridge Analytica, is that of French elec-

tions in 2017, where automated accounts in Twitter, disguising themselves as human

users, spread a considerable portion of political content, known as the “MacronLeaks

disinformation campaign” trying to influence the outcome [15]. Many other real-life

examples have been recorded and studied [14, 16–18].

These real-life examples show us that news diffusion in social networks, whether they

are managed by a malicious user or by an algorithm, are likely to create homoge-

neous polarized clusters. This process leads users to get less exposure to conflicting

viewpoints, making them manipulable. A good illustration of this issue was given by

Conover et al. [19] who studied the Twitter network during the 2010 US congressional

midterm elections. The authors demonstrated that the left and right-wing users were

extremely isolated from each other, and only a limited connectivity between the two

sides was present. A similar finding has been obtained by the Electome4 project at

the MIT Media Lab for the 2016 US presidential elections. Consequently, instead of

giving users a diverse perspective and balancing users opinions by exposing them to

challenging ideas, social media platforms are likely to make users more extreme by only

exposing them to views that reinforce their pre-existing beliefs [19, 20].

In conclusion, if search engines or social networks can decide what users can see or

read, it might have drastic consequences in our society. In this thesis, we aim at

understanding and overcoming this process on social media. We start by designing

two models to control election in social networks, from the manipulator point of view.

We, then, design two algorithms to help reducing bias in social networks, via either

selecting nodes or recommending new connections between users. We hope that our

work could be a step further in the study of how to prevent opinion manipulations for

the integrity of our society and in particular our voting process.

3https://en.wikipedia.org/wiki/Facebook%E2%80%93Cambridge Analytica data scandal
4http://www.electome.org/

https://en.wikipedia.org/wiki/Facebook%E2%80%93Cambridge_Analytica_data_scandal
http://www.electome.org/
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Main contributions

Based on the goal mentioned above, in this thesis, we give the following contributions.

We first introduce the Linear Threshold Ranking, a natural and powerful extension

of the Linear Threshold Model for the election scenario that takes into account the

degree of influence of the voters on each other. The goal of the problem is to select a

fixed-size subset of the voters to start the diffusion process in order to maximize the

chances of the target candidate to win the election (constructive scenario) or lose the

election (destructive scenario). We first prove that maximize the Margin of Victory

(MoV) of a target candidate under this model is NP − hard. Then, in order to ap-

proximately solve the problem, we provide an alternative and equivalent process that

allows us to give a
(
1− 1

e

)
-approximation to the problem of maximizing the score of

a target candidate by proving submodularity in the general case of the voting scoring

rule for arbitrary scoring function In the end, exploiting such approximation, we are

to provide a 1
3

(
1− 1

e

)
-approximation to the problem of maximizing the MoV in the

constructive scenario, independently from the number of candidates and for arbitrary

scoring functions. We also give a simple reduction that maps destructive control prob-

lems to constructive control ones and allows us to achieve a 1
2

(
1− 1

e

)
-approximation

to the destructive control problem.

The previous model assumes to have a full knowledge of the preferences of each voter

but this information is not always available since voters can be undecided or they

may not want to reveal it. So we also propose this model that extend the previous

one considering that each voter is associated with a probability distribution over the

candidates. For this second model, called Probabilistic Linear Threshold Ranking,

we first prove that the election control problem is hard to approximate within any

constant factor by reducing from Densest-k-Subgraph [21]. To mitigate this hardness

result we provide a slight relation of this model based on the idea that a voter might

slightly change his idea even if the received influence is not enough to activate it. This

relaxation, that we prove to be NP -hard, allows us to approximate the solution up to a
1
6(1− 1

e ) factor by giving a reduction to Influence Maximization in the weighted Linear

Threshold Model and a 1
4(1 − 1

e )-approximation for the destructive election control

problem.
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For the second part of the thesis, we first address the main open problem given by

Garimella et al. [1]. The authors studied an optimization problem that aims at balanc-

ing information exposure when two opposing campaigns propagate in a network. In

this thesis we generalize their optimization problem to a setting with arbitrarily many

campaigns. Following Garimella et al., we investigate two settings, a simplified setting,

in which we show that the problem can be approximated within a constant factor and

a more general setting for which we give a reduction from densest-k-subgraph lead-

ing strong approximation hardness results. Nevertheless, we were able to design an

algorithm with an approximation factor of Ω(n−1/2), where n is the number of nodes.

Finally, we consider the Influence Maximization with Augmentation problem intro-

duced in [22] and give a constant-factor approximation algorithm for the problem of

maximizing the social influence of a given set of target users by suggesting a fixed num-

ber of new connections. We then propose several techniques that heuristically speed

up the running time of our algorithm and of that in [22] and experimentally show that,

with few new links and small computational time, our algorithm can increase by far the

social influence of the target users. We compare our algorithm with several baselines

and show that it is the most effective one in terms of increased influence.

1.1 Thesis Outline

The rest of this thesis is organized as follows. In Chapter 2, we introduce the main def-

initions related to voting systems and to influence maximization in complex networks.

Providing an overview of different rules and models used to capture the dynamics of

influence spreading in networks as well as voting rules used to conduct elections. In

Chapter 3 we give a review of the literature in this area.

Chapter 4 and Chapter 5 deal with Election Control Problems in Social Networks.

We define the problem under the well-known Linear Threshold Model and give new

algorithms with approximation guarantee to solve this scenario.

In Chapter 6 and Chapter 7 we propose two solutions to reduce the bias in social

networks, that can be seen as one of the possible ways to prevent election control.

We considered the problem of selecting seed or adding edges, respectively, in order to

balance or maximize the spread of informations among the users of a social network.

Finally, in Chapter 8, we conclude and present several future research directions.



Chapter 2

Background

In this chapter, we describe the most widely studied models of information diffusion,

influence maximization and notions and concepts about voting systems that will be

used in the design and analysis of the algorithms.

2.1 Preliminaries

2.1.1 Approximation algorithms

In this subsection, we define the notion of approximation algorithms. Let Q be a

maximization problem and let I be an instance of Q. Let valI(S∗) and valI(S) denote,

respectively, the values of the optimal solution and the value of a solution produced

by an approximation algorithm A on the instance I. We define the measure of the

quality of a solution S based on the approximation ratio as follows:

Definition 2.1. For a maximization problem Q, we say that an algorithm A is a

α-approximation algorithm, with 0 ≤ α ≤ 1, if for every instance I of Q we have

valI(S)

valI(S∗)
≥ α

6
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2.1.2 Graphs

A social network is represented by a weighted directed graph G = (V,E, b), where

nodes V represent users, edges E represent relationships between users, and the weight

function b : V ×V → [0, 1] represents the influence between users. Moreover, we denote

by N−v and N+
v , respectively, the sets of incoming and outgoing neighbors for each node

v ∈ V .

2.1.3 Submodular Set Functions

In order to study the spreading of information and influence maximization related

problem we use properties of functions over set of individuals.

Submodularity is a property of set functions which is gaining popularity in a large

number of areas and can help to model different kind of problems, such as Sensor

placement [23], for gathering information, or Diverse web search and retrieval [24], the

problem of finding a diverse set of articles in information retrieval and web search. In

their seminal work about influence maximization Kempe et al. [11] have introduced

the submodularity into the area of influence maximization.

Even if many different definitions for submodular functions can be found in the litera-

ture, Nemhauser et al. [25] proved the equivalence between each of them. In the same

paper, they introduced a number of interesting properties about submodular functions

that Kempe et al. [11] used as a foundation for their results, the most important result

is presented here as Theorem 2.4. In general a function z is submodular if it satisfies

the following property: the marginal gain from adding an element to a set S is at

least as high as the marginal gain from adding the same element to a superset of S.

Formally,

Definition 2.2 (Submodular). For a ground set N , a function z : 2N → R is submod-

ular if for any two sets S, T such that S ⊆ T ⊆ N and for any element e ∈ N \ T it

holds that

z (S ∪ {e})− z (S) ≥ z (T ∪ {e})− z (T ) .

Definition 2.3 (Monotone Submodular Function). A submodular function z is called

monotone if satisfies

z (S ∪ {e}) ≥ z (S) , ∀e.
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Theorem 2.4 ([25, 26]). Let z(·) be a non-negative monotone submodular function.

Then the greegy algorithm that (for B iterations) adds an element with the largest

marginal increase in z(·) produces a B-element set A∗ such that

z(A∗) ≥
(

1− 1

e

)
max
|A|=B

z(A)

2.2 Voting Systems

Voting systems are sets of rules that regulate all aspects of the voting process deter-

mining how election are conducted and how to determine the outcome. In particular a

voting system decides candidates and voters eligibility, other than fixing the rules for

determining the winner of the elections.

Social choice theory formally defines and analyzes voting systems, studying how the

combination of individual opinions or preferences reaches a collective decision; com-

putational social choice, instead, is a field at the intersection of social choice theory,

theoretical computer science, and the analysis of multi-agent systems [27]. We refer

interest readers to [28] for a comprehensive introduction to computational social choice

theory.

It covers a whole spectrum of many different kind of problems arising from Voting

Theory and Fair Allocation. In particular a category of our interest, consists on the

analysis of the computational complexity of computing an outcome of voting rules

that can serve as a barrier against strategic manipulation in elections [27, 29–31]. The

usefulness of a particular voting system can be severely limited if it takes a very long

time to calculate the winner of an election. Therefore, it is important to design fast

algorithms that can evaluate a voting rule when given ballots as input. As is common

in computational complexity theory, an algorithm is thought to be efficient if it takes

polynomial time. Many popular voting rules can be evaluated in polynomial time in a

straightforward way (i.e., counting), such as the Borda count, approval voting, or the

plurality rule.

Certain voting systems, however, are computationally difficult to evaluate [32]. This

has led to the development of approximation algorithms and fixed-parameter tractable

algorithms to improve the theoretical calculation of such problems [33–35]. We also
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point out a recent work about fixed-parameter tractable algorithms on protecting elec-

tions [36].

In this work we mainly focus on two single-winner voting systems:

• Plurality rule: Each voter can only express a single preference among the candi-

dates and that with the plurality of the votes wins, i.e., it is sufficient to have the

highest number of votes and there is no need of an absolute majority (50%+1 of

votes).

• Scoring rule: Each voter expresses his preference as a ranking ; each candidate

is then assigned a score, computed as a function of the positions he was ranked

among the voters.

The former is arguably the simplest scenario and is one of the most commonly used for

national legislatures and presidential elections. The latter is a very general definition,

but can include several popular election methods by choosing an adequate scoring

function:

• if the scoring function assigns 1 point to the first candidate and 0 to all the others

this is equivalent to the plurality rule;

• if the scoring function assigns 1 point to the first t candidates and 0 to the others

then it is equivalent to the t-approval, where each voter approves t candidates;

• if the scoring function assigns 1 point to the first m− t candidates and 0 to the

remaining t, where m is the total number of candidates, then it is equivalent to

the t-veto or anti-plurality rule;

• if the scoring function assigns m − l points to the candidate in position l then

it is equivalent to the borda count, in which each voter ranks the candidates and

each candidate gets a score equal to the number of candidates ranked lower in

each list.
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2.3 Influence Maximization

2.3.1 Influence Diffusion Models

In general, all existing diffusion models can be categorized into three classes: cascade

models, threshold models, and epidemic models. The most popular for studying social

influence problems are the Independent Cascade Model (ICM) and the Linear Threshold

Model (LTM) [37]. These models are graph-based, namely they assume an underlying

directed graph where nodes represent users and edges represent connections between

them, e.g., friendships. We can distinguish in the process between nodes that spreads

information, called active, and all the others, called inactive. Active nodes are the ones

that, with some probability, diffuse the information to their neighbors.

For both models, the diffusion process proceeds iteratively in a synchronous way along

a discrete time-axis, starting from an initial set of nodes, usually called seeds. Let

A0 ⊆ V be the set of active nodes at the beginning of the process. More in general,

let At ⊆ V be the set of nodes active at time t. When a node is active, it influences its

neighbors and increases the chance of making them change their preference list. The

process has quiesced at the first time t̃ such that the set of active nodes would not

change in the next round, i.e., time t̃ is such that At̃ = At̃+1. We define the eventual

set of active nodes as A := At̃.

Given a weighted graph G = (V,E, b):

• Independent Cascade Model. Each edge (u, v) ∈ E has a weight buv ∈ [0, 1].

During the process, if a node v is active at time t ≥ 0 but was not active at time

t− 1, i.e., v ∈ At \At−1 (formally let A−1 = ∅), it tries to activate each neighbor

u, independently, with a probability of success equal to bvu. In case of success u

becomes active for step t+ 1, i.e., u ∈ At+1.

• Linear Threshold Model. Each node v ∈ V has a threshold tv ∈ [0, 1] sampled

uniformly at random and independently from the other nodes and each edge

(u, v) ∈ E has a weight buv ∈ [0, 1] with the constraint that, for each v ∈ V ,

the sum of the weights of the incoming edges of v is less or equal to 1, i.e.,∑
(u,v)∈E buv ≤ 1. During the process, an inactive node v becomes active if

the sum of the weights of the edges coming from nodes that are active at the
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Figure 2.1: Diffusion process in ICM.

previous round is greater than or equal to its threshold tv, i.e., v ∈ At if and only

if v ∈ At−1 or
∑

u∈At−1:(u,v)∈E buv ≥ tv.
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Figure 2.2: Diffusion process in LTM.

2.3.2 Influence Maximization problem

The influence maximization problem studies a social network represented as a graph

and has the goal of finding the B-sized set of influential nodes that can maximize the

spread of information [11]. We first define the influence of a set of nodes:
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Definition 2.5 (Influence). The influence of a set of nodes A0 denoted by σ(A0), is the

expected number of active nodes at the end of the process, given that A0 is the initial

active set. Formally, σ(A0) = E [|At|], where t is the (random) time of quiescence, i.e.,

when no activations occur from round t to t+ 1.

The Influence Maximization problem on a graph G = (V,E, b) is defined as follows:

Definition 2.6 (Influence Maximization Problem). Find a subset A∗0 of V with |A∗0| ≤
B such that σ(A∗0, G) ≥ σ(A0) for every A0 ⊆ V with |A0| ≤ B.

Kempe et al. showed that the distribution of the set of active nodes in the graph starting

from the set of seed nodes A0, under both the ICM and LTM process is equivalent to

the distribution reachable from the same set A0 in the set of random graphs called live-

edge graphs ([11, Theorem 4.5, 4.6], here reported as Theorem 2.7), since the processes

are point-wise identical, also the expected number of activated nodes have to be the

same.

Given a graph G = (V,E, b), a live-edge graph G′ = (V,E′) is built as follows:

ICM Every node v ∈ V picks a subset of T ⊂ N−v according to a distribution over

subsets of its in-neighbors. Formally,

P (T ) =
∏
u∈T

buv ·
∏

u∈N−v \T
(1− buv).

LTM Every node v ∈ V picks at most one of its incoming edges with probability

proportional to the weight of that edge, i.e., edge (u, v) is selected with probability

buv, and no edge is selected with probability 1−
∑

u∈N−v buv.

Theorem 2.7 (Kempe, Kleinberg, and Tardos [11]). Given a graph G = (V,E) and

an initial set of nodes A0 ⊆ V , the distribution of the sets of active nodes in G

after the ICM (LTM) has quiesced starting from A0 is equal to the distribution of

the sets of nodes that are reachable from A0 in the set of live-edge graphs G, i.e.,

P (v ∈ A) = P (v ∈ R(A0)), for any node v ∈ V .

In the thesis we will use the following corollary.
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Corollary 2.8. For any set of initially active nodes A0 and for any node v,

P (v ∈ R(A0)) =
∑
G′∈G

P
(
G′
)
· 1(G′,A0,v).

Proof. By the law of total probability we have that

P (v ∈ R(A0)) =
∑
G′∈G

P
(
v ∈ R(A0)

∣∣ G′) ·P (G′) =
∑
G′∈G

P
(
G′
)
· 1(G′,A0,v),

since, given a live-edge graph G′ sampled form G, the value of P (v ∈ R | G′) is equal

to 1 if v is reachable from A0 in G′ and to 0 otherwise.

Moreover, under the live-edge model, the problem of selecting the initial set of nodes

in order to maximize the diffusion is submodular [11]. Therefore, exploiting a classical

result [25], the influence maximization problem can be approximated to a constant

factor of 1− 1/e using a simple greedy hill-climbing approach that starts with an empty

solution and, for B iterations, selects a single node that gives the maximal marginal

gain on the objective function with respect the solution computed so far. The algorithm

is presented in a simple version in Algorithm 1.

Theorem 2.9 (Kempe, Kleinberg, and Tardos [11]). In the Linear Threshold and

Independent Cascade models, there is a polynomial-time algorithm approximating the

maximum influence to within a factor of (1− 1/e− ε), where e is the base of the natural

logarithm and ε is any positive real number.

Algorithm 1 Greedy algorithm for Influence Maximization [11].

1: Start with A0 = ∅
2: while |A0| ≤ B do
3: Add the node with largest estimate for σ(A0 ∪ {v}) to A0.

4: Output the set A0 of nodes

Algorithm 1 guarantees the best approximation, but is still computational very ex-

pensive: Evaluating the expected number of active nodes is #P -hard [38, 39]. How-

ever, there exists a simulation-based approach in which a Monte-Carlo simulation is

performed to evaluate the influence spread of a given seed set A0 [11]. The standard

Chernoff-Hoeffding bounds imply 1±λ approximation to the expected number of active

nodes by simulating a polynomial number of times the diffusion process, Theorem 2.10.
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Theorem 2.10 (Kempe, Kleinberg, and Tardos [11]). If the diffusion process starting

with A0 on graph G is simulated at least Ω
(
n2

λ2
ln 1

δ

)
times, then the average number

of activated nodes over these simulations is a (1 ± λ)-approximation to σ(A0), with

probability at least 1− δ.

Note that, by using (1±λ)-approximate values when optimizing σ the greedy algorithm

still guarantees a (1− 1/e− ε) approximation factor, where ε depends on λ and goes to

0 as λ→ 0.

2.4 Election Control Problem

The study of controlling elections is fundamental to computational social choice: it

is widely studied from a theoretical perspective, and has deep practical impact. In

this thesis we model the scenario of Election Control in social networks representing

the underlying connections between users as a directed graph G = (V,E). Let C =

{c1, . . . , cm} be the set of m candidates; we refer to our target candidate, i.e., the one

that we want to make win/lose the elections, as c?.

Each voter v ∈ V has a list of preferences for the elections represented as a function

π : C → R, this function can, for example, denote the position of a candidate in the

preference list of node, e.g., πv(ci) = 3 for a given candidate ci means that in the

preference list of voter v such candidate is ranked as third. Let us consider the general

case of the scoring rule, where a non-increasing scoring function f : {1, . . . ,m} → N
assigns a score to each position. If the lists are modified by a process the candidates

might have a new position in the preference list of each node v ∈ V ; we denote such

new preference list as π̃. Then, we define the score of a candidate ci as the number of

votes that ci obtains from the voters, that is,

F (ci, ∅) :=
∑
v∈V

f (πv(ci))

and the expected score of a candidate ci at the end of the process as

F (ci, S) := E

[∑
v∈V

f (π̃v(ci))

]
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where S is the set of seed nodes.

As a running example, let C = {c?, c2, c3, c4, c5} and n = 2. We define the two

voters to have preferences, from the highest to the least preferred, πv1 = c5, c?, c3, c2, c4

and πv2 = c2, c3, c5, c4, c?, respectively. If we are using Borda rule then the scores of

c?, c2, c3, c4, c5 following the elections are 3, 5, 5, 1, 6. Now consider to be able to move

c? in πv2 from the last to the second position, i.e., π̃v2 = c2, c?, c3, c5, c4. Then the new

scores are 6, 5, 4, 0, 5.

In the problem of election control we want to maximize the chances of the target

candidate to win the elections. Namely, the goal is to maximize the probability that a

target candidate wins the elections. However, maximizing such probability is hard to

approximate to within any multiplicative factor for both constructive and destructive

control, even in elections with only two candidates [40]. Thus, to achieve our aim we

focus on a different objective function, that is, we maximize its expected Margin of

Victory (MoV) w.r.t. the most voted opponent, akin to that defined in [40]. We define

the MoV(S) as the expected increase of the difference between the score of c? and

that of the most voted opponent. Formally, if c and c̄ are respectively the candidates

different from c? with the highest score before and after the LTM process, the MoV is

MoV(S) := F (c, ∅)− F (c?, ∅)− (F (c̄, S)− F (c?, S)) .

Note that we preferred to use the increment in the margin of victory rather than the

margin itself to have well-defined approximation ratios.

Given a budget B, the election control problem asks to find an initial set of seed nodes

S, of size at most B, that maximizes the MoV, i.e.,

arg maxS MoV(S)

s.t. |S| ≤ B.

It is worth noting that MoV can also be expressed as a function of the score gained by

c? and the score lost by its most voted opponent c̄ at the end of the LTM process. We

define the score gained and lost by a candidate ci as

g+ (ci, S) := F (ci, S)− F (ci, ∅) and g- (ci, S) := F (ci, ∅)− F (ci, S) .
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Therefore, we can rewrite MoV(S) as

MoV(S) = g+ (c?, S) + g- (c̄, S)− F (c̄, ∅) + F (c, ∅) .

We define similarly the destructive election control problem where we want to maximize

the chances of the target candidate to lose the elections. Formally, the problem can

be defined as that of finding an initial set of seed nodes S such that

maxS MoVD(S) := F (c̄, S)− F (c?, S)− (F (c, ∅)− F (c?, ∅)) .
s.t. |S| ≤ B,

namely to find an initial set of seed nodes of at most size B that maximizes the expected

MoVD, i.e., minimizes the expected MoV.

2.4.1 Score Approximates Margin of Victory

In the following we show that if there exists an approximation algorithm to the problem

of maximizing the increment in score of the target candidate, then, we can achieve an

approximation to the original problem of maximizing its MoV, at the cost of an extra

constant approximation factor.

The next theorem generalizes [40, Theorem 5.2] as it holds for any scoring rule and

for any model in which we have the ability to change only the position of a target

candidate c? in the lists of a subset of voters and the increment in score of c? is at least

equal to the decrement in scoring of the other candidates.

We show that we can approximate the optimal MoV to within a constant factor by

optimizing the increment in the score of candidate c?. In detail, we show that, given

two solutions S and S∗ that maximize g+ (c?, S) and MoV(S∗) respectively, it holds

MoV(S) ≥ 1
3MoV(S∗). Indeed, we show a more general statement that is: If a solution

S approximates maxT g
+ (c?, T ) within a factor α, then MoV(S) ≥ α

3 MoV(S∗).

Theorem 2.11. An α-approximation algorithm for the problem of maximizing the

increment in score of a target candidate gives an α
3 -approximation to the election control

problem.
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Proof. Let us consider S and S∗ as two solutions for the problem of maximizing the

MoV for a target candidate c?, with S∗ as the optimal solution to this problem. These

solutions arbitrarily select a subset of voters and modify their preference list changing

the score of c?.

Let us fix c and c̄, respectively, as the candidates different from c? with the highest

score before and after the solution S is applied and ĉ is the candidate with the highest

score after the solution S∗ is applied. If we do not consider the gain given by the score

lost by the most voted opponent and we assume there exists an α-approximation to

the problem of maximizing the increment in score of the target candidate, we have

that

MoV(S) = g+ (c?, S) + g- (c̄, S)− F (c̄, ∅) + F (c, ∅)

≥ αg+ (c?, S
∗)− F (c̄, ∅) + F (c, ∅)

≥ α

3
[g+ (c?, S

∗) + g- (c̄, S∗) + g- (ĉ, S∗)]− F (c̄, ∅) + F (c, ∅) ,

where the last inequality holds because g+ (c?, S) ≥ g- (ci, S) for any solution S and

candidate ci due to the fact that the solution S is able to modify only the score of the

candidate c?, increasing it, while the score of all the other candidates is decreased, and

the increment in score to c? is equal to the sum of the decrement in score of all the

other candidates.

Since F (c̄, ∅) ≤ F (c, ∅), we have that

MoV(S) ≥ α

3
[g+ (c?, S

∗) + g- (c̄, S∗) + g- (ĉ, S∗)− F (c̄, ∅) + F (c, ∅)]

=
α

3
[g+ (c?, S

∗) + g- (c̄, S∗)−F (c̄, ∅) + F (c, ∅) + g- (ĉ, S∗)−F (ĉ, ∅) + F (ĉ, ∅)]

=
α

3
[MoV(S∗) + g- (c̄, S∗)− F (c̄, ∅) + F (ĉ, ∅)] ,

Recall that ĉ is the most voted opponent after the optimal solution S∗ has been applied,

we have, by definition of ĉ, that F (ĉ, S∗) ≥ F (c̄, S∗), which implies that

g- (ĉ, S∗)− g- (c̄, S∗) = F (ĉ, ∅)− F (ĉ, S∗)− F (c̄, ∅) + F (c̄, S∗) ≤ F (ĉ, ∅)− F (c̄, ∅) .

Thus, g- (c̄, S∗)−F (c̄, ∅)+F (ĉ, ∅) ≥ 0 and we can conclude that MoV(S) ≥ α
3 MoV(S∗).



Chapter 3

A survey of related works

In this chapter we survey previous work in the literature to place our work in con-

text. We briefly review each of the main concepts that relate to models and solutions

discussed in this thesis.

3.1 Election Control in Social Networks

There exist an extensive literature about manipulating a voting system without con-

sidering the underlying social network of the voters, e.g., swap bribery [41], shift

bribery [42]; we point the reader to a recent survey [28]. These works study the

complexity of bribery in elections, that is, the complexity of computing whether it is

possible, by modifying the preferences of a given set of voters, to make some target

candidate win or lose the elections.

Despite the large literature on influence diffusion and on election manipulation, there

are only few studies on the problem of manipulating the outcome of a political election

by using influence diffusion in social networks. The Independent Cascade Model [11]

has been considered as diffusion process to guarantee that a target candidate win-

s/loses [43, 44]. The constructive (destructive) election control problem via influence

maximization has been recently introduced by Wilder et al. and consists in selecting

a subset of the nodes of a network to be the starter of the diffusion with the aim

of maximizing the chances of victory or loosing of a target candidate [40]. They use

the Independent Cascade Model as model of diffusion and plurality as voting system.

18
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When a voter is reached by the social influence, it changes the ranking of the target

candidate by one position. A variant of the Linear Threshold Model [11] with weights

on the vertices has been considered on a graph in which each node is a cluster of voters

with a specific list of candidates and there is an edge between two nodes if they differ

by the ordering of a single pair of adjacent candidates [45]. They prove that the prob-

lem of making a specific candidate win in their model is NP -hard and fixed-parameter

tractable with respect to the number of candidates. Moreover, it has been studied

how to manipulate the network in order to have control on the majority opinion, e.g.,

bribing or adding/deleting edges, on a simple Linear Threshold Model where each node

holds a binary opinion, each edge has a fixed weight, and all vertices have a thresh-

old fixed to 1/2 [46]. In their work, they studied the hardness and the parameterized

complexity of the manipulations problem they proposed. The study of opinion diffu-

sion modeled as a majority dynamics has attracted much attention in recent literature

[47–49]. In these models, each agent has an initial preference list and at each time step

a subset of agents updates their opinions according to some majority-based rule that

depends on their neighbors in the network.

All these previous models consider to have full knowledge over the preferences’ list

of the voters, however, this assumption is not always satisfied in a realistic scenario

as voters can be undecided on their preferences or they may not reveal them to the

manipulator. Modeling uncertainty in political elections has been already considered in

the literature, for example, the study of the uncertainty introduced by incomplete data

given to the problem [50–52], or models in which candidates may change during the

election campaign [53, 54], or the vote of a bribed voter may or may not be counted [55].

Our Contributions. In this context, to improve the modeling of real-world scenar-

ios we propose two new models that we call Linear Threshold Ranking (LTR) and

the Probabilistic Linear Threshold Rankings (PLTR), natural and powerful extensions

of the well-established Linear Threshold Model. These models allow us to keep into

account the degree of influence that each voter exercise on the others. Compared with

previous work, the new models we propose can describe scenarios in which a high

influence on a voter can radically change its preference.

Differently from previous works, in the LTR model, we also consider more general

voting systems, i.e., all voting systems that can be expressed with a scoring rule: Each

voter ranks the candidates according to her preferences and a score is assigned to each
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position. Instead, PLTR we extend the previous model to design a scenario in which

the manipulator can only guess a probability distribution over the candidates for each

voter.

In the LTR setting, we prove the nontrivial fact that any scoring function is monotone

and submodular with respect to the initial set of active nodes. Moreover, we exploit

this fact to prove a constant-factor approximation of the election control problem in

our model. In the PLTR setting, instead, we show that the election control problem

is hard to approximate to within a polynomial fraction of the optimum through a re-

duction from Densest-k-Subgraph problem. However, we are able to show that a small

relaxation of the model allows us to give a constant-factor approximation algorithm.

3.2 Multiple Campaigns in Parallel

Here we focus on the literature about multiple campaigns running simultaneously on

the same network. Budak et al. [56] studied the problem of limiting as much as possible

the spread of a “bad” campaign by starting the spreading of another “good” campaign

that blocks the first one. The two campaigns compete on the nodes that they reach:

once a node becomes active in one campaign it cannot change campaign. They prove

that the objective function is monotone and submodular and hence they obtain a

constant approximation ratio. Similar concepts of competing cascades in which a node

can only participate in one campaign have been studied in several works [57–63]. Game

theoretic aspects like the existence of Nash equilibria have been also investigated in

this case [64–66]. Borodin et al. [67] consider the problem of controlling the spread of

multiple campaigns by a centralized authority. Each campaign has its own objective

function to maximize associated with its spread and the aim of a central authority is

to maximize the social welfare defined as the sum of the selfish objective function of

each campaign. They propose a truthful mechanism to achieve theoretical guarantees

on the social welfare. The three main works closely related to ours are the ones of

Aslay et al. [68], Matakos et al. [69] and Garimella et al. [1].

Aslay et al. [68] tackles an item-aware information propagation problem in which a

centralized agent must recommend some articles to a small set of seed users such

that the spread of these articles maximizes the expected diversity of exposure of the

agents. The diversity exposure is measured by a sum of agent-dependent functions that
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takes into account user leanings. The authors show that the NP -hard problem they

define amounts to optimizing a monotone and submodular function under a matroid

constraint and design a constant factor approximation algorithm. Matakos et al. [69]

models the problem of maximizing the diversity of exposure in a social network as a

quadratic knapsack problem. Here also the problem amounts to recommending a set

of articles to some users in order to maximize a diversity index taking into account

users’ leanings and the strength of their connections in the social network. The authors

show that the resulting diversity maximization problem is inapproximable and design

a polynomial algorithm without an approximation guarantee.

The main work closely related to ours is the one of Garimella et al. [1]. Here the authors

introduced the problem of balancing information exposure in a social network. Follow-

ing the influence maximization paradigm going back to the seminal work of Kempe et

al. [11], their problem involves two opposing viewpoints or campaigns that propagate

in a social network following the Independent Cascade Model. Given initial seed sets for

both campaigns, a centralized agent is then responsible for selecting a small number of

additional seed users for each campaign in order to maximize the number of users that

are reached by either both or none of the campaigns. The authors study this problem

in two different settings, namely the heterogeneous and correlated settings. The hetero-

geneous setting corresponds to the general case in which there is no restriction on the

probabilities with which the campaigns propagate. Contrarily, in the correlated set-

ting, the probability distributions for different campaigns are identical and completely

correlated. After proving that the optimization problem of balancing information ex-

posure is NP -hard, the authors designed efficient approximation algorithms with an

approximation ratio of (1− 1/e− ε)/2 for both settings.

Our Contributions. In this context, we study the main open problem in X, by

generalizing their optimization problem to a setting with arbitrarily many campaigns.

This generalization is motivated by the fact that for most problems, not only two but a

multitude of viewpoints are perceivable. We prove that the generalized problem can be

approximated within a constant factor in the correlated setting. Moreover, we prove

that in the heterogeneous scenario the problem is hard to approximate within any

constant factor. Finally, we mitigate this hardness results by designing an algorithm

with an approximation factor of Ω(n−1/2) for the case of three campaigns, where n is

the number of nodes in the network.
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3.3 Recommending Links in Social Networks

There exist an extensive literature on the problem of recommending links to users of

a social networks; we point the reader to recent surveys [70–72]. However, there are

only few studies on the problem of adding new links in a network taking into account

social influence. In the following, we focus on two widely studied diffusion models, the

Independent Cascade Model (ICM) and the Linear Threshold Model (LTM) [11], and

review papers that study network modification problems in these two models.

ICM has been considered in several studies. D’Angelo et al. [22] introduced the In-

fluence Maximization with Augmentation problem (IMA) that consists in adding a

limited number of edges incident to a given set of nodes in order to maximize their

capability of spreading information. They proved that such problem is NP -hard to be

approximated within a constant factor greater than 1 − (2e)−1 and provide a greedy

approximation algorithm that almost matches such upper bound. Sheldon et al. [73]

study the problem of adding nodes in a network to maximize the information diffusion

in a network. They provide a counterexample showing that the objective function is

not submodular and propose exact integer programming formulations. Other types of

graph modifications such as modifying the probability of infecting other nodes, have

been considered by Wu et al. [74]. They proved that optimizing the selection of such

modifications is NP -hard and is neither submodular nor supermodular.

We now review papers on network modification problems under LTM. Heuristics for

the edge removal problem have been studied in [75, 76] but without providing an ap-

proximation guarantee. Khalil et al. [77] consider two types of graph modification,

adding/deleting edges in order to minimize the information diffusion showing that this

network structure modification problem has a supermodular objective and therefore

can be solved by algorithms with proven approximation guarantees. Zhang et al. [78]

consider the problem removing edges and nodes with the aim of minimizing the in-

formation diffusion and develop algorithms with rigorous performance guarantees and

good empirical performance. Experimental studies show that increasing the connec-

tivity or the centrality of a node, by adding edges to the graph, lead also to an increase

in the expected number of nodes that the diffusion process is able to reach [79–81].

Making Recommendations to Decrease Polarization. As discussed in Chap-

ter 1 social media has been blamed for creating “echo chamber” through algorithms,
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encouraging users to connect only to other like-minded users creating groups where it

is easy to be influenced. Communication between different groups is usually difficult,

i.e., there are many vertices for which all or most of their neighbors belong to the same

group. Creating a situation where most of the information that a user can receive

comes from inside the same group to which it belongs.

The existence of these chambers is an obstacle to the functioning of society and demo-

cratic processes. The studies discussed above focus mostly on optimization problems

with the idea of adding edges to a graph to improve specific performance measures or

to improve the ability of the graph to disseminate information. Nonetheless there exist

a lot of studies that propose to solve the problem of decreasing polarization, we refer

interest readers to [82–84], however, there is a lack of algorithmic approaches in these

works.

The papers that are conceptually closest to this issue are the one by Interian et al. [85]

and Garimella et al. [86], however, none of them take into account social influence and

diffusion processes that occur in social networks. Interian et al. proposed a minimum-

cardinality balanced edge addition problem, which consists in assuming that the lowest

number of changes should be made in the original network. The authors proved that

the problem is NP -hard and propose three integer linear programming formulations

to solve the problem. Garimella et al., instead, formulate the problem of finding the

edges to minimize the controversy score in the network. In particular, given a metric

that measures the controversy of an issue their goal is to find a fixed number of edges

that minimize such measure. The authors proposed an efficient algorithm, though,

without providing an approximation guarantee. We remark that in both these works

the diffusion process that takes place within a social network is not considered.

Our Contributions. In this context, we study an algorithmic technique for bridging

these chambers and thus reduce the bias taking into account the social influence effect.

We formulate a link recommendation task as an optimization problem that asks to

suggest a fixed number of new connections to a subset of users to maximize the network

portion that is reached by their generated content. In detail, we give a constant-factor

approximation algorithm for the problem of maximizing the social influence of a given

set of target users by suggesting a fixed number of new connections. Moreover, we

empirically show that by adding few links to the network our algorithm can increase

by far the social influence of the target users.



Chapter 4

Linear Threshold Ranking and

Election Control

In this chapter, we consider the problem of exploiting social influence in a network

of voters in order to change their opinion about a target candidate with the aim of

increasing his chance to win/lose the election in a wide range of voting systems.

We introduce the Linear Threshold Ranking, a natural and powerful extension of the

well-established Linear Threshold Model, which describes the change of opinions taking

into account the amount of exercised influence. We are able to maximize the score of

a target candidate up to a factor of 1− 1/e by showing submodularity. We exploit such

property to provide a 1
3(1− 1/e)-approximation algorithm for the constructive election

control problem. Similarly, we get a 1
2(1 − 1/e)-approximation ratio in the destructive

scenario. The algorithm can be used in arbitrary scoring rule voting systems, including

plurality rule and borda count.

Most of the results presented in this chapter are included in [2, 3, 5, 6].

4.1 Problem Definition

We first introduce a deterministic model called Linear Threshold Ranking (LTR), based

on LTM, that takes into account the degree of influence that voters exercise on each

other. As in LTM, each node v ∈ V has a threshold tv ∈ [0, 1]; each edge (u, v) ∈ E

24
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has a weight buv with the constraint that
∑

u:(u,v)∈E buv ≤ 1. Moreover, each node v

has a permutation πv of C, i.e., its list of preferences for the elections; in this case

πv(ci) denote the position of candidate ci in the preference list of node v.

We consider the LTM process starting from an initial set of active nodes S ⊆ V . Recall

that, according to LTM, each node v ∈ V has a threshold tv, each edge (u, v) ∈ E has

a weight buv, and that A ⊆ V is the set of active nodes at the end of the process.

Let B ∈ N be an initial budget that can be used to select the nodes in S, i.e., the set of

active nodes from which the LTM process starts. In particular, the budget constrains

the size of S, namely |S| ≤ B.

After the LTM process has quiesced, the position of c? in the preference list of each

node changes according to a function of its incoming active neighbors. The threshold tv

of each node v ∈ V models its strength in retaining its original opinion about candidate

c?: The higher is the threshold tv the lower is the probability that v is influenced by

its neighbors. Moreover the weight on an edge buv measures the influence that node u

has on node v. Taking into account the role of such parameters, we define the number

of positions that c? goes up in πv as

π↑v(c?) := min

πv(c?)− 1,

α(πv(c?))

tv

∑
u∈A, (u,v)∈E

buv

 , (4.1)

where α : {1, . . . ,m} → [0, 1] is a function that depends on the position of c? in πv

and models the rate at which c? shifts up. Note that α can be set arbitrarily to model

different scenarios, e.g., shifting up of one position from the bottom of the list could

be easier than going from the second position to the first with a suitable choice of α.

As for π↑v(c?), it can be any integer value in {0, . . . , πv(c?) − 1}: The floor function

guarantees a positive integer value; the minimum between such value and πv(c?) − 1

guarantees that final position of c? is at least 1, since the floor function could output

too high values when the threshold is small w.r.t. the neighbors’ influence. We call

this process the Linear Threshold Ranking (LTR).

After the modification of the lists at the end of LTR, the candidates might have a new

position in the preference list of each node v ∈ V ; we denote such new preference list

as π̃. In particular, the new position of candidate c? will be π̃v(c?) := πv(c?)− π↑v(c?);
the candidates that are overtaken by c? will shift one position down.
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(b) LTR time 1

aa

b

cc dd

ee

0.8

0.2

0.6

0.3

ta=0.5

tb=0.2

tc=0.4

td=0.7

te=0.5




c2
c?
c1







c?
c2
c1







c?
c2
c1







c2
c?
c1







c?
c2
c1




(c) LTR time 2

Figure 4.1: Example of an election with three candidates {c1, c2, c?}. Gray nodes
represent seeds. The tuples (·) on the side of the nodes are the voters preferences.

As a running example, let us consider five voters and relative connections as depicted

in Figure 4.1. If we first consider plurality rule we have that the scores of c1, c2, c?

before the elections are 0, 3, 2, thus with c2 currently winning. Now consider to select

nodes a and e as seeds of the LTR process. After one time step node c will be activated

by node a (since bac = 0.8 ≥ 0.4 = tc), but node d will not be activated by node e

(since bed = 0.3 < 0.7 = td); after two time steps also node d will become active (since

bed + bcd = 0.3 + 0.6 ≥ 0.7 = td). Thus nodes a, c, d, e will be active at the end of the

process and the position of c? in their preference lists will be shifted up according to

a function of the incoming influence of each node. In particular, using Equation (4.1)

with α(1) = α(2) = α(3) = 1, c? is able to move two positions up in the preference list

of c and one position up in the list of voter d. The new scores of c1, c2, c? are 0, 2, 3

and the value of MoV is MoV = 3 − 2 − (2 − 3) = 2. We can also consider the same

example using the borda count rule. The initial scores of c1, c2, c? are 1, 8, 4 and after

the LTR process they become 1, 7, 7 with a value of MoV equal to 4. Note that in this

second case, even if we failed to make the target candidate win the elections, the value

of MoV is at its maximum value in this instance.

In order to maximize the MoV of c? we will focus on the score of the target candidate

before and after LTR. In Sections 4.2 and 4.3 we prove that the score of the target

candidate is a monotone submodular function w.r.t. the initial set of seed nodes S in

any scoring rule; this allows us to get a (1− 1/e)-approximation of the maximum score

through the use of Greedy (Algorithm 2).

The algorithm, that starts with an empty solution, iterates B times and, at each

iteration, it adds to the current solution the node that gives the maximum increment
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Algorithm 2 Greedy approximate Score

Require: Social graph G = (V,E); Budget B; Score function F
1: S = ∅
2: while |S| ≤ B do
3: v = arg maxw∈V \S F (c?, S ∪ {w})− F (c?, S)
4: S = S ∪ {v}
5: return S

in the score of c?. Note that we are not able to compute the exact value of F (c?, S)

in polynomial time since we need the to know the set of active nodes at the end

of the LTM process and, as proved by Chen et al. 2010, it is #P -hard to compute

such value. However, we are able approximate such value by sampling a polynomial

number of live-edge graphs [11]. Therefore, Greedy has a computational complexity

of O(B · |V | · |E| ·L), where L is the number of live-edge graphs needed to compute an

approximation for F (c?, S).

In Section 4.4 we exploit the result of Theorem 2.11 and show that we can achieve

a constant factor approximation for the problem of maximizing the MoV. Finally, in

Section 4.5, we consider the problem of destructive control in this setting and prove a

constant factor approximation to MoV also in this case by exploiting a simple reduction

that maps it to the constructive case.

4.2 Maximizing the Score: Plurality Rule

As a warm-up, in this section we focus on the plurality rule. We give an algorithm to

select an initial set of seed nodes to maximize the expected number of nodes that will

change their opinion and have c? as first preference at the end of LTR.

Given a set of initially active nodes S, let A be the set of nodes that are active at the

end of the process. An active node v with πv(c?) > 1 will have c? as first preference if

π↑v(c?) = πv(c?)− 1, that is if and only if

α(πv(c?))

tv

∑
u∈A∩N−v

buv ≥ πv(c?)− 1
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or, equivalently,

tv ≤
α(πv(c?))

πv(c?)− 1

∑
u∈A∩N−v

buv.

As for the influence maximization problem, we define an alternative random process

based on live-edge graphs. One possibility could be the following: For each live-edge

graph evaluate which active nodes satisfy the above formula; however, in the live-edge

graph process, we don’t know the value of tv since they are sampled uniformly at

random at the beginning of LTM. To overcome this limitation we introduce a new

process, Live-edge Coin Flip (LCF).

Definition 4.1. (Live-edge Coin Flip process)

1. Each node v ∈ V selects at most one of its incoming edges with probability

proportional to the weight of that edge, i.e., edge (u, v) is selected with probability

buv, and no edge is selected with probability 1−
∑

u∈N−v buv.

2. Each node v with πv(c?) > 1 that is reachable from S in the live-edge graph flips

a biased coin and changes its list according to the outcome. This is equivalent of

picking a random real number sv ∈ [0, 1] and setting the position of c? according

to sv as follows: If sv ≤ α(πv(c?))
πv(c?)−1 , node v chooses c? as its first preference (i.e.,

it sets π̃v(c?) = 1 and shifts all the other candidates down by one position);

otherwise, v maintains its original ranking.
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(b) Live-edge instance G′ = (V,E′)

Figure 4.2: Example of the LCF process given a live-edge instance (B)

In the following we show that the two processes are equivalent, i.e., starting from any

initial set S each node in the network has the same probability to end up with c? in first

position in both processes. This allows us to compute the function F (c?, S), for a given

S, by solving a reachability problem in graphs, as we will show later in this section.
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We first prove the next Lemma which will be used to show the equivalence between

the two processes and to compute F (c?, S). The lemma shows how to compute the

probability that a node v is reachable from S at the end of the LCF process by using

the live-edge graphs or by using the probability of the incoming neighbors of v to be

reachable from S.

We denote by G the set of all possible live-edge graphs sampled from G. For every

G′ = (V,E′) ∈ G we denote by P (G′) the probability that the live-edge graph is

sampled, namely

P
(
G′
)

=
∏

v:(u,v)∈E′
buv

∏
v:6∃(u,v)∈E′

1−
∑

w:(w,v)∈E
bwv

 .

We denote by R(S) the set of nodes reachable from S at the end of the LCF process

and by RG′(S) the set of nodes reachable from S in a fixed live-edge graph G′ and by

1(G′,v) the indicator function that is 1 if v ∈ RG′(S) and 0 otherwise.

The next theorem shows the equivalence between LTR and LCF.

Theorem 4.2. Given a set of initially active nodes S, let A′LTR and A′LCF be the set

of nodes such that π̃v(c?) = 1 at the end of LTR and LCF, respectively, both starting

from S. Then, for each v ∈ V , P (v ∈ A′LTR) = P (v ∈ A′LCF).

Proof. We exclude from the analysis nodes v with πv(c?) = 1 since they keep their

original ranking in both models. We start by analyzing the LTR process. Let A be

the set of active nodes at the end of the LTR process that starts from S. If U is the

maximal inclusion-wise subset of active neighbors of v (i.e. U = A ∩Nv), then we can

write the probability that v ∈ A′LTR given U , as

P
(
v ∈ A′LTR

∣∣ (A ∩Nv) = U
)

= P

(
tv ≤

α(πv(c?))

πv(c?)− 1

∑
u∈U

buv

)

=
α(πv(c?))

πv(c?)− 1

∑
u∈U

buv.

The overall probability that v ∈ A′LTR is

P
(
v ∈ A′LTR

)
=
∑
U⊆Nv

P
(
v ∈ A′LTR

∣∣ (A ∩Nv) = U
)
·P ((A ∩Nv) = U)
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=
α(πv(c?))

πv(c?)− 1

∑
U⊆Nv

∑
u∈U

buv ·P ((A ∩Nv) = U) .

Since tv is sample from a uniform probability distribution in [0, 1], then

∑
u∈U

buv = P

(
tv ≤

∑
u∈U

buv

)
= P (v ∈ A | (A ∩Nv) = U) .

Therefore, by the law of total probability,

∑
U⊆Nv

∑
u∈U

buv ·P ((A ∩Nv) = U) =
∑
U⊆Nv

P (v ∈ A | (A ∩Nv) = U) ·P ((A ∩Nv) = U)

= P (v ∈ A) ,

and then

P
(
v ∈ A′LTR

)
=

α(πv(c?))

πv(c?)− 1
·P (v ∈ A) .

Let us now analyze the LCF process. In order for v to be in A′LCF it must hold that

the coin toss has a positive outcome and that v ∈ R(S). Thus,

P
(
v ∈ A′LCF

)
=

α(πv(c?))

πv(c?)− 1
·P (v ∈ R(S)) . (4.2)

By Theorem 2.7, P (v ∈ (R(S)) = P (v ∈ A), and hence the theorem follows.

In Theorem 4.4 we will exploit Theorem 4.2 to show that F (c?, S) − F (c?, ∅) is a

monotone submodular function, this allows us to use Algorithm Greedy-LTR (Algo-

rithm 2) to get a 1 − 1
e -approximation of the maximum score. In order to prove the

theorem, we need some further notation and a lemma. For each positive integer r ≤ m,

we denote by V r
ci the set of nodes that have candidate ci in position r, and, for a graph

G′ ∈ G, we denote by RG′(S, V
r
c?) the subset of V r

c? of nodes reachable from a set of

nodes S in G′, RG′(S, V r
c?) = {v : v ∈ RG′(S) ∧ πv(c?) = r}.

The next lemma shows that RG′(S, V
r
c?) in G′ is a monotone submodular1 function of

the initial set of nodes S.

1For a ground set N , a function z : 2N → R is submodular if for any two sets S, T such that
S ⊆ T ⊆ N and for any element e ∈ N \ T it holds that z(S ∪ {e})− z(S) ≥ z(T ∪ {e})− z(T ).
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Lemma 4.3. Given a graph G′ ∈ G and a positive integer r ≤ m , the size of

RG′(S, V
r
c?) in G′ is a monotone submodular function of the initial set of nodes S.

Proof. The monotonicity of |RG′(S, V r
c?)| directly follows from the definition of reach-

ability. We now show that |RG′(S, V r
c?)| is submodular. Let us consider two sets of

nodes S, T such that S ⊆ T ⊆ V and a node v ∈ V \ T . We show that |RG′(S ∪
{v}, V r

c?)| − |RG′(S, V
r
c?)| ≥ |RG′(T ∪ {v}, V

r
c?)| − |RG′(T, V

r
c?)|. Since v ∈ S ∪ {v}, we

get

|RG′(S ∪ {v}, V r
c?)| − |RG′(S, V

r
c?)| = |RG′(S ∪ {v}, V

r
c?) \RG′(S, V

r
c?)|.

Moreover, for any two sets of nodes B,C we have that RG′(B∪C, V r
c?) = RG′(B, V

r
c?)∪

RG′(C, V
r
c?). Hence

RG′(S ∪ {v}, V r
c?) \RG′(S, V

r
c?) = [RG′(S, V

r
c?) ∪RG′({v}, V

r
c?)] \RG′(S, V

r
c?)

= RG′({v}, V r
c?) \RG′(S, V

r
c?).

Similarly,

|RG′(T ∪ {v}, V r
c?)| − |RG′(T, V

r
c?)| = |RG′({v}, V

r
c?) \RG′(T, V

r
c?)|.

Since S ⊆ T , then RG′(S, V
r
c?) ⊆ RG′(T, V

r
c?) and

RG′({v}, V r
c?) \RG′(S, V

r
c?) ⊇ RG′({v}, V

r
c?) \RG′(T, V

r
c?),

which implies the statement.

We can now prove that (Algorithm 2) gives a constant approximation ratio.

Theorem 4.4. Greedy-LTR (Algorithm 2) is a
(
1− 1

e

)
-approximation algorithm for

the problem of maximizing the score in plurality rule voting systems.

Proof. In the case of plurality rule, F (c?, S) is the expected cardinality of A′LTR, that

is

F (c?, S) = E
[
|A′LTR|

]
=
∑
v∈V

P
(
v ∈ A′LTR

)
.
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By Theorem 4.2 and Equality (4.2), this is equal to

∑
v∈V

P
(
v ∈ A′LCF

)
= F (c?, ∅) +

∑
v∈V, πv(c?)>1

α(πv(c?))

πv(c?)− 1
·P (v ∈ R(S)) .

By Corollary 2.8, it follows that

F (c?, S) = F (c?, ∅) +
∑

v∈V,πv(c?)>1

α(πv(c?))

πv(c?)− 1

∑
G′∈G

P
(
G′
)
· 1(G′,S,v).

We can rewrite the above formula as follows:

F (c?, S)− F (c?, ∅) =
m∑
r=2

∑
v:πv(c?)=r

α(r)

r − 1

∑
G′∈G

P
(
G′
)
· 1(G′,S,v)

=

m∑
r=2

α(r)

r − 1

∑
G′∈G

P
(
G′
) ∑
v:πv(c?)=r

1(G′,S,v)

=

m∑
r=2

α(r)

r − 1

∑
G′∈G

P
(
G′
)
· |{v : v ∈ RG′(S) ∧ πv(c?) = r}|

=
m∑
r=2

α(r)

r − 1

∑
G′∈G

P
(
G′
)
· |RG′(S, V r

c?)|.

It follows that the function F (c?, S) is a non-negative linear combination of functions

|RG′(S, V r
c?)|. By Lemma 4.3, these functions are monotone and submodular, this

implies that also F (c?, S) is monotone and submodular w.r.t. S and the same holds

for F (c?, S) − F (c?, ∅). Therefore, we can use Greedy-LTR (Algorithm 2) to find

a set S whose value F (c?, S) − F (c?, ∅) is at least 1 − 1
e times the optimum [25].

Moreover, we can use the same algorithm to approximate F (c?, S) within the same

approximation bound.

4.3 Maximizing the Score: Scoring Rule

In this section we extend the results of Section 4.2 to the general case of the scoring

rule, in which a scoring function f assigns a score to each candidate according to the

positions he was ranked in the voters’ lists. The overall approach is similar, but more

general: We first define an alternative random process to LTR and show its equivalence

to LTR; then we use this model to compute F (c?, S) and show that it is a monotone



Linear Threshold Ranking and Election Control 33

submodular function of the initial set of active nodes S. This latter result allows us to

compute a set S that has an approximation guarantee of 1− 1/e on the maximization

of the score of the target candidate.

Differently from Section 4.2, where only nodes with c? as first preference contribute

to the final score of c?, here all the voters can potentially contribute to it. Therefore

in the definition of the process we consider all possible shifts of c?. The alternative

random process, called Live-edge Dice Roll (LDR), is defined as follows.

Definition 4.5 (Live-edge Dice Roll process).

1. Each node v ∈ V selects at most one of its incoming edges with probability

proportional to the weight of that edge, i.e., edge (u, v) is selected with probability

buv, and no edge is selected with probability 1−
∑

u∈N−v buv.

2. Each node v with πv(c?) > 1 that is reachable from S in the live-edge graph rolls

a biased πv(c?)-sided dice and changes its list according to the outcome. This is

equivalent to picking a random real number sv in [0, 1] and setting the position

of c? according to sv as follows:

π̃v(c?) =


1 if sv ≤ α(πv(c?))

πv(c?)−1 ,

` if α(πv(c?))
πv(c?)−`+1 < sv ≤ α(πv(c?))

πv(c?)−` ,

for ` = 2, . . . , πv(c?)− 1,

πv(c?) if sv > α(πv(c?)).

If π̃v(c?) 6= πv(c?), all candidates between π̃v(c?) and πv(c?)− 1 are shifted down

by one position.

Note that, differently from the original live-edge process proposed by Kempe et al. 2003,

LDR is able to model both the fact that a node is activated by its neighbors and the

probability that the target candidate moves up in the preference list of the voter.

In this case, since LDR models any arbitrarily scoring rule, we have to consider the

probability that c? can move in any position between its original and the first one.

Before extending the result of Section 4.2, we define the probability that an active node

moves candidate c? from position r to position ` as follows.
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Definition 4.6. For each r, ` ∈ {1, . . . ,m}, with ` ≤ r, we define:

P (r, `) :=


α(r)

r − 1
if ` = 1,

α(r)

r − `
− α(r)

r − `+ 1
if ` = 2, . . . , r − 1,

1− α(r) if ` = r.

In the next theorem we show that processes LTR and LDR have the same distribution.

Theorem 4.7. Given a set of initially active nodes S and a node v ∈ V , let π̃LTR
v (c?)

and π̃LDR
v (c?) be the position of node v at the end of LTR and LDR, respectively,

both starting from S. Then, P
(
π̃LTR
v (c?) = `

)
= P

(
π̃LDR
v (c?) = `

)
, for each ` =

1, . . . , πv(c?).

Proof. Let A be the set of active nodes at the end of the LTR process that starts from

S. By the law of total probability, we have that

P
(
π̃LTR
v (c?) = `

)
=
∑
U⊆Nv

P
(
π̃LTR
v (c?) = `

∣∣ (A ∩Nv) = U
)
P ((A ∩Nv) = U) .

If U is the maximal subset of active neighbors of v (i.e., U = A ∩ Nv), then we can

write the probability that π̃LTR
v (c?) = ` given U as follows:

P
(
π̃LTR
v (c?) = `

∣∣ (A ∩Nv) = U
)

=

P

(
tv ≤

α(πv(c?))

πv(c?)− 1

∑
u∈U

buv

)
if ` = 1,

P

(
α(πv(c?))

πv(c?)− `+ 1

∑
u∈U

buv < tv ≤
α(πv(c?))

πv(c?)− `
∑
u∈U

buv

)
if ` = 2, . . . , πv(c?)− 1,

P

(
tv > α(πv(c?))

∑
u∈U

buv

)
if ` = πv(c?).

We analyze two cases, depending on whether ` < πv(c?) or ` = πv(c?).

• If ` < πv(c?), by Definition 4.6, follows that

P
(
π̃LTR
v (c?) = `

∣∣ (A ∩Nv) = U
)

= P(πv(c?), `)
∑
u∈U

buv.
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Therefore,

P
(
π̃LTR
v (c?) = `

)
= P(πv(c?), `)

∑
U⊆Nv

∑
u∈U

buv P ((A ∩Nv) = U) .

Since
∑

u∈U buv = P
(
tv ≤

∑
u∈U buv

)
= P (v ∈ A | (A ∩Nv) = U), then

∑
U⊆Nv

∑
u∈U

buvP ((A ∩Nv) = U)

=
∑
U⊆Nv

P (v ∈ A | (A ∩Nv) = U) P ((A ∩Nv) = U) = P (v ∈ A) ,

and

P
(
π̃LTR
v (c?) = `

)
= P(πv(c?), `) ·P (v ∈ A) .

• If ` = πv(c?), since α(πv(c?))
∑

u∈U buv ≤
∑

u∈U buv, we have

P
(
π̃LTR
v (c?) = πv(c?)

∣∣ (A ∩Nv) = U
)

= P

(
tv > α(πv(c?))

∑
u∈U

buv

)

= P

(
α(πv(c?))

∑
u∈U

buv < tv ≤
∑
u∈U

buv

)
+ P

(
tv >

∑
u∈U

buv

)

=
∑
u∈U

buv (1− α(πv(c?))) + P

(
tv >

∑
u∈U

buv

)

= P(πv(c?), πv(c?))
∑
u∈U

buv + P

(
tv >

∑
u∈U

buv

)
.

Therefore,

P
(
π̃LTR
v (c?) = πv(c?)

)
= P(πv(c?), πv(c?))

∑
U⊆Nv

∑
u∈U

buv P ((A ∩Nv) = U)

+
∑
U⊆Nv

P

(
tv >

∑
u∈U

buv

)
·P ((A ∩Nv) = U)

= P(πv(c?), πv(c?)) ·P (v ∈ A)

+
∑
U⊆Nv

P

(
tv >

∑
u∈U

buv

)
·P ((A ∩Nv) = U) .
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Since P
(
tv >

∑
u∈U buv

)
= P (v 6∈ A | (A ∩Nv) = U), then the second term of

the above formula is equal to

∑
U⊆Nv

P (v 6∈ A | (A ∩Nv) = U) ·P ((A ∩Nv) = U) = P (v 6∈ A) ,

which implies

P
(
π̃LTR
v (c?) = πv(c?)

)
= P(πv(c?), πv(c?)) ·P (v ∈ A) + P (v 6∈ A) .

To summarize, in LTR,

P
(
π̃LTR
v (c?) = `

)
=

{
P(πv(c?), `) ·P (v ∈ A) if ` < πv(c?)

P(πv(c?), πv(c?)) ·P (v ∈ A) + P (v 6∈ A) if ` = πv(c?) .

In LDR, from Definition 4.6 follows that, for a node v reached from S, the probability

that the second step of LDR yields π̃v(c?) = `, for ` = 1, . . . , πv(c?), is P(πv(c?), `).

Therefore, there are two possibilities for a node to have c? in position ` at the end

of LDR: Either it is reached by S in the graph produced in the first step and, with

probability P(πv(c?), `), it moves c? to position `, or it is not reached by S and it

already had c? in position `. In other words

P
(
π̃LDR
v (c?) = `

)
=

{
P(v ∈ R(S)) ·P(πv(c?), `) if `<πv(c?)

P(v ∈ R(S)) ·P(πv(c?), πv(c?)) + P (v 6∈ R(S)) if `=πv(c?).

By Theorem 2.7 follows that R(S) = A, which implies the statement of the theorem.

We exploit Theorem 4.7 to show that F (c?, S) − F (c?, ∅) is a monotone submodu-

lar function and hence we can use Algorithm Greedy-LTR (Algorithm 2) to find a(
1− 1

e

)
-approximation to the problem of maximizing the score of a target candidate.

Theorem 4.8. Greedy-LTR (Algorithm 2) is a
(
1− 1

e

)
-approximation algorithm for

the problem of maximizing the score in any scoring rule voting systems.
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Proof. By definition, the value of F (c?, S)− F (c?, ∅) is

F (c?, S)− F (c?, ∅) = E

[∑
v∈V

f(π̃v(c?))

]
−
∑
v∈V

f(πv(c?))

= E

[∑
v∈V

f(π̃v(c?))− f(πv(c?))

]
=
∑
v∈V

E [f(π̃v(c?))− f(πv(c?))]

=
∑
v∈V

πv(c?)∑
`=1

(f(`)− f(πv(c?))) P
(
π̃LDR
v (c?) = `

)
=
∑
v∈V

πv(c?)−1∑
`=1

(f(`)− f(πv(c?))) P
(
π̃LDR
v (c?) = `

)
,

where in the last equality we remove all the terms in the sum with ` = πv(c?) since

they are equal to 0.

In LDR, if ` < πv(c?), we have that P
(
π̃LDR
v (c?) = `

)
= P (v ∈ R(S)) · P (πv(c?), `),

moreover, by Corollary 2.8, P (v ∈ R(S)) =
∑

G′∈G P (G′) 1(G′,S,v). Then,

F (c?, S)− F (c?, ∅) =

m∑
r=2

r−1∑
`=1

(f(`)− f(r)) P (r, `)
∑
G′∈G

P
(
G′
)
1(G′,S,v)

=

m∑
r=2

r−1∑
`=1

(f(`)− f(r)) P (r, `)
∑
G′∈G

P
(
G′
)
|{v ∈ RG′(S) ∧ πv(c?) = r}|

(4.3)

=

m∑
r=2

r−1∑
`=1

(f(`)− f(r)) P (r, `)
∑
G′∈G

P
(
G′
)
|RG′(S, V r

c?)|.

Thus, the increment in score of c?, i.e., F (c?, S) − F (c?, ∅), is a non-negative linear

combination of monotone submodular functions |RG′(S, V r
c?)| (see Lemma 4.3). Thus,

we can use Greedy-LTR (Algorithm 2) to find a
(
1− 1

e

)
-approximation to the prob-

lem of maximizing the score of a target candidate [25].
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4.4 Approximating Margin of Victory

We have seen in previous sections that we can map the problem of maximizing the

score of the target candidate to that of influence maximization both in the plurality

(Section 4.2) and in an arbitrary scoring rules (Section 4.3); we also defined two alter-

native processes (Definitions 4.1 and 4.5) and showed their equivalence to LTR for both

rules (Theorems 4.2 and 4.7). By showing that the objective function is monotone and

submodular w.r.t. the initial set of seed nodes (Lemma 4.3) it follows that Greedy

(Algorithm 2) finds a (1− 1/e)-approximation of the optimum [25].

Given the equivalence of the processes with LTR, we can formulate our original objec-

tive function as the average MoVG′ computed on a sampled live-edge graph G′, namely

E [MoV(S)] = E [MoVG′(S)], where

MoVG′(S) = g+

G′ (c?, S) + g-
G′ (c̄, S)− F (c̄, ∅) + F (c, ∅) .

and g+

G′ (c?, S), g-
G′ (c̄, S) are the change in margin on a fixed G′ by c? and the most

voted opponent after the process. In particular in the simple case of the plurality rule

we have that

g+

G′ (c?, S) =
m∑
r=2

α(r)

r − 1
|RG′(S, V r

c?)|

g-
G′ (c̄, S) =

m∑
r=2

α(r)

r − 1
|RG′(S, V r

c? ∩ V
1
c̄ )|

Similarly, in the general case of arbitrary scoring rules, we have

g+

G′ (c?, S) =
m∑
r=2

r−1∑
`=1

P(r, `) |RG′(S, V r
c?)| (f(`)− f(r))

g-
G′ (c̄, S) =

m∑
r=2

r−1∑
`=1

r−1∑
h=`

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h)− f(h+ 1))

This latter formulation is just a generalization of the plurality case whenever we choose

f such that f(1) = 1 and f(r) = 0, for each r ∈ {2, . . . ,m}. In this way we would have

that the gain in score would be just 1 and that α(r)
r−1 = P (r, 1).

Theorem 4.9. Greedy (Algorithm 2) is a 1
3(1− 1/e)-approximation algorithm for the

problem of election control in arbitrary scoring rule voting systems.
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Proof. It follows directly from Theorem 2.11 given that F (c?, S)−F (c?, ∅) is a mono-

tone and submodular function.

4.5 Destructive Election Control

In this section we focus on the destructive election control problem. The model is

similar to the constructive one: Here we define, for each node v ∈ V , the number of

positions of which c? shifts down after the LTR process as

π↓v(c?) := min

m− πv(c?),
α(πv(c?))

tv

∑
u∈A, (u,v)∈E

buv

 .

The final position of c? in v will be π̃v(c?) := πv(c?) + π↓v(c?).

Similarly to the constructive case, we aim at decreasing the overall score of a target

candidate c? as much as possible since, as before, in this way we can achieve a constant

factor approximation. To do that we provide a reduction from the destructive to the

constructive case. Given an instance of destructive control, we build an instance of

constructive control in which we simply reverse the rankings of each node and com-

plement the scoring function to its maximum value. Roughly speaking, this reduction

maintains invariant the absolute value of the change in margin of the score of any

candidate between the two cases. Formally, for each v ∈ V , the new instance has a

preference list defined as π′v(c) := m−πv(c)+1 for each candidate c ∈ C, and, for each

position r ∈ {1, . . . ,m}, has a scoring function defined as f ′(r) := fmax− f(m− r+ 1),

where fmax := maxr∈{1,...,m} f(r). For each v ∈ V , the ranking of c? in the new instance

is π′v(c?) := m− πv(c?) + 1.

For each solution S found in the new instance, i.e., a constructive one, the overall score

of c? after the process is

F ′(c?, S) := E

[∑
v∈V

f ′(π′v(c?)− π′↑v (c?))

]
,

where

π′↑v (c?) := min

π′v(c?)− 1,

α(πv(c?))

tv

∑
u∈A, (u,v)∈E

buv

 .
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Let FD(c?, ∅) = F (c?, ∅) and F ′(c?, ∅) :=
∑

v∈V f
′(π′v(c?)). Then the following lemma

holds.

Lemma 4.10. FD(c?, ∅)− FD(c?, S) = F ′(c?, S)− F ′(c?, ∅), for every S.

Proof. Observe that π′↑v (c?) = π↓v(c?) and that πv(c?) = m−π′v(c?) + 1. It follows that

F ′(c?, S)− F ′(c?, ∅) = E

[∑
v∈V

[fmax − f(m− (π′v(c?)− π′↑v (c?)) + 1)]

]

−E

[∑
v∈V

[fmax − f(m− π′v(c?) + 1)]

]

= E

[∑
v∈V

[f(m− π′v(c?) + 1)− f(m− (π′v(c?)− π′↑v (c?)) + 1)]

]

= E

[∑
v∈V

[f(m− π′v(c?) + 1)− f(m− π′v(c?) + 1 + π′↑v (c?))]

]

= E

[∑
v∈V

[f(πv(c?))− f(πv(c?) + π′↑v (c?))]

]

= E

[∑
v∈V

[f(πv(c?))− f(πv(c?) + π↓v(c?))]

]
= F (c?, ∅)− FD(c?, S).

The reduction, together with Lemma 4.10, allows us to maximize the score of the

target candidate in the constructive case and then to map it back to destructive case.

Differently from the constructive scenario, we get a factor 1
2 because we can reconstruct

the optimum in the approximation by only lower bounding two terms.

Theorem 4.11. Greedy (Algorithm 2) is a 1
2(1 − 1/e)-approximation algorithm for

the problem of destructive election control in arbitrary scoring rule voting systems.

To improve readability the proof is omitted but can be found in Appendix A. How-

ever, the proof is similar to that of Theorem 2.11 and to [40, Theorem 5.3], with the

additional use of Lemma 4.10.
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4.6 Hardness Result

In this section we prove that both problems of maximizing score and MoV of the target

candidate are NP -hard. These results hold for any non-increasing scoring function and

any function α : {1, . . . ,m} → [0, 1], even in elections with only two candidates. We

assume that the scoring function f is non constant as otherwise the problem becomes

trivial.

Theorem 4.12. Maximizing the score and the MoV of a target candidate is NP-hard,

even in the case with two candidates.

Proof. We prove the hardness by reduction from Influence Maximization under LTM,

which is known to be NP -hard [11]. We consider the decision version of LTM in which,

given a weighted graph G = (V,E, b) with weight function b : E → [0, 1] and budget

B, the goal is to find a set of seeds S ⊆ V such that |S| ≤ B and the expected

cardinality of active nodes at the end of the process is greater than an input value

M . Let ILTM = (G,B,M) be an instance of Influence Maximization under LTM. We

construct and instance ILTR := (G′, B′, C,M ′) of the decision version of LTR that

corresponds to ILTM. In the decision version of the problem of maximizing the score of

c? under LTR the problem asks to find a set of seeds S ⊆ V such that F (c?, S) ≥M ′,
for some input value M ′. Instance ILTR is built as follows:

• We consider m candidates c?, c1, . . . , cm−1; let k ∈ {1, . . . ,m− 1} be the smallest

position such that f(k) > f(k+1), where f is the non-increasing scoring function.

Note that such value must exists, otherwise f would be a constant function. For

every node we let c? be in position k + 1 while we assign arbitrary positions to

the other candidates, i.e., for every node v ∈ V we let πv(c?) = k + 1, and we

give an arbitrary order to the other candidates.

• We consider the same graph, i.e., G′ = G.

• We consider the same budget, i.e., B′ = B.

• We set the fixed minimum score value that needs to be reached in ILTR to be

M ′ =
(
f(k)− f(k + 1)

)
α(k + 1)M + f(k + 1) |V | .
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Let S be an initial set of seed nodes and let σ(S) be the expected number of influenced

node in LTM when S is used as seed set in ILTM.

We use the equivalence between LTR and LDR (Theorem 4.7) to relate expected score

of c? F (c?, S) and σ(S). Indeed, using S as initial set of seed nodes for ILTR, by

Equation (4.3), we have

F (c?, S) =

m∑
r=2

r−1∑
`=1

(f(`)− f(r)) P (r, `)
∑
G′∈G

P
(
G′
)
|RG′(S, V r

c?)|+ F (c?, ∅)

Since in ILTR all nodes have c? in position k + 1, then V k+1
c? = V , while V r

c? = ∅, for

any r 6= k + 1. Therefore,

∑
G′∈G

P
(
G′
)
|RG′(S, V r

c?)| =

{
σ(S) if r = k + 1

0 Otherwise.

It follows that in the formula of F (c?, S), only the term with r = k + 1 is not 0.

Moreover, F (c?, ∅) = |V |f(k + 1). By plugging r = k + 1, we have that,

F (c?, S) =

k∑
`=1

(f(`)− f(k + 1)) P (k + 1, `)σ(S) + |V |f(k + 1) .

Since, f(1) = . . . = f(k), we have

F (c?, S) =

k∑
`=1

(f(k)− f(k + 1)) P (k + 1, `)σ(S) + |V |f(k + 1)

= (f(k)− f(k + 1))σ(S)

k∑
`=1

P (k + 1, `) + |V |f(k + 1) .

By Definition 4.6, we have that P (k + 1, k + 1) = 1−α(k+1) and
∑k+1

`=1 P (k + 1, `) =

1, which implies that
∑k

`=1 P (k + 1, `) = α(k + 1). Therefore,

F (c?, S) = (f(k)− f(k + 1))α(k + 1)σ(S) + |V |f(k + 1) .

It follows that, there exists a set of nodes S such that F (c?, S) ≥M ′ only if σ(S) ≥M .

The same argument can be used to show the other direction. Thus, maximizing the

expected score in LTR is equivalent to maximizing the expected number of active nodes
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in LTM. Since influence maximization in LTM is NP -hard, then also maximizing the

score in LTR is NP -hard.

Regarding the problem of maximizing the MoV we use similar arguments, and a lower

bound to the MoV of M ′′ which we are going to define in what follows. Let us assume

that an arbitrary candidate c1 is in position 1 for all the nodes, i.e. πv(c1) = 1, for

all v ∈ V . We analyze two cases. If k > 1, 2 c1 will be the most voted opponent

both before and after any diffusion process. In fact, initially it has score equal to the

maximum possible, f(1)|V |, while, after the diffusion, it can only shift to position 2,

but f(1) = f(2) = f(k) and then it remains with score f(1)|V | = f(k)|V |. Candidate

c? initially has score f(k + 1)|V | and after a diffusion process starting from S it will

have F (c?, S) = (f(k)− f(k + 1))α(k+1)σ(S)+ |V |f(k+1), as shown before. In this

case the value of MoV(S) is

MoV(S) = f(k)|V | − f(k + 1)|V | − (f(k)|V | − F (c?, S))

= (f(k)− f(k + 1))α(k + 1)σ(S) ,

and we define M ′′ := (f(k)− f(k + 1))α(k + 1)M .

Let us now assume that k = 1. Also in this case c1 will be the most voted opponent

both before and after the diffusion process, but now the score of c1 will change to

f(k)|V |−(f(k)− f(k + 1))α(k+1)σ(S), since any time c? is shifted up by one position

(from k+ 1 to k), c1 is shifted down (from k to k+ 1). Therefore, the value of MoV(S)

will be

MoV(S) = f(k)|V | − f(k + 1)|V |

−
(
f(k)|V | − (f(k)− f(k + 1))α(k + 1)σ(S)− F (c?, S)

)
= 2 (f(k)− f(k + 1))α(k + 1)σ(S) ,

and we define M ′′ := 2 (f(k)− f(k + 1))α(k + 1)M .

Note that, in both cases, there exists a set of nodes S such that σ(S) ≥M if and only

if MoV(S) ≥M ′′.

2We observe that this case can occur only when the number of candidates m is greater than 2.



Chapter 5

Dealing with Uncertainty in

Election Control through Social

Influence

In the previous chapter we show that the election control problem can be approximated

within a constant ratio under several voting systems assuming a full knowledge of the

preferences of each voter. However, this information is not always available since voters

can be undecided or they may not want to reveal it. In this chapter we relax this

assumption by considering that each voter is associated with a probability distribution

over the candidates. We propose two new models in which, when a voter is reached by a

campaign, it modifies its probability distribution according to the amount of influence it

received from its neighbors in the network. We then study the election control problem

on the new models: In the first model, under the Gap-ETH hypothesis, election control

cannot be approximated within a factor better than 1/no(1), where n is the number

of voters; in the second model the problem admits a constant factor approximation

algorithm.

Most of the results presented in this chapter are included in [4, 5].

44
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5.1 Problem Definition

In this section, we extend the previous model and consider a non-deterministic scenario

in which we take into account the inherent uncertainty of a voter and we model its

decision as a probabilistic function over the list of candidates. We introduce a varia-

tion of the Linear Threshold Model (LTM) [11] called Probabilistic Linear Threshold

Ranking (PLTR). Similarly to the Linear Threshold Ranking (Chapter 4), PLTR takes

into account the degree of influence that voters exercise on each other, but considers

a probability distribution over the candidates for each voter, rather than assuming

that the preference lists of the voters are known. Let G = (V,E) be a directed graph,

each node v ∈ V has a probability distribution over the candidates πv, here πv(ci)

denote the probability that v votes for candidate ci; then for each v ∈ V we have

that πv(ci) ≥ 0 for each candidate ci and
∑m

i=1 πv(ci) = 1. Each node v ∈ V has a

probability distribution over the candidates πv, where πv(ci) is the probability that v

votes for candidate ci; then for each v ∈ V we have that πv(ci) ≥ 0 for each candidate

ci and
∑m

i=1 πv(ci) = 1.

For each candidate ci, we assume that πv(ci) is at least a polynomial fraction of the

number of voters, i.e., πv(ci) = Ω(1/|V |γ) for some constant γ > 0.

As in LTM, each node v has a threshold tv ∈ [0, 1]; each edge (u, v) ∈ E has a weight

buv, given in input with the graph, which models the influence of node u on v. Moreover,

the total weight of the incoming edges of each node v is
∑

u:(u,v)∈E buv ≤ 1. We assume

that the weight of each edge (u, v) is not smaller than a polynomial fraction of the

number of voters, i.e., buv = Ω(1/|V |γ) for some constant γ > 0.

Given an initial set of seed nodes S, the diffusion process proceeds as in LTM: Inactive

nodes become active if the sum of the weights of incoming edges from active neighbors

is greater than or equal to their threshold. In PLTR an active node increases his

probability of voting for the target candidate by adding the influence coming from

the active neighbors and then by normalizing to have again a probability distribution.

Formally, for each node v ∈ A, where A is the set of active nodes at the end of LTM,

the preference list πv changes as follows:

π̃v(c?) =
πv(c?) +

∑
u∈A∩N−v buv

1 +
∑

u∈A∩N−v buv
, (5.1)
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while for any other candidate ci 6= c? it changes to

π̃v(ci) =
πv(ci)

1 +
∑

u∈A∩N−v buv
. (5.2)

All inactive nodes v ∈ V \ A will have π̃v(ci) = πv(ci) for all candidates, including c?.

Let us denote by G the set of all possible live-edge graphs sampled from G, then, we

can compute the score F (ci, S) of a candidate ci by means of live-edge graphs used in

the LTM model as

F (ci, S) :=
∑
G′∈G

FG′ (ci, S) ·P(G′), (5.3)

where FG′(ci, S) is the score of ci in G′ ∈ G and P (G) is the probability to sample the

live-edge G′.

More precisely, for ci = c? we have

FG′(c?, S)=
∑

v∈RG′(S)

πv(c?)+
∑

u∈RG′ (S)∩N−v buv

1 +
∑

u∈RG′ (S)∩N−v buv
+

∑
v∈V \RG′(S)

πv(c?),

where RG′(S) is the set of nodes reachable from S in G′. A similar formulation can be

derived for ci 6= c?.

FG′(ci, S) =
∑

v∈RG′ (S)

πv(ci)

1 +
∑

u∈RG′ (S)∩N−v buv
+

∑
v∈V \RG′(S)

πv(ci).
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Figure 5.1: Example of changing in score given a live-edge graph (B).
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5.1.1 R-PLTR Model

In Section 5.3, we show that the election control problem in PLTR is hard to approx-

imate to within a polynomial fraction of the optimum (Theorem 5.1). However, we

are able to show that a small relaxation of the model allows us to approximate it to

within a constant factor. In the relaxed model, that we call Relaxed Probabilistic Lin-

ear Threshold Ranking (R-PLTR), the probability distribution of a node is updated if

it has at least an active incoming neighbor, also if the node is not active itself: Every

node v ∈ V updates its probability distribution according to Eq. (5.1) and Eq. (5.2),

and not just every node v ∈ A as in PLTR. The rationale is that a voter might slightly

change its opinion about the target candidate if it receives some influence from its ac-

tive incoming neighbors even if the received influence is not enough to activate it (thus

making it propagate the information to its outgoing neighbors). Therefore, we include

this small amount of influence in the objective function. In Section 5.3 we show that

the election control problem in R-PLTR is still NP -hard, and in Section 5.4 we give

an algorithm that guarantees a constant approximation ratio in this setting.

5.2 Influencing Voters About Other Candidates

Note that it is not always sufficient to maximize the score of the target candidate to

ensure his victory, and it is easy to find counter-examples of this strategy. Moreover,

in the models proposed in [40] and Chapter 4 it is sometimes convenient to increase

the score of a third candidate in order to make the most voted opponent w.r.t. c? lose

score and favor c?. In the following we show that in our model the best strategy is the

one that changes only the score of c?. We distinguish between three possible strategies:

• MoV1: Influencing voters about c?.

• MoV2: Influencing voters about ĉ, i.e., the most voted opponent w.r.t. c? at the

end of PLTR.

• MoV3: Influencing voters about any other candidate c.
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Let us now analyze the MoV of c? in these three different cases. As described in

Equation (2.4), a general formulation for MoV is the following

MoV(S) := g+ (c?, S) + g- (ĉ, S) + ∆

= F (c?, S)− F (c?, ∅) + F (ĉ, ∅)− F (ĉ, S) + ∆,

where S is the initial set of seed nodes and ∆ is the sum of constant terms that are

not modified by the process. With some algebra, it is possible to compute the MoV of

c? in such scenarios, getting the following formulations:

•MoV1(S) =
∑
v∈A

π(c?) +
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

−
∑
v∈A

π(c?)

+
∑
v∈A

π(ĉ)−
∑
v∈A

π(ĉ)

1 +
∑

u∈A∩N−v buv
+ ∆

=
∑
v∈A

(1 + πv(ĉ)− πv(c?))
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

+ ∆;

•MoV2(S) =
∑
v∈A

π(c?)

1 +
∑

u∈A∩N−v buv
−
∑
v∈A

π(c?)

+
∑
v∈A

π(ĉ)−
∑
v∈A

π(ĉ) +
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

+ ∆

=
∑
v∈A

(πv(ĉ)− πv(c?)− 1)
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

+ ∆;

•MoV3(S) =
∑
v∈A

π(c?)

1 +
∑

u∈A∩N−v buv
−
∑
v∈A

π(c?)

+
∑
v∈A

π(ĉ)−
∑
v∈A

π(ĉ)

1 +
∑

u∈A∩N−v buv
+ ∆

=
∑
v∈A

(πv(ĉ)− πv(c?))
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

+ ∆.

We just need to observe that MoV1(S) ≥ MoV2(S) and that MoV1(S) ≥ MoV3(S) to

conclude that in PLTR it is always convenient to influence the voters about the target

candidate whenever you want to maximize the MoV of c?. Therefore, in the remainder

of the paper we only focus at changing the score of the target candidate c?. Note that

the observations above hold also for R-PLTR.
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5.3 Hardness Results

In this section we provide two hardness results related to PLTR and R-PLTR. In

Theorem 5.1 we show that maximizing the MoV in PLTR is at least as hard to ap-

proximate as the well-known Densest-k-Subgraph problem (up to a constant factor).

Then, in Theorem 5.2 we show that maximizing the MoV in R-PLTR is still NP -hard.

Note that the hardness result for PLTR implies several conditional hardness of ap-

proximation bounds for the election control problem. Indeed, it has been shown that

the Densest-k-Subgraph problem is hard to approximate: to within any constant

bound under the Unique Games with Small Set Expansion conjecture [87]; to within

n−1/(log logn)c , for some constant c, under the exponential time hypothesis (ETH) [21];

to n−f(n) for any function f ∈ o(1), under the Gap-ETH assumption [21].

Theorem 5.1. An α-approximation to the election control problem in PLTR gives

an αβ-approximation to the Densest-k-Subgraph problem, for a positive constant

β < 1.

Proof. 1 We prove the hardness by reduction from Densest-k-Subgraph (DkS), that

is formally defined as the problem of finding the subgraph of size k with highest density.

Given an instance of DkS we create a new graph in which we assign to each edge a

weight equal to 1
nγ , for any fixed constant γ ≥ 4, where n is the number of nodes in the

graph. Then, for each node v we set πv(ĉ) = 1 and πv(ci) = πv(c?) = 0 for each ci 6= ĉ.

In this setting we have that MoV(S) = |V | − (|V | −F (c?, S)−F (c?, S)) = 2F (c?, S) .

Then, in order to compute the final score of c? we average its score on a polynomial

number of sampled live-edge graphs, however, in our reduction the empty live-edge

graph G′∅ is sampled with high probability (i.e., 1 − 1
nγ−2 ) and thus

∑
G′ 6=G′∅

P (G′) =

O
(

1
nγ−2

)
. Note that in G′∅ the set RG′∅

(S) is equal to S, since the graph has no edges.

Therefore we can obtain that the score of c? is Θ
(

SOLDkS(S)
nγ

)
where SOLDkS(S) :=∑

v∈S |S ∩N−v | is the number of edges of the subgraph induced by S, i.e., the value of

the objective function of DkS for solution S.

Since the previous bounds hold for any set S we also have that, for two constants β1,

and β2, β1
OPTDkS

nγ ≤ OPT ≤ β2
OPTDkS

nγ , where OPT is the value of the optimal solution

for PLTR and OPTDkS is the value of the optimal solution for DkS. Now, if we suppose

that there exists an α-approximation for PLTR we get SOLDkS(S) ≥ α
2
β1
β2

OPTDkS , i.e.,

the solution is an αβ-approximation to DkS, with β := β1
2β2

.

1A detailed version of the proof can be found in Appendix B
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Figure 5.2: Example of reduction from LTM to R-PLTR used in Theorem 5.2 with
two candidates: πvi(c?) = 1, πvi(c1) = 0 ∀i ∈ [1, 4], πvi(c?) = 0, πvi(c1) = 1 ∀i ∈ [5, 8]

As a corollary of Theorem 5.1 we get the conditional hardness of approximation bounds

stated at the beginning of this section.

In the next theorem we show that R-PLTR is NP -hard, the result is given by a re-

duction from Influence Maximization under LTM, which is known to be NP -hard [11].

The core idea is the following: Given an instance of LTM we create a new graph in

which we duplicate each node and we add a new edge with weight 1 between the orig-

inal node and its duplicate. Then we set πv(c?) = 1 and πv(ci) = 0 for any original

node; πv(c?) = 0, πv(c1) = 1, and πv(ci) = 0 for the new nodes. Now it is easy to see

that when a node becomes active in this new instance it will also activate its dupli-

cate. Therefore MoV(S) = |V | − |V \ A| and, thus, maximizing the MoV is equal to

maximizing the active nodes in LTM.

Theorem 5.2. Election control in R-PLTR is NP-hard.

Proof. We prove the hardness by reduction from Influence Maximization under LTM,

which is known to be NP -hard [11].

Consider an instance ILTM = (G,B) of Influence Maximization under LTM. ILTM is

defined by a weighted graph G = (V,E, b) with weight function b : E → [0, 1] and

by a budget B. Let IR-PLTR := (G′, B) be the instance that corresponds to ILTM on

R-PLTR, defined by the same budget B and by a graph G′ = (V ′, E′, b′) that can be

built as follows:

1. Duplicate each vertex in the graph, i.e., we define the new set of nodes as V ′ :=

V ∪ {v|V |+1, . . . , v2|V |}.
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2. Add an edge between each vertex v ∈ V to its copy in V ′, i.e., we define the new

set of edges as E′ := E ∪ {(v1, v|V |+1), . . . , (v|V |, v2|V |)}.

3. Keep the same weight for each edge in E and we set the weights of all new edges

to 1, i.e., b′e = be for each e ∈ E and b′e = 1 for each e ∈ E′ \ E. Note that the

constraint on incoming weights required by LTM is not violated by b′.

4. Consider m candidates c?, c1, . . . , cm−1. For each v ∈ V we set πv(c?) = 1 and

πv(ci) = 0 for any other candidate i ∈ {1, . . . ,m− 1}. For each v ∈ V ′ \V we set

πv(c?) = 0, πv(c1) = 1 and πv(ci) = 0 for any other candidate i ∈ {2, . . . ,m− 1}.

Let S be the initial set of seed nodes of size B that maximizes ILTM and let A be the

set of active nodes at the end of the process. The value of the MoV obtained by S

in IR-PLTR is MoV(S) = |V | − |V \ A|. Indeed, each node v ∈ V in G′ has π̃v(c?) =

πv(c?) = 1, because the probability of voting for the target candidate remains the

same after the normalization. Moreover, each node vi ∈ V ∩A influences its duplicate

v|V |+i with probability 1 and therefore π̃v|V |+i(c?) = (πv|V |+i(c?)+1)/2 = 1
2 . Therefore,

F (c?, ∅) = F (c1, ∅) = |V |, F (c?, S) = |V |+ 1
2 |A|, and F (c1, S) = |V \A|+ 1

2 |A|.

Let S be the initial set of seed nodes of size B that achieves the maximum in IR-PLTR.

Without loss of generality, we can assume that S ⊆ V , since we can replace any seed

node v|V |+i in V ′ \ V with its corresponding node vi in V without decreasing the

objective function. If A is the set of active nodes at the end of the process, then by

using similar arguments as before, we can prove that MoV(S) = |V | − |V \A|.

Note that this is the maximum that we can achieve in IR-PLTR. In fact, maximizing

the MoV is equal to maximize the difference |V |−|V \A| that is equal to maximize the

cardinality of the set A. Let us assume that S does not maximize ILTM, then, S would

also not maximize IR-PLTR, which is a contradiction since S is an optimal solution for

IR-PLTR.

We can prove the NP -hardness for the case of maximizing the score by using the

same arguments. In fact, notice that maximizing the score of c?, i.e., F (c?, S) =∑2|V |
i=1 π̃vi(c?) = |V | + 1

2 |A|, is exactly equivalent to maximize the cardinality of the

active nodes in LTM.
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5.4 Approximation Results for R-PLTR

In this section we give a constant factor approximation algorithm for the election

control problem in R-PLTR.

Then we show that a simple greedy hill-climbing approach gives a constant factor

approximation to the problem of maximizing g+ (c?, S), where the constant is 1
2(1− 1

e ).

By combining this result with Theorem 2.11, we obtain an 1
6(1 − 1

e )-approximation

algorithm for the election control problem in R-PLTR.

In the following we show how to achieve a constant factor approximation to the problem

of maximizing the MoV in R-PLTR by maximizing the increment in score of a target

candidate. The core idea is to reduce the problem to an instance of the weighted

version of LTM for which we are able to obtain a (1− 1/e)-approximation.

This natural extension of the LTM, presented in [11], associates to each node a non-

negative weight (w : V → R+) that captures the importance of activating that node.

The objective function is then to find the initial seed set in order to maximize the sum of

the weights of the active nodes at the end of the process, i.e., finding arg maxS σw(S) =

E
[∑

v∈Aw(v)
]
.

A simple hill-climbing greedy algorithm achieves a constant factor approximation of

1 − 1/e if the weights are polynomial in the number of nodes of the graph and the

number of live-edge graph samples is polynomially large in the weights [11]. It is still

an open question how well the value of σw(S) can be approximated for an influence

model with arbitrary node weights: Intuitively, if a node has an exponentially small

probability of being sampled in the live-edge graph associated with a high weight, then

a polynomial number of samples would not be enough to consider it in the solution

with non-negligible probability.

We exploit this result to approximate the MoV, reducing the problem of maximizing

the score to that of maximizing σw(S) in the weighted LTM. We define a new graph

Ĝ with the same sets of nodes and edges of G. Then, we assign a weight to each node

v ∈ V equal to w(v) :=
∑

u∈N+
v
bvu(1 − πu(c?)). Note that we are able to correctly

approximate the value of σw(S) using such weights since the weight on each edge and

the probability of not voting c? are at least a polynomial fraction w.r.t. |V |, then the

weight on each node in Ĝ is still bounded by a polynomial and, consequently, also the
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Algorithm 3 Greedy 2

Require: Social graph G = (V,E); Budget B
1: Ĝ = (G,w) . Weighted graph Ĝ
2: S = ∅
3: while |S| ≤ B do
4: v = arg maxu∈V \S σw(S ∪ {u})− σw(S)
5: S = S ∪ {v}
6: return S

ratio between any two weights. By applying a multiplicative form of the Chernoff bound

we can get a 1± ε approximation of σw(S), with high probability [11, Proposition 4.1].

Then, we can use a greedy algorithm (Algorithm 3) to maximize the influence on

Ĝ by selecting at most B nodes as the seed nodes S. Note that the algorithm has

the same computational complexity of the one presented in the previous chapter, i.e.,

O(B · |V | · |E| · L), where L is the number of live-edge graphs needed to compute an

approximation for σw(S).

Theorem 5.3. Algorithm 3 guarantees a 1
6(1 − 1

e )-approximation factor to election

control in R-PLTR.

Proof. We first prove that Algorithm 3 achieves an 1
2(1− 1

e )-approximation factor to the

problem of maximizing the increment in score of the target candidate c? in R-PLTR.

Let S and S? respectively be the set of initial seed nodes found by the greedy algorithm

and the optimal one. We have that

g+ (c?, S) = F (c?, S)− F (c?, ∅)

=
∑
v∈V

πv(c?) +
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

−
∑
v∈V

πv(c?)

=
∑
v∈V

(1− πv(c?))
∑

u∈A∩N−v buv
1 +

∑
u∈A∩N−v buv

and, since the denominator is at most 2, that

g+ (c?, S) ≥ 1

2

∑
v∈V

(1− πv(c?))
∑

u∈A∩N−v

buv

=
1

2

∑
u∈A

∑
v∈N+

u

buv(1− πv(c?))
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where A is the set of active nodes at the end of the process.

Note that
∑

u∈A
∑

v∈N+
u
buv(1−πv(c?)) is exactly the objective function that the greedy

algorithm maximizes. Hence, using the result by Kempe et al. [11], we know that

∑
u∈A

∑
v∈N+

u

buv(1− πv(c?)) ≥
(

1− 1

e

) ∑
u∈A?

∑
v∈N+

u

buv(1− πv(c?)),

where A? is the set of active nodes at the end of the process starting from S?.

Therefore g+ (c?, S) ≥ 1
2(1− 1/e) g+ (c?, S

?) since

g+ (c?, S
?) =

∑
v∈V

(1− πv(c?))
∑

u∈A?∩N−v buv
1 +

∑
u∈A?∩N−v buv

≤
∑
v∈V

(1− πv(c?))
∑

u∈A?∩N−v

buv =
∑
u∈A?

∑
v∈N+

u

buv(1− πv(c?)),

where the inequality is due to the fact that the denominator in all the terms of

g+ (c?, S
?) is at least 1. Thus, the greedy algorithm achieves a 1

2

(
1− 1

e

)
-approximation

to the maximum increment in score.

Using Theorem 2.11 we get a 1
6

(
1− 1

e

)
-approximation ratio for the MoV.



Chapter 6

Balancing spreads of influence in

a social network

In this chapter, we investigate an optimization problem that aims at balancing infor-

mation exposure in a social network when different opposing campaigns propagate in

the network. That is, we assume that µ different campaigns propagate in a social

network and we aim to maximize the number of people that are exposed to either ν

or none of the campaigns, where µ ≥ ν ≥ 2. Given this possibly large number µ of

viewpoints, the ν threshold parameter aims to guarantee that all influenced agents are

exposed to a large enough subset of them which is hopefully more representative.

We provide dedicated approximation algorithms for both the correlated and hetero-

geneous settings. The heterogeneous setting corresponds to the general case in which

there is no restriction on the probabilities with which the campaigns spread. Contrar-

ily, in the correlated setting, the probability distributions for different campaigns are

identical and completely correlated. We show that the problem can be approximated

within a constant factor in the correlated setting for any constant values of µ and ν,

instead, for the heterogeneous setting with ν ≥ 3, we give a reduction leading to several

approximation hardness results. Maybe most importantly, we obtain that the prob-

lem cannot be approximated within a factor of n−g(n) for any g(n) = o(1) assuming

the Gap-ETH hypothesis, denoting with n the number of nodes in the social network.

This complements our finding of an approximation algorithm for the heterogeneous

case that for arbitrary µ and ν = 3 leads to an approximation ratio of order n−1/2.

55
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Most of the results presented in this chapter are included in [7].
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6.1 Problem Definition

Inspired by the work of Garimella et al. [1] (presented in Section 3.2), we consider

several information spread processes, we also call them “campaigns”, unfolding in par-

allel, each following the Independent Cascade model described in Section 2.3. Their

problem involves two opposing viewpoints or campaigns that propagate in a social net-

work following the independent cascade model. In this chapter we address their main

open problem, by generalizing their optimization problem to a setting with arbitrarily

many campaigns. This generalization is motivated by the fact that most problems

raise, not only two, but a multitude of viewpoints. This can be simply explained by

the complexity of these problems, but also because of the wide diversity of sensibilities

present in our modern societies.

Formally, we are given a graph G = (V,E) and µ probability functions (bi)i∈[µ], where

each bi is a probability function as in the Independent Cascade model described in

Chapter 2, i.e., bi : E → [0, 1].1 For an index i ∈ [µ], let Xi = (Tv)v∈V be a possible

outcome sampled using probabilities bi, i.e., a live-edge graph. Then for a seed set

A ⊆ V , we denote with ρ
(i)
Xi

(A) the set of nodes reachable from A in outcome Xi and

σ(i)(A) = EX [|ρ(i)
Xi

(A)] is the expected number of nodes activated by the i’th campaign

at the time of quiescence. For an arbitrary sequence R = (Ri)i∈[µ] of subsets of V , we

define

NoSMµ,ν(R) :=

∣∣∣∣∣∣
V \ ⋃

i∈[µ]

Ri

 ∪ ⋃
M⊆[µ]:|M |≥ν

⋂
i∈M

Ri

∣∣∣∣∣∣
to be the number of nodes that are contained in None or Sufficiently Many, i.e., at

least ν, of the sets in R. The NoSMµ,ν-function allows us to formalize our objective

function of maximizing the number of nodes that are reached by none of sufficiently

many of the campaigns. Note that in the special case studied by Garimella et al. [1],

the objective function can be modelled using a set difference operator. In the general

case, however, such a straightforward formulation is not conceivable. Introducing the

NoSMµ,ν-function, allows us to treat the general case nevertheless.

Let X = (Xi)i∈[µ] be an outcome profile by letting Xi be a possible outcome according

to distribution bi. Then, for A = (Ai)i∈[µ] with Ai ⊆ V , we denote with ρX (A) =

(ρ
(i)
Xi

(Ai))i∈[µ] the set of reached nodes in the outcome X from seed sets A. For two

1For n ∈ N, we use [n] to denote the set {1, . . . , n}.
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I1

I2

S1

I1

S2

I2

Figure 6.1: Example of network covered by two initial campaigns (left) and after
the sets S1 and S2 have been added (right). Note that in the second image (right)

the portion of network covered by both campaigns is greater.

sequences of sets A, A′, and a set A, we let A∪A′ = (Ai∪A′i)i∈[µ] be the element-wise

union and A ∩A = (Ai ∩A)i∈[µ] be the element-wise intersection with the set A.

For constant integers µ ≥ ν ≥ 2, we consider the following optimization problem: Given

a graph G = (V,E), probabilities P = (bi)i∈[µ], seed sets I = (Ii)i∈[µ], and B ≥ 2, the

µ-ν-Balance problems aims at finding sets S = (Si)i∈[µ] with
∑

i∈[µ] |Si| ≤ B, such

that ΦIµ,ν(S) is maximum, where

ΦIµ,ν(S) := EX [NoSMµ,ν(ρX (I ∪ S))].

We refer to the objective function simply by Φ(S), in case I, µ, and ν are clear from the

context. We assume B ≤ ν|V | as otherwise the problem becomes trivial by choosing

Si = V for every i ∈ [ν]. Moreover, we assume w.l.o.g. that |V | ≥ µ and B ≥ ν, since

|V | andB are input parameters and µ and ν are constant numbers. Following Garimella

et al. [1], we distinguish two settings. (1) The heterogeneous setting corresponds to

the general case in which there is no restriction on P. (2) In the correlated setting, the

distributions bi are identical and completely correlated for all i ∈ [µ]. That is, if an

edge (u, v) propagates a campaign to v, it propagates all campaigns that reach u to v.

6.1.1 Decomposing the Objective Function

In all of our algorithms, we use the approach of decomposing the objective function

into summands and approximating the summands separately. For an outcome profile
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X , and seed sets I = (Ii)i∈[µ], we define V `,I
X ⊆ V , for ` = 0, . . . , µ, to be the set of

nodes that are reached by exactly ` campaigns from the seed sets I. Formally, for any

value ` ∈ [µ],

V `,I
X :=

⋃
τ∈([µ]` )

(⋂
i∈τ

ρ
(i)
Xi

(Ii) \
⋃

j∈[µ]\τ
ρ

(j)
Xj

(Ij)
)
,

where
([µ]
`

)
denotes the set {τ ⊆ [µ] : |τ | = `}. We write V `

X , if the initial seed sets I
are clear from the context. In the above definition, by convention an empty union is

the empty set, while an empty intersection is the whole universe, here V . Accordingly,

we define Φ`(S) := EX [NoSMµ,ν(ρX (I ∪ S) ∩ V `,I
X )]. Note that Φ`(S) is the expected

number of nodes that are reached by 0 or sufficiently many, i.e., at least ν campaigns,

resulting from nodes that have been reached by exactly ` campaigns from I.

Now, the objective function decomposes as

Φ(S) = EX [NoSMµ,ν(ρX (I ∪ S))]

= EX
[ ∑
`∈[µ]

NoSMµ,ν(ρX (I ∪ S) ∩ V `
X )
]

=
∑
`∈[µ]

Φ`(S),

using linearity of expectation and that sets V `
X are disjoint. Furthermore, we denote

by

Φ≥`(S) =

µ∑
i=`

Φi(S) = EX
[

NoSMµ,ν(ρX (I ∪ S) \ (∪`−1
j=0V

j
X ))
]
.

Again, Φ≥`(S) denotes the expected number of nodes that are reached by sufficiently

many campaigns or none of them resulting from nodes that have previously been

reached by at least ` campaigns. Clearly, Φ(S) = Φ≥0(S). For convenience, in what

follows, we will often refer to S as a set of pairs in V̂ := V × [µ], where picking pair

(v, i) into S corresponds to picking v into set Si. We fix the following observations:

• For ` = 0, Φ0(S) is optimal when S = (∅)i∈[µ]. The achieved value is the expected

size of V 0
X :

Φ0(S) = EX
[

NoSMµ,ν(ρX (I ∪ (∅)i∈[µ]) ∩ V 0
X )
]

= EX
[∣∣V 0
X
∣∣] .

• For ` = ν− 1, the function Φ≥ν−1(S) =
∑µ

i=ν−1 Φi(S) is monotone and submod-

ular, as it is equal to the number of nodes reached by a single campaign. Thus,

it can be approximated within a factor of (1− 1/e− ε) for any ε < 1.
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The Correlated Case. For the correlated setting, where probability functions are

identical for all campaigns and the cascade processes are completely correlated, we

introduce an additional function called Ψ. First note that in the correlated setting, the

outcome profile X in the definition of Φ(S) satisfies X1 = . . . = Xµ. In order to define

Ψ, we introduce an additional fictitious campaign, call it campaign 0, that spreads

with the same probability p0 = p1 = . . . = pµ as the other µ campaigns. We extend

the outcome X = (Xi)i∈[µ] with X1 = . . . = Xµ to contain also an identical copy X0

and define Ψ : 2V×{0} → [n] by

Ψ(T ) := EX

∣∣∣∣∣∣(ρ(0)
X0

(T ) ∩
ν−1⋃
j=1

V j
X
)
∪

µ⋃
j=ν

V j
X

∣∣∣∣∣∣
 .

Observe that Ψ(T ) measures the expected number of nodes that are either (1) reached

by at least one campaign from I and are reached by the fictitious campaign 0 from T or

(2) reached by more than ν campaigns from I. Note that nodes from (2) are already

reached by sufficiently many campaigns while nodes from (1) have been reached by

some campaign from I and, as witnessed by Ψ, can be reached from the nodes in T .

Note that Ψ is monotone and submodular in S which follows directly from the function

σ having these properties.

6.1.2 A First Structural Lemma

When applying the standard greedy hill climbing algorithm to finding a set of size B

maximizing a submodular set function, the key property that is used in the analysis is

the following: At any stage of the algorithm there exists an element which leads to an

improvement that is at least a fraction of B of the difference between the optimal and

the current solution, compare for example [88, Lemma 3.13]. Maybe the most impor-

tant structural lemma underlying our algorithms is a similar result for the functions

Φ≥`.

Lemma 6.1. Let ` ∈ [1, ν − 1] and S ⊆ V̂ with |S| ≤ B − (ν − `) and define U :=

{τ ⊆ V̂ , |τ | = ν − `}. Then, τ∗ = arg max{Φ≥`(S ∪ τ) : τ ∈ U} satisfies

Φ≥`(S ∪ τ∗)− Φ≥`(S) ≥
Φ≥`(S∗≥`)− Φ≥`(S)(

B
ν−`
)

where S∗≥` is an optimal solution of size B maximizing Φ≥`.
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Proof. Let X be an outcome profile and let v be an arbitrary node in V ′ := V \
⋃`−1
j=0 V

j
X .

Let us denote by 1SX (v) the indicator function that is one if v is reached by at least

ν campaigns in outcome profile X from seed sets I ∪ S and zero otherwise. We note

that Φ≥`(S) = EX
[∑

v∈V ′ 1
S
X (v)

]
. Now, define Y := {τ ⊆ S∗≥` : |τ | = ν − `}, i.e., Y

are the sets of nodes in S∗≥` of size ν − `. We now argue that the following inequality

holds for v and X :

1
S∗≥`
X (v)− 1SX (v) ≤

∑
τ∈Y

(
1S∪τX (v)− 1SX (v)

)
. (6.1)

If the left hand side is not positive, the inequality holds, since the right hand side

cannot be negative by monotonicity. Hence, assume that the left hand side is positive.

In that case it holds that 1
S∗≥`
X (v) = 1, but 1SX (v) = 0, i.e., in outcome profile X ,

v is reached by at least ν campaigns from seed sets I ∪ S∗≥` but not from seed sets

I ∪ S. For such v, there must be a set τ ∈ Y such that adding τ to S results in v

being reached by ν campaigns (recall that v ∈ V ′ and thus v is already reached by

at least ` campaigns). Thus, there exists a set in Y that contributes a value of 1 on

the right hand side and we may conclude that Eq. (6.1) holds. Now, using linearity of

expectation and Eq. (6.1), we obtain

Φ≥`(S∗≥`)− Φ≥`(S) = EX
[ ∑
v∈V ′

(
1
S∗≥`
X (v)− 1SX (v)

) ]
≤ EX

[ ∑
v∈V ′

∑
τ∈Y

(
1S∪τX (v)− 1SX (v)

) ]
.

Using linearity of expectation again, we obtain that the right hand side above is equal

to
∑

τ∈Y
(
Φ≥`(S ∪ τ)− Φ≥`(S)

)
. Then, the statement follows by the maximality of τ∗

and the fact that |Y | ≤
(
B
ν−`
)
.

6.1.3 Approximating Ψ and Φ≥`

As mentioned in Section 2.3, already in the standard Independent Cascade process, it

is not feasible to evaluate the function σ exactly. However, σ can be approximated to

within a factor of (1 ± ε) by sampling a polynomial number of times. A very similar

approach works for approximating the functions Ψ and Φ≥` for ` ∈ [0, ν]. That is,

there is an algorithm approx(f,S, I, ν, ε, δ) that, for f ∈ {Ψ,Φ≥0, . . . ,Φ≥ν}, sets S
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and I, and parameters ν, ε, δ returns a (1± ε)-approximation of f(S) with probability

1− δ.

We summarize this result in the following lemma, the proof of which as well as the cor-

responding pseudo-code implementation are deferred to the Appendix C.1 to improve

readibilty. The proof relies on a Chernoff bound and is very similar to the original

proof of Proposition 4.1 in [11] for the σ-function, here reported as Theorem 2.10. We

also show in Appendix C.1 how to satisfy the condition Φ≥`(S) ≥ 1 for every set S at

the cost of an additive arbitrarily small ε in the approximation factor.

Lemma 6.2. Let f ∈ {Ψ,Φ≥0, . . . ,Φ≥ν} and let S be such that f(S) ≥ 1. Let f̃(S) :=

approx(f,S, I, ν, ε, δ) for some 0 < δ ≤ 1/2 and 0 < ε < 1, then f̃(S) is a (1 ± ε)-
approximation of f(S) with probability at least 1− δ.

All of our algorithms are of a greedy flavor, that is, we greedily choose sets in order

to build the output set S. Motivated by Lemma 6.1, we now investigate the impact of

the approximation on this approach in the following lemma. Namely, how the error in

approximating f ∈ {Ψ,Φ≥1, . . . ,Φ≥ν} affects the error of the difference f(S∪v)−f(S).

In other words, we quantify how much we lose while maximizing f by picking an element

τ with respect to an approximation of f only. To this end, let f be a function from

{Ψ,Φ≥1, . . . ,Φ≥ν} and, for some 0 < ε ≤ 1, let f̃ be a (1± ε′)-approximation of f with

ε′ := ε/(e ·
(
B
λ(f)

)
), where λ(f) depends on f , namely λ(f) := ν − ` for f = Φ≥` and

λ(f) := 1 for f = Ψ. We denote with Df the universe over which f is defined, i.e.,

Df := V̂ for f = Φ≥`, while Df := V × {0} for f = Ψ.

Lemma 6.3. Let f and f̃ be as above for some 0 < ε ≤ 1. Let U := {τ ⊆ Df , |τ | =

λ(f)}, S ⊆ Df with |S| ≤ B − λ(f), and let S∗ denote a set maximizing f of size B.

Then, either

f(S) ≥
(

1− 1

e

)
· f(S∗) or f(S ∪ τ̃)− f(S) ≥ (1− ε) · (f(S ∪ τ∗)− f(S)),

where τ∗ := arg max{f(S ∪ τ) : τ ∈ U}, and τ̃ := arg max{f̃(S ∪ τ) : τ ∈ U}.

We defer the proof to Appendix C.1. In summary: either S already yields a (1− 1/e)-

approximation of the optimum of f or a set τ of size λ(f) maximizing an approximation

f̃ of f can lead to a progress of at least an (1 − ε)-fraction of the maximum progress

possible.
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6.1.4 Maximizing Φ≥ν−1 and Ψ

Here, we fix the result that the standard greedy hill climbing algorithm, we refer to it as

Greedy(f, ε, δ, I, ν, B), can be applied in order to approximate both f ∈ {Φ≥ν−1,Ψ}
to within a factor of 1 − 1/e − ε for any 0 < ε < 1 with probability at least 1 − δ

for any 0 < δ ≤ 1/2. This is based on the fact that these functions are submodular

and monotone set functions. See Appendix C.1 for a pseudo-code implementation

and a proof of the submodularity property. Since we can only evaluate Φ≥ν−1 and Ψ

approximately, we obtain the additive ε-term.

Lemma 6.4. Let f ∈ {Φ≥ν−1,Ψ} and let 0 < ε < 1 and 0 < δ ≤ 1/2. With probability

at least 1− δ, Greedy(f, ε, δ, I, ν, B) returns S satisfying f(S) ≥ (1− 1/e− ε) · f(S∗),
where S∗ is an optimal solution of size B to maximizing f .

6.2 Hardness of Approximation for the Heterogeneous

Case

In this section, we show that in the heterogeneous setting for ν ≥ d + 1, the µ-ν-

Balance problem is as hard to approximate as the Densest-k-Sub-d-hypergraph

problem [89], where d ≥ 2 is a constant. Notably, this result has the following con-

sequences: if d = 2 there is no n−g(n)-approximation algorithm with g(n) = o(1) for

µ-ν-Balance. This result hold under the Gap Exponential Time Hypothesis (Gap-

ETH), which states that distinguishing between a satisfiable 3-SAT formula and one

which is not even (1− ε)-satisfiable requires exponential time for some constant ε > 0.

Gap-ETH, first formalized in [90], [91], is a stronger version of the Exponential Time

Hypothesis, which only asserts that no subexponential time algorithms can decide

whether a given 3-SAT formula is satisfiable. For general d ≥ 3, we get that there is no

n−ε-approximation algorithm for a given constant ε > 0 which depends on d under the

assumption that a particular class of one way functions (or that certain pseudorandom

generators) exists [92].

We recall the definition of the Densest-k-Sub-d-hypergraph problem. Given a

d-Regular Hypergraph G = (V,E), given an integer k ≥ d, the Densest-k-Sub-

d-hypergraph problems aims at finding a set S ⊆ V with |S| ≤ k, s.t. |E(S)| is

maximum, where E(S) := {e ∈ E : e ⊆ S}.
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Figure 6.2: This figure illustrates the case d = 3. For an hyperedge e = {u, v, w} in
G, we get d!

(
µ−ν+d

d

)
schemes of the above type, one for each set ι = {i, j, k} ∈ J and

for each way of ordering them given by a permutation π ∈ Sd. Probabilities that are
not given are equal to 0.

A d-regular hypergraph is a hypergraph in which all hyperedges are composed of ex-

actly d vertices, where d is a constant. When d = 2, Densest-k-Sub-d-hypergraph

is known as the Densest-k-Subgraph problem. For the hardness of approxima-

tion proof, we consider the following transform τ of an instance (G = (V,E), k)

of the Densest-k-Sub-d-hypergraph problem into an instance τ(G, k) = (G =

(V ,A),P, I, B) of the µ-ν-Balance problem.

• Define V := V� ∪ V}, where V� := V , i.e., for each node v ∈ V , we get a node

v in V . Moreover, let J :=
([µ−ν+d]

d

)
, and Sd be the set of permutations of [d];

we then define V} as V} := {etι,π : e ∈ E, ι ∈ J, π ∈ Sd, t ∈ [l]}, i.e., for each edge

e ∈ E, we create λl nodes, where l := |V | + 1 and λ := |Sd| · |J | = d!
(
µ−ν+d

d

)
.

That is, each set ι of d campaigns in J , induces l nodes etι,π, t ∈ [l] for each π in

Sd.

• The arc set A and the probabilities are defined as shown in Figure 6.2 illustrating

the case of d = 3 (a more detailed illustration is provided in Appendix C.2 in

Fig. C.1). We get this scheme in G for every edge e = {v1, . . . , vd} ∈ E, for each

permutation π in Sd, and for each set in J of d campaigns.

• The initial seed sets I are defined as I1 = I2 = . . .= Iµ−ν+d=∅, Iµ−ν+d+1 = . . .=

Iµ=V .

• The budget is the same as in the Densest-k-Sub-d-hypergraph problem, i.e.,

B = k.

Note that each node in G is already covered by ν − d campaigns and that the instance

generated is deterministic, in the sense that probability values are either 0 or 1.
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Let us now fix a µ-ν-Balance instance P = (G = (V ,A),P, I, B) resulting from

the transform τ as image of a Densest-k-Sub-d-hypergraph instance Q = (G =

(V,E), k). Clearly, V is of cardinality |V |+λl|E| and A is of cardinality λ(l+d−1)|E|.
Let us denote by Σ the set of feasible solutions for P . For each S ∈ Σ, it holds that

the objective function Φ(S) can be decomposed as Φ(S) = Φ�(S) + Φ}(S), where

Φ�(S) := NoSMµ,ν(ρX (I ∪ S) ∩ V�) and Φ}(S) := NoSMµ,ν(ρX (I ∪ S) ∩ V}), for

X being the only possible (deterministic) outcome profile. Now, let S∗, S∗�, and S∗}
denote optimal solutions to the problem of maximizing Φ, Φ�, and Φ}, respectively,

over Σ. The following lemma whose proof can be found in Appendix C.2 collects three

statements. The first statement says that an optimal solution to Φ also maximizes Φ}.

The second statement says that there exists a feasible solution to P which achieves

at least a multiple of l · p of the objective value in Densest-k-Sub-d-hypergraph

with p = d!/dd. In the third statement, we observe that from a feasible solution to P ,

we can construct a feasible solution to Q while loosing only a factor of λl in objective

value.

Lemma 6.5. The following statements hold:

1. An optimal solution to Φ also maximizes Φ}, i.e., Φ}(S∗}) = Φ}(S∗).

2. It holds that Φ}(S∗}) ≥ l · p · DKSH∗d, where DKSH∗d is the optimal value of

Densest-k-Sub-d-hypergraph in Q and p = d!/dd.

3. Given S ∈ Σ, we can, in polynomial time, build a feasible solution S of Q such

that |E(S)| ≥ Φ}(S)/(λl).

We are now ready to show the following relations between the complexity of the two

problems. Note that the assumption that g is non-increasing is w.l.o.g.

Theorem 6.6. Let d ≥ 2, ν ≥ d + 1, and p = d!/dd, then we have the following two

cases:

Case d = 2: Let α(n) = n−g(n) with g being non-increasing, g(n) = o(1) and α(n) ∈
(0, 1] and β(n) = p·n−6g(n)

2λ .

Case d ≥ 3: Let α(n) = n−ε(d) where ε(d) > 0 is a constant which depends on d,

α(n) ∈ (0, 1] and β(n) = p·n−ε′(d)
2λ , with ε′(d) = (d+ 4) · ε(d).
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In both cases the following statement holds: If there is an α(|V |)-approximate algo-

rithm for the deterministic µ-ν-Balance problem, then there is a β(|V |)-approximate

algorithm for Densest-k-Sub-d-hypergraph. Here |V | and |V | denote the number

of vertices in the µ-ν-Balance and the Densest-k-Sub-d-hypergraph problems,

respectively and λ = d!|J |.

Proof. Let Q = (G, k) be an instance of the Densest-k-Sub-d-hypergraph problem

and let P := (G = (V ,E),P, I, B) = τ(G, k) be the instance of the µ-ν-Balance

problem obtained by the transform τ . For brevity, let n := |V | and n := |V |. Moreover,

let S be an α(|V |)-approximate solution to P , that is Φ(S) ≥ α(|V |)Φ(S∗). We show

how to construct a β(n)-approximate solution S to Q.

Using Lemma 6.5- (3), we obtain a feasible solution S to Q with |E(S)| ≥ Φ}(S)/(λl).

We proceed by lower-bounding Φ}(S). We can w.l.o.g. assume that S ∩ V} = ∅ and

that Φ}(S) ≥ l. Indeed, if Φ}(S) < l then Φ}(S) = 0 and we can build in polynomial-

time a better solution by identifying one edge (v1, . . . , vd) and propagating campaign

i in vi. This further implies that Φ}(S) ≥ Φ�(S) as l > n ≥ Φ�(S). We obtain

Φ}(S) ≥ Φ(S)

2
≥ α(n)

2
· Φ(S∗) ≥ α(n)

2
· Φ}(S∗)

=
α(n)

2
· Φ}(S∗}) ≥ α(n) · l · p

2
·DKSH∗d,

using Lemma 6.5- (1) and (2) in the last two steps. In summary, we have |E(S)| ≥
α(n)·p

2λ DKSH∗d. Note that 2λ/p is a constant.

Case d = 2: Since g is non-increasing, we get

α(n) = n−g(n) = 2−g(n) log(n) ≥ 2−g(n) log(2λn3) ≥ 2−6g(n) log(n) = n−6g(n),

where we used 2 ≤ n ≤ n ≤ 2λn3 and λ ≤ µ2 ≤ n2 (as d = 2). This completes this

case.

Case d ≥ 3: In this case α(n) = n−ε(d). It follows that

α(n) = n−ε(d) = 2−ε(d) log(n) ≥ 2−ε(d) log(2λn3) ≥ 2−(d+4)ε(d) log(n) = n−(d+4)ε(d),

where we used 2 ≤ n ≤ n ≤ 2λn3 and λ ≤ µd ≤ nd. This completes this case.
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To sum up, our reduction shows that: (1) as Densest-k-Sub-d-hypergraph cannot

be approximated within 1/nε for some constant ε > 0 which depends on d, if a particu-

lar class of one way functions exists [92], we have shown that the same hardness result

holds for any µ-ν-Balance problem with ν ≥ d + 1 ≥ 4; (2) moreover as Densest-

k-Subgraph cannot be approximated within 1/no(1), if the Gap-ETH holds [21], we

have shown that the same hardness result holds for any µ-ν-Balance problem with

ν ≥ 3.

Other approximation hardness results exist for Densest-k-Subgraph. We review

them here, highlighting the hardness results that our reduction implies in each case.

• Densest-k-Subgraph cannot be approximated within any constant, if the

Unique Games with Small Set Expansion (UGSSE) conjecture holds [87]. There-

fore, under the UGSSE conjecture it is easy to prove that the reduction given

above shows that any µ-ν-Balance problem with ν ≥ 3 cannot be approximated

within any constant.

• Densest-k-Subgraph cannot be approximated within n−(log logn)−c , for some

constant c if the exponential time hypothesis holds [21]. Under the same con-

jecture, our reduction implies the same hardness result for any µ-ν-Balance

problem with ν ≥ 3.

6.3 Approximation Algorithm for the Heterogeneous Case

Our approach for maximizing Φ(S) is to decompose it as Φ(S) = Φ0(S) + Φ≥1(S) and

work on each summand separately. In this section, we give two different algorithms

GreedyTuple and GreedyIter for maximizing Φ≥1(S). These two algorithms are

inspired by a similar approach for the so-called maximum coverage with pairs prob-

lem [93].

6.3.1 Greedily Picking Tuples

In this paragraph, we present GreedyTuple(ε, δ, `, I, ν, B) (Algorithm 4) that, for

given `, computes a solution to maximizing Φ≥`. For ` = ν−1 the algorithm is identical

to the standard greedy hill climbing algorithm. For the general case of ` ≤ ν−1, we will
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Algorithm 4 GreedyTuple(ε, δ, `, I, ν, B)

1: t := d B
ν−`e

( |V̂ |
ν−`
)

2: δ′ ← δ/t
3: ε′ ← ε/(2e ·

(
B
ν−`
)
)

4: S ← ∅
5: while |S| ≤ B − (ν − `) do
6: Compute τ ← arg maxτ⊆V̂ ,|τ |=ν−`{approx(Φ≥`,S ∪ τ, I, ν, ε′, δ′)}

7: return S

show the following theorem. The algorithm is inspired by a greedy algorithm, called

Greedy1, due to [93] for solving the so-called maximum coverage with pairs problem.

Theorem 6.7. Let ε ∈ (0, 1), δ ≤ 1/2, and ` ∈ [1, ν − 1]. If B ≥ 2ν/ε, with proba-

bility at least 1 − δ, the algorithm GreedyTuple(ε, δ, `, I, ν, B) returns a solution S
satisfying

Φ≥`(S) ≥ 1− 1/e− ε(
B−1
ν−`−1

) · Φ≥`(S∗≥`),
where S∗≥` is an optimal solution to Φ≥`.

We let Si denote the set S at the end of iteration i of the algorithm. The main idea

underlying the analysis of GreedyTuple is very much related to the analysis of the

standard greedy algorithm. That is (ignoring the approximation issue), every step of

the algorithm incurs a factor of 1−
(

1− 1/
(
B
ν−`
))

. For ` = ν − 1, this coincides with

the standard case.

Lemma 6.8. Let 0 < ε < 1, δ ≤ 1/2, and ` ∈ [1, ν−1]. With probability at least 1− δ,
after each iteration i of Algorithm 4, it either holds that

Φ≥`(Si) ≥
(

1−
(

1−
1− ε

2(
B
ν−`
))i) · Φ≥`(S∗≥`) or Φ≥`(Si) ≥

(
1− 1

e

)
· Φ≥`(S∗≥`).

The proof of this lemma can be found in Appendix C.3, it uses Lemmata 6.1 and 6.3.

We are now ready to give the proof of Theorem 6.7.

Proof of Theorem 6.7. Let S denote the set returned by the algorithm. Clearly we have

that Φ≥`(S) ≥ Φ≥`(Sι), where ι denotes the number of iterations of the while loop in

the algorithm. By assumption B ≥ 2ν/ε and thus ι = b B
ν−`c ≥

B
ν−` − 1 ≥ (1− ε

2) · B
ν−` .
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Using Lemma 6.8 for Sι yields that either Φ≥`(Sι) ≥ (1− 1/e) · Φ≥`(S∗≥`) or

Φ≥`(Sι) ≥
(

1−
(

1−
1− ε

2(
B
ν−`
))ι) · Φ≥`(S∗≥`)

≥
(

1−
(

1−
1− ε

2(
B
ν−`
))(1− ε

2
) B
ν−`
)
· Φ≥`(S∗≥`).

For the former case, note that 1− 1/e is greater than the approximation factor required

by the theorem. For the latter case note that, as 1 − x ≤ exp(−x) for any real x, we

have

1−
(

1−
1− ε

2(
B
ν−`
))(1− ε

2
) B
ν−` ≥ 1− exp

(−(1− ε
2)2(

B−1
ν−`−1

) ) ≥ 1− 1
e − ε(

B−1
ν−`−1

) ,
where the last inequality uses that 1−exp(−x) ≤ x·(1−exp(−1)) and (1−1/e)(1−x) ≤
1− 1/e− x for any x ≥ 0. This completes the proof.

6.3.2 Being Iteratively Greedy

Recall that, at the beginning of this section, we have defined

Φ≥`(S) := EX
[

NoSMµ,ν(ρX (I ∪ S) \ (∪`−1
j=0V

j,I
X ))

]
.

We now extend this notation by letting

Φ≥`β (R,S) := EX
[

NoSMµ,β(ρX (R∪ S) \
`−1⋃
j=0

V j,R
X )

]

where ` ∈ [ν − 1] and β ∈ [ν]; we will mainly be working with the case β = ` + 1.

The function measures the expected number of nodes that are reached by at least β

campaigns from R ∪ S within the set of nodes that have originally been reached by

at least ` campaigns from R. Our goal now is to maximize Φ(·) through the following

iterative scheme: for ` from 1 to ν − 1, we find sets S [`] of size bk/(ν − 1)c maximizing

Φ≥``+1(R[`], ·), where R[`] := I∪
⋃`−1
j=1R[j]. That is, in the `th iteration, we maximize the

number of nodes reached by `+ 1 campaigns that have previously been reached by at

least ` campaigns. The approach is motivated by the observation that, for any ` ∈ [ν−1]

and initial sets R, the function Φ≥``+1(R,S) is monotone and submodular in S, compare

with Section 6.1.4 where we used this fact for ` = ν − 1. Using Lemma 6.4 applied to

Φ≥``+1(R, ·) with ν = ` + 1 we get that the standard greedy algorithm can be used in
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Algorithm 5 GreedyIter(ε, δ, I, ν, B)

1: δ′ ← δ/ν
2: ε′ ← ε/2
3: R[1] ← I
4: for ` = 1, . . . , ν − 1 do
5: S [`] ← Greedy(Φ≥``+1(R[`], ·), ε′, δ′,R[`], `+ 1, bB/(ν − 1)c)
6: R[`+1] ← R[`] ∪ S [`]

7: return
⋃ν−1
i=1 S [i]

order to obtain a (1− 1/e− ε)-approximate solution when maximizing Φ≥``+1(R, ·). Note

that our algorithm, called GreedyIter(Algorithm 5) is inspired by a similar greedy

algorithm called Greedy2 from [93] that is used there for the maximum coverage with

pairs problem. We will prove the following theorem in this section.

Theorem 6.9. Let 0 < ε < 1 and δ ≤ 1/2. With probability 1 − δ, the algorithm

GreedyIter(ε, δ, I, ν, B) returns S satisfying

Φ(S) ≥
(1− 1

e − ε)
ν−1

ν2ν−3

(
B

2|V |

)ν−2

· Φ≥1(I,S∗≥1),

where S∗≥1 is a set of cardinality B maximizing Φ≥1(I, ·).

The proof of Theorem 6.9 relies on the following two lemmata whose proofs are given

in the appendix, see Section C.3. In a sense the first lemma quantifies the loss in

approximation of the first iteration of GreedyIter, while the second lemma quantifies

the loss of the later iterations. Both proofs rely on the submodularity of Φ≥``+1(R, ·).

Lemma 6.10. Let ε > 0 and assume that B ≥ 2(ν − 1)/ε. If S [1] ⊆ V̂ is the set

of cardinality bB/(ν − 1)c selected in the first iteration of GreedyIter(ε, δ, I, ν, B),

then, with probability at least 1− δ/ν, it holds that

Φ≥1
2 (I,S [1]) ≥

1− 1
e − ε
ν

· Φ≥1(I,S∗≥1),

where S∗≥1 is a set of cardinality B maximizing Φ≥1(I, ·).

Lemma 6.11. Let ε > 0, ` ≥ 2 and assume that B ≥ 2(ν− 1)/ε. If S [`] ⊆ V̂ is the set

of cardinality bB/(ν − 1)c selected in the `’th iteration of GreedyIter(ε, δ, I, ν, B),
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then, with probability at least 1− δ/ν, it holds that

Φ≥``+1(R[`],S [`]) ≥
(1− 1

e − ε)B
2(`+ 1)(ν − 1)|V |

· Φ≥`−1
` (R[`−1],S [`−1]).

Proof of Theorem 6.9. Since S =
⋃ν−1
i=1 S [i], we obtain Φ(S) ≥ Φ≥ν−1

ν (R[ν−1],Sν−1).

Using the union bound, ν−2 times Lemma 6.11 and then Lemma 6.10 yield that, with

probability at least 1− δ, it holds that

Φ(S) ≥
((1− 1

e − ε)B
2ν(ν − 1)|V |

)ν−2
Φ≥1

2 (R[1],S [1])

≥
(1− 1

e − ε)
ν−1

ν2ν−3

( B

2|V |

)ν−2
Φ≥1
ν (I,S∗≥1).

6.3.3 Algorithm for General Heterogeneous µ-ν-Balance problem

Our approach to solving the general µ-ν-Balance problem is now to use both algo-

rithms presented above.

The complete approximation algorithm works as follows: Using the algorithm Greedy-

Tuple(ε, δ/2, 1, I, ν, B), we obtain a set S1 that with probability 1 − δ/2 satisfies

Φ≥1(S1) ≥ α1 · Φ≥1(S∗≥1), where S∗≥1 denotes an optimal solution of size B to maxi-

mizing Φ≥1 and α1 is the approximation factor that will be achieved by GreedyTuple,

see Theorem 6.7. On the other hand GreedyIter(ε, δ/2, I, ν, B) outputs a set S2 that

with probability 1−δ/2 satisfies Φ(S2) ≥ α2 ·Φ≥1(S∗≥1), where α2 is as in Theorem 6.9.

Now, we define S ′ to be the solution that achieves the maximum max{Φ(S1),Φ(S2)}
and S to be the solution that achieves the maximum max{Φ(∅),Φ(S ′)}. It follows that

2Φ(S) ≥ Φ(∅) + Φ(S ′) ≥ Φ0(∅) +
√
α1 · α2Φ≥1(S∗≥1),

using that the maximum Φ(S ′) is lower bounded by the geometric mean of Φ(S1) and

Φ(S2), which are in turn lower bounded by α1·Φ≥1(S∗≥1) and α2·Φ≥1(S∗≥1), respectively.

Now, let S∗ be an optimal solution of size k to maximizing Φ. Using that the empty
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set maximizes Φ0, we have Φ0(∅) ≥ Φ0(S∗). Furthermore Φ≥1(S∗≥1) ≥ Φ≥1(S∗), thus

Φ(S) ≥
√
α1α2

2
(Φ0(S∗) + Φ≥1(S∗)) =

√
α1α2

2
Φ(S∗).

Plugging in α1 and α2, see Theorems 6.7 and 6.9, and using Bν−2 ≥
(
B−1
ν−2

)
, we get the

following theorem.

Theorem 6.12. Let 0 < ε < 1 and δ ≤ 1/2. There is an algorithm that, with

probability 1−δ, outputs a solution S that satisfies Φ(S) ≥ (1− 1
e−ε)

ν
2 ( 1

2|V |)
ν−2
2 ν−

2ν−3
2 ·

Φ(S∗), where S∗ denotes a solution of size B maximizing Φ(·).

We remark that this result is mostly interesting for the case where ν = 3. Indeed, in

this case we obtain an algorithm with an approximation ratio of order n−1/2.

6.4 Approximation for the Correlated Case

We now turn to the correlated case. Recall that here the probability functions are

identical for all campaigns, i.e., p1(e) = . . . = pµ(e) for every edge e ∈ E. Moreover,

the cascade processes are completely correlated, that is, for any edge (u, v), if node

u propagates campaign i to v, then node u also propagates all other campaigns that

reach it to v.

We will consider the same decomposition of the objective function as in the heteroge-

neous case, i.e., Φ(S) as Φ(S) = Φ≥1(S) + Φ0(S) for a solution S. Recall that Φ≥1(S)

counts the number of nodes that are reached by sufficiently many, i.e. ν, campaigns

from I ∪ S and have been reached by at least one campaign from I. Similarly, Φ0(S)

counts nodes that are reached by sufficiently many campaigns or none and have pre-

viously been reached by no campaign from I. Clearly, as in the heterogeneous case,

Φ0(S) is optimal when S = ∅. Differently from the heterogeneous case however, we will

see that in the correlated setting, there is an approximation algorithm for Φ≥1 that

achieves a constant factor, namely, (1−1/e−ε)/(ν+1). The idea is to pick ν campaigns

and propagate them in the same bB/νc nodes, exploiting that all campaigns spread in

an identical manner.

To that end, we consider the problem of maximizing influence spread with one fictitious

campaign, say campaign 0, spreading with the same probabilities as the others. We
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will consider the nodes reached by campaign 0 among the nodes that were (a) reached

by at least one campaign from I and were (b) reached by no more than ν campaigns

from I. For this purpose, we had defined the function Ψ in Section 6.1. Recall

Ψ(T ) := EX [|(ρ(0)
X0

(T ) ∩
⋃ν−1
j=1 V

j
X ) ∪

⋃µ
j=ν V

j
X |] and observe that Ψ(T ) measures the

expected number of nodes that are either (1) reached by more than ν campaigns from

I or (2) are reached by campaign 0 from T and were reached by at least one campaign

from I. Recall that we had shown that Ψ is submodular and that the greedy hill-

climbing algorithm leads to an approximation factor of at least 1 − 1/e − ε for any

ε > 0 when applied to maximizing Ψ. The following lemma whose proof can be found

in Appendix C.4 collects three statements. The first statement relates the optimum

of Ψ to the optimum of Φ≥1. The second statement says that we lose a factor of

roughly ν when choosing a set of size bB/νc instead of B when maximizing Ψ (this is

due to submodularity). The last statement shows that a certain solution S ′ for Φ≥1

constructed from a solution T to Ψ achieves the same value.

Lemma 6.13. The following statements hold:

1. If T B ⊆ V ×{0} is a solution of size B maximizing Ψ and SB ⊆ V̂ is a solution

of size B maximizing Φ≥1, then Ψ(T B) ≥ Φ≥1(SB).

2. Let ε > 0 and B ≥ ν/ε. If T B ⊆ V ×{0} is a solution of size B maximizing Ψ and

T bB/νc ⊆ V × {0} is a solution of size bB/νc maximizing Ψ, then Ψ(T bB/νc) ≥
1−ε
ν+1 ·Ψ(T B).

3. Let T ⊆ V × {0} be of size bB/νc. Then S ′ := {(v, j)|(v, 0) ∈ T , j ∈ [ν]} ⊆ V̂ is

a set of size at most B such that Φ≥1(S ′) = Ψ(T ).

Now let 0 < ε < 1, 0 < δ ≤ 1/2, T := Greedy(Ψ, ε/2, δ, I, ν, bB/νc) (Algorithm 8),

and assume that B ≥ 2ν/ε. Furthermore, let S ′ := {(v, j)|(v, 0) ∈ T , j ∈ [ν]} ⊆ V̂

be as in Lemma 6.13- (3). Then, according to Lemma 6.4, it holds that Φ≥1(S ′) =

Ψ(T ) ≥ α′ · Ψ(T bB/νc) with α′ := 1 − 1/e − ε/2. Using Lemma 6.13- (2) and (1), we

obtain Φ≥1(S ′) ≥ α′(1− ε
2)/(ν+1)·Ψ(T B) ≥ α·Φ≥1(S∗≥1), with α := (1−1/e−ε)/(ν+1)

and S∗≥1 being an optimal solution to Φ≥1 of size B. Now let S be the set among S ′

and ∅ that achieves the maximum out of Φ(S ′) and Φ(∅). Then S satisfies 2 · Φ(S) ≥
Φ(∅) + Φ(S ′) ≥ Φ0(S∗) + α · Φ≥1(S∗) ≥ α · Φ(S∗), where S∗ is an optimal solution of

size B to maximizing Φ. Thus we get the following theorem.
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Theorem 6.14. Let 0 < ε < 1 and δ ≤ 1/2. In the correlated setting, there is

an algorithm that, with probability 1 − δ, outputs a solution S that satisfies Φ(S) ≥
1−1/e−ε
2(ν+1) · Φ(S∗), where S∗ denotes an optimal solution of size B to maximizing Φ.



Chapter 7

Recommending Links to Reduce

the Bias in Social Networks

News diffusion in social networks, whether they are managed by a malicious user or

by an algorithm, are likely to create homogeneous polarized clusters. Situations in

which information, ideas, or beliefs are amplified or reinforced by communication and

repetition inside a defined system, called echo chambers.

A solution to this problem could be to create bridges that connect people of opposing

views. By connecting different parts of the network, we hope to reduce this polarization

phenomenon. In this chapter, we study an algorithmic technique for bridging these

chambers and thus reduce the bias. We formulate the link recommendation task as

an optimization problem that asks to suggest a fixed number of new connections to

a subset of users with the aim of maximizing the network portion that is reached by

their generated content. In detail, we give a constant-factor approximation algorithm

for the problem of maximizing the social influence of a given set of target users by

suggesting a fixed number of new connections. We experimentally show that, with few

new links and small computational time, our algorithm is able to increase by far the

social influence of the target users. We compare our algorithm with several baselines

and show that it is the most effective one in terms of increased influence.

Most of the results presented in this chapter are included in [8].

75
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7.1 Problem Definition

Given a directed graph G = (V,E, b), a budget B ∈ N and a set A ⊆ V of seed nodes

consider a larger graph Ḡ = (V, Ē, b) where Ē contains all the edges in E and, in

addition, it contains all the remaining pairs between nodes in A and any other node in

V , namely, Ē = E ∪ (A × V ) with the constraint that
∑

(u,v)∈Ē buv ≤ 1 for any node

v ∈ V .

For a set S of edges in Ē \E, let us denote by G(S) the graph augmented with the set

of edges S, i.e., G(S) = (V,E ∪ S). In the Influence Maximization with Augmentation

problem (IMA) we aim at finding a set S ⊆ Ē \ E of size B in order to maximize the

expected number of active nodes in G(S) at the end of the ICM or LTM process. Let

us denote by G(S) the set of all possible live-edges sampled from G(S), then we denote

as

σ(A,S) :=
∑

G′∈G(S)

P
(
G′
)
|RA(G′)|

the expected number of activated nodes at the end of the process with seed nodes A in

graph G(S), where, RA(G′) is the set of reachable nodes from nodes in A in graph G′,

i.e., RA(G′) = {u ∈ V : ∃ path from v ∈ A to u ∈ G′}. Thus, Influence Maximization

with Augmentation problem consists in finding a set S∗ such that

S∗ = arg max
S⊆Ē\E:|S|≤B

σ(A,S).

7.2 Approximation for IMA under LTM

In this section, we first prove that the function σ(A,S) under LTM is monotone and

submodular w.r.t. to the set of added edges S and then we exploit this property to

provide a constant approximation algorithm for the IMA problem.

Le us denote by G the set of all possible live-edge graphs sampled from graph G. For

every G′ = (V,E′) ∈ G we denote by P (G′) the probability that the live-edge graph is

sampled, and by p(v,G′) the probability for a node v ∈ V of having an incoming edge

in G′. Therefore, p(v,G′) is either equal to buv if there exists an edge (u, v) ∈ E′, for

some u ∈ N−v , or p(v,G′) = 1−
∑

(u,v)∈E buv if no edge is selected.
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Then we can easily extend this notation to a set of nodes V ′ ⊆ V as p(V ′, G′) =∏
v∈V ′ p(v,G

′). Thus the probability of a live-edge G′ = (V,E′) is equal to

P
(
G′
)

= p(V,G′) =
∏

(u,v)∈E′
buz

∏
v∈V : 6∃(u,v)∈E′

1−
∑

(u,v)∈E
buv

 .

Finally we denote as PS (G′) = p(V,G′, S) the probability of a live-edge graph G′ ∈
G(S), where G(S) is the set of all possible live-edge graphs sampled from graph G(S).

We first fix the following observation: Consider the probability of a live-edge G′ sam-

pled from G(S ∪{e}) and a second live-edge graph G′′ ∈ G(S) when adding a new edge

e = (a, v) in G(S). Probabilities PS∪e (G′) and PS (G′′) differ only in the calculation

concerning node v, since all the other nodes have the same set of possible in-neighbors

with the same set of weights. Therefore, we have 3 cases:

1. For any live-edge graph G′ ∈ G(S ∪ e) that selects an edge different from e as

incoming edge to v there exists a corresponding G′′ ∈ G(S) with the same edge

set, therefore we have that PS∪e (G′) = PS (G′′);

2. For any live-edge graph G′ ∈ G(S ∪ e) in which no incoming edge is selected

for the node v there exists a corresponding G′′ ∈ G(S) with the same edge set.

In this case PS∪e (G′) = p(V \ {v}, G′, S)(1 −
∑

z∈N−v bzv − be) and PS (G′′) =

p(V \ {v}, G′′, S)(1−
∑

z∈N−v bzv), where p(V \ {v}, G′, S) = p(V \ {v}, G′′, S);

3. For any live-edge graph G′ ∈ G(S ∪ e), G′ = (V,E′), that selects e as incoming

edge to v we have that PS∪e (G′) = p(V \ {v}, G′, S)be. Note that, in this case

we have |RA(G′)| ≥ |RA(G′′)|, for any live-edge graph G′′ ∈ G(S) with edge set

E′ \ {e}.

Then, the following theorem holds.

Theorem 7.1. Given a graph G = (V,E), σ(A, (V,E ∪S)) is a monotone submodular

function of S ⊆ Ē \ E.

The proof is based on the observation that we can divide the live-edge graphs in G(S)

in two sets: the ones that have an incoming edge for the nodes chosen as endpoints of

the solution T and the one for which these nodes have no incoming edge. Then, we
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Algorithm 6 Greedy algorithm for IMA with approximate estimation of marginal
increment.

Require: Social graph G = (V,E, b); Seed set A; Budget B
1: for i = 1, 2, . . . , B do
2: for each e ∈ Ē \ (E ∪ S) do
3: Use repeated sampling to estimate a (1 + λ)-approx. of σ(A,S ∪ {e}) with

prob. 1− δ
4: Let σ̃(A,S ∪ {e}) be the estimation

5: ê = arg max{σ̃(A,S ∪ {e}) | e = (a, v) ∈ Ē \ (E ∪ S)}
6: S := S ∪ {ê}
7: return S

can prove that for any live-edge graph of the former set there exists a corresponding

live-edge graph in G(T ) that is sampled with the same probability. Instead, in the

latter case we notice that there exists a series of corresponding live-edge graphs in

G(T ) with equal probability. The proof of Theorem 7.1 can be found in Appendix D.

Thus, we can use a simple greedy algorithm (reported in Algorithm 6) to find a set S

of edges whose value σ(A,S) is at least 1 − 1/e times the one of an optimal solution

for the IMA Problem. The algorithm iterates B times and, at each iteration, it adds

to an initially empty solution S an edge ê = (â, v̂) s.t. (â, v̂) ∈ Ē \ E that gives

the maximum marginal increment of the value of σ(A,S). Note that as explained in

Chapter 2 we are not able to compute exactly the value of σ(A,S) in polynomial time

but, with probability 1− δ, we can compute an 1 + λ approximation of it by sampling

a polynomial number of live-edge graphs, for any λ and δ. We then exploit the result

of Nemhauser et al. that allows us to analyze the greedy algorithm in the case of

monotone submodular objective functions that can be approximately evaluated [25].

The next corollary follows.

Corollary 7.2. Algorithm 6 guarantees an approximation factor of
(
1− 1

e − ε
)

for the

IMA problem, where ε is any positive real number.

The computational complexity of Algorithm 6 is O(B · |V | · g(|V |, |E| + B)), where

g(|V |, |E| + B) is the complexity of computing an approximation σ̃(A,S) of σ(A,S)

in a graph with |V | nodes and |E| + B edges. Algorithms 6 runs in B iterations,

each of which requires estimating the expected spread of O(|V |) node sets. Since

g(|V |, |E|+B) = O(|E| ·Q) where Q is the number of simulations, then the complexity

of the greedy algorithm is O(B · |V | · |E| · Q) which is clearly infeasible, in terms of
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running time, for networks with millions of vertices and edges, the “normal” size of

many interesting real-world networks.

7.3 Improving the running time

In what follows we propose some techniques to heuristically reduce the running time

of the greedy algorithm. Note that these techniques can be applied to the greedy

algorithm proposed in [22] and to Algorithm 6 and with the due modifications also

to the remaining algorithms presented in this thesis. In Section 7.4 we evaluate an

implementation of the algorithm that exploits a combination of these heuristics.

Exploiting submodularity. Since σ(A,S) is submodular, we have that the increment

to the expected number of active nodes after adding an edge e to G(S) is monotonic

non-increasing. Thus, the increment is upper bounded by any solution S′ ⊆ S with the

addition of the new edge e, that is σ(A,S′ ∪{e})−σ(A,S′) ≥ σ(A,S ∪{e})−σ(A,S).

We can exploit this property in Algorithm 6 to reduce the computational complexity

of our algorithm. Consider the loop at line 1 for any iteration i ≥ 2 and for some edge

e, we check if the increment found so far is greater than the increment in the previous

iteration, i.e., i − 1, with the edge e. In this case, in fact, we know that the edge e

cannot increase the value of σ(A,S) more than the maximum found so far. Therefore,

in this case we prune the search.

Live-edge graph reduction. At the end of each iteration of the loop at line 1 of

Algorithm 6, we reduce the size of all the live-edge graphs by removing the nodes that

become influenced when adding an edge to the solution. Reducing the size of the live-

edge graphs after each iteration reduces the time required to compute σ̃(A,S ∪ {e})
for each new edge e.

Low probability candidate edge pruning. The greedy algorithm needs to compute

σ̃(A,S ∪ {e}) for each e ∈ Ē \ (E ∪ S) to find an edge that maximizes this quantity.

However, if we have that ba1u > ba2u for some nodes a1, a2 ∈ A and u ∈ V \ A, then

σ(A,S ∪ {a1, u}) > σ(A,S ∪ {a2, u}). Thus, in the loop of line 2 we only consider, for

each u ∈ V \A, the edge (a, u) ∈ Ē \ (E ∪ S) with the highest weight.

Reduction to Limited Seed Selection. Given a weighted directed graph with edge

weights capturing influence probabilities (in ICM or LTM), an integer B′, and two sets
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of nodes A,L ⊆ V , the Limited Seed Selection problem (LSS) aims to to find a set of

B′ users S ⊆ L such that, by targeting S ∪A, the expected number of influenced users

is maximum. Nodes in S are excluded from the objective function.

Problems IMA and LSS have the same objective function, but the former looks for a

set of edges, while the later looks for a set of nodes to be added to a give set of seeds.

In what follows we describe how to transform an instance IIMA of the IMA problem

into an instance ILLS of the LSS problem and how to transform a solution SLSS for

ILLS into a solution SIMA for IIMA with the same value.

Given IIMA = (G,A,B), we define ILSS = (Ĝ, L,B) where Ĝ = (V̂ , Ê, b̂) is a graph

obtained by adding |L| = |V \A| · |A| nodes and edges to G. Formally, let L =
⋃
a∈A La

be the additional nodes, where |Li| = |V \ A| and La1 ∩ La2 = ∅, for each a1, a2 ∈ A,

a1 6= a2. Then, V̂ = V ∪ L and Ê = E ∪
⋃
a∈A(La × (V \A)). The weights of the new

edges are equal to that of the corresponding edges in Ē \ E, i.e. b̂a′v = bav, for each

a ∈ A, a′ ∈ La, and v ∈ V \A. Any solution SLSS for ILSS is made of nodes in L and

each of these nodes corresponds to unique edge in G, we define SIMA accordingly.

We denote with σG and σĜ the expected number of influenced nodes in G and Ĝ,

respectively. The next theorem show that the two solutions have the same value.1

Theorem 7.3. In both ICM and LTM, σĜ(A ∪ SLSS , ∅) = σG(A,SIMA) +B.

Proof. For any graph H, we denote by G(H) the set of all possible live-edge graphs sam-

pled from H. For LSS, we have that σĜ(A∪SLSS , ∅) =
∑

G′∈G(Ĝ) P (G′) |RA∪SLSS (G′)|,
while for IMA, we have

σG(A,SIMA) =
∑

G′′∈G(G(SIMA))

P
(
G′′
)
|RA(G′′)|.

For any live-edge graph generated from G(SIMA) there exists a live-edge graph gener-

ated from Ĝ with the same probability and viceversa since sets E ∪ SIMA and Ê are

associated with the same weights.

For any G′ ∈ G(Ĝ), let G′′ be its corresponding graph in G(G(SIMA)), then we have

RA∪SLSS (G′) = RA(G′′) ∪ SLSS . Therefore, σĜ(A ∪ SLSS , ∅) = σG(A,SIMA) ∪ SLSS .

Since σG(A,SIMA) ∩ SLSS = ∅ and |SLSS | = B the statement follows.

1Note that the objective function of LSS is σĜ(A ∪ SLSS , ∅)−B.
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Thanks to Theorem 7.3, we can use any algorithm for LSS to solve IMA. Problem

LSS is different from the influence maximization problem in [11]. However, many

algorithm for this latter can be easily adapted for solving LSS. In particular, we adapt

the algorithm presented in [94] in such a way that it finds a set of seed nodes S ⊆ L,

given a limited set of nodes L.

7.4 Experimental study

In this section we experimentally evaluate the performance of our greedy algorithm

and of that in [22]. For both ICM and LTM, we implemented two versions of these

algorithms: greedy1 exploits the first three heuristics described in the previous sec-

tion; and greedy2 exploits the reduction to LSS. We compare the number of activated

nodes in a graph augmented by using the greedy solution with the number of activated

nodes in the original graph and in the graph augmented by using several alternative

baselines.

All our experiments have been performed on a computer equipped with two Intel Xeon

E5-2643 CPUs, each with 6 cores clocked at 3.4GHz and 128GB of main memory, and

our programs have been implemented in C++ (gcc compiler v4.8.2 with optimization

level O3).

We evaluate the performance of the algorithm on four types of randomly generated

directed networks which exhibit many of the structural features of complex networks

and on real-world graphs that are suitable for our problem, taken from KONECT [95],

ArnetMiner [96] and SNAP [97] repositories. The size of the graphs are reported in

Table 7.1. For both synthetic and real-world networks, we choose 0.1% of the nodes in

V as seeds and we add up to B = 2 · |A| edges. For these experiments, the seed nodes

are chosen uniformly at random.

The weights on the edges in both models are generated as follows:

In ICM we are assigned the probabilities to the edges according to the weighted model,

i.e., for each edge (u, v), assign buv = 1/N−v ; Note that given this assignment we can

further improve the running time. In fact, we do not generate Ĝ from G by adding

|L| = |V \ A| · |A| nodes and edges, but we consider the heuristic in which we add

only |L| = |V \ A| new elements because the probability of an edge does not depend
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Name |V | |E|
Software Engineering (SE) 3,141 14,787
Theoretical CS (TCS) 4,172 14,272
High-Performance Comp. (HPC) 4,869 35,036
Wiki-Vote (Wiki) 7,115 103,689
Computer Graphic (CGM) 8,336 41,925
Computer Networks (CN) 9,420 53,003
Artificial Intelligence (AI) 27,617 268,460
Slashdot (Sl) 51,083 130,370
Epinions (Epi) 75,879 508,837
Slashdot-Zoo (Sl-z) 79,116 515,397
Digg 279,630 1,731,653
Citeseer 384,413 1,751,463
Twitter 465,017 834,797

Table 7.1: Real-world networks.

on the source node but only on the sink node. For LTM model instead we generate

|L| = |V \A| · |A| nodes and edges.

In LTM instead we generate for each node v ∈ V a random variable b̄v ∈ [0, 0.5] that

represent the probability that v does not select any edge in the live-edge graph, then

we assigned for each edge (u, v) in the graph a weight equal to 1−b̄v
N−v

and b̄v
2 is assigned

to a new edge. Note that it is unlikely that more than two edges towards the same

node in V \A are added in the solution, see Section D.2.

As a measure of the quality of the solution, we adopt the expected number of active

nodes σ(A,S). As discussed in the preliminaries, it has been proven that evaluating

this function is #P -complete in general. However, by simulating the diffusion process

a polynomial number of times and sampling the resulting active sets, it is possible

to obtain arbitrarily good approximations to σ(A,S). We experimentally tested that

500 samples are enough to obtain a good estimation. Therefore, we run 500 trial to

estimate the value of σ in the algorithms and in the final solution, see Appendix D.1.

7.4.1 Results on Real Networks

In the following tables, we use ∗ ∗ ∗ when the greedy1 was not able to compute

the final solution for a given graph in the time limit that we set to four hours. In

Table 7.4 and 7.5, we report: σ(A, ∅) and σ(A, ∅)% that are the absolute and relative

initial number of active nodes; σ(A,S) and σ(A,S)%, are the absolute and relative

number of active nodes after the edge addition; the relative increment computed as

I = σ(A,S)−σ(A,∅)
σ(A,∅) × 100; and T , the time in seconds. The expected number of active
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nodes in greedy1 and greedy2 are similar, except from the time (greedy2 is faster),

and a small difference is due to the sampling technique used to estimate σ̃(A,S).

From the table we can see that our algorithm is able to highly increase the number of

activated nodes with respect to the original graph. Moreover, thanks to the reduction

to LSS, the running time is small and this allows us to solve IMA in large networks.

We compare greedy1 and greedy2 with the following alternatives. AdamicAdar

(AA): connect the seeds to a set of B nodes with the highest Adamic-Adar index [98];

PrefAtt (PA): connect the seeds to a set of B nodes chosen according to the Preferential

Attachment model [99, 100]; Jaccard (J): connect the seeds to a set of B nodes with

the highest Jaccard coefficient [101]; Degree (D): connect the seeds to a set of B nodes

with the highest out-degree; Topk (TopK): connect the seeds to a set of B nodes with

the highest harmonic centrality [102]; Prob (Prob): connect the seeds to a set of B

nodes adding the edges with highest probability; Seed (KKT): connect the seeds to a

set of B nodes chosen as seeds by the greedy algorithm proposed by Kempe et al. [11];

Random (R): connect the seeds to a set of B nodes extracted uniformly at random.

Note that the first three algorithms are well-known algorithms used for link recommen-

dation. For each graph we report the relative increment of active nodes computed as

I = σALG(A,S)−σ(A,∅)
σ(A,∅) × 100, where σALG(A,S) is the expected number of active nodes

computed using algorithm ALG and B = 2 · |A|.

The expected number of active nodes is similar for both algorithms and a small dif-

ference is due to the sampling technique used to estimate σ̃(A,S). The results for the

other real-world and random networks are reported in Tables 7.2.

In Figure 7.1, we compare greedy2 with the other approaches on the Slashdot-Zoo

network. Results for other networks and for greedy1 are similar and are reported in

table 7.4 and 7.5. The plots show the average number of affected nodes as a function of

the number of added edges. The experiments clearly show that greedy2 outperforms

all the alternative baselines in terms of expected number of active nodes. Indeed,

all the other competitive algorithms require to add a large number of edges to the

seed set A in order to significantly increase the expected number of influenced nodes

with respect to the initial value (see value at B = 0), whereas our algorithm increases

σ(A,S) by a greater amount with only few added edges.

In Tables 7.2 and 7.3 we report the results on the number of nodes that are activated

by greedy1 and greedy2 on real-word networks.
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Figure 7.1: Comparison between greedy2 and the baselines on Slashdot-Zoo for
ICM (top) and LTM (bottom).

In Tables 7.4 and 7.5 we report the experimental comparisons between greedy2 and

the alternative baselines on real-world networks.

In Figure 7.2 we compare the result obtained applying greedy1 and greedy2 algo-

rithms to the Artificial Intelligence network given a seed set A. The results for the

other real-world and random networks are reported in Tables 7.2-7.3 and D.3-D.4,

respectively.

G σ(A, ∅) σ(A, ∅)% greedy1 greedy2
σ(A,S) σ(A,S)% I% time (sec.) σ(A,S) σ(A,S)% I% time (sec.)

SE 13.38 0.43 103.09 3.28 670.56 5.74 103.45 3.29 670.95 0.04
TCS 9.49 0.23 97.54 2.34 928.26 10.44 97.63 2.34 928.76 0.07
HPC 9.36 0.19 164.92 3.39 1662.23 12.18 165.75 3.40 1670.83 0.07
Wiki 10.07 0.14 338.93 4.76 3266.84 35.31 333.37 4.69 3257.87 0.12
CGM 20.34 0.24 253.84 3.05 1148.13 35.88 257.62 3.09 1166.71 0.12
CN 22.21 0.24 408.69 4.34 1740.10 49.33 397.95 4.22 1765.86 0.10
AI 68.94 0.25 1055.76 3.82 1431.44 374.66 1017.82 3.69 1362.71 0.47
Sl 126.11 0.25 621.75 1.22 393.01 2050.65 612.52 1.20 408.63 1.72
Epi 352.17 0.46 1236.71 1.63 251.17 3884.27 1230.23 1.62 249.32 3.25
Sl-z 570.84 0.72 3485.02 4.41 510.50 3730.36 3425.87 4.40 505.14 2.63
Digg 3848.57 1.38 *** *** *** *** 14835.40 5.31 285.48 14.32
Citeseer 683.16 0.18 *** *** *** *** 13072.36 3.40 1813.52 12.20
Twitter 2861.20 0.62 *** *** *** *** 207061.00 44.53 7136.87 10.23
Pokec 23472.20 1.44 *** *** *** *** 83726.90 5.13 256.71 78.91

Table 7.2: Results for Real-world networks (ICM).
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G σ(A, ∅) σ(A, ∅)% greedy1 greedy2
σ(A,S) σ(A,S)% I% time (sec.) σ(A,S) σ(A,S)% I% time (sec.)

SE 12.40 0.39 49.33 1.57 297.83 2.10 59.45 1.89 276.88 0.10
TCS 8.34 0.20 47.39 1.14 468.58 2.95 51.78 1.24 430.62 0.13
HPC 7.91 0.16 73.75 1.51 832.21 3.26 87.98 1.81 935.87 0.39
Wiki 9.17 0.13 119.76 1.68 1205.96 6.68 120.93 1.70 1151.57 1.33
CGM 16.69 0.20 107.49 1.29 543.95 5.46 128.96 1.55 525.37 0.29
CN 18.30 0.19 174.92 1.86 856.03 6.84 204.73 2.17 936.94 0.43
AI 53.15 0.19 407.57 1.48 666.77 20.05 530.99 1.92 767.02 4.74
Sl 87.97 0.17 638.35 1.25 625.62 44.86 663.43 1.30 592.51 6.82
Epi 174.98 0.23 2216.56 2.92 1166.74 54.39 2248.09 2.96 999.34 37.42
Sl-z 206.35 0.26 2773.19 3.51 1243.94 47.69 3203.52 4.05 1160.21 36.48
Citeseer 623.82 0.16 *** *** *** *** 5901.46 1.54 846.03 42.98
Twitter 1673.07 0.36 *** *** *** *** 127414.00 27.40 7515.56 13.33

Table 7.3: Results for Real-world networks (LTM).

G
B = 0 greedy2 AA PA J D TopK Prob KKT

σ(A, ∅) σ(A, ∅)% I% I% I% I% I% I% I% I%

SE 13.38 0.43 670.56 101.66 57.67 66.03 53.30 353.60 156.58 396.32
TCS 9.49 0.23 928.26 114.78 100.74 115.99 102.56 82.94 351.27 343.37
HPC 9.36 0.19 1662.23 176.33 15.33 153.93 16.15 15.99 363.73 896.97
Wiki 10.07 0.14 3266.84 330.02 1404.37 157.00 2078.44 2054.02 228.10 2284.13
CGM 20.34 0.24 1148.13 158.46 43.18 124.91 48.38 45.97 238.87 271.13
CN 22.21 0.24 1740.10 153.82 375.71 102.83 661.84 662.23 221.30 575.31
AI 68.94 0.25 1431.44 78.30 24.42 72.80 30.69 143.37 192.22 522.45
Sl 126.11 0.25 393.01 60.30 80.95 79.39 76.16 83.46 131.67 95.24
Epi 352.17 0.46 251.17 62.65 123.09 48.13 94.54 102.32 75.97 115.44
Sl-z 570.84 0.72 510.50 106.56 125.05 29.39 153.94 93.42 57.57 99.65
Digg 3848.57 1.38 285.48 126.80 149.44 10.58 145.44 121.71 39.07 86.65
Citeseer 683.16 0.18 1813.52 124.74 446.49 91.89 931.10 498.96 215.97 389.25
Twitter 2861.20 0.62 7136.87 1718.20 6286.58 5721.36 6510.76 6649.86 75.99 5148.94

Table 7.4: Baseline results for real-world networks (ICM).

G
B = 0 greedy2 AA PA J D KKT Prob TopK

σ(A, ∅) σ(A, ∅)% I% I% I% I% I% I% I% I%

SE 12.40 0.39 276.88 54.00 83.70 40.08 86.25 166.39 58.13 192.33
TCS 8.34 0.20 430.62 69.12 152.37 69.57 139.31 315.47 115.80 99.71
HPC 7.91 0.16 935.87 105.65 128.70 75.12 126.80 508.44 116.18 115.30
Wiki 9.17 0.13 1151.57 196.90 914.84 84.37 873.36 889.14 105.12 864.51
CGM 16.69 0.20 525.37 96.86 183.59 74.57 188.57 327.83 119.88 131.10
CN 18.30 0.19 936.94 115.17 310.27 56.65 435.75 518.69 129.63 430.47
AI 53.15 0.19 767.02 59.18 181.75 45.21 206.81 407.02 105.22 198.18
Sl 87.97 0.17 592.51 81.88 489.49 47.09 505.79 525.57 79.86 498.96
Epi 174.98 0.23 999.34 529.37 1018.25 38.99 901.28 1039.70 56.72 851.96
Sl-z 206.35 0.26 1160.21 291.21 724.98 32.25 753.77 1004.12 57.90 903.31
Twitter 1673.07 0.36 7515.56 735.84 5324.15 4047.27 5505.72 7191.78 61.48 6329.72

Table 7.5: Baseline results for real-world networks (LTM).
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Figure 7.2: Comparison of greedy1 and greedy2 on AI network.



Chapter 8

Conclusion

Nowadays social media are substantial sources of information for voters; potential at-

tackers can manipulate the outcome of elections through the spread of targeted ads

and/or fake news. The integrity of elections is crucial to the functioning of demo-

cratic institutions. Political campaigning is a common legitimate mean for convincing

voters. When transparent, such communication is critical to the effective functioning

of democracy and can exercise considerable influence on voting behavior. Malicious

control over the information spread through these channels can have a large impact,

but it is hard to achieve due to the relative transparency of traditional media sources.

The massive usage of social media for political campaigning is a game-changer. Fake

news are an increasingly prevalent way of interfering with elections.

In this dissertation, we tackle the problem studying models to manipulate or reduce

the effect of manipulators on social networks. We define new and more general mod-

els introducing the Linear Threshold Ranking and the Probabilistic Linear Threshold

Rankings, natural and powerful extensions of the well-established Linear Threshold

Model. Then we considered possible ways to prevent election control reducing social

biases and give to the users the possibility to be exposed to multiple sources with

diverse perspectives and balancing users opinions.

The results presented in this thesis made a progress in the study of overcoming the

effect of manipulators on social networks and point out several new challenges. In the

following, we list several open problems worthy of further investigation.

87
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The first open problem, directly related to this thesis, is the study of how to prevent

election control for the integrity of voting processes, e.g., through the placement of

monitors in the network [103, 104] or by considering strategic settings [105, 106].

Moreover, we would like to extend our models in order to consider uncertainty models

also for the diffusion process, e.g., in robust influence maximization only a probability

distribution on the edge’s weights is known [107].

As future research directions we would like to further study our model in a wider range

of scenarios which are not currently captured, including multi-winner and proportional

representation systems. We also believe that approaches that mix constructive and

destructive control could be analyzed to get better approximation ratios. We are also

interesting in improving the approximation guarantee for the µ-ν-Balance problem

in both settings, most importantly for the heterogeneous case with ν > 3.
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[2] Federico Corò, Emilio Cruciani, Gianlorenzo D’Angelo, and Stefano Ponziani.

Vote for me!: Election control via social influence in arbitrary scoring rule voting

systems. In Proceedings of the 18th International Conference on Autonomous

Agents and MultiAgent Systems, AAMAS, pages 1895–1897, 2019. ISBN 978-1-

4503-6309-9.
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Appendix A

Supplemental Material for

Chapter 4

Theorem 4.11. Greedy (Algorithm 2) is a 1
2(1 − 1/e)-approximation algorithm for

the problem of destructive election control in arbitrary scoring rule voting systems.

Proof. Let S be the solution found by Greedy (Algorithm 2) in the election control

problem and let S? be the optimal solution. Let c̄ and ĉ respectively be the candidates

that minimize the first term of E [MoVD(S)] and E [MoVD(S?)]. By Lemma 4.10 we

have that

MoVD(S) = F (c̄, S)− F (c?, S)− (F (c, ∅)− F (c?, ∅))

= F (c?, ∅)− F (c?, S)− F (c, ∅) + F (c̄, ∅)

+

m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h))

= F ′(c?, S)− F ′(c?, ∅)− F (c, ∅) + F (c̄, ∅)

+
m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h))

where c is the most voted candidate before the process. Since F ′(c?, S) − F ′(c?, ∅) is

an instance of the score in the constructive case we are able to approximate this value,
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thus we get

MoVD(S) ≥
(

1− 1

e

)[
F ′(c?, S?)− F ′(c?, ∅)− F (c, ∅) + F (c̄, ∅)

+

m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h))

]
≥ 1

2

(
1− 1

e

)[
F (c?, ∅)− FD(c?, S

?)− F (c, ∅) + F (c̄, ∅)

+

m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S?, V r
c? ∩ V

h
ĉ )| (f(h− 1)− f(h))

+

m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h)) + F (ĉ, ∅)− F (ĉ, ∅)

]
≥ 1

2

(
1− 1

e

)[
MoVD(A?) + F (c̄, ∅)

+

m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S,V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h))− F (ĉ, ∅)

]
By definition of c̄ we have that

F (c̄, S) = F (c̄, ∅) +
m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h))

≥ F (ĉ, ∅) +
m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
ĉ )| (f(h− 1)− f(h)) = F (ĉ, S)

This implies that

F (c̄, ∅)− F (ĉ, ∅) +
m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
c̄ )| (f(h− 1)− f(h))

≥
m−1∑
r=1

m∑
h=r+1

m∑
`=r+1

P(r, `) |RG′(S, V r
c? ∩ V

h
ĉ )| (f(h− 1)− f(h)) ≥ 0

and therefore

MoVD(S) ≥ 1

2

(
1− 1

e

)
MoVD(S∗).
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Supplemental Material for

Chapter 5

B.1 Reducing Densest-k-Subgraph to PLTR

Theorem 5.1. An α-approximation to the election control problem in PLTR gives

an αβ-approximation to the Densest-k-Subgraph problem, for a positive constant

β < 1.

Proof. We prove the hardness of approximation by reducing our problem from the well-

known Densest-k-Subgraph (DkS) problem, which is hard to approximate within

any constant factor under different hypothesis [21, 87]. Given an undirected graph

G = (V,E) and an integer k, Densest-k-Subgraph is the problem of finding the

subgraph induced by a subset of V of size k with the highest number of edges.

The reduction works as follows: Consider the PLTR problem on G, where each undi-

rected edge {u, v} is replaced with two directed edges (u, v) and (v, u). Let us consider

m candidates and let us assume that all nodes initially have null probability of voting

for all the candidates but one, different from c?, that we denote as ĉ. Formally we have

that, πv(ĉ) = 1 and πv(ci) = πv(c?) = 0 for each ci 6= ĉ and for each v ∈ V . Assign to

each edge (u, v) ∈ E a weight buv = 1
nγ , for any fixed constant γ ≥ 4 and n = |V |.

We show the reduction considering the problem of maximizing the score, because in

the instance considered in the reduction the MoV is exactly equal to twice the score.

104
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In fact, with some algebra it is possible to show that the score of ĉ after PLTR starting

from any initial set S is

F (ĉ, S) =
∑
v∈V

π̃v(ĉ) =
∑

v∈V \A
πv(ĉ) +

∑
v∈A

π̃v(ĉ)

= |V | − |A|+
∑
v∈A

1

1 +
∑

u∈A∩N−v
1
nγ

= |V | − |A|+
∑
v∈A

1

1 + 1
nγ+1 |A ∩N−v |

= |V | − |A|+
∑
v∈A

1

1 + 1
nγ+1 |A ∩N−v |

= |V | −
∑
v∈A

(
1− 1

1 +
∑

u∈A∩N−v
1
nγ

)

= |V | −
∑
v∈A

( ∑
u∈A∩N−v

1
nγ

1 +
∑

u∈A∩N−v
1
nγ

)
= |V | − F (c?, S) ,

because (
∑

u∈A∩N−v
1
nγ )/(1 +

∑
u∈A∩N−v

1
nγ ) = π̃v(c?) and πv(c?) = 0 for each v ∈ V .

Thus, according to the definition of MoV in Equation (6), we have that

MoV(S) = |V | − (|V | − F (c?, S)− F (c?, S)) = 2F (c?, S) .

To compute the expected final score of the target candidate we average its score in

all live-edge graphs in G, according to Formula (5.3). In our reduction, the empty

live-edge graph G′∅ = (V, ∅) is sampled with high probability, i.e., with probability at

least 1− 1
nγ−2 :

P
(
G′∅
)

=
∏
v∈V

1−
∑
u∈N−v

buv

 =
∏
v∈V

(
1− |N

−
v |
nγ

)

≥
∏
v∈V

(
1− 1

nγ−1

)
=

(
1− 1

nγ−1

)n
(a)
=

n∑
i=0

(
n

i

)
(1)n−i

(
−1

nγ−1

)i
=

n∑
i=0

(
n

i

)
(−1)i

ni(γ−1)

(b)

≥
(
n

0

)
−
(
n

1

)
1

nγ−1
+

bn/2c∑
i=2

((
n

i

)
1

n2i(γ−1)
−
(

n

i+ 1

)
1

n(2i+1)(γ−1)

)
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(c)

≥ 1− 1

nγ−2
,

where in (a) we used the binomial expansion, (b) is due to last negative term in the

lhs that does not appear in the rhs when n is even, and (c) is due to(
n

i

)
1

n2i(γ−1)
≥
(

n

i+ 1

)
1

n(2i+1)(γ−1)
,

for any γ ≥ 2. Since P
(
G′∅
)
≤ 1, then P

(
G′∅
)

= Θ(1). Moreover,
∑

G′ 6=G′∅
P (G′) =

O
(

1
nγ−2

)
.

The score obtained by c? in a live-edge graph G′ starting from any initial set of seed

nodes S is

FG′(c?, S) =
∑

v∈V \A
πv(c?) +

∑
v∈A

π̃v(c?)

=
∑

v∈RG′ (S)

πv(c?) +
∑

u∈RG′ (S)∩N−v
1
nγ

1 +
∑

u∈RG′ (S)∩N−v
1
nγ

= Θ

 1

nγ

∑
v∈RG′ (S)

|RG′(S) ∩N−v |

 ,

since 1 ≤ 1+
∑

u∈RG′ (S)∩N−v
1
nγ ≤ 2 for each v ∈ RG′(S). Note that

∑
v∈RG′ (S) |RG′(S)∩

N−v | is equal to the number of edges of the subgraph induced by the set RG′(S) of nodes

reachable from S in G′, which is not greater than n2, and thus FG′(c?, S) = O
(

1
nγ−2

)
.

Note that in the empty live-edge graph G′∅ the set RG′∅
(S) at the end of LTM is equal

to S, since the graph has no edges. Thus

FG′∅
(c?, S) =

1

nγ
·
∑
v∈S

|S ∩N−v |
1 +

∑
u∈S∩N−v

1
nγ

and since the denominator is, again, bounded by two constants we have that

FG′∅
(c?, S) = Θ

(∑
v∈S |S ∩N−v |

nγ

)
= Θ

(
SOLDkS(S)

nγ

)
,

where SOLDkS(S) :=
∑

v∈S |S ∩N−v | is the number of edges of the subgraph induced

by S, i.e., the value of the objective function of DkS for solution S.
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Thus, the expected final score of the target candidate is

F (c?, S) =
∑
G′∈G

FG′(c?, S) ·P(G′)

= FG′∅
(c?, S) ·P(G′∅) +

∑
G′ 6=G′∅

FG′(c?, S) ·P(G′).

Since FG′(c?, S) and
∑

G′ 6=G′∅
P (G′) are in O

(
1

nγ−2

)
, then

∑
G′ 6=G′∅

FG′(c?, S) ·P(G′) = O
(

1

nγ−2

) ∑
G′ 6=G′∅

P(G′)

= O
(

1

n2(γ−2)

)
= O

(
SOLDkS(S)

nγ

)
,

for any γ ≥ 4. Thus

F (c?, S) = Θ

(
SOLDkS(S)

nγ

)
·Θ(1) +O

(
SOLDkS(S)

nγ

)

which means that F (c?, S) = Θ
(

SOLDkS(S)
nγ

)
. We apply the Bachmann-Landau defi-

nition of Θ notation: There exist three positive constants n0, β1, and β2 such that, for

all n > n0,

β1
SOLDkS(S)

nγ
≤ F (c?, S) ≤ β2

SOLDkS(S)

nγ
.

Note that, in this case, the constants n0, β1, and β2 do not depend on the specific

instance.

Since the previous bounds hold for any set S we also have that β1
OPTDkS

nγ ≤ OPT,

where OPT is the value of an optimal solution for PLTR and OPTDkS is the value of

an optimal solution for DkS.

Suppose that there exists an α-approximation algorithm for PLTR, i.e., an algorithm

that finds a set S such that the value of its solution is MoV(S) = 2F (c?, S) ≥ α ·OPT.

Then,
α

2
· β1

OPTDkS

nγ
≤ α

2
·OPT ≤ F (c?, S) ≤ β2

SOLDkS(S)

nγ
.

Thus SOLDkS(S) ≥ α
2
β1
β2

OPTDkS , i.e., the solution is an αβ-approximation to DkS,

with β := β1
2β2

.
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Supplemental Material for

Chapter 6

C.1 Deferred Proofs for Section 6.1

Approximating Φ≥`(S) and Ψ.

We use the following algorithm (Algorithm 7) for approximating f ∈{Ψ,Φ≥0, . . . ,Φ≥ν}.

Algorithm 7 approx(f,S, I, ν, ε, δ)

1: . Note that, if f = Ψ, then S ⊆ V × {0}, otherwise S ⊆ V̂ .
2: T ← |V |2 ln(1/δ)/ε2

3: for t = 1, . . . , T do
4: Sample outcome profile X
5: if f = Ψ then

6: Compute R← ρ
(0)
X0

(S) and nt ← |(R ∩
⋃ν−1
j=1 V

j
X ) ∪

⋃µ
j=ν V

j
X |

7: else
8: Compute R ← (ρ

(i)
Xi (Ii ∪ Si))i∈[µ] and nt ← NoSMµ,ν(R \ (∪`−1

j=0V
j
X ))

9: return 1
T

∑T
t=1 nt

We show the following lemma. As a condition for the lemma, we have the requirement

that f(S) ≥ 1 for the set S that we evaluate f on. We argue at the end of this

section, see Lemma C.1 that we can assume Φ≥`(S) ≥ 1 for any ` ∈ [0, ν] and S as

108



Supplemental Material for Chapter 6 109

well as Ψ(T ) ≥ 1 for any T at the cost of an arbitrarily small ε in the approximation

guarantee.

Lemma 6.2. Let f ∈ {Ψ,Φ≥0, . . . ,Φ≥ν} and let S be such that f(S) ≥ 1. Let f̃(S) :=

approx(f,S, I, ν, ε, δ) for some 0 < δ ≤ 1/2 and 0 < ε < 1, then f̃(S) is a (1 ± ε)-
approximation of f(S) with probability at least 1− δ.

Proof. The proof is very similar to the proof of Proposition 4.1 in [11], it is a straight-

forward application of a Chernoff bound, we use Theorem 2.3 from [108] here. Let

us define T random variables, one for each iteration of the algorithm, Y1, . . . , YT by

Yt := nt/|V |. Note that the Yt are independent and Yt ∈ [0, 1]. Let ST :=
∑T

t=1 Yt and

µ := E[ST ], then ST = T ·f̃(S)/|V | and µ = T ·f(S)/|V |. Thus, setting γ := εf(S)/|V |,
the Chernoff bound yields

P[|f(S)− f̃(S)| ≥ εf(S)] = P[|ST − µ| ≥ Tγ] ≤ 2e−2Tγ2 = 2e
− 2Tε2f(S)2

|V |2 ≤ δ,

since T = |V |2 ln(1/δ)/ε2 and f(S) ≥ 1.

Lemma 6.3. Let f and f̃ be as above for some 0 < ε ≤ 1. Let U := {τ ⊆ Df , |τ | =

λ(f)}, S ⊆ Df with |S| ≤ B − λ(f), and let S∗ denote a set maximizing f of size B.

Then, either

f(S) ≥
(

1− 1

e

)
· f(S∗) or f(S ∪ τ̃)− f(S) ≥ (1− ε) · (f(S ∪ τ∗)− f(S)),

where τ∗ := arg max{f(S ∪ τ) : τ ∈ U}, and τ̃ := arg max{f̃(S ∪ τ) : τ ∈ U}.

Proof. We distinguish two cases. First, assume that f(S∪τ∗)−f(S) ≤ f(S∗)/(e·
(
B
ν−`
)
).

If f = Φ` for some `, Lemma 6.1 yields that τ∗ satisfies

f(S ∪ τ∗)− f(S) ≥ 1(
B
λ(f)

) · (f(S∗)− f(S)). (C.1)

For f = Ψ, we note that λ(f) = 1 and thus
(
B
λ(f)

)
= B, so we get inequality (C.1) by

the submodularity of Ψ. Thus, in both case by combining the two inequalities, we get

f(S) ≥ (1− 1/e) · f(S∗), which concludes this case.

On the other hand, assume f(S ∪ τ∗)− f(S) > f(S∗)/(e ·
(
B
λ(f)

)
). Using the approxi-

mation guarantee of f̃ , the definition of τ̃ , and again the approximation guarantee, we
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get

f(S∪τ̃)− f(S) ≥ 1− ε′

1 + ε′
f(S ∪ τ∗)− f(S)

= f(S ∪ τ∗)− f(S)− 2ε′

1 + ε′
f(S ∪ τ∗)

= (1− ε) · (f(S ∪ τ∗)− f(S)) +
ε(1 + ε′)− 2ε′

1 + ε′
· f(S ∪ τ∗)− ε · f(S).

Thus, it remains to argue that the latter two summands are non-negative. From the

case assumption and the optimality of S∗, we have f(S) ≤ f(S ∪τ∗)/(1+1/(e ·
(
B
λ(f)

)
))

and thus the above latter two summands can be lower bounded by

f(S ∪ τ∗) ·
(ε(1 + ε′)− 2ε′

1 + ε′
− ε

(1 + 1/(e ·
(
B
λ(f)

)
)

)
.

The latter is non-negative, since

(ε(1 + ε′)− 2ε′)
(

1 +
1

e ·
(
B
λ(f)

))− ε(1 + ε′) = ε′(1 + ε′)− 2ε′

e ·
(
B
λ(f)

) ≥ 0

by the choice of ε′ := ε/(e ·
(
B
λ(f)

)
) and 0 < ε ≤ 1. This concludes the proof.

Lower Bound on Φ≥` and Ψ.

Our goal in this section is to argue that there is a transform τ that takes an instance

(G,P, I, B) of the µ-ν-Balance problem and outputs a (slightly modified) instance

(G′,P, I ′, B) := τ(G,P, I, B) such that the function f ′(S) is at least 1 for every

argument S in the new instance for any f ∈ {Φ≥0, . . . ,Φ≥ν ,Ψ}. Moreover, given

an approximation algorithm for Φ with approximation ratio α, we will show that

applying this algorithm on the transformed instance τ(G,P, I, B) leads to a solution

of approximation ratio at least α− ε for the original instance, for any ε > 0.

The transform τ is defined as follows. Obtain G′ by adding an isolated node v to G

and extend I to I ′ by adding v to Ii for every i ∈ [ν]. Now clearly, for every solution

S, it holds that f ′(S) = f(S) + 1 ≥ 1, where the 1 originates from the additional node

v that is initially covered by ν ≥ ` campaigns. Moreover, we get the following lemma.
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Lemma C.1. Let ε > 0. Then, for instances (G,P, I, B) with B ≥ 2ν/ε, the following

holds: Let S ′ be a solution in (G′,P, I ′, B) := τ(G,P, I, B) such that Φ′(S ′) ≥ α ·
Φ′(S ′∗), where S ′∗ denotes an optimal solution for maximizing Φ′ in the new instance

(G′,P, I ′, B). Then S := S ′ \ {v} satisfies Φ(S) ≥ (α − ε) · Φ(S∗), where S∗ denotes

an optimal solution for maximizing Φ in the original instance (G,P, I, B).

Proof. First note that Φ(S∗) ≥ bB/νc ≥ B/ν − 1 ≥ 1/ε or equivalently 1 ≤ εΦ(S∗).
This yields the claim, since

Φ(S) = Φ′(S)− 1 ≥ α · Φ′(S ′∗)− 1 ≥ α · Φ(S∗)− 1 ≥ (α− ε) · Φ≥`(S∗).

Maximizing Φ≥ν−1 and Ψ.

Our goal here is to show that the standard greedy hill climbing algorithm, we refer

to it as Greedy(f, ε, δ, I, ν, B) (Algorithm 8), can be applied in order to approximate

both Φ≥ν−1 and Ψ to within a factor of 1− 1/e− ε for any 0 < ε < 1 with probability

at least 1 − δ for any 0 < δ ≤ 1/2. We first formally prove that these functions are

submodular.

Lemma C.2. The functions Ψ and Φ≥ν−1 are monotone and submodular.

Proof. The monotonicity of Ψ and Φ≥ν−1 is straightforward. We argue the submod-

ularity of Ψ (Φ≥ν−1) in a similar way as we argued in the proof of Lemma 6.1. To

this end, let D(Ψ) = V × {0} and D(Φ≥ν−1) = V̂ = V × [µ] denote the domain of Ψ

and Φ≥ν−1, respectively, and let S and S ′ be subsets of D(Ψ) (D(Φ≥ν−1)) such that

S ⊆ S ′, and let τ be an element of the domain D(Ψ) (D(Φ≥ν−1)). Furthermore, let X
be an outcome profile w.r.t. the correlated (heterogeneous) probability distributions.

Lastly, let v ∈ V \ V 0
X (v ∈ V \

⋃ν−2
j=0 V

j
X ) be a node that can contribute to the value

of Ψ (Φ≥ν−1).1 We denote by 1SX (v) the indicator function that is 1 if v contributes

to Ψ (Φ≥ν−1) in outcome profile X with initial seed sets I and additional seed sets S
and 0 otherwise. We now argue that the following inequality holds:.

1S
′∪τ
X (v)− 1S

′
X (v) ≤ 1S∪τX (v)− 1SX (v) (C.2)

1Recall that V jX is the set of nodes that was reached by j campaigns from seed sets I.
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Algorithm 8 Greedy(f, ε, δ, I, ν, B)

1: δ′ ← δ/(B|V̂ |)
2: ε′ ← ε/(eB)
3: S ← ∅
4: while |S| ≤ B do
5: Compute v ← arg max{approx(f,S ∪{v}, I, ν, ε′, δ′) : v ∈ Df}, set S ← S∪{v}
6: return S

Note that the right-hand side cannot be negative by monotonicity and that, if the left-

hand side is positive for Ψ (Φ≥ν−1), then it must hold that the node v is reached by a

subset M ⊆ [µ] of campaigns from I with |M | ∈ [1, ν− 1] (|M | = ν− 1). Furthermore,

the node v is not reached by campaign 0 (is not reached by a campaign j ∈ [µ] \M)

from S ′, but it is reached by campaign 0 (campaign j) from τ . Now, observe that

S ⊆ S ′ and thus the node v is not reached by campaign 0 (by campaign j) from S
neither. Hence it follows that the right-hand side is also positive. Taking the expected

value on both sides of Eq. (C.2) yields that Ψ(S ′ ∪ τ) − Ψ(S ′) ≤ Ψ(S ∪ τ) − Ψ(S)

(Φ≥ν−1(S ′∪τ)−Φ≥ν−1(S ′) ≤ Φ≥ν−1(S∪τ)−Φ≥ν−1(S)) due to linearity of expectation.

This establishes submodularity and concludes the proof.

We now recall the following classical result concerning the greedy algorithm for maxi-

mizing a submodular function:

Lemma C.3 (Theorem 3.9 in [88]). The greedy hill-climbing algorithm, that at each

step picks an element that leads to an increment being within factor β of the optimal

increment possible, achieves an approximation ratio of at least 1−(1−β/B)B > 1−1/eβ.

We have seen that both Φ≥ν−1 and Ψ can be approximated within a (1 ± ε)-factor

using the approx-routine. In Lemma 6.3 we argued that using the approximations we

can find an element v (or a set τ of cardinality λ(f) = 1) that when added to S leads

to a progress of at least a factor of (1− ε) of the maximal progress possible. We prove

Lemma 6.4.

Lemma 6.4. Let f ∈ {Φ≥ν−1,Ψ} and let 0 < ε < 1 and 0 < δ ≤ 1/2. With probability

at least 1− δ, Greedy(f, ε, δ, I, ν, B) returns S satisfying f(S) ≥ (1− 1/e− ε) · f(S∗),
where S∗ is an optimal solution of size B to maximizing f .

Proof. The union bound over all at most B|V̂ | calls to approx, yields that, with proba-

bility at least 1−δ, each call resulted in a 1±ε′-approximation. Then Lemma 6.3 applied



Supplemental Material for Chapter 6 113

to f guarantees that after each iteration i either an element v is picked such that the in-

crement using v is at least a (1−ε)-fraction of the optimal increment possible in this iter-

ation or the current set Si is already a (1−1/e)-approximation of the optimum set S∗ν−1.

In the latter case the lemma is fulfilled by the monotonicity of f . In the former case

we get an S having an approximation ratio of at least 1− (1− (1− ε)/B)B ≥ 1− 1/e1−ε

according to Lemma C.3. Since 1− 1
e1−ε ≥ (1− ε) ·

(
1− 1

e

)
≥ 1− 1

e − ε, this concludes

the proof.

C.2 Deferred Proofs for Section Reducing Densest-k-Sub-

d-hypergraph to µ-ν-Balance.

We first define the Multicld-Edge Densest-Sub-d-hypergraph problem which is

closely related to the Densest-k-Sub-d-hypergraph problem.

Given a d-Regular Hypergraph G = (V,E), an integer k representing the budget, the

Multicld-Edge Densest-Sub-d-hypergraph problem aims at finding a set S ⊆ V
with |S| ≤ k and a coloring function ϕ : S → [d], s.t. |Eϕ(S)| is maximal, where

Eϕ(S) := {e ∈ E : e = (v1, . . . , vd) ⊆ S ∧ ϕ(vi) 6= ϕ(vj), ∀i 6= j}.

Problem Multicld-Edge Densest-Sub-d-hypergraph will be of interest to us due

to the following results. We first prove a lemma showing the existence of an assignment

ϕ′ such that at least a fraction p of the hyperedges in the induced sub-hypergraph of

a set S have differently colored endpoints.

Lemma C.4. Let G = (V,E) be a d-regular hypergraph. For any set S ⊆ V , there is

an assignment ϕ′ : S → [d] s.t. |Eϕ′(S)| ≥ p · |E(S)| where p = d!/dd.

Proof. Let S ⊆ V . Consider the probabilistic procedure in which, for each node, we

assign a color from [d] uniformly at random and independently of the other nodes.

This procedures yields a coloring ϕ. For any e = (v1, . . . , vd) in S, the probability

that ϕ(vi) 6= ϕ(vj) for all i 6= j is p. This property is guaranteed if and only if

(ϕ(v1), . . . , ϕ(vd)) corresponds to one of the d! permutations of [d]. In total, there are

dd ways of coloring e. Hence, the expected value of |Eϕ(S)| is p · |E(S)|. Consequently,

the function ϕ′ that maximizes |Eϕ′(S)| satisfies |Eϕ′(S)| ≥ p · |E(S)|.

This leads to the following corollary.
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Corollary C.5. Denoting with DKSH∗d(G, k) and MCD∗d(G, k) the value of the optimal

solution for Densest-k-Sub-d-hypergraph and Multicld-Edge Densest-Sub-

d-hypergraph on (G, k), respectively, we have that DKSH∗d(G, k) ≤ MCD∗p(G, k)/p,

where p = d!/dd.

Proof. Let S be a set that achieves DKSH∗d(G, k) = |E(S)|, then DKSH∗d(G, k) =

|E(S)| ≤ |Eϕ′(S)|/p ≤ MCD∗d(G, k)/p, where ϕ′ is as in Lemma C.4.

Recall that we fixed a µ-ν-Balance instance P = (G = (V ,A),P, I, B) resulting from

the transform τ as image of an Densest-k-Sub-d-hypergraph instance Q = (G =

(V,E), k). In what follows nodes in V� (resp. V}) are called rectangle-nodes (resp.

circle-nodes).

Lemma 6.5. The following statements hold:

1. An optimal solution to Φ also maximizes Φ}, i.e., Φ}(S∗}) = Φ}(S∗).

2. It holds that Φ}(S∗}) ≥ l · p · DKSH∗d, where DKSH∗d is the optimal value of

Densest-k-Sub-d-hypergraph in Q and p = d!/dd.

3. Given S ∈ Σ, we can, in polynomial time, build a feasible solution S of Q such

that |E(S)| ≥ Φ}(S)/(λl).

Proof. 1. We can w.l.o.g. assume that S∗ ∩ V} = ∅ and S∗} ∩ V} = ∅. Then, it

follows that both Φ}(S∗) and Φ}(S∗}) are multiples of l. Now, assume for the

purpose of contradiction that Φ}(S∗}) > Φ}(S∗). Then, Φ}(S∗}) ≥ Φ}(S∗) + l

which leads to

Φ(S∗) = Φ}(S∗) + Φ�(S∗) ≤ Φ}(S∗})− l + |V | < Φ(S∗}),

using that l > |V |. This is a contradiction to S∗ being optimal.

2. Let (S∗, ϕ∗) be an optimal solution to the Multicld-Edge Densest-Sub-d-

hypergraph problem induced by Q. Construct a solution S for µ-ν-Balance

by letting Si := {v ∈ V : ϕ(v) = i}, ∀i ∈ [d]. Clearly Φ}(S) = l|Eϕ∗(S∗)|. Thus,

using Corollary C.5: Φ}(S∗}) ≥ l ·MCD∗d ≥ l · p ·DKSH∗d .
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3. Let S = {v ∈ V� : v ∈ Si for some i ∈ [µ − ν + d]} ⊆ V� = V be the set of

rectangle-nodes where S propagates at least one campaign in [µ−ν+d]. Clearly,

|S| ≤ k. Let q = |E(S)| be the number of edges in the sub-graph of G induced

by S. Then, Φ}(S) ≤ λlq, since each edge in G can count for λl circle-nodes if

the d corresponding rectangle-nodes propagate all campaigns in [µ − ν + d]. It

follows that |E(S)| ≥ Φ}(S)/(λl).

C.3 Deferred Proofs for Section 6.3

Deferred Proofs for the Analysis of Algorithm GreedyTuple

The aim of this section is to prove the following Lemma.

Lemma 6.8. Let 0 < ε < 1, δ ≤ 1/2, and ` ∈ [1, ν−1]. With probability at least 1− δ,
after each iteration i of Algorithm 4, it either holds that

Φ≥`(Si) ≥
(

1−
(

1−
1− ε

2(
B
ν−`
))i) · Φ≥`(S∗≥`) or Φ≥`(Si) ≥

(
1− 1

e

)
· Φ≥`(S∗≥`).

For this purpose, we will first prove the following lemma.

Lemma C.6. Let 0 < ε < 1, δ ≤ 1/2, and ` ∈ [1, ν − 1]. With probability at least

1− δ, after each iteration i of GreedyTuple(ε, δ, `, I, ν, B), it either holds that

Φ≥`(Si)− Φ≥`(Si−1) ≥
1− ε

2(
B
ν−`
) · (Φ≥`(S∗≥`)− Φ≥`(Si−1))

or Φ≥`(Si) ≥
(

1− 1

e

)
· Φ≥`(S∗≥`).

Proof. Algorithm GreedyTuple(ε, δ, `, I, ν, B) calls algorithm approx at most t times.

Let us call Ei the event that the i-th call to approx “succeeds”, i.e., that the call results

in 1 ± ε′-approximation Φ̃≥`(T ). That is, it holds that (1 − ε′)Φ≥`(T ) ≤ Φ̃≥`(T ) ≤
(1+ε′)Φ≥1(T ). This event happens with probability at least 1−δ′ = 1−δ/t. Since there

are at most t many evaluations, using the union bound, we obtain that the probability

that all evaluations succeed is at least 1−δ. Now the statement follows with Lemma 6.3.
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It states that either Φ≥`(Si) ≥
(
1− 1

e

)
·Φ≥`(S∗≥`) or, for the element τ picked by the algo-

rithm, it holds that Φ≥`(Si−1∪τ)−Φ≥`(Si−1) ≥ (1− ε
2)/
(
B
ν−`
)
·(Φ≥`(S∗≥`)−Φ≥`(Si−1))

using Lemma 6.1.

We can now prove Lemma 6.8.

Proof of Lemma 6.8. We show the statement by induction. For i = 1, we note that by

Lemma C.6, we either have Φ≥`(S1)−Φ≥`(S0) ≥ (1− ε
2)/
(
B
ν−`
)
· (Φ≥`(S∗≥`)−Φ≥`(S0))

or Φ≥`(Si) ≥
(
1− 1

e

)
·Φ≥`(S∗≥`). In the latter case the statement holds, in the former

case, we get Φ≥`(S1) ≥ (1 − ε
2)/
(
B
ν−`
)
· Φ≥`(S∗≥`) and thus the statement follows in

both cases. For i > 1, let us assume that the statement holds after iteration i − 1. If

Φ≥`(Si−1) ≥ (1−1/e)·Φ≥`(S∗≥`), we have Φ≥`(Si) ≥ (1−1/e)·Φ≥`(S∗≥`) by monotonicity.

In the other case, we have that

Φ≥`(Si−1) ≥
(

1−
(

1−
1− ε

2(
B
ν−`
))i−1)

· Φ≥`(S∗≥`). (C.3)

Applying Lemma C.6 yields that either Φ≥`(Si) ≥ (1 − 1/e) · Φ≥`(S∗≥`), in which case

the statement holds, or we obtain

Φ≥`(Si) = Φ≥`(Si−1) + (Φ≥`(Si)− Φ≥`(Si−1))

≥

(
1−

1− ε
2(

B
ν−1

))Φ≥`(Si−1) +
1− ε

2(
B
ν−1

)Φ≥`(S∗≥`).

Applying Eq. (C.3) yields the claim.

Figure C.1 illustrates the scheme induced by an hyperedge e = (u, v, w) when d = 3

and µ = ν = 4. In this case, J =
([µ−ν+d]

d

)
is only composed of set [3] and S3 is

composed of 6 permutations. We use the standard tuple notation for permutations.

Deferred Proofs for the Analysis of Algorithm GreedyIter

In this section we prove lemmata 6.10 and 6.11 which are paramount in proving the

approximation ratio of Algorithm GreedyIter.
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Figure C.1: For a set ι = {i, j, k} ∈ J of d campaigns and a permutation π ∈ Sd,
let Pι,π stand for the path in Figure 6.2 of nodes e1ι,π, . . . , e

l
ι,π connected by arcs

(etι,π, e
t+1
ι,π ) for t = 1, . . . , l − 1 with probabilities on these edges being one for bπ(i),

bπ(j), and bπ(k) and zero for all other indices. The figure illustrates the case d = 3
and µ = ν = 4 and the portion of the network that is generated in the transform τ
of Section 6.2 for one hyper-edge e = {u, v, w} and the only set ι = [3] ∈ J =

(
3
3

)
.

Probabilities that are not given are equal to zero.

Lemma 6.10. Let ε > 0 and assume that B ≥ 2(ν − 1)/ε. If S [1] ⊆ V̂ is the set

of cardinality bB/(ν − 1)c selected in the first iteration of GreedyIter(ε, δ, I, ν, B),

then, with probability at least 1− δ/ν, it holds that

Φ≥1
2 (I,S [1]) ≥

1− 1
e − ε
ν

· Φ≥1(I,S∗≥1),

where S∗≥1 is a set of cardinality B maximizing Φ≥1(I, ·).

Proof. Let S∗bB/(ν−1)c and S∗B be sets of cardinality bB/(ν − 1)c and B, respectively,

maximizing Φ≥1
2 (I, ·). Furthermore, let T be a subset of S∗B of cardinality bB/(ν− 1)c

that maximizes Φ≥1
2 (I, ·). Lemma 6.4 yields that for ε′ = ε/2, with probability at least

1− δ/ν, we have that

Φ≥1
2 (I,S [1]) ≥

(
1− 1

e
− ε′

)
· Φ≥1

2 (I,S∗bB/(ν−1)c) ≥
(
1− 1

e
− ε′

)
· Φ≥1

2 (I, T ). (C.4)

Using the submodularity and monotonicity of Φ≥1
2 (I, ·) and the maximum choice of T

yields

Φ≥1
2 (I,S∗B) ≤

⌈
B

bB/(ν − 1)c

⌉
· Φ≥1

2 (I, T ) ≤ ν

1− ε′
· Φ≥1

2 (I, T ), (C.5)
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as B ≥ (ν − 1)/ε′ implies B − ν + 1 ≥ (1− ε′)B and thus⌈
B

bB/(ν − 1)c

⌉
≤
⌈
B(ν − 1)

B − ν + 1

⌉
≤
⌈
ν − 1

1− ε′

⌉
≤ ν

1− ε′
.

By combining the estimates from Eq. (C.4) and Eq. (C.5), we obtain

Φ≥1
2 (I,S [1]) ≥

(1− 1
e − ε

′)(1− ε′)
ν

· Φ≥1
2 (I,S∗B) ≥

(1− 1
e − ε)
ν

· Φ≥1
ν (I,S∗≥1),

where the last step uses that x(1− ε′) ≥ x− ε′ for any x ≤ 1, the definition of ε′ = ε/2,

and the fact that S∗B and S∗≥1 are both of size B and thus Φ≥1
2 (I,S∗B)≥Φ≥1

2 (I,S∗≥1)≥
Φ≥1
ν (I,S∗≥1).

Lemma 6.11. Let ε > 0, ` ≥ 2 and assume that B ≥ 2(ν− 1)/ε. If S [`] ⊆ V̂ is the set

of cardinality bB/(ν − 1)c selected in the `’th iteration of GreedyIter(ε, δ, I, ν, B),

then, with probability at least 1− δ/ν, it holds that

Φ≥``+1(R[`],S [`]) ≥
(1− 1

e − ε)B
2(`+ 1)(ν − 1)|V |

· Φ≥`−1
` (R[`−1],S [`−1]).

Proof. We use the shorthand Φ[`](·) := Φ≥``+1(R[`], ·) and similarly we use Φ[`−1](S) :=

Φ≥`−1
` (R[`−1], ·). We define U := V × [` + 1] and partition it into sets of cardinality

bB/(ν − 1)c plus a possible set of smaller size. The number of sets in the partition is

t := d (`+1)|V |
bB/(ν−1)ce. Denote these sets by U1, . . . , Ut. Now, let T be any set of cardinality

bB/(ν − 1)c that maximizes Φ[`](·) and assume for the purpose of contradiction that

Φ[`](T )− Φ[`](∅) < 1

t
· (Φ[`−1](S [`−1])− Φ[`](∅)). (C.6)

By definition of T , we have Φ[`](T ) ≥ Φ[`](Ui) for i ∈ [t]. Hence, by submodularity we

get

Φ[`](U)− Φ[`](∅) ≤
t∑
i=1

(
Φ[`](Ui)− Φ[`](∅)

)
≤ t
(
Φ[`](T )− Φ[`](∅)

)
< Φ[`−1](S [`−1])− Φ[`](∅).

Since the maximum possible number of nodes, say N are guaranteed to be reached by

`+1 campaigns from sets U , we have however that Φ[`](V `+1) = N . On the other hand

we have Φ[`−1](S [`−1]) ≤ N , which leads to a contradiction. From Lemma 6.4 we know
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that, with probability at least 1− δ/ν, it holds that Φ[`](S [`]) ≥ (1− 1/e− ε′) · Φ[`](T )

with ε′ = ε/2. Thus, together with the converse of Eq. (C.6), we get

Φ[`](S [`]) ≥
1− 1

e − ε
′

t
· (Φ[`−1](S [`−1])− Φ[`](∅)) + Φ[`](∅)

≥
1− 1

e − ε
′

t
· Φ[`−1](S [`−1]).

It remains to observe that B ≥ (ν − 1)/ε′ implies B − ν + 1 ≥ (1− ε′)B and thus

t =

⌈
(`+ 1)|V |
bB/(ν − 1)c

⌉
≤
⌈

(`+ 1)(ν − 1)|V |
B − ν + 1

⌉
≤ 2(`+ 1)(ν − 1)|V |

(1− ε′)B

where the last inequality follows since B ≤ ν · |V | and ν ≥ 2 yield that the argument

of the ceil-function is at least 1, and thus the error due to rounding is upper bounded

by a factor of 2. The choice of ε′ = ε/2 leads the result.

C.4 Deferred Proofs for Section 6.4

Lemma 6.13. The following statements hold:

1. If T B ⊆ V ×{0} is a solution of size B maximizing Ψ and SB ⊆ V̂ is a solution

of size B maximizing Φ≥1, then Ψ(T B) ≥ Φ≥1(SB).

2. Let ε > 0 and B ≥ ν/ε. If T B ⊆ V ×{0} is a solution of size B maximizing Ψ and

T bB/νc ⊆ V × {0} is a solution of size bB/νc maximizing Ψ, then Ψ(T bB/νc) ≥
1−ε
ν+1 ·Ψ(T B).

3. Let T ⊆ V × {0} be of size bB/νc. Then S ′ := {(v, j)|(v, 0) ∈ T , j ∈ [ν]} ⊆ V̂ is

a set of size at most B such that Φ≥1(S ′) = Ψ(T ).

Proof. 1. Define T := {(v, 0)|(v, i) ∈ SB} and observe that |T | ≤ B. For a given

outcome X a node that contributes to Φ≥1(SB) is either reached by at least ν

campaigns in I or has to be reached by a node in SB. In this case, for the same

X this node will also contribute to Ψ(T ). Hence, we have Ψ(T ) ≥ Φ≥1(SB). The

optimality of T B concludes the proof.

2. First observe that d B
bB/νce <

B
B/ν−1 + 1 ≤ ν+1

1−ε by the assumption on B. Now,

let T be a subset of T B of size bB/νc maximizing Ψ. By submodularity of Ψ,
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we have Ψ(T k) ≤ d B
bB/νceΨ(T ) ≤ ν+1

1−εΨ(T ). Using the optimality of T bB/νc

concludes the proof.

3. Since the cascade processes are completely correlated, given an outcome X , as-

sume that a node contributes to Ψ(T ), then either it is reached by ν campaigns

from I or it is reached by T . In the former case, the same node also contributes

to Φ≥1(S ′) as it is reached by ν campaigns from I. In the later case, it will

be reached by all campaigns in [ν] by S ′ and will therefore also contribute to

Φ≥1(S ′).
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Theorem 7.1. Given a graph G = (V,E), σ(A, (V,E ∪S)) is a monotone submodular

function of S ⊆ Ē \ E.

Proof. We first prove that σ(A, ·) is a monotonically increasing function, formally we

show that σ(A,S ∪ {e}) ≥ σ(A,S) for any S ⊆ Ē \ E and e = (u, v) ∈ Ē \ E.

We decompose σ(A,S ∪ {e}) as the sum over all the live-edge graphs in which: an

edge in E has been selected; v has no incoming edges; and edge e has been selected.

Formally 1,

σ(A,S ∪ {e}) =
∑

G′∈G(S∪e)
s.t.∃(z,v)∈E′,z 6=u

PS∪e
(
G′
)
|RA(G′)|+

∑
G′∈G(S∪e)
s.t. 6∃(z,v)∈E′

PS∪e
(
G′
)
|RA(G′)|

+
∑

G′∈G(S∪e)
s.t.e∈E′

PS∪e
(
G′
)
|RA(G′)|.

1E′ and E′′ denote the edges sets of graphs G′ and G′′, resp.

121
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Similarly we can decompose σ(A,S) as follows:

σ(A,S) =
∑

G′′∈G(S)
s.t.∃(z,v)∈E′′

PS

(
G′′
)
|RA(G′′)|+

∑
G′′∈G(S)

s.t. 6∃(z,v)∈E′′

PS

(
G′′
)
|RA(G′′)|.

Using observation 1 and 2 we can consider pair of live-edge graphs, one from G(S ∪ e)
and one from G(S), and notice that the two graphs are equivalent in the case in which

an edge different from e is selected or node v has no incoming edges. Although, in

the latter case the probabilities to sample the live-edge graph are not equal. Thus, we

have that

σ(A,S∪{e})−σ(A,S) =
∑

G′∈G(S∪e)
s.t. 6∃(z,v)∈E′

[
p(V \ {v}, G′, S)

(
1−

∑
z∈Nv

bzv − buv

)
|RA(G′)|

]

+
∑

G′∈G(S∪e)
s.t.e∈E′

p(V \ {v}, G′, S) · be · |RA(G′)|

−
∑

G′′∈G(S)
s.t. 6∃(z,v)∈E′′

p(V \ {v}, G′′, S) ·

(
1−

∑
z∈Nv

bzv

)
|RA(G′′)|.

That means σ(A,S ∪ {e})− σ(A,S) is equal to

∑
G′∈G(S)

s.t. 6∃(z,v)∈E′

p(V \ {v}, G′, S)be
(
|RA(G′′′)| − |RA(G′)|

)
,

where G′′′ is the graph G′ augmented with the edge e and the number of live-edge

graphs such that the edge e has been selected is the same as the number of live-edge

graphs for which no incoming edge is selected for v. Note that this value is greater or

equal than zero because |RA(G′′)| ≥ |RA(G′)|.

In order to prove that the function is submodular, we show that for each pair of sets

S, T such that S ⊆ T ⊂ Ē \ E and for each e = (a, v) ∈ Ē \ (T ∪ E),

σ(A,S ∪ {e})− σ(A,S) ≥ σ(A, T ∪ {e})− σ(A, T ).
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Let V ′ be the set of nodes that have an incoming edge from the set T \ S, namely,

V ′ = {v : (w, v) ∈ T \ S}. Observe that for any live-edge graph G′ ∈ G(S) for which

the nodes in V ′ have no incoming edges there exists G′1, . . . , G
′
` ∈ G(T ) such that

G′ ⊆ G′i for any i = 1, . . . , ` and RA(G′) ⊆ RA(G′i), where ` = 2|T\S|. While for all

graphs G′ ∈ G(S) that have at least an edge incoming a node in V ′, there exists a

corresponding live-edge graph G′′ ∈ G(T ) that is sampled with the same probability as

G′. In the former case, instead, we have that the probability for each G′i, i = 1, . . . , `, is

equal to the probability of the corresponding live-edge G′ in G(S) in which no incoming

edge is selected for the nodes in V ′. Formally we have that

PS

(
G′
)

= p(V \ V ′, G′, S)
∏
v∈V ′

(1−
∑
z∈Nv

bzv)

and PT (G′i) = p(V \ V ′, G′, S) · p(V ′, G′, T \ S), where

p(V ′, G′, T \ S) =
∏

z∈V s.t.
(u,z)∈E′∩(T\S)

buz
∏

z∈V s.t.
6∃(u,z)∈E′∩(T\S)

1−
∑

w:(w,z)∈E∪T
bwz

 .

Then, ∑̀
i=1

PT

(
G′i
)

= p(V \ V ′, G′, S)
∏
v∈V ′

(1−
∑
z∈Nv

bzv) = PS

(
G′
)
.

Finally we can write the difference in the increment when adding the edge e = (a, v)

in the set T as follow:

σ(A, T ∪ {e})− σ(A, T ) =
∑

G′∈G(T )
s.t. 6∃(z,v)∈E′

p(V \ {v}, G′, T ) be
(
|RA(G′′)| − |RA(G′)|

)

=
∑

G′∈G(S)
s.t. 6∃(z,v)∈E′

(∑̀
i=1

PT

(
G′i
)
be
(
|RA(G′′)| − |RA(G′)|

))

≤
∑

G′∈G(S)
s.t. 6∃(z,v)∈E′

(
p(V \ V ′, G′, S)

∏
v∈V ′

(1−
∑
z∈Nv

bzv)

)
be
(
|RA(G′′)| − |RA(G′)|

)

≤
∑

G′∈G(S)
s.t. 6∃(z,v)∈E′

p(V \ {v}, G′, S) be
(
|RA(G′′)| − |RA(G′)|

)
= σ(A,S ∪ {e})− σ(A,S)
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where G′′ is the graph G′ augmented with the edge e.

D.1 Diffusion process approximation
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Figure D.1: Approximation of σ(A) using repeated sampling.

In Figure D.1 we show that the quality of the approximation for σ(A) after 500 sim-

ulations of the diffusion process (both ICM and LTM) is comparable to that after

100000 iterations. We report the results for the Twitter network (n = 465017 nodes

and m = 834797 edges), the results for the other networks are similar and there-

fore omitted. We run the diffusion process selecting a random set of seed nodes A

such that |A| = 1% · n. We plot the ratio between the number of active nodes us-

ing 100, 500, 1000, 5000, 10000, 25000, 50000, 100000 samples and the number of active

nodes using 100000 samples, we notice that the ratio is almost 1. Therefore, we choose

500 as the number of samples to use for our experiments.

D.2 Adding more than one edge incident to the same

node

By means of experiments, we can show that even if we do not allow addition of edges

from two, or more, different seeds a1, . . . , ai to the same node vi ∈ V \ A, we do not
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affect much the approximation guarantee.

We run greedy1 on five randomly generated set of seeds choosing |A| = 1% · |V |,
adding |S| = 2×|A| edges and assigning probabilities according to the weighted model.

In particular, we plot the results of the relative error for the network Wiki-Vote in

Figure D.2. In this graph, obtained from SNAP [97], nodes in the network represent

Wikipedia users and a directed edge from node i to node j represents that user i voted

on user j. It is easy to see that the two functions representing the number of influenced

nodes coincide on most of the points.
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Figure D.2: Approximation error for Wiki-Vote network.

The results for many other networks, taken from the ArnetMiner [96] repository, are

similar and reported in Table D.1: the first three columns report the name of the

network, the number of nodes and the number of edges. The last column of the table

reports the maximum error emax among all the edge insertions and it is computed as

emax =

∣∣∣∣σ(A,Sall)− σ(A,S)

σ(A,Sall)

∣∣∣∣
where σ(A,Sall) is the expected number of active nodes computed using greedy1 and

allowing multiple edges to the same node while σ(A,S) is that obtained adding only

one outgoing edge per seed to the same node vi.

We can conclude that it is very unlikely that two edges towards the same node in V \A
are added to the solution.
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Name |V | |E| emax
Software Engineering (SE) 3141 14787 0.045
Theoretical CS (TCS) 4172 14272 0.035
High-Performance Comp. (HPC) 4869 35036 0.033
Wiki-Vote (Wiki) 7115 103689 0.033
Computer Graphic (CGM) 8336 41925 0.045
Computer Networks (CN) 9420 53003 0.035

Table D.1: Real-world networks and relative approximation error.

D.3 Experiments on random graphs

We evaluate the performance of the algorithm on four types of randomly generated

directed networks which exhibit many of the structural features of complex networks,

namely directed Preferential Attachment (in short, PA) [99], Erdős-Rényi (ER) [109],

Copying (COPY) [110], Compressible Web (COMP) [111] and Forest Fire (FF) [112].

For each combination (|V |, |E|), we generated five random directed graphs.

The size of the graphs is reported in Table D.2. We choose 0.1% of the nodes in V

as seeds and we add up to B = 2 · |A| edges. The seed nodes are chosen uniformly at

random.

The experimental results are reported in Tables D.3, D.4 (activated nodes) and D.5,

D.6 (comparison with baselines).

Name |V | |E|
PA5 5000 6500
PA10 10000 13000
PA15 15000 20000
FF5 5000 10000
FF10 10000 20000
FF15 15000 30000
COPY5 5000 5000, 10000, 25000
COPY10 10000 20000, 50000, 100000
COPY15 15000 45000, 100000
COMP5 5000 5000, 10000, 25000
COMP10 10000 20000,50000, 100000
COMP15 15000 45000, 100000
ER5 5000 10000, 25000, 50000
ER10 10000 40000, 100000, 200000
ER15 150000 90000, 225000, 450000

Table D.2: Random networks.
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G σ(A, ∅) σ(A, ∅)% greedy1 greedy2
σ(A,S) σ(A,S)% I% time (sec.) σ(A,S) σ(A,S)% I% time (sec.)

PA5 7.30 0.17 333.37 7.67 4467.18 10.04 332.84 7.66 4448.94 0.03
PA10 15.05 0.17 688.57 7.84 4474.88 38.02 685.10 7.80 4474.17 0.07
PA15 20.51 0.16 1094.54 8.35 5237.70 86.93 1092.27 8.33 5230.44 0.12
FF5 10.07 0.20 137.94 2.76 1269.51 14.04 136.06 2.72 1246.09 0.07
FF10 19.08 0.19 276.40 2.76 1348.45 55.82 273.96 2.74 1343.34 0.15
FF15 28.34 0.19 432.76 2.89 1426.96 115.94 429.65 2.86 1420.92 0.25
COPY5-5 7.39 0.15 48.06 0.96 549.97 11.21 47.85 0.96 547.33 0.14
COPY5-10 9.12 0.18 81.71 1.63 795.56 13.61 80.43 1.61 783.16 0.09
COPY5-25 11.97 0.24 157.78 3.16 1218.38 12.45 154.85 3.10 1208.11 0.06
COPY10-20 17.99 0.18 167.47 1.67 830.95 51.26 164.63 1.65 809.46 0.21
COPY10-50 26.51 0.27 335.79 3.36 1166.53 48.53 329.07 3.29 1150.25 0.13
COPY10-100 31.98 0.32 559.43 5.59 1649.14 39.45 547.73 5.48 1608.47 0.11
COPY15-45 30.41 0.20 329.38 2.20 983.29 113.47 323.41 2.16 962.07 0.27
COPY15-100 40.40 0.27 630.23 4.20 1459.87 97.38 619.77 4.13 1446.42 0.20
COPY15-225 52.00 0.35 1128.13 7.52 2069.52 73.86 1102.94 7.35 2006.04 0.18
COMP5-5 9.39 0.19 62.43 1.25 564.61 15.14 61.92 1.24 562.24 0.11
COMP5-10 8.74 0.17 58.56 1.17 569.85 14.18 58.03 1.16 563.22 0.12
COMP5-25 7.97 0.16 55.81 1.12 600.02 12.74 54.46 1.09 583.92 0.12
COMP10-20 16.03 0.16 115.16 1.15 618.20 53.19 114.19 1.14 613.41 0.29
COMP10-50 16.85 0.17 112.70 1.13 568.72 48.59 109.95 1.10 554.42 0.29
COMP10-100 16.11 0.16 112.93 1.13 600.94 48.93 109.94 1.10 582.67 0.30
COMP15-45 24.79 0.17 170.61 1.14 588.17 114.11 167.55 1.12 573.56 0.46
COMP15-100 24.32 0.16 170.58 1.14 601.45 111.12 167.26 1.12 588.28 0.48
COMP15-225 24.82 0.17 171.82 1.15 592.36 107.07 169.09 1.13 582.21 0.50

Table D.3: Results for random networks (ICM).

G σ(A, ∅) σ(A, ∅)% greedy1 greedy2
σ(A,S) σ(A,S)% I% time (sec.) σ(A,S) σ(A,S)% I% time (sec.)

PA5 6.72 0.15 132.20 3.04 1866.23 3.33 141.42 3.25 1885.31 0.08
PA10 13.53 0.15 272.78 3.11 1916.24 6.89 297.09 3.38 1980.65 0.15
PA15 18.68 0.14 432.16 3.30 2213.32 10.31 470.22 3.59 2290.91 0.24
FF5 8.33 0.17 49.89 1.00 498.95 3.76 61.12 1.22 575.13 0.11
FF10 16.32 0.16 106.05 1.06 549.64 7.56 133.37 1.33 659.49 0.27
FF15 24.04 0.16 161.44 1.08 571.65 11.48 203.40 1.36 690.55 0.43
COPY5-5 6.70 0.13 22.01 0.44 228.31 4.78 22.69 0.45 224.33 0.24
COPY5-10 7.90 0.16 30.98 0.62 292.09 4.06 34.53 0.69 310.20 0.17
COPY5-25 9.53 0.19 49.43 0.99 418.47 3.22 61.04 1.22 498.48 0.18
COPY10-20 15.25 0.15 62.79 0.63 311.83 8.31 69.34 0.69 323.29 0.38
COPY10-50 19.85 0.20 103.34 1.03 420.53 7.06 125.60 1.26 465.98 0.36
COPY10-100 22.53 0.23 148.03 1.48 557.06 5.98 191.86 1.92 662.01 0.55
COPY15-45 25.08 0.17 114.71 0.76 357.41 11.88 128.55 0.86 376.51 0.60
COPY15-100 29.85 0.20 179.87 1.20 502.63 10.57 228.39 1.52 566.52 0.65
COPY15-225 34.89 0.23 276.52 1.84 692.65 9.22 389.49 2.60 869.25 1.21
COMP5-5 7.84 0.16 25.44 0.51 224.68 4.03 27.36 0.55 223.39 0.22
COMP5-10 7.55 0.15 27.26 0.55 261.32 4.08 29.18 0.58 263.29 0.21
COMP5-25 7.14 0.14 27.54 0.55 285.77 4.05 29.57 0.59 290.93 1.13
COMP10-20 14.26 0.14 52.24 0.52 266.39 8.28 54.73 0.55 268.17 0.45
COMP10-50 15.03 0.15 55.33 0.55 268.13 8.73 57.95 0.58 264.55 3.25
COMP10-100 14.60 0.15 56.53 0.57 287.18 8.88 59.95 0.60 291.71 20.05
COMP15-45 22.11 0.15 81.23 0.54 267.34 13.90 84.86 0.57 260.04 1.26
COMP15-100 21.96 0.15 85.23 0.57 288.15 13.41 90.21 0.60 290.18 16.70
COMP15-225 22.49 0.15 88.29 0.59 292.64 14.25 92.82 0.62 294.14 108.79

Table D.4: Results for random networks (LTM).
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G
B = 0 greedy2 AA PA J D TopK Prob KKT

σ(A, ∅) σ(A, ∅)% I% I% I% I% I% I% I% I%

PA5 7.30 0.17 4467.18 1996.92 2691.24 389.35 2877.88 3957.10 216.01 3900.63
PA10 15.05 0.17 4474.88 1785.58 3114.64 150.66 3183.03 3807.15 178.39 4030.14
PA15 20.51 0.16 5237.70 2587.99 3247.53 196.43 2049.33 4284.63 202.95 4079.94
FF5 10.07 0.20 1269.51 58.74 263.83 59.62 325.81 401.58 206.53 5079.94
FF10 19.08 0.19 1348.45 71.36 278.57 67.69 362.02 470.00 221.63 981.44
FF15 28.34 0.19 1426.96 63.68 322.10 68.29 425.73 515.21 225.89 929.24
COPY5-5 7.39 0.15 549.97 83.43 9.86 83.43 191.46 282.70 215.58 414.55
COPY5-10 9.12 0.18 795.56 43.29 3.70 50.57 168.26 477.72 206.25 537.71
COPY5-25 11.97 0.24 1218.38 52.57 0.72 51.10 137.23 785.68 246.65 990.36
COPY10-20 17.99 0.18 830.95 51.69 3.30 53.28 165.90 408.71 211.38 737.68
COPY10-50 26.51 0.27 1166.53 51.84 0.77 51.45 127.60 709.52 222.21 1038.17
COPY10-100 31.98 0.32 1649.14 55.77 0.29 51.15 76.79 788.38 317.94 1415.66
COPY15-45 30.41 0.20 983.29 53.59 1.84 52.69 172.67 567.75 225.81 880.44
COPY15-100 40.40 0.27 1459.87 45.39 0.54 41.39 109.73 995.94 297.03 1275.84
COPY15-225 52.00 0.35 1128.13 48.13 0.21 40.90 50.68 929.98 383.81 1073.52
COMP5-5 9.39 0.19 564.61 68.48 17 68.48 202.41 276.67 211.75 503.82
COMP5-10 8.74 0.17 569.85 60.91 2.83 60.91 186.71 268.85 217.59 530.11
COMP5-25 7.97 0.16 600.02 60.40 1.55 60.40 178.28 297.03 224.21 592.42
COMP10-20 16.03 0.16 618.20 61.62 3.86 61.62 195.86 254.23 221.14 589.87
COMP10-50 16.85 0.17 568.72 68.12 0.91 68.12 204.75 268.39 236.17 555.31
COMP10-100 16.11 0.16 600.94 68.44 1.29 68.44 185.98 272.92 227.66 568.24
COMP15-45 24.79 0.17 588.17 61.15 1.51 61.15 179.62 233.62 233.02 557.50
COMP15-100 24.32 0.16 601.45 57.70 1.35 57.70 178.75 249.61 228.20 597.35
COMP15-225 24.82 0.17 592.36 59.48 0.71 59.48 176.23 244.07 225.91 572.52

Table D.5: Baseline results for random networks (ICM).

G
B = 0 greedy2 AA PA J D TopK Prob KKT

σ(A, ∅) σ(A, ∅)% I% I% I% I% I% I% I% I%

PA5 6.71 0.15 1885.31 987.99 1640.56 211.4 1776.95 1773.83 102.76 1795.10
PA10 13.57 0.15 1980.65 848.85 1707.63 79.77 1865.31 1687.18 91.02 1875.23
PA15 18.76 0.14 2290.91 1137.50 1944.29 102.85 2168.81 1847.77 101.28 2180.47
FF5 8.36 0.17 575.13 38.91 111.62 35.69 124.69 211.59 107.25 368.06
FF10 16.36 0.16 659.49 39.09 117.04 38.70 150.44 232.07 107.51 446.36
FF15 24.11 0.16 690.55 39.79 167.42 38.72 186.36 255.20 118.61 460.99
COPY5-5 6.70 0.13 224.33 43.91 18.98 43.91 91.27 134.12 107.79 221.25
COPY5-10 7.92 0.16 310.20 28.95 16.49 30.64 68.60 194.35 99.67 257.13
COPY5-25 9.52 0.19 498.48 30.49 12.40 30.32 58.28 291.20 118.23 384.06
COPY10-20 15.23 0.15 323.29 30.19 17.84 31.34 76.60 172.63 109.94 291.46
COPY10-50 19.91 0.20 465.98 30.69 13.60 30.78 56.53 275.64 117.36 386.69
COPY10-100 22.57 0.23 662.01 29.47 11.28 27.88 35.24 398.60 157.88 509.22
COPY15-45 25.09 0.17 376.51 32.16 13.76 31.83 74.09 218.13 110.36 334.18
COPY15-100 29.86 0.20 566.52 27.55 13.11 26.29 47.91 365.96 138.18 454.24
COPY15-225 34.95 0.23 869.25 26.81 10.56 24.24 24.86 464.83 186.77 597.01
COMP5-5 7.83 0.16 223.39 39.08 16.17 39.08 91.19 122.93 103.05 200.92
COMP5-10 7.52 0.15 263.29 36.61 15.43 36.61 83.17 124.97 107.51 249.83
COMP5-25 7.12 0.14 290.93 38.67 17.78 38.67 77.24 147.48 111.48 291.39
COMP10-20 14.25 0.14 268.17 36.86 19.53 36.86 86.20 115.92 112.93 268.57
COMP10-50 15.01 0.15 264.55 41.77 16.55 41.77 94.58 130.59 115.76 272.88
COMP10-100 14.61 0.15 291.71 39.22 16.26 39.22 83.68 142.97 117.31 291.30
COMP15-45 22.13 0.15 260.04 37.85 18.84 37.85 82.23 116.88 111.13 271.28
COMP15-100 21.94 0.15 290.18 35.71 16.97 35.71 81.55 130.94 111.85 293.32
COMP15-225 22.50 0.15 294.14 35.98 16.47 35.98 78.75 132.40 109.85 294.51

Table D.6: Baseline results for random networks (LTM).
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