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Abstract

In this paper we investigate a quasineutral type limit for the Navier—Stokes—
Poisson system. We prove that the projection of the approximating velocity
fields on the divergence-free vector field is relatively compact and converges
to a Leray weak solution of the incompressible Navier—Stokes equation. By
exploiting the wave equation structure of the density fluctuation we achieve the
convergence of the approximating sequences by means of a dispersive estimate
of the Strichartz type.

Mathematics Subject Classification: 35Q35, 35Q30 (76D05, 76WO05, 76X05)

1. Introduction

This paper is concerned with the analysis of a vanishing Debye length type limit for a coupled
Navier-Stokes—Poisson system in 3D. Namely, we investigate the behaviour of the solutions
of the following initial value problem on the whole R3, when A vanishes to zero,

9,0 +div (p*ut) = 0, (1)
1

3, (p™u™) +div (p*u” @ ut) + —V(p") = wAu* + W+ W) Vdivut + p*VV?, 2)
14

AVAVE = ph — 1. 3)

We denote by x € R3, s > 0, the space and time variable, p(x, t) the negative charge
density,m(x,t) = p(x, t)u(x, t) the current density, u(x, t) the velocity vector density, V (x, t)
the electrostatic potential and w, v the shear viscosity and bulk viscosity, respectively. The
parameter A is the so-called Debye length (up to a constant factor).

The Navier—Stokes—Poisson system is a simplified model (for instance, the temperature
equation is not taken into account) to describe the dynamics of a plasma where the compressible
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electron fluid interacts with its own electric field against a constant charged ion background
(see Degond [5]). We recall that the Debye length is a characteristic physical parameter related
to the phenomenon of the so-called ‘Debye shielding’. Any charged particle inside a plasma
attracts other particles with opposite charge and repels those with the same charge, thereby
creating a net cloud of opposite charges around itself. This cloud shields the particle’s own
charge from external view; it causes the particle’s Coulomb field to fall off exponentially at
large radii, rather than falling off as 1/72. This phenomenon was studied by Debye (1912).
The physical meaning of the Debye length A is the ‘screening’ distance or the distance over
which the usual Coulomb field 1/r is killed off exponentially by the polarization of the plasma.

This type of limit has been studied by many authors. In the case of the Euler—Poisson
system by Cordier and Grenier [4], Grenier [17], Cordier et al [3], Loeper [23], Peng et al [25],
in the case of a Navier—Stokes—Poisson system by Wang [32] and Jiang and Wang [18] and
in the context of a combined quasineutral and relaxation time limit by Gasser and Marcati in
[13—15]. This paper is still a mathematical theoretical approach to this complicated physical
problem which however removes many regularity and smallness assumptions of various papers
in the literature, see for instance Wang [32] and Jiang and Wang [18].

Our approach is based on the idea of estimating the behaviour of the acoustic waves as the
parameter A goes to zero; in particular, we exploit the structure of the wave equations satisfied
by the fluctuation density. Our singular analysis has some similarities with the low Mach
number limit, see the paper by Lions and Masmoudi [22], Desjardins et al [7], Desjardins and
Grenier [6]. The limiting behaviour analysis is very hard because of the presence of very stiff
terms due to the scaled electric field. In fact, because of the incompressible limit regime it is
necessary to introduce a time scaling but the singularity introduced by the coupling electric
field leads to the acoustic waves. In order to handle these difficulties the system (1)—(3) will be
studied as a semilinear wave equation and we will get uniform estimates in A by the use of the
LP-type estimates due to Strichartz [16,19,30]. The particular type of Strichartz estimates that
we are going to use here can be found in the book of Sogge [28] or deduced by the so-called
bilinear estimates of Klainerman and Machedon [20] and Foschi and Klainerman [12]. In this
way we get sufficient bounds in order to study the limiting behaviour of the velocity vector
field. In particular we will separately analyse the limiting behaviour of the divergence free
part and the gradient part of *. Similar techniques have already been used in [9]. This paper
is organized as follows. In section 2 we recall the mathematical tools needed in the paper and
recall same basic definitions. In section 3 we set up our problem, explain our approach and
state our main result. Section 4 is devoted to recovering the a priori estimates needed to get
the strong convergence of the approximating sequences and to prove the main theorem. In
section 5 we prove the strong convergence of the velocity vector field. Finally, in section 6 we
give the proof of the main result.

2. Preliminaries

For the convenience of the reader we establish some notation and recall some basic facts that
will be useful in the following.

If F, G are functions we denote by F < G the fact that there exists ¢ € R such that
F <G.
We will denote by D(RY x R,) the space of test function C§°(RY x R, ), by D'(R? x R,)
the space of Schwartz distributions and (-, -) the duality bracket between D’ and D. Moreover
whkrRY) = (I — A)’EL”(R“’) and H*(RY) = WK2(R?) denote the nonhomogeneous
Sobolev spaces, forany 1 < p < ocoandk € R. Wkhr(RY) = (—A)’gLP(Rd) and HK(R?) =
W*2(R?) denote the homogeneous Sobolev spaces. The notation L”L? and L? W7 will
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abbreviate, respectively, the spaces L”([0, T]; L7(R%)), and L?([0, T]; W54 (R%)). We
denote by Lg (R?) the Orlicz space defined as follows:

LIRY) = {f € Lic®) | 1 f1x51<1 € LP R, 1f1xp21 € LPRDY, (4
see [1,21] for more details. We shall denote by Q and P, respectively, Leray’s projectors
Q on the space of gradient vector fields and P on the space of divergence-free vector fields.
Namely,

0 = VA~ 'div P=1-0. 3)

It is well known that Q and P can be expressed in terms of Riesz multipliers; therefore, they
are bounded linear operators on every WX? (1 < p < oo) space (see [29]).

Let us recall that if w is a (weak) solution of the following wave equation in the space
[0,T] x R?

ot
w(0, ) = f, w0, ) =g,
for some data f, g, F and 0 < T < oo, then w satisfies the following Strichartz estimates
(see [16,19]):

lwllzgeg + 10wl oy S 1F g + 18l + 1F 1Lz, (©)

82
<__ 4 A) w(t,x) = F(t, x),

where (g, r), (¢, 7') are wave admissible pairs, namely, they satisfy

3<(d 1)1l> 2cu-n(t-!
q\ - (2_7' é\(_)<2_7‘)’

and moreover the following conditions hold:

1 d d 1

—+—=——y==+=-2.

qg r 2 q 7
Beside the Strichartz estimate (6) in the case of d = 3 (see [28]), there is a less standard
estimate, related to an earlier linear Strichartz [30] estimate, namely,

lwlizs, + N0 wll pay1e S WF g + 18l gz + 1 FllLyg2- (N
This estimate follows from the homogeneous case by a standard application of the Duhamel
principle. It was first obtained by Strichartz [30] (see [28, p 72, formula (4.6)]. Alternatively,
it could be derived by using the bilinear estimates in Foschi and Klainerman [12, corollary
13.4] by following step by step the same computations as in Klainerman and Machedon [20]
(see the proof of theorem 2.2, p 1237) by replacing the inequality in corollary 2.8 with the one
of corollary 13.4 of [12].

It is straightforward to observe that for any s > 0 this estimate also holds:

lwll payss + 0wl pagyr-ss S NSl s + 1My + NF L2 ars- ®)

(It is sufficient to apply the operator (I — A)~5/2 to (7)). In conclusion we state the following
elementary lemma that will be used later on.

Lemma 2.1. Let us consider a smoothing kernel j € C°(R?), such that j > 0, Jpa jdx =1,
and let us define
. —d-[(*
Ja(x) =a™j (—)
o
Then for any f € H'(RY), one has

. 1—d(i-1
Nf = f*jaller@rsy < Cpa (2 P)”Vf”LZ(]Rd)a ©)]



138 D Donatelli and P Marcati

where
pE2,00) ifd=2, pel2,6] ifd=23.
Moreover the following Young type inequality holds:
. s—d(1-1
If * jallLr@e < Ca G ”)Ilfllw—s~£z<w), (10)

forany p,q €[1,00],g < p,s 20, € (0,1).

3. Statement of the problem and main result

We rewrite here the compressible Navier—Stokes equation coupled with the Poisson equation:
30" +div (p*u*) =0,
1
3, (p*u™) + div (p*u* @ ut) + —V(p*) = mAu + ¥V + m)Vdivu* + p* VvV, (11)
14
MAVE = ph — 1.
As already discussed in the introduction our aim is to study the limiting behaviour of the system
(11) as A — 0, namely, a quasineutral type limit. Formally, if we set A = 0, then we obtain
p = 1 which is the so-called quasineutrality regime in plasma physics and the behaviour of
the fluid can be described by the incompressible Navier—Stokes system. The present limit
analysis has a very strong analogy with the theory of incompressible limits widely investigated
on mathematical fluid dynamics. In particular low Mach number limits have been studied
by several authors, among which we recall [7,22,24]. The quasineutral limit yields to the
introduction of a time scaling because of the incompressible limit regime; in addition there

is an electric potential scaling which is responsible for a very singular term which requires a
more careful analysis of the acoustic waves. The incompressible limit scaling is given by

t 1 t t
pb‘(x’t)zp)n <xa ;>7 u‘s:;uk <x’ E)’ VSZVA <x5 g>7 EZSH” V=¢v.

(12)
With scaling (12) system (11) becomes
9;p° +div (p°u’) =0,
. V(p®)" . p°
3;(pu’) +div (p°u’® @ u)+ s— = pAut+( +w)Vdivu® + 5 VV°, (13)
ve £

AAVE = pf — 1.
Our analysis is performed under the assumption that the previous small parameter ¢ is related
to the Debye length A (after suitable renormalization of the physical units) by the power law
ef =22, where 8 > 0. (14)
To simplify our notation from now on we will set
g P =1y =1
ey(y — D
System (13) is endowed with the following initial conditions:
P li=0 = p°y 2 0, V=0 = Vg,
poutli—o = mf, mfy =0 on {x € R* | p°(x) = 0},

me 2
/ 780 + ] +eP2|VEP ) dx < C, (ID)
R 2p%

&
&

LERENA weakly in L?(R?).

VP%
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The existence of global weak solutions for fixed ¢ > 0 for system (13) has been proved in
the case of a bounded domain in [8] and in the case of a whole domain in [10] and [11]. We
summarize this existence result in the following theorem.

Theorem 3.1. Assume (ID) and let y > 3/2, then there exists a global weak solution
(0%, u®, V&) to (13) such that p* — 1 € L*°(0, T); L;’(R3)), JPEut € L*®((0, T); L*2(R?)),
u® € L*((0, T); WH2(R3)). Furthermore

e the energy inequality holds for almost every t > 0,

sluslz € B2 €12
pr—— +mt+e" 7| VVET ) dx
s 2

+ /OI/R (IVaf * + (v + wldivu®|?) dx ds < Co, (15)
e the continuity equation is satisfied in the sense of renormalized solutions, i.e.
db(p*) +div (b(p)u) + (b’ (p°)p* — b(p®)) divu® =0,
for any b € C'(R?) such that
b'(z) = constant, for any z large enough, say z > M,
o system (13) holds in D'((0, T) x RY).

For the sake of completeness we recall here some definitions and results concerning our
limiting system, namely, the incompressible Navier—Stokes equations,

ou+diviu @u) — uAu =Vp+ f,
divu =0, (16)
u(x, 0) = uo,

where (x,1) € R? x [0, T, u € R? denotes the velocity vector field, p € R the pressure of
the fluid, f € R? is a given external force and u is the kinematic viscosity. Before stating
our main result, let us recall (see Lions [21] and Temam [31]) the notion of the Leray weak
solution.

Definition 3.2. We say that u is a Leray weak solution of the Navier-Stokes equation if it
satisfies (16) in the sense of distributions, namely,

T P T
// (Vu~Vg0—u,-uj8,-g0j—u~—(p> dxdt:/ (fy @)1 m dxdt+/ up - ¢ dx,
0 JRd ot 0 0 RY

forall g € C*(RY x [0, T1), divey = 0 and
divu =0 inD' R4 x [0, T)),

and the following energy inequality holds:

1 t
— |u(x,t)|2dx+/L/ |Vu(x, t)|> dx ds
2 Jpa 0 JRre

1 t
<3 |u0|2dx+/ (fot) gty ds, forallz > 0. (17)
R4 0
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There exist in the mathematical literature several results concerning the existence of Leray
weak solutions to the Navier—Stokes equations; for example, we can refer to the books of
Lions [21] and Temam [31]. The case d = 3 is a major open problem and a considerably more
difficult case than the case d = 2, since the bound on the L? norm (kinetic energy) provides
only a control on a supercritical norm and does not provide any information concerning the
critical controlling (and scaling invariant) norm L>. Hence we do not know (opposite to the
case d = 2) whether or not the Leray weak solutions are unique, unless (see Serrin [26]) we
assume a control on the L3 norm. Some important regularity results can be found in [2].

Now we are ready to state our main result. The convergence of {#°} will be described by
analysing the convergence of the associated Hodge decomposition.

Theorem 3.3. Let (p°, u®, V?) be a sequence of weak solutions in R® of system (13); assume
that the initial data satisfy (ID). Then

(i) p¢ —> 1 strongly in L>¥([0, T]; LA(R?)),
(ii) there exists u € L=([0, T]; L>(R?)) N L%([0, T1; H'(R3)) such that

u® —u weakly in L2([0, T1; H'(R?)),
(iii) the gradient component Qu® of the vector field u® satisfies
Qu® — 0 strongly in L2([0, T1; L?(R?)), for any p € [4,6),

provided B < 1/2,
(iv) the divergence-free component Pu® of the vector field u® satisfies
Pu® — Pu=u strongly in L*([0, T']; LIZOC(R3)),
(v) u = Pu is a Leray weak solution to the incompressible Navier—Stokes equation:
P@Ou— Au+u-Viu) =0 inD'([0,T] x R?), (18)
provided that

|1 4 .

=min{—, -2+ — ify <2,

B 3 2 fy<2
14

o< pominll (2 L)L 2, (sl 3 oy
<B<min{—,ul=-—-=),--= - - ify >2,
2"\ 7 2) 6 3\ T Ty v

where u > 0, s > 3/2and4 < g < 6.

Remark 3.4. The hypotheses (ID) do not allow us to recover the energy inequality (17) for the
limiting solution u of the incompressible Navier—Stokes system (16). Moreover if we assume
the following conditions on the initial data, namely, that

7m0 — 0 strongly in L*®([0, T]; L'(R?)), asey — 0, (19)
e71VVy > 0 strongly in L=([0, T]; LX(R%), ase — 0, (20)

then, we are able to recover the energy inequality (17). In fact, now, by using the hypotheses
(ID) with (19), (20) and the weak lower semicontinuity of the weak limits we get

1 r 12
/ —|u(x,t)|2dx+// M|Vu(x,t)|2dxdt<1iminf/ <p8u+n€+eﬂ2|vv€|2> dx
R3 2 0 JR3 e—0 R3 2

T
+ liminf/ / (/L|Vu£|2+(v+,u)|divu£|2) dx ds
0o Jrs

e—0

mé|? 1
<1iminf/ <7r5|,_0+| ol +eﬂ—2|vvo|2> dxzf —|uol? dx. (21)
R3 2,080 R3 2

e—0
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4. A priori estimates

In this section we wish to establish all the a priori estimates, independent of ¢, for the solutions
of system (13) which are necessary to prove theorem 3.3. First of all we recover the a priori
bounds that come as a direct consequence of the energy inequality (15). Then we get stronger
estimates by exploiting the structure of the system. As we will see later on, the density
fluctuation pés—*l satisfies a wave equation. The use of the dispersive estimate (8) will give us

further bounds.

4.1. Consequences of the energy estimate

In this section we recover all the a priori bounds that are a consequence of the energy inequality
(15). Before going on let us define the density fluctuation
e p -1

of = . (22)
&

Proposition 4.1. Let us consider the solution (p®, u®, V*) of the Cauchy problem for system
(13). Assume that the hypotheses (ID) hold, then it follows that

o® is bounded in L*°([0, T]; L’é(R3)), where k = min(y, 2), (23)
Vu? is bounded in Lz([O, T] x IR3), (24)
u® s bounded in L2([0, T] x R®) N L2([0, T]; L°(R?)), (25)
ou® is bounded in L2([0, T]; H™'(R?)). (26)

Proof. From (15) it follows that 7¢ € L*>([0, T]; L' (R?)). By taking into account that the
function z — z¥ — 1 — y(z — 1) is convex and by following the same line of arguments as
in [22] we get when y < 2 that

SUP/ {105 = 1P x i<z + 105 = 1 Xjpe—1iz12} (1, x)dx < Ce® (27)
120 JR3
and when y > 2,
& 2 2
sup |p® —1]°(t,x)dx < Ce”, (28)
120 JR3

so we can conclude that o® is uniformly bounded in ¢ in L*°([0, T]; L’;(RS)), where
k = min(y, 2). Equation (24) is a consequence of (15). The fact that u® € L*([0, T]; L®(R?))
follows from (24) and by Sobolev’s embeddings. Now we prove u® € L%([0, T] x R3):

u|? dx = f {1 P Xppe a2 + [0 P Xjpe—112} (1) dx
R3 R3
<2 o P20 = gl
R ¥
2k -3 :

o 17 R A7 (29)
Now, by using (24), we get from (29) the estimate (25). Recalling that y > 3/2 and by
interpolating we get that u® € L%([0, T]; L*(R?) N L?*/*=D(R3)). By using (23) we obtain

that p®u® is uniformly bounded in L2([0, T]; L¥3(R?)+L?*/®*+D(R3)). Therefore by Sobolev’s
embeddings we get (26). |
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We want to complete this paragraph with a remark concerning the regularity of the
initial data.

Remark 4.2. With the same procedure as for o®, taking into account (ID) we get that 0% is
bounded in L4 (R?), hence in H~'(R?), since y > 3/2. If we rewrite mj in the following way

mé
,—0 ,—|p ) \/ X|Po 1[>1/2»

we get that m{, is bounded in L>(R3) + L?*/*+1D(R3) and hence in H~!(R?). Finally we can
conclude that

0§, m§ are bounded in H~!(R?) uniformly in ¢. (30)

4.2. Density fluctuation wave equation

In this section we wish to recover more refined bounds on o®. As we will see, o® will satisfy
a wave equation; this will allow us to use the Strichartz estimate (8). First of all we rewrite
system (13) in the following way:

1
0;0° + —div (p°u®) =0, 31
&
1
0;(p°u®) + =Vo' = uAu® + (v + p)Vdivu® — div (p°u® @ u®) — (y — 1)Vn?®
&

UE &€ 1 &

PIAVE = 6%, (33)

Then, by differentiating with respect to time equation (31) and taking the divergence of (32)
we get that o¢ satisfies the following nonhomogeneous wave equation:

£28,0° — Aot = —e2div (uAu® + (v + ) Vdiv u®) + £2divdiv (p°u’ Q u®)
+eX(y — 1) divVn® — ediv (6°VV?®) — div VVE. (34)

Now we rescale the time variable, the density fluctuation, the velocity and the potential in the
following way:

e=1 (35)
&
i(x,7) =u’(x,er), px,t) = p°(x, e1),
65(x,7) =0o°(x, e1), Vix, 1) = Ve(x, e1). (36)

As a consequence of this scaling wave equation (34) becomes
0,06 — AG = —e2div (WAL + (v + )V divit) + > div (div (pi ® it) + (y — 1)V7)
—ediv(6VV) —divVV. (37)

Now we consider ¢ = 6 +0, +03+0d4 where 61, 6,, 03, 64 solve the following wave equations:

9,061 — A& = —e>div (uAd + (v + p)Vdivi) = *Fy, 38)
71(x,0) = (x,0) = a9 3.01(x,0) = 9,6 (x, 0) = 9,69,

0,267 — A&y = e2div (div (il @ il) + (y — 1)VA) = 2 F, 39
&2(x’ O) = 8T62(x7 O) = O’
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0,003 — AGy = —e div (6VV) = e F3, “0)
03(x,0) = 9;03(x,0) =0,
53”5—4 — A&y = —div(VV) = Fy, @1
04(x,0) = 9;:04(x,0) =0.

We are able to prove the following theorem.

Theorem 4.3. Let us consider the solutions (p°, u®, V°) of the Cauchy problem for system
(13). Assume that the hypotheses (ID) hold. Then for any so > 3/2, the following estimate
holds:

_1.8 3.8 B B
e 0 N s + e 10,07 Ny 0mne S 8 0ol + 8

+e*5 T div (div (0°u® @ u®) — (y — DVIO) |02
+elth Idiv Au® + Vdivu®|| 242
F TNV VVE | gy + &5 TP 2div (0° VOl oot (42)

Proof. Since 61, 63, 03, 04 are solutions of the wave equations (38)—(41) we can apply the

Strichartz estimate (8) with (x, 7) € R? x (0, T/¢). We start with ;. From (24) we deduce

that F; € L>H 2, so by using (8) with s = 2 we get

15111 o ye24 + 19261l e3¢ S IGoll 52 + 119Gl -5 + 2T ||div Adi + V div il 2 g2
(43)

From estimate (13) we have that 5 | |>, 7 € L‘TX’L}C, but L' is continuously embedded in H %,

50 = 3/2, so we have that F, € L H_*0=2. If we apply (8) to 5, we obtain for any so > 3/2

”6-2”L§W:x0_2‘4 + ||8f6‘2||1‘i 5034 5 5‘3/2T||diV (div (pu @ i) + Vﬁ)”L?CHX—;U—z. 44)

Using Poisson equation (33) we can rewrite F3 as F3 = ¢f~!(div (VV @ VV)+ %VlVVP).
Taking into account (15), as for F;, we get e lF; e L‘I"’Hx_so", for any 59 > 3/2. Hence &3
satisfies

1651 g pyso-t4 + 19283 a2 S TP 2div (VV @ V) + 3VIVV Pyt (45)
For F; = —div V'V, using again (13), we have ¢#/>"'F, € L®H_" and so &, verifies the
following estimate:
1G4l e + 18cGall ays S &2 Tle " div (VW) et (46)

Summing up (43), (44), (45) and (46), ¢ verifies
1o gy s0-24 + 13,0 N agymso3e S 151l a2 + 19651 gy 0

#1602+ 1925211050

1831 a0t + 19283112

+ ||5'4||L§Wx-1,4 + ”876_4”L§W;2‘4

S NGoll o + 1260 -5
+ 2T ||div Adi + Vdiv, & 2 b
+ &2 ||div (div (pit ® i) + VI o g2

~ ~ 1 ~
+ eT||e?2div (VV @ VV) + §V|VV|2||LOOH7K071

+ e T e div (V) | - (47)
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Finally, since

~ ~1
16 1l Lr 0,776y 0@y = €2 N0% | Lo o.79: 10 RY)
and using (30), we end up with (42). U

5. Strong convergence

In this section we will study the strong convergence of the velocity field #°. This will be
achieved by separately studying the convergence of the divergence free vector field Pu® and
the gradient vector field Qu®.

5.1. Strong convergence of Qu®

Here we prove the convergence of Qu® to 0. In particular we will use estimate (42) combined
with the Young type inequalities (9) and (10). As we will see, to get this strong convergence
we need to impose some restrictions on the values of S.

Proposition 5.1. Let us consider the solution (p¢, u®, V¥) of the Cauchy problem for system
(13). Assume that the hypotheses (ID) hold and B < 1/2. Then as ¢ | 0,

Quf —> 0 strongly in L%([0, T]; L?(R?)) for any p € [4,6) . (48)

Proof. In order to prove proposition 5.1 we split Qu? as follows:

1Qull 2y < 1Qu° — Qut * jall2pr + 1Qu * jall 200 = i + U2,
where j, is the smoothing kernel defined in lemma 2.1. Now we separately estimate J; and
J>. For Jj using (9) we get

_3(1_1
n<a ) vy, (49)
To estimate J, we take into account definition (22) and so we split J, as
S < el Q0 u’) x jollzpr + 1Q0°U°) * jollp2pr = Jo1 + 2. (50)

For J, 1 we use (26) and (10), so we have
C13(io1
Dy <ea” (3 ”)||08M€||L,2H.?" D
From the identity Q(p°u®) = eVA~'3,;0¢ and by inequality (10) we get that J, , satisfies the

following estimate:

B
2

1_ 1 348 .
=i 2| VAT €52 0,0% % j 210

- —4—3(l—l) 18
T e TR 0,00y mase
t X

LB —sp—4-3(1-1 1_28
) Pl S a,0%) e 62
+ Wy

Now, summing up (50), (51) and (52) we get

10u 2 < Ca' () 4 cpet-ta (i), (53)
where 1/4 — /2 > 0 since 8 < 1/2. Finally, we choose « in terms of ¢, for example, in

a way that the two terms on the right-hand side of the inequality (53) are of the same order,

namely,
1-2

o =g, (54)

Therefore, we obtain

E3

p—1 1-28
IQuf|l 210 < Cre @ 70 for any p € [4, 6). 0
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5.2. Strong convergence of Pu®

It remains to prove the strong compactness of the incompressible component of the velocity
field. To achieve this goal we need to recall here the following theorem (see [27]).

Theorem 5.2. Let ¥ C LP([0,T]; B), 1 < p < oo, B be a Banach space. F is relatively
compactin LP([0, T]; B) for 1 < p < oo orin C([0, T]; B) for p = oo if and only if

15}
(i) {/ f®dz, f € }'} is relatively compactin B,0 <t; <t, < T,
n
(ii) %in}) Nl f&+h)— f@lrrqo,r—n1; 8 = O uniformly for any f € F.
The compactness can be obtained by looking at some time regularity properties of Pu®
and by using theorem 5.2, but before that we need to prove the following lemma.

Lemma 5.3. Let us consider the solution (p°, u®) of the Cauchy problem for system (13).
Assume that the hypotheses (ID) hold. Then for all h € (0, 1), we have

| Puf(t +h) — Pu (1)l 20,113y < Cr(h' + &%), (55)

Proof. Let us set z° = u®(t + h) — u®(t); we have
T
|Pu(t+h) — Pug(f)||iz = f / drdx(Pz%) - (Pz° — Pz® * ju)
X O RS

T
+/ / dtdx(Pz%) - (Pz° % j,) =11 + I». (56)
0 JR3
Using (9) together with (25) we can estimate /; in the following way:
Iy <NIP2fllp2 1P25(1) — (P25 jo) D ll2 S ellull 2 VU2, - (57)

In order to estimate I, we split it as follows:

T T
L = / / dr dx P(0°z°) - (Pz° % jg) +8/ / drdxP(0%z%) - (PZ% * jg)
0 JR3 0 JR3
= 12,1 + 12,2. (58)
I, can be estimated by taking into account (25) and (26), so we have

Lo = ellufll i2qo, 11t @yneze- @y o u | 2o, 1) L5 @)+ L2000y S €. (59)

Now we estimate /I, ;. Let us reformulate P (p°z®) in the integral form by using equation (13),
and Poisson equation (13)3; hence

T t+h
/ dt/ dx/ ds(div(p®u® @ u®) + Au®)(s, x) - (Pz° * ju)(t, x)
0 R3

t

T t+h of
+/ dt/ dx/ dsP (—vv€> (5,2) - (P2° % jo) (£, %)
0 R3 t &

T t+h
= ’/ dt/ dx/ ds(div(p’u® @ u®) + Au®) - (Pz% * jy)(t, x)
0 R3 t

Ly <

. (60)

T t+h
+ / dtf dx/ ds e#72div(VVE @ VV))(s, x) - (Pz° * jo)(1, x)
0 R3 t
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Then, by integrating by parts, using (10) with s = 0, p = o0, ¢ = 2, we deduce

T t+h
Ly < h||Vull3, +f ||Vz8*ja||Lgo<z,x>dxf/ (0" |u > + P2V VEP) (s, x) ds
= Jo R3 Jt

SAhIVEllz, +Ca 2T 2RV |z (10° 10 Pliger + 1P 2IVVEPllgery) . (6D
Summing up 11, I»,1, I>> and taking into account (15) we have

[ Pu(t +h) = Pu (Dl 32 q0.79xrs) < Cla+h+ha 2TV +), (62)

by choosing & = k%, we end up with (55). |

Corollary 5.4. Let us consider the solution (p°, u®) of the Cauchy problem for system (13).
Assume that the hypotheses (ID) hold. Then as ¢ | 0

Pu® —> Pu, strongly in L%(0, T; L2 (R3)). (63)

loc

Proof. Using lemma 5.3, theorem 5.2 and proposition 5.1 we get (63). ]

6. Proof of the main theorem (3.3)

(i) It follows from (23).
(>ii) It follows from (24).
(iii) It is a consequence of proposition 5.1.
(iv) By taking into account the decomposition u® = Pu® + Qu?®, corollary 5.4 and proposition
5.1 we have that

Pu® — u strongly in L2([0, T]; L% _(RY)).

loc

(v) First of all, let us apply the Leray projector P to the momentum equation (13,), then it
follows that
pf—1
&2

0; P(p°u’) + Pdiv (p°u® @ u®) = uAPu®+ P ( VV’?) . (64)

It is a straightforward computation to pass into the limit in the terms 9; P (p°u?®), u A Pu?,
so, for any ¢ € D([0, T'] x R ase | 0, we get
(P(3(p°u®) — uAu), o) —> (PQu — pnAu), ¢). (65)
For the part Pdiv(p®u® ® u®), if we take into account (i) and (48), we have, as ¢ | 0,
(Pdiv(p‘u® ®u®), ) = (div((p® — Du* @ u®), Py)
+ {div(Pu® ® Pu®), Py) + (div(Qu® ® Qu®), Py)
+(div(Pu® ® Qu), Po) + (div(Qu* ® Qu), Pp)
— (div(u @ u), Pp) = (Pdiv(u ® u), ¢). (66)

The only term missing in the convergence is P (”;1 VVS). In order to study it we have

to proceed in a different way if y <2 orif y > 2.

Case % < y < 2. From (27) we have that % € L;’OL}’(R3), so it follows that

&

pf—1

&
2 \A%

2y

1 Chp241_8
< S0 = Uz IVVEllgmpe < Ce 2772
L;)CLXV*'Z 8 r X 1 X

< L ase — 0, (67)
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provided that 8 < —2 +4/y. Itis obvious now thatas ¢ |, 0

£—1
(P (p S VVS) Lp) — 0 (68)
Case y > 2. First of all let us apply inequalities (9) and (10) to f = A~'/2¢%; in the case

s=so+ 1,5 >3/2, p=4,forany 4 < g < 6, we have

_3(1_1 Cso—1-3(1_1
0o <Dtz 40 Doty e 69)
By taking into account (23) and (42) we have

ol payore < ca'2078) 4 cet-ta2l), (70)

Now, if ¢ € D([0, T] x R3), we have
P(Zvve) . o) < Lot eIV VE0l
P ORI P (o L;tW;lvll [ L;‘/3Wx1-q

1
< ol + AV VEllLE: + HAVE o) @l o 2. (TD)

Using (15) and the elliptic regularity, (71) becomes
& 1

KP <o—vv5> ,<p>‘ <! (a“(i—q) + cgi—é‘a"“"“3(3—é)> ("7 — P
€ €

S 87,30[1—3(%_5) +g%*%ﬂa_so—l—3(%—i) )

Now, if we choose « in terms of ¢, namely, « = ¢*, u > 0 and S is such that
0<p (1 3 1 1 2 +7 3

< B <minj —, —— =), =—==ulso+-—-—17,
M g7 2) s T3\ Ty Ty

&
KP (a—vw) ,¢>‘ o0, ase — 0, (73)
I

provided that 8 < 1/(22 + 16sp). So, using (65) and (66) together with (68) or (73), we
have that u satisfies the following equation in D’([0, T] x R?):

POu—Au+u-Vyu) =0. (74)

we get

provided that

1 4 .
B = min 5,—2+— ify <2,
4

0<pomnll (2 L)L 2, (sl 3 s
<B<min{-,ul=-—-=),-—= - —= ify >2.
M\ 7 2) 6 3\ Ty Ty v
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